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U3 NMPEAUCIIOBUS K MEPBOMY H3JAHHUIO

Hacrosuuft yueGuuk namicas cOrsiacHo TMporpamme 1o Mare-
MATHKE JI TeXHHKYMOB, yTBepKaeHHo#t MHHHCTePCTBOM BEICLIETO
oGpagosanns B 1952 r. Mckaouenne cocTaBasioT nBa pasgena:
KpHBH3HA KpuBOHt W auddepeHunHanbibe ypaBHEeHHS, KOTOphIE
IIOMeuleHs! B yueGHIUK 110 TOil mpuuuie, YTO CBEAEHUSMH 13 STHX
Pasnenos yacTo IOJL3YIOTCS IpernogasBateni oOLIETeXHHUECKHX
H CNEUNaJbHBIX AHCLHIIIH.

Kpome muanoenns teopuu, B yueGHHUKE MPHBELEHB MPHMEPLI
i 3agaun, KosmuecTso u crenenb TPYAHOCTH HX pelieHHs pac-
CUNTAHLl HA MPOYHOE SaKperJeHHe H3yYaeMoro MaTepHaJja.

Ilpn manucanun yueGunka o0pauianoch oco6oe BHHMAHHE Ha
JIOCTYNIHOCThL  M3JIATAGMOr0  MATEPHaJa TOHHMAHMIO yYauuxcs,
nmeownx soapact 16—17 ser u noAroTOBKY, COOTBETCTBYIOULYIO
8—9 xnaccam cpeamelt wKkoabl. Jlas JoCTHXKeHHs STON wenin
113/I0)KEHHE BeJIOCh 110 BO3MOMKHOCTH NMPOCTHIM fA3LIKOM, BhISCHEHNE
MaTEMATHYECKHX OCHOB MNpPOBOAHAOCH HHAYKTHBHBLIM CIIOCOGOM.
Tax, wnanpumep, mH3JONEHUE TEOPUH NPAMOH JMHUM HAYMHACTCS
C YACTHBIX CJHYYaeB TNOJOMEHHUs NPSMbIX, MapajiejbHbIX OCAM
KOODAMHAT; O3HAKOMJIEHWIO C NOHSTHAMH AnddepeHuuana n HHTE-
rpana npeanocL/IaloTCs MPHUMEpsl U T. II.

YunrbiBas yposenb NOAFOTOBKH yuallHXCS TEXHHKYMA, a TaKKe
Kpaiine orpaunuuennoe umucao uyacos (90 uacos), oTBOAUMOE TPO-
IPaMMOHl /I MPOXOMKACHHA BEICUICH MATEMATHKH B TEXHHKyMax,
CTporiie  BHIBOABL, HpeAcTaBAsiomme GOJbIINE TPYMAHOCTH aJs
YCBOEHMSI, 51 ONYCKaJl, OrPAHHYMBAACH B TAKIX CJyuasX reoMeTpi-
UECKHMH WIOCTPALUSMH M PACCMOTPEHUEM TPHMEPOB.

[Toabaysce cayuaey, NpHHOWY HCKPEHHIOW G6JIaroAapHOCThL
B, . MunopckoMy, AapuieMy MHe MHOrO METOAMUYECKHX COBETOB.

Asmop



NMPEJUCIOBHE K TPETBEMY HW3JAHUIO

B tpervem wuapannn yueOHuka «Kypc Bhicuied MaTeMaTHKIt
LNS TEXHHKYMOB» sl yueJ ONBIT NMPenoNaBaHHS 1O NEPBBIM ABYM
er0 M3NaHWAM, @ TAKKe TpPHHAA BO BHHMAaHHE KPHTHUYECKHE
3aMeuanna npemojasarenelt H HX TOXKenAHHS,

MHoI0 GbinM - MOABEPTHYTH CYNIECTBEHHO# nepepaboTKe He-
KOTOphie raasbl Kypca: «PyHKUMA H ee mpocTeduine cBoHcTBa»,
«[Tonstiie o mpoussoauoft GynKumu», «IIpHAOKEHU NPOU3BOA-
HOW», «Murerpan», «[lpunoxenus HHTErpana».

Kpome Toro, paccmoTpeHsl HeKOTOphie BOMPOCH!, He 3aTpo-
HYTHE B TIEDBHIX WBZAHHAX: 00JACTb CYHIECTBOBAHHS (PYHKILMI,
BTODOE ONpefesieHie HempepbiBHOCTH (YHKILUH, cpaBHenne 0ecko-
HEYHO ManbiX BeAHYHH MEKAY COGOH, SieMEeHTHI rapMOHIMECKOTo
aHamiaa.

B uekoroprx maparpadax noGaBieHsl TpHUMEpPbl W 3ajaun
LS ynpakHeHut.

Yro6bl yayumimnTh H3NOKeHHe, B TEKCT BHECEHbI HEKOTOpLIE
CTH/ICTHYECKIE HCTIPaBACHIS.

Asmop



" DJIEMEHTBI AHAJINTHYECKON TEOMETPUU
HA NMJIOCKOCTH

FJJABA 1
METOJ KOOPJIUHAT

§ 1. TMpeamer ananuTuueckoii reomerpuu. Ilpeamerom
alaIHTHYECKON TeOMETPHH CJYIKHT H3yueHHe CBOHCTB reoMeTpH-
yecknx o6pasoB (auHu#, ¢uryp, Tesn, mnosepxHocreft M T. I.)
€ noMoWpbIo 0co6Oro METOAd, HA3BIBAEMOrO Memodosl KOopol-
wane. Tlpn 3TOM WHPOKO HCNOAb3yercs anrebGpa.

B sxemenrapuofl reomerpu Takie npuberaom MHOLLA K Me-
T0aaM  anare6Gphl, HanpuMmep, INpPH ONpeneneHun IJIOLLAAW Tpe-
VIOJbHIKA 1O TPeM CTOPOHAM MW/ NpPH BBIYMCJAEHHH CTOPOHLI
BIHCAHNOIO B OKPYIKHOCTb NPaBHALHOTO MHOTOYTOJbHHKA M T. I,
Omnako o6nacTb NPHJIOKEHHs METOAOB anredpbl K reoMeTpun
crajsa Hanbosee WMPOKON CO BpemMeHu BBeJeHHs METOJA KOOpan-
1ar, KOTOPBLIH T103BOJMA M3YuaTh HE TONLKO (OPMY M pasMepsbt
FeOMETPHYECKHX 00pasoB, HO 1 HX MOJOKEHHEe Ha IJI0CKOCTI
W B NpPOCTPAHCTBE,

AHanuTHUECKAs TEOMETpHsl cocTonT M3 ABYX uacrett, [Tepsas
YaCTb — QHAAUNURECKAS 2e0MempPlss HG NAOCKOCINU, BTOpas
YaCTh — QHAAUIMULECKAST 200 MeMPUst 8 NLPOCMPAHCHIGe. ;

3nech Mbl AaOMM NEMEHTAPHOE HBJI0KEHHE TOJIbKO AHANHTH-
YeCKOH reoMeTpHu Ha INJAOCKOCTIL,

§ 2. JlekapToBa npAMOYroJibHasi CHCTEMa KOOPAMHAT HA
miaockocTH. BosbMeM mwa nuockocTH ABe.B3AMMHO TeEpPNEHANKY -
aspusie npaypie Ox u Oy (uepr. 1) u npousBoabHyio Touky M.
Onyctum us nee mnepnenaukynaspst MN u MP na Oy n Ox.
BriGpas kakylo-nnOyab eannuily Macwraba H  uUSMEPHB  €i0
orpeskn NM u PM, nonyunm uucsa:

x=NM= 0P,
y=PM=O0N.



12 METOX KOOPAHHAT [ra. 1

dmi uHena x u Y, onpejessioline mojoxeHne Toukn M no or-
HoweRN0 K sagannuy npamey Oy u Ox, HA3LIBAIOTCS KOOpPOU-
Hamaxw Toukn M. Mx 0GbIYHO B3amHCHIBAIOT B CKOOKAaX PsaoM
¢ obosHavennem Touku: M (x; y), nNpuYeM CHauaja BHINMHCHIBAIOT
KOOPIHHATY X, 4 NOTOM KOOpAMHATY .

Ilycrs, nanpumep, x=OP =1 equuuue BHOPaHHOTO Mac-
wraba, a y=ON =2 eannuuan TOro e Macmra6a. Toraa
roBopat, uto Touka M myeer koopamnatel M(1; 2).

k4
¥
M=
|
1
Fmme oM { 7
I 1
i : Z
v\ | =id
! |
| |-
|
R z [
g no—
Yepr. 1. Yepr. 2.

Boanikaer, o1Hako, Bompoc, HET Jii HA MJIOCKOCTI elie ToYeK,
UMEIOLHX Te ke Koopamhate, uro i Touka M. Ha uepr. 2
N0Kasano, uTo Kawaas ua rtouek M, M;, My w M, ynanena
na 1 emmmiuy macwraGa or npayoit Oy u Ha 2 eAMHHLBI
macwrada or npayolt Ox. [oayuaercs Heonpeae eHHOCTb: UeThpe
TOUKH HMEIOT oAnHakosbie koopanuarer (15 2). Yrobur ycrpannts
9TOT HEAOCTATOK, YTOUHHM ONpeieseHHe NMPSMOYrOJbHLIX KOOpP-
JUHAT TOYEK HA MJIOCKOCTI.

Koopounamoii x mouxu M rasesaemcs wucao, u3iepsio-
wee paccmosnue mouxu M om npsamoir Oy wu 63anmoe co
anaron —+, ecau M ydaaena snpago om Oy, u co 3HAKOM —,
ecat M ydaaena eaeso om Oy.

Koopduramoii Y mouxu M nasvieaemes 4uca0, umepsiouee
pacemonnue mouxu M om npayoi Ox u 63amoe o SHAKOM —-,
ecau M yoarena ssepx om Ox, u co 3naxoim —, ecau M
Yoaaena e6nu3 om Ox.
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Tenepy Touxu M, My, M, u Mz Ha uepT. 2 HMEIOT YiKe
pasinuHble W BroJHE oOnNpenejeHHble Koopauuatbi: M(1; 2),
M (—1; 2), My(—1; —2), My(l; —2). .

Takum oGpasom, uro6bl onpesesuTh NMoJOKEHIe 060N TOUKH
HA MJIOCKOCTH KOOPAMHATAMH X M ), HYXKHO 3aAaTh:

1) nBe BaanmHo meprneHauKyaspHeie npsimpie Ox w Oy, Hasbl-
BaeMple OcaMU Koopduram, Touky O nepeceueHus KOTOPBIX
NIPHHATO HA3BIBATH HAAA0M KOOpOUHAN;

2) enunuuy maciraba;

3) nanpassienne Ha KaxcIoH 3 ocefl KOOPANHAT, MPIHIMAaEMOE
3a nojoxurenbHoe (Ha uepTEKe INPHHATOE NOJOKHTEJIbHOE Ha-
TPaBNEHHE HA OCAX OTMEYAeTCss CTPeKaMH).

Bce otu nandpie HaspBAlOTC 0exapmosoll cucmeioi npa-
MOY2026HbLX KOO POUHAM HA TINOCKOCTH [0 HMEHN (hPAHILY3CKOrO
maremarnka Jexapra (1596—1650)— cosnarens anannTHyeckon
reoMeTpuu]|.

Koopannary X wasbiBaioT adcyuccol, a KOOPLHWHATY y—Op-
ouramot,

Kax Buiue nokasaHo, B 1eKapPTOBOH CHCTEME NPSIMOYIOJbHBIX
KOOPAMHAT HA MJIOCKOCTH KavcO0d mowuie nA0CKocn coonmsent-
cmsyen napa OelcmsumesvroLx wuces X n y (ee KOOpAMHAT),
olipesie/iioNX TOJOXKEHHe TOUKH HA IMJIOCKOCTH, W HAaoGOpoT,
Kascdol nape QedcmsuUmenvHolX wuces X U Y COOMBENCNLBYem.
odna moura naockocmu. BcaencTsue yKkasaHHOrO COOTBETCTBHS
MEXAY TOUKAMH W KOOPAHHATAMH STHX TOYECK MPHHATO TO-
BOPHTL: «adna Touka M(a; b)» BMECTO «IaHBl KQOPAHHATHI
Toukn My, «natitn Touky M(X; ¥)» BMECTO «HAHTH KOOPAH-
Harel TouKH AM».

Ynpaenuns

1. Ioctponts Toukn A (3; 5), B(—3; 4), C(5; —1), D (—2; —4),
E(0;2), F(2,0), K(—3;0), £(0; —4) n O(0; 0).

2. Jlana Touka A (3;2). Haiitn xoopanuatst Touky B, CHMMETPHUHOIT
¢ A ornocurennbno ocn Ox, u Toukn C, CHMMETPHYHON ¢ B OTHOCHTENLHO
ocu Qy; NOCTPOHTL 9TH TPH TOUKH.

3. Cropount npsamoyroabiuka pasust 6 car 1t 10 cae. Haiitn koopau-
HaThl ero BEpIINH, NPHHAB 3a OCH KOOPAMHAT NpsMBIE, Napaaenbibie
€ro CTOpPOHaM M JeasiliHe STH CTOPOHBI MOMOJaM.

4, Jlan KBaApaT co CTOPOHOIM, paBuoil 8 car. [Ipuusas ero xuaronanu
33 KOOPJAMHATHLIE CCH, HAHTH KOODAMHATLI BEPLIHH KBajpara.
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§ 8. Paccrosnne mexay nsyma TOYKaMu. [IycTb naub! ase
_ 1oukn A(xy; ¥;) 1 B(xy ¥,) (uepr. 3); Tpebyercs HaMTi pac-
CTOSIHHE MENLY HHMH.

&

Yepr. 3.

Onycrist 13 A w B nepnenmukyaspst AA; u BB, na ocb Ox
u mposeaes AC||Ox. Ma A ABC no Teopene INncparopa safizex:

AB=1/AC2+CB®, )
Ho, kak BumHo us uepresa,
AC=AB;=0B,— 0A, = x,— Xy,
CB=BB—B,C=B,B—AA=y,—y,. )
[Moxcrasus snauene AC n CB n3 pasencts (2) B-soipasketie (1)
i obosnaune AB uepes d, noayumMm:

’ d=V0e—xF+—y*. )
MoskHo mokasatsb, uto dopyyaa (3)
BepHa 4/ M060ro nonoxeHnsa Touex A
i B na naockocti. IMycts, nanpumep,
/| TOUKH A H B pacrnonoeHsl, KK yKa-
T 3aHO Ha yepTeke 4, TOrJa NO-TIPEIKHEMY
/ 7 s Hanuwenm paseHcTBo (1), B KOTOpOM
AC=AD-+DC
Hepr. 4. - n 4)
_ CB=CB,-} B,B.
Tak xak AC n CB, Kak AMMHBL CTOPOH TPEYrOJAbHHKA, MOJO-
KHTeNbHBI, TO H ClaraeMbie NMPaBbIX yacTe#t paBeHCTB (4) AOMKHbLI

(&)

4
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Gbith monosurenbbiMu. Ho koopausatel Touki A
<0 u y <0;
ClIeoBaTebHO,
AD=—x; n CBj=—Yy;.
OTpeskn xe

DC=x, u B;B=Y,.
Hrak,
AC=— x;} X=Xy — X1,
CB=—y,+Y2=32— 1
Ilocne samenst AC u CB B paBenctse (1) HX 3HAUEHUAMH 1O-
ayunM Ty ke dopmyay (3).
IMpumep. Ha#ttu paccrosHue Mexay TOUKaMu A(—3; 5)
n B(1; 2). -
Pewenne. Ilo ycropmio x=—3, ¥;=5, %=1,
¥,= 2. TloncTaBiB 3TH KOOPAMHATHI B (opmyny (3), moayuum:

AB=YTT—(— P+ C—oF =V EF(—F=V25=5

Pewny ToT ke mpumep rpaduuecki. Jis 9TOrO IOCTPOUM
nannsie toukn A u B (uepr. 5) u, M3aMepus 0Tpesok AB,
natigen AB=25.

L7

5

4

&7
>z

/

1
|
1
1
/

Yepr. 5.

Ecau onno#t ua rtouex Oymer nauano koopaunar O (0; 0),
a apyroit M(x; ¥), 1o dopmyna (3) npuMer BHA

=Y FFF ®
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METOL KOOPLHHAT

YnpaxHeHHS

Haii g we toukn M (6; —8) or ayana KOOPANHAT.

-I;' m::::: F:gg;gﬁ:lie meaucny gouxasm. 1) A (14 12) u B (8; 4),
o 72 1), 8) C(0; 4) 1 D.(3; 0).

2 — 2, 4)n N
. Mé Haiir)n auanuTHYECKH H rpaduueckd JIHHY OTpE3Ka, coenm-

. 9 —1).
ero Toukn A (—10; —10) u B(2; .
nmou{l Haiith AJHHB CTOPOH TpEyroJbHHKA C BEepIIHHAMH A(3; 2),

—1; —1) u C(11; —6).
He 51‘ Hor:)asam,(lno TpeyroapHuK ¢ BepuHaMH A (—5; 2), B (3; 6)

C (4; —6) pasHOGEIpEHHbII.
! (6. nOlZﬂgﬂTb, YTO TPeyroAbHHK C BepIIHHAMH A(;2), B34 u

C (— 1; 4) npaMOYroAbuLIii.
7.' Ha oci abeuuce HaiiTh Touky A, ynanennyio ot Touxn B (4; 6)

na 10 eamuuu, Tloscunth rpa@uueckH, nouemy noayyaioTcs 1Ba pe-

LICHHS.
8. Jlausl ;e Beplumibl pasHocToponnero rpeyronsuuka O (0; 0)

n A(2V3; 0). Haiitu Tpetsio sepuuny B.
9, Hailtn Ttouxy, passoynazennyio ot Touex O (0; 0), A(—4;0)

u B (0; 8).

10, Ha ocH opauHar HaiiTH TOUKY, PaBHOYNAJNEHHYIO OT TOUeK
A(10; 8) n B (—6; 4).

11, Haiitn Ttouky, ynanennyio na 10 emunny ¥ ot ocu Ox H OT

ToukH A (—5; 2)
12, Haiitn Touky, HaXxomsuiyiocs Ha PaBHBLIX PACCTOAHHAX OT oceii
KoopauHat H ot Toukn A (1; 2).

§ 4. Jlenenue orpeska B ganHoM oTHOmeHun. IIyctb nans
ToukH  A(x;; 3y) u B(Xxy; y») (uepr. 6). TpeGyercs wafitn
Touky M (x; y), measuiyio oTpesok AB B OTHOLICHHH:

AM: MB=m:n%).

Onyctin us Touex A, M n B nepnenmikyaspsi AA,, MM,
n BB, Ha ocb Ox it mposesesm npamste AC||Ox n MD||Ox.
Wa nonoGus rpeyrosbnukos AMC w MBD natizen:

AC _ CM _ AM _m
MD ™~ DB~ MB_ a° 1)

*) Ornot L 2K

) HEHHE —- MMECT NOJOKHTEILHOE 3uHAueHHE, TaK KAk
TOuKa M HaxommMtes puyTpn otpeska AB. ! vae, ecay ' M
Pacnolokena Ha TNPONOMKEHHH OTpe3ka uny

OTpHUATeNbHoe 3Hauenue (oM. Ipusa.
reomerpus, 1958, ra. I, § 6).

§ 4]
Ho

[Toncrar

Has
TIOJTY UM

]

w Pewmnp

=h Pop:

M (x; ¥),
L OTHOL

Mo
N0JI0KEH

2 3as




NEJEHUE OTPE3KA B JIAHHOM OTHOLIEHHH

AC = A,M, = OM,— OA,= x— x,, )
1D = M;B,=0B;— OM; = x,— x, ‘ )
M= MM— M,C = MM — A A= y—y,, lf
OB=B\B—BD=BB— MM=y,—y. |
1B (2) B (1), nonyumm:

f—j'\z ==, (3)

m 5 »
KPATKOCTH NOJOKIM —- =\, Torma ua pasenctn (3)

ABA ypaBHEHHS:

)

()

'pastenns (4) n (8) OTHOCHTEABHO X W Y, TNOJAYUHM:
_ it A _ Y1ty

=oEn o YT (6)

yan (6) caymxar nns onpeneneHus KOOPAHHAT TOUKU
aeqsiniet orpesox mMencay rouxamn A (X, ¥y) n B(xy; v,)
CHHIL 7=\,

)
i 8
,/'(—X
/ |
// !
/?—-}— ——————— -
| %
| 72
Ao L) | (
T e I
| & ! :
ﬁ% I ’("} )i gy .z
Olw g~ .’
O :
I Z> ¥
Yepr. 6.

10 110Ka3aTh, 4To Gopmyan (6) cnpasensuss pas mo6oro
g1 Touek A 1 B Ha IJOCKOCTH.

. 215, W. J1, 3afiueB
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B uactHoM cnyuae, TpH AeneHuH oTpeska AB nononam, T. €.
B otHomweHnn 1: 1, moayunmw A=1:1=1, 1 nosromy

,é=:”1_'§_”_=, y=.¥l%-ﬁ_ @

m
Ecnit B dopyynax (6) aaMeHHTb A OTHOLIEHHEM =+ TO mo-
TYHHM:

nxy - mx, nyy +mys
= n+m2' Yee= n4+m ° ®

opmyabl (8) uacTO MPHMEHAIOTCS B MEXaHHKE LJs Ompene-
JIEHHS NOJOXKEHHS LEHTPA THECTH OAHOPOAHOTO Te/a M/AH OThl-

CKaHHA LEHTPa napajjie/ibHBIX CHII,

4

=7 |ENCU e |, il e

Mpumep. Haus Toukn A(7; 4) u B(10; — 2). Touxa M
* zenur otpesok AB B otHomennu AM : MB=0,2. Haiiru rouxy M.

Pewenne. ITo yenosuio x,=7, y, =4, x,==10, y,==—2,
A=0,2. Toacrasus 3Ti nauubie B Gopmyab (6), noayunm:
_74+02:10 9
R e T
—41+02(=2) 36
y—‘—w- =-]'—2= 3.

Hrak, unckomas touka Gymer M (7,5; 3).

Pewnm TOT e npumep rpaduueckn. Jlasg 3TOro MocTpoOHM
moukn A n B (uepr. 7) n pasmeanm orpesok AB Ha LUECTb PaB-
Hbix vactefl. OTMOXHB ONHY Takyio uacTh OT TOUKH A, MOJYUHM



§ 4 - JNEJEHHE OTPE3KA B JAHHOM OTHOIUIEHHH 19

TOuky M, Kotopas u pasueant AB B ornomenun 1:5=0,2.
Vsmepus orpesku OP u PM, HaitneM xoopauHaThl TOukH M:

QP =1, EM=0=—"53

YnpaxHeHHs

1. Onpeneanth KOOPAMHATLI CEPEAHHBI OTPE3Kd, COEJHHAIONIEr0
ABe TouxkH A u B.

1) A3 5) n B(7; 9, 2) A(0; —12) u B(8 0).
2. Jlanul KOOpAMHATH YeTHIPEX BEPIIMH NMapanae/iorpamMma:
A(—1; —1), B(;1), C(& —1) u D(0; —3).

Haitn gamnnt anaronaneit AC u BD, a Taxie TOUKY HX NepeceueHHst,
3. Jlaupl xoopxumatsl Tpex BeplHH Tpeyroaphnka ABC:
AB;T7), B2 n C(—1;3)
Haiiri ALY MeAHANE, NPOBEAeHHOI H3 sepwHAL B.
4. Haiitn xonen B orpesxa AB, ecan aano: nauano ero A (7; —4)
H cepenuna C (—1; 3).
5. Janut gpe cMewmbie BepwHHB napaanesorpamma A (4; 2)

W B(5 7) m Touka nepeceuenus auaromaneii M o5 3). Haiitn

CCTANLHBIE ero BepIMIb.

6. Ha orpeske, coemnnsiomem touku A (6; 4) u B(1; 9), aexur
TouKa M, jexsmas panmnii orpe3ok Tak, uro AM: MB = 2:3. Haiith
Touky M. Jlath anaiuTHYECKOe M rpaHyeckoe peleHHs.

7. Haiitn touxn, peasuyie orpesok mexaxy toukamu M (— 3; —7)
i N (10; 2) na Tpn panunie uacTH.

8. Touka C (—2; 1) aeant orpesox AB B ornomennn AC:CB =2.
Haittin xoopaunarsr kona B orpeska, ecan Hauano ero A HMeeT KOOp-
aunarer (10; 5).

9. B touxe A (2; 5) cocpenorouena macea 2«2, B rouxe B (125 0) —
macca 3 gz. Haiitn weurp sTHX Maccs

10. Haiitn xoopamnars TOUKH nepeceyeHHs MeAHaH TPeyroJbHHKa,
3naa koopauuarsl sepuwnn A(1; 4), B(—5; 0) u C(—2; —1).

11, Jlanpt BeplHHL TPEyroALHOll oauopoaHoii naactenu A (4 —2),
B(1; 5) u C(—2; 0). Haiitn nesTp TAKECTH STOH NJIaCTHHKH.

12, Haiiti uentp TsuKecTH TPEYroNbHOH ORHOPOMHOIL MIIACTHHKH,
BEPIIMIE KOTOPOit acikar 8 Toukax A (xg; y1), B(Xe; ya) 1 C (x5 ya).

13. Jlans koopnunater apyx sepunH TpeyronbHuka A (0; 5),
B (5; 3) n Touka nepeceuenns ero mexaman M(1; 3). Haiitn koopau-
HATLl TPeTheli BEPWIHHLI TPEYIOAbLHHKA.

2*



FJTABA 1l
JIMHUM U UX YPABHEHMS

§ 6. Moctosnube W mepeMeHHbe BeJudnHbl. B mpakrnue-
CKOH 1eATe/bHOCTH, B TeXHHKE, NPH HCCASAOBAHHH KaKOro-JAubo
TPOLECCa Mbl BCTpeyaeMcsi C BeAHYHHAMM ABYX POJOB: MOCTOsH-
HBIMH H NEpeMEHHBIMIL.

Tlocmosnrott 6eautunodi HA3BIBAETCS TaKAs, KOTOPAS MPH H3Y -
YEHHH Kakoro-n6o mpouecca He Menser cpoero 3wauenus. Ha-
TIPHMED, AJHHA pamuyca OAHOR 1 TOH e OKPYIKHOCTI, TeMIle-
PaTypa KuneHus YHCTO# BOAbI MPH NMOCTOSHHOM AdBJIEHII — BEJili-
UHHbl TIOCTOSIHHLIE.

TTocrosintbe BeymHb NPHEATO 0G03HAYATH NEPBLIMIL GYKBAMI
JaTHHCKoOro aadasuta: a, b, ¢, d u T. A

Hepeaennoii sesununol naspipaetcs TaKas, KoTopas B ycao-
BUAX H3yuaemoro mpouecca Mewser csoe smauenne. Hanpumep,
TICPUMETD NPABIJILHONO BMHCAHHOTO B OKPYXKHOCTh MHOFOYIoab-
HHKA MpH yBeJuYeHii yicaa ero CTOPoH, AJAMHA METAILIHYECKOro
CTEPKHS TPH €ro HArpeBaHHH — BEJAHYMIB! NEepeMeHtble.

TTepemennsie seanunnb nPUHATO 0GO3HAYATH NOCASANHMIL OYK-
BAMIL JaTHHCKOTO aadasuTa: X, y, z, a TaKwe £, u, v, W.

Hacro Guibaer, uTo OaMa W Ta e BeAHYHHA MPH OAHUX YCHO-
BUAX SABASETCS NOCTOAHHOH, npn apyrux — nepemenuoit. Hanpu-
MED, B TPABWILHOM BNHCAHHOM B OKPYMKHOCTL MHOIOYIOJbLHUIKE
anofiera — BeanunHA NOCTOSHHAS; NpH HEOT PAHHYEHHOM YABOECHIIH
UHC/IA CTOPOH STOrO MHOrOYrOJbHUKA anodema CTAHOBHTCS BeJi-
UHHOR nepeMenHolt. :

Cpeit moCTOSHNBIX BemuMmi UMEIOTCH, OHAKO, H TaKie, KO-
TOPBIE COXPAHSIOT CBOE 3HAYEHHE MpH JIOObLIX YCJAOBUSAX; OHIl HA-
BbIBAIOTCA  aGcoalomusiit nocmosuue . Hanpumep, cymma
BHYTPEHHIX YIV0B TPEYro/bHuKa, OTHOMIEHUS AJHHL OKPYIKHOCTI
K Auamerpy.
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§ 6. ®yuKuuoHaJAbHAS 3aBHCUMOCTh MEXAY NepeMeHHBIMHU
BeauunHamu. [lepemennbie BeJAMYHHBI B MATEMaTHKE HrpaioT
BAXHYIO POJIb: OHI CJYXAT CPENCTBOM H3yueHus sBieHu# nph-
POIEl M TexHuyecknx mnpoueccos. [Ipu 5TOM HCNO/B3YIOTCS
TiepeMeHHble BeJHYHHL HE B OTphIBE APYyr OT Apyra, 4 B HX
B3aUMHON cBsidn, B ompejesieHHOH B8aBHCHMOCTH MEXLY HUMIL.
PaccMorpuy  cayyalt 3aBHCHMOCTH IBYX MEpPEMEHHBIX BEIHUNH
Mexny coGoft.

IBe mepemenurie BequuMHB MOPYT ObITh B3aHMOCBS3AHE! TaK,
UTO KAXKAOMY NAHHOMY B3HAYEHHIO ONHOH M3 HIX COOTBETCTBYET
BMOAHE OnpefesenHoe aHaucHHe ApPYro#. BoabMem, Hampumep,
YpasHeHue

S—4,9¢2, (€8]

B KOTOpoM S oamauaerT paccTosHHe, NpoHAeHHOEe MAXAIOLLIM
TeIOM, a f—ppems namemist. [anum Bpemenu f Kakoe-Jnoo
UNCIOBOE 3HAYEHIle, TOMA BeJHuHHA TPOWLEHHOro paccroais S
MoayunT coorsercrpyioliee 3HAYEHHe; HATNpuMep,

ecan =2, o S=14,9-22=19,6,
n =38, , S=4,9-32=44,1;
y =4, , §=4,9-42=78,4 n 1. L

Tlepemennas penmunna £, KOTOpPOH MBI ZABaJju NPON3BOJbHEE
SHAYCHNA, HASLIBACTCS HE3QBUCUMOL nepeMerrol WIH ap2yier-
MOM; Jpyras ke nepemennasi S, H3MEHSIOULASCSH B SABHCHMOCTI
OT m3MeHemnst 7, HA3LIBAGTCSl JABUCUMOL nepemerHOl Wik
Pynryuei. Cossp MEXAY STHMH NepPeMEeHHLIMM HOCHT HA3BAHHE
Pyrrunonaronod 3ABUCUMOCILU.

Crenyer ormernts, uro XOTS APryMEHTY MBI jAaeM MpOu3-
BOJILHBIC 3HAUEHNs, OMHAKO OSTH 3HAYEHHS BHIOHPAIOTCH TOJILKO
TAKHMH, KOTOpbLIE MONYCKAIOTCA YCAOBHAMH 3alayu. Tax, B paso-
Gpamion npumepe BpeMa { MOKET NPUHUMATh TOJLKO T0JO-
JKHTEJIbHLIE 3HAYEHUS WM HYJb, HOO BPEMs, BbIPDKEHHOE OTpH-
LATeNbHBLIM YHCJIOM, 31eCh CMBICJA HE HMEeT.

3ameruy  Takke, uTO Buibop  HE3aBUCHMON nepemMeHHon
MIKTyercss ycaosmamu 3amaun. Ecam, Hanpumep, Hac HHTEPecyeT
BpeMsi, B Teuenpe KOTOPOro Tejo Npowno TO WK HHOE pac-
Crosune, 1o B ypapHennu (1) Mbl ZOJKHB 12BATb S uucnosuie
SHAYEHHs, KOTOPHIM OyAyT COOTBETCTBOBATH ONPENE/ICHHEIE 3Ha-
ueHns £; mpu sTOM ycaoBMH S SIBUTCS  yice APryMEHTOM,
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a t—dynkuuett, B Takom cayuae s ynoGCTBA BLIYHC/EHHS
¢ynKunn ¢ ypashenne (1) cnepyer mepemucaTh Tak:

=V 35

Onpenenenne. IlepeseHHan BeAUUURA Y HA3LBAEIMCA
(hynKuuel nepesennoll X, ecau Kajcoosy OONYCMUMOMY
SHAYEHUI0 X coomsemcmByent onpedeseHHoe 3HaLeRUe Y.

Pynkuus, onpelensemMan TakuM 00pPasoM, HA3bIBAETCS 00HO-
8HAYHOL,

B maremaruke paccmMaTpmBaloTCs M Takue (YHKIUH, KOTOPHE
HMEIOT HECKO/IbKO 3HAYeHHH, COOTBETCTBYIOLIMX OAHOMY 3HAYEHHIO
ApryMesTa, Hanpumep y=i1/x2-——l, y=Arctgx u r. m
Takoro poma Qynxiim, Ha3BIBaEMble JHOZO3HAUHbIAMU, B HALIEM
Kypce paccMaTpusaTbes He OynyT.

Mpumep 1, Iuowans xpyra

S=mrr,

Kaxnomy sHauenmmo r B 3TOM paBEHCTBE COOTBETCTBYET
OTpefe/eHHoe 3HaveHie S; CENOBATENbHO, MAOWALL KPyra ¢CTh
(yHKIMA panuyca, a caMO PABEHCTBO BBIPANKAET (YHKILHOHAILHYIO
B3ABHCHMOCTb MEXIy STHMH TepeMeHHbIMI.

Ipumep 2. Tyrb, NpoHiennsift TeJAOM B NPAMOJNHCIHOM
HBIDKEHHH C TMOCTOSHHON CKOPOCTBIO U,

S=ut,

Buech myte S noayuaer onpedesentoe 3HaueHie, COOTBET-
CTBYIOWEE. BHAYCHHIO £; MOITOMY S— chyHKUMS Bpemeti .

Ilpumep 3, Cornaco saxony Bo#as— Mapuorra Aas-
JAeHHe p i 00BeM v rasa CBA3aHEL GOPMYIOH: -

—_— ¢ '
J =g

TAE ¢—TIOCTOAHHAS BEJWYHHA NS AAHHOH MACChl I TeMneparTyphl
rasa. C muamenenneM o0BeMa U H3MEHAETCH M AABJEHHE p; Cie-
AOBAaTE/bHO, NABJEHHE p rasa ecThb (yHKUUS ero ofbeMa .

§ 7. Jlunnu u nx ypasuenns. U3 xypea anreGphi 13BecTHO,
UTO MO YPABHEHHIO, ONpeneasioenMy GYHKIIIO, MOKHO MOCTPOHTD
JUHUIO, HA3BIBAEMYIO 2pagiuror @yrKuuu.

[Tyctsb, Hanpumep, AanO ypasHenne y = x2, onpezeJsiouee Y
KaKk QyHKUHo X,
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Cocrapim Tabanuy sHaueHu#t X U COOTBETCTBYIOULIX 3HAUEHHT Vi

—3 | —2| —1 0 1 2 3

y‘g 4101-1}9

Kaxcnolt noayuennofft s sroft TaGanue nape sHaueHufi x¥ H
COOTBETCTBYET TOYKA MAOCKOCTH. [Toctpous st Touki (4epT. 8)
W COGAMHNB UX NJABHOH JauHHER,

MBL nosyunm rpaguk  (yHKUUA g
Y= x* 9ror rpauk, KaKk BHI-

HO, mpeacrasaser JaUHHIO, BCE ==
TOUKH KoTOpoft obsaaaloT Onu-
HAKOBLIM CBONHCTBOM, a HMEHHO:
OPAHHATA Ka)Kno# u3 HUX paBHA
KBajpary coorsercrayiouiett abe-

imeent. Jhnuus, sce TOUKH KOTO-

POH 0Gaaaai0oT OAHHM I TEM KE f
CBOHCTBOM, HA3LIBACTCH 2€04tenL- I
" pUMecKua secnio i Takux motex. |

, 1
" Haw  npumep mnoxassipaer, 527 Jor 2
0 YPABHEHWIO ¢ nepesetHblML

Xy coomsememasyem Ha NA0C= Yepr. 8.

Kocmu HeKomopas AURUA KAk

2eoMempUYecioe Mecmo nover, KK00pOUHANbL KOMOopsx Y008-
ACNLBOPAIOI IMOMY Y PABHEHUIO. .

OO6paTio, AUAUL HE NAOCKOCHLU, NPeOCMasAsiouel 2eoie-
mpudecoe Aecno mowerx, COOMBencnsyen. Hexomopoe ypas-
nenue ¢ nepesennniymi x w y. TIoKaxem STO HAa TPUMEPE.

[lycrh gama wa IMJIOCKOCTH OKPYXKHOCTb € LIGHTPOM B Hauaae
KoopAuHat 1 paauycos, pasusi & (uepr. 9). M3 snemenrapHoro
Kypca reoMeTpHH HM3BECTHO, UTO 9Ta OKPYKHOCTb ECTh TreoMe-
TPHUCCKOE MECTO TOUeK, YAANEHHbIX OT LEHTPA HA 5 eLuHHLL.
BosbMem 1a OKpYKHOCTH NPOH3BOJBLHYIO TOUKY M(x; y). Tlo
ycaosmo, OM = 5; ¢ apyroit croponsi, no gopmyae (9) § 3

oM=V x*+ y*.
CnenopatesbHo, Ajsi n060A TOUKH Hawel OKPYMKHOCTH LOJKHO
GObITh

|
I
|
I
|
|
|
I
I
I
I
|
%

I
1
|
|
|
Vi

=2

Vx4 y2=35,
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nan
- x2+ y2= 25. (I)
HTPOM
HTaK, OKpyXHOCTH C PanMyCOM, PaBHBIM ?l HiclleHIE
B HAYane KOOPAHHAT COOTBETCTBYET YPaBHEHHE ).oK IR,
Ypabuenne (1) snoawe onpesenser OaHHYIO czgcmu
2 NOTOMY OHO HA3BIBAGTCH YpasHeHues STOH 0Kpyol

Yepr. 9.

Vves ypasrenne (1) oxpysHocTH, BOKHO y3HaTh, ne;:ﬂ; 1::
HA Hell Kakue-muGyab nauusie Touki, manpumep A(— "
B(—1;38). Ims storo HY)KHO NPOBEPHTH, YAOBACTEOPHIO! -
KOODIHHATE! Toyek A i B ypastenuio (1). IMToacrasns HX B Y[

Henne (1) Ha mecto x n , noayumum:
AnS TOuKN A:

(=3P +42=9+16=25,
s TOuKH B;

(—1p482=149 - 25.

Koopanuats rouxy A
UHT, TOYKA A nexur ya
TOYKH B ne YA0BAETBOpS]
Ha 8TOfl oKpyxkHOCTH He

Onpeneneune.
Hue ¢ nepe

yrosnersopsior ypasneniio (1), 3!1;1:
LaHHOH OKDYKHOCTI; KOOPAHHATH! m};
OT STOMY ypaBHEHHIO, 3HAUNT, TOUKA
AeKHT (uyepT. 9).
Ypasnenuey aunuu nasvsaemen ypasue-
MERRUML X u y, Komopomy yd08.aemBOpRION. KOOD-
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Qunamol 210608 mourt Mol AunuL U He YO0BACMBOPSION
K0OpOuRams. 210600 MOUKU, He Aedcaujel HQ AUHUL.
[Tepemennsie X M y, BXOASILHE B YPaBHEHHE JIMHUH, Hasbl-
BAIOTCS /MeKy Uyl Koo pouranamu.
Takuym 06pa3oM Mbl yCTAHOBHJIM, YTO MENAy JHHUSMH H HX
YPABHEHUSMU CYLIECTBYET CBSA3b, NMOSTOMY NPHHATO TOBOPHTb:

«AaHa JHHHA» BMECTO «[4aHO YpaBHEHHE JHHHH»,

«HAHTH JHHWIO» BMECTO «HAWTH ypaBHEHHE JHHHH».

Ycranosnennasi Bbllue CBA3b MEXKAY AHHHIMH H UX ypaBHe-
HHSMH NO3BOJSIET M3yuaTh CBOHCTBA JHMHHMH MyTeM aHA/JH3A ypaB-
HeHUH, cooTBeTCTBYIOWMX STHM JuHHaM. OTcioza W HA3BaHHE
H3YuaeMOro HaMH NPeAMeTa — AHAAUMULECKAs 2e0MempUsL,

ITpunmep 1. Jlexur au trouxa A(—2; 4) Ha auHuH Y — X2

Pewenne. INogcrasius BMecto X W y B JAHHOE YpaBHEHHE
Koopanuarst Touxkn A(—2; 4), monyuuM TOMIECTBO: .

4=(—2P=4.

Caenosarenbiio, rouka A JeuT HA AAHHOR JNHHH.
[MTpumep 2. Jlana aunns y=-—3x—-1 u Touxa A Ha
ueft ¢ aGennccot, pasuoit — 1. Onpexenuth opauHaty Touku A.
Pewenmne, Tak kak Touka A AeKHT HA LAHHOH JHHUH, TO
€ KOOPAMHATLI JO/KHBI YAOBAETBOPATL MAHHOMY YPaBHEHHIO.
Onna xoopaunara x = — 1. YroGsl Ha#TH BTOPYIO, T. €. Y, Mbl
NOJACTABUM B ypaBHeHue BMECTO X ero sHauenue. [Toayumm:

Sy (=T

Wrak, OopouHaTa TOYKH A pasua 4,

Ynpawuenus

; 1 o
1. Jlana mmns y = — x| 2. ¥Yanarp, Jexar Ju Ha el TouxuH

A(2;3), B(3;3) u C(44)2

2. Ha ammun 4x — 5y =8 newar rouxu A (2; y) n B (x; 4). Haiitu
HEH3BECTHYIO KOOPIAHHATY KaJUIOH TOUKH,

3. Hanucath ypasHenHe JAMHHH, BCE TOUKH KOTOPOH OfHHAKOBO yAa-
JeHst oT oceif koopaunat, IoCTPouTh 9Ty AHHHIO.

4. Opauuatsl 1060l TOUKH HEKOTOPOIl JuuHM B 4 pa3a Goablue ee
a6euuccst. Hanucath ypasnenue sToil JMHHH H NOCTPOHMTL €e.
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5, Hanucats ypasmenne smmmu, BCe TOUKH KOTOpPOIf yZaneHs OT
Toukn O (0; 0) na ogunaxosoe paccrosuue, pasHoe 2. Kakoit Bun nmeer
9Ta NHHHA?

6. Hamucath ypapmenme Jumumm, BCe TOUKH KOTOPOi yAaJeHbl OT
1oukl M (2, —3) na ognHaxoBoe paccTofiHHe, paBHOE 4.

7. TOUKH HeKOTOpOH JMHHH ONHHAKOBO YIAJeHLl OT ABYX TOUEK
A(—2 1) 1 B(—1; — 3). Hanucats ypaBHeHHe STOii IHHHH.

8. Hanucats ypasnenue annny, no kotopoif gemkerca touka M (x; y)
TaK, YTO ee paccrosuue or oc Ox OcTaeTcA BCe BPEMs PABHBIM pac-
CTOSIHHIO ee oT ToukH F(0; — 2).

9. Onpenenuts TpaexTopmio TOukH M (X; y), KOTOpas MpH CBOEM
IBHKEHHH 0cTaercs Bxsoe Gamie ot Toukn A (1;0), uenm ot Touxn B (4; 0).



FJTABA I
MPSIMAST TUHUS

§ 8. Ypasuenus npaMbIX, napaieabHbIX OCSM KOOPAHHAT.
Boabmey npsmyio anmuio, napasensHyo ocH Oy u NPOXOAALLYIO

HA  paccrosuuM @ OT Hee
(uepr: 10),

Bece toukn srtoit npssoft
OLHHAKOBO yHaaeHsl OT OCH
OPANHAT 1A paccTOosHuE, paB-
noe a. CnenosaTtenbHo, s
KOkaol roukn npamot AM
abcuncca oama u Ta- Ke,
a uMenno:

X=ga, (D

opinnara ke pasanuna. Ta-
Kun oOpasom, ypasHenne (1)
BIOJIE ONpEJesieT NpAMYIO,

N
n

&

=a

T

Yepr. 10.

napasnneasiyio ocu Oy, a NOTOMY OHO SIBASETCS €€ YPABHEeHLeM.
Bosbmem npamyio, napamaenbhyio ocu Ox, Ha PacCTOSHUH,

<
B

0%

y=5

!
4

Pc— Q-

Q

Yepr. 11.

pasiom b or nee (uepr. 11). Bce Touxu sTOH npsmo# omma-
HA PaccTosHiE,

KOBO ylaneHel OT OCH Ox

pasHoe 0,

c.
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noGaa  Touka  mpamol  BM - umeer  1OCTOAHHYIO opAuHATY,
4 MMenno:

y=0, @

abeuuccy ke pasianumyio. Kax punno, ypasuenne (2) BnojaHe

onpee/aer npaMyio, Napajieabuyio oc Ox, a noroMy OHO
ABJSETCS €€ YPasHeHueHt.

v Mo ypashenusm (1) u (2)

MOXKHO NOCTPOHUTb COOTBETCTBYIO-
utie uM npameie. [lycts, Hanpu-
Mep, naHa npsaMas x=—4.
Y Ornoxus Ha ocu Ox orpesok
g OA= — 4 (uepr. 12) u nposens
yepes TOYKYy A npaMmyio, napan-
A ok |13 2z Jzeabnyio ocit Oy, NOAYYHM HCKO-
= ) MYIO mpAMYIO.

§ 9. Ypas; xoop-
nuHaT. Boabys : mpsi-

MOH, napaase i

Yepr. 12,
W CTaHEM B HEM yMeHblaTh aGCoIOTHYY 10

npaMas, onperensiemMas 91 JABHEHHEM, .
K ocu Oy, ocraBasce ¥ o
cosbercs ¢ Heft, Ypae

0
ABASIETCA ypasHenu
Ecan xe B yp:

b

npaMol, napanne; )

Beanunky b, ro
0CTaBascL eit |
Taxuy oGpasonm

Oyzner ypasue

2. E
ugeit ua
weii Ha
o @
A(—3;

8, ¢
Asieit .

6. (
CTOpOH,
cTopona

T
KOO PAHE
cayuas,

§ 1
KOOpAH
yraom

(bHB
1 a0(
»eaKl

Bos
(x5 )
AMOY
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Yupaxknenus

TocTponTh TIpAMbIC:

1) x=3, 2) x=—35, 3) y=38 4) y=—2
lamucarth ypaBHenue npamoii, nap: aaaeapnoii ocit O.x 1 OTCEKAI0-
ocu Oy orTpesok, pasubiii — 6.
lanucartn ypasuenne Ilp)l\lOH, II«lpl'l'IC'lbllOII OCH 0)’ 11 OTCCKAIO~
oc Ox orpe3ox, paBublii — 2.
COCT4BHTL  ypaBlElHE MpAMOil, MPOXOMsUeii Uepe3  TOUKY
2) u napaaieasnoii och Ox.
JOCTABHThL ypmnenuc npsmoil, napaiiensuoii ocu Oy m npoxo-
iepes Touky A(— 3 —1).
.TOpOHA KBagpaTa pamm 12. Hamicats ypaBleHusi BCeX ero
€CIH 32 OCH KOOPAHHAT NPHHATH TpPsAMbIE, NapajielbHble €ro
M H NPOXORAUIHE Yepe3 LEeHTp KBaapara.
,TOPOHLI NpAMOYTOJbHHKE, pasBlible 6 u S COBManaioT ¢ OCAMH
at. Hanmcath ypasHenisi CTOPOH 9TOrO NPAMOYFOJLHHKA st
KOTJla OH pacnoJoeH B NEpBOM KOODAMHATHOM yriy.

0. Ypasuenne npsmoii, mpoxomaueil uyepes Hauauao
Hat. [lposeneM npsaMylo uepe3 Hayano KOOPAHHAT MO
o (2% 90°) x ocu Ox (uepr. 13). TIpuHATO MOJOMNCH-

K

Uepr, 13.

[ yron o OTCYUNTLIBATL OT TOJIOKHTEJNLHOTO HANpPABJCHUA
ILHCC B CTOPOHY, NMPOTHBONOJOMNHYIO ABHKEHHIO YacoBOH
(uepr. 13), a orpuuaresbHut— o vyacoso#t CTpeJIKe,
MEM  HA  NPOBEACHHOH mpAMOH  NPON3BOALHYIO TOUKY
). Onycrns nepnesmuxynsp MP na ocs Ox, OJIy YiM
oabHbifl Tpeyroabuuk OMP, us KOTOpOro wHakizem:

PM=O0Ptgo. (1)
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Ho
OP=x u PM=y,

no3ToMy paseHcTso (1) mepenuwercs Tak:

y=xiga
[Tonoxum
tgoa="k, 2)
TOPAA TIOMYUMM:
W= (3)

Koopzunater moGo# Toukn mnpsmo#t OM ynoBjeTBopsioT
MOJYYEHHOMY YDABHEHHIO; MOMKHO MOKAa3aTh, YTO KOOPIUHATHL
mobo# TOuKH, He Nexawe# Ha npsmo# OM, He yHOBIETBOPSIOT
-eMy; TO3TOMY OHO siBifeTcsi ypasweruem npamoi OM. Vrak,

y=kx

€CTb YpasHenue npamol, npoxoosuel wepe3 Hauaao Koop-
Junam, B Hem X w y— meryuue Koopounamel, a k-— y2..0-
80l Koaghuuennt.

Onpenenenue, Yero8orst Kosghgbunuenmoit npsuoi
HA3bl8AeMCS MAH2EHC Y240 HAKAOHA 3MOU NPAMOL K NOA0JCH =
mensroMy ranpagaeruo ocu OX.

Bennunna £ moxer GHTh KaK NMOJOXKHTEALHOH, TaK 1 OTPI-
uarejbHoft. Ecan yron o ocrpriff, TO TaHreHc ero mmeer I0J0-
XHTENbHO® BHAYCHHE; €CJH e Yroa o TYmoH,—TO OTpHId-
TenbHoe.. [Tosromy senmunHa k& B ypaBHeHMm npsmoft Oyaer
TNON0XNHTENILHON, ecJit o.— OCTpLI#l yroJ, H oTpHuaTeabHOMH, ecJlt
TYno#,

3ameruy, uro npu = 90° yra08oro KosdduiHenTa He cyue-
crByer, Tak kak tg 90° He MMeeT uHCIOBOrO 3HaueHHs.

3Han yrnoso#l Kos(duuuent NpAMOH ¥ = kX, MOXHO Onpe-
IeNUTh e MOJONEHHE.

[lycrs TpeGyercs mocTponTb MpAMYIO Y= 2x.

Ins storo HafimeM yros o M3 ycaOBHS

k=tga=2,
Oﬂ(yﬂ.ﬂ
o= 63°26".
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[Toctpous npu Touke O HAMAEHHBI YTOM, MBI H IOJIYYHM
lckomylo mpsmyio (uepr. 14).

[TocTpoenne 9To# mnpsiMOR MOXHO NpoOBecTH M TpOLUe.

MsBecTHO, uTO mOJOXKEHHE z
TIPSMOR onpenenseTcs ABYMs TOU- } &
Kamm, [MO3TOMY AJsl peIueHus 3a- »’
Javu HYHO 8HaTh HX KOOpAH-
Hartel, B namewm ke cnyvae gocra-
TOYHO ONpPEeAeNuTb KOOPAHHATEHI
OLHOH TOUKHM, TaK Kak BTOpas
(Havano KOOpAMHAT) HAM M3-
BectHa. Jlas sToro mamuM X
NPON3BOJLHOE 3HAYEHHE, HANPI-
Mep X==2, TOraa H3 ypaBHEeHMs L
npsMo#t mattaem: a7

y=2.2=4,

NN W@

Snavenns x=2 u y=4 : Yepr. 14.
1 Oyayr KOOpAMHATAMH TOUKH,
Jekaulefl na nauHoft mpsmoff. TlocTpous 3Ty TOUKY, MpOBEeM
uepes Hee M HAYaJ0 KOOPAMHAT NPsAMylo jnumio (uept. 14).

YnpawHeHus

. Hanucars ypasnenne npsamoi, npoxonsuieii yepe3 HauaJlo Koop-
Jungar 1 obpaayioufeii ¢ moJoXHTeNLHbLIM HanpasieHneM ocn Ox oJHH
3 CACNYIOUHX YraoB:

1) 45°, 2) 30°, 3) 135° 4) 0°, 5) 180°.
. Mpamas 3anaua ypasuenuem y = kx. Kakoso Gyaer nmoaoienie
npnuon npu 1) =0, 2) k=1, 3) k=—1?
3. Mon xakum yrnou K TOJONHTEJbHOMY Hanpasnenuio oci Ox
HAKJOHEHL! CACAYIOUHEe TNpsMbie:

— )
1) y=V3x 2) y=-§x, 3) y=—2x?

4, Tloctpouts npameie: 1) y=2x, 2) y= 7 x, 3) y=—2x,

1
I]) y:——9~.Y.

5. Hdana npamast y = 3x. Jlexar au ua ueit rouxkn 4 (1; 3), B(2; 5),
C (_ L l) ?
T
6. Ha wxaxoit m3 mpamblX y=4x, y=—3x H y=2x JeKuT
Touka A(—2; —4)
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7. Dana npaman y = 1,5.x u Touxu na neit A(x; 6) u B(—2; y).
HaiiTi HenasecTHbie KOOPAHHATE! STHX TOYEK.

8. Mpamasn y = kx npoxomut uepes touxky A (—1; 5). Haiitn ee
YTNI0BOIT KO3(hHLUHEHT,

9. Hanucats ypasnenue npsaMoif, npoXozsiieil yepes Hayano Koop-
IuHat u touky A(2; —4).

10, Bepunna ocTporo yraa paBHOGEAPEHHOro NPAMOYroJAbLHOro
TPEYrobHHKa COBNALAeT ¢ HAYa/nOM KOOPAMHAT, a KaTeT, paBHbii 10, —
€ nonoxuTebHbIM Hanpasaennem ocn O.x. HaiiTH ypaBHenHs ero CTOPOH.

11. Tocrponts Toukn A (—6; 0) u B (0; 3) 1 npamoyroabiuk OACB.
Hanncats ypaBuenns cTopor mNpsiMOyroisHuka  ero auaronann OC.

12, Cuna mpHIONEHAa K Haualy KOOPAHHAT H COCTaBAsOILHE ee
no ocam O.x u Oy CcoOTBETCTBEHHO paBHubl 5 M — 2. Hamucats ypaBme-
HHE NpAMOii, 0 KOTOPOIf HANpaBieHa CHA3, H IIOCTPOHTHL STY NpAMYIO.

§ 11. Ypasuenue npamoii ¢ yraoBbIM KO3 (uLHEHTOM
W HayanbHoil opmuuatoii. [lycts nana mpamas OC, mpoxons-
1as yepes Hauano KOOPAMHAT MOA YIJIOM ¢ K NMOJOKHTENbHOMY

k4
/5]

B
M Z

Yepr. 15.

Hanpaszennio ocn Ox (uepr. 15). Ee ypasuenue umeer pui
W=Frx}
rae k=tga (§ 10).

Tposenen npavyio AB||OC, otcexatoutyio na ocu Oy orpe-
3ok OB=b. lpamas AB cocrasiser ¢ MOAOKHTEALHEIM HANPa-
paerneM oct Ox Tot ke yroa . Ilycts M(x; ) — NPOH3BO/L-
Haa TouKa npsmott AB. M3 uepr. 15 uatinem:

Y=PM=PM,~+b. (1)
Ho
PM, = kx;
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noacrasus 3Hauenue PAM; B pasencro (1), moayuum ypabHe-
nie npsamoft AB B Buue
y=*kx—+0, (2)

riae R— yan080t roaghghuyuennt, a b HaspBaeTCA HavaabHOL
0pOUHAmOIL. :

3ameruM, uTO npaMas Y= kx—} b noayyaercs CMeLLEHHEM
BCex Touek mNpsMOH y= kx (uepr. 15) Ha oTpesok & BBepX
(npu noaoKuTEeALHOM ) M BhM3 (IPH OTPHUATENLHOM b).

K4

Yepr. 16.

Vpasuenne Y= kx, onpegensiouiee NpAMYyI0, NMPOXOAALLY!I0
UEpes  HAYaJA0 KOOPAMHAT, SIBJASIETCS YACTHBIM C/AYYaeM ypaBHe-
nig (2) npu b=0.

3nast yrnaosofl xosdpuuuenT £ M HAUAILHYIO OpPLHHATY b,
MOIKHO OTpene/nTs nonoxenne npsamoil. Ilycts, nanpumep, Tpe-
OyeTcsl NOCTPOUTL 1PAMYIO

v=x-14.
113 pannoro ypasueHus HMeeMm:
tea=—1,
OTKY A
o= 45°

[Mposeses uepe3 Hauano koopauar npamyio MN mon yriom
B 45° k noacwkureabHomy Hanpasaenuio ocu Ox (uepr. 16).

Ho npsmas y=x-|4, Kak BUAHO 13 YDABUCHUA ce, mepe-
cexaer ochb Oy ua paccrosuus OC, pasuoy 4 eAMHHLAM Mac-

3 3ax. 215, W. J1. 3aitues
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mraba or Hauaza koopiuHar. [Tostomy npsmas AB, nposenel-
Han uepe3 Touky C napannennHo npsmoft MN, u 6yaer HCKOMOH.

Oznnako npoule NOCTPOHTh YKa3aHHYIO MPAMYIO 1O ABYM ce
TouKam. YIo6Hee ans sToro 6paTh TOYKH mepeceyeHiist MpsiMoit
¢ ocamu koopaunar. Onna u3 Hix—Touka C nepeceueHust npsi-
Moft ¢ ocblo Oy — naercs camuy ypasHewueM, a umenHo C(0; 4).
Ilns waxoxnenus Touku D nepeceuenns To# npsimo#t ¢ ocbio Ox
NIONOXHM B NaHHOM ypaBHeHnn y =0, nmoayuum x=——4; 3Ha-
unT, npamas nepecekaer ock Ox B Touke D (—4; 0). Crpounm
mouki C u D 1 MpOBOAUM uepes HHX HCKOMYIO NpsMYIO.

¥ A

C
B_AT
45 50 750 z

N
V7
Yepr. 17.
Mpusep. Hatttu ypasnemns npamex AB, CD u EF, nso-

GpaxeHHEIX Ha uepr, 17,

Peweiue. Yro6u wamncath ypasenms AauuiIx mpAMBIX,
HY)KHO OMPENCNUTL BeAnumhn k w b, a 3aTeM NOACTABITL MX
3HAUEHUA B YPaBHeHne y = kx| b,

Hasi npavott AB k=tg 60°=)/3, b—3;

»  »  CD k=tg(180°— 45°) = tg 135° = — 1,
b=—3;

> > EFk:tg150°=_tg30°=_VT3_ b=2.

>
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CiienoBatenbio, ypaBHEHHs AAHHBIX NPAMBIX GyAyT:

AB:  y=V3x-+3,
CD;? y=—x—3,

EE: y:—_—l;ﬁx—{-Q.

YnpamHenus
1. ITocTpouts mpsambie
1) y=3x-}2 3) y=—38x-}2,
2) y=3x—2, 4) y=—3x—2.
2. Ha xaxoii n3 npambix

1) y=—3x-}1, 2)y=—g-x——;—, 3) y=—28x—10
aemnt touka A (—1; —2)?

3. Jlana npamaa y = 5x—2 u Touka na meii ¢ aGeuuccoii, pas-
noit 1. Oupeneanrts ee opjiuHary.

4, Ha npamoii y=-—2x--1 Jaemur TOYKa, OPANHATA KOTOPOIL
pasua 5. Haiitn ee aOcuuccy.
5. Jlanot mpamete: 1) y =4x—2, 2) y = —3x— 6. Haiitu Touxn

nepeceuenisl 9THX NPAMBIX ¢ OCAMH KOOPAHHAT.

6. Cocrapurth ypasHenue mnpamoi, oGpasyionieil ¢ MOJOMHTEILHLIM
HANpaB/CHIieN ocit Ox yroa s 135° n orcexaiouieit na ocn Oy 0Tpesok,
JABHLIM — O,

: 7. Hanucarn ypasuenue npamoit, npoxoasiieit uepes rouxy A nog
YRIOM @ K TOAOMHTEALHOMY mHanpasjgenwio ocu  (Ox, ecau jmamo:
1) A(0; 2), a =45% 2) A(0; —38), a=135% 8) A(0; 4), a =150°

8. HMaiitir yraw, oGpasyembie ¢ IOJOMCHTCILHLIM HAMPABICHHEM

ocn Ox npassivi: 1) y =7 3x+22) y=—x—33)y= %x-{—&

9. Hanucarp, ypasuenue npsimoii, npoxoxsueii yepes rouky A (2; 5)
1 oGpazylouieit ¢ NCAOHHTEALHBIM Hanpasaenuesm ocu Ox yrox:

1)a=0%, 2) a=90°% 3) a=180°,
10, Haiitu ypapnenne npamoii, npoxoxsuueit uepea touky A (1; —3)
n ofpasyiouteii ¢ NOAOKHTEALHLIM HanpapiendeM ocH Ox yrois, pas-
npti aretg (—2). ; -

11, Haiiti yraopoii xos(uuuent npsamoii, npoxoasuieii uepes
Touky A u orcexaoueil na ocu Oy OTPe30K, paBHblil §, eciu jauo:
1) A3 4), b=—2; 2) A(—2;5), b=05.

12, Jlpe CTOpONBI KBAAPATA COBNALAIOT C NMOJNOMHMTENLHBIMH Hanpa-
paeHAME oceil Koopaunar. Hanucatsh ypasnenus auaronajeif ksajpara,
ecan cropona ero pasua 12,

18, Hanucars ypasHenHs CTOPOH KBAApaTa, AMaroHaJH KOTOPOrO
cayzat ocAMH KOOpAMHar. Jlanua CTOPOHLI KBajpata papHa 4.

3:’.g
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14, Cropona kBazpaTa pasHa 47 2. Haiitn YpaBHEHHsl ero CTo-
POH 1t [HaroHajeii, ecau OlHa M3 er0 BEPLIHH JEXKHT B Hayale KOOp-
JANHAT, @ AMArOHAMb COBMANAET C MOJOMHTENLHBIM HanpaBaenues ock Oy.

§ 12. O6Gwee ypaBuennme mnpsMoii. B mpeamaymux napa-
rpaax Osimi BHIBEACHH CJEAYIOULHE BUAB ypPaBHEHHs NPAMOit:
ypaBHenne npsivoft, mapanaensHo#t ocu Oy:

x=a, rae a+0, (1
ypasHenie npamo#t, mapannenbHoft ocu Ox:

y=0b, rne b0, (2)
ypasuerne ocu Oy:

x=i0; (3)
ypasuenie ocu Ox:

y= 0, (4)
ypaBeHue npsMoff, mpoxoisuieit uepes HAYANO KOOPAMHAT:

y=rkx, (9)

YPABHEHHE NpAMOH C yraoBHIM KOIPOUIHMCHTOM I HAUAAL-

HO!t opauHaTol:
y=kx--b. (6)

Ypasnenus (1)—(6) wncuepnbiBalor Bce BO3ZMOXKHLIE MOJIOIKE-
Hiisl TIPAMOH, TMOSTOMY MOKHO CKA3aTh, UTO

BCAKAS NPAMASK AMKUA Onpedeasiencss Y PasHeruest nepso
CMenenu ONHOCUMeAbHO MeKYwux Koopourant.

[oxaxenm Temepb, uTO yKasauubie BHAbI ypaBHEHUs mPMOfL
MOXHO NOAYYNTh M3 YpaBHEHHS

Ax+By-+C=0 (7)
TpH HEKOTOPHIX YaCTHHIX 3HAuEHHAX Kod(pduunentos A, B u C.
I. Ecan B=0, 10 ypasuenue (7) oGparurca B cieiyiomec:

Ax+C=0,
OTKYAa
- G
Y=——.
Ionosxus
N
A _ »
O UM



§ 12] OBLUEE VPABHEHHE TNPSIMOH 37

Ypapnenne Ax—C=0 ecTb ypasnenue npsmoit, napan-
nenabHo#t ocu Oy.
II. Ecim A=0, 10 -

By-+4+C=0,

orcioza
C

= o

TMonosxus
C
—F= b,
NONYUHM:
y=b.

Ypasuenue By+C=0 onpezessieT NpsAMyIo, NapajaneabHylo
ocit Ox.
Il. Econ B=0 n C=0, T0

Ax =20,
071CI0
x=05
IV, Echnit A=0 n C=0, 10
By=0,
07TCI01a
Sh== 0,
V. Ecmi C= 0, 10 o
Ax—~+ By =0,
0TCI0Aa
s A
) = B X
TTonouiny
A —
) ..E. —= 7y
foa V="F%.

Vpasueune Ax—- By =0 onpenenser npamyio, IIPOXOAALYIO
yepes Hauazo KOoOpAHHAT.

VI. Ecmt mu onin 3 kodgpunuentos ypasnenns (7) e pasen
HYJI0, TO I B 9TOM CHyude ero MOuHO npeo06pasoBaThb B 3Ha-
KoMylo Ham Qopwmy ypasueuus npamoft. Haitnem ua ypasuenus (7)
3navenne y:

A G

y=—pF*—g-
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TMoaowxus

Il
=

®)

WO %
l

MOKEM HAMNCATD:
' y=kx—+b.
CrenoBarenbHO, ypaBHeHue
Ax—+By+C=0
BKOYaeT B ce0f Bce PAcCMOTPEHHbIE HAMH paHee ypaBHEHis

TpAMOH; NMO3TOMY OHO HA3LIBACTCH O0WUIL YDPABHEHUEM NPAMOLL.
Vrak, scawoe ypaswenue nepsoii cmenenu

Ax+By+C=0

npu 2006iX 3uavenusx Koaguyuenmos A, B u C, uckaio-
wan 00HOBpeMenHoe pasercmso A u B nyawo, onpedeaset
HPAMNYIO AURLIO.

Mpusep 1. Mocrpours mpsmyro 2x—5y—+10=0.

Pewenue. IMpowe Bcero nocTpoutb NpsMylo 1o ABYM ce
TOUKAM mnepeceyeHns ¢ ocamu koopaunat. ITonoxus B aarnionm
ypastenni ¥y =0, noayunm x=—>5; koopaunarsl (—5; 0) u
Gynyr onpenensth NOJOKEHHE TOMKH IepeceueHus npsmo il
c “ocbio Ox. Jlnf HAaXoxaeHMs TOUKM Iepeceuenis Npsof
c ocbio Oy monokiM B ToM ke ypaHenun x==0, roraa Hafi-
zeyM Y =2; xoopauHathl nckomoit Toukn Oyayr (0; 2).

Tloctpons 3t TouKM, NpPOBOANM HYEpe3 HUX TPAMYIO
2x—5y—+10=0 (uepr. 18).

MMpumep 2. Halttn yraosolt xod(uiuient u HAuaIbHYIO
opanHary npsmo#t 4x—-6y—3=0.

Pewenue. MpeoGpasyen 310 ypasuenie k Buny y=~x—-0;
A5l STOTO HAXOANM:

6y=—4x-+3,

oTcioa

Cpasius monyueHHoe ypapHenne c ypasHeHueM y=kx- 0,
Haltaem:
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YrnoBo#t kosduuueHT MoxkHO HaHTH M u3 paseHctBa (8).

Ins 37010, KaK BUAHO, HYIKHO KK0IghghuLLerm npi X 00uezo 3 pas-
HeRUSL NPAMOL pasdesunty HA KOIPEHLRUUEHM nPL Y U LACHHOE

550> 1022
2

L

i

/_
= T T T T x
s sz |0

Yepr. 18.

435ty ¢ NPonLuBoONOAR0NCHOLL SHAKOM., Takuym OGPESOM, B HaH-
HOM lpumepe

YnpaxHexus

1. TMocTponts mpambie:
1) Bx—4y+12=0, 2) 4x+5y+20=0, 3) 3x—4y=0.

2, JManwt npsampie Sx—3y+4-2 =0 n 4x 45y = 0. Kakas u3 nnx
TIPOXONNT HEPes Hauano xoopulmar?
3. Jlauut npsimbie:

1) 6x—3y+10=0, 2) 5x48y—15=0.
ITpecGpasosars HX K BHAY ¥ =kx 0.
4. Jlaup npsvbie:

3 2 ;
Dy=—3x 2) y=gx—d

Hpc Lcmmm, JIaHNBIC ypaBuenus s oGIIEeM BHIC.
. Onpexeantb Yraosble KOI(M(HIMEHTH MPAMBIX:

1) 24 —3y4-5=0, 2) x+2y=0.
6. Haittn navajsHylo OpAMHATY NPAMBIX:
1) 2x—9y—6=0, 2) 5x-42y=0.
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7. Halitit HavanpHylo OPAHHATY H Yroi HAKJIOHA K MOJOMHTEALHOMY
nanpasnennio oci Ox npamoii Sx 46y — 15 = 0.

8. IMoka3ats, 4TO reoMeTPHYECKOE MECTO TOYEK, PABHOYIAJEHHBIX
ot aByx Touex A(2; 4) n B(—3; 1), ectb npaMasn IHHHA.

9, IMokasats, YTO reOMETPHYECKOE MECTO TOYeK, PaBHOYAAMEHHBLIX
OT MoGLIX JABYX TOYEK, €CTb MpAMAs JHHHS,

§ 13. YpaBxeunue npsmoii B oTpeskax. Kak M1 yoxe anae,
TN0/I0KeHIe NPAMOA OnpeleseTcs WK ABYMS TOYKAMH MM OLHOM
TOUKOM I YraOM Hak/nOHa mpaMo#t x ocu Ox. Ecam mpsivas He
napannenbHa HU ONHOH M3 KOODAMHATHEIX Ocefl W He MPOXOAHT

4

b ) i

l l 1P Az

7, P . ,ﬂR
Yepr. 19,

Yepes Hauano KOOPAHHAT, TO ee TOJAOKeHHe MOeT ObiTh Ompe-
ZeNieHO W IDYTHMU LAHHBIMH, HANPHMED OTpe3Kaml, KOTOpHIE
OHa oTCekaeT Ha ocaX. Bumenem ypashenme mpsmoft mas sTOro
cayuas,

Tlyctb nana mpaMas, OTCEKalWas HA KOOPAMHATHLIX OCAX
orpeskit OA=a u OB=10 (uepr. 19).

Bosbuem Ha stoft mpayoft mpoussoabuyio Touxy M (x; ¥) n
nposezen MP | Ox. Us nonoGust tpeyroasuikos PMA u OBA
HpeeM:

PM__PA

OB — DA’
Han

Yy . a—x

7_— a .
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oTKyaa
X y
Bt = @

MoxHo moxasarth, 4YTO KOOpPAHHATH JI0OO# TOuKH HaieH mps-
MO# GYLyT YAOBJETBOPSITH STOMY PABEHCTBY, 4 IOTOMY €r0 HYHO
paccmaTpusarth Kai ypasnerue npasmoi AB.

B ypasuenue (1) BxoaaT orpesku a u b, orceKaembie Tps-
MOl Ha OCfX; NOSTOMY OHO HA3HIBAETCH YPABHEHUEM NPIMOL
8 ompesiax. :

Besnynust @ u b mMoryr ObiTh KaK TOJONKHTEAbHLIMH, TaK H
OTPHLATENbHBIMI B 3aBHCHMOCTH OT TOrO, B KaKyl0 CTOPOHY OT
HAYaJia KOOPAUHAT OTKNAABIBAIOT=

cs orpeskn @ n b. 7
[lycTh, nanpumep, Aana nps- y

mas  AB  (uepr. 20). 3naecw . Z

a=—2, b=—3; cnenosa- <\ =7 0

TeJbHO, ypaBHenune npsmoit AB =

BANMIIETCS B TAKOM BIAE: ;-
b i

nm

e
ey 15
ITo ypasuenwo supa (1) Yepr. 20,

OueHb TPOCTO CTPONTCS MPsMAs.
Jlas 9TOrO HYXKHO TOJBKO OTJIONHTB 1A OCAX OTPe3KH a u b,
B3fiTHie M3 YpaBHEHHs, 1I uepes HX KOHLLI NPOBECTH MNPAMYIO.

3ameTiM, YTO YpaBHEHIe B OTPE3Kax Jierko TMOJayvaercs
na obuwero ypasmenns npsmofi: Ax—-By--C=0, ecmu Bce
ko9(puunentsl  OOLIero ypaBHCHHUsT OTJMYHLI OT HyJs (MHAue
ypapHeHie B OTPe3Kax lie HMeeT CMbICAa).

Yupaxuenusa

1. IToctponts npsambie:

X y X y
HS4+g=1 —3+=1,
JoA =l M
3) 3 ) 1, 4) 3 =1.



49 NPAMASl JINHHASA [ra. mr

2. Ipamas npoxogut uepe3 ToykH A u B:
1) A(0;2), B(40), 2) A(—2;0), B(0; —1); 3) A(0; 3), B(—2; 0).
Hamucars ypasuenne npsimoit B OTpeakax.

a o ¥

3, Onpenenutsh AJHHY OTpe3Ka MPAMOIL F+§= 1, 3akmouen-
HOPO MEXIY TOYKAMH IEPEecCYEHHS NPSMOH C OCAMH KOODIMHAT.

4. Tpeo6pa3oBaTth CIeAyIOlHE YPAaBHEHHA NPsMOIl B (OpMy ypas-
HEHHs MPAMOIl B OTpe3Kax:

1) 24 43y—6=0, 2) x—6y+6=0, 3)2¢x—y—1=0.

5. Onpexeants nuoOWaAb TPEYTOALHHKA, 3AIIOUCHHOTO  MEHLY
CCAMH KOOPAMHAT H MpAMOIL %—f—%: L.

6. JuarcHaan pomGa cosmagalor ¢ Ocsamu kxoopauuat. Ompereauts
nI0Mazb PoMGa, ecaH OHA M3 CTOPOH €ro 3ajaHa yPaBHCHHEM

x y
! = =1.
2,5 + 10
7. Ise cmexubie Bepwnnsl pomGa Jaexar B rtoukax A(50) x
B (0; 8). Hanmncars ypasuenis B OTpe3KaX Juisi BCEX €ro CTOPOI, €cii
Auaronanu pomGa COBMAZAIOT C OCAMH KOOPAHMHAT.
8. Otpesok npsamoii, 3aKMOYEHHBIT MEXAY OCIMI KOOPIHHAT, PaBei

372 n magiouen k MONOKHTEALHOMY Hampasienmio ocn OQx nexy
yraox 135° Hanucars ypasuenne sToif npamoiil B orpeskax (4sa cayuasn).

§ 14. Ypasnenne nyuxa npambix. [Tycts npsvas AB npo-
Xomnt uepes Touky M (x,; y,) u obpasyer yrod « C NOJONKN-
TenbHBIM HanpasienneM oci Ox (uepr. 21). Cocrasuy aas npi-
Mot AB ypasueniie Buia

y=kx-b. (1)

Jlas 9TOro HY)KHO HafiTH BeamuuHnl £ W O, onperessiouiie mps-
Mylo AB, a sareM noxctasuth B ypasuenue (1) ux sHaucHus.
Tak Kak yroa o am, TO BeAHUNHA R ONpPEAE/NTCH N3 PABEHCTHA

kR=tga.

Ias waxoxnenus b Bocnosbayemcst TeMm, uro Touka A gemnt
Ha npamoit (1) u, crenoparesibHO, €e KOOPAMHATHI YIAOBJCTBO-
PAIOT YPABHEHHIO 3TOH NpsMOii.

[Toacrasus B ypasnenne (1) Bamecro X u ¥ HX 3uauenud
Xy W Yy, @ BEJNUNHY A noaaras W3RECTHOMH, NOJYuiM:

—"l = kxl + ba
OTKYAA
b=y — kx,.
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Ypasuenue (1) MoxeM Tenepb samicath B BuHAE

Y=kx—+y,—kx,
(R

Y—Ih=k(x—x,). @)

Taxono nckomoe ypahehne npsmo AB; B mneMm k nmeer
ONHO, BIIOJIHE ONpeje/eHHOE 3HaueHle. X

Honycrum, uto uepes Ty e Touky M (x;; ¥,) mpoxoant
HECKO/ILKO NPSIMBIX; TOIAd IOy HAKIOHA STHX NPsIMBIX K oci Ox,
a TaKyKe MHOXKHTeNb R B ypaB-

Henun (2) GyayT HMeTb pas- 8
JIYHBIE 3HAYEHMNS!.

B rakom cayuae ypanme-
uie (2) OGyzer onpesensith
yie He oaHy NpsMYIO, Npo-
X0AfULYI0 Uepe3 AaHHYIO TOY- M
Ky M, 2 MHOMKECTBO MpAMBIX,
lnepecexkaiownxess B 3ToH
TouKe.

CoBokynnocTh Bcex mps-
MBIX, NPOXOMSIILIX Yepes oany @
TOuKY M, HA3LIBACTCA NYUKOM [ 7
NPAMBLY C UEHMPOM B TOU-
ke M. Takum obGpason, ypas- Yepr. 21.

Herne (2) ¢ nepemMeHHbIM R

MOXKHO pPaCCMAaTPUBATL KaK ypaBHeHUue NyuKa npsaimvlx, TPOXo-
JALLIX Yepe3 AaHHYI0 TOUKY, NCKJAQuas NpPSMylo, NapasiebHyio
ocu opaunar (Tak kak ig 90° He mMeeT UHCIOBOTO 3HAueHUs )
(uepr. 21).

YroGul BLIACANTL M3 BTOrO Tyuka NpsMylo, o6GpasyiouLyio
aagannpift yroa ¢ ocoio Ox, ny}Ho B ypasuenuu (2) Bmecro
NOACTABITL €ro uncjaosoe 3unauenue. Ilycrh, manpumep, nyuox
NPSIMEIX TIPOXOANT ueped Touky M (2; —35), Torna ero ypasHe-
Hue Oyner:

Z

V+5=k(x—2). (3)

Brigeanym u3 sToro NyuKka onHy npamylo, KOTopas makaoneHa
K TIOJ0IKHTEJbHOMY HANpaBJ/eHHIoO OCH Ox noa yrioMm o= 450;
TOrAd
k= tg 45° = 1.
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u ypasHenue (3) oGpaturtcss B cledyioluee:

y+o5=x—2,
Hau
x—y—T7=0.
YnpawHeHHs

1. Mano ypasuenue myuka npambix y + 2 = & (. — 6). Haiitn xoop-
AMHATE! UEHTPA TOTO MyWuKa MPAMBIX.

2, Jlano ypasuenne myuka npsmbix y —4 =k (x--3). Ilpoxomar
A 3TH npaAMble yepe3 Touky M (—3; 4)?

i 3. Hamicats ypasnenue myuka mpAMbIX, MPOXOASIHX Yepe3 TOUKY
(=6; —9)

4. V3 nyuka npaseix, npoxonaumx uepea touky M (2; —7), onna
npaMas oGpasyer ¢ noaoxuTeAbHbIM Hanpasiemuen oci Ox yroa 60°
a apyras— yroa 150°. Hanucats ypasHEeHHs STHX MPIMBIX.

5, Hamucato  ypaswenwe npsMoii, npoXxoisuiei uepe3 TOUKY
M(—1; 8) u ofpaayiouteii ¢ MOAOKHTEABHBLIM HATPaBJIEHHEM OCH Ox
onui n3 yraos: 45° 30°, 135°, 180°.

6. Hammcath ypaswemte ~ mpamoii, mpoxoxsueii uepes TOUKY
M (10; —2) n o6pa3yioneii ¢ mosoxuTebHLINM Hanpasaenuem ocun Ox
YTOA, PaBHbi

1) arctg 3, 2) arctg (—2).

7. Bricota pasnoGespennoro TpeyroabHHKa COBIAICT C MNOJMONKH-
TeALHNM Hanpasaenueym ocn Oy, a ocnosanne — ¢ ocwio O.v. Hanncars
YPaBueHin GOKOHMX CTOPOH TpeyroabHiKa, €Caiu ojia M3 nux o6pa-
3YeT C NOJONHTEbHBIM Hanpapaernes oci Ox yroa s 135°, a suicora
€ro paBsHa 5.

8. Buicora pasnoctoponiero TpeyroabiHka, pasuas 6 1/”3. coBna-
NAET C NOAOKNTE LM HANpaBaeHuem ocit Oy, 4 0CHOBANNE — C OCbI0 Owx.
Hamicats ypasienus Goxoppix CTOPOH TPEYroAbHHKA.

9. Hanucars yPaBuenHs cTOpoH papHoGeApeHHoii Tpareuns, uas,
ITO ocHoOBaus ee pasuu 10 1 6, a GoKOBLIE CTOPOHLI 0GPA3YIOT ¢ OCHO=
Baumen yron s 60°. 3a ocn koopuuar Banth 66abuIee ociosanie (ocb 0.x)
1 och cuyvetpun Tpanewun (ocs Oy). Paccmortpers asa ciyuast.

§ 15. Ypasieuua npsmoit, npoxonsmeii uepes nse AauiHse
TouKi. ITycts xaun ase Touk A(x,; V) 1 B (X Ya); Tpedyercs
HafiT ypasuenie npayoft, npoxoasieft uepes i TOUKI.

Ecan paste OIHY TOYKY, Hampumep A, TO uepes Hee MOKHO
TIpOBeCTH MyyoK mpsMbIX, ypasieHie KOTOPOro Oyier:

Y=y =k(x—x), (1)

I KaKAOMY 3navemiio k orseuaeT OAHA MpsMas.
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Beinennm 13 9TOro myuka mpsMylo, KOTOpas NpPOXOAHT H
uepes BTOPYIO Touky B (uepr. 22). YroOm HaliTH ee ypaBHEHHe,
HeoOXonumo onpenenutb yriopo# koadduuuent. Ias sroro
TpuMeM BO BHIMaHWe, YTO TOuka B mexur Ha HcKOMOit nmpsAMOHN,
a NoToMy ee KOOPAMHATHI JOJKHBI oOpawarh ypasuenue (1)

¥
P4
4
= Z
0
Yepr. 22,

B TOXIECTBO MPH £, paBHoM yriosoMmy Kosdduunenry sroft npa-
mofl. Iloacrasus B ypasuenue (1) BMECTO TeKyMX KOOPAUHAT
X My KOOPUMHATHI TOUKH B, moayuum:

Yo— Y =R (x— x,);
0TCI0AA HAXOAUM YrVioBolt KoadduiNeHT HCKOMOH npsnmoit:

[TpeoGpasyem 9T0 ypasuenue, pasgeaus obe yacTH ero Ha
Ya— Y3 TOAYUIM:
VAN D O )
Yo—Y1  Xo—x’
rie ¥ M y-—Tekyuue koopaunarel. Pasenctso (2) sizisercs
ypaBHeHHeM NpaMON, mNpoxoxamled ueped [nBe AAHHBIE TOUKM,
D10, Kak M ypaBHenue B OTPe3KAX, HaCTHLIK Cayuall oOiero
ypaBHeHus npsMoii.



46 NPAMAS JIHHHS [ra. mr

Ecmn x;= X, win y; =7y, T0o Qopmyna (2) Tepser cMmbica,
TaK KaK IeANTb HA HYJb Heabad, B stux cayuasx Touxku A n B
nexar /mi6o Ha npsyo#, mapaanenbHo#t ocu Oy, nubGo Ha nps-
‘Mol, nmapannensHo#t ocu Ox. B nepsomM cayuae ypasHeHue nps-
MO# samuweTCs B BHIe

X=X,
a BO BTOPOM—B BHIE
Y=

Mpumep 1. Hamucats ypaBHenume npsamol, mpoxopaiteii
yepea JBe TOUKH:

A(—4; 6) n B(2; —3).

Pemenne. Vneen:
x=—4, x,=2
n=6, Yo=—3.

[Toacrapuy STH 3HAYeHHs B ypasuennue (2); moayum:

y—6 _ x+4

—Beb 0
Wl

y—6 _ x

-9 6 °

Yauowup ofe uacTH Tocrennero ypasHenus ma —I18, Oyaei

HMETh:
2y—19=—35—12,

3x-+2y=0.

Mpuvep 2. Yepes nse touku A(3;2) n B(5; 2) npoxo-
aur npamas. Hamicarts ee ypasnenne.

Pemenne. Tak KaK OPAMHATH NAHHBIX TOYEK PaBHbi, TO
3aK/ioyaeN, YTO HCKOMAs mpsiMast napaazenba ocu O, @ NOTOMY
ee ypasuenne Oyper y=2,

OTKyAQ

Ynpawuenus
1. Hanucath ypaBHEHHe mpsmoii, mpoxojameii uepes ase Touki A
n B, ecan Aaubl:
1) A(1;2) u B(43), 3) A(0; 0) m B (4 —1),
9) A(—2;3) u B (5 —3), 4) A(—2 —38) u B(—2; 5).
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2, Haunt sepwnusl Tpeyroapunka ABC:
A@B,—1), B2 n C(—20).

Hanncarb ypasHenus ero cTopom.

3. Ha nnan yyacTka naHeceHO NMOVIOKCHHE JBYX BEX, KOOPAMHATLL
KOTOPBLIX B IIPAMOYrobHOii cucteme My (30; 40), M, (50; 80). Haiitn yroa
naxyona npsamoit MyM, X NONOMHTENLHOMY HanpasJennio ocH alclce
njana.

4. Onpexeants OTPe3KH, OTCEKAEMble Ha KOOPIHHATHBIX OCAX.TNIPS-
MO0, npoxoxsueii uepea ase touku A(2; 3) u B (4;1).

5. Jlanpl xoopauHaThl BepuUIMH Tpeyroabnuka ABC:

A (4; —2), B(—1;58) n C(—5 —3).
Hanucars ypasnenne Meanansi, mpopenenuoii u3 sepummnt A,
6. Jlai TPeyroapbHHK C BEPIIHHAMH

A 4), B(0;2) un C(4—2).

Hanucars ypaBHenne npsimoii, poxoasmeii uepes cepejnibl cTo-
pou AC n BC Tpeyroabnnka.

7. Jlansl KoopaMHATHI TpeX BepwHHn napaaaenorpamma ABCD:

A(—1;2), B(—2—2) u C(5 —2).

Haiirn ypasuenns ero nuaromnaneit AC u BD.

8. Hanucarp ypasnenne npamoii, npoxoxsuteii uepes rouky A (3; —2)
1t orcexaloueii a ocn Ox OTPE30K, pasHbiii 5.

9. Touxa, nBHrascL NPAMONHHEIHO, B HEKOTOPHLIC MOMEHTLI 3aHM-
Mana noaowenns A(5; 2) u B (—1; —2). Onpeaenants noxoxenue sroii
TOUKH B MOMEHT Haxouienns ee ma ocn Ox.

§ 16. Yroan mexay asyms npsmbimMu. Ilycrs Jaus ypasie-
1S ABYX TIPAMbIX:

Y=1IFx—+40by,
Y= Rkox— b,

rae Ry, Ry, by W by HMMEIOT BNOJHE ONpeACACHHLIC 3HAUCHHSA.
Buisesenm (Gopmyny Ans ONpeieneHHs Yraa Mexiy STHMH Npsi-
MBIMILL

OO6oanaunm yrivl, obpasyembie AaHHBIMH IPSMBIMA € TOJO-
JKNTELHBIM HanpasienieM ocn Ox, Yepes oy M 0y, 4 YroJ Mexay
9THMI NPSIMBIME uepe3 ¢ (uepr. 23).

Yron @, Kkak buewnuH yron tpeyroibhuka ABC, Gyser
pPABEH CyMMe BHYTPEHHHUX, C HUM He CMEKHLIX, T. €.

Oy =01+,
o1Kyna
@ =0, — 0.
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Ecann yrap paphbl Mexay co00H, TO W TaHr@HCH HX PaBHBI
Lpyr ApPYyry, NOSTOMY

tg o =1g (6 —a,).

TTpuyensia GOPMyy 1A TAHTEHCA PASHOCTH LBYX YrJ/IOB, OMYUHM:

_ lgas—tga
tgLP_l-i—lgrzl[ga?'

Ho
teo,=Fk, n tgu,=~Fs

&

B N0STOMY
it e it B )

Onpegenus  tgo Mo
thopmyze (1), MoxkHO HARTH
A’{ i Z W canmlt yroa ¢.

1 /C’ MNpumep. Onpene-
JIITh YrOJl MEMCLY TIPSIMbIMUL

Yepr. 23. "

x45y—2=0.

Pewenne. Vs nannsx ypapnennit nafiiies yraosuie K03(p-
Guunentsl otux npamuix [(8) § 12]:

2 1
Ry== 0 ky=—=.

Coraacno (opmyae (1) umeem:

g = =—1,
TR

= arctg (—1)==135".

oTKY 1A

Toayuennbift yroa yMexay npsmsimi Tynoft. Ho ecan npuHaTh

m:-%n@=

3

o o
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T0, Bhuncasa tg @; no rto#l we dopmyae (1), moayunm:

2 1 2 1 13
e I i .
igey= g T8 = — O T
1+ (—5) T=me
orikyna ¢, = 45° Tloayumics yron ocTpmifi, CMexHbH C paHee
-
0

/&* -2 -7 0 T

Yepr. 24.

natieHHsIM TynsiM yraonm (uepr. 24). Ilepsoe u BTrOopoe 3Haue-
Hpe yraa Oyner OTBETOM Ha BONPOC 3ajau.
YupamHenus

1. Onpejeantb OCTPLIE yrod Memay MpIMBIMIL

N3k o V= s M kg
1) y=2x-}3n y=x—2, 3)8 i 1 n 2+().8 1,
N3x—y+6=0nx—y+4+4=0 4) y+5=38xn y—2=0.

2, Haiitn yron wmexuy npsamoii 2x — 3y + 6 =0 u npawmoii, npo-

xoanmeit yepes roukn A (4 —5) 1 B (—3; 2).
3. Iloj KakuM yraoM mnepecekaiorTest npsiMbie:

1) x—2y—2=0 n y=,17x+3.

) 3x+4y—2=0 u x—3y+1=0

4, Jlse npamble nepecekaiores B Touke A (2; —1). Oxua u3 Hux
NPOXOANT Yepe3 HAuano KOOPAMHAT, ApYyras ke uepes Touky B (5; 1).
Haiitn cetpblii yroa Meucay STHMH NpPAMBIMIL

4 3ak. 215. WM. JI. 3afiuen
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§ 17. Ycnosue napansgensHoCTH mpAMBIX. Ecau npssbie
napaijeibHel Mexxuy co6o#f, TO OHH 06pasyioT OANHAKOBbie
YraBl 0y W 0y C TIOJIOKHTENLHEIM HanpaBaeHued ocH Ox (uept. 25).

s papencrsa yraos o

2 . H o, crepyer
tgoy =tga,
HAH
ky= k.
. f OGparso, ecau k= k.,
/{ T. e. tgo, =tg oy, 10
e 2
/A &2 = 0y,
oz
a 3T0 3HAYHT, YTO AAHHBIE
/ npsMble TapajjienbHsl.
Wrax, ecau npanuve na-
pasnensnsl  smegcdy cobot,
Yepr. 25. mo ux Y2081 K03HPueH -

muot paguot (4 HaoGopont).

Mpumep. Hanucars ypapnenue mpsso#, npoxomsuueft ue-

pea Touky A (—2; 6) n napannensnoft npamo#t 5x 43y —7 = 0.

Pewenne. Yepea Touky A NnpOXOANT NYUOK MPAMBIX, CPEL

KOTOPHIX HAXOANTCA Nckomas mpsmas. CaenosareibHO, nmpexne

BCEro miwewm ypasHeHwe nyuka mnpsmbix [(2) § 14], npoxoms-
X yepes Touky A:

y—6=~k(x-4+2)

3areM HAXOAMM H3 [LAHHOFO B 3ajaue ypaBHeHus npsamol ee
yra0Bo# koa(ipuinent; npumenss pasenctso (8) § 12, noayunm:

CornacHo YCJIOBHIO NApaesbHOCTH YraAoBo# Kosdduiient

5
HCKOMOH NpAMOH TOXE paseH — .

Toxcrasiy Haifientoe sHavenne R=—- B ypasHeHue
nyuKa: s
_v—(i:——F(x-{—- 2).
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Brinosnun HeoGXoauMble Mpe06pa3oBaHus, MOAYUHM HCKOMOE
ypaBHeHHe npsmMoi:

5x+3y—8=0.

YnpaHeHus
1. Mapaaaensusr au npamsie:

1) 2x438y—7=0u 2¢43y4-9=0,
2) y=2x+3u 4y—8x=1,
3) 3x—5y=0u 6x+410y45=0?
2. Yemy paBHO @ B ypaBHenuu npsmoii y = ax -4, xoropas na-
pansaeapna npamoii 2y — 3x —5=0.
3. Hanucarp ypasuenue npsimoii, npoxoasuueit uepes 1ouky 4 (2; 3)
I napanjeasHoii npamoil y =2x-- 5.
4. Tpavasn npoxoant uepe3d Ttouky A (—2; —1) n mapamienbna
npsivoit 2x— y = 5. Hamucats ee ypasHenue.

o o o X Yy
5. Touxa usnikeTcst no NPSMOH, MMapaaieJbHON TaHHOM 7{: Tﬂ =1,

1 B HCKOTOpHIIT MOMEHT BpemenH mnpoxoxut touky A (—I1; 8). Haiirn
Ypasuenue npamoii, no KoTopoil ABIKETCS TOuKa.

6. HManbl touxu A (3; 5) uB (—3;4). Hammcare ypasuenue mnpamoii,
npoxogameii yepes touxy C(—2; 1) mapamneasno AB.

7. Hanucar, ypasuenue mpsimoif, mpoxojsieii uepes Touxy A (2; 5)
I(L napa:l.'icnbuoii npsmoii, ma KoTopoli Jexar Toukn B (—4; 3) u
T (—4; 1).

8. Tlpsvas, napaanexsuas npamoii 4x— 5y — 9 =0, nepecexaer
ocn Oy Ma PaccTOANNH, PABHOM 3 €JHHIIAM MaciuTaGa BBepPX OT Hauana
Koopannar. Hammncatsh ypapuenne 9roil mpsMoii.

9. Hanucatb ypapsueune npsmoii, orcexaiomeii Ha ocn Ox 0Tpe3ox,

. " o
pasupii 5, 1 napajnensuoii npamoii —3—+%= 1.

§ 18. Ycnopue mepmenHIuKYJSPHOCTH MpaAMBIX. IlycTb npe
TpAMBIC B3AUMHO TIEPNEHAMKY/SPHLL 1T 00pasyloT C MOJIOMKHTE/b=
He Hanpasnennem ocu Ox yrasi o U oy (vepr. 26),

B srom cayuae

oy = 90° -0y,

oTcloAa
{g op = tg (90°4-a).
Ho
or ° = —
tg (90°+ o) =—clga; = T

Cnenosarensho, 1

tg az. —_— —lg =
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()

Qparno, ecan

1 s \
|ga2=_@=—clgal=tg(90 —+a,).

oy =90°+2,,

T, €, JaHHbe TpAMBIE B3AUMHO NEPNEeHAUKYSPHEL.
Takny oGpasom, ecau npsivie 83alMHO nepnenduiy . aaprst,

Mo ux yzaosuie KO3PPuLUeRMEL 00PAMHKL 1O aGco20mHolk

BeAUtURe (& NPOMUBONOA0NCHEL 1O 3HAKY (4 HaoGopom).

4

Qrelona

Yepr. 26.

Tax, nanpuyep, ecan y OnHOR MpAMOR Yraoso#t xosduiuest
pasen Sy 10y neprenanKyaspHOA el mpsivoit on pasen _:i,.
[Tpnyep, Hanucare ypaBHeHHE NPAMOH, npoxonsuielt uepes
104Ky A (—3; 5) 1 nepnenauKyApHOA psinoft 4x — 3y 10 = 0.
Peuene. Yepes Touky A IPOXOLUT NyuOK npsMwix, cpeit
KOTOPLIX naxomurcs W uckoMas npsmast. Ilostomy manmmes cha-

"aJa ypapuenye 3TOro nyuka
y-—5=k(x+3). (2)

UraGLr ppigennts 13 Hero Hawy TMPAMYIO, HYXKHO HafiTh ee yrao-
YOl koappuument Ry, CBA3AHHBIL C YrAOBLM koaduien-
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4
TOM k, nauno#t mpsmo#t pasenctsom (1). Ho k2=T; caenoBa-
3
TeJbHO, kl=-—T.

[Toncrasus B ypasuenue (2) BMectro £ haftaenHoe ero aHa-
ueHne Ry, MOJYUMM:

y—5=—(x+3).

dro u ectb uckomoe ypasueHue mpsivofi. ITpeoGpasosas ero,
naitnem:

4y —20=—3x—09,
nian
3x—+4y—11=0.
YupawHeHus

. Tepnenankyaapuul Ji npaMbie
1) 3x— y—3=0 n x43y—17=0,
2) 244565y —6=0 u Sx-2y—3=0
2. Hanncats ypasuenne np:mou, npoxonsueii uepes rouxky A (2;7)
ncpncmuhyvmpno i npamoii 3x — 2y —8 =0,
. M3 Ttouxn A(—2; —3) ma mpamyio x—2y-4-3=0 onymen
ncpxmxmm(ynnp Hanucarb ero ypasnenne.
4. Hanucarp ypasnenne npsmoii, npoxonsuieil yepes Aaunyio TOUKY

A(—2; —1) nepnenanxyjasapuo K npn.\loné—-.l= 1.

5. Hamucarp ypasnenue npsmoii, owcel(axomeu Ha ocn Oy 0Tpe3ok,
papuulit 5, H NepNeHAHKYAAPHOIl K TPAMOIL +— =1,

6. Jlanbl KOOPAMHATLI BEPIUHI rpcyro.rlbum(a /IBC

A3 4, B2 5 u C(@T; 6).

Hamucarh ypaBuenue BbICOTH, omylennoii na cropouy AC.

7. Hanncarn ypasuenue upsMmoii, npoXoasueil uepes cepeauuy
orpeska, coeauusiouero Toukn A (4 3) nu B (—2; 5), nepnennuiyasapuo
K HeMmy.

8. Ilporusononowibie pepumnint pomba Jexar B Toukax A (5; 7)
u C (3; 3). Hanucarn, ypasuenust ero juaronadneif.

§ 19. Iepeceuenne npsmbiX. [lycTb mansl ABe TpsMbie,
onpeaenseMplie YPaBHCHUAMH

Ax-+By+ C=0,
Ax+B,y+C,=0.
TpeGyercs naliTn TOYKY HX NepeceveHus.
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TaK KaK TOYKA NMepeceyeHus AaHHBIX TIPAMBIX €CThb MX 00wias
TOUKa, TO €e KOOPAHHATHI NOJIKHB yAOBJETBOPSITH KAK NEpBOMY,
TaKk W BTOPOMY YPaBHEHMIO, T. €. 9TH KOOPAHHATEI JOJIKHbI
ObiTh OOLIHMH KODHAMM MaHHBIX ypaBHeHHH.

YroBel HaliTH STH KOPHH, HYXKHO, KaK M3BECTHO W3 anreGpui,
PeuLtimy COBMECNIHO OGHHbe YPABHERUR, PACCMaTPHBAS HX Kak
CHCTEMY YpaBHeHHH.

Mpuyep 1. HaliTu Touky nepeceuenns mpsmbix

2x+43y—12=0 n x—y—1=0.
Pewenne. Pewny pannsie ypasHenus kak cucremy. Yamo-

JKHB BTOPOE YPaBHEHHE Hﬂ_3 H C/IOXHB pesynbTaT C TNepBLIM
YPaBHEHHEM, TIOJaYYHM:

2x+43y—12=0

3x—3y— 3=0

Sx —156=0,
07Ky 12

3Has x, HaXO4UM Y, HAPHMEpP, W3 BTOPOTO ypaBHEHIls:
‘ y=x—1=3—-1=2,
[Mpusep 2. Halltw Touky nepeceuchus nmpsambix
2x—5y+8=0 n 4x—10y—3=0.
Pewenne, YMHOKHB BCe UICHLI NIEPBOTO ypaBHeHus: HA —2
1 C/OKMB 10JyUEHHOE YPABHEHHE CO BTOPBIM, HaHjewm:
—4x+410y — 16=0
4x—10y — 3=0
—L9==

Y10 HEBO3MOKHO. SHAUNT, AAHHAA CHCTEMA ypasuernft peweriit
e WMeer, 4 NOTOMY NpAMbIE, ONpPeAenseMble STHMN ypaBHe-
HUSIMH, He uMeloT OCULMX TOYeK, T. €. NAHHble MpsMble Napal-
JeJIbHEL.

K aromMy ke 3aKNOYEHHIO MOKHO NPUATH, cpaBHuBas Yrio-
Bbie KOI(PQUIHEHTL AAHHBIX NPAMBIX.
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YnpaxHeHus

1. Haiitn koopamHaTtel TOYKH NepeceyeHus npsayoit 4x— 3y —
=0:

1) ¢ oceio Ox, 2) c ocsio OF.
2. Haiiti TOuKy mepeceyeHHs ABYX NPAMBIX:
1) 3x—2y—4=0 n x-43y—5=0;
2) x—5y+47=0 n 15y —3x—4=0,
3. Moxasats, uro npamuie 7.x — 9y +15=0u 13x 12y — 20 =0
nepeceKaioTes B- Touxe, Jemkauieii Ha ocn OY.

4, OIIpCJlC.’IHTb KOOPAHHATLI BEPMIHH TPEyroabHHKa, €cJan HAaHbl
YPABHEHISI €ro CTOPOH:

y=2x—1, 2y—x=3 3y+2x—5=0.
5. Haiitu Touxy, B KoTopoit mpsamasm, coegunsioman Touxn A (4 1)
n B (—I; —4), nepecekaer och aGeiHCC.

6. Hanmucars ypasuenue npsmoii, npoxoasuieii uepes TouiKy A (2;5)
I yepes touky B, B KOTOPOIl NMepeceKaoTes NpsMbe

3x—y=0 n 2x-45y—17=0.
7. Ylepes TOUKY MepeceyeHHs NMPAMBIX
2x—y—3=0 n x—3y—4=0
Nposesena npamas, napamieasHan npamoii x -y = 1, Hanncars ypas-

HeHue nposesennoit npsamoit.
8. Uepes Touky mepeceyenns NpAMBIX

X429 42=0 u 3x44y-4+9=0

TIPOBCAGH NEPNeHIHKYAAP K npsmoit 2.x - J,\G}G = 0. Hanncars ypas-
HeHMe 9TOT0 NepHerIuKyaspa.
9, Jdaupr ypasHemnst CTOPOH TPeyroJibHHKa:

2x—06y=3, x+43y=7 n 3x—2y-41=0.
Hamicath ypasuenne BLICOTH, NpoBENEHIoif na cropony 2.x— 5y =3,
10, Jlan TpeyroJblnK, ypaBHeHHs CTOPOH KOTOPOTO CyTh
3x-4-2y—5=0, 3x—y—11=0, 3x}y—1=0

Hanucats ypasnenue neprnenaukyaspa, BOCCTaBJIEHHOrO K CTOpOHE
Sx--2y —5=0 B ee cepeanue.

11. Jinaronam pomGa nmepecexaiores B touxe M (5; 1). Vpasuenus
OO M3 AuAroHajei 1 ONHOIl H3 CTOPOH ero COOTBETCTBEHHO

y—x—+4=0 nu 3y—x—06=0.
Haiitn xoopammatsl Bepuun pomba.
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CMewannble 3asaun

1. Haitrir Touku nepecevenus npamoit 3x -4y =8 ¢ ocamu kcop-
ANIAT.
2, Ilokasarb, uTO NmpaAMbIe
4x+8y—5=0, 3x—y+4+6=0 u 2x—y4+5=0
NPOXONAT Yepes ONHY TOUKY.

3. [llpaman, napanneivhas ocn OX W NpPOXOAAW(As BHIE ee Ha
paccroanny, pasnom 4, nepecexaer mpamyio 3x — 4y --5= 0. Haiitu
TOUKY MEpeceuenHs STHX MPAMBIX. .

4, Iloxasats, 4TO npsMas, Ha koTopoii aewar Touku A (—3; 6) u
B (2; —4), npoxonut uepe3 Haual0 KOOPAMHAT.

5, Hanncars ypasnenue npamoii, npoxonsaueit uepe3a rouxy A (3; —5)
1 otcekaioueii Ha ocn Ox OTPe30K, paBHbIt —2.

6. ITpoBepuTh, JewaT AM Ha OAHOI MPAMOIl TOUKH

A1; 8), B(5T7) n C(10; 12).

7. Haiitn anuny otpeska npamoii 4x -+ 3y - 12 = 0, saxmouennoro
MEXNY OCAMH KOOPAHHAT.

8. Kakyo opaumaty mmeer touxa C(5; y), nemamas Ha Toii we
npanoif, uto u Toukn A (—8; —6) u B (—3; —1)?

9. Hamucats ypasuenue npamoii, npoxoasueit uepes rouxy A (—3; 4)
1l TapanjesapHoli GHCCEKTPHCE NMEPBOrO’ KOOPAMHATHOTO yria.

10, Ha OuccexTpce nepsoro KOOPAHHATHOrO Yraa HAalTH TOUKY,
paccrosue xoropoii ot Toukn M (—2; 0) pasno 10.

11, Tpn xakoM 3HAYEHHH m NPAMas y = m.x -|-3 NPOXOANT uepes
TOUKy mepeceueHus npaMux 2x—y-+1=0wu y=x-45

12, TIpoTHBOMOMONHBIE BEPUIMHBl KBalpaTa Jexar B TOMKAX
A(—=2 5) u C(2; 8). Haiitu nanmy u ypabuenus ero puarouaieil.

13. llse cmewuwsie sepuusl kBanpara ABCD nexat B TOUKAax
A(=5 4) u D(—3; 2), a mmaronass ero AC napaaneasna ocn O.x.
Onpegeants KOOPAMHATH IABYX APYTHX BepUIHH KBajpara.

14, Jlann! ypaBHEHHA CTOPOH TPEyroAbHHKA:

;x+2y—-2=0,yx+y—13=0 n x—2y-46=0.

Mokasats, uTO 9TOT TPEYrOALHHK NPSAMOYrOABHBEII, I ONPEACIHTL Pa-
JHyC OKpYMKHOCTH, ONHCAHHON OKO10 Nero. .

15. Hysxuo mposectit npsinyio, npoxoaautyio uepes touxy M (30; -)‘_'L)
H 06pa3yiouyio ¢ NONOKHTEAbHLIM Hanpapiemnem ocn Ox yroa 45°%
Ha xaxom paccrosmum or ocn Ox myXiO B3fiThb JBE TOUKH, OTCTO-
uge oT oci opamHar Ha paccrosmun 1 m 3, uToGbl HCKOMas npamas
npoxonuaa uepes Hux?

16, Onpeneanth YLAM HAKJAOHA K TMOJONKHTEALHOMY HANMPABJICHHIO
ocH Ox cropon Tpeyronbhnka ABC, BEpWHHB KOTOPOrO HAXOAATCH
B Toukax A (1; 3), B(6; 1) u C(—1; —3). . .

17. Jlse npamme nepecexaiorcs B Touke A (2; —5). Haiitn octpuiit
Yron Mex¢iy HHMH, GCIH OJHa M3 HHX npoxoaut uepes Touky B (1; —3),
a npyran — uepea rouxy C (4; 1).

18. Jouwt nee npampe y=2x--1n 3x—2y—5=0. Onpexe-
AUTh PACCTOSHHE MEXKAY TOUKAMH, B KOTOPLIX CHI NEPEeCceyeHsbl MpAMOLL
X—y—3=
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19. Yepes touxy A(—5; 8) nmposesena npamas Tak, uTO ee OTpe-
30K, 3AKMIOUCIHBIT MEWIY KOOPAMHATHBIMH OCSIMI, JCANTCS B 9TOIl
Touke mononam. Hanmcats ypasuenne sroit npsmoii.

20. Yepes Touxy A (—4;—3) npopesena npsamas Tax, 4T0 OHa OTCEKAeT
Ha OCAX KOOPKHHAT paBHble OTpe3ki. HamucaTs ypasHenue 9T0if MpsaMoii.

21. Cropona rpeyroasunka, paemas 10, aexnr na ocn Ox, a oana
H3 ero sepwnn—B Touxe A(4; 6). Haiith ypasueHms cTOpoH Tpe-
YrOJbHHKA, CCJi OfHa 13 GOKOBLIX CTOPOH €ro OTCEKaeT Ha OocH abc-
LHCC OTPE3OK, paBublii— 2 (1Ba cayuas),

22, Jlan Tpeyromvung ABC c BepuuHamu

A8 4, B(—26) u C(4 0).

M3 touxn D, xeasmeii cropony BC B otnowennu BD : DC=2:1,
nposenena npsyas uepes cepeauny £ cropomst AB. Haiith ypasnenue
H JEHy oTpesxa DE.

:23. Nauw nse toukn A(—d4; —3) n B (l; 2). Hanncars ypasnenne
NpPAMOI, NPOBEAEHNOIl MepnenAnKyanpro k npasoii AB uepes Touky C,
Aensmyio, orpesox AB B ortHowenun AC:CB =1:2,

24, Jlpe pepunidbpl TPEYroJbHOI ONIOPOAHON MAACTHHKH Jekat
B toukax A (6; 0) w B (—8; —2), a eenentp mxectH B Touxe M (@5:2):
Haiitn xoopaunatel tperseit Bepiinubl 9TON IIACTHIKH,

25. B tpex touxax A(—I1; 0), B(—2; 4) n C (4 —5) nomewensl
rpyswr coorsercrnenno B 30 #2, 60 xz n 70 rce. Haiiti HenTp TAKECTH
STOii_cueremul.

26, Jlan tpeyroavunk ABC ¢ BeplmmaMi

A(—=5 —1), B(—=1;4) n C(3 2).

Uepea sepumny A nponeaena npsmas, napaaneapuas BC, a uepes pep-
wnny B — npamas, nepnenaukyaspuas k BC, Haiitn xoopAuuaTel TOUKH
NiepeceueHis NPOBEACHHLIX MPAMBIX.

7. Ilo xaxoit auuum J0MHA XBHCATHCA TOUKA, HAYAJLHOE IMOJ0-
JEHue KoTopoil onpeaeneno xoopAunatamu (3; 8), uroGul poiiTH KpaT-
ualimuM nyTeM o npamoii y = —2—x — 1? B xaxoii Touke oHa JOCTHLHET
STOIi mpsiMoil 1 KaK Beanx Gyper NpoiifeHuulii myTn?

28. Jlse npsivbie nepecexalotca B TOuke, Jexaueil na ocn Ox, nox
yraom 45° Apyr K JApyry; NpsMas ¢ MEHLUINM HAKJAOHOM K TMOJOXKH-
TeALHOMY Hanpasaennio oci Ox umeer ypasuenne 2x—3y —G6=0.
Hanncars ypasuenne BTopoii npsMoil.

29, Jlaupl ypasHenist CTOPOR TPEYroJbHHKA

2x—3y+411=0, 3x+4y—11=0, x+4-4y=0.
Haiiti yrox, oGpasobaiusii ¢ noJomuTeAbHLIM Nanpasiennem ocu Ox
MeAManoil, NPOBEACHNOI 11a cTOpoHy X -4y = 0.

30. Orpesox npsmoii -2y — 6 = 0, 3aiouenHblil MENCLY OCAMM
KOOpAMHAT, Pa3ieJeH HA TPH PaBHLIE YACTH M B TOUKAX JAENEHHf BOC-
CTaBJCHE! MEPNEHMKYAAPL K 9TOI NPsMOil 10 nepeceyenus ¢ ocsio OY.
Haittin koopauuars TOueK NMepecevueHus.

31, B tpeyroasnuke ABC nann cepemuusr ero cropou My (1; 1),
M,y (3; —5) u Mgy (5; —3). Cocraputh ypasieHus CTOPOH TPEyroib-
nuka ABC. -
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32, Nanu xse sepunust A (3; —1) u B (5; 5) tpeyroasunxa ABC
n Touka N (6; 2) nepeceuenns ero BhicOT. HaiiTh koopausaTst TpeTheii
BEPIHHb TPEYroJbHHKA.

33, Jlanbl ypasHeHHs CTOPOH TPeyroJbHHKA:

x4+ y—3=0, x=0, 2.r+y~1=0.

HaiiTh nauEy BLICOTLI, MPOBEAEHHOIl HA CTOPOHY X -y —3 =0.
34, Onpenenuts MIOU(afb NAPa/IeIOTPaMMa, 3HASA YPABHEHHS €ro

CTOPOH:
y=2x41, y=2¢—5 y=x—2 y=x-42

35, Onpeaeants naouas pomGa, 3HasA YpaBHEHUS ErO CTOPOH:

4 4
y=0y=4 y=3% y=?x—2,—;).

36, OxHu M3 KaTeTOB PaBHOGENPEHHOrO MPAMOYTOALHOrO TPEYroh-
HHKA napantenen ock QX H OTCTOHT OT HEE HAa PacCTOSHHH, paBHOM 8,
a MPOAO/MIKEHHE FHIIOTEHY3bI MPOXOAHT uepe3 Hawano Koopxaumar., Ha-
micaTh YPasHEHI CTOPOH STOrO TPEeYroAbHHKA, EC/H ero xater pasen
1 TPEYroAbHHK PAacroN0KeNn B MEPBOM KOOPAHHATHOM yray (Apa cayuas).

37. Ilse CTOPOHLI KBAApaTa OMpPEAEASIOTCA yPABHCHHSMH:

x+38y4+10=0 u 3x—y—20=0,
a ero LEHTp JEMHT B TOUKE M (3; —1). Haiirn ypasueuns amaromna-
Jeil xsBajgpara.

38, I'unorenysa pasHOOEAPEHHOrO MPAMOYFOJLHOTO TPEYTOJLIINL A
napasessua ocn Ox. Bepuinna npaMoro yria Aexur Brouxe A (8; 20),
a 0XHA M3 BEpUIHH OCTPOro yraa pacrnojoikena wa ocn Qy. Hanmecars
YpaBHEHHs CTOPOH 9TOTO TPEYrOALHHKA (ABa caywas).

39. Onna 13 CTOPOH NPABHIALHOTO TPEYTOJABIHKA Napamieasia oci Oy
n orcexaer ma oci Ox OTPe30K, paslbli —4, a NPOTHBOMOMONKH I
Bepuiiia aexut B touxe A(2; 0). Haiitm ypasHemms BLICOT TPeyroin-
HHKA.
40. Tunoteny3aa npaMOYroAbHOrO TPEYrOALHHKA MEpeCeKaeT ocil
koopaunat B Toukax A(—5;0) u B(0; 8); a oaum N3 KATETOB— B TOU-
kax C (—2; 0) u D (0; 1); npoxomienne Xe APYroro Karera OTCeKact
na ocu Qx orpesox, pasmbii 4. HaiiTm koOpAHHATHl BEpIIHI STOIO
TpEyroabHiKa, ;

41, llse CTOpOHMBI M JHArOHAAb, HCXOAAU(ME H3 ONMOIL BEpMi
NapanienorpaMya, ONpesesioTest COOTBETCTBENHO YPABHEHHAMH

x—y+4=0, y=5 u Sx42y—15=0.

.
Hamucars ypaBueHHA IBYX JPYLHX CTOPOH Napaliejorpamma, ecii
TOuKa NMepeceueliis ero auaroxaneii jexur ma ocn Ox.

42, Jlge npornsonoaoxkise Bepumisl ponéa ABCD aewar B T0u-
kax A(1;3) u C(59), a cropona AD onpeieisieTcs YpaBHEHHEM
x—y-2=0. Hailtn xoopaunarsl A8yX APYruxX BEpIIHH ero.

43. Jlge TPOTHBONOJIONKHLE BepuHHbl mnpsMoyroasunka ABCD
nexar B Toukax A(l; 4) n € (5; 6), a cropona CD HaK/IOHEHA K NOJO-
JKnTeABLHOMY Hanpaniemmio ocu Ox mox yraom 45°% Haiirn myomans
STOr0 NMPAMOYTOALHHKA.

1
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44, Oana u3 CTOpPOH poMOa IPOXONHMT HEpes Haualo KOOpAHHAT
M 06pa3yer C MOMOKHTEABLHLIM HanpasieHneM ocH Ox yron, pasmbiil

arclg—, a Jpyran CTOPOHa ONPEJEAACTCA yPABHEHHEM y = 8. Haiitu

YPaBHEHHSI OCTaAbHLIX CTOPOH pomGa, €caH €ero AHaroHaiu nepece-
KaioTcs Meway coboil B TOuke, Jeucauieil Ha ocH aGcumcc,
45, Jlan tpeyroasunx ABC ¢ BepuiHiamu

A1), B(7;8) u C(—417).

Haiitn Touky nepeceuenns OGuccextpuch yraa A ¢ TIPOTHROIOIOKHOI
cropouoii BC.
46. Mlanul BEpUIHHLI TPeyroabUHKa:

A(—2; —8), B(3;—8) u C(3 —5).

Hanucarp ypasuenne Guccextpucol yraa B.

47. M3 Touxn A (6; 9) manpasiaen ayy cBeTa MOA YraoMm 45° x mo-
NOMHTEALIOMY Hanpasiaenmio ocn Ox; noiins 1o ocn Ox, OH oTpa-
waercs or nee. Haiith ypaBhenns nagaioumero ¥ OTPaKCHHOTO Jyuei.

48. Jlyy cseta HanpasieH IO TNPSAMOil y=7x——4; noiina xo
3

OCH O.\', O OT HEE OTpa)<aercs. Onpenenurb ypaBuenne OTpPANEHHOrO
ayua.

49. Jlyy csera, nuiinn n3 touku A (2 3), orpaxaercs or ocn Ox
I nonanaer B_rouxy B (5;8). Haifri ypapuenns maaaiouiero u orpa-
IEHUOTO nyveit.

50. Jlyu cpeta, npoxomsumii uepes Ttouky A(3;4), orpaiaercs
OT 1psimoil X~y —2 =0 n nocne oTpaxxenus MPOXOAHT YEPe3 TOUKY
B (5; 2). Halitn ypasuenus naaaomero u OTPANEHHOTO Jyueii.



FTABA IV
KPUBBIE BTOPOTO TMOPSAKA

§ 20. OxpyxHocth n ee ypasHenue. OrpyoCcHOCILLIO HA~
3vleaemcs 2e0Mempuiecikoe Mecnmo nower, 00ULHaKoso yodaen-
HBLX 0Nl 00HOI MOUKU, HA3BLBAEMOU UeHNmpoiL.

TMoab3ysich 3THM ONpeleNeHieM, BHIBEJEM YpaBHEHHE OKPYiK-
Hocti. [lycTh paimyc ee pased r, a LEHTP HAXOLUTCS B TOUKE

&
Y
'
1 I
i Ay | z
0»—«—0——4 [
e——a2 —

Yepr. 27.

0, (a; b). Bosbyen Ha OKPYIKHOCTI NPON3BOABHYIO TOUKY M(x; ¥)
(uepr. 27).

[lo ¢opmyae PACCTOAHUA MEKLY JBYMS TOUKAMII MOIKCEM
HAMICaTh:

OM=r=V (x—aP-(y—b),
wan, nocae Bossexchius obenx vacrefl paceHcTsa B KBaAparT,

(x— a4 (y— b= r2. Q)]
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Tak xax Touka M mamp B3sTA NPOM3BOJBLHO, a Pajuyc r—
BE/IHYNHA MOCTOSIHHAS, TO paBeHcTBO (1) cmpasennnso st Bcex
TOUEK OKPYIKHOCTH, T. €, KOOPAMHATH JI0GOH ee TOUKH yAOBJe-
TBOPSIOT ITOMY pPaBeHCTBY. A ecau Tak, To paseHcTBO (1) HyxHO
PaccMaTpuUBATL KaK YPABHEHUE OIPYIUCHOCHLL.

B ypasnennu (1) @ w b— roopounanist yennpa oKpyCHO=
cmu, a x W y— meryuyite K00pPOUHANDL.

Ecin nonoxurs a=0, 10 ypasnenue (1) oGparurca B cae-

Ayioliee:
W (y—bp=rt

W Oyner omnpeieanTh orpydcrocms ¢ yewmpoiu Ha ock Oy
(uepr. 28).
Ilpu =0 ypasuenue (1) mpumer Bux
(x—ap—4yr=r

n Gyzer onpesensts oxpyocnocms ¢ dewmpon Ha ocu OX
(uepr. 29),

&
7
97
7]
z =< a-—>-1 z
o 7 7
Yepr. 28. Yepr. 29.

Haxonew, npu a=0 u b=0 ypasnenne (1) npeoGpa-
syercs B caenyloulee:
X2 yr=r?

11 OyaerT ONpPEie/sith OKPYICHOCILL € WeHNpos 8 Hawase KOOp-
Junam (uepr. 30).

MOXHO 1OCTPONTL OKPYXKHOCTL, uMes ee ypasuenue. Ilycrs,
Hanpuyep, Tpedyercsi NOCTPOHTb OKPYIHKHOCTH

(x— 2P +(y+3p=09.
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Ypasuenne (2) spaserca uacTHHIM cayuyaeym oOuiero ypasHeHus
BTOPOH cTeneni ¢ npyms nepemenHbiMu. B camon nese, Cpasii
YPaBHCHME (2) ¢ ofwum ypasHeHueM BTOPOH CTEMeH C ABYMS
“eDeMellemx, NMEIOWHM, KAK W3BECTHO, CAEAYIOWui Bui:
Ax*+-Bxy—+ Cy?*—+ Dx—+Ey—+F=0. ©))
Mut s, yro ypasuenie (2) oTanuaercs ot ypasherus (3)
Tk e, ypo Y mepsoro Kosdduuuents mpiu x* u y* Oni-
Haoes u OTCYTCTBYeT usjen, coepakaulufl NpoussejeHHe Xy.
HeHZ:‘;”t: OGP"%OM, 0K PYICHOCHLL Onpedeasencs 00U ypas‘-t
zcoarﬁg'ﬁuu L’(honou Cmeneru ¢ 08yMA NePeMERHULIIL, ecAil b H’e;.
Cmeyem o i”"”" npe x2 g 32 pasuer meacdy coloi u omeyn
Gpa'n',om YC 'pouzsedenuer x). o
m(pymnoc'n,’ %r?ﬂnueuue Biuaa (2), BooOuie rosops, oypenen '
Henye * YO%amnen B grom ma mpumepe. ITycts pamo ypas

Mepenyy, k)24 4x—8y—5=0.
ley
€ro p Caenyiouienm Bge:

N Mheagpy (0 (y2—8y)=5

) a3 .
pl‘““ CY My, ABYyneyy, crosiuiie B CKoOKax, B NMOJHLIE KBal-
1O0u pay 331oeT, npuGasus k nepsoMy 4, Ko sropomy 16.
Hac: Cry
T Cro 0

A cyy DU STON He HApYWINAOCH, YBeAIuNM 1 NPABYIO
Yy 4.4 16, [onyumm:

4 (52 —8y 4 16) =544+ 16,

. mee  FH2(y—4p=25.
¢ e
b ,[C)ancnc’rno ABAACTCA YPABHEHUEM OKpPYKHOCTIH,

> pa ; 0
‘ '“'llkgp BHL B, w wentp B Touke O, (—2; 4).
i Clyyap,

ol KOrza ypashenue (2) mpm HekoTo-

€. ,léoa‘i’(blluuemon lle OMpesensierT oKpy:KHOCTH;

4 B Mg x2 L 2 () YLOBIETBOPSIOT KOOPAMHATHI
"k (q; 0),

4 ypaBHeHW0 X2 y2—_4 ne
HH ONHOM TOUKM, TaK Kak CymMa
CeJl He MOWKET MMETh OTpPHIATENb=

00D amHary
'TQ-’lbublx iy

& okpysnocTs, Xy —4x1 9y 15=0
=0. Hattru pauny stolt XOpabl.
KaK Kouubl Xoparl ABATOTCS OGN TOU-
LOpabl, TO MX KOOPAHHATL YN0BAETBOPSIOT
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KaK ypaBHEHHIO Mepsof, TAaK M ypaBHEHHIO BTOpoft aunuu. [Mo-
3TOMy, 4TOObI HAHTIH STH KOOPAHHATHI, HYIKHO PEIUHTH COBMECTHO
YpaBHeHHa OKPYXHOCTH M Xopawl. [ToacTaBus sHauemue

y=7—x
B YpaBHEHHE OKDYKHOCTH, TOMYHHM:
X (7T —x)P—4x+4-2(7T—x)— 15=0,
WK
x40 — 4 - x> —4x 4 14 —2x— 156 =0,

WA, HAaKOHEL,
x2—10x—+4 24 =0.
Orciona

Haxonum anavenue y:
NhW=T—x,=7—4=3,
Yo=T—x=T—6=1.
Ira, KoHUAMH XOpaBl Caymar TOukn ¢ koopannaramu (4; 3)
u (65 1).
Mo opyyse paccTOSHHS MeKAY ABYMSI TOUKAMI MOIKeM
onpene/nTh HCKOMYIO AJHHY XOPAbI

d=V@E—6p+@B—lp=Vifi=2)7.

Yupaxueunsi

1. Hanucate ypasuenue OxpyxHOCTH € uentpom B touke () u ¢ pa-
Jnycom r, eCan Naubl
1) O1(—1;2), r=5, 2) 0(—2%—3), r=1V15, 3) 0,(0;5), r=6.

2. TMocTponTh OKPYHKHOCTH:

D (44— =16 2 (x—2)2+(y 417 =9,
3) x4 (y—4)*=25.

3. Jana okpysnocts (¥ —3)* -+ (y +5)* = 16. Jleskar au ma meii

- A@B—1), B(%—9) n C(0; —3)

4, Mana oxpymuocts (x-+2)+(y-+3)*=13 u Touxa ma mueii
¢ opAuHaToif, pasnoii mymo. Haiitu ee aGeunccy.
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5. Hanucarn ypasunenne OKpy)HOCTH ¢ LEHTPOM B Touke O 1 1ipo-
Xomsueii yepes Touky A, €ClH AaHbL

1) 01(% 1), A5 8), 2) 01(—32) A(—40).

6. Hanucatn ypasuenne OKPY3KHOCTH, npoaollmueu qepea nBe
Toukn: A (—>5; 5) u B (1; 3) u nmeiouteii paguyc r = VY 10.
7. Hanucars ypanuexme OKPYHOCTH, NpOXOAfuEil uepe3 Jape
'romm A(2;4) n B(—2; 0), u umemoweii uenrp na och Ox.
. Cocranutb ypaBleline OKpY:KHOCTH, Kacalowelics ocn Ox B iia-
yajue uoopmmar M npoxonsuieii uepea touxy A (0; —8).
9. Haiity xoopauuatsl UeHTpa H JJHHY pagnyca OKpPYyKHOCTH
X2 32— Gx—8y =0.
10. ITocTponTh OKpPYKHOCTH:
1) 4y 4x—6y —3=0, 3) 2+ y>—12y411=0,

2) X2 y24-8x 47 =0, 4) 4x?+ 4y — 16x 4 8y — 5= 0.
11. Jaum okpy:uocta

X yr—06x4-8y=0 n x24 y24-2x—12y41=0.

Hanncars ypasnenue ux suunu uentpos (1. e. ypasHenue npsmoii, npo-
X071 Unucu 4epes LeHTphl AduHLIX OKPYWHOCTEIl).
| mu) pacuonuue MY UeHTPaMH OKpYiHOCTElH X* - y?=106
-yt —12x 41

13, Hanuncatn ypanucunc Jummcrpa oxpyauoctn x° - y* 4 6x -
-8y =0, napaaneabioro ocn Oy‘

14, Jlaua oxpyumocts x* - y* — 8x — 4y — & = 0. Hanucars ypas-
HeHHE e auamerpa, oOpaaymmuo ¢ ocplo Ox yroa 45°

15, Jaua oxpymnocts x* - y? — 2x +- 6y — 6 = 0. Hanncars ypas-
lieHHe e AnamMerpa, NepneHiAHKyIapHoro x xopae 2x — y -3 =0

16. Haitti KoopuuHaThl TOYEK, B KOTOPLIX OKPYIKHOCTH X* - y2—
— 6.x 4 8y -}- 5 = 0 nepecexaer ocb Ox.

17. Hanucarth ypasuenne pajmyca, nposeiennoro s touxy A(1;4)
ORPYMIOCTH A% - y2 —dy — 1 = (.

18 Hamicars ypasuenne xacateabuoi, npoueueuuon K OKPYHO-
et X% y2—12x -2y 412 =0 B ToOuxe ee A (9; 3

19. Haiitn xkoopamuatel Touex nepeceuenns npnmoii y=x—1
C oupynnlocrmu X%y —8x — 4y —5=0

20. Haittn Touku ncpcce-:emm npsiMoil X =3 ¢ OKPYMKHOCTLIO
|- 3x — 6y —9 =0, b
21, Kak pacnoaokena npnuan y— 6 =0 110 OTHOWEHHIO K OKPYii-
uucm X2 92 —8x —9 =102

Hanucarn )pauuume oGueii xopaw okpyucuocreil x* - y* = 10

Hox? —|— yr—10x — 10y 4- 30 = U

LB

§ 22. Saaunc H ero ypaBHeHHe. IAAUNCOM HABLLBACMCS
2eoMem puteckoe Mecmo mower, CYyMMa paccmonnui xaxedod
U3 Komopuix om 08yX OQHHLLX MOUEK, HA3bLBACMLLX OIYCarL,
acme geaununa nocmosnnas (u 06apwas, Hei puaccmosinue
Meacdy ¢porycatr).

5 3Bak, 215. H. Jl, 3ahues
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[MycTb, HanpuMep, Ha sauunce BaaTel TOukn M;, M,, M,, M,
u 7. . (vepr. 32). Ecam ¢oxyck o6osnaunth uepes F u Fy,
70 COFJIACHO NAHHOMY ONpEIENEeHHI0 MOMHO HamHCaTh:
FiMi+ FM;= FiMy~- FMy= F\M;—+ FM, —
= F\M,+ FM = const. (1)
Pcoverpuueckoe MecTo TOUEK, O007ANAIOUINX BhILUEYKA3AHHBIM
csofictom (1), u ecTb sanmunc.

VA
&

™
)t

Yepr. 32.

Ha ocHoBaHun onpefeneHus 3aaunca COCTABHM €ro ypapie-
e, Jlas aToro BhGepeM CHCTEMY KOODAHMHAT C/eAYIOULIM OCpa-
soM. 3a ocb Ox npuMeM NpsMYIO, NPOXOAsULYlD uepes (o-
kyce F n F;, a 3a oce Oy—npsmylo, IepneHankyispiyio

¢ M
/ z
£ . 0 s
Yepr. 33.

x FF, W nposezernyio uepes cepeauny orpeska FFy (uepr. 33).
OGosnaumy paccrosuie F\F mexay dokycamn uepes 2¢, TOrAd
KoopAuHATH ioKycos OyayT:

F(c;0) n F,(—¢0).
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Bosbmen na sanunce npoussonsuyio Touky M(x; v). OGoaHaumm

TMOCTOAHHYIO BEJHUHHY CYMMbI paccmmmﬂ KamIOR TOUKH OT
(oxycos uepes 2a, Torma

FM~- F,M = 2a. 2)
[To ¢opuyae paccrosmus Mexcay ABYMs TOuUKamMu Hahaem:
FM=Vr—cF+(— 0=V G— P+
FM =V (x+P+—0P =V P+
Tenepy pasencrso (2) nepenuuercs c/enylouuy o6pasoM:
VE—0+ 2 +VE+er+y=2 (3)

" 6)’,‘[\’.1‘ NMPEACTABAATD VY pasHeHue 3ALUNCA B anHﬂTOﬂ cucreme
KOOpmuHarT.

Ynpocruy ypasuenne (3). Jas storo nepeuneceM OLMH H3
PAAHKANOB B NPABYIO MACTb yPaBHEHNs:

Vi—ogFyE=2a—V(x+cP+".
Bossenem ofe wactTi 9TOrO PaBeHCTBA B KBAaApaT:

(¥ — P4yt =402 —4aV (xF-c) 324 (x4 >+ y2

Packpoenm croOkit:
X —2cx -2y =
= 46— 4a )/ ¥ - 2ex —+ 2 y° - X2 -20x -2 -y

ITpuseseM noaoGHLIE usieHb:

— 2cx = 4a*—4aV/ ¥ 2cx—+ >+ y2 -+ 2,

i
40/ x2 Zex+ 2 —~+ y2=4a 4 4cx.

COKPIITIIB Ha 4 n cuosa BO3BeAs B KBaapat ofe uacTi pa-
BeHCTBa, NOJYUIMI

a*(x2+4-2cx - 2+ y%) = (a® - cx)?,

I8

2

X2 2a%cx —a%ct + a?y? = a* - 2acx - c2x%

2

a

5%
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oy

HépEHéCE.\I BCE YJEHBI, CONEp:KdllHe X u y, B JeByI0 4acTb
D23¢HCTBA, OCTa/IbHEIE YICHBl — B TIPABYIO:

200 (242 | g2y
a2x?—c’x* - 0%y = at — 22,

HIH

(02— ) 22 a2y = 22 (2 — c2), O
Ho coraacko onpeieleHiio 3JaHnca
2¢ < 2a,
o1ci04a
c<a.

Ha nocienwero HepaBeHCTBa cieayet, uto a?—c2 > 0, a no-
TOMY STy PasHOCTh MOMKHO 0003HAuNTH yepes H2. [ToacTaBHB 9TO
oGo3HaueHne B paseHcTBO (4), Hafizen:

0222 - a2y? = a2, (5)

Haxoneu, paszeay BCe uJeHB! NOC/EHEro paBeHcTsa Ha a*b?;
OKOHYaTEABHO MOAYUHAM:

P=a®—c% (7

Vpasueupe (B) u ects npocmedwui 810 VpasHerits
3aaunca *).

§ 23. Hccaenosanue ypapHenns aaannca. Onpeaei cua-
yana y us ypasuenns (5) § 22:

bt — b b2 (a®— x?)
a = a ’

y=

oTcioaa

(H

y:t%]/

*#) Ypasuenue (6) noayunioch B pesyabTate ABYKpaTHOTO no3ucn§'
HHst B kBagpar ypasuenua (3), Gaaronaps uewmy, sooGue rosopsh BOE'
MOKNIO MOABIEHNE MOCTOPOHHMX KOpHeil. Moxuo noxasath, HTO )’Pﬂlf'{ :
nne (6) we mmeer nccToponHHHX KOpHEil, T. e. moGan TouKa, KOOPAUHATY!
KOTCPOt yaoBaeTsopsior ypasuenuio (6), AexnT ma saunnes

[



§ 23] ICC/AELOBAHHE YPABHEHHS SJIIMICA

M3 Toro e ypasHenus (5) nakinem:

. 202 —aly? a2 (0%
X2 = & Y =

2 b2

¥)

CNeNOBATENABHO,
x== % ViE—
Paccmorpum Teneps pasencrsa (1) n (2).
I. Tycrs
lxl < a :;:)_

69

@

Torpa non KOpHem B pameuctse (1) mosyunrcs nonomme!;bggff
YiCa0, a noromy y Gyser mmerh ABA BHAUCHIs, PABHBIC I 310
COMOTHON  BesnuMHe, HO C MPOTHBOMOJAOKHBIMI 3HAKAMI. -
SHAUNT, 4TO KAKAOMY 3HAUEHHIO X COOTBETCTBYIOT ABE T

S/INCa, cuMMeTpuunBe oTHOCHTEABHO OCH OX.
yers Teneps

lyl<o. -

‘ 2
Torna xamaomy anavernmo ¥, KaK Mbl BHAMM 13 p”eucwil”f“g’
OTBCHAIOT 1A amavenus ¥, paBubie mo a6co/oTHOH BeH 4

HO C pasubimu SHAKaMu.
HUIO y COO’I‘I!QTCTBleT
OTHOCHTR ILHO ocu O_)’

M3 ckasannorg 3aKniouaem: gaaunc = +T-:‘
Puter omnocumeyno Koopounamnulx oced.
II. Hanney 1

O'l‘ClOJla caepyert, uTro KayKAOM .
Ha 3anunce ape TOYKH, CUMMETP

y gHaue-

* 1 cumment-

TycTb
OuKit nepeceyers samnca ¢ ocbio 0. 1Y

y=0;

TOrAa W3 pasencrpg (2) umeen:

a T
T T e 2 — ——
- V= =a.
Orciona clienyer:

not-
1%, K00pdy danunc nepeceraem ocb OX 8 a”g"; a4 A,
) K Hamel komopyx (q- 1 (— a; 0) (TOuK
“epr. 34) potx (a; 0) u (— a; 0)

S

o . TAaKHM
UT0 X Gepercs mo aGeomoTHOl BEARUUNC:

l @ HYIKUO unTaTh TAK: X 1O a6COMOT

10l BeJH-
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Ill. Hafinem Toukn nepeceuenns saaunca c¢ ocsio Oy. Ilycts
X% =05

Toria us pasenctBa (1) mmeen:

Otciona 3akmouaey, uto g2aunc nepecexaen ocs Oy 8 06YX
noukax, roopourams romopsx (0; b) w (0; — b) (rouxu B
i By Ha uepr. 35).

&
¥
B
» =%
A Vs ;
&
! £
Z = 7
o—
q L 5
Yepr. 34. Yepr. 35.

IV, Ilyctb X npuHUMAST TaKue 3HAUEHHS, 4TO
||>a; (3)

TOTAA BBIPAXKEHNE Nox KopHem B papencrse (1) Gyaer oTpHiid-
TeAbHBIM, I, CJEA0BaTeNbHO, Y GyAeT HMETb MHIMbIE 3HAUCHNS.
A 97O BHAUNT, YTO HE CYWeECTBYeT TOYeK SJJHNCa, a0CILHCCH
KOTOPBIX YAOBJETBOPSIOT YCAOBHIO (3), T. €. SJMNNC PACIO/IOKEH
'BHYTPH 1I0/I0CHI, 3aKJIOUEHHON MexAy NpSIMBIMU X =—a I
x=—a (uepr. 34, npamsie KL u PQ).

Ecan e monoxurs

[y]>06 4)
TO H3 PABENCTBA (2) MOAYWNM A4S X MHHMblE 3nauenns. ITO
rOBOPHT O TOM, YTO TOYKH, YAOBJETBOPSIOLLIE YCAOBUIO (4), Ha

9/AHNCE HE JeXar, T. €. IMINNC 3AKMOUEH MEKAY TPSMBIMI
y=-40bn y=—2>b (uepr. 35, npsamsie PK u QL).



§ 24)

SKCUEHTPHCHTET 9JUIMICA 71

W3 ciasanHOro CleLyeT, uTO 6Ce MOUKU HAAUNCA Aedcanm
BHYMPU NPAMOY2ONLHUKA, CHLOPOHSL KOMOPO20 NAPAALCALH DL
ICO0POUHQMHVIA OCAM 1 uMelom OAuHbl, pasHsle 2a u 2b, a
duazonaau nepecexaiomcs 6 raiaae roopounam (uepr. 36),

g
2 T "
i =
Ao
Qo L
Yepr. 36.

Aame umeer Qopmy, moxKasammylo Ha uepr. 37.
Foukn A, A;, B n B, HasblBaloTCA BepuLUHAMU 922UNCAs {
Touka O—-cro yeumpost. Orpesok AA=2a naappaerc?d €ro

o \

&S
1
S
o
S
s

e

Uepr. 37.

5

00abwot ocpio, a orpesok ByB=2b— inaroi ocy, O'fP°3Kxx
FM w F\M wocsr nassanie gioraavhslx paduycog motkd M

§ 24. 3kcuentpucurer saunca. Cuenmpucymemot o _
Aunca pazoigaemcs. ONHOULCHIE paccmoéqmm Jeaeay €20 Po
¢ c

Kycanu k daune Goavwon ocu, m. €. 5—==
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dxcuentpicuter 00buHO 0003Haualor Gykpoit e. TaxiM 006-
pazoy,
e=2<, ()
a
Ho cornacuo dopmyrne (7) § 22
c=VaE—0p.
TlosToMy Ans onpeie/eiis SKCUEHTPHCHTETA MOXKET CAYHHTH

Clenylollee paBeHCTBO:
2

Tax kak 0 < ¢ < a (§ 22), T0 sKCUeHTpHCHTET SJJMICA €CTh
TONOMHTENbHAS BeJHYNHA, MEHbLIAS eARHULBI.

IJKCUeHTpHCHTET XapakTepuayer QopMy 3/aHMNCca, YTO JErKo
ycmorperh ua dopsyanl (2). Hanpumep, ecii yMeHbIUHTb BEaH-
unHy b, He W3Menss @, TO pasHocTh a*— b* yBeNHUHTCS, OTYEro
yseanuurcs n 1po0b npaso#t yacTH QopMysbl, a CleloBaTe]bHO,
Il e craner Gosbue. IKCUEHTPHCHTET Takike BO3PACTET, €C/AH
YBEJHUNTb @, OCTaBHB b NMOCTOSHHOH BeJHYHHOMN.

Mu paccmorpesnt sanunc, y koroporo b < a. Ilpn b >a
ypasrenune (6) § 22 npeacrasiser saamnc, (OKyCh KOTOPOro
Jexar na ocn Qy; B 9TOM cAyyae ero Gosbuias och papua 20,
a manas 2a. B cootserctsun ¢ stum gopmysa (7) § 22 n
Gopuyar (1) i (2) nactoswero naparpadpa npumyT TaKofl BIA:

= [72—-[2,

&
7>

o=

Mpumep, Han saamnc 16x2 - 25y2=400. Onperenuth
LINHY «€r0 OCeH, KOOPAMHATL Bepliii I (OKYCOB, a TAKKe Be-

JHYHHY SKCLEHTPHCHTETA.
Pemwenne, Paspeaus ofe wacTi AaHHOrO ypPABHEHISN HA

400, noayunm:

Orciona

u



§ 25) CBAI3b IIHNCA C OKPYIKHOCTLIO 73

Mrax, Goapwas ocb sampnca AA=2a=10, a manag—
B\B=2h—=28 (uepr. 38).
g

5

Yepr. 38.

Koopaunarst sepunim ero OyayT:
A(5; 0), A (—5;0), B(0;4), By (0; —4).
YroGur walirn koopannaTsl QOKYCOB, HYXKHO Y3HATb BEAHYHHY
OF ~=¢. 13 pasencrsa (7) § 22 umeenm:
c=Va&—pr=)2%—16=3.
Caezosareabno, xoopanuarsl qoxycon Oynyr:
F(3; 0) u Fi(—3; 0).

Haxounew, no ¢opyyse (1) nacrosutero naparpaga naxoans:

§ 25. Cssisb saaunca € OKPYMHOCTHIO. [losoxum, uro
10JIYOCH SAAIICA PaBHbl MeXKLY COOOH, T. €. @==0b, TOrAa ypas-
HeHue dANNCca npuMer BHA

2% y* 2 3l
Ty, -+ y? =102,

ﬂonyuennoc ypasnemue, Kak H3BECTIIO, OHNPCACIACT OKPYIK-

HOCTbL paanyca, pasHoOro 4.
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AkcueHTpucuTer 0GbIUHO 0603HaualoT Gyksoit e. Takum 06-

pagoy, .
e=—: (@9)

Ho cornacko gopmyre (7) § 22
c=Va— 0.

ﬂoa'romy ANs onpepnesenns SKCUEHTPUCHTETA MOXKET CAYIKHTH
Cllepylolee paBeHCTBO:

. (2)

Tak kak 0 < ¢ < a (§ 22), TO SKCUEHTPHCHTET 3JJUINCA ECThb
TOJIOKITEAbHAS Be/iHYHHA, MEHbILUAS ENMHHILBI.

IKCUEHTPUCHTET XapaKTepuayeT GOpMy SJJHICA, YTO /Jerko
yemorperh u3 qopmyss (2). Hanpumep, ecan yMeHbLinTh BeJu-
YNHY b, He M3MEHSi @, TO PasHOCTh a*— b® yBeNMUNTCs, OTHErO
ysennuuTes n ApoOb NpaBoft yacTH (OpPMyJbl, a C/CLOBATENbLHO,
W e craneT Gosblue. DKCUEHTPHCHTET TaKKe BOBpacter, €Ciu
YBeJHYHTb @, OCTABHB & MOCTOSHHOH BeJHYHHOM.

Mu pacemorpean samunc, y koroporo b < a. Ilpn b>a
Ypasuenue (6) § 22 npencraBnser sanunc, (OKych KOTOPOro
jexar wa ocn Oy; B 3TOM cayuae ero GoJbluas och papua 20,
a manan 20. B coorserctsun c stum opmyna (7) § 22 u
Gopyyant (1) n (2) nacrosuero naparpaga npumyt Takofl Bua:

a?— h2—¢2,

=L
=,
ST — a2
e VAETa e
b
Mpumep, Han saaunc 16x2 4 25y*>=400. Ounpeseauts
LanHy ero ocell, KOOPAMHATHI BepWIHH n (OKycon, a TaKike be-

JHYIHY SKCUEHTPHCHTETA.
Pewenue, Paspenus oGe wacTi AauHOro ypapuenis Ha

400, noayuny:

Orciona

i



§ 25] CBSI3b S/UIMINCA C OKPYIKHOCTHIO 73

Hrax, Goabmas och samunca AA=2a==10, a manag—
BB =2h=28 (uepr. 38).

H| &

Koopauuarst sepuny ero Oyayr:
A(5; 0), A (—5;0), B(0;4), B,(0; —4).
Yrodul maliTu koopauHaThl (POKYCOB, HYIKHO Y3HATb BEANUNNY
OF —=¢. 3 pasencrsa (7) § 22 umeenm:
. c=VEF—E=YB—16=3.
CaenoBareiblio, KoOpAnHaTsl GOKYCOB OyayT:
F(3; 00 u Fi(—3; 0).

Hakoneu, no ¢gopyyae (1) nacrosutero naparpada Haxomms:

l.’::i: =0,G.

§ 26. Csasb saaumca ¢ OKpY)MHOCTLIO. [losoxum, uTo
TOJIYOCH 9J/INNCA PaBHLl MekAy CoOol, T. e. a==b, TOrsa ypas-
HeHNE 9JJIHNCA NPUMeT BUI

X2 y? : o o
=1, wm x*4y=a"
a* a* ! <

ﬂonyqeunoe ypaBHeHnue, KAk H3BECTHO, ONpPEUc/sicT OKpPYIK-
HOCTb paanyca, pasHoro a.
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MocmoTpiy, uemy OyzeT paBeH SKCUEHTPHCHTET B 3TOM
cnyvae; nonaras B Qopyyae (2) § 24

a=20,

IOy HM:
Va:___
ey

Orciofa 3aK/I04aeM, YTO OKPYICHOCHLG €CNb YACMHbLE C2Y-
wail gaaunca, y KOMOpPozo NOAYOCU PABHLL AedcOy colol, a
c4e006aMMeALHO, IKCUEHMpPUCUmMEnt PaBer HYAIo.

YnpawHeHus

1. Hanucats npecteiitumii BHI yPaBHEHHS S/UIHICA, €CH AAHLI €rO
noayecn a=>5u b=4.
2y

2. Jlan saaunc ﬁi7J+ e 1. Onpeneantb €ro CCit 1 paccrosuue

Meiay (oKycamu.
Onpexeauts jaaumy oceii 1t KOOPAHUATH (OKYyCOB suaHnca 492 |-
- 24y? = 1176.

4, CocTaBuTh ypapHeHne 3JIMICA, €CAH JBE €ro BepLIHHL! Haxo-
astes B Toukax A (8; 0) u Ay (—8; 0), a oxycs MMEIOT KOOPAHHATLI
(5 0).

5. Hanucath ypaBuemue siunca, KOOPAUHATHL (JOKYCOB KOTOpOro
(3;0), a amma Ooabuioil ccu paena 12.

6. Hamicats ypapienwe saiunca,”y KOTOPOTO JLIHHA M2J0il con
pasna 6, a (oxycsl umeior koopaunatsl (05 = 4).

7. Haittn sxcuentpucnter sammnca 4.x2 - 9y? = 180.

8. Hanucars npccreiimmii BuA YPABHEHHS SJVIHICA, CCME Aainl
%c=8mue=08

9. Hanmcath ypasuenie saaunca, y Korgpcro (OKYCHL HMCIOT KOOD-

aunatsl (0; 2 5), a SKCUGHTPHCHTET PaBeH i
10. Hamucats npeocreiimmii Bujy ypaBHEHHS JUIHICA, €Cau cym
noaycceii ero pasia 10, a paccrosune MeKAY (POKyCamH pasHo 4}
2
= 1 touxn A (0;2),

11, Tposeputs, AGKAT AW HA saance ~ -+ T
B (3;0), C(1;2).
2y X
12. Jau saaunc E_{—_":] I Touka ma HeMm ¢ aGcuuccoii, pas-
noit 3. Haliti ee opaunaty.
13. Hamuicats npocreliunii B ypaBHenHs S1IHNCA, NPOXOAACIO

wepes Touky A (3; ¥ 2) u uvelowero Goaswyio ock 22 =2 V15,
14. D1IBAC ¢ UEHTPOM B Lauaze KOOpAHHAT M (okycamu Ha ocH Ox
NpoXOANT uepes Ase TouxH A u B; nanucath €ro ypaBHEHHE, eC/M JauLL:

DAV 5V OBOG—2V 22 AQY S 2V 3). B(—5—5)




§ 26] IHIEPEOJA W EE YPABHEHHE 75

15. Haiitu nanmy xopasi, npoxonnmeu yepe3 (hoxyc H nepmeHaH-
KyaapHoit K GoabuIoi ocn smamnca ——+ 16_1

16. Haiiti Touxn nepeceuenus smmunca 4x? - 9y* = 36 ¢ npaMbIpH:

1) 2x4-38y—6=0, 2)2x+3} 3y=12 38) y=x—G.

17. Tpsmas 2x+y—14=0 nepecexaer sanunc 4x2 - y? =100.
Haiitn pamny oTpeaxa 9Toii mpaMoii, 3aK/MOYEHHOrO BHYTPH SJUIHIICA.

18. OnpenesnTh TpaexTOpHIO TOuKH M, KOTOpPAR NpH CBOGM JBHIKE-
Hui oc-racrcn BTpoe Gamie ot Toukn A (1; 0), uem or npamoil x=

OnpesesuTs SKCUCHTPHCHTET 9JJHICA, €CAH OTPE3OK memny
(pox_vcamu BHJEH M3 KOHLA MaJNoii OCH TMOJ MPAMBIM YrJOM.

Otpe3ox npsiMoil AMHHH IBHIKETCS TaK, YTO KOHUBI €rO CKOJb-
34T no ocsaM KoopauwHar. [loxasath, uTO NpPH YKA3aHHOM JBHMCHNH
Mobas TOYKA STOrO OTPe3ka, KPOMEe Cepeinlibl H KOHIOB €ro, OMHCLI-
LAET 3JIHIIC.

§ 26. TunepGona u ee ypasHeune. lunep6oaoii na3bl-
[aemes 2e0Menputecioe Mecmo nowerK, pPasHocmb paccumosn-
Hud Kaaedod w3 womopsx om 08YyX OQHHLLX MOUeK, HaA3bi-

Yepr. 39,

saeuslx ghoryeamu, ecms seautuna nocmosHnans (3ma nocToai-
yasi . Gepercs no aGCoNOTHOMY 3HAUEHMIO, TPHYEM OHA MEHbIue
paccrosing Mexay Gokycami H He paBHa HYJIO).

[Tycrb, wnanpumep, touxn M;, M,, My, M, nemar na ru-
nepbosie, (Goxkych KoTopoil Haxomarca B Toukax F i Fy (uepr. 39).
Toraa, COrIACHO JaHHOMY BLlIUE ONpPEACCHINIO, MOXKHO HAMHCATD:

F M — FM;= F\My— FMy= F Mz— FM;=
=FM,— FM;=const. (1)

ﬂonbayan onpejae/eHieM rnnepGonm, BLIBEAEM €€ ypaBHEHHE.
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[pumen 3a ocb Ox npsinyio, npoxomsulyio uepes Goxych
Fyu F (uepr. 40), a 32 ocb Oy — npsmyio, nepneHauKyisp-
Hylo k orpesky FiF u jeniyio ero nomoias.

4
M

a [

<

Yepr. 40.

Monowum F,F = 2¢, Torga xoopannarsl Gokycos OyiyT
F(c;0) n F,(—c¢; 0).

Bosbmem Ha runepbone npoussoibHylo Touxky M (x; y) M
0003HaYNM BEeJHUHHY PA3HOCTH paccTosiHift Kaxaoft Touxy or
doxycos yepes 2a; Topaa

FyM — FM = ==2q %), (2)
ITo ¢opmyne paccTOsHNS MEHLY ABYMS TOUKAMH Hafliem:
FM=V (x4 P+ —0P=V(x+cF+2°
FM=V(x—cp+(y— 0=V (x— )+

u, 3amenus B pasencrse (2) F\M u FM nx BripaKemiszi, na-
Ten:

VEF+or+y—VE—o+ =2 (3)
D10 1 eCTb YpasHenue 2unepfoasl OTHOCHTEAbHD BHIOpanoh

cHcTeMEl KOOPAMHAT, TaK KaK omno coraacno pasencrsam (1)
cnpasesaiso A m000f ee TouKI.

#) 3nak - Gepercs B cayuae, eeam FyM > FAM, n osmak —,
ecan FM < FAML



THNEPBOJIA H EE YPABHEHHE

§ 26]
Ynpocruym ypasuenue (3). Ias 3TOro mnepeHeceM OAUH H3
PALNKaNOB B MPaBylO HYACTh YPaBHEHHS:
VeEFo+y==2+VEx—c+ °
Boasenem o0e uactu ypasheHus B KBajpar:
(4 P+ 32 =da? 2= da V (x— P P (x — op - ¥
Packpoem cxoGxn:
v - 20x - 24 Y2 =42+ 4a | X — 2cx -+ 2P
— %2 —20x 42— y2.

Ilpusenem noaobuse ynensi:

2cx = da® +=4a |/ x> — 2cx + 2+ y2—2cx,

nan
dex — 42 =—=4da |/ X2— 2cx + 2 32,
Cokparis ma 4, ciopa posseseM B KBaaApar ofe uacTi ypas-

Henus; noayunm:

(ex — a2)? = a® (%2 — 2cx - 2+ y2).

P1cnpocu CKOOKIL:
— 2a°cx - a* = @?x> — 20%cx + a*c* - a*y?,

nan
2y - at = a’x* - a*c® - aPy2.
[Tepenecem B sesyio wacth uiensl, comep:aune X o Y,
A OCTa/bHBIE YACHL B NPaBYIO:
2 — a2x% — a%y? = @%* — at,
orciona
(c*—a%) x* — a2y? = a2 (c2— a?). (€]
Coraacio onpesnesnennio runep6oast
2¢ > 2a,
0TCI0Aa
c>a. (5)

Ipn ycaosuir (5) pasHoctb ¢2— @ uMeeT TOALKO TMOJIONKH-
TeALHOC 8HAYEeHNUe, a NMOTOMY ee MOMHO o0Gozuauntbh uepes b2
Cnenas sto B paseHcrse (4), moayumm:

(6)

V2x? — a2y = a?b?.
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Paszemis nocrenhee paBeHCTBO HA @%5%, HaHleM OKOHuA-
Te/bHO:

e X2 2 g
S—m=1 )

Tle X H y—Tekyullile KOOPAUHATE TOYEK THNepGosbl, a
b? =2 —a?. (8)

PagenctBo (7) npencrasaser co6o# nipocmeduuii 610 ypas-
HeHUs 2unepbosul *).

§ 27, llccaenoBanne ypasHenus rumepGousi. Ms ypanm-
s (6) § 26 umeen;

oTciona
b2xt— abt B (x—a?)
Jy 0

a* a*

y:ij]/x-—a. (1)

Hs sroro e ypapnenns (6) § 26 naxommm:

2 B @B a4 1)
= b2 b2

X

x=x=2 V45 2

Hecnenyem ypaswenna (1) n (2) A0 BIsICHeHMs reomerpi-
YecKoH Qopubl runepGobl.

I. Hafizem Ttoukn nepeceuennst runepGosini ¢ ocwlo Ox.
Ins sroro monaraem y=0 u us ypasHenus (2) noayuaes:

x:i%‘/ﬁ:ill.

Orciona caenyer: zunepGoaa nepecexaen ocs Ox ¢ d6yx
mouxax, xoopdurname komopex (a; 0) u (—a; 0) (uepr, 41,
TOUKH A u A,).

II. Fonoxum B ypasnexun (1)

|« <e 3)

#) Kak n B cayyae spannca, MOXHO NMOKA3aTh, uTO ypasuenue (7)
PaBHOCHIABHO ypasnenio (3), T. €. ne HMEET NMCCTOPOHHHX KOpueii,



§ 27] HCC/JE/OBAHIE YPABHEHHA THAEPBO/b! 79

TOTAA Y TOJYYNT MHHMOE 3HaueHHe, a 3TO 3HAYAT, YTO HA
runep6ose Her TOuek, yaosiersopsiownx ycaosuio (3). Creno-
BaTe/bHO, B TOJOCE MeMAYy NpsMbIMH X=-4a 0 Xx=—2a
(mpsmple KL un PQ Ha
uept. 41) ner Touex rumep- Y
6ol Lo R 1
a* b® ¥ » #
III. Mycrs

>a; (4) 0 z

Toraa w3 pasencrsa (1) nati- 4 i
AeM ANSi KaXKAOTo X ABA Jeh-

CTBUTENbLILIX  3HAUCHMS ),
pPasHbIX 110 abcoaloTHOH Be- Q L
JIYHHE, HO C MPOTHBONOJION -

HBIMH 8HAKAMH. A 9TO 3HAUHT, Hepr 4l

YTO  KAMNIUOMY BHAYCHHIO X,

YAoBACTBOPSIOUEMY HepaBeHCTBY (4), COOTBETCTBYIOT HA HaueH
KPUBOH ABe TOYKM, CUMMETPHUHLIE OTHOCHTe/JbHO ocn OX.

| x

9 o

X
CJICllOl}:l'l'CJll)lIO, 2unepooaa = =1 cumMmempuiia

omuocumenvno ocu Ox,

C apyrofi crToponb, Mis KamAOTO 3HAYEHNST J W3 paBeH-
crpa (2) nattnem npa AeHCTBHTEJ/LHBIX BHAUEHHSI X, PABHBIX 10O
a0co/IOTHOH BeJuuuHe, HO NPOTHBOMOJIONHLIX MO 3HAKY, T. €.
KOKAOMY 3HAYeHNo y ua runepbose COOTBETCTBYIOT ABE TOYKH,
CHMMETpHYHBIE OTHOCHTeJbHO ocn Oy.

X2
Cienopareibto, 2unepbora oy

I
|

s =1 cunmempuina

<

omuocumensio ocu QOy.

IV. Ecin B ypapnenun (1) napatb X 3Hauenusd, 8aKioueH-
Hble MeKAY —fa n —-co, TO BeinuHHa y GyAeT H3MEeHAThCH
or 0 10 Z=co, 1. e. B 9TOM CaAyuae KANKAOMY BHAYCHHIO X COOT-
BETCTBYIOT HA KPUBOH ABE TOUKH, CHMMETPHUHBLIE OTHOCHTEIBHO OCH
Ox u OTCTOsLLHE APYT OT Apyra TeMm Aajiblue, uem 6ojblue Beu-
unma aoeunecnl. Takum o6pasoM, MOMHO CKasaTh, YTO CHIeEp-
Oosa  umeer GeCKOHEUHYIO BeTBb, PACNOJOXKEHHYIO CHPaBa OF
npsMo#t x = a.

Ecan ke 1aBaTh X BHAYEHUs, BAKIIOHEHHBIE MEKLY —a I
—co, 10 y Oyzer usmenatbcs onsr, or 0 A0 —=oo, a 310
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8HAYUT, YTO, KAK B TMpembIAyMlEM Cayvae, ranepdonla HMeeT
GecikOHeuHyl0 BeTBb, HO HAYILYIO BJEBO OT MPAMOH X =——a.
Wrak, zunepboara ecmo xpusas, cocmosiuas u3 08yx 8em-
6ell, npocmupaonuxcs 8 GeCKOHELHOCMb.
X2 2
Va Bcero nanojkentoro crenyer, yto runepSona —g—y—‘,=1
a b
COCTOHT W3 IHBYX CHMMETDHUHLIX OTHOCHTeJbHO oci Oy Gec-
KOHEYHLIX BerBeff, OAHA M3 KOTOPHIX PACMOJOKEHA CMPaBa OT

&
v "

\
Fom
=

Q

“

Yepr. 42.

npsyoft  x=-a, a apyras ciesa or npaMoft x = —a.
Kaxaas ns osrux sersed cummerpuuna orHocureasuo ocun Ox
(uepr. 42).

Touku A(e; 0) u A, (— a; 0) HasbiBalOTCA SepuLUnas 2Unep-
60, a rouka O (0; 0)—ee yewmpo.r,

Orpesok AA, = 2a wocur Hassamue OedcmeuUmeavron i
sewjecmeennod ocu THnepboan B omanuie or ocu BBy =20,
Ha3LIBACMOR MRUMOM *).

Orpeakn F\M uw FM — chorassnsie paduycer mouru M.

§ 28. 3xcuenTpuCHTET TANEPOOALI. IKCHEHMNPUCUNENOM
211]18p60/lbt Ha3vleaemcst ONMHOULeHUE paccmosiius .'IL'.)IL‘DY
2 (3

orcycamu Kk OAUHE BeweCMBennol ocd, m. e. S

#) Otpesox BBy =20 naspiBactcs MHHMOI OCbiO, TaK Kak Ha uew
HET TOMCK IHIepooabl.
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OKCcueHTpUCHTeT rUNepdoabl, TaK KE Kak M AJq 9/aunca,
oGosnauaercs GykBo# e:

e==<. (L

a
Ho cornacno pasencrsy (8) § 26
c=V a7,
noaromy dopmyay (1) MoxklO NPEACTABUTH B CACAYIOULEM Bille:
oy
e A G
a
Tak xak ans runepGoant ¢ > a (§ 26), To apodu

c
= > 1)
a
a noromy IKCUEHTPUCHTET runep()onbl Goable emIHHILBL.

§ 29. Acumntors runepGouisi. ITocrponM Ha oCSX rumep-
60ibl ’

x? 2

<

U BN

a*

npayoyroastik  LQRS co croponami, pasuviMit 2a uw 2b, n
nposeseM ero auaromamn LR u QS, nposo/ukus ux 1o obe
croponst (uepr. 43).

&

7
\ 8 Z 79
\4, a ot 4

I

|

/ P o (O —3— /0
% q

Yepr. 43.

Z

Tpamas LR npoxoant uepes 11auano KOOPAMHAT, TNOITOMY
ee ypasHenite Oyner:

= fx M)

6 3ak. 215, H. J1. 3afuen
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Ho yraosolt xoadipuument

AL b
k=tg/LOA=7Fr= .

3amenns B ypasHeHun (1) R HallleHHBIM ero 3HaueHueM, TOJY-
UHM ypaBHeHMe npaMoR LR B cielyioulem Buie:

y=%x. (2

Ipayas QS Takie onpesensercs: ypasHenuem (1), HO yrio-
BOH Koa(p@uuuent ee Oyner y;xe ApYro#, a HMEHHO:
k=tg / AOS =1tg (180°— £ SOA,)=
) b
=1g(180°— o) =—tga=——.
Takuy oGpasom, ypashenne npssoft QS Oyzrer:
— 3)
y=—24. (
O6uiuno ypasuenns (2) u (3) 3anuchIBAIOT C/ICAYIOULID
obpason:
0 4)
y= i; X. (
Mexay npsMbiMH, npeacTaBieHHbMi ypasHeHusdi  (4), U
runepGonofl cyuiecTByer CBfisb; BLIACHHM ee.
Pewuy cosmecTHo crnocofoy noACTAHOBKH YpPaBHEHs (4) un
ypasuenue runep6oibl %—Z—'—j: 1.
bynem umers:

an

TO HEBO3MONHO, TaK Kak a == 0. Taxuym obpasom, npambie (4)

2 2
i runepGoa %'— zz =1 ne umelor ofWUX TOYEK, T. €. Npsi-
Muie (4) ne nepecekaloT runepGoay.

Bosbmem na npsamo#t LR w ma runepGone Touku M n N,
pﬂCﬂOﬂO)KellllblC B nepnom KOOPD.HHZlTHOM yl‘.’ly I uMeoune
OAHy i Ty ke abcuuccy. Opaunaroft Toukn M caywut PAM;
oGo3naunm ce yepes ¥ B oramume or opamsaThl Toukm N, KO-
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T0pyi0 oGosnaunm Gykso#t y. M3 ypapuenns (2) MOXHO Hamu-
carb:

Y=—£ 5
a

V3 ypasuenns runepGoapt nmeen:

-——-%I/x?—a?.

Cocrasum pasnocts

N NOCMOTPHM, Kak oHa 6y11eT H3MEHSITbCSI NMPH BO3PACTAHHH
abcuucenl. Ias sroro YMHOMHM M pasfieJuM MpaByio 4acTh

NIOCJCNIHETO PABEHCTBA HA BhIPAKEHHE x-|—1/x2—a‘3; HONYYHM:

bx—VFE—a)(x+V2—a) _b[x*—(x—a?)] _
a(x+V 2—ad) T a(x-t Ve—a

b (&% — x?+-a?) ba® ab

a(x 4V xT—a) a(.\—{-l/ 2 —a%) x‘f“l/ F—a

V—y=

Hrax,

Y—-)l: 3 (5)

X

Ilycrs semmunna x B pasencree (5) GeckoHeuHO BO3PACTaeT,
TOrjaa 3Hamesatesnb apoOM  Taioke OeCKOHEUHO pAcTeT, a caMa
Apo0b  yMenblaercs, npubaiskasch K Hyuao. Takum oGpasom,
runorenysa NM u, cneposaresvno, xater N 7T B npsMOyroJbHOM
Tpeyroabuike MNT crpemurcs k Hyumo. M3 ckazannoro jenaem
HLIBOJY Npu HEOZPAHUMERHOM B03PACMAHUL AOCUUCCH X 2U-
nepoaa npubauscaencs & npasol LR rarx yz00ro Gausio,
Huzde ee He nepecexas.

Tax xax npampie LR u QS, a Takke TOuKH Trunep6OIb:
CHMMETPHUHBL OTHOCHTE/bHO ocH OX, TO MOXKHO CKa3aTh, Y4TO
W 4ACTb runep0oibl, pAcHoJoNKeHHas B UETBEPTOM KOOPAMHAT-
HOM yrily, Kak yroano 0Jmsko noaxomur x npsamo#t QS, nurie
ee lle nepecekas.

Buipon, caenaunbifi aas npaso#t BeTBH runepGoibl, chpases-
JHB W ana ee nepofi BerBu Oaarogaps TOH ke CHMMETPHUHOCTH
npaMeix (4) u runep6osbl OTHOCHTE/IbHO KOOPAHHATHBIX OCEH.

6*
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[Tpassre
b

=*=—x
y a

HA3BIBAIOTCA ACLMNMOMAML 2unepioabL.

M3 ckasanHOro B HACTOSWEM naparpade MOXHO cHeaaTh
3aK/IOYEHHe, YTO TiNep06oaa Pacmo/oNeHa BCEMH CBOUMHI TOY-
KAMI BHYTPH BEDPTHKA/BHBIX Yr/0B, 00Pa3yeMblX acHMATOTAMH,
W HHTZE He BEINOZNT 31 HX TpaHuLbl. IDTHM 0OCTOATENbCTBOM
MOXHO BOCMO/b30BAThCS A/1A NMOCTPOEHUs TrunepGoJbl B Clyuae,
ecai He TpeOyeTcsl TOYHOrO, @ NOCTATOYHO TOJbLKO TPHOJIHIKEH-
1Oro ee H300pameHis; 413 3TOrO, HAYEPTHB ACHMMTOTLI, HYIKHO
TIPOBECTH NJABHYIO KPUBYIO JHHIIO, NOCTENEHHO npuod/NIKas ce
K aCHMNTOTaM.

o

Mpume p. Jlaua runepGona l\b —{T~= 1. VYsuwarn, Je-

KuT an Touka A(2; 1,5) ma xaxoH-ando ee acuMmmnrore.
Pemenue. Vs nannoro ypasuenus useen:

a=V16 =4,
b=V19 =3.

Crenosatenbio, ypasHenus acuyMnror OyayT:
)'=tlT.v.

Tak kak Touka A sescnt cornacHo ycaOBIO B MEPBOM
KOODAHHATHOM yriy, TO OHA MOMKET NPHHALJCHKITL TOJALKO
aCHMNTOTE, OMpeae/seMoll ypaBHeHHEM

V= 3 X

P S FE i)
TMoacrasus B Hero ByMecro x it ¥ KoopauHartsl Toukm A, noay-
UHM TOXECTBO:

b= .2=1,5.

4| o

Bnaunr, Touka A JeKNT MA yKasamioll acuMnToTe rinepOoibl.

§ 380. Pasrocropounss rumepGosa. Ecmt B ypasienii
rHnEpeOL! ]

o 0
ta y?
—— L_:_ =1

a*
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NoJNOKHM @ = b, TO 3T0 ypaBHeHNe TPUMET BHIL

ol o
Xy
B o

nan
X2 — 3% = a® (1)

Ypasuenue (1) onpesensier runep6oay, y KOTOpOH MOJyOCH
pasunl mexcay co6o#t. Takas runepGosia HA3bIBaeTCsi PABHOCHLO-
Poried. YpaBHeHus acHMNTOT B 3TOM ciayuae OyayT:

y=tx, (@
TAK KAK OTHOLIEH!E
b
—— 1-
a -
Kax  suano us ypasuenns (2), yriaosbie KO3(QQUIHEHTH
acumnror pasus -1 u — L. Ecan oGoswaunts yruasi, o0pa-
K4
Y4
&
7 2
0
V7
Yepr. 44,

3yeMble acHMNTOTAMM C MOJOKHTEJbHLIM Hanpasienuem ocu Ox,
COOTBETCTBENHO ueped o M o (uepr. 44), 10
tga=1 un tga;,=—1,
OTKY A
o=45° n a;= 135°
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Cnenona'renbuo, Yroa Mexay acuMntToTaMu 6y11e'l’:
oy — o= 135°— 45° = 90°.

Otciofia 3aK/IONaeM: acUMnNONMs. pasHOCHOPOHHeN 2unep-
006l 83QUMHO NepeHOUK) AL PHOL.

§ 81. Ypaeuenne paBHOCTOpOHHEil THIePGOJE!, OTHECEH-
HOii K acumnroTaM. Tak Kak acuMNTOTH PABHOCTOPOHHEH TH-
neplo/Ll B3ANMHO NePreHAHKYNAPHBI, TO HX MOYKHO NPHHATH 82
OCH NpSMOYrOJIbHOH CHCTeMb KOOPAHHAT W PacCMaTpHBATL TH-
Tlep6oy MO OTHOWEHNIO K STHM HOBbIM OCAM. DBriBesem ypas-
HEHHEe PaBHOCTOPOHHel runepGoALl /s “3TOr0 CJjyyas.

l'lycn: JlaHa PABHOCTOPOHHAA rnnepéona‘ Torpa ee ypasHe-
HHle N0 OTHOWIEHIIO K KOOpauHATHBIM ocsM Ox u Oy (uepr. 45)

BbIPa3uTCs, Kak OblI0 NoKa-
)4" 3ano B § 30, B BuIE
x2— y2=a". (@))

Baas wua runepGoJsc npons-

BoJbHYI0 TOuKy M (x5 ¥) i

MOCTPOMB €&  KOOPAHHITD,
r Oynem uMmerb:

x=04, y=AM.

[Mpuyem Teneph 3a 0CH KOOP-
JHAT aCHMITOTHL IIepOoJbi:
0X— 3a ocb abemnee, OY —
3a ocb opaunar. Onycrus
Ny nepnengnkysqsp AMC ma Ho-
Byl0 ocb afcitnce, Hafme:

X=0C, Y=CM.

Buipagum  HoBhie koopammarst X u ¥ touxkn Al uepes crapbie
X u y. Ilas sroro us roukn A npopeaem AB _| CAl u

AD | OX. OGpaTuM BHUMAHHE Ha TO, YTO B oGpazosaBliixcs
NPAMOYTOALHEIX Tpeyroasuukax AMB u AOD

LAMB= / AOD

KaK  yraw, O0pPa3oBAHHLIE BIAUMHO NEPNEHANKYJAFPHBIMI TPS-
Moisit. Ho / AOD = 45°, nosromy

L AMB = / AOD — 45°,

Yepr, 45.
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M3 veprema umeenm:
X=0C=0D—CD=0D—BA= 0Acos 45°—AM sin 45° =

/3 9
=¥x V” )'—lfj x—y) (2
Y=CM=CB+BM=DA+BM=0A sin45° - AM cos 45°=
/5 ) f2
Y2 B2y =120ty @

TMepenuoyns pasencrsa (2) u (3) W npuHAB BO BHUMAHHE pPa-
BEHCTBO (1), moayuus:
1
X)’—-—(.»2——-\r-)————a9. “4)

2

TMonoum A KPaTKOCTH

Torxa papencrso (4) mepenuuercss TaK:
XY =m, ®)

FJE M — NOCTOSNNASE BeJIHYHHA.

Takoso ypasuenue pasnocroponuefi runepGoai, ecin sa ocH
KOOPAUHAT NPHHATH €€ ACHMITOTHI.

Kax Bumno ua ypasnenus (5), nepemennsie X n Y —peau-
Uil 00paTtHo  nponopiuoHaabHbIE, A IOTOMY MOXHO CKAasaTh
YTO  PABHOCHIOPOHHSSL 2unepiosqa Xy ==m npeocmagasen co-
6ot 2pagiurc  00PAmMHO  NPOROPUUOHAALHOL  3ABUCHMOCHLU
Medc0y nepesMeHHbMU BeAUHURAMU,

Ynpawuenus

1. Hanucars ypapsenne runepGoabl, €ClH RaHbl:
1) =8 =2, 2)a=4c=5 "3)b=5 =13

X 3
2. Jlana runepGona s 1. Onpeneants ee OCH H paccros-
nne veway (okycam,
3. Hailti KoOpANNATH BEPLUH 1 (OKYCOB THIEPGOLI v =13

114 250
4. Hanucats ypasuenne runep6oiabl, y KOTOPOii (OKyCh HMEIOT
KOOPXHHATHI (=40 un BCUIECTREHHAS OCh PaBHa 6.
5. Jlana runepGona 24x* —25y® = 600. Onpenequrs KOOPAMHATHI
ce (JOKYCOB, AJMHY OCEil M IKCUEHTPHCHTET,
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8. Hanncars ypasnenne runep6oJsi, ecanm nambi:
7 = .
)e=T7, e=1—?1fb; 9 b=9 e=125.

7. Hanucats ypasnenne runepGoini, y KOTOPOii

a 3 -
i ¢ =15.

8. Jlexar an na runepoose
X2y :
16 36
. 673 . 375 . 01 52
caenyiomue Toukn A (8; 6V 3), B(6; 3V 5) u C (3; 2V 6)? .
9. Hamucatp npocteifwmii Bua ypasuenus ranep6oant, HPoxXoauleit
uepe3 touy A(9; —4), ecan ee sewecTsennas noayoch papia 3
10. Hanucats mpocreiimmii Bux ypasuenus runepGoabl, NpOXOLs-
weii wepes ape Toukn A (4; ],/5) u B (—4 V3 5).
11. Hanucats ypasuenus acHMOTGT, a Takike HailTH BeaHuUHHY
SKCuenTpHcnTera runepGoan x*— 2y =6
12, Hanucars ypasuenns acumntor rumepGoasl, y KOTOPOii peule-
CTBEHHAA OCb paBHa 8, a PacCTosiHIe MEMAY (POKYCAMH, JeialluMi 1d
oci O, pasio 10.
13. Hammcatn ypasuenne runep6oasi, €cjm paccTosiie Mem1y
dioxycanm, pacnonosenusivn wa ocu O, pasuo 10 V2, a ypamiemns

acHMITOT y=i£ X

14. Hanncats ypasuenne runepGoawi, acHMAOTOTAMH KOTOPOil Cay=
KAT TpAMble y =t gx H (okycs KOTOPOIT HMEIOT KOOPAMHATLE
(£2; 0).
15, Touxa A(10; 4,5) nexxur wa runepGoae, a Touxa B (4 3) ua

glllloi'l u3 ee acunntot. Hamncare mpocreifuimii BHX ypasueiis runep=
O1BI.

16, Haiiti Toukn nepeceyenns runepGoant x*— 2y* = 18 c npanoit
X =

17. Haiitit Touky nepeceuenus runep6oasi x> — 2y? =4 1 npavolt
dx—d4y =2

18, Haiitn octpulii yroa mexay acmmntoramMu rimepgoant <.
— 5y2 = 100.

19. Haiitn 9kcuentpucnteT runepGodb, ¥ KOTOPOIl yroa memiy
acumnrotamu pasen 60°

20. Onpeneants TpaekTopuio Toukn M (X; y), KOTOpas npiu cnoeM
ABIDKeNHN ocTAeTCA BABOE Gamike K mpamoii x = 1, uem « touxe (4 0).

§ 32. MapaGona u ee mpocreiiniee ypaBueuue. [Tapato-
A0 RA3bI6ACMCA  200MEMpPULecKoe MeCmo IMmouex, Kasucoasl
u3 Komopuix 00UHAKOBO yOasewa OmM NMOUKU, HA3bIBALMOL
(hokycos, uw om npamod, wasseaesmof dupexmpucoi (i1pi
Yeaosuu, wmo goryc He aexcum ra Oupexmpuce),



§ 32
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IMycrs Toukn My, My, My, M, nexar Ha napaGoJe (uept. 46)-
Ecan rouka F maoGpaxaer dokyc, a npsmas AB— RHPEKTPHCY,
TO COr/IaCHO JaHHOMY Bbille ONPENC/ECHIIO MOMNEM HAmHCaTh.

FM,= MN,,
FMy= M,N,,
FM;= MyN 3,
FM4=/VI4N4.

Brisenen y

I

paBsHenne napaGosl, M0Ab3YACH €& °"P31;€J:)e;l"“3;
51 9TOrO BLiGepen cucreMy KOOPAUHAT, NPHHSE 3

4 npsMYIo;, npoBeAeHHYI0  Uepes

7 rouxy F (poxyc) mepreriuky-
AspHo K pupexTpce AB, a sa
ﬂ -y

N

Al‘ N M

N,

T,

M

? B

Hepr. 46, Yepr. 47.

ﬁi;né)y‘“l’ﬂmwo npoxoasuLyo ¥epes Cepertity PIcoe KT
“PlCHIIK Y 51 . :
pHo | e yepT. 2

Gosauy © X nocaeanemy (Uep

KF=p;
TOrna g P .
o \OODllllllil'l'm (l)Ol(yC:l F GyayT (—2- i X o
> ‘L n‘pouauonb" 0 . M(x; ¥ paccTosiua ee or O
kyea Fl y o m)i, TOUKY B '6)»'11)"? pBIpAKATBCS COOTBET-
g;‘;:"uo °TP°31<aanell§;/llmlclbl/v1N CorJiacHo onpele/cHiio napa-

1, MOkey iy 5

1
FM= MN. . M)

0). BoabMeM Ha napa-
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$ODMYAY PACCTONHHS MEXAY ABYMSl TOUKAMH M Tpi-

ue, uyto Touka N umeer KOOPAHHATHI (—- %; )’).

=y =2+ o—or=y/ (+— 5]+

W=V (++8f+o—r=x+%.

3 FM u MN B pasescrse (1) ux BbIpazeHuaMH,

oty

V5 +r=stt @

10 u ectb ypasuenue napadonb. OTHOCHTENLHO Bbxﬁgauuoﬁ
CHCTEMBl KOOPAMHAT, TAK KAK OHO CIpaBeinnBo /s JioGoil ee
TOHKH,

Ynpoctum ypapuenne (2). [las 9TOro BO3BELEM o0e 4acTl
€r0 B KBaupar;

o

(»—5)+r=(x+%)

Packpoenm ckobiu:
) 2 - o 3 p?
x-—px—{—’f—}—i—y- = x4 px +IT =

Tpusesst nosoGuble unenst, momyuum npocmediuiee ypasHerte
napa6oast

= 2pe ®) @

Bemunna p nasusaercs napasempon napaGoait.

§ 83. Mccaenosanne ypasuenns napaGoast. Ils ypasHe-
Hua (3) § 32 nafinen:

y===V2px. (1

Hccaenyenm ypasnenue (1) zas puscHeHHs TeoOMETPHUECKOR
(bopmbl Haweft kpusoH, nonaras p >0,

HIi ":()_);\lomuo NOKa3aTs, uTo ypapuenue (3) PABHOCHALHO YpPablie-
0 (2).
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L. TTonoxun .
x=0;
TOrAa
L
Otciona crenyer; napaGoaa y2=2px npoxodunm. 4epes
Hawaro Koopdunam
II. Ecan X <0, To y— MHHMOE HHCJIO. A aro 3ua"l‘;' l:;o
napa6oaa ",‘1= pr He umeen movex ¢ OIll]JtlIL(IIIlE/lele.!l aocy
Catw u, caedosame.sno, pacno- Y
A0%icera cnpasa om ocu 0.
. Ecan x> 0, 10 ¥ uMeer
ABA - neficrnurenpypix anavenns,
f’gmmx 10 aGeomorioft penul- -
;“‘ MO ¢ paguivm apakamu. d10
AR
Te‘”“- UT0 Kawuomy nonoKu-
Gom’”o-"‘)’ SHaYeHINO X Ha mapa-
ai?e CooTsercrayior ppe Touki,
P ‘LllOJIOJI(L‘IHIhlc CHMMETPHYHO
O'IH()CHTQ.’H:HO ocn QOux.
5 IeLoBatenp0,  papadoaa !
{ <px Cussempunna omuo- Yepr. 48.
meapno ey Ox
Y€Tb x peorpannuento B03pa
“""“Pllllll-w“”o ps yki napagoant € nepemereHnenm
pacri, . €. TO © oci Oy HEOrpaHiueHio
. unpzmo’rcl:I ppepXx 1 BHH3 OT OCH Ox.
. y 1a 5110 = B G -
5 Y irax, napadosa i —Qf:d «
cpLoum. 113 GECRORENREX GETLECE.
JKenHoe noaposser npei-

X

craer, Toraa n | y| Gyner

en3J10
anl?ll::u napaGony, KaK MoKa3aHo Ha
cT
- z uepr. 48 "
— 1 | 1epT. , sepuLuHol
N o Touxa O HaswiBaeTca D

0Tpe3oK FM——gOot:'a/u,-
. mouru M napadoau,
4 Geckoneunas TNpaMad Ox siBasercs
:
npul.
se ocplo CUMMET _
¢ %fc,m JLUpeKTPHCY napabonsl no
; ‘ PJLH-
Hepr. 4 sectiry cnpapa Of nauand Koopu
P : ro Qokyc 1 BeTBi ee pﬁacnono-
L [pu sToM aGcunccs
Nokazano ma ueprewe 49- 1P A usen
NapaGonyy Gyayr ynowe.mopﬂlrb yC/0BHIO <00,

napaborbl,
HoLM paouycod

Karey

Kakg
TOueK
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NOTOMY €@ ypaBHeHNne NpPHMET BHA: .
yr=—2px.

IMapaGona Moxer ObITH CHMMETPHYHA H OTHOCHTEJbHO ocu O;
B 9TOM cayyae cokyc ee OynerT Jexatb Ha OCH OPAMHAT,
a aupekrpucofi Gyjer npsmas, napainenstas ocu Ox. Kak suimo,

4
Y
0 z
£ 5
z
a
Uepr. 50. Yepr. 51.

npu aToM YCAOBUH KOOPAMHATHBIE OCH NOMEUSIIOTCSE PoJisiMi, M
Ypasnenue napadonbl NpHMET BUA

x2=2py, (2)
ecan sersn ee Hanpasaensi ssepx (uepr. 50), u
2=—2py, )

€Call BeTsn Hanpapiensi suu3 (uepr. S1).
ITpumep 1. Jdana napaGona

y2=12x.

Hatirn koopamnaret ee dokyca u Hamicath ypabHenue nupe-
KTPHCHI,

Pemwenne. [auuas napaGona CHMMETPIUYHA OTHOCHTEJLHO
oci Ox n pacnonoxena Hanpaso ot ocit Oy. la ypasuennus
HAaXOMiM:

Ip—12;
OTKyaa

p=0.
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Paccrosnue q)Ol(yCﬂ OT HayaJja KOOpll.H.lla‘l’ PaBHO %. 1no-

STOMy aGcuncca goxyca Oyner %: %:3. HMrax, pokyc naxo-
LUTCSL B TOUKE
F(3; 0).
Hupexrtpucoft caymur npsmas, napainenphas ocu Oy 1u
OTCTOsAA OT nocAeAHel Ha PACCTOSHUN 55 £ — 3. CuenosartesHo,
YpaBueuuie AupekTpHcH napabosibl C)y,ELe'l‘ x=—3.

MMpumep 2. dokyc napaGoaw ¢ BepiiHOH B Hauane KOOp-
AuHat aexnr B rtouke F(0; —4). Hanucars ypasuenue 3T0i
napagoupl..

Pemenne. Cornacio ycaosmo nanHas napaGona cumme-
Tpuuna orunocurenbno ocH Oy, a BETBH €€ HANpPaBAeHbl BHUS,
nosTomy uckomoe ypapnenne naiizercs ns (3). Tax kak

b=t
TO
p=2_8
W ypasuenne napaGoant Gyner:
x2=—16y.
Ynpawnenus

1. Hamncats ypasnenns uersipex napa0o] ¢ BepLINNOii B nauaje
KOOpAHHAT, 3nas, UTO KOOPAHUATEI HX (NOKYCOB paBHBL:

1) F(4 0), 2) F(—20), 3) F(0; 3), 4)F(@0; —5).
2. Onpeneanrs KOOpAMHATH (POKYCOB CACAYIOWHX NapaGos:
1) y2=10x, 2) y2=—12x, 3) x*=8y, 4) x2=—10y.

. Hafitn xoopauuatst okyca napaGoant 2y* — 5x = 0.
. Hanncars ypasuenme tupexTpychl 1 HaiiT KOOPAHHATE! (hOKyca
Kaucnoit n3 napaGo.a:

W

1) y2=4dx, 2) x*=—38y.
5. Hanucate ypasuenis napaGoJ ¢ BEpUINNOIL B HAua/e KOOPAHHAT,
JU1S1 KOTOPLIX AHPEKTPHCAMI CAYKAT MPsAMbIC:
) x=—2, 2) x=3 3)y=25 4)y=—4

6. JlupexTpucoil mapaboanl ¢ REPIUMHOI B avale KOOPJAHHAT ciy-
wut npavan 2x+-5=0. Hanucats ypasuenue u ONpese/iTh KOOpA-
Hatel (Jokyca 970il napaGoaLt.
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7. TIpoBeputb, JEKHT JTH

1) Touka A(2; —2)  Ha mapaGonre y?=2x,
2) » B(—1 V5 » » y2=5x?

8. M3 oreepctus Gaka, HaxXOAfUIErocsi HA MOBEPXHOCTH 3EMJH,
BHITEKAET BOJa CTpyeil, mpeacraBasioweil BeTsb mapaboast x2 = — 6y.
Ha kaxom paccrosuui oT kpasn 0aka majgaeT CTPYst Ha 3EMmO, eCiH
BbICOTA OTBEPCTHA PaBHA 1,5P M?

9. Haiiti BbICOTY apxu MOCTa IAHHON 24 4f, ecam apka HMeeT BHI
napa0oaLl, ypasienne KoTopoii x? — — 48y.

10, Hanucats ypasuenne mapaGoibl, HMEIOLEll BeplUHHY B Hauale
KOOD/IHHAT, CHMMETPHUHOIT oTHOCHTEeAbHO ocH O.X H mpoxojnAmeii yepes
Touky A (4 —2).

11, Hanucath ypasnenne napaGodsl ¢ BepLIHNOil B Hauaje KOOPAH-
I‘tliiT. CHMMETpHUHOIT oTHOCUTe bHO ocH Oy M MPOXOXAUIeil yepes TOUKY

: 2
12, Yepes doxyc mapaGonnt y2 = 10x nposeaena Xopaa mepreniu-
Kyafpio K ee ocu. Haiitn aamny Xopisl.

13. Haiiti Toukn ma napaGose y?=5x, uMeloue pasHble KOOP-
JUHATH,

14, Uepes doxyc napaGoasi y2=8x u uepesd ec TOuky, adcuUHCCD
KOTOpOii pasna 4,5, a opauHaTa MOJOKHTE/]bHA, MPOBEjeHa CeKyuUlas.
Cocrasuts ypasnenue sroii cexyueit.

15, Haiitit Touki nepecevenus mapaGoabt y2= 9x ¢ mpaMBIMiL

) y=2¢+1, 2)2—38x—3=0, 38)y=3xv-L
16, Haiitn nmny oGweii xopawt asyx napaox:
yr=4dx u xr=dy.

17. Yepes (oxyc mapaGoant y?= —4x nposenena npamas MO
yraoym 135° K MOJOXN(HTeAbHOMY Hanpasaeunio ocu Ox. Hanmcars ypas-
HeHHe NpAMOil M HaliTi jJuuny 06pPa3oBaBlICiics XOpPLI.

§ 34. Ypasuenne napaGoast co cmemennoii Bepunoii
0Cbl0, mapaumienshoit ocu Oy. BosbMem ypapnexus napaGo.ibt
(2) n (3) § 33 n sanmwewm nx B crexyoweM Biie:

X2 0 ny,
Orciona
1 .
) — = — x2, 1
Y= 55 ¥ (1)
IMonoxus B ypasnenun (1)
1
==
== 9p

NOMY UM
y=Ax2 2)
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Ypasuenue (2) onpenenser napabony, BeTsH KOTOPOH HampaB/eHL!
sBepx, ecan A >0,
U3, ecan A <0,

B nanbuetiuien Mpr Gyaenm 4acTo NoAb30BaThCs ypasHeHieM (2),
npencrapasiiowtiy  napaGosy ¢ BEpIIMHOW B Hauajae KOOpAMHAT
H C OCbI0 CHMMETDPHH,. COB-

Najaiouwe# ¢ ocblo opauHar. ¥ i

Paccmorpum  napaGoay, |
Y KOTOpO#l BepmimHa JeKuT
B Touke O,(a; b), ocb cum- : M
MeTpun napaaseasna ocu Oy,
4 BeTBH NanpaB/ieHBl BBEPX
(uepr. 52).

Boabyen na napabosnie npo-
U3BoJaLNYyI0 Touky M(x; V).
Onyerus us iee neprennky-
asp MP na oce Ox, Oyuem
UMETh: o] _ - Q@

OP=x; PM=y. Tz

Iponsenem uepes O, npsmbie Hepr. 52.

0,X u QVY, napaaneibhbie

KoopanarTium ocsiv Ox u Oy, 1 NON0KHM BPEMEHHO, YTO NPSMbIe
0,X u O,Y cayxar ocamu nosoft cucrembl xoopamnsar. O6o-

3HAUUM KOOPAMHATHLI Toukn M B oroit cucreme uepea X u Y,
mesel ¥

OP T = X8 NP1V

Vpasnenne mnapaGonbl B HOBOH CHCTEME KOOPAMHAT HAMHLUETCS
caenyiouy oGpaso:

Y= AX?, (3)
rae A > 0.
YroOul HaliTii ee ypaBHEHHE OTHOCHTEJBHO MNpPEKHUX Oceil
Ox u Oy, nyxino X u YV pupasute vepes x u y. Tax wax
0OQ=a n QO,=0,
TO
X=0,Pi=QP=0P—0Q=x—a,
Y=PM=PM—PP,=PM—Q0,=y—b.
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Moncrapus B ypashenne (3) Hafimennwe snavenns X u Y,
noayuuM:

y—b=A(x—a)p,

nan
y=A(x—a)y-+b. 4
Ynpocruy ypasuenie (4); Kas 3T0ro packpoeM B HeM CKOOKH.
g [Toayurn:
y=Ax*—24ax—+ Aa*+-b.

®)

OGo3HaunM:

—24Aa=B, (6)

1) Aa*+b=C; )
Toraa ypasHetnue (5) mpumer

Z . BHL
o y=Ax*+4 Bx—+C. (8)
Yepr. 53. Ao — ypagrenue napa-

00abt ¢ BepULUROL, aevcaued
8 21060 MOUKE NAOCKOCMU, U ¢ OCbIO CUMMeMPU, napai-
aeaproi ocu Oy.

Paccsorpum uactibie cayuan.
[Mycrs alGcuncca pepuinubt napadoasl a=0; Toraa sean-

unia B B pasencroe (6) take Gyaer Hysem u ypasuenne (8)
NPIMET CJeAYIOWNN Bua:

VY= Ax>—-C.

TMoayuennoe ypasnenne onpenesser. napaGosy, y Kotopoli pep-
wana gexnT Ha ocn Oy, ssasiouwlefica B TO Ke Bpems u ee
OCbIO cumMMeTpHi (uepr. 53).

TTosoxim, 4TO oana u3 touek napaGouibl (MCKJIOUAs ee Bep-
LWniy) JeXNT B HAvane Koopauhar; Toraa koopanhatet (0; 0)
AOJIKHBL YNOBAETBOPATL ypasHennio (8). 3aMeHus B HeM x u Y
nyasmu, natiem C=0. B stom cayuae ypasuenue (8) nony-
YT BUA

V=Ax*—+ Bx
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I Oyner onpegensTs napaboay, IPOXOASWLYIO UYEpPe3 HAuajIo
koopnunar (uepr. 54).

3amerum, uro W ypabHenue (2) MOXHO PacCMaTpHBATL KAk
HACTHBIK  cayyaft ypasHenusi (8). [HeficTBurebHO, TNOJONKHB
B pasenctsax (6) n (7)

a=0 u =0, %
N0y M: |
B=0 n €=0,
Beaencrsue  uero ypasmenue (8) =
npeoGpasyercs B chenyiouiee: . e
y=Ax?, K
s ckasannoro caenyer, uro Yepr. 54.

napaGoaa, y KOMOpPOiL 0Cb CUM-

Mempuun napaarseapHa ocu Oy uan cosnadaem ¢ ued, onpe=
deasienicsn ypasrervea

y=Ax2+Bx-+}C
npu awo6ux 3navenuax A, B u C, kpome A=0.
YOenumcs Ha npuMepe, uTO CNPABeAIUBO i 0GpaTHOE yTBEPIK~
JeHie: BCsIKOe ypasHewie Biaa (8) onpenenser napabotly ¢ OCblo

cuMMeTpHl, napajsenbHoit ocu Oy.
ITycrs nano ypasuenne

y=2x>*—4x—3. 9)
TlpeoGpasyem ero ciaenyiouuin oGpasom:
y=2x2—4x—3=2x2—4x4-2—5=

=2(x*—2x++1)—5=2(x— 1*—5.

Orciona
yH5=2(x—1% (10)
[Tonomxnm -
y45=7,
x—1=2X;

Torpa ypaspenne (10) npumer B
Y= 2X2 (11)

7 3ak. 215. K. Jl. 3afiues



98 KPHBBIE BTOPOrO TNOPSAKA [ra. v

Vpapuenne (11) mmeer Tako#t ke BuA, KaK M ypaBHeHue (2),
1O3TOMY OHO, @ C/elOBaTe/]bHO, 1 ypaBHeHue (9) ompeneisioT
napa6ony, y KOTOPok 0oCb CHMMETpHH napaijienbna ocu Oy.

Ilna noctpoenus napaGoasi, onpejelisieMoli ypaBHeHHeM BiLA
(8), MOXHO MCTOJb30BaTH OOBIYHBIL TpHeM, NpPHMeHseMbI# 143
BbIYEpUHBAHNA rpaduKoB (yHKunt, a HMEHHO: NaB X psii 3HA-
YeHHH, BBHIUMCANTL 3HAYEHHs Y, 4 3aTeM, MOCTPOMB TOYKH MO
HARNEHHLIM KOODAMHATAM, NPOBECTH Yepe3 HUX IJIABHYIO JIMHUIO.

MMpumep 1. Mocrponrs napadony y= x*—4x.

Pewenue. Tpewne pcero matimeM abeumucchl TOuex nepe-
ceyenns nanno#t napaGoasi ¢ ocblo Ox; nogodxus y =0, noayunn:

x2—4x=0, omkyma x;=0, x,=4.

Tak Kak HaineHHBle TOYKH CHMMETPHYHBI OTHOCHTEJNBHO OCH Ta-
paGosibl, TO BepwiHa mocaemHel, HaXomsich Ha STOH oci, HMEeT
044

aGcuucey, pashyio —

=2; opauHaTa ke ee

)1222—4-2:—4.
OTHX TPeX TOYEK NOCTATOUHO AAS MPHEMIDKEHHOrO H300PAKCHNS
napa6osnsl.

Ilas Gonee TouHoro ee NpeacTaBACHHST HYMKHBl AOTIOMHNTE/Ib=
Hele Toukn. CocraBum Cleayiowyio Taﬁﬂlﬂly:

X ——1]0 I’ 2 3 J!

(3

e

INDERET

[locTpois 9T TOUKM W NpoBEAs Yepes HUX IJIABHYIO JHHIIO,
NOAYYUM HCKOMyI0 napaGoay (uepr. 55).
1,

Mpuwep 2. Tlocrponts napabony y—— - x2—-x— 1,
Pewen we, Kopnu ypasuenus

—%.vz—i—x—l =0

MHNBIE, a2 NOTOMy ocb Ox He nepecexkact XaHHyl0 napaboay.
B stom cayyae caeayer mafitu aGeumcchl TOueK mepeceucHist
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napaoJsl ¢ npsimMoft

= —

(— 1 —cpoGonubiil uneH ZaHHOrO ypaBHEHUs Mapaboast).

Uepr. 55.

Pewasn s 9Toli uean cucreMy ypasHemii

Iy =—-;—x'-’+—x—l,

ly=—1,
Gylien HMETb:

nian

oTKYAA
Xi= 0y =12

l’[onyucnnmc TOUKH CHMMETPHYHLI OTHOCUTEILHO OCH napaéomﬂ,

02
1MO03TOMY aGcuucca ee BEPLINHBl paBHa —-.3_—= l; opAuHaTa e ee

y:-—.%..lﬁ—l—l—l:— 15

v

T*
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TIpHCORMMHIM K STHM TOYKAM HECKOAbLKO HOMOJHHTEJBHBIX TOUCK.
Cocrasny Tabmmiy:

X —2 | —1 0 ‘ 1 ’ 2 3 ’ 4
y —5 ‘—2.5 —1|—05| —1|—25| —5
Ipaduic napaGoawt npezcrasaen Ha uept. 96,
Y
2-1. |01 2 3 4 z
el Lo
| |
| (|
| y |
‘ !
|
| i
| |
Yepr. 56.
YnpauHenusa
1. Haiitn koopamimarul sepuinn napagou:
1) y=>5x—a2 4) y=2x2—2x41,
2) y=9—2x% 5)y=-‘17.\"~'+.\‘—;-1.
3) y=xt—4x—5,
2, Toctponts napaGoau:
1) y=x2—4¢, 5) y=x244x44,
2) y=x2—3x, 6) y= "]_T X242 - —_‘— .
Hy=at—x—2 7) y:3x—§x'~’—2,
e 5 . N
4) y=—§.\'--1-2.\*—-b—,, 8) y=x2--4.

§ 85. Konuueckue cewenns. OKpPyXHOCTb, S/MMINC, FHTEp-
Goana 1 napabona ONpeAeAIOTC, KaK Mbl YCTAHOBI/N B NPEABILY-
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uix naparpagax, YPaBHCHHSMH BTOPOH cTeneHy OTHOCHTEJLHO
TEKYUUX KOOPIMHAT; TO3TOMY HX HA3BLIBAIOT KpUBLLAMU BIMLOPOZO
nopsoxa. Owni OblaN M3BECTHBI €LUE APEBHHM Fpexam, KOTOphie
H3yyann STH KPHBLIE, PACCMATPHBAA WX KAK PE3yJbTaT ceyeHus
NPAMOTO KPYIOBOr0 KOHYCA TMJOCKOCTBIO B CACLYIOLLNX UETHIPEX
cayuasx.

I. Cexymas nnockocTh nepneHapkyJsipHa K OCH KOHYCa;
B CeueHHIl NOAyuaercs oKpyacnocms (uept. 57N

\

Yepr. 57. Yepr. 58. Yepr. 59. Yepr. 60.

II. Cekymas naockoctb oGpasdyer ¢ OCbI0 KOHyca yroJ, He
pasuet 90°, n nepecekaer Bce cro o0pasyloue 10 OAHY
cTopony Or Bepmunbl S; B CeueHMI NOJYUAeTCS  92LUNC
(uepr. 58).

[1I. Cexymas naockocTh napanienbna kako#-ando obGpasyio-
well Kotyca; NP STOM NOJYUAETCs KPHBAs, HasklBaemast napa-
Goaoii (uepr. 59).

IV. Cexywas mjockocth nepecexaer o0e NOJOCTH Komyca;
npn 9TOM noayuaiorcs ase Geckoneunbie” nersi, oOpasylouiie
2unepooay (uepr. 60).

Okpy:Knoctb, vuannc, runepGosda u napaGosa Ha3LIBAIOTCS
KOHUYECKUMIL CCHCHUSIMU.

Komnmueckne ceyenus Hayuannch B APEBHOCTH HCKJIOUUTENLHO
rCOMETPHUCCKIIN TYTEM, YTO NpPEeACTaB/isno GoJbuiye TPYAHOCTH,
1 roapko co ppemenn Jlexapra, aaBuero MerToj KOOPAHHAT,
nsyuenne 1X SHAUYNTEABHO YIPOCTINIOCD.
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103
CMEIANHBIE 3ALAUHN

T = cvept TRIEPOOABL:
21 Oxc{)y'mwc 5 X2 y?=9 npoxoauT qepe3 (OKYCH

. P 2

Hanucars ypaBuel!

¢ 10J10-
it ota 00pasdyeT

me nocuenueif, ecid ee acn.\‘l‘r):;l arElgPQ ;

JKHTENBHBIM HanpaBleHueM OCH Ox yroi, pask

cycami, Aema-
92, B oxpyxuocth X2 yi= 95 prmcay samnc € hoxycam™
muvn ma ocu Ox. Pajuyc OKpY:

OUK
KHOCTH, m')(me:xemmn9 Tgr ::n;}mc‘z
A (4;3), IeAHTCA IIIHICOM NOMOIAM. HancaTh ypasuenne )
2R ;, nse 1po-
% oL 1 MOYTOABHIK, AB
= 2~ _—1 pnucan IPSMOY
23. B samine vom 75

HTH

o oxycul. HaiT
THBONOJOWIME CTOPOHH KOTOPOTO NPOXOMAT HEpes (hoxy
AJMHHY €ro CTOpO“.

24. B saannc 9x2 - 16y

i ¢ ero
— 144 pnmcau ksanpat. Haiitu LIHRY
CTOPOH.

K-
25. Ton BAMAHKEM HEKOTOPOIl CHIIBL TOUKA M apuranace “C?CEK,? )TOT
noetn X2 -4 y2—10x 46y 9 =0. JleficTaue CHibl npepsa 1. Onpe-
MOMEHT, Kora Touka M copmana ¢ Toukoii A (2; 1) OKpYHHOCTH:
JEJMTH AaibHEiilyo TPACKTOPHIO TOUKH.
26. Ilausl ypapuenus jBYX OKpyuuocteii:

Wby 6x—9y—3=0 u 24y—dx—0by+3=0

Tlokaaatn, ¥T0 IuuMA UX UEATPOB MEPUEHANKYAAPHA K

1x oueil XOpAC:
7. Kane = 30T
27. Kameus, Gpowenupii ¢ kphimi J0OMA Napasieabio “Opudonl:uy\;
%naa la 3eMao, onmcan napaGoxay x2 = —by. [{a KaxoM paccTo
T B;{émhanu YNA KaMeHb Ma 3eMJI0, €CJH BHICOTA JOMA =

¢ HHOI
B Haane 00N, CHMMETPHYHA OTHOCHTEALHO OCH 0y, ¢ BGP‘”“{yﬂ_
uu;\m.l'c koopiunar nepecexaer samune x2-4-4y*=168 TouKaX, N€H i
K t‘).onlu“\lu SOPAAX, NPOXORAMUX uepea ero (OKyCH neprenauKyanpH
.‘.)_9, t?)1(;“0cu. Hamcars Ypasneuune napaboJbl. ) S
m,no;u"m-m ‘a‘nhm’_‘e“ Panuychi touxw samunca pasibt 2,6 H Z,4, )O[émv
pasna 4,8 1 03“ E’Q‘."Q‘ TOUKH M mnepnemmukyisipuas K 00apmoi Oc“amle:
HHE saamnca. pereasneres ypannennen x — 3= 0. Hamucats YP
30. Kamens, 6
S Ch + Opomeny i
NapaGon R Ll 1o,

onucal
I OCTPHIM yriomM K TOpH3OHTY: 5
amear, nlloyna..v! Ud paccrosimum 16 4¢ oT HauaAbHOIo nonomi_
e “()ll‘lp CTeifee ypanpenne napaGoas, 3uas, Y0 paubox
'\D'\Govn)cm KaMHA pasua 12 4
- MY * o -
T mm}\?::oe‘ 3CpKAN0 peduekropa Cumen3cKoi oﬁcepﬂi‘”
Haiity MI;(, 02 g, paccrosmme ero goxyca Of BBP“‘“‘X‘J;_
\put "?.rm‘(l)“y napaGoanyeckoli ppieMKy, KOTOPYIO npH
).-:mc“““ 3epKalia 3 TAOCKOro CTEKIId-

=8x waitn touxy, paccroauue KOTOPOH ot

yya

“é‘]?"oﬂ Halaie KOOpAMHAT PACHOA0

jcera CHM=
X. Onpenenuts oxansubit

paumyc €€

Toukn M napaGoms y®= 12 paset 6.

155
5% masta touxa M, uaxonn}naﬂcn %‘;
5. Haiitu pacctosume 9710il TOUKH
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36. OnpejieanTs SKCUCHTPHCHTET 3JAHNCA, ECAH PACCTOAHHE NEIAY
fIoKycaMit ero papHO PAcCTOANMIO MEMLY KOHLUAMH GoubLIoil H Ma-
noii oceif.

37. Haiitu skcuenrpucuter saamnca, y KOTOporo Goabulias CChb
BTpoe GojbLIe Madoif.

38. 3emuoii MepuAHAn NPHOAMKEHHO NPEACTaBASET COOOIl 9.aHNC,
oTHowenue oceii xoroporo pasuo 299 :300. OnpeaenuTsh SKCUEHTPHCH-
TET 3EMHOrO MepHAHaNa. 4

39. Ilpamas x—10=0 nepecexaer runepGo.y H ¢e acUMNTOTY
cootseternenno B rtoukax A m B. Hanmcats ypasumenue 970l rumnep-
GoAbl, ecAn OpauKaTa TOUKW B panua 5, a Anmia OTPE3Ka AAuHOIL mps-
MOil, 3aKMoYentoro BHyTpH runepGoir, pasua 8.

40. Haiitn octpwil yros, oGpa3yemblii Kajc1ofi H3 aCHMNTOT rHICp-
Gonsi ¢ ee geiicTrTEABNON CCbIO, €CAH BEPLWHHLI FHNEPOOJLI OTCTOAT

OT ee uenrpa na 7 Paccroams (oKycoB OT LUEHTPa.
o

o
X2 2
41, Jise Bepummb saaunca T )T — 1 aexat B poxycax runep-

Goabl, BEpWHHLI KOTOPOii HaxoAsTcs B (OKycax AamHoro s/anca.
Coctaputh ypasuenme runepGoanl.

42, K okpysmncern x2-- y2 — 4x + 3y + 5= 0 nposejiena cexyuLan
x—2y—3=10. Hanmucath yPaBHERNS CTOPOH NPAMOYTOJbLIIIA, B~
CalHOr0 B JAHNYI0 OKPYIKHCCTL M MMEIOUiEro CTOPONOIi BiiyTPeHniil
OTPE30K Naunoii cexymeit. .

43. Haiitn paccrosmme or uentpa okpymuoeri x*--y?—0x—
—4y+5=0 g0 npamoii 2x 4y —3=0.

44. U3 toukn C (5; 4) okpymnoctn x2+ y*—8y —9
VICPNEHIHKYAsp 1a puaneTp AB, KOHEW KOTOPOro acik
B (3; 8). Haitin xauny sroro nepnenaukyasnpa.

0 cnyuen
B TOUKE

T




SJIEMEHTbBI AV®GEPEHLUVAJBLHOIO
W UHTECPAJILHOI'O UCYUCJEHMI

FMTABA YV
TEOPHUS NPEJAE/IOB

§ 35, AGcomoTnas BenudHda H COOTHOUICHHS, CBA3AHHEIS
¢ ueil. B pasbnefien usnoxkeHnn Kypca HaM BCTPETHTCH HEODXO-
ZAUMOCTb PACCMATPHBATH COOTHOIUEHMS MEK LY abCOMOTHLIMI Belin~
UHHaMH  HekoTOpLIX BhIpaienntt. ITosToMy HanomMHum onpejefe-
Hie aGCco/OTHON BeAnuUHLI uHCJa 1 COOTHOWIEGHHS, CBSIBAHHBIE
C STHM NOHATHEM.

Onpenenenne. AGcoriomuoi 8eLUUUHOL 1LOAOICUNLENs=
HO20 WHCAq HAZLLBACHLCS CAMO N0 HUCAO0; AOCORIOMHOL BLAl~
HUROI OMpUIameasr020 HUCAQ HA3bBACMCST IMO LUCA0, B3SIN0E
C NLPOMUBONOROICHLI 3HAKOIL.

AGcomornas peanunna uncaa @ oGosmauaercs Tak: |al.
Takum oGpasom,

18] =8; |—8|=8;

| =85 ccan b >0;
|| =—0b, eccan b <0,

1. AGcoaomuas 6esttiuna QA2e0pauiecol CYMMLl eivuLe
ual pagra cyase a0CORONMHBLX BeAUMUN CAT2ALMLX.
Hamnpumep:

a) [24-446]=]12]|=12,
[2]4 4] 46| =24+446=12,
cnenosareanio, |24-4-4-6|=[2|-4|4|-|6};
6) | —5—2|=|—7|=7,
||+ —2l=5+2=1,
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§ 37]  XAPAKTEP NUSMEHEHHS NEPEMENHOR 2

T, €,

§ 37. TlocnenosateabHoCTh, XapaKTep M3MEHSHHA D2pe-
Mennoit Beanuunst, [. [lycTb 2an0 MHOXECTBO WHCRD, PAcmaad-
KEHHBIX B ONpENe/eHHOM NOPSAKE, HANPHMED,

2; 4; 8; 16; 32; 64; .,.2" .. 1

v s ey

TOTAd KQKIOMY UHCAY 9TOTO MHOMKECTBA MOKHO MpHTHCATH

HOMEP MecTa, KoTopoe OHo 3anumaer. Tak, uicao 8 samiMaet
TPETbE MeCT0, 32— wWaToe, H T, L.

Onpeneacuue, Yucaosoii nocaedosamessocmsio Uil
TPOCTO  10c.2e008aMeALHOCIYI0  HA3LIBACMCA  3AKY.1ePOBAHHOE
MHOJCCCAIBO Yutcen, PACNOAOICCHHLY 8 NOPAOKE B03PACMARLS
HOMe oG,

Cosokynnoct, uncen (1) cayur npumepon nocaeroBatesb-
Hoctit, OBLINHO TOCACLOBATELHOCTL BAMHCLIBAIOT B OOGLIEM BILE
TaK:

lyy Ugy Ugy Uy ooy lly ooy

AR ), NA3LIBACTCA OOMUM HACKOM nocAed08amebHOCHLY,
Suan opmyay obuiero uiexa NoCAeNOBATENLHOCTH, MONHO
uait moGott ce uaen. Hanpumep, aecatsifl uaen nocnenosa-
Teasnoct (1)
thig=2=1024,

Mlpusep 1. Haftrn BockbMOH uen nocaexosatensHoCTH

1,2, 38, n
PRI R R e
Pemenne,
g e
LR R
Mpunep 2, Haltmie cenuMolt uien nocsesosarebHOCTI

Pemenne,

IL Mt snaewm (§ 5), wro » maveamige 1 ee NPIIOKEHIAX
BCTPENAIOTCA BeANIMHEL TIOCTONMIME 1t BOAWUMNL NePeMEHHBIE:
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Ha koopaunarioft oci Ox (uepr. 61) mocrosHuo# Benuunte o
COOTBETCTBYET HENOABIKHAA TOYKa A, a NepeMeHHOH BeaHuHie
X— IBWKYWAACS BNPaso WaH BaeBO Touka M.

Tlepementas Be/inuHHAa MOXKET H3MEHSITbCS BecbMa pasHo06-
Pa3HO: BO3PACTaTh, yOBIBATb, MePeXOiiTh OT BO3PACTaHHa K yObi-
BAHUIO W T. 4. 3aKOM H3MCHEHHsI MepeMeHHOH BeJHUMHLI MOXKHO
3alaTh MOC/EA0BATENbHOCTBIO - MHC/IOBBIX 3HAuYeHHH, KOTOpbE ona
npuxumaer. Tlycrs, Hanpusep, nepemenHas X NPHHIIMAeT YHCIO-
Bhie 3HayeHus nocneposarensuocty (1). Bakon uameHenus 34€Ch

COCTOHT B TOM, YTO KAKIOe HOBOE 3HayeHHe nepemeHHoH X
BABOE Go/ble MPeAbIAyLLero. “

g A = S
< 7] -
= |

Yepr. 61.

Kak Buano, nepemeniias B 3ToM npumepe MamensieTcs CKauko-
00pagHo; OAHAKO OYeHb YacTO PACCMATPHBAIOTCS MEPEMEHHBIC,
HBMEHSIOLULHECH HeNpephbitHO; HanpuMep, BpeMs, MyTh, IPOXOAN-
MBI Tesom, u T, m.

IMepesennan Besuuuna, KOTOpas B MPOLECCE  H3MEHEHI
NOCTOSHHO BO3PACTAGT W/l MOCTOAMHO yOblBAeT, HAILIBACTCH
MOHOMOKKOM. TIDUMEPOM TAKOH BeJMuHIbI CHYKUT NepeMeHHis,
npuiiMaiomas snavenus (1).

Besikasi Beqnuina, MeHsuomwasics He MONOTOHHO, MA3bIBASTCH
Koae0a0uedes. Hanpiyep, nepeMennas e, naMeHsouLancs
N0 3dKOHY MOC/EAOBATENLHOCTH
2y a8 B8,

32 3 9> g ﬁ') s

13 25

unielbl KOTOPOH TONEepPEeMenilo ypeanyusalorcs BABOC M yMEllb-
ajoTes BTPOE, ABASeTCs KoJeOmoletics.

[lepenennbie BeAMUMHLI IO XAPAKTEpy H3MEHEHMS elle AesTCH
1A 02PAHNYeHHLe W HeOZpanuvedmsle.

Onpencneuue. Hepe.ueuua;z seauvuna y Ha3vteaems
2PAHUMCHHOW, eCAl, RAUUNAs ¢ Herkomopozo ee 3HaMenun,
BOINOAHACICA HEDABCHCNIE0

|yl < M,

20e M — raroe-auGo nocmosnnoe nosodcumensnoe UCA0.
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Hanpuwep, tg x— ozpanutennas nepeMcinas B MPOMEKYTKe
3HaueHui aprymenra o x=—45° no x = 45° 7mak KaK B 3TOM
Cayuae |tg x| <L 1.

Hapsiny c orpanmuenHbiMH NepeMeHHbIMil BEIHUITHAMI BCTpE-
HaloTcs M Takue, KOTOpPHIE He YAOBJAGTBOPAIOT BhILICYKA3aHHOMY
onpenenennio. BoabMeM, Hanpumep, tg X B NPOMEKYTKE BHAUCHHH
aprymenra or -0 mo 90° Kakoe 6n1 Gosbuioe MOJOMKHTE/NbHOE
uncao N mul Hu Basau, Hafinercs B NEpPBOM ueTBepTH Ayra X,
ans koropoft tox > N. Takas nepeMeHas BeJutiiHa HA3LIBACTCH
HeozparnuteHHOU.,

§ 88. Becxoreuno majas peiuunHa. BosbMeM nepeMeHHyIO
BE/IMUUNY ¢, MPUHUMAIOLLYIO 1IOC/AEAOBATE/LHO 3HANCHIS:

1, 1.9 e
L5 33 33 55 po oo (€5
i

1
5 o = P ke (2)

Ilo mMepe ypemuuenns HOMEpPa MeCTa, 3aHHMACMOrO YJEHAMH STHX
nocienosarensnocTel, abcoMoTHAS BEANUNHA 0 YMEHbIUIACTCs,
I Kakoe Obl MaJoe MOJOMKNTEJIbHOE HHCAO & MBI Hi BuiOpanmi,
B KOKIOH U3 yKa3aHHLIX MOC/AENOBATEJbHOCTE! HataeTcsa uuCIIO,
HAUHHAS € KOTOpPOro AaGCOJMIOTHAS BeaHulHa 3HaueHul o Gyaer
Melbule suGpannoro e, [lycrs, uanpumep, €= 0,001, B coor-
BETCTBYIOUIEM yJaJeHUN OT Hayala KaxaoH M3 NaHHLIX mocae-
JosateabnocTell nafliem uucao, no aGcoOTHON BEAMYHHE MEeHb-
mee uem 0,001, npuuem aGcomoTHOE BSHAUEHNHE WICHOB, Clie-
LyIOWMX 3a pafizennbiM, octaercs Menbme srtoft apobu. Ecan
RO3bMEM eule Menbluyio ApoOb, uanpumep, e= 0,0001, To n
B nocienosareasnoctn (1) m B nocienosarenbHocTH (2), ecan
LOCTATOUHO YAANTLCS OT NX HAuaja, Hafnercs umncao no adco-
JoTHOMY suavenunio Mensuiee, yem 0,0001, npuuem nocaeayio-
ugie wiensr Toxe Oyayr membue uem 0,0001.

B arom cayuae rosopsT, uTO BeJAMYNHA ¢ HEOrPAHMUCHHO
npudInKaeTes K HyJaIo WiN, WHAYE, CALPeIUMCS 16 HYLI0.

Aror ¢akr sanuckisaioT Tak: «— 0.

[eomerpuueckit npoiuece HaMeHeHus BenuuinLl ¢, NPHHIMAI0-
uleft  smauenusi nocsaenosarenbHocTH (1), MONHO TPEACTABUTH
usmMenenneym abcunceet Toukn A, mepeseniaiouiefics 10 Koopau-
HATHOM OCH B HAaNpaBjAeHUHM, YKAa3anHoM cTpesiayu Ha uepr. 62.
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Kakoe Gbr Manoe mojuo:uTesbHOE YHCAO MBI HH B3SIAH, HACTYMUT
MOMEHT, Korma abcumcca Touku A craHer ¥ B JadbHeHuieM
OCTAHETCS MeHbIle BHIGPAHHOrO YMCJa.

. [lpomecc usmenenuss senuunhsl «, npunuMaiouiett gHAHCHN
TIOCA€A0BATENLHOCTH (2), NPeACTABHTCS H3MeHeHieM afCLHCCHI
TOUKH B, nepemewaiouieficsi 0 KOOPAUHATHOM OCH B uunpauneum}é
ykasauHom Ha uvepr. 62, W B stom cayuae aGeummcca TOUKH
10 aGCOMOTHOM BE/HYNHE CALNACTC W OCTAHETCA MEHbLUE HAMepes
3AIAHHOTO MONOKUTENBHOTO UHCAA, KAK OBl Mano OHO Hit GBlIO.

B = = — B et e M
7 LIS !
4 Z 3% 543 2

Yepr. 62,

Onpenenenne. Beckoneuno saaofi seurtinol ’H:;Z‘M
Baemen nepemexnnas o, Komopas npu nocaedosanel 2 A
USMEHERUL N0 aGCONIONKOMY 3HAYLEHILIO cmauoaun‘wﬂ ”[’ ’L 9
danvheliuer U3MeHeHUL Ocmaenmcs MeHbuLe /L{p()‘Olt l'ml’:{ b{) .
300HKOU KAK Y200HO ME20H NOAONCUMEABHOU BEAUH ]
m, e. o.—0, ¢ mit-

He cneayer cmewmsars Geckoneuno manylo BeaHiHy e
UTOXKHO Manod. Tak, nampumep, nmpu CpaBHEHHI nnnnm’u e .“-!_
¢ paccrosuuem 3eman or Coana (150 000 000 r.4) “ep’”)lolu‘.l'un.
'IHHY 110 OTHOLIEHNIO KO BTOPO# MOMKHO CYHTATh mlq'rml\l'l() M 1:1 e
HO Ha3path ee OeCKOHEYHO Masoff Henb3s, TaK KaK Ul\l;ml
MCHACT CBOGTO BHAueHus:, MexAy TeM Kak OecKoHeuHO M
BEJINUIHA — nepeMennas. cer GHiTb

Kak suano, Hukaias nocrosumas pemmunpa He MOXE e He
GECKOHEUHO ManoM, TaKk Kak oHa MO aGCOMOTHOR ueml""‘.lomm
MOMKET CACNAThCA MeHblIe MI060H Hanepea 3agaHHOM muf y; e
Manol pesnunnel, OfHAKO Hyab COCTABASET HCKJIOYEHNE urm“(J
TOCTOSIHHEIX BEJNUIH; HyJb BCEra Mehblie JI0Goro ckoab Yro-

p Kk Occ-
MAJ0ro NonoNUTEALHOTO uicAa. [To9TOMY Hyab OTHOCAT
KOHEUHO MAJBIM BEMUNHHAM,

Ilpunmep 1. Mepevennan o= e

npu n=0; 1; 2; 3; 4; ...
NONYYaeT 3HAMEHNS:

s

B,

NI

N

g D




§ 38) BECKONEMIO MAJAAH BIANUIITA It

Kakoe Obl Ma70€ 1OJOKITENLIOC MHCHO MUL WU Basil, i e
NIOCAGNOBATeNbIOCTH HAMIETCSH UHCAO, MCHLIICE BadT0r 0. Koy

[pn n==10 Oyacym nmern:

Hanpumep, ApoGhb T)](TO

1 1 13l
%= 57 = Tozi < 1000 °

1 A
Takuy o6pason, nepeMenHas &=y NP1 YKA3AHHbIX phiIIe 25

UCHUAX 1) ecThb (eCKOHEYHO MaJjasi BejHulina. o

[Ipu Mep 2. Bosbmem OKpYXKHOCTb Paiuyca, paBHOrO el .
Hiue (uepr. 63). OGosuauus yroa AOM B pamnannoft MEP
€pes a, Gyzem HMeThb:

PM PM ¢
sinfeEm e I A
o= 1 PM
Ho, rax BIUAHO 13 uepTexa, A A
PM < < AM, NG
wan
PM < a.
Tosroyy

sing < a. Yepr.

~ Ecimn o HEOrpaHIueHHO NPUOMIKACTCA K BV, 70 Teu
Sin o crpemuTes K Hyanio. Ciel0BaTesbHO, SN Npy & — 0 —=~
KOHeYHO Manasi peanunna.

Tor ke Buinon NONyYNM, €CaM Yrol IMeer orp
SHavenne —q. B arom cayuae npin o—>0 aGcomorig
Sin(—a) makke crpemutcs K HYMO, @ MOTOMY sin(—
%—> 0 — peanunna Geckoneyno Manas.

nPHMCp 3. JlaBnenne rasa p U ero obGuey ¢ cssld
q’ylll(U.llOHil.'lbll()ﬂ 3aBHCHMOCTBIO

P=1

al|e

5 7
TAe ¢= const, Kak puano, ¢ ysennuenues odnena g gapzert®

YMeubwaeres, Ecan obGuem @ yBelqnuHBaTh HEOrpanyyenHO:
pit

e
ABiCHIe p Gyner neorpannueHHO yMeHbIATHEs, Kakoe G M'J""”,
"O"O)If'ﬂ‘"renbnoe YHCAO € MBI ML B3, MOXHO nonoGpars B¢

: g

. = .
‘i 2ToAbKO Gosbiiofl, uTO APO0b = Clamer yenb©

i
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_C.'IEE.OBﬂTEJleO, IaBjeHue rasa p-— BeJAHUYHHA GecKOHeYHo Maaas,
ecan o6bem ero v HEOrpaHH4YeHHO pPAaCTeT.

§ 39. Becxoneuno Goabmas BeauuuHa. [IycTb nepemenHas
BE/IMYNHA Y TIDHHUMAET TOC/ENOBATENbHO 3HAUCHMA:

2; 4; 6; 8; 10; 12; ... (1)
Wi

— 084l —6: 8 10 125 (2)

Kak BuanO, ¢ yBenmiueHueM HOMEpa MecTa, 3aHHMAEMOr0 4JeHaMi
HAMHCAHHBIX MOC/eA0BaTeNLIiocTel, aGCoAI0THA BEAHYHHA Y BO3-
pacraer, [Monoxuy, 4TO STOT Npouecc BO3pacTaHus HAET HEorpa-
HUYEHHO; TOrAd Kakoe Gbl 60JblIOE NMOJMOKHTEALHOE HUCI0 N
MEl HH B3SAM, B KOKIOM W3 yKasaHHbIX MoCienosaTenbHOCTel
naijerca uneH, HauMHAs C KOTOPOro Bce MOCJELylOuHe HJIeHLI
110 a6comoTHOMYy 3HaueHmo Gonbwie N. 3agaaum, HAnpHMEp,
uiicio N =1000. B nocnenosarensHoctsx (1) u (2) wnafaes
Ylcno, abconoTHAN BENNUIHA KOTOPOro GoJblue 1000, npuuenm
nocaenyomne unenst Taxke Goasie 1000.

. -— - - e

3

=10-8~-6-4-2 02 4 6 8 10
llepT: 64.

[eoMeTpHUeCKIl U3MeHeNte BeMHYUHB Y MOXKHO TIpEeLCTaBuTh
N3MEHeHneM abCuHCChl TOuKH, yaaasiouleficss B 6ECKOHEUYHOCTb MO
KOOpAuHaTHOH! oci:

B MEpBOM cayude Hampaso ot Hauana O (uepr. 64),
LO BTOPOM »  HameBo  » » » (uepr. 64).

Onpencaenne. Beckonedno 6oabutol 8eAltUHOL HA3H=
Baemes nepeMennas y, KOmopas npu nocaedosaneabHot use-
HeHUW no aGCo0MHOE BeAUNUNe CINAHOBLMCS, @ 8 0QAbHeU-
weit w ocmaemces 00avtte Haneped 3a0AHHOLE 1LOAOJICUITNLEALHOL
geaununot N, xar 6ot geauxo N nu 6uia0.

Beckoneuno Goabluylo Bequuliy He CleAyeT CMEUInBaTh

¢ ouens GOALIINM YNUCAOM, TaK KAK MOCAeAHee HOCTOsIHHO, Oec-
KOoHeuno Go/blias Ke BEJIUNHA — nepeMeHHan,
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Ecnu )’—GQCKOHC‘IHO Gonblias BeanuHHa, 10 ¥
SAIUCBIBATL

y-—>0co

I YHTATL: «HIFPEK CTPeMUTCs K OECKOHEUHOCTH?.

Heo6xonnymo nomunts, uro cumMson GECKOHEUHOCTH He Bhipd-
HACT ONMpPENC/EHHOIO YHC/A, A YKA3bLIBACT TOJbLKO Ha XapaKTep
H3MEHeHIS TepeMeHHOH BeanunHb, a UMEHHO Ha ero Heorpatin-
UeHHbIR poct, TlosroMmy ¢ cumBosonM GECKOHEUHOCTH HYHHO
00pawatbesi  OCTOPOKHO, uToGLl  HE
BNACTb B OWHOKY.

IMpumep 1. PaccmoTpny mame-

HeHUe nmepemenuoft y==tgx npn

x—>-’~2;, Basis  oxpyuocTs pammyca ‘ &4
R=1 (uepr. 65), Mosxem Hanucarth: y
fg e AM _AM 0 A 4
= R 1
Ecmn ayra x, naxomsics s nepsoft uer-
BepTH, npnbaukaercs K -,7—:—, T0 AM,

4 cienosareabno, tg x neorpaunuen-
HO pacryr. JleHcreurensho, Kakoe Obl
Ooabwoe nonoxurenbuoe uncao N MBl HH poiGpanu, Hapaercs
I nepsoft uerseprn ayra, Taurenc koropoft Gyner Goabuie N,

4 moromy tg x ocranerca u nofgasHo Gosbue N,ecan Ayra yse-
anduTes,

Yeprt. 65.

Wrak, tgx npu x ->T—;—-6ec1<onc‘mo Gonpiuas BEAIUMHA.

1
IMIpumep 2. IMepemennas Beauuuna Y=r>

. 11 FLSC 1 PR
np X=1; 535 =5 75 55 -

TIPHHIIMACT COOTBETCTBEHHO SHAYCHIA:
1; 2; 3; 4 5; ...

Ecau x weorpamuenno ysenpmaercsi (x—»0), 1o y Heorpaitit-
UeHHO Boapacraer, T. €. Gyaer Geckoneuno Gounbiuok peanuniol,
TAK KaK Kakoe Ont Goipluoe nosowuteaphoe unciao N Ml Hil
B3AM, HaftieTcs Takoe Manoe sHaueune X, npi KOTOPOM y> N.

8 3ax. 215. H. JI, 3afiuen
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Bosbmes, nanpumep, N = 1000. Torma, momo6pas x =

noayuun y= 1001 > N.
Hro6bl HCTOAKOBATL reOMETPHUECKH paccMOTpPeHHylo Gecko-

L
1001 *

1
HEuHo 6om=u1y|0 BEJHYHHY, HAaNOMHUM, UTO ypaBHeHHE y=—z

NPH TIOJIOMHTEbHBIX 3HAYEHUAX X onpexnensieT BEeTBb PABHOCTO-
poHHeft l‘ll[l(’,pﬁ()}lbl, PACTOJIOKEHHYI0O B MNEPBOM KOOPAHHATHOM

</

O |
§

Yepr. 66.

yrae (llEp’l‘. 66). Ua uepTeka BHANHO, UTO C Heor paHuyeHHLIM
nPUGIKeHIeN abcucesl TOuKH A K HYJIO 3HAueHHe OPMMHATEL
€C HEOrpanuyenHo BO3PACTAeT, T. €, NPEACTABAAET OCCKOHeUHO
Goubyio BEAHYUHY .

§ 40. Cenab Geckoneuno Mamoii BeHuKHbLl C GECKOHEUHO
Goabwoii, Mexpny Geckoneurio MaaoH 1 GeckoneuHo GoJbuwoH
Beanuunamu CYILECTBYET CBfI3b, a MMEHHOI

eCcat Y — GeckoHetrno G0abULast BeAUMUHA, MO O0PanHan
g 1
el BeAutURA T—Gecl:one'mo Maaasn

€U 0 — 0eCKOHEUHO MAAQA BCAUMUHA, HEPABHAS HY.210,
mo ob6pamuas el BeAuHUHA :——chcouelum
Goapuan.

He noxasmpan smux yrsepsaenit, noscHuM nx e v
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0,01; 0,0Q01; ... >0

SCTCTRCHEO St

1Q; 100; 1000; ... —>c

Qsek #0 Ooabwoil seanunnof.
" < aneMet-
,m§\ . Tousnrue o mpenene mnepemennoii. ITycts HePe¥ =
npu 3:014 e ., HEOTPAHHYEHHO NpPHOAMKAETCa K HHCAY = &
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A 3,1 3,013 3,001; 3,0001; ...
2,9; 2,99; 2,999; 2,9999; ...
B sy

X
MHTCH Cayuanx aGcomoTHAS BeAMUHHA
HEAX e Hymo, B camom neane, npH Vi
“Perenpon

lx—3|=0,1; 0,01; 0,001; 0,0001: ... >

Pasnge, - :
'-lucn llo'mL X—3 ecTb Beanyuna CeCRONININ

MeHnoy o B HamleM TNpHMEPE NS

T

Pe
limite, Clen OCoaHauaercs cmumw\n\
y

MO:.mo To SHaunT npvncu) Takum ou_‘.
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Ha ocHosanuu 3toro OnpeneseHuss MOXXHO 2amnHcaTb:

x=a-}ao. ()
Otciona caepyer, 4ro npefed GecKOHEUHO MAMOH  BeJIUHHbI
paleH HyJ0, T. €.
lime=0.
Ecan nepemennasi X HeOrpaHHueHHO BO3PacTaeTr, TO FOBOPAT,

YTO OHA CTPEMMTCH K 6GeCKOHEUHOCTH; B 3TOM CJ/yuyae YcCio-
BIJINCb NUCATb:

lim x = co.
Mpusmep 1. B rpeyrosvnike ABC (uepr. 67) nomosiun
L ACB=x, [/ BCD=u;
TOrAa
x—+o=2d,
oTKYyAa
2d— x—d (2)

Ecnn sepwinna B apwketcss papHoMepHO H GesocTaloBOUHO 10
npsivo#t, napaanensHol AD, TO yrabl X I ¢ CTAHOBATCA Iepe-

Yepr. 67.

NeHHBINI, TIpHueM o« Oyzer Geckoneuno sasofi. Takum 0Gpasox,
1 pasenctBe (2) pasHOCTb MewAy MNOCTOAHHOH Besmumoll 2d
nepeMentofl X CTpeMuTcs K HYJI0, @ NOTOMY COrJacHo onpe-
JlenieHIo npeaena

lim x = 24.

Ipusep 2. B okpy»KHOCTb BIICAH NPABIJLHELL 72-YTOAbHUK
(ueprs 68).



‘ § 41] MOHATHE O MPEJEJE NEPEMEHHOH 117
O6o3nauns
AB=a,, OA=R u OK=h,,
HveeM n3 rtpeyrosbiika AOK:

0A— OK < AK,
i

an

R—'h‘n <T' (3)

Byzem neorpaunnuenno yBEJNUNBATL YNCJIO 72 CTOPOH STOr0 MHOTO=

yronbhuka. Torpa £, u i_)"— CTaHYT NEepPeMeHHBIMI BEIHUHHAMH,
a

npiueM —*- Gyzer GeckOHEMHO Manoft.

B camonm nese, CTOPOHA IPABHALHOTO
N-YyrofbHIKA '

an<VAB=(J%;£:Q:R-—:—{_

ﬂpu HEOorpanniuenom BO3pACTAHUM 712

1
npoﬁbi—oem(onc'mo Majas Benu-

A
unna (§ 38), 27R — nocrosuubIl MHO- Yepr. 68.
Kureav. B § 42 Gyner noxasano, uro
npoussenenue

nocrosiHoft Besnununl na GeckoHEYHO Manylo —
TaKwke OeckoHeyHo Maaas; nosToOMy

ORR s )
n

a HYHHBL.
T. €. @, W, CienoBATENbHO, —-— GecKoHeUHO Manable Be

. a3HOCTh
13 nepasencrsa (3) caeayer, uTo B TaKOM CayUae pno'romy
R— b, Taixe Gyaer GeckoHeuno Manoff peanuyuHo#, a
COrJIACHO ONPeAe/ICHHIO Npeiesa uMeeM:

lim &, =R.

>

feloLLast
Mpumeuanne. Beskas nepemexnas BejHuUHa, ";gqﬂen‘n
KOHeunnil npexes, B uacrHoctH, Geckoneuno Mandd
OrpanuyenHoft nepemeHuHoH.
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§ 42, CpoiicTBa GecKOHeUHO MaJjblX BeJHYHH.

Ilepsoe cBoficTBo. ITpoussedenue GeckOHeUHO MaOl
seautuns o Ha nocmoawnyo a (a =+ 0) ecms Geautuna Oec-
KOHEUHO MAAAS.

Ilag moxasaTenbcTBA BO3bMEM NPOH3BOJILHOE MOJOKHTENHLHOE
uucno e Tak Kak o— GeckoHeuHo Manas Bejnuuna, 1o ||
NP M3MEHEHUN 0, MOXET CHEJaTbCsl M OCTAThCsi MeHblue JI000#

NoNOKHTe/LHO! 1po6H, a crenoBaTenbHO, H MeHblie —leTl’ T. €.

C HEKOTOPOro MoMeHTa ﬁleCT

€

Jo] < Tal’
Han
|az| <=
3naunt, npoussenenie ag— GECKOHEUHO Manas BemHuHHa.
Paccmorpennoe csoficto cnpaseanuso u B cayuae a =0,
Kak Oyner nokasalo B 9TOM e naparpade.
[Tpusep. YMHOKUB GeCKOHEUHO Myl BEJAHUHHY

a=1; 0,1; 0,01; 0,001; ... —0
Ha —8, noayumm:
—8x=—8; —0,8; —0,08; —0,008; ... ()

Ipoussenenne — 8o, Taioke GeckoHeuyHo Majas BEAWINHA, TaK
KAaK Kaxkoe Obl MaJoe TNOJAOKHTEJbHOE YHCJO € MBI HI B3SJM,
B nocaegosareabnoctit (1) nadmercss 1pobb, abcooTHOE 3Hale-
Hie KoTopoit Menbiue e, Hanpumep, aGcomotnan semiunna — 8a
Moxer caenatbes mMehbwe 0,0001; 0,00001; 0,000001 w v, a.

Caencroue. [Tpoussedenue 02paHuienHOl nepemMeHHol
H@ OCCKOHEUNHO MAAVIO BeAUYUHY eCmb OCCKOHEHHO Maadi.

Tak Kak OrpanmueHHas nepemeHHas MeHblie HEKOTODOH 110-
crosunoft (§ 37), nokaszannoe csoficTBO GECKOHEUHO MaALIX MOKHO
pacnpocTpaHuTh W Ha cayuail npousseaeHus orpanuueniol nepe-
MEHHOH Beanunnbl Ha GeCKOHEUHO Maaylo.

AT0 CcaeNCTBUE CTIPaBEAAMBO W MUl NPOM3BEICHHS ABYX
OECKOHEYHO MAJLX BeJHYNN, a TaKKe JUIs NPOU3BeacHus Hy.s
Ha OECKOHEUHO Maaylo, Tak Kak GeCKOHEUHO MaJble BEJHYIHLI
OTHOCATCS K OrpaHiueHHBIM mepeMennuiM (npumeuanne § 41),
a Hynb ecTh uacTHl cayuali Geckoneusno Manolt (§ 38).

Bropoe ceoftcTro. Aszebpauteckas cymma dsyx Gec-
KOHEUHO Maablx o—-3 ecms Geauduna GECKOHEHHO MAAAA.
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Bosbyen npoussossnoe nonoimensnoe uncno e. Tak Kak o
Il B— seanunnnt Geckoneuno mansie, 10 |o| u || xaxuan v or-
ACABHOCTIL C HEKOTOPOrO MOMEHTA CAEJZCTCS I OYAET OCTABATLCS

_ €
MeHbWe M0GOro MOJMOMNKHTEJABHOTO YHCAQ € H aawe S T B
HauuHas ¢ HeKOTOPOro MOMEHTa, Oyner

Caomus stu nepas

w

HCTBR, NOAyuuM:

=]+ IE <~

HERQTOPOrd MOM

Jat-

3| <.

1M aBe OSCKOHEHHO Maane

a=—2; —0,2; —0,02; —0,002; ... =0,

i=—14; —1,4; —0,14; —0,014; ,.. =
nosyums:
o+ f=—16; —1,6; —0,16; —0,016; ... @)
Peaynnrar caomenns a— —roie GeckoHeuHO Maul Feaiti,
TAK KaKk Kakoe Obl MQI0e NOJOMKNTEeALIOE HICA0 & Mbl HIL R,
cpean wxenon nocaerosaressrocti (2) nafinercs Apodn, Abco-
JIOTHAS BEANYMNA KOTOPOH Menblue s; HApHMED, |a—+pB| mower
caenarhey menbiie 0,0001; 0,00001; 0,000001 n T. a.
Caencrnme, Aus2ed) COKGH CVMMA  KOHEUMHOID Miidd
OeCKOMeHNO MUANN &

NG OecKOHeUHO MQ.2an.
Mycie apefyetcn  camknmy  OcCKONEHO MAaBEe &

Oyy %oy e vy 7,0 COVIECHO RTOPOMY CBOMlCTBY, HMEEM:

nuHHnN

ay |y Geckonenio Maas
(o | @y) | @, — Oecroneuno xa

(g -ty | @) | g — GECKOHEHHO




120 TEOPHS MPENETOB [ra. v

HyKHO nOMHNTL, YTO 3TO CBOHCTBO A0KA3aHO HAMH TOJbKO
A7 TOTO CJAyyas, KOTZd KOJHYecTBO OECKOHEYHO ManBIX clia-
raeMblX KoHeuHoe, Xxors Obl u oueHb Goabuioe. Ecau ke HYIHO
cnouTh Geckoneurno 6o/bluoe yucio GecKOHEUHO MaJbLIX BeJi-
UHH, TO yKa3aHHOEe CBOHCTBO MO)ceT OKasaTbcsl HeBepHbM. Tai,
HANpuMep, NpH HEOTPAHHYEHHOM YABOEHHM 4licJa CTOPOH Ipa-
BHJILHOrO BIINCAHHOTO B OKPYKHOCTH MHOTOYrOJbHUKA JUJIHHb!
sTux cropon Gyayr GeckoHeyno Maipimu (cm. npumep 2 § 41),
OfHAKO HX CyMMa, B npefeie paBHas AJNHHE OKPY)KHOCTH, HE
eCThb OCCKOHEUHO Majas BeaHuNHA.

§ 43. Teopemsi o mpepenax.

Teopema I. [Mepemennas seautuna He Modcen: uiemty
08yx pasauunslx npedenos.

Nokasarenbcrso. Jonycriy, yrTo TepeMeHHas X imeer
nea pasuwlx mpenena A m B. B Takom cayuae coraacHo onpe-
nenewnio npenesa (§ 41) passocts Mexcay mepexenuofl n ee
Npeseson aomkua GuiTh GecKoHeuHo Manol, T. €.

Xx—A=uq,
x—B=3§,

rae ¢ U §— 6ecKOHEUHO MaJble BeJHUHHBI,
Boiurs ua NEPBOro paBeHCTBA BTOPOE, MOTY'HAL

. x—A—x—+B=a—3,
nait
a—3=B—A.

Jlepas wacTh 9TOro pamencTBa Kak pPAsHOCTh ABYX OGECKONMEUHO
MAMBIX BEJNYHH ecThb Beanuuna OeckoHeuHo MaJjas; npasas ke
UacTb — BeauunHa nocrosuuas, Ho Geckoneuno Majas peanyina
MOXKET PABHATLCS MOCTOAHHON TOALKO B TOM ClAyuae, ecail 9T
NoCTOSINHAS papna wymo (§ 38); caemosarenbno, B—A=0,
orciona A= B, 1. e. mepeMeHHas BeANUNHA HMECT Ol Npeaedl.

Caencrsue. Ecau 0se nepemennvie Gesutursl, wieio-
e npedeavt, npu BeeX CBOUX UIMEHEHUSX DPAGHLL Meducdy
000, mo pasuer « wx npedes.

B camom nene, xawmas w3 mepeMeHHBIX NO AOKASAHHOMY
UMEET 1O OAHOMY npeaeny, HO TaK KaK NEpeMEHHBIE PaBibl
MesIy COOOH MpH BCeX NnaMeHeHHAX, TOWQHI 0 CTPEMATCS K OAil-
HAKOBOH nocTOAHHOM, T. e. HMEIOT pasHble Npejaesbl.
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EVAMUN KORENNOXO HUCLG Nepe
P28 Qe B pedy

PRTLIN,  PE8ON

Teopexa II. IIp
MEHHbIX BeAuuus, .M
A08 AMUX REePeNeRHN X

HokasaTeapctso. DBOSHMOM ABC NEPCMONUBIC ROV
XUy, HMelouiite npexesaMil cooTherTcTREenuno LA ow B, ow. e,

1)
limvy=B. | 5
Cornacno onpezerenmio npexeaa (§ 41) pasnocru x— 2
y—B cyms 6LCh0hE'~IHO Mansle BeaHunHm, T. €,
x—A=2z,
yv—B=3,

Tie @ N 3— GECKOHEUHO MafHe BEeNMWUNHEL
Caomus sTH pasencTsa, 1nod

(x4t —(A+8)=a—+ 3.

B 7iesoft wactn nocaeamero paseHCTBA MMEEM Da3HOCTb MEKILY
nepeMentolf x— y u nocrosHHOA A-— B, B NpasoH e uacT
GECKOHEUHO Malyl0 BeamuiHy (CM. mopoe csoficTeo B § 42).
CliesoBaTeibHO, COFJ2CHO ONpeleseHHI0 Mpeaena HMeeM:
lim(x—+ y)=A-+ B.
Yuurupas papencrsa (1), MOxeM H2MHCATh:
lim {x—+ y)=lim x—+ lim y. :

Touno TaKk e MOXKHO AOKA3ATb STY TCOPEMY ISl TPEX, ue-
ThipeX U A1000r0 KOMEYHOrO HHC/Ad NePEeMEHHLIX.

Teopema lll. [Tpedesr pasnocmu nepestenuilx, uie/o-
wux npedeasl, pasen pa3HOCIU npPedenos SNUX 1Lepese bl x.

Kak napecrno, pasHOCTL MOKHO PACCMATPUBATL KAl aAsire-
Gpanueckyio cymmy, a noromy teopemy Il mouo pacnpocrpa-
HUTb H HA PASHOCTH.

Teopema IV. [Ipedea npoussedenus roneunozo0 wucie
NEPeMRHILLX, UMeIOWUX npedenbt, pPABer NPOU3BEIeHLIO ilpe-
00208 IMUX NEPEMCHHbLY.

Jokasareabcrso. Bosbmesm ape nepeMeHubie BesmuiHbl
X U Y, UMCIOUWHX NpeiejaMH cOOTReTcTBeHHO A u B, 1. e,

limx= A4, y
lim y = B.
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Mo onpepenenmio npezena [(1) § 41], moxkeM HanucaTb:

x=A+uq,
Y= Bty
rae o n {3— GecKOHEYHO Manble BEeANYHHbI.—
ITepesHOMUB STH DABEHCTBA, MOYUMM:

xy=AB—+ A+ B+ af,
xy— AB=BA—~-aB—af.

B nesoft wacTit nocjeaHero paBeHCTBA HMMeeM DPasHOCTL MEKILY
TIepeMEHHON Xy M mocTosHHOW AB, B npaBofl K€ yacTH Kamnoe
ciaraemoe — 6eCKOHeUHO Manas BejuyuHa (CM. NEPBOE CBOMCTBO
B § 42), a moToMy cymMa HX—TaKike BEIHYHHA GCCKOHEUHO
Manas (cnexctsue BTOporo cBolfctBa § 42). Takum oGpasonm,
pasHoCTb Xy — AB— GeCKOHEYHO Majas BeJHuHHd, 4 HOTOMY,
10 ONpele/ieHnio npeaena,

oTKyza

lim xy = AB,
ni
lim xy = lim x lim y.

A1y TeopeMy MOXHO A0Ka3aTb AAS JAIOGOr0 KOHEUNOro Hicia
NepeMeHHbIX COMHOMHTENeH.

Cnencrene 1. [Ipeder npoussedenuss nOCHOAHIOL
BCAUNUNHGL HQ NePeMEHHYI0, UMeowyio npeden, pasen npo-
U36e0eHUI0 NOCMOAHHOE HA npedes NePeMenHod, m. e.

limax =alimx,

20e @ — nocmosxHan, a X—nepesMesnan.
Ecan @ — nocrosiiHas BejiuHHa, TO, OYEBHAHO,

lima=a.
[Tostomy corsacho Teopeme IV moayums:
limax=limalim x =alim x.

Cnepcrsue 2, [Ipeder cmenenu nepemexuHoli, uiei-
wei npedea, pasen Mol dce cmenewu npederq nepeMeHKol,
m. e,

lim x = (lim x)»,
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B camom sene, x™ MONHO NPEACTABHTL KAK NPOM3BELEHUE M
OAMHAKOBBIX COMHOMHTeNEH; TOrAd
limxm=lim (x - x - x...x)=lim x lim x lim x. . . lim x=(lim x)", '
Brisepennoe caencTsue, KAk JlOKA3LIBACTCS B TIOAPOGHOM
Kypce anannsa, cnpapeijuBo AJsi JI06Oro 3HaueHus 1.
[Tonbaysich oThM, MOMXHO CKasaTh, UTO npeder KOPHA U3
nepeitennoti, unéowed npedea, pasen KOPRIO IMOL Jce cnie-
nenw u3 npedea@ nepemennoi, n. e.

m . m
lim)/ x = Vlim x.
1
m

Hetictpurensto, npeacrasns Vx B Buae cremews x ™, TO-
JYUiM:
m 1 1 n
lim Y/ % = lim x™ = (lim x)# = }/Tim x.
Teopema V. ITpedes uacmuozo0 om OeaeHus 08Yyx ne-
PeMennbLY, useomux npedersi, paser HACMHOMY 0n. 0ere-
HUSL Nipedenos Oeaurozo w Oealmenss NP YCAOBUML, UNLO
npedea deaumenss we pager HYAI0.
HNoxagareabcrno. Ilycr
limx =
; ®)
limy=258J,
npuuem B =~ 0. ITpumem Oea jokasaTeibCcTsBa CYLIECTBOBAHNE

!

X
npexnesa 5 BBHAY CJIOKHOCTIH 3TOr0 BONPOCA; LOKAMEM TONbLKO,
UTO OH DPABEH YACTHOMY OT [AeNeHHA HPEUeoB X H Y.

ITonomum
X
= s )
OTKYA
s

Tlpunas Bo BHUMAmNe, 4TO X, ¥ i 2 HMEIOT MpPEAC/bl, IpuMe-
HUM TEOPEMY O npesneje NpoOH3BeLeHHs:
lim x = lim y lim z
Ham
A=Blimz,
OTKY A

limz=—.

B
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Cornacio pasencrsanm (2) u (3) mmeem:

o lim x
lim—=——
y lim y
NpH ycaoBHu
lim y == 0.

§ 44. Mpegen dyuxuuu. ITycre nanma ¢yHkuus
y=x>*—4. ‘ (¢))

O npenesie ¢yHKLHH MOKHO TOBOPHTb TOJABKO TPH  YCIAOBHU
3a1dnns npejena, K KOTOPOMY CTDEMUTCS ee aprymeHt x; Ges
9TOr0 YCJOBHsS BONPOC O npenese (YHKUHH HE HMEET CMBIC/d.

[Monoxum, 4T0 Xx—>3; NOCMOTPHM, CYLLECTBYET JH TPU
9TOM ycnOBHH Tpeies AaHHOH (YHKUMH M €CHH CYLLeCTBYET,
T0 KaKoH *). 3

Tosops 0 npenese nepemenuott B § 41, Ml mokasauu, 4TO
9Ta MepeMeHHask MOXEeT CTPeMHTbCS K CBOeMy mpenesy, H3me-
HSACh PA3HLIMH CnOCOGamu.

lycts B mawem npuMepe X NPHHHMAET TAKYIO TOC/ea0Ba-
TENLHOCTb 3HAUEHIH:

3,1; 3,01; 3,001; 3,0001; ...—3;
Toraa ¢yuxumus (1) moayunt cooTBeTCTBEHHO 3HAUEHI:
5,6; 5,06; 5,006; 5,0006; ... —35.
Msl BuanM, uro - naHHas QyHKUWHS NpH X — 3 HMeer npeaed,
papnuift 5, Ao 3ANMHCHLIBAIOT TaK:
lim (x2—4)=25.

@ >3
Ecan 8 pasencrse (1) aprymenty aaTh 3uauenus:
2,9; 2,99; 2,999; 2,9999; ... —3,

TO W B 9TOM cayvyae npeaen Hawefl ¢ynxuun OyierT TOT Ke,
B yeM Jerko YOCANTHCSl COOTBETCTBYIOLLHMI BBIUHCACHISIMI,
Vrak, ¢ynkuus (1) nyeer npemen npu x — 3.

#) B moAnpX Kypcax anamnsa JaeTcs ONpeiciCHHe MOMSITHS Tpe-
Jena (yuxuuy. BBHLY CAOKHOCTH STOrO ONpPEAENCHHs MLl HC HaXOAHM
BO3MOIKHLIM 31€Chb ero NPHBOAUTL.
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[Moxasanubifl Beme Cnocod HAXOMACHUS Npenena (yHKI
TPOMO3/IOK, MOSTOMY HA NPaKTHKE OH He npumensercs. Jlokasau-
Hble HaMu TeopeMbl 0 mpegenax (§ 43) MO3BOJASIOT YNPOCTHTH
pewienne oTofl 3amaui.

I. Mpumep 1. Hafitu lim (x2—4)

Pemenue. [Mpnmenss 'reopeMy Il u cneacrTBue 2 TEOPEMb
IV o npenenax, nomyumm:
lim (x2—4)= lim x2—lim 4 = ( lim x)? —lim 4 = 3*—4=5.
z->3 @ >3 @ >3
rorT mpesen pasen panee HAHACHHOMY HaMU A8 (DYHKLIH
y=x>—4,

2 3
Mpunep 2. Hattru lim ‘+:‘rl)'
w2 2%

Pemenue. ﬂpe;xme yeM TNpPUMEHUTh TEOPEMY O mpejese
YacTHOrO, HY)XHO y3HATh, HE OyAeT U NpEfea NCAHTE/S PaBeH
Hymo npu x — 2. [Moswbayscy Teopemoit II u caeacrsueM 1 Teo-
peMut IV o npenenax, nafipem:

lim 2x+1)=2 lim x—+liml=2-2-41=5.

a>2 @ >2

Mpexen genurens ne pasen nymo, nosromy reopema V o mpe-
nenax  moker Outh mpumenena Kk maweft  gymkunu.  Taicin
0o0pasom,

A2+ 3x _ lim (x4 3x)

hm ey Tim (2 1) *
Ho e
Ilm (\‘ —|—3x)_( Inn x) —+3 lim x.
o
C.rlc,rlona'rcnhuo.
lim F4dx  (lim x4 3lime 2 243 =_0=2
oo 26+1 .)lunx-{-hml 2. 2+1 5 .

@2

[Moxcrasus B Beipaxenus Qysxunit B nocaAeiunx npumMepax
BMECTO X CTO NMpeiesibHOE 3HANEHHEe, MLl MOJAYUHM Te JKe pPesylib-
Tarhl. B NOJAHEIX KYypcax aHa/insa J0KaskBaCTCsl 3aKOHHOCTD TaK O
MOACTAHOBKIL NP YC/AOBUHM, 4TO K (DYHKIWHM, TPELes KOTOpok
HAXOLNTCS, NMPHUMCHHMBL TEOPEMBI O Npeaenax.

B naapuefimem Ml GyneM monb30BaThes STHM NPHEMOM, Tai
KaK Of BHAUHTCAbHO YCKOPSIET [MPOIECC OTBHICKAHNA Tpeaesna
GymKini.
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asbepen 1

PHMe
e"’“’OPMT’eg KOToprix npegen senutens paseH
er npfe““ O mNpepnene YAacTHOTO HEMpPH-
e o CTaBUTHcq npa cayuas.
5 IiaHT“ - aBey Hy 10

lim 3 .

e
auey, Hay ey 2 %_
Hie M n 5]
2 peﬂe,q I
L €MuTeng, savenss X ero mpe-
—
6) 2.5
Npea ~—6=0.
e lle,"
\"Q“lxe = Yae
s Ha “Thoro B mammoy mpuyepe

0 /1 o
2. Heponycrumo). Mer suaen,
6 ecTh GeckOHEUHO Manas

ey,
by “I"Q
Ge x Sey, Geckoneuno GoJbLIAA
Cxq S
' @ 1n Rey, > a cnepopartesibHO, H NMPO-
Tar 3 % 1o
Q a 3
I‘Q 2 = G
B Ogpllas BealyuHa, T. €.

, HE uMmeoulee CMBICA.

x
AN
X
\ \;l:ﬂqauuﬂﬂ (yukuua He HMeeT

S Q\l\ hpeAsapurenbio npeol-

N Q“‘lb Il 3HaMeHaTeJ b HA X,
N 5
SN NPeAeNLHOMY 3HAYEHUIO
N
O

: @
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.+‘)
X1
TaK KaK npc:xcn ero neawreas ue pasen mymo. Hafiges npesen

X2
A .
podu e

K shipaxenmio

TEOpEMA O Hpeacae YACTHOI O HpUsMenisma,

x42 _ 042

a.lflu"+l T

Tlpunsis Bo puumanne paseHctso (2) H caencTsue Teopestr
§ 43, Gynem umers:

. x24-2x oo X2
lim —+—= lim +1 ==,
a:-)O'*'+"' z>0 X

10T pesynbTaT MOKHO NOATBEPAMTH N BLIYHC
UCHHH nannoft yHKUMM INPH 3HAYEHHSIX apryMex
K Hymio, manpusep npu

x=20,1; 0,01; 0,001; 0,0001; ...

C.’IE.’llelll(\ﬂ TabAHIA NOKA3LIBAET XapPaKTeP M3MEHEHES OV a_us

_ X 42x " .
VA e npn x— 0:
X 0,1 0,01 | 0,001 | 0,0001 |...— 0O
1;9 1,99 | 1,999 1,9999 ... — 2
Ipumep 6. Hatiru lim g
x—3

@->3

Pewenne. 1 B JaHHOM CJayuae npenejbl NEnuMoro M
JIEIUTESt paBubl HYJNI0, NO3TOMY q))’lll(lllllo HEO0X0AMO npen-
BAPHUTECNBLHO ll[)(.‘OﬁpﬂBOBﬂTb, COKpPATHB €e Ha .\7——-3, HTO noiy-
CTHMO, TAK KdK 10 nepexoja K npeaenbHOMY 3HA4YEHHIO x—3qﬁ 0.

Mrax,
Loooxt—9 Lo (xH-3)(x—3) :
lim — = lim - = | — -
@ X— s x—3 S (x4 8)=3- 3=6.
T
Mpumep 6. Hattrn lim M

e x—1
Pemenwue, Kak u B nNpenbiiyliux mnpuMepax, panuas
QyHKIUNS AOMKHA TIOABEPrHYTLCA INpeobpasosanuio. [lns sroft
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ue1i OCBOOOAUM UHC/AHTE/Nb OT HPPAUHOHANLHOCTH, YMHOKHB
ofa uiena ApoOn Ha |/ x— 32, u cueaaen HeoOXOLUMBIE
yTpouLeHNs:
Vx+3—2
x—1

— g V3DV xF3+2)

z>1 (= DV ZF3+2)
lim xS -
a>1 (x—1)(V x+3-+2)

Ll——— im —_—
et G (V534D w1 V xrot2

1 1

T Vigat2 4

1. PasGepesm npumepbt oTbickauus npeaesna (QyHKN IpH

X—>0Q .,

lim
Z->1

= lin

lMMpumep 7. Haftru lim ——
o x4 2
Pewenne. [eanresp 3x— 2 npu x — co HEOrpaHiticnto
pacrer, T. e. npencmn.nﬂeT GeckoHeyHo 6OJblIYIO BEAHYHHY;

obparnas ke ell peanImNa 5 +(, — Geckoneuno manas (§ 40).

1
Cnenoparte
il TLHO, NpOU3BELeHie Ty

-2 crpeMmHres K HYJIO,
€CAN X —> 00 %

5
h_x)nm TrFD —F=0.
3x+5
x4l

Pewenue, ﬂ,emmoe ll AeJlHTCJIb aauHofl  (yHKWI npit
X —> 00— GeckoHeyHo Goabluie BeJHUHHBI, @ HX OTHOLUCHHE He
uneer cmbicaa. [losromy npeobpasyem Jaannoe BbIpAIKCHHE,
PasueniB ACAUMOE M JeJuTeab HA X!

MMpumep 8. Halttn l|m

segs 3t E

- dx+1 7 1
g
X
5 1
Ho + I mnpu X — 00— 0GeCKOHEUHO Majble  BCJHYNHLL,

4 NOTOMY MNpeje/bl AAHUMOTO M meanTeas GyayT COOTBETCTBEHHO
pashsl 3 u 4, a npenex dyuxuun 0,75.
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. Tpouecc waxoxnenuns npenena AaHHOH (yHKUHI 3aniuIeTCsH
TaK:

342
lim i im —2 8+0=0,75.
a-)uc‘lx-f—l :n-)oo4+____
X

. 44 3x?

Mpumep 9. Hatitu lim Ll
@ > X244

Pewenne. Pasgenus oba unena npoOu Ha X2, MOMyunMm:

o 1
2x¥+4- 3x24 x —2x+d+7
44 o 4
1+F
Mpu x — co ornowenus ,\l 1 :\i crTpemsiTcs K Hyaio, a 2x

HEOrpannyeHHo pacTeT; CcaenoBaTeabHo,

lim (2.\'—1—3—;——}):00

@ >0
"
lim (1 +4)=
@ > x5
a Bes upolb
1
2x + 34 o
—_4 —> CO.,
1 Sy
Mrak,
1
oy 2x 434 —
oxh o =
lim ;"_‘*‘,.3"_"';1 = lim -—l’\ = 00,
@ HESR @ - 1+ _,_
)
Yapaxnenus
Haiitu:
1. Ilm (2.\"—‘—— 3x-4+4). 2. lim i.+_x':—3 3. lim if_,
@ w>—-1 2x—1 @->0
1 Zx 4x8—3x*
i 5. lim . GRlimic—
4 ,,,l.!;]ul—i—z» 2>0x—1 >0 2x2 45
7. lim 5 8. lim x_i’_l__
x>0 X2+ X x>0 X

9 3eak. 215, M. Jl, 3afuen
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i Lot xt 3 2 - 9481352
9. lim —T*- 10, lim X+ X . 2x84-3x
:cv>02x+x‘-5-i—x3' x—Tqu—l-‘Zx'-’ . “‘wh;g —or
2 fim LSS g iy 2] 14, lim 22—}
ol 22 z>tx—1"° a>2a X—2a
15, lim .‘Lx_s. 16. lim X +4x—5
or2 X—2 @ >=5 x+5 "
17, fm 29546 gy, 497
22 X' —12x4-20 * T e
19, fim __*—3 . Va—Va—x
z>3X°—6x49 20, E“_TU—'X .
21, tim Yatx—Va—x Dyt ) o 0
@0 * ’ z>s VYV XxF1—2
[ TFx—VIi—x o
23, fim Y1+x—VI—x i l_L)
B0 4x : ok :cm—]:cu Bl
25, lim .,4 . 926, lim x—!—-l' 97. lim 2%
Z >0 X2+ x Trm X S
2%, lim 1= 99 iy B gg g MO

@00l 4 242 Z > 0o X3 X0 2> o0 X2 A8

§ 45. TMpemen ornomenns —o

B IauioM cayuae lim x=0, To A9 HAXOWACHIIS npeiaeaa OTHoO-

npu x— 0. Tax xak

sin x
N Weuna —= npi x— 0 wueansg npi-

MEHITb TeopeMy O mpejedie “dcTHoro;
HeMb3s Takke CAeaTh IIKAKNX lpe-
o0pasopanuii aJs BHIUNCACHUS PEe/ia
nandoro oriouwenus. [lostomy HC-
nosbayem reoverpuueckiue coolpa-

ﬂ i e,
BosbMeM okpyikHOCTh paanyca /2
1 UEHTPAJbHBIN Yroa X, BhIpaKetbi
B paxuannoit mepe (uepr. 69). Ipose-

Zem xopay AM n kacaveabiyio AN,

Uepr. 69. NEepeceKalonLylo mpoaokeie panuy-

ca OM B rouxke N. 3 ueprena BIHAHO:

MMaow. A\ AOM < naow. cekropa AOM < naout. /\ AON,

Bripaxan naowann TpeyroabHuKoB 1 cekropa 1o (opmy-
JaM, MOJKEM Nepenicarh:

0A-PM 0A.—AM
<5

i/

OA - AN |
5 )

<
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04
nocsae coxpauleHus Ha 5 NOAyUnM:

PM < — AM < AN,
Paszeaum Bce unensl nocsemmux nepapencts Ha Ri
PM — AM AN
AL o pdoil o Tl 1
R R R M
Ho
LA sin x
R R b
A—N——t X
R e
—AM __
R
nosromy nepapenctsa (1) npunumaoT BHIL:
sinx << x < tgx,
nan
sin x
Cos X

sl <t <<

Tax Kak £ — ocrpuiit yroa, To sin x — BeuNIHA TONONKNTE b HAST;

: L S

: — ==
o cosx szgx 7

Yepr. 70

paszaenus noJyyeHHble HepaBeHCTBa Ha sin x, Halgem:

X 1
I< sin x < Cos X
Han
1> M"v"' > cos X. ()

[Monoxkum Tenepb, uro X — 0; Torna

cosx — 1.

sin x
Ho rak kax oTnoumenne — COriiacHo HepaBeHCTBaM (2) 3axno-

HEHO MexAay einHuuell ¥ cosx, TO OHO H NOLIBHO CTPEMUTCS
K eannune.

Q%
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sin x
910 cTpeMieHie OTHOLIEHH: — K eaunnue XOPOLLUO BBHIsIC -

HAETCA, eC/AM BeJMUMHBI, COfepyauiMeca B HepaseHCTBaX (2),
NpeicTaBuTh HA KOOpAMHATHOH ocu (uepT. 70).
Hrak,
sin x
SN —
X

lim

a->0

§ 46. OuBuBanenTHBe GeCKOHEYHO MaJble BEJHYHHBL
IKBUBANCHMHbIMIL HA3LLBAIOMCS OCCICOHEHO Manble BeAULURbL,
npeden OMHOULEHUR KOMOPLLX paser eOUHILUe.

B § 45 O paccMoTpen mpeden oTHOWeHHs IBYX Gecko-
HEYHO Ma/blX BeMHuHH SinX W X, NMpHYEM STOT mpeie] 0Kasaucst
PaBHBIM eANHHLE; NMOITOMY sinx N X — SKBUBAJEHTHbIE 0Oecko-
HEeYHO Manwie npu x — 0.

Moxno ykasatb  na Apyrue SKBHBanEHTHbIE GECKOHEUHO
Majbie BeJHYMHB!, Hanpumep tgx u x npu x — 0. B camom nerne,

sin x
1gx . COS X . sin x T
lim g—,: lim —— = lim ——— = lim
>0 ¥ @ >0 o> /005 2 >0
. sinx ;
= lim —+ lim ——
x>0 2 >0 OS5 X

B noapoGubix kypcax amannsa MOKasbiBaercs, UTO Npit OTh-
CKAHNN Tpesena OTHOLIEHHs ABYX OECKOHEUHO MaJbIX BE/IIMUHIC
K&KAYI0 U3 HHUX MOXHO 3aMeHHTh el sxBupaneHTHOH.

sin® ‘—\;
Mpusmep 1. Hatirn lim =
a >0

Pemwenue. Mu yie nokasanw, uro sinx i x npi ¥ —0—

9KBHBAJEHTHbIE GECKOHEYHO Manble BeNUUNHbI; MO3TOMY B JaHHOM

v 38 x .
BLIPAKEHMUH MOXKHO Sil - 3aMEHHTH ero aprymentom =-. Caenas
970, MOJAYUIM:

X
sin® =

lim — = lim
x>0 X 2>0 *

9 . slnax
Mpusmep 2. Haitru T!To TR
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Pewenne. INpn x—0 rmawke ax—0 n bx— 0; no-
3TOMY sinax u sin bx — GeckoHeYHO MaJble BeNHYHHBL. 3aMeHss
sin@x u sin bx 3KBHBANEHTHLIMH GECKOHEUHO MANLIMH BENHUHHAMM
COOTBETCTBEHHD aX u bx, moayuum:

lim 08X _ i 8E i £ = &
@ >0 Sinbx o bx b b
YnpayHenus.
Haiin:
sin
. X . 5% . sin2x o= 2
1. lim ST 2, lim « 3. lim——. 4. Hm——:x
2 g SN @>0) COSIE X nT A
. sin 2x . sinax
5. lim——. 6. lim———. 7.
@ >0 a @ >0 -
sint =5- sin sin 2.x - sin 3.x
9. lim —- 10, lim ——. 1, lim ————.
X X o X
@0 @ >0 @& ->0
1 i . sin 2xsin v
12, lim ——. 13, lim xctg.x. i St
£ 0 @ >0 x>0 X
- .. Sin.xcos x . osinx4-tgx . sin2x
15. lim ———————. 16. lim #- 17. lim =
@ >0 2! 2 >0 X e T
ol sty . cos x
18. lim o——. 19. . 20, lim e
@093 8in X X

@ >0
l n

§ 47. NMpegen BeIpacenus (1 —{—;) npu 7 —>co. B mo-

- ] n

Apo0HLIX Kypcax aHannsa AOKasbiBaeTcsi, uTo npegen (l -{-7)

npin n—co cyuwecrsyer, uro on Goibmwe 2 i menbwe 3 i
BLIPKACTCA HPPALNOHAALHEIM YHCAOM, JLAs nosicHents cka3annoro

] n
cocTasuM cjeayiouyio Tabanily suauenuft uipaenus (l +7T)
NpH BO3PACTAIONLIX BHAYCHUAX n:

n ‘ 1 2 3 4 ’ 5 10 100 | 1000

(1+i)" i 2 l 2,95 | 2,37 'z,/n\ 2.49‘ 2,59 | 2,705 | 2,717
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W3 rabamuibl BUANO, YTO MO Mepe BO3PACTAHMS /2 BLIPAWKEHHE

1 n
(1 +7) TAKIKE BO3PACTAET, 3aMeXasfich B pocTe.

n
[penen (l —+—%) npu n— 00, pasuuit npubamkenuo 2,718,
NpuHATO 0003Havath GykBoH e.
Wrak,
: NS
lim (l —}-7) == 2 Tili8Y

n-»co

§ 48. Harypaabusie aorapudmsl. B suicueff maremaTiike
YICJO ¢ HMEET OYEHb BAKHOE 3HAUEHNE, KOTOPOEe MOMKHO CPaB-
HHTH CO 3HaueHueM = B reoMeTpuu. Hucao e npuunMaior 33 0CHO-
BAHUE HAMYPasbHotX, WAL Heneposstx ), 1orapidyos, HMEIOLLIX
6o/blIOe NpHMEHeHile B MaTeMaTHYeckoM aHadnse, Tak Kak
C UX MOMOWLIO MHOTHE (OPMYJBI MOMKHO NpeicTaBuTh B Oosee
NPOCTOM BHAE, UeM NP NOAL30BAHHN AECHTHUHBIMI Jorapid-
Mamu. Jlns marypaipHoro gorapugaa ycraHosaen crmpod .

Harypaabusifl 1w gecsitiuublil Jorapugmpl OAHONO 1 TOrO IKe
UHC/IA CBSI3AHBI NPOCTHIM COOTHOLIEHHEeM, IO3BOMIOLLIM Tlepe-
XOMUTH OT JHeCATHUHOrO Jorapudma unc/ia K HarTypaabHoMy, W
Hao6opor.

s BEIBOZA 3TOrO COOTHOUeHUS Bo3byeym uncao N it npei-
CTABHM €ro B BuAe AByX cremeneff, nmpupaB 31 OCHOBAlNS HX
uncaa 10 u e

N =10"

([
N=c¢ r

rae X n V, KaK HU3BecTHO, HA3LIBAIOTCS norapuq».\m.\m uncaa N,
npuuemM X — decamutrul.i, V—HamypaipHoL M. M3 nanucau-
HBIX PABEHCTB CHCLYeT

10%=g"

IMposorapumMuposas oGe UACTH ITOO PABEHCTBA MO OCHOBA-
o 10, noayuim:

xlgl0=ylge,

#) Harypaaplibie 10rapH()Mbl HA3BaHbl HENEPOBBIMI 11O HMEHI 10T~
JANACKOrO Matemarnka Henepa, snepsbie npHMENHDIIETO AOrapudsi-
HCCKHE BBIMHCACHTS.
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1
x=ylge,
OTKYAA
X
y= Ige *
Bamenss x u y coorsercrsenno ueped Ig N m InN, namumenm:
IgN
N =22
lge

B raGmiue norapugmos nalzem:
1g e = 0,4343.
TMoaromy

1
InN=lgN.l_gE=]gN.

1

TEm='gN 2,303, (1)

T. €. HAnYpassnuli 202apughil HUCAQ paser NpPou38e0eniLio
0CCAMUNHO0 A02aPUBMA 37020 YUCAQ HA MHOJCUNEAb, PAG-
rud 2,303,

Orclona caenyer, 4o HatypaabHbiil Jorapudnm uncaa Goabuie
Aecarunoro B 2,303 pasa.

s pasencrsa (1) naxommai:

lo N=InN - 0,4343,

T. . decamutnviii a02apughat wucaq paser npou3sederuio Ha-
MYPasvHoz0 A02aPUHIG  IN020 HUCAQ HA MHOJICUNERb, PAB-
notlt 0,4343.

ITpunep. Haftrie In2

Pewenne. In2=I1g?2.2,303=0,3010 - 2,303 ~0,693.

Ynpawuenust
Hatirn:
1. In3d. 2. In12. 3. In4,5. 4. In 10,5,

5. In0,2 6, In 0,16, 7. In 0,84, 8, In0,1.



FJABA VI
OYHKUUSA U EE MPOCTEMLIUE CBOWMCTBA

§ 49. Cumsosnka ¢ynxunonaabuoit sasucumoctu. Kak
ykaswiganoch (§ 6), mepemennas y Haswizaercs yukuueft nepe-
MeHHOH X, eC/H KaAoMy AOTMYCTHMOMY 3HAUEHIIO X COOTBET-
CTBYET BMOJHE OnpeneseHHoe 3HaueHue Y. 3anarth (YHKLHIO
aHATHTHYeCKIt — 3HAYNT yKa3aTh AeHcTBUS, KOTOPLIE HYKHO MPO-
H3BECTH HA4 apryMEeHTOM X, 4TOOLI MOJAYUHTb COOTBETCTBYIOLLEC
guavenne y.

[lycrs, nanpumep, ¢yHKis 3a1aHa ypasHeHHEeM

2+2Y x—1
Y=——
X
DTUM CaMLIM HaM AaloTcs 1 Te AeHCTBHs, KOTOPBle HEOOXOANUMO
COBEPIUNTL HAA X, 4TOObl MOAYUHTHL V.

Hacto GuiBaer, YTO OAHA M TA Ke (PYHKWNS, 3aAaHHAS HHOMAL
CJI0MHBIM YpaBHeHeM, He pa3d BCTpevaetcs B H3JA0KEHIUT OAHOrO
Il TOFO JKe BONPOCA. YC/AOBHAMCH 75 KPATKOCTH 3aninci npa-
BYIO 4aCTh ypasHeHus, 3aaloutero ynkimnio, 0603HauaTh CHMBO-
Ja0M f(x) # nncars:

y=f(x).
IT0 pABEHCTBO UNTAETCH TAK: «HTPeK pasen 9 OT HKC» HAH
«HrpeK ecTb QYHKIIS OT HKC».

HMuorxa nac Gyaet unrepecosatbh He Kakas-nuOyab KOHKPET-
Has (yHKUNS C H3BECTHOH COBOKYNHOCTHIO AeHcTsUi Hal apry-
MEHTOM, a TOAbKO (haKkT, uTO ONHA nepemeHuas BejuuiHA 3aBH-
cur or apyrofl nepemennoft semunubi. B srom cayuae raxie
npHIATO nucaib Y = f(x), paaymes noa cumpsosom f(x) Hens-
BECTHYIO COBOKYINOCTb NeHCTBHH Hal apryMeHToM X.

Ecan B onsoM n TOM ke BOMpoce peub HAET O HECKOJIbKHX
PasauuHbIX QyHKIMAX, TO, uTOOB He CMeWMBATL HX, CHMBOJBI
9TUX PYHKIIH 0603HAUAI0T pa3ibiMil OyKBadi, Hanpumep: F, @, .




§ 50) OBJIACTb CYLIECTBOBAHHS ¢Y¥HKLHU 137

§ 50. YactHoe 3nauenue ¢yukuuu. O6IacTh CymecTBo-
Banua c¢yuxunn. I Tlycte ¢ynkuus y sanasa ypaBHeHueMm

W—xE— (1)

Jlamwm X psn suavennit, wanpumep x; =1, x,=3, X3=05
W T, I TOraa ¥ noJyunt coorsercrsyionine suauenus: y, =0,
Vs =16, ¥;=—=20 u 7. A. i
Bemnuunst x;, X, X HA3LIBAOTCH HACMHLLME SHAUCHUAMI
apzymenma, a Y, Vs, Yy — LACMHbMU BHAUERUAMU DYHIGUU.
Ecau cosoxynnocts aeHcTBif nan aprymentom ¢ynkuan (1)
0003HaunTh cHMBONIOM f(X), TO MOXKIO HANMCATH:

flx)=x2—x.
B stom cayuae nafizennsie snauennst yHKin 3anuuiyTcs Ta:
f(1)=0, f(3)=6, f(5)=20.
Mpuwmep. Hana dynxuns f(x)= 2x2 4 x— 1. Hatitu:
D f(—=1), 2) f(0), 3)f(2) 4 fla).
Pewenne., 1) f(—1)=2(— 1P+ (—1)—1=
=2 —1—1=0,
2) f(0)=2.04-0—1=—1,
3) f(2)=2.224-2—1=9,
4) fla)=2a*+a— 1.

Il. Kag Bumio, ¢yuxuns B pa3oGpaHHOM TNpHMepe HMeer
aeficTouTeILHBIE  3HAUEHNS NPT MOOLIX NeHCTBHTENLHBIX 3HauC-
nuax x. Oanako uactsl caylad, Koraa (yHKUHS 1PH HEKOTOPBIX
3HaueHusIX AapryMmenTa He HMEeT UHCJAOBBIX 3HAuYeHNK uam, Kax

1
rosopsr, #e cyuwecmeyen. Hanpuyep, dynxunn y= — npu
1
x=10 ne cyuwecrhyer, TK KAK - He BBIPAKAETCS HUKAKIM

uHCaOM;  (ynKuLHs y=Vx npu x<0 me cymecrsyer: ona
uMeeT MHHMBIE 3uaveuns npu x < 0

Onpeneaeunune. Cosokynnocms 6cex Oedcmeumenbrsl
SHauenul apyMenma, npu KOmopux QyHKuus umeen Oed-
cmBumensHvle 3HAHCHUS, HA3LLBACMCS 00AACMbLIO CYULECEo-
BaHusn hyHKyUL.
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Hanpnyep, oGmactsio CyLleCTBOBaHNS  (QYHKIHH Y = x?
SBJACTCA COBOKYNHOCTL BCeX. AeficTBuTenbHBIX 3HAYeHHR X, T. e.

~—i00 < X < o)

aas ymcunn y="71x*—1 ofmacts CyleCTBOBAHIS COCTONT
i3 IeHCTBHTEALHEIX aHAaueHull x, aGco/uoTHAS BeJUUMHA KOTOPLIX
He MEHbIle eANHHUb, T, €.
[x[> 1.
YnpaxHeHust
1, Nana pymxuun f(x) = 2. — 1. Onpeaeants
7@y 2) (0, 3) f(—=D-
2, Nana dynxuma f(x) = 3x2 -+ 1, Onpeaeanuts
N7(=2), 2 F@E) 38)fQa) 4) f@a—1)

3. TMoxasats, uro jan (ymwmm f(x) = x4 — 242 - 1 cnpapeaiso
pasencteo f(—3) = £ (3). ;

4. Tana Gynguns f(x) = x8 — x. Jokasare, uro f(—x) = —f(X).
1 5. Kax aanmcars, uto umeaa 2 u — 3 cayiar KOPHAMIL ypaBHEHiLs

Xx) =07

6. Haiitn cGnacrs cymecrsonamua dynxinit:

s =
1) y=l—|—\:; A])y__“/'l X
1 5) y=Inx
D y=m=7 6) y = €%
3) y=Vx—1: 7) y = arcsin X.

§ 51. TeomeTpuueckoe n3ob6pawenne ynxuuit. Tlyers rana
Qynxuus y= f(x). M3 amannruseckofl reoMeTpiil Abl Snac,
YO ypasuenue y= f(x), BooGlue ropops, ONPEACHHCT HEKOTO-
PyIO JANHUIO, KOTOPYIO HA3LIBAIOT 2pug’3ul(0.ll gyniyun. dror
TPAIK AaeT HAM HATASAMOE npeicTapaeHiie O XAPAKTEPE NIMEs
HeHUS AQHHON (hyRKWIN. 7

Ilpumep 1. TMocrpouts rpagui qyHKIHN )’zl_—‘ . 5.

Pewenne. Momaras x=—1,2; —1; — 0.5 05 0.5
15 1,2, naflaenm coorsercroylouuie snaverns QyHKILIIL Y it 3aii=
WEM PesyaLTATH BHYUCAeHHS B TAGAMILY:

x |—l.2‘—1’—0,5 0 0.5| 1 ‘1-9

-

y ‘—1.7l_1’~o,1 0 0.1' 1 |1.7

e
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Paccmarpusas kaxaylo napy nafieHnsix sHauennfl X w Y Kak
KOOpAHHATE TOYEK INIOCKOCTH, MOCTPOHM 3TH TOHKIF M, COCAMITHE
UX MA3BHON aumuefl, MOAYuNM KPUBYIO, HA3LIBAEMYIO K y0U1ECKOL
napadosoi (uepr. 71).

Yepr. 7L
Mpn Mep 2. TlocrponTts KpHUBYIO, 3AJaiiyi0 YpPaBHEHIEM
12 =2k
Pewenne, Hafnen y U3 AAHHOIO ypasHeHNs
Muy By, urto ypasueHiueM y*= X 3ajanbl ABe (yHKLM:
y=V% u y=—V",
:S(j'::::b CYULECTBOBARNSA KOTOPHIX X > 0._£oc1‘aun.\1 CACAYIOULYIO
SHLY uauenuit x w Yy, BblYHCASSA Vi
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locTpous Toukn Mo HaWAeHHLIM KOOPAWHATAM N COEAMHUB HX
NAABHON nnHMEH, NoayuylM KPHUBYIO, HABBIBAEMYIO n02YKYOUte-
v croit napaboroli (uepr. 72).
Mpumep 3. [MocTpourb rpa-
$uk hyHKIHN

3 x, ecan x>0,
e Y=
2 1 — x, ecmm x<O0,
|
7 ; Pewenne. 3nech (ynkuus
0 e 3a1aHa ABYMSl YPABHEHUSIMI: y = X,
2 - £ rae X HMeeT TOJbKO MOMOIKHTENb-
o] 7 !2 HblE 3HAYEHHA M HYJb, Il J = — X,
e | Fie X HMeeT TOJbKO OTpHILaTel]b-
= i Hble ~ 3Hauenns. Takum oOpasoym,

_____ 00/1aCTh  CyulecTBOBAHUS  AAHHOMN
=3 GYHKLILHE COCTOUT M3 BCexX aeHcTBH-
TeAbHBIX ulces, rpaduk e ee npea-
CTaBASIET JOMAHYIO JIHHIIO, COCTOf-
Yepr. 72 uLy10 u3 OuCCeKTPHC Nepsoro i BTO-
POrO KOOPAMHATHBIX YrJ10B (4epT.73).
Mpumep 4. MMocrpoutsb rpagiik (GyHKIIN

i +1, eecm x>0,

J { —1, ecom x<O0.
Pewenune. OGaacts cyuiecrsopanus aaunofl  Qyngiuu

COCTABAANOT BCe aelicTBHTEAbHbIE uucaa, a rpaduk ce COCTONT
13 ABYX NOJynpaMbix napaaneabusix ocu Ox (uepr. 74).

Y
Y
¥ yr y=+
/ 7 4
0 <z

T

Yepr. 73, Uepr. 74

[Mpumeuanne. Kak wuspectHo ua aareGpu, QynKuus
MOXeT ObiTb 3a1aHa TPeMs cnocoGamif: aHanWTHYECKHM, TaGamu-
uLIM W rpagunueckuy. ITH TPH cnoco6a sanaHus (QYHKILHH Mbl
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HMeT B MEpBBIX ABYX PasoOpaHHBIX mpuMepax. XoTs kaxkabih
M3 3THX crocoGOB MMeeT IMpHMEHeHHe B MaTemMaTHKe, OAHAKO
aHanuTiyecKoe sasanie (GYHKUMH HIPAET 0COG0 BaXHYIO POJb.

§ 52. Mpupaumenne Gyukuuu. Ecan nepeseHHas peauunHa x
M3MCHU/JIA CBOE 3HauyeHHe OT X, A0 X, TO PAa3HOCTL MEXAY
HOBBLIM ee 3HAauYeHHEeM | NepBOHAYaNbHBIM HAa3bIBACTCH npupaiye-
Huexm nepeimennod n oGoanayaercs cumsogoM Ax *) (unraercs:
«nenbTa HKC»).

Taxum obGpasom,

Ax = xy— Xy,
0TCI0Aa
Xy =X, + Ax.

Beanunua X, WHAue Ha3bIBAETCSl HapPAUleHHbIM 3HAYeHUeM
nepesMennodn.

Tpupawenne nepemeHnol MOweT ObITb KAK NOJOKNTEJBHLIN,
Tak W orpuuaressuuiM  unciaom. Ecan, nanpumep, sHaueHue x
usmensiercs or 5 upo 5,2 TO

Ax=25,2—5=0,2,
a ecan ono uamensercs or 10 mno 9,7, 10
Ax=9,7—10=—0,3.

Mycre nana pyukuwus

an,’lllOJl())l\’ll.\l. UTO aprymeHT ee HMes nepBoHayajbHOE 3Ha-

ueHne x,==3, 4 NOTOM W3MEHW CBOE 3HAueHHe Ha Xp = 3,5}
Torna

Ax=3,6—3=0,5.
Hafian snavenns ¢ynxuun cuavana npn x,=3, a moTom npiu
Xy==13,5, noayuim:
V= gi=—103
Vo= 3,62= 12,25,
Beanunna y, naswiBaercs nepsonauaasnsiy anatenues HYHic-
wuu, ', —— HOBbLA WIH HAPAUEHHLIM ee 3HQYeHueM, & Pa3HOCTL

) ameTnym, uTo AX uHeaAL3sn paccMaTpHBATh KaK MpoH3BeicHie
ABYX MHOKHTEACH; CHMBOA A HEOTAGJAHM OT X, KAk, HANpHMeEp, B Bbl-
PAUENHH SID X CHMBOJA SIN HEOTAGAHM OT X.
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Yo— Yy —npupawenues ynryaa. COrnacHo NPUHATOMY CHM-
BOMY A7 NpHpawenufi MOeM Hammcarh:

Ay=y,—y,= 12,25 — 9 =13,25.

Hattnem mpupawenue Ay ¢yhxuun y = x> npu 1060M usme-
HEHHH X,

TonowuM, uTo, apryMeHT ee umeeT J060e NMepBOHAUAILHOS
3HAYEHWE X; TOrJA NMEPBOHaua/ibHOE 3HAYEHUE NaHHOH (yHKI
Gyzer:

y= X2 (1)
Hlonyctum Temepb, uro x nosyuaer mpupauienne Ax; Toraa
HOBoe (HapalenHoe) sHauenne aprymenta Gyser x——Ax. HroGut
HalkTH HOBoe (WapauleHHOE) sHaueHie (YHKIHN, HYKHO B Ja-
Hoe BbIpaXkeHHe (YHKIMNI BMECTO X NOACTABUTH X —— AX; MOAYUHM:

Y+ Ay = (x4 Ax). (2)
Boiuts 43 pasencrsa (2) pasenctso (1), nafizem:
_ y+Ay=(x-Axp
y = x?
) Ay = (x4 Ax)*— x2,
" nocie npeoGpasopanus
Ay=x2—42x Ay + (Ax)? — x2=2x Ax | (Ax)”. (3)

Mb mawan npupawenue nannolt gyuryun 8 oGues sude.

YroGut moayunts mpupaiieHie STof GYHKIMIL /s 4acTHOTO
cayyas, KOTOPLIH Mbl HMEJN B Hayaze maparpaga, MOXHO B pi-
perctee (3) x u Ax samenutb coorsercrsenno uncaamit 3 i 0,5,
noc/e 4ero nahaem:

Ay=2.3:0,5-4(0,52 =3 -} 0,25=3,25.

[Tocsieannit pesyabTar cosnagaer ¢ paxee HaHAEHHBIM.

Takum o0OpasoM, A4S HAXONKACHHS TpPHPAWEHsT  GyHKILHI
HYXKHO:

1) 8 dannom Bolpadicenun HYHKHUOHAALHOL SABUCHIMOCILE
samenums x Ha x—+Ax, a y wa y— Ay,

2) U3 NOAYHEHHO20 BbLPAYCCHUS BLIYLCHL NOUACHHO OGHHOEC,

Ecmt ¢yukuna sanana 8 obuiem Buze y = f(x), TO COrJiacHo
BLICKA3aHHOMY [MPaBIy €€ npupalleHie MOXKHO HamicaTh no
dopayae

Ay = f(x+ Ax)— f(x). @
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Mpumep 1. Ha#ttn npupawmenne Qynkuun y=2x*—-43.
Pemenune, 1. y4+Ay=2(x-4AxpP43=
= 2x2+4 4x Ax 4 2(Ax)*~- 3.
2., y+4+Ay=2x244xAx+2(Ax)*+3
Ty =2x>4-3
Ay =4xAx—+ 2 (Ax)*

1
ITpumep 2. Hafitn npupauenne QyHKUNH y=—=.

Pemenne I, )'+A)’=';ﬁ

1
2. "’+Ay=x+Ax

— ' 1
5 = =
T 1 1 x—x—Ax Ax
2 T XF Ay x x(xFBdx) | xEHAy)°
YnpaxHeHus

1. Jlana ¢ynkuns y=2x--1. Haiitu ce npupawenne, €ciH X
namenseres: 1) ¢ 4 na 4,3; 2) ¢ 0 na 0,2; 3) ¢ 2 ma 1,5
2, Haiitn npnpawenne ¢yukumn y = 2x%, ecan x H3MCHACTCH:
1) c1mal3 2 ¢ —02mna +02 3) ¢0naa
8. Haiitu npupamenne (yuxunn y = x®—1, eca N3BECTIO:
2 .

D x=2 Ax=1005 2) x;=3 Ax=—086.
4. Haiitn npupaunenne ¢ymeuun y = 2x2— w1, ecan JaHbi
) xy=—38 0x =05 2) xy=a, Ax="1

9
5. Jano v = ];—. p1=1, Ap = 0,4; maiitn Av.

6. Jlano y = sinx, x;= ——T' , Ax= %, naiitn Ay.

7. Haiitn B oOmem suae npupamenne Qynxuuit:
1) y=38x-2 2) y=2x2—1, 3) y=38x*—2x,
4) y=—x"—3x, 5) y=x3 6) y=2x"—2x%

7) y:.\‘—-}—.

§ 53. Ieomerpuueckoe u3oGpakenue npupauienyii apry-
menta u dynxumn., Ilycts nawa dynkums y==f(x), rpadu
KOTOPOH npexacrasien Ha ueprt. 75.

{Tonosum, uro orpesok OP; = x n3obpaxaer nepsoHataib=
Hoe 3HaueHHe apryMmeHTa; TOTAa B8HayeHHe (yHKIHH NpH STOM
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Crenosarteibiio, dCOMEMPUIECKU NPUPAREHIE QPIVYMEHING
U300pANCACMCH 1P PAIGCHUECN QOCIUCCH NIONKE KPUBOR, @ tpits
paerue @ya

§ 54. Hempepmsuocrs Gynxwmu. Ilycems ayra AB ecrh
rpaduk ¢ynkumn y==f(x) (uepr, 76). Bosbymen na sroft ayre
npoussoabnyio Touky AM(x; ¥) i AaAuM X npupaulienue

PP =i\,
TOraa y moJyunt npipauenne
QM =Ay,
I‘[onom‘im, yto Ax—0 u nycrs npu stom Ay—0, 7. e.

lim Ay =0.

Az >0

10 anaunr, uro ecanm Ax— 0, To opannata P,;M; neorpatii-
ueHno npuGaikaerca k PM, a touka M, k touke Al u, caenosa-

I\

Yepr. 76.

TenLno, ma ayre AB nafizetcs Touka, CKOJb Yroano Gauskaz
x M. B stom cayuae rosopsr, uro dynkuna y=f(X) nenpe-
PblBHA npu OaHHOM SHaNeHUU X.

Onpencaenne. Dyuxyus y=f(x) Hasvoaemcs He-
npepusroll npu OQHHOM 3HAMCRUU X, €CAU OECKOHEUHO MAA0MY

10 3ax, 215, H. Jl, 3aduen
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§ 54
B paccmorpennon npumepe paspuin saKAIoUALTCs B TOM, S
npy nepexoze aprymenta ueped x==0 (cacpa Hanpauo) “30
WA H3MeHsleTcs ¢ — 00 HA - 09,

[TonoGusie pasprissi mveior BooGie ApoGHLIE (ki DEA
TeX 3HAUGHUSIX X, NPH KOTOPHIX BHAMEHATC/b OOPALACTCA B HY o
a4 3HAveHNs pyHKWmH HeOrpaHHueHio Bo3pacTaior (I —r <o)

4x e
HMeeT paspuip npH X =%

Hanpuye y —n
pumep, dyukuus y=~—3

=—2 ur I

npH Xyi= 2 d= Xy

Dynkunsg y— q”"
XS —
Cywectsyior 1 apyroro poma paapuinbi, Koraa (pyHKUI

MeHsieT 04HO KoneyHoe 3naueHHe Ha Apyroe, TOKe KOHEYHOE.

OROOHEI npuyep npeacrapaser yHKLA
—+1, ecm x>0,

o=
= {—I, ecin x <0,

zpﬂd.nu\' KOTOpoli H3oGpasxen na veprexe 74. 3aech npir nepe-
X0Ie aprymenra vepes x=0 (creBa nampaso) (yHKiHs MeHSCT
sHauenye ¢ — 1 ya 41
: 3
I’;’P" Mep. lccaenopars HenpepbiBHOCTb (yHKUHI V= A"
. ewenne. Maanym x npupauwenye Ax; Toraa (y KL y
0ayunT npupautenie [hopayna (3), § 52]:
Ay =2xAx— (Ax)%

Hatizesr npesen Ay npn Ax — 0:
2 — 0.

J”m Ay =lim[2x Ax - (Ax)?| = 2x - 010

2z >0

OJYuEHHOC DPABEHCTBO CNpaBeAniBo NpH JI06OM KOHEUHOM

AUEHINNT X5 TIOITOMY (ynKuia y = X2 HelpepsBHA NpH 1000
—

auenuy x. Ilpeacrapaenne o HenpepbiBHOCTH (YHKUHH ¥

T ee rpadui (uepr. 8),
Pacemotpinys Jipyroe onpegeacnne nenpephiBHocTH QyHELHY, T2CED

FAHHOE C JANHBIM BLHIITC,
Haiinest npupamenne (yiciun  y = f(x) npn Hamenenun ap
10 ¥ == ¢ |- Ay; coraacno qopmyae (4) § 52 uue

Ta 0T X=1(
Ay = [f(¢ - dx) — [ ()

Ecay narasn (pynkimn HEHpepupia npu X == ¢, 10, JIMEHHE B Pa-

tpe (1) Ay HalUICHILAM CrO- npadkenmes, Iaes:
Iim Ay Him (7 (e |- Ax) ==/ (e)] = 0.
LI

b >0
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llo Teopeme o npexese pasmocrn (§ 43) Gyney uMeTs:
lim [f(c+4Ax)—f(c)) = lim f(e—4Ddx)— lim f(c)=0
Az >0 Az >0 Az >0

nal
lim f(c+ Ax)= lim f(c).
Az >0 A >0

Ho /(¢) — nocrosumnas seanuuna, nosToMYy

lim f(c4- dx) = /(c). 2
Az >0
Ecan g
e+ Ax = x,
TO H3 ycaopuna Ax—0 cpenyer. x-»¢; paBencTso (2) NpHMET BHA
fim £ (x) = f(c). (3)
x>

Taxkum o6pasom, na pasencrsa (1) surexact pasenctso (3). Moiuo
noKasarb, 410, HaoGopor, u3s (3) caexyet (1).

Otciona BHAHO, YTO paBeHCTBO (3) BHIPAIKAET yCAOBHE HENpPEpLIB-

< HOCTH (YHKUHH TNpH LaBUOM X,
y PAaBHOCHJIbHOE PACCMOTPEHHOMY

B Hauaae naparpada.

Onpeaeacune PyHr-

Y qua y = f(x) HasvBaemcsr He-

M ity npepuisHO npu X =c, ecau

M L Sl npedea 3mod PyHrKyuu npu

: lA_VT 19 fleidz)  x->c pasen 3HAUCHUIO HYHK-
2 1ief yuu npu X = c.

Sle-dz) <5 Ecau pasencroo (3) BbINOA-

t 12 [ WY HAGTCS a5 A06Oro  3HaueHus

ez --Jod.rﬂ aprymenta or x=a 10 x=0b,

TO (yHKUHA HA3LIBACTCA Menpe-

— ¢ —=rdr PLIBHOIT B yKa3aunoM npome-

> WY TKE,

[Tosicunm CKa3anHoce reo-
setpuuecku. Ilyers ua rpaguxe
nenpepusHoil hynxunn y = f(x)
nana touka M ¢ aGeuuccoii x = ¢
(uept. 78) n Touka My ¢ aGeumccoii X = ¢ -~ Ax, TOrAa HX OPAMHATLL
CUOTBETCTBEHHO GyAyT:

PM=/f(c) n PoMy=f(c—+H Ax)=/(x).

Tax xak Qynkuua nenpepuisua, To npu Ax—0 n Ay — 0, a rouxa M
neorpannuenno npubamkaercs k M. Ho npu sTom, Kak BHIHO,

c+Adx=x->¢

N

)

Yepr. 78

u opauuata PeM, =/ (x) ctpemutca k opaunare PM = [ (c).
Ecan B3sath Ttouxy AM; ¢ abeumecoii x==c—Ax, TO H B 3TOM
ciyuae upy Ax -0 u Ay -0, a Touka Al; meorpannueuno npHOIH-
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S
e

saeres k M. Ho roraa, ouesnano,
c—Ax=x-—>¢C

W opaunata PyMy = f(x) ctpemutcs K opanuate PM = f(«
Bl BUAMM, uTO, ecam jaunas Qynxums y = /f(x) ¢
NpH X = ¢, 10 paBeHcTBO (3) BLITOANSNECTCS NPH CTPEMAL
€ npasoii CTOPOHBI, TaK ¢ JeBoil. OueBnAnO, BepHo U COpa
MKIGHHE: eCAM paBeHCTBO (3) BLINOMANSETCH MPH CTPEM!
Cnpasa, Tak wu caesa, TO (ynKuns y = /(X) HEnpepL
Ecan 970 yeaonme napywiaercs, 1o (hyHEKWA HMEET P
Ha rpauke 74 mp umeen npu =0 paspuis (GyHKunK 32
CC NpH CTpemaenuu aprymenta K HYyJi0 Clpapa papeH 1.2
Ol HMEeT ywe apyroe smauchiue, pasioe — 1
AMETHM, YTO PpaBeHCTBO (3) MOATBEPIKAAET CrPABEAAHBOCTS
JAUHOrO B § 44 0 TOM, 4TO AN WAXOMACHHA MpeAesa (yHEUHE I0CTa-
TOUHO MOACTABHTL BAICCTO aprymenrta ero rnpeneabnoe 3HaYEHRE.

YnpamHeuus
Hcenenosats nenpepuisuocts caeayioutix (yHKIWIIL
X. 2, y=x>—3. 8, y=x—2x%
. S, y=sinx. 6,y COS X.
Ykasats Toukn paspuisa hynkumii:

1 3 2x
Toy= K e TRl L . y=tgx
v o 9. y= T 10. y=1g

§ 65. Csoiictso nenpepwipoii Qynxwuu. Henpepushan
dyRKyus ymoxcem USMEHUNL 3HAK MOALKO NPl nepexode iepes

4

l<— @ —=t

Yepr. 79.
Hyab. D10 crOHCTBO HenpepuBHOA (yHKIMIL JCrKO REIACHACTGH
reomerpuueckn. B ecamom pene, nycthb
f(x)>0 npu x=a (uepr. 79, Touxa A)
f{x)<0 npn x=2& (uepr. 79, TOUKA B).
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Ecnn namensitb HenpepLIBHO 3HAuenme abcuicesl oT @ Ao O, 10
rpaguk (yHKUMH B CHAy €ro- HEMPEPHIBHOCTH LOJUKEH MEpeceub
ocb Ox, B Touke e nepeceyenusi KpuBo# C ocbio abeiuce
3Hayenne (QyHKUNE PABHO HYIIO.

Ecan uenpepsiBHas (yHKINS MEHSET 3HAK NMOAPAJL HECKOIbLKO
pas, 10 rpagui ee nepecexaer ock O cToubKo XKe pas (uepT. 80).

Y

)

>l
AN_B c\

Yepr. 80.

flcio, uro sma QyHKILHS COXPAHSET OAMH Il TOT K€ 3UAK B NpPO-
MEXYTKE MENKAY ABYMS COCEAHUMH TOUKAMII Mepeceueiind ¢e rpa-
duka ¢ ocbio Ox (Mexny A u B orpuuareasupit, memay B u C
NoAOKUTENLHBIN), a TAlKe A4s BCEX TOMeK HaneBo ot A (nono-
sutesbusift) u Hanpaso or C (orTpuuaTeabHbii).

§ 56. Knaccuduxauua dynkumii.

Slpusie n nesBHble QynKuun, PYyHKWINE AeAATCH HA
A6HbIE W HeABHble. PYHICLUA HA3BI6ALNICA AGHOLU, ecal YpasHe-
nue, sadaouee ee, PA3PEULLHO OMHOCUNEALRO IMOL PYNHK{UL.

Hanpumep, B ypasuenmy y=2x>—x—-3 y ecTb fBHAs
dynKins.

DYHKQUA HASUBACMES HeABHOL, ecau 3adaloujee ee ypas-
HeHue He pazpeutero OMHOCUMeAbHO IMOl (hyRKGUU.

Hanpuyep, B ypaBnennn x*—- y?=25 ¢yuxuus y paercs
B uessHoM suge. Onnako QyHKUNIO, 3aJaHHYIO MOCJACAHUM ypas-
HeHHeM, MOXHO NPEACTABWTL W B SIBHOM BHAE; AEHCTEHTE/]bLHO,

PELLHE 9TO YPaBHEHIE OTHOCHTEALHO V, NOAYUHM Y == e A
Ho B Gosmee CHOKHBIX CAYUASIX UACTO ObIBACT HRBO3MOIKHO CAe-
naTh Takoe npeoOpasosanie.
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1
Knacendgukauwus a8HBIX GyHKL MK ﬂmmeg)yl’nl(:;e
AeNATCS HA ABA KJaAcca: quzebpauteciue W mMpPaHcyeHoewn
Oynxunn, : -~
AnzeGpaunecicoli nasvigaemes marxas GYKGUS, Hf% ’Z.Zq)e’_
MEHIMO M [EOMOPOLL 1pOU3BOOUNLCS KOHEUHOE UUCAO aﬂva()!’/[elille
Ckux onepayuii (caoocenue, soLuumanue, YIMHoICCHUE,

U 803BbLULCHUE B PALUOHAALH VIO unen.eub{i ey .
— xi— -
; “ = T =, Th aJare
Hanpiyep, y—=2x2—3) x4+ 1, y= 3 &
pauveckie gymicii. E w -
. Kas
Tpancuendenmuoii nassisaencs geaKas Hean2edpauteck
dyrrgus. - i
Hanpuvep, y=—a®, y—1log,x, y=sinx, y=arc
CYTb TpancueHnenTuLe GyuKIu,
0 BHIOB
‘Tpancuenzenriue (QyHkm neasTcsi Ha HECKOJbKO BHAOB,
TpocTefiune U3 KOTOPLIX CJAeAyIOLLNE: ; L
L. Iokasameavnan dynicuus y = a®, rie apryn
NOKasaTeseM crenei.
2. Jlozapughunecran @yncgusn Y= log, x. TP
3. Tpuzonoyempunecrcue @yarguy; y=sinx, y
Y=lgx, y=ctgry, y=secx, y= cosec il . T - arosin e,
4. O6pamuvie mpuzonostem punecrcue hIRKHAL 'y:arcsec b
Y=arccosx, y=—arctgx, y= arcclg ¥, V=
V= arccosec x. ap-
Baaumn o 00 paTHL® ¢ Y H K I, nyCTb JaHno yp

HEHie ’
W= X8, ( )
)2
FAC Y — dynkins x. Buipasum orciona X uepes 5
,\,:11/.}. (2
¢, TOJYH M
3avenun ypasuennn (2) x wa y, a y Ha x, noiay o
G
y=1V x.
TCs 00panmHou
Pynxums y, sanannan ypasnenueM (3), ”aa;jzﬁ(eimxe.\l (1); ofe
1O OTHOWENWIO K (PyHKIHH Y, SamaHHOH Y|

e pynkunn (1) u (3) s3aumno odp}lr{zf&l. o g =log, %
Hanpumep, y=sin x u y== Arcsin x; “}’—
CyTh NONIPHO B3AUMHO OOpaTHBIE (QYHKILHA.




FTTABA Vi
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§ 67. PaBHoMmepHOe ABHXKEHHE M ero CKOpOCTb. [lycTh
TeJ0 ABHKETCS PaBHOMEPHO W npsMomuHe#iHo. 3TO 3HAUUT, UTO
B KaXXAY10 eANHHIy BpeMend OHO MPOXOAMT OAHO W TO e pac-
CTOHHE, HASLIBACMOE CKOPOCMLIO STOTO QBUJNCEHUL. 3AKOH Pag-
HOMEPHO20 Q8udicenus BuipaxkaeTcs Gopmyaoft

s=al 4 sy,

npencrasasiouteft co6oft GyHKUIIO nepBoi cTeneHi, a reoMeTpi-
UECKH — NPAMYIO AMHHIO.
OGpaTuo, peskas auxefnas QyHkuns Buaa

s =t + Sy (1)

rie U i S,— NOCTOSIHHBIE BeANHUHHbB, BHIPAKAET 8AKOH PABHOMEp-
Horo mpsamounnHenoro meinkeuus. YroGul B 9TOM yOeauTbed,
HalZeM paccTOsHNs, NpofleHHble TeJ0M K MOMEHTaM £, M lu.
IMoacrasus B pasencrse (1) pMecTo £ 3nauenus £, u f,, NOAYUHM:

S, =", So

Sy =10l 5 8.
Orciona
Sp— 8= (Vly+ So) — (v, + sp) = v (£, — 1))
n
SooeiSPus
ety =

Ofoanauus npupaulenne nyti §,— s, yepes As, a npupautenie
BpeMenn f,—f, uepes Af, Hammmewm:

As

v = . (2)
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Papenctso (2) nokaswipact, 4TO OTHOMEHHE HPOHACHIONO TEAOM
nyTi K NPOMEIKYTKY BPeMeHl, B Teueune KOTOPOro 9ToT HyTh
As

COBepLUEH, BeJaHUHHA TNOCTOsSHHAN. “OS)’I‘Ox\ly EF npeacrapsier
CKOpPOCTL PABHOMEPHOrO ABIDKEHHA.

Caenosarenbuo, aunetnan @yuelus s = vt - s, 8oL padcaemn
3AKOH PAasHOMEPHOZ0 ”/UIJIO./IIIH(-’I.IHU;’-O l)IHIJI('L’I”Ul, npunea o
ecmsy cKopocmb 3Mmo20 QBUINCCHUS,

§ 68. Hepasuomepnoe ABmKeHHe H ero ckopocth. Kpowme
PABHOMEPHOIO ABIBKEHIs B NPHPOAE HMCET MECTO It Hepasromep-
HOe pBuwkeHie. 3aKOH ero BHIPAKAETCS YIKE HE ypasHe-

HHEM nepuoﬁ crenenn, a OoJsiee CHOIKHBIM ypaBHeHHEM. 0
Mycrs, nanpumep, nana Qyuxins
S=4,9f2.

BEpaXkaloulas 3akon mnagexns teaa. Tak kak nagenmne .
Te/ld — ABIDKeHIle HEPABHOMEPHOE, TO BOSNIKALT BONpoe, | o
KAK OnpeiesnTh ero ckopocTh B KaKOH-HHOy.b MoMenT [
Bpesenn. [loctymiuy caeayioutny 0oGpasoM. 1
Nonyctum, uro B nauane nagenua Teao Oblio B -5,
Touke O (uepr. 81). ITo ucreuenun BpemMeHi £ oHo npof-
JeT NyTh, paBHbli
8 =4.905
I okaxkercs B Touke A, a NO MNPOWECTBHH BPeMeHH
{ 4 Ar o1 nauana JABWKCHIUS COBEPUINT MYTb
5y = 4,9 (£ Aty Hepr. 8l1.
W Oyner B touxe B. Orpesok myru, npoiaennsi TesoM 3a
spemst Af, Gyner:
AB=s,—s,=4,9( + At —4,9r* =
= 4,912 4 9,8¢Ar + 4,9 (At)>* —4,9* =
— 9,8¢A¢ - 4,9 (At)2
Paagenns npofineunsih nyts s,—s;, papnnift As, na spems Af,
noay4mnm:

At
A >
PC.’iy.’lh'l‘ﬂ’l‘ ACJICHNHA —A—ls' HAa3LIBACTCS {,‘/)L‘dH(’ll CILOpocmuio naie-

As _ SSMerA8(B0F g 5s -t 4,008 ()
Y, ' e

Wi Tena ma yuacrke nyrn AB=As.
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Opnako cpemusis CKOPOCTH ABHIKEHHS Teda HE BHIPANKAET HiC-
THHHOM CKOpOCTU 8 mioOOH MomeHT BpemeHu. Tak, Hanpumep,
KOT/la FOBOPAT, YTO NOE3N MAET CO CKOpOocTbio S50 w4t B yac, TO
9TO HE 3HAYNT, 4YTO OH JBIKETCS C 3TOH CKOPOCTbIO BO BCEX
TOYKAX CBOGr0 INyTH; OTXOA® OT CTAHUMI, TIOE31 Mo-
CTENEeHHO yBEJAHYHBAET CKOPOCTb, IOBOAWT €e A0 HaubojbluelH
BEMYIHE], 3aTeM 3aMelseT ABMKEeHHe, MOKa He OCTAHOBHTCH HA
creayiowet cranuun. Takny oGpasoM, Ha OZHOM yuacTKe TYTH
ero ckopocth Menbuie 50 KL B yac, Ha ApyroM — GoJbliue, B Cpel-
HeM e —50 xu B wac.

Cpexnsia cKOpOCTb TeM Jyyllie XapakTepu3yeT ABIKEHIE, YeM
MeHblle Y4acTOK NyTH, HA KOTOPOM OHA ONpEeAeneHd; MO3TOMY
TNOJIOHNIM, HTO TPOMEKYTOK BpeMeHH Af mageHus Tena yMeHb-
waercd, Torga W nyth AB = As Gyzer yMeHbWaTbCH, CTAHOBICH
pasubiM AB;, AB,, AB, u T. a. (uepr. 81), n aan Kaxaoro

As
HOBOTO 3HAueHus Af oTHOLICHUE Y] ﬁyneT onpene/siTh CPenHIGO

CKOPOCTh TaieHis Teia Ha ydactke myTu, Bce Goiee u Gouee
koporkoM. [Tonoikum, uro Af— 0, Torzma f— Af— £, a OTHO-
As

lenie o OyieT CTpeMHThCs K Betie, Ha3LpaeMol cieopocbio
8 OaHHULL MOMeHM BpeMexw f, 4TO COOTBETCTBYET CKOPOCTI
B TOuKE A,

OGoanauus Ty CKOpocTh uepe3 @, OyaeM HMETDL:

ZOMAS ¢
v= lim % @)
At>0°

Takum 006pasoM, CrOpoCHG RPAMOAUREHHO20 OBUINCCHUN
meaa 6 Qauubili MOMeHn: speieru P oecno npedea  cpeoned
crropocmu s npoiedxcymre spesenw om t do ¢ Af, wozda
At — 0.

[puusas Bo BumMaimie pasencrsa (1) u (2), nafizem cKopocTs
NafeHns Tena B MOMeHT £:

v= lim (9,8¢{- 4,9A)=19,8%,
At >0
Hraxk,
v=29,8¢t.
YnpasHeHus

1. Haiitn cKopocTh Teaa, ABMIKYUIErOCs MO 3aKOHY
§=3t—05.
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2. Hafitn cpejmio0 CKOPOCTh XBHIKEHITN Tead, COBCPMAEMOrQ O
3aKony
§ =%
AT MPOMEIYTKOB BPECMEHI:
or {4=2 no fh=4
2y or {r=06 no ZL=10.
3. 3axou apKenua TeIa BEPAWACTCH (HOpMyAOil:
s=041
Haiitn cpemioio ckopocts ABIDKCHUS TeJd /ISl MPOMENYTKA BpeMeHH
’s—tl. ecan
1) dy=a2r ta=33; )ty =2, iy=2,01;
2 iy =2, "ty=21 4) 4 =2, £ =200l
Pesyastatel suiuncrennii 3anucathb B TaGJuily H NPOCACANTL 3a H3Me-
HEHHeM cpesneil CKOpPOCTH.
4. Haiitn cKOPOCTbL JBINGHHS Tefa B MOMEHT BpeMenn £ = 2, ecau
SAKOH pwuskenms an (opMyJoii
s=4r—3 -
5. 3axon asKCHUA Teaa xau gopmyuoii
=32
Haiiti 1) cpemnioino ckopocTh ABWKCHNA 33 MPOMEIKYTOK BPEeMEHi
or {y=2 no f,=35;
9) CKOPOCTL ABIMKEHHS B MOMENTHI £ =2 11 7, = 5.

§ 59. Cxopocrp u3menenus Qyuxnuu. Onpenenstb CKO-
POCTH NpPUXOANTCH HE TOABKO B Cayuae ABIDKEHUS, HO I PN
H3Menenun J1060fl nepeMeHHON BeJNUHHLL, NMeloulell (uanueckoe
coaepikanie (CKOPOCTb NCINAPEHMS HKILKOCTH, CKOPOCTL peakiii
noT. 4.

Tlycth nepeMeHHas BENMYHHA Y, XapaKTepi3ylouran Kaxoh-moo
npouecc HaMeHenus, ecTb aunelnas ¢ynxius apyro# nepeseH-
HO# X, T. €.

y==kx-b;
Ay yae
Torja orHOWeHNe F, KAK 1B CAYUAE PABHOMEPHOrO MBMIKCHILs
(§ 57), Gyaer nocrosHHOl Benuuunofl, pasuolt k&, T, e.
8y
T (@0

Beanunna &, NoKasniBaloulas, CKOJILKO €NXUHMiL npupatenms
Junefinoft (.pylll(lulll IIPUXOIUTCH  Ha CAHHHUILY  HpHPAILEHH
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apryMentTa, HasblBaeTCs CKOPOCIMNBIO U3 MEHEHUS AUHeHROT (D yHI-
nuu npu 20604 X.
Ecan ke BennuuHa y mpeacrasiser (yHKUMIO HHONO BHAZ,
Ay

TO OTHOLIEHHE F= N0 AHAJIOTHH C HePABHOMEPHBIM ABiKenue (§ 58)

ONPEAENSIET CPEOHIO0 CICOPOCHLL U3MeHeHUsT Y LISt TPOMEKYTKA
3Hauenutt aprymeutra or x 10 x—+Ax. Ipn Ax — 0 Gyzem
HMeTh: X —--Ax — x, a cpefHss CKOPOCTh H3MEHEHHs (hYHKUWIH
CTPEMHTCSl K BeJuunie, HasbIBAEMOH CKOPOCHLLIO U3MECHEHUR
dynxyun npu dannor x. ODO3HAUUB STY CKOPOCTb Yepes o,
HAMUIeM:

v= lim i——{ )

Az >0 =~

Taxum 06pasom, cxopocms usienenus @yrrugue npu O0aH-
HOM X ecnip npedea cpedneil cKopocni ee Q4L 1POMEICNKE
apeyyenma om x do x—Ax, xozda Ax—0.

PasGepem Heck0IbKO MPHMEPOB.

[Ipumep 1. Bec P B kmjiorpaMyax OJHOPOLHOFO CTEPIHa
Bhipaxaerca opmynoft P= 0,5/, rae [— nauna crepiis B Metr-
pax. OnperennTs CKOpOCTb H3MEHeHIs Beca CTEP:KIisl C U3MeHe-
HUEM €r0 JJIMHBL.

Pewenne. Tak kak P— QyuKius nepsoit creneni oTHO-
CHTE/IbHO A/uHBl [, TO B JAHHOM CJjyuae HMeeT MeCTO paBHO-
mepHoe usmenenne. CrenosaTesbHO, CKOPOCTb H3MEHEHIs Beca
P npu moGom auavenun Aanubl L Gyaer coraacno gopyysie (1)

AP
= 0.5.

3710 3HAUNT, YTO NP YAAMHEHMH CTepikus na 1 . Bec ero yse-
anunsaercs wa 0,5 we.

Mpusep 2. Ipu uarpesannu Tena temneparypa ero I
II3MEHAIeTC B 3ABHCHMOCTH OT BpeMeHH Harpesanis £ no 3aKoHy

T=0,4¢%

C Kakoll cKopocTbIO Harpesaercs Teno B Moment £ = 10 cex.?

Pemwenue. [lannas ¢ynkuus BTOpoR crenedn i BbIpamact
8dKOH HEPABHOMEPHOrO H3MEHEHIsn, a MOTOMY AJsl peLieHins
3azayl npuMeHuM gopymyay (2), npnuem A4s HAXOMKAECHUsS Ipe-
flena moCTynHM TaK JKe, KaKk 3TO Mbl Aejanl npu onpejeieHun
ckopocTi najpaioutero Ttena (§ 58).
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B momenr =10 remneparypa tena T, =0 4.102=40.

» » t=104+Af » » 7'2—0,4(10+Af)".

Buiuta w3 7, suauenne 7,, moayunM npupaiieHie TeMieparypbl
AT 3a Bpems At:

AT= T,— T, — 0,4 (10 - A2 — 40 =
= 40— 8Af —i- 0,4 (AL)2 — 40 = 8Af 0,4 (ALY,
0TCcIona
=LA YV

Hacrhoe 1\_\—? ecTb Cpellss CKOPOCTh Harpesamus Teja 3a Bpems
01 t=10 no t=10—At.

Yro6rl onpenemnits CKOpOCTh HAarpeBaHiss TeNa B MOMEHT
=10 cek., mafinem npexen cpeined CKOPOCTH HArpeBaHis mpit
ycaosun, uro Af — 0. Ioayuunm:

tim 57— lim (8 0,4A1) =8.
At >0 Al->0

Wrak, B momenr 7= 10 cex. Tesno narpesaercs na 8° B e-
HuLy spemeny. 9to 3uaunt, uTo ecau Obl, HAUMHAA C MOMEHTd
=10 cek., Ten0 HAPpeBasoCh PABHOMEPHO, TO B KaNIYIO eil-
HUILY spemeny TeMrepaTypa ero yseauunsanacs Oui Ha 8%

YnpawHenus

. Haiiti cxopocti uamenenus yuxums y = 2x — 1 npu Jo6om x.
e Y y P
2. OGbeM v rasa npi Temnepatype I onpeaeasercs (opsyaoii:

v =1--0,0075%

Onpeaeanth CKOPOCTL n3melenis 06beMa rasza npn .mo(ou TEeMMepartype.

3. Haiitu cropocts mamenenns Qynkumn y = x® npn 1) x=1,
2) x =3

4, Cuna TOKa B aMmepax M(3MEHAETCH B SaBUCHMOCTH OT BpEMEHH
no 3akoHy

=i0,21%,

rae ¢ — cexynaut. Haiitn cxopocth M3MEHEHIA CHALI TOKA B KOHIE yer-
BEPTOIl CeKyHAbL,

§ 60. Mpoussoanas Gyuxuun. Bemnuuna lxm—A—’- SIBJISIIO-

Aw->0
H@agcss OCHOBHLIM NOHATHEM MATEMATHYECKOTO ananmsa,
HOCHT CcrneuHajpHoe HasBaHie Il[)DllJBO()HOI.l {f)y/’llw'l(llll no apey-

MeRrmy Xx.
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Onpenenenne. Ilpoussodnod dyaxuyun y= f(x) no
QPRYMEHNY X HA36L6AeNC npeden OMHOULERUST IPUPALLEHILST
gynruuu Ay x npupawenuio apzysenma Ax, xozda Ax — 0.

Jaa npoussoanoft GyHKUMU Y = f(x) NpUHATE 00O3HAYEHMUS:

¥ («urpex wTpUX»),
f(x) («ap wrpux o HKc»),

dy
i3 («13 Mrpek no nd HKC»),

4y (CUPPEK WTPHX TO HKC»).

B uensx ynpouleHus nNpon3BOAHYIO (PYHKLUH, 3aZaHHOH Ma-
TEMATHYECKIM BbIPAKEHHEM, 3aMICHIBAIOT B BHAE CKOGOK, 3aK/I0-
YaOWHX AaHHYI0 (YHKUHIO, CO WITPUXOM € NPaBOH CTOPOHLL.
Hanpumep, npoussoanyio ¢yskuun y = 2x*—3x- 1 MomHO
sanucar, TaK:

(2xt—3x 4 1).

M3 onpenencnus npousBoAHON CAEAYeT MPaBHo:

Han omvickanus npou3sodnod Pyuxuun y== f(x) no apzy-
MEHNY X HYNCHO Haanuu:

|) rapawennoe snavenue yrxyuu, n. e. y—Ay;

2) npupawenue @ynxyun, m. e. Ay;

3) omuouenue npupausenus GYRKQLL K 1PUPAULCHIIO ap2y-

Ay ,
Aerma, m. e. A_.t:’

S
4) npedea amozo omuouenuss npu Ax— 0, . e. lim A
Az > =27
Haxoxaeuue nponssoAHol nasvisaeTcs dughghe per yu posarnueit
ynxyuue, Pasnen MaTeMaTHUECKOro aHanusa, sanumalounics
BOMPOCAMH, CBASAHHBLIMII C NPOU3BOAHON, HasbiBaeTcs dughgheper-
UUAALHLLA UCHUCACHULAL,

[Tpumep 1. Hafttn npoussoinyio ¢Qyukuun y=— x*— x,
Pewenune, 1-# war:
YAy =(x+ Ax) 4 (x + Ax).
2-f1 war:
Ay = (y—+ Ay) —y = (¥4 Ax)*+ (x + Ax) — (2%} x) =
= x4 2xAx+ (AxP 4+ X+ Ay — 2 —x =
= 2xAx —+ (Ax)*+ Ax,
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3-# war:
Ay 2xAx - (Ax)*4-Ax
2 __ML=2x+Ax+1.
4-4 war:
¥ = lim ﬁ—i’ =lim(2x—++Ax+41)=2x-4 1.
Az >0 Az >0

IMMpumep 2. TMNpoanddepenunposars GyHkumo y= %
Pemenne, 1-# mar:

2
)’+A)’=7+—A;-

*2-11 war:
. ° o -
Ay=(y+Ay)—y= T T =
. 2 —02x—2% . T 20x
x(x4Ax) T x(x4Ax)°
3-1 war:
Ay 20x Ll 2
B RRd A R
4-# war;
. Ay . 2 2
=1 — — e e el
yi=lim =i [ =5

IMponssonnan Qyuxuun y == f(x) sBasercs Takie QyHines
aprymenra Xx.,

Onpeacnenme. 3uatenue npou3soonos  QOYHRKUUU
VY=[(X) npu OaHHOM X HA3LIBACNLCT HACNIHbLA 3HAUEHUEM
npoussodrod.

Mpusmep 3. Haltrm uactHoe 3Hayenue NPOM3BOAHOH
dyurn

f(x)=x2-~+x npu x=—3.
Pemenne. lMoncrasus B HalmeHHyl0 yxe NpOH3BOAHYIO
ndannoft ¢yniinn (cM. npumep 1) x =3, noayunm:
f@)=2.3+41=7,
B cBS3M ¢ JaHHBIM BHIUE OTNpPEACNCHHEM TPOH3BOLHONR MOMKHO
chopMyANpOBATL ONPEAE]eHHS PACCMOTPEHHBIX HaMil CKOPOCTH

asikenns (§ 58) u ckopoctn uamenenus dynxuun (§ 59) cnenyio-
LM 06pasoM.
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Cropocms npamosuneldnozo 0BuICCHUS Mend 8 OQHHBLE
MOMeHn PasHa Npou3BOOHOL NYMu NO BpPeMeHl, BulUuCACHHOE
028 0aHHO20 MOAMeEHMA.

Cropocmy usmereHus (yHKyua npu OGHHOM 3HAHEHUU
apzyisenma pagHa npou3BoOHOL BYHICGUIL NPl INLOM 3HAHE-
HUU apzysexrma,

YnpakHeHus
Haiitn nponasonuvie caeayioumx (ymiumii;
1. y=4x—5. 2, y=05x>+41. 3. y=4x2—2x,
4 f(x)=—2x2+ x. 5. f(a)—3.\.’-—‘7x+a 6. f (l)-—?t“.
T.v=ud—u. ' 8.0———.

9. Hana Qynxuns f(x)= x?—5x. Haiitum:
D @)y 2) @25, 30, 4) (=0

§ 61. Cs3b nuphepenuupyeMoctH (GysKauu ¢ Hempe-
PLIBHOCTBIO.

Teopema. Ecau ¢yunryun y=f(x) umneem npoussoo-
HYI0 Npu KaKoM-HuOY0b 3HaUeHuu X, mo npu Mo 3Haue-
HUuu X OGHHAS PYHKGUS Henpepuslera.

HNokasarenbcrno. [lycte npu kakoMm-unOyub 3sHave-
i X Qyskuus y= f(x) auddpepeHipyema, T. €. HMEET HPo-
nasoanyio (§ 60)
dy .

== hm Ax 3

TOPJA NO ONpeNejieHRo Npedena MOKeM HarhicarTh:
2=yt
rac a—> 0 npn Ax —0. OTClona
Ay=y Ax 4 adx
lim Ay_ hm (_y Ax)+ lim (2 Ax) =0

A2>0 Ao »u

[lim(y’Ax)=0 kak npesen npousseseHusi NGCTOSIHHONK Ha Gec-
KoHeuHo Manyio u lim (@Ax)=0 xak npeaen npousBeseHus
Gecxoneune Manwix]. Ho mbi snaem (§ 54), uto ecanm npu ak-
HOM 3HAYCHHI APIYMEHTa BHINOJHSETCSl PABEHCTBO

limAy=0,

Az »0



§ 62] NOHATHE O KACATE/bHOM 161

TO (yHKUMS NpH STOM 3HAUCHHH apryMeHTa HenpephiBna. Teo-
pema IoKasaHa.

OGpatnoe ke yrsepskaenne He Bceraa GbiBaer BEpHO, TaK
KK CyLecTBYIOT (DYHKUUH, BCIOAY HENpepbiBHbIE, HO NPH HEKO-
TOPBIX BHAYGHUSIX X HE HMeEIOUIHe MPOHSBOAHOH,

§ 62. Monstue 0 kacareabuoii. KacatenbHyio K okpyskHOCTH
ML ONIpEeNe/IIuIH KaK NpsAMYIo, HMEIOLLYIO C Hefl oHY OOILYIO TOUKY.

y__4 sf
/-

Yept. 82.

Taxoe onpenesenite roanrcs He Aus 060 Kpusof nunnu. Ha-
npusep, npamas MN Kacaercs kpusofi B Touke A (uepr. 82),
1O uMeeT ¢ 9Tof KPUBOR He oany, a aBe oOuLHME TOUKH.

Yepr. 83.

YroOw onpeaenntb KacareabHyio k AanHo#l KpiBoH B Touke M
(uepr. 83), BosbMem Ha Heft eule oaHy Touky M, H nposenem
cexywyio MM,. Ecan Gynem nepemeuiars Touky M; no kpuso#
TaK, 4roObl oHa npubauxanace x M, cTpemsch ¢ Hell cauTbes,
To cekywas MM, Gyner noBOpauHBaTLCA BOKPYr TOuKH M,
cTpemnch 3ansTh nosoxenue npsimott MN, HasbiBaeMOH Kaca-
MERLHOU .

11 3ak. 215. WU. Jl. 3afuen
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Onpeneaenne. Kacameasnoii & OarnOil Kpuwsoi 6 0an-
noa ee mouie M Ha3usaemcs npedensroe nODICEHUE CEKY-
weti MM,, kozda mouxa M,, 0suzascy no KpuBoOd, HeO2PaHU-
HeHHO npubauscaencs K mouie M.

B MaTemariKe i B TEXHHYCCKUX AMCIHIINHAX YacTO NPHXO-
JUHTCS PaccMATPHBATL MPAMYIO, MPOXOAAULYIO Uepe3 TOUKY Kaca-
Hus M NepneHiKyaspHO KacaTeNbHOH; 9Ta TpAMas HasbIBaeTcs
HOpMAAbIO K Kpusod 8 mouwxe M,

k4 N

2

A
7
R L }-‘Z—‘Z‘—»LA?

Yepr. 84.

§ 63. FeoMeTpuueckHii cmbica npon3soanoii. Tlycrs nana
”en};epbmumn dynkins y = f(x), rpadux KoTOpoH npeacrasien
wa uept. 84 BosbMenm Ha HeM Touky M(x; y); TOIAd

OP=x u PM=y.

Jlagum X Tpupaueriie

PRI—A";
5 oTOM CAYUae HADAULCHIIOMY 3HAUCHINO AGCUHCCH
OP, = x—+ Ax

6}')leT COOTBCTCTBOBZ\TB Hapaienmnoe spHavenie OPANHATLI
P.M, = f(x - Ax)

kpusolt. Tposeneyn u3 touki M npamyio AMQ, napai-

e My
i Ox, a rakwe cekyuiyio uepes toukn A n M,

aeabnylo O
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B noayueHHoM NpsMOyroJbioM Tpeyroasiike M MQ
MQ = Ax,

QM, = PM; — PM = f (x4 Ax)— f(x)=Ay.
O6o3naunM yroJ Hakjaona cexyueft MR K N0JOKHTEALHOMY
nanpapaennio ocu Ox uepea f3; Toraa

/MMQ= fMRP =8,
Vs tpeyrousbuika M;MQ nmeex:
QM, = MQtg / M, MQ

ua
Ay=AxtgB,

oTKyAa .
= =1g8. (1

Is papencrpa (1) BiaHo, YTO OTHOLUCHHE TIPHPALLEHHA (YHKLLI
K NPHPALLeHiiio apryMeHTa pasHo TAHFEHCY YIaa HaK/AOHA Celky-
wel MR K noviosnreabuoMy Hanpasdaenno oci OX.

[lycr Ax — 0, 7rorma Ay—0, Tak Kak Jauuas QyiuKuns
nenpepsipia (§ 54). Beaexcrene sToro Touxa M, Gyaer weorpa-
nnuenno upuGakarhes kM, a cekymas AR —Bspamarbes
BOKPYF TOUKIL A, CTpemich 3anaTh NOAOKEHIE Kacatesbuot NL
(§ 62).

Hatizem npesen oCenx wacyefi papencrsa (1) npn ycrosuu
Ax — 0; noayunm:

lim %{i = lim g B. (©))
Ag>0 Az >
Tak xax nakaon cexyuefl xk ocu Ox npn ee NOBOPOTE N3ME~
_Hgercsd, TO [ CTanoBUTEs nepemenuo#d meqnunuoii w B mnpeaese
cTpeMITCS K BeJuunne  yraa, o0pasopannoro kacareabnod NL
€ NOAOKNUTeALHLIM Hanpapieuues ocn Ox; nosromy, 0003Ha4uB
/NLP Oykpoli «, MOMKEM HANHCATH:

limigf=tgoa.
sz

Papencrso (2) MONHO Tenepb Nepemucath TaK:

A
lim 2L —tg . / 3
Az >u Ax ( )
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Jlesasi yacthb pasencrsa (3) ecTb MPOM3BOAHASA AAHHON (YHKLHH
(§ 60), a npasas uacTb— yraoBoH xo3(buunenT £ Kacareab-
ot NL (§ 10):

Y =k. (4)

OGoanauns abcuuccy Toukn M uyepes @, MOKHO paBeH-
cTBO (4) chopmyaupoate Tai: [Tpouzsodrnasn gyunryun Y = f(x)
npu X=a pasHa Yy2.080MY KOIPPUUUEHNY KACANEALHOL,
nposedennol K zpagurcy OanHHOU GYHIGUL B €20 MmoUie
¢ abcyuccod x = a.

3apava. Hamicate ypasneHne KacaTeabHOH, NMpoBeneHHOR
K KpuBol y= x2>- x B Touke ee M c aGcumuccoit, pasno# 2.

Pewenue. Hattnen opaunary moukn M kpusofi:

y=22+2=6.

Mckomas KacaTenbHas HAXOAHTCA B MyuKe UPAMBIX, MPOXO-
anwnx yepes touky M (2; 6) u onpenenseMbiX ypasHeHuem

y—6=Fk(x—2).

Ocraercsi onpeaeautb yraoBol kodadduunent kacareabHoH,
IS Yero cjedyerT HaHTH NpPON3BOAHYIO Aannol GyuKumi. Ira
npoH3BOAHAA Hami Obina yike Haiaena: owa papHa 2x-- 1 (cm.
§ 60, npumep 1) u onpeneaser yraosoil KO3PHILNEHT KacaTeb-
1o#t, npoBeieHHON B MOOOH Touke manHoM Kpusoi. ‘IroGul umMeTh
yraoBolt Kos(duuuent kacareabnoft, nposeaeHHoll B aaunoh
touke M (2; 6), HYXKHO B BbipaKeHie

y=2x+41
BMECTO X TOACTAaBUTbL ero 3HaueHue, pﬂBllOC 2. ﬂon_v-nm:
k=2.2+41=05.

Hckomoe ypasienne kacaTe/bHOR HamiweTcs B CJC/AYIOLIEM
Biae:
y—6=>5(x—2),
nau
y=>50x—4.

YnparHeHHst
1. Haiitn yraosoii kos(puunent kacareasnoi, nponcmunou K KpH-

poii y = 3x3 B Touke ee, aGeuucea koropoii x pasua: 1) x =1, 2) ¥ =0,
2, Onpejeauts yroa HaKAOHA K MOJMONKHTEJALHOMY HanpabiAeHHio



§ 63] FEOMETPHYECKHH CMbICA TPOU3BOIHON 165

oc Ox racareavnoif Kk KpuBOi y=2x* B Touke ee ¢ abcunccoi,
PaBHOI T
3., TMox KaKuM YPJIOM K MOJMOMKHTEAHOMY Hanpasaeinio ocin Ox npo-

neieHa KacaTeabHas K KPHBOIL V= x? B TOuUKe ce ¢ aGcumccol,

paBHOii — %?

4, Hanncar, ypasnenne KacaTeabHoM, npoBencnuoii k xpusoii
y=x%2—2 B rouxe ce c aGcuuccoii, pasnoir 2.

5. K xpupoii y = 3x2-}- x B Touke ee ¢ aGcumuccoii x = —1 npo-
BEJEHb KacaTeabnas H HopMaab. HanucaTh HX ypaBHEHHs.



FTMTABA VIII
®OPMYJIbI [UPPEPEHLIUPOBAHNUSA

B § 60 Gnito mano OCHOBHOE MPaaHA0 HAXOMKAEHNS np0"3z'1
oanol. OaHako NMpuMEeHEHHe ero 3amiMaeT MHOPO BpeMeHil
B8O MHOTHX C/y4asaX npeicrasaser 6oJbluie TPYAHOCTH. I'IOSTO"‘,‘r{
BEIFOZHO HMETh TAKHE MpaBuia, KOTOPLIE T03BOAAM Obl naxol"n_
NPOH3BOAHbIE MPOLLE, C MUHUMAIbLHON 3aTparoff Bpemeti. ,’lec;1
CTRHTE/BHO, TAKMe NPABHIA HMEIOTCH, mpiues oHu BHiBOAAT
13 OCHOBHOTO Mpaswia Anddepeniuposanus.

o : pasd

§ 64. Mpoussonnasn mnocrosuuoii. Iycts C— nocTost
BeJIUNHA; TOTAA PaBEHCTBO

)Y:C
; N et
MOXHO DACCMATPHBATL KAK BEIPAKEHUE (yHKILIM, HE munno;c”
CBOErO 3HAUEHNS C W3MeHeHueM aprymenrta. B cnpapeidis

17

v
¢ R 4
GGG c
g iy t z
Yepr. 85.

97010 MOKHO YGEANTLCS, NPEACTABHB STO PaBeHCTBO [
1, ¢, B BUAe NpAMOHt nHun AB, napannensuoit ocu 0
JleficTBUTE/ILHO, C M3MEHEHUEM afcliicchl Touek 91
OpAHHATEL WX OCTAIOTCS MOCTONHHBIMI.
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Jlan HaXoKASHNs Mpouasoanofl Qyukumn y=C npuveniy
OCHOBHOE TIPABILIO Inddepenunpopatis:

1-it war: y-Ay=0C.
2-f wart Ay =(y+-dy)—y=C—C=0.
. A (
3-fl war: T{:f\—)\=0
4} war: Y= 1lim & _ im0 =0,
Aa s AX
(C)' =0,

Q)
1. ©. NPOU3BOOHAR nocmonuy
te cileayer npouspony

0l pasra HYA0.
nocrommoil, XOTOpBIf

VIO nocrosnuolt cyetiBath ¢ NpeasaoM
* KK uspectTHo, paser CaMofl MOCTOSHH
& 65. fiponsso

S0 aidhepe Aas dyukmmm 9= x. TpnMenas OCHOBHOS
np.‘.m.‘ ) pulunpouanlm NOAVYHM:

1-it war: : SR

a

St ars -y+A)'=.\‘—“—A.\,'.
9-{t mar: AJ'2(3'+A)')~)'=.\--—‘—A.t—x=
3-{1 wars i N !

A —5== 1.

4-j} mar: "
YV = ip Ay .
L =1,
g B lim 1
= It
e \'.J’Ltll)?l ;31{20"“” (f’)’ulcluzu
436091 QBlcn gy i y
“pe.y

(x)Y=1, (I

i

= X pasna edunutie, UL iLpo-

CRHOI pasia edunule.
§ 60. Tpongy :

Ay ! . (\;u“‘“ N
BoabMeM Pynkigg WireGpanuecioit cymmbl  Qyarnmi.
\
o W, U N ay L R -y
| .. Ecan appy by Wiy !
x DAY \

OT & 0 uMelomue  Nposs
oAy i s
| <! ) "l"|||< Wy
" !

Mgy WPWpamenne Ax, 16 % 4
Wt S RROTRe e pasiie =
"lhu\.“.‘\‘ WA nppaenie 4.
I
‘ | Ay WO

i | l\u | iy | (o by (154
i E i e ) e (0 e

V ’
Wiy

i ‘ Ao It i A

v

U ) ow At Ao

b,
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E . Ay = Ay Aw
S e
Aw
4-H H /= —l.—_. ( ——)=
e Y A.};Tn Ax Aa_, Ax + A x  Ax
= fim 2% 4 jim A% jim 32,

s >0 B Az>cAX Az >0 A%

Chnaraembie NnpaBof 4YacTH noc/aenHero paBeHCTBAa SABJSIOTCS

NPOH3BOAHBIMH q)YHKllIm U, v 1 w. YKazaHHOe PaBEHCTBO MOXXHO
nepenucarb:

y/ — u'—|—'u’—-w’,
i

Uut+v—wy =u v —w, (1)

T. €. NpPou3s0OKAs aa2e6pauteckoli CYMMbL KOHEUHO20 "uUCAQ
dyuKyuil pasHa aszeGpauieckoli cyime NPOU3BOOHLLX KAC-
00l u3 nux,

§ 67. Mpoussopnas npoussenexns ABYX ¢yukunii. [ycrs
naHa GyHKIHA

y=uv,

rne ¢ u 'U——Q)ylll(lllm OT X, HMeioulHe Npou3BOAHLIE MO X.
Hanum apryMenty X mnpHpauieHune A.\f; TOraa coraacHo OCHOB-
HOMY npasuny ﬁynem HMETb:

1-# war: y—+ Ay = (u—+ Au) (v + Av).
2-ft war: Ay =(y—+Ay)—y=(u—+ Au)(v+ Av)—uav=
= uv—+ uAv+vAu+ AuAv— uv = u Av+ v Au —+- Au Av,

LAy  ube vidu | Aulv Au
Bl war: =0+ = u gt vge+ dugy
. Ay 2 Av g Au
4-fp war: y'= lim == lim (u —) lim (v —)
2 Ax Az >0 Ax +A:u<>0 Ax +

A >0

- Av
1im (Au —)
+ Az >0 Ax



§ 67] NPOU3BO/IHAS TPOMBBEAEHHS ABVX @VHKIMA 169

Ho « w v ne 3asucar oT Ax, a NMOTOMY HX HYXKHO CUITAThH
nocrosHHbIME #) npn Ax - 0; cornacuo caeactsimio 1 Teopemsi [V
§ 43 Moxem Hamucarth:

' Av Lot (T
lim (u A_—).:u lim i’
Az >0 5.2 Az >08¥
; Au . Du
lim (v —_):’u lim i
sm>o\ AX Ap >0 8%

Mpupautenne ke ¢GyHKuun Az MeHserca ¢ uamenehuem Ax,
nosromy cornacio teopeme IV § 43 umeem:

Av 3 . Av
lim (AuA—)= lim Aa lim i
>0 X Az >0  Ap>0°%

Taxkum oGpasom,

’ . . A . .
V' =u lim %—}—’U lim l——|— lim Az lim A—U.

Az >0 Az >0 Ax Az >0 Az >0 Ax
Ho
. Av 3 An
lim == v, lim — = u'.
Aw >0 BX Az >08%

Jlanee, Tak kak « midepenunpyema, To ona HenpepuisHa (§ 61),
c/e10BaTeAbHO,

lim Au==0.
A >0

*) 310 MOIKIO HAMOCTPHPOBATS Ha tepT. 86, 3necs OP=x, PPy=Ax,

u
M, Usf(z)
p————
- @
u

2 )] z
Ole— 2 —>l< Az

Yepr. 86.

PM = u. Ecit Ax-»0, o PM = e mensercs.
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Hosrouy

L, ’ 7
Hrak, S =uy Fou' -0 o' =uv' v’
(wv) = wo’+ 2%, o
T. & HP0U800KR npousspppnun O8Y¥ BV Ay paaifofﬂ“;?:
11pO13BE0eR ;g Bmiqui 407 0136000 6

2moPol Gy g 80 :
a n, w0 HEP
00136001 5 na Qyue

§ 68. ”p(;” no
3B0SHAS AT
[ i0- Boabyey PyHKi Iporssel

" J/= C/ 7
_TH
p C=const, dﬁf(x:o X
ges Py 0 €
g « ineer npoyapoy i W)
ﬂp y Tipapino (IV)' IIOJI}"”"" ”®- THEQRIO ®
y =(C/1)’= Co’ b 67/ + P ﬁﬁjyuuuu.
7 Vi
(Cay =cu” HIE g
13600 i 7o, T
1 POYI800Ras 1poussedayn 198 go?? 57!
:;' llﬁﬂ””"dflﬂﬂo nOCHo 0 #O 8 #e
/ bt 54 1'10 (1V),
ly ﬂpo”‘?eoﬂllaﬂ CTe[]e" rd ﬂeﬂ a
2 A BOJ " ,[0 7 p -
4 ,«e/’ bIEN Cliayay quilK“ a7 27"
V=42 ”,1511 v /
By .
'ﬂll” e IIpOIlaycae”,,ﬂ " ﬂp = /i/ 7t‘e npa-
2 oe A / a
(;2) "‘(4‘x)'=,t(_r)/+ t‘(f),/ 2 _ =3
7 oo, o VA
/ POy 10801}y 1" * =
V=48 ” ’, » f 4 /Q//
ﬂ/,ol;'«'lzcae/me,u 221 omgms A e
‘ ﬂﬂ ﬂe./. 1 /¢
T S ey Z°
0 TaK e ¢ QyHKLIe) / -
= :

{}/?‘.ﬂ(x)/_’L (Y = 450 1
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Ecmi nponomkats auddepenuuposanie pynkunt x% %, xf
I 7. 4. 9THM CcnocoGOM, TO MOAYHHM Pe3yabTaTl, NOAMIKSIO-
uneca oxnoft n ToH e dopmyae:

(_\-m)’ —mxm-1, (\/[)

Taxuy 00pasoM, npou3sodunas cmeneru X™, 20e m— yeaoe
10.209iCUNeAHOE  YUCAO, DPABKQ LPOU3BEOCHII0 NOKA3amels
CMmenenu HQ OCHOBAHWE X 6 Chienedu, HG eOUHULY MeHbuel
ues 0anHas.

OHako BLIBEACHHOE MPABIAO CMPABCAMMBO And J1000ro
ToKa3ateAs 71, uTO Mbl 1t fokawen B § 78.

§ 70. Npou3sonnan Qymuxumu y=1/x. TMpencrasus (yni-
wmo y=7 x B Bite creneni ¢ APOGHLM NOKA3ATENLM I Npii-
vengs npasiao (VI), nonyum:

(i =z ilfad

Taxuy 00pasoy,

l_

9V x

p—

Ve =—= (Vi

9V %'

1. ¢, NpouBoOHan yHKyuL y:—_]/ ¥ paska eounuye, 0eaen-
Ol Ha YOBOCHHYIO (YHKHuio.

: 1 Lo emt
§ 71. TlpousBoanas dyuxum y=x- aveHns — Ha x
i anddepennnpys no npasuay (VI), noayuum:

= (::)I=\x‘l)'=— [REe= = %:
()1():_: (Vi)

) , 1 -
T, €. n/)ou.'ﬂmduuu dpobu 5 puasia Om puamessol apoiu,

pusnoil eOUnUIEL, OCALHIOL na Kpadpam HOMEHAMEAA.

§ 7% [iposssoanan wacryoro, Bossues Gy




GOPMYJILl AHSPEPEHUHPOBAHUSA

u -+ Au

1-#1 war: )"*‘A)’:u—-{-—‘_\J‘

1 -+ Au
2-# war: Ay:(yﬂ'—Ay)——-y:'U_j:T_%:

uu—i—vdu—uv—uAv_vAu—u.&v

v (v - Av) T u(v+Ado)
Au Av
" Ay_uAu—uAu_A__u-A._\‘_uA—x
3-# war: i o@Eby) T vwrh)

4-# war: npunmensis Teopenms V, I, I u caeacrone 1 Teo-
pemst IV § 43, Haxozum:

i Au A_U) lim ('U H) — lim (u 57:’)
y= A:Tnﬁ T dim [v@+Av)] T lim [u(v+-Av))
< Az >0 =

i Au i Avu
im — —ulim—
s Ax Ax  wvu' —uv v — uv’
o [lim v4-limdv] ~ u(v+0)

Am >0

3nech, Kak W npu Buisose opmyart (IV), nyxno cunrare
1 v He saBucsAWMH oT Ax, a lim Av=0.
Az >0
HMrak,

/ 7 ’ /
(%) __uu U‘:uv ; ax)
T. €. NPOu3BOOHAR HUACMHO20 pasHa Apolu, SJHAMEHAMEeb
Komopoti ecmyv Keaopam Oeaumeas, a HUCAUMEAb €CHb PA3-
Hocmy Medcdy npouzsedenuens Oeaumeas Ha NPOUIBOOHNIO
deaurozo u npoussedenuesm 0eauM020 Ha NPOUIBOOHNIO 0e-
aumeas.

§ 73. Mpumenenne dopmyn auddepenuuposauns. Pac-
CMOTPHM  HECKOJIbKO NDUMEPOB Ha mnpuMeHenHe BbiBEeAEHHDIX
npasua.

Mpuwnep L. Mpoanddepenunpopars hynkumuio

V=2x%—4x2 L 5x—3,
Pewenue. Tlo npasuay (III) nmeen:

)’/ — (‘2x3)’ — (4.\-2)’ —i" (5'\.)1 . (3)/.
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[IpuyeHss K TMEPBBIM TDEH CAAraeMLiM Npasiio {V), @ k nocaea-
HeMy — MPaBiilo (1), noayumm:

' =2(x%) —4 (x4 5. x"—0.
Cornacto apasuaas (VI) n {II) Gyaem mmers:

Yy =2-3x>—4-2x—+5:1=06x2—8x- 5,

Mpumep 2. [Mpoandpepenunposats GyHKLHIO
y=(x*—+1)(2x + 3).

Pewenne. Mo npasuay (IV) nmeem:

yi=(x24 1)(2x 4 8)' § (2x43) (%2 L,
Mo npasuay ()

¥ = (2 1)[@x) 4 (3)) + (20~ 3)[(x2) + (1)'].

Mo npasuaam (V), (), (1) u (VI):

Y=+ 12+ 0+ (2x+3)(2x+ 0)=

=224 24 4x2 - 6x =624 6x+ 2.

3ror NMPHMCP MOXKHO PpELIHTb HHAYE: CHauana nepeMHOKHTh
Bbipaycenns i ckoOKax, a aarem II[)O.llI(l)(tJCpCIllLII[)Oﬂﬂ‘l'b [oay4en-
HYIO CyMMY:

Y= (x24-1)(2x -+ 3)=2x3 4 3x>+4-2x-4 3,

Y = (2x3 4 3x2 4 2x 4 3) = 6x° 4 6x 4 2.
Mpusep 3. [Mpoanddeperinposatb GyHKUHIO ¥ = Z

Pemenne. [lpeoGpasyem nannyio (yHKUHIO CIE
o0pasou:

] -
=]

| 1
I AR &
.,_1'i 2 = Qxxty 9= 2x°,

Mpusenas npasuna (V) n (VI), Gyaes umern:

y (‘z/ ) '(")
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[Ipunep 4. MNpoanddepenunposars QyHKUHIO
2 -, 4
y=—— 3 VX -+ T
X V'

Pewene, Mpeacrasny Ianuyio (YHKIHIO B CHeAyIOLLEM
Bline:

1
y=2'1—3V x4 4.577,
Mpumensa npasuaa (1) u (V), moayum:
. —v =L
y= 2(%) — (VR 4(x J) .

o npasunaw (VIIL), (VIT) u (VI) meen:

rorld-sgdr et

Mpuwme p 5. Mpoauddepennuposars (yHKiLIo
p=EA=
Pewenye, Mo mpasnay (IX) mmeesi:
o 2% (x4 ¢ —3) — (x4 x—3) (2x)
— (2x)* :
ﬂ“‘b‘bepenuupyn cymiy no mpasuay (1), moayuini:
= 2% [(42) - (x) — (3Y] — (22 x—3) @2x) .
da2
Haxonen, no npasuan (\’l), an, (l) n (V) naiacex:

45 dxc

y

Moxuo

(])} HKILWIO,
Pasnenyg

niay 1 annyio
¢ npoauddepenuposats AdHHY N eio

B TpaBoil wactw gaHHOro  ypasHeHId

|
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Pt
’
o

UHCANTRAL HA SHAMCHATedb, MOAVUNM:

x , 1 3
TT 2 Saa
an
1T A s
OTCioaa
p 1 1 3 1’_1 NN AV
A} “(7 Y — 5 v ._?g.\) : ( \\

Ympaxuenns

ponasoTHbe (QYHKUHIL

9 filx)=ax. 3 y=—1r> 4. f(_\A)
{4 5 X 3 =

6. s=—3* T.7(n)=7%  x»

B. F(x) =_E_i ol 9, y=9x3_3x 10,

n— -

3 5
. () = —g Pty =24 1 ity gy
Y

9 1 . R
2 f(x) = g X — g X 139 Yy \ ) \
e 2 S \‘Q
= (3t —2). 15, f(x)=2x(3x-’-,,:\ %\
6. s=s+1)t+2) l7.](u)=(2u'-'~{\l‘)§)\

18, 5—2 Y% 19.y=—V7R 20.5=r 1,‘\1£(l\1

e e Ly 1
2 v—y2yu. 22. 0= ap’ 23, /(1) }i‘ N \\\

27 | 5. /(1) " il £

. ] . (¢ \\}‘
‘r}.ﬁ '/ " ‘;‘)
£ J, 3 . N
7 i VZ 2. y=sVYZV¥ 2% \
/e . .
’, x " - \\ \
2. o EVEVL 0 y gl MY « O\

N 4 .

Vi :
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— 3
2. y=t(VT+1). 8. s=E=LH1,

i3 3 —Qx—4
2x4-3x 41 35.y=3x X

= x—1
% y=nt z FD) a2 382 F(gYame b
2—x * T u+1 VI

e R X l 4 149/~
39. y= m.40./(x)=1__——x§+x'~l-y=%

42, Touka IBHxeTCs npamoauyeiiHo no 3aKoHy
-
S=5 V.

Haiith ee cropocts B moment £ = 2,25.
43. Touxa, ABHrancs no kpnaoii
y=x2—8x+15

]c_opnanacb C 1 B TOT MoMenr, KOrAa OKa3a’1ack Ha npﬁMoﬁ
Taiitn ypaBnenwe nanvueiimero nyTH TOYKIH. ~g
44. Haiith ypasuenns xacarespnoii 1 nopMamt K KpHBoj;
xy=2
B Toyke ee A(2; 1).
45. K rpnsoii
y=38x2—6x+5 iah
TaHTH ¢
Nposenena Kkacateabnas, napaaseapnas OcH 0. "Oﬁpn”
TOYKH Kacanmus. a,
46. B xakxoii Touxe Kpupoii
y=2x2— x+1
anteasy,

Ly

Hago npoBeCTH KacaTedbhyio, uroGnl oma ObAd nap T,
YRty 13Me1e .‘!Q"i
n3mMeney

47. Teao Bpaimaetcs sokpyr oci, mpuyen 33KOH lig 3
B 3apnciMOCTH OT Bpemenn / 3agan popmyroMt Ty

=017
Haiiri yraosyio cxopocrs Bpawenys Tea
48. Koneco Bpawaercn tak, ato yroa
Xsanpary spemcnn. Ilepeuit oGopor Guia caetadr
lipene/inTh YrAOBYIO  ckopocts Koaeca “4ePe

Hayana ppautenus.
49, Hanucats ypasnenus gacarep wyoii 1 HO

,V 2

P

uT 1=
B MOMC
nonopoTd 11P¢
1 Ko}lcCOlt
3 32 ce

puaan K

B Touke ee A(0; 0)
50, B ypasnenun napaGoa

y=
“Npeseayr, 6 # Qc ecan naj

¢

" #0cyuccoil x = 2.
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§ 74\ GYHKUMSA OT SVHKUWW (CI\O‘M\\M\ DYHKIUWA)

§ 74. dyuxuua or Gyrkuun (ciowuan dywkuus). NYCT
naM nanb nse QyHKuumn:

y=u 48]
u
ll=2x2_3x+‘~ ((2)
Ecan B (1) 3avenurs 4 er
0 .
Bh\pm\(e\\\&e\\ n3 Q)_) 70 nOny\l\\N-
Vy=Qx A
R P @
Wa ypasuenuht (1) 2) & .
u B CBOI Ouepeny gy, K‘L““‘\O, 47 y 40
3ABMCHT OT hyy SRS gp ENS or b
Dymumn 4 Takiy Pyukuus M)

BAIOT PYHKUiRH op 2x2
L
Beakyio L-'\O,\(uy Byny Kiuy W 3 ‘\*
HECKOMLKIX “pOCTblx Ay

' 0Bpazoy, 0)\1“““ 3p\”
s ‘\)ym(m\\o @)
Pasgert' Moy HOl dynnuel: g

Npumep | 1 ()ep ‘QK
. o Kig
B BIAE ABYX mpges. ) PeACT, A Npuy Npenergpute B
pcmw“ep ‘;-\bx Bl Spu, \
8 ‘ !
Onmmn, y““‘l“\q Y= \/ o T
TOr 13 a ‘
= xR
Mul nop Uiy, AU )
uem .leﬂm\as».. Ane . P
Upuwey Yy -
> “(
Pemeyy Ny h‘ o W 2\ g\\aﬁ
d,
sz g W o
TOria Ny (\3\7\\\ GQ;\QQ‘ “\)OCT
l\\\
LRy Y Y=g
S ;

3
“V“Nm,\\\“'- /\/
N 4
X2 -\-?_X- 3 ‘ P
N QQS* 7 0O Y
)
AT

V74
@ 7
/
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§ 75. Mpoussoanas caoxuoi hynxuuu. Boabyer QyHKILIO
y=7s(), 1

TIpHYeM
u=¢(x). (2
[lycte @ynkuns (2) HMeeT NPOH3BOMHYIO TPH HAHHOM X;
Torga npn Ax— 0 n Au— 0 (§ 61). IMycrb Takxke i QyHKIHS
(1) uMeer nNpPOMBOAHYIO TNpPH 3HAYEHHH &, COOTBETCTBYIOLIEM
TOMY JKe 3HAYEHHIO X,
Hanuwenm ToxnecTno
Ay Ay Au
Ar bo @

Tpumenss k npasoft uactu ToxaecTBa (3) TeopeMmy O rpe-
zene npouspeaenus (teopema IV § 43), nomyun:

. A . A 7 A
lim 2= tim 2. lim = (4)
4w >0 8% su>08% sp50 A

Ho, kax ussecrio (§ 60),

A

lim A—y = Vo
Ap >0 B¥

A

lim :\—"i =3,
Au >0 B¢
Au

lim —=u’.

s >0 ¥ @

MMosToMy paBencTso (4) MOKHO nHepenucarh:

J’;=y:1 : “.’1:' (5)

dopmyna (5) caykut aas audpepenunposanus  CAOKHOH
(ynKiin, COCTaBJeHHON 113 ABYX NPOCTHIX.
Mpunep. TNpomupdepenunposare GyHKILHIO

y=(3x2—2x -} 4).
Pewenue. Ilpeacrasum aaHHylo (YHKWMIO B BiIe cie-
Lylowix ABYX:
u=3x>—2x-4,
)r — uﬁ.
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Haftnem cwauama y7 (. e. npoussoiunyio (Qyuiimi y 0o

aprysenty u), a sateym 7, (r. ¢. NMPONUIBOAUYIO (pyHKUML & 1O
apryMenTy Xx):

¥, = (u®) = 5ut,
u, =@Bx*—2x+4)=6x—2.
Uckomasn mpoussoanas Gyaer:
Vi, =5ut(6x—2),
AL, 3aMEHssl 4 ero sHaueHueM,
9 =5(3x2— 2%+ 4)* (6x— 2) =
=10(8x*—2x 4 )t (3x— ).

Kax pumio ns dopuyan (5), MPOU3BONHAS CA0KHOH (QyHK~
I BLIPAMACTCSl NPONUSBEACHHEM TPOH3BOAHBIX MPOCTHX (YHK-
Wil 1, KOHEUMO, NepecTaHoBKa COMHOMKHTeJell He H3MEHHT
pesyabrara. Onamako ynoOHeit HAXOANTL STH  COMHOMKHTEXI
B oanofi onpenesenno pLiGpannofl noc/enroBaTenbHOCTI, KOTOPYIO
f0AIC3HO BanoMHUTL KAK npasuno. Tak, wanpumep, aas paso-
Opanioro cayuas crencHHodl GyHKHUN STO NPABIIO MONKHO Bbl=
CKasath caeayiouy oOGpasom:

028 Quihghe pentyupoBanUs  CA0JCHON  Crenernol  hyVaL-
quu®) wyoieno 83gme nPou3sOORNIO CHQA2Q OmM Cmenexy no
OCHOBaHu0 (NMPUIIMAA OCHOBAHIE B2 APryMeHT), @ MOMmO.E Ot
BULPAdICeRUST, €MOAW,C20 8 OCHOBAHUWL, 110 HE3ABUCUMON nepe-
MEHHOU u peaVavmantsl nepesHodNCunty.

Eemt y = g™ — cnoxnag  crenenuas pyukuusg, TO e¢ npo-
H3BOAHAS COrJAcCHO STOMY NpPaBIuly SanuiueTcs Tak:

(Y = mun= g’ ©
IMycts, manpumep, Tpebyerca unarn NPOM3BONHYIO yHKILIA

y=(x*—4x- 1)%
Moaowus

— 2t 1

*) Tlox caomxuoit crenennoil (yuKMuel Gyiey paiyyers Ciiens
OCHOBANNE KOTOPOIT ecThb (JYyHKIMS OT X\

%
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W, rnpumenss npasuao (6), Gyzem uMeTb:
Y =3 —dx+ 1)2(x —dxt 1) =

u u

=3 (x®—4x -} 1)2(3x2—4).

B nanbhefimem pns Kawnoro ocooro ciyuas GyayT aapaThes
aHaJoruyHele NpaBu/a, yCTaHaBAUBAIOLIHE CBOIO TMOC/AENOBATE/b-
HOCTb AUG]epeHInpoBaHus.

PasGepem ewe npumep, [Mycts TpebGyercs HalTH NPOUSBOA-
HYI0 yHKILHH

_ y=Ve+x
Pas6bus ee Ha aBe npocTbie (YHKIHH, MOJYUUM:
u=x*-+x,

y=Vu,

oTcioaa

W 3pech MOXHO YCTaHOBHTb TOCACIOBATEABHOCTb B HAXOXK-
IEHHH TPOH3BOAHOM, KOTOpPas BbIPASHTCA CACAYIOULIM TMPABIHIOM:

oan Oughghepenyuposanus CA0IUCHOL  (HYRKUUL y='|,/u
HYJCHO CHAYAAG 83AMb NPOU3BOOHYI0 Om dmod QYHKUuL no
N00KOPeRKHOAY BbLPAdICeriti0 & (CUNTAR (& APTYMEHTOM), @ oMo
om noOKOPeHH020 BLLPAJICEHUS NO He3ABUCUMOU NepeseHHou
U pe3yabmanst nepesrodCEmy; TaKM 05pa3omM, cuntas & Gpyni-
uileft oT X, noayuaem:

— 1 ;
(Vu)p= e ul, (7)
Tak, Hanpumep, mpousBoauas (GyHKIIH

y=V2x2—3x14
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TI0 BHIIEVKE3aHHOMY npasiay Hatlaercs rak:

y . (2x2—3x - 4) =
| —
4x—3
4y —3)= .,
—3x-4 n(dx )= 2V 0T —3xF4d

Ecan nan Kopenb APYroft crenein, T ero HyXKHO Npeasa-
* puTeasHo npeo0pasoBaTh B CTENEHb C APOOHLIM NOKa3aTeneM M
NPHMEHHTH Npasiio Aas andepeniuposanus cnoxHol crenen-
Hoft ynxumn. Hanpnsep,

1 2
T L Co
(V1) =[] =g+ ) T (@) =
N—— e’ ———
" " uw
1 - 2x
= 1) 3 Qx=cp——cox.
T (X¥F4-1) X 317(_’{,:_}_1)2
YnpaxkHeHus
Haiiti npousponnue QyHKuumii;
1. y = (x+2)t 2, s=(31—2)% 3. y=(x2—1).
4. f(x) = (x*—2x) 5. 8= (20— {4 1)L

6. f(W)=0@Bu—u+44. T.s5= Vi1 8.y / Ix 1.

9. f(x)=1 - 10, /() =2V T+2x— 2~
H.o=VE—9GFo0). 12.r=Vp—1

13. /(.,\)*] \‘—-H-’»f—] 14, y=@Bx— 1) (x+ 1~
15, s=2V i —a. 16. y=(x—DVEFL

17, y=(x+ 127V x—1. 18, —_—])—

19, f(x) = - 20, y = —F—. 21.
(x) v y v
Ve 2 EE|
22, f(x) =-"— 930 filx) = =
% & e Vx+1

? 76. Tpou3BoAHbIE TPUTOHOMETpUYECKHX (yHKUWNIL
y=—isin %,
Mo oGuiemy npasnay anddepeninpopanis HaXxoLu:
I-# war:

Y+ Ay = sin (x -+ Ax).
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2-# war;

Ay =(y- Ay)— y=sin(x—+ Ax)—sin x.
[TpeoGpasysi pasHocTh CHHYCOB, Oynem HMETb:

Ay:sin(.vc—}—A)c)—sin,\c=2cosx—,—A;:+'\f S|

o XAy —
in 5 =
AL
= 2.cos (x—}—”\.—;\>sxn-2—\.
3-# war:
Ax Ax
by 2 cos (,x + 7) sin -
Ax Ax -
TMocae peneunsi uucautens W 3uamenarens apobm Ha 2 no-
ayunM:
Ax Ax Ax
= = sin —
Ayncos(.\r-{—2)sln2_ ’C+A_x .sn2
Ax Ax =St 2 Ax
5 7
4-% war
— A
v Ax sin <7
) = lim —= = lim | cos (x-{— —’) —_— =
) Ar >0 A Az >0 2 Ax .

2

Ax L
. St —~
= lim cos (x-{—?) lim

Az >0 Az >0

Ho

. Ax
— =1 (§ 45) u lim cos(.\‘—}- —,?) == COS X;
ap>0  AX Az >0

no3ToMy
¥ =cos x+1=cos x.
CaenoBarenblio,
(sin x)" = cos x.
2., y=CcosX.

[To (opmyae mpuBeleHis MOKHO HAMHCATL:

¥ = cos ¥ =sin ("_’._ \)

9
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orcioaa
7
V' =(cos x) = [sin (,')l— x)] 5

Ias nuddepernposanns caoxHol GyHKuu 3 =sin (% —-x)

TNPEeACTaBUM €€ B BHAE ABYX HNPOCTHIX:

T
u =?—-x,
y=sin u.

Coraacio dopuyne (5) § 75 nmeem:
o ’
P (= N
”..;—(*‘—'\) =—1,

9
¥, == (sin )" = cos u = cos (—,— — .v) = sin x,

¥, ==sinx - (— 1)=—sinx.

Crenosateanlio,
(cos x)’ = —sin x. (XD
3. y=1lg x.

Y sin x
3aMenns g X OTHOMWEHIeM ~ ~ ' MpHNCnss Npapuio -

(I)L‘.DCIIILHPOIZZHIllﬂ HactTHoro, HOAYUHM:

(g %) = Cin % )’ __ s x (sin x)’ = sin x (cos x)’ _
K Cos x cos® x
___CO0s x-co5 ¥ —sln x{—sinx)  cosx-4sinx 1
- cos? x i cos? x “cos?x*

Mrax, umeen:
1-

(tz x) = s (XiD)
40y = cto ¥.
Kak u B cayuae 3, umeem:
(ttg %) — (cos _\")’ __ _Sin ¥ (cos )" — cos ¢ (sin x)
sin x sin® x
__ Sin ¥ (—sin x) — cos x«c0s X —sin?x—cos*x_
T sin? x = sin® x
_ sin?x-cos’x 1
i sin? x =T smext
Takuy oGpasoar,
(ctg XY = — ——. el
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B n. 2 nacrosiuiero naparpada Mbl AndhepeHtpoBani COK-
HYI0 Dy HKLLIIO sin(%—x), nonsayack Qopmyaoft (8) § 75.
Onuako o1y omepaiuio MOXHO MPOM3BECTH i MO CJCAYIOWEMY
npasuny: -

045 Oughghe peHUPOBARUSL CAOICHOL MPUZOHOMEMPULECKOL
QYRICYUL *) HYJCHO CHAYANQ B3AMbL NPOU3BOOHYIO OML Mpuzo-
HOMempuieckoli (yYHICLUL nO BbLPAICCHUIO, CMOSAUEMY OO
ee 3HaKOM (NPHHUMAS €ro 3a apryMeHtT), @ NOnLOAL On. 3mozo
8LLPAJICEHUA NO He3ABUCUMOL NepeMeRHOU U  pe3yAbmanbl
nepemMHOJCUME; TMOITOMY, CYHTAA & (QyHKUHEH OT X, noayuaes:

(sinu)! =cosu - u, (¢Y)
(cosu), = —sinu - u, (©))
v l 7
(tg u)x = u, 3)
7 1
(ctg @), = — sma " U (%)

[Monbaysce npasinom (1), mpouecc auddepenuupopaius yHi-
uuu sin (7-—.\) MOXKHO 3amucath Takum oOpasom:

[sin (-1;— — .v)]' = COos (»— — .x) ( ; .\‘)I =
T .
=cos (-} — _\:) (— ) =—sinx.
Mpusep L. [Npoauddepenunposats yHKILILO
y==Ccos ( 14 —l\—) .

Pewenune. Cornaco mnpasuny (2) mnacrosuero naparpada
nanaem:

=l () ) -

()= S(r )

#) Tloa cnoXNOi TpuronoMeTpruecKoil (yHkuueil GyAeM MOHUMATDL
TPHTOHOMETPHYECCKYIO (PYHKUMIO CJOKHOTO apryMenTa.
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Mpusep 2. lNponupdepeniniposatb HyHKIHIO Yy = sinzl_/:}.
Pewenue. [lepemicas ¢yukumo 5 size y= (sin J/ x)2,
Hafiaem no npasuay (6) § 75
' = [(sin V x|’ = 2sin V x - (sin V x).
w u u

Ho sin)/ x — caosnas TpHroHOMETpHIeCKas (yHKIUHS, 4 MOTOMY
cornaco mpasuay (1) macrosutero maparpada umeen:

= f— = =
(sin )/ %) =cos V x (V x) =cos V' x —=
ety B ey 2V x
" u u
Crnenosarebio,

—
¥ =2sin}/ xcos} x - — )

2V 2V %
Mpouece aidepeuuuposanus AanHoN GYHKINI MOKHO 32-
HCaTh CASLYIOULIN 0GPA3OM:
= (sin? )/ x)" = 2sin }/ ¥ (sin Y x)'=2sin Y xcos V x(V %)=

. = = 1 isin2 Vx
= 2sin Jxcosl x-
£ V Q}fx "'l/x

YIlpﬂ)KHEHHﬁ

Haiitn npoussoxuue ¢yuxumii:

. y=x—sin.x 2, V=19 cos o 3. u=secu.

4. f(f)=sintcost. 5. f(x)=tgx—clgx. 6, 5=1g0—0,
T.0=09+4ctge 8. s=a (l—cos?). 9. f(U)=(1--cos 0) sin 0.

1—cost 1+t 1
() b ) i e S =i 5102,
10. v ERcos 11. f(0) gy 12, y 5 sin® x

13. v=— ]—lcos" o. 14, f(¢) =—ctgd ¢. Haiitu f’(%). 15, f(¢)=sin2¢
16. f(0) = —ms 20. 17. y =sin (%- x). 18. y= —acos (; 1).

19, 5 = cos (I —2¢). 20. j(m):—,}(gm'{ 21, t=2sIn (9> —9).
2. f() =sin V0. 23 s=—7Vcost 24.y=41g2V x.

25. y._Vslu X 26. s=cos:—. 27, s=s|n—:1—.

1 ——,
2y = 3 sec® . 29, y=Vsecx 30, y=slndxcos .
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31. f({) =2sin 2 cos24 32, f(0) = 2 sin2 0 cos? 0.
33, y =sin (x4 a) cos (x —a). 34, y= l/—:i%.
35, 0 = sin® 2y, 36, y = % cos'l—fz‘—:—. 37. s =V sin %.
38. y=%tg5—£—. 39, y=f/sln2x. 40, 0=m.

1. ., 14 2 T
41. r=§tg‘4;——tg%. 42, y=3-tg°x+3tgdx+tgx.

§ 77. Mpoussognas jorapupmudeckoii @yuxiun. [lycts
aana (yHKIma

y=Inx;
Ias ee auddepeniupoBauis TpuMeHny ofliee NPABUIO.,
1-#t war:
y-+Ay=In{x— Ax).
2-it war:

Ay=(y+Ay)—y=In(x—+Ax)—Inx,

1an
Ay=In #: ln(l —l——ﬂ—\—‘)
3-ft war:
Ax
éz_m(l_+7'_)_L1n(1+£) i
Ax Ax ~— Ax e L
IMoaoxnm
Ay 1
x n?
oTciona
. X 0
A — — 2

Ax

TMoacranis snaucHus = 1 Ax B pasencrso (1), mosyuum:
Ay n 1
m=ain (i)

WM, TOCAe TOTEeHLHPOBAHNS,

g=tin(i4)
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Hs pagencrsa (2) caeayer, uro
Ax—0, ecmn n—o0. (3)

4-# war. TMpunumas Bo BHHManue ycnosue (3), HAUMIIEM:
. A s 1 1 \n]
¥y = lim. Ty= lim [—_—ln(l +—) J
bz >08% p>colX n
1
Muoxunrens — UC 3aBHCHT OT £, NIODTOMY €rO MOKHO CHHTATH
NOCTOSHHEIM 1IPH 71 — OO} CJeL0BATENLHO,
| 1\n
V¥ =— lim In (1 —|——) . (4)
X n > a

B nonpoGuuix xypcax amaansa nokaswipaercs Teopema: npe-
0ea n02apugsa  NepeMeHHOL GeAUNUNLL DABEH 202aPUGHALY
npedeaa samod dce NepeMeHHod BeAUHUHBL; TTOITOMY

1\n 1\
lim In(1 —) =In| lim (1 —) .
n > oo ( +" [ll—>w —,—")J
Ho, cornacio § 47,

lim (1 -+ %)" =ge,

2N >
Pagencrso (4) Gyner mvers mii

)l’:% In { lim (l - -,]T)"J —

n >

Caenosarenso,
(In _\')':%, (XIV)

T. € NPOU3BOOHAS HAMYPAALHORO A02apughia pasHa edu-
Huye, 0eACHHON HU ap2yieHn.

Ecan nan pecsriunuil sorapuds, To ero HyKHO HpeaBapii-
TeJbHO BLIPA3UTL uepes narypaiplibth, Mbl 3pnaem (§ 48), uro

lg x==0,4343 In x.
Jlnddepenuupys obe uactin NOCICANEro PaBEHcTBA, NOJYUHM:
’ 2 1
(lg x)' = 0,4343 (In x)" = 0,4343 - 5

nin

(Ig x)/ = 0,‘1.{34-3 , (XV)
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T. €. NpPOu3s00Hasn OeCAMUYHOZ0 A02APUPMA PABHA npou3se-
JeHuio npous3sodHOll HAMYPAALHOO 202apUPIMa Ha NOCNOAH~
nout atroacumens 0,4343.

[Mpusmep 1. Tlpoauddepenunposars HyHKUHIO
y=InR2x—41).
Pemenne. [Jannas QyHKuus CAOKHAS; MOMOMKUM

u=2x+1;
TOrAa
y=In.
Orciona coraacuo dopaysne (5) § 75 nveenm:
1 2
et ol L R
Vo= iy = e =y

ITpoussoanyio cnokuoft norapudmuuecko QYHKILN ) MOKHO
HallTH ¥ MO c/eayiouleMy NpaBuay:

028  Oughhepenyuposanun  CAONCHOU 2020 PUDMULECKOE
@YHEGUL HYICHO CHaMaaa 83AMb NPOUIBOOHYIO OM 202apugh-
M@ 110 BOLPAJICCRIIO, CMOAMEMY NOO 3BHAKOM 202apLPMa
(MPHHUMAsL €TO 33 APryMEHT), @ AONOM 0N BLLPAICCHUS, CILOA~
W4ezo 100 3HAKOM 202apuAMA, 11O HEIABLCUMOU 112 PCMCHHOL
u pesyavmantvi nepe sMHONCUMb; NOITOMY, CUITasn ¢ (pyuKineh X,
nonyuaem:

(Inay, = 'le S (3)
Npumep 2. Mpoangdepenuuposars GyHKILIIO
y=Incos(l — x).
Pewenue. Coraacuo npasuay (9) Hafiaem:

y' =llweos( — 0} = r——scos(l — ",

-

u

Ho cos(l — x)— cnownan Tpuronomerpuueckas (GyHKWHS; npi-
Mersis K nell npasuao (2) § 76, nomyunm:

[cos(l — x)) = —sin(l — x)(1 —x) =

= —sin(l —x)(— 1)==sin(l — x),

*) To-ectb aorapupuuecKoil (YHKUHH CIOKHOTO APryMenTa.
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Hin

[Incos (1 — x))” jleos (1 — x)| =

1
~cos(l—x
1

=m[—sin(l—-x)l(l —x) =

=cos(l_l"m(l —x)=tg(l — x).
Mpunep 3. [Mpoanddepenunposars q)yumunoyzlnl/-‘_’_,
=X

Pemenwne. [IpeoGpasyem cHauazsa AaHHyIO (YHKILKIO, Hpi-
MEHHB npaBuaa JorapndMupoBaHns Kophs i Apobu:

)::-‘Iz—[lnx—-ln(l —+ x)].

[Mponudpepenunposas nonyyennyo ¢ynkumio [In ¥ no npa-
By (XIV), a In(l 4 x) no npasuay (5)], nHaftmem:

1
[.—1-— 1+v‘1+")J (7_Hl—x)=
IIfex=%_ |
x(I4+x) — 2x(14x)

’

V' =

re| — o] —

Ynpaxueuus
Hajitn npouapomipie Qymiimii:
1. y=xlIn.x 2. 0=¢(nt—1). 3. f(u)= lnu
4, y=Ig2x 5. f(x) =2Ig (x4 1). Haiitn f’(l)-
6, s=In@2—1) 7.u=|n—tl7. 8. ¢t = Insin a.
9, y=—Incost 10. /£ (¢) = In (2 cos 1).
1. /(0) = Intgh. Haiitu f* (l:) 12,y (08 2,
13. u=10In —% « 14; f(%) =in Z t i « 15. y=Indsin x.
16. / (u) = In sin -3— S lFas= ity -3— : 18. y =12} =~
19. y =V Intgx. 20, s=Incos®(l —0). 2. y=Ins
22, f(x)=InV @+ x% 23, y=In(x + VI1+5).
24, y=1In E r
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§ 78. Tlpouseognana cTemeHu npu JoOOM mnoOKasartede.
B § 69 Mur Bhizesu gopmyny

(xm)'= mxm—1! E
AN 7 LeNOro MonoxuTenbHoro. JlokaxeMm Tenepb Crnpaseii-
BOCTL 9TOH QopMyabl AAs 11000r0 NOKasaTens.
IMonoxum, uTO0 B paBeHCTBe
y=xm
m uMeeT NoGoe TNOCTOSHHOE 3Havenue; Jaorapudmupya 3To
PABeHCTBO HO OCHOBAHWIO e, MOJY4MM:
Iny=nmlnx. (1)

Tpunss Bo BHuMaHue, uro Iny— caoxuas dynxunsa (Iny sasu-
cHT OT ¥, a ¥ 3aBHCHT OT X), Juddepenunpyey ode uacTi
pasencrsa (1) no x:

L = s
v = =

OTCl0la

U .1’1"
yY=m L=m-

X

= XM L,

Chenosarensiio,
(_\:m)’ — mxm-1,

§ 79. Nponspopuas moxasareabnoil hynkuun. Jana noka-
saresbHas QyHKuus

We—ia2, €8]
[poaorapugyuposas pasencrso (1) no OCHOBAMNIO €, TIOJIYUIM:
Iny=xlIna.

Huddepenunpyen 510 pasenctso no X, cunras Iny crosHolt
(yrknen:
S
e ¥y =Ina,
orcioaa
Y =ylna=c"lnea.
Crenosare/ibto,

(a®Y =a* Ina, XVI)
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T. €. NLPOU3BOOHAR NOKAZAMEALROL HYHRKUYUL a* PAGHA NPOUI~
Be0eHUIO CaMOl (DYHKGUL HA HAMYPAALHbLE 1020 pUfM OCHO-
8aHUSL.

Ecnn nana moxasatenbHas (GyHKIHA

y:e":,

rie e— OCHOBAaHHE HATYpaJALHOrO Jorapuma, TO NPON3BOiHAA
ce mafinercs no Qopamyae (XVI):
()Y =e¥lne=e®,
nan
(") =¢, (XVvin)

T. €, 1pOU3BOOHAA NOKA3aMeAsHOL (BYHKLUL e pasHa camol
PVHEGUL.

Npumep L. Mpoauddepenunposars pynxumio y = esin @,

Pemenne, 3aMeHuB AaHHYI0 CAOKHYIO GYHKUHIO ABYMs
NPOCTLIMIL, TOJYUIM:

u = sin x,
7 y=e".
Cornacto opmyne (5) § 75 uveenm:
V= Yl = e¥cos x = 5 @ cos y,

Jlaunyio GyHKUMIO MOXKHO Jnpdepeninponars if No Caenyio-
HeMy npasiiy:

dan Ougbghe peryupoBans cA0ICHOL NOKAZAMEALHOL Y HIK -
wuu #) HYJCHO CHAMAAG 635AMb NPOUIBOOHIIO ONL NOKASAME b=
HOU  OVHICHUE 110 BLPAIICCHWIO, CMOAWEMY 8 noKasamene
(cunTas €ro apryMeHTOM), @ NOMOM ONL BblPANCEHUT, CIMOAUL20
8 noxasaniene, N0 HE3ABUCUMON NepeMeHHOl uw pe3yapmamsl
nepestHodcunty; N03TOMy, cunras 4 Qynkunell or X, noayuae:

(@), =atIn aiy, 2)
(M) = et - iy, (3)

TMpusmep 2. Mpoauddepeninposars ¢yHKimo y == e,
Pewenne. Ilo npasuay (3) nacrosuero naparpada

u N\ u
e Py
y’ _— (el;zm) = L,l-;sm(m Qx)’.
AT

w

#) To-ecTb MOKA3aTCJALHON (PYHKIMUI CAOKHOILO aprymenra.
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Ho corsnacio mpasuay (3) § 76

U /
(g 2_x') = Los2 2x (2x) cos?2x
uw —
w
Chnenosarenbio,
etz
tg 20y — plgle / — ptE2x 25t _sdl ¢y —
ey (tg 2x) € cos?2x (2ee) cos?2x
YupaxHeHHs
Haiitn nponapomunie (yuximii: .
1. y=xe®—e®. 2, s=c¢etlnl 8, f(x)= e_—.
A 2= 5. P =e2h, 6. f(x)=a—=
cY=mTTe . f(x)=a—%.
1
7. y = xeX, 8 0=e-%% 9. u=a?"
10. y = xnn2. 11. s=Inet. 12, s=ent,
13. f (¢) = sin et 14. (1) = e2sint, i5. y = exlno,
16. f(m)_m1 + —.17. 0 = sin%t, 18. r=cos Vew.
19. /(x) =V 05 6%. 20. f({) = Inewost. 21, f(x) = cose’ 2.
2 1
e
22, vy =tge-?%. 23. R=¢e Yo 24, y =ecosT sin x.
& @
_ i _‘. ——d— - p:l'_l;-.’l!
25. y= D) (e —e ) 26. y= T J-g- *
27. 0 = e cos 2:{: 28. y = e%® (sin a.x — cos ax).
29, y=In —=
A +e w ¢

§ 80. Tpoussoansie ©OGpaTHHIX TPHIOHOMETPHHECKHX
yrknuii.

I. y = arcsin x.

B cuay onpeneneuns apkcuiyca mojayuaes:

sin y = x. (1)

3nech siny npeacrapaserT crokuyio Qynkunio (siny aasucir
OT y, & Yy 3aBUCHT OT x); auddepenunpys obe uacTH 9TOrO
PABEHCTBA 1O X, HANMUWICM:

(sin )" = (xY,

PRy v Sa—
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Han
cosy-y =1,
oTKYy A
P !
Y = Cos y©

TIpHHAB BO BHUMaHHeE, UTO
cosy = Y/ 1—sinty #),
a rakke pasenctso (1), monyums:
‘ 1 1 = [
Y Sy T Vi—smey Yi—a=e

WK
T
. ’ —t
in %) —=—F——. XVIII
(arcsin x) Vi ( )

2. y = arccos x.
Coraiacio onpenenenuio apKkKOCHHYCa HMeeM:

Cos Yy = Xx.

Hugdepenuupys obe yacTH STOrO pPaBeHCTBA MO X, cunTas
cosy caoxuofl dynkuueft, natinem:

(cos y) = (x',
1w

—siny -y’ =1,
orciona
e
V=" i
Ho t
siny =1)/T—-costy *#)= /T — X2
No3TOMY
y’ p— _A.;.
=
Han
(arccos x) — — ﬁ ) (XIX)

*) Buecs papukan Gepercs ¢ MMIOCOM, TaK KaKk SHaueHms arcsin x
w ™
3AKJIONEHBl MEXKLY — '7 W -+ -5-, 3 B 9TOM NPOMENYTKE COS y HMEeT

MOJ0KNTELHBIE 3HAYCHHS.

¥y W 3nech paxmkan Gepercs ¢ MMIOCOM, TaK KaK aHAueHHs
arccos x  3axmouenn Mexway 0 M 7 B STOM e nNpOMexyTke Siny
HMEET MOJOKHTEIbHLIE 3HAUCHHS.

13 3ak. 215. M. JI, 3afiues
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3. y=arctg x.
CorznacHo onpeneneHNI0 apKTAaHTEHCA HMeeM:
tg y ="x. . @)
Huddepenunpys obe uacTd STOro paBeHCTBA MO X, Kak H
B NPeAbIAYIHX CAYYasx, NOAYYHM:

(tg ) =(xY,
um

y=1,

cos? y .
oT1cioaa

¥y =cos?y.
Ho

1
sec?y — T4-tg?y *

Tlpuuas BO BHHMAHNE PaBEHCTBO (2), MOJMYUIM:

cos?y =

G osy e e
We— V= 1 x2 2
Crenopartensno,
1 .
(arctg x)' = =" (XX)
4, y=arccig x.
Jns nauHof QyHKUUH uMeeM:
y
Clgy = x.
IMocxe anddepeHUUpPOBAHIS STOr0 PABEHCTBA MOJIYUIM:
(ctg y) =(x)',
i -
ot L)
Ty =1
orciona
¥ =—siny.
Ho
sinfy =——L__— ! -t
y T cosec?y I1cigly | 14-a%C
CuenosaresbHo, )
1
RN U3 o .
y sin J’ l+x‘-" )
T, e,
(arcetg x) = — — (XXI)

142 °
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MMpunep 1. Mponnddepenunposats GyHKUHIO ¥ = arctglx.

‘Pemenue. 3aMeHUM JaHHYIO CAONHYIO (YHKIHIO XBYMS
TIPOCTBIMIIL: *

A 1
n=—,
X
y=arctg u.
Cornacuo dopryne (5) § 75 nmeenm:
’ 1 I
So= o= 1w (=) =
1
— 1 —_— " 1 1 .
3 2g) T

Jlan pudgdepenposanns 970l QYHKIHE MOXKHO BOCHOJb=
80BATLCS M CJEAYIOWHM TNpPaBHIOM:

dan dudighe per L pOBARIS CAONHCHOL OOPAMHOL N pu20Ho=
Mempueckod BYRKUGUL F) HYJICHO CRAALA 83SMb NLPOUIBOOHYI0
om  o0pamMKO MmpuzoOHOMEMmpPULecKol ¢hyrKuLL no supaice=-
HUIO, cniosiiyenty nod ee graroAr (MPHHUMASL €ro 3a aprymem‘),
a NOnoM Om 30020 9Ce BLLPAJICCHUST N0 HE3ABUCUMOU nepe-
MCHROU 1 Pesyabmantbl nepesrocums; Takum o0pasoM, CunTas
@ (Qynxuneid or x, nojayuaem:

i 1
(arcsin ), = 1/1; “ul; (arcig uY, = — ol
- — u U
ar A 1 v, ; VR 1 ot
(arccos i) = — =% (arcctg u), = —1— T ul.

ITpu mep 2. Tpoanddepenunposars — QynKuuo  y=
= arcsin Y/ 2x.

chucuuc. Hanmas  yHKuns — oGpaTHasd TPHFOHOMETPH=
YECKAR U HPUTOM CJONHAS; TPHMENds BhIIEYKA3aHHOe NpaBiiio
2isl Ipoussonuoit arcsin #, nahoes: :

" = (arcsin Y/ 2x)’ =171_—_(IV—.2__—),,—(V 2x) =
A — (V2

V1—2 L (5.

*) To-ecTb OGPaTHOHl TPHrOHOMETPHUECKOIl (YHKUHH CJQMHOTO
apryMenta.

13*
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Ho Vﬂ—mme cnoxuas ¢yHkuusa; corsacHo mupasuay (7)
§ 75 umeem:

1
V22 =3 O = 5 2=
U — u

2V 2x, ox
g u
CrnenoBatesibHO,

y ——(arcsm V2x) =

%) —

1 1 1 1
Ly - — (2%x) = . — Q= — .
Vi—2% 21/2,\:( ) Vi—2x 2V 2x YV ox—ax

@
YnpaxHeHHs:

Haiitn nponasoausie (yukumi

1. y =arcsin 2x. 2, y = arccos é ~ 3. y = arctg 3.x.

4, f ()= arctg-,f)—. 5, f(x)=arcsin YV x. 6. u=arctgVv.

7. s = arcsin £2. 8. 0 = arctge>. 9. s=arcsin %
10. ¢ = (arcsin )% 11, y = g*™5 %, 12. y = arcsin Vez,
13. f(x) = (arccos 3.x)% 14, y = In e'resine,

15. y = arcsin Y T— 2. 16. s = Incos "3 ¢,

— 1
17. f(x) = xarcsin x -V T— x%.  Buwumcauts f* (—_?) ‘

e 7
18. u = a arcsin i-{- Vaa—2£. 19.s= larctq——-f'—ln (@2,

20. f(x)= arctg Szt ‘; 7 21, 0i= arclgl

§ 81. Mpoussognas wesnsHoil dyukunu. Ilycrs uessuas (yng-
LHA Y 331aHa ypaBHEHHCM

xy—x—1=0. (1)

HaiizeM npomssomuylo 3/, moaaras, 4ro oma cyuecrsyer. Jlam storo
qmepenuupyen obe uactu ypasnenust (1), npuyenss HpasHAO as
IIPOHSBOANOIl aareGpanyeckoil CyMMBbl, MOTYqHM:

(xy) — (x) — (1) =0. 2)
Tak KaK Xy — NPOH3BEACHHE NEPEMEHHBIX BEAHUHH, TO:

(xy) = x () +y(x).
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Taxum 06pa3oM, paBeHCTBO (2) NMpHMET BHI
X +y () — () — (1) =0,
xy' 4+ y—1=0.
Peuras mocaejiee ypasHeHHE OTHOCHTEJALHO Y/, Haiizem:

/_l_y
y=-2 ®

Ias andypepenuupoBanis AanHoi (PYRKIHE MOXHO G110 bl CHAYAAA
BLIDA3HTL Yy YEPE3 X, a NOTOM yiKe HaHTH MPOM3BOAHYIO OT ABHOIN (yHK-
unn. B camom nene, n3 ypasmenns (1) mmeen:

x40 1
— =~

HIH

y=
oTKyna
18N 1
=14=) =——=.
y ( + X X2
[To suemmemy Buay STOT pPe3yabTaT OTAMYAGTCA OT HAILAEHHOrO
paHee, Ho ecam Mul B pasencTBe (3) NOACTaBHM 3Hauenue y, TO MO-

ayunm: -
1
, sl
Pt e
X Xé

Takum oGpaszowm, peayabTarsl aH(pepeHunposanis B OGOHX Cay-
HASIX OKa3axnch oxmHakosbiMu. OnHAaKo nepexon or HEsIBHOI K sIBHOI
ynkunn MOKNO AeNaTh TOALKO B MpoCTeiumx caydasx. Berpeuaores
Hesunbe (PYHKUHH, KOTOpLIE OOPaTHTL B SIBHLIE OuEHL TPYAHO H Aadie
neposmokio. Hanpumep, (ynxuiio y, 3alaHHylo ypaBHeHHEM Xy -+
~- X =sin y, nBIO BLIPa3uTL NHeab3s. Ilostomy npuxounTcs Anfipepen-
UHpoBaTh TakHe (PYHKUMH KaK HesBHBIE.

PaaGepem npyroii npumep. IMycrs Tpefyercs HAiiTH NPOH3BOAHYIO
HesABHoil GyHKUMHK Yy, 3a1aHHOI ypaBHenHeM

y2—8x=0.
Mpnsensn npasuiao  anepenunposanus  aireGpantieckoil CyMMr,
HMeeM:
(3?) — (8x) =0. )

Ho y? — caowuan ¢ynxuus (y? sasucur ot y, a y sapucut or x). Ilo
npasuay auddepenunposanus caoxnoli cremennon (yuxunn [(6) § 75]
Haeem:
(%) = 2yy".
Cuierosatenslio, pasenctso (4) npumer Bux
2yy’ — (8x)' =0,

2yy’ —8 =0,

By s
e

i

oTKyxa
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YnpaxHenus

Haiitn nponssoamste (yHKimif:
1. 2y—3x243=0. 2. y2—4x=0. 3.2y2—6x+1=0.
4, x—y+y2=0. 5.x24y?=r% 6. 2x243y*—day=0.

7.'\-j+y—2=1‘ 8. xy=4 9. x2—2xy —6=0
ate - ' : / :
10, x2%y 4+ xy?=4. 11, (I—y)’=ax. 12, siny=1—.x.

13. xy =siny. 14, x2=¢Y, 15, xy =%*Y,

16. arcsin y = x2,

§ 82. Mpouzsosnasa BTOporo mnopagka. I[lycTb QyHKILEA
¥ = f(x) umeer nponasoauyio ¥’ = f’ (x). [poussoanas or f/(x)
no X, €cJH OHA CYLUECTBYET, HA3LIBACTCS 8/MLOPOL NpPOU3BOOHOU
HIH LPOU3BOOHOU 8MOPO20 NOPAOKA.

Bropyio npoussoauyio ¢ynxuun y= f(x) npunaro o0osHa-

uaTh TaK:
= ),/I' y;’:’ fll (.\:).
1
IMpunmep. Halitu BTOpyi0 NMpon3soAHyIO QYHKLNI V= 5.
’
Pewenne, y'= (\l) ==t =—2x=9

= (— 253 = —2(—3x-H= 0.

YnpawueHus
Haiitn Bropuie MpoH3Bojube OT gymKuimii:
1. y=4x-41. 2. y=x% 3. s=34-2%—1.
= 20—l a o
4. Q=2Vu 5. /() =——. 6. y=(=—1"
3 9
7. (@) = cos2.  B.F@O ="t 0 s=2Ingt.
2 24t

§ 83. Mexannueckuii cMbica BTOPOil mponussoauoii. Ilycrs
TeI0 ABINKETCH NPAMOJHHEHHO MO 3aKOHY

s=f(t).
B § 60 Ml YCTAHOBIN, YTO CKOPOCTb ¥ ABIKEHMS TeAd B JAaH-
HBIR MOMEHT ¢ ONpele/seTcs Kak NMPOM3BOAHAS MYTH IO BPEMEHil,

T. €,
=S
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-

Ecan Teno aBmKeTCS HEPABHOMEPHO, TO CKOPOCTh ¥ C Teye=
HHEM BpeMeHH H3MEeHSeTC W 3a NpPOMexyTOK BpeMennm Af moiy-
Av
'A-[l
TIOKA3bIBAIOIAsl  U3MEHCHME CKOPOCTH B  eIMHUIY BpEMeHH,
HA3LIBACTCH CPeOHUIL YCKOpeHuesl B TPOMEKYTKE BpeMeHH OT £
1o t—-At.

[Moaommny, uro Af — 0, rtorna t—Af —¢, a cpeanee ycko-
peHie

YaeT npupauieHue Ay, B aTom ciyuae BeJHYiHHa OTHOLIEHHS

Av
A CTpEMHTCS K BeJNYHMHE, KOTOpasi HasbIBACTCA YCrO-

peruet 8 Oanuviii momenm spesenu t, OGOHAUNB 3TO YCKO-
penne uepes j, OyaeM HMETb:
= lim -i—j=v'=(s’)’=s”.
AL >0

Taxuy o0pasoyM, ycxKoperue npaitoLUHelH020 OBUINICCHUN
neaw 8 OQHHULEL MOMEHI pAsHo 8mOpPOL NPOU3EOOHOU nymu
no epeilenu, BuUUCACHHOL 04 OQHHOZO MOMEHMA.

ITpumep. Touka napmikercs mnpsMosnHefiHO 10 BaKOHY
§==2{*— 3/ - 5. Hailltu ckopocTh 1 yckopenue TOYKH B MO-
MeHT == 5.

Pewenue. Jlaa onpenesenns CKOpPOCTH HY)KHO HallTH mep-
BYIO nponssoanylo aauuoil (pyskumim npu ¢ = 5. Takuy 00pasom:

U= 5" = (22— 3t -5 —4t—3

Ypg=4: 5 —3=17.
Yexopenue j pasuo BTOpOH Npou3soAHOH (pyHKUMIL TpH
t=120, 1. e, ’
J=8"=()=@t—3)Y=4.
Beanunna ycxopennst oxasanack noctosmuuoft aag moGoro sHave-

HUSL £, 3HAYNT, ABIDKEHHE TOUKH MO 3alanHOMY 3aKOHY TNPOHCXO~
AUT C NOCTOSIHHBIM YCKOPEHHEM,

YnpaxcHenns

Onpeseantnb YCKOpPEHHE TOUKH B yKa3aHHbIE MOMEHTH BpeMeHH f,
@CJIIl CKOPOCTH TOUKII, ILl!ll]l()'lllEliCXl I'lpilMOJIIIHei’IIID, jajaeTcs HHucecHe~
AYIOMUMT Yy paBHEHHAMIL,

l.v=22+42, (=3 2. v=3{—1, (=2
t L]
3.v=4sm—2-, t=—g. 4, v=2cos 3, t—?'
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Haiitn B yxasaunele MOMEHTHI BPEMEHH { CKOPOCTh H yCKOpEHHE
TONKH, ABHNKYIUEHCA NPAMOAHHEIHO N0 3aKOHY, 33aaHHOMY CJENYIOLHMI
YPaBHEHHAMH:

5, s=10+4202, (=2 6. s=21—ﬂ, t=1.

7. s=2siny, t=T, 8. s= 3cos = 3 Z==51"

9. TyTs, NpoNAEHHLIH KAETHIO MOABLEMHOH MAlIMHB, ONpPENeNneTcs
H3 ypasHenus 2 =4+ 5. HaiitTh ckopocTs u yciopenue B 11060i MO-
MEHT BpeMeHH.

10. Onpenesuth MOMEHT Z, KOrza YCKOpeHHe MpsMoamHeiiHoro
ABHIKEHNA, COBEPIIAEMOrO MO 3AKOHY § = — - #8+4 3(2— 5, paBHO 1Y IO

Kakopa npu sTomM cKOpOCTL?

Tabauna popMyan auddepeHuHpoBaHus

L (¢Y=0. 5 i
I (x)y=1. - XIII. (ctg x) =

L (¢4 v—w) = XIV. (nxy =L,
| u/+ 'Ul"—‘ ,wl X
= : » v 04343
V. (uv) = uv’' 4 vd'. XV, (lgx)=—3—-
V. (cu) =cu'. XVI. (a®) = a%Ina.
VL. (x"")'=mx'"". XVIL (e*) = e®.
1
VII. ! —. VIII, i = .
11 (Vx) ZVx XVIII, (arcsin x) Vs
VIIL (l)’____l. XIX. (arccos x)' =
X x% . 1
v u — uv’ == o A
IX. (i) o, , ]1 T—x
X. (sin x)’ = cos x. XX, (arctgx) =7 J-x°
XI. (cos x)' = —sin x, XXI. (arccig x) =
1 1
e 11 _— S,
XIL (tg % = e



FJTABA IX
MPUJIOXCEHUSI TPOM3BOIHOM

§ 84. Boapacranue -u y6uiBanue Qyskuun. Ilycts man
nana ynkuns y = f(x), rpaduueckn npejcrasjeHHas Ha vepr. 87.
TMpocaeany 3a XO4OM H3MEHeHHs BeJHUMHbI OPAMHAT TOYEK H30-
Opaxenioft KpuBO# mpn BoapacTaHmm ux abcuuce.

¥
&
Z
A
M

K z

a g
B
Yepr. 87.

Mp BianM, YTO TpH BO3pacTaHUi apryMeHta X OpAHHATHL
COOTBETCTBYIOIMX TOUEeK Ha yuactke AMA KpuBo#f pacryr, Ha
yuacrke AK yOnBaior. I1pu nanbHefiiieM BO3pacTaHn apryMmeHTa
OpMMHATHl, TPHHUMAA OTpPHUATE/bHbLIE 3HAUYEHHH, TNPOJOJIKAIOT
yOuiBaTh ¥) BO BCeX TOuKax myrd KB, OpaMHATHI KE TOHeEK
ayri BC Bospacraior u 7. A. Januyio d¢yHkumio ans yua-
ctkos MA, BC n DL naswiBaior 8o3pacmaioujed, a nis ysd-
crkoB AB 1 CD — yGuisaoued.

#) MapecTHo, 4TO TO OTPHLATENLHOE HHCIO MCHBILE, Y KOTOPOro
aGeonioTHas BeaHuHHa GOAbLIE, H HA0GOPOT.
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" On penenenme. Dynruus Y= f(x) nassisaemcs sospa-
cmaiouel 8 0anHOM npOMedCYmKe 3IHaUerul X, ecau  npu
Jeeauderun apzymenma X 8 3IMOM npoMedCcYniKe cOOmaent-
CmByowue 3nanenus y 803pacmalom, & Yoo.eaiouwel, ecau npu
JBeautenun x 3nauenus y yOvlsaont.

B nanbHefiem uanoxeHun [aHHOM TINAaBE M3MEHeHHs
ApryMeHTa GyayT paccMaTpuBaThCsi TOJNbKOBOSPaCTalo-
uue, a dynHkuus n ee neppas H BTOpAs MpoH3-
BOAHBIE—TQONbLKO Hell P ep bl BH Bl € NPH BCeX paccmaTpu-

BACMLIX 3HaueHMAX apryMeHTa.
anna ¥ yOLIBaHHS (YHKIHH.
onan @yrruun y = f(x) 6 dan-

NONOICUIMEABHA, MO BYHICUUT
a ecan npou3sodras

§ 85. Mpusuaxn BO3pacT
Teopewma, Ecau npousso

HOM nposescymue 3Hauerull X :
sospacmaem @ 9moit npo/ueJ/C)'lllhe.

2 GoLB8aenL.
ompuyamesya, mo QPYHKGUA youL8a

L

&

Uepr. 88a. ‘ 1eTPIYECKIL,
eMbl,
i T€0
He nokasppas 970! JKyTIe |
I. Mycrs B AaHHOM npouey

13BOI
r w e
Mpunss po BHIM w “(x
D

goll (§ 63), momHO ] ‘
KacaTebHELX, nposeXt
5 paceyarpupaeMoM nf
gacarenbhbie 00pa3y’o
octpbit  yroa (uepT: ‘
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cayuae, KOria rpaduk B NAHHOM NPOMEKYTKE MOJHUMAETCH, T. €.
Gynkuus Boapacraer.

L4

Uept. 89a.

B\
N
i
/‘12\
%
\DM"R % W
epr, 896,

I

. 010k - . )

K, uro g AdnHoM mpomexcyrie sHaueHnil X

3Hay . F'(x)<o0.

{ -

9 rpa;’o Yraosoty Koaduiment xacaTenbHBIX, “POB?E

OpPs, ka aTeqle DyuKiun ¥=f(x), orpunarenes, Muai

PWepyey e 0Gpagyior TYNOH yrox ¢ NOJOMHUTENBHBIM
ocH Oy (uepr. 892 u 896), a oro OwBACT
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B Clyyae, KOrla rpaguxk B pacCMaTpHBAEMOM TIDOMEXYTKe Omy=
CKaerTcsl, T. e. (pyHKuus yGriBaer.

Ilipune p. OnpenenuTs MPOMENYTKM BO3PACTaHHA U yObiBa=
HUS YHKIHH Y= X2,

4 Pewenne. Hattaem npo-

H3BONHYIO NAHHOM YHKIUH
=2 — 2%,

Bemnuuna 2x umeer mosoxu-

TeJbHOE 3HayeHHe INpH BCs-

KOM MOJIOKUTEIBHOM X H OT=

pHilaTe bHOE — NPH  M06OM

Z  OTPHLATEJIbHOM €ro SHaYeHHH.

e

a Orclona caenyer, UTO HaHHas
Gyuxuus  yObiBalomias npu
Yepr. 90. x < 0 u Boapacraioutas npu

x>0 (uepr. 90).

§ 86.-Maxcumym 1 MHHHMYM (yHKuuH. PaccmaTpupas Xon
HaMeHeHUsl QyHKuHu Ha uepr. 87, MBI MOXEM OTMETHTb, YTO
OpAHHATHI TOueK Ha yuactkax MA un BC Bospacralor, HOCTHIas
B Toukax A u C xpuso#f HanGoibluell BeAHYHHBI CPABHUTENLHO
€O 3HAUEHHSIMH OpAHHAT OMKAfIINX K HUM ToYeK, I yObIBAIOT
Ha yvactkax AB u CD no Haumeubluefi BeJHUHHBLI B TOUKAX
B u D CpaBHHTE/NBHO CO BHAUCHUSIMI OPUHHAT COCEMHMX K HHM
TOYEK.

Te auayenus aprymenra, npn KOTOpHIX QyHKuus nmeer
HaROOMLIIYI0 W/ HAHMMEHLLIYIO BeJHUNHY, HA3BIBAIOTCS COOTBET-
CTBEHHO MOYKAMUL MAKCUMYMA W  MuHuMYMG OYRKGUL,
a 3HaueHHe (QYHKUUH NMPH STHX 3HAYEHHAX APryMeHTa— Maxcu-
MYMOM WM MURUMYMOM €e.

Kak BHano, TOuKa MaKCHMyMa CAyKHT rpauuiefl nepexona
OT BO3pAacTaHHs (YHKUMH K ee YOLIBAHIIO, a TOYKA MHUHN-
MyMma —rpanuueil nepexona or yGbiBanis (yHKUMH K ee BO3pa-
CTaHmio.

Onpenenenue l. Oyukyusn y= f(x) usmeen MaKcumym
npu X==a, ecau npu 6cex X, O0CMAMOUHO OAUSKUX K a,
8bLILONHSACNCS HEPABEHCMBO

F@> f(x).

Onpenenenne 2. Dynrgua y= f(X) useem MUHLMYI®
npu X=a, ecauw npu 6cex X, 00CMAMOYHO OGAUIKUX K @
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BUIMOANSEMCS HePABEeHCINEO
J(@ < f(x).

§ 87. llpusHaku MakcuMymMa M MHHUMYMa QyHKUHH.
I. Mycms Touke A rpaduxa dynkuun y = f(x) cooTBercTByer
MakCUMyM mnpH x=a (uepr. 91), Kak Buano u3’ ueprexa, BO
BCeX TOUKAX, PACMOJIOXKEHHbIX Jepee A, KacaTeibHbie 06pa3yioT
C N0JIOXKHTEIbHEIM HanpasaexueM ocn Ox octpsie yrasl. ITosromy

Y -

>§/

2, Ay

SEN

-‘—u—,l

Yepr. 91,

TANrENC 9THX yrJOB, A COrJIACHO T'EOMETPHYCCKOMY CMBICIY
npoussoanoft (§ 63) n f/(x) B ykasaHublx TOYKAX HMEET I0JIO-
MHTEALIOE 3HAYCHHE.

B rouxkax ke, sexawnx npasece A, kacareibhbe 00pasyioT
C MOJOAKNTEALHLIM HanpasJienem oct Ox Tymbie yribl, 4 NOTOMY
TAUreHC ITHX YINOB, a TaKiKe MEpspas NMPOU3BOAHAS HMEET OTPH-
uarespioe 3Hauemiie.

Tak xax nponapoanas (yHKuHH HeNpPEpLHBHA, TO €e 3HaueHe
BOJKHO MenaTbes Ge3 CKaukos, M, C/eAoBaTeNbHO, NPH Nepexoae
OT TONOKHTEALHLIX 3HAUCHHH K OTpHLATE]bHLIM NpoHAeT NnpH
X==a uepes nyab (§ 85), 1. e. B TOUKE A

f(@)=0.
Lean hynrcyus Y = f(x) npu x = a usmeem MaKcusym, mo
1) f/(@)=0 n \

2) f'(x) npu nepexode apzymenma Hepes 1)
X=a MeHaem 3HaK ¢ —|- Ha —.
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II. TTonoxuM, uro Touke B rpaduka ¢yHxuun y= f(x)
COOTBETCTBYET MHHMUMYM mpuH X=a (uepT. 92). Paccyxnas Tak
XKe, NpHIAEM K BHIBOLY, YTO B DTOM CiAyyae Mepsad MPOU3BOAHAS

yi

N\

|
[
i
Yepr, 92.
npH BO3pacTaHHH X MEHSET OTPHLATEJbHBIC BHAUCHIA HA I10J0-

KUTEJbHLIE M, OyAyun HenpepblBHOM, oOpailaercs Npi X=a
B Hyllb, T. €, B TOuke B

J'(@)=0.

Takum o6pasoM, ecaw ghynicgus y = f(x) npe x==a u.yeen
MURLALY M, O

1) f/(a)=0 u
2) f(x) npu nepexode apzymernma Hepes @
X=a MeHsem 3HAQK ¢ — HA —-. J

Cnpaseanusbl 06paTHLIE YTBEPIHKACHN.
dyukius ¥ = f(X) npu x=a umMeeT MaKCUMyM, €CJl

1) f'(@=0n )
2) f’(x) mpu nepexoxe apryMeHTa uepes @)
X =@ MeHfieT 3HAK C - Ha —.
dynxuns y==f(x) npu x=a uUMEeT MUHHMYM, €CJi
1) f/(@)=0 u \
2) f’(x) npu mepexoxe apryMeHra uepes (©)]
X=a MeHseT 8HAK C — HA —. J
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Tpusnaku (1) u (2°) sasiorcs docnamotrslymg PH3HAKAMH
MAKCHUMyMa M MHHHMYMA QYHKUHH, T. €. TaKUMH TpHIHAKAMH,
HalHuHe KOTOPHIX BJCueT 3a
coGOH AN MAKCUMYM il M- I
HHMYM (YHKILHH,

Kax BuasHo 13 paBeHCTBA
f/(a)= 0, xacarenbnas, npo-
penennas B Toukax A u B
rpaguKkos, napajjenbHa ocH
Ox):

[1I. Moser, onnaxo, ¢iy-
UNTHLCA, UTO NEepPBas NPOH3BOL-
Has  Gynxuun, oOpauasch
B HyJb NpH X = @, He Menser O
3HdKa TPH Nepexoje apry-
MenTa uepes x=—a. B srom Yepr. 93.

cayuae (yHKINS He HMeeT

Hu Makcnyysa un Munumyma. Ha wepr. 93 nokasamo, urto
kacaresablias b Touke A xpnpol y = f(x) mapannensua ocu Ox,
7. e. J/(a)=0, no tga; >0 un tga, >0. Caenosareinno,
nepsas npouspoanas (yskunM y= f(x) npu nepexone apry-
MEHTA uepe3 N =@ He MeHser G8Haka. $ymiuusg, Kak no-
KasbiBaerT uepTeiK, e HMeeT NPH X =a HU MAKCHMyMa HH MH-
HUMYMa., :

Buaucuns aprymenra, oOpauiaoune nepsyio TPOU3BOAHYIO
B HydL, OyneM HABLIBATD KPUMUNECKUMUE SHAUCHUAMU apzy-
Merna.

§ 88. Ilparuio HAXOMJEHUR MaKCHMyMa M MHHUMYyMa
dynxuuu. [ycrs pana gynkuus y = f(x). aa uccieposanus
ee Ha MAKCHMYM M MHHUMYM Tpexje BCero HYXKHO PpeLHTh
ypasuense f/(x)=0 an9 HAXONKIEHHS KPHTHUECKHX BHAYEHHH
aprymenra, Ilycrb aeficTBHTeNbHBLIMH KOPHAMH 9TOrO ypasHeHHS
Oynyr x;, X5, X3 B T. I

#) BLIBAIOT CAydam, KOrAa B TOYKAX KPHBOH, COOTBETCTBYIOLIHX
MaKCHMYMY MJH MHHHMYMY (YHKUHH, acareibHas napamieisna ue
oct Ox, a ocn Oy, Takue (YHKUMH HCKJIOYAIOTCS HAMH H3 pac-
CMOTpEHHSI. .
dtux xopHeil GyNeT OrpaHHYEHHOE YHC/AO, CCAH Mbl HCKJIOYHM
H3 paccMOTpenHs GECKOHEYHO KoJe0alomuecs (yHKunH,
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3aTeM HyXHO HCCTeLoBaTb 3HaK f’(x) Mis HaROeHHBIX Kpu-
THUECKHX 3HaueHMH X, HauuHas C X; (HalUMeHbIUEero); C STok
LUENbI0 OMpenensioT 3HAK TNPOMSBOAHOM cHavana aasl X < Xy, |
noncTapnsis Kakoe-an00 YHCAO, MeHbIuee X, (MPOM3BOAHAS NpH
BCEX BHaueHHaxX X< X, He oOpaulaeTcs B Hy/b, a NOTOMY ee
8HaK B CHJIy HENpephIBHOCTH COXPAHSIETCS HEH3MEHHBIM NPH ¥ < Xy
Kak 910 cnenyer ua BEBOLOB § 55).

[Mocse sroro onpenensior 8HaK TNPOH3BOAHOM NpH KAKOM-
M0G0 3Havenun x B NPOMENKYTKE MEKLY X; H X, (B NPOMENKyTKE
MOXAY x, u x, NPOM3BOAHAS COXPAHSIET OMMH H TOT JKe 3HAK
70 TOMy e cpoHcTsy HenmpepbIBHOK (YHKLUI).

Hating Takum 006pa3oM 3HAKH NPOU3BOAHOR s 3HAUEHUH X,
CHavana meypmero, a norom OOJbLIEro UeM X, YCTaHABAMBAIOT,
CYWlecTnyer iy npu 5TOM BHAUCHHH X == Xq MAKCHMYM M/ MIlHI-
MYM dyHKumm pan et W TOro Hi Apyroro (em. § 87).

OYHO TaK e HCCAeLylOT 3HAK f/(x) nas OCTaNbHbIX KPHTI-
HECKHX anayenmuit x. 5

epBoe npasuio. Takuym 00pasoM, s HCCAeA0BAHN
Dyniiny Y= f(x) na Makcumym u MHHIMYN HYKHO:

- Hadimu 1npou3soonyIo @gyuK L yu=j (x).

- fpupasuss ee HYAI0, ratimu Oelicmaumensrble KopHL
02V ey k000 Y pasnenus; nycns ol 6YOYNL Xy, Xoy Xy U M. 0.

L. Pacnogosicus SHAUEHUR X1y Xa1 Xy «wo 8 HOPAOKE UX
803pacmayyy, podcmasums 8 npoU3BOOHYI0 CRANAAA KaKOe=
AU6O yyg o ',lchblllé’L’ Xp Smge.u NnOOCMAaBUMb 1UCA0, IAKAI0=
HeHHOoe evniie Aedcy Xy & Xo

C’muB,LI;)ZO:.;';%C,‘);”;’»‘*H" 1pou3soorol ,uefmemm c+ Ha—,
MO npu y— y. yueem MECMO MaKcuMYAt; .

ecau ¢ — n‘a 4, mo npuX= Xy uaeent Mecio Jl‘llHll.ll_\'Jl,

€eau gce gnar npoasaot)ﬂoft He MeHACMCs, g'),\.'m\uu;f npu
¥=X, ne umeem Hu MAKCUMYND Hu -‘“f"”-“)’;"m.o -
. maryy gce 00pasoM 0/1[)008/1f11)1b 3HAK NPOUSBOUHOU 00 Xy
no\‘;‘aeI:IV(.Z-’lYI‘leL”L‘M(ZI.ICClulll.lbﬂblL’ U MUHUMAAbHOIE 3HAYEHUS
BIricauy, p, . pusucaume J(x)s f(Xa)s f(Xg) 4 m. .

Ie'“ie'pm;a nyHKT orOro Mpasuid HY)Kell.TO.nbl(O‘ B TO:\I cny-
vae, €Cnn ectn "eoé,\'onlluocm 3HaTh NOAOYKEHHE TOUCK HA KPH-
BoH o MaKCHMYMY H MUHHMYMY dyHKLm.

*_Coorpercrpylomix

Mep”
aceMoppuy HecKoNbKO "TF:,“H‘I’
Pumep 1. Mcenenosd
V=x2—1,

‘0 MHHHMYM 4 ue-
Hio

e A
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Pemenne I, Haxonny npoussoanyio (yHKUMM:
¥ =(2—1) =2x,
II. TIpupaBumuBaem ee Hym0:

=10}
OTKyna

x=10:

IIl. Onpenensem suax npon3podHO# LA SHAUEHIS x <0,
Hanpumep ans x=— 1:

4

Vo =2(—1)=—2

Teneps naxomum suax nponsBoinolt Ans x > 0, nanpumep
A x = |:

4

"’fx::xZQ == V2,

Wadenene snaka NpPou3BOAHON

c el
MUHYCA Ha nuloc nokasbiBaer, UTo
Aanuas

PyuKuns npn x =0 nmeer

MiHnMyy,

ke V. Haxomny wunumansioe ana-
Hie dyniiun, 7. e, f(0):

Yepr, 9.

llen;re“epb MBI MOJKEM MPEACTABNTH HA YEPTCiKE NOJOKEHHC I:HM-

o Tousy AO; —1) u sun KPUBOR BOAMBH HEE (ueptr. 94).

byncr P 2. Vecaenopam, ma  MakcumyM W MUMHAYH
YHKuio

]
y=Ltw 2 sy

Peme 4
Wenne. Cornacno NPaBuity UMECeH:

9 /
O — g P —4x 48] = B4 4

%,,=3LVIFTG 346,
y)

W31 Safnen



210 TIPHJIOKEHUMS TPOU3BOAHOM [ra. 1x

1) HMccnenyem xpuTiyeckoe snauenue x, — — 1. Bepem
8Hayenne x < — 1, Hanpumep x=— 2; Toraa

Y, =(—22—3(—2)—4=446—4=06.

Bosbmen sHauenne x >—1, nHanpumep x= 0; Torza
Yoo=02—38.0—4=—4,

IlepeMena sHaka npoM3BORHOM C TJIOCA HA MUHYC NOKAshl-
B3eT, YTO (YyHKUHA IpH X==— 1 nHMeeT MaKCHMYM.
2) Hccnenyem xpurnueckoe 3Hauenue x,=—<4. Beps nna
x < 4 snavenne x=0, a naa x> 4 3HaueHne Xx =5, uMeeM:
’ e ’ - . s -
Voeo=—4 3(1_:5_25 15—4 =6.
CrenoBarenbno, npu x=—4 GyHKINS HMEET MUHUMYM.
IV. MakcuyanbHoe n MHHHMaIbHOE 3HaueHns (yHKunn OyayT:

1 : 5 q I
yw=_1=g<—1)3—§(—1>——4(—1>+6=o 5

1 3 2
)y =48 — — " e =
Y=t 3 5 ¢ 42—4.44 6= T
PesyabraT BhIyHCAenus sanuwem B TaGauwy:
| =
303K NPOMIBORAHOR anauesun
| Kputnueckne Moseaenie
R A0 KPHTHNECKOro | mocae kpmiudes | yniisn
SPEYMCEIN SHANCHMST CKOrO 3Ruaderus
APryMenTa _AprymentTa
| g
—1 -+ — MaKe. 5
2
4 — -+ MHIL —12 3

OGoanauus TOUKM rpaduia QyHKIMH, COOTBETCTBYIONLIE
MAKCHMYMy W MHHHMYMY ee uepes A u B, nanuuwenm:

A(——l; 8-:—)—) " B(4; — 12 %)

Tonoxenue Touek A u B 1 puf kpusofi BOMM3H HUX Npei-
crapsens Ha uept, 95,
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Mpumep 3. MccaenosaTs Ha MaKCHMyM M MHHHMYM (yHK-

o y = x5,

Pemenune [. y = (x3) =32

II. 3x2=0, otkyzna x;,2=20;

II. Oas x <0, nanpumep ana X =
=—1

Yyl =3(—1p=3;

ans x > 0, nanpumep ana x =1,

2

y
J
%

IS
&

i

Y, =3-12=38.

3HaKu NpousponHoil OKasaanch OA-
HAKOBLIMH TpH TNeEpexoje uYepes KPHTH-
yeckoe suavenie X = 0; CJIe10BATE]LHO,
nanmas Qyuxnns npu X =0 He HyeeT
Hil MaKcumyma Hu Mumumysa (uepr. 71).

y"pa)unemm

1. dana ¢yuxuna y = 2.x2 Yanars, 6yner
JH OHA BOIPACTATL MM y()muzn‘b npu_3uave-

-

Q|

£y

nun aprymenta: 1) x=1, 2) x =—1. Ilpo- Yepr. 95.
BEPHTL Pe3YJAHLTAT Ha rp.u])m\c

2. To xe ,uu q)\umum y=—x"-}x—1 npu 3maueHHH apry-
Menra: 1) x=—2, 2) x =0, 3) x=2.

3. Haittn  suaucimnsn npry\lenu. OpH KOTOPHLIX BO3PacTaloT HAH
memxm Gynxuun: 1) y=osx+41, y=4—3x.

. Haiitn nposecyrin LOJpﬂCTﬂllllH . yOumauus Qymcumii:
1) y=a2—3x+1, 2) y=—224|8x—1

Haiiti Maxcumys n \Illllll\l) M QyHKHiL
5. y=x2—2x
7 [

B, y=-— 9, v—(il—t
11. 12, \'—.\‘+—x——5
13, .s——%

et 244w 7. y—2,\ +3x4-4
10.

y=x

B2 pLE=T,

15. y:,l{.v"—-;!,v'-'—{—:}.\‘——l. 16, y = x3 4 x2—5x—6.
7. s=20—£— 4 +5. 18, v=p'—3p—9p+4

27
2—x"

19, yi= "|"\" 20, y=3x—;

21, nm\.nm b, UTO CACAYIOUHE (YHKUUE HE HMEIOT HH MAKCHMYMI
Y

HIL MHHHMYMa:

ny=%xu4ﬂ4wx_z

2) y =645 — 154 - 1045

14%
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§ 89. Buinyka0CTH H BOTHYTOCTh KPHBOH. PaccmoTpum
KpHBYIO, H300pamennyio Ha uepr. 96. IlpoBens kacareibHyio,
Hanpumep AB, Mbl BHIHM, YTO TOYKHM KDHBOH, CMEXHbIE C TOY-
KO# Kacamusa A u Jsexauide no obe CTOPOHbI OT Hee, pacnoJfa-
raioTcs Hibke KacatenbHOH. B Taxom cayuae rosopst, uTO KpH=

K2

Hepr. Y6. Yepr. 97.

Bas gulnyraa geepx 6 mouxe A; ecam uacTb KPUBOH Mekay
TouKamn M u N ynosneTsopseT 5TOMY YCJAOBHIO, TO 3TY HacCTh
KPHBOK HABLIBAIOT 8bLYKA0L 88epX WIH MPOCTO BLLILYKAOL.
Bosbmem kpusyio, usobpawenuyio na uepr. 97. 3xech Mbl
HaG/ofaeM JApyroe sBjeHHe, a HMEHHO: TOUKM Kpmpo#l, GausKue

7]

Z i’“&
(%

Yepr. 98.

K Touke kacanus C N pacrosioxkeHHble MO Pas3HLIM CTOPOHAM OT
Hee, nexar Bbiwe kacarenbho CD. B atom cayuae rosopsr,
uTo Kpupas 8 mouxe C gozryma 88epX W uacTh KPHBOH MexLy
TOUKAMH P M Q, yNOBJIETBOPSIOUIEH STOMY yC/OBHIO, HA3LIBAIOT
802HYmMOE G8epX WML NMPOCTO BOZKYMOU.
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BriBaior cnyuau, Korna Kpisas B OLHOH CBOeH uacTH BEINyKAa,
a B Ipyrod BOrHyTa; Tak, Hanpumep, cumnycouna (uepr. 98)
HMEeT H BLUMYKJOCTb (Bhile ocH Ox) i BOrHYTOCTS (Hibke ocu Ox),
npiueM Touka A ciayxuT rpannueff mexay Humn. KacatenbHas,
NpoBelleHHass K KpUBOH B 9TOH TOuKe, siBAseTCs .o0weH aas
BBIYKJIOX M BOrHYTOH uacTu ee; 5Ta KacaTeJbHas B TO Ke BPeMs
TiepeceKkaeT KpHBYIO B TOUKe KaCaHus; MOSTOMY CHHycCOHZAa
B Touke A HM BBINYK/a HY BOPHyTa. DTa TOUKA HOCHT HA3BaHHE
mouKu nepezuoa.

§ 90. MNpusnakyu BLINYKJIOCTH H BOTHYTOCTH KPHBOIf

Teopenma. Ecau smopas npoussodnas gyrruun y = f(x)
8 OQHHOM npOMedCYmMKe SHAYEHUE X NOAOJNCUNEALHA, MO
Kpugas BO2HYMaQ 8 3MOM NPOMEICYMKe, . ecau Oompuia-
MeAbHa, — mo BLINYKAA.

[TosicHim 9Ty TeopeMy TeoMETPHUYECKH.

I. IlycTe B nannoM npoaexkyTKe aHaueHud x

(x> 0. )

Tak xax f”(x) spasercs npoussonno#t dynwunn f/(x), 10, npu-
MEHsISl NpU3HAK BoapacTanus u yObiBanus K gynxunn f/(x) (§ 85),
ckaenm, yro npn yesosun (1) f/(x) Boapacraer ¢ Bospacra-
HUEM X B nannom npomexyrtke. Ho Torma corsnacHo reomerpi-
UeCKOMY cMbicay neppo#t npowussonHol (§ 63) Bospacraer u
YraoBol Kos(ipuiHeHT KacaTeJbHBIX, NPOBeNeHHBIX K rpaguky
GynKunn y = f(x) B TOUKAX AAHHOTO MPOMENYTKA, T. €. PacTeT
TaHFeHC yra HaKJIOHA STHX KAacaTeNbHbIX, 4 CJIeA0BATE]bHO, H
YyroJ HX HAKJIOHA K MOJOXKHTEJLHOMY Hampasienuio ocn Ox.

Wrak, npn ycaopun (1) ¢ BoapacTammem X yroi,
00pasoBanHbifl KacateJbHBIMH K KPHBOH Y= f(X) C mOJOMi-
TeNbHBIM Hanpasiexuem ocn Ox, pacrTeT, a 910 HabJaionaerca
TOJLKO B cjyuyae, KOPIA KacaTe/bHble TPOBeleHbl B TOUKaX,
AeXKAWNX HAa BOrHYyTOM yuacTke Kpusoft (uepr. 99).

II. Tycts B mannoM mpomexyTke 3HaueHufl X

f(x) <0 ®).

Tpu sTom ycnosun ¢ Bospactanuenm x dynxunus f/(x) yOsisaer,
a noromy yOwiBaeT W yrnoBo#t ko3dduuueHT KacareabHBIX, NMpo-
BENCHHBIX K rpapuxy ¢ynkuuu y=jf(x) B TOYKaxX [JaHHOrO
NpoMexyTKka, T. e. yOblBaeT TaHreHc yrJa Hak/JOHa STHX Kaca-
TeJbHBIX, a CJeNOBATENbHO, H YroJ HX HAaK/JOHA K MOJOXKHTeJb~
HOMYy HanpaBJaennio ocu Ox.
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Jlerxo noxazars, 4To CpaBenAHBO I
CCAL NPl QaRHOM X BINOPASA NPOUIEO0ON
CGORA 1Yo 1 npu nepexode apzyuesn:
HUe X wengent SHaK, MO npl SMON 2pag
AR nepezuoa.
=10 spasieTcs docmantonnui IPH3HAKC
024 Iieen caeayiomee mpasuo.

(N00s Hanmu MOUIY NEPEUOa KPUBOL }

Orntstcrams BIMOPYIO 1LPOUSBOOKIIO i)
Lpupasyas e KV20, peHUNE HOANYEs
f{’/fﬁ/}lﬁ/{lll[‘/Ib/{b/,l/ll KOPRAMNL €20 0)C
2acno.cocas suavenun T ets e ol
Rus, nodemasums 50 ArIOPYIO 1LPOUIE00
CA0, MeHpmICEe Xy, FAMEMN— 20008 YU
WOV Xy U Xy ecau 8 OUDUY CAYNARY
Klly THO Hpu = X, UMNCCHCA MOUKA
UHAKOBHE, MO MoKl nepezuon Hewl; .
POCAUNLS SHAK sntopoli npou3so0nol 00 L

' OPOUKANEL mover: Nepeion, n. e. 8u
X SHAUCHIL QpzYMEHINa, O4R KO.

nepelo.

[aliTit TOYKY mepernGa KpHBOH Y= X%,

COrIACHO IpapHAy HaXOMIM:

= 345 y'=(3xY) = b,

gyaa x =0,

3HaK:

o, =0-(—1)=—6,

> =0.] = _/_ 6.
JIMCET MECTo ToYKa meperHoa,
TOYKY nepernfa B HAYANE KOOPAHHAT

b HA BOTHYTOCTH, KaK 9TO BHAHO H3
g nponspostiofi (vepr. 71

BHCHHE HMeeT orpaHHienHoe UHCIO0
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VupaxHeHHs

1. Y3Hath, BbiNyKJa HAH BOTHYTAa KDHBAs y=x3——5x3+3x——1
B TOuKax, abcuuccsl kotopeix: 1) x=1, 2) x=2. >
2. Buinykaa mam BorHyra Kpupas y = xt—4x3-4-8x—2 8B TOU-

Kax, a6cuuccsl KOTophix: 1) x=——2—, 2 x=—2
3. B Kakux TOUKAaX BLIMYKJbl HIH BOTHYTbI KPHBbIE:
1) y=x2—3x 46, 2) y=2—3x—x»
Haiiti toukn neperu6a caeaylougix KPHBBIX:

4.y=%x’~‘—x. 5. y = x3+43x2 —5x —6.

6. y=2x3—3x2—dy 0. 7.y =—x3+46x2 — 15x 410
8. y=uxi 9. y = xt— 12x3 4 4852 —50.
10. y= x4 300 —2a0—xh 11, y= o4 22

12, y =124 — 1242 13, y =38x6 — 5434 1.

Haiiti NPOMEIKYTKH BBIMYKJOCTH H BOTHYTOCTH KPHBbIX:

4, y=x}—4x2—2x L 1. 15. y=x‘—%x’3——‘1-\"

§ 92. Bropoe npaBuao maxowenus maxcumyma u MHHI®
myma GyHKunH.

Teopesa. Ecau dan nexomopoi dynicgun y = f(¥)
f(@=0,
mo 0GHHAS HYHKGUA npu x=—a wieen
Markcumy s, ecau f”(a)<< 0
. MuReMYM, ecauw  f”(a) > 0. g
TTokaxeM cnpasennnsocts TEOPEMbl  CJeAyIoULHMI coo0p?
JKEH MMM, «
i AKCHMYM
Mpu yenosun f7(a)= 0 dynkuun y— f(x) nyeer '“‘“‘Lm:ie
I MIHUMYM WL TOUKY nepernga (§ 87). Ho coraacho Teope
" T,
i (a)=;'=0,”n(>slomy TOUKA nepernba HckaAOUALTCH. -
IMpu f”(a) < 0 Touka ¢ abeunceoit x = g aexur Ha Bbl?}ﬂ
KAOH uacTH rpaduka dyukim, a npu f“(a) > 0 —na nonlyloo
ero yactu (§ 90). C.nenouau'enbno, B nepsom cayuae nmeeT pecT
MAKCHMYM, BO BTOPOM — MUHIMYM, uTO 1 TpeGosaioch "OK“BJTI’;
Mosxer oanaxko CAYUHTBCS, yTO npu f’(a)=0 TAKIKE I,,
74 —_ 3 &
f"(@)=0, Torna npu nomomn BTOPO#l mpouspoatof ““"":3,
YCTAHOBHTD, UTO uMeCT dyukuus: Makcumyn sam MHHIYM

B atoM cayuae aas pememus BONpPOCa HykHO npuGerHyTh K nep-
BoMy npasuay (§ 88).
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Takum o6pasomM, HMeeM BTOpPOe MPaBHAO AT HAXOK=
JIEHHS MAKCHMYMa M MHHUMyMa YHKLHH:

Haiimu emopyio npoussodnyio @yriyun & nodcmasumb
8 Hee KaocOOe u3 KPUMUNECKUX SHAYeHUD ap2YMenma; ecat
8 pesyavmame noocmMarosKu 00H020 u3 HuxX 8mopas npo-
u3600Has Oydem OmMpuuamessHoll, mo npu omois SHAteHUul
apeyMeHma QOYHKGUL uieem MAKCUMYM, eCAl NOAOICUMENs=
HOWL,— MmO MUHUMYM, Q eCAl dice BIMOPAs npoussooran o0pa-
waemes 8 HYAb, MO 048 peulenus BONPOCA HYICHO 00pa=
MuUmsCs £ nepsoity npaguay.

PaccMOTpHM HECKOJbKO MPUMEPOB.

Ipumep 1. Mccaenosarb Ha MAKCUMYM H MHHHMYM (YHKILHIO

y=x?—4x+9.

Peweunne. Cornacio mpasuay umeem:
Ly =(2—4x+ 9 =2x—4.
Il. 2x—4=0, otkyna x=2.
I 3" = (2x—4)Y =2.
Bropas npoussoanas okasanach NOMOKHTENbHOM; clenoBa-
Te/bHO, NPH X =2 jMeeT MeCTO MHHHMYM.
[Tpumep 2. Mccnenopars Ha MAKCHMYM 1 MUHUMYM (DYHKILHIO
= x3——— x2— 30x -+ 15.

Pemenue, 1, )”=(_v3—3}-.v2+30.v+15)’=
= 3x2— 21x- 30.
Il 3x*—21x4-30=0 nm x2—7x+10=0, orkyna

=t /“’—10 I3,

TN x5

e—12y
X, =5,

II. y" = (3x2— 21.x -} 30)' = 6x— 21.
[ToacTanny Bo BTOPYI0 NPONU3BOAHYIO BMECTO X NOOYEPEAHO
snavenns 2 u 5:

Vi _,=6.2—21=—09,
Y =6.5—2l =409,
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Kak Bunno, mpn x=2 ¢yukuus uMeeT MaKCUMyM, NpH X=
=5 — MHHUMYM.

IMpumep 3. MHccrenosarb Ha MaKCHMYM W MHHHMYM
dynkumo :

B ==0xE]

Pewenune. I. y/'=(x)' =4x3,

Il. 4x3=0, otkyna x=0. .

HI. y" = (4x3) = 12x2.
Moxncrasus suauenne x =0, moayuim:
=12+ 02=10;

A=

Bropasi nponssoauast okaszanach pasHoil HyJMi0, NOSTOMY yKa-
SAHHBIM CIIOCOGOM YCTAHOBHTbL MaKCHMYM M MIIHHMYM HEJb3sl.
OOGparupiuick K nepsoMy npasmiy, OyleM HMETb:

Vo =A(—1p=—4,
Y =4 =4,

IMepemena sHaka nepBoH NMPOH3BOAHON MOKA3LIBACT, HTO NPH
x=0 (yukunus umecT MHHEMYM.

Ynpawuenus

l'lccncnouarb 13 MAKCHMYM M MHIHAYA (]))lll\ullu
2 4xt l ’

Ly =3xL
4- y——",\’—l—&\——s

6, y=ux8—2x2—4x4-3. 7. y———r-‘-{—ix——b\-{-l

8. y=—-—,1—.v-"+——x'-’—6x+" 9. y::—_—s.\'“—}-.\"--i—dx——‘l.
10. y—xl——bv*—l-z‘?rﬂ—‘)lv 12, 11, y=x%

HaiiTh npoMeiyTin Bo3pacTanns n yGuisanus ¢|))umum

12, y=x8—12x 4. 18, y=—xP a4 5x—0.

FIMEIOT JI MAKCHMYM HMHIIMYN caejyiole (S URITEHH
e 25
15, 'y =

10x

§ 93. 3anaum Ha MaKCHMYM M Muuumym Qyuniunun. Teo-
pHs MAKCHMyMa W MuHuMyMa QyHKUMN unmeer GO/bLWIOE NpPHME-
Heune Kak B camofl Maremartnke, Tak M B TeXHIUECKHX AHCIU-
nanHax. PewnM HeCKOJbKO 3anau.

Sanmauwa 1. PasOurb uncao 20 ma asa caaraeMbiX, Mpousse-
JeHHue KOTOpLIX HMeno Obl HauOo/bluee 3HAYEHUE.
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Pemenue. Bynem nckare stu caaraeMble. OG03HaYNM OLHO
u3 Hux OyKBOH X; TOrZa Apyroe cJaraeMoe BHIPASUTCS B BHIE
20— x. Tlpoussenenie 9THX C/AaraeMbIX ecTh NMepeMeHHas besi-
YHHa, mcnmommcn C .u3MeHeHueM cJaraemoro x, OOoanauas
npouasesenyue OyxBotl y, samuuienm:

¥y=x(20—x).

Mubl mosyuunu  (pyHKIMIO, BHIPAKAIOULYIO SaBHCHMOCTH NPO-
H3BENEHNs y OT BeJHuuHbBl cjaaraemoro X. B sazave rpeGyercs
HallTH TaKoe X, NPH KOTOPOM Y MpHHHMAeT HauGoJbliee SHa-
ueHWe, T, €, 33Jaya CBeJACh K HAXONACHHIO MakchHMmyMa (yHK-
i, [Mocrynus no npasuiy, uajnoxenHomy B § 92.

I ¥ =[x (20— x)) = (20x — %)’ = 20 —- 2x.
=0, orkyna x=10.

. y"=(20—2x) =—2,

Cnenosarensito, npu x =10 (yHKuHS HMeeT M.uccmryn.

Yucao 20 nysxno pasGurb Ha ABA PABHBIX CJAraeMlX, TOMAA
HX nponsseiciue Oyner Hanbonb-

. g

Sapaua 2. Hafltm BbicOTy
KoHyca HanQoabiiero o0beMa, Ko-
TOPLIL MOKHO BHHCATL B INap pa-
anyca, pasHoro Q.

Pemeunne. OGosnauus paaunyc
OCHOBaH, BLICOTY it 00beM KOHyCa
cOOTBETCTBEHNO OyKBamu r, 2 1 v,

3anuwen:
1 a
V=-= w=ril. 4 (4
910 paBEHCTBEO BLHIPANAET 3aBH- 2
CHMOCTh T OT JBYX HepeMeHHBIX 7 Yepr. 101,

W HCKJIOUNM OANY W3 OTUX Be-
JHMHH, a umenno r. Jlasg STOro u3 NpAMOYroNbHOTO TPEeyroJib-
uuka ABD (uepr. 101) susoaum (1o TeopeMe O Kpajapate nep-
NEHANKY AP, ONYLLEHHOr0 U3  BEPIUIMHBL NPAMOro yria Ha
THIOTEHY3Y )

AO*= B0 - DO,
THIT

r’=h(2R—h).
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[Moncrasus 3nauenue r? B GopMysy oOBeMa KOHyCa, MOTYUHM:
1
v=—5=h*(2R—h).

Mu BuauyM, uTO O0OBEM U KOHyca, BNHCAHHOTO B IIap
paanyca R, ecTb (YHKUHS OT BEICOTbl STOrO KoHyca k. Haitu
BHCOTY, NpH KOTOPOH BNHCAHHBIK KOHYC HMeeT HauGO/bLIMHA
00®eM, 3TO SHauuT HAHTH Takoe [, NpPH KOTOPOM (YHKUNHA U
HMEET MAKCHMYM.

Huem maxcumyM QyHKumu o:

79 7
| \% “RI:— % .—.113) = % ~Rh — =h2,

4
. =sRh—=h*=0, otkysa ;=0 u h,= —j— R.
' 7
HI o — (i -.-.R/z———::h'~’) = i R —2=h.
\ 3 3
Toacrasus BmecTo /i cnavana h, =0, a motom /. =—§— R,
MOaYUHM:
"
4
V=0 =73 7R,
” 4 4 4
“’h:%n _?..R—Q.. . TR—_'I =R.

B TIEPBOM CJay4ae HMeeM MHHHMYM, BO BTOpOM-—HCKOMH"
mn

MAKCHMYM.
' 4
Caenosareabno, npn  h=- R

KOHYyC, BMUCaHHLIH B Wap paanyca R,
numeeT nHanGoJbuwnil oOLeM.
3anauva 3. OxHo umeer Gopmy
NPSIMOYTOJIbHIKA, 3aBEPUICHHOrO NoJy-
KPYroM; nepumerp Gurypsl OKHA pa-
‘geH 6 . KakoBbnl n0mKkubl ObITh €ro
pasmepbl, uTo6bl OHO MponycKano
A ') makcumym csera (uepr. 102)?
Yepr. 102. Pewenne., Kak nssecrio, Koan-
YECTBO CBETd, IPOXOAALLIErO Yepes
OoKHO, TeM Gosbuwe, ueM GoJbue muiowan, okHa. OOGO3nayuM:

AD = x;
TorAaa AAHHA noJyokpy:kuoctn BmC Gyner pasha —:zl , @ BLICOTA
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6 X
6—AD—BmC_ "~ *T 7 _12—2x—mx
5 = o = 4 . Mao-
1aAb BCEro OKHA COCTOMT 43 miowafel npsmoyroabhuka ABCD
u nosykpyra BmC. Tlo cooTseTcTBYIOLHM (OpPMY/aM Haknen:
12— 2x —=nx 12x — 242 — nx?
Sapcp = T cX= T

okHa AB=

nx?
Spme= TR

O603Hayus muiowanb OkHa OYKBOH y, MoJyumM:

A 12x — 242 —

r= 1
2 —4ax?—2=x? fnx® Ux—dx’—ax?
o 8 — 8 ‘

Mpl BiNM, YTO NJOLLAAL OKHA Y B YC/IOBHAX HalleR 3amayi
aBsiercs (pyuxinel ero ocHoBaHus X, M 3a4aya cBeJach K Ha-
XOKACHIIO MaKCHMyMa (yHKUHH Y.

HMceaeayem nonyuenuyio QGynkiHio Ha MaKCHMYyM:

I J’,_(2~1.\‘——'L\"~'—n,\"3)’_24—8x—21cx 12— 4x—n=nx

8 ' 8 4 :
12— 4x —=zx ) 12
1. ——T——=0. OTKYNa ¥ ==
sy (12—Adx—ax\ —4—=wm 14z
1. y _( > )_ i Y

Bropas npoussoinast oKasanack OTPHILATENbHOH, SHAYUT, TNpPH
9

4=
I]Jlﬂ NPOXOIKACHNS Hanbo/blLIero KOAHYEeCTBa CBETA uepes
OKHO C KOHTYPOM B 6 . Hy»HO, 4TOGbl IHPHHA ero ObIa pasHa

12
— ~ 1,68 a.
T

TF=

Yupawnenus

1. Pa36uts uncao 12 pa asa caaraembix, NpOH3BEACHNHE KOTOPLIX
HMeno Gbl MAKCHMAJIbHOE 3HayenHe.

2. PasOurn uncno 10 na apa caaraemblx, 4toGbl CYMMa HX KBajgpa-
TOB GbIAA HAUMCHDBLUIAS.

3. Yucno 8 pasGutb HMa ABA craraeMplX Tak, 4ro0bl cymMMa HX
Ky0oB Oblaa HauMeHbLias.

X =

nJjouiank OKHa HaubGoJLIIas,
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4. Jlng KaKoro uucna pPasHOCTh MEXAY STHM YHCJAOM H €ro Ksal-
paToM HanGoapluas?

5. Kakoif u3 npAMOYrOALHHKOB C NEPHMETPOM, paBHbIM 50 cit,
HMEeT HanGoJbIIYIo MIOLANb?

6. Ipamoyroabnpiii yvactox 3eman B 10000 42 myxHO OKOmath
BAOJb Bcelf rpanmnust pBom. Kak BmIGpaTh pasmepsl Y4acTKa, YToObl
naHHa pBa Gbia HaHMEHbLIAn?

7. Cymma OCHOBauHs H BBEICOTHI Tpeyroiphuxa pasua 10 car
Kaxopbl nomxnbl GLITH pasMephl OCHOBAHMNS, YTOOBI IJOUIAAL TPEYLOJb-
HHKa Gbiia HanGousluas?

8. W3 xBagpatHoro nmcra jenesa, CTOpoHa Koroporo pasua 30 cir,
HYMHO BLIDE3AThb MO yrJaM UEThpe KBAAPATHKA TaK, YTOOLI H3 OCTaB-
meiics yacTi nocie cruGanus MOJAYuHTh KOPOOKY HauGoabuieil eMKocTH.
KaxoBbl npn 9TOM pasmeps! BLIPE3aHHBLIX KBAXPaTHKOB?

9. M3 nncra kaprona npamMoyroabHoit opmst pazmepon 30 X 50 car?
. HY)X(HO BHIpE3aTh MO YrJaM KBaapaTHKH Tak, YToGnl M3 oOcTasuieiica
YacTH nocje cruGanus MOJyuHTh KOPOOKY HanGoJblieli GOKOBOMH no-
BepxHocTH. Iloxcuntare pasmepnl BLIPE3aHHBIX KBAJAPATHKOB. .

10. Oxuo umeer (hopMy NpsAMOYrOJLHNKE, KOTOPEIl CBEPXY 3aKaHuH-
BaeTCA NPABHALHLIM TPeyroapunkonm. Iepunerp okna paseu 3 . Kakoso
JOMKHO GLITh OCHOBAHHE INPAMOYTOJLHHKA, YTOOHI OKHO JMEJO Hau-
6GOABLIYIO MJOLLAND?

11, Ceuense wAI030BOrO Kaunatza HMEET BHI HPAMOYrOJALHHKA,
3aKAHUNBAIOWIErocsa noJykpyroy. Ilepumerp ceuenns pased 4,5 at
Ilpu KaKkoM pajHyce Nnoaykpyra ceuenne OyaeT HMETh HaHOOJAbUIYIO
IO AL ?

12. TpeGyeTcsi M3rOTOBHTH SUHK C KPBUUKOi, COBEM KOTOPOro
pasent 72 A% a cropoubl ocmopanna orHocArea kax 1:2. Kakosit
HIOMKHE! GblTh PasMephb! BCEX CTOPOH ero, uTo0nl MOJHas HOBCPXHOCTH
ampka Goia nanmenbueii?

13, O6beM npaBuabNOii YETHIPEXYroJbLHOI Mpu3MB pasein 8 dach,
Kakosa nomkna GuiTh CTOPOHA OCHOBAHMS NPH3MBI, MTOOLI HOAHAs NO-
BEpPXHOCTh ee Ohija HauMembuieii?

14. Peaepryap emxoctbio B 4 4% C KBaAPATHLIM OCHOBAHHEM, OT-
KPLITHIE Coepxy, HYHHO BBUIOKHTL 0J0BOM. KakoBrt 10/kIbl OLITh €ro
paaMepsl, uTOOL! OJ0BA NOUIIO JUIsl STOIO MHNHMAJALHOC KOJNNECTBO?

15. Haiitit Beanunny paamyca OCHOBaHHSI M BRCOTY UHAMHAPA,
nMeouEero oomeM 27z c48, y KOTOPOrO HOAHAN IOBEPXHOCTL HaH-
MeHbLIas,

16, KakuMI HYXHO B3ATH Pa3MEPH UHAKHAPHYCCKOrO COCYHA eM-
xocThi0 B 1 4, OTKPHITOrO CBEpXy, uTOGLI Ha €ro H3NOTOBJCHNE TNO-
TpeGOoBaNOCh HaMMEeHblee KOJNYECTBO MAaTepHata.

17. B pasnoGexpenustii Tpeyroasunx ¢ ocnosannem 20 cif 1 BLICO-
TOit 8 cA BIHCQH NPsMOYroabuuk. Kaxosa nosukna OuniTh BEICOTA NPAMO-
YrOALEUKE, UTOOLI OH HMEJ HaNGOJLILYIO MIOWANL?

18. Ma nposoiiokn pannoii 120 caz HYMHO €AeAaTh MOACHL NPSNMO-
YrOABLOrO Mapa/ielennne/a ¢ KBagpaTHuM ocnosannen. Kaxona jomkma
GuiTh CTOPOHA OCHOBANHA, YTOGHI NOJHAs IOBEPXHOCTb NAPAJIACIenii-
nena Guina HanGoabuueii?

19. Va npososokn aannoii 90 cif HYXKHO CHEAaTh MOAEJ]b NPHIMBL
C TNpaBMABILIM TPEYTOALHHKOM B OCHOBanuHM. Kakosa aoixHa OuiTh
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CTOpOHA OCHOBaHMs NPH3ML, uToGul 60KOBas mOBEpXHOCTL ee Gbuia
Hau6 oMbLueii? [

20. TpeGyercsi HM3rOTOBHThL KOHHYECKYIO BOPOHKY C o0Opasyiouiei,
pasHoit 20 car. Kaxosa jiomkua GblTh BHICOTAa BOPOHKH, YTOOL! €€ 06beM
Gl HaHGOMbLUHIT?

21. Haiitn BricoTy nuuMHApa ¢ HanGOJbUIHM 00BEMOM, BIHCAN-
HOrO B wap paauyca R.

22. B komyc, paanyc ocnopauis koroporo 6 caz m shicora 15 caf,
Tpebyercs’ Bucarts LILIHILLP, MMEOUHH Han6oibIylo MOy NoBepx-
HocTh. Onpeneants paguyc HHAHHIPA.

A(32% Ha napaGone y®=2x uaiitn 704Ky, Gmmiaiimylo Xk TOuKE

;. 0).

24, uekrpn uecKas JAMMOMKA BHCHT HajJ UEHTPOM KPYraoro crona.
Ha xakxyio wricory uymmno ee nogusts, uro0k OHa HanGonree APKO
OCBeljada npexyet, JAexanpiii Ha crode Ha paccrosumu 1 i or uentpa?
(Slpxocts ocseuienns npaMO NMPONOPLHOHAALHA CHHYyCY yria, o0paso-
BAHHOrO Ny4OM, NMaAAIOWHM Ha MPEAMET, ¢ KPHIUKOH cToXa, H 06paTHo
NPONOPUHOHALIA KBAAPATY PACCTONHHA MPEAMETA OT HCTOUHHKA CBET,

T (A L

F

25. Kapruna n 1,4 ar BuicoToil BHCHT Ha CTEHE TaK, UTO €e HHK-
it kpaii ma 1,8 47 pume raasa nadmoxarens. Ha KakoM paccrosui
OT cTennl NomKen cravh Halmorateds, uroObl €ro MoJoMeHHe Obiio
Hantosee 0aronpUATHLIM 4/ OCMOTPa KapTHHLI (. e. uroGul yroi
SpeHns Opra nanGoapinii)?

§ 94. Ipaduun @yuxunii. B pacrosuef riase Mb no3ua-
KOMIAINCH € Ten, KAK H3YualoTcst cBoficTsa (YHKINH C NOMOULLIO
€e NMponssosnnx. 3uanie 9THX CBOHCTB TNO3BOJIET HAM MOJY-
WNTh npencrasaenne o (QyHKUHI, @ TaKike MOCTPOUTH ee rpacdii.

. 1 2
I puae p. Mocrpours rpaduk Gynxumn y = = =2t .

Pewenue. Vecenyem xaniyo (yHKUUIO HA MAKCHMYM H
MIUHIMYM.

IC y’:(—é—x“—-xﬁ—|—%)l=,17x3——2x.
1. ?,\"-’—2.\'=0, nm x2—4x=0,
orkyna x; =0 n x,=—4.
111, y"=(—;— .\:3—2.’6)’:.\:—2.
= 0—2— 0]
Vo =4—2=-12,

Tpi x=0 ¢ynkuus HMeeT MaKCUMyM, Npu ¥ = 4— Mi-
HUMYM,
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IV. Hatizem opaunaTel TOYeK, COOTBETCTBYIOUIUX MAKCHMYMY
H MUHHMYMY q)ymcuuu'

02+__
42-|——-=

yw=o=

<>I-— o~
c-.[fs o:]!o

Vo=i=6 16+d - '3"

KoopanHatel HCKOMBIX TOUEK CyThb (0; —:‘;—) u (4; —4%)

Hccnenyem Tenepb AaHHyl0 (yHKUMIO Ha TOUKy neperu6a;
L7151 9TOr0 HafIeHHYIO BTODPYIO MPOW3BOLHYIO MpPHpaBHseM HYJIO:
x—2=0,

OTKYy 112
=

Yrobu yGenutbes, YTO NpH X =2 HMeeT MecTo mueperuod,
Ollpele/iuM 3HaKH BTOpOH mMpousdsoAHOH s x < 2 n 4 x > 2;
B Pe3yJ/bTaTe MOJYHUIA:

)’:=1= 1 —2=—l,
y;’,ﬂ: 3—2=-1.

CmeHa 3HAKOB BTOpPOH NpPOH3BOAHOH MOKA3LIBAET, UTO APryMEHTY
x=2 coorBercTByeT Touka mneperuda. Halas ee opauHary,
OyJeM HMeTb:

y=gew—2p 2t 4y 2o

I KOOPJAHHATHI TOUKU mepernda (2; —2).
YroOel sichee NMpPeACTaBMTb rpaduKk AaHHOH (yHKUMH, BLIUNHC-
JUM KOOPAMHATHI elle HeCKOoAbKHX Touek *). Iloaoxus, Hanpiu-

Mep, x=—2 n x=~0, noayuum:
1 5 2
Vs = (=D —(— D+ =
4 2 2
=—g—4tg=—43,
1 2 2 2
y.l::li:F'68_62—’_—3—:36_36_}-?:?'

#) YacTo GLIBACT MOJE3HO HANITH TOUKH MepeceueHHs KPHBOil ¢ OCAMH
KOOPAMHAT, OAHAKO STO HEPENKO CB3aHO C GOABWHMH TPYAHOCTAMI
npu pelieHHH ypaBHEHHIl BhCWHX cTeneneit.
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TPAGHKH &YHEIKA Y

KOOP,C[HHG'I'L] LOMONHATE/NLHBIX TOUCK CYTL (— /A

2
(G: 3) CocraBuM TaGuNLy HARAGHHEIX Ziz4c0 s

% Loy (37
TOYCK:
X ‘ —2 0 ‘ 2 I 4 &
l
D3 9 72 2
iRy -

[MocTponn see st Toukn

Il NpoBeieM Yepes HUX NAABHYIO
JHmo (vepr. 103).

Yepr. 103.

Ilast nocrpoeiis rpaduka dynkuwm cienyer npuiepAKnBaThes
TaKOH cxemul,

1. Haltu awavenns x, npn KOTOPHIX AaHHas (yHKILHS Hyeer
MAKCHMYM 111 MITHIIMY M.

2. Halru suavenns X, npu KOTOPHIX rpaduK (yHKUUN HMEET
TOUKH nepernba,

3. Buiuncanrs snauenms opanpar TOYeK, COOTRETCTBYIONLHE
HallnenuniM  suauenysy aGCUHCC; NPHCOGAKHUB K STHM TOUKAM
€llle HeCKOJILKO JOTOJNNTeNbHBIX, 331HCaTh HAHACHHBIE SHAUCHIS
X ny B Tabamiy.

4. TlocTpoyth Halieuble TOUKH W HpPOpeCtid HEPes Hix
NJABHYIO JHHITIO,

15 3ak. 215. . JI. 3aluen
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YnpakueHHs
TNMoctponts rpaguku yHKiHii:
1. )'=".17'\":+2' 2, y =2x246x. 3. y=—2x-4x
4, y=2x*—06x 5. 5.y=——%—x‘1+4x——3.5.
6. y=xi. To y = X5, 8. y=x8-+4x.
9, y=x3—3ux. 10. y=—.1?x5—4.
11. y=——;1?x5+‘2.\"—’— . 127 y=—_—1l-x3—3.\'+2.

13.y=—;—x3—x—.—3. 14, y=2x8—9x2- 12x - L
1
1

xt—8x. 16. y = xt—2x%4-3.



FTTABA X
JU®SEPEHIHUAI

§ 95. CpabHenne OECKOHEYHO MAaJbIX BeJHYHH M1y
co6oii. Mousitue o anddepenunane. . B § 42 mu pacemor-
penn zeficTBuA HAZL GeCKOHEYHO MaNbIMH BeAHYHHAMH H TIOKa3ani,
YTO B pPe3yJbTaTe CJOMKEHWs, BLIYNTAHHS H YMHOMNEHHS HX
nosyuaiorcst Takoke GeckoneyHo mansie Beanuunsl. OaHako wact-
HOe OT Aejienusi ABYX GeCKOHEYHO ManblX APYr HAa APYra MOmer
OLTh He TOAbKO OeckOHeuHO Manoff BennuHHoH, HO m Cecko-
HeyHo GoJabIoil W KOHeuHOH.

B camom mese, mycrb, HAmpumep, ¢— GECKOHEHHO Majas,
Toraa ¢ u 20 Oyayr taike Oeckoneuno Manmnu. [lpu aeae-
HUH HX APYr HQ APYra BO3MOXHBEI CAeAylOliHe Cayyau:

1) orHomenne
o

ul

— = @ — GeCKONeYHO Manas Bealuia,

2) orHouleHIIe

[=

1
o =;—Gcc1<oue‘mo Go/bluas BeaHuHHA,

]

3) oruouwene
7 2a
=~ = 2—KOHeuHas BesHyHA.

epsoe oTHOMIEHNE TOKA3bIBAET, UTO OECKOHEYHO Mamas o?
COCTABJACT - HHUTOKHO MaNyi0 4acThb OT ¢ H, CJAGLOBATEJNLHO,
CTPEMUTCSl K HyJIO 3HauuTe/ibHO OLICTpee, YeM o.

Bropoe ornoumenne ykassisaer Ha TO, UTO ¢, HEOTPaHHYEHHO
YMEHbLIASICh, OCTIETCs! 3HAUMTENbHO GonblIe, ueM o2, T. e, Cipe-
MHTCSl K HYJIO MEJIEHHEE EeJHUMHBI o,

15%
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Ckasannoe MOXHO HIJIOCTPHPOBATb Ciedyioiuel Tabiuuel:

a 1 0,1 0,01 0,001 0,0001 vee —> 0

a? 1 0,01 0,0001 | 0,000001 | 0,00000001 | ... —> 0

% 1 01 | 001 0,001 0,0001 i, )
Tl 1 |10 100 1000 10000 e — e

IMpunsTo GeckoHeyHo Manyio o MO OTHOWICHHIO K 2 HA3LI-
BaTh GeCKOHEuHo MaJoH suicuez0 nopsadka, a o 110 OTHOMEHHIO
K 0 — GecKkoHeuno Majoff Hu3uezo nopaowa.

Yro kacaerca TpeThbero OTHOLUEHNs, TO U3 HEro ciciyer, ‘TO
GeckoHeuno Majsiple 22 M o CTPeMATCS K HYJAI0 C OMLIHAKOBOM

)

za
CKOPOCTBIO, TAK KaK NPH HX H3MEHEHHH OTHOIUEHHE —— OCTACTCH

a

nocrosuubiM. Takne GeckOHEUHO Majble HMEIOT, KaK IOBOpAT,
00UHAKOBBLIE NOPAOOK MANOCIIL.

Takuym obGpasom, uacTHoe OT AedeHist ABYX OecKOHEYHO Ma-
JBIX  BEJHUIH [03BOASET CPABHUBATB HX MexAy coboil. 1o
cpaBHEHHe OCOOEHHO M0JE3HO B NPHOJIDKEHHLIX RBIYICASHIAN,
rae orfpachiBaHine OGECKOHEYHO MAaJblX BLICINErO HOPHAKA Npi-
BOAIT K 3HAUNTE/LHOMY YNPOWEHINO BHIutCACHIH.

II. Boabmen (ynxuimo y=x% ee npupauenie

Ay =92xAx+(AxR  [(3)§ 52].

Muoxcurenb npu Ax ecrb NpOM3BOAHAA AaHHOR ymrim,
a TOTOMY MOCAeAHeC PABCHCTBO MOXKHO Nepericarh Tak:

Ay = y"Ax | (Ax). (1)

CpaBiuM n3MeHenue BeaHYHHB O0GOHX CcaAaraeMmslX mparoft
uactu pasenicrsa (1) ¢ ymenswemnuesm Ax. [loaowus, nanpumep,
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Xx=2 H, cienosarenbHo, ¥’ =4, COCTABHM CJIELYIOULYIO TabAnLLy
3HAYEHHU STHX ClaraeMblx:

Ax ] 1 ] 01 0,01 ] 0,001
¥ Ax | 4 | o4 004 | 0004
(Bx)? ] 1| oo | 0,0001 | 0,000001

Kak suano u3 TaGauusl, caaraembie 3'Ax n (Ax)> ywmens-
waloTes ¢ ysmeublueleM AX, TpHuCM nepsoe MPONOpUHO-
HanbHO Ax, BTOpOE JKe 3HauHTe/AbHO OmCTpee.

IMokaxkenm, UTO TO Ke CaMOE CHPABEAINBO 1S moﬁoﬂ aud-
¢epenunpyenmolt dyukum f(x).

Ilycrs nana Gynkuus y= f(x). Ee npoussoanas

o 123
¥y = lim A_y
A0 BX

Cornaciio onpeseaenuio npefiena nepemenioft (§ 41) uneenms:
A
%—:}I’—*—a,
rae o — Geckonewio manas peanunna npu Ax — 0, Orciona
Ay=y Ax -} aldx. (2)

11 azech npu ymenswenmt Ax nepsoe cnaraenoe y'Ax yMers-
WAETCs NPONopuHonaALHo Ay, sTopoe )l\e \_namuxoc o Ax yMelb-

waercs Guicr pee, TaK Kax OI'HOUJCHHG = -y—, — GeckoHeuHo

¥y A
mazas seandnna npn y’ == 0, T. e. no ornHowenHio Kk ¥’ Ax Be-
anunna o Ax — GeckoleuHo Maaas Beiciuero nopsaxa. I[Tosrtomy
BRipaKenie ¥ AX  nasbBAOT 24Q6HOL  MACMLIO NPUPAULEHUs
QYHKUHN Y == f(xX).

Onpeneancune. Izaswan wacms Y Ax npupawenus
diynrnue V= f(x) nasveaemen duggepenyuaron OyLKGuL.

,.Llltp(l)(.pl‘lllllh].'l (yukunn  y=f(x) npuuaro o00603Hauarh
cumposom dy. Takum oGpasom

dy=y'Ax, (3)

Iuddepemuman aprymMenra dx npHHIMAIOT PaBHLIM NpHpauie-
HIIO aprymedra Ax, 1. e.

dx=Ax.
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IMosromy pasencrso (3) MOXHO NepenucaTh B CHELYIOLLEM Bie:
dy—tdx, (4)
T. €. Qugbthepenyuan hyHKUUL paBeH npou3sederuio Npous-

600KOE QYRICYUL Ha OugthepeHtyuar apeyenna.
Hs dopmyant (4) caenyer:

ay
G . 5
V=t ©®)

Pasencro (5) noxkasviBaer, uto npou3soonas hyHICHLL echlb
omuowenue Oughepernyuara GyHryun K Ougpgeperyuary
apzysernma. Ha 31oM OCHOBaHUN 1POU3BOAHYIO (DYHKIHH YACTO

d
BbIPAMAIOT B BHAE ——'L—,- I YHTAIOT: «A3 HrpeKk nmo A3 HKC».

Ill. 3amenns s p'aueucme (2) ¥ Ax cumposiom dy, Harmuwen:
Ay =dy-}+alx. (6)

Kak Obio nokasano suimie, oAx — GeckOHeuHO Majas BbICLIErO
nopsaka no otHowenmo x y'Ax=dy, a noromy, oTGpoCHB
B pasencrse (6) cnaraemoe oAy, moayui:

Ay=~dy. @)

B npaxriuecknx Bonpocax wacto mucnoasayior opsyay (7).
T. e. Gepyr auddepenuna’ (GyHKuMg BMecro ee npupaiLeHs,
Jesiasi NPH  STOM HE3HA4UTEJbHYIO OWNOKY i TeM MEeHLWYIO,
ueM MeHbwe Ax.,

Mpumeuvanue. B cayuae mumeitnolt ¢dynxuuin Ay = dy.
B camom aene, aan dynkunmu y== kx—0 npupawenne Gyzer:

Ay =k(x—+Ax)+ b—(kx - b)=
=kx—+RAX-b0—kx—b=FkAx,
Muoxurens % ectb npouasoanas JunelHofl QyHKiHi; NOSTOMY
1paBas uacTb NOC/ICAHEro paseHCTBa BLIpaKaerT Au(hepeuiiar
JaHHOH dyukumu, T. e,
RAX =dy.
Hrak, 8 cayvae aunettno#t dymnxuun

Ay =dy.
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§ 96. Teomerpuyeckoe usoGpaxenue nnddepennnana.
BosbMem dynkumio y= f(x), rpapuk KOTOPGH H30DpaneH Ha
yepr. 104, Ilycrs aGcuucca Toukn M

OP=1%;
TOrAa OpAHMHATa ee
PM=y=f(x).

Jamum aprymenty X mnpupawenie PPy=dx u DBOCCTaBUN
B Touke P, nepnewmukyasp PyM; k ocu Ox, a n3 Touku M
nposesem MQ| Ox. Toraa, xax ussectio (§ 63),

QM= Ay.

IMposeneM B Touke M KacaTelbHYI0 K KpPUBOH; MOJyueHHIH
npi 9ToM OTpesok QN, paBHLIH NPHPALIEHIIO OPAUHATE TOUKH M,

'
V.
R
4
V4 M ldy &
— q
- 7w _|p 5z
dz—>
Yepr. 104

aBipKyuleficst Mo xacartenbHol, Ha3LIBAeTCA npUpaujeruesm opou-
Hamot Kacameasrod. Wa npsmoyroashoro Tpeyroasuuxa MNQ
HMeeM:

QN = MQtg /. NMQ.
Ho
MQ= PP, =dx,
a, COrnaclo reoMeTpHYecKOMy cMuicay npoussonok (§ 63),
tg / NMQ=tga=y'.

QN =y dx,

Mosromy

Ho
Yidx=dy [4)§ 95].
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Cnenosare/bHo,
QN =dy.

Taxum o0Opasom, ecnan B Touke M kpuBo# y=— f(x) nposecti
Kacate/bHyl0, TO OJughghepenyuar hynryun y = f(x) 6 smoi

4 N

M H Lay ‘,jy
7

P ) z
e gz

Yepr. 105.

mouKe u306pasumcs npupaujeruesr 0pOUHaAnLbL Kacameasroi,

COOMBEMCIMBYIOUUNM NPUPAUEHLIO ee adcyucch. Ha dXx.
HOugdepenunan ¢GyHkunid B AaHHOK TOUKE MOMET OLITL Kak

MeHblue npupaiuenis ee (uepr. 104), Tak u Gosabwe (uepr. 105).

§ 97. Auddepenunan BToporo nopaaka. dInddepennan dy
dyuxunn y = f(x), HasbiBaeMblft nepssiat Qugbghe periuanost
ougbghe per a0 nepeozo nopsdia, NPeAcTaBineT (00N TakKe
QYHKIMIO X, @ NOTOMY W OT HEro MOKHO HaHTH An@depeHuual,
KOTOPHIH HA3BIBAIOT 8mopuist Qugbghepernguarom wik dugighe per-
yquaaom emopozo nopadxa. B stom cayuae nuwyt d(dy) nan
KOpoue @2y N _HUTAIOT: «A3 ABA HIPEK».

Hattnem Beipasxkenie andyepeninana BToporo nopsaika or GpyHx-
i yepes ee npoussoanyio. Jas 9roro npoanddepentpyen
10 X paBeHcTBO

£ dy=y"dx,

cuntas X NOCTOSHHLIM MHOXKNTenAeM (TaKk Kak dX He 3aslcnT
or X)i

a2y =d (Y dx)y=d(y')dx.
Ho cornacuio ¢opmyne (4) § 95

d(y)=(") dx=y"dx.

Mosronmy

d*y=y"dx-dx=y"dx*, (1)
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T. €. Qugbgheperyuan 6mopozo0 nOPAIKG pPUBEH NPOU3BEOLHULIO
8mMOpoii npoussoorol PyuKuuL Ha Keadpam Oughheperyuaia
apzysenma.

Wa pasencrsa (1) cremyer

v &y
Y=g

DT0 naeT OCHOBAlME MJIS BBLIPAXEHHS BTOPOH MPOU3BOLHON
>

d>
q)yHKLlHH B BllAe OTHOLIEHHA -d—;;, KoTopoe flllTaIOT TdK: «43 ABa

HIpeK Mo A9 HKC KBaapar».

§ 98. MNpunoxenne auddepennnana k npuOAMMKEHHBIM
BBIMHCJIEHHSIM. PaccMOTPIM HECKOJLKO NPUMEPOD HCHO/IL30BAHILs
Auddepentinaia B -npHOMDKEHHBIX BBIUHCACHUAX.

a) Onpeaenenite npupamwenns ¢yHKILHIL

Mpunep 1. Hattrn npuGmiukenno npupaiuetie QyHKILHI
y=2x>+3 npu x=2 u Ax=0,001.

Pewenme, Tak xak npupaulexie aprymenrTa — BelnyiHa
Manasi, To coraacno Qopmyse (7) § 95 moskeM npupauienye
dynkunin 3amMenntb ee andgepeHinanot.

Judpepentan e pannol dymiiii

dy == (222 +3) dx =4x dx. (0))
Bamenus B pasencrse (1) x 1 dx HX 3HAUCHUAMH, TOLYUHM:
dy=4-2.0,001 =0,008.
Craenosatenbto,
Ay ~0,008.

TMocmoTpiM, Kakylo olnOKy Mbi aenaed, Geps audepeninasn
ByecTo npupaiienuns. as sroro nafaem Tounoe sHauenne npiu-
pawenis ¢ynkuun (cy. npumep 1, § 52):

Ay=4xAx+2(Ax) =
=4.2.0,001 4-2(0,001)>= 0,008+ 0,000002 = 0,008002.
Cpasuusasi noJyuennoe TouHoe smuavenue Ay ¢ NpUOAILKEHHbLIM,
BuAMM, uTO ponyuwiennas ownbka pasua 0,000002, Bupamas ee
B npouentax, naftaem:
0,000002
0,008002 ~
Ownbka 0Kasanach oueHb Manoi.

0,00025 = 0,025%,.
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[Tpumep 2. llap pamnyca R=20 cu Gra narper, 0T4ero
panuyc ero ymammuwics Ha 0,01 cax. Hackoasko ysemruuacs
npu sToM o6bem wapa?

Pemenne., OGben mapa onpeieaseics mo gopmyie

V= %:R“.

Kaxinomy ssauennio R no 3aKoHy, 3azaHnoMy 3Tolt ¢opay-
nol, OTBEwaeT OIHO ONpele/eHHOe 3HAueHle v, T. €. U eCib
¢yukuus or R. CrenopatenbHo, Halla 3aaaya CBOLMTCS K Onpe-
JIeJIEHHI0 TPHPalienis QYHKUHN © NPH 3a1aHHOM NpPHPAULeHHH
aprymenta R. Tak kak npupawenue aprymenta Maio (AR=
= dR=0,01), 10 Mbl MOeM npupaiienie (GyHKULL 3aMCHH1b
ee mnddepenunanonm [(7) § 95].

Haxonun nuddepenuuan QyHKunn o:

dv =5 3R dR = 4=R*dR.

Ho
R=—20n dR=10,01"
Iloatomy

dy=4wn.20%. 0,01 =167 cud.

6) Haxoxnenne uncaosoro 3navenns ¢yHk-
unn. ITycrs Tpebyercs nafitin npubaiKkenHoe snaveie QyHKLHI
f()=2x243

npn x;=2,001, 7. e. nattru seanunny f(2,001).
[MpeacTaBuM X; B BiZe CyMMbI
x;=2-0,001,
rae 0,001 Gyzem paccMaTpuBaTh Kak mpHpauieine apryMenTa.
W3 (opmyasl s npupauienns QyHkumit

Ay = f (v~ Ax)— ()

natines:
fe—+-Ax)=f(x)+Ay.
TMonaras Ax maxolt semmuy toxenm Ay sameny:  peml-
unHoit dy; Toraa nociaenxee Y mepenuwenc:

f(xAx V.
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[puvenis pasencrso (2) K AauHOMY TPHMEDY, MOKeM Ha-
nHCaTh;

F(2-40,001) = f(2)+-4dy-
dy=4xdx=4-.2-0,001=0,008,
f@)=2-243=11L

Ho

Tosrony
F(2-4-0,001)= f(2,001)~ 110,008 = 11,008.

Pagencrag (2) moxer caymutb qopmysoft L npubKeHHOro
BBINCIens sHavenus dyHKLIH.
B) Buiuncaenne no 1P HGIHIKE HHBIM Gopmyman.
b3ysick  dopmynoft (2), BuBegeM NpuOMBKEHHLe GOPMYI
A4 BEyRCNeng HEKOTOPHIX BblpaKeHHH.

1) Bosbmen byHKLILIO

[Ton

y=sin¥

" nosoKuy, yro yroa x, pasusifi Hyalo, noxytuacr BECHMA Mil+

Jl.oe Upupauienite o. [Mpumenny Qopyyay (2), noaaras n ieh
TV W dx =g, ITonyun:
Ho SO -2y~ [(0)+dy.
it dy = (sin x)/ dx==cos x - dx =050« a0
0) = sin0 =0,
“03'{0”), .[( ))
Hiy SO+ 2y~ 02
sin o= o,
Pag OTC’O‘“ CACAyerT, wio CHIye oNell Moo yii PN
;Ke,,e“ CAMOMY yray; npu wroM NyKIO HOMIL, W10 Yioa Ao/
sin () (OL;"L vEipazicens 1o paguannol  sepe. Taie anpiseg,
Aycy, ),U""k"”,f)fm. I3 camon frede, nupamin Jatnimi yroon wovpis
108 epe, apem:
B0« 0,000 .
1 020,003 (0,17 10,
a 514

sin 107 40,008,
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936

9) BoabMeM QYHKUNIO y = x™ i MOJOKHM, YTO X, paBHLH 1,
nosyuaeT HeCbMa MaNoe MO CPaBHEHHIO ¢ eluHHUEH npHpauelile

v — 0. Toraa corzacio gopyyue (2) nyeen:

A
FU4a)=F(1)+dy.

Ho dy=(x")' dx=nx""dx=n 1" a=na
1, f(Hh=1"=1.
I]O9T0My fl4+a)~1-4na,
aH (I 4oyt ~ 1+ na. 3)
g ke MOWKHO BbIBeCTH paBeHcTso
'FO""O (I —o)y*~1—na. (4)
qJop‘\xyllﬂ-" (3) n (4) mokno GuicTpo Hallrn npulmKen-
10 “oup uncad, 6an3Koro Kk ednHimIe; Hanpusep:
oref (52=(140,015 ~1+2-0,015=1,03,

10 0
l‘y (1)’9883_::(1—0,012)3%1‘—3'0'012=0’964'

peM dhopMyay nas npuGMDKEHIIONO BLIMIC/ICHIS BEIPA~

3C
pi!
3) ﬁ,’ l’ldh IIC 0 liMeeT Majnoe SHAUCHUE MO CPaBleHHIO

(S E—
Jlasi 3TOrO mpeacTaBHM Vl—!—a B BlAe CTeneHu

i i
I‘:E" ll‘lch no_ o
2 5}'[ V Tda=1—+a)".
2 aye @
(Y I ]
11 (I4-a)n %1_{__71'
I,xf’ . |
ViFa=1+4-a. -
’1 = Bb]BO.‘llncﬂ (bop.\l)'.’l‘
I «I” no____
t ot Vil =
;”"7
7
]
v
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o dopmyaam (5) u (6) MokHO Aerko HalTH MPHOMDLKENHOE
3HAUEHHe KOpHsl M3 uicJja, GAN3KOrO K eANHMlE; Hanpumep:

e — 1
V1.03=V 14003~ 1+-0,03=1,015,

V0,964 — /' T—0,086 &~ 1 — - 0,036 = 0,988.

Ynpawnenns
Haiitu nepsuiii andpepenunan dymiumm:
1—1¢ 1 2
1. y=xV = i = —C0§ —
y=ux 2. 5=17 3. v 7 C0S —.
4, y=sin*V x 5. = In* —1 . 6. y=1In _/_l‘ .
z g o 7 =
7. y = arct
y = arctg sl

8. Haiitn nudepenunan nyTi, BUpaKENNOro ypasuenues s = Hi,
€l =4 n A =(,0].

9. Bruncants npnGmuxenno npupauienne Gynii y=xt—sx? | 80
TP nepexone aprymenta or x =4 Kk x = 4,001

- Cropouna ksajgpata pasna 5 ca. Haiitu npuGamiennoe npnpi-
HeHHE naouams ero npn yseanuennu ero croponut na 0,01 car.

I1. Haiitu npuGuinkeunoe npHpawenne miomam  kpy
Pamnyc ero namensiercs ¢ 50 ear ma 50,1 car

12. Cropona kyGa, pasnan 1 a6, yammmaacs ma 10 e Hackoanko
TIPH 5TOM ypenmuuics oGbem Ky6a?

13. B npaMoyroannom napaiicaenuieae ¢ Knaaparibi oCHoBanies
CTOpGHa ocnopamns pasna 20 car, a sbicora panna 10 ean Hackoauro
YRCAHUHTCS ero oGnes, ecan CTOPOHY OcHOBANMN yuauinTs na 0,02 cars

14. B xonyce uiye ocnopauna pansen 15 A, a pucora concp-
HHT 20 car. Hackoanko yBeanunTes ero oGheM, ecait pantye OcHOBAlH
YATHHHTL ya 0,04 ca?

15. liap paanyca R =9 cat GLA HArpeT, BCACACTEHE Yero ohney
€ro yBeanuracs ya 52,4n car’. Yanare YAAHHEHHE paAMyca Wapd

16. KyG co cropenoii @ =10 cat npu Harpesaiun yReanuuici
1a 0,06 cnoero oonema. ¥anath yasmucnne peGpa iy6a.

17. O6mbem wapa npn marpesanun yseanunacsi na 0,0024 ceocit
Beanunun. Ha ckosbro NPOLEHTOB YBCAHUMAACH IJHHA €ro panuyca?

18. Kaxoii npouent OyJAeT CCCTaBAATL OWMOKa, NOJyuenHas npu
BLMHCACHIN 1GIa i Kpyra, ecai npi HIMEPEHHn pajiuyca ero caelaia
ownbka u 19,2

19. O6nem kyGa yseanuuacst na 6%, cnoeii seanunns. Ha ckoivko
NPOUEHTOR yBesnunaoch npH 9TOM €ro pe6po?

Haiitu NPHGAMKCHHOE 3HAYEHHE CACAYIOUIHX (yHKLMIL
« Y=x-L x npu x =301

¥y =3x"42x—1 npu x=2,03.
y=xX'4 x2—2x npu x=2,0L

1%
22,
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1
28, y=—5 x—5x2+ x—1mpn x=21

24, y=x3—2x -1 npu x = 0,02.
25, y=x3—4x2--1 npu x =—2,03.

26, y = ———— npu x=42.
YR

§ 99. Kpususua kpusoi. Ilycts nama xpusas, onpeneisemas
ypasHenuem y = f(x) (uepr. 106). Bosbmen ua neii ne touxn A u B
1 NpPoOBEAEM B HHX KacaTejbHsle K kpusoi. Ilpn mepexoxe or Touku A
K TCuke B KacareibHas MEHAET Yroa HAKIOHA K IOJIONHTENLHOMY
HanpasAeHHIO ocH abCuicC Ha HEeKOTOpYo Bemmunay. Eciu o6o3Haunm

g a+Ac E

Yepr. 106.

yroa uakaoHa kacateasHoif B Touke A x ocH Ox uepes a, TO yroa
HAKJOHA XacaTeasdoii B Touke B K Toil e ocu, nmojyuus npupaue-
une Aa, Gymer pasen - Aw, a yroa MEMly CaMHMH KaCATEALHDIMIT,
KaK BHIHO M3 ueprexa, Oyaer Aa. Beamuuuy Aa MOXHO paccMarpHBath
KalK yroJl OTKJOHEHHs KacaTeabHol OT NEPBOHAYAALHONO €€ NOACKEII.

Paageans Aa ua gauny ayri AB = As, noayuua CpeAHioo Beanunuy
yria OTKAOHEHHS, TNPHXOAALEroCs HA EXHHUUY JUIMHLL JyrH. Orno-

a ~ < .
meHne —‘E- Ha3LIBACTCA cpeﬂneu KPUBU3HOU KPUBOL HA CC yHACTKE AB.

Cpenusia KPUBH3NA KPHBOH Ha PASHLIX ee yUacTKax Moxer OuTb pas-
JIHYHOI. )
JlonycTHM Temeps, ¥T0 TOUKA B, ABHranach N0 KPUBOiL, meorpami-
ueHHO NPHGMMIKABTCH K TOuKe A 3 As ymesbwaercs, CTPEMICH K HYI0;
Aa o
TOTAA mpexed OTHOMICHI. —re Gyuer OnpeieisiTs KpususHy Kpusol
& moue A. Q003uauNB XpHBH3HY KPHBOIL B TOuke Oyksoil K, Oyaem
HMETD:
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Onpeneneunnc. Kpusuanoi wpuvoil o dannoll ee motee /A
Hasweaemess npedea, K KOMOPOMY CMPCMUNCH Cpeofil [ s i
oyeuw AB npu neozpanutennost npubauycenut mowin I3 A

Cornacuo onpeaenemuo npoussounoil (§ 60)

il o el
e e
Ag>0 AS ds’
NOSTOMY
da
ds *

ITpeoGpasyem mpasyio uacTh 9STONO pancicTa, BHpasny duz u dy
Yepe3 NpoM3BOAHLIe JNAuHOM (ynkuuu y = f(x). .

CorzacHo reoMETPHYECKOMY CMbICTy nponssoanoit (§ 63) muees

tga= y’,

TIe «-— yrol NaKJollia KacarenpHoil K KpuBOil y = f(x) B Touke A
K NOJOKHTEALHOMY Hanpasiennio ocu aGeuuce (uepr. 106); orcioxa

a = arctg y’.

B stom pasencrse arctg y’ — yHkuHsi OT (yHKUMH, TaK KaK arctg y”
sapicuT or y/, a y’ aasucut or x. Ilpoxndepenunpyexn nociexuce
PABEUCTHO NO APryMEHTY .X; IMOJYuHA: :

K=

(1)

ia_ — WY = 1 N ¥
A T(afctg) Y = T )¢ ) i e o
orciona
" dx
i @
T4+
Haitnes puipamenne ds wepes npomussomiyio dynxnui y = f (x).
Jlas 91010 BO3LMEM ciHoBa TOT Jie yuacTok AB kpusoii (tepr. 107). Byaea

da =

J1
i s/
M 4 R
&

Yepr. 107,

pacemarpupath aauny AB xax npupameune ayei Md, coornerernyio-
uiee npupawennay PQ = Ax 1 RB = Ay. Ecan Ay 10CTarouno mano,
TO OTPE30K AYyrH AB MONHO CYHTATL NPAMOJHHCILLLG B STOM Caylae,
npumennn teopemy ITidaropa, noxyuua:

AB® = AR*+ RB,
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nan
(8)7 = (Ax)>+ (Ay)%
Pasneans oGe uactn pasencra Ha (Ax)%, mailzem:
As'\2 (Ay\?
(ax) =1+(2%) -
o1ci0na :
As Ay \*
==V 1+ () -

[Moaosxum, uro Ax—0; Toraa

lim ——— hm ]/_1
x>0 A x> 0 +

Tpumenss Teopembl O mNpeieae KOpHs, cymmbl U crenenn (§ 43),
no.rlymm

Ay x Ay\?
lim — = lim [ L ( ) ] lim 1 lim (——) =
AT >0 Ax ]/ Az >0 Ax A.;:—M)_‘_ Az >0\ Ax
1 ( lim —) . 3
l/_ + sz >0 Ax &
Ho
As ds Ay
lim —=—— u lim —=y’;
aw»o0 A dx aalg B = 2

N03TOMY paBencTso (3) llpll\lCT BHJL

e /'._,/
d\ V14095
OTKyAa
ds=V1F{) dx %
IToacrasus suauenne da M ds B Burpaxcenne (1), noayuim:
,_de  YdX  oryveemm o
R=os™ 1_{-(),/)-:‘1 T4+ (y)de=

VW ¥

T VIEO) + 25 e

——” . . (5)
[t (0=l

dopamyaa (5) N03BOACT HaliTH KPHBH3HY KPHBOIL, onpejeasemoii ypas-
rennenm y = f(x), B moGoii ee Touke.

§ 100. KpuBHSHA OKPY:KHOCTH. KpPHBH3HY OKPYMHOCTH MONNO
cnpegeants no gopyyae (5) § 99, no ropasao npouie ee HaiitTH H3 cae-
AYIOUHX PacCyAeHUiL
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[Tposesem xacareavHbic B JBYX Toukax A w B oxpymucecti
(uepr. 108): OGosnauus nyry AB yepes As, Haiiiem CpeaHiol0 KpPHBH3NY

Aa
lia STOM YUacCTKe; OHA BIpasntca Apo6bio ——. Ilposens paamychi

As
B TOUKM Kacanus, mMoJyunm:
£ AOB = Me,
1ak xak yrasl AO(B u Aa 06pa3opanbl BIAHMHO TCPNCIAHKYANPHLIMI
J
"o

Yepr. 108.

TIPAMLIMIL. Ho, xak u3Bectno, yroa B pn:malmoii Mepe uamepsercs
OTHOMEHHEM JAHNL AYTH K paanycy; CaAeAonare.blo,

= %s,
GTRYNA

Ao & 1,

As — R°

Sleito, uro Takoil e BLIBOJ MBI NOJYUHM, B3fB APYroil KaKoif-anGo
Muacrox OI\'py}l(ll()CIM. Cua 10BATCIALHO,

1

Aa
lim —= lim —
as >0 AS As>0 R R

a8 moGoit TOUKN OKPYIKHOCTI, T. C. KPUBU3HA OKPYICHOCMUE NO-
UINOSIHRA 60 Geex €2 mOYKax U pasna 00pamnoil seauyune ee paduyca.

§ 101. Papsyc xpusHanbl KpuBoH. Ilpn mayuenun KpusHanu
Kpuioii noaGHpaor Taiyio OKDYIKIOCTb, KPUEH3HA KOTOPOil pauna Kph-
Busne kpueoii o Teil nan muoii ee Touke. Llentp stoii oxpyxucern na-
3WBACTCA UERMPOM KPUSUIHGL KKPUBOLL 8 COOMBLMCMEYIOWeld moiKe,
PANHYC — paouyCOM KPUSUSHHL ICPUBOL 8 MO MMONKE, & CaNA OKPYH-
HOCTL — OcpydcHOCILIO Kpususnst (Mepr. 109).

16 3ax. 215. M. JI. 3afiues
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Onpencuaeunne. Oxpyocrocmsio kpusudnst 8 moure M rpusol
HA3bIBALIICS OKPYIICHOCIMD, NPOX00A WA Hepe3 moyicy M u uieowasn
¢ 16puUBOL OOUHAI06YI0 IKPUBU3HY U O0WLYI0 KACAMEAbHYIO.

3ameTHM, 9TO LEHTP OKPYKHOCTH KPHBH3HBI BCErAa pacrnojaraercs
€O CTOPOHBI BOFHYTOCTH KPUBOIL.

Kpusu3na oxpyxuocts, xax mui snaem (§ 100),

1
K=r»
oTCloAa
A
—
M CQCHOB&TC.’ILIIO, N Paauyc KpPHBH3HLI
KPHBOIl B TOUKE €€ OINpeaeasieTCs TeM e
PaBeHCTBOM.

3amenns K ero 3HAUCHHEM, B3ATBIM
u3 pasencrsa (5) § 99, noayuuy gopmyay
A5 Onpexefenis panHyca KpHBHSHbBL Kpii-
BOH B JAI000Ii ee Touke:

Yepr. 109. R— [+ (,},/)g]a/a ) )
¥’

K NpAMOIT JHIHH, 3aialoii, Hanpumep
Ui :

Rl

(V]

Tpumensisa sty (opmy.
ypaBluenuem y = kx - b, no:

Tak Kak Y =4k u 7 =0.
DTO 3MAYNT, UTO NPAMYIO JHHIIO MOKNO PACCMATPUBATL KAK OKPYH-
1HeCTh Geckoneuno 60abWoro painycd. . .
TMpumep. Hailitn paadyc KpHBHINBL KPHBONL y = 2x? B TOHKE,
/o
acuncca KOTOpOil pasna —5—:

Pemenne, Haiiaem cuauaza nepsyio ¥ BTOPYIO NPOH3BOAULIE
"GN

Qyukuun y = 2x* aas Touxn ¢ aGeuHccoil w = —5—:

Yy =2x%) =4dx, n y'
@

¥ = (dx) =4 naa scex x.

Toncrasns 3navenns ¥° v y? B opmyay (1), noayumm:

N4+QVIR” a+8%" VI _ o
= 1 =" 1 S g

R
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YnpasHeHHs

AHau-m PAYC KPHBHSHEL CACAYIOULX KPHBLIX:
1. y= x4 x B Touxe 0 (0; O

o 1
2. y=x>—x-}-1 B Touke, abcuucca KOTOPOIi X = o
3. xy =4 B Touke A (2 2)
4. y*=4x3 B Touxe A(1; 2
5. y2= x%-- x B TOUKE, aﬁcuucca Kotopoit x= 1.
6. y=-e% B Touxe A(0; 1

o T
7. y=sinx B TOuKE, abcuucca KOTOPOIf X= .
T
8. y =c0s ¥ B TOUKC A(;; 0).

9. Haiitn TouKy 11a kpuBOH y = - 4% B KOTOPOIl PaguyC KPHBHINL
HAUMEHb Wi,

16*



F'J1IABA XI
MHTEIPAJI

§ 102. Moustue o HeompeneneHHOM uHTerpaje. Fyesn
GyHKWIIO, MOMXHO 1O M3BECTHLIM HAM IIpPaBHJAM  HakTi
€e  MpoM3BOANYIO, Y4TO, Kak Mbl 3HaeM, umeerT OGoJblioe
npakTHyeckoe 3gauenne. Tak, TO NAHHOMY 3aKOHY ABHIKEHHS
Teld Mbl HAXOANM CKOPOCTb €ro, KaK MNpOH3BOAHYIO NyTH 1O
spesennt (§ 58 n § 60); no namHOMY ypaBHeHuo Kpnso# onpe-
IeNSIeM TP nOMOUL NPOH3BOAHOH  yraosolh  kod(duunent
KacateJblioff, nposexseniofi x 3To#t kpuso#t (§ 63), n T. m.

OanaKo 4vacTo NPUXOANTCS pelaTh i1 OOpaTHYIO 3aaauy:
No H3BECTHOM CKOPOCTII ABHXKEHHH TeJa ycTaHap/BaTh 33Koll
€ro JBIKCHHS, NO NANHOMY YrJA0BOMY KO3(QIUHEHTY KacaTe/b-
HOH K KpHBOH HaxomuTh ypasHeHue 3TOH KpuUBOH n T. I, HHauC
TOBOpPS, 1O MNaHHOH TPOH3BOAHOH OTBLICKHBATL (PyHKILMIO, OT
KOTOPOH npomnsouaa 31a nponasoanas. IToaromy HaM HeoGXOLUMO
NMO3HAKOMUTLCSI ¢ NPABUIAMH PElIeHHA YKasauHof samavi.

3amMeTiM, UTO HAXOLHTh (YHKIHIO MOXKHO HE TOJbKO 00
nanHoll ee nmponasoaHoft, HO H no ee augdepenunany, TIK KaK
npousponanas Qyukunn u ee auddepeninan cEa3ann NPOCTHIA
cootnowennem [(4) § 95]. TpakTnuecku ke OTHICKHBATH (yNK-
unio yiaoduee mno ee angdepeninasy, nosToMy B AajgbHeRues
H3N0NKeNI Ml 11 OyaeM MO.ib30BaThbes Aldepenunanom A
petennis oGpartioft 3araud.

Iycrs pynkuns

= F(x) €))
nmeer npoussoanyio f(x), Toraa ee nudipepenunan
dy=7f(x)dx. (2)

dynkuns (1) mo ormowennio k ee angipepenunany (2) nase-
BAETCA 118000 PA3HON.
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Onpenenenne. Ilepsoolpasnod. gyuryueld 0ra 6upa-
acenun f(x)dx wnasvsaemen gywryua F(x), duddepenyuaa
rkomopoil pasen f(x)dx.

Onnako mnddepenunany (yHKWUH COOTHETCTBYET He elui-
CTBEHHAsE mepBooOpa3Hasi, a MHOXECTBO HX, NpPHYEM OHH OTJH-
YaloTCs APYr OT APYra MOCTOSHHBIM caaraeMbiM. JleHcranrensno,
B3B, HANpHUMep, HECKOJLKO (yHKLUMH

y=x2

y=x2+2,
y=x2—5,
y=x*+4C,

rie C=const, mMu sameuaeym, uro Auddepeniuan Kamaoh ns
HUX OIUH 11 TOT Ke:

Ai=2td0r

Ho, xak suano, sromy auddepenunany COOTBETCTBYET Mio-
WeCTBO nepooGpasnblx (yuuui suaa x2—-C, rae C— noiaa
HOCTOSI AT, ’

Bupamenne x%—--C wasupaercs #eonpeoeseHuu it unme-
2pazox  aas  pugdepenunana 2xdx n 0003HAUALICA CHMEO-

noM Jr 2xdx, 1. e.
f?.vrix:.v2+C-

Onpeneacunc. Cosorkynrocms B8cex nepsooGpasmsLs
dyurcguii F(x)— C dan dugbdhepernyuara f(x)dx nasvsaenics

Heonpedenennut i uinie2palosL & 06031nalaencs f f(x)dx.
Takun oGpasonM, MOXKHO 3amicaTh

jjumx=ﬂm+a

rue f(x)dx naswpacres  noOWHMEPasbHLIA  Bolpascerue.t,
u C— npoussoaviol nocmosHHOL WHMEe2PUPOBARUS,

[Mpouece maxoiuenns neprooGpastol (yHKI HaspraeTes
IJMIIIL'Z[)ll[)()ﬂllllllc’.‘ll. d pilSj.lL'Jl MATEMATHKH, sanumalomnics po-
1POCAMIL, CBA3AHHLIMIL C  MUTCTPUPOBANUCM, — WHNE2PAALHHIA
uCHUCACHIC M.

13 ckasannoro pyuamo, 4TO0 HHTETPHPOBAHNE €CTb
AeHcrpue, oOpaTtHoe AN depeniLtpolannio,
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103. OcHOBHbHIE CBOHCTBA HEONPENEAEHHOTO HHTErpaJa.
[lepsoe cBoticTBo. Juigheperyuans Heonpederesnozo
unmezpant paser NOOLLHMEZPAALHOMY BbLPAIICEHUIO, To €.

d f f(x)dx = f(x) d.

9TO CBOHCTBO C/CAYET M3 ONpeleNeHHs HEONpENEeNeHHOTO IHH-
Terpana,

Bropoe cBoficTBo. Heonpedesenwnsiii unmezpan ont
oughghepenyuara pyrKyuL pager Mol BYHKGUL, CA0NCCHHOL
€ NpoU3BOALHOU NOCNLOAHHOML.

MycTe

dF (x)=f(x)dx.

Ecai Bo3bMeM HHTErpana OT OOEHX 4acTeft 3TOrO paBeHCTBA, TO
TIOJTY uHM:

de(x):ff(x)dx.
Ho no onpeneseuiiio

ff(x) dx = F(x)--C,
CIeNoBATE/BHO,

de(x) — F(x)4-C.

[Mpumem Ge3 1[0KasaTeabcTBA eule chaeayioue cBoHcrsa

HeOoNpee/IeHloro HTerpasa.
Tperbe cBoHCTBO. [TOCHOARHLE MHOJCUME AL IOJICHO

BoLHOCUmMDb 3@ 3HAK uURmMezpaira, T. e.
f af(x)dx =a f f(x)dx,
rae a— NOoCTONHHLIA MHOKHTEb,
Yerneproe cBoficTrso. Humezpaar aazeGpauteckol

cyMMbl PYHIUUL PABEH  Q.12e6pauieckol cyie UHmMezpanos
Kaoc0oii u3 HuX, T. €.

[h®+L@—T@)dx=
=ff1(x)dx—+—ff2(x) d-\‘—ffa(x)dx.
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104. OcuoBuele (hOpPMyJBl MHTerpupoBanus. s HaXOx-
IeHUsl HEeonpene/IeHHOro HHTEerpaja HeoOXOAHMO 3HaTh OCHOBHbLIE
GOpMY Bl HHTErPHPOBAHHMS.

Buipenem cHauana ¢opMyay Ins HHTErpHPOBAHMS CTENEH.
Ias srorc BosbmeM dyHiumio x"*1 u nafinenm ee auddeperiuan;

d(x"T) =4+ 1)x"dx.
BBﬂB HHTEFPZUI or obenx uacrel aToro paseHncrsa, Ty HIM:
fd(x"+!)=f(n+ 1) ¥ dx.

[Tpumensin BTOpoe CBOHCTBO HHTErpana K JeBoft YacTi MOC/AeIHero
P4BEHCTBA 1 TpeThbe CBOHCTBO K mpaBoi, nanem:

P —+C,=(n—+ l)f X" dx,

orciona npu n—1 0

" dx ikl
f" = n—}—1+n+1 .

OGosnauns mocrosinoe caaraenoe +1 Gykeoft C, Gynem nmeth

OKONYATENLIIO: . o 3
/ XAy = —7 Al -+

Brinenennas ¢opmysa cnpasenaisa ans 1i0Goro sHauemus n,
Kpome n=— 1. B nocseanem cnyuae 91a popmyJia Tepser CMeICA.

AHANOrnunO MOXKHO BBIBECTH Apyrie npocreiuine ¢opmys.
Ho onn moryr Gure nosyuens un npoue.

dx
[yers, manpumep, nam wymHO HAHTH fT Sananumcs BO-
NPOCOM, Kakas (yuKius uMeer CBOUM Mu(QepeHunanom Bbipa-
dx
Kerue — . Taxoft spasercss Qpynxums In x—C, TaK Kak

d(lnx++C)=—

C/eNOBATELHO, * dx

——_lnx+C

Tpueonuym cnenyiouyio TabanLy OCHOBHBIX (OPMYJ, Jerko
TOJIiyudeMbIX U3 COOTBETCTBYIOWMX (GOopMY/ AudPepeHUnHpOBatHs
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nyTem ll‘( OOPGLIJ.EIHM, KaK 370 OblJIO C/AeMaHO AJf BbIBOAA [;r

fx d‘c—”:ll +C () [cosxdx=sinx+4C. (VI)

npu n+ — L.

[Z=mste  w [E=tgstc

COos=x
fem(z.vzev+c. an ‘/s:‘;:x=——ctgx+c. (Vi
= i dx
j ar dx_ln—a—{—C (V) / 17?— arcsin x—-C. (IX)
fsinxdx:—cosx—}—C. V) 1—:_%: arctg x -+ C. X)

PasfepeM HECKOAbKO TIPHMEpPOB.
Mpumep 1. Hatiru f(5x“—4x3—{- 3x2—1)dx.

Pewenue. [Tpumensn yerseproe u Tperbe cCBOICTEA HiTe-
rpana, a sareM Qopmyay (1) u Bropoe cBOHCTBO, MOJYUHM:

f(5.v"—4x3—|—3x3— lydx =

:fs.w d.v——f4.v3 d.\'-—{—f3.v2d.v——fdx=
=5f.\"dx—4fx3d.\'+3fx'-’d.v—fd.v:
:_—"T—4——{—3——_\—i—C=x5—x‘—{—x"——x—{—C.

3ueck C spasercst aareGpanyeckoit cyMMOl uyeTbipeX NpoH3BoJib-
HBIX  MOCTOSHHLIX — CJaraeMblX, BXOASULHX COCTABHOH  4acTbIo

B KQKIAbIL HHTErpan.
Jlerko mpopepuTh MpaBHAbHOCTb HHICrPHPOBAHI; /S 3TOro

paliaex andgepenunan oT nojayuentofl B orsere (hyHKILHM
d(x®— xt 43— x+C) =(Bxt —4x°4-3x* — l)dx.

B pesysbTaTe NOJAYUILNIH NMOABIHTErPa/ibHOC BbIPAKEINUE; CACL0=

patenblo; nuTerpan Halaen sepuo.

D W 3 fle
Mpumep 2. Hallrn J."X—f‘“-
¥

Peweunne. Haunwift unrerpan ue NOAXOANUT HU IHOX OAHY
13 TabAMIHLIX GOPMYJ, MNOITOMY MOABIHTErpaibHOE BBIPAKEHIHE
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npeoOpasyenm cieayiouiyM oOpa3om:

1 1 \
J?x Vxdx __ QJ'X_\.?x"s“ dx— QJ‘x‘de.

V=
Tpumensis popmyay (1), moayuns:
13
1 W 6 [
ot & 12 i3 12 =
2fx"d.v 25 +C=pV P HC=p2Vr+C
G

NMpumep 3. Haiirn /'—x'xidx.

Pewenune. l']pcncmuum noAnNTErpalsbHOe BBIpaXeEHie B
BHAE CyMMb! ABYX 11[)060“, pasaesinB 4HCAHTE/b MOYJEHHO Ha X:

‘/\n——\}_l— d.\':f(x—{-—%)dx.

Paatns mocneaunil murerpas na cyMmy HHTErpajoB H IpiMenss
Qopyyant (1) u (1I), mosyunm:

f(x—l—%_—)(lx:q/‘xdx—{—' d%——-—’\f -+ In x4 C.

Mui pasoGpani npoctefiune npumeps!, B KOTOPBIX (YHKILHI
MOrAM ObiTh BLIPAXKEHL TNYTEM HecJAoXHbX npeobpasosaHul B
BI/E, TIO3BOJSIOUIEM IPUMEHNTb A/si HAXOKAeHUs HHTerpana Ta6-
auiusie popmyanl, Ouenb uacThl €AyyaH, KOrja TAKHX NPOCTHIX
npeoGpagopaunii ciaenaTh HeAb3s W AN WHTETPHPOBAHNS NPIHXO-
JNTCA TIPUMEHATL OCOOBIC NPHEMBI, HHOFAA LOBOJBLHO CHOMKHbIE.

Taknm oGpasom, A8 HIIErPHPOBANUA HEAOCTATOMHO INpO-=
CTOro 3uauns Qopmysa, 1yKeH eule OnbiT, KOTOPLIH Hakan/i-
Bae1CA TOCTeNeHHo B mpollecce pewenus npuyepos. Murterpn-
posanue B oranune or auddepeninporania Tpedyer or nac
u3EeCTHON n3odperaiesbHoCT I CMEKaK,

Ynpawueuus

f.\' dx. 2. ‘ xidx. 8, fx"-‘dx. 4. .[5(1,\'.

5 [ g Pala b 9

5 J‘a dp. 6. j 2xdx. 7. '/ §t dt. 8. [ 2—x)dx.
9. f (B — x7) dx. 10. f (a+9?) dy. 11. f 3(x—2)dx.
12, f(»l,\"’—f—»l.\'—.'.") dx. 13. fx'l(l-}-Qx) dx.

o1
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14. f(x+3)2dx. 15. f4(2x—-1)’~'dx.
16. fx(l_-x)‘zax. 17. fv}dx. 18. fi’/Fdx.

g du d. 3
s i QO-fW- 21./ai, 22/ o
Ve 4V x

v xd 3
23./ ni 24. ‘/l]:—}dx. 25./X V}dx.
I

2V x" -i/;,
2 (2 4 Gt 2
: = gy ey 27. / 2Y x —3x2
2 j(x J=+3VE) s (| At
Vo
28, |2 =V Y 4u. 29, f 4sin x dx.
Vv
240 “ 3a du
3 31. — 32, paiil
At f Gaeosiia J cos?0° sinZe "
33. [(1 - cos #) i 34. J (2 —3sin x) d.
’ 2 3
35. f (3x2—2cos x) dx. 36. / (m == 5"‘—‘9) dyp.
37. fagu du. 38. f %2 dp.  39. j (v — 5e%) d,
*3at g ( 2
90t — i b ——x)dx
w. [ee—3cosnan at [ ap / - — %)z
» Gdx * 3dx *2cos?v+41
43. T 4. j Y= =" 45. / ~osig dv.
sin2?t—2 * 02 - o sin x
%, f e L e
© xldx
48. fsec?x dx. 49, | tg’xdx. 50. / o )

105. Onpenenenne NOCTOAHHOH HHTErpHpOBAHHI,
B § 102 Gbio yCTanoBaeHo, UTO B pasencrse

ff(x) dx=F(x)=4C

nocrosiioe caaraemoe C HMEeT NMPOU3BOJbHOE 3HAUEHHE, a Mo-
7OMy HeOTpelelieHHEI HHTErpan NpeicTapisieT COGOH MHOme-
CTBO NepBOOOPA3HBIX (YHKINH, OT/INUAIOUMXCS APYT OT Apyia
NOCTOSHHLIM CJaraeMbid, YT0OBI U3 COBOKYMHOCTH nepsoolpas-
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HBIX (YHKUMH HaWTH OAHY, OTBEYAIOULYIO 3ajaaue, HYKHO HMEThb
LONOJIHUTENLHOE YCIOBHE.

IMycTs, nanpumep, TpeOyerca Ha{TH ypaBHeHle Kpupo#, npo-
xonsuie#t uepea Touky M (1; 3), ecan H3BecTHO, UTO YruaoBoft
K0S(hHIHEHT KacaTe/bHoH, NpoBeneHHO! B JI00OH TOUuke KpH-
BOH, paben 2x.

CornacHo reoMeTpHUECKOMy CMbiCAy npoussoinoft (§ 63)
HanuiemM:

y o,
@ =
OTKYy A
dy=2xdx.

Basi HHTErpanr ot ofenx vacreit nocieqHero papeHcTsa, TIOJTy "M

fdy:-fzxd.v

y=x*4C. 1)
Pasenctso (1) me MOXeT CJAYXHUTb OTBETOM HAa BONpoC
8ajaun, TAK KAK OHO COAEPIKUT Heonpejelesinoe nocroanxoe C.
UroOul mouyuitTh onpenesen- 7
Huift orser (T, €. CAMHCTBEH-
Hyl0 nepsooOpasuyio (yHK-
LMo jis pannoro aunddeperi-
12 angpdep yzhe

ILHANA), BOCHOJbL3YeMCcs JIO-

e V.
NOJIHUTE AL B MIL JAUHBIMU i
L s 5 M) =22
3ajaun, a MMEeHHO KOOpAMuHa-
TaMH - TOuknN, Jexkawel na Y=z-1
KpHBOH, ypasneuie Koropoft
nueres. IMonoxus B ypasHe- Ni:1) >
i (1) x=1 n y==3, Oy-
V

na

AEM HMETh:

: =z
et :
oTKy1a //
C=2.
Urak, nckomoe ypasie-
e Kpupo# (r. e. Mckomasn Hepr. 110,

nepsoobpasuasn (yuKius, yA0BJAETBOPAIONIAA AARHOMY AONONHM-
Te/bHOMY yCl0BHIO), Gyner

y=x*42. 2
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[MocTpons rpadiki neppoodpasHblX hyHKILi, onpeseaseMbx
ypasueniieM (1), Mbl NOJY4YHM MHOXKECTBO (ceMmeHcTBO) napaGo
(uepr. 110), Kkajcnas M3 KOTOPHIX MMeeT Bepwuny Ha oci Oy.
3anas ponoanureibHoe ycaosue (npH x=1 u y=3), Mul TemM
caMbiM M3 MHOKecTBa napaGon BblienHaAH oamy mapaGony (2),
Ha KOTOpO# Jfekur TOYKAa C KoopaumHatamnm x=1 n yp=3.
B camoM jene, NMOACTAaBMB B ypaBsHeHHe (2) BMECTO X H y
cooTBeTcTBeHHO 1 M 3, MOAYYHM TOXKAECTBO.

Ecan uamennrth NONOJHHTEAbHOE yci0BHe, TO It C H3MEHHTCH,
a COOTBETCTBEHHO C STHM Mbl NOJYYHM APYTYIO NEPBOOOPA3HYIO
¢yHuno, rpagukom Koropo#t Oyaser apyras napaGoJa Toro e
cemeticrBa. Hanpumep, ecan KpHBas NPOXOANT uepe3 TOUKY
N(1; 1), 7o C=0 n y=x* (uept. 110).

YnpaxHeHHs:

1. Haiitn f(.v—.'i) dx, ecan npiu x = 2 neppooGpasuas (hyHKuua

pasua 9.
2. Haiiri f(ain X -f-€0s x) dx, ecat npH X = -

|a

neppooGpasnasn

Qynxuus pasna 2.
i)
3. Haiitn / (-:’-—1) dx, ecin mpu x =1 neppooGpasnan Qymux-
wis pasua 2,

4. Haiitn / (—,I)— eT — Cos x) dx, ecan npn x = 0 nepsooGpasnasn

Gynxuus papna

5. Haiirn ( »,‘_) ;+1) dx, ccan npin x =0 nepsooGpasuasn

Qynxuns pasua .

§ 106. Onpenenenustii unrerpan. Ilycrs B nurerpaie
fodx:x“—{—C

apryMent H3MeHseres or x=2 a0 x==4, TOrAa NpHpauLcnie
neppooopasibix  Qyuxuuit x*—-C B yKasdannoMm NPOMEKyTKe
anavennfl x Oyner:

L4 C—(22F0)=16—4=12.
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TMonyyenitoe mnpupautenite nepsooGpasnbix (yHKIHH Ha3bIBAECTCS
4

OIL/)eoL‘./IC‘/{HbI.M uHmezpansosm n 00031auaeTcss CHMBOJIOM ffo dax.
2

Onpenenecune. Ipupawenue F(b)— F(a) awboi u3
nepsoobpasnblx gyiryui F(x)—-C npu usmenerun apzymenma
om x=a 00 Xx==0 Hasusacmcs onpedeneHnulil UHME2PANON

b

i 0603Havaenmcs ff(.\') dx.
a

Ilpu s70M npeanonaraercs, urto ¢yuxuns f(x) nenpepssid
B npomeyTke sHauenu#t aprysenta or a 1o 0.
Takum o6pason,

b
[ f(x)dx=F ) —F(a). M

Jlepas wactb 3TOro pasencTBa unMTaeTCs TaK: «onpeﬂencuumﬂ
Hirerpas or @ 1o O 3¢) oT HKC A3 HKC».

Suauenie a HaSLIBACTCS HUNCHUM npedesos onpedeschios
unmezpasa, snauenne b—sepxHusL ero npeodeso.

Hs pasencrsa (1) Buitekaer chaenyioitee 1paBiio:
o

0

X
Jas  sulMucaeHUs OnpedeneHHo20 uHMezpar f/(-“)d

[
HVJICHO HAlniu cOONBememayouul HeonpedeseHiolll llHIlll’z[.)(M_,
6 nOAYHEHHOC €20 BulpadceHue nodcmasump 8MeCMo X ‘”;’o
naaa BePXHUL, a 3amem HudcHUb npedensl on/)(ft)eﬂé’ﬂ”""‘b
unmezpaaa u U3 NePe020 peayivmama nodcmarosiu Boec”
smopoi.

Urobpl 1n0oAUepPKIYTs ABA AelicTius npu oreickaiiit ONP
Jienioro MUTErpasa — laxoxaenie Heonpemenemioro HuTe! P £
Il HOACTANOBKY MNPEACIOB, — NHILYT (GopMy T caieylou
nuae:

1pese
aad

1 13
f/(.\-) dx = | F(x)=F(b)
a a "

Mpuumep L. Buuucanrs J'(x2+1)‘

-1
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Pemenne. COracHO TPaBHAY HMeeM:
1 +1
- 3 1 1
/ (1) dx = ,(-%+x)=(€—|— 1)_(_3_1)=
-1 -1
1 1 2
=z+1t+z+1=23.

Mpumep 2. Bouncants 4cosxdx.

“Iz = ]

Pewmenue:

Sela
ela

4cosxdx = 4sinx=4(sin'—;—sin -;—):

¥

«la

=
=41 —X3)~a(1—0,865)=4-0,135=0,54.
V3

Mpumep 3. mecmrrbj

1

dx
14 x27
Pewenmne:
V3 vy

arctg x = arctg V§_ arctg 1 =

T T i
= =~ 0,262.

§ 107. OcnoBubrie cBOliCTBA OMpejeNeHOro HHTErpafa.
B § 103 Mbl paccMOTpelu YeThipe OCHOBHBIX CBOHCTBA Heompe-
jeneHnoro muuterpaza. B mompoGHBIX Kypeax Beicuied MaTema-
THKH [O0KasbiBaercs, 4TO TPETHHM H YETBEPTHIM u3 Hux obGnanaer
n OHPERCHCHHH“ HHTErpaJ. KPOMC 3THX cBoficTp, AJA onpe-
ZeeHHOr0 HHTErpana CnpaEeiJuBo M Cleayiouiee:

Ecau nepecmasumov npeoeast OnpedeeHrozo WHNe2para,
Mo €20 3HAK UBMEHUMCA HQ NPOMUBONOACIHCHULL.
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B camom nese, phiHecs 3a ckoOKy MHOXHTeab — 1 B npasoi
YaCTH PAaBEHCTBA

b
[rnax=Fo)—F@,
TONy Y HM: ¢

b
_ ff(x) dx =—[F (a)— F (b)].

Ho pasnocts B kBaapaTHbix CKOOKAX ecTb TOT je OnpeseleHHblH
a

HHTErpas, TOJbKO C NnepecTaB/eHHbIMHI NpeaenaMi, T, e, j f(x)dx.

)
Cnezosareasho,

b a
[ryax=— [ rdx.
a 11

YnpawHeHHs
Buuncanrs onpenenenusie HHTErPadbl:
2 1

1. fxdx. 2. f.v'ldx. 3. f.vadx. 4, f(?x-{-l)dx.
0 0

1 1

0 +1
. 2l
5. [@etnax 6. /(?t+4ﬂ) dt.
-1 -1
+y -
il f 3(u2 41y du. 8. f2:(1+x=)dx.
1 1
-} 1 30 - i)
9../-.?(/.\-. 10. fﬂao. 1. f(l—)’/?)dx.
1f,\: 1]
1 1 -1
._.::‘ " —.‘- 9 t
o 7 ' —d
12. ) cos ¢ do. 13. fslnqad«p. 14, /m.
0 '
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20.

22

24,

- HHTEFPAJ [rm. xr

= T
7 3 £
* 240 132 r3
'/ ST 16. Fcostat 17. j Z sin 0 0.
4 i o
1 =73 z
z 0
¥ 2 :
f(cosq{-sln @) dg. 19. '/ (m-k sin .v) dx.
(4 (V]
. 1 T
1— —.,——) dx. 21. f (e* — cos x) dx.
. sin? x
w 0
T r
2dx . 03. / xcosx41 0
Sx 5 x
5 Vi
0,5 1 T
s s / Sdx - op, / o,
JoYT—2x2 ool x oY l—=2
Y V3 Yz

§ 108. CeomeTpHueCcKHii CMBICH ONpeaRelHOro uiTerpaJa.
Ilycrs MaHa Kpipas, ofpefie/seMas ypaBHeHIEM Y == [ (x), npuues

A
7l
)
~ hl?/" §
B y =
Olw—a
Z 22—

Yepr. 111

f(x)— QynKUNA HenpepuLiBHAT 1 MNOMOKNTe bHAs NPH paccsa-
TpugaeMbX suavennsx x (uepr. Il1). Bosbmem Ha Kpusol
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Touky M, c mnocrosmuoft aGeuuccoft OPy=a u
MEHAIOULYIO CBOE MOJOXKEHHE B 3ABHCHMOCTH O
aocumccst OP = x. Toraa naowams ¢uryps M,MPP,,
BaeMOl KpuBoJunefinoit Tpameiuet, OymerT nepemenuo# we
HOH, sapucsiuedt or x. OGosmaunym ee uepes S. Jlamuw
MeHTy ¥ npupauienne PP;=—Ax; Torza niouwzis S no
lpupauenue AS, pasnoe kpuBoanHedHo# naowazi M
Ipogens npsmyio MQ||Ox, a raxe MN|Ox 10 nep
C npono/mkennoli opaunarolt PM, Oyaem mMers:

miow,. MQP,P < AS < naow. NM PP,

HAN, BLIPAcas NJAOUIAAM NPAMOYTOJAbHUKOE [0 GOpMFIZis
PM . PP, < AS < P\M, - PP;.
Ho
PP; = Ax,
PM = f(x),
P M, = f(x—+Ax);
nosromy nepasencrsa (1) nepenuiyres TaE:
flxe)Ax < AS < f(x—+Ax)2x.

‘Paanenus noayuemiyie nepaBeHCTBA HA MOJOEMTIISEIL IR
unny Ax, noJyuimMm:
AS .. .
()< N < fx—+2Ax). S
Hycts Ax — 0, Toraa f(x—Ax) — F(x). Tax xax =2
sakalouena Mexay f(x) n fx—Ax), xox >
gerers (2), To U nojanto

AS oy
ax /W
nan
. A
lim - ()
Ao ) D

s AS
Ho lim Tp 7 Nponsnoman gy §) oo

Az -»0
adS

)
dN A

oTKy1a
dS == f(X)dX

17 3azk. 215. M. J1. Safines
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Bass mrerpan or oGenx uacteft pasencra (3), mOAYHIM:

Jas=[runax,

i

@
$+C,= [ f(xax. a
Han

Myets F(x)—nepsooGpasuas dhymkuna ana AngPer g

S(x)dx, Torid
)+ Coe ®
[rna=E"
1
CpasHuB pasel©

1 (5), nony‘h""M Cov

el ©)
1 SO
S; F("')
rae Cl' 4
I,
Yepr. 112, c="C: 5 g0
Jlas onpezesenns C moaosxuy B paBeHCTBe( 6) ~
Kkax puano u3 weprexka 111,
. naow, MyMPPy=8=70;
Oynem mumers:
0=F(a)+C. g

Orciona €= — F(a) n pasencrso (6) nej
S=F(x)—F(a).

Ho no onpeueneumo (§ 106)
F(x)—F(a)= [ e

1e40BaTeNbHO,

2 Gopuvaa onpeleafieT nepeme
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§ 109] UHTETPUPOBAHUE CTIOCOBOM TONLCTAHOBKY

B PO~
YroGbl noayunts TIOCTORHHYI0 MAOWAND MOM‘p‘P?“ pasei-
MOV pAdeHuR X OF @ 1o b (wepr, 112), HYKHO
cre (7) monowmury X=1b; 1orpa NN0WALL
M b
1M Pp _
oM\P\P S f(ﬂdx:F(b\“‘FLa\
w
WUrax, 'l/lou(aa
20e f(x) 408

Ypu
S
guLpadicae 'nC}z. OCblO

' =:f()C\
x gy 22PAHunenyo Kkpusod Y
Npeg ou g
X ey,

—au x=D,
Eyan npgywae =0
unmezpa A

20
L ; f (x) d «
Takoy « .
c i
cMHen qp - Peay
terpasa. P TP

Shey ey
Tpu o ‘“Qrg i\\l;\
IO, ™ 157 .
noit me 1

= . Q

i My, 3:\15\ NN
) == X7, »
MBIMI X Q\Q

ig. [ Ev’\\\
5 Q“Xxg‘ \K“‘Q\ W§
5 =0 Q Q) Q \ \Q_“~
Peuy N " X {D \n
reoMeTPuy - W gy o X " Q
peneien iy Q‘Ql s
Mast “"‘Qlllf o A

3

L\e‘ﬂ. 13,
Do “h

N
D by oGOM TIOACTAHOR
\\\\\ b\“ Q,\E‘&mc\\\‘?\c [peo0pIR0BANIY
RN o Yag “‘{\)““m“) K TABNUHO

W .
N "\1\\"‘ e geoGue TpRENHL. Pacoy

060 n
_p HueM cnoc!
! “\\ I Wposa

A\ SQ_\_Q& dx.

Ry

\_\_x::‘z\
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Iepeitaa K npemuemy HCPCMEHHOMY X, NOJMyYyuM:

[vETses=5V &I c

Mpumep 3. Hailth fsi"(ﬂ—i-bx)dx
Pemepnye, ITonONHM - ’
atbx=z,
oTKY A
pdx=dz " dx — de
CAeMaB noncrgpopky, KaK B ﬂpem’myuu“b )

(lJOP\lyJ]y (V) § 104, IOy HM: Ilp

“MQ

/ Si“(lL+b,v)d—V=./ smz-de§\ ' S
=__.l.cos(a RS b\‘“\\
b oy Os Q\\\

0 T Wty 1T
Pu Mep 4, Hafitn / -1'\/'{‘_-'\'7 s & . \\\ Q
Pew e .
Hie, [TonomuM \
14 x=z
o a# ,
syrdx=dz " *dy

A8 He
1€° oG
é’;ic‘l Mgy, CRUNYIO aaweiy 1 [PHMe,, Uy =

>
g, P P
J T B L inzC

X ==
S 3 = 1

1Py : &
o . & & Q\\»

2 xc
peliey 5. Hati fsm X€0s x
e, [onomuM s

sin x=2; \\\ ‘

cosxdx=dz

&)
Q(’Sxdx’,/zzd‘zzz' ~h \
53

Q_\

Va



262 HHTELPAJL [ra. xi

IMpumep 6. Haltn "_dliwdx
/T—cos x
Pewenne. TMonoxkum
l—cosx=z;
Toraa
sinxdx=dz

sin x dx . dz ST,
fVl—wa /1 /~ R

1
—{*-’-C—QVI-—LOSX—*—C
9
RrE ¢
Mpumep 7. Hafitu —“‘%%‘,—)—
Pewenne. lloaoxin
l —et=2;
10142
etdx—=—dz
#
2vdx [ —2dz __9‘/1?_,_. o
(T—ex)? . zE ol Hala /Ll &
= ) 9
—2.%+C=§+C= ——+C

Mpumep 8. Halttu / ﬁ/};—

Pewenne. Tak Kak nckoMulfl umterpan marnomunaer TaG-
anunpt [(X) § 104], uyxuo cooTBeTCTBYIOULMMI npeofpasosa-
HISMI NPHUBECTH €ro K BILAY, NO3BOAMIOWEMY NPHMEHUTH yKa-

dannyio (hOpMley. Jlnn 9TOro BuLIHECEM 3a 3HAK lIlTerpa’ad MHO-
. 1
AKHTCAb v

TMoayunm:

J‘ dxt lf dx lf dx
VX9 X9 Fa
1+ H‘(;,




§ 109] WHTETPHPOBAHHE CNOCOBOM NOLCTAHOBKH
TMonoxum Tenepsb
ad .
e’

TOraa dx=3dz

"
f dx ___l_f dx _lf.'ldz:
94+ 9 X\ 9 | T+2
1+(3)
3

=% arct«z-}—C-—-—.‘—arctg—fj——{—C.

ITpnn 9. Hat —_—
pumep anTi /V —

263

Pewenue. dror wuwrerpan npusoautcs K TaGIHYHOMY

[(IX) § 104] cnenyowumii npeoGpasoBanmsMiL

f)fd—o,»-—fl/ _{;_ )=

IMonoxum

Torua

orciona

Cuesorarenbio,

-

Yi—22 V5 V5

_14‘/ gz ,=——1—arLsxnz—i—C——l—_-arcsmV_x—'rC
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264
Haa i V5
S R R LA
Vimew VYt
amep 10. Hattiu flgxdx.
np
eweu "e. . X
P jtgxdx=j sinxdx
cos X
M
0;107"l COS 6=—'2;
" sinxdx=—dz
r A
0 dz -_+_C
(1)‘4 —7=—lnz+C=—lncos,\ Q
(fx

)4 t
/ & 11. Hattru fcoszxdx.
LM eP

}) ek 3amennm cos?x no gopmyne
a e Lo
rl coszx=l+co=24_

2 ’
y°
14 cos 2 P P
[ E E ax [ (Gt goosas) =

X . : .
fﬂﬂ /d/'}dx—t-_/ Lcos?xdx:%x—l—%j cos 2.x dX-

Z
{ ;ﬂ g / cpenns J COS 2x dx NOJNOIKHM:
4 2 7; 2x =z
°
V. P
2
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Mpumep 12. Hatirn fl/az—xzdx.
Pewenue. [Tonomun:

x=asin z, 2
TOrna

dx=acoszdz

Ved—x=Va—a*sitz=a )/ 1—siz=acosz.

Takum oGpasom,
fl/a?—x'ldxzfa coszacoszdz:a?fcoszzdz.

Basg fcos‘-’zdz uz npumepa 11, nanuuwenm:

/Va'-*—xﬂdx:aﬁ(;z+%sin2z)+c. )}
HMa pasencrsa (2) naxomum:
et
sinz=—,
OTKY a4
2= dfCSlI’l =

Kpose 1or0,

sin 2z — 2sin zcos z=2sin 2z Vl—— sin?z=
=
Ioacrasus auauenns z w sin 2z B paBeHcTBO (3), moayumM:

f Va—xtdx=a2 (‘, nrcsm——l-—~ —xVa' x-)-i-c—

”2 arcsin%—'{—%-lfaz——_—?—{—c.

Hiay,

/Va- x~dx—_—«arcsm——|- Vﬂ‘-——xl—}—c
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< YnpaxHeHHs
1. [@+sae. 2 f ™ dx. ./—"i—.
[[(3+5x)1dx @toorax 3 | ot
a, fo—l—de. 5. f21’/4x—3dx. 6. f}’/(s.r+1)fdx.
B e 8./#—.9/‘14‘).
VT V@3 g
2dx
10. =TT 11. f sin 2 d.x. 12 fcos 4xdx.
13. fsin(l—t)dt. 14. /cos (-l-(,a+2) de.
X A dx dx
15. l/' (cos—.d——sln 3_\) dx. 16, f SO 17. | anEax
dx
- S B . 22 e, p—3)
18. /‘coa"(l—QX)' 19 fe s 20. f/. .
__m+1 P o
o1 2o * ao 22 f’% 23. /‘”Tldx.
e . oL
_ = [EOhsrly "9 dl
4 —t+2 25. ’ * .
o fartstar, . [T [ty
"_3utdv 2. /—ﬂ_‘z . [
2. | =y J Vi—a' J Vae—1
30. fo,\---de. st [eVIiFwa
' cos xdx . /' sin 9 dy / sin £ dt
et 3. G z . 34, v
32. 1sinx 3 J 2—3cosy - 1. coski
= cos @ do 36. /a cos x dx a7, /' costdf
=8 [ silo ° ) @—sinx)? J YT
33. [ sina cos « dz. 39, f sin ¢ cos ¢ df.
40. ‘ V cos U sin 0 0. 41. ‘ cos a (1 - sin a)® da.
49, ‘ X2sin 3x3 dx. 43. ‘ e sin x d.x.
; iy, evdx 207 dx
44, '/ ctg x dx. 45. e (2——}—_7f
— * etdu r =
47, fel: ]fl +erdx. 48. —1—7-)__’._7 5 49. J xe¥
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dx
cos2xdx 5 (e gy 52. | .
50. [m f dt ;- 4-\-;
dx 54. /\ 55. /l_\
53. /‘9+x'.'.' J 54-de & V-l\\‘h!
J o= du df
da 57. f\\ . 58,
w [ 75==" I = =
. ’ M2x—3 co
el e [(22=3 . o /' SXdyx
o, [ = J Iy
Xt * .
S 63. [ S—dx g, / +3
. [ g2 J 5 Jy=l .,
in xdx 66 _/ Vi B
6. | —x ’ X @ 6r. fslch
T e [ xdx =
o) 5V IR

e
70, / ¥ % dx
5 B e
14 cos xdx. 72, ‘/ 4
7. [V TFees T cos -
caeHHe OTipenegey
10. Beiun H
§ 1 ROACTAHOBKR. A5 Butunc ey, £ Hhrerpamgy
M(’“thoc HPUMENCHUEM TOLCTaHORKy po  MPeresento,
ana G X X Nay
e 3ano B Pad00PAHHBIX TpuMepax § log o MRe M0
yKa3d onia  OCOBEHHOCTL, Ha Kot Yio lly;;( 0 B 9TQy, 'R ‘\Q
o E L H '
CCTP Cak MBl yXRe DHACHMm, MeTgp -ﬂCT(: O6paruy N “ta
“”x)u 4o s npmxenemm. SaNannor 0Bk Sal"lxh"lv N,
B ana K TAaGNMMEOMY BEPMkaior o "Yaeny r:p(‘-lle.'leHI{Q‘\Q\l My
'P‘,uoe. sareM HAXOLAT Hef)npenellenm,m . '®pes Hop. © QQ
”e‘A‘ peayaLTaT CHOBA BEPIICaIoy Yepey g Werpan n 08 \“ ex
lile)l[;cucnnoe (apryment). B cayyae e op pnoua"ﬂﬂ"m N, N X
nepe?

o 1cOOXOMINOCTIL BOSBDAULG Ly ¢ nepnouene“"f’m xgﬁﬂb\'
e 1OMY'- ) a4 0 3 "‘}qﬁ \
= JeM HECKOABKO Mpuyepey a N
1
I H /? 5x “\‘3
a~ 2
| -
|



268 HHTETPAJ [ra. Xt

0TKY A
d.
xdx=——.
2
Tak xkak Mbl BBeaH HOBOE nepemeHHoe, CBSI3aHHOE C npex-
HUM  paBeHcTBoOM (1), TO TPAHHLLI W3MEHEHMsI TEepeMeHHOro z,
T. €. Ipeaeinl HHTErpupoBaHHs MO TEPEMEHHOMY Z, Gy.uy'r yxe
apyrue. Ounn naitayrcs us pasencrsa (1) 3ameHo# aprymenra x

ero auatenumym 0w . CnenaB 31y 3aMeHy, NOJYulM:

Zi=1—0=1 i (mkHuf npenedn),

1 3 )
Zi—1— (5) = (BepxHuit npene).

Taxum 06[)330)\!, Mbl HAWAM, YTO TMpenesjaM H3MEHEeHHs X
1
or 0 no 5 COOTBEICTBYIOT Mpenebl H3MEHEHNs HOBOro nepe-

3
mennoro z or 1 1o TN 3aMeHHB B 3a1aHHOM HHTErpaJae I —x?
n xdx nx BLIDAJKEHUAMH YCPE3 HOBOE TEpPEeMEHHOEe I H3MEHNB
COOTEETCTHEHHO [pejieabl HHTErpHpOBaHis, MOXEM 3anucarb pe-

wenie AaHioro npumepa cJedyOouH oﬁpaaomz

3
1

3dx
Mpumep 2. Hatttu '/ TF Toa8 -
V3

e
3
Pewenne. Bunecem MHOMHTCNb T, 3 3MAK HHTErpana:

3 3

£

/' 3dx dy v 1 / dx

J 9 164 1 ., o . R
13 g Vs T (j ")
Y T
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[Tonomun
4
A e 2
T X=2 (2)
TOr A
2dx=d
g =
OTKYLA
(1x=7::dz.
Haxonum nosvie npenensi:
AU
2y = 3 T - 3
_4.3_
A==
Caenosarensno,
:l
1 3 1 1
3dx 1 [T“’z 1 3 / dz 1 lmmz_
/ 96— 3 ) 122" 3 7 T2 7 |92
‘: 13 V3 1 3
3 ) 237 T
_ 1 V3 1 /(= ®\_m
_T(1rct"1—arcld 3) T(T—E) 18"
YnpaHeuus
1 0
dx dx
. [Vi==zax 2./ £ 3. /_—
J{ ViaxF 1 J (1—2x)
i -—_, ? 5
dx X dx
4. f v 5. [cosf-d,\ 6. f A
. ]'/(8—.&)'3 E 3 J dcosdx
0 0 =
2
2 3 4
sUXdx g xdx ¢ 2xdx
7. ! gl e j yad
) 2V 14 x2 V16 4 x2
1 1)
+1 1
' x2dx 2x dx " 6x2dx
0. [ 5o 11. / e 12 / T
-1 [
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4

4
15xdx
B. [ gE—ip: . M [xVFE=Tax
2 2V'2
. i
= 22— 1) xdx. 16, sin x dx
15. f( J T—cosap-
1. L 4
z
7 T =
cos iva'x . 18 / cos xdx 19 *sin x dx
17. | T+sinx * ) Tsdx ! costx *
= L o
& T
© ®
3 7
f4sln“’x005xdx. 21, fsln xcos?xdx.
20- . 0
A
od 5ax 1‘2 IAS
L T
22 4+ J Vi—= J 3+
o- 0 u
’ B ——
]- YR —*tdx.
25° ¢ 2

1 Oﬂpeﬂe-ﬂemlgﬂii HHTEerpaJ Kak Tnpenes CyMMBI,

11 ‘pynKU.l“O == f(x), HenpepsisiyI0 B MPOMEKYTKE 3Ha-
éfan‘ ot @ A0 O Tonowuy aas npocrots, uto 571a (ynK-
p? X aniOM IPOMexcyrye nonoswuTenbHas 1t BO3pacTalouas.

Of;l"’ )’“ﬂ)q‘p"” :-flomam, durypsr - MyMyP,P,  orpannuennofi
o* 1";6’4 2 "PO(b‘lu(a Aannoft yHKIM, NPAMBIMIL X=a 0
S B 027 M3 ocpl0 OX (uepy, |14), " Cormacno reomerpiueckony

¥ llollpelle”c”“oro nirerpasa (§ 108) sra nuouans

e
X7 /’)’ ¢
ﬂ/ /,& S:fj(x)dx. )
v ’V a
0 OTPe30k p p. Ha n ?, Kaxayio na
oI panatiiy ‘ler-cal Ky F "(umx ompei |
it | nepnore Ax, u s pe
fﬂgv’ past TPy aapy . 1 PHE
plige ‘
/f‘}o |
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ITpobenss w3 KOHWOB STHX NEPNEHANKY/APOB NpAMbE, Mapan-
Jenbiibie ocl OX, Mbl MOXKEM MPeACTAaBHTH IAOWAAL (QUFYPH
M M,P,P, B Buze cymMbl nuowased NpAMOYroJbHHKOB 1 CyMMbl

Y)

I b -

Yepr. 114

oAl KpHBOMIHEHHHIX TPEYrobHIKOB. 0G603HauuB NEPByIo
CynMMy uepes S;, a BTOpYI0 — uepea S,, HamilLIeM:

S = Sl + S'.’.r
OTKyna
§—S§,=3S.. 2
Ecan L = @
OP,=—a un OP,=b,
T0

P,M,=f(a) w PyM,=f(b).
TMycry aGewncen Touex Ny, Np, Ny, ... Ny—y Oyayr coor-
Bercrento
Xps Xay Xy wvey Xnots
Toraa opnumatel 3THX TOuek OyayT
FCxp)s F(%2), f(9) wovn f(Xna):

Cymma naowanet pcex MpsMOYrOJbHUKOB

S =f(a)Ax+f(x) Ax+fx) Dx 4 o oo 4 F(n 1) A,



a1z HHTETPAJ [Pa. X1
Hay
> (3)
Sy= D fE)Ax,
a

aun?@pane"cme (3) 2 (curma)— cumpon cymmel; f(x)Ax ym;)-
c'.o,: "+ Kaxorg Biia BBIpaXKeHHs CKJIaAbIBalOTCA; OyKBbl @ M 0,
anaugf::::l B“":’y 1 BBepXy cuMBOAa ,\“, TOBOPSIT O TOM,'\clTZ
10 Y=y dPryMenty npu stom OepyT B TrpaHHUax OT X=
Ecny ;
s pe-
I ’ ¢ v YeHHO YE
fl“””’ﬂ" S0 nenenpt n oTpeska PP, Heorpanuy Hb}llMll.
i L2 Ax 50y penmunim S, u S, cranyr ncpemeHHeq"O
g Y 2 b s

Hap, Oag 2 Sp npu 9ToM yC/OBUN— BeJunHa OeC [
e 2 peyrobHIK
lo o'OTO mepespuier KpuBoJNHeHHbE TPEY e
e xoc,m' X, PacroJOKHB HX B NPSMOYTOJbHHKE )
n "0porg

AD=Ax

Mooy, AB—py. PM, = f(b)— f(a).
lag, 2 :

ka npm“o)’i’o-’.bmn(a ABCD Gyner pasua
B
Mg /(&) —f (@) Ax.
~ ‘IQDT. 11_1
;TQ"LQJ[” . (4)
Kooy Ay Sy < 1f(b)— f(a)] Ax.
3 ~ . 65
“S[:"x a Ma £ 0, g [f(b)— f(a)] Ax kax npousseacune I

a GeckoHneuto
PHEYHO  MANYIO  €CTh  BeJNuiHa L)L\.l\OIICGICC
Cornacio mepapencisy (4) S,— TaKKe

Sy Gl‘ QGh; Sy,

2 . ¢ ceM
Qan‘\lquﬁiQ OM, 'y sesolt uacti pasenctea (2) Mbl lmﬂ_
"., N\ "u.“l ocionunoit S u nepementoit S,, a B n;.‘;lo
' 8 o ne
M 1 Ny, Caenosatensno, no onpeaeset
< »
Q

P S= lim §,,
!k\' D Az >0
‘“‘Q”C'I'Ba.\‘ (I) i (3)
b

2 v
;! F(x) ax = AETO %:‘f(,\‘) Ax. ®
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Cymma, crosiuas nox 3HaKkoM mnpenena B pasencrse (5),
Ha3bIBACTCH UHMEe2PAALHOL CYMMOL.

Takum 0o0Gpasom, onpedeserHvil UHMEPAA C KOHECUHBLAML
npedeaaiu pasen npedeny UHMezPaALHOE CYMMbl, LUCAO CAG-
208 MbLX  KOMOPOL HE02PAHUNCHHO
pacmen, a adcdoe caazaemoe S
CINpeMUMCST K H)AI0,

MOoXHO NMOoKa3aTh, UYTO K TOMY
KE pesysbTary Mbl TpHAEM, eclH
BO3bMEM (DYHKIHIO NOJONIHTENbHYIO
11 yOBIBAIOULYI0 B paccMaTpHBaeMOM
IPOMEIKYTKE 3HAUCHHH X, HIH MO-
JOMKNTEbHYIO, HO HA OLHIX yuacT-
KaxX BO3paciaiontylo, a Ha ApPYyrux
yOuinaonlyio, nin, HaKoHew, OTpH-
HATeAbHYI0 (BYHKILMIO, T. €. TaKylo,
FPLQUK KOTOPON Pacroiomen HuKe
ocit Ox.

[Toayuennpiii BLIBOL NOKA3LIBAET,
Y10 HITErpUPOBANNE MONHO pac-
CMATPUBATL KAK TNPOILECC CYMMH- .
posauns, T. e. HaX0kAEHNS LeJoro
cioennenm ero- vaciefl. B csan
C 9THM HIIErpaj it nojyuma csoe
Haspaune  or  JaTNMHCKOro  CroBa Hepr. 115.
integer (uenantit), na u CHMBOJA ero
(yaminennas Oyksa S, Kotopoft oOvMHO 0Go3Hauaeics CyMmMma)
CEAAN C BHILCYKA3AUHBIM CBOHCTROM ONPEAE/]ICHHOrO HHTErpaa.

B raape XII Mpi 1104poGHO OCTAHOBHMCS Ha NPMIOKEHIT
dopmyant (5); saech ke pasbepem TOAbKO OAHY 3afauy BBIYHC-
Jenng 00LeMa MHPAMHAL ¢ TOMOLLLIO HHTEerpand.

Bosbmen nupamupay ¢ niowaasio ocionanns Q u seicoroit H
Il pe3o0beM ee Ha 7 NAACTHHOK MAOCKOCTSIMM, NapaiiielbHbiMil
ocnosannio ee (uepr. 115). Ecan Ko/muectso 91uX NAacTHHOK
HEOr pAHNYEHHO YBEANYNBATb, 10 TOMUHNA KOKIOH U3 HUX Oyner
Geckoneyno MaJlof Beanuniofl; B 910M Ciyyae NaacTHHKN MOKHO
npHEATL 32 npuambl. Boiaeaus oany ua nux, nanpusmep A,B,C,D;,
oGo3nauny  nJouiaib ee OCHOBAHMS, BBICOTY U OOLEM COOTBET-
orsenno vepes ¢, Ay n Awv; Torma

Av=gqAy. (6)

18 3ak. 215 H. JI. 3afiuen
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Tak KaK nAOWanb OCHO3aHMA MJACTHHKW 3aBHCHT OT PACCTOSl-
nus 00, =y, sbipasum g uyepes. y. [lo wussecTHOH Teopeme
O CBOHCTBE CeueHHs, Napaaje/bHOrO OCHOBAHMIO NMPaMHIBI,
MO)KEM HaMHCaTb:

g _ (H—y)

=,

OTKyna

qg= ﬁx(H— BUS
Tenepb pasencrso (6) mepenuwercs Tak:

A= 2 (H—ypAy.

Bennunna Av Geckomeuno Manas, Tak kxak Ay — 0 upu n — co;
TaKHM 0Opa3oM, OO0beM ¥ MUPaMHAb! npe.flCTdnurCﬂ KaK Tmpeaen

CyMMBbl OECKOHEMHO Ma/blX BEeJHYUH BHAAd H‘ (H—y)*Ay, 1. €.
H
v = lim by —(H—y)’lAy,
Ay >0 “'A H?
nan cornacno gopmysne (5) nacrosutero maparpacda
i

v=/ H—(*?_,(H—y)gd_\v.

Bruncass  stor HHTErpajJ Mo H3BECTHLIM MPaBIJiaM, HAXOLIM:
44

Wl
/ (H2—2Hy + %) dy = 75 |(#y— 45

|

Io :tl

(H“—H‘-‘—}- T) =3 QH.
Hrax,

1
=-3—QH.

T. ¢. o00ves nupanmuds. pasen OOHOL mpemu npPoU3ssederus
naAowadu ee OCHOBAHUA HA BbLCONLY.



FJTABA Xl
NPUJIOXXEHUST MHTETPAJIA

§ 112. Nacmann ¢uryp. B § 108 mbr jpoxasanu, uto ecau
f(x) >0 B npomexxyTke sHaueHu$i X oT @ 40 b, TO TJOWAnLb
¢urypel, 3akaiouenHofl Meway rpagukom Kpusoh Yy =f(x),
ocbio Ox u mpsampiMi X=a u x=20, onpenensercs no ¢op-
Mydne

b 4
S:ff(x)dx. )
a é}
!
MoiK110 MOKa3aThb, YTO B CIy~- :';3
uae f(x)< 0 dopmyna (1) naer X
OTpPNILATeNEHOE  YICNO, paBHOE
no aGconoTHON Beauynne HCKO- z
MOl mJjowanm, T. e. 7 Z =
b
S= -ff(x)dx . @ N
a ;;
IMpumep 1. Hafltu nao-

wanb  guryps,  3aKJIOYEHHOH
memay ocslo Ox . kpusoft Yepr. 116.
y=x?—4x (uepr. 116).

Pewenune. Toukn O u B nepeceuenns napaGonml y=
= x?—4x ¢ ocbio Ox umelor aGeumccesl, pasusie 0 n 4. Kak
BUAHO N3 YepTeka, HCKOMad mjoutanb (OHAa BamTPUXOBAHA) Or-
pannuena csepy ocbio Ox, cnusy napaGoso#, ciiepa M cnpasa
npsvpimt x=0 u x=4, or xoropwx napaGosa n ocb Ox
OTCEeKAIOT OTPe3KH HyJeBoH nauHbI. 3aganuas QyHKUHS OTPH-
uaresbiia B NpoMexyTKe sHauenn#t x or 0 no 4: moaromy,

1g*
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Apusensy $bopmyny (2), nonyun:
1

2|=

S= ,/(x"’\‘lx)dx =“;(£_

—|—105]=10%-

Tpy M
KPHBQH J':ga

WY
(‘plllypbl, 3aKIOUEHHOR MEM
RT" nnomaﬂb

’EDH — 2uocblo Ox (uept. 117).

—1,

¥

5
2
)
AA
g 3
Yy e
Pe X Qn,“ ,//7
)CTO""‘Q < 15 117 3
3 Pﬂan,, l(a Iy 'S S ”CPT. 118,
z 'I‘ S Jlli 1 SPTEeXKA
-’10)1\317 Qo rg 5’\ QIQQ'\ KaK BIHO 113 mp-‘;;l:;\:
7 5 1 = 1OKe 3
1€ (1) Ty, '\y “l'“' J‘YI nnoulﬂﬂ;’)’ u BOC, pacnoaoxe
T Q 1 0 R
.l Q“ ke Kins Yy =X
N (i 2 dyui P
ST Oy 0 mo 2 ¢y 3 gon-
AN QM anm x OT [ BHICASEM Tl
3 npey . v 20
e ”e"’k 3 Sy, Maoanb
"q 5 S 1
: 2yl =4
Sae— | T
’ ‘ung Y=
T "n X 0
hopmy
@ 0
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Takum 06pasoM, BCS HCKOMAs MAOLIANb
1
S=Si0p—+Spoc=147-

Mpusep 3. Hattrn nuowans durypei, saxiouentol ymexny
M Y= x2 u y=x (uepr. 118).

Pewenne. 3ajaHnbie JUHAN MEPecekaiorTcs B Hayane Ko-
opanuar u B Touke A (I; 1) (KOOPAMHATEHI TOUEK IEpeceuenns
HaXO[HM, PeliuB COBMECTHO ypasHenus oGenx jnuui). Onycriy
13 roukn A ma och Ox nepnenaukynsp AB. Ou sBasercs of-
peskom npsimoft x = 1. Mckomas mnnomwans (uepr. 118) papua
pasHoCTH Mexay naowaismu Tpeyroibinka OAB i Purypr
OmAB, 7. e.

SOnnlz SO.ALB—SOm.-lB. (3)

TMaomans OAB 3akiiouena My rpadukom Gynxing y —
npayvimg x=0 u x=1 n ocvio Ox. - -
Muowans OmAB sakiiouena MeXAy KPHBOR y — g2
MuMi x=0 n x=1 n oceio Ox. Pyukunn y= x ,
HOAMKNTEIbHE B TpoMexyTie sHauenn#t X or 0 no 1.
Cuenosarensio, no ¢gopmyne (1), yuursisas paseicrpg (3)
HMeeM: h

» TIpsi-

I V=

1 1

1 1
SOns= /x([.\' — '/ 2dx=
0

0 0

YnpawHeHHs

" al Py PLI, OFPa 4 it
1. ll‘m.m 11O Ab (PHrY pbl, OPPARHYEHHON MPAMBINI y = 5 1 o

9. Haiiti njomams (HUCYpL, 3aKMOYEHHON Meicq
— 3, x=—2u ccvio Ox.

Y TIpaAMEINgy Y

xXr—35 x .
3. Halits naouwajib (purypul, Grpaniuiuenion KpHeoii y =

9252
2x% o
H npaMpag x =21 x=4. » OCio O

4. Hafiti naonians (urypbl, OrpauuueHuoi KxpHeoii y2 — Qs

Mumin x=1mn x=9. X wnpg.
5. Ha kpusoii =4x jgaua TOUNA, OPAMHATA KOTOpoij

Haiitn naouiaitb GUIYPL, 3AKMOUCHION MEHKAY RAHHOI K ABY

PHBOI, gopy A2
1 npamen y = 0. ’ CMUOV‘,

6. HaitTi naowmaas GUryps, 3ax<.'xl(3)-leuuou MENCY KpuBoi; e

cepio Ox M MpAMBIME X = U_' Hax=2 . '\'J\.\]
7. Jlana kpupan y = 2x*— x- 2. Haiitn naongan, Pury

ToneHIIo Meskay AANHOil KPHECH, CCAMH KOOpAMRAT yt ”D”\‘di{]u' 33~

CeIMEHTZ, gpr = 3

» OCHOR gy, "

LTS

8. Onpejennts naonaib 1apaboanyecKoro
sporo @ = 6, a BLICOTA h=38.
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9. Haiitu nnomans ¢urypsr, orpannuentoii oceio Ox M JHHHAMI;
1) y=2x—x% 2)y=9—x° 3) y=x>—5x+44

10. Haittn nuowans, orpannuenmsyio ORHOH BOJHOIN CHHYCOMIL H
ocuio Ox.

”.: Haiitn nuougans ¢urypu, orpamuuensoil ocAMH KOOpAHHAT H
KPHBOI y = 4 (] — ).

12, Haiitu nnoutans, 3akaiouBHHyIo MeKNy AHHIHSMH:

1) y=2x—x2 B y=ux,
2)):.—_%):2 H y=4—ux
3) ¥2—9y=0 nu x—3y+4+6=0,
Hdy—x3=0 u y—x=0
13, Haiitu naomane, sakaouennyio Meucty CaCAyoOUIAI KPHBLIMIL
yl=x n y=x2
N y=x*un y=1—u2
3) 4x2—9y +18=0 u 2x2—9y--36=0,
4) X2+ y*=8 un y>*=2x

i § 113. O6menm Tesa ppawenud. Ilycrb aaua xkpnsas, onpe-
JSeMan  ypasuenuen y=f(x), 1 na wHell ase TOUKH Au B

Y

s/

Yepr. 119,
c
qn';:‘?lcpu"cc“'" OP=a u 0Q=~ (uepr. 119). Ecau ppawarb
“Dauleﬂ":BQP BoKpyr ocu O.x, TO 0Gpasy” 1coTopoe Ted

B |




“
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Pasnemim orpesok PQ Ha n paBHLIX uacTeff, Kajuyio M3
KOTOPHIX 0G03HayuM 4epes Ax, M B TOUKAX Ae/NEHHS BOCCTABHM
nepnenaukyaspsl kK ocu Ox 1o nepeceuenus ¢ kpusoft. [lposens
U3 ITHX TOYEK MepeceyeHus npamble, napamiesashsie ock OX, 10
BCTPEUH C COCENHHMH NePNeHAnKYIapaMH, Mbl pasoObeM ¢u-
Typy ABQP na n npaMOyro/bHHKOB i KPHBOMHHEHHBIX TPEYrOb-
Hukos. Ipu spauennn ¢urypst ABQP Bokpyr ocu Ox Kawibih
13 NpAMOYroJIbHHKOB 00pasyer WHAHHAD, a CyMmMa 06eMOB 9THX
UHIMHAPOB AacT NpuGMIMKEHHYIO BeJHYHHY 00Lema paccMarpuba-
emMoro Tena spaulenus. [Toxcunraem sty Cymmy 06BEMOB WHJIHMH-
ApoB. Jlas 9Toro BosbMeM OnMH W3 HuX, nanpumep CDFE. Kak
BHIHO 13 ueprexka, PafuyCoM OCHOBAHHS TOro umannapa Gyaer:

CC=y=[(x)
a4 BLICOTOf
G =A%
Cienosarensno, 06beM YKasaHHOTO IWJIMHAPA PaBeH
wy2Ax,
4 cymma 00LEMOB BCex LIHHAPOB Oyner
b
Diry?Ax.
(4

910 BLpaenne n npencrapiser coGol NPHOINKEHIYIO BEMHIHHY
O0bema rena spawenus, T. e.

z}:ﬁyﬁ Ax.
«a

Mosomuy Teneps, uro uncao ienenuft orpeska PQ neorpa:
Iuenno Bogpacraer; Toraa AX, a cClenoBaTe/bHO, H MPOH3BE-
Actite my? Ax GyayT GeCKOHEWHO MAMBIMH BeJHYHHAMH.

Ilcpcnzul K Ipeaey, MoJyHiM:

b
. .l
v= lim 2 =y?Ax,
Az >0 a
Wi cornacno opumyae (5) § 111

v b b
lim 2= 2Ax=fﬁy2dx=ﬂfy2dx.
a

Az >0 u a
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[TosTomy
b
(— fyzdx. (1)
a

TMpumep. ®urypa, orpannyennas anausamu y2 —4x, x=0,
x=4 u y=20, spawaercs Bokpyr ocu Ox. HaHrtu o6bem no-

nyyvensoro Tena (uept. 120).

%
J
Y
2.k
g A

=0

S =z
\
R

Yepr 120. Yepr. 121,

Pewenue. IToayuyennoe Teno Ha3piBaercs napaGosouioM
ppawenusi. Cornacuo dopmyne (1) nmeenm:

v:nj)ﬂd.v-—_rzf‘}xdx:r.l‘ﬁ.vﬁ:r- 2 . 42— 32w,
0 0 0

[Moabaysice Gopmynoit (1), Moxio BuiBecTH (GoOpMy bl 00BeMa
KOHyca, lapa u ero uacteft.

O6GbeM NMPSAMOro Kpyronoro komuyca. [lpavoft
KPYroBo# KOHYC MOJYYaeTCs OT BPALIEHHs NPSIMOYTOJLHOIO Tpe-
yroabhuka OAP sokpyr ocn Ox (uepr. 121). Cocrasum ypas-
nenue npsaMot OA, oOpasyiouleft npu cBOeM BpalleHHH KOHHYE-
CKYIO MOBEpPXHOCTb.

OGo3nauus

OP=H, " PA=R,
HanHieM HMCKOMOe ypaBHeHue mpsamoff OA:

. = _PA R
y_kx—tga-x_o—[_,_\_ﬁ,\.
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Tpumenss dopmyny (1), Gynem myeTh:

H H
e R 2 2 .,
v:zj (T_Ix) dx='.:£2/ KAd—
0 v
k it K
S A R T
m | T = =g R,
0
v= =R @

O6bem yceueHHOrOo KOHyca. Yceuenuw#f xonyc
MONHO 1OAYUNTh, Bpailas npaMoyroasiyio Tpaneunio ABCO

i
B

A x
2 ) Tl e

Yepr. 122,

Bokpyr oci Ox (uepr. 122). Hafinem ypasuenue npsmoft AB,
o0pasyicuieli KOHNYECKYIO TOBepXHOCTb. [Ilis 9TOrO HOAONKIM:

OA=r, CB=R, O0C=H

u nannuwes ypastenne AB B puse y=kx—0b.
Kax puano us uepreixa,

o]
)

. _ BD s R=un
b=r, kh=lgo= =7

o
5

S

A

Takum o0pa3oM, HCKOMOE ypasHeHue Oynet:

R—r
7] X I,

y=
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Coraacno dopmyne (1) naitnem:
H

w=ﬂ;}/‘(R;r

Briupc/inM onpenesieHHbIE HHTErpan CnocoGoM MOACTAHOBKH.
Tlosonun

r)2 dx.

z L x—tr,
TOrza
g ; T dx,
oTCI0Aa
o JHdz
SXa R—r

Hosrie npenennt nnrerpana OyayT:

Zp==

Cnenoarensho,

H R
‘IR ro. 2___'21111'2__
n/( i ,\—{-r) d,\__hl/ 2=
H T 3 , H
ey - T
T R—r |3 T 3R=—D fea =
= Sy (R—r)(R: o Rr - rt) = S (R2 - Rr - 12)
o= R Rr 1), @®

O6mbeM wapa. lllap noayuaercs or BpalwleHiis NOJYKpyra
C LEHTPOM B Hauane Kkoopamuar Bokpyr ocu Ox (uepr. 123).
Vpashenie OKpYKHOCTH pamiyca R, npeAcTaB/entoll na ueprexe,

uMeeT BHI
X2 =R,
OTKyAd
P=R2— 2
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g
ﬁa
‘1
Yepr. 123,
¥
! d
/ \
\
|
|
o | A | 8
] |
—.—:—H
: /
/
!

C

Yepr. 124
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Cornacno 'Q)opymyne (1) natimem:

+ R +R -
(= fyzdx—wf(Rz—xz)da_Q f(Rz—.v)dx—-
-R
= R(RZx—%“):%(RB—%):;—‘,nRH
0
'U=:j—lﬁR3. (4)

O6bem maposoro cermenra. Llaposo#t cerment
MOJKHO MOJIYYWTb, Bpallas TNOJNOBHHY Kpyrosoro cermexnra ABC
BOKpyr ocu Ox (uepr. 124). OGosuauus peicoTy PB 11apoBoOro
cermenta uepes H, a p:uluyc Kpyra uepes R, Gyzem HMeTb:

R R .
U= i_./ y2d =n”./”(R-— 2D dy— h(ﬂ(R%\'—%):
—«f(re. ’*‘) [ReR— 1) — B} —
- (2 — RV RH +R —-SR-H-:JR)I‘J—/-I'X):

3
(2R? — 3R?+- 3R*H + R?— 3R*H - 3RH* — H%) =

=7
= 5 (3RH?— H%) = =H*(R— H).
fu=7:H~'(R—leH). ()

OGbem maposoro cektopa. Lllaposoil cexTop MOKHO
NIPEACTABITL KaK TeJo, MOJAyHelHoe OT BpalleHlsl KPyrosoro
cektopa OAB Boxpyr ocn Ox (uepr. 125). Kax pnano u3 uep-
Teska, 00beM WAPOBOro CeKTOPa pasen cymme o0benmos konyca OAC
n waposoro cermenta ABC. [lpumenss Qopmyin (2) u (9),
natizeM o0LeM IAPOBOro CeKTopa:

1 T , PB
v =3 =PA*. OP+ = - PB2(0B—"5° ).
OdGosnaunym
PB=HJ NOB=R;

Toraa
OP=R—H
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§ 113]

25.

Yepr. 1

Yepr. 126,




286

INPHJIOKEHHS HHTEIPAJA [ra. xit
13 Tpeyromume 4P
PA = Re__ (R — H)? = 2RH— H".
Mozcrapyy SHavenus PR, OB, OP, PA? B BRIPAKEHIE olrexa
Haposoro cexrop,, nonyim: A )
_ 1 2 k,—’—' =
'”‘J*T(QRH~H2)(/\)_/7’)+7’H ( 3 N

2o = Upra O
1 pps - RH*— 5 HY)=
gl 2 o
“7"(3*1?2H~3~2/QH2_.31R/7,—+‘5
=2 aRep, (©)
2 _pzH- 1 T10ayvaercy
v=73 2 o Cﬂotocll Ox, rue

f

oB r /e n
05 a0’ oxPYT v (repr. 120)
. BeM Wwapogor, cno’ QPKOOP}‘

Peyastare gpayermn puryp®?! l_muzz/’e

—AVIa 0K py ey oM B J1s
oxoxcy; GlieRsy o // A
Od=0c=R pQ~ 0"
P/):,-J 01'0 R
: B )=

| QC =, ul‘,,pi/ ',/p(ﬁg’b, d)
TAa cornacyg ‘i)OpMy 76 (1) 0 61:5"’ /

44 i V. 2 03
b Hip ¥ = /1/4 j e . _3_) r
N '/.Jlgd-li‘:ﬂ/‘(@g_'vﬂ)[/’ / 3 /‘?g/,

or .
4 2/
[[reren— ez (7,
:, Vi s 31 4 0AP) u
R -y +,7//-//34— P / p Pz
; , .
/ 3 P "/fﬂ
K= — g .—If/-’). 5
L 1724 )’
7’ (<

K Kak /\’3=,‘~"+/l-" (3 0%,

: 2 L e
11" (w3 mpeyrompma 24 v -

2

K=yt (A
2 9 9 /4
N =ri4 14 of”
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01CI01a
r'f—r:‘;—H3

TMoxcrapus maitnennsie sHavenws R Hh B Bhipawenne
0f'beMa 1aPOBOro CJ0s, MOMYUHM:

n—HY 1 )

Hh—

9 9 r .
'u=ﬁH(r;+h e 7 —FH~

Qr‘;’—rf-}- e N 1 - r'f-l-rf H?3
=qH|————+ - H*— - H?| =cH——+-7 —.
—A.H( 5 +2H 3H =aH 5 —+ 5

20, 3
ri4r; H
V= ’RH—‘—I--*- R—=—F— (7)
2 (]
YnpanHenns
1. $urypa, orpannuennan npaMuM y = —x 43, x=0, x=31

y =0, spauwaerca sokpyr oci Ox. Haittn oGven noayuentoro 1ead
BPALLCHIS.

3 1
2. $urypa orpamena xpusoii y = < 1 IpAML X = 2, x=31

y = 0. Haiiti oGnen Teda, moayuenuoro or spaiyenna ee poxpyr ocn 0.x.

3. Or mapa pagiyca R = 5 ¢t 0TCeYCH CErMENT ¢ BHCOTOl h=2 cAt.
Haiirn o6em storo cermenta,

4. Haiitit o6mem cqhepiueckoro cextopa, y KOToporo paauyc ocho-
panns r=3 ¢a, a pamuyc wapa R =25 cat.

5. Haiin oGbem cdepuueckoro ¢ios ¢ pajiycami ocoBaumii
ry=9ca 1 ro=§ ca 1 Buicotoii h=3 car.
6, Busecrn (opmyay cbbeMa SAIMNCONia Bpauenus BOKPYT
ot Ox.

7. Haiitn ofmem napaGoaonja Bpalienns, y KOTOPOro AHaMET)
ocuopanus paven 60 ¢, a Bricota pasua 50 ¢z

8, Haiiu omen Tena, obpasyenmoro pauennem soxpyr ocH Ox
(urypst, orpatnyennoii kpupoil y = sin x H npAMbIME X =0 ¥ =7

9, Hatitn o6ben Teda, noayuentoro o spawenna soxpyr oct Ox
(urypsl, orpannuennoli oculo adcuuce M KPHBOI:

) y=2x—x% 2) y=x'—4,

10, Haitrr oGsent Tena, 10Ay4eHHOro OT BpaleHus Bokpyr ocH Ox
(pHrypol, OrpaIuCHuON JHIKMAMK:

y=x24+1 u y=2

§ 114, Myrb, npoiinennbii temom. Ty s, npofinentbif
TCM0M 3a BpeMa { B MPIMOMMHEHHOM ABIKEHMH C [OCTOAHHOH
CKOPOCTBIO ©, onpefeasetcs no dopmyse

s=mul. (1)
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Ecnu Teno nBukeTcs HEpaBHOMEPDHO, TO CKOPOCTb €ro Me-
HAETCS B 3aBHCHMOCTH OT BPEMEHM £, T. e.

D=f(1)}

Yrobel HafiTH B 3TOM ciyuyae NyTb Tena 3a BpeMs OT r=7;
10 {=t,, pasneiuM TpPOMEXYTOK BpeMeHH f,—Ff, Ha n pas-
HEIX M OueHb Manblx uacrett Af. [TonoxnM, UTO B TeUeHHE Kax-
JIOr0 13 MNPOMEeKYTKOB BpeMmeHH Af CKOpPOCTb Tejla OCTaercs
TIOCTOSIHHOM, ~ MEHAACh CKAYKOM B KOHUE KAWIOro mpome-
ayrka Af. Tlycrs, nanpumep, £,—£, Mbl pasGuin Ha mpome-
syt Af =1 cer. Cornacno caenaHHOMY AONYIUEHHIO B MePBYIO
CeKyHIy TeJO ABIKETCA PaBHOMEPHO M B KOHLE ee MEHSeT CKO-
POCTb, NMPOAOJIKAS B TeUeHHe BTOPOH CEKYHIL! ABNIaThCs PaBHO-
MEpPHO C MOoJyueHHOM CKOpPOCTbIO; 3aTeM B KOHILe BTOpOH ce-
KyHAbl NpHoOpeTaeT HOBYIO CKOPOCTb, C KOTOPOH H JBUKETCH
PaBHOMEPHO B 1TeueHne TpeTbel CexyHabl W T. I.

[MosToMy ny1b Tena 3a spema Af nattnercs no dopmyae (1)
n Oyzer npubumikenuo pacen f(f)Af, a 3a Bpemst f,—¢, TyTb
ero

ts
s D f(t) At
&

Bynem ysenuunsate uncno pnedennit n, toraa Af, a Takme
I CKAUKH B H3MEHEHUH CKOPOCTH B KOHILE KDKAOTO MNpoMe-
wyTka Af OynyT Bce Menbiute U MeHblue. Ecan n—co, 10
At — 0, a, caenosatensno, u f(£)Af — 0. Tlpu sTom ychosnu
CKOPOCTL Tena MeHfeTcsi yike He CKauKooOpasHo, a HenpephiBHo,
I nyTh ero Oyner paben:

t
s= lim > f(£)At,
At

>0,

uan coraacuo gopmyae (5) § 111

ty ty

s=lim ¥ At = [ Fe)at,
s Mw?,;() hff()

12
s:ff(t)dr. ©)
£
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IMMpumep. Cxopocts mBiKenns Teia 3agaHa ypasHEHHeM
v=(2t>~+¢£) cm/cer.

Hatitn nyts, npoftzenubiit uM 3a 6 cek. or Hauana LBWIKEHHS.
Pewenne. Cornacno dopmyne (2) nmeen:

o 0
=/(212+t),1z=|(3t3+‘—t2)=
c 3 2
0

0

=§_.53 _;_%.62:162 cat.

Ynpaxuenus
1. CropocTs majaiomero B mycroTe Teaa onpeaessercs mo (op-
Myne
v=981¢ afcer.

Kaxoii nyts mpoiizer 7eno 3a mepsuie 10 cex. manemsn?

. 2. Haiitin (hopmyay nyTi mazaiouero Teqa B nycTOTe, ECAH CKOPOCTH
€ro nazenus

v = gt Mfcex.
3. CropocTh zpmuAeNuNs Tena onpejeaseres no (opmyde
v = (32 —2¢) cafcer.
Kakoii nyTh Teno npoiier 3a 5 cek. OT Hauana ABIIKCHUSA?
4. CxopocTb ABHIKCHHS Tena
6
U= (41 _W) catfcer.
Onpeneants NyTh €ro 3a TPETLIO CEKYHAY.

5. Jlpa TeJa naunuaior ABIKElHe OIHOBPEMENHO M3 OJIOI i TOIT Je
TOUKH: OHO CO CKOPOCTLIO

= 36* ./ aun,
APYroe co CKOPOCTLIO
‘ v =20 st/ Mmun.

Ha xaxom paccrosnmu Apyr. oT apyra oun Gyayt uepes 10 muim., ecan
OHI JIBIDKYTCA MO HPAMOIL JIMHUH B OJHOM HANpaBJICHHH?

6. Jlsa Teaa ABIKYTCSl NO OANOIT K TOI 3Ke MPSAMOIL JAHHHH; OJHO CO
CKOPOCTHIO

v = (3£ -+ 2() w/cer,
BTOPOE CO CKOPOCTLIO

v = (8{ 4 19) wt/cer.
Ecan B mauase ABIKeHHS O GLii BMCCTE, TO KOLAA M Ha KaKOM pac-
CTOSHHH OT Ha“ana ABIKEHHA oM onsTh GyAyr smecte?

19 3ax. 215, M. JI. 3aluen
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7. Haiith nyTs, NpOMACHHBIN TEJIOM OT Hauana ABHIKEHHs 1O OCTa-
HOBKH, €CAH CKOPOCTb €ro onpejeisercs mo gopmyae
v = (6 — 222) cat/cer.
8. Kamenb Gpomen ¢ 3eman BepTHkannuo ssepx. Haiitn naunGonn-
Y0 BLICOTY NOABLEMa KaMHsl, €CAH CKOPOCTL. €ro
v = (19,6 — 9,8¢) at/cer.

9. Msu Gpouies BepTHKaALHO BBEPX ¢ HaYaabHOil ckopocTsio 20 At/cer.
Ha kaxyio HauGoabliylo BLICOTY OH HOAHHMETCs?

§ 115. PaGora cuael. [lycts 7en0 ABHKeTCs 10 mpaAMOH
JUHHM NOA ZAeficTBHEM nOCTOSHHOM cuael F; Toraa paGora P,
copeplmiaemasi 9TOH cujoll Ha npoHaeHHOM NyTH, PABHOM X,
natnercs no Qopmyne

P= Fux, (1)

rIe X Belpaxkaetcsl B MeTpaX, F— B kujorpamyax, a P —B KHio-
IPAMMOMETPAX.

Ho ecan msinkenne 1esa mpoucxoaur moa aelcrsiem nepe-
mennofl cuanl, To ee pabora onpeieaseics chaoxkHee. Dbipeses
QopmyJsy Ans 3TOro chayyas.

IlonyctuM, uTo Teno, Haxomsueeca B Touke O B COCTORHMHI
MOKOsl, HaunHaeT ABHraThes MO npsyoit aummn (uvepr. 127) noa

a A i)

UYepr. 127.

nefictouenm nepemenHoft cussl F, unamensiouieficss B 3aBHCHMOCTH
OT NpOWAGHHOrO NyTH X, T. €.

E=—f(e)?

Ilyctb B HEKOTOpPBEIE MOMEHTH BPEMEHIH TeJ0 OKa3anoch B TOu-
kax A u B, npuuem

Od=a u OB=1.

Tlokaxem, Kak onpeaeianrb padoTy, copepiiaeMylo Aaniol cuiofi
na orpeske nymtn AB=0b—a.

Jlna storo paso0beM €ro Ha 7 PaBHLIX W OYEHb MAJbIX
otpeakos Ax., Ilosmowuy, kak n B sanave § 114, uto Ha Kax-
J0M OTpeake AX CHWIAa OCTaeTCsl MOCTOSIHHON, H3MEHSSCh CKAUKOM
B Kouue kaxaporo orpeska Ax, Toraa no ¢opmyae (1) paGora
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cuabl Ha orpeske mymn Ax Gyaer npuGmmkenHo pasha f(x)Ax;
paGoTa e cunpl Ha BeeM nyTH AB=b—a

b
P~ 2 f(x)Ax.

Ecan uncno nesenntt n HeorpaHuuenno ysemnyuBath, To Ax
a, caenosaTesbHO, 1 f(x)Ax cramyT GeCKOHEUHO MalbIMH BeJi-
unnayit. [pn 9TOM ycnopii cisa GyAer MeHsThCS He CKAuKaMi,
a HempepLiBHO, M HckoMas paGora ee GyieT paBHa

b
P= lim 2, f(x)Ax,
A2 >0 a

i cornacuo dopumyae (5) § 111

b 1
P =M|,n_1:o§f(x) Ax =af f(x)dx,

b
P= f f(x)dx. o)

IMpusep. Cnna B 1 x2 pacrarusaer npyxuny Ha 3 ca.
Kaxyio paGoTy OHA NPH STOM NPOH3BOLUT?

Pewenue. IMo sakony l'yka cuna nponopuunonaibia pacts-
JKEHIIO I CIKATHIO TIPYIKHHBL, T. €.

F = kx,

riae X — BeMHUIHA PACTsHKeHus Mau cxkarnsa ee, a k— xoadpu-
wuelnT NponopuHoOHaNLHOCTH,

YroOsl wHatiTi 3uaveHue £ aan HaweR samaud, MOACTABNM
Jaulbie BEAHUHMHEL B ypasHeuue, Burpaxawomee saion [yka;
Oy UIM:

1=1/,.0,03,
OTKY A i

k=m.

CrietoRaTenbto, Ciia, PacTaruBaioulas Haly npyKuny, BblpasuTcs
B CJeLyIOUeM Biie:
1

F=(‘)’—O§x.

19%
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Tak kak CHJa HauYMHAET NEHCTBOBATL HA MPYXKHHY, HAXOLs-
uiylocs B COCTOAHMHM TOKOS, TO HIDKHMH npenes HHTErpana
B Qopmyne (2) a=0, pepxmu#t xe mpesen b= 0,03. Caeno-
BaTe/NbHO, MCKOMas pabora Oyner:
x2 1 0,03 0,03

=y = 0,015 reat.

/ ' A xdx =
-—.J 003 0,03 2 — 0,03
0

.
YnpawHeHus

1. Cuna B 6 xz pactsarnsaet npywuny Ha 8 car. Kakyio paGory ona
TIPOH3BOANT?

2. Buiuncauth paGoTy, NPOH3BOAHMYIO NpPH CHKATHH NPY:KHHB HA
4 car, ecan man cxatns ee na 1 cae nyxna cuaa B 1 sz,

3. Tpymuua pacrarusaercs na 6 car mox aeiicTsmen cuinl B 3 K2
Kaxyio lpaﬁory olla NPOH3BOAHT, pacTsarusas ee na 10 car?

4. Haiitn paGoty, NpOH3BOANMYIO NIPH CHATHH NPYIKIHLL HA 3 ¢Af
€CJIH  H3BECTHO, YTO JiA CwatHa ee Ha 05 caf HYMRHO NPHAOKHTL
cuay B 1 xea.

5. Cnaa B 6 2 nocrarouna, uToGBI PACTAHYTHL NPYIHHY Ha 2 CA.
IMepsonavansias aanna npyxunst 14 car. Kakylor paGory ny:Ho couep-
WHTL, 4T00bl pacTanyTs ee no 20 car?

6. Pactarusan npy:kuuy ma 4 caz, - npomasedau paGory B 10 wear.
Kakasn paGora Gy/AeT npoHzBeicHa IpH pacTsuKeni npyxciin na 10 cu?

7. Uro6ul pacTanyTh HEKOTOPYIO MPY:KHHY Ha 2 caf, HYIKIO NPOHI=
secT  paGory B 20 xear. HackonnKo MOMKHO  pactsuyTh HPYIKHILY,
sarpatus patory B 80 rcear?

8. Mpy:xuna B cnoxoiiHoM cocrosmmn muyeer jaamuy 20 car pys
B 10 2 pacrarnsact ce na 25 car Kakyio paGory nHaio CoBepIINTL,
uro0hl pacTanyTh €e Of Aauubl B 25 car a0 aamnnt B 35 cur?

§ 116. PaGora, ccBepwaemasi npu moausitiui rpysa. s
(UBHKH H3BECTHO, YTO MPH NOAHATINI IPY3a HA HEKOTOPYIO BLICOTY
coBepliaercs pﬂﬁOTil, paBHast NpoOU3BEACHHIO BeCd, BLIPAMEHHOro
B KHJIOTpaMMaX, Ha BLICOTY NOAbEMA, BHIPAKEHHYIO B METPAX.
ITpu aToM cama paGora H3MEpsieTcst B KHAOrpaMyMomMeTpax. Pemny
HECKOJIbKO 3ajau, )

Sanaua 1. M3 wnmmapuueckoro Gaka Hy:KHO BHIKAUaTh
BOAY, Hanojusiomyio O6ax no kpas. Kakas paGora npu atom co-
BepliaeTcs, ecan pamuyc ocnorannst 6aka R =0,6 a, a Bucora
ero H=3 u?

Pewenmne. Ecan Out Mb NOAHSAK HA HEKOTOPYIO BLICOTY
Gak BmecTe € BOmOH, TO pabory, HeoOXOAMMYIO /ISl 3TOro,
Hawai Gbl JIErKO NPOCTBLIM YMHOMEHHEM Beca Ipysa Had BLICOTY
noavema. Ho paGora, cosepimiaemas npu BHIKAUHBRHITN KHAKOCTI,
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onpeaessieTcss CAONKHEH, TAK KK HKHAKOCTb B 9TOM CaAyuae MOA-
HUMAETCsl He BCs CPady, a MO YaCTsM, CJOSIMH, TpHYEM BHICOTA
NOLLEMA Y PasHbIX CJOEB JKUAKOCTH PA3HAast.

Jlasi pewennusi 3anaun pasoGbeM IWHANHAP TAOCKOCTAMH, Na-
pajuie/lbHBIMI ero OCHOBAaHMIO, Ha ToHkme caon (uepr. 128).
Brineans oaun u3 HiX Ha rayGuhe

Vi o/

1 0003HAYMB CrO TOJULHHY M 00beM
coorsercTienno uepes Ay u Aw, 6y- z
AEM HUMEThb:

Av=mR2Ay u3. » |77 o3y
Bec roan AQ B ualizennom oOneme &/
Oyner:

AQ==R2Ay m,

rak kak 1 w® soawt secur 1 m. Bui- e O
pasin AQ B KIWIOTPAMMAax, HOJYUHM:

AQ = 1000=R2 Ay re. Yepr 128.

UroOpl BLKANATE BOAY, HAXOSULYIOCS B paccMaTpHBaeMoM
ca0e, ero 1yXKHO NMOAuATL A0 Kpas Gaxa, T. e. Ha BLICOTY

0,0 =y.
PaGora AP, corepiiaemas npn 3TOM, BLIPA3NTCH TaK:
AP =AQ - 0,0 = 1000=R2y Ay re.u. (1)

ITpit nocaeioBaTe/bHOM TNOAHATHH 10 Kpas 0aka KakKioro
cniosl, HAUMHAS C TEPBOrO M KONHYAS MOCJACAHNNM, COBepIaeTcs
B KAKAOM ciyuae pabora, onpeneasenas pasencrsom (1); npn
STOM BEAHYNHA Y HMEET JUS KOKAOKO €08 CHOE  3HaveHie
3 rpamax or 0 xo H. PaGora ke, He0OXOANMAY A8 NOAUSTHS
Beefl BOALL, BBIPABUTCS B Bitae

"
> 1000=R2y Ay,
0

Ho noayuenuas BeJnuuua paGoThl — TOALKO MPHOMIDKEHNAs.
HroGu nafiri HCkoMylo paGoTy, GyAes HEOr PAHIICHHD YBeANIHBATL
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uycao meneHu# WIIHHADA TJIOCKOCTSAMM; TOrAa BCA pabora
H
P= lim >, 1000=R2y Ay,
Ay >0 v
wan cornacHo dopmyrne (5) § 111
H

P / 1000=R2y dy = 1000
v

— 1000sR? - 22 — 500=R2H2,

Samenus R u H ux snaueHusamu, Hahaem:
P =500=- 0,62 . 3> = 1620% rzu.
3anaua 2. PesepByap konmuuec-
xoft (opMBbl, PacnoNoXKeHHLIl Bepili-
HOH Ha TNOBEPXHOCTH BZEMJIN M HMe-
omwuft  Beicoty =3 m u panuyc
S ochoBanus R =90 cax, Hanoxauen
(0-—=38 sonott. Kakyio paGory ny:kuo npous-
BecTH, 4TOObI BLIKAYATL M3 HEro BClo
Bony?

Pewenne. Kak u B neproll sana-
ye, pasobbeM KOHYC HA TOHKHE CJ0iH
M KDKABI U3 HIX TPHMEM 34 WIHHAP.
Brigeanm o uanix narayoune 00,=
= y (uepr. 129). OGosuauns Toanuy

0.? BBIAEJIEHHOrO CJOS 1l €ro 00 LeM CooT-

Yepr. 129, percrseHno uepes Ay u Av, nannmenm:
A== - OlBﬂ A-\: S, (l)

Buipasum OB uepes y; u3 noaodus tpeyroasiiukos 0,0,8 u
0,0A uneem:

0:B __ 0,0,

0400
oTKyna

04 __ 04 _R ;
0,B = 00" 0,0, = @(030 — 00))= 7 (H—y).
Bamenus B paseucrtse (2) O;B uafaeHHLIM 3HAUCHUEM, IOJYUNM:

A== %(H—y? Ay 3,
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Bec Boast AQ B o0beMe Av Gynmer:
AQ=2% H‘ (H y)sznw—lOOO (H—y)szxz.

PaGora AP, cosepuiaeMas mpH TOAHATHH Boxbl Becom B AQ xz
Ha BLICOTY '

0,0=y,.
BbIpAa3uTCA TaK:

AP=AQ:0,0= 10001 y(H—y) Ay rzm.

PaGora e, neoOXxoAumas AAs TNOAHATHS BCelt Boaw, OGyner
NPUOJINIKEHHO paBm

Z 1000= K%y (1 — yyay.

Ecnn HEOrpaHHYUEHHO YBEAHYIBATL YHCIO neneHult Konyca,
TO lHCKOMan paGo‘m

P= lim 2‘1000“ R y(H— yray

Ay >0
i coraacuo Qopmyne (5) § 111
H
P= [ 10005 1 y(H—yydy=
Y "
= 10005 1% / (H2y— 2HY? %) dy —

b __R- H2y?  2Hy3 B
— 10007 713 (T_T T)—
0
— 1000mR? (L 2HA | HA) | 1000R® HA _ 950nRUHR
e ( 2 3 4 AT "T12 — 3 :
uan nocae samenst R i A HX 3HauEHHIMH
507 -+ 0,92+ 32
p=20 08 % _ 607,5% eu.
YnpaxHeHus

1. Bax c npamoyroapusy ocnosannem 50 iz X 80 i n BricoToif,
Pasuoii 60 car, nanoanen sBonoi. Kakylo pa6oTy HYMHO COBEPUIHTE,
4100Bl BLIKAuaTh BCIO poay H3 Gaka?
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2. Uuannapuueckuit cccyn ¢ aguamerpom ocuosanus D = 50 cu 1
BbICOTON Hf = 70 ¢t nanoanen sonoil. Kaxyio paGory HyMHO NPOH3BECTH,
yroGbl BhIKAyaTh BCIO BOAY M3 cocyna?

3. Bruncants pa6oty, HEOGXOIMMYIO 14A TOTO, YTOGH! BLIKAYATDh Ke-
POCHH, HANOAHAIOUIHIT LHCTEPHY C PaAMyCOM OCHOBamus R = 2 ¢ H Bbi-
coroit H = 3. (Y aeabubiii eec kepocusa d = 0,8.)

4. Kakylo paGoTy ny:<HO 3aTPaTHTh, YTOGLI MOAUATH BCIO BOJY H3
UHAHHAPHUECKOIl LHCTEPHBI C AHAMETpOM 2 4 B rayGHHOil 4 4 Ha Bbl-
coTy 15 4t majx BEpXHHM KpPaeM UHCTEpHLI?

5. Kanar aaunoit 50 4f, NJ01aAbI0 MONEPEUNOro ceuenus 2 ¢?, H3-
TOTOBJEHHLIH H3 MaTepHana, MIOTHOCTL KoToporo 6,4 2/ca, naBaekaercs
M3 WAaxTLl Ha noBepxnocts 3eman. Onpexeants pabory, KOTOpas NpH
STOM COBEpLIAeTCs.

6. Pesepsyap xonuueckoii pOpMBI ¢ BEPWIHHOI, 06PaIeNoil KHH3Y,
Hanoanen soxoit. Kakyio paGoTy HyuHO COBEPIIHTL, YTOOL! BLIKAYATL H3
HEro BCIO BOMY, €CAH PAaAHyC CcHeBanus Komyca R = 50 ¢, @ BuicoTa
H=1 ix?

7. Kakyio paGoTy Hy:HO TPOH3BECTH, UTOOBI HACHINATL KYy4y MECKY
KOHHYECKOH (JOPMBI, PaiuyC OCHOBauHsA KOTOpoil 1,2 4, a Buicota 1 ar?
(Y aeabubiit BeC necka 2 2/cAr% NeCOK MOJAHHMAETCH C MOBEPXHOCTH 3EMAR.)

8. Pesepsyap, umeouwuit (opsmy yceueHHOro KoHyca, HanoJHeH
BOAOH. Kaxylo paGoTy HyxHO NpeH3BecTH, 4TOObl BLIKAUATh H3 pesep-
BYapa BCIO BOAY, €CAM PAAHyCLl €ro ccHoBaumii R =24 u r=1.4,
a Buicora H =3 a?

§ 117. JlaBienue WHIKOCTH.
Sanmaua 1. Tlpamoyrozbuas mIAACTHHKA € paamepamil
20 ¢ X 30 car morpyi:KeHa B BOLY TAK, UTO MeHblildd Cropoud

5 - ee  JIeKUT Ha  1OBEPXHOCTI
M = A BOLb, a OOsblnasS SaHUMACT
BEPTHKA/LHOE HONOKENNE.

Hatttn  napaenue  Boanl  HA
NAACTHHKY .
Pewenwue. Ilycts nan-
asi naacruika ABCD pacno-
g0 ¢ g. JoKeHa, Kak YKasaHo Ha
y yepr. 130, rae MN —no-
BepxHocTL BoiAbl. Eciin Obl 3Ta
NJIACTHHKA HaXOAuAach B ro-
PHIOHTAJLHOM [OJIOIKEHHN, TO
JaBaeHue BOALI Na Hee Oblio
A D Gbl papio Becy croada i
KOCTH, WMEIOUIEro  OCHOBi-
HHEM  JAaHHyl0  IJIACTHHKY,
a BLICOTO! — ray0uHy ee pacnonoxeHus oT NoBepXHOCTH IKHAKO=
cri. Ho 1o rtakomy sakouy Hejbssi PACCUUTATHL HABJEHHE BOABI

e

Yepr. 130.
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Ha BEPTHKAJLHYIO MAOWANKY, TAK KaK AABICHHE HA CAHHHILY N10-
11aAM M3MEHAETCS C TAYOMHOH.
Jlns  peuenns 3anaun  pasobbem macTuHKy ua Goabiioe

yuCNO MOJIOCOK, Mapaiienshnix AD. Buigeaus omny i3 HuX, Ha-
npumep abed, Ha raydune

Bb =)y
1 0003HAYUB WHPHHY ee uepes Ay, a njowans uepes As, naitaem
As=ad - ab=20 Ay cx2. (h

[opu3oHTANLHAN niomanka 1 cu® wa rayoune Bb uenbiThizaer

japJienie, paBHoe becy cTonba Bonn, umeloutero ocuosanue s 1 ca?
w pucoTy BO= ¥, T e. nawnenne, pasuoe y 2.

Ilo saxouny Ilackans JlaBJIEH e KIAKOCTH MEepenaeTcs BO BCe
croponbl C OLUHAKOBOR cuiof; NO3TOMY AaBieHHe ee Ha 1 ca*
pepTHKAILIO PACNONOKeHHON nonocky abed Oyner npuOMHKEHHO
qome ¥ 2 Ha e e nojnocky abed nasnenne AP Bbipa-
3UTCH TaK:

AP =y AS 2,
il 10CNe SIMEHLL As cornacng pasencry (1)
[>
A =20y Aye.
Haxoas TakuM e oGp
{1010C0K, COCTABNAIONL Y
0N caytae Bediuny gy
crsoM (2), B KoTopoy y
Guiie PacTioNoNeg oy
na BCIO MJACTINKY ABC

(2)

430M napnenne poawl M KAKLYIO 13
ACTHIKY ABCD, Mbi nosyMuM B Kik-
OO napnenns, onpemesseMylo pancii-
MECT BHavenne, coorsercTByIOLLEE Py~

D“"(I) WHOH nosocku. [lapaeuue ke BOAbL
YACT npuGamieniio pasHo
20
u}
>-420,\'Ay_
0
Heorpanuyey;
Sy aeM 10 ypey ,
rzch; TOTAA NCKOMag )ne:u,l:“"““b uncao penenud NAACTHHKI
% kg
o Nanenus

P = \im 3‘ 20 oy i
A.u-»un“-l yAy:f 20y dy =20

3anavua 2,
“|1l<ﬂ ABC c

30
y—ﬂ ==
2
0
=10. 302 — e
nnncnmm 302 =9000 2 =9 «2.

Karerayy, AB BULe npsamoyronLHOrO TPeyrodb-

12c w AC=09 ca onywena
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B pTYTh TaK, YTO KaTeT AB 3aHHMAeT BepTHKAJbHOE MOJIONKe-
Hie, a BepliiHa B HaXo@MTCA Ha 3 cA HWKE YDPOBHS PTYTH.
Ha#itn nasnenie pTyTH Ha STY

M n TaacTHiKy. (YaenbHbit BEeC pTy-
t 7 i 13,6 2/ca3).

Pewenue. PacnonoxeHie

Y4 f— NIACTHHKY yKasaHo na uepr. 131,

¥ rae MN — yposenb pryri. Kak

5 . u B 3agave 1, pasobbeMm mJa-

@ J cruaky ABC Ha GoJablioe YHCaD

nosocok, napamieapunix AC,

KQOKAYI0 M3 KOTOPLIX NMpHMEM 32

A c NpPSMOYrOAbHIK. BbiaeanyM OLHY

Yepr. 131. 13 9THX MONOCOK, Hanpusep abed,

na ray6une Db.
OGoanauns Bb uepes y, a Wwupuuy u niowans noxocku abed
cooTBeTCTBEHHO ueped Ay m AS, Haftnem:

AS =bc - Ay ca®. (3)

Cornacno saxony [Tackans nasienne pryTi a nuowanky 1 cie,
PACNOJIOKEHHYI0 Ha rayGuie

Db=Bb-} DB =y-3,
PAaBHO TPUGMIKENHO
13,6 Db=13,6 (y+3)2,
a Ha BCIO nonocky abed naaenne AP BLIpasuTcs TaK:
AP =13,6 (y-+3)AS ¢,
WAH COrNaCHO paseHcTBY (3):

AP—13,6 (y—=3)- bc - Ay=13,6 - be (v +-3)Ayz. (4)

BripasnM 4aunHy nNOJOCKN bc uepes y; st 9TOrO PaCCMOTPHM
Tpeyro/ibuiiky ABC u OBc; u3 ux noaodus ciaenyer

be _ Bb
AC — 4B
nin
be y
91
oTKyAd

sl
=
I
|
b
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Tenepb pasencTBo (4) mepennuiercs:
AP__136-—y(y-—|-3)Ay_102(y-+3y)Aye. (3)

Jlapienue Ha KaKAYI0 H3 OCTaJbHBIX NMOJAOCOK Oyiler ompene-
JaTbCsl  papeHCTBOM (5), B KOTOPOM Y INPHHHMAET 3HAYEHHA
B rpannuax or 0 no 12. Cymmupys BCe STH NaBJIeHHS, Mbl MOJY-
yuM BeJHUMHY JapieHus Ha naactuHky ABC, npHOAHKEHHO
pasuyio =

12
}5} 10,2 (2 -+ 3y)Ay.

TMpu HeorpatlueHHOM yBeaHUeH il uncaa aenenntt naacrimkn ABC
HCKOMasi pesuulia Aapienns Ha nee Gy/eT pasHa

P= lim \ 10,‘2(y —+3y)Ay =

Ay >0
12 12
— / 10.2(y2+3y)dy =102 |(4 +2) =
. ]'7" 3. 122

(T+ : )——10,2(576—1—216)—
-10,2 - 792 — 8078,4 2~ 8,08 2.

YnpaxHenns

. Maittnn napaenne noxawl, uanoausionesi axpapuyM, na omuy u3
ero u'emm, uyciouyio aauny 60 car n suicory 20 car.

2, Haiity napaenne nosint 1a GOKOBLIC CTEHKH AKBAPHYM3, HANOANEH-
noro sonoii 1o suicorst 0,5 A, ecan auo nmeer paasepsi 1, 2 4t X 1,3

3. Haiitn napaenne poan! Ha BePTHKAALHO CTOAULIL NPAMOYTOABHIK
¢ paamepamit 3 4 X 2.4, ecat ero (6ablias CTOpPOHA BEPTHKAbHA,
a sepxusisi na 1,5 Ar miKe NOBEPXHOCTH BOALI.

4. B Goxopoii CTENKE pe3epsyapa nMeeTcs npamoy roabioe oTsepcrie
¢ pasmepamut GO e X 40 cur. C xaxoii cnaoil Bojga NPHIKMMACT KiAana,
Jahpmn'\muum OTIJCPLTHL, ecan Goabluas CTOPOHA NPAMOYFOJALHHKA FO-
PH3OHTA/ALHA H PACHOJOKEHA HA 2 4t HHIKE NOBEPXHOCTH BOMLI?

. [Taactiika b puae pomGa co cropouoii 5 car M ounoil U3 nuarc-
naneii § car norpyikena seprukanuuo B soay. Haiitu jasnenne sosan Ha
9Ty NJIACTHHKY, €CAH:

1) cTOpOHa ee JeKHT Ha NOBEPXHOCTH BOJLI;

2) Bepxuss CTOPOHA €€ JNEWHT Ha 2 cAt HHNKE MOBEPXHOCTH BOLLL

6. lMuacTHrka B BHAE TPeYroALbHHKA, OCHOBANHE KOTOPOrO 2 CAf,
a muicota 1,5 caf, morpyiena BeprHkaasno B Boay. Halitw nasienme,
MCNLITBIBACMOE 9TOH NIACTHHKOM, €CiH:
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1) BepuiHHA ee JeKHT la MOBEPXHOCTH BOALI, a CCHOBaHHE mapai-
JeALHO eH;

2) sepwnHa Jexut Ha 0,5 cAr HHIKE NMOBEPXHOCTH BOALI, @ OCHOBa-
1HE MapaJienbHo eif.

7. BuluucauTh japiende BOAbLI HA IUIOTHHY, MMeloulyio (opmy Tpa-
TICIHH, BEpXHee OCHOBanHe KoTopoil paBHO 6,4 4, HMuee 4,2 A,
a BBICOTA 3 Af, €CAH BOAA JOXOAMT A0 BepXa TJIOTHHBI.

8. Mepeausst yactb namGni MmMeeT (opmy napaGoanl ¢ BepUIHHON
DHH3Y; OcHoBanue nam6ul @ = 3,2 4r, BoicoTa ee it = 1,6 4. Onpeneantb
JlaBAEHHE BOAbI Ha AamOy, ecall Bona XOXOIMT JO E€PXHEro Kpas mamGsl.

9. Ha xaxoii ray6une HYIKHO NDOBECTH TOPH3OHTANLHYIO JHHHIO
la CTeHKe aKpapHyma, nmelouero aanny 60 car, a Buicory 25 c.ar, uToObl
naanel_;xm Ha HIKEJEMKAI[Yio 1 BLIIEJEMHAULYI0 YaCTH CTECHKH GbIaH
PaBHL!




NONMOJHEHUY

FTTABA XII
JAN®SEPEHUWAJBHBIE YPABHEHUS

§ 118. O6wmue nonsitua. Jughdhe pernyuarvniie ypasuenuen
HasbBAETCsl YpaBHeHue, colepikaliee MNPOH3BOAHLE OT HCKOMOM
Gyniwnn wan ee auddepenunans. Tax, nanpusep, x dy=2ydx
wi Y’ = 4x — nuddepeninanbubie ypaBHeHis,

Pewnts anddepenunasioe ypasuenie, auaunt nafti Tayio
(YHKIMIO OT X, KOTOpas yA0BJAETBOPSIET NANHOMY YPABNEHHIO, 7. €.
obpawaer 9T0  ypaBHeHHe B TOKNECTBO NPH NOACTAHOBKE
ee B ypaBleHie BMecTo .

Ypasnenne, coaepxauiee npoussoiausie win auddepeninais
He Bplle NepBOro nopsika, nasviBaercs dughieperyuasvri u
ypasuenue nepsozo nopaora.

Jludhpepennnanbioie ypasienus unmeior 60buioe NpHMEHeHite
B PCOMETPIH, MeXaunke, guainke n APYrux AMCUHIINHAX, @ TaKie
B TeXHUKe,

[Mpumep peurenns andpepeHituaabioro ypaBHeHis Mbl HMean
B § 105, ornickusas ypasnenne KpHBO# no 3anaHHOMY yriao-
BoMy Koathduunenty xacareapiofl. B pesyabrare peuenus gud-
(epenianLioro ypasHeHis

dy ;
o Ve (1)
MBI MOJAYUIIE ypasienie
v=x>-4C, (2)
KOTOPOE HOCHUT naspanne o0we2o peuenun oudhe per yuaibnozo
ypasrerusn. Tloncrasus Bmecrto X u y coorsercrsendo 1 u 3,
MBI HANIUIE ypasHeHile
= x4 2,
HA3LIBAEMOE HACM KM pelteHues Oughgheperuarsnozo ypas-
Henus ).

*) O6Guwee peuwenie audepeHHaILHON0 ypasHeHisn Bcerja co-
JIEPWNT Mpon3Boabioe nocroaunoe C, K HACTHOM iKe PEelelui STO Nno-
CTOSINHOE 3AMEHEHO ONpe/eAeHHLIM YiCA0M,
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Hanuble 3HauyeHns x=1 u y =3 HA3LIBAIOTCA HALQAALHbLMU
yeaosuasu. HavanpHele ycnosust 3a4aioTcst Ajs TOro, uToObl H3
obutero peuienus nuddepeHiHaabHOrO ypaBHEHHs NOJYUYUTb ero
YaCTHOE pelleHue.

IMpaBuabHoCTh pelienus An(hepeHIHalbHOr0 ypaBHEeH st Jerko
NpPOBEPUTL, MOLCTABHB Bhipawehne (2) B ypasuenne (1). B pe-

AyAbTaTe MOAYYHM:
LCASR G o

ax
nau
2xdx
=92x
dx ¥
T. €5
2% = 2x,

UTO TOBOPHT O NPaBHALHOCTH peulenns ypasuenus (1).

§ 119. Anddepeuruansupie ypaBHeHus NEPBOro Nopsaaxa
C pasjenslomUMUCA nepeMeHHbIMH, Ecan xamsmaa vacte AH(-
(hepenunanbHOro ypaBHeHNs NpeacTaBiferT co60l0 InpousseaeHne
HEKOTOPOro BbIPAKEHHs, 3aBHCAUIErO OT OAHOM flepementHoH, Ha
auddepenunan 910l nepemMeHHoit, TO TOBOPIT, YTO nepeMeHHbe
B ypaBHeHWH pasjelieHbl; nanpumep, Xdx =ydy. B atom cay-
ude ypapHeHHe MOMKHO HHTErpHpOBATbL NOUJEHHO.

YpasHeuus, B KOTOPBIX NepeMeHHBIC pPas/AeigloTcs, Hadbl-
BAIOTCH QuUe PeHGUAALHOLME YPABHERUSAMU € PA3IEAIOUUMUCST
nepeMeHHolMU,

HOas  Toro uto0sl pewnth Anpdepeninajibnoe  ypaBHeHue
C Pa3ie/gIonIUMICS TePeMEeHHBIMI, HYKHO IIPOH3BECTI pasjene-
HHE [epPEeMEHHBIX, a BaTeM B3ATH HHTErpajg or oOeux uacreft
ypaBnenusi.

PaccMOTpiM HECKOALKO TPHMEPOR.

[Ipumep 1. Pewwrs ypasnenne xdy=—ydx, ecan npu
x—"59=10.

Pemenne. [l pasgenerns nepeMennnX o0e yacti ypashe-

HHSl NOJeNUM Ha npounssenenie XV, NOJYHUHM:
dy _ dx

y x
Murerpupysn oGe wacTh nocielHero ypaBHeHHs, Hafiem:

'Q_fﬂ
Jy J x
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WIH
Iny=Inx—InC.

B npaso#t uactu -npuGas/eHo - nocTosuHoe B Buie InC nag
obseruenust noTeHiposanns. OCBo6OKIAICH OT CHMBOJA JOra-
pudma, T. e. NOTEHUHPYs, MOJY4YHM oOliee pelueHe:

=G5
Ilns onpenenenus nocrosuHoro C MOACTAaBUM B MNOJAYYeHHOE
pelueHie HauadbHbie ycaosns x =25 u y=10;
10 =56C,
oTKY A
C—2:
CaenonaTenbio, NCKOMOE yacTHOe peweHne Gyner:
Wi=2x,
Takuym o6pa3om, N3 BceX NMPSMBIX (CeMeHCTBA NPsMBIX), MPO=

XOMSIULHX Yepe3 HAYano KOOPINHAT, Mbl BBHUIGJAWIN OAHY, HA
KoTopol JaekuT Touka ¢ Koopauxartamu (5; 10).

[Ipusep 2. Pewntb ypasaenue %: 2(y —3), ecmi npn
x=0 y=4.

Pewenue. I[Tocse pasnencuia nepeMeHHbIX MOAYYHM:

——=2dyx,

orciona

nn
In(y—3)=2x-C.
Haxoamy awavewiie € w3 ycnosus x=0 u y=4; crenan
NOACTAHOBKY, [OJAYUIM:
In(4 —3)=2-0+4-C,
OTKY 12
€ =Imif=10;
Hrak,
In(y—3)=2x. (Y]
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Jlas noieHunpoBaHus HYKHO M TNpaByl0 HacTb TMOCJELHENO
PaBeHcTBAa Hamucaib co’ 3HakoM Jorapudma. Ilonbsysch onpe-
nesenneM aorapupma, Oysem HMeTb:

2 = In e2;
caenoBaTenbHo, pewenne (1) MOXKHO nepenicath:
In(y—3)=1In e,
01ciona, NOTEHUHPYs, TnoayuaeM: y— 3 == €%, uiil
. y=re*>-43.

YnpaxHeHnsa

Haiitin uacTibie pelICHHA YPaBHEHHS:

1. ds = (4t — 3) dt, ecan npu
2, dx = (22— 5) dt, ecan npu
3. xdx=dy, ecan npu x
4, xdx =ydy, ecan npir
5. x*dx+ydy=0, X eCaH NpH v ==
6. t—1)dt-sds=0, €Can 1pH
9 ?
7. ——dl——d—'\=0, ecan npu v
y e
dy dx X
8. D% —i—T =0 ecan npu
9, 2sdt =t ds, cca, npi
10. x*dy — y*dx =0, ecan npH X
11. x8dy = yddwy, cean npi x =} AT A= V'—'._.‘_-
2 dy Y
9, == = 2 ORI
12, pe 14 7 ecan npu x =0 y=0.
13. dy+ xdx=2dx, ecan npn x =1 y =1,5.
14, x2dy —Tl)—yi"d.v =0, ecam mpn x=—1 y=1
15. ({4 1)dx =2xdi, ecan npe L=1 x =
16. V xay — 1,-;' dx =0, ccant mpit x =0 y=0.
17. —‘(L +dx = L"‘_—, ecmi npn X =0 y=
vy V=
18. —u}i— dx =0, ecan ipn x =0 y=3.

19. (1-|—y)dx—(l—.\)zz’y=0 ecan npt x =0 y=1.
20, 2y =y, ecan nmpu x =0 y =1
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2x—1 dx

Togtod ] T

21, Tt ecan npy ¥ =35 y=0.
22, 1gx-y' =1+y, conn npH X = Y= _%_
23. (1— x‘-’)%—i—xy:O, ecan npi x=0 y=4,
24, dy -+ ytgxdx =0, cean np x =0 y=1.
25. cos xsin ydy —

—cos ysinxdx =0, CCAH NIPH X =7 y =17,

Haiitn o6mmne rcmuum YpaBHenuii:

26. (\)+\)-—=1 27, (xy* 4 x) dx - (X*y — y) dy = 0.

28. (y — x%) dy + (x4 xy) dx = 0.

29, (1 4- ") dy — (xy -+ x)dx=0. 30. ydx—+(1—y)xdy=0,

31. x*dy++(y—1)dx=0. 32, 2(xy+y)dx=xdy.

33, (x4 1)dy=ydx. 34, x%y’ —2xy =3y.

35. Teao anmucercsa no ocu aGeuuce, HaWHHasg JABHAEHHE OT TOY-
kn A (10; 0) co ckopoctbio

v=20—1

Haiity ypapnenne ABHIKEHHA TeJaa.

86. Hanncars ypasuenue Jnuns, npoxoanueii uepea rouxy A (— 1; 0)
H ECIONY HMLI()IILLII KACATENBUYIO C YTAOBBIM l(oaQMumnenmu, PaBHbIM 2.

57. Hailtn ypasucuite xpunoii, npoxonsueii uepes roury A (3; 1)
HOBMeIoWeil  KiacarTeabHylo, Yraosol xesduunent Koropoii paben
2¢—1.
38. Haittn ypasueunne xpusoli, npoxoaswmeii uepes touxy A (4; 4)
H HMeIoneil KacaTeaLnylo ¢ YraoBLIM KOI(hHUHEHTON £ = —

39. Hanucar, ypapuenme KpHBOM, npoxomsueii uepes Tou-
Ky A (-1; -‘7) o Hyeouell KacaTteapuylo € YrAOBbLIM Kos(dHunen-
TOM B =Y.

40. Koopanuatnl TOUCK HEKOTOPOi KPHBOIi CBA3ANLI ypaBHCHHEM

Xy =(x+41)y.

Hamucarn ypasnenue 97oii kpHBoii, ecin onanpoxoaut 4epea Touy (1; ),

. J0 ,ll!lI;I\LlC)I 1o KpHBOii, HMeouell Kacareiblyio ¢ yrioBsis

kosuientom k= x* HaiiTn n3Menenne opAHHATE TOUKH NPH H3Me-
nenun aGeuneent ¢ 2 50 5.

Q d’

§ 120. Juddepennnaibnvie ypaBHenus BHAA ﬁ‘,’l:f(x).
Ypasueniie, cojepiauice NPOHSBOAHBIE WA Auddepeninanb
BTOPOTrO TOPSIAKA, HABLIBACTCH OughheperiuaibHbliL YPaBHeRue
smopozo nopsdra. TlpocTeliliee 3 9THX YPABHEHUH mHMeerT BHA
dl')n

Zos = [ (X); 0NO pewaerca ABYKpATHEIM HHTETPUPOBAHUEN,

20 3ax. 215. H. JI. 3afiues
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Mpumep 1. Pemurs ypasHenue %: 1—2x.

Peweunne. Cornacuo OTpelNe/ieHHl0 BTOPOH npouanom{oﬂ
MOX(HO HanHucaTb

TMonoxum Teneps

TOraa
a2y __
dx* —  dx ax*
H JIaHHOE YpaBHEHNHEe MNepenuiueTcs CJACAYIOUInM o6pason:
dp

= =1—2i
dx Xy
min

dp=(1—2x)dx.

Wurerpupys nocnenxee ypashenne, Hatizem:
fdp:f(l—?.\')dx

p=x—x2-4C,.

"

Ho
ay __ .
ax P
NO3TOMY
dy 0
T =X -+ C,,

nan
dy=(x—x2+4C))dx.

CuoBa wuTerpnupyeMm M nosyuaes:

y=./.(x—-\'2+0,)dx=

My nawun ofuiee pewiende AAHHOTO ypaBHEHMHS.

Y1066 noayunth vacTHOe peiueHue ero, HeoOXOLHMO HAHTH
UHCJOBBIE 3HAUYEHHS nocTosHHLIX C, n C,; I8 STOTO HYNIKHO
HMETb HaYaNbHbe yCaoBus, [lycth KpuBas, onpenesseMas YaCTHBIM
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pelleHNeM, NpPOXOANT, HANPHMEP, YCPEe3 TOUKM € KOOPAMIE-
6

B ypaBuenue (1), MOAyuuM CHEAYIOWLYIO CHCTEMY Ypasi
orHocute b0 C; n Cyi

1
ramu (0; 1) (1;—.); TOPAA, TONCTARME BHAYEHHA % #

5

[ 1=g—3+C-04¢,
1
ll:; F+C-C
oTKYAa
Ci=—1 1 C,=1.

Crenopartenbio, UacTHOE pelleniie NaHHOrO midipepeniuans-
HOTO YpaBHenisi NP yKa3aHHbIX HAUQJIbHEIX ycaopusax Gynei:
1 1
y=gB—ax—x+1L

Ias nponepKki NpasuabHOCTH PelieHns HatieM BTOPYIO mpo-
HBBOANYIO 9TOf (yHKILHN:

—lv —\—l—l) =x—x2—1,

— 1) =1—2x.

Mt npuiAN K HCXOAHOMY YPABHEHHIO, YTO FOBOPHT O TOM, UTo
OHO peulieHo NpasHiabHO.

B pasoGpannom npiMepe HayajibHLe YCAOBMA OHH AaHbi
B BIAC KOOPMUHAT ABYX 710YeK Kpusofl, ypasHeHHe KOTOpOi
ABJSETCSl YACTHBIM petenneM AudepeHuHasbHoro ypaBHeHus.
Oanako nauajibube YCHOBUSE MOryT Gbl'l’h llﬂHbl 1 B HHOK opne,
Hanpuyep, npn x==x, y=y, n y'=yl. 310 3uauur, uro
MBl 337a€M TOUKY KpHBOH N Hanpasienne kacareabHot B stoit
TOUKE.

[Tpumep 2. Vexopenne npaMosHHeRHOTO ABIKEHHS Tena
panno 2 ca/cex”. Buipaswib nyTb § Teja Kak (YHKUHIO Bpe-
Meit /.

Pewenmne. Cormacno MexaHnueckomy CMLCAY BTOPOH mpo-
HBBOAHOH (yuxumun (§ 83) nmeem:

L5 _ g
de -

20%
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0O603HaunB
ds
il
HamnuIeM:
ds
as _ ¢ (7’_) — i
az - at T a7
OTKyZa
dp—2dt
"
p=2t+C,.
3aMeHHB P €ro BBIDAKEHHEM, MOAYUMM:
ds
SF=2+Cu ()
HIH
ds = (2t+C)) dt,
oTciona

s=[@+Cpat=r+Cit+C. (3)

Ilna nonyueHuss yaCTHOrO pELICHHS! HY)KHBI HAUAJBHBIE YCAO0=

*sust. Ilyctb npu ¢t=0, s=0 u %‘::0 (npeanonarae, 4To
s

B HauanbHouil MOMEHT ABIDKEHMS NyTb § H CKOPOCTL 27 paBHbl

HYJaI0). 3ameHus f, § n Z—j B ypasuenusax (2) u (3) uyasmi,

Gr=10 b G =0

Taknn 06paszom, HCKOMAn 3aBHCHMOCTD Oyaer s=1{%

TOJTy unM:

Ynpaxcueuust

Haiitn yactnuie peienns ypasHeHmii:
d'y r =0 x=1

1. 52 =0, com npu * u npn
S SR CSIMRIRE s RRERI )
1%y X = x=4
2. =L =5, ecs 2
s 5, ecan npu V=5 H NnpH =il
3. v/ — x=1 =2
« Yp =X, CCaH TpH =) H npu y =2
d’s t=0 as 11
4- 5 = B —_— = ——
e ?--1, ecan npu s—oH i "
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5 CUS o ecau npu m=0Hd_0_3
Sgazs O PEg—o"m=a"
Hajitn o6wme peuienus ypasHenmii:
d"y a0 K
6. e =2 7'11—55"'-“0' 8.ya_._cosx
d’s . L Ay 1
Q,F_I—slnL 10. &% T B

11. Toean, uiiins co cramium, cnycrs f 4acoB HMeeT yCKOPEHHE
J=(3¢> — 42¢ + 80) rent/nac®
Haiitin ckopocTh B Kouue 2-ro uaca M paccTosnue, NpoiiAeHHOe 33 3TO

BpeMs.
12, Ycxopeiie npsaMOJHHEiiHoro ABHIKENH NPONOPUHOHAILHO Bpe-

mem. Haiitn 3asncnmocts Meity npoiiieHHBIM pPacCTOAHHEM H Bpese-
nenM, ecit npi £ =0 v=0ns=0, a Taxe npu £=1 s=-.

13. Yckopenne npsaMoaHHeiiloro ABHKCHHs NPONOPUHOHAILHO KBaj-
paty epemens. Haiiti 3asucumocts Meway s H £, ecan npn £=0
v=0,s=1unpu t=1s=2



rTABA XIV
PSLADBI

§ 121. Monatue o paaax. Bupascenue suda

sty .yt .., (1)
20e iy, Uy, Uy, ... — UACHOL HEKONOPOU GeCKOHeHHOl n0caedn-
8amenbHoCMU, HA3bl6aenes GeciOHEUHbLI PAJOM UL NPOCHO
padoit.

YUnen u, wasviaercs o0wum 4AeHOM pPsia.
O6o03naunm cymmy 1 nepsbix wienoe paaa (1) uwepes S, 1. e.

Sp=u+ w4 u ... 4wy,
Cymma S, nasbisaercs #acmuinod cymmoti psoe. Tlpn nsmene-
HUH 1 MeHsieTcs W S,; NpiH 3TOM BO3MOMKHbI ABA CJyuan:
1) semmunna S, npn n— oo umeer npegea S, 7. e.
lim S,=:S;
N >
2) sesuunHa S, npH 1 —> CO MpeAeJa HE HMERT I/ mpenen
ce pasen oo,
B nepsoM cayuae psaa HA3bIBAETCS CXOOSWUMCS, A MUCAO

S= lim S, —ero cymuoi. Bo propoy cayuae psi Hasbipaercs
n->co
pacxodsaujurca; Takofl psa cymymsl He umeer. Hanpumep, paa

1 1 1 1 1
stz tgtgt. - tmt+-..
npeacrapasiown#t coSolt Geckoileuno yGHIBAIOLLYIO FeoMeTpuue-

CKYIO MPOrpecCHio, eCTb pil CXOAMUWMHACH, TaK KaK 1o Hapecr-
Ho#t dopmysne ans Tako# mporpeccuu

a

limeS e—
e I 1=



§ 122] HEOBXOANMBI MPUBHAK CXOAMMOCTH Fi4 ¢

Pan e
2492242824 ., 2",

npencTaBasiouiit coGo GecKOUeUo BOBPACTAIOULYIG 1 EoMes ox
YecKyIo Mporpecciio, — pacxosutnfica. B camom 2

; . oaqt—a o D2k
lim §, = lim _q__1_= lim ==
n->c n>co 97— L]

: 1
= lim (2"*'—2)=oc0.
n >0

§ 122. HeofGxommmulil npuanak cxogumoctH psaa. Ilycib
JaH cxoasuMics psig

O S ol (2 M o/ )
Haftzem cymmy n—1 u 2 ero wienos:
Spi=u+uytug+ ..o,y
S, =u,+t+us—+tus+ ... Fuy_ .
Buiuta n3 sroporo pasencrsa nepsoe, moayuMM:
Sp— S =1y, (2)
Boabmenm npenesn or obenx uwactell pasencrsa (2) mpH . —> 00:
lim (S,—S,_)= lim u,

nrow n->oo
ua
lim S, — lim S,_;= lim «,. 3)
n-> 0 n > n->w

Tax kak psn (1), no ycaosmo, cxomsuuics, To

lim) S ="mE S ==
N ->co n-> o

Pagencrtso (3) mMoskio nepenncath Tak:

S—S= lim u,,
n->w
1 -

lim u, =0, (C))
n »w
1o maer neoGx0duiioe YCA08UE cXOUMOCHU prda, . c.
TAKOE yCAOBHE, Ge3 HaJHul KOTOPOro Pili He MOMET CXOMMTHOS.
Onnako o010 He ssaseics Odocmamoyvim. Ilokakesm 910 Hi
npusepe.
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Boasbmem Tak Hasbipaembiit rapMOHH‘]eCKH“ paa
1 1 1 1 1
1—|—7+§-+—4-+-5——|— s i

Ins wero ycaosue (4) BBIMONHSETCS, TAK Kak
3 - 1
lim #, = lim —=0,
n
n->»co n->wx
MEXALYy TeM STOT PsSi pacXOLUTCS.
Hrobul yGeaurscs B 9TOM, BOcnoabayemcs pasercrsoM (§ 47)

n

lim (1 —}—i) —r

n->c n
n

(l —{—%) <e. (5)

[Mponorapudmiuposas oGe uyacTi Hepasenctsa (5) Mo OCHO-

BAHHIO e, HAMHLLIEM:
uln(l +%) <Ilne=1,

rue

oTClona
1
|n(1+%)<;. (6)
Ho
in (1 —{—%—):)n"—-:—l-:m(n—{— 1)—1In n,

nosTomy uepasencrso (6) mpumer Bua:

In(n—l—l)—lnn<%. (7)
[Monoxus B nepasencrse (7) n=1, 2, 3, 4, 5, ..., Oyuem
HMETb: .
In2—Inl <1
m3—m2< L
In4—1In3 < I—‘
In5—1Ind < Ll

In(n 4 )—Inn < %
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Cn0xuB 9TH HepaBeHCTsa, nanne\r

ln(n—|—1)<l—|-‘)—|-___|_ AL, +__
Ilycts n— co, Toraa
It gtgtat i@t hoco
Chnenosare/iblio, rapMOHHYECKNH pas pacxoanrcs.
~§ 123. JlocTaTouYHble MPH3HAKH CXOAMMOCTH psiid.

- G pasHenne panos. ByIlCM CpasHHBaTb ABd PpaAd
C NOJAOMKHTENbHBLIMH YJEHAMH:

Uyt~ gt 1)
VUV T ()]

1) Tlyers psaa (2) exoanrcss n kaxasi#t unen psaa (1) menblue
COOTBETCTBYIOMEr0 vieHa psia (2); 1oraa u psa (1) cxoanTes.

2) Ilycrs paa (2) pacxoantes i kamabiit ynen psaa(1)G6oasue
COOTBETCTBYIONIEro YaeHa psaa (2); Toraa n paa (1) pacxomnrcs.

Ilpumen ykasannsie npusHaku Ges N0Ka3aTenbCTBA.

ITpn Mcp 1. Hnn ycrauonnemm CXOANMOCTH psia

+l 5“?‘] 4+ +(n T 1)|+ 3)

CpaBHuM €ro ¢ y()mualomcn FeoMeTpnyeckoi 1porpeccuest

1

s e DO “

Kamam#l unen psaa (3), naunnas co BTOPOro, MeHblle COOTBET-
creyioutero uiena psaa (4); kpome 10ro, Kak mbl 3HaeM, Gec-
KOHEUHO yObIBAIOULAsl IEOMETPHUECKUS NpOrpeccisl — CXOAALUIHCA
psan. Caenoparenbho, 3 psaa (3)— cxonsuufcs.

[Tpumep 2. Bospmem psa 2

e L ®)

73 7t

#) MNpunaro nponsseienne 1-2:3...m zanucwpars cumBoaOM !
M uMTATL <3M (axropHasy (N0 onpeiedennio 0 = 1).
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U CDIBHHUM €ro C rapMOHHYECKHM pSAOM
ST, 1

i et e iy A (6)

Tak Kak Kaxoui#l uien paga (5), HauMHAs cO BTOPOTO, GObile

coorperciByiouero uiexa psa (6), a psn (6)— pacxoasuyhcs

(§ 122), 1o u psn (5) Toxe pacxossuMAcCs.
2. Mpusnak HanamGepa. Ecau 8 psade ¢ noaoscu-

MeNbHbIMU HACHAMIL
syt
BbLNOARSICMCA YCAOBUE

u
lim A=l—p,
n>co HYn

mo dannud pad cxodumcs npu <1 n pacxodumcs npu
=1,
Tlpumem sTOT npuanak Ge3 NOKa3aTeabCTBA.
Mpu Mep 3. Hccaenosath cxoaumMocrs psiia
2n — 1

’ 2—}—20—!—‘,,—}- Tt e
Pewenue.
o0n—1 on41
Ih=""gn 3 HMnn1= TgnFl
Ungq _ 2041 2n—1  2n-1
uy, AT 2@2n—1)

IMpumenss npusnax JanamGepa, naxomum:

91 1)
n| £~ —
lim Zoti_ gy 2ol 71 i L7/
n>c “n nyo 2(2n—1) e n(:_,_}
: n
Sl L
b e SE 1 L]
: "')(132_ 1 2 T 2 :

n

Jannnit psa cxoantes.,
Ilpumep 4. Hccnenosatb cxommmoctn psaa

1,12 1.2.3 nt
ntmt e Tt
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Pemenune,
152l 3 san ) 1. .n(n41),
Hu=—Tr 'l,;n:—w‘

Upyy 1:2.3...n(m-41) 1.2.3...n _ n+t1,

uy o 107 +! . 10 10
. o O .oon--1
lim 2+ — |im ;t —co
n-> @ Un n->co

Janupit psn pacxoamtes, Tak Kak HalaenHpfl mpexes oKasasics
0oJblie eanHuiLbl.
Ipn unccsesrosanun paga HAa CXOMUMOCTb MOMET OKa3aTLCH

"11+1_1

B s7om cayuae npusuak [lanamGepa oTmeTa He Jaer, a NoToMy
LJISL NCCAeNOBANNS Psila HYXKHO NPHMEHHTb APYrHe HpPHeMbl,

Ynpaxueuus

Hecaeposath cxoaumMocts paion

11 1 1
Lt omtamte tomt e
1 1 1 1
2 i-_z'{":;.z‘i'l"s_.;_is""-'~+(2,1_1)2,,+~--
1 2 3 n
Pretiatiat o tapent
s
4. 0,001 4V uum-H/uou]-r L0001 ..
5 1 B L )
- .; 14 SR oy B Y
10% 10"
.—)3 e W .
3 , 3"
Toat '7;—J—‘+---TF+--
1 1 1,
31f3+41ff I '"+nVZT
2.3 1.2.3.4 a 4 n!
S g g e
4

It l(5+"‘+‘>n—"+"'
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1 1
“'7)'*'7?5'*';5 1+ AT +n(n+l)+

12 10u0+zuou+ uuu"' - Tooon lOUUn

§ 124, Ilpusunax cX0oUMOCTH 3HAKOUYEPEAYIOWHUXCS PALOB.
(?Harcorlepedylouguum [)IldOJL HasbIBAETCA psiA BHAA

n+1
Uy —thy -ty — tty -y —ttg~+ .. A (— 1) a4 (D)
rie u4,, Uy, i,...—uucja ‘nonoxkuIeabHbie. JlokaxueMm cheiyio-
LLYIO 1e0pemy:
Ecau 8 snarxouepedyowescs pade kajicdvid waen no aoco-
RIOMHOU BeAutUHe MeHbue npeduecmsyion,ez0 u ecau
lim a,=0,
n->0
mo psd cxodunics.
Hoxasareanncrno. OGoanauns GyksoH #1 ueTHOE HHCIO
uienoB psaaa (1), manuiwem CyMMy 7t €ro YJeHon:

Sm=tty—ty - ug—u g —ug - .yl
D1y CyMMy MOXKHO NpeACTaBUib B CACAYIOLLEM Biiie:

Sm :(”1 -“2)’*‘(1‘3‘—”4)_‘_(”5’_11.;)‘*_ G O +(”m»l‘”m) (2)
Hin
Sp= ”1—(”2—”3)—(”4—”5)'— oo —(Upo— Uy )~ Uy 3)
Corazacio  ycaosmio, paatiocTit B ckoOKax pasenctsa. (2)
NOJONMIC/IbIBL;  caefonaTe/bLHO, CyMMa S, C BO3DACTAHHEM /7t
Bo3pactaer. Pasnociun B ckoOkax papencipa (3) 1aKkike 10J0Ki-
T€JbHDI; 11O3TOMY
‘Sm < .
Sp» BO3pACTAs mpu m —> co, OCTAETCS MeHblue u;; 3uaunt, S,
uMmeer npegen, T. e.
lim S,,=S. 4)
m-> oo
Mut noxasanm, uto cymma uerHOro umCJa uACHOB S, HMEET
npeiaen npu m — co.
Jokaxenm, uio CYMMa HEUYETHOro uHcaa uaeHoB S, ., Toxe
UMEET npenen npu m —» oo u npuwioM ToT ke cambiit. Orcioaa
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Gyner cnenosaThb, uTo CyMMa a1060ro uucjaa 7 ujieHoB psaaa 1)
S, HMeeT mpesen npu n—>co. -
Bosbmem cymmy meuernoro umcaa m -1 unenon psma (1);

Toraa
sm+| = Sm_'_ Upyre
Tepettns k npeseny npu m — 0o, NOAYUNM:

. - i
lim Sy, = lim Sy, lim #,,, 4.
m > o m > oo m >

[puusis Bo BuuManne pasencTso (4) u ycaosue 1eopeMbl, Ha-
NHIeM:
lim S,,,,=S+0=S8§
m > oo
Takum 00pasoM, MpH BCIKOM 1, KAK UETHOM, TaK MW HEUETHOM,
npeaesn cymmbl 4jeHos psaa (1) nmpn 72— 00 oAMH M TOT XKe,
T. €. cywecrsyer
lim S,=S.
n > .
Cnenosareapno, psa (1) cxommics.
Jloxasannas reopema cayuT 0docmamounblA  NPUSHAKOM
cxodumocmu  3HaKote pedyIouuxcs psioos.
[Tpunmenp. Meenenosars cxoaumocTs psna

1 _ln+|
S R e = R
Pewenne. Tak kax
| 1 1 1
‘1)7>~’5>v_1>"'>}7
u
lim i=0,
H')u:”

TO COrJACHO JOKasanHol 1eopeme nanuuift psa CXOLHTCH

YnpaxHeHus
MceaenoBaTh CXOANMOCTL PAAOB:

1 1 1 (— 1+t .
e g e -3 e — aee
PieyrtysTyr ooty t

1 1 1 (___.l)ll‘!-l
R o 3"1 I I S A e

1 2,3 (—1)*n

3e T—'E-*—';——'I' +—1--|—...
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§ 125. AGcomoTHo cxomsmuecs psmel. [lycTb nam psn
Uttty Aty s )

UlleHaMH KOTOPOro CAy»aT KaK MOJOMUTe/bHBIE HHCAd, TaK H
otpuuarenbusie. Hanumeym nosbift pan, coctosuinit u3 aGeomor-
HbIX BEJANYHH uJeHOB psaa (1):

R el 7 I o S B e I e o o S @)

Moxno pmoxasaTbh, uTo ecaw psad (2) cxodumcs, mo €xo-
ounicst u pad (1).

Onpenenenne. Pad rHa3sieaemcs QaOCORIOMHO C€X005- _

wunes, ecan cxodumes paod, COCMABACHHBLE U3 AOCORIOMHbLY
8eaUMUN Bcex €20 UACHOB.
[Tpumep. Psn

1 " Pl 2 (=n"*t
1—;"—7—;‘5‘%—5—{—- = =t on—1 I O
a0CoaI0THO cXomsuiiics, Tak KaK psi

S O T

cocTasjeHibit 13 abcoMOoTHLIX BeJAHuHH uaenos psaa (3), cxo-
AWicst,

Onnaxo He Beskuf cxoasutnfics psi ecTb psl 20COMIOTHO
cxoaswuitca. Hanpumep, psa

nkL
l—gtg—gtr—gto + Tt @

cxoantcst (cm. mpunmep §-124); Ho psa, cocrasientntii n3 adeo-
JUOTHBIX BEMUUYHH €ro u/aeHos

T o S N R SR S e

ecTb rapMonnuecknii, a noromy pacxomnrcs (§ 122).
Psin (4) nasviBaercs He a6coaiomuo uau yea08HO cX00UUMCA.
Ounpenenenne. Cxodamuiics pad Haswsaemcs He a6co-
AOMHO  UAL  YCAOBHO CXOOAWUMCS, eCAl pacxodumess pso,
COCIMABACHRLLE U3 A0CORIOMHBLX BEAULUH BCCX €20 YACHOB
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YnpaxHerus
BoisicHuTh, a6COMOTHO HIH HE aGCOMOTHO CXOAATCS PSABL
1 2 3 4 ni(=) 2
1. ?_T+§—1_ﬁ+ +—T—|—
1 1 -1

1
2, _1+Tz_—v—g+1_/4=_...+ﬁ-

§ 126, dynxuuonaubueie pamul. IlycTb pan psm
[+ @) fs ()= fa () - M

UJIEHAMH KOTOPOTO CAYXKAT He uucja, a (yHKIUM apryMeHra x.
Tako#l psa waswiBaeres ghynkyuonassHois. TIpuMepoM QYHKILHO-
HANLHOTO pfija MOMET CAYIKHTbL Psii

x4 a3 . ..., 2)
npeacTasisiowtnit  coCoft  reomerpuueckylo Hporpeccuio. Ecan
J@ib apryMenty X kakoe-aun0o uncieHHoe sHaueine, 10 QyHK-
unonaJiviulit pan oOpaTurca B YHCAOBOH.

Mozer okasarbest, YTo (YHKIHOHAALHLIA PAL TPH OMHNMX
SUAUCHIUAX X CXOANTCs, npn apyrux pacxoantcs. CoBokynHoCTh
BCEX suavennfl x, npu xoropuix psia (1) CXOAWTCS, HasbIBAETCs
obaacmblo cxodumocmu pada.

B npeaenax cxoammocTn psna, cymma ero ujienos Oyaer
dynxunein x.

OOGosnauus 91y cymmy uepes f(x), MOMKEM 3ammucaTh:
J)=F,) =+ () fs (D)4 ..+ fa D)+ ...
Hanucannoe papenctso cnpasennnso ToAbKO AAs 3HaueHnfl x
B 0614CTH CXOANMOCTH psiia; B STOM CJyude OHO MpEeACiaBJser
coGoit paszioskenne dynkinn f(x) b paa Gynkunf £ (x), fo(x),

J3(x), ... PasGepem npumep.

Pax (2) npu |x|< apasercs Oeckoneyno yGuIBalOulel
reomeipuueckofl mporpecciedt; a noromy cxomrics; npn | x| > 1
9TOT psa, NpeacTapisiouinfl co6o# GecKOHeYHO BO3PACTAIONLYIO
TEOMeTPHUECKYIO mporpeccuio, pacxoantcs. [launwil pan pac-
xomurest 1 npu | x|=1. Takum 00pasom, 06J4CTLIO CXOANMOCTH
paaa (2) smpasercs | x| <1 wan mmave — | < x < 1. Hafian
CymMmMy ujieHos psma (2), xak GeckoHeyHo yOuiBaiouieft reome-
IPUUECKO NMPOrpeccHl, noayumm:

lim §,=
n->w
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Tenepb MBI MOXXEeM HanucaTtb PaBeHCTBO

L—i;:l+x—{—,v2—i—x3—{-...+.v"+....

cnpasejauBoe TOALKO TpH 3HaueHusx aprymenra |x| < 1. 310

= 1
PaBelCTBO NpeicTaBAseT COOOA  pasnoeHie QYHKUNH ——
B PAL MO CTEMeHAM X.

§ 127. Crenenusie psaper. Cnenennolss psdost Ha3ol8aemcs
dyHicquonasubi pad suda

,)—}—a.\—i—a,x “daxdtaxtt ... Fa,er4 ..., (1)

20e a,, @y, Gy, Gy, Ay, ...— NOCMOAHHIE KOIDPPHUGUEHNBL.

Ecan B psze (1) aath aprymMenty X Kakoe-auOy/ib 3HaueHie,
TO MOJAYHUM YHCJAOBOH psii, KOTOPHI GyaeT CXOANTHCH WM pac-
XOANTLCS B 3aBUCHMOCTH OT 3uaueHuss x. B nmoamubx kypcax
AHAAN3A NOKA3LIBAETCS, YTO A75 AI000r0 CTENeHHOro psiia cyuie-
CTBYeT HelpepbiBHas 00/1acTb SHaueHuit x, Npu KOTOPHIX 3TOT
psaa cxoautes. dTa 00aacTh 3HaueHHH X OOBIUMNO Ha3bIBAETCH
nposescymros cxodumocmu cmeneHnoz20 psda ). Ilpumenss
U3BCCTHBLIE HAM [MPH3HAKN, MOXKHO HAfTH 9107 NPOMEKYTOK
CXOANMOCTH.

IMpuwmep. lccaeaosats cXOAUMOCTH PAaad

v
e X 2
e T P R 0 GO NS e e (2)
Pewenne. TMpuvenny npuanaxk JdanamGepa K psaay
[y i x4
+TTTT — - (3)
Ilas sToro psita mveem:
[ X2+l wpgq [\"f’l [x2]  nlx|

u

n=

| et o
’ u"“_n-f-l' u,  n+1" n n41°

*) Hnoraia mnpoMeskyTOK CXOAHMOCTH COCTOMT H3 OAHOIl TOukm
(x=0), B sTOM Cayuae Pl CXOAUTCA TOABKO mpu x = 0.
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Orciona naxomum:

lim 22t — iy | 2E ':Ivl lim —— =
n>w Hn n>oco HEE . n->oo”+l
=|x| lim 1 — kAl
n>o 1 l

Has cxoammocrn paaa (3) AOCTATOUHO, UTOGH

1 u
lim 2L <1, e (x| <1,
n>co Un

WA nHave
—l<x<l.

Orciona caenyer, uro paa (2) cxomurca- aGCOMOTHO NPH 3HAYE-
HHSX X, ya0sneTBOPSIOUHX [OCJ@AHHM HEepaBexcTBaM, T. €.

NpH Bcex suauenusx x mexay — 1 m 1, uckmouas kpadnue
3HAeHIs

x=—1un x=-1.
Bonpoc o tom, Gyaer mn paa (2) cxoautscs npu x=—1
W x¥=-—-1, nymHo muccrenosatb 0coGo.
Moaoxus B uccaenyemonm psge x=—1n x=- 1, noay-

YHM nBa pana:

1 L
—lfg—ata— &

n

It gtgtg+dat

ITepsuift psan sHakouepenyiouinfics, OH yAOBJETBOpPSET TEOPEME
§ 124, a notomy cxomutcs, BTOPOH ke psi rapMOHHuCCKHH,
a noroMy pacxomurcs. Mrak, mccaenyempift psm cxomurcs npH
— 1 L x <1, npuvem npu — 1 < x < 1 cxomurcs aGCoMOTHO.

Huddepenunpys psn (1), noayumm Taioxe crenenHoft psa:

a4 2a,x - 3ayx* 4 4axd—+ ... 4 naxn-t-

B moaupix Kypcax anannaa 10KaspiBaeTcs cjeayioulas Teopema:

cmenennoll pao  MONCHO NOUACHHO Oughgheperyuposams U
UHMezZpuposams CKOALKO Y200HO pas, npu 3morm nory4eHHbe
pROLL  uMelom mom ace NpoMesCYMor cxo0umocmu, 4no u
NnepeoRaanbHoLE,

[Tpumey 31y Teopemy 6e3 NOKasaTenbCTBA.

21 3ak. 215. M. JI. 3afiuen
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{

YnpaxxHeHHs

HcenepoBars CXoxuMoCTh PALOB:

L

xn

“*w* V3+ TyEt

X n'
3T+ﬁ+1—.2.3 L ;f—,-,—

x X2 X3 ' X
tiatrosa Tt T 456 TEmt

5. x2x243x3 -4t ... - nano-...

§ 128. Pag Maxaopena. Bosbymem ¢yuxumo f(x), pasia-
raioulyiocst B CTenenHofl psia:

f(xX)=ay+ ax—+a:x* 4 ayx®4- ... a,x"4- ... ()

Cornacio Teopeme § 127 pan (1) Moo mousiento andepen-
1HpoBath M00oe YNCA0 Pas, MPH ITOM MOJAYUCHHbIE paaul GyayT
HMEThb TOT JKe MPOMEXYTOK CXoAuMocTH, uro 1 psz (1). Ipo-
audepeiinupyenm psa (1) n pas, Gyaem nmMerb:
fx)=a-+ an\-{—anx —+ da,x* . ..
- na,etl4-L L,
S/ (x)=2a,--2 3aax-+ 3o dagiat .
A —Dna, a2, (©)]
f7(x)=2+3a;+2-3:4a,x+.
A —2)(n— D na,xn=3-- . ..

0T, I
IMonoxus B pasencrsax (1) n (2) x==0, noayun:
f(0)=a,, orciona a,==/(0),
f (0)=ay, orciona a,=f’(0),
f"(”)

f7(0)= 2a,, OTCIONA @y =
" (0)=2.3a;, orciona a;= {L’Z(‘_g

H T. o

—
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[Moncrasus natinennvie suaueHus KOIPPUUUEHTOR & Pazei-
ctBo (1), Gynzem HMeTb:

fO=1 O+ @ x+L D ey .. —l»-/il;—!(ﬂx"{—-. .. (3)

‘Papencrso (3) npencrasasier coGo#t psa Maxiopena, nosso-
JRIOWMA pasnoxkuTs Gynkunio y = f(x) B paL No creneHsM z.

§ 129. Mpumepsr pasznowenus GyHKUHA B pAL.
Mpuwmep 1. Pasnowurs B .crenentoft pas Maxaopenz
F(x)= e=.
Pewenue. Jlng storo naxommm:
F=er, f'x)=e3, f()=e"u T. &
Monoxus x= 0, MOy HM:
FO=1, fO=1, f/@=1 ["(O=1n1 x

Takny o0Opasom,

| 2 x3 X v
=1ttt istrast ottt @

Pan (1) cxommwren npu Jo0oM 3HaueHmn X (€M, ynpawuenue 3
§ 127).

Mpumep 2. Pasnoxuts B cremennoft paax Maxaopesa
f(x)=sin x. .

Pewenue. Haxomum:

f(x)=sinx " f(0)=0,
fl(x)=cosx u f(O)=I,
[ (x)=—sinx u f7(0)=0,
f"(x)=—cosx n [f7O)=—I,
fIN (x) == sin x u [N 0)=0,
fM(x)=cos x n fMO)=1,

fOD(x)=—sinxy n fVD0)=0,
fVID () =—cosx u fVI(0) =—I
n T, A
Taxunm oGpasom,
. X8 x5 X7 =ttt N
Sl""_'v_ﬁf+ﬁ_ﬁ+""{ @i e

21%
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CocraBus psn 3 aGCOMIOTHBIX BEJHYHH u/eHOB psna (2):
HeccaeayeM ero Ha cxomumocTb. Ilpumenum npusnak JlamamGepa,

‘ x2n.—l x2n+|,
Uy = wmr—11 1= o0
@2n—1)! (2n 4 1)!
”n+l lx2n+ll Ixau—ll _ X .
iy (2n+l)! @n—1)" 2n(2n--1)°
Hae el — fim —— —? [fm o~ = =)
e s 2n(‘7n+l) n>oo 2n(2n-1)

[Tocnennee paBeHCTBO CNPaBesHBO TNpPH JMI0GOM X; CleLo-
BaTenbHo, paa (2) cxoantcst aGCONIOTHO MPH BCAKOM 3HAYEHHH X.

Mpumep 3. Pasnoxute B crenenHo#t psan Maxnopena
f(x)=cos x.

Pewenne. [lannas QyHKWIs pasnaraercs B P TaknuMm ke
npuemoM, kak u sin x. OAHaKO PSA A4S COS X MOXKHO MOJYUHTb
npouwe., Tak kak crenensoff psiz (2) cxoaurcs npu Bcex 3Ha-
UEHUAX X, TO, AH(QepeHinHpys ero, NoaAyunM CcrenesHoit psa,
cxousuinics npu Tom ke ycaosun (teopema § 127). Baas npo-
H3BOAHYI0 OT ofenx yacTel papencrsa (2), naidaem:

7xb _l)u—l ()”*1) x2n=2

3x? | Ot (= ¢ L
fRpe=l gt — e et ey

niu
)u 2n

X2 xt i (—1
Cosy=1—"5+4F—5+ .. DA o) — 4 ... (3)
TMpumep 4. Paznoxuis B cremennoft psa  Makiopena

J(x) = (14 x)".

Pemenne. Fyeem:
J @=04-%"
f=ml—4x)"",
F7 ()= m (m—1)(1 4+ )™,
F7 ) =m(m—1)(m—2)(1 4 )",
=1
77 (0)=m;
F0)=m(m—1);
F7(0)=m (m — 1) (m— 2)
HT. I,
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Taxum o6pason,

— —1)(m—2)
(1+x)m=l—§—mx—|—m('1".2l)xZ—}—m(m 1_2).(;2 x5 ..

‘ +1n(m—1)(m—2)...[m—(n——])]x,,_i_“. )
‘ - nl
f Ecin m — narypansunoe uncio, to pan (4) obpwiBaercs Ha
- (m4 D)y unene, Tax xax nocrenyiomme KosdduiienTs 00pa-
WAIOTCH B Hynb; mpu m nPOGHOM MIM OTPHUATEJBHOM STOT PSAL
Geckoneynmi. [Tpumensis npusnax IlanamGepa, MOKHO NOKa3aTh,
410 Geckoweunni#t psn (4) cxomures npu | x| < 1.
lMpumep 5. Pasnowuts f(x)=arcsin x B crenenHoft psi.

.
Pewenue, [Ipumennm dopmyny (4) x dynkuwnn V—l——_—v-
) 2 ‘; 1 2
Vi=m— (= F=14(—5) =+

1
+ _"lf (_%_1)3(——512——2\) (— x4 ... =

=1+%x2+%x*+ﬁxﬁ+ )

¢ ¢, Gynexm
Hurerpupys  s1o pasencto B npexenax or O xo x, Oy
HMeTh:

arcsin x =
< 0 0 0 0

3 3xb ) SaT (6)
arcsinx:x-{-%—{——w-l—l—l.—_,-*"
6) cornacHo
Tak xax psan (5) cxonurca npn | x| <1, T<0 l“ paa (6)
Teopeme § 127 rake cxommress npy | x| 2
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oW
1o

IMpumep 6. Pasnowurh B cremenxo#t pan f(x)= arclgx.
Pewmenue. Cormacuo, opmyne (4) mumeem:

T+—_O+-\Z)—l—1+(—l)x2+_—_lL_l—_1) pre

—1(=1=1)(=1—2) _ 5
——IW—“XG—‘— el = l—x-—}—x‘—x"—l— e (7)
‘viokus pasencrso (7) ma dx u nmrerpupya s npezesax or 0
0 X, NOAy4quMm:

@ @ @ @
dx ' Ay P ? "
/ l_{_\_—‘/dx—-./.rd,\—i—'/ .x‘d.\—‘/ X0 dx—
v 0 LY Y

+

=] "

orcma
x @ @ @ @
larclgx: x——;l; X3 E I.w H\"‘—{— )
(U v v 0 0
nau
arclrfv=v_..“‘_'s_|_'fi_:‘z_|_ ®)
EX =T8T 7 e

Pax (8) exomures npu | x| < I, Tax xax paa (7) cxomwres npi
|x[ < 1 (teopema § 127).

§ 130. Mpunoxenue CTENEHHHIXK PAAOB K NPUGIHKEHHHIM
Boiuncaenuam. Crenennble psabl HMe0r 0o/blIoe MPIIIOKEHHE
K NpuOMDKEHHBIM Boiuncaenmsas. [ToxameM 9710 Ha mpHMepax.

ITpumep 1. Buuucauts sin 18°

Pemwenne, Yrox 18° m paamaunoli mepe pasen 0,3142.
Toacrasus suavenne x = 0,3142 B popmyay (2) § 1‘79 Oy M

sin 18° =sin 0,3142 ~ 0,3142 — 5
~0,3142—0,0052 :0.3090.
[lpumep 2. Buuncanrs w.

. 1

Pewenue. Tlonowus B pasencrse (6) § 129 x==
LIt = 1, 1

H YUYHTLIBAs, uTO arcsm?=%. WAL S t“{"}‘ o3 5+

3
=i . Orcoma

1
7 A 3 g gy 30,125 10,0141 =3, 14.
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1
Mpusep 3. Buuncaurs /%‘c—dx.

0
Pewenune. Heonpeneaennnit HATErpan HNaHHOrO BuAA He
MO3KEeT ObiTh BEIDAXKEH B 3JeMeHTapHbIX (yHkumsx. Onnako ero
MOXHO B YKAa3aHHBIX Npelenax BLIYHCIHTH NPHOMIKEHHO C MO-
Mouwbio psigon. Paspenum oGe wactu pasencrsa (2) § 129 uma x:

sin x x2 Xt
e
oTciona
1 1 1 1
j dez/dx—%fﬂdx-{——a SEAT
0 : 0 .U
1 1 1 1
— T e 3 e e
=" 3131"‘ + 55 |~
‘ 0 v
- 1 1

1 — b s~ 1—0,05564-0,0017=0,9461.

§ 131. Pagsl ¢ KOMMIEKCHBIMH HJeHamn. BoabMeM psn
(@0 (@ byt oo @ oD oo (D)

cOCTOMILNH 13 KOMMAEKCHLIX uHCen BHia @, D,i, rne a n b—

neficTbuTenbhbie uncaa, a I=)/—I1. Pax (1) nasmiBaercs cxo-
LAULHMCS, eCJH Psibl

PR RV AN S S EE I R @
byA-bat byt oo Bt o @)

cocTofie U3 ACHCTBUTENBHBIX vacTed U KO3(OHUUNEHTOB npu
MmunMpix uienaX paga (1), cxomstes. Ilycts cyMmbl psinos (2)
u (3) coorsercTeenno pasunl A n B; Torma cymma psaa (1)
Gyaner pasua A-- Bi. Hanpumep, cymma unenos psina

s IR L DI
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paBHa
O+%+%+%+“.+§E+“j+
Hztatatipt o gt o) i=
1
1 El 3
=_1_+_11—'_—.2_+1=1,5—{—£.
-1 -3

~ JlokaxeM Teopemy:
PO ¢ KOMRACKCHOLML HACHAMI CXOOUMCS, €CAL CX0OUNCS
PAO, cOCMasaeHHull u3 M0OYaed €20 4ALHOS.
Ooxasarenbcrso. Iycte cxoaurca psa
2 2 2 3 2 2 SO
Va+n+Vito+Vato+ ... +Vai+o+---
4

(%)

cocrasjennsit u3 MoayneH unenos psaa (1). Kax puauo,
lan| <Vai4or n 10al <Va+03

IMoaromy unenst psigos (2) u (3) He MPEBHIAIOT COOTBETCTBYIO=
wue uiaeHe psiga (4). Cnenosarenbno, psabt (2) n (3) cxoxmsics
u npuroy aGeosmorno (§ 125), a noromy cxommrcs u psan (1).
Teopema nokasana.

B nexoroprix cayuanx paccMaTpHBAaIOTCS . CTENeHHbE PSB!

g+ a2+ a2 a2 + ... a2+ ...,
Tae @y, Gy, Gy, Ay ... — NeHCTBHTENbHbIE WA KOMIJIEKCHBIE UHCHa,
a z— KOMIJEKCHOe nepemeHHoe Buaa x —£y. Tloab3ysch AoKa-

3aHHOM TEOPEMOH 1 H3HBECTHBIMH HaM NPH3HAKAMI CXOAHMOCTH,
MOXXHO MCCJIENOBATH CXOAHUMOCTE H TAKHX PALOB.

§ 132. dopmyast diinepa. B § 129 mbr npencrapuin noxa-
aate/buyio dynxumo e* B suae pasa (1) ans nelcruTelbHBIX
gHauenntl mokasaicas. B noanblX Kypcax Buiciueid MaTeMaTHKH
nokaswisaercs, uro paa (1) He Tepser cMpicaa W B cJyuae KOM-
niekcHoro nokasarenst. Takum oGpasoM, MOXKHO HAIMCATH:

n

iy . 22 2% ) 25 z @
‘—1+~+T_f!+§!+—_;!+§l+---+m+--'r(l) )
rae z— KOMIUIEKCHOE NepeMeHHoe Buma X — iy.

*) MOMHO 10Ka3aTh, YTO STOT paa aGCOAOTHO CXOAAULHICHA 415
Beex 3HaueHmil z.
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B uacTHoM cayuae, ToJsoxuB B pasenctse (1) z=iy, no-
nyyuM:

U O IR DR

n!

Hau

i3y jAyd iBys 2y
=1y +

n!
Ho

P=—1, B=—i, *=1, P=in T I,

TO3TOMY

iy3 )4 )5
e,J_1+L),__2' iy? .)+>

T T
Brizenus meficTBurenbible 1 MHIMBIE UACHBI, HANULIEM:
o 2n
i — YE Oty
=1 —F+i— o+ S )
(_l)u——l),z“—l .
+(y_—+ e SRSt
Mpuusis Bo suumanne popmyan (3) n (2) § 129, TOJLY HHM:

el = cos y—}- isin y. (2)
Samenus B paseucrse (2) y ua — V, Hanuwmem:

e~ = cos (— y)—isin (— ),

=il = cosy— rsinLy: 3)

Panencrsa (2) u (3) BLIDAKAIOT CBSI3b MEIKAY TNOKA3aTEAbHOH 1t
TPUrOHOMETPIUECKHMI DY HKIUSIME, DTH paBeHcTsa ObIAM AAHBI
Sltnepon.

Pewns pasencrsa (2) n

(3) ornocurennio cosy u sin v,
Oynem nmers:

Samerum, uto U3 pasencrsa (2) AErKO NOJAYUHTH HOEWEL B

3ANUCH KOMIIEKCHOI O UHCHA, UMEIOUIEro MOAY/IL 77 W ApryMens v,
4 HMEHHO;

r(cos y —isin y) = reit,
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Takuy 06pasod, KOMIJEKCHOE 4HCIO MOeT OHTb 3aiHCaHO
B Tpex dopMax: 6 an2e0pautecrom, MpUzOHOMen.PULeCKol u
noxa3ameayroti, Hanpumep,

=
3

1+1V§=2(cos%+lsin—g)=2e .

dopmynr Ditaepa NO3B0JAOT YCTAHOBHTL NEPHOANYHOCTH

nokasatenbHo#t @yHkuuu. JeHCTBUTeAbHO, 3aMeHHB B paBeH-
croe (2) y Ha y— 2=, Haftzesm:
eW+20) i — cos (y— 27) 4 i sin (y - 27) =cos y -+ i sin y = e,
Taxum oGpasoy,

ey +27) | — piy,
i

eiy+2-.i — eV, (4)

Papenctso (4) nokasmBaer, uto e/ — mepHoaHuecKas (YHKUHA
C MHHMBIM nepuozoyM 2.



TITABA XV
TAPMOHUYECKNH AHANU3

§ 183. Ipaduxu dynxuuii suga y = Asinwx. B nam-
HeRweM u3JNoeHuu HaM NPHAETCS ICNOoJB30BaTh (YHKIHH BIId
Y=Asinox, a takke ux rpapuxu. [TokaxeM Ha mpuMepax,
Kak crposirca rpaduki Taknx Qyuxuuft, ;

IMpunep 1. Mocrponts rpaduk ¢yHKum y = sin 3x.

Pewenne. Jannas dynxuns — nepuomuyeckas; o5aacTbio
€ CyiuecTBoBanmNs Cry:KaT pce HeficTBiTenbHbie yucaa. ITocTponi
Tpaduk svoft dyuxuun aaa 3waueniil aprysenta or x=0 10
X==2m, cocrasus HpeABAPHTENbHO CJELYIOWYI0 Tal/iiLy 3Hd-
"ennit x u oy,

o I | 7= | 4= 3niﬁ_1_lf,)z

6 |3 "l® 3| 2|86
e |
ylo~1~o 0 |—1] o 1.0—10‘

Paccmarpusas kawyio napy ssauennif x u y Kak koopai-
HaThl Tovek rpaduka pauuofl QyHKiMN, HOCTPOHM STH TOUKIE
M, mpopenst uepes HHX MIABHYIO JIHIIO, TIOJYHHM rpajuk QyHK-
W y = sin 3.x, npeacrasaenisifl na yepresxe 132 B piie CraoLI®
3

Kak Bumno mua ueprexka, sToT TpauK MOKHO nvonyuu'r’b
W3 rpaduka Qyskuun y=sin.x, H3oGpakeHHoro Ha TOM ge
YepTexe nyHkTHPHOH JaMHHEH, YMEHLILUB macwtab no oci UX
B Tpu pasa

. = 3sin2x.

Mpumep 2. Ioctponts rpagux ¢QyHKIHHE y=38sin

HOR Jimitng — cuiyconanl ¢ HauMeHbUINM NepHoIoM
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Pewenne. CocraBuy Tabauuy 3HaueHud x u y.

Dl S 2T ¥ IR RE (e e
* 72 £ (G e RSOl (B
y | o] 3| o | —=3[0o]|3]|o0o]|—3|0

[pajuk, nocrpoenHslff NO TOUKAM C BBIYHC/JEHHBIMH KOOP-
AHHATAMM, NPEACTaBAsSeT CHHYCOHLY C HaUMEeHbLUHM NepHOLOM

Yepr. 133.

lm

5= (Ha ueprexxe 133 sra chuyconaa H306paNKeHa CMJOLI-
HOH JiuHMeit),



§ 134] PAPMOUIMRGIIE KOARLAT S -

Tpadur dyukunm y== 38l 20 Momis foryms » o e
duka QYHKURN M ==SI0 X, HPCACTABNCHIGT O Tih P e Tes s
OYHKTHPHON aunell, ymenbimn macumaal vo oie G
YBeauunn ero no ocu QN wrpoe.

§ 134. Tapmonnueckue KoneGanns, I 1 250
MOHRBMueckmne KoaeGanms I3 eciecs
HACTO HAOAIOAAIOTCH TEPHOANICCIUE TIPOIELt
JIEHHS, KOTOPLE NORTOPSIOTCH MEPEs 06t z
Bpemenn. Hanpusep, konebanmns Maatiiiz, 227
TOKa u ap.

Ipocrefitee nepuoANtecKOe ABACHHE — F2705
Oanie, cosepmaemoe 10 3aKOHY

_\l — A sin (ll)f -+ o)
B pasencrse (1) nocrosiHHbIl MHOMKHTEE
HanGonbwyio seanyuny, KOTOPYIO MO s
axunanmydos xoaedanns, (wf - go)— &4 o
W— vaomomoi KoaeGanus.

®ynkus (1) — neproanyueckas ¢ HaUMEHsImEE S22 -

OT npudapichng KOTOPOro K apryMenty :
CBOero apavenns. B camom nene,

) e , 2 Flets 5
y=asin[u(t +2) + g, [=Asin(of +-

©

2%
Be.’“l‘“l”ﬂ — onpeapenaser Bpems, B
I

HCXOANT oaHo Kosebarebloe ABIDKEHNE, TOsT
nepuodos roaeGanusn. OO03NAMNE €& OVREIH

nicaTh:
2%
1 ;
OTKY1a
o
W e
Tak xax T— ppemst 0HOFO KOACOMII, 10 Qi
Gaunt aa ppems 2w, Takum o0piaon, Beay 3

Hacrory  woaeGannh, TIpeoOpaayes  paveicins
$opuyay nan CHIYEH CYMMBE YN V0K
AS]II(U:IT"% = A (Sin wf Cos gyl voNw

1 CON g S W N P
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OGosHayns
a= Acosg, 1 b= Asin g,
NOJYYHM:
y = asin of - b cos wt. 2)

Kone6aTenbHoe HBIKeHHe, MPOHCXOAsULEE MO 3aKOHY (YHK-
uwun (1) wau, uro To ke, Mo 3akoHy ¢yHKuHH (2), HasbBaeTcs
ILpOCMbLAM 2aPMOHULECIUN [K0Ae0arUue, a TPAQUK ero— npo-
CIMOL 2aPMOHUKOLL.

II. Cnoxusle rapmMmonundeckne xkonebGanus He
BCAKUIL nepuojpHueckuft mpouecc MOMKHO PpPacCMaTPHBATHL Kak
NpocTOe rapMoHnyeckoe koaeGanue. QOueHb uacTHl cayuaim,

Yepr. 134

KOTZa NEPHOAHYECKOE ABJIEHNHE eCTh Pe3y/bTaT CAOKEHIIS HECKOb~
KHX IPOCTHIX TAPMOHHYECKHX KoseGannutt. [Toayuennoe pesyabri-
pyiollee ABHIKEHHE HA3LIBACTCS CAOJCHLLIL  2QDMOHUMECKUM
Kosebanue, a rpaduK ero— c20MNCHOL 2aPMOHUKON.

W71aK, cA00CHAS _2apMOHUKA eCnib Pe3yALINAnt €A0dCeHUN
HECKOABKUX NPOCMOLX 2aPMOHUK WL  HHAYE — pe3y.apmant
HAA00ICEHUSL NPOCMbLY 2aPMORUK OpY2 Ha dpyea.

Paccmorpuy npumep. ITycTs AaHbl ABe NPOCTHIE FaPMOHHKI,
onpenensieMble ypPaBHEHHAMMU:

V=sint

y==sin3¢.

Ha ueprexxe 134 5T rapMOHHKH N300paXKEHbI NYHKTHPHBIMH
JMHUSMH, CJAOXKHASL KE TAPMOHHKA, SBJSIOMLANCA  rpadukom

QyHKnn
y=sint -} sin 3f,



§ 135] TPUFOHOMETPUMECKIE 13 HETH

npeacrassexa cnaownoll auuneil. JhoGas TouKka Aol rapmo-
HHKH  HMeeT OPAHHATY, PABHYID CYMME OPUHHAT TOUCK, Jeii-
WHX HA NPOCTHIX TaPMOHUKAX 1 HMOIOULIX OMHY 1 1y e
adcumccy, Tak, nanpumep,

AB— AB;-} B,B— AB,-}- AB;,
CD=CD,—DD,— CD;— CD; = CD, -} (—CD,).

Kak Buaso mM3 ueprewa, pesy bTHPYIOLLas rapMoHnka Oyner
TOBTOPSITbCS  Hepe3 KaWABl npoMeyrok == 2w, T. e. Oyuer
nepuoauueckofi, HO no cpoell Gopme oHa yKe Tepser Xapak-
TP CHHYCOHIbI.

Moxno A0Kas3aTh, uTO BOOOWIE NPH CJAOKEHHH TPOCTBIX
TaPMOHIK C PA3HBIMH YACTOTAMH NOJYYAEICsl CAOKHAS FapMOHMIKA
HE CHHYCONLAJLHOIO BliZla, a NPH CJAONKEHHH FapMOHHK C OLMHA-~
KOBBIMH 4aCTOTAMH — FapMOHIKA TOFO Ke BHAA, YTO M IPOCTHIE.

§ 135. Tpuronomerpuueckue psasl. Kak Onljio yKkasano
B § 134, naGaonalorcs nepHoLMuEcKne HPOUecchl, KOTophie
HeMb3sl PACCMATPHBATBE KAK Npocrthle KoaebaresbHbie SIBJICHUS.
ITonownM, uro Kakoe-AHOO NepHOLMUYECKOE ABIDKEHHE B3aLaHO
NPH NOMOLLN HEKOTOPOH mnepuoanyeckoil (yHKIHN, OTJHUHOMN
or (1) § 134. Y1o0nl nyers npeacrasjenie O XapakTepe 3Toro
ABVIKEHUA, AGHHYI0 (PYHKUIIO pasfiaralor B psjl NPOCThIX rapMo-
HUK, HMEIoWul cuaeayommuil B

S5+ (@, cos w - by sin of) - (ay cos 2t —+ by sin 2wt) - . . .
«..+(a,cosnof 4 b, sinnwt)— ... (1)

Pan (1) Has3uLBACTCS  MPUROHOMEIMPULCCKUM — PSIOOM,
@ HHCAA Bp, @10 Qg - oe Oy bay onas roaghghuyuenmanne paoa.
[TosoauM 51 HPOCTOTLE

x=mnf

n Oyaem cuurarb, uro psn (1) cxommress npu  Beex HeHCTBU-
4eMbHBIX BHAUEHHSX X K JaHHo#  (yHKuuM [T. e. cymMMa psiig
pasia Qynxuun f(x)], TOraa MOXKHO HANMCATD:

j(x):%—i—(al 0S X ~ by sin x) — (a5 cOs 2X — Dy sin 2x) . . .
vt (apcosnx - bysinnx)—+ ..,
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HIH Kopoue

IHED = % i E (a, cos nx - b, sin nx). (2)
n=1

Kak sugno, ¢yukuus f(x) — nepuosnueckas ¢ nepuounom 2w,

TaK Kak npuGasass K X (W BelYnIas 03 x) 2w Le/noe YHCAO
. Pas, Mbl He M3MEHHM BeJHUYHHBLI Kamaoro uiaexa psza (2), a,
C/ef08aTeNblio, He H3MEHMM H BeJHYHHBI CYMMbl (2).

Orciona crepyer, uTo TPHUTOHOMETPHUYECKHH Psii AOCTATOUHO
paccymaTpuBath TOJAbKO Aas 3nadennutt x or 0 mo 2= (mam oT—m
A0 —-7), 7aK KAK 3a NpefesaMi yKasaHHOTO NpPOMes;KyTKa 3Ha-
UGHHI apryMeHTa BeJaHuMHa KaxuAOro uwieHa psiaa Oyaer fepHol-
YECKH TIOBTOPSTLCS.

Yem Gosbine npocTeiX rapMOHHK psiga (2) Mbl  CAOKHM,
TeM TOuHee pesy/bTHPYIOULAs rapMoHiika OyaeT MpeacTaBisth
NepHoJNuecKoe - apibkeHne, 3azanioe ¢yukuue f(x). [lo-
9TOMY BONPOC O pasdnosKeuuit QYHKIHN B TPHUrOHOMETPHYECKHH
psa  npnobGperaer oOueHb BAXKHOE 3HAUEHNE B MPHKJAAHBIX
HayKax.

[Mpouecc pasnoxkenust QGyHKIHE, NpeacTassiouled CA0KHOE
NepHOANYECKOE ABIDKEHIe, B TPHTOHOMETPHUECKHA pSA Ha3bl-
BACTCS 2APMOHUMECKUM AHAAUI0M.

§ 186. Koapduuuentst ®ypbe. Pag ®ypne. HroGol pas-
JOMHTE TTepHoanuecKyio GyHxumo f(x) ¢ nepioaom 2% B TPHrOHO-
MeTpuuecknft psa, Hy#HO HaRTI KOI(@UIHENTE 3TOro psaa.
Mur npusoauM snech Ge3 BLBOAA (GOPMYJbI, 11O KOTOPBIM NMPo-

U3BOAMTCSA BBIMIIC/ACHIE STHX KOd(HILIenTon:

47

3 R
a, =—_1? ./‘ f(x)cosnxdx, O

+=®
[),,:é / f(x)sinnxdx,
E

rie n=1,2,3,4, ...
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Hucna, noayuenume no dopmynam (1), naswpaiores #©09gh-
dunuenmarse Pypve *), a TPUTOHOMETPHYECKHH PSL € STHMH
Xos(puunentamn — padoi Pypoe.

Onpenenenne. Psd

) o
% -+ E (a, cos nx— b, sin nx),
n=1
+%

“o=% ff(x) dx,

17
Lp =g / f(x)cosnxdx,

20e

o =15 |28 AL
1
b, = = / f(x)sinnxdx
Hassisaemes pados Dypse ghynruuu f(x).
Ecan pan dypre cxomnres k dynkiwun f(x), To MOKHO 3anHCaTb:

o
flay=201 }: (@, cos nx— by, sinnx). )
- n=1
Crenyer aamernrh, uro BeamulHA NHTErpason B GopMyIax )
e uameHnres, ecan npegenamu ux s3arh 0 u 2w B stoM cay-
“ae popuynn nas onpenesenns koddguinentos Pypse MOKHO
Hamicath B caeayiouiem Bige:

a==+ [ f(x)dx,
U

a, = % / f(x)cosnxdx, 1 3)
0

b= _1- / f(x)sinnx dx,
0

TIe n=1,12,3,4 .0,
" %) dopryan ) 7—1783), 10 HpoKe

itnepon (170

#) ®opmyast (1) Guuan anut eme d i K. @ypee (1768—

HCnoaL3oBan ux (panuy3cKuit MaTeMaT

22 3ak. 215. M. JI. 3afluen
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Dopmyast (3) npenm‘ashmor uHorza Gosplune ynoOcTsa,
uem dopmynst (1).

§ 137. Bo3MO0HOCTDb pasJioeH s HeNepuoAHIeCKOl GyHK-
nud B pag @ypse. Ilepuonuyeckas GyHKUMS, KAK Mbl yKe
8HaeM, ompeznenser KkoseGaresbHoe nBHaenne. Oxnako GbiBaioT
KosebaTesbHble SBJIEHHSl, KOTOpble COBEepIAlOTCsl NHO 3aKOHY
Henepuoduuecroir Gynkuuu. Ilostomy ana uayuenns Kkosela-
TEALHOTO LBMKEHHS, MOAYHHSAIOWEroCs HenepHOANUECKOR QyHk-
UM, BLIFOAHO pAsNONHTL 3Ty (yHKLHIO B psa Pypbe, 410
OKa3bIBAETCA BO3MOIKHLIM npH HEKOTOPLIX ycuaoBusax, o KOTO-
pux ckaxem B § 138.

* Ilycrs, nanpumep, sazana QyHKLils =

f(x):—;x i —r L XL 7, (1)

rpaux Koropott uzoGpaxen 1a uepresxe 135 orpearom npamoii AB.
Toxaxem, uto mas pasnoenns AauHoft QyHxumie B psi @ypoe

M

8
(B o
-7 1
pia il [ -
- f 3 = et X
) S R 0 9 . -eem 4, 37
> e
i
4 8

Yepr. 135,

MOXKHO M K uefl npumennrts npasnaa § 136, Jlas 5TOro Beeaex
BCNOMOTATEIbHYIO NePHOANNecKyI0 (GyHKINIo @ () ¢ nephonom 2=
1P yCJIOBHH:

@ (¥)=/f(x) B npovexyrke suauenufft x¥ or —= A0 -7, (2)

3a Npelenamil JKe YKas3anHoro npomemyTka ¢ (x) 5= 1 (X).

K dynxuun ¢ (x), kak K nepuoanyeckol, MOMKHO 1PHMEHHTEH
dopmyas § 136. Ho mpt 3naeM, urto TPHUTOHOMETPHUECKUH psia
JOCTATOYHO pacCMATPUBATh AJ5 NPOMEKYTKA SHAUCHHH apryMenta
or —= 10 = (§ 135), nosromy popmyant § 136 umeem npaso
NPUMEHNTL He TOJLKO K (hyHKUMM ¢ (X), HO, COTJI4CHO YC/0-
BHIO (2), H K sananiof,




__ ..

L X
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Beanunna cymmsl psza ®ypse, noayuennoro ast pymiimn (1),
BCEACTBIE NMEPHOANUHOCTH €ro uAenos OyNeT NOBTOPATLCH Hepes
KB} MPOMEXYTOK, paBHBI 2w, M NpUHHMATL SHAYEHHs Jar-
Holt dynxuun (1). Tlosicunym 9to reomerpuuecku. C 9TOH UENLIO
nepeneceM orpe3ox AB (uepr. 135), coxpausis ero HanpasJenue,
Baoab oc OX Ha paccrosuus, pasuble 2w, 4% 0 T. H., BIPABo
I BJAEBO OT Hayajla KOOPAMHAT M/, KaK TOBOPAT, NPOLOJIKHM
nepuoanueckn rpadgux ¢yuxkuun (1). Bosbmem snauenue X BHYTpH
NPOMEXYTKA OT —= [0 -, Hampumep,

*¥=0D =2,
TOrJa opauHarta
Dc:f(z)zé. 2—1

JacT peanunny cymmut psaa Pypee Qynxuun (1) npu x =2
Slcno, uro npu .

X

n
Q
S
u
(8]
+
p

Hau
$= 0D, =2— 2

sesmunna opaunar D,C, u D,C,, a CcleiOBATENLIIO, H CyMMa
pila NpH TeX JKe SHAYEHHAX X HE HBMeHWTICH U OyAer papua
1O-NPEKHEMY eANHHIE.

OGparuy BHuManue, uto AJs 3HAueHUN X Ble TPOMENYTKA
0T —=% 10 —-7 cymma psna Pypbe dynkunn (1) 1 spavenus
STOH (YHKUMH He paBubl MeXAy coGoit. [leficTsurensiuo, cymma
3TOI0 psiaa npn x = 2 2w, Kak Ml ysuauu, pasua 1, a apa-
yene GyHKIHI

@ 27) = D,M —

2+ 2%) =1 .

)
Bce ckasannoe BRIIE MOATBEpPIKAAET MBICAL, 4TO psia Pyphe
QYHKIHH  JIMEET CMBIC/A PACCMATPHBATL TOJNBLKO B NPOMENKYTKE
&

R -

§ 138. Ycaosus Hupuxae. Teopema JupuxJe. Kak Guino
yKe ckasano, Gynkums f(x) ¢ 06/4acThIO CYLECTBOBAHNA —7t <

L X <x Moker OwiTh pasaoxkena B psig Pypbe, CXOMAUHECH -
K pauHoft dymkumn f(X) npm onpeneiennbX yc/AOBHAX. DrTu

2%
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yCnoBusi, HaswlBaeMble Yc.208uaMu [upuxse, 3aKN04aI0TCS B Clie-
Lyiouiem:

1) gynruyus dordcrna Ooimsv HenpepulHOL 8 npoMedscyniie
BHQienull X om —w 00 —|-T waw Modicem uiemb 8 YKA3aH-
HOM TLpOMedCYnLie paspblést nepsozo poda, HO IMOALKO 8 KO-
HEYHOM Hucae;

2) yuKuus Q0NINCHA UMEMD KOHEUHOE HLCAD MAKCUMLYMOD
U MURUMYMOB WAL HE UMENs UX COBCEL.

Ouniol U3 OCHOBHBIX TEOpEM, NMpPHMEHAEMBIX NPH HCCAEAOBA-
HiH pagos Pypbe, spiasercs Teopema Jupixie.

Teopema upnxae. Ecan ghynrxuus f(x) ¢ o6aacmsio
cyuecmeosanun —= L x L = yoosaemsopsiem ycaosusm Ju-
puxae, mo

1) pao Dypse dyuruuu f(x) cxodunics 6 YKAZAHHOM
nposescymice LAl X;

2) cymma smozo pada cxodunica Kk Gyuitun f(x) 80 6cex
moukax ee HenpepsLeROCHLL;

© 3) 8 ravcdod moure paspssa HYHKGUL cY.Ma pAOQ PABHE

nonoBURE crauia VHKNLL;
4) npu x =% u x=—n cynna pada 00uHAKOBE U PABHA

f(==)+ 7 (=)
—

ITpuven yiasannyio teopemy Ges a0KasaTeabcTna.

3ameruy, uro B AaAbHeHweM H3NOKeHHI Mbl GyAeM M0/1b30-
BATLCSl TOJBKO (DYHKLMSMI, YAOBJACTROPSIOUINMI ycaoBuaym i~
PHXJIe, a NOTOMY B KaXIOM pa3dupaemMoyM nphyepe He OyieM
OCTAHABJHBATLCSA HA STHX YCAOBHAX.

[pexcae uem nepefitn k pasnowenio  ynKiiil
Pypbe Mbl 0B NO3HAKOMITLCSA C METOLOM HITErPHPOBAILI 10
HacTaM, Ges KOTOPOro Hesbast onpene/ath kKoa(duinents Pypoe.

B paabt

§ 139. Huterpuposanue no uacram. [lycrs uz n v— ang-
Gepeniupyensie pynkiun ¥, Toraa mo npasiay IV § 67 nuees:

d(uv) _  dv du

@l TV
I

d(uv)y=udv-+t+vdu,
oTKy1a

wdv=d (uv)—vdu. (1)
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Basis unrerpan or -oGeux uacreit pasencrsa (1), mosyunm:
fu (1'U=f(1'(llv)——-f'l! du

fu dv=uv— f vdu. (2)

Han

Pagencrso (2) cayxur @gopayaoild unmepuposanust 1o
uacms.

Mpumep 1. Halttn fx cos xdx.
Pewenne. [Monomunm
u=x, )

dv=cos xdx,

‘Toraa (3 )

du —=dx,

V= f cos xdx =sin x

(Mpou3Bo/bHOE MOCTOSMHOE HHTETPHPOBANNSI HAMHIIEM B OKOH-
HaTeNbHOM pesyJlbTaTe).
[Moxcrasus (3) Bo (2), moayunM:

fxcos Xdx = xsin x — fsin X dx = xsin x—} cosx - c.

[Tpumep 2. Haﬂ'rufxcosnx dx.
Pewecunne. ITonoxum
u=x,

dv=cosnxdx,
TOr A
du=dx,

Y= fcos nxdx.
dz N
[Mpumensis MeTON NOACTAHOBKH (nX = 2, ¢1x=7 , TNoJayumnmM:

0 i
v=fcosnxdx=-—'75m z==--sinnx.
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Cornacio ¢opmyse (2) HmeeM:

xsin nx 1 .
‘/.xcosnxdx=_n—_7fsm,,xdx ) =

xsinpx> 1 —cosnx X sin nx cos nx
e D A C)

AnanornyHo MoxHO HafTH:

5 xcosny sin nx
/xsmnxdx:—— —n———i— 0 —+c. ®)

IMpumep 3. Hattu fx%osnxdx.
Pewenne. [Monoxunm

= sk
oTKyna dv=cosnxdx,
du=2xdx, (6)

sin nx
v=/cosnx d.\'=—,—l—(cm. npuyep 2). |

IMoacrasus (6) Bo (2), mosyumm:

: x2sinnx 2xsinny
j xicosnxdx = — f A=
n i n
¢® sin nx 2 £
o RER e W Tnmn
n n .

Ipuusis o BHUMaHue pasencTBo (5), OyueM HMETb:

2 X COS X
n n n

sin n.x 2¢xcos nx  2sinnx
n =tz e 8 . @)

'
j x2cosnxdx =

Taxum e oGpasom Hafizem:

5 2 X 2x sin nx 2cos nx
[‘xﬁsmn:ca'x=—'\ C(:lsm—{— = ,:3 —“+c. (8)

#) Ilpumensercs NMOACTANOBKA nX =& I dx = ==
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§ 140. Mpumepnr pasaowenus Gyuxunit B pax dypve.
Mpumep 1, Pasnowure B pag ®ypbe GyHKILHIO:

f(x)-—-{ x mpy —r L xL0,
Ompr O0<xLm.

Pewenne. ITo dopmynan (1) § 136 natizem xoshduumentsr
dypue

Go=%fﬂf(x)dx=% '/r:xdx—|-—lﬁ-l/r;0-dx.
R4 J p
Ho

fO dx=c, mTak Kaxk dc=0.dx,

N

KpoMe 1oro,

fO-dx:c—c:O.
0

[loaromy

+= 0 5
1L ;
a,=— / f(x)cosnxdx:% ‘/xcosllxdx‘f‘}l?fo.dx'
o - t/

[punas 8o sunManne pasenctso (4) § 139, noayumi:
o L\“ (x sin n.\'+cos nx 1 0—
n L n n* + E

— % {O-illn0+mL0_[—n51n (— nn)+cos(n:mﬂ)]} —

n* n

=_}__(0+l,_"5“‘”"'_5&'5)=
1

<l_::~0 €Os 1w
= o

1 -
= —— (1 — cos nx).
n* n . n ) nn? ( 3
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OTciona

1 1 2
g=—p(l—cosm)=—(1+ ==,

Gy = —3(1 —cos 2m) = —(1 — 1) =0,
03=—3ﬂ(1—c053w)=—,.}—n(1——cos-::)_ A1) =2t
a‘_—(l—c054'rc)_ _(1_1)_

n T, o ¥

Kak Bunno, npu uernoM suauedun n kod(QHUUUEHTH @, PaBHbl

HYJIO.
+m 0 x
1 . 1 . 1/
b,,=—_; f(x)sinnxdx=— [ xsinnxdx—— / 0-dx.
—% — 0 .

Comacuo'paueucray (5) § 139 nomyun:

1° f—xcosnx , sinnx 1
= [ 0=

—0.cos0 | sin0 7 cos (— nx) sin (— n= .
n [ n + n* }

— (O‘i‘o'—nm"srm—f' slnzm)___i(_na:ntl._g%)__:

1

E3 n? ©
1 T COos nm\ cos 2w

£l (— n ) T Wy -

Orciona
1),=—coi”:=l,
oL
by C0SBr__cosz_ 1
3 3 3
b{___%__“’_:_“___ll_ HT. A

Wekomuill psin pamiwercst TaK:

T 2 2 e 2 s
— K—Q—;cosx-{—mcosd.x—i—?—coso.\—l— ot

P 2. 3 indx
..-i-sm.v—sm r_f_slr;.x ~n4,\+.




§ 140] nPUMEPE PA3JOXEHUS &YHKUMA B Psil @YPHE 345

CornacHo Teopeme Jlupuxae STOT pal CXOAHTCA K AatHOH
GYHKUMM BO BCex TOUKAX MPOMENYTKA 3HAUEHHH X OT — & IO

=, kpove ¥ =—m= u x=m=. B camom zene, npn x=—m
— : ) f—x)+f(@x) —=nt0 =
I X== cymma psga pasna 5 O
MENAY TeM KaK BHaueHWs (YHKUHN MpH ¥=—= 0 X=T
COOTBETCTBEHHO paBHE —= u 0, 7. €. HE COBNAanaloT C CyM-

MOH psna.
Takuy oGpasow, Moo Hamucath:

f(x)=_%+%(Cosx+co;23x+c055x+“.)_'_

52

: sin 2.x sin 3. sin 4
+ (sinx— T — "4,"7—}—...) npu —x < ¥ < T

Mpuyep 2. Pasnowurs B pan Pypse dyHKUHIO

f(x)=__._;x mpn 0L x< 2.

Pewenne. 3nech ans onpenenenns xospduumentos Pypwe
nenoansyem dopmyast (3) § 136.

1 (*(= x
Tp— = (?——,,—)cosuxdx=

2

2% 2x
1{= [ . 1
=—|% cosnxdx®) —— | xcosnxdx|=
: T [

2n
2% TP
=L(zTdnnrx_ 1 [ cosnxdx]-
|2, n 20

z
n "

A -
*) f ¢0s nx dx HaXOAMTCSA MOACTAHOBKOI: nx =2 H dx=
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Ilpunsp Bo BHMMauHe papencTBo (4) § 139, Gynem uMeTb:

el mslnlzx— & xslnnx+cos nx\|__
" x| 2n|, 2, n n?
1

—-—[ (sin 2zn — sin 0)— (2’_—5“:12—'14—
cos 2xn 0.sin 0 cos 0 )]

n? n n?
=L (" nony— ZSIn 2zn  cos 2zn 01 L
— w\2n " 2n2 2n?

T n

1/= 1 1 1\ __
(o= — o,l.—l-zn) ~(—zmtam) =0

paBHbl

e

I

Taxum o6pa3oM, BCe KOIPPUUUEHTE g, @y, Ap, A3 « - »
nymo.

2n
1
= — sm nxdx =
T

2% 2%
1 [ ey e ||
—;[?‘/ sinnxdx—Tz-/ xsmn.ul,\il—-
u

"
=[* cosne 1 [
o . T oY
& n “~

0 0

[Tpumenss k fxsin nxdx dopuyay (5) § 139, noayunm:

xsinnx dx] .

_ 1 [= P cosnx IR X COS n.X sin nx);]__
'b"_?[fo e T (_T_'_ n?
lr= cos2zn , cos0\ -1/ 2mcos2mn
ol e B
sin2zn , 0.cos 0 sin 0 I'[= 1 1 :
SR o — el = Bl
1( 2, 0-, 0 0\ -1z 1
'..7( n_‘—n—2 71_—;):' =n_n"
Hraxk,
1
bu:?:
OTKY A :
b=1,
1 1
by =+, b3=g H T I
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Vckomoe pasnosenne Gyzer:

sin 2x | sin3x

sinx+—2-—-+——3-+ e

—x
NpH BCEX

Toayuennsi#h psin cxozures K QYHKUUN Y= —

snauenusix x B npomexytke or 0 no 2w, xpome x=0 n x =2,
KaK 9T0 u cienyer m3 Teopemsl Jlupuxine.
Taxum oGpason,

sin 3.x

3 —+ ... mpu 0< x< 2w,

§ 141. Panu ®ypbe sl YETHHIX U HEYeTHHXK (yHKUMiL.
Dyurcyus f(x) nasssaencs “emnoil, ecau npu nodcmarosie
CHMeCMO X BeAUMURG, —X SHAK IYRKUUL He MeHsemcs, T. et
J(— x)=f(x). Hanpumep, X2, COSX— ueTHble (yHKLUH, TaK
kak (— x)?= 2, cos(— x)==cos.x.

Dynrcuun f(x) nasvieaencs Hewemnod, ecau npu nodcma-
HOBKe 8iecmo X GeAutUHbl — X 3HAK (f)_\'HIEllllll Mensemcesa Ha

npomusonosoversii, nt. e. f(— x)=— f(x). Hanpumep, x3,
SHL X — jeyernble hyHKILHY, TaK KaK (— x)° = — x3, sin (— xX)=
=—sin'x,

Bayernn, uro npoussedenue J6YX “enHux uau 08YX He-
UCHIHOLX QOVHICyuil ecmb “emHas @ynkuus, a npoussedenie
UeIHOU (YHKQUU HQ HEMeMHYI0 eCmy YRKGUS HeHemHasn.
B camom aene,

(—x)? cos (—x) = x2 cos x—TpoH3BeeHIe ABYX YeTHHIX QYHKLHH,

(—x)3sin (—x) = x3sin x— ) » HEUYETHBIX ,»

€0s (—x) sin (—x) = — cos x sin X — nponussesenne yeTHoH (yHK~
IHH HA HeyeTHylo.

Ipaduk uerHol Gy CUMMETPUYEH oTHOCHTebIO och Oy,
rpaduk neuernolt @yHKUHKH CUMMETDUYEH OTHOCHTENLHO Hayaja
xoopaunar, Ilpumepst TaKHX rpaguKos nanel na veptexe 136
JAs uetHON (yHKuMM, HA UEpTeKe 137 — s weverHott.

Ecan f(x)— uemnan Qynkuud, To

[ reoar=2 e
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ecan f(x)—neuetnan QyHKuHs, TO

3 fu f(x)dx=0.

—-a

OTH paBeHCTBA MOXHO TIOATBEPAMTH FeOMETPHYECKHMI c000-
G
paxcenuamu, [Tycrb ff(x)a'x BbIPAKAET TIIOWIAAL (HCYPH,
-
BaKJIOUEHHOM Mewucny rpadukom OyHKUHH f(x), AByMA NPSMBIMH
X=-—au x=a u ocvio Ox, y
TOrla B ciyyae YeTHOH (yHK-
i f(x) 91a° niowass pasua
yaBoeHHOH maowann  Gurypsl,

Yepr. 136: Yepr. 137.

' oBpasonanolt Tem ie rpacuioy, ocbio Ox 11 mpamuidn v =10
N x=a (uepr. 136); B cayuae HeuerHOH (YHKIUHNI MNIOWALb
paBHAa HYJ/IO, TAK Kak OHa COCTOMT I3 ABYX PaBHBIX muoluaneft
C NMPOTHBOMOMOKHBLIMK 3HakaMu (uepr. 137).

[punss Bo BHMMAHHe CKazanHoe, MOXKHO YnpocTiib ¢op-
Myabl (1) § 136, nanucaB ux B caemyloulem Blae:
Aasi cayuas ueTHOH (yHKLMI

= %6/.[(.»‘) ax,
a

=
o [
a,,=-1“T‘/ f(x)cosnxdx,
0

bu =0,



§ 141] panbl oVPLE AN UETHHIX H HEMETHBIX @YHKILAA 345

LISl cayuas HeueTHOH (yHKuNH

ay=0 u a,=0,

T

)
. I

b,,:% /'/(x)sin nxdx, [ :
0 J

-

Kak Buano, psa Pypse (2) § 136 naa =
Oyzer cocton1b TOALKO 13 KOCHHYCOB, 1. €.

(=}
q 3
f(xX)==23-+ 2 a,cosnx,

n=1

4 143 HeveTHOH (YHKIHH— TOJBKO H3 CHHYCOE, 7. ©

()= 2 b, sinnx.
n=1

Mpumep 1. Pagnosicurs B paa Pypee

f)=|x] mpn —=Lx<LE

Pemenne. dyuxuns y=|x|—

0

TIpuias BO BUIMANIG PABCNS 80 (1) § &0

9 F[xSn RNy | COS FX)
= 2 (e e
U

z n n n
2 [=sinnw oS nx O s St
= ?[ n - \ s
2 cos ni 0 1)\ RS
== (T eJia . : \
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Orciona

4
a4y =— (cos-:——l):—(—l—l) =L=

n'l"

2
ay=——; (cos 27:—.1)=7:'—2,_,(1—1)=0,

2
ay = —d.:(cos.—s—l)=

2 4
=1 —h=—rp

y=— (cos4~:——l)_ : .,(cosO——l)_

..-4’

A== . O
r‘(l [)=0 nur

Hexomoe pasnowenne Gyner:

1|: 4 4’
5 ——C0SX¥— —=C0S3X——=CO0SBx— ... =
g o s

J 3x , cosdx
,——l(cos,\+coi."+ ; -{—)

A

ITpumenss reopemy Ilupuxiae, MOXKHO IOKa3aTh, 4TO TMOJyuei-
HBIA PSL CXOAMTCST K NaHHOM (yHKILN MpH BCEX 3HAUCHIUAN X
or —® 10 -,

CurenoBatesibio, MOKHO HAMHCATD:

= 4 s 3.x cos 5.x
[x|————<u.os +C03._,0 +T+ ok )

npt —r L x T

[Tpumep 2. Pasnowurs B psia Pypbe (QyHKIUIIO
f(xX)=|sinx| mpn —rLxLw.
Pewenne. Naunas gynxins uernasn; npumenss gopmyast (1),
NOJYUHM:

e

—COS X =
0

2 [ 2
110=—j sin xdx =—
03 ‘ﬁ

v

2 . 2 _ A
=——(cosmr—cos0)=—— (=1l =1)<=—1a
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Tonowus n=1 5 Qopmyne ana a,, Gysem umes:

=

Dl 1 -
(ll:;-l/ smxcogxdx::fQSmxCOS.\Td. —
(]
0
1

= 9 &
=— sm2xdv=l\ _&s‘)_x__;__ cos 2x =
T g ™ 0 “ A )
=_%(cosQn—cosO):—%(l"l)=o'
Oas n=2,3,4 .., noayunm:
1

/ 2 sin x cos nx d.

2 -
a, == | sinxcosnxdx=

Mpeacrapun nponssesenie 2 sin xcosnx B crefyiowen BHAE:
9 sin x cos nx = sin (2 1) x—sin(n— 1) ¥ *)

TOI'la

a, =—1l_~ / [sin(n4-1)x—sin(n—1) x]dx=

I

o J Bl cos (n--1) x | cos(n—1)x]ws)

i) o[ n+1 = | ] ,
_1 cos (n4-1)= , cos(n—1)= ey COCAAEE
_?[ n-1 ST _(_n+1+n——1)]
_ 1 cos (n41)=_, cos(n—1)= e e
_T-[ n—+1 + == +n+l n—-l}

1

cos(n+1)=  cos(n—=N)z 2
[-=rr+ ]

n—1 nr—1]"°

i{ yacTH
#) D10 pABENCTBO JIETKO NPOBEPHTD, MPHMENHB x mpasoH
cro (I)Op\lyny 2351 pasHoCTH CHHYCOB ABYX YIVIOB. o u
3 =z
) J‘ Sin (n +- 1) x dx HAXOAUTCS NOACTAHOBKOI: (n+1)
M H K
dx = —dz— AnajorHunyio  NOJACTAHOBKY npumexme‘
n4-1"°

sin(n —1) xdx.
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1 cos3n , cosm 2 1 cosm® , COST 2
s e B e e

cos 4n |, cos 2w i 1 cos 0 _
O i s e

A5
I
A=

4
1 1 1 1
= (—F+z—2=%
1 cos 5= , cos 3= 2 1 COST™ , COST 2y
”*=?(_ 53 —1—5)‘“?(— 5 T3 B
_lql_ 12y ‘4
—?(5 3 15)__ Tom *
o 1 cos bz, cos 4w 1y 1 (_ cos 0 | cos 0__i)_
5“?(' 6 v 4 _'E)".—. 6 1 12)—
1 1 1 1
= .—T(—U_‘_T_F)— ,
1 cos 7m |, cos 5w 2 1 cos = cos 2\
”ﬂ”“?(_ 7l e _3—5)"?.<- 75 _;E)—
| iDL T o
= ('7‘— 5 35) RIT A
Hckomoe passioenne Hanuuiercs TaK:
2 4 . 4 ~ 4 e I .
;—HLOSQ,\—ECOSL\-—&SK cos 6x Tt
2 4 fcos 2x |, cos 4x |, cosbx
=‘{_?( .3 + 3.5 +5.7 + )
Coranacuo Teopeme Ilupuxsae noayueHuvil psii CXOMITCH K AaH-
Holt ¢yuxumn npn — = <L X <L 7, NOITOMY
. 2 4 fcos 2x |, cos4x , cosbx
|smx|_?—-;-( T -+ 35 - 57 —f- )

NpH BCeX SHAYCHMAX X YKA3AHHOTO IPOMEKYTKA.
Mpusmep 3. Pasnoxknts B pan Pypbe (QyHKUNIO

fx)=x mpu —rLrLw.
Pewenune. Ipumennm dopyyasl (2), Tak Kak QyuKis
f(x)= x neuernas.

2 3 .
b,,=:~/ xsinnxdx.

0]
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Cornacio pasencrsy (5) § 139 Hatizem:

201% X COs nx sinnx\ - 2 7 COS nw sin nx= —
= (g2 s

n? T n n?
0. cos0 , sin0 2 7 COS N7 2 cos.nw
=t =S
O1ciona
bx=—¥=—2(—l)=2,
m—tmE_ 13,
by— —2c088m __ _ 2cosm_ 2
$ 3 3 3"
b4=—2czﬁ=——2—c}s—(-)=—% H T. O

Ilckomoe pasnoienne Takoso:
S i T 2 1 1
<8in x — sin 2x - 5 sin 3.\:—-5'sln x4 ...=

3 sin 4x
=2(sin x_sln22x+sln3x_ : + )

1ot pan mpencrasaser ¢dynxunio f(x)=x npu Bcex sHaye-
HHSX X TMpOMexyrka or — w0 ., kpome X =——=r. [Jel-
CTBHTE/IBHO, TO Teopeme Hupnxne npn x=—=r CyMMa psia
= ~ —=
papia f(_)?w= %=0;
NpH ¥=—= I X==7 COOTBETCTBEHHO pPaBHE — @ H T, T. &-
HE COBNALAIOT C CYMMOH psna.
Takum oGpasom,

3HAYEHHA iKe (QYHKLUHU

x=2(sinx—¥+s'"33x—sm44x+ .. ) npn —n < X < .

TMpumep 4. Paznowuts B pan ®ypbe dyHimimio
(

—— mpp —axL L0,
fx)=

TpH I<rxL .

ala wla

93 3ax, 3032, K. J1. 3anues
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Pemenne. Jlansas ¢yHKuus — HeyeTHas, a MOTOMY, IpH-
meHas gopmyay (2), nmoayuum:

= T

_2 (= il X S e 1F  cosnx
b,,—“(l)/'451nnxdx—2a/‘sxnnxdx—-§0— e

L 1 1
=— Ocos nx=—-%(cos nr —Cos 0)=—ﬂ(005 nw—1).
Orciona
b L :
1=—ggCsr—N=—5(—1—1)=1,
b2=—;j(cos2ﬂ—l)=b%(l—1)=0n
b3=—-%(cos37r—l)=——é—(c037=—1)=
——t(—1—D=1,

b4=—%(cos41r—1)=—%(C050—1)=

1 .
. =——§(1—1)=O H T 4,
Pasnoxenne Hanmuumercs clezyiounym oOpasom:

T x+s|n33x + sinr5x S

)

IMpy x=—m=, ¥x=0 u x== cymMmMa NOJy4YeHHOrO psua He
COBNajaeT CoO 3HAYEHHAMH NAaHHOR (YHKLHH, MOSTOMY YKas3aH-
HM# psa cxoautcs K ynkumu f(x) npp —a << x <0 n
< x < :

CnenosaresbHo,

—_—sin.\‘+¥+¥+.;. apn —wm < x <0,

ISR

=sinx+i‘33£+ sin55x+“. npu 0 < x<w.

[TokaxkeM Ha TpHMEpe pa3NOXeHHs B DAL 3TOH yHKumM,
¥TO MO Mepe YBEeNHUeHHS uYHCNA cJaraeMbiX (MPOCTHIX rapMo-
HUK) YaCTHYHAas CyMMa pana (pesy/bTHpYiOlLas TapMOHHKA) BCe
ayulle W Jyulie NpeACTaBafeT AAHHYKQ (pYHKUUIO.
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Ha ueprexe 138 I noxasana mepsas rapmonnka (sin x) pana.
Ha ueprewe 138 II usoGpawment nepsbie aBe FapMOHUKH

sin 3x
pana (sinx wu 3 —— NYHKTUPHbIE JIHHWE) H HX CyMMa
. sin 3x
(sin x4 3 — CIVIOLIHAA JIHHNS).
¥
< X
& 0 T

Yepr, 138,
Ha ueprexke 138 Il nokagayy, HaljenHas cymma ABYX mep=
‘ 3 sin 3x
BHIX FAPMOHNK (smx—{-T_nyﬂmupﬂag auHus) W TPeThA

sinSx
rapMonikad (== — yikTupuag IHHNA), @ Takke CyMMa TPEX
;

nepBbIX FAPMOHUK (Sin x % 4 305X cppowuan Aiha)-
5

23%



356 TAPMOHHYECKHUH AHA/MU3 [rn. xv

Ha ueprexe 138 [V — nafinenHas cymMa Tpex mepBHIX rap-

sin 3x sin 5x
+—

MoHuk (sin x4 —— — NMyHKTHPHAsl JHHUSA), YeTBep-

X
Tas rApMOHHKA ( — NYHKTHDHAsA JMHHS) H CYMMa TepBHIX

yeTBIpeX FapMOHHK (sin x—+ sm 85 —+ Sm;x -+ 2l 7x — crjou~

Has JHHHA).

Ilponosxas OMEpanMio CHOXKEHHS TNPOCTHIX TapMOHUK N
pansue, Mbl OyzeM moJyyaTh Pe3yAbTHPYIOULYIO TapMOHHKY
(uacTnunylo cymmy psga), Bce Goabuie i GoJblue NpHGAHKAIO-
LIyioCA K ABYM MapaJJe’bHbIM OTpe3kaM, H300pakaiouiuM AaH-
HYIO (PYHKLHIO.

Benencrsne mepuoanunoctit pana Pypve Kauuoft yHKILUH
pe3yabTHPYIOLLas rapMOHHKa OymeT TOUHO NOBTOPATHCS Uepes
KaXABH NPOMEKYTOK 3HaueHul x, paBHBIA 2w,

YupawHeuus
Pagnoxuts B pag Pypee caenyiouue (QyHKH:
. f(x)=x mpup —aLxL™
0 nmpp —a< xL0,
2 =
7 { X npu o<xgLm



OTBETH! K YNPAXHEHUIM

§ 2
B: (5 3), (—9;8), (— 5 —3). (5; — 3); m (3; 5), (— 3; 5), (—-3; —5),
3 —5.4. 4V 20), 04V 72, (—4V7Z0), (0; -4V 2.
§3
f. 10. 2, 1) 10, 2) 5, 3) 5. 8. 15. 4. 5, 13u8V 2. 7« Ay (—40),

Ay (12, 0). 8. (V' 3; £3). 9. (—2; 4). 10, (0; 14). 1 (1; 19)

(—11; 10). 12. (1; 1) u (5; 5). !

§4
L1) (57 2 (4 —6). 2.3 u V7 (% —1). 3. 5.
& (—9; 10). 5u (—3 ) 0 (—4& —1). 6 (4 6). s (1%; —4)

(
i (5%; — I). 8 (—8& —1). 9 (8 2). 10. (—2; 1). 1 (1;1).
12, x=xl+‘\;;2+f\'ﬂ'

y=)/1+):’;+)‘n_ 18. (—2 1).
§7

fs A n C nexar, B ue nexnur. 2.y=0 x=7 3Bay=x n
=—x. Aay=4x 5. X2+ y?=4 6. x24 y2—4x 1 6y—3=0,
T 2x-—-8y—5=0. 8. x*-4y44=0. 9. x24-y*=4,

, §9
2, y=—5. 8 x=—2 4 y=2 5. x=—3 B6.x=6,
¥=—0,y=6 y=—6. Te x=0, x=38, y=0, y=06 mm x=0,
x=6, y=0, y=8.
§ 10

V3
L1)y=ux 2) y=-5% 3) y=—x, 4) y=0, b) y=0.
2, 1) cosnazaer ¢ ocvio Ox, 2) jeaut nepshiif KOOPAHHATHEIL yroa
nonoAaay, 3) ACAHT BTOPOil KoOpiuHATHBIT yrom momoaam. 3. 1) 60°
2) 33°42/, 3) 116°34". 5. A u C nexar, B ue nexcur. 6. Ha npamoit
y=2x Ta x=4, y=—3 & k=—5. 9. y=—2x 10, x=10,
y=0, y=x wm x=10, y=0, y=—x s x=0, y=0, x=—6,

y =3; ypasueune auaronam y= —g ¥ 12, y=—0,4x,

94 3ax, 3032, W, JI, 3afiuen
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§ 11
2, Ha mpamoit y=—8x—10, 8. y=3 & x=—2
5. 1) (% 0) 00 —2), 2 (—2 0) 1 (0; —6). Ba y=—x—5.
T Loloy g— " 3 3)y_—ﬁx+4 8.1)60°,

2) 135° 3) 26°34’. 9. 1) y =5, 2) x=2, 3) y=>5. 18, y =—2x—1,
1.1)2,20 12.y=x n y=—x4+12 (8. y=x+2V72
=—x+42V72 y=x—2V 2 y=—x—2V 2. 14 Ypasuenns
CTOpoR: y =X, y =— x4 8, y=x+48, y = — x. ¥Ypapuenus Auaro-
nanei: y=4, x=0.

§ 12
2. 4x+5y=0. 3. 1)y=2x+%), 2) y=——%x+%.
4.1) 8x44y=0 2)2¢r—3y—12=0. 5. 1)%, 2) -—%.
6.1) —2, 2)0, 7. 6=25 a=140°12.
§ 13
2, 1)£_|-l=1 2)_——y_l 3)———] —ii—l 3. 10.
L)F+E=12 —F+y=1 Hgs—y=1 59 6 5
e 2t i o U =
e
§ 14

1. (6 —2) 2, Mpoxoaut. B y+9=r(x+4-6). & 1) ¥V 3x—
—y—T7—2V3=0, 2) V3x+3y+21—2Y 3=0. 5. x—y+
+-9=0; st—s): U+ VB=0; x4y—7=0; y=8. 6. 1)3x—
—~y—32—0 2) \+y—18—0 7.,\'-{—)'—-0-—0 x—y45=0

Vix+y—6Y3=0 Vi3x—y+6¥Y3=0 9.1)y=0,

—21fd y=V3x+5V73, y——1fs\+o1fs 2) y=0,
y=—2V", y——V&r—SV-J y=—1 Bx—5V 3

§ 15

f. 1) x—38y+4+5=0, 2) 6x+47y—9=0, 3) x-4-4y=0,
HDx42=0 2. 3x—y—10=0, x—3y+42=0, x45y+42=0.
3. arctg2. 4 5 u 5 8. 3x+T7y42=0. 6. x-—y—2=
Te 2xF-3y—4=0, x—2y—2=0. 8 x—y—5=0. 9. (& 0)
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§ 16

. 1) arctg—;-, 2) arctg—é—, 3) arctg 12, 4) arctg3. 2. arctgd
nan arctg (—5). 3 1) 0° 2) 90° 4. arctg 1,75.

§ 17

. 1) Ha, 2) na, 3) mer, 2, 1,5, 8. 2x—y—1=0. 4« 26—y -+

+3=0 6:2x+y—6=0. G x—6y+8=0. 7« x=2 8. 4x—
L5y 115=0. 9. 4x-+3y— 20 =0,

§ 18
f. 1) da, 2) ner. 2. 2 3y —25 =0, 3. 22 7=0.4.2
+3y+21=0) T X+ 3y —25=0, 8. 2x+y+ -

. 5. 3x —4y490=0. 6. 2x+y—9=0. 7.3x—
—y+1=0 8 2x—y—3=0, x42y—14=0.

§ 19

1. 1) (25; 0), 2) (0; '—%0) 2, 1) (2 1), 2) ner nepecedenns.

8. Touka nepeceuenus (0; %.) & (i .7_), 1; 1), (_}]_, 1_71.)
5. (3, 0), 6 2x—y41=0, 7, x4 y=0 8.3xr—2y-+18=0.
8. 5x4-2y—9=0. 10. 2x—3y 1 120 Uh (1; —3), (7 —1),
(9: 5), (3; 3). y+1=0. 1 (1; =3 ( )

CMewannpie sagaun

2
f- (2—3_; 0) 1 (02). 2. Obwan touxa (—1; 3). 8. (3—.23; 4).
4. YpapuenHe mpamoli y = 9, 5. 9—=0. 6. Jlexat na
npﬂmoﬁ. x-—g)'-i-? =0." 7.5 8,7 's:‘—xyj—y+7=o. 10. (6; 6)
n(—8 — )'6 "5 L5 12, Ilnnna qmaronam 5; YPABHEHHA AHAro-
naachi: 840y —39 =0, 8x —4y 4 95— 0, 13, (=3 6) n (—1; 4).
14, ~56. 15: 21 1 23. 18, arctg %, arclg 3, arctg (—0,4). 17« 45°
18. 3V 2 19. 3x—5y 4 30 20, x+y+7=0 um
x—y+1 =e 0. OTZeK a3auye, Yepes jxaunylo TO'qu-l;lg)lﬂlO NpPOBECTH
ABe “P"f‘_"‘o s ‘“’2’0111“(! Ha oeax KoopaHHAT pAaBHbIE OTPE3KH.
20, )y =0 ¥y T2=08x 49y 9420, 2)y=0.x—y+2=0,
3x— By e (o $¥—y—4=0; VT0. 28, 3x+3y+11=0
24, 5 5 28, 5y, 20 (—88 —16). 27.2r+y—14=0,
@ 2)'73 30 x— ja—y“ 15=0. 29, arctg25 80« (0; —2)
o 3430 Vst l =l by 12=0 08 G 1)
- » n; de'te d3aune, ITa aaiesorpaMMa MOMHO
St cﬁ%yg:ainotosamu no ocué)x;gxz:ﬂl:o r:lpnucore (1. e. s=ah)
< St yony, Mewny u (r. ¢. s = absin %), 35, 20
) Y=59=8 x=T4 9) gL "y g x—=9. 37 2u+y—
—5=0 x—2y—5=0 38 )78 ¥ -
4T 1) y=19, y= x+12 y=—x+428,
2) y=§2i0y—3_ W y—si10 ‘3e, y=0 Virty+
+2VB3=0 V38— y+2V3_0. a0, (& —3), (1), 28; 24).
4 x—J ' =542, B(24; 64), D (36 50) 43. 6,
4%



360 OTBETH! K YIPAXKHEHHAM

44, 4x—39—80—=0, y——8 4xr—3y—0. 45 (3%;5%).

46, x4 y+4-5=0 47. x—y+4+3=0, x+y-+3=0 Yrasaune.
Yron majenus ayua pasen yray ero orpawenus. 48. J= ey x4

49. 11x -3y =31, 1lx—3y=3l. Ykagauue. ﬂponecm H3
TOUKH A mepneHauiyanp x ocu Ox 0 Mepeceyenus ero ¢ NpOAOMLKEH-
HBIM B OOpaTHyl0 CTOPOHY OTPaXEHHBIM JYYOM H PACCMOTPETDh IONY-

qemme NPAMOYIOJbHEIE TPEYrOALHHKH. 50, 7x— 38y —9=0,
Bx—Ty—1=0.
§ 21
D Gt o=2t=25 2) (A L9=5
3) x4 (y— 5)2 8. A n B nexar, C He JEKHT. 4 X —0,

Xp=—4. Ba 1 (1—2)”+(y—1) =25 2) (x-3) (y——2)

& (X+22+(y—4)’=10 7.(v—2)+y-~é_ +
+(y+4)°'=16. 8. (3; 4), r=5. (L. 5x+2y—— —0. 12.6
18, x4-3=0. 14 x—y—2=0. 5. x4 2y} . 16. (5; 0)
H(1;0). 17.2x—y+42=0 (8. 3x—|—ly—39—0 19. (7; 6)
u (0; —1). 20. Kacareapnas B touke (3; 3). 20« Bue OKPYKHOCTH.
22, x+y—4=0.

j § 26
L y 1 2 10. 8. 22=4V5
-%‘+E-= 3 2. 2a =26, 26 =24, 2¢ =10. -. a = )
A : LN L X 9
2b =14, F(0; = 5). b ﬁ"' E_L 5. 36+27 1.
x2 2 V5 E L L
B.—g —§=1 Too=—"73—. 8 ‘)5+——-—1 HAH 9—1 2‘)_1.
9. 36x2 - 20y% = 1125. 10. 1x-+9y-— 144 wan 9x~+ 1y-=1“.
1l. A u B nexar, C ne JexHuT. 12. = 3. 13. 3yt= 15.

14. 1) 2x2 -4 5y2 = 40, 2) 3x2 -} 5y? = 120. 15. 4. 6. 1) (.3 0) 1 (0; 2);

2) KacareabHas B TOUKe (3; VJ) 3) uer nepeceucnns. 7. V5.

5 V2
18, 8x29y2=72. (9. 5
§ 31
x? 2 x2 2 x? y.T
L1) gp—=1 r>)___T=1, =g =1
2. 2q =6, 2b_1o 2c 2V 3% 8. A(Z£12 0), F(E13;0).
4, Tx2—9y? =63, F(ET 0), 2a=10, 26=4V 6, e=14,

6. 1) 25x2— 24y? = 600, 2) 91~—16y-=1 96. 7w 1642 — 9y? = 1296.
8. Au B zexar, C ne aewur. Ga 247 —9y2=18. 10. 5x* — 8y* = 40.

M y=: V—Qx, e~176. 120 y=2 3 v 13, 22— 16y> = 28
14, 15302 — 125y-.f_‘15J. 15, 92— 16y* =576  18. (6 £ 3).
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§7. Touxa xacauus (6; 4). 18. tgq,:“/‘g 19, 2_3_3.
20. 3x2— y2 =12,
§ 33

1. 1) y2=16x, 2) y2=—8x, 3) x2=12y, 4) x2=5—20y.
2. 1) (2?; 0), 2) (—3;0), 3) (0; 2), 4 (o; —2~2—). 3. 5 0).
4a 1) x=—1, F(1;0);2) y =2, F(0;—92). 5. 1) y> = 8x, 2) y*=—12x,
3) x2=—10y, 4) x*=16y. B, y2—10x, F(—;0). 7. 1) Jlexcr,
2) ner. 8 3 4. D 3 10. y2 = x, §f, x2=—8y. 12. 10. 13. (0; 0)
MG O 14 1265y —20=0.15. 1) (59 n (7 5) D BI—

12
TOYKa Kacanus, 3) HeT nepeceuenns. 6. 4V 2 11, x+y+1=0;8
§ 34
k1) @5 625). 2) (0;9), 3) (2 —9), 4)(1;0) 5 (=105
§ 35

L16 2.9m 2L 8 7y | 16yt = 112 wan 16624 Ty2 =112,
4o 432420 —4y4+-3=0. 5, V2 8 x+4=0uny+2=0
7. arcig (—0, 4). 8. 2542 | 49y — 1995, 8. 3x2{-4y2=48.
10. 7\";;*' 297=32. M. 4V 3 2, 5:2—453=20.  13. 45.
14. 2. 18. 2p. 6.7y 2 3 X9
o (')'A-. 25)':0 s 112.'3. 2(l)7. 8V 3. 18. Qﬁ' 19. % . o _7;.
n 9X°— e = 2042 —5y2 =36, 22. 3x? 3 =T75.
23. 10 n 15, 24. 48 25, ax__qi',_.z___o_ 26. yi_y2x+7.

1 3
).=§x+§. 27. 10 u. 28, X2=12y 1 ¥2=—12y. 29. 9x24

2 — 2_ 16
+25y7 =225 30 =2y 31,13 s 824 (18 12) n (18 —12).

. /10 =
33. 4. 34. (3; =6). 35, 10, 26. i .-10~ a7, %V 7. 38. ~0,08
BT =

39. x2— 4yt =36 40, amgVT_f’_ 41, 9x2—Ty2 =63,

42, x—2y—3=0,0x—9y__7_ —0, 2t y—4=

43, V5. 44 4. YT=02x+y—1=02xFy—4=0
§ 44

1.6, 21 3.0 4
1

5.0, 6.0. 7«00 8.0 9aco.
10. j it 0. 12, oo, |3_ 9.

14. —4a. 15. 5. 16, —6. 17, %
22, 4. 23.%. 24, 4,

18. 27. 19. 0. 2g_ﬁ. e
a - >
28. —05 29,0, 30. o

25, 0. 26. 1, 27,2
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§ 46
.1 2.0 82 4 % 5. % 6.2 7.1 8.4 9._;-.
0. 0. 1.5 12 1. 13,1 14 2 5.1 6.2 7.2 8.1
19. 5. 20.2 21 05
§ 48

f. 1,008, 2. 2485 8. 1,504 4. 2352. 5. —1,610. 6. —1,833.
7. —0,174. 8. —2,303.

§ 50
1. 1) 3; 2) —1; 3)—3 2.1)13;2) 76; 3) 122 -}~ 1; 4) 3a* — 6a - 4.
5. f(2) =0, /(—3)= 6. 1) Bce amauenus x, kpome x=—1;

92) Bce 3HauCHHA X, l(pome x==41 3 x>1; 4 xL1; 95) x>0,
6) —co< ¥y T) —l<x <+ 1.
§ 52

1. 1) 06; 2) 04; 3) —1. 2. 1) 1,38 2) 0; 3) %a'—‘. 8. 1) 2,25

9) —324. 4. 1) —6; 2) 2n°+4dah—h. B. —3=. G ~—0,13.

7. 1) 3Ax; 2) 4xbx+2(Ax)y 3)srAx—QAx+3(lx)v

4) —)QxAx—-3Ax)—(A,\)’ 45_) 3x2Ax 4 3x (M)IT(A x)% 6) 6x28x+

A
A-6x(Ax)—2(Axy —dxAx-2(Ax)% T) —;“%f—(_%i;—)\;"—i .
§ 64

7. x=1 8 x=2 9. x=~1 |.x=%—+kn.

§ 58
1. D12 2) 3 3. 1) 5 2) 41; 3) 401; 4) 4,001
416 5. 1)21 2) 121 %.
§ 59
f.2. 200075 8.1)2 2)6. 4 L6.
§ 60
fo 4. 2.10x. 8. 8xr—2 4. —dx+1. 5.6r—2 6. —062

7. 3u2—1. 8. ;2. 9.1) 1;2) 0;3) —5 4) —T.

§ 63

1. 1) 6 2) 0. 2, 45°. 3. 135°, 4. dx—y—6=0.
B. 5x-y43=0 x—5y-11=0.
§ 73

l. 0. 2.a. 8 5x & px?~l 5, 15x% 6. — 123 7. Gaxl.
8. 2% 8. 642—3. 0. 33 —7-2. M. —2. 12 2x2— xW-L
18. 2 1. 14. 92— 47, 15. 90. 16, 322 - 6/ 4-2. 17. 320"+ 12u% —

V) _ g 20
2V 20,1577 2 %UVH-

X
e i) |s.-‘——. 19, — 212
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s i

oo, _ 4 3005 o4 —2VE a5l 28 TIC

3p? 3x2 3 %
6 6 12 .
V¥ 1% ,— 5V 5 7V N

27, . 28 V. 29 . 30—, 2

lar i) .
a2, 3 (§+~_ 23, 1 2. 34 9
2 £
-1—,\‘) 2 3,

g, 2= 87— 2 _ !
@ Ty FIP
2x242x -1 ey 1

39. 2 1 Vi LI e 1.

A+ 2 W = " 7Eaa=
1 - .

42, =. 43 y=4x—2l. 44. x12y—4=0, 2x—3—3="1

45. (1;2). 46 (1;2). 47.1 48.2. 49.y=x y=—=

50. b =—3, ¢c =4,

§ 74 -

b u=x3—2x45, y=ul
8. u=4x-+}+5 y= ‘j’/ﬂ.
B.u=cost, s=ul B.u=sine, y=4u 7«
8. u=3cos x, y=“/';.

Qiu=clgx, y="
s=sinu, M. u=3¢ S=21gu, 12, z=-)2£, =R
§ 76
f 4(x-}-2)% 2. 9(3!—2)0. 3. 10X(X'3—'])“- 4, G(xz_’_)x)'.'(x—]),
5. 4(2 — (1) (2 —1). @, 20(32_ s __l_:
1 Bu? —u -4y (6u—1). 7. SViEl
8. ——.89, X0 2(1 — %) 1—4x
o . 10. 25 =X —_—,
Vel " Vedl By v e-aeem
12, ——. 13, X*— 9y
3, PEmo— —ts = 1)%
]/(’;‘_31))‘ f/m 14, 3(3x—1) (5x +1) (x+1)
2 (5t — ox2__ 1 3 A
e Tl g B2 tar—3 g 200D

o T 2VE—1 ¢
=
L e il v, =P @
X — R o s i —
.,g] 1 VO ™ Yoty 2V ¥

e YE—1"
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§ 76
I 1 —cos x. 2. cosp—osing. 3. S“;_’Z . 4 cos 2, 5. 4cosec?2x,
2sint
6. 1g%0. 7. —ctg?¢. 8. asinz. 9. cos 0 - cos 20. 0. (_1-|-—Sc:;s_t)'1'

1
BT 12, %sln 2x. 13. cosBosinw. (4. 10, 15. 2cos2¢.

6. —sin20. 17. %cos (%‘ x). 18. =sin (i t). 19. 2sin (1 —2¢).

cos VO
20, 2 2, .9 - 2 o), 22. ——.
LSELR o 21, 2(29 — 1) cos (92— ¢) 2V
1 _— 4 1 B
23, StgtVcost. 240 —— - . 25. —cigxVsax
B, 'Vx cos?2V x 3 v
1 sinx} cos x
26. sln-:—. 27. — cos t 28, tgosecto. 29. —5 o Gm—
30. sln X (3 cos? x—sln x) 3. 4cos?cos 3t 82« sin40. 38. cos2x.
1 1
— = . clg 24 sin 24
34, o7 85 2sindp. 86, —sinx. 37 cig % V sin 2.
L e s 4 I/ sin® 2o,
38. == (g~; sec~%. 39. %— ctg 2x ) sin 2x. 40. 3 clg 20 V/sin? 20,
41 —me . 42, secd x.
42
2 cos 5
§ 77
— 0,4343
ity 20me 8 1% 4. 5088
2t 1 2Inx
G. 1" ¢ - 8. ctga. 9. tgt. 10. —tgt. 1. 2. 12, —p
10 2 e e
13. =gy 4. = 15. 3ctg xIn?sinx. 6. = clg =
17, cosect, 18, VX g £OSC2Y  pg oig(l—i).
X Vintg x ]
3 1
21. 21g . opiges =% 23, ———. 24—
a4 x*® V14 2 — X2
2
25! iy Y
VRS
. § 79
= er(14tine) i _2er . 20
1. xex, 2. =% 8. -7, (ev—}—l) 51 eth,

6. —a~TIna. 7. 20(142x). 8. —2e %, 9. — —’;2— a’ Ina,
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10. nzxn—t(n+ xInn). (. 1, 12. 1—e‘“ t 13, et cos ef. 14, 26°5% cos £,

15: ¢ (1 - In ). ‘8- 1 . 17. efsin2et, 18, ——]/emsm Ves.

Tfeo o
1 - - va
19 — o ovtgen Vo5, 20, —sint. 2l —Fnf
2 'V X
Bl 2c " 1 g 5
Tl 23. ——e ° 24. ¢°°%% (cos x — sin® x),

&

@
1\ @ a ) 4 !
25. 5 (e +e . 26. @ ey 27. 2%?(cos 20 — sin29) HIH

B2
2V 2% sin (45° — 2¢). 28, 2qc0w sin 4y, 29, 1+lg'za: )
9 § 80
e LD P . 3 . 9 )
Vi1 Viea: 3. o 4 iTa
; v ?
L e — B 6. V‘U o 2
2V x—2 m. 7. 71___——_‘_4— 8'__1+92v'
! 2 retg )
9% —————— | (o, L¥csiny foretg Ve
tVE—1 Vl\—\wl . il Sy 12, 2———1,.1____” §
jag et a1ccos 3 v 1 1
V‘I—TJ,\:J ) 14. ﬁ- 15, -—V.—l_—:_—;.
16 ehreeos t tg pirecos t — X . .
e — —— T 7 e
Vi—ea SLLEE ST | 8 I/—a—-f:_t 19, arclg .
1 2
20. —— .91, —=
14 x2 21 T+
2 5 o 8t !
f. 3x. 2. —, 3. = 1 = %
y 2y * 4. T—5- 5. i 6 i =ty
7y bie

3y 8 —Loap ey 29+ .
a’y X < - 10, — oy kA 1 Q(y—l)‘

12, —sccy. 13. W.- 14. % (5. ;‘{_—xi_ (6. 2x VI— .
§ 82
1. 0. 2. 6x. 3. 6. 4, Vu': 5. __%_ 6. 12x2—4. T.—2c0s2a,
8, oM (cos?l—sing). g, 2
@+t
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§ 83
1. 8.2. —9. 3.V 3. 4 —6.5. v =20, j=16. 6. v =0, j = 22,
T.v=V2 j=—V2 8.0=——%V§, J=—%n’. 8. y=35,
. j=0,10. t=6, v=18.
§ 88

1. 1) Boapacraer, 2) yGuBaer. 2. 1) Bospacraer, 2) Bospacraer,
3) y6mBaer. 3. 1) Boapacraer .npu Bcex x, 2) yGbiBaeT IpPH BCEX x.

4. 1) YOuiBaeT npu x<7, BO3PACTAeT TNpH x>3; 2) yGbuiBaer
npH x >2, Bospacraer npn x<2. . Mun. (1; —1). 8. Maxc. (2; 4).

7. Mun. (—%; 38@) 8. Maxc. (—0,2;2,2). 8. Maxc. (3;2). 18, Mui,

0; 0). 18 Mun. (1; ——i . 012. Muu. (0; —5), wmaxe. |—3; Sl .
( 2

2
3. Maxkc. (—1, 3) MHH. (1; -%) 4. Maxc. (2; —-%)‘
MHIL (3; —%) 15. Maxc. (l; —ld—) s (3; —1); 16. Maxc.
2
(—%; :12—7>, mun. (1; —9). 17. Maxkc. ——.’j—; G%), ML

(1; 2). 08. Maxc. (—1; 9), nun. (3; —23).  19. Muu. (—1; —0,5),
makc. (1; 0,5). 28. Maxec. (—1; —12), s (5 24),

§ 91

f. 1) Buinykaa, 2) soruyta. 2. 1) Buinykaa, 2) sornyra. 3. 1) Bo-
CHYTA BO BCEX TOUKAX, 2) BLIMY K/ BO BCEX ToukaX. 4. Touxa nepernta(0;0).

5. Touka neperu6a (— 1; 1). 8. Touxa nepernGa (1) ; 6— . 7. Touka

nepernGa (2; —4). 8. Toukn nepernGa ner. .8 Toukn ncpu‘uﬁn( 62)
n (4; 206). IO. Touku nepernda (— 3; 294) u (2; 114). 40 Touku nepcrnﬁa

5

5 /1
mer. 2. Touxkn nepernda (u ———) " <»~ 1——(—’, —i> 13. Tou-

6 3 6
KH ncpcruGa (—07; 22), (0; 1) n (0,7; —0,2). 4. Bpnyxaocrs
IpH x<§, BOTCHYTOCTL MPH \\—— ‘15. Bornyroerh npn x =
1
BLITYKJIOCTD 11pH —-.1—)<,\'<T,—, BOTHYTOCTH NpPH .r>%.
§ 92

f. Mun. (0; 0). 2« Mun. (0; —12). 8. M. () —0). 4. Makc. (2; 3)
§. Maxc. (2; 22), . (6; — 10). 8. Maxc. ( 1* llz) M. (25 —5).

- = . 1 5
7« Makc. (—3; 14,5), nmm K.?; ’_(’,E)' 8. Mun. (l;_‘é')'
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maxc. (6; 20). 9« Muu. (— 1; —5%—), Maxe. (3; 5). 10« Mun. (1; 3), ;

Maxc. (2; 4), mun. (3; 3). uh. Her nn makcumyma, Hn MEHHMYMA. 12, Bo3-
pacraer npu x < — 2, y6uisaer npi — 2 < x < 2, BO3pacTaeT npu x > 2.

18. YG6uBaer npn x < —1, Boapacraer npu ——~1<x<—§-, yO6niBaer
[ 4
npu x>%. 14. Mau. (1; €). 15. Mun. (2,5 2), make, (— 2,5, —2).

§ 93

0.6 u 6. 2.5u 5 3. 4u 4. 4 0,5. 5. Ksanpar. 6. 100 X 100 42
Ta 5 cat. 8a 5X5 ca. 9. 10X 10 ca. 10. ~0,7 4. 1l ~ 0,63 4e.

12, 3¢ 63X 4043 13204 14.2X2 X 1 43 15. 2R=H= 313/_4 CAL.
6. R=H= %}'/?7 os. 0T. 4dca.  18.10 ca.  19. 7,5 car.

20. 23-0 V3 ea 21 %‘ RV3 22.5cx. 28 (23£2). 24:~071
25, 2,4 . '

§ 98
By 24t 1 2 sin2V x
[ glfxdx. 2. —m S.Eslnzdm. 4.de.
DB dx dx
5. —7lnGd. 6 —7. T T 8. 04. 9. ~0,008.

10. ~ 0,1 ca®. 10. ~ 107 ca2 12 ~ 0,3 43 18. ~ 8 cad 14 ~ 8= cad.
15. ~01 car. 16, ~02 car. 17. ~ 0,08, 18. ~29,. 9. ~2.
20. ~12,07. 20. ~1542. 22, ~3814. 23. ~—16,3. 24. ~ 0,96.
25. ~ —23,84. 26. ~ 0,814

§ 101
. V2 2.05 32y2 4.%91/17). 5.3V6 6.2V2
Ze —%VE. 8. co. 9. (0; 0). i
§ 104
1. }7-\"-‘4—6 2. —15-x5+C. 3. %x"—}—C. 4. 5x4C. Baap+C.
6. x*+C. 7. :)-.tf’—i—C. 8. 2x——%x‘1+C. 9.%x2——:13—x3-|-0.
Iﬂ.av+%?‘+c. ll.%x2—6x+C. 12, x4 4-2x2—3x+C.
13. —:lj—x’+—:1z—x4+C. 14. %—x"+3x‘~'+9x+€. 15. }§6x3—8x'1-|-
1 2 i 2 =
Fax+C 16 pxi—F Ot C Mgk Vx4C.
— — 3, —
18. %xi/xurc. 19. —,—15+C. 20. 2V +C 20 3V X 4G



368 OTBETH K YHPAXHEHHAM

_ & — 1 — 3 83— Ch e
22,1/ %4 C. 28 5xVx+C 24 TV +C 252 x|/ B+
R r—
1c. 25.%,\:1’/,72—81/}—%-;-(;. 27.—3‘:"‘
28. %uVU——S—uV?—I—C. 29. —4cos x+C. 39. 2asing+C.

81. 2tg0+C. 82, —3actgu+C. 38. ttsinttC. 38 2x4
+3cos x4 C. 35. x?—2sin x4 C. 36. 2tgo +3ctge-C.

2
37. 34 C. 88, 22 | C. 89, L x*—505C. 40, 2e'—3sin £}-C

R

4l.—g—lnl+C. 42. 21nx——%x’~’+€. 48. 6arctg x+-C,

48. Jarcsinx£-C. 4. ftguC. 4B (f2cigidC

47. e*—cos x| C. 48.tgx+C. 49 tgx—x+4C. 50. x—
—arctg x4 C, Y xasanue. [peacrasurs x2 d.x B suge (x2-1—1) dx,

§ 106
1. %xﬁ——3x+13. 2. sinx—cosx-1. & 2Inx—x+43
4. %e”—-sln x. B« Sarctg x+ x.
§ 107
15 2 - 20 2
— 2. 6. 2. 7325 8. 5w 9.6
"1'5'2'9'3'64'4'2‘526 373:83 963.
10. 4. 1. 08. 12. 1. 13. 2. 14. 2. 15. 2. 16. l%. 17. 0,75, 18. 2.
19. ~396. 20. ~—068 2. ¢°—1. 22, ~0277. 23. ~—0,31.
™ k19 ki1
24. 3¢ 25. o 26.2—4.
§ 109
1 1 AN A1
1. 2—5(3+5x)5+c. 2. m—l)(a-i-b_\) +C.

1 2 v L oY% 3 3
3. —m+c 4. 5 Vix+2P+C. 5. §1f(4.v—3)4+c.
6. s VBEFIF +C 1.3 Y BrFop+C 8 Var—2+cC

9. —;—ln(l +2x) + C. 10. ___1) In(3—4x)+C. 1l —}?cos 2x4C.

2. —}sin 4x+C. 18. cos(1—f)+C. 14 2sin (L)?+2)+c.
X 5 X7 W 1
15, 35]“3‘_t“§5°i?"+c' 16. 5 tg'.Tv +C 17, — 3 ctg3x 4+ C.
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1

18. 5 tg@x—D+C. 1o, %ezﬂq-c. 20. __%,_,—au,c,
1

2, 1 2" e g, _ 1 2LC.
: . —2?,:—}—& 23, x—e | C.

b a-t4e = 1
24, — =3 +C 25, In(1++)+C. 26 2—(1_2ﬂ)+c.
e 1

Te—op TC 28 —yYT—gtc 26 -:13—V2x3—1+C-
s V(’"*‘ D™+ C. 81 &V T 204 C. 82. In (1-+sin )4C.

83, L in(2—8cos¢) 4 C. 34._+C 35. ~3—S%ﬁ+c'
1. ol e

365 N a7 5 V{IFsmig+C. 88, -;—sln’la-i'Cr
1 o

Han =7 cos?a+4-C, uuy _%cos 22 4 C. 89 —l—sln“?'*'c'

40. -—,zcos()}fcosﬂ—}-c,

Mo (14 sinay+C
1

42, — 5 cos x84 C, 43, — ety 44, Insinx+C

4. n(1+e’)+C 4, _ _2 atey+o

& 2+gz+C 47, 5 V(1+€“)’+C

48. 2V 2F e +C. 4, F&4C B0, —1n(1+51"?")“'c'
1 1

5t Lx—Lanoeic sz.im.g X 4C.58 =

V._ arclgv.

1/ 5
54, arelg —— V— +C. 55, —;- arcsin 2/ 4 C. 56. arcsin ~+ c

2% 1
57. ,_ aresln 22 4-C. g,  aresin V—+C 59, V1 Fsieg+C

60. In(x*—3x)+C. &1, aretg (sin x) 4 C. 62. —-1- In cos 2x+ C

63. _ln(a +1)+arctgx_* C. b4 3arcslnx—21/1—"2+c'

o 2 et s Vm+c 67. -l——cossx—-cosx—{—c'
Yikasa lfnl e )3amenu'rb SIN® = gin ¢+ sin i == sin (1 — cos? £

68. 2 (V*+D—2mn(y3 X =i
IMokasatk, YTO non)uelm,,m+ O)T;trC meﬁ 3 :;ezc?raau;t ]ﬁ =1
oy x—2m(Vx+ D)4 ¢ €9, 5—In(1 44+ C. Ykaaaui
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Tpeacrasuts x dx B uge: (x--1—1) dx. 70. 2(V x —arctg V' x)+C.
Yrkazanue Vx=z 7l 21/'2—5111%—]—6. Ykazaunmue, 3ame-

HHTD: 1+cosx=2cosﬁ—g-. 72, tg%—}-C.
§ 110
I % 2, % 8. 0,24, 4. 3. 5a 3. 6. ~0,16. 7o ~ 0,6. 8. 05.
9.2 10. ~027. I 5. 12, ~LL 13, 04, 14 82. 15. 10%.
1 5 1
16. 05, 17. ~0.29. 18 0,5. 19. 2+ 20. 2. 21. L. 22, ~03.
517, ~020. 18. 05 19. 25 20, >, 21, +. 22, ~03
23, ~ 078, 24. ~045. 25. %nR?.
§ 112

f. 10. 2. 15. 3. 377,13—. 4. 104 5.18 6. 1. 7.195 8.32

9. 1) %; 9) 36; 3) 4,5. 0. 4. 1. 3. 12. 1) % 9) 18; 3) 13,5 4) 2.

13. 1) 3,2) Vz 3) 8 4) ~ 7,61,

§ 113
fa 9n. 2. l11:. 3. Egn et & @- e’ 5. 138z e’ B i rab®
6 3 3
1 512
7. 225007 ca’. 8 =% 9. 1) l,.., 9 I = t0. & 1‘
§ 114

1. 490 4. 2. S = %gtﬂ. 8.1 4t 4.9 car. 5. 900 42, 6. £ =5 cexk,
S=150 4. Tu 9 car. Ba 19,6 4. 9. ~ 20,4 4.
§ 115
s 0,24 r2ar. 2. 0,08 w2t 8a 0,25 rear. 4o 0,09 rzae. 5o 0,54 w24t
6. 62,5 wear. T 4 cat. 8a 4 weae
§ 116

. 72 reat. 2a ~ 48,1 gear. 8« ~ 45216 weat. 4« ~ 213500 reem.
5. 1600 xeam. B. ~ 65,4 xea. Ta ~ 7536 wear. 8. 12750 = xeM.

§ 117

1. 12 x2. 2. 625 x2. 8. 18 m. &. 528 r2. 5. 1) 57,6 2, 2) 1056 2,
6. 1) 1,5 2, 2) 2,25 2. Tu 22,2 m. 8. 2185 2. 9u ~ 17,7 cate
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§ 119

fos=20— 31 2.x—-—23- 3—5z+; 3.y—l(xz—1). 4. x—

— =3 5. 2343y =3, 6. S2— A+ £ =0 7. yP=2x 8 y*=

2 5% 2
=4—2x% 9. 5s=22 lO.y=m. 0. y-—6+ 5. 12, y=
3x+x 1 - 52
ﬂs.y—.‘h—?x- 4. y~=1+,) . 18 x= (1422

16, y=x 12,2 V5 —2V T+ x=2 (8. y— 3%, |s.y=—+i‘

20, y2=ev. 20 3(y+1)=V2x—1 22 y=sinx—1. 28, y=
=4V 1T—+% 24, y=cosx. 25. y=x u y=2%—x. 26, y=

4
=Ce® —1. 27. (x2—1)(y2+1)=C. 28. 2=C(l—x)—1
= < 1
29, y=CVT1F++2—1 80. xy=Ce’. 8l. y=Ce® }-1. 32. y=
3
=Cx%. 33. y=Ce™%, 34, y=Cx% ®. 35. x=—:};—13+

4+£410. 88, y=2x+2 87 y=x'—x—5 38. y=4x
89. y =, 40, y = xe®. &f. 3.

§ 120
Ly=1—x 2 y=§-x'3—1‘7x—|-19 3 y=—l—x3+—5—x—1.
. Y= 5% P 5 2 . 3. 5 5
4 s=tnpte_Nitosoopotde 6y=—2mrt

4 Cx+Cy. 7.0=e°+C9—|—C,.3.y=—-cosx+Cx—|—C1. 9. 5=
=_12_,z+ sint + Ct+ Cy. 18, y=—;—e—w+Cx—{-Cx4 1. v = 81 ki,

s—108 ra. (2. 5=+ 13, s=811.

3
§ 123

f. Cxomurcs. 2. Cxomures. 3. Cxonmurca. 4. Pacxommres. 5. Pac-
xomures. Gy Cxopures. Tu Cxonures. 8. Comunrenvuuiii cayyait. 9. Pac-
xoaures. 10, Cxoxurcs. §8. Comuntensupit cayuait. (2. Pacxoputcs.

§ 124
f. Cxommren. 2. Cxonures. 3. Pacxoautes.

§ 125

. Cxomutcs aGconiotHo. 2« Cxoantes HeaGeonoTHO.
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§ 127

§. Cxomurca npn — 1< x< 1. 2. Cxoxurcsa npn'-—l <l
3. Cxonurcs npy — 00 < x < T co. 4« Cxomutcs npu — co< x< - .
5. Cxo;m'rcn npu —1< x<

§ 141
cos x cos2x , cos 3x cos4dx
i "2=?—4( T ® T E T8 “')
(—r<x<Lm),
2, f(x)= —._.2.(cosx—{—co§,,3x+c°;25x+ )+
+smx__sin22x+sln33x sin44x D (<)

-






