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MPEAVICIOBUE Ko prOPOMY M3AAHMIO

Bropoe u3aanne xuury He3HaunTenpuo oramMuaeTcs OT
B 1981 . JloGasnenst oGpasu, BAPHAHTOB, npe.unaruBmHXCﬂ
HBIX  BCTYIMTEABHBIX SK3aMenax no warematuke B 1980—
3aMeUCHHbIC HETOUHOCTH 1 Olleyary.

ABTOpBI BBIPAKAIOT Gnaromapuocrs, YHAIIMCS, [IpenofaBaTelM LIKOJ H BY30B,
TPHCIUBLUMAL CBOH COOOP&NCHUS wmmy sameyanns o Boel Kuure i no moBoay
OT/CILHBIX 3diau. ABTOpHI O1arojapnsl Taxke nepeBOMUMKY KHULH HA AHTJIHIHCKHIT
sspik M. A, Aunekcanosoii, yl\‘:lzumueﬁ‘ wa  HexoTopble OMEUATKIL, HMEBILHECS
B TIEPBOM H3JQHMIL,

fepBOro, BBILIENIErO
B By3ax Ha [IHChMEH-
1984 rr. VicupasieHsl

3 MPEANCIOBKSI K MEPBOMY M3AAHMIO

Ora KHNrA HANMCAHA AN yvaumxcs, skenafownx yrayouTb o HECKOJILKO pac-
HIPHTH CBO 3HAHIIN, C TeM YTOGbI jtywitie 0Ar0TOBUTLCS K BCTYIHTCIBHEIM 9K3aMeHaM
B Bysbl. OHA MOKET NMOMOML 11 Tem, kro yke OKOHHILI LIKOLY: HO TIPOAOJIKACT
H3yHaTh MATEMATIKY CAMOCTOATE/HO ILm Ha NOAXOTOBHTENBHBIX KyPCax I OfAcse:
HITAX. ABTOPbI HAJICIOTCS, ¥TO yiTe/in cpeiix MWKO, NpenoaBaTen npodTexy H Ly
i TEXHHKYMOB, PYKOBOMITCIIH MaTeMATHUCCKIX KPY/AKOB 1 CTYCHTDI HCIATOTIACCRIX
BY3OB HAILAYT B KHUTE Matepuan, KoToplii cyoryl MCHoJb30BaTb B coeii paGote.
Hakouen, KHHIQ MOXKET NpencTaBisTh HHTEpeC KakK cOOpHHK, conepﬂfﬂul”” Oouiee
2000 3azay, W3 KOTOPBIX Tperh 3ajay npHBEAEHBl C petLenHsiMH. SHauHTE LI
HACTL 337144 NPEUIAraiach HA BCTYNHTENBLHBIX JK3AMEHAX B pasJuHbIX By3ax

[TocoBie He COAEPAKUT CHETCMATHHECKOTO H3J0KEHNA MIKOJIBHOIO Kyped Afifc-
MATHRH 1 HE MOKST 3aMemuTh [uonbHble ydeomui. Tem HC Metee o uce
OCHOBHBIC 1l BAKHBIC, 110 MHEHIIO 4BTOPOB, BONPOCH! ocBelleHbl 1[06’Til'lO‘lllO NOJIPOLHO.
B HEKOTOPHIX CIYHAAX AOGABACH MaTepiai, HECKOILKO BLIXOILUII 33 PAMRIL HbIe
AefieTByIouell NPOrPAMMBL JUIsl HOCTYHAIONITX B BY3bi. ABTOPbL CHITALOT, HTO H3yueHne
TOI0 MATEPHAJIA OYACT CHOCOBCTBOBATEL PASBITIIO MATEMATHHECKOM KYJILTYPLL yHil-
LIXCA, & TAKAKE NPHHECET NOMB3Y npi jajbheiiien oOyueHun B BysuX.

Kunra coctont u3 17 rnas. Kaxman riaasa coJepAHT 'L‘f‘PL‘““‘CC“'“” MaTepud
W osazaun. Manoxenne teopims coupopoxmaetess pazdopom _Ol).wllwlUOIO uMciIa  pi-
MEpOB pAsaMuHOil Tpy/RocTH. 3azaum B kiAol riape pasONTBL Hil JLBA - pasicld:
3aj@M (EPBOFO PASACIA /bl C POUICHIAMI, 3aaMi BTOPOTO PASICId = 10bKO
¢ OTBETAMIL.

B xomue kmuru B «[lpmiokenmn 1»  ganst o0Gpasiibl lmpu;xln'on MHCEMCHHBIX
IKIAMEHALMONHEIX PAfOT 10 MATEMATHKE, NPEUIATaBUIXC] B 1977—1979 rr. Onu
JAIOT NPEACTABACHHE O CTENEHN TPYAHOCTH 3aad Ha HPHEMHBIN OKIAMCHAN B pas-
JHMHBIX BY3AX CTPAHBL.

B 3aK/MIOuEHHE OTMCTHM, HTO T0COOHE HAMHCAHO HA OCHOBE OIBITH 3A0UHOIO
obywenus Marematike nikoabhukos 8—10 kiaccos B 3A0MHOM (PHBUKO-TEXHIYECKOI]
mkone npi  MOCKOBCKOM  (DH3IKO-TEXHUUCCKOM  MHCTHIYTE. AsTophl  Guarosapsar
aupextopa 3OTI, 3acaykeHHOro yuniens PCOCP T. A. YyryHosy 3a nomouinh
B padore. ABTODH BEIPAKAIOT - Takke 1uyGoKylo GraronapHoCTh npodeccopy
I. H. SlkopeBy, coBeTamii W PEKOMEHIAUUAMH KOTOPOro OHH INOCTOSIHHO MOJIB3O-
BAINCD.




I'nmasa I
MHOKECTBA. NMOHATUE ®YHKLIAU ¥ OBPATHOM ®YHKLINA

§ 1. Muomectso. IMoamuoxecrno. Ofbeunenne i nepecevyenue MHOKECTB.
YncnoBeie MHOMKECTBA

MuokectBo. B MareMaTHKe MOHATHE AMHOJICCCMEO WCNOJbL3YETCs [Uld  ONMHCAHHS
COBOKYIHOCTH NpeAMeTOB Wi 00bekToB. ITpn srom npeanosaraeres, 4ro HpeaMeThl
(0OBEKTBI) MAHHON COBOKYNHOCTH MOXHO OTJIMYHTH APYr OT JApyra I OT HPEAMETOB,
HE BXOAMILMX B 9TY COBOKYMHOCTL, Hampnmep, MOXHO TOBOPHTH O MHOJMKECTBE BCEX
KHUI JMaHHOI OMOMHOTeKH, MHOXECTBE BCEX BEPIIMH JAHHOIO MHOIOYroJbHHKA, MHO-
JKECTBE BCEX HATYPAJIBHBIX HHCEN, MHONKECTBE BCEX TOUCK JaHHOIl mpamoil. Knuru
JaHHOH OHOANOTEKN, BEPUINMHBI JAHHOTO MHOTOYI'OABLHHIKA, HATYPAIbLHBIC YHCIA, TOYKH
JIAHHOIT IPSAMOIT SIBIISFOTCS 2.1¢MeHmaMu COOTBETCTBYIOINX MHOMKECTB.

MioxkecTBa 06bIHO o6o3naualorea Gonsummi oyksamu A, B, X, ... Tot daxr,
4TO OOBLEKT @ SBISIETCS IEMEHTOM MHOXKECTBA A, 3aMiChIBACTCS Tak: a € A u yuTaercs
« TPHHALICKHT MHOXKECTBY A», «a BXOAUT B MuoxkecTBO A». 3anuch a¢ A (i a € A)
O03HAYACT, YTO d He ABISIETCS JIEMEHTOM MHOXecTBa A.

Hanpumep, ecin vepes N 0603Ha4eHO MHOKECTBO HATYPAJLHBIX 9UCE], TO

JeN, 20eN, 0¢N, 3/2¢N.

OOLIMHO MHOKECTBO 3a/1a€TCsl  yKa3aHHEM XapaKTEPUCTHYECKOrO CBOICTBA €ro
VIEMCHTOB, T.€. TAKOI0 CBOICTBA, KOTOPbIM 00JIaatoT BCE 3JEMEHTBI JdHHOIO MHO-
AKCCTBA M TONBLKO OHM. YauEe BCero 1o CBOHCTBO (JOPMYJIHPYCTCS CHOBAMH: MHO-
JKECTRO YMCHMKOB JIAHHOIO KJACCA, MHOKECTBO pellienuii ypasuenust x? — 1 = 0, mMHo-
HECTBO TOYCK ILIOCKOCTH, PABHOYAAJNCHHBIX OT ABYX JAHHBIX TOMCK.

Mozer okasarbest, 4TO MHOKECTBO ONPE/ICIEHO TAKHM CBOHCTBOM, KOTOPLIM HE
obmanaer BooOIEe HU OMHMH O0LEKT. PaceMoTpHM, HANpHMep, MHOKECTBO TPEyrosib-
HIKOB, JUINHLI CTOPOH KOTOPBIX paBubl 1 cm, 2 cm, 5 cm. M3 reomerpuu u3BecTHO,
YTO TPEYroJbLHAKA € TAKMMH JUIHHAMI CTOPOH HE CYILECTBYET, T.€. TAK ONPEINSICHHOe
MHOKECTBO HE CONCPIKHT HM OjiHOro asementa. Hu ojaHOro osementa HE CONEPKUT
1 MHOXKECTBO PALMOHAILHBIX YHCeN, KBAJAPAT KOTOPbIX paBeH JByM. MHoxecTBo pelie-

HIl cuereml ypaBHeHuii
x+y=1,
X+y=2

TAKKE HE COMACPKMT HU OAHOro jieMenTa. I"OBOPAT, 4TO 5TH MHOXECTBA nycmbie.
[lycToe MHOKECTBO HE CONEPHUT IEMEHTOB, OHO O0O3HAYACTCS 3HAKOM (7.

Eciim MHOXECTBO COACPIKHNT KOHEYHOE HMCIIO MIEMEHTOB, ObiBAET yA0OHO 3a/1aTh
ITO MHOMKECTBO MEPEYHCICHHEM €r0 HIIEMEHTOB, DJIEMEHTBI MHOKECTBA BBINUCLIBAIOTCS
HOAPSL M 3aAKIIOYAlOTCs B QUrypHble CKkoOKM, MOPSAMOK 3alMCH IIPH 9TOM pOju He
urpaer. Hanpumep, MHOXKeCTBO, cocrosuuee U3 Tpex OYKB a, 0, 6, 3aNmUCBIBAETCH TAK:
la, 6, 6}.

MuosxkectBa A M B HA3LIBAIOTCS pagHblmu, €CH OHU COCTOST U3 OIHX M TEX K
271eMeHToB. B aTtom ciyuae nuwyr 4 = B.

7



MuoxecTBO peiuenuii ypashenns x> — Sx + 6 =0 coaepxuT 'rex x;irf[ang;e :me'-
MEHTHI (yncna 2 u 3), 4TO M MHOKECTBO MpPOCTHIX 4HCE], MEHBLL A " B2
MHOJKECTBA PABHBL

'lnc.momge MioecTsa. B airebpe wamie BCero MPHXOMMTCH HMETh JACIO € Mio-
KECTBAMH, JIEMEHTAMH KOTOPHIX SBISIOTCA 4HCHA. TaKHe MHOXECTBA HA3BIBAIOTCs
Yucaosiau, JInsi HEKOTOPBIX YaCTO BCTPEYAIOLIMXCS YHCIOBBIX MHOBKCCTB B IIKOABHOM
Kypce MaTeMaTHKH NPHHATH CTAHAAPTHble 06o3Hauenns: N — MHOKECTBO HATYDALHEIX
dicen, Z — MHOKECTBO LeMBIX Wices, Q — MHOKECTBO PALHOHATBHBIX HHCET, R — nmo-
KECTBO JIEHCTBUTENBHBIX YHCEJ. - "

JeiicTaiTensHble HicHa H306paKAIOTCA TOYKAMH KOOPIHHATHOH ngulmon (4ueno-
BOii' ocn). Koopdunamuas npasas — 970 BeAkas npsaMasi, Ha KOTOPOIT B:’“’p‘“""‘ Hampag-
JICHIfE, IDHHIMACMOE 3a MOJIOKUTENLHOE, TOYKA — Hayalo OTCUCTa M CHAHMHILA 3Mepe-
HUS — MaclITA0HBIIT OTPE30K, UIHHA KOTOPOro MpPHHHMAETCS pamu:?u c’:.‘umuue. ‘Koop-
AuHATHAS nmpsmas oOblyHO M306pakaercs ropH3OHTAIBHO, nonox\xlehHoeTudnpaB~
JIeHHE YKa3blBAETCSl CTPENKOl, Hauamo orcuera obosuauaetcs O (p.uc. ). Touka O
Pa3buBacT KOOPMHATHYIO NpPAMYIO HA ABA JIy4a, OJMH W3 KOTOPBIX HMEET HO.0%n-
TENLHOE HAaNpaBeHHE I HA3LIBACTCS NOAONCUMCALHBIA AYHOM, HP)’FOH j 0"11.1111/“'11('.111-
b1yt Hiieno, u3o6pakenneM KOTOPOro Ha KOOPAMHATHOM npsMoit )!B.'])XLTC'FI rouka M,
HasbiBaeTes koopdunamoii Toukn M. Koopammata HauanpHOl TO4KH O paBHa Hymo,

g 5 M 0 £ M M o g
g ¢/ ' J @ a 7. a5 a =1 g 7
Pre. 1. Puc. 2. Puc. 3.
Koopaunara smo6oii Tovxn M, nexameii na nonoxurensHom jyue OF, parua amune

otpefia OM: x = | OM | (na puc. 2 koopimata Touxn M pasaa 2.5). Ec.ru: e Touka M
JOKNIT HA OTPHUATELHOM JIyde, ee KoopiuHara paBHa jmne orpeska OM, Ho u3groit
€O 3HAKOM MuHyc: x = — |OM | (na punc. 3 woopammara ToukH M paBHa —1) Bey

KoopauHaTHas npsvas obosnavaercs OX.

TaGanua 1, Yucaossie npovesy1su

Husanne MHOKECTIO

OTPE30K ot @ 10 b (3amk- qsx<b [a; B) S0 S

Hepasenerno, onpeteasiontee ) Obo3nusenne HaoGpawen J
|
|

HYTBIE npomMexyToK) ’

HHTEPBAN OT a 40 b (OT- a<x<h
KpBITHIE npoyvexyToK)

KYTOK 0T a 10 b

OTKPBITHIE cnpasa 1po- asx<bh
MCKYTOK OT a 0 b

UHCI0BOIT nyw ot a 0 asy
+ o0

OTKPIThIIL 4i1c1080it J1y4 a<x

OTKPLITHIL c/ieBa npome- a<x<b I
OT a 1o + « ’

HCAOBON Jiyw 01 — X<a
a0 a

OTKPBITHIL iCTOBOI /1y X<ua
OT — o 10 a




HepaBeHcTBa MeXy ASHCTBHTEILHBIMH YHCIAMU HA KOOPAMHATHOH NpAMOIl moiy-
HAJOT NMPOCTOE MCTOJKOBAHME. Eci Xy < X,, TO TOYKA C KOOPAMHATOI X; JIEKUT Jenee
TOMKH ¢ KOOPAMHATOI X,. Paccrostune mexay aByms Toukamu M, u M, KOOPAHHATHON
HPSIMOIT PAaBHO aGCONFOTHON BEAMYMHE PA3HOCTH UX KOOPAMHAT Xy M Xp: |M M, |=
=|x; —x,|.

Ilycts a u b — gelictBureabuble 4mcaa u a <b. B Tabmume 1 Aamel Hassa-
HHsl, ONpEAENeHHsT U O0O3HAYeHMs 4HCJIOBLIX MHOXECTB, HAa3bIBACMBIX YUCA0BbLMU
nposedicymkai, 1 WX n306paKEHHE HA KOOPAMHATHON npsmoii. Kak/blil U3 4HCIOBBIX
NPOMEXYTKOB ONPEENISTCs Kak MHOXKECTBO JACHCTBHTEJLHBIX HMHCEN X, YAOBJICTBOPAIO-
LIMX ONPEACICHHBIM HEPABEHCTBAM.

OTKpBITHIL cleBa W OTKPLITEI CcnpaBa NMpOMEeXyTKH (cM. Tabmuiyy 1) HasbBaroTCs
TAKIKE NOAYOMKPLINBIMU NPOMEICYMKAMU, & YUCIOBBIE JIy4H — OCCKOHEH HbIMU NPOMENCYN=
Kamu. MHOXKECTBO JleliCTBUTE/IbHBIX 4Hces R 0Oo3HauaeTcs TaKKe ]—Oo; +00[ H Ha-
3BIBACTCS YuCA060ii npaMoil. Beskas KOOPAMHATHAS NpsAMAst SIBISAETCS H300paXKeHHEeM
YHCJIOBOI LIPSAMOIi. :

Ilpu paccMOTPEHHN YHCIOBBIX MHOXECTB BMECTO CJIOB «JIEMEHT», «HHCIIO»
yHoTpebseTcs Takxke ClOBO «Toukay. Tak, HANPHMEP, BMECTO «4UCIO 1 MPHHAMICKUT
orpesky [0: 2]» rosopst: «rouka | mexut ma ortpeske [0; 2]» mmit «rouka 1 npu-
HaJUIOKHT OTpe3ky [0; 2]». .

IMoavuoeerso. Beskoe HAaTypalbHOE HHCIO HPHHAMIEKHT MHOKECTBY IEJbIX
upicest; yodas TOYka uuTepsaia |a; b[ sBisercst TOukoil OTpeska [a, b]; moGoii
HPaBIJILHBI TPEYTONLHHK SIBJISIETCS JICMEHTOM MHOXKECTBA BCEX TPEYTrOJbHHKOB.

Ecuu j060ii ameMenT MHO)ecTBA A NPHHAUISKNT TAakKe MHOXKECTBY B, TO MHO-
KECTBO A Ha3bLIBACTCS NOOANOMCeCcmEoM MHOXKecTBa B. D10 3anuceiBaercs Tak: A < B
wim B > A. B aToM cityuae roBopsit, 4TO MHOKECTBO A COIEp)KHTCS B MHONecTBe B
W MHOKECTBO B comepxut Muoxkectso 4. Taknv obpasom, muoxkecTso N HaTypab-
HBIX  MHCEN ABJISICTCH NOJAMHOMKECTBOM MHOKecTBa Z uenbix uwucen, T.e. N < Z;
untepsan |a; b[ smusercs nommuoxectsom ortpeska [a; b]: la; b[ < [a; b].

Benu B muokectse A wmaiiercs Xorsa Obl OAHH 2JIEMEHT, HE NPHHAUICHKALMIT
MEOKECTBY B, TO A He sBISIETCS MOAMHOXKECTBOM MuoxkecTBa B: A & B. Hanpumep,
orpesok [a; b] we spnsercs nosMHOKecTBOM npomexyrtka Ja; b], Tax xax ae[a, b],
no aé la; bl.

U3 onpejenenis noAMHOKECTBA CASAYET, 4TO J1o00e MHOKECTBO SBJISIETCSl MO~
MHOKECTBOM CaMoro cebs, T.e. CHpaBe/lInBO yTBepkaeHne A = A.

[TonararorT Takke, YTO I[YCTOC MHOKECTBO SBJISCTCS TOJAMHOXECTBOM JH060ro
MHOKECTBA. DTO BIOJHE CCTECTBEHHO, TAK KAK MYCTOE MHOKECTBO HE COAEPKHT
HII OJIHOTO 3JICMCHTA 1, CIIC/IOBATENLHO, B HEM HET 3JIeMEHTa, KOTOPhIH He IpHHaIe-
Kas Obl JIOBOMY JIPYroMy MHOJKCCTBY.

PacemoTpiMm, nanpumep, MHOKECTBO YHCHHKOB HEKOTOPOro Kjacca; 0603HauYlM 910
MHOKECTBO X, U nyerbh Y — MHOXKECTBO YYCHHKOB TOIO JKE€ KJIAcca, MOJIYYMBUIMX 3a
KOHTPOIBHYIO- 110 HCTOPHH ONCHKY «OTiMunoy. Eciam Bce yveHMKM Kiacca MOIyunin
30 9Ty KOHTPOJILHYIO OTINMHYIO OUeHKY, To X u Y paBubie mHoxectsa: X = Y. Ecin
e HIL OMAMH YYEHMK Kjaccd He [MOJAYMIII «OTJIMYHO», TO MHOXKECTBO Y mycToe:
Y= . HG B moboMm ciydae MHOKECTBO Y SBISETCS TOAMHOXKECTBOM MHOXKECTBA
X: YcX.

PacemoTpiMm eiie npomn3BoiibHOe MHOMKECTBO, COCTOSIIEE W3 TPEeX JIEMEHTOB, KO-
ropeie 0003HauuM a. b u ¢, n HaiiieM Bce €ro I0AMHOKECTBA.

D710 nNycToe MHOKECTBO (7i MHOKECTBA, COUCPKAIINE MO OJAHOMY IJIeMeHTY: {a},
1b}, {c}; MuomecTsa, conepxamue no asa snemenra: {a, b}, {b, ¢}, {a, ¢}; camo mmuo-
KeetBO {a, b, c}. Yncio Beex ITHX NOAMHOXKECTB PABHO BOCHMH. Takum 06pa3zom,
M000e MHOKECTBO, COCTOfILEE M3 TPeX JNEMEHTOB, umeer 8 =23 nojaMBOKECTB.
B nanpueitmem (cm. rimaBa XI) Oyaer yCTaHOBACHO, YTO €CIM MHOXKECTBO COCTOMT
U3 N 3JEMEHTOB, TO YUCJIO BCEX €ro MOJAMHOMXECTB paBHO 2"
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[epecevenne muozkects, PaccmoTpum Ba MHOXECTBA
X=1{01,35), Y={L234

Ynema 1w 3 u tonpko omm NpHHAILIEKAT OJIHOBPEMEHHO 000MM MHOXECTBAM
X n Y. CocrasiienHoe u3 nux muowkecTBo {1, 3} comepXHuT BCE ofLune JUIsi MHOXECTB
X u Y anemenrs, '

MHOKECTBO, coctosmee m3 peex onevenToB, MPUHALICKAUIX H MHOXeCTBY A
Il MHOXCCTBY B, nashimaeros nepecewenuest Mnokects A 1 B u obosnauaercs A () B.

Takim 06pasom, MuoxecTs0 (1, 3} sBisieTcA MEPECCUCHHEM PACCMOTPEHHEIX MHO-
#eers X n Y: -

o, 1,3 55012 3 4={L 3}

Hns orpeska [—1; 1] u unteppana ]0; 3[ NepecEUCHHEM, T.Ee. MHOXKECTBOM,

COCTOSIIIM U3 0BuX aemenon, svasiercs npomexytox 05 1] (pic. 4).
ITepeceventiem Muoxectsa NPSAMOYrONBHHKOB H MHOKECTBA poMOOB SIBJISIETCH MHO-
KECTBO KBanpatos. [lepeceyenue MuoyecTBa yUEHHKOB BOCBMBIX KIIACCOB JAHHOM LIKOJIBI
i MHOKECTBA WICHOB XHMHYECKOro KpykKa TOil e LIKOJIBI €CTh MHOXECTBO yHUCHHKOB
BOCHMBIX KJIACCOB, SIBIISIOLMXCS “JICHAMM

7 * XHMITECKOTO KPYKKA.
7 ! & Ecnn MHOKecTBA A u B He umeor
5 . OBLINX IIEMEHTOB, TO FOBOPAT, YTO OTH
a 7 @
< 4 4 Z % $- o
oL, @ 4 g 7 =
Pitc. 4. Pic. 5.

MHOKECTBA HE MEpeceKaloTcs UM 4TO HX MepecedeHye — MyCTOE MHOKCCTBO, I IHLIYT
ANB=g. Hanpumep, nepeceyenne MHOKECTBA HETHBIX HHCEI C MHOKCCTBOM HetCT-
HBIX uucen nycro. IMycTwiM sisiercst 1 MepeceyeHne HHCIOBLIX MPOMEKYTROB ]-1: 0]
2; + oo (puc. 5).
IMepecevenne moGoro muowecrsa A € NYCTHIM MHOKECTBOM  €CTh, OHEBILIHO,
MyCTOE MHOKECTBO: A ﬂ @ =@ -
O6bemenie vmoecrs., Bross pozbmem Muokeetsa X ={0, 1, 3, 5 u V=
={l, 2, 3, 4} n wapsay ¢ HUMH paccMOTPHM MHOKECTBO {0, I,_ 2, 3, 4, 5}. Or10
MHOKECTBO COCPKHT Bee aneMenth Muokectsa X (wmeaa 0, 1, 3, 5) n BCe ANCNCHTHI
MHOKeCTBA Y (Mmema 1, 2, 3, 4) u ne COACPKHT HUKAKHX JAPYTHX 9JACMCHTOB, T.c.
muokectso {0, 1, 2, 3, 4, 5} conmepxur Te H TOJIBKO TE OJJIEMEHTLL KOTOpBIC Hpii-
HAUISKAT I MHOKeCTBY X Wi Muokectsy Y.

AT i =] MIHOKECTBO, COCTOSIIEE 13 BCEX ICMEHTOB,
¥ pumQAICKAUNIX I MHOKCCTBY A M1 MHO-
Secristiseiirerirs secTBY B. HA3LIBACTCH 00beOUHENUCA! MHOKECTB
¢ J @ 4 Bu obosmavaercs A () B.
Uraxk,
% I % 01,35 UIL 23,4 =00 1,23 4 5}

Pue. 6.

QO0be/IHEHHE MHOXKECTBA NMOJOKHTCILHBIX
YETHBIX YHCEJN M MHOXKECTBA MOJOKHTEAbHBIX HEUCTHBIX YHCEI €CTh, OUEBHIHO, MHO-
JKECTBO HATYpPaIbHLIX- unuces, OObeAHHEHHEM MHOXECTBA YUCHHKOB IHKOAbL MOJOKC
12 neT ¢ MHOXKECTBOM YYEHHKOB TOIi e LIKOJIbI CTapile 10 jieT ABISCTCH MHOXKECTBO
BCCX YMCHHKOB 3TOi LIKOJIbL.
Obeaunenienm yncoBbix npovexyrkos [—1; 1] u J0; 3[ sBaseTcs mpoMexyTOR
[=1: 3[ (puc. 6).
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3ameTHM, YTO HE BCErJa OOBEAMHEHHE HHCIIOBBIX NPOMEKYTKOB MOKHO NpeicTa-
BUTb OIHHM YHCIOBLIM NPOMEXYTKoM. Hanpumep, obbemnnenne muoxects |—1; 0]
i [2; +oof 4nCIOBBIM NPOMEXYTKOM He sBisieTcst (cm. puc. 5).

JauHbie onpejenenus nepeceyeHus H OObeJHHEHNS MHOXKECTB XOPOLIO MilIoCTpH-
PYIOTCSl TIPH HATJIAAHOM H300PAXEHMH MHOKECTB Ha IJIOCKOCTH. MHOKECTBA CXeMaTH-
HeckH M300paXkaroTcs Kpyramu, upsmoyroibankami. Hampuvep, na puc. 7 Tak usotpa-
JKEHBI MHOKECTBA A M B, MHOXECTBO A 3aIITPHXOBAHO FOPH3OHTANBLHO, MHOKECTBO

IFI!I'
Nt tl"
\\J Vg
Puc. 7. Puc. 8. Puc. 9.

B — peprukansuo. Ha puc. 8 n 9 samrTprxosansl cooTsercTBenno muokectsa A (1) B
uAl)B.

YacTo NPHXOANTCS paccMaTpuBaTh OOBENUHCHHE H NepeceueHiie Tpex n doiee
mMHokecTB. O6bennuenne muoxecTs A, B i C ecTh MHOXKECTBO, KaKAblil 97ICMEHT
KOTOPOIO MPHHAUIEKHT XOTsi Obl omHoMy n3 muokeers A, B wm C (puc. 10).

Puc. 10. . Pue. 1L

Ilepeceucmie muoxects A, B i € eCcTb MHOKECTBO BCCX HIEMEHTOB, NPHHAITEKALNX
u muoxectsy A, n muoxkecrny B, u muoxecrsy C (pue. 11).

Hanpimep, o0be/tnnenite MEOKECTB OCTPOYTOJILHLIX, TYHOYTOJIbHLIX ¥ HPSIMOYIOlb-
HBIX TPEYrOJLHMKOB €CTh MHOXKECTBO BCEX TPEYIOJLHUKOB; OOBEAUHCHHE MHOKECTB
BEPLINH TPEYIOJLHUKOB, BIHCAHHLIX B JIAHHYIO OKPYXKHOCTL, npeictapiser codoii mMio-
KECTBO Touek 210l oxpyxuocTH. Ecmn A, B 1 € — COOTBETCTBEHHO MIIQKECTBA yue-
HIKOB Kjlacca, PeLMBULIX HA KOHTPOJLHOI 110 MaTeMaTuke 3ajauy no ajredpe, 3aaa4y
10 TEOMETPHIL, 33/1a4y 10 TPUTOHOMETPHI, TO HEpEeceqeHte ITUX MHOMKECTB eCTh MHO-
JKECTBO YYEHHKOB 3TOr0 KJIACCH, PEIIMBIIX BCE TPH 3ajau.

OGbeannene 11 nepeceienne MHOKECTB 00JIAaloT MHOTHMI CBOHCTRAMM, aHAI0-
PHYHBIMU CBOMCTBAM CYMMBl H HPOH3BEACHMS UMCCEH, HANPUMEP, NEPEeMECTHTEIbHbIM,
COUETATENLHBIM M PACHPEACINTEILHBIM CBOHCTBAMIL (CJICBA 3alMCAMBI DABEHCTBA JUTsl
MHOXKCCTB, CHpaBa — LISt YHces):

l. A|JB=B|()JA4, a+b=>b+a.

2. AN\B=B\4, ab = ba.
ayBpyc=4ymyo, (@+b)+c=a+(hb+c).
4 ANBNC=4(BNC), (ab)- ¢ = a-(be).

W

. AUBNC=A4NOUYBNC), (a+b)c=ac+ b
11



OJHaK0 3Ta aHanOrus He Beerga MMeeT mecto. Hampumep. Ansi MHOXECTB Clipa-
BEUMBEL DABEHCTBA (NepBOE M3 HHX NPOWJUTIOCTPHPOBAHO Ha puc. 12)

6 AyoneUa=4NBUC
7. AJd=4.
8 ANA=A
COOTBCTCTB}'!OU.IHC PaBeHCTBA JUIS YMCEJI, OYEBUIHO, BEPHBI HE BCErad.

Puc. 12.

Jins xoneysoro muoxecTsa A uepes ni(A) obo3HaumM YHCIO €ro JICMCHTOB.
UHCNO 2/IEMEHTOB MYCTOrO MHOKECTBA, OUCBIHO, PABHO HYmO. [l JIOOBIX KOHEUHBIX
MHOXECTB A u B cnpaBe/uliBO PABEHCTBO

m(A | ) B)=m(A)+ m(B) —m(4 N B). (1)

TeitcTauTensuo, nycth MuoxecTsa A 1 B He nepecekatores, T.e. m (4 () B)=0.
Mx obnemunenue mosyuaercsi A00ABICHHEM K 3JIEMEHTAM OJHOTO MHOKECTBA BCeX
3NIEMEHTOB JIPYroro MHOKECTBA, MOITOMY

m (A ) B) = m(A) + m(B).

Ecim ske mepecevenne MHOXKECTB A U B He mycto, 10 4Meio HX OOLUIX 2JIeMCITOB
pasHO m (4 ﬂ B). Obbeunenne 9THX MHOKECTB 00pasyercst A00aBJICHHEM K QICNMEITIN
MHOX)eECTBA A BCEX TeX AMEMEHTOB MHOKecTBA B, KoTopbie He xouiT B A. Hnciao raxny
anemenToB paBHo m(B) —m(A () B). Taxum oGpazom,

m(A () B)=m(A) +m(B)— m(A ) B).

Mpumep 1. Dx3amen no mMarematike caapaan 250 abuTypHEHTOB, OLCHKY HIBKe
naTi nonyyuian 180 uelnoBek, a BbLACpKAMN 9T0T Jk3amen 210 aburypuentos. CKoibko
uenoBek monyqnian ouenkn 3 u 47

A TIyetb A — MHOKECTBO aBMTYPHEHTOB, BhIIEPAKABUINX IK3aMeH, B — MHOKCCTBO
aGHTYPHEHTOB, NONYMHBIINX ONGHKH HiDKe 5, mo yesnoswo m(A4) = 210, m(B) = 180,
m(AUB)=250. ABUTYpHENTBI, NONYYHBIIIC oueHkn 3 u 4, 0OpasylOT MHOKCECTBO
A () B. o (opmyse (1) maxozmm ’

m(A (\B)=m(A) +m(B) - m(4 | ) B)= 140. &

Monoamene, Yacto OrpanHUBAIOTCS PACCMOTPEHHEM BCEBOSMOKHBIX  IHOIMHO-
XKECTB OJHOTO H TOIO K€ MHOXKECTBA, KOTOPOE B 3TOM CAYHAE HABBIBAKOT OCHOGHBIA
W YHHBEPCAJbHBIM MHOKeCTBOM. O003HauNM ocHoBHOe MHOMNeCTBO Oyksoii E. Ilus
moboro MHOKECTBA A, NpHHALIEKALIErO OCHOBHOMY MHOXECTBY E. CIPaBe/uniBLl
PaBEHCTBA

AUE=E, A\E=4
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MHOKECTBO 3/IeMEHTOB OCHOBHOIO MHOXeCTBa E, HE NPHHAANEKALIMX MHOXECTBY
A, Ha3piBaeTCsa donoanenuesm MHOXeCTBa A 10 MHOXecTBa E WM IPOCTO JONOJIHEHHEM
u obGosnauaercs A. OObeANHEHHE MHOXKECTBA A M €ro JonojHeHHs A ecTb OCHOBHOE
MHOXKecTBO: A () A = E. Ilepeceyenue MHOXeCTBA €O CBOMM JIOINONIHEHHEM MYCTO:
A (A= @. Nononnenne mycroro MHOKECTBA €CTh OC-
HOBHOE MHOXECTBO: (7 = E, a JIONOJNHEHHE OCHOBHOTO £
MHOXecTBa mycto: E = (J. Ha puc. 13 ocHOBHOE MHO-
KecTBO E cxemaTHHMECKH H300paXeHO B BHIE NPAMO-
YTOJBbHUKA, €ro NOJAMHOXKECTBO A 3amTpuxoBaHo, He
3aLITPHXOBAHO JONOJHEHHE MHOXECTBA A.

Jns mobbiX noaMHoxecTs A U B OCHOBHOIO MHO-
XeCTBa E CrpaBeIMBLI PABEHCTBA

A\JB=A4()B, @
ANB=A4|)B. @)

[Teppoe 13 9THX PABEHCTB NPOMJLIIOCTPHpOBaHO Ha puc. 14, u 6. Ha puc. 14,a
3aIUTPUXOBAHO OOBeMHeHHe MHOKECTB A 1 B, HE 3alITPUXOBAHO JIOTOJIHEHHE 3TOTO

=~

Puc. 13.

it

AUB A/BE

a) )
Puc. 14.

muozkectsa, T.e. A (] B, Ha pnc. 14,6 MHOKeCTBO A 3amITPHXOBAHO FOPH3OHTAJILHO,
MHOMKECTBO B — BEPTHKANBLHO, ABOIHOI IITPUXOBKOI HOKPLITO MX nepecedexue A ﬂ B.

JUUis MMCITOBBIX MHOKECTB B KAYECTBE OCHOBHOTO MHOXECTBA MOYKHO B34Th MHO-
Keerpo aciicrsurensunix yncen R. Jononnennem o R muokectsa @ paloHaMbHBIX
uicell SBIACTCS MHOXKECTBO HPPAIMOHATBHLIX HHi-
celt, sonosmenyiem ayua [0; + oo sBasercd oTKpbi-
b1l stys | —oo; Of.

MMpumep 2. B wkose 1400 yuennkon., M3 nux
1250 ymeroT karaThes Ha Jbbkax, 952 — Ha KoHbKax.
Hu Ha Jabpkax, o Ha KOHLKAX HE YMEIOT KaTaThes
60 yuatunxest. CKOJABKO YUALIUXCS YMEIOT KaTaThCst
W HQ AbLDKAX N Ha KoHbKax?

A MHOKECTBO YUCHHKOB INKOALI OyaeM cuu-
TaTh OCHOBHBLIM MHOXecTBOM E, A u B — cooTser-
CTBEHHO MHOKECTBA YHCHHKOB, YMEIOLIHX KATATLCS
HA JIbDKAX MW Ha KoHbKax (puc. 15). Vwammuecs, Puc. 15.

HE YMEIOUIHE KATAThCS MM HA JTbDKAX, HM HA KOHB-

kax_ cocrasnaior Muokeetso A (1) B. Ilo yenosuio m (A () B) = 60, a 1ax kak no dop-
myne (2) A(\B=AlJB, To n m(A()B) = 60. Orciona m (A JB)=m(E) — m(A UB)=
= 1340. 3uas m(A) u m(B), no dopmyne (1) vaxoaum

m(A () B) = m(A) + m(B) —m(4|)B)=2862. a
13




§ 2. TonsTre Qynxuun

Myers X — HEKOTOpOE 4YHCIIOBOE MHOXECTBO. Ha MHOXECTBE X ompeaenena
“ucaosas gﬁyum;uﬂ, ecil KaXKaoMy JJIEMEHTY MHOXecTBa X MOCTABJIEHO B EOOTBCT-
CTBHE JeliCTBHTeNbHOe 4ncino. MHOXKeCTBO X HA3bIBaeTcs HpH 3TOM oouadcmvio
onpedesenus ynxmng, TIpoH3BOABHBI 7EMEHT OONACTH ONpEACTEHHs OObIUiO
0003Ha4aeTCA OyKBOH X 1 HA3BIBACTCS apzymenmor (QYHKIMM WIH HE3A6UCUMOL
nepesentoll. Bolpakenue «apryMeHT X MPOGEraeT MHOXKECTBO X» MOHHMAETCH B TOM
CMBICITE, TO BMECTO X MOXET ObITh B3ATO M060e uicao u3 0baacTi ONpeICiIcHits
(yHKIHMI,

Hanpuwmep, uncnosas dysxumis onpe/iesiena cieIyolM 06pasoM: KKIOMY 1HCITy
x otpe3ka [0, 1] crasutes B coorsercTBe MNCHO 2X + 1. OTpesok [0, 1] — ee obnacts
ONPE/ICTCHNS, 3aKOH COOTBETCTBMA MOXKET ObITh 3amical Tak: X — 2x + L.

Hpyroii npumep (yHKUMI: KAKAOMY PAIMOHANLHOMY 4HCIY CTABHTCH B COOTBET-
CTBHE HHCIO |, 2 KaXIOMy HppanuoHaabHOMY — uucac 0. O6nacTh OnpeaeIeHns — Bee
MHOKECTBO CHCTBHTENBHBIX 4HCEN (3Ta (yHKIMs Ha3bIBAeTCH PyHKyUel Hupuxae).

OGHIHO 3AKOH COOTBETCTBUS 0GO3HAYACTCS HEKOTOPOil OYKBOIf, HANPHUMEDP f, u
TOBOPHTCS, 4TO Ha MHOkectBe X onpenesiena dymkuus f wmt f(x). Ynorpebisiercs
TAKKE 3amHCh (yHkumn B Bue y = f(X), 3mech X O3HAYaeT ApPryMEHT, y — COOTBET-
CTBYIOLICE eMy 3HaueHne (yHkuum, [ — 3akoH coorsercTBus. MHoraa TrOBOPAT. 4T
(yHKIUA f CTABHT B COOTBETCTBHE (CONOCTABMNSET) 3HAYEHMIO apryMEHTa X 3HA4CHUC y.

PaccMoTpennas (ynkuus x — 2x + 1 ¢ obnactsio onpenenenns X = [0; 1] mosier
OwiTh 3anncana B Bune f(x) =2x + 1, xe[0; 1], wm y =2x + 1, xe[0; 1], a pynxims
Jlupuxie, HanpuMep, Tak:

1, ecnm X — panMOHANLHO,
f&x)= {

0, ecimi x — HppauHoOHAIBHO.

Pasymeercsi, BMecTo OykB X, f, y MOKHO B3STh Apyrue OYKBbI, HAPHMED, hyngims
MOKeT OBITh 3amicana B Buae y = ¢ (f) wmm z = F (x).

Ecoy uicio a npuHANIKHT obiacTH onpeaenexns (yHKINH [, TO TOBOPAIL, 4TO
(ynknust [ onpedeaena 6 mouxe a. Jlns Toro uroObl yKasaTh 3HAUCHIC (y KL
B (pMKCHpOBaHHON Touke @, werionbayercs Takas samnch: f(a), y(@), [(X)-.. Bor,
HANPHMEp, 3Havenns Gynkwm y = 2x + 1, xe[0; 1], B HeKOTOPBIX TOUKAN:

yO) =1, y(1/2)=2, y@A)=52 y1)=3

MuoxeeTBo Beex 3uavennii (ynxmin f(X), Korjga aprymMest X npoberaer O0IACTh
OMNpeie/IeHUs (DYHKIUE, HA3BIBACTCS AtHOMCeCmBoM snavenuil (hYHKIUN f. Hanpmep,
MHOKECTBO 3Hauennii Gynxwm y = 2x + 1, x € [0; 1], ecth 0Tpe3ok [1; 3], a muoxecrso
snavernit Gynkwm dupnxne cocront 3 asyx umcen 0 n 1.

MHuoskecTBO 3naveHuii GyHKIN ABIseTCs MOAMHOKeCTBOM MHOKecTa [ eiicTain-
Terbnbix ducen. I109TOMY HHOTQ TOBOPAT, uTO (yHKINA ecTh OTOOPAKCHHUE OMHOTO
n0AMHOKECTBA (001CTH ONPEACIeHHsT) Ha JIPYrOe TO/IMHOKECTBO (MHOKECTBO 3HaMCHIT)
MHOKECTBA JICHCTBHTENbHBIX HHCel.

Jlpe QYHKI CUHTAIOTCA PABHLIME, €CIM Yy HHX OaHa 00.JacTh ONPE/Ie/ICHs
W KakKOMY uney n3 obractit ONPe/eIeHIsE OHH CONOCTABIMIOT OIHO M TORC 3HAMCHNC.
Haupumep, ¢yskunst f(x) =x— 1 ¢ obnactsio onpenenenus |—1; +1[ u dymaus
g(x)=(x* = 1)/(x + 1) ¢ Toii ke o0nacTbio onpeienenns paBHbl, TAK KAK /Ald JH000r0
x 13 muokectBa |—1; +1[ umeer mecto pasenctso

YacTo (yHKIHIO 3212107 (OpMYIIOl, ykaseisaroweli NOCIEI0BATEIBHOCTh MaTe-
MATHYECKIX ONEPALN, KOTOPbIE HAZO BHIIOAHMTL Haa ApPryMEHTOM, YTOOBI NOIYYMTH
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ec 3HaueHue. Ilpu aTOM Hudero He rosopuics 06 obsacTu onpeiencuus. B 3Tom
cilydyae CUMTAETCs, YTO (DYHKIHSI OnpejiesieHa HA MHOXECTBE TeX 3Havuenuii aprymenta,
AUt KOTOPBIX yKa3aHHbIE (opMyJIoii AeficTBHS BHIMOMHUMBL MHOKECTBO BCEX TaKux
3HAYEHHI apryMeHTa Ha3BIBAETCS ecmecimeeHHoll 06AacThio onpesenenys (hyHKimm, 3a-
JIAHHOH (opMysIoH, MK 06JacThIO JONMYCTHMBIX 3HAMEHHIl aprymenrta. Ecrecrsennas
obnacth onpenenenus Gpynkuun f 3agannoll Gopmyioil obpiuno obosunavaetea D (f).
B ciysae sapanns Gynkmun Gopmysioif BOZHHMKAET 3a7ava HAXOXKIACHHS OOIACTI Olipe-
neneHusi (MMEETCs B BHAY €CTECTBEHHOI obaacTH onpeneseHis) (yHxmiiL.
Mpumep 1. Haiitn obnacts onpeaencuus (yHKIH

A JlelicTBHs, yka3aHHbIC TOH (DOPMYJION, BBIIOJHMMbL JUIS TEX 3UAYMEHUN apry-
PG gl
MEHTA X, JUISi KOTOPBIX NOAKOPEHHOS BBIDIKCHHE HEOTPHUATENLHO, T.e. ———— = 0.
Pewasi 5To HepaBeHCTBO, HAXOAMM, HYTO OHO CIPABEIUIMBO JUALIL HA TPOMEXYTKE
[— 1 2[, xoTOpBIi It ABAAETCS eCTECTBEHHOI 0GIACTHIO ONpE/eenis PACCMATPIBACMOI
byHxunn. A

Mpumep 2. Haiitun obiacts onpeaenenst (yHKIGil
x—3

HO=V1-2 =577 fO=+L0=)/T-3

x—3
2x + 17

-+

A Oynknus [ (.\')=[/l — x? ompeseneHa Ha MHOKECTBE TeX 3HAveHMii X, JUis
KoTopbix 1 —x? >0, D10 ecrh orpesok [—1; 1]. Wrax, D(f,)=[—1: 1].

Jois ynxnmn f5 (x) = (x — 3)/(2x + 1) ecrectsenyoii o6NacTLIO OUpEACTeHIs sB-
JIHETCs MHOXKECTBO BCEX 3HAMCHHIT apryMeHTa, Ulsi KOTOPLIX 3HaMeHaTedh jApobu He
obpamaercs B HyNb, T.e. X # —1/2, Urak, D(f2)=]—w0; —1/2[)]=1/2; +oo[.

Dynkuns f(x) = fy (x) + f5(x) Oyaer onpejenena B TOMKE ¢ TOJA W TOJLKO TOLJA,
KOrZia TovKa « mnpuHaMNexuT u obsmactn onpenenenust (Gyukuun [, (x), u obnacti
onpesnesnensst Gynxunn f5(x). JApyrumii clioBamm, eCTeCTBEHHAS 00JIACTH ONpeieneHns
Gynximm f(x) ecth nepecevenye obmacreii onpenenenus Qyurumii £, 1 f5:

D(N) =D =[-1: =12[J]-1/2; 1]. &

HanomuuM onpesiesieniist HeKOTOPBIX YaCTO BCTPeYatonyixes (hyHrImii.
Muozouaenom n-it emenenu (n > 0) cmandapmuozo 6uda Ha3bIBACTCA (PYHKIHSE

y=ay+ax+...+ax", a,#0;
qncna  dg, @y, ..., 4, HA3LIBAIOTCH Kosdihuyuenmarut roro mporousneHa. O6aacTob
ONPEJIC/ICHHST MHOTOYIEHA — Best yncsioBas npsamas. Muorowien n-it cremnenn o6o3Ha-
vaeres Takke P, (x).
B yacTHOCTH, MHOrOWICH HEPBOii creneHn

y=P,(X)=ay+ ax, a;#0,

HA3BIBACTCS Auneiinoll GyHKiueil, a MHOrOWICH BTOPOIi cTemenu
y=P;5(x)=dao + ayx + ax*>, a, #0,
HasIBaeTCs Keadpamuunoii GyHKUMell WIH KeAOPAMHBIA MPexuieiol.
Mnozouaenom n-it cmenenu Haspipaercs (YHKIMG, KOTOpas onpeaeieHa Ha Beei

YHCI0BOIH ﬂpﬂMOﬁ H MOXET ObITh TIPHBCCHA K MHOIQY/IEHY n-it creneHyn CTAHAapTHOIO
BHOA. Hanpumep, KBaaApaTuuHbIMu d)yHKuﬂﬂMll ABJIAIOTCA (])ym\'umL OIipeleeHHbIC
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opmynamm

f)=1-x3+ (2 =3)(x+1), g)=)/x*+2x>+1

Aeiictairensio, ofe oy onpeeeHb! Ha BCeil YHCIOBOI MpAMOil | sl JIHOBOTO Hncna
X HMEIOT MecTo pasencrna

=P+t h=xt -2, [+ 1=+ P=¥+1

2
X =1 =
Dysxums f (x) = (( 5 I)) Ha CBOGH OBMNACTH ONpEieNeHHs COBNAAAeT € MHOro-
X
*ICHOM TIepROii cTeneny y = x — 1. Onnaxo ynKims f(X) He ABJAAETCS MHOFOWICHOM,

:ak Kak ee obnacts onpenenenns He conanaer ¢ MHOXecTBoM R, OHa HE OMNpEleneHa
TOUKE X = — |,

Payuonansnon (ynkuueii HaspiBaeTcs (yHKUMS, KOTOPask MOXKET ObITh MPEACTABICHA
B BIIE OTHOWIeHs JIBYX MHOTOYJIEHOB CTaHAAPTHOrO BHAA
_ P _ aptax+...+ax”
YE P T Botbix A b

Ecrecteennas o6nacty onpe/ieIeHHsT PALNOHANBHOI (DYHKIMH eCTh BCs 4HCIOBAS Nps-
Mad 33 HMCKIIOWEeHHEeM TeX TOYeK, B KOTODBIX 3HAMEHATEIb OOpPAUIACTCA B HYJIb,
2
x*—1 - o =
Hanpumep, dyrkuus f(x) = (_(ﬁ))_ SBJISCTCSl PAlHOHAJIBHON, ee 00JacTh Ollpeicie-
x
HHSA €CTh Besl yHeNOBAst MpsAMas 3a HCKIIOMEHHeM X = — I,

§ 3. Koopmmaruas naockocers. I'padur @yuxuim

MBe B3auMHo mepnemmMKyIAPHEIE KOOPANHATHBIE MpsMbIC C OOLUIM HAUATON
OTCYeTa O6PA3YIOT NPAMOYTObHYIO CHCTEMY KOOPAHHAT Ha ruiockocti. MacuiraGuie
OTPE3KH OObIHO GepyTcsi paBHBIME, OJAHAKO HHOFAA HCHOIL3YIOTCH KOOPAHIRTILIe

u y / npsMble H € pasHLIMMI M’ﬂculluﬁlmn’ul.Hc';mumm:\m
M Oy M3 3THX OPAMBIX OOLIMHO H3OOPARAIOT Topii-

g g ﬁ—z(‘”"y} 30HTAJIBHO, HA3BIBAIOT OCLIO afcyuce H ODO3HANALOT

! Ox. [pyryio OpsiMylo pHCYIOT BEepPTHKAALUO, Taskhi-

7t ; : BAIOT OChIO opdunam 1 obosmagaor Oy (pHe. 16),

O6uree HaYalo — Touka O — HA3LIBACTCS HAWAI0M KO-

1,
0——%—&—5:—- Op/IMHAT. ‘
Y 4 i [TnockocTh ¢ BLIOpanHoil Ha HEH CHCTEMOIL KOOp-
4 v JIMHAT  HA3LIBACTCH I\'Ul)]!l'll”(ll”HUI‘I naockotmuo. Ha
Puc. 16. KOOPIMHATHON [UIOCKOCTH  Kay/10if  TOUKC  CTABITCH

B COOTBETCTBHC MMapa HHCLl, HA3BIBACMBIN  KOOPOuHU-
masmu ITOH TOUKH OTHOCHTEALHO JAHHOH  CHCTCMBI

i koopaunat, Ilycrs M, u M — opTOrOHAIBLHLIC TPO-
I eI TOUKH M COOTBETCTBEHHO Ha OCh adcuice
na ocb opauHat. Touka M,, Kak TOUKL KOOPIIMHAT-

HOil mpsaMoii Ox, umeer koopuHaty x. a rouka M

& e KOOPAMHATHOI HpsMoiT Oy, HMECT KOOpin-
e Z(‘13"(/-’“"”)' y. [apy uncen (x; y) (¢e HA3BLIBAIOT «YHOPAILO-
e VCHHOI NAPOif B TOM CMBICIE, 4TO X HA TICPBOM

g Zz. 2 MECTE, & J' HA BTOPOM) HA3BIBAIOT KOOPAHHATAMIT TOURY

M u muuyr M (x; y). Koopammars! X H V HA3bI-
BAIOTCA COOTBETCTBEHHO adcyuccoll W opouHamon To4-
Kn M.

Kawnoii ynopsaouennoii nape waucen (a; b) mua KOOPANHATHOI TUIOCKOCTH €OOT-
BETCTBYET eAnHciBentas Touka M. A8 KOTOPOil 9Ti wucna ABASIOTCA KOOPAMHATAMIL

Prc. 17.
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X =a, y=>. Taxum 0Bpa3zomM, MEXKIY. TOUKAMU KOOPAMHATHOMN NIOCKOCTH 1 YNOPSI0-
HEHHBIMM NAapaMy JACHCTBHTCABHBIX YHCE (X: )) YCTAHABAMBACTCA B3AUMHO OJHO3HAY-
Hoe cooTBeTcTBHE. MHOKECTBO NMap AefiCTBUTENBHBIX YUCE] NHOTIA HA3BLIBAIOT YHCIIOBOIT
IIOCKOCTBIO.

KoopainaTnble npsiMble AeNST MIOCKOCTh Ha HEThIPE KOOPAHHATHBIC yrid (KBai-
paHTa), KOTOPbIe HYMEPYIOTCs TdK, Kak 1OKa3aHo Ha puc. 16.

Paccrosuue mexny roukamu M, (x5 yy) ¥ M, (Xa: ys) BbIpakaercs uepes Hx
Koop/uHatel 1o (opmyse (puc. 17)

[ MMy | =1/ (x, — X202 + (7 — ¥a)*.

[yctb 3aana Gynxuus y = f(x) ¢ obnactbro onpenenchist X. Ipadurom (yuxumny
J(X) Ha3BIBACTCH MHOKECTBO TOUYCK KOOPIH-
HATHOM IU10CKOCTH ¢ Koopauharamu (x; £ (x)),
T.€. MHOXECTBO TOMEK, afeicesl KOTOPBIX \
NPIIUIEKAT MHoKeersy X, a opamHaTel 2
PABHBI COOTBETCTBYIOUUIM 3HAYCHISIM  (DyHK-
win. Ha puc. 18 1 19 nsobpaxenst rpaduxn
sunelnol gynkmmn y = 3 — 2x U KBaJApaTi-
Hoii pyHKwm p =2 — x — x%

W3o6paxenue rpaduka (QyHKIMN Ha KO-
OPAMHATHOI  NJIOCKOCTH | JAAeT  HArJIsHOoe
HPEICTABNIEHAE O CBOICTBAX 1 NOBEACHHH i

5 o STyl 5 Puc. 18. Puc. 19.
(yukums. Ipoeteiinniv cnocobom noctpoe-
uus rpaduka Gyukmmi y = [ (x) apisercs cno- g
co0 noctTpoeHus no toukam. Cocrapigercs TadiaHua 3naYeHMil aprymeHnTa
CTBYIOLLNX 3HAMCHNIT (yHKIN:

/
a

M COOTBET-

Xy Xz [ x3]. .
W lyalyale..
= 11 1A KOOPARHATHON TUIOCKOCTH HamocsarTes Toukn M, (x5 yy), M, (xa: ya) v 1.4,
DTH TOUKYM COCUHIOTCS TUIABHOI KPMBOIL, KOTOpas ¢ HEKOTOPLIM NpHOIKEHuem
n3o0pakaet rpadux Gyukuan ) = f(x). Tlpudmpkenne 970, OAHAKO, MOKET OKa3aThCs
JOCTaTo4no TpYOhIM. B CBSI3H © 9THM Ul nocTpoenns rpaduka QYHKINYN, KAk [IPABHIIO,
npumenstor Apyrae metoasl. O nux Gyner pacckazano B raase VI

§ 4. O6patnan QynKuus
[lycrs Qyuxuns y = f(x), onpejenenHas Ha MHOKecTBe X, TaKoBa, 4TO IABYM
Pa3HbLIM 3HAYSHUSM apPryMeHTa X; W X, CTABHT B COOTBETCTBHE PA3HLIE 3JHAMEHUS Yy,
i v, Hanpumep, takum cBoiicTBoM obnagaer GyHkmms y = 2x — 1,
rpadmr koropoil sodpwken na puc. 20, JleficTBiTensHO, JUIs iee,
CCIH Xy # Xp, TO ¥y = f(xy) # [(x3) = ¥, TaK Kak f(x;) — f(x;)=
= 2(x; — X3). Dror (GakT nMEeT CACAYIONYIO TEOMETPHUYECKYIO
HHTEPIPETANIIO: KAX1as npaMas, napaiuesabuas ocn OX n upo-
XOASU@As MEPe3 TOUKY Vo, NPHHAUIEKAIYIO MHOXECTBY 3HAUSHMIT
(hyuxim, nepeceraer rpadmk GyHKimn gL oaun pas. Hanpotns.
(yuxist y = x* #e obnataer ykasamusiM csoiictom. Hanpimep,
snavenue ynkunn y =1 COOTBEICTBYET ABYM 3IHAMCHISIM apry-

MeHTa Xy = — | # x; = | (mpsmvas, napamienbsas ocit OX W 1po-
Xoasmas 1aepe3 Touky v =1, nepecekaer rpadgur 9Toil (GyHxwun Piic. 20

B JBYX TOukax (pue. 21)).
@ynkuus y = [(x) ¢ obnacrsio onpenenenus X, KOTOpas ABYM PasHBIM 3Have-
HHAM APTYMEHTA CONOCTABISET PA3IHYHBIC YHCIA, YCTAHABAMBACT BIAMMHO OIHO3HAY-
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HOE COOTBETCTBHUE MEKY 06]acThIO Onpezeernst X U CBOMM MHOKECTBOM 3HAUEHHIi Y.
JeiiCTBHTENLHO, Kasnc1oii TouKe X 3 X (DYHKINS CTABHT B COOTBETCTBHE HEKOTOpoOE y
3 MHOKECTBA Y, IByM pasHbIM 3HAYEHHSM X; M X, CONOCTABISIOTCS Pa3HbIE 3HAYECHMUS
% yi=/f(x;) 1 y,=f(x2) 1 Kaxzaas Touka y€ Y COOTBETCTBYET
OZIHOMY U3 3HAYeHHil aprymenTa X. IIpH 9TOM KaK1oii TOuke y
MHOXECTBA Y COOTBETCTBYET EAMHCTBEHHOE YHCJO X TaKOe, 4TO
y = f(x), T.e. 9TO COOTBETCTBHE OjHO3HA4HOE. TakuM 00Opasom,
Ha MHOXecTBe Y ompeicneHa (yHKUus, KOTOpas Ha3bIBAETCS
obpamnoii pysxuun f u obosznauaercss f~'. OB6iactbio onpe-
Jenenus obpaTHoil (GyHKuuH f ' SBASETCS MHOXKECTBO 3Have-
7 Hui Qynximn f. OyHKOHA, KOTOpasi MMeEET OOpaTHYIO. Ha3bl-
BAETCSA 00pamumoil.
Hanpumep, Qyuxmus y = 2x — 1 obpatuma. MHOXecTBO ee
79 7 2 3yayenuii ecTh BeA yHenoBas mpsmas. JlioGomy umeay y coor-

1 l
Puc. 21. BETCTBYET 3HAYEHNHE X = —- ) =+ =5 (3TO COOTBETCTBHE AJISI TOUYKH

L
\+3

=) onpenesser (QyHKknuio

Yo Ha puc. 20 ykasaHo crpenkoii). Popmyna X =

x=f7"(y), obparuyio ymxmm y = f(x).
Tpaduk pynkmun y=f(x)=2x — 1 sBaserca u rpaduxom 0OpaTHOIl QyHKIN

= 1 1 o
S ‘(Y)=3y +~2-. TONBLKO rpauk 0OPATHOI (YHKIIN PACIONOKEH HENPHUBLIYHO:

ock aprymenta (ock Oy) pacnojiokeHa BepTHKanbHO. Ecim, kak oObrMHO. 0Go3HavuuTh
apryMeHT obpaTHoil dyHKumu uepe3 X, T.€. NPEACTABHTL ee B Buae V= [ 1 (x), To
rpadmk obpathoii (ynkumn Gyier, BOOOUIE TOBOPS. OTIHYATECH OT rpadura Qynxmn
y=/f(x). Ha pic. 22 usobpaxenst rpadux ¢yuxmmi y = f(x)=2x — | u rpaduk ce
5 . 1 1 . o -
obpatHoil (yrkumm y = f ‘(‘\')=7.\'+?. OHH CHMMETPHYHBLL OTHOCHTEILHO Gie-
cexTprchl I i III KoopAMHATHBIX YIJIOB. )

Kax npasuso, ecmt hyuxups [ 06paTima, TO e apryMeHT I apryMent o0piainoil
Gyrkmm o6o3nauarotest ofnoil GYKBOI, T.e€. dTH (DYHKUIH PACCMATPHUBAIOTC B Hiie
y=f0x)ny=[1"(x).

Iyers Qynkuus y = f(v) obparnma. [Tokaxem, UTO rpauikn pynxumn y = {(x)
H ee obpatHoii Gynkum y = (! (x) cMMeTpIHBL OTHOCHTENLHO Onceertpuest L 111
KOODIHHATHBIX YIJIOB, T. €. CHMMETPHUYHBI OTHOCHTEALHO NPFMOIL J' = X.

i
g M, b)
|
! /
! /\
|/
1/
2 +/ ——————— 7)
aJ |
/ // [2 {
' o
Puc. 22 Puc. 23,

O Ecan touka M (a; b) mpumamrexut rpadmky ynxwan y = f(x), 10 b= f(a)
(puc. 23). Tak xax cymecTByer oOparhas (YHKIUIL, TO H3 3TOF0 PABSHCTBA CJIEYeT,
4to @ = f~(b) u, 3wauut, Touka M’ (b; a) mpuHAATeRHT rpaguKy oSparHON QyRKiumN
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y = [ (x). Bepuo u obpatnoe: cciu Touka M’ (h; a) npunaiexut rpaduxy oSpaTHoil
¢Gynxuun y = 7' (x), To a = f ' (h). Caenopatensuo, b = f(a) n Touka M (a; b) upn-
Haexut rpaduxy dyskmun y = f(x).

VYeranosum, uto Touku M (a; b) u M'(b; a) cuMMeTpHUHBI OTHOCHTEILHO OmHe-
cexrpuce! I u Il koopaunaThbix yriios. Iycts a # b, T.e. Toukn M u M’ He cOBNanaor.
Jlerko BUIeTh, YTO OTH TOMKH PABHOYAAJIEHbI OT HAYAJIA KOOPAMHAT, 3HAYNT, MpsSMast,
NPOXO/sNIas Yepe3 Hauajgo KOOPAMHAT If cepelnsy orpeska MM', nepneHaiuKkyjspHa
3TOMY OTpe3Ky, a Toukn M u M’ CUMMETPUYHBI OTHOCHTENLHO OTOI NPAMOIL.
Mockosnbky cepesuna orpeska MM’ nmeet koopannatsl ((a + b)/2; (a + b)/2). To ypas-
HEHHE NpsiMoii ecTh y =x. M

[Moauepkuem, uTo QyHKINs 0dpaTiiva TOrAA M TOJLKO TOIJA, KOrjaa oTa (yHKuus
JIBYM Pa3sHbIM 3HAYCHHSIM APTYMEHTa CTABUT B COOTBETCTBHE
pasueie 3Havenus. dynkuus [(x) = x?, X =R, ne obnaaaer 4
9THM CBOIICTBOM, OHA HE HMeeT OOpaTHON (yHKIUIH.

Pacemorpum yukiuo, sazannyio Toil ke (OpMyJIoi
[(x)=x? ¢ obnactuio onpenenenus X = [0; +oo[. Ecmun x,

U X, OpPHHAANEKAT OONACTH ONpEieNeHHss M X; # X, TO

S (xq) — f(x2) = (%7 = x2) (%; +x2). 3nech X, #X> 0 X5 + g="§
+ X3 > 0, noaromy f(x,) # f(x,). CrienosarensHo, (pyHKIHs /=

Jx)=x% X =[0; +oo[, mveer obpariyio Qynkumio. [ins !

ee HAXONJICHIS Pa3pelliM yPaBHEHHE ) = X° OTHOCHTEILHO g 7 @
X, yuurbiBag, yro x = 0. Ionyunm x = ]/T ITomensienm
B oroil dopmyne x m y Mectami: y = |/x. Utak, ans dynk- -
win [ (x) =x2, X = [0; +cc[, obparnas dynkuus mveer sua /' (x) = |/x, ee obnacts
onpezencuis — rnpomexyrok [0: + oo, Tpadukn stix gynkumii nzoGpakenst na puc. 24.

Pacemotpum dynkiuno f(x) = x*. Ona onpeienena Ha Beei MHCIOBOI PAMOI,
MHOKECTBO €€ 3Havuenuii Takke Bes unciosas npsivast (puc. 25). IMoxaxem, uto sta
Qynxmus nveer obpatnyio. Tlyers Xy # x,. Pacemor-
pHM pasuocth [ (x;) — f(x5): 4

=gz

Puc. 24,

f(x) — [(x2) =x7 —x3=

Y=z

/ Xa 3 \
=(x; — .\':)((v\', o) —\2 ) + 7 \)

[Mepsag ckoBka OTjHMHA OT HYNSl, TAK KAK X, # X,
BTOPAd TAKKE OTIMYHA OT HYIA, TaK KAK COMACPKMT
CYMMY KBQJIPATOB JIBYX CHAIaeMbIX, KOTOpLIE B CHIY
YCJIOBHS Xy # X3 HE MOIYT 0OpaTuThCsd B HYJL OJIHO-
Bpemento. Takum oGpasoM, pasHbIM 3HAMCHUAM apry-
MEHTA U3 MHOKCECTBA |— 0, +o0[ COOTBETCTBYIOT
pasubie 3uatuenis GyHK. 3navur, cyimecrsyer obpat-

Puc. 25.

Hasg gynxmms. Oua oGonluuucnsn y=|/x. Ee obnactb onpeaenenns — BCs qucIoBas
npamas. Fpadmk Gynkunn y = |/x n3obpaxen na puc. 25 mrrpuxamu.

B saxmouenne 3amMeTnM: n3 onpenesicHus odparTnoil (yHKIMN CHCAYeT, YTo Beerja
cymectsyer obpatnas gyukuus k obparwoii u npu srom (f 1)L = f. B cuny storo
Gynkino [ u ee obparnyio [ ! HA3LIBAIOT B3AUMHO OOPATHLIME (DYHKILASIMI.

JAJAUYM PABAENA | -

L. Mycts A — MHOKECTBO jeauTeseit yuena 15, B — MHOKECTBO NPOCTLIX uncel, Menbinux 10,
C — MHOXKECTBO METHBIX 4HCEN. MEHBLMX 9. Tlepeuncinth MEMENTHl HTHX MHOKECTB W HAWTH
AlJB, 4|)C. BN C (AJO)NB, AN\ BC.

19



2. Myers A=[—1; 1], B=]-; 0[, € =[0; 2[. Haiitn creayiomue muox)ecrsa: A () C,
ANB 4BUC (4UBNGC B () € — n M306pasuTh HX Ha KOOPAMHATHON NPAMO.

3, Haiitn moamuoxecTsa X M Y MHOXeECTBA E, ecnu jis so6oro moaMHoxecTBa A MHO-
wectsa E nmeer mecto pasercrso A\ X =4 () Y.

H306pasiTs Ha KOOPAUHATHOI! MJIOCKOCTH MHOXECTBO, KOOPAMHATHI (X3 J) TOYEK KOTOPOro

yaosaersopsior yeiosuio (4—6):

4. x| +|y|=15 |x+y|<lulx—yp|<L6. x?—2x+y<0.

7. B rpymne u3 100 Typictop 70 HeMOBEK 3HAIOT AHLIMICKMI A3bIK, 45 3HAIOT (paHuy3CKuii
a3b1K 1 23 venoBexa 3HaloT 062 s3bika. CKOJbKO TYPHCTOB B TpYMME HE 3HAIOT HU AHIJIMIICKOro

HIi (hpanny3sckoro s3bika’?
8. B omnMmiaze mo MATEMATHKE NMPUHHMano yuactue 40 yuamuxes, um GbUI0 mpeanoxeno

PelINTL OHY 3ajady no arebpe, OAHY TO TEOMETPHI H OAHY MO TPHrOHOMETpHil. Pesymbrars:
NPOBEpKH pemiennii npeCcTaB/eHbl B Tabiuie:

; KOHHUCCTHO & - KOJHEC

PeliCHhl Sy pelmBIII PellieHnl 3aaun Pc""““m“'l‘:‘
no anre6pe 20 1o anredpe U reoMeTpHH 7
N0 reoMeTpuH 18 1o aarebpe W TPHIOHOMETPHH 8
10 TPHTOHOMETPHH 18 10 reOMETPHH H TPHIOHOMETPHI 9

M3BecTHo Takke, 4TO HI OAHOI 3amaui He peunuiin Tpoe. CKONLKO YJAIMMXCS PEMNuUI BCe Tpu
3azaun? CKOABLKO YYALIHXCS PEIIHIN POBHO ABe 3axaqi?

9. IMycts A — MHOKECTBO pemiennii ypapuenus f (x) = 0, B — MHOXeCTBO pelleHuii ypasHens
g(x)=0. [oxasats, uto Ana JoGhx MHorounenos f(x) u g(x) muomectso A (B ssisercs
MHO®KecTBOM Kkopeif ypasuenna f(x)-g (x)=0, a A () B — MuokecrsoM Kopieil  ypasneis

(S ()7 +(g(x)7* =0.

Bepo s 970 ke yTBepAdenue, ecmi f (X) — MHOroweH, a g (x) — pauwnonanbuas dynxing?

Haiitn o6aacts onpenenenns (ynxunii (310— 16):
10. f)=|/3+x+])/3—x 11 f(x)= ]/:

2 . Vx+5
13. 1) =Togy (% = 1. M. /() = 3 o=

16. £ (x) = lg [(1,25)' = = (0.4096)! +¥].

Haiitn muoxkectso snavenuii gynxumii (17— 18):
I
2x

it Lo rmermear oy
17, f(x) = }/x* + 2x + 2. 18, f (x) T

Haittn o6parayio dyuxmmo y = ' (x) ans dynkmns ) = f(x) (19-21):

1 x* 4 3x
19, p=x2+1, xe]—o0; 0]. 20, y= 1 + —. 21. y= > T2%
x : S X
22. Haiin npn kakux 3mavennsix napamerpos a i b jmmeiinas (yHkimua v = ax + b ynieer

oGpaTHYIO 1, COBIIAJAET C Heil.

JAJAMH PA3ZEIA I ——m—m————————

3amicats Muokecrsa A, B w € HCPCHHCACHHEM HX JJIeMEHTOB . waiitu A | [ B, B[ C,
AUBNC ANBNC, ecmn (1—2): 4

L. A — yokectso pennvesteii wncaa 12; B — muoxecrso KopHel ypaBHeHus X7 — 6x + 5 = ()
€ — MHOKCCTBO HEYCTHBIX WHCC/ X TAKHX, 4TO 3 < x < 12, .
‘ 2 A—..\.nm;xccmo HCTHBIX wmcen X, 3 <x < 10; B — muoxecTBO aeamteneii wncaa 21:
C — MHOKECTBO HPOCTBIN WHCEA, MeHBIIX 12, . :
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3. [pusecTn NpUMEPhl YUCHOBLY MHOKECTE A u B Takux, 4ro
a) A|JB=R, A(\B=g@: 6) A|JB=4, A(\B=B.

Haiitu A () B, A (\B, A(\C,B|JC, 4\ B[ C. (4 ) B)() € u u306pasuts 31i MuOKCCTBA
Ha KOOP/MHATHOH npsivoii, ecomi (4 —G):

4. A=[0;3], B=11:5[ C=]-2:0]. 5 A=]-o0; 1], B=[1; +o[, €=70; I[.

6. A=[=3;1], B=[2, +w[, C=]-9; —2[

Muoskecrsa_A _u B — noamuokectsa ochosnoro Miomectea R. Haiitn A () B, 4[)B.
A\JB, A\ B, A[JB u n3o6pazums 5TH MHOKECTBA HA KOOPAMHATHOI upsamoil (7—10):

7. A=]-1: 0], B=[0; 2[. 8. A=[0; 3[; B=]-1; +oof.

9. A=]-o0; 1], B=]-o0; —3[. 10. 4=10; +o[, B=[-1; I[.

11. Muoxectsa A o B ssismortcs noammoxectsamn muoxectsa E (pue. 20). Viasatn
WTPHXOBKOH MHOKECTBA: =

a) A|)B, A{)B; 6) A|)B, A(\B; v) A(\B, AB;

r) A()B, (A B)| )4 B).

12, A — HOAMHOKECTBO MHONKECTBA HATYPAIBHBIX MHCEJ, Kaukbiii
IMEMEHT MUOKeCTBA A ecTh Yneno, kparnoe wim 2, wan 3, win 5. Haiiru ’
HHCJIO JICMEHTOB B MHOKeCTBE A. cenn cpean Hux umeercs: 70 wueer,

Kpatnbix 2; 60 wumcesn, kpathwx 3: 80 wmces, kparTHpix 5; 32 wmena,

KpaTapix 60: 35 uncen, kparabix 10: 38 wicen. xparspix 153 1 20 uncern, £
Kkpatneix 30,
13. B mioydHom O1/1ede Marainnga noceruvess oObMHO HOKYNAIOT Puc. 26.

G0 onun topt, anbo oany kKopodry konder. aAnGo OAMH TOPT H Oy
KopoOxy xonder. B omun w3 aueil 6uuio npoxano 57 topros 36 xopobok kouger. Ckonbko
GEL10 noxynaTedseil, ecan 12 MENOBCK Ky i TOpT N Kopoldky konper?

14. B cnoprusiom Jarepe 657, pedsr cior mrpars B (yrbon, 707, — B Boneiibon
i 759, — B GackerGon. Kakopo waumensiiee vpcino pebsr, ymeionmx wrpatb u 8 (yrbon,
on, 1 B Gackerdon?

15, Ko/l m3 yMenukos Kaccs B 3UMINC KaHHKYJIL POBHO JiBa pasa Obul B Teatpe, npn
aToM cnextant A, B u C sigenn coorsercrsenno 25, 12 u 23 yuennra. CKOALKO YHCHHKOB
B Kmcee? Cronbko 13 wux pienn crektakmi A u B, 4 u €, B n C?

16. B revenue wenenn B knnorearpe jAemouncrpuposaanck guianmut A, B w C. M3 40 mwkons-
WHKOB, KORABIT 13 KOTOPRIX NpocMotpen ando see tpu Qunbma, anGo oaun 13 Tpex, (uiabm

A suneny 13, guabm B — 16, dusym C — 19, Haifrn, CKOILKO Y4CHHKOB NPOCMOTPENH BCe TpH
(uisma,

17. B orpaae n3 40 pebsr 30 ymeior miasate, 27 yMEIOT HIPATh B INAXMATEL M TOALKO
HSITEPO HE YMEIOT HU TOro 1n Apyroro. CKoAbKo pebsaT yMeloT ILBaTh ¥ WIPATH B IIaXxmathbl?

18. Ha ypoxe aureparypni yuireab penina y3Harh, KTo H3 40 yueHWKOB KJIAcca HHTQI
e A, B o C. Peaynbrarst onpoca OKa3uineh TAKOBLL: kuury A uutano 25 yuamuxcs, KHury
B — 22, gknury € — rakwe 22. Knnry A win B wnranu 33 ywennka, A win C — 32, B wm C —
31: wee tpie ks npowan 10 yyauuixes. CROILKO yHEHIKOB MPOMIAN TOILKO [0 Oztioll kuure?
CROILKO yMauuixes fe Suraiin Hi OAuoii 13 91uX Tpex KHur?

19, Cpeur aOurypuenion, BHUICPKABIINX TPHEMHBIC DK3AMEHBL B BY3, OUCHKY «OTJIHYHON
NOJAYSIUI: 110 Matematike — 48 aburyprentos, no ¢gusuke — 37, no pycekomy sabiky — 42, no
MaTemMaTke i pusnke = 75, 10 MaTeMATHRE WM pYCCROMY a3bIKy — 76, no duanke wuan
PYCCKOMY #301Ky — 66, 10 BeeM Tpem npejimMeram — 4, CKoNBKO aGUTYPHeHTOB MOIyYuan X0t Obl
oy narepky? CKRONBLKO CPeMi HUX HOAYYHBIIHX TOJBKO OHY nsrepxy?

20, Haiitn nepeceuenne 4ucAoBbX MHOKECTB A H B, ecin KauIbiil 20EMEHT MHOMecTRa A
umeer BuA dn 4 2, ne N, & kAL onement MHoxecrsa B umeer sua 3n, ne [

M300pasnis Ha KOOPAMHATHOI IIOCKOCTH MHOKECTBO, KOOPAMHATHL (X; V) TOYEK KOTOPOro
oBacTBOpRIOT yeaonrio (21— 28):

2
27. log, ;2 (2 — x 28. (x — | x|+ =y)? <4

Haiitu obnacrs onpeaenenns Qyaxumii (29 —38):
3

; [~ x . x+2
30. )= |/=—— Bl f{x)= —= .
e d ) l/l—-\ L %{)gcos.\'

21

29, flx)=| 3 =55 —




; o
3. (%) = ] i i,
x—1

/i

_— 34. f(x) = logs logy2 X-
arcsin (2 — x)

LCOS,\'—%

32, f(x)=

3B, () =)/x = x| =2 36.[(x)=loges, (x* =3x+2). 3. f(x)=
fx) =] Ix] f(x) =loge., ). )= Vo 35x— ox

38, f(x) = |/logs.2 x + (logo, 2 ¥°) (10852 0.0016x) + 36.

Haiiti MHOII\CCTBO anavenit Qynxumit (39—44):

39, f(x)= "',. 40. f(x) = /2x — x> — 1. 4L f(x)=sinx — 5cos X.

42. f(x) = log; x +log. 30 43. f(x)=(sinx +cosx)’. 44, f(x) =4 -2+ L.
45, [oxaszath, 4o 4eTHas (yHKIHA He HMeeT o6paTHOIL.
Haiitn oBparnyio dynkumo y = f ' (x) wra ynkmwmn y = f(x) (46—350):

-1

L y=x?— 0; 0] 47, y= 21—
46, y=x*—1, X =]—o0; 0]. Ve

8. y=1/x 49.y= ——. 50.y=x|x|+2x
el = . 50,y = x|+ ox.

Jlns kakaoif u3 caeayolnx (GyHKIM yCTAHOBUTD, CYINECTBYCT JIi 0OpaTHAs (DYHKIMS, 1t ecry

cyluecTsyer, To HaiiTit ee (51— 54):

=

_ax+b

51, v—2+v—\z X=[1/2, +o[. 52 p=x-x

53, y=x*—2v-3, X=[0;3]. 54 y=x|x|-2x-8

55, JlokasaThb, MTO NpH BCEX 3HAMCHIAX MAPAMETPOB a M b Taknx, 410 ab # —4, dynkuny
2x+a ) '
bx -2
56, Kaxiy ycrnopusM JOIUKHBL YAOBACTBOPATH 'wnena a, by ¢ i d (¢ # 0), wrobbl iy

copragaer co cnoeii odpaTHoii.

copnanana co cpoeii ooparHoii?
ex +d
57. Mpn Kakux 3HayeHiax o QYRKWG y = X7 copnataer co csoeit oGparnoil (ynkiieii?



IF'masall

SJIEMEHTBI JJOTUKMU.
B3AMMHO OBPATHBIE ¥ B3AUMHO IMTPOTUBOITOJIOXHBIE
TEOPEMbI. METO/I MATEMATUYECKOW MHAYKIIAA

§ 1. BoickassiBannsi. Onepauuu HAJ{ BBICKA3LIBAHNAMIH

IMoa evickazvieanues MOHUMAIOT BCSKOE YTBEPXKIICHHE, O KOTOPOM HMEET CMbICH
TOBOPUTB, YTO OHO UCMUNHO WIN .10dcHo. TIpuMepami BbICKAa3bLIBAHUIT MOTYT CIYXKHTb
CJIE/TYIOIINE YTBEPHICHIIS

1. Mocksa — croymina XXII netunx OuuMuuickux urp.

2. Anartonuii Kaprnop — JBEHAJNATEIT YeMIIOH MUPA 10 IAXMATAM.

3. Yncno 221 — npoctoe.

4. 13 <17.

Yreepxaenus 1, 2 u 4. Kak H3BECTHO. HCTHHHBL YTBEPIK/JCHHE 3 — JIOXKHO, Tak
Kax 221 =13.17,

Taxuwm 006pasoM, Kak10e BLICKA3LIBAHIE MM HCTHHHO, WA JIOXKHO; OIHOBPEMEHHO
OLITL HCTHHHBLIM 1 JIOKHBIM BbICKA3BLIBAHIE HE MOYXKET. .

Bolckasnisanist MOIyT ObITh 00PA30BANLL ¢ TOMOLILIO CJIOB WM CHMBOJIOB, OIHAKO
JQJICKO  He  KakIblii Habop cI0B 1M CHMBOJIOB  (JaKE OCMBICCHHBII) sIBJISIETCS
BBICKA3LIBAHHEM.

Hanpumep, yrBepiaenis:

1. B Mockosekuii rocyaaperseniiblii YHHBEPCHTET [IOCTYIHTL Nerko.

2zl
BLICKA3LIBAHMAMI HE SBJSIOTCSH, TAK KAk CYAUTh 00 NHX HCTHHHOCTH IJIM JIOKHOCTH
HCBO3MOWKHO.

Jlna oGo3naueHns BuICKas3LBaHNi 0ObIMHO MCHOABL3YIOT 3arjaBHble GyKBbI JIATHH-
ckoro andasura A, B, C u 1. Hanpumep, muuyr

A

16 <7}, B={uncno 6 npocroe}.

DTO 03HAMACT, YTO BLICKA3LIBAHHME B 3akiiovacresi B YTBEPKIACHHM, YTO 4ucio 6
npocToe, & BbICKasbiBamie A B ToM, 4TO 6 < 7. 3HAK «=» 3aMEUMCT CI0BA «eCTh
BLICKA3LIBAHHCY,

Brickaspsanng A u B siiasiores npuMepami npocThix BhickasbiBaumii. M3 npocTsix
BBRICKA3BLIBAHUIT IPH HOMOIIM TAK HA3BIBACMbIX JIOIHYCCKUX CBA3OK (COIO30B «U», MM,
JIOB. «CCIIML.., TO.», «TOrA U TOJLKO TOIHd, KOra.») MOMNHO 0OpPA30BLIBATL HOBbBIE
BBICKasLiBanns. Hanpusmep, #3 BLICKa3bIBAHII

A=[6<7] u B={uucio 6 npocroe},
] ] L 1

HCHOJAL3YA JIOIHYMECKHE CBA3ZKH, MOXKHO 06])1.130H‘.lTl» Cleayiouie CJHOKHBIE BBICKA3LI-
BAHMA

il

16 <7 wau wmeno 6 npocroe},
16 <7 u uncno 6 mpocroe],

16 <7 moeda u moavko moz20a, Kozda |ucao 6 upocroe),
= {ecau 6 <7, mo uucio 6 npoctoe).

C
D
E
B

e
A



OTMETHM, YTO HOBbIE BHICKA3HIBAHHS MOXHO 0Opa3oBbIBATL M M3 TaKHX BbICKA-
3bIBaHMI, KOTOpbIe HMKAK HE CBA3aHbI Mexay coboii mo cmpicny. Hampumep, Bbicka-
3bIBAHNE

G = {ecim cToH — HacekoMoe, TO AHTAPKTHAA NOKPbITA TPOIHYECKHMHI necamu )

COCTABCHO TIPH MOMOUIH JIOTHYECKOH CBA3KH (€CHIM.., TO..» M3 JABYX BBICKA3BIBAHMIL,
MEXTY KOTOPBIMHI HET HHKAKOIl CMBICIOBOH CBA3M.

B MatemaTireckoii JIOrHKe HCTHHHOCTbL MJIH JIOKHOCTb CJIOXHBIX BBICKA3bIBAHMIL,
00pa30BaHHLIX MpH NOMOLIH JIOTHYECKAX CBS30K, YCTAHABJIMBAETCS HE3aBNCHMO OT
CMBIC/IA TIPOCTHIX BHICKA3bIBAHHI, COCTABISIOUINX CIOXHOE. MCTHHHOCTD IWJIH JIOKHOCTH
CIIO)KHOTO BBICKA3bIBAHHS MOJHOCTBIO ONpEAENAETCS, BO-NEPBBIX, TeM, KaKHe JOTHYECKIe
CBSI3KH HCIOJIL30BAHBI Ul 00PA30BaHNsl CIOKHOIO BbICKA3bIBAHNS, H, BO-BTOPBIX, TeM,
KaKHE M3 MpOCTHIX BBLICKA3BIBAHHH, OOPA3yIOIIMX CIIOXHOE, HCTHHHBI H KAKHE JIOMKHbI.
Ans otoro B Jorimke BBOASTCA ONEPAIMM HAJ BbICKA3bIBAHUSIMI, COOTBETCTBYIOLINE
CBA3KAM, NPH MOMOLIN KOTOPBIX 00pasyloTes croxkHble BhICKA3LIBAHMA TeM CaAMbBIM,
COI03aM «I1», (ATTH», CI0BAM (TOT/Ia H TONBLKO TOIJA, KOT/A...»», €ECIL.., TO...» NPHIAETCS
TOYHBI OIHO3HAYHBIH CMBICIL

Eciu BrIcKa3biBaHie 00pa30BAHO U3 ABYX BBICKA3LIBAHMI IIpH IOMOILH COIO3a KHITHY,
TO TOBOPAT, YTO OHO ABIAETCH CYMMOIl (c)usmnm,ucn) ITHX BBICKA3bIBAHMIL.

Bbicka3biBanye, COCTABJICHHOE U3 ABYX BBICKA3bIBAHIL IpH TIOMOIIM COIO3A ),
HasLIBAIOT npouzeedenue (KOHBIOHKYUei) Tux BBICKA3BLIBAHMIA.

Bhicka3pianys, 06pasoBAHHBIC H3 IBYX BhICKa3niBamuii npH MOMOLIH CJIOB «Torjaa
H TOJBKO TOrAa, KOrAd..», «€CHH.., TO..»,
HOCNIbIO W UMNAUKAYUei.

W3 mpocThIX BBICKA3bIBAHILI

A={6<7} n B={

> HA3BIBAIOT COOTBETCTBCHHO JKBUBA.ICHIII-

HHeno 6 npoctoe)

NpH TOMOLH JIOTHYECKHX CBA30K BBIIE Gbuin CocTasiiensl peickazpanis C, D, £ |
Tenieph MOXHO CKa3aTk, UTO 9TH BLICKASHIBAHMS spimiores COOTBETCTBEHHO CYMMOi,
TIPOH3BE/ICHIEM, IKBHBAJICHTHOCTRIO 1 UMILINKamye; BRIORAABIRAREH LA I B

Cymmy JnioBbix BBICKasbBaHuii A 1 B sapye g
npomspexenie B pune AB (Wt A A B). Ilns okpumgnenrnoers nenoassyior SHAK <=
(wm ~), T.c. muuyr A<>B (um A~ B). Mvmsikamno samucpiator B viae A = B
(unraeres: «uz A cnexyer B» mimm «ecn A, o By), : i

Jas moBbix ABYX BBICKA3bIBAII] HCTHRHOCTY, WIH jokHOCTh HX CYMMBL Ipo-
U3BE/EHIs, HKBHBANICHTHOCTH I UMILTIKALm °”Pt’-'le:ls;cTc;., ; L] )’uull\' O'k_‘Pil'“\\l:

cymma A + B BEICKA3LIBAHIH ABJsCTCR VCTHHHLIN g ICKt"l»’i‘rl‘l;"\:IllC\‘l TOJABKO Toria
Korjia mo Kpaiineii Mpe OAHO H3 Claraempix HCTHIN - HICKA3BIBAHIE) na,

npoussenenne AB BLICKASLIBAHUIL iicTyy e . crvyae, el b
COMHOMHTE/IS HCTHHHBIL] FIBKO B TOM  CAYHAC, J 0ba

JKBUBANIEHTHOCTH A <> B NpeacTaBiser CoBoii
U3 BhICKA3LIBAHMUIl HCTHHHO, & JPYIOC Joxuo: 5 uporn B e S 6o
BLICKA3BIBAHMA MCTHHHBL WIH 002 NOxuy, S B"ml city I‘.\L.’ﬁ-’l ucnmm,‘{
BBICKA3bIBAHHEM | HICHTHOCTL  sIBJSCTC 1

pavmmikanus A= B €CTh JIOXHO® ppey
A — HcTHHHO, @ B — JIOXKHO; BO BCEX npy

1) A — uctunHO, B — HCTHHHO,

2) A — noxuo, B — HCTHHHO,

3) 4 — noxHo, B — JIOXKHO,
peIcKaspBanne A = B cyuTaeTcs HCTHHHBIN,

Ipuwmep 1. [Mansi ABA BHICKA3biBanuy

A={2=3},

biBaloT B Buge A + B (W A v B,

JIOKHOE BhICKa3BIBAHUE, CCIN OJHO

A3LIR:

AHiEe Tojppko B TOM CAYHAC, ¢Cim
THX coryy NIEKO

WX, a umenno, eciu

1 B = |
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B uem 3aximowaiorcst BuickasbiBauust 4 + B, AB, A<>B, A= B? Kaxue u3 9THX BbicKa-
3bIBAHHI HCTHHHBI U KAKHE JIOXKHBI?
A BeickasbiBanme

A+B={2=3 wm 2 <3}

HCTHHHO, TaK KaK OJHO M3 ClaraeMbiX SIBJIS€TCS MCTHHHBIM BBICKa3bIBaHIEM. Beicka-

3biBaHNe A + B MOXKHO 3ammcaTth B BHAE OZHONO BEPHOTO HECTPOrOrO HEPABEHCTBA:
2 £ 3. BoickasniBanue

AB={2=3u2<3},

OUEBHJIHO, JIOXKHO. 17151 TOro YTOGLI IPOM3BEACHNE ABYX BHICKA3BIBAHMII ObIIIO HCTHHHBIM,
HYKHO 4TOOLI 064 BBICKA3BIBAHMS OBUIN HCTHHHBIMM,
DKBUBAJICHTHOCTD

A<B={2=3 Torja u Toneko TOr/a, Koraa 2 < 3}

NPE/ICTABIISACT COOOIl JIOKHOE BBICKA3bIBAHHE, TAK Kak A — JIOKHO, & B — HCTHHHO.
Vimrkarus

A=B={ecom 2=3, To 2 <3}

SIBJISICTCs MCTHMHHBLIM BbICKasbiBanueM. B camom nene, ummimkanus A =B coriacHo
ONpeseIcHNo JOKHA TOJBKO TOrjaa, Koraa 4 — HCTHHHO, a B — noxkHO. A

Mrak, HCTHHHOCTL MINM JIOKHOCTH BBICKA3bIBaHHSA, 0OPAa30BAHHOIO M3 KAKHX-THOO
BBICKAILIBUINTT ¢ TIOMOIILIO ONEeparuii CIOXKEHHs, YMHOXEHHS, HKBHBAJIEHTHOCTH M
UMILTHEQIIE, 3aBHCHT TOJBKO OT PACHPEAETICHHSI MCTHHHOCTH W JIOKHOCTH MEXKITy
BLICKASLIBAHMAMI, HAJ KOTOPHIMI MPON3BOAATCS JIOIMHMECKHE Onepannu. DTy 3aBUCH-
MOCTL  yI00HO ONHCHLIBATH CHEAYIOINMH HeTHIPbMSI TAOJIUIAMIL,: KOTOPbIE HA3BIBAIOT
maoauyarne uemunnocmu do2uneckux onepayuit (6yksa W o3madaeT, 4TO COOTBETCTBYIO-
iee BoicKasuBanmue nerunio, oyksa JI — COOTBETCTBYIONIEE BLICKA3BIBAHME JIOKHO):

Tadcauna 1 TaGaununa II
A B A+ B A i Al
" 10| 1| 144 41 151
" )| n 17| J1 J
JI 161 0] J1 n JI
JI J J1 J1 JI JI
TaGanua 11 Tabnuna IV
A B A< B A B f B}
14} " n u %1 141
U JI JI u il JI
JI " J JI 151 u
J1 J " J J1 4]




Tabmimsl HCTHHHOCTH JOFMYECKHX ONEpAMii AaloT BO3MOXKHOCTb ONpPEleNTh
HCTHHHOCTB HIH JIOXKHOCTh 41006 BbhiCKaspiBanmii, mverommx Bua A + B, AB, A<B,
A=B. B cBsi3u ¢ 1M TAONMMILI HA3BIBAIOT TaKKe madauyamu UCMUHHOCMU 6bICKA-
sweanuic A+ B, AB, A< B, A=B.

Jlns janbreiiliero W3NOKEHHS M3 BCEX PACCMOTPEHHBIX JIOTHMECKHX —omeparil
0co0EHHO BAKHOH SBIAETCA MMIUIMKamus A = B. [lepsbiii unen nMmmmkauun A =B
BhICKA3BIBanNe A HA3BIBAETCS NOCLLIKON WM ycao08uear, BTOPOii HWiIeH B — 3aK.ioueHuent.
TabaHua MCTHHHOCTH [T UMILTHKAUMH, B OTiIMauH ot Tabmuu [—III, u3MeHserca npu
TIEPECTAHOBKE cron6uos s A u B. OTMeTum Taioke, ¥TO HMIUIMKALHS HE TOJHOCTLIO
COOTBETCTBYET OOLIYHOMY NOHUMAHINO CIOB «ECHH ..., TO ..» U «caeayet». VM3 Tperbeit
J 9ETBEPTONl CTPOK TabJMLbI IV BbiTekaer, uTo ecim A JOKHO, TO, KAKOBO OBbI Hut
Gu10 B, BpickaspiBanne A = B cumraercss metuumbiv. Takum 06pa3’oM, M3 HEBEPHOro
YTBEPKJCHNS Cie/yeT BCe 4TO yroano. Hanpumep, yrsepskzemus «ecau 6 mnpocroe
wiicno, mo 7 < 6» wnt et 7<6, mo CymECTRYIOT BexbMbI» SBASIOTCS MCTHHHBIMI.
VICTHHHBIM SIBJISETCA 1l PACCMOTPEHHOE DAHEe BLICKA3BIBAHNE: «eC.1l CIOH — HACEKOMOE,
Mo AHTApKTHJA TOKPBITA TPOIHYECKIMH Jiecamim,

TMoMHMO TOINBKO 4TO PACCMOTPEHHLIX MeThipex joriueckux onepamuii B MaTema-
TiKe HCMOMEIYETCA CUe OMHA MPOCTAS, HO OMeHEL Baskiis onepaiis — ONCPALHs OTpH-
HaHus. 9Ta onepaunus cooTueTC_T_{Jyo‘r JIOTHHECKOI CBsi3ke ey, KakaoMy BBICKA3BIBAHIIO
A MOXHO COMOCTABHTb YTBEPXKICHHE, 3aKITIONalOWeecs B ToM, UTO BBLICKA3BIBAHNE A
noxuno. Taxoe yTBepikieHie mibo
ABSETCS BBICKA3BIBAHIEM, TPHYEM
HCTHHHO. DTO HOBOE BBICKA3bIBAHMHE
Hanpumep, JUlsl BbICKA3IBAHUS

A=

HICTHINO, 560 nojkHO 1, CHENOBATENBHO, CaMO

HCTHHE
Olgumum.\l, eCn A 10kno, M JIOKHBIM, ecir A
OSHAMAIOT vepes 4 y paspBAIOT OTPHIAHHEM A,

§ ~
VIHCIo 6 npocroc}
oTpHIaHKe MOKET ObITh MOCTPOCHO Tak:

A = {uncno 6 ye pocroe]
Wi

A = {uesepro, yro HICIo 6 npocioe!
thii] ] ..

A = funeno ¢
{0 6 CoCTasnoe).

B naumom cliyude HCEXOJHOE BBICKa3 L1y
HCTHHHO,
Tabmima HCTHHHOCTH UL OTPHIAH s HMeer

1

AHHE  noxkno, posToMy ero  OTpHuUaNue

B
A6 g v

PaccMOTPHM BBICKA3LIBAHIIE

A = {ropon Huro-1q

OpK —

CTommua CHIA).

OTpulanser HTOT0 BLICKA3BIBANIS Gyner
bR

BhiCk
= )

1 = lropoa Huto-Mopk e
{ P OPK ne Aserey - i CIUA!
SR o Qe Al
TTocKobKY BhICKa3bIBANKE A — Jo3kuo, BhiCKasyy - -
“SbIBanye 4 _ jorpapo. 3aMETHM, uTQ
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Obl10 GBI OWIMGKOI CUNTATL OTPULAHIEM BbiCKasbiBaune A BbICKa3bIBAHHE

B = {ropon Bammmnrron — cromma CIIA}

Hosble BbicKasbiBaHUS MOIYT GbITH OOPA3OBAHBI NMPH NOMOIIM HECKOMBLKIX WM
JIKe BCEX MATH JIOTHYECKUX ONepaiuii, NpHYeM Kaklasi U3 ONepauuii MOXET NpH-
MEHATLCS HECKOJLKO pas, B rTakux ciywasix HCTHHHOCTL WIH JI0XKHOCTH CJAOKHOIO
BBICKA3BIBAIMSA B 3ABHCHMOCTH OT MCTHHHOCTH MM JIOXKHOCTH COCTABJISIIOLLIX €ro
BBICKA3BIBAHUIT MOXHO YCTAHOBHTH, MOCTPOHB TAOIMIY HCTHHHOCTH CJIOKHOIO BBICKA-
3BIBAHIIS, [OCIE0OBATEALHO HCMONL3YS TaOMMILI HCTHHHOCTH JIOIMMECKUX OHEpaiiuii.
~ Cocrasum, nanpumep, Tadiuiy HCTHHHOCTH /sl BBLICKA3LIBAHMIL, MMEIOIUX BHI
B = A. Tlocnenosarensuo ucnosnayst tabamuet Vi IV, mosayuus Tadmuuny:

1 B B A B=d
17| 1 JI J n
M Jl " il | J
JI n JI 1] U
JI JI H 4] "

Tperiii 11 veTBepThlil CTOAOULI ABASIOTCH BCIOMOIATEABHBIMI. J17151 BHICKA3LIBAHMI
Bila B = A noayuena takum oGpazom clieaytoas tabianua HCTHHHOCTH:

t 8 B=A
" 1 "
H I Jl
Jl 141 1]
J1 Jl "

Cpasniv noayuenuyio radmmty ¢ tabanueii 1V s nviosmkanunn A = B, Tabumub
COBIAMAIOT, T.€. BhICKashBanng suaa A =B u B=A uMelor oauuakosbie TaGiuitbl
HCTHHHOCTIL TaKHe BhICKA3LIBAHNA HABLIBAIOTCSL pasHocabHbimi. PABHOCHIbLHBIE BbICKA-
SLIBANIL COC/MISIOT 3HAKOM PABEHCTBA.

Jlis moGuix BeicKaspmsannii A w0 B MOXKHO, C/I0BATENLHO, 3aIHCATE
A=B=B=A.

PABHOCIIBIOCTL BLICKA3LIBanuii Buaa A= B u B=-A o3pavaer, YTO KAKOBLI ObI
Hi 0Ll BrickaspBanns A 1 B seickasbisanist A =B u B = 4 nufo o6a ucTHHHBL,
anGo oba noxuLl. M3 BETHHHOCTH I JOXHOCTH OMHONC W3 HMX CJEAYeT COOTBET-
CTBEHHO HCTHHHOCTL WIH JIOXKHOCTL JIPYroro.

Bakuyio posn B JI0IHKE MIPAIOT TOXKACCTBEHHO MCTHHHEIE U TOXKIAECTBEHHO JIOWK-
THBle BLICKA3BIBAHNS, ToMCOCCMEenno Nemuiiee BLICKASLIBANMA HCTHHHEL BCEr/ia, He3d-
BHCHMO OT TOrO, HCTHHHLI I JIOKHE COCTARNSMOINYE UX BhicKaseiBanust. [Ipumepsr
TOAKACCTBEHHO HCTHHHBIX BhickaseiBannii: A 4+ A, A< A, (A= B)<(B= /T). Toxk-
JICCTBEHHO MCTHHHBIE BhICKasbIBaHUA Oyaem obo3navatn OykBoi [,

Toscdecmsenno 1oMcible BLICKA3bIBAHNIS JIOKHLI BCET/IA, T, €. HE3ABHCHMO OT HCTHH-
HOCTH WM JOKHOCTH BLICKa3BIBAMMIT, KOTOPLIE MX COCTABAAIOT. TAKHE BLICKA3bLIBAHUA
Oynem obossayarhk OykBoii L. TIpumeps! TOXKIECTEENHO JOWHED BLICKA3EIBAHMIL:

AA, (BA)A. AL.

M B camoii mMaTemaruke n B ee HPHIOKEHUAX NTPUXOAMTCH MCCIICAOBATL PA3INYHLIE
BUABI BBICKA3bIBAHMIT Ha PaABHOCHIIBHOCT L. B CIYYae, eCiii BRICKA3LIBAHHSA COCTABIICHBI
u3 HeGONbILOro Ynena HPOCTBIX, PaBHOCHITLHOCTE WK HEPABHOCIHIBHOCTL MOKHO ycra-
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HOBHTS, TI0CTPOMB TAG/HILI HCTHHHOCTH CHOXHBIX BhickaskiBammii u cpasuus mx. Ho
CHEAYET HMETh B BHAY, 4TO TAGJMUA HCTHHHOCTH BLICKA3LIBAHMS, OOPA30BAHHOIO M3
i MPOCTBIX BhICKa3bBamuii, comepkur 2" crpok. IMosromy 06LIMHO PABHOCHIBHOCTD
YCTAHABIMBACTCS JIPYIHM CIIOCOGOM: HEKOTOPOE KOIHYECTBO OCHOBHBIX PABHOCHIILHOCTEH
(3aKOHOB QJITedpbl BLICKA3LIBAHMIT) MPOBEPAETCS HA OCHOBAHUM TAGIMIl MCTHHHOCTH.
OJYUCHHBIE DABEHCTBA MCMONBL3YIOTCA PN [10KA3ATENLCTBE APYFHX PABEHCTH TOUHO
TaK, KAK B JIRMEHTAPHOIl anreGpe B TOKIECTBEHHBIX [PEOBPA30RAHMNN HCHOBIYIOTCH
anre0panyeckne 3aKOHLI: [

a+ b =b + a (nepesmecnumenvutiv),
a+ (b + ¢)=(a+b) + ¢ (couemamenvuprii),
a(b + ¢) = ab + ac (pacnpedeaumensnpi),

I JIpyrie.

Jlerko NPOBEPAIOTES CJACAYIOUNIEC PABHOCHIBHOCTH
L A+B=B+A 2. AB=BA 3. A+(B+C)=(4+B
4. A(BC)=(AB)C. 5. A(B+ C)=AB+ AC. )3
6. (A+B)(A+C)=A+BC. 7. A+B=4B. 8 AB=743p
9. A=d, A+ A=4, AA=A. '
10 A+ A=1, AA=1L,

A+I=1, Al=A,

A+L=A, AL=L,

BBIMUCAHNBIC BBIUE MEPBBIC WATH 3AKOHOB AHANOTHYHLL Suxonan

ypcest. OCTaibHBIE HEe NMEIOT AHAJIOTHIT B MIEMEHTApPHO u'“c‘_)\.)l
Hcnosib3yst 3aKOHBI CHOKCHUSA I YMHOXKCHHs Iib]CK:l‘SI:IlS-llllllill :

3474y, L PelniM eleayroiyio
MMpumep 2. Bpayny, [xoucy n CMuTY mpennsmieno )

B orpabmenin Oanka. [TOXHTHTENN CKPBLINCHL Ha m;m”quilmximcunc :

Ha cxesictsin Bpay nokasaf, 410 NPECTYMHURN Ghiny gy ¢ R e ABTOMOOHIIC,

cKkasaiL, uT0 910 Obul wepnsii «Kpaiiciep», a Caur _\‘-.-ncp.,i\..“m“‘ “Buronkey; Jxonc

Myctaur» i Hi B Koem ciywae ne cunmmii. Crago n'mcn'u(\-xL -‘l-m T R e

CHGJICTBIE, KWKALIT 13 HIX VK3l NPABIIALIO JHGO Tk | 110

ce nper. Kaxkoro msera Gl aBTOMOOIUIL I Kakoii Mapkn? i
£ PaceMOTpiM BBICKA3bIBAHILS :

oBbiyHoll anredphl

B CU_\‘ILIL T

Kenasg zanyrath
TAPKY  Manniubi, 1100

A = {Mammna CHHEro 1Eeral,
B = {maumma Mapki «Buiomwn ||
D

E = {maunma Mapsi «Dopa Mye gy,
YeTaumy )

,.
i

{MalIINA MCPHOTO lBeTa ),

{ MAIINHL MApKQ <«l<pz|iic.wp»:‘

Tax Kak 1H00 UBET MANIHHBL, JTHOO MAPKA KOKIBIN 5y Covt
Ha3BAHEL BEpHO, TO 13 mokazamiii Bpayna cuenyer, yyg m_wk-‘ i
13 cnos JUKOHCA BBITEKAET HCTHHHOCTL BRICKAShiBanug (-
O31HAYAeT, 4TO HCTHHHO BbICKasuiBamie A + E. +D. 'y rBepiciene CMRTA

Tak kax Bbickazpmanns 4 + B, C+ D, A+ E MCTH,
BEACHHIC >

4CTHIKOR npecTymicHs
Ablhanme 4 - B ncTHHHO.

O MCTimRo B ux OpoOM3-
P=(4+ B)(C+ D)(A + g

leCKPMBﬂﬂ cko0Ki1, Moay4um
> = (AC + AD + BC + BD)(A + E) =
= ACA + ACE + ADA + apg, BCH )
28 “4+ BCE + BDA + BDE.



"3 YCJIOBUS 3ajJa4d JIEFKO YCMATpHUBACTCH, UTO U3 MOJYYEHHBIX BOCBMH CilaraeMeIxX
CEMb (BCE KpOME MSTOro) SIBJISIOTCS JIOKHBIMH BBICKA3bIBAHMSAMH. ﬂoaroMy

P=L+L+L+L+BCA+L+L+L=BCA+ L=BCA,

T.e. BbhiCKasbiBanue BCA MCTHHHO, a 9TO O3HAYAET, YTO NPECTYNHMKU CKPLLIHCL HA
uyepHOM «BBIOHKE». A

§ 2. Ipennozenusi, 3aBuCSIHE OT NepPeMeEHHON

ITpu u3yveHuE MaTeMaTHKH ITOCTOSHHO NPHXOAMTCS HMETh A0 € pPasiIHiHbIMU
NPEATOXKEHUSIMN (yTBEPIKACHHAMHE), 3ABUCSIIUMH OT OJHON MM HECKOJBLKHUX I€PEMEH-
HpIX. Hanmpumep, npejuiokenne «uHCIO 5 sBASETCS IENHTENEM 4HCIA Mm» 3aBHCHT OT
IepeMEHHOIl 1, NpHHIMAIOMIEHl HAaTypaibubie 3Havenns. Ilpm kaxaom n =5k, keN,
OHO MCTHMHHO, IPW KaXAOM 1 # Sk, ke N,— noxHo. YpaBHEHHs U HEPABEHCTBA TaKXKe
SBJISIOTCA TAKOTO POJA TpeIokenmsivi. Hanpumep, HepaBeHCTBO X — 2> 0 MOXHO
paccMaTpHBaTL KaK NPEIJIOKEHHE, 3aBuCSIEe OT IepeMeHHOH X. MCTHMHHOCTHL i
JIOKHOCTH JTOTO TIPEUUIOKEHHsI 3aBHCHT OT TOrO, KAKOE MMEHHO 3HAYEHHE MEpPeMCHHOM
x Gepercst. Ecmu, manpumep, X = 3, TO NpeUIoyxKeHue HCTHHHO, ecin x = 0, TO JIOXKHO.
VpaBuenue x + y = | sABIseTCs NpeIOKEHUeM, 3aBHCSLIMM OT ABYX JEHCTBHTETLHBIX
nepemMennbIx X 1 y. Ipn x = y = 1/2 npeasioxenne x + y = 1 ucrunso, npu x =y =0
OHO, OYEBILIHO, JIOKHO. ’

TIlpeanoskenns, 3aBuCSIME OT MEPEMEHHOI, BCTPETAIOTCS HE TOJALKO B MATEMATHKE.
Hanpivep, npe/uioxkeniie «<xOKKeneT komans! ,,Criaprak™ Boiemeii yuri 3a6mt 400 raficy
ONpeerieH0 Ha MHOKECTBE BCEX XOKKEHCTOB Komanubl «Crnaprak». Kak H3BecTHO, 5TO
npejiioxenyie HeTHHIO Jurst CTapmiiHoBa H JIOKHO AJisl Ka)10ro U3 OCTAJILHBIX HIICHOB
KOMAaH/1bI,

[pe/utorkenns, 3apucsie 0T nepeMennsx, obosnagator uepes A (n), B (x), C(x; y)
0T L [l KAMJIOr0 IPEeJUIOKEHNs I0IDKHO ObITh TeM M HHBIM crnocofoM ykasaHo,
Hi KAROM MUEOKCCTBE OHO PACCMATPUBACTCSH WM, KaK €ui¢ roBopsT, Ha KAKOM MHO-
KECTBE OHO onpejeieno wm 3anano. [peatoxkenne A (x), x € M, ne spusercs, Booduie
TOBOPH, BLICKA3BLIBAHMEM, H HOITOMY HE HMEET CMBICJIA CTaBUThL BONPOC O TOM,
HCTHHHO OHO I nokno. OTBeTa Ha Takoii BONPOC HE CYWICCTBYET (3a HCKIIOMEHHEM
TOTO Cly4das, Korja MuoxkecTso M coctonT u3 ogHoro snementa). Ho kak Toibko
HEKOTOPLIT 2ieMeHT Xo€ M BLIGpan WiH, Kak roBopsT, (JMKCHPOBAH, NPEANOJIaraercs,
aro A (x,) Gyder smGo ucTHHHLIM, AHGO JIOKHBIM, T.€. OYAET BLICKA3LIBAHHEM.
MuoxkectBo M, ua KoTopoM 3anano npemioxenne A (x), MOKXHO pasburh Ha aBa
noaMuoKecTBa. OIHO MOAMHOKECTBO CONEPKUT TE H TOJILKO Te sjaeMentsi M, s
KOTOPLIX A (X) HCTHHHO. DTO TOAMHOKECTBO HA3LIBAIOT MHOXKECTBOM HCTHHHOCTH
npenoxenus A (x). Jpyroe moJMHOKCCTBO COACPKHT T€ H TOJILKO Te dsemeHtsl M,
Juis kotopbix A (X) aokno. Ecan nepsoe 13 9THX HOAMHOXKECTB 0003Ha4uTh Oyksoii A,
TO BTOPOC cligiyer 0003Ha4UTL vepe3 A, Tak Kak OHO SBJSETCH JONOJIHEHHEM MHO-
weersa A o0 muoxecrsa M.

Hanpumep, juis npe/uioskens

Ax)={x*—5x+6<0}, xeR,
MHOKECTBOM HCTHHHOCTH A sisercs narepsan |2; 3[, MuoxectBoM A — o6beiuHeHNE
npomexyrkos |—oo; 2] u [3; +oef.

JBa npejutokenuss A (x) u B(x), 3a1anpble Ha OJHOM M TOM K& MHOJKECTBE,

HA3BIBAIOTCS PAGHOCUALHBIMU, €CIIH UX MHOMKECTBA HCTHHHOCTH COBIAAAOT.
Hanpuntep, npejuioxenns

Alx)={x*-5x+6<0}, xeR,

B(x)={x* —5x* + 6x* <0}, xeR,
29



ﬁ:gr;(icxmwm, TAK KaK MHOXECTBOM HCTHHHOCTH K)KZOrO M3 HHX SBIACTCSH MHTEPBAJ
23
Ha npeanoxenis, 3aBHCALLIC OT NEPEMEHHBIX, ECTECTBEHHBIM OOpPa30M pacnpocTpa-
HAIOTCA BCE JIOTHYECKHE ONepaiii. BBedcHubic B § 1.
Ompuyanuem npepioxenns A (x), x € M, Ha3bIBaeTCs IPEAIOKEHHE A (x), onpene-
;—::;:ml)le ':;’r:w ke MHoxectBe M u obpalnaiolneecsi B MCTHHHOE BbICKa3blBAHHE a1
X IbKO mex JNEMEHTOB MHOXeCTBa M, s Ko 3
OTOPBI xX) = KI 5
3pIBAHIIC. » poix A (x) — J0XKHOE BBICKA
Amnzoonpenenemm Cleayer, 4TO eCiM A — MHOKECTBO HCTHHHOCTH MpPELIOKEHHS
b ,A MHOKECTBOM HMCTHHHOCTH OTpHUAHHMS A (X) sBisieTcs onojHeHHe A MHOXe-
i‘-n;a 4 ﬁ/? mHoxectBa M. Ha puc. 27,a cxemaTuuecku H300paxkeHbl MHOXECTBA M,
1 A. MHOXecTBO HCTHHHOCTH OTpuuanusn A (X) 3amTpuxosaHo

/ M M

@ %

a) 6) )
Puc. 27.

PaccMOTPHM ONEPAINN CIOKCHUS, YMHOKCHUS M IMILTIK: ceHmil
JaJaHHbIX HA OHOM I TOM JKe MHO¥ecTse M. MIUTHKAUMN TS 1TPe/IIOKCHHI,

Cymma A (x) + B(x) o6paiuactcs s HCTHHHOE BhICKaspip: X ¢
Tex 3MEMEHTOB MHOKecTBA M, JUIS KOTOPBIX 1O Kpaiimei :mne g Tex i TOJBRKO
obpamaeTcss B HOTHHHOE BhicKaswmaune. Ha pue, 27 5 MEpe (0iH0 U3 CNAracMEX
H3006p@KAIOT MHOXKECTBA HCTHHHOCTH A 11 B mmne'rc'_rn'.o JABA Kpyra CXeMaTHHCCKH
KeCTBOM HCTHHHOCTH cymMmbl A (X) + B(x) Gyzxer CHHO ang A (x) u B(x). Mio-
Mmuokect8 4 u B. Ha pucyske ono 'zszrpu.\ou.:mo.

Mponsseneniie A (x) B (x) obpantaercs B uc‘rnnu;\c BLICK?
Tex 2JeMEHTOB MHOKECTBA M, JUIsl KOTOPLIX 004 coMuox f\-mw"—“e ZIEDSCH 20RO
HBIE BLICKA3bIBAHNSA. MHOKECTBOM HCTHHHOCTH NPOM3Bene HTes obpauatorest B HETHI-
ceuenme A (| B muoxects A n B. Ha pue. 27,6 ono 3."","” A(x) B (x) ssasiercst nepe-

Wmmmkamus A (x) = B (x) odpamaerest B noxioe md: "J_T.I‘)llxou;um‘
Tex 3JMeMEeHTOB MHOXKecTBa M, 115l KOTOPbIX nocm'u“x,U\.m,m‘““lc A1 TEX W TOILKO
B(x) — noxuo. Ha puc. 27,2 WTPHXOBKOIL HOKa3aNO B
kauun A (x) = B (x). L

Mpumep . Iycrs

ARN)={x—2>0} u B(x)= Ix 4

e
oueBiano, ofpemmente A ) B

A (x) HCTHHHA, a 3aKJIHOMCHHIC
lokecryo HCTHHHOCTH HMILTH-

-2> 0}
— J1BA NMPeUIOKEHIIs, 3aBUCHILIC OT MEPEMCHNON X, y R I
JIOKCHUS TN AR
a) AX)+ B(x), 6 AXBR)  B) Ax)=B(y)
D BE)=AK):. 2 AXBM. ¢ B(x)= 1
KaKkoBbl HX MHOXKCCTBA HCTHHHOCTH? ¥
A a) Tpennokenne A (x) + B(x) 3akmovaercy
Mepe OHO N3 JBYX HCPABCHCTH
x—2>0un X+2>0

Uem saxmodaroTed 1peit-

B T S
OM. uTo pepuo mo Kkpaiineii

OHEBHIIHO, 1TO MHOKECTBOM HCTHHIOCTH A (X) + B (x) g5

6) Ilpousseacnue npetokenuii A (xX) u B(y) S;‘l,»‘e]-c“ npomexy ok [ —2: +ool.

yTBepAKLACTCs, YTO 004 MEPABCHCTBA X =2 >0 y y o Th Npetnowenie, B KOTOPOM
X+230 o o
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MEHHAsl X Y/OBJIETBOPSET CHCTEME HEPABEHCTB
x=-2>0
x4+2=0.

MHOXeCTBO HCTHHHOCTH — unTepBan |2; + o[,

B) Mdusa nmvmmikanim A (x)= B(x) («ecin x —2>0, T0 x + 2> 0») MHOXECTBO
HCTHHHOCTH COCTOMT H3 BCEX JEHCTBUTENLHBIX HHCEL.

r) das avmmukawin B (x) = A (x) («ecin x +2 >0, To x — 2> 0») MHOKECTBOM
HCTHHHOCTI! SIBJIAETCS OGBbEAMHENNIC ABYX HHTEPBANIOB, a nMenno |—c; —2 [ (125 +oof.
JUna kakAO0ro uMcHa X, NpHHaAAexauero orpesky [—2; 2], nvmmukanus B (x) = A (x)
0obpalaercst B J0KHOE BbICKA3bIBAHMUE.

1) Jns upousseaenns A (x) B(X) MHOXKECTBOM HCTHHHOCTH OY/IET MHOMKECTBO pe-
IIeHHIT CHCTEMBI HCPABEHCTB

[x=2>0,
L x+2<0,

T.€. IYCTOE MHOMKECTBO.

e) Jns nvimmkamun B (x) = A () («eemt x +2<0, 1o x — 2 < 0») MHOXKECTBOM
HCTHHHOCTH SIBJISICTCS MHOXECTBO BCeX JEHCTBHTEJILHBIX HICET. A

C npeuioxeHnsaMi, 3aBUCHIINMI OT NEepeMeHHbIX, CBSA3aHbl [BAa BHIA 4aCTO BCTpe-
HAIOUINXCS Y TREPIKACHNIL,

1) Ilpennoxenue A (x), x &M, ofpaigaercs B HCTHHHOE BLICKA3BLIBAHUE MUIsi 8CeX
MEMEHTOB MHOKecTBa M.

2) Ipemnnoxene 4 (x), x &M, obpaulaercs B NCTHHAOE BLICKA3BIBAHUE Xoms 0bl
dax 00Ho20 DleMenTa MHOKeCTBA M, APYIHMH CIOBAMII, CYHIECTBYET JJIEMEHT Xo € M,
JUlst KOTOporo A (xg) — HCTHHHOE BBLICKA3LIBAHIIE.

B mMaremaTHKe NpuHaTO 3amichBaTh TAKHE YTBEPKICHUSI KPATKO, MCHOJL3Ys JUIs
ITOTO CHCHHATLILIC 3HAKN: 31aKk odwnocmu Y (nepesepuyTas neppasi 6yksa aHrjiickoro
caosa All — pee) n suax cyweemeosanus 3 (nepesepuyras nepsas OyksBa aHTIHICKOro
caopa Exists — cyimecrsyer). 3nax oGwmrocrn ¥ 3aMensieT B CIOBECHBIX (OpMYJIHPOBKax
caoBa: Bee, peskull, Kasbli, fmroboil. 3uak cyuecTBoBanns J ynorpebisieTcss BMECTO
COB: XOTd Ob! OJIMH, HAIACTCH, CYIHECTBYET.

Menonnsys 3maki obWuocT # cymecTsoBannd, yTsepikaeHus | u 2 MOKHO
3anncaTh CHCAY oM l‘l—)pll'il)?\li

1) () A(x), 2) @x)A(x), xeM.
3ANCTHM, UTO (CPBOE Y IBEPIK/ICHIe PABHOCILILHO YTBEPAICHIIO: MHOKECTBOM MCTHH-
HOCTH A npeanoxenust A (x) asaserca muoxkecteo M, 1.e. A = M. Bropoe yrsepxae-

HUE PABHOCHILIO CACAVIOIIEMY | MHOKECTBO HCTHHHOCTH A npeutoxennst A (x) He nycto,
r.e. A# @.

Kaxcioe us pacemotpenunix yrsepskaennii anbo ueruuto, aubo JIOKHO H, ciemo-
BATC/IBLHO, ABJIAETCS BLICKA3LIBAHMEM.

Hanpumep, Ut npeioxkenns

Alx)=[x* >0}, xeR,
C NOMOUILIO 3HAKOB OOLHOCTH M CYIIECTBOBANNS MOKHO NMOCTPOUTH JIBA YTBEPIK/IACHMS :
1) (Vx) A (x) = {ans ecex jeiicTutensnnlx yucen x> > 0},

2) (3x) A (x) = {cywecmeyen JeiicTBUTEILHOE YNCIIO, JUIA KOTOPOrO X2 > 0j.

Kaxaoe u3 atux y"('ncp'd{,‘wlmﬁ ABJIACTCS BLICKAZLIBAHMEM. l"[cpnoe BBICKA3bIBAHME,
QHEBHIHO, JIOKHO, BTOPOE HCTHHHO.
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Jlis TOro uTOBH! YOEMUTLCS B HCTHHHOCTH BRICKASBIBAMIIA (¥x) 4 (x). xeM, He-
0BXOINMO TPOBEPHTH MCTHHHOCTH MPEIJIOKEHAMS A(X) Aams Beex OSNEMEHTOB MHO-
wectBa M. ’ :

Fean MuoxkecTBO M COAEPKAT MAjo SIEMEHTOB, MOXHO TONBLITATHCS BCE HX
nepeGparh 1 s Kakaoro yGemnThcs B HCTHHHOCTH yTBepiaenus A (x). Ecmi ke
M — BeckOHeUHOE MHOKECTBO MIIH, XOTA I KOHEYHOE, HO CONEPXKHT MHOIO JJEMEHTOB,
710Ka3aTh MCTHHHOCTD BBICKA3BIBAHUS MOXHO ML JIOMHYCCKHM DACCYKIACHHEM.

QueHb BAKHO NOHHMATh, YTO JUIS TOFO YTOObI ONPOBEPrHYTH BHICKA3LIBAHNE
(¥x) A (x). 10CTATOYHO yKA3ATh TOJILKO OHH MIEMENT X € M, 11151 koTOpOro A (x) J0KHO.
DneMeHT X MHOXKecTBa M, Ausi KOTOPOTO Mpeiuioxenne A (x) uesepno H;:u[,.m'le'rc;{
KommpnpuMepost JUis Bhickaspisanus (Vx) A (x). : :

Takium 06pa3oM, 4TOOb! yOEAHTLCS B JIOKE o .

TOYHO HAWTH (r:mn. KaK emie yroélopm, nocJT(r))l:)(:::lc,)nIo;:;fk:gz:m:m Wiy, nooma-
HpeaTOKeHie : Pipnmvep. PacemoTpum

= 2
A(n) = {uucno n* +n +41 npocroe}, nen.
JLsi BhICKA3bIBAHUS

Vi) A (n) = {upu ke N aj > 2
(¥n) A (n) = {np KaXA0M HATYPATLHOM N HHCIHO 12 4y 4 41 npocroe!
)
; micno 407 + 40 + 41 =
JIOKHOE BLICKaskIBaHle.
A () vietnuno,

gnement n =40 spiasercs xoHTprpuMepoMm. JelictBurennio,
=40-41 + 41 nemutea na 41 u, cnenosareinuo, A (40) :
ZameuaTenbHo, YTo s Beex n < 40 npeuioxene

§ 3. Baaumno ofparubie H B3aUMHO NPOTHBONO0:
Heo0xomMbie 1 J0CTATOMLIE ‘.C.;Ou"::"“-' Teopembt.
BOJBIIMACTBO TEOPEM, BCTPEUAIOMIIXCS B WIKONLHOM iypee
aupyloTest (W MOTYT ObiTh C(HOPMYIMPOBAHLL) CIELY IO L‘.-M
JueMeHTA X MuOkecTsa M W3 npeanomenus A (x) C;lc'l,f"l)p"”“\'i s Modoro
Vcnonp3yst obosuauenus, speiaennsie B §§ 1, 2 ;;dr,,\.'l\’k"-\” npeinoxenne B (x)

aremarukp, (popMy-

sanucath B Buie (Vx) A (x) = B(x), x € M. Paccmorpiny, ml"p"izn\'_\‘m Teopemy MOKHO

TeOpeMbl. MED. Citenyionyie geTHIpe
Teopena 1. Ecau cysma yugp namypainiozo wueiq go.,

deaumes Ha 3. Clumen wa 3, o u uncio

Teopema 2. Ecau uemupexy2oauhik S619enics nps oy,
HAAU KOHZPYIUMILbI. :
Teopema 3. Ecau xoms 6vr 0010 U3 J8YX MUCCL ey
deaumes wa 7. "M T, mo g yx cymaa
Teopema 4 Huazonaiu pomba s3ausno nepnendugy.,,
Kaxaas H3 9THX TEopem IOHMMACTCs KAK BhICKA3Lipe, LS

dHHe By
(Vx) A(X)=B(X) xeM. -

C0, S
1bHUKO 3 mo ez2o Quazo-

i, CJICAOBATENLHO, BCC YETLIPE TEOPEMbI MMEIOT OlHaKOR,
e ¢
B reopeme | pedb MieT O JABYX NPEATORCHISNX “Tpoenye,

A(n) = [cymma wndp umcna n e
(n) = {cy a gy CIIA N Aenurey Ha 3
3

B(n) = {uncno n aenntes Ha 3}

3apUCAILEX OT nepemennoit n e N.

B TeopeMe yTBEPRAACTCA, YTO /UT KOKAOIO HATYpany,
jHe: €Com CyMMa mudp €mena AeMMTCS HA 3, To S
YTBEPKAACTCR HCTHHHOCTL  BRICKA3BIBAHMA (Vn) A (n) = B(n)
H3BECTHO, UTO 3TO BLICKA3LIBAHIE HCTHHHO, T.€. TCOpeny '1‘
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B Teopeme 2 paccmMaTpuBaeTcsi MHOXKECTBO ( BceX YETHIPEXYTOJLHMKOB g M HA

5TOM MHOXECTBE JIBA NPEIJIONKEHHS
A (g) = {4eTbIpexyrofsHUK g — NPAMOYTONbHUK Y,
B(q) = {AnaroHany 4eTHIPEXyroNbHUKA ¢ KOHTPYIHTHBI}.

Teopema YTBEPKOAET, YTO s JOBOrO 4YeTHIPEXYroNbHMKAa BEPHO Cleyroliee:
€CJITM YETBIPEXYTONLHUK SIBJISETCS NPSAMOYrOJbHHKOM, TO €ro AWArOHAJH KOHIPYIHTHBL
Takum 06pazoM, Teopema 2 MOHHMAETCS Kak BBICKAa3bIBAHHE

(Vg) A(q)=B(g). q€Q.
B reomerpuy IOKa3bIBAETCS, YTO 3Ta TEOpeMa BEpHa.
B Teopeme 3 roBOPHTCS O ABYX NpPEeAIOKEHHSX

A(n; m)= {n wi m nemurca wa 7}, B(; m)={n+m nemurcs na 7},

3aJaHHBIX Ha MHOXKECTBE BCEX Iap (17; m) HATYpaJbHBIX HYHCEI.
B TeopeMe YTBEpKIAETCS MCTHHHOCTH BBICKA3bIBAHUS

(Yn; m)A(n; m)y=B(m; m), n, meN,

KOTOpO€, OYEBHIHO, JIOXKHO, W, CIEIA0BATEIbLHO, TEOpEMa 3 HEBEpHA. Jjist Hac BaXXHO

ceifyac TO, UTO JIOTHYECKOE CTPOEHHE 3TOH TEOpeMbl TOMHO Takoe >Ke, Kak u Yy Teo-
pem 1 m 2,

W3-3a kpaTkocTu (OPMyIHPOBKH TeopeMbl 4 O AHAroHausX pomba MOXeT maxe
NOKa3aThCsl, UTO 3Ta Teopema He umeer (opmnl (Vx) A (x) => B(x). Ha camom pene 3to
He Tak. Tounass (hOpMyJaHMpOBKa 3TOHf TeopeMbl TakoBa (HATIOMHHM, 4YTO pombom
Ha3bIBACTCS MAPAJIEIOrPaMy, y KOTOPOro BCE CTOPOHBI PaBHBI):

Teopewma 4. ITycmy P — sHodcecmso 6cex napaiiesozpammos u nycmos

A (p) = {napaasesozpays p — pomé},
B (p) = {Ouazonaiu napaiteiozpamsa p 63aUMHO NepneHOUKYAAPHbI}

— deéa npedaoxcenus, 3a0anuvie Ha muodcecmge P.
Toeda

(Yp)A(p)=B(p), peP,

m. e. 048 4106020 napaaaeaoepamma 6epHo ymaepslcbemle: ecau napaanreno2pamm — p04\46,
mo ez0 OuazoHau 63auUMHO nepm‘H()m\‘y.l.‘ipllhl.

B ¢dopmymiposke kaxmoil Teopembl, nMerowweii BuI
(VX) A (x)=B(x), xeM,

MOMHO BBIAEIHTbL YCJIOBHE TeOpeMbl (mpeuioxeHne A (x)) U 3aKIIO4YEHHE TEOPEMBI
(mpeanoxenne B (x)).

TeopeMsl, OTIHYAIOLINECS APYr OT APYra YCJIOBMEM WJIM 3aKJIIOYCHUEM, SIBIISIOTCS
PA3AUYHBIMU TCOPEMAMH.

PaccMoTpuM ele OMH npHMep.
Teepema 5. IIyemv Q — MHOCECINGO 6CeX YEMBIPEXY20.1bHUKO8 U NYCHIb
A (q) = {uemvipexyzoavrux q — pomb6},
B (q) = {Ouazonaau yemvipexyzoavnuka q 63aumHo nepneHouKyAapHbl}
— dga npedaodxcenus, 3a0anuvle Ha muodcecmae Q.
Tozoa

(Yg) A(q)=B(g), 4qe€Q,

m.e. 048 1100020 Yemblpexy20AbHUKA 8ePHO YMEepHcOeHue: eciu Yemblpexy2oabHuK —
pomb, Mo e20 OuazoHAAW 83AUMHO NepneHOUKYAAPHBL.
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Teopema 5 He TOXICCTBEHHA TEOPEME 4,— 9TO JIBE pasAuyHble TEODEMEI, TaK KaK
npemtoxenns A(g) ® B(g) 3ananel B OMHOM ciyyae Ha MHOXECTBE BCEX MapaJlIeso-

rpamMMOB, B ADYTOM — Ha MHOXECTBE BCCX YEeTHIPEXYTOJIBHAKOB.
Uerkoe H ONHO3HAYHOE BHIACJICHHE B KaXIOH TEOPEME YCIOBHS H 3aKITIOHCHHS

N03BOJISIET 00HO3HAYHO ONMPENENHTD IOHATHA 00p il B Np A0JCHOU TEOPEM.
Teopemst
(¥x) A (x)=>B(x), xeM,
. (X)B(X)=AK), xeM,

HA3BIBAIOTCS 63AUMHO 0OpamHbIMu. )
WHorja ofHy M3 STHX TEOpeM HA3BIBAIOT MHPAMOH, TOTAA JPYIyio HA3bIBAIOT

obpaTHOii.
? SIcHo, 4TO 410610 U3 ABYX B3AUMHO OBPATHBIX TEOPEM MOXHO NDHHSATH 32 IPSAMYIO.

W3 1aHHOTrO ONpeAeNeHHs BHIHO, YTO, IOMEHAB MECTaMH B (hopMynupoBKe Heko-
TOpOIi TEOPEMBI YCIIOBHE M 3aKTIOYEHHE, MBI NIONy4aeM (opmyIHPOBKY Teopemsl, o6par-
HOM HCXOJIHOH.

BaxHO OHHMATB, YTO /LTS Maphl B3aHMHO 06PATHBIX TEOPEM MOTYT OCYILIECTBIIATLCS
BCE TPH BO3MOXXHOCTH, 3 HMEHHO:

1) obe Teopembl BEpHEL,

2) ogHa M3 TeOpeM BepHa, ApYyras HEBEpHA,

3) ofe TeopeMbl HEBEPHBL.
Jlns Toro 4To6bI MOKA3aTh, 4TO MEPBBIH CIy4ail MOXKET HMETh MECTO, A0CTATOYHO

paccMoTpeTh Teopemy | H 06paTHyIO eif Teopemy (eciM HCIO ENHTCS Ha 3, TO cymma
magp yucna demurtes Ha 3),

Teopema 4 o anaroHansx pomba u Teopema, eif obpaTHas (1u1s Jr060Oro napasiiesno-
rpaMMa BEpHO YTBEpXKJIEHMe: eCIli B NapajulelorpamMme JQHATOHAIM B3aHMHO IlepiieH-
JHKYJISPHBL, TO OTOT NApajIeNorpaMM €CTh PoMO) Takxe
BEPHBIL.
st TeopeMsl 2 oOpaTHast OPMYJTHPYETCS CIIEAYEOLIIM
06pa3oM: «eci AHATOHANH YETBIPEXYTOJBLHHKA KOHIPYIHT-
HEIL, TO YETHIPEXYTOJILHAK SBISETCS IPSMOYTONLHHKONY. DTa
TeopeMa HeBepHA. B KauecTBe KOHTPNPHMEPA -MOXKHO B3siTh
METBIPEXYrOJIbHIK, H300paKeHHblf Ha puc. 28; Taxmm oGpa-
30M, H3 JBYX B3aHMHO OOPATHBIX TEOPEM OIHA MOXKCET OLITH
BEpHA, Apyras HEBEpHA.

AHaNOrHYHO B3aHMHO 0GPaTHBIMH SBJISIOTCS Teopema 5

Picc. 28. H CIERYIOIIas TEOPeMa: «ECIM B YETBIPEXYTOJIbHUKE JHAro-
HaJIH B3dHMHO MEPHEHKYJIAPHBI, TO TAKOI METBIPEXYTO/Ih-
HHK ecTh pom6». Kax m3BectHo, Teopema 5 Bepna, a oOpaTHas eii — HeBepHa.
B xadecTBe KOHTPIPHMEPA MOXHO ONSTH B3ATh YETHIPEXYTOJBHHK, MOKA3AHHLIN Ha
puc. 28.
Tpernii ciyuaii, korna obe Teopemsl — H OpsiMas, U OOPATHAS — HEBEPHLI, TOXE
MOXET HMeThb MecTo. [lns Teopembl 3 OOpaTHOI SBJSETCS TEOPEMA: «eCHH CyMMa
JBYX 4HCEJ JENHTCA HA 7, TO XOTsl Obl OAHO M3 CJAraeMbIX JesiHrTcs Ha 7». D1a
TeopeMa, OYEBHHO, HEBEPHA, Tak ke kKak H obpaTHas eif Teopema 3. OGpatum emre
pa3 BHHMaHHE HA TeopeMmbl 4 H 5 0 mmaroHajusx pomba. Bele yxe oTMeyanocs, 4To
9TH TEOpeMbl CYTh DPA3JIHYHBIE TEOPeMbI; €caH Obl Mbl HE pasIHYaIH HX, HOHATHE
06patHOIi TeOpeMBI NIOTEPSUIO Okl OHO3HAYHLI CMBICI: Teopema HMena Gbl aBe oGpar-
HBIX, H3 KOTOPHIX OiHA Oblna Obl BepHa (oGpaTHas A7 TeopeMmsl 4), a Apyras Her
(obparHas /U1 TEOpEMBI 5).

C nousTHEM NPAMOI U OGPAaTHOI TeopeMbl TECHO CBS3aHO YNOTDEOJEHHE CIOB

«HEOOXOAHMOY, WIOCTATOYHOY, «HEOOGXOAMMO H JOCTATOMHO» M HM IOJOOHBIX.
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Ecim Teopema (Vx) A (x)=B(x) BepHa, To npeanoxenne A (x) HaspBaercs
docmamounwim yciosuem [ns B(x), a mpemioxeHne B (x) — Heo6X00uMbiM ycaosuest
anst A (x).

Bepremcest k Teopeme 2:

(Vg) A(@)=B(q), g€,
rae

A () = {ueTbipexyronbHuK g — NPAMOYTOJBHUK ),
B (g) = {nuaroxamu 4eThIpexyroJbHUKA ¢ KOHIPYIHTHBI}

H (Q — MHOXXECTBO BCEX YeTHIPEXYrOJBHHKOB. DTa TeOpema BepHa, H, CIICAOBATEJILHO,
A(q) saBusteTcst docmamounbim YCIOBHEM MUIS B(g), T.e. ans TOro 4TOoOBI AMArOHAH
YETLIPEXYrOJbHUKA OBIIM KOHIPY3HTHBI, 00CMAmMouHo, 4TOOBI HYETHIPEXYTOJNBHHK ObLI
NPAMOYI OJILHUKOM.

Ipennoxenne B(q) smusercst neobxodumvim yciosuem Juist A(g), T.e. mns Toro
YTOOBI YETBIPEXYTOJNBHHK ObUI NPAMOYrOJBHUKOM, HeobXxodumo, HTOOBI AHAroHaH
HEeTHIPEXYTOJIbHUKA OBUIH KOHIPYJHTHBL

Ecmu cnpaBezuiuBa HE TOJBKO TeopeMa

(Vx)A(x)=B(x), xeM,

HO 1 eii obpaTHas
(Vx)B(x)=>A(x), xeM,

TO A(x) sasisiercs HEOOXOMMMEBIM H JOCTATOYHBLIM ycnoBHeM s B(x), a B(x) —
HEOOXOAMMEIM H JOCTATOYHBIM ycioBueM mist A (x).

Hanpumep, B navane naparpada mpusommnach Teopema l: «ecanm cymma mugp
HATYPAJALHOTO ¥MCIA JeJNTCs HAa 3, TO M YHCIO AeiuTcsa Ha 3». OTa TeopeMa BepHa.
Crpasenmipa u obpatHas Teopema. IT103TOMy MOXHO CKa3aTh, YTO [UISl [EIHMOCTH
uHena wa 3 neodxodumo W docmamoyno, YTOOH cymma uudp 4HCIAa Jenwiach Ha 3.

Cuestyer moMHNHTB, 4TO B TeX ciydasx, KOrga B TEOPEME COJEPXKATCSl CIIOBa
«HEOOXOAHMO 1 JIOCTATOYHO», JOKA3ATEILCTBO 00A3aTENBLHO JOJ/DKHO COCTOSThL M3 HO-
Ka3aTeNIbeTBa HeOOXOAHMOCTH M H3 J0Ka3aTelbCTBA JOCTATOMHOCTH. Beak B Takoif
(dopmyipoBke Ha camoM jiene oOGbeaHHeHB (OPMYJIHMPOBKH ABYX TEOpeM: MPAMOit
i obparnoii. Kaxmas Hykaaercs B J0Ka3aTeJbCTBE, TaK KaK M3 CIPaBeAIHBOCTH
OJHOI HH B KOEM Cily4ae He ClieyeT CIpaBEINBOCTb APYrOif.

OTnmeTHM elle, 4TO BMECTO CJIOB «Heo0X00uMO u 00CMamouHo» WHOTAA yNoTped-
JISIOT CHOBA «mo20a w MoAbKO mo20a», «6 MOM U MOALKO 6 MOM caAydae» W T.IL

Hanpumep, Teopema 1 u eii oGpatsas, Moryr QopmysiposaThes Tak: «Hatypanb-
HOE 4MCJIO n jgenuTcs Ha 3 TOrja M TOJBKO Torja, korja cymma uudp u€mcna n
Aeanres Ha 3». CI0BO «yCNOBHE» HAacTO 3aMEHSIOT CJIOBOM «HPH3HAK», H TFOBOPST
0 HeobOX0OUMOM NpusHaKe, WIH O JOCMAMOYHOM NPU3HAKe, WM, HAKOHEIL, O HeobX0ou-
MOM 1 ()()('I"lll”()'lll()M NnpusHake.

IMepeiiem K MOHSTHIO NPOTHBOMOJOXKHONK TEOPEMBL.

Teopembt

(Vx)A(x)=B(x), xeM,

(V) A(x)=B(x), xeM,

Ha3bIBAKOTCA 63AUMHO NpomueonoAONCHbIMU.
Ecim, cienoBartensHo, B (OPMyJIMPOBKE HEKOTODOIH TEOPEMbI 3aMEHUTHL YCJIOBHE
1 3aKJIOYEHHE MX OTPHMLAHMAMH, TO NOJNYYHTCS (JOPMYJIHPOBKA TEOPEMBI, MPOTHBO-
MOJOXKHOH HCXOIHOM.
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Beskasi Teopema
(¥x) 4 (x)=B(x)
MOPOXAAET, TaKUM 06pa3om, elle TPH TEOPEMBI:
obpamuyio (¥x) B(x) = A (x),
npomugonoaodicuyio (Vx) A (x) = B (x),
npomusonoaodckylo obpamuoii (¥x) B (x) = A (x).

Hanpumep, B3fB B kayecTBe HMCXONHOM PACCMOTPEHHYIO BBIIE TEOpeMy 5, Oyiem
uMeTh (IS IPOM3BOJIBHOTO YETHIPEXYrOMbHHKA):

1) ucxodnas meopema: ecim HeTHIPEXYrOILHAK — POMO, TO €ro AHArOHAIN B3aHMHO
NepeHNHKYIAPHEL (TeOpeMa BepHa);

2) obpamnas meopema: ecnu OMATOHATH YETHIDEXYTOJBHHKA B3aHMHO IEPIEH/NKY-
NAPHBL, TO YETHIPEXYTONBHAK eCcTh POMO (Teopema HEBEpHA);

3) npomugonoodicuas meopema: ecni YeTHIPEXYTONBHIK HE POMG, TO €ro AHArOHAIH
HE TIEPNEHOUKYJIAPHEI (Teopema HeBepHa);

4) npomusonoaooican obpamuoii: €CH AHATOHATH YETHIPEXYrOJBHUKA HE B3AHMHO
TePIEeHAUKYIAPHBI, TO HeThIPEXYTOJBHUK HE SABISETCS poMOOM (Teopema BepHa).

B paccMOTpeHHOM npuMepe IpsiMas TEOpPeMa H INPOTHBONOIOXKHAS 06paTHOIi OKa-
3aJMCh HCTHHHBIMH, a 06paTHAas M NPOTHBOIOJOXKHAS — JOKHBIMH. DTO COBHA/ICHIE
He ABIAETCA CiyyaiHbIM, [IpsMasi Teopema H TeopeMa MPOTHBOMOIOKHAS 00paTHOI
b0 06e HCTHHHBL, 1160 06e JOKHBI, T.€. HMEET MECTO PaBHOCHILHOCTH

(Vx) A (x) = B(x) = (V) BG) = A(x). xeM.

YacTo JOKA3aTeNbCTBO OAHON M3 OTHX TEOPEM BBI3BIBAET TPYAHOCTH, B TAKOM
cJIy4ae CIENYeT MONBITATHCA A0Ka3aTh APYTYIO.

W3BeCTHBIN MeTON JOKA3ATENbCTBA OT NPOTHBHOTO KAaK Pas M COCTOMT B TOM, 4YTQ
BMECTO HCXOJHOI TEOpEMBI [JOKA3bIBAIOT MPOTHBOMONOKHYIO 06GpaTHOIL.

§ 4. Merox MaTeMaTHUECKOil HHAYKIMH

Bo MHOTHX pasfenax ApH(METHKH, aireOphl, IEOMETPHH, AHAIN3A HPIXOMLITCH
[OKA3bIBATH HCTHHHOCTH MPEATOKEHHH A (1), 3ABHCALIIX OT HATYPAILHOIL NEpeMCHHON,
VISl BCEX 3HAMEHHMH aTol mepemeHHOM, [10Ka3aTeTbeTBO MCTHHHOCTH mpeiitoskeis A (1)
IS BCEX 3HAYEHMit MepeMeHHON 4YacTO YAACTCs NPOBECTH METOAOM MATEMATUYCCKOI
MHIYKIHH, KOTOPEI OCHOBAH HA CJIEAYIOLICM IIPHHIIIE.

IMpennoxerue A(n) CHMTACTCS MCTHHHBIM IS BCEX HATYDANLHBIX 3HAHCHNIL
TEPEMEHHOM, €C/TH BBINONHEHBI CIICAYIOLIHE ABA YCIIOBHS:
1. Tlpennoxenue A (n) HCTHHHO AT N = 13
2, VI3 npennonoxenns, 9T A (1) HCTHHHO 41 n =k (rae k — awofoe HaTypais-
HOE YHCIO), CledyeT, UTO OHO MCTHHHO I JUIA CIlenyiowero suaverus n =k + L.
3TOT NPHHIMN HA3BIBAETCA NPUHLMIOM Mamesamuyeckoit undykyuy, OGLMHO OH
BLIOMpAETCA B KauecTBE OAHON M3 AKCHOM, ONPEACIIONMUIX HATYpaibHLIH Pst “HCEI,
H, CeNOBATEbHO, MPHHEMAETCs 53 J0KA3aTe/IbCTBA.

TMon MeTozoM MaTeMaTHyeckodl HHAYKLIH MOHHMAIOT cieayrommii cnocol JoKa-
3atenscTBa, Ecim Tpebyercs Aokasarh HCTHHHOCTb NPEVIOKEHUS A (1) aas BCEX HATY-
PAJIBHBIX 11, TO, BO-NEPBBIX, CICAYET MPOBEPHTH HCTHHHOCTS Bhickasmipamius A (1) .
BO-BTODAIX, NPEANONOXHB HCTHHHOCTD BHICKA3BIBAHN A (k), monsrraThes A0Ka3aTh, UTO
BhICKasbiBanue A (k + 1) HCTHHHO. Ecuit 3TO YAAeTCH 10Ka3aTh, NpHYeM 10KA3aTEILCTBO
OCTaeTCs CIpaBeAJIuBbIM UL Kkaoic0020 HATYPAJIBHOTO 3HAYEHHS k. TO B COOTBETCTBHH
¢ IPHHIAIIOM MaTeMaTHyeckol HHAYKLUHH NpPEIIOKEHUue A4 (n) npusHaercss HCTHHHBIM

U1 BCeX 3HAYeHHIl n.
6
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MeToa MaTeMaTHYecKoil MHAYKIMM LIMPOKO MNPUMEHSETCS NpH [AOKa3aTeNbCTBE
TEOPEM, TOXJECTB, HEPAaBEHCTB, IIDH PELICHHH 3a[ay Ha HeIUMOCTb, NPH DELICHUH
HEKOTOPhIX T€OMETPHYECKMX M MHOI'HX APYIHX 3ajau.

Mpumep 1. Jloka3aTb MCTHHHOCTH MPEIJIOKEHUS

A (n) = {umcmo 5-23""2 4 33""! gpatHo 19}, neN.

A 1. BeickasbiBanue A (1) = {uuciao 5-2 + 3% xpatno 19} ucTHHHO.
2. lpeanonoxum, 4TO AJIsi HEKOTOPOro 3HAYEHHs n = k

A (k) = {uncno 5232 + 33%~1 xpatho 19}

uctuaHO. Torpa, Tak Kak
§.23k+D=2 4 33Gk+1)-1 _g,5,23%=2 4 97 33k—1 _ 8(5_23k—z + 33k=1) 4 19.33%~1

oveBuaHO, uTo u A (k + 1) ucrunno. [eficTBuTENbHO, NEPBOE claraeMoe AeIHTCH Ha 19
B CHJIy NpeAmnojoxenus, 4to A4 (k) MCTHHHO; BTOpOe cjlaraeMoe TOoXe AETUTCS Ha 19,
IIOTOMY YTO COAEPKHT MHOXHUTENb 19. O6a yCcI0BHs NPUHLMIA MATEMATHIECKONH HHIAYK-
UMM  BBIMOJIHEHBI, CJIEOBATENbHO, MNpeaIoKeHne A (n) HMCTHHHO IIpH BCeX 3Haue-
HUAX n. A

Ipumep 2. Joxasats hopmysy

2
13+23+33+...+n3=<n(++1)> , neN.

A 1 Ilpu n=1 obe wacT paBeHCTBA OOpAalLAIOTCsS B SAMHUILY W, CJIECAOBATEIBHO,
NEpBOE yCJIOBHE NPHHLMIA MATEMaTHYECKOI MHAYKUMHM BBLINOJIHEHO.

2. Tpeanonoxum, uTo (GopMmysa BepHa npu n =Kk, T.e.

kk +1)\?
F—

IMpudasum k obeum wacTsam sroro pasencrsa (k + 1) u npeoGpasyem mpaByio
qacTe, Toraa mosyunm

13+23+33+...+k3=(

. 2
1’+2’+33+...+k3+(k+1)°=(k("+1)> +(k+1)° =

A 2 2
=(k+1)1<~’f:_+k+1>=<i§_‘> (k2+4k+4)=(u)2(k—+2)—).

Takum o6GpasoM, u3 Toro, ¥ro Qopmyna BepHa npu n =k, CileAyeT, 4TO OHA BepHA
M OpH n =k + 1. D10 yrBepK/eHue CnpaBe/IMBO MPH JI060M HATypasJbHOM 3HAYEHHH
k. Wtak, BTOpOE YCIOBHE NPHHUMIA MATEMATHYECKON HHAYKUMH TOXE BBHIIOJHEHO.
@opmysa jokazaHa. A
IIpumep 3. Jlokasarh HepaBeHCTBO
1 1

1
——— — et/ > 1.
n+1 n+2+ +3n+l
A 1. Tlpu n =1 HepaBeHCTBO CHPaBEIIMBO, TAK KK
L + L o 1 =il
2 3 4 :
2. IpeanonoxumM, YTO HEPABEHCTBO BEPHO NpH n =k, T.e.
1 4 1 iy 1
k+1 " k+2 77 3k+1

=il
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TpuGasum k O6enM YACTAM HEDABEHCTBA CyMMy Tpex Apobei

1 1 1
%+2 T 3%+3 T %+4a
H [IEpEHECEM ﬂepBOe cJjilaraeMoe JIEBOH HacTH, T.e. k .+1~1 B upaBylo 4acThb HepaBeH-

crea. Torga moy4uM
1 1 1 1 1 1

Ly, e slm el -
S IR %t2 ' %E3 A kRl

IpaBas yacTh 9TOrO HEPABEHCTBA GOJNBINE eqWHMIEI Tak Kak
1 1 1 1 2
Ittt g — =1
%+2 " %k+3 k+4 k+1 T kr)@k+I0kFD)

=0

CrnenopaTenbHo, jeBas 4acTb TeM Gosee Gonbie CAMHUIIEL, T. €.
1

1
.
(k+1)+1 ISt

Tocrenuee HepabeHCTBO 13 MCXOMHOTO HEPAaBEHCTBA momywaercs npu 1=k + 1

Wtax, MpeAUONOXHMB HMCTHHHOCTL HEDABEHCTBA mpm ;= k. amr NOKa3AMH €ro

= s

ucrunHocrs mpr n =k + 1. Takum o6pasom, merononm MaTeMaTieCK ol MHIYKIHR
HEPaBEHCTBO JI0Ka3aHo. A

Npumep 4. IIycTb Xy, X3, ..., X, — IPOU3BOLHY,

1€ NOJNIOXKHUTENbHBIE HHCHA, TIPH-

4eM X;X;...X, = 1. Jloka3aTk, 4TO HEIC » 1P

xl+'\.2+...+x =

S nZ N

A 1, Ecni n=1, T0 MO YCIOBHIO X; =1
Xy =1, T.e. ansa n =1 yTBEPXKIEHHUE BEPHO,

2, TIpeAnoNOXUM, 4TO YTBEPKICHHE BEPHO st y = .
IPOH3BONBHEIC MOJMOXKUTENbHBIE YHCIA H

CJIeNoBATEIbHO, MOKHO HANNCATh
Iycts x,, x,, ..., Xp Nao1 —

X1X20 X Xppy =1,

MoryT npencTaBHTECA 1Ba ciydas: mubo Bce sty —
paBHa k + 1 m HepaBeHCTBO NOKa3aHO, JHGO cpeny o
YHCTIO, He PABHOE eAHHHLE, H TOTNA 00S3aTeNnbHo ey
YHCIO, HE PABHOE GAMHHLE, NIPHIEM €CI OIHO n3
Gonpre enuaunel. He orpaHmiuBas oO6MHOCTH, Moy
Paccmorpum Tenephb k unceln

d PaBHbl 1, 1 Torja MX CyMMA
THX 4ucen ecrp XOTs OBl OAHO
b, 10 Kpaiineii mepe, eme OHO
X MeHbme eqummme, TO Apyroe
HO CHHTaTE, Y10 x> 1, a x4 <1

s Xt (G );

IMpoussesenue ix paBHO SAHHULE, I, CIIENOBATENILHO, 1 HHIy

KTHB, SO0 CHIIO
Xp+ X+ HOMY ITpeno.

B

IpuGasum Kk obenm ¥acTAM TOCICAHETO Hepapepcr,
HaNpaBo u mpeobpa3yeM NpPaBYIO MaCThb HePaBeHcrpy

.\'l+x2+...+xk+xk+1>k-.\'kxk+1+.\-k+_\.k”=

Ba " b
¢ Xk + X4y, nepeneceM XiXi+ 1

=k+1+.\'k(1—Xk+1)+-\'k+1—l=k+1+\_
""(l‘\‘,w) . ) _
Xip1) = (1 — Xpuy) =

=k +
L+l —x ) ==k + 1

Taxnm OﬁpﬂBOM. U3 HCTHHHOCTH _\'TBCD)KI.ICHH;] Npy
HOCTb IpH 1 = k + 1. VTBEPXKICHHE JOKa3auo. 13 “leeq: = k' Berreraer ero MCTHE-
_ “CHHOro nokazarenscTBa Clie-



AYET, YTO 3HaK PaBEHCTBA B JOKa3hIBAEMOM COOTHOIUEHHH MMEET MECTO TOrJa U TOJbKO

TOTAQ, KOTAa Xy =X; =...=X,=1. A
IIpumep 5. Jlokasars HepaBeHCTBO
%y X o5+ "

xll
= /%1002 s s
n
LO€ Xy, X3, ..., X, — IPOU3BOJILHBIC MOJIOKHTEIBHBIE HHCIIA.
A OTO BaXHOE HEPABEHCTBO MEXAY CPEAHHM apU(PMETHYECKHM H CPEXHHM reo-
METPHYECKHM N HHCE SIBISETCS NMPOCTHIM CJEACTBHEM COOTHOIIEHHS, JIOKA3aAHHOTO

B NpeAblaylieM npumepe. B camoMm peme, mycts X;, X, ..., X, — IPOHU3BOJILHBIC
TIOJIOXKUTEJIBHBIE YHCId, PaccmorpuM n 4ucen
X1 X2 Xn

n S R :
[/xxxz...x,, ]/xxxz...x,, XX S

OueBuaHO, YTO BCE ITH HHMCIA NOJOXKHTENbHB! M IPOU3BECHHE WX PABHO EAMHMILE.
CrenoBatenbuo, Mo 10Ka3aHHOMY B IpuMepe 4 uX cymva GONbIIE WJIH PaBHA 1, T.e.

% X X,
— 42 R >n.
Vix%1%2 0 o Xy ]/x,xz...x,, /X 1X3 s Xp
Orcrona
X X st X, Nm——————
‘_2—”__".2 l/xm X
TPHYEM 3HAK PABEHCTBA HMEET MECTO TOrAa H TOJIBKO TOIJA, KOTAA Xy = X3 =...=X,. A

HCDZ\BCHCTHO MEXIY CpeaHHM apudmenmecxnm U CpeJHUM TIEOMETPHYECKNM n
MHCE)! MACTO OKa3bIBAETCH IOJIE3HBIM NpH J0Ka3aTeJbCTBE OPYruX HEPABEHCTB, NpH

OTBICKAHIN HANMEHBLINX M HAauGONbIINX 3HAueHmil dyHkumii (cM. ruasy IV, § 6, 7).
PacemoTpuM HekoTOpble 000BIIEHHs NPHHUMNA MATEMATHYECKOM HHIYKIUH.
Ilycrs p — HekoTOpoe mesoe HHeo.

Ipeanoxenne A (n), rae n Hegoe, HCTHHHO Ul BCeX LEJbIX 3HAYeHHI n = p, ecian
BLINOJIHEHB! CJICAYIOUINE ABA YCIOBHS:

1. Ipeanoxkenne A (n) HCTHHHO ANs n = p.

2. W3 npeanonoxennsi, uto A (n) uctunno aas n =k (k — uenoe, k = p), cnenyer,
UTO OHO NCTHHHO JUIsl CIeAyloulero 3HaueHus n =k + 1.

Tlpu p = 1 nonywaercs nepsoHavaibHas GopMyIMPOBKA NPUHLHIIA MATEMATHIECKO
HHILYKIU,

IIpumep 6. Jlokasars, uro mobyio cymmy zeHer, GOJblIyio 7 KONEEK, MOMHO
PA3MCHSIThL TOJBLKO TPEXKOMECUHBIMH M ISTHKONEEYHBIMH MOHETAMH.

A Ilyers cymma pasia n koneiikam. Ecim n =8, To yTBepicienue BepHo. Ilycrh
YTBEPKACHYE BEPHO /1S n = k. MoryT npencTaBuTLCS TOJIBKO [BA CIyuast JUIsi pa3sMeHa
CYMMBI B Kk Komeek:

a) noTpedOBAIMCH TONBKO TPEXKOMEEUHBIC MOHETEI,

6) norpebopanach Xors bl OJHA NATHKONEEUHAS MOHETA.

B ciyuae a) ynansiem TpH TpeXKONeEYHLIE MOHETBI, A0GABIISIEM /BE INSTHKONEEd-
HBIC H TEM CaMbIM pa3MeHHBaeM cymmy B k + 1 xomeek. B cnyuae 6) ynasisiem ommy
NSATHKONCCUHYIO MOHETY, 100aBiisieM [ABE TPEXKOMEEUHbIE MOHETBI H TEM CaMBIM pa3-
MEHHBAEM CyMMY B k + 1 komeek. A

B HEKOTOPLIX 3ajavax NPHHIMI MATEMATHYECKOIN MHIYKIMM MCHONBL3YETCH B Ciie-
ayromeit dopme.

Mpemnoxenne A (n), rae n — Lenoe YHCI0, HCTHHHO JUIS BCEX 1 > p (p — HekoTOpOE
IeJI0€ YHCIIO0), ECNU BBLINOJHEHBI BA YCIOBHS:

1. Tlpennoxenne A (n) HCTHHHO ANA n=p U n = p+ 1



2. U3 mpemnonoxenns, 9To A (n) UCTHHHO ANA N = k u n=k—1, cnenyer, 4TO
OHO.MCTHHHO npH n =k + 1 (m1s moboro k > p).

TTpoMUTIOCTPHPYeM NPUMEHERHE 3TOrO NPUHIMNA HA CIEAYIOMEM IPHMEPE.

Mpumep 7. Hoxasars, uto dynkmus T, (x) = cos (n - arccos x) Ha orpeske [—1; 1]
COBMAZAeT C HEKOTOPLIM MHOIOYJICHOM CTENEHH 1 (1 — HEOTPHUATENLHOE LEeNoe HHCIIO).

1. Ilpu n=0 u n=1 momysaem coorsercteero To(x)=1 u Ty x)=x, T.¢e
YTBEPXIICHHE BEPHO M JUIA n = Ounpgnan=1.

2. PaccmotpuM Ty (x) ¥ mpoBeneM mpeo6pa3oBanust
Tyes1 (x) = cos ((k + 1) arccos x) =

= cos (k arccos x) - cos (arccos x) — sin (k arccos x) - sin (arccos X) =
1
=T () Ty (x) = —-(cos ((k = 1) arccos x) — cos ((k + 1)arccos X)) =
= ) Ty (9~ o (To1 () = T ()

MBI ONY4HIH CIEAYIOLIEE PEKYPPEHTHOE COOTHOMIeH e
Tev1 () = 2T, () Ty, (x) — Ty, (x)

B
Tis1 (x) = 2xT, (x) — Ti-y (x).

enaeM UHAYKTHBHOE MPELIIO; -
[—l'qll] coanan:i)yr c MHoroq?leiaMJLot(gg;d:' Dynknun T,_, (x) u Ty (X) Ha oTpeske
/ o CTCTBEHHO k — 1-if cTemeny M k-if CTenewiL
Torza H3 MOMYYEHHOH PEKYPPEHTHOH (opmy sy cllenyer, uTo T, (x) COBNIAMAET € MiO-
rouneHoM creners k + 1. s k+1 M
CorlacHO NPHUHIMIY MaTeMaTHYECKoit
" cierm e
n=0 A HAYKUMH yTBepkaeHHe MOKA3AHO JLif BCEX

3ABAMM PA3NE A 1
INENA | — L T

Kas Lemb MEXIY T p
LilnexTpuico L Ay TOUKAMU M y N cocTas, . waoBpakeHiion Ha
puc. 29. PaccMOTpuM CICAYIOWUHE HETRIpe BLICKA3 LBy JIEHA 1O cxeme, H300pameniol ua

A= a
Q {onement k wenn ppuuen w3 crpos),
B =
t = {3nemenr |, uemy phimea 13 CTPOS|
(i=1, 2, 3).

2 a !
@ WV an nens,

a) By
ICka3LIBaRne 4 + B, B,B; MCTHHHO,

6 : NS
E‘Iblc‘l\ashmamlc A (B, + B, + By) nerunno?
* HOKaxyTe dopmyny
Pic. 29. A=B=A4+B.

. Ha
~ Bompoc, kro p3 Tpex YHAUIMXCH H3yuan

. & %Y, Om =
H3ydan MepBBIi, TO H3Ydal M BTOPOH, wo HCBepHOm NONyyen ppapibHBIl  OTBET: ecan
\ 4TO ecy oy TDETHIL By
H3Yua 1px.nllL TO H3yuan

H BTOpOH.
KTo #3 ydaumuxcs u3ydan JIOTHKY ?
4, «BepHyBIINCH nomoii, Merps nossonyy Ha
— Tosoput Merpa. EcTb HOBOCTH? S
— Jla, med. IMocTymim coobIIeHs op .
A S Chek
gpchya O "b"“-d) T‘;H'Z'fo"?g::* nyf‘"‘“a. 6o "s\)};;opos_ Toppanc yCTAHOBILL, HTO  ecii
TheH yGuitua, wi Pp B) it U YBiiiory, HCYa mxer. JKycche CHHTACT. ¥TO iy
JTroxa mpoci mepeaaTh BaM, MTO €GN youiicyyq TPOM3OmNG oene monyHouH. MHCNEkTOD
y6itiiua, 6o Pparcya WKET. 3aTEM oMy OM30W10 noese momynoui, TO MO0 SThex

aBepexyio Opgenp.



— Bee. Cnacu6o. Dtoro nocratouno.— Komuccap nonoxmn tpy6ky. OH 3Hai, ¥TO TpeaBsii
®dpancya HHKOraa He JokeT. Termeps OH 3HAT BCe».
PaccmoTpHTe CleNyIONIie BEICKA3BIBAHMS:
A = {®pancya 61 mbsH},
B = {Orpen ybuitua},
C = {®pancya Joker},
D = {y6uiicTBO NpoN3OLINO NOCTE MOMYHOUH).
3anmumTe, HCMONB3ys JOrMYeCcKWe ONEpauiu, BICKaspBaHWA MHcmekTopos Toppanca, JKyccwe
1 Jhoka. CocraBpTe NpOM3BEJEHHE ITHX Tpex BhICKa3bBaHMii M ympocTute ero. Yro cnemyer

13 nokasauuii nncnexropos? Kakoii BeiBon caenan xommuccap Merpa?
5. Jlnsi NOKa3aTeNbCTBA PABEHCTBA

S ) i
Vsyz+1-1/s5/2-1=2
YYEHUK npuBes clieayiomee paccyxIaeHue: «Bo3sens B ](y6 obe yacTn paBeHCTBA, MONYYHM

14—3(f/51/5+7)2f/51/§—7+313F1/§+7(fﬁl/5—7)2=8
3|3/5|/5+7]35]/5—7(f/5V§+7—f/W5—7)=6:

Hiu

HO, TaK Kax

VsVz+1-1/5/2-1=2

TO
VazeTis/a=1-1,
|3/(5 V2R -1 =1,
Yi=1, 1=1,
HTO 1 ‘l]"L’\’)\l)!il.‘lUCh JAOKA3aTH.
Hoxasan s ysennk pabeHcTso?

6. Vuennxy Guiia Dpe/uloKeHa Cledylowas 3a/a4a:

«IHoTenysa IpSMOYronbHOro TPEYTONbHIKA JIEKHT B INIOCKOCTH o, OAMH KAaTET COCTAaBISET
€ WI0CKOC Thio o yroa B 45°, apyroii — yron B 60°. Bonbmmii xater pasen a. Haiitu runotenysy».

Vuyenux caenan weprex (puc. 30), u3 npsmoyroibHOro TpeyronsHuka AOC Hamen

|CO|=asind5" =a l«‘-"’"

&2,

A
U3 IpAMOyroasuoro tpeyroasunka BOC namen
—~ a,
2 2| Co 2
|BC|= !(91 - 21001 il
sin 60 13 3 &)
A
W 1o teopese IMudaropa onpenemun runoTesysy o 4

e /T
|4B|=|/|AC] +|BC*=a ]/1 +§=aV§. Puc. 30,

Bepen s noayuennwii pesyavrar?
7. Jlano nepasenctso kx + [* < 0. Ipu kakux 3HaYeHUAX k UCTHHHBI CIISAYIOUINE YTBEPXKOCHAS !
a) Ipu a06oa | HepaBencTBo umeer xoms 6vl 00HO pELUEHHE.
6) Cywecmeyem |, npi KOTOPOM HEPABEHCTBO MMeET Xoma 6bl 00HO peleHue?
8. Ha muoxecTBe BCEX HATYPAIbHLIX YHCEN 3aJaHbl TPH MPEIONKEHUS:
A (n) = {uncio n + 48 ABnseTCs KBAAPATOM HATYPAIBLHOrO umcna},
B (n) = {uncmo n oxanumpaercs mudpoii 4},

C (n) = {umeno n — 41 ecTh KBANPAT HATYPAILHOrO 4HCHa}.

HPH KaKHX 3HQYEHHAX N M3 JaHHBIX Tpex upennox(emm Ba MCTHUHHBI M OJHO JIOXHO?
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9. [l TeopeMsI «ec/d KBAIDATHOE YPABHEHHE HE HMECT JBYX paa;m'mhn: i?;;’;;ﬁ;;’é
KopHel, TO MMCKDHMEHAHT 3TOTO KBAJPATHOLO YDPABHEHUS Henonomm;nema“ S il
06paTHYI0, IPOTHBONIONOXHYIO H NPOTHBONONOKHYIO 0OPATHOH TEOPEMBI. YKa3aTh,

'rcope;i ?fpm I

10. JoKakuTe WIH ONPOBEPTHHTE CIEIYIOMIUE YTBED :

a) lns nenumocti wucna n® — 1 (1> 5) a 24 KOCTATOUHO, 4TOGH! 1 GEUIO “pgﬂ"m “:)ccjf:m

6) Ans memmvocTw wucna n®—1 (n>5) Ha 24 Heobxomumo, 4TOOHL 1 OBUIO mP
THCIIOM.

11. JIns KakuX HATYPAJbHBIX 3HAYCHHIl N MCTHHHO NpEUIOXEHNE

An)={2">4n* +1}?

oit
12, Ha 1I0CKOCTH NIPOH3BONBHEIM 06pa3oM mpoBedeHs! n MpAMBIX. [loKasaTk, ‘llTl: :gPH i
1 Gesolf KpackaMi MOXHO TaK 3aKPacHTh ILIOCKOCTS, 4TO JOGbIE [BE HaCTH, HMEIOLL 11y’
cTopony, GYAYT OKpamieHE! B pasHble LBeTa.

— 3A0A4H1 PA3J

1. Tlo MimueH# Npon3Befeo Tpu Bhicrpena. IlycTb
Ay = {Mumens nopakena npu k-m Bmictpesne}, k= 1,23
Yro 03HAYAIOT CNENYIOUIHE BBICKA3LIBAHMS:

a) Ay + 42+ 435 6) 4,4,4,; ) AA Ay + A Ax A5 + Ay Az AS?
2. Pasbupaercs aeno Bpayna, JIkonca n CwmuTta. OmuH H3 HHX COBEPIIIUI NPECTYIUICHIE.
Ha ClCACTBIN KAKALI W3 HUX creman fpa 3asmsneHnus.
BpayH. Sl He menan aroro.
CMuT cnienan aro,
Jxomuc. CMHT He BHHOBeH,
Bpayu caenan sro,
Cmut. S me nenan sroro,
Mxone He menan sroro,

Cyn yCTAHOBIL, 4TO OMNH M3 HUX fBANBI comran, pyroff — ABAKALL CKA3A NMPABY, TPeTii —
OMH a3 COMral, OMMH Pa3 ckasan

pasy. Kro coepumn npectymicnne?
3. Ansi mOMAPHON SKkememmumy 3 BockMu nperengentos A, B, C, D, E, F, G w H naxo
oTo6paTh MIECTH CNEUHATINCTOR: 6uonom, THOpPOJIOra, CHHONTHKA, PAIHCTa, MEXQHHKQ It Bpastd.
OBszanHOCTH GHOMIOrA MoryT BLIONHsATL E i G nmi)onora B u F, cunontika F u G, pamicra
C u D, mexamuka C u H, Bpava 4 y P, X:)Tx nc;\'oropblc NPETEHACHTbl BAAACIOT ABYMA
crienuabHOCTAMH, B SKCNEAMMMN Kax gt CMOXET BHINOHSTH TOJBKO OAHY 06s3annocTs. Koro

u KeM CHGAYCT BIATL B OKCNeMumuo, ecny F e miower exars 6¢3 B, D—Ges H u Ges C,
C e MOKCT CXATh ONHOBDeMCHIO ¢ G

4. PaccMOTPHM ZIBd Onpefienenus nergop KOHTPOJILHOIL!
1. KoHTpoibHas paGota nasmmaerc

a4 A He MoXeT exaTb BMCCTE C B?

! ncn\'oﬁ, eciu xaa:cd.\'m 3ajauy pemmia xoms 0w ooun
YHEHHK. ‘
T Ll HaskaeTey NerKoii, ecam xoms Obl 0O0uH YYCHHK peULL sce
Jafain.

a) Moxer Jif KOHTDONbHas Gy, JeTKOi onpefeseHns 1 TPYAHOI
% CTK¢ BOI'0 [ (S (¢ Y
(e JIerxoii) B CMBICIE BTOpOro? o S

6) I\;lO)RCT m pabora ObiTh JIeTKO}t § CMBICITE BTOPOro OnpeneeH s " TP)’H"O“ B CMbICIC
nepBoro’

P 5, Yuemnkn 10 B xnacca XBacTampcy, o § BbllIE POCTOM YUCHHKOB 10 Al
Ha BONPOC YHHTCNR MaTeMamuky: (yoo Cchl , ¥TO OH R B Hiins pOGTONT —
yHCHHKH 10 Ii A CIICAYIOUIe OTpeqy;, BRSNS '

1. JliobOH 113 HAC BMIte mioGoro, 4, Hix
2, Camptil BEICOKHMI 113 Hac gy caMorcly 3 X,
3, Jlns m«.zﬁoro yw‘eu.nxa L — “:::x'c:mro’ H3 ::LK}‘ acca A MEHBIIEro pocTa.
4, Kaxwiil YICHUK Knacca A gy o XoTs GMU TCSL yueHI i,
e Loy y,qu“k'OB Hawerq KJlacca gﬂﬂom i Hero pocTa YUEHHKOB Kiacca Al
Ects Jil CPE ITHX OTBetop PaBROCH 1k e %ﬁ;ﬁ]eeciienro xaxne?

? s
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6. Ha MHOXeECTBE BCeX HATYPAJIBHBIX MHCEN 3aJaHbI TPH TPEAIOKEHMS:
A (n) = {uucno n* — 2 xpatso 7},
B (n) = {uncno n— 2 kpatHo 7},
C (n) = {4n* — 360n + 8099 < 0}.
Ilpn kaxux 3HaYeHHSX M U3 JAHHBIX TPEX NPEUIOKEHMI{ JBA MCTHHHBI M OMHO JIOXHO?
7. Lanbl TPU TIPEIJIOKEHHS, 3afaHHBIC HA MHOXXECTBE BCEX HEHCTBHTENBHBIX HHCEN:
A (x) = {x — uenoe uucno},

B (x) = {x* — 3x — 1enoe OTpHUATEILHOE HHCIO},
1

Cx)= {x + — — Lenoe NMOJOXKHTEILHOE HHCIIO p.
%

Ilpn KakuX 3HAYEHWSX X JIOKHO OOHO U MOABKO 0OHO M3 ITHX TPEX MNPEJIOKCHHT?
8. ana cucrema ypasHeunit
X +2by=a,
bx+(1—by=c*+c,
rae a, b, ¢ — neficTBuTeNbHBIE HHCTA.

Ilpn xaxux 3naveHusx a npm .0fos b naiidemes Takoe ¢, NPH KOTOPOM CHCTEMA HMeeT
Xoms 6vl 00HO pewtenue?

9. Hanwt sse Toukn A (0; 9), B(3; 6) n cnctema HepaBeHCTB
2x—y+a<0,
{ 6x + 3y +5a=0.

Tpy kakux 3wauenusx napaMeTpa a peleHHeM cHCTeMbl GYAYT KOOPIMHATLI

a) xoms bl 00HON TOYKH OTpe3Ka AB,

0) Kkascdolt Toukn orpeska AB?

10. Jlns kaoka0ii 13 wipkecaeayrommx Teopem chopMyupyiite 06paTnyio, NPOTHBONONOKHYIO
I NPOTHBONONOKIYIO 00paTHOll. Ykas3arTh, KaKHe H3 TeOpeM BEepHbL.

4) Ecim B uETHIPEXYroNLHEK MOXHO BIHCATH OKPYKHOCTb, TO 93TOT YETBHIPEXYTONBHHK
npeacrapier coboii pomo.

6) Ecun TAPAUICTIOTPAMM  ABJISICTCH NPAMOYrOJIBLHHKOM, TO BOKPYI HEro MOXHO ONHCATh
OKPYXHOCTh.

B) Eciit MHOrOYroJBHHK sIBISeTCS METHIPEXYTONLHHKOM, TO CyMMa €ro BHYTDPEHHHX YIIIOB
pasua 360",

1. Kakne n3 CleIylonuix ImecTit TeopeM SBASIOTCH N0 OTHOMICHHIO APYT K APYry o6-
PATHLIMIL  IPOTHBONONOKHLIME, NPOTHBOMONOKHEIMH 00paTHbiM? Kakne #H3 5THX Teopem
BepHb?

Teopema 1. Ecom kaskaoe #3 JBYX HATYPAJSLHBIX MHCEN AENMTCH HALENO HA 7, TO MX cymMa
JnenuTes Ha 7.
Teopema 2. Ecin un oo n3 ABYX MmceN He Jenutcs Ha 7, TO W MX CyMMa He Jenutcsi Ha 7.
Teopema 3. Ecim xotst 661 010 13 JIBYX 4HCEJ AGIHTCA HA 7, TO M MX CyMMa IenuTcs Ha 7.
Teopema 4. Ecor cymma ByX 4HCeN JENHTCS HA 7, TO KaX/0E ClAaraeMmoe jaenurcs Ha 7.
Teopema 5. Ecmi cymma JByX 4uces He MHEJMTCA HAa 7, TO HH ONHO H3 CIAraeMbX He

aemures Ha 7.

Teopema 6. Ecim cymma asyx uucen He jenurcs Ha 7, TO XOTA GBI OJIHO M3 ClAraeMbix
He genurest Ha 7.

12. Jlana Teopema: B 10GOM MeTHIPEXYrOILHUKE, KOTOPBIA HE ABIAETCH MPAMOYIOILHUKOM,
Jmaronann He KOWrpysHTHbL CopmysIMpoBaTh TeOpeMbl: O6paTHYIO, NPOTHBONONOKHYIO 1
NPOTHBONONOKHYIO 06paTHoil. Kakue M3 9THX 4eThIpeX Teopem BepHbi?

13. Jlns Teopemsi: «Ecnu ¢ymkuus auddepenmupyemMa B Touke, TO OHa HENnpepeIBHA
B HEi» — CHOPMY/IHPOBATE TEOPEMBI: OGPATHYIO, NPOTHBONOMOKHYIO W NPOTHBOMOJIOKHYIO 0O-
parHoil. Kakue u3 3THX ueThipex Teopem BepHEI?

14. 3amenuTe MHOrOTOMHS CIOBAMH «HEOGXOAMMO H JOCTATOYHOY, (HEOBXOAMMO, HO He
AOCTATOHHOY, (OCTATOMHO, HO HE HEOOXOAMMO» Tak, YTOOBI NONYMHIHCH BEPHBIE yTBEPKACHUS:

a) [lns Toro uToBbl BHIMIPAaTh B JIOTEPEE, .. MMETH XOTs Gbl OAUH NOTEpeilHbIl GHIET.

(]
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6) Jms Toro uTo6hl M3 Tpex umced 4, b, ¢ XoTH 6bl aBa OpUTH paBHBI MEXAY CODOH, .y
4TO6B!

@—b2+@b—cP+—a?=0

B) Jlist TOro 4TOGHI CymMMa ABYX AEHCTBUTENLHBIX HHCEN 6blJa HHCIOM DPAUMOHAJBHEIM, ...
yToBbl KaAdOE craraeMoe GBUIO PALMOHAJIBHBIM 4HCIIOM.

r) Jlns TOro uTOGhl MeoMaHA TPEYroNbHMKA ObUia paBHA TIOJOBHHE CTOPOHEI, KOTOpYIO OHA
JENHT, .., 4TOOBI TPEYroabEHK GBI MPAMOYTONBHEIM.

n) JIns TOro uTo6B QyHKIMA y = ax? + bx + ¢ IpH BCEX LeMBIX X NPHHHMANA IEibie 3HA-
qeHus, ..., YTOOB! 2a, a+ b, ¢ GBUIM LENLIMU YHCTAMM.

15. Jloxa3aTs WIH ONPOBEPIHYThb CEAYIOLIME YTBEPKICHHS!

a) [l TOro MTOGHL 4HCNO n? + 20 (1> 3) GHUIO COCTABHBIM, JOCTATOMHO, MTOGH! 1 Gpino
IPOCTHIM.

6) [na Toro 4ToBbl uneno n? + 20 (n > 3) GBIIO COCTABHBIM, HEODXOANMO, y1obBl N GBLIO
MPOCThHIM.

16. [loka3aTh, 4TO NpPH JIIOGOM HATYpaNbHOM n:

a) n(2n* — 3n + 1) xpatHO 6;

6) 11"*! + 12*"~! nenutcs maueno ma 133:

B) n° =1 KpatHo 5; 1) n’ — n xpatwo 7.

17. [lokasats, 4T0 npit jo6om Hatypanshom n > 1 uncio 22" + 1 OKaH4HBACTCA uudpoii 7.

18. MeTonoM MaTeMAaTHYeCKOM MHAYKIIN 10KA3ATH CTPABEAMBOCTD PABEHCTB JULA KAKIOTO
HATYPAJILHOTO 3HAYEHHS n:

21
124234 0= D=n*n41); 6)12+F+...+@-1= _‘"(4"3 o
) 1:2242:3% 4 (=)= NOE=D)En+2)
12 ’
1 1 1
D —t+cgtet—o0 " on
1.5 59 (4"_3)(4""‘1)—4_n+1'
) (1 ‘%‘)(1 —%>(1 -1 \_ n+2
0+ 1) Mm+2°
19. Joka3aTh, YTO
34334+ 433, 3 10T %10 oy
27
qiepasi YACTb PABEHCTRA COMEPXKHT ) - )
¢ 20. JloxasaTh PaBEHCTBO 1 ClaraeMblx).
e
2 =
‘/- * ‘/2 +.oo-+ [/ 2=2cos (m/2"*"), neN
((:] J1eBOil 4aCTH COAEPKHTCH n KopHeii)
1. [Tpn KakuX HATYpanbw e
zzx) 3% f 2"+ Tn; 6) g" > ,,gli 3::“+‘°;l;lxx I BEPHBLI HepPaBEHCTBA:
22. MeTolIOM MaTeMaTiyeckoi o s
s BCeX HATYPalbHbIX n > l;cw“ WHAYKW foka3aTs cnpaBeUiHBOCTh CTEAYIOUUIX HEPABEHCTB
38 2n—1 1
A5 6 <S> g _I 1 TR
4 6 2 ——— ) — all .13
Z 1 f ]1/3n+1 )"+l+”+2+.4.+2" 2
B) n<lt—=%. .+ — <21/ n 1 1 1
V2 Vn V/n; r)?<1+7+?+...+?—_—1<n.

23, Ha CKOIBKO ¥aCTell pasneyyrey
jmKaKie TP IIOCKOCTH He Npoxosy v,
24. TIyeTb X3 X2 -+, X, — npoyap,

depa n maockocTAMM, NPOXOSLINMIL YePe3 LEHTP, CCI
PE3 OnMH 1t TOT Xe AMAMETP-
MIbHBIC. HeoTpHUATeAbHbIE HHCA, IPHHEM
X -
1hXt xS 12
Jloxasath, 410

(1 Xy (1 =) . (1 —x) > 1/2



nasa Il
VYPABHEHUS U CUCTEMbI YPABHEHUI

§ 1. ypannemm C OJHHM ¥ HECKOJbLKHMH NepeMeHHbIMH

JlioGoe npeioxkenue Buna
fx)=g®) )

rae f(x) u g(x) — HekoTOpble (YHKIUN, HA3BIBAETCA ypasHeHuem C 0OHOil NnepemeHHol
X (WM ¢ oaHMM HeusBecTHbIM ). DyHkmua f(x) HaspBAeTCS 4e6oil Yacmelo, a g (x) —
npagott uacmoto ypasHenus (1).

Hueno a maspiBaetes kopresm (WIM pewsenuesm) JAaHHOTO YPAaBHEHHS C MEPEMEHHON
X, €CIIM IPY [OACTAHOBKE MHCJIA @ BMeCTO X B ofe 4acTH 3TOro ypaBHEHUs Mojay4daeMm
BEPHOE UHCJIOBOE PABEHCTBO, T.€. €CAM NpH X = a 06¢ YacTH YPaBHEHMs ONpEeaEseHbI
H MX 3HAYCHNS COBNAIAIOT. .

Pewwms nannoe ypasuenye — 3HAMHT HATH MHOXECTBO BCEX KOPHEH (pelemHii)
ITOro ypassenus B obaacru R.

JBa ypaBHenus Ha3LIBAIOTCH PAGHOCHALHBIMU (IKGUGAACHMHBIMU), CCITA OHH HMEIOT
OMHO 1 TO KEe MHOXECTBO PELUCHUH, T.e. €M KaXI10€ PELICHHE NEepBOro ypaBHEHUS
ABJIACTCH PCIICHHEM BTOPOro I, HA0OOPOT, KaX10€ PEHICHHE BTOPOro ypPaBHEHUS fB-
JSGTCS PEUICHIeM TICPBOIo YpaBHEHHs, WK ecin oba ypaBHEHHSI HE MMEIOT PELICHMH,

Hanpuniep, ypasienns 5x + 1 = 6 i 2x = 2 paBHOCHJIBHBI, TAK KaK KaXI0€ M3 HUX
HUMCET C/AMHCTBEHHBI KOpeHb X = 1,

Vpasiienue Bua
ax = b, @

TIC a i b — HEKOTOPLIE 3a/aHHbIE YHCIA, HA3BIBACTCA AUHCHHLIM YPAGHEHUEM.
Ouennano, ecom a=b =0, o moboe uKCIO SBIACTCS PELIEHUEM ypaBHEHUs (2).
Ecam a =0, o b #0, 1o ypasuenue (2) pewenuii ne umeer. Ecim xe a # 0, To 370
YPABHEHNC HMECT CAMHCTBEHHOE peluenue x = b/a.
Vpasuenie Buaa

ax* + bx +¢=0, (3)

rie a, b, ¢ — Hekoropele uncna, npuuem a # 0, HA3LIBACTCS KEAOPAMHBIM.

Ipocreiimee ksaaparhoe ypasuenue umeer Buf x> + ¢ = 0. OHO He uMeeT perne-
Huil, ecan ¢ >0, umeer onno peuenne x =0, ecnmu ¢=0, U UMeeT /JBa pEIICHHS
X=|/—~cux=—)/—c, ecmu ¢ <0.

Jlerko nposepsiercs. 4To ypasuesue (3) pABHOCHIBLHO ypaBHEHMIO

b @
x2+—x+—=0.
a a

IlpeoGpasyem JjeByio 4acThb ITOrO YpaBHEHHs:

e b 2_b2—4u('_0
T 42
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- 2!
Ortciofia BUAHO, 4TO ypaBHenue (3) He umeer pewenuit, ecnmn D = b* —dac < 0, umeer

CAMHCTBERHOE. PEMEHHe X = — -, ecn D=0, u umeeT [Ba pemieHHs X = —— -+
a
Vb
+ —— ecmu D> 0.
2a
Taknm o6pasom, Bce peleHus ypasHeHus (3), €CIIH OHH €CTh, HaXosTcs mo ¢op-
MyJie
—b £ |/b? — 4ac
X=— “)
2a
Mpumep 1. Pemnts ypabHenue
2x+1 _ 4-x
3—x  x+1°

A YMHOXHM 06e 4acTH gaHHOro ypasHenHs Ha (3 — x)(x + 1). OueBuaHo, moGoe
PeLICHHE NaHHOTO YPABHEHHs SIBNISIETCS M PEILEHHEM IOJNYYeHHOrO YPABHEHMS

Cx+)x+1)=@—-x)(3—x).
Kak JIerko BHIETh, OHO PaBHOCHJIBHO KBAaADATHOMY yDaBHEHHIO
x2+10x—11=0.
HaxoauM KODHH 3TOr0 ypaBHEHUS:
X==5+]/25+11=-5+6,

T.e x=—1lux=1.
Cref0BATEIILHO, DELICHHAMH JAHHOrO YPABHEHHS MOTYT ObITH JHLIbL uucaa — 11
u 1. IlpoBepkoii y6exmaemcs, 4TO 5TH YHC/IA ABNAIOTCS PEIIEHUAMH JAHHOTO YPABHEH IS,
Orset: {—11, 1}. A
[Ipumep 2. Pewnts ypasuenue
3x 2x Ix—6

XN T (SR

A Jhoboe pemienne JaHHOrO YpABHEHMS SIBJIACTCS PELUEHHEM YDABHEHIs
Ix(x+2)—2x(x—1)=3x—6,

KOTOpOE MOJIY4aeTcsl U3 NAaHHOrO yMHOXeHHeM Ha (X — 1) (x + 2). OueBnaHo, 310 Ypas-
HEHHE PABHOCHILHO CIEAYIOIEMY KBAJAPAaTHOMY YPABHEHHIO

X2+ 5x+6=0.

Ilo Qopmyre (4) HAXOAMM €ro KOpHH: X = —3 H X = —2,

CrienoBaTebHO, PEMeHHSAMH JAHHOrO YPaBHEHHs MOTYT ObITh JMiIbL ducia —3
u —2. IlpoBepkoii ybexaaemcsi, 4TO 4MCIO —3 ABJISETCS €ro KOpHEM, 4 uucio —2
HE fBISETCA €ro KOpPHeM, TaK KaK HpH x = —2 He onpeieiensl obe 4acTi AaHHOIrO
ypABHEHUS:

OtpeT: {-3}. A

[Tyctb 3amanbl nBa ypasHenus. Toraa, ecin mo6oe pelieHne NepsBoro ypaBHEHHS
ABJISIETCA PEUICHHEM H BTOPOrO YPaBHEHHsS, TO BTOPOS YPaBHEHHE HA3BIBACTCA C.ed-
cmeues TepBoro.

Ecin ypasHenue [y (x) =g, (x) sBasercs cieacteueM ypasHeHus f(x)=g(x). TO

Gynem mHCaTh
(f(x) =g x) = (11 (x) = g ¥)).
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Ecnu ypapuenns f(x) = g (x) u f}(x) =g, (X) paBHOCHJIBHBI, TO, OYEBMIHO, KaXI0e
U3 HHX SIBJISIETCS CJIEACTBHEM Jpyroro. B srom ciyuae Gymem nucaTh

(fx) =g () =(/1(x) = g1 ().

Cthopmymupyem HECKONBKO YTBEpXKAEHHH, IIMPOKO HCMOJB3YEMbIX TIPH PEUICHUU

ypaBHeHuﬁ. Hx noxasatenscTtso NpE/IOCTABAAETCS YUTATENSIM B Ka4deCTBE JIEIKOro, HO
TMONE3HOr0 YNpaXHEHHS.

1. Ecau dynxyua @ (x) onpedesena daa gcex x, 045 Komopwix onpedeaenst f(x)
u g(x), mo

(fX)=gE)=(f(¥) + @ (x) =g (x) + @ (x):

B uacmmuocmu,
(f(x) =g x) = ([(x) = g(x)=0).

2. Ecau ynxyus ¢ (x) onpedeaena 045 écex X, 045 Komopbix onpedeiensvi f (x)
u g(x), mo

(f(¥) =g (x)=(f(x) () =g (x) @ (x))
Ecau, kposme mozo, ¢ (x)# 0 0aa eécex x, mo
(f () = g () = (£ () (x) = g (x) 0 ().
B vacmnocmu, 0as aw0boz0 uucia k # 0
(f (%) = g (x)) = (kf (x) = kg (x))-
3. Haa mobwix f(x), g(x) u o(x)

<£2L=gm)=guy=mnww»

9 ()
Ouepiiio, uTo JI0GOE pelleHne X, YpPaBHEHHS
Sx) =g ) e(x) ()
TaKoe, 4T0 ¢ (Xg) # 0, sBiseTcs pelieHnHeM U ypaBHEHUs
f(x)
= =g (x). (6)
269 g(x)

CileoBaTeILHO, B MHOXKECTBE BCeX HHCEN, JUI KOTOphIX ¢ (x) 7 0, ypaBHenus (5)
i (6) mmeror omum M Te ke peuieHns. B aTom ciyyae Gyaem FOBOPHTB, YTO INpH
yenosuu @ (x) 7% 0 ypasnenus (5) n (6) paBHOCHIBHBI, M NHCATH

(_{P% -7 M)‘:(‘P () #0, £(x) =g (x) @ ().
4. Kaxcooe pewenue ypasnenus f(x)g(x) =0 seanemen pewenuem no kpaitneit
Atepe 00noeo us ypasHenui f(x) =0 wau g(x)=0:
(f(x)g(x)=0)=(f(x)=0 um g(x)=0).

Ecau dynkyus f(x) onpedesena 0as ecex x, 20e g(x)=0, a dynxyus g (x)
onpedeaena 012 ecex x, 20e f(x) =0, mo

([ (x)g (x) =0)<=(f(x) =0 uau g(x)=0).
5. Has mobuix f(x) u g(x) u aw06020 namypashozo n
(f(x) =g () =((f ()" = (g ()"
Mpumep 3. Pewnts ypasuenue
2)/x+5=x+2.
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& Bocnonbayemcs: cOpMYTHPOBAHHBIMH BBIIIE YTBEPKAEHHAMHU M BBEACHHBIMA
obo3naueHnsmu, Toraa

QYx+5=x+2)=@(x+5=(x+27) =
<@x+20=x>+4x+4)=(x*=16)<(x =4 wm x = —4).

Taxum 06pasoM, pelleHHsMH TAHHOTO YPABHEHMS MOTYT ObITh JMMIIb X =4 M X = —4.
ITpoBepKoii y6exaaemcs, 4TO TONLKO X = 4 SBJISETCSA PELICHWEM AAHHOTO YpaBHEHHS.
OTBeT: {4}. A
3amMeTHM, YTO ypaBHeHns 2 |/x + 5 = x + 2 n 4 (x + 5) = (x + 2)* paBHOCHJILHBI IIpH
ycaoBun X + 2 > 0. IToaToMy CXeMy pelueHus ypaBHEHHS MOXHO M300pa3HThb TaK:

@Yx+5=x+Dex+220,4(x + 5 =(x +2}) (x> =2, x* = 16)<=>(x =4).

Mpumep 4. Pelnts ypaBHeHue

]/4+2x—x2=.\'—2.
A Hmeem

(|/4+2x—x2=x—2)°(4+2x—x2=(,\-_2)2; x> >2;

2x? —6x = 0)«>(x > 2; x =0 wm x = 3)<>(x =3).

OrseT: {3} A
Jlro6oe mpeanoxeHne Buia

S5 ) =g(x; ), (7)

rae f(x; ¥) ¥ g(X; y)— HexkoTOpble (yHKuMH nepeMeHHBIX X M ), HasblBaeics
ypaienues ¢ 08YMA NePEMeNNbIMU X W y WIM C ABYMS HEH3BCCTHBIMH X M ).
Oynxupa f (x; y) HABIBACTCA 1e60it yacmbio, a g (x; y) — npasoit uacmyio ypabuenus (7).

Pewenues JaHHOrO YPABHEHUS C NMEPEMEHHBIMH X, ) HA3BIBACTCA YIOPSLOMCHHAS
napa 4ncenl (a; b), TpH NOACTAHOBKE KOTOPHIX COOTBETCTBEHHO BMECTO X M y B oGe
yacTil 9TOrO YPABHEHUS TIOJIYYACTCS BEPHOE UHCHOBOC PABEHCTBO.

MHOXECTBO TOUEK KOOPAMHATHOM MIJIOCKOCTH, KOOPJAMHATLI KOTOPBIX ABIAIOTCS
peleHHAMH YPABHEHU, H'dzabmueTcﬂ epagiukom atoro ypasuerus, Tak, Hanpumep, rpa-
koM YPABHEHHS (X — Xo)* + (y — yg)* = R?, rzte R > 0, spnsieTest OKPYKHOCTH pajyca
R ¢ LEHTPOM B TOUKe (Xo; Vo). Ipacmxom ypasmenus y = ax? + bx + ¢, riae a, b, ¢ —
HexoTOpble HHCHA, npryeM a # 0, ssisercs napaGona.

VpapHeHHe BHAd

ax +by + ¢ =0, (8)

rae @, b, ¢ — HEKOTOPBIC HHCIA, Ha3bBaeTest .umeitnvim. [paduxkoM auHeiiHOro ypas-

werns (8), ¥ KOTOPOTO XOTs Obl ozun n3 koshuunentos @ win b He paBeH HyJIo,

apserca mpaMas. Ecan a=b=c¢=0, 1o mobas napa umcen ABIAETCA pELICHHEM

ypapHerns (8), a ecait a = b=0, 10 ¢+ 0, o ypasuenue (8) pelenmii He mMeer.
Ecnu K&X10€ PCLICHHE ypaBHeHus (7) sBnseTcss # pelUeHueM YPABHEHIS

Ji(x5 9) =g, (x3 y), ©)
TO ypaBHeHHe (9) HasmiBactes caedcmesuen ypaBuenusa (7). B srom cayuae rpadmx
ypaBHEHHA (7) #BASCTCA HACTLIO rpauka ypasuenns (9) (B 4ACTHOCTH, OHM MOLYT

coanaﬂarb). Ecmn rPa(buxu YPaBHEHUIT COBNANAIOT, TO OHH HA3BIBAKOTCS PAGHOCUALHbIAL.
Jlerko A0Ka3arb, 4TO

L0 =905 D= (x5 y) - g (x; y) =0).
2. (s V= g0 M=k (x; y) = kg (x: y)) dag awdoeo uucaa k # 0.
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Filos p)e . L -
3. <———(p(x; 2 =gt y))¢.(¢(x, WAO, £ 1) =g (x5 )0 x: )

4. (f(x5 1) g (x; »)=0)=(f(x; y) =0 nm g(x; y) = 0).
Ipumep S. Hapucosats rpadux ypasrenus y> = 4x>.
A Hmeem

(07 = 4x¥) =(y? — 4x? = 0) <= ((y — 29) (y + 2x) = )=
<(y—2x=0 wm y+2x = 0)<(y=2x um y = —2x).

Takum o6pa3om, rpaduk ypasnenus y> = 4x> — 370 napa MEPECEKAIOLLHXCS PSIMBIX,

3a0aHHBIX YPaBHEHUSAMM y = 2x H y = —2x (puc. 31). A

Hapsiny ¢ ypaBHEHMSMH C OIHOIl NMEPEMEHHOI H C JByMs MEPEMEHHLIMH B Aajlb-
HeifimeM GymyT paccMmaTpHBaThCsl ypaBHeHHsi © Tpems M Gojiee mepe- Jh &
MEHHBIMH, 7

B obmem Cly4yae pewieHuem YPaBHEHUs C N IIEPEMEHHBIMHM Ha3bI-
BAETCSl YMOPSIOYEHHbIH Haﬁop M3 n YHCeN, MpH MNOACTAHOBKE KOTOPBIX

BMECTO IEPEMEHHBIX B obe yactu YPaBHEHHs MOJYyHaeTCsi BEPHOE HUCIIO-
BO€ pPaBE€HCTBO,

§ 2. Cucrems! ypasuenuii

Jlro6oe KOHEUHOE MHOMECTBO YypABHEHIHil HA3BIBACTCS CHCMEMOIl
ypastenuii. B obumeM ciayyae MOXKHO paccMaTpHBaTh CHCTEMY ' ypas- Puc, 31.
HEHHIl ¢ 1 IepeMEeHHBIMH (HEH3BECTHLIMHE), MPHYEM BO3MOXHBL BCE TPU
caydass m=n, m<n W m>n, Pewenuesm CHCTEMBI YPABHCHMH C n TEPEMCHHBLIMH
HA3LIBAETCS YNOPSAJOYEHHBIN HaGop M3 n wumcend, SBJIAIOUIMICS PEIICHHEM Kaik/10ro
U3 ypaBHEHHH cucTeMbl. PelMTh cucTeMy — 3HAYMT HAlTH Bce ee perieHus.

CcopmypyemM HECKONBKO NMPABHJ Npeobpa3oBalMs CHCTEM YPABHEHMI,
| 1. Ecau 6 cucmeme 3amenump kakoe-aubo u3 ypasnenuii ua emy pagnocuisioe,
| a ocmaavnuie ocmagumy Ges usmenenus, Mo 6HOBb NOAYHENNAS CUCMIEMA PABHOCUABHA
uexoonot.

2. Hyemo f=g u @ = — kakue-nubyds 06a ypagnenus cucmesv. Toz2da ecau
6 cucmeate samenums ypagienue f =g na ypasienue f -+ ¢ =g+ (ono nazvigaemes
cymmolt ypasnenuit f =g u @ =\), a ocmaavnvle ocmasume 6e3 uzmenenus, noay-
UEHHARA CUCMeMa pagHoOCUAbNA UCXOOHOIL,

3. Hycmb cucmesma codepaucum ypagnenue X = ¢, 20e X — HEKOMOpAs nepemen-
Has, a @ — nekomopasn Gyukyus, e 3asucsawyan om x. Tozda ecau 6o 6cex ypas-
HEHUAX cucmemvl, Kpome YpasHeHus X = ¢, 6MeCMo X noOcmasumv @, NoAyyenHas
CUCMeMA PABHOCUALHA UCXOOHOIL,

Ha srtom npaBmie ocHoBaH crnocol peuleHusi CHCTEM, KOTOPBIil HasbiBaeTCs
CNOCO6OM NOOCMAHOBKY WK CNOCoBOM uckaloueHus Heusgecmivlx. OH CBOIUT pElIEHHE
JaHHON CHCTEMBI K PpEIICHHIO CHCTEMBI MEHBILIEr0 WYHCIA YPABHEHMIT C MEHBLINM
YHCJIOM NEPEMEHHBIX (HEH3BECTHBIX).

4. Ecau cucmema codepycum ypaghenue f-g =0, mo ona pacnadaemes na 0ge
cucmenvt, 6 odHoli u3 Komopvix ypasnenue f-g =0 sameneno na f =0, a 6 dpyeoir —
na g=0. Ipu smom Kadncooe pewieHue OAHHOU CUCECMbl SBALEMCA  PUICHUCM
00HOIL U3 NOAYYEHHBIX CUCTEM.

Ecau oce dynkyuu f u g onpedesenvl Ha 00HOM U MOM dice MHOMNCECHEe, MO
Kadicooe pewenue NOAYYeHHbIX CUCMeM ABAAeMCs Pewenues UCX00HOU CUCHEeMb.
B smos cayuae 2o08opam, umo Oannas cucmesmd pagHOCUAbHA COBOKYRHOCMU NOAY-
YeHHBIX CUCMEM.

Ha sTom npasmiie ocHOBaH Crnoco® pelieHus CHCTEM, Ha3bIBAEMBIN cnocobom paz-
A0MCEHUS HA MHOJICUMEAU.
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~ Ipumep . Pemnts cucremy ypapHeHHil
X+ yz =25,
x—y=1
A M3 BTOpOro ypasHenus CHCTEMBI HaXOMUM X = 1 + y M TOACTABISEM 3TO BbI-
paeHNC JUIA X B MepBOe ypasHeHue. B pesynsrate monyunm ypassenue (1 + y)? + y? =
= 25, coniepxalniee TONbKO nepemernyro y. Ilocne mpeo6pasosanuii momysaem KBaJpaT-
Hoe ypaBHeH#e * + y — 12 = 0. OHO uMeeT KOpHH y; = 3 1 y, = —4. Teneps, moncras-
JisAs 3TH 3HAYCHHS UIA y B ypaBHeHHe X = 1 4y, HaxomuMm Xx; =4 u x, = —3. Cre-
[NOBATENEHO, NaHHAsA cHCTeMa mmeeT pewends (4; 3) u (—3; —4). 3amernm, uTo npu
PELICHHH 3TOH CHCTeMB! GbLI HpPMMEHEH METOX IOICTAHOBKH.
Otset: {(4;3) (-3; —4)}. A
ITpumep 2. Pemnts cucTeMy ypaBHEHMi
92— 1 =4x? + 4x,
4x% +y* —3xy=1.

A U3 NepBOTO ypaBHEHMs CHCTEMEI CIenyeT, uTo y* =(2x + 1)%, T.e. y=2x + 1
wm y= —2x — 1. CrefopaTenbHO, DaHHAS CHCTEMA PaBHOCHJIBHA COBOKYNHOCTH CJie-

JIyIOLIMX ABYX CHCTEM:
y=2x+1, y=-2x-—1,
4x2 +y? —3xy=1, | 4x*+y*—=3xy=1

PemnyM cHavana nepeyro cucremy. Ilomcrasus y=2x +1 Bo Bropoe ypaBHexie
CHCTEMBI, TIOJTYMaeM
A2+ (2x+ 12 —3x(2x+1)=1,
224+ x+1=1,

u, HakoHel, X (2x + 1) =0, T.e. x =0 wm x = —1/2. TloxcTaBuB 3T 3Havenns g x
B ypaBHEHHE y = 2X + 1, mojy4yuM COOTBETCTBEHHO y=1 H y=0. Cuefopareisio.
nepsas cucreMa umeer pemennus (0; 1) n (—1/2;5 0).

AnasornuHo pemaercst Bropas cuctema. IToncTasis y = —2x — 1 Bo propoe ypas-
HeHHe, MomydnM, 4to x (2x + 1) =0, T.e. x =0 mwm x = —1/2, CuenoBarensuo, Bx—'opam
cuctema umeer pewennst (0; —1) u (—1/2; 0).

Otser: {(0; 1), (—=1/2; 0), (0; —1)}. A 1

Ipumep 3. Pemnts cucTeMy YpaBHEHHH

X2 —y2 =15,
{ x*—xy+yi=17

A VMHOXKHB IepBOe ypaBHeHHue Ha 7, BTOPOE HA —5 M CIOKMB, mojyumng ypas-

HEHHe
12y* — 2x* — Sxy =0.

Pa31oxHM €ro JIeByO 4acTh Ha ABA COMHOXHTCIIS. Mast sToro peuninyg €ro, Hanpumep,
OTHOCHTEJIBHO ) Kak KBaJpaTHOE ypaBHEHHC:
Sx +]/25x% + 965 _ Sx # 1lx
Ve u
2 1
CrrenopatenbHoO, ) = .T\'\' Wi y = — X
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JaHras cucreMa PaBHOCHJIBHA COBOKYNHOCTH ABYX CHCTEM

xz_yz=5, XZ_),2=5’

£ =0 WL
IR==ats A T

2
Moncrasnss y =3 X B IEPBOC YPABHCHHE, NOyYACM

2

x—ix2=5, x* =95 x= +3.

9
CnepoBatenbno, meppasi cucteMa umeer pemenns (3; 2) m (—3; —2). Amanornuno
MOJIy4yaeM, YTO BTOpPAsi CHCTEMa HMEET pEeLICHHS (4/[/3; = I/l/s) u (—4/|/§ > 1/1/5).
OTseT: {(3; 2), (=3; —2) @N/3: —1//3), (—4/)/3; )/3)}. A

Mpumep 4. Pernts cucreMy ypaBHEHH
{ xVYx=Vx=y/y+8)/»

(1)
x=y+5.

A BBEHEM HOBBIE NEPEMEHHBIC 1 H VU
7
ul=ilix;
{ @)
vi= ]/;

Torga U3 1aHHOI CHCTEMbl OTHOCHTENLHO MEPEMEHHBIX U H U TOIYYMM CHCTEMY ypaB-
HeHuil

W —u=10v’+ 8y,
{ @)

u?=v*+5.

Jlerko suzers, 4ro cucrema ypasuenuii (1), (2) paBHOCHILHA CHCTEME ypaBHe-
Huii (2), (3). CnenoBaTesbHO, uTOOH! HaliTH Bee peluenusi cuctembl (1), HYKHO PeEIATEH
cucremy ypasuenuii (2), (3). Ipuvem, eci (X;; yy; Uy; b)) — HEKOTOPOE peLUEHUE ITOM
CHCTEMBI, TO (X} y;) — peurenue cucremst (1).

Cucremva ypasaenuit (2), (3) umeer cneumanbubli Bua: ypapnenns (3) me comepxkat
nepemennblx x u y. IMosromy cHavana pelaioT cHcremy ypasnenmii (3), a 3arem,
NOACTABME B (2) HailigeHHbIE 3HAYEHHS JUIA 4 M U, PEIIAIOT TOJYYEHHYIO CHCTEMY
YPaBHEHHIT OTHOCHTEILHO MEPEMEHHBIX X, ).

Penv cieremy (3). Jlust atoro 06e 4acTi NepBoro ypaBHEHIs! BO3BEIEM B KBAIpaT:

w? (i — 1% = v* (v + 8)°

—H B NOJYYCHHOM YpaBHeHHH caeiaem 3ameny u® =v” + 5. B pesyasrare mocne
HEKOTOPLIX NPe0Opa3oBannii NONyYHM ypaBHEHHE

3v* + 80 - 80=0.

310 ypapHenMe sBISETCS KBAAPATHLIM oTHOcHTENbHO v2. Tlo (dopmyne juis kopheit
KBA/IPATHOrO ypaBHeHns Haxoanm v? = 4. CiienopatensHo, mo6oe pentenne cnerems (3)
€CTh pellieHHe CHCTeMBbl ypaBHeHnii v =4, u? =9, KOTOpas UMEET HETHIPE PElICHMS:
(3; 2), (3; —2), (—3; 2), (—3; —2). Iposepxkoii ybexnaemecs, 4To cuctema (3) umeer
TOJILKO aBa pemenus (3; 2) u (—3; —2).

Tenepb n3 ypaBHeHwmii (2) HaiiieM COOTBETCTBYIOLINE 3HAMEHNs NEPEMEHHBIX X, V.
IMoncrasus B (2) 3Hauenus u=3, v=2, noayuum x =9, y=4. Tlpu u= —3, v= -2
HOJYYHM CHCTEMY, He uMeromyio pemiennit. Ciaenosarenbio, crcreMa (1) umeer eamn-
CTBEHHOE peleHne x =9, y =4,

OTBeT: {(9; 4)}. A
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TIpHBENEHHOE PEMIERNe CXEMATHYECKH MOXHO H300pasuTh CIEAYIOLIIM obpazom:
{(1); @)= {2 @} ={@; u=3, v=2nm u= -3, v= -2}

<{@:u=3v=2<x=9 y=4u=3 v=2}.

Crioco6, KOTOpBIH NPHMEHSICS NpH pelleHnd cucTeMst (1), HashIBAaeTCA cnocobom

68edeHUs HOBbIX nepesmennbix (Heusgecmnupix). DTOT cnocob 4acTO NPHMEHSETCS NpH

pemernn cucteM. IIpHBENEM ellle OMH NpHMep pElIeHHs CHCTEMBI COCOBOM BBEACHHS

HOBBIX IIEPEMEHHBIX.
Ilpumep 5 PemwuTs cHCTeMy ypaBHeHuii

{ X+y—xy=1,
X Yy —3,

A TlpeoGpasopaB BTOPOE ypaBHeHMe CHCTeME! K BILY
(X + ) = 3xy =3,

BHAMM, 4TO YAOGHO BBECTH HOBBHIEC Iepemen;
5 1bIE U = ) U =X u, v MOJYHH)
cHcTEMy YpaBHEHHI Xty v =y Jd 4, 0 s
U—w=1[,
u? —3p =3

BhIpasuB u K3 NEPBOTO YPaBHEHis
1 10/1CTS S CBAIID: >
ypaprexte ACTABMB BO BTOpOE, NMOJYMHM KBAAPaTHOE
¥ v2 —fpen= 0
KOPHAMH KOTOPOTO SIBISIOTCS HHCHA b, =
M g =3 1 u; =0.
M3 npeniayliero CHCAYET, MTO jampag
C/eyIOMHX /IBYX CHCTEM:
(X y=
n JX+y=0,

{3
Xy =2 | e

Tepaas cucreMda UMEET 2Ba pewenns (1; 2) (2: 1), b e fer TRIC.
npa pewenns (1; —1) 1 (=15 1), 2; 1). Bropas cucTema HMEET Taxue

OrseT: {(1; 2, 25 1), (1; ~1), (~1: .

2, o
<My = —1, M3 ypasnennsi u = v+ 1 Haxo-
CHCTEMa paBHOCHIBHA COBOKYITHOCTH

3,

]

]

A
3. Cuey i
§ HCTEMBY JTHHe iy YpaBHenuii

PaccMOTpHM CHCTEMY MBYX IiHefifyx
THEX Ypasenyii o JBYMSI TIePEMEHHBIMIL:

{ GX+ by o
) o
drX + ],2‘. = (1
Ecxi Bee *icna di, by, ¢y, ay, by, ¢2 pasmy;
peinernem JaHHON cHCTeMbl. Ecnn e a, E
U3 wncea ¢, WIH €3 OTIHYHO OT Hyqg -
- Y8, 10 o N
PaccMoTpuM CIydail, KOTa Xors gy, oxucrg,\m He HMeer HM OAHOTO PELICHM,

Y10, To mobag napa qHceT ABSCTCH
L+ @ b, papup mymo, a XOTd Obl OIHO

HYJIS. nycrb, HanpuMep, da, #*0, AHO 13 ucen a,, ds. by« b, OTIMYHO OT
Torna cucrema (1) paBHOCHILHG CHeTey
Me
!
X + —’i y =.C1
dy a, » (:)

QXS by o
- 2

I



IIpubaBuB kKO BTOPOMY YpaBHEHMIO IIEPBOC YpABHEHHE, YMHOXKEHHOE HA —dj,
TOTyYHM

b (e
by—t—a =c;, — —a. 3)
( 2 & 2 1Y 2 a, 2
by
CrnenosaTensHo, ecimu by — o # 0, T.e. ajh, — azb; # 0, TO
1
_ G50 — axCy @)
ayb; — azby
TloncTaBuB 3TO 3HAaYeHHE y B IEPBOE yPAaBHEHHE CHCTEMBI (2), HAXOMUM
_ c1by — caby 5)
arb, — azby

Taxum o6pasom, ecin ayb, — azb; # 0, To cuctema (2), a Tawke n cuctema (1),
MMEET eIMHCTBEHHOE DEIIeHHe, KOTopoe onpexensercss no dopmyram (4), (5).

Ilycts Teneps ab, — asby = 0. Torma ecim ayc, — ax¢y # 0, TO ypasHenne (3),
a Takke cuctema (1), He wMeer pewenuit. Ecu ke ayc; — @p¢; = 0, To yobas mapa
qucen (x; y), roe

S — i = .b_l ¥y, Jye€ R,
a4

ABJIAETCS peuieHneM cuctemst (1). g

Taxum obpasom, ecnu ab, — a,by =0, To cucrema (1) ymbo HE HMEET pPELICHHH,
JH60 HMeeT GeCKOHEYHOe MHOKECTBO PEIUEHHII.

b o
IlycTs, mo-npexHemy, a; # 0 u b, — —a, = 0. O6o3HaunM a,/a; = k, Torna a, =
a

b
= ka, u u3 ycnosust b, — —- g, = 0 cnenyer, uto b, = kb;. B aTom ciyyae cuctema (1)
a
HMEET BH
ax + byy=c¢y,
kayx + kbyy = c;.

OTa cucreMa MMeeT pellieHHe TOrja M TOJBKO TOrAd, KOrma ¢ = kcy.

Takum obpazom, ecim a, #0, a a;b, —asb; =0, To cucrema uMeeT pemienue
TOrAa M TOJNbKO TOTAA, KOTJA BTOPOE YPABHEHHE IOJIy4AeTcsi M3 MEPBOrO MOYJIEHHBIM
YMHOXKEHHEM Ha qHclo k = ay/a,.

Benue npeanosnaraiocs, 4to ay # 0. Ecim sxe, nanpumep, b, # 0, To, momeHsB
MECTAMH yPaBHEHHsI H IepeMeHHbIe B 060MX ypABHEHUSX, IPUIAEM K YXK€ pa3obpaHHOMY
cIydaro.

IIpu HaXOXHEHHH peIueHui CHCTEM B ciyyae, Korga aib, — axb; #0, moxHO
nonb3osathes Gopmynamu (4), (5), a MoXHO NPOBOAMTHL Bce Npeobpa3oBaHMsA, KOTO-
pBIe MBI Jenanu npu BeiBose dopmyn (4), (5).

Mpumep 1. Pemnurh cucreMy ypaBHeHHMi

2x + 3y =11,
3x +2y=09.

2
A Bropoe ypaBHeHHe YMHOXHM Ha 7 U BBITEM MOWICHHO 3 NEPBOrO. B pe-

5
SYJLTATE NONYIHM —-y = 5, T.e. y = 3. IloncTaBuB 3TO 3HA4ECHHE ) B NEPBOE YpABHEHHE

3a0aHHOM CHCTEMBI, mOJAy4uM X = 1,
Ortset: {(1; 3)}. a



IIpumep 2. Pemmrh CHCTEMY ypaBHEHHI

Ix— y=1,
12x — 4y =4.

A JlaHHas CHCTEMa PAaBHOCHJIbHA OJHOMY YpaBHEHMIO 3x — y = 1, Tak KaKk BTOpoe
YpaBHEHHE TOJYYaeTCs M3 3TOr0 MOYIEHHBIM yMHOXeHHeM Ha 4. ClienoBaTenbHO, eif
YAOBJETBOPSAET Mk00ast napa YuceN X, y = 3x — 1, 1 ApyruX peleHHil CHCTEMA HE HMEET.

OtBeT: {(x; 3x — 1), xeR}. A

Ilpumep 3. Pemnth crcreMy ypasHeHuit

x+ y=3,
2x + 2y =8.

A Hu ofa napa uncen He y[OBIETBOpseT 3TOH CHCTeMe ypaBHeHMi. [leficTBu-
TEJILHO, €CIIM IEPBOE YPABHEHHE MOYJIEHHO YMHOXHTh HAa 2 H BBIYECTh H3 BTOpOTO,
TO mony4HM ypasHenne 0 = 2, KOTOpOE, OYeBHHO, HE HMEET PElICHHH.

Orteert: CHCTeMa He HMEET pelleHHH., A

ITpumep 4. Ilpn xakux 3HaYeHHsX NApaMeTpa a CHCTeMa JBYX ypaBHEHHil

{ (a+1)x + 8y =4a,

ax+(a+3)y=3a-1 ©

HMeeT 0ECKOHEYHOE MHOXECTBO pelleHHii?
A PasmenuM mepBoe ypaBHeHHE Ha §:

a+1 a
T.\ o y= ‘i' (7)
U3 BTOpOro ypasHeHus cucteMs! (6) BbrTeMm ypaBHenue (7), YMHOXEHHOe HA 4 + 3:
3
(a_%L))_\.:&,_,_‘_"(GH), (8)

OuesnzHoO, 4TO NpH JiI060oM a cncreMa ypasaennit (7), (8) paBHOCHIbHA JIAHHOI.
CrenosatensHo, ecii B ypasHennd (8) xoadduuuesT npu x He pasBeH HYJIO, T.e. cCiil
(a+1)(@+3) ,
(D st 0,

§

To cucrema (6) Gyner umerh eamHCTBeHHOE pemenue. ITostomy cuerema (6) Mower
" (@a+1)(a+3)
HMeETH GECKOHEMHOe MHOXECTBO PELICHMIl TONBKO TOTAQ, KOrAa @ — ———o——— =0,

T.€. KOrjaa
a*—4da+3=0.

DT0 KBANPATHOE ypaBHEHHE HMEET KOpHH a=3 u a= L.
Ipu a=3 u3 (6) monyyaeM CHCTEMY
4x + 8y =12,
{ 3x + 6y =38,
KOTOpAsl, OYEBH/IHO, HE HMEET HH OJHOrO PEIICHHS.
Ipu a=1 3 (6) momyyaem cuCTEMY
2x + 8y =4,
{ x+4y=2,
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PABHOCWILHYIO OJHOMY YpaBHEHHIO X + 4y =2. Peuenuem 9TOro ypaBHeHus Gymer
mobas mapa umcen (2 — 4y; y), rae yeR. Cregosatensno, cuctema (6) mmveer Geexo-
HEYHOE MHOXXECTBO PEIICHHH TOJLKO IpH a = 1.

OTBeT: a=1. A

JIMHEHHEIM ypaBHEHHEM C N NEPEMEHHBIMH X1, X3, ..., X, HA3bIBAETCS YDABHEHUE
BHIa

ayXy + Xy + ...+ ax, = b, ©)

A€ ay, a5, ..., a, b — Hekoropeie uncna. Ecam Bee wmena ay, ..., &, b paBsi aymo,
TO mo6oit HaGop n umcen ABISETCH PELICHHEM 3TOI0 YPABHEHHS. Ecmir xe Bee eI
4y, ..., @, PaBHBI HYJIO, a b 3 0, To ypasHenue (9) He UMEET PELICHMIA. B nanpeeiimem
6ynem: mpennonarath, YTo He BCe KOIDPHUMEHTHI dj, ..., , PABHBI HYIIO,

Ilpu HaXOXAEHHH pPEUICHHMIT CHCTEMbI M JMHEHHBIX YPABHEHHH C /1 HEPEMEHHLIMU
YAO6HO monb3oBaThes Memodom Iaycca. DTOT MeToi SBISCTCA HACTHBLIM CIIyaeM
METOla HMCKJIFOYEHHS NMEPEMEHHBIX M COCTOHT B TOM, 4TO PaBHOCHIBLHLIMH [PEOLPASO-
BAHHSMH JAHHYIO CHCTEMY TPHBOJST K TAK HA3BIBAGMOIl mpeyoasHoil (iopae.

IIpumep 5. Peumrs cucreMy ypaBHeHHil

2x + y+3z=13,

X+y+ z=6,
Ix+y+ z=8.
A TIpuGaBuB NOWIEHHO K NEPBOMY YPABHEHHIO BTOPOE, YMHOKeHHOEe Ha —2,
MOJTY4HM
—y+z=1lmmy—z=-1
Manee, k Tpethemy ypaBHeHMIO CHCTeMB! NpHOABHM BTOPOE, YMHOKEHHOE Ha —3,
noJyquMm ypaprieane —2y — 2z = —10. Haxonen, npudasis K 9TOMY YPABHCHIIO ypaB-
HEHHE y — z = — |, yMHOKEHHOe Ha 2, moiydum —4z = —12, T.e. z =
B pesyinrate npeoGpazopanuii mogyuman crcTeMy ypaBHEHIil
x+y+z= 6
y—z=—1,
2= B

KOTOpasi, OMCBHIHO, PABHOCHIILHA AAHHOIL.

CHeTeMBI TAKOro BHJAA HAZBIBAKOTCS mpeyeoavpiau. Ouu Jerko pemtarores. [eii-
CTBUTEJILHO, W3 TPETLErO, BTOPOrO M I11EPBOIO YPAaBHCHMIl MOCIEAOBATENBHO HAXO
z2=3, y=z—-1=2, X=06—y—z=1.

OTset: {(1; 2; 3)}. A

Peweniie cucrembl JmueiinbX ypaBHenui NPHMBEIEHHEM K TPeYroabEoil gopve
HaspiBaeTCs memodoar Iaycea.

ITpumep 6. Pemutsh cucremy ypaBHeHmii

X+ X+ x3+x4=1,
Xy 4 X3 — X3 =2,
Xz + X3 =0
A DTy cHCTeMY Tpex ypaBHEHHI C YETHIPbMS MEPEeMEHHLIMH PEHIHM METONOM
Taycca.
Berunrast M3 BTOPOro ypaBHEHHsI CHCTEMEI TIEPBOE, MOJIyHaeM
1

1
—2x3 — Xz =1, X3 —=Xg = — ==
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PaccMoTpiM cHCTeMy ypaBHEHHIT
X +X,+x3+ xg=1,

Xz + X3 =0,
1
X3+TX4=——

O7a CHCTEMA TPEYroJibHOH (JOpMBEI PaBHOCHIIbHA IaHHOM. CHHTasi X, IPOM3BOJLHBIM,

[I0CNIC/I0BATENLHO HAXOMHM
1 1

X3 = ——— —X ==
3 2 2A4y X2 3

Crenosatenbio, mo6oit  ynopsaoueHHbli HAGOp M3 wermipex umCeaq  BHIA

o —

+5X Xp=1—x,

2.2 2
YPaBHEHHH, W JpYruxX pelieHui 3Ta cHCTEMA HE HMeer.
iyl 1 1
OrtserT: {(l—t; 7—!—71, -5 5l r). rew} A

Ilpumep 7. Pemuth cHCTEMY YpaBHEHH]
X+ Xp— X3— Xg=1,

1 1 1 1
(l—t: S t5L -5 -5t e teR, sABaseTCs pelieHHeM AAHHON CHCTEMbI

Xy 4 2% +3x3 — x; =2,

3xy 4+ 5x2 + 5x3 — 3x, = 6.

A Berinras u3 BTOPOro ypaBHEHUS CHCTEMBI NEPBOE, MOJIydaen ypaBHEeHIE
X +dx3 =1,

IIMCC, BBIMATAS H3 TPETHEr0 YPABHCHIA CHCTEMBL IIEPBOC, YMHOKEHHOE Ha 3, 1101y 1deM

2%, + 8x3 =3, X, +4x; =372,

HaxoHew, BBMHTAS M3 [MOC/ACIHErO YPABHCHUS YPABHEHHE X, + dx; = 1, moJyuaes
ypasrenue 0 = 1/2, KOTOpOE, OMEBIIAHO, HE UMCCT DPELLICHIL,

CriefioBaTebHO, JaHHAS CHCTEMA HE HMECT pelienii.

Otset: CicreMa HECOBMECTHA. A

W3 npuBefeHHBIX NPHMEPOB CICAYET, MTO CHCTEMA JHHEHHLIX ypaBHEeHIil MOXKET
HMETh OJIHO pelleHne (CM. HpHMep 5), GeckoHewHoe MHOKECTRO perenuii (cMm. I1pH-
Mep 6) Il MOXET He HMCTh HII OJIHOTO PELIeHIs (CM. mpiyiep 7).

: § 4. 3agaun na cocTaBJenne ypasmenmii

Mpumep 1. Ha ofpaGoTky OAHON jetann nepwbiii paGoumii sarpauupaer Ha
6 MuHyT Membine, yem BTOpOif. Cxoubko Jeraseil oGpaGathipaer kasanii 13 HHX
3a 7 4acos, ec/1 nepsbIii 00pAGATLIBACT 32 OTO BpeMst Ha § Aeraneil Goabiie APyroro?
A Obosuaumv Huepe3 N KOAMMECTBO JeTaneli, KoTopoe ofpaGarmisact nepubiii
,pabounii 3a 7 wacos. Toria oy JACTAIbL OH t’fjpilﬁumnacr sa 7/n. wacos. Bropoii
paGounii 3a 7 4acoB oGpabATHIBACT 1 — 8 JeTAlCl, CreA0BATENBHO, MY ACTATh OF

o6pabarsiBaer 3a 7/(n — 8) 4acos. :
Tak kak Ha 00pabOTKY OAHOM ACTAJM HEPBLli pabounii 3aTpaynsaer Ha O MIH.

MEHBIIIE, TO
7 7 1

G ST
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Pemnv 510 ypaBHeHue.

IMocyie ymHOXeHHs obenx wacteil ypasHeHns Ha n(n — 8) M NPUBEAEHHS MOAOOHBIX
HJICHOB I1OJIyMaeM KBAJPATHOE YpaBHEHieE

n* — 8n — 560 = 0.
Haiinem KOpHM 3TOrO ypaBHEHHs:
n=4+/16 + 560 =4 + 24,

Venopuio 3azaqn  yAOBICTBOPSIOT TOJIBKO MOJIOKHTEIbHbIC 3HAYCHHS 1N, IMOITOMY
n=28. CrenoBaTenbHo, nepssiii paGouuii obpabarsBaer 28 neraneii, Bropoit ma 8
Menbme, T.e. 20 perasneii,

OTtBerT: 28 u 20 jgeraneii. A

Ipumep 2. B cocyte 6bumo 10 mutpos cossisoll Kucaorsl YacTk COJNSHOM
KHCJIOTBI OTIHMJINM 1 COCYA AONOJHIIE TAKHM JKe KOJIHUYCCTBOM BOABL 3aTeM CHOBA
OTIIM/IM TAKOE JKe KOJMYCCTBO CMECH M JOMNOJHHIIL COCYA TAKMM K€ KOJHYECTBOM
BoAbl. CKOJIBKO JINTPOB OT/IMBAIM KaskAblil pa3s, eciim B pe3yibTaTe B COCy/e OKasaics
64 %-ii pacTBOp COJsIHOI KHCIOTDLI?

A OGosnaunm ¥epes X JIMTPOB KOJINMECTBO COJISIHON KHMCIIOTBI, KOTOPOE OTJIMIIH
nepseiii pas. INocae nepsoro ormpanmg u goGapienns Boabl B cMecu crano 10 —x
JHTPOB COJISHON KHCAOTHI 1 X AnTpos BoAb. CileloBaTe/bHO, B KOKAOM JIKTPE CMECH

10 —:
COACPKHTCS ’10\ JHTPpa KHCIOThL

ITocne ommisanis X AuTpos cmecH B cocyae ocraercs 10 — X JHTPOB CMecH,
B KOTOPOIil coaepiurest

A 10-x (10— x?
i T ek T
JIMTPOB COJSIHON KHCIOTI,

Tlocie nonnBanus x AUTPOB BOAL! B cocye okasbisaercs 10 JANTPOB CMECH, U3 HHUX
(10 — x)? . o8
o WTpoB coasoi KHCAOTEL [IPOLEHTHOE COJMEPIKAHNE COJITHOM  KHCIIOTBI

PaBHO

W0-x*
10,10 100 %,

C apyroii cToponbl, o yeaosimio 3aaadn 510 cojepkanune pasHo 64 % . Ilostomy mist
X HOJyHaeM ypasHenue

(10 — x)* = 64,

H3 KOTOPOIO CACAYET, ¥TO X = 2
OrTBeT: 2 nurpa. A

[Tpumep 3. Ecau asysnaunoe Yucio paszfennTh Ha npouspeaeHue ero uudp, To
B MACTHOM nosyunred |, a 8 ocrarke 16. Ecian ke k KBajpary pasHOCTH UU(P 3TOro
qHeaa npudapHTL NpousBeieHue ero mudp, TO MOJIYYHTCA 3ajanHoe yuciao. Haltu ato
HHCI0.

A OBGo3naunM nepsyio Hudpy HCKOMOro ABY3HAYHOIO HNCIA YEpe3 d, a BTOPYIO
mdpy uepes b. Torma nckomoe asysuaunoe umucno pasHo 10a 4+ b.
W3 nepsoro ycrioBus 3aiauu CleAyer ypaBHeHue

10a + b = ab + 16, (1)
a U3 BTOPOrO — ypaBHeHue
10a 4+ b = (a — b)* + ab.
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B pesynptate ans a u b momyswin cucteMy ypasHenuit (1), (2). Jlesmie wacTH
o ypasiennax (1), (2) paBHBl, CNEJOBATENBHO, DAaBHEI H TpaBke, T.e. ab+16=
= (¢ — b)* + ab. U3 atoro ypasmerus cnemyer, uto (a —b)? =16, T.e. a—b = t4.

PaccMoTpuM ciysaii, koraa a — b = 4. Tloncrasus a = b + 4 B ypasHense (1), mocne
1peo6pasoBanuii MOJTyYnM KBAaAPATHOE YDABHEHHE

b*—7b —24=0.
I[To opMyne KOpHEH KBaAPaTHOTO YPABHEHUS HMEEM

po TRV 196 _ 14145
2 ¥ ) :

Tax Kak b — nenoe MHCIO, TO B 3TOM CIydde 3ajaya HE HMEET DPeIIeHHIL.
PaccvoTtpum BTOpO# ciyyail, xoraa a —b = —4, T.e. a=b — 4. IlogcraBus 3TO
BHIpEsKEHHE JUI1 a B ypasHenue (1), monyunm KsaipaTHOe ypaBHEHHE

b* —15b + 56 = 0.

Pemas sto ypaBHeHue, Haxoaum by =7 u b, =8. U3 dopmynsl a =b — 4 HaxomuMm
=3 na=4

Orser: 37 u 48.

Mpumep 4. [Isa cnoprcmMeHa OeraroT No OAHOI 3aMKHYTOH JOPOXKE CTaaHOHA.
CKopoCTh KaXKIOro IOCTOSHHA, M HA IpoGer Beell JOPOKKH OAMH TPATHT HA 5 CeKYHI
Menbine apyroro, Ecim onm maumpaioT npober c¢ obmero cTtapTa OAHOBPEMEHHO W
B O{HOM HAMpaBJEHHH, TO OKaXyTcsi psutom uepes 30 cexynn. Yepes kakoe Bpem:
OHH BCTPETATCS, €CIM TOOEryT ONHOBPEMEHHO ¢ oOuIei JMHHH CTapTa B NPOTHBO-
TMONOXKHBIX HANPABIEHHX ?

A Tlyets vy, v; — CKOPOCTH CHOPTCMEHOB. [1/Isi ONPEAENEHHOCTH MOJMOKHM Uy > U'y.
OGo3nayum uepes S AHHY 3aMKHYTOIl 10pokkH cramuona. Toraa mepsblii copTemen
npoGeraer ee 3a S/v; cekyHa, a Bropoii —3a S/v;. Tak Kak INepBblii CIOPTCMCH
3aTpaunBaeT Ha 5 ¢ Gojblue, TO MONYYAEM YPaBHEHHE

) = (3)

L o)

Uy vy
3a 30 cexyna cnopremens! npoberaior paccrosmis coorserctsenno 30v; u 30z, Ecin
omn Geryr B OAHOM HANPABJEHIH, TO B MOMEHT HX BCTPEuH BTOPO MPOGEKXHT Ha
ONHH Kpyr Gomblue, T.e.
8§ =30(v2 = v1). @)
Momysmm cucremy Asyx ypasnenmii (3), (4) ¢ Tpems NEPEMEHHBIMI vy, Uz, S.
Pasnenus o6e wacrtu ypasnenus (4) ma 308, nomytinm

O = e 10y ;
ol U1 e )

Beenem oGo3Havenus p; = vy/S u p, = v5/S. Toraa u3 ypassenuit (3), (5) ana py
1 p, MOIYYHM CHCTEMY

- = =3,
r P2 6)
P2— P 30
W3 BTOPOro YPABHCHUS HAXOAHM
1
P2=P1+ 35+ )
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IToncraBuB 2TO BHIPAXEHHE B MEpBOE YpaBHEHHE CHCTEMBI (6), MONYYMM KBajapar-
HOE ypaBHEHHE

150p7 + 5p; — 1 =0.

—5+)/254600 _ 5425 1

Zis 300 ~ T30 15
(3meck mepen KOpHEM B3ST TONBKO 3HAK +, TAK KaK [O YCIOBMIO 3afauu py > 0).
IToxncTaBus 510 3Hauenue p; B (7), monyunm p, = 1/10. 3Hasi p; ¥ P, JErKO OTBETHTH
Ha BOMNPOC, MOCTaBJICHHBIN B 3ajaye: uepe3 Kakoe BPEMsi COPTCMEHbI BCTPETATCS, €CIH
HOGEryT OMHOBPEMEHHO C OOLueH JMHMM CTapTa B NPOTHUBONOJIOXKHBIX HANPABJICHHSX.
HefCTBUTEIEHO, 5TO BPEMs PABHO

N B, sl gfl 30
U1+Uz_ﬂ_+v_z—Px+P2 nly
S S 158 10

CrnepoBaTenbHO,

CrnenosaTensHO, IICKOMOE BpeMs PaBHO 6 CeKyHIaM.

OTtBeT: 6¢C. A

3aMeTuM, MTO p; M p, — 3TO BEAMYHHBI CKOpOCTell CIIOPTCMEHOB B Cllydae, ecin
33 CAMHHLY JUIMHBI NPHHSTH MJHHY 3aMKHYTOH MOPOXKKH CTaIHOHA.

— e e A NAYM PAZAEJIA 1 =
Pennite ypasuenns (1—35):

e = v J——— — 6
1 e 201 ,;\“"1_ 2 1/9-5x=)3—x+ ———
x+2  x+1 xT¥3x+2 V/3i—x
* - = .2 dx 9
3. 4)x+2=|x+1|+4 4 =3 iR el )

x* +4x+9 x-3
5. 2% 4+ 3x - 5)/2xT 4 3x + 9 +3 =0,

Pewrs, crerems anueiinsx ypasuennii Merogom Iaycea (6—8):

6. X+2y+4+3z=8, 7. X+2p—3z=1, 8. Xy Xo 4 Xztxg=1,
Ix+ y+ z=6, 2x + 3y —62=0, 2x) — 33Xy + X3 —x3=2,
x4 y+2z=6. 3+ 3y —52=0, 4x, — X3+ 3x3+xy=4.

X+ y+ z=

Pewmrn cncremit ypasuwennii (9— 13):

9. ( P27 —2xp =5 10. ( 2x2 43y  —dxy=3, 1L 3xy—x?—y*=5,
L 2y =1 { &2 — =1 Ix?y? — x* — y* = 155,
12. y_\._\.,,._._g_\.H :=0, 1. (27— p-13 L=
1 xz =z 43x =3y =0, 3 ;
X} —xz4+4y+2z=0, 3x%z —Axy + — =0,

14, Haiitu Bce 3nayenus napaMeTpa ¢, NpH KOTOPLIX CHCTEMa
—dx +cy=1+c¢,
{ 6+c)x+2y=3+c¢c
HE HMEET HM OHOIO pEelleHHs.
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15. Brons pexu pacrnonoxens! nyHkTsl 4, B, C (B mexay A u C). Katep npomen paccrosi-
uie or A o C 3a 7 vacos. Ha xaknom u3 yuactkoB 4B m BC ero cobcTBeHHas CKOpPOCTE

1
(ckopOCTL OTHOCHTENBHO BOMBI) GbuTa MOCTOsHHA, MpHYeM Ha ydacTke BC B 17 pasa MeHBbLIE,
uem Ha yvactke AB. O6patselii nyts or C a0 A xatep mpomen 3a 8 4acos, H Ha BCEM NYTH
1
ero cobeTsenHas ckopocts Gbina B 1? pasa Gomblie, eM mpu ABmkennH u3 A B B. Eciu 650

Ha ofpaTHOM myTH cOBCTBEHHAs CKOPOCTH KaTepa Oblia TAKOW XKe, KaK M OPH ABIKEHHH H3 A
B B, To yyacTok oT B 10 A on mpomen 65t 32 6 wacos. CKONbKO BpemeHH Karep wen OT B
Ao C? (CropocTh TeYeHHS PEKH IOCTOSHHA.)

3AJAYU PASAENA IT ——e I .
Pewnts ypaBHenus (1—11):
x—1 1 2+ 3x 2t—1  4r+3
1.1+ +—=—" 2.2+ = AL e
x+2 x x(x+2) D) 2t +1
2y+1 y+1 Sy+4 24
3. = . 4, 22+ ——=18.
y=1 2+l (-D@y+1 e x% + 4x

S3x—)Bx+i+1=0 6 x—)x+3=1 7 )E-2(x+Vx=2
8. )/x—1+)/x—2)/x—1=1 9 2x+3—)/xT—2x—-3=0.
10. /37 + 1+ /x> +3=]/6x> + 10. 11, |x® +3x + 2|+ 4x +10=0.

12. Ipu Kaxix 3HaueHuax napaMeTpa a ypasHenus x* 4 5x +a=0 u x? +2ax +a* —4a+
+ 25 = 0 umeioT AcHCTBUTENbHEIE KOPHH?

PelunTh cHCTEMbI ypaBHeHH#t meTomom aycca (13—18):
13, ,5x+ y— 72=0, 14, x+3y+22=1, 15 Xy — Xg—X3+xg=1,

5x - 2z=3, 2x+4y+ z=1, X+ 2%+ X3 — X4 =3,
3x— y+ 22=3 dx+6y— z=1, 3x; — X3+ X =5.
Ix+2y—10z= -3, Ix+Ty+3z=2.
16, ((7x+2y—4z=19, 17, Xy — X3 — X3 =-3,
{5x+3y—3z=15. 5xy — X3 + X3 —2x4 =3,
Sx =3y +3z=15 8xy —x;—x3— x4=1,
Txy — Xa=3.
18, (X, +X2+ X3+Xg=1,
{.\'l+xz+2x,+.\'4=3.

Pewnrs cucteMbl ypasHenuit (19 —30):
xP+yP=41, 20. (x*+xp=28 2L (x2—xy=6, 22 (2x+ y=3x?
P +xy=—12 { xy+yi=4 { X +2y=3y%

x—xp*=1, 24.{2.\'2+‘\'1+3.\'_\'=12, 25.{.\"—xy +y =1,

4 25 4
(.\'+y)z—%y2=7. x* 4+ x?y* + y* =133
2(x—=1|+3y+2|=17,

a4 by Vx—y+ x+y_10
6 vy X+ y x—y 3’
8

2x+y=T

=5 Xy —2x —2y=2.
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LR —

2. ( y)/y+Vr=5)/x-x|/x 30 T FES I
=S i e
X+ y=12.

31. CxobKO EHCTBUTENLHBIX PELUeHIil HMEeT CHeTeMa ypaBHeHHi

x| +lpyl=1
{ X2 +yi=a
B 3aBHCHMOCTH OT napamerpa a?
32, Onpcne.!m'n,. 1IpH KakHX 3HAUCHIX napaMerpa a cucremMa ypaBHc}mﬁ
X+ 32 =2(1 +a),
{ x+p2=

HMEET B TOMHOCTH JBA PCIICHMS.
Pewnts cuctesmnl ypasnenmii (33 —38):

33. Xy—xz+3y+62=0, 34.

35 ( p2—xy+x? =23
y — +4dx —dz =0, xP—xz4z22= yz_
':y —zt—2x— yp=0. 2P =4y
36. xy = 35x + 6y — 4z 37 Y422 =x*+2yz — 2,
y2=3x 4 Sp—=z, 224 x> =y*+2zx -3,
+dy 42z

x* + y? = Szy — 5zx + 2xy = 6.

39, Ecaut ABysHAYHOC 9HCA0 PAasieanTh HA NpoH3BeicHie ero WMdp, TO B MACTHOM IOJY-
wpTest 3, 4 B ociarke 9. Fein Ke N3 KBAAPATA CYMMBI HI(p 9TOrO HHCHA BLIMECTh IPOM3BE-
Jenue ero undip, o nolyuures jganioe uucgo. Haitri aro wmcno,

40. Mneetcs anpa pactsopa HOBAPEHHOl comn pasuoii kounentpaunu, Ecim ciurh BMmecte
100 r nepvoro pucrsopa w 200 r sroporo, 1o noayunres 50 %-ii pacrsop. Ecan ke cante 300 r

nepsoro pacrpopa 1 200 r sroporo, To noaysaercs 42 %-i PACTBOP. ONpEACIIITS KOHIEHTPALIH
AQHHBIX pacTRopob

41, O1 JByx EYCKOD CIUIABA © PASANMHLIM OPOUCHTHBIM COAEPKAHUEM MEH, BECALIMX
COOTBETCTREHIIO 11 KU 1 11 Kr, GLUIO OTPE3aHo 1O KYCKY PAaBHOro Beca. Kanablif M3 OTpPE3aHHBIX
KYCKOB Ol

71 CHOABICH ¢ OCTATEOM APYroro KyCkd, nocjie 4Yero NpONUEHTHOE COACPKAHME MEMN
B 00OHX ©
42. bacceiin, ®

IBAX CTAI0 OANHAKOBLIM, CKOJALKO BECWI KAKAbIE U3 OTPE3AHHBIX KYCKOB?
RKOTOPOMY noABeAcHsl ase TpyOsl, uepes mepsyio TpyOy HANoJIHAETCA HA
S wacos ObicTpee, uem uepes propyio. Ecan chauaud oTkpeiTh BTOpyto TpyGy, a uepes 8 uacos
OTKPHITL M nepnyio, 1o Gacceitn Gyaer wanonses 3a 18 wacos. Kaxosa emkocth Gacceitna
H CKOJIBKO BO/BI BTCKACT vepes Kawayio tpyly 3a 1 ‘mc. €CaM 34 5 vacoB 4epe3 mepByio TpyOy
# 3@ 4 Maca wepe’ BTOPYIO NPoXoinT B cymme 20 mM® pomn?
43, Bacceitin HanoIHaIcH HECKOMLKIMI HACOCAMY OJIMHAKOBON NpPON3BOIUTENLHOCTH, KOTO-
phiC BKIIOHATICH OHH 33 APYTHM UepPe3 PaBHLIC NPOMEKYTKH BpeMeHH. K MOMEHTY BK/IIOHEHHS
noceAnero nacoca Ouuia sanoanesa 1/6 vwacth, Gacceitna. B Apyroil pas npH HANOIHEHMM 9TOro

Bacceitta MPONIBOMITENLHOCTE KAKAOTO HAcoca Ouuta yMmenbiuena na 109%, a NTPOMEKYTKH MEXKILy

BRTIOUEHIAME OcTannch npexunmu. Kakyio wacth Gaccelfia HANOJHAT HACOCHL B 3TOT pa3s 3a
NePBYIO TOJIOBHHY BCEro BpeMeHH padorhi?

44. OamoTunuse Aetann obpabaTelBalorcs Ha ABYX cramkax. [1pou3BOAMTENLHOCTH TEPBOrO
crapka na 407 Goubwie npoussoauTeabHocTy Broporo. Croapko Aeraneii 6uui0 oBpaborano
33 CMOHY KaILIM CTAHKOM, eciiy nepsbiii pabotan B o1y cmeny 6 uacos, @ BTOpoif — 7 4acos,
npuieM BmecTe oy obpaGoranu 616 aeraneii?

45. JIpym pabounm OLUIO NOPYHEHO M3rOTOBMTH MAPTHIO ONMHAKOBHIX AeTaneii. Ilocne Toro
KaK nepBbiil npopaboTan 7 €acos M BTOPOIl 4 waca, OKA3ANOCH, YTO OHW BBIMOMHWIH 5/9 Beeil
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paboter. ITpopaGoTas cosmectHo eme 4 waca, OHH YCTAHOBWIH, 4TO WM OCTAeTCs BBIOJHHTH
1/18 Bceit paboThl. 3a CKOMBKO HACOB KaXAbIi H3 pabounx, paboTas OT/eibHO, MOr GBI BBIION-
HHUTb BCIo paboty?

46. [lge Gpuraibl KOJIXO3HHKOB JIOJDKHBI GhUIM 3aKOHYMTH YGOpPKY ypoxkas 3a 12 mueit. ITocne
8 mueii cosmecTHOI paboTsl mepsas Gpuraga moaywmia Apyroe 3ajaHue, MOITOMY BTOpas 3a-
KOHYIIA OCTABUIYIOCH YacTh paBorsl 3a 7 ameil. 3a ckompko AHed morna 6br y6paTs yposxail
kaxaas Gpurana, paboras oracnsio?

47. Jlpe opranu3anuys npHOGpEN HEKOTOPOE KOJHYECTBO PAasHBIX TYPHCTHYCCKHX NyTEBOK,
nepsas — na 300 pyGueit, BTopas — na 270 py6ueii. Bropas opranmsamms kymuna Ha 5 MyTEBOK
MeHbIIe, HO 3aIJATIUIA 33 Ka)aylo nyTeBky Ha 3 pybns Gombme. CKOMBKO NyTeBOK Kymuia
Kak/1as OpraHm3auns?

48. OBM nomkua penmth e 3axawn. Ilepsas cocTouT u3 9 MHMIHOHOB onepauuii Tina A
it 16 munmonos onepaumii Tuna B u tpebyer 11 munyT 40 CeKyHJ MAIUMHHOrO BpEMEHH.
Bropas 3anatia conepxur pasoe Goibuie onepauuii THNa A K BABOE MeHblue onepamuii THna B,
Ha ee pemieHne MaumHa TpatHT 13 MunyT 20 cexyna. CKOJbKO onepammii Kakaoro THIA MOXET
BbIMONHNTE OBM B cexynuy?

49, Tlaccaxup MeTpo CIyCKAeTCs BHH3 MO JBIKYWIEMyCss 3ckanatopy 3a 24 c. Ecmi
NACCAKMP WAET C TOii e CKOPOCTBIO, HO 10 HENOIBIKHOMY 3CKANATOPY, TO OH CIyCKAETCS
33 42 c. 3a CKOJIBKO CEKYHJ OH CIYCTHTCS, CTOSl HA CTYNERbKE ABIDKYIIErocs ackanaTopa?

50. Haiin cxopocts M ATMHY 103713, 3HAS, YTO OH MNPOXOAMT MHMO HEMOLBHKHOTO
Habmogarenst 3a 7 ¢ u 3arpauuBaet 25 ¢ Ha TO, YTOOH NpoiiTH € TOIf Xe CKOpOCTHIO MHMO
miatdopmsl umHHON 378 M.

51. Jlsa aBTOMOGIIIS, ABHIASCH TIO KOIBUEBOII IOPOTe C MNOCTOSHHBIMI CKOPOCTAMI B OZHOM
HANPABJICHUN, OKA3LIBAIOTCH PANOM 4epe3 Kaxiele 56 munyT. [IpH ABMWKEHHH C TeMH Xe CKO-
POCTAMH B NPOTHBOMNONOKHLIX HANPABICHIAX ABTOMOOMIN BCTPEYAIOTCS Yepe3 Kaxable 8 MHHYT.
3a Kakoe BpeMs NMPOCAET BCIO KOJLIEBYIO TPACCY KasKablii aBTOMOGHIL?

52, U3 nynkra A BBIEXQJiH TPH BEJIOCHNETHICTA, nepeelif Ha 1 yac paHbme ABYX IPYIiX,
CTAPTOBABIINX OAHOBPeMeHHO. CKOPOCTh KAXI0ro BEelOCHNEANCTA MOCTOSHHA. Yepes HEKOTOPOS
BPeMs TPETHii BEJOCHIIEANCT AOTHAN MEpBOro, a BTOPOIl AOrHAK MEPBOrO HA ABA Haca MOIKE,
yem Tperuil. OnpenenuTh OTHOLICHHE CKOPOCTEil MePBOro 1 TPEThero BEIOCHNEAHCTOB, €CiIH OTHO-
LICHHE CKOPOCTH BTOPOrO K CKOPOCTH TPETHEro paBHO 2/3.

53. Ilewexox # BeNOCHIEMHCT OTHPABINIOTCS H3 NYHKTa A B NyHKT B oaHOBpemeHio.

B nynkte B penocuneancr mosopaumsaer o0paTHO M BCTpeddeT memiexofa veped 20 mum. mocie
Havamga JABIDKCHMS. He OCTAHABIINBAACH, BEJIOCHICAHCT 0€3XaeT A0 IYHKTA A, nopopaunsict
00paTHO i JloronsieT newexosa vepes 10 MuH. moce neppoii BCTpedn. 3a Kakoe BpeMs NCIIENO.l

npoiiner nyre or 4 no B?

54. Katep no peke n asrofyc no jopore, mayuweii BIOAL Oepera pexs, OTHPABISIOICH
O/IHOBPEMEHHO M3 IYHKTA A B NYHKT B ¥ coBepwialoT 0Ge30CTAHOBOMHOE IBIDKeHHE Mexiay -
u B. Tlepsas Berpeda ix mpom3omnuia, xorja asrodyc npowen 5/9 scero pacerosmus ot A4 10 B,
a BTOpasl BCTPeda — Koria anTobyc mocne nepdoro 3axoaa B B npoexan 1/8 Bcero paccrosuins
or B o A. Ilepsbiii pa3 B nynkr B aproGyc npubsrr wa 16 mun. nosxe karepa. Hepes ckoinko
YacoB 10CIE Hauaja ABIUKEHHS! aBpToOYyC M KaTep nepsbii pa3 OKaXYTCs OAHOBPEMCHHO B NMYHKTE
A, ecnm ckopocTh KaTepa B HENOABIDKHOL BOAE M CKOPOCTL ABTODYCA MOCTOSHHBL

55. M3 nyskra A B NYHKT B OXHOBpeMEHHO OTHPABMIHCL ABAa noesfa. Kamaeii n3 Hix
BHAYAJE JABHIAICH PABHOYCKOPEHHO (YCKOPEHIs! MOE3N0B PA3THYHbI, HAYA/ILHBIC CKOPOCTH PABHbI
HYINO), @ 3aTeM, Habpap HEKOTOPYIO CKOPOCTh, — paBHoMepno. ITpoiins Tpers nytn o1 a0 B,
OJUIH U3 NOE3/0B MOPABHSUICA ¢ APYIHM 1I0C3/10M I ¢ ITOr0 MOMEHTA HAYAT JABMIATLCS PABHO-
mepio. Beeh nyth or A 1o B oxun n3 noesnos npomen B 1,2 pasa GeicTpee Apyroro mnoesia.
Onpesennts OTHOWEHIE CKOPOCTEH PABHOMEPHOrO IBIKEHIS MOE310B,

56. Heckoabko camMocBasloB 3arpyxaiorcs NOOYEpPeNHO B NYHKTE A (Bpems 3arpy3ki 01HO
M TO K€ AN BCEX MAlUNH) M OTBO3ST Ipy3 B HYHKT B, TaM OHH MIHOBEHHO pasrpyxalorcs
i Bosppamaiores B A. CROpoCTH MAUINH ONHAKOBBL, CKOPOCTH IPYKEHOI MALINHBI COCTABsET
6/7 ckopoctn nopoxueii. ITepsbim Boiexan n3 A soaurens IMerpo. Ha obpatmoM nyTit o
serperi BojuTens Msanosa, Buiexasiiero u3 A nocieaunM, i npuébia B A wepes 6 MUHYT mocie
serpedn. 3aech ITetpos cpasy ske npHCTymiul K 3arpyske, a N0 OKOHYaHHH ee Bhlexan B B

i perperna Msanosa Bropoii pas wepes 40 aumyr nocie nepsoii Berpeun. Ot mecta BTOpOIi
serpeunt 10 A Msanos exan ne memee 16 mumyt, HO He Gonee 19 muuyr. Onpenennts Bpems

3ATPY3KH.




F'nasalV
AJITEBPAMYECKHWE HEPABEHCTBA

§ 1. q)yllKI.lll()llaJlbllble HEpaBeHcTBAa. IMonsirue PaBHOCHIBHOCTH HEPaBeHCTB

Pacemotpum nse dyuximi f(x) u g (x), onpezeneHnble Ha HEKOTOPOM MHOXeCTBE X.
Yacro GbiBaeT HEOBXOAUMO Y3HATB, NPH KAKIX 3HAUCHHSX X 3HAYEHHS NEPBOMH (b}lHKlHiH
MEHBILIE COOTBETCTBYIOIUMX 3HAYEHHH BTOPOI. JpyruMu cioBamMi, Tpedyercst HAWTH BCe
3HAYCHHS! NEPEMEHHOI, NPH KOTOPBIX BEPHBI HICIOBbIE HEPaBEHCTBA f(x)<g(x). Ta-
KOro THIIA 3a/1a4H NPUHSTO HA3bIBATH 3a/a4aMH Ha pelieHHe HEPaBEeHCTB.

Taxum 0GpasoM, peliTh HEPABEHCTBO

f) <g()

—OTO 3HAYNT HAHTH BCe 3HAYEHHsS X, NpPH IOACTAHOBKE KOTOPbIX B HEPABEHCTBO
LONyYaeTCs! BEPHOE HNMCIOBOE HepaBeHCTBO. Kaxxaoe Takoe 3HAYEHHE X HA3BIBACTCS
pewienues uepasencTBa. COBOKYNMHOCTb BCEX PELICHHIT HA3BIBAGTCH AHOJICECMBOM pe-
Wenuii. PenuTh HepaBeHCTBO — 3HAYAT HAliTH ero MHOXeCTBO peruenuil. HepaseHCTBO
F(¥) < g (x) nassmaor cmpozus, nepasenctso [ (x) < g (X) — Hecmpozu.

Ilpn peiienig HEepaBencTs, TAK JKe Kak H NPH J0KA3aTeJIbCTBE HEPABEHCTB (0 YeMm

peub mofiner B § 6), (ynaaMeHTanbHOE 3HAYEHHME HMEET MOHSATHE PABHOCHILHOCTH
HEPABCHCTH.

JABa HepasengTsa
S1X)<g1(x) w0 fr(8) <ga(x)

HA3BIBAIOT PAGHOCUALHBIMU HA AMHOdcecmee M, ecinm KaxJoe pElleHHe TEepBOro Hepa-
BEHCTBA, NPHHALICKAINEE MHOKeCTBY M, SBISETCS pPELIEHHEM BTOPOro HEPABEHCTBA
H, HA00OPOT, KAXKIIOE pPelieHiie BTOPOro HEPABEHCTBA, NPMHAJIEKAINEE MHOXKECTBY M,
SBJISIETCS PEILIEHIEM [1EPBOr0 HEPABEHCTBA.

Pasnocuinubivi Ha MHOKeCTBe M CHMTAIOT TAKKE HEPABEHCTBA, KOTOPHIE HA 3TOM
MHOKECTBE HE MMEIOT HH OJHOTO pelleHHs.

B HEKOTOPLIX CIyHastx YAASTCs, NOCHEA0BATEIBHO MPEOBPA3Ysl JAHHOE HEPABEHCTBO,
CBECTH ero Kk 0o/iee MPOCTOMY HEPABEHCTBY, PaBHOCWILHOMY Hcxomuomy. Ilpu ycra-

HOBJICHHII PABHOCHJILHOCTH HEPABCHCTB Yaule BCEro UCHOJIL3YIOTCS CIEAYIOLIMue YTBEPK-
JCHMS

1. Hepasencrsa
Jx)<g(x) nu —f(x)> —g(x)

PABHOCHIILHBI Ha N1060M YHCIIOBOM MHOKECTBE.

2. Ecom f(x) 1 g(x) Ha MHOXecTBE M NPUHUMAIOT TOJBKO NOAOMCUMEAbHbIE
3HAYEHHS, TO HEPABEHCTBA

2 1 !
S(x)<g(x) un T &

PaBHOCHJIbHBI Ha M.



3. Ecu (ynxum f (x), g (x), ¢ (x) onpenenensr Ha MHOXeCTBE M, TO HEpaBEHCTBA
fE)<glx) 1 f(X)+@(x)<gX)+ o)
PAaBHOCHJIBHBI Ha MHOXeECTBE M.
Orciona crefyeT paBHOCHIBLHOCTH HEPABEHCTB
fR)<gx)+o(x) 1 fx)— k) <gtx),
T.€, MPaBHIO IEPEHOCa CAaraeMbIX M3 OJHOH YacTH HEpaBEHCTBA B APYTYIO.

4, Ecnu ¢yrkmau f(x), g(x), ¢ (x) onmpeneneHsr Ha MHOXectBe M H @ (x) > 0
Ha 5TOM MHOXECTBE, TO HEPaBEHCTBA

fR)<gx) 1 f(x)ok)<g@)oX)

PaBHOCHJILHEL Ha M.
5. Ecnmu Qynkmun f(x) u g(x) onpenenensl Ha MHOXecTBe M M TIPHHHMAIOT

TONBKO NOAOJCUMebHEIe 3HAUYEHHS, TO HEDABEHCTBA
f)<glx) n f2(x)<g*()

paBHOCHJIBHBI HA M.
CripaBeInBOCTh ITHX YTBEPXACHHH JIETKO CIIEAYEeT H3 COOTBETCTBYIOHIHX CBONCTB
HHCIOBBIX HEPABEHCTB, AHANOTHYHEIE YTBEPKACHHS BEPHBI M [JISi HECTPOTMX HEPABEHCTB.
3ameTHM, YTO IS [0KA3ATENLCTBA HEPABHOCHIBHOCTH ABYX HEPABEHCTB HAa HEKO-
TOPOM MHOXECTBE /{OCTATOYHO YKa3aTh ONHH 3JEMEHT 3TOrO MHOXECTBA, SBJISIOIIHICS
PELICHHEM OHOTO HEPABEHCTBA, HO HE YIOBIETBOPSIOLIMI JPYrOMY HEPaBEHCTBY.
IIpumep 1. PaBHOCHIBHBI JH HA MHOXECTBE BCEX MOJIOKMTEIBLHBIX 4YMCEn Cle-

IYIOITHE HEPABEHCTBA:
a) x2<x* 1<y, 6) X¥*+)/x<x?+]/x u x*<x?

B) [/.;sx+1 nx<(x+1)>%?
A a) HepasencTsa paBHOCH/ILHBI B CHITY YTBEDXKAEHHS 4 IUIS HECTPOTHX HEPABEHCTB:

fX)=x% g®)=x% o) =1/x%
6) PaBHOCHJILHOCTb HEPABEHCTB CJEAYET H3 YTBEpXKIEHHS 3:
f@=x, g®=x% o=)x
B) HepaBeHcTBa paBHOCHNILHEI COTJIACHO YTBEPXKAEHHIO S:
f®=Vx gx)=x+1. a

Ipumep 2. PaBHOCHIBHEI JIH HEPABEHCTBA M3 NpuMepa | HA MHOXECTBE BCEX

JeffCTBUTENBHBIX Yncen?
A a) HepaBeHcTBa HEpaBHOCHJIBHBI, Tak Kak X = (0 yIOBIETBOPSET IEPBOMY He-

PAaBEHCTBY M He yZOBJIETBOPSET BTOPOMY.

6) HepaBeHcTBa HepaBHOCHIIBHBI, TAK KAk X = — 1 yJOBJIETBOPSET TOJILKO BTOPOMY
HEPABEHCTBY.
B) HepaseHcTBa HepPaBHOCHJILHEL, TAK KAK X = —1 BXOXMT B MHOXECTBO pelIeHHii

BTOPOr0 HEpaBEHCTBA, HO HE NPHHAIIEXHT MHOXECTBY pEIUEHHii MepBOro. A
IIpumep 3. PaBHOCWIBHBI M Ha MHOXECTBE BCEX AEHCTBMTENBHBIX YHCET He-
paBeHCTBa

]/x3+.\'—2>x 1 x34+x-2>x%?
& Ecmn x* +x —2<0, T0 peleHuii HET HU y NMEPBOTO HEPABEHCTBA, HH Y BTO-

poro. Ecmi x*+x—2>0, T0 1 x>0, H COIIaCHO YTBEPXIEHHIO 5 HEPaBEHCTBA
paBHoCHIbHBL C/eI0BATENBHO, JaHHbIE HEDABEHCTBA PABHOCHJILHEI HA BCEM MHOXECTBE

JIEHCTBATENbHBIX YHCENL. A



§ 2. Pannosaibubie nepasencrsa. Meroa HHTEpBAsiOB

B riape I B kauecTBe NPOCTEHUINX YHCIOBBIX (DYHKIMIT paccMaTpHBATHCL MHOIO-
YJIEHBI

y=P,(x)=ap+ a;x +... + a;x"

H (i)yHKLUlH, TPEICTABUMbBIC B BHAE OTHOUIEHHS ABYX MHOI'OYJIEHOB
P,(x)

V=R(xX)= """+
QO (%)
T.€. palHOHAJILHLIC ()YHKIIHH.

Yueno a masbiBaercs nydesm (ymkuum y = P, (X) win kopuem muorowiena P, (x),
ecn P, (a) = 0.

Hanpnmep, muorousien Py (x) =6 — 5x + x> nveer asa Hyis X =2 Hx= 3, Tax
Kak P,(2) =0 u P, (3) = 0. Muorowies Moxer poobuie He HMEThb HYyJIei: HAPHMED,

Po(x) =1 mmu P (x) = 1 4+ x*. W3BecTHO, 4TO MHCIO HYJEl MHOTOWICHA HE IPEBLILIACT
ero crenenn (ru. VIII, § 7).

Hym1 svuorowienos P, (x) u @, (x) Gynem HasbBaTh Kpumu4eckumu 3Ha4enusmu
NEPEMEHHOI 1T KPUMUYECKUAL 1MOYKaMY PAMOHATLHOI (DyHKIHI

= P

YT 0.0
Hanpumep, s dysxin
Py X -6 —x+6 (- 1)(x—16)
T0: . ¥Hmx+2 @+ )E+2

KPHTHYCCKUMI 2 HAMCHUSAMI [IEPEMEHHOI SB/SIOTCS
x==2, x=—1, x=1 x=6.

Payuona eimize nepasenemsos Ha3pIBaeTCs HEPABEHCTBO, KOTOPOE COHCPIKMT TOJIBLKO
PAIHOHANLHLIC (YKL,

PALHONIILILIC HCPABEHCTBA YACTO YIACICsl PellliTh TaK HA3LIBAEMbIM METO/IOM
HHTEPBAION. D101 METOA OCHOBAH HA OJHOM BAKHOM CBOICTBE PALMOHAIBHON (yHK-
WY, KOTOPOE Mbl npuMen Ge3 A0Ka3aTelbeTsa, @ HMEHHO: 6 uHmepsaie medncdy 06yms
CBOUMU COCCONUAL KPUIMUYCCKUMU NMOYKAMU  PAyUoHaAbHAs (BYHKYUs coxpansem 3HaK.

Memoo HHINE 6108 COCTOUT B CIICAYIOIIEM. Paunonanpuoe HEPABCHCTBO TIPUBOANT
K CTAHAAPTHOMY BHAY:

P, (x) P, (x) _
U= 0 S < 0 (B cnyuae CTPOTOro HEPABEHCTBA),

0, (x) i 0, <0 (B cnyuae cTp!

Palx) =0y Pux) <0 (B ciyyae HECTPOrOro HEPaBEHCTBA).

Qu (x) 0, (x)

30TeM HANOUIT BCe KPUTHYECKHE TOYKH PaloHaibuoii (yHkimn. DTH TOYKM OT-
MEMAIOT Ha UHCJI0BOH oci. Bed gnciopas ockh pasGuBaercs KPATUYECKHMH TOMKAMU
Hd KOHCYHOC YHCIIO MHTEPBAJIOB, HA KAKAOM M3 KOTOPbLIX JIEBAs 4acTh HEPABEHCTBA
coxpausAeT 3uaK. UTo0sl onpenennTh 3HAK JIEBOH Y4CTH HA BCEM MHTEPBAJIE, [IOCTATOMHO
onpeenants 3uak P, (x)/0,, (x) B 04HON Kakoil-muGo TO4YKe ITOro HHTEpBANA U TEM

CaMBIM  YCTAHOBHTL, BXOIMT JM 3TOT MHTEPBAJ B MHOXKECTBO PEILCHUI JAaHHOTO
HEPABEHCTBA.

Yro kacaercs camux KPHTHYECKUX TOYEK, TO B Cjydae CTPOrOro HEPABEHCTBA
P,(x)/Q,,(x) > 0 omu, ouyeBHAHO, HE BXOMAT B MHOKECTBO pEIUEHMIl; B Ciyyde HECTPO-
roro Hepasescrsa P, (x)/Q,,(x) =0 uyanm mHorowiena P, (x) BXOAST B MHOXKECTBO pe-
HIEHUH, €C/IH TOJLKO OHY HE SBASIOTCH HYJIsMH W MHorowiena O, (x).
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He creayer aymaTh, 4TO METOAOM MHTEPBATIOB MOXHO PELIATH JIF0OOE palmo-
HA/bHOE HepaBeHCTBO. MeTON MHTEpBalioB NPHMEHHM TOJBKO TOIJA4, KOLAa H3BECTHBI
(Wi Moryr ObiTh HaiieHbl) HyJIH MHOrouneHoB P,(x) m Q,(X), T.e. KpuTHYeckme
3HAuEHNs NePeMEHHOIl Uil pauoHanbHoit Qynkuun P, (x)/0,, (x). K coxanenmo, 3axa4a
OTBICKAHHUS HyJIEil MHOrOY/IeHa ajleKo He BCeraa MOXeT ObniTh pewena (cm. rir. VIIL, § 7).

Mpumep 1. Pemwuth HEPABEHCTBO

x3—3x1—x4i>0
x> +3x+2 :

A Hymi MHOro4jIeHa, CTOSLIEro B 3HaMeHaTele: X = —1 u x = —2. Hynn muoro-
wleHa, CTOSILEro B HHCIHTENE, JIerko Haxodsrcs. B camom aee,

=3 —x+3=x*(x—3)— (x — 3) = (x = 3)(x = 1)(x + 1).

HepaBeHCTBO MOXKHO 3aIHCATh TENEphb CIAEAYIOWUM 00pa3oMm:
(xE=3) (xx — 1)(x +'1)

ST

KpuTiueckue TOYKH pauHOHAILHOI (YHKINIE CyTh
X=—2 x=—1, x=1, X=3

Yucnosasi och pasbupaercs STHMI TOYKAMH HA 5 Hutepsanos. OrmeyaeMm TOUKI Ha
uHCI0BOI ocH (puc. 32). s onpeaenenus 3Haka

{+![ + ! / + (YHKLIMI HA KaXK10M HHTEPBAJIE MOKHO AciicTEO-
[ ] q N @ BaTh CaeaylommmM obpasom. 3ameuaem, 410 npi
X >3 Bee JHHeliHble MHOKUTEAN SicinTein i

Puc, 32. 3HAMEHATENS PAMHOHATBHON (yHKIMN 1107107

TeJAbHBl W, CICAOBATENLHO, Ha HHTCPHA
13; + o[ ¢ynxuus npunEMaeT TOJLKO MOJOKHTENbHBIC 3Hauennst. Ha puc, 32
HHTEPBANOM |3; +oo[ cTaBuM 3HAK «ILIHOCH.

Ilpu nepexone uepes Touky X =3 ot mureppana |3: +oo[ & mmreppany |1 3
JIHIIL OJMH M3 JIMHCHHBIX MHOMHTENCH, @ HMEHHO X — 3, maMenyer spax 11, o
BATENBHO, (DYHKLIS CTAHOBHTCS orpunarenstoii. Ha pre. 32 non HHTepnaion |
CTABHM 3HAK (MITHYC»,

3atem, nepexosis K CrGAYIOLIEMY HHTEPBALY 1=1: I, yerananmmsaen, aro 3max
H3MEHsETCA TONbKo y muokurens X — Lo DTO O3HAYACT, W10 npn mepexoge Hepes
TOYKY X = | jieBas wacTh HepaseHcTsa m3Memsicr sHak. [lpn nepexone wepes 1oy
X = —1 3HAK (yYHKIN, OMEBIIAHO, COXPAHACTCN, TAK KAK MHOKHTEAL X + | npucyr-

'HKLn. Hakonen, nepexo
KIACTCA  NIMCHCHHEM I

1+ 3]

CTBYET U B YHCHHTCJC I B 3HAMEHATENE PALHOHAILHON
K TIOCHC/HEMY nHTepBajny |—o0; —2[ onsTh COMPOBO
(ynaxwim. Yepenopanne 3uakoB (UKCHPYEM Had PHCYHEC.

ﬂocxo.quy HCPABCHCTBO Cl’pOI'OC. caM¥ KPHTHYMECKHEC TOYKH He ABJIMIOTCS pCIHC-
anami (Crpenku pa puc. 32 kak pas H YKA3hIBAOT Ha 370.)

Orser: ]-2; —1[|J]-1: ILUT3: +o[ a

B npolecce pelienns AAHHOTO HEPABCHCTBA MOKET BOSHHKHYTL COGAA3H 3aMeHiTh
€ro ¢ camMoro Havaiaa Gosiee HPOCTHINM HEPABEHCTBOM

_‘_\_F_ILQ =3) > 0.

(x+2)
Takoe ynpouienie (cienantoe 0e3 BCAKUX OIOBOPOK) NPHBEAST K ouInbke. ITonyuen-
HOE HEPABCHCTBO HEPABHOCHIBHO MCXOJAHOMY. TAK KdK B €ro MHOmecTso pelieHHi

BXOMMT X = — |, 4 7T0 3HAYEHME NEPCMCHHOH HE SBISICTCH peuleHnem JapHOrO He-

PABEeHCTBA,
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Mpusmep 2. Pemnrh HepaBeHCTBO
2 2 -
x+3)Ex*+x+1) >0.
4—x)x

& Kpurnyeckne TOYKH panHOHANBHON (QyHKIUM:
x=-3 x=0, x=4.

Uncnosas och, pasbusaercs Ha 4 nHTepBaNa (puc. 33), HA K&XAOM M3 KOTOPBIX JIEIKO
onpesensiercss 3nak (ysxkuun. [Ipn onpeaeseHun 3HaKa HYKHO CHEAMTH TOJLKO 34
WIMEHEHNEM 3HAKA JIHHEHHBIX MHOXNTENEH 3HAMeHATeNs, TaK KaK KBaapaTHYHBIC MHO-
Ruremn uncnuresnst (X + 3)2 u x? + x + | nonoKHTENBHbI HA BCEX METBIPEX HHTEPBAMAX.
13 Tpex KpuTiyeckux TOUEK TOMBKO X = — 3 BXOJHT B MHOXKECTBO PELICHHT] HEPABEHCTBA.
Otsetr: {—3}()]0; 4[. A
IIpumep 3. Haiitn obnacts onpeieeH s

ysxium —_ g — fo W -

/
[ BN b Prc. 33.
x*—x+1 x+1  x*+1

M naxoskzenist oGacTi onpeaesieHHs AaHHOIN (QyHKIME HYKHO PELINThL HEPABEHCTBO
2 1 2x — 1

— = >0
x2=x+1 x+1 x3+1
Mpusomin ero k crannapraoMmy Buy:
Qx4+ 1) —x*+x—1-2x+1 —x?4+x+2
— >0, 3 2 0.
x3 41 X+ 1
Haxoamm kpicieckie Toukn x = —1 1 X = 2 1 3anuCHIBAEM HEPABEHCTBO CIEAYIOIIIM
odpazonm:
—(x+1)(x—=2)

— = >

x+DE*=x+1)
Tax kak x* — x 4 | > 0 u1s Beex 3naveHiii NEPEMEHHO, NEPEXOANM K PaBHOCUILHOMY

HEpapeHcTy

~(x t»l)(A\‘—l)\o E V“*‘ \ .
L= = — Z

Kpurnueckie roukn pasousalor MicioBylo och Puc. 34,
HA Tpi nnrepsana (puc. 34). OnpejensieM 3HAK
ACBOI WACTH  HepaBeHcTBA ua KaxiaoMm uurepsane. Mccnmeyem caMu  KpPHTHHYECKHE
TOUKHD TOUKA X = 2 siBsiercst HyJIeM UHCIWTeNs M, TAK KaK HEPABEHCTBO HECTPOrOE,
BXOANT B MHOKCCTBO pewenuii. Touka x = —1, x0oTda M sBIACTCS HYJIEM HHCIH-
T, He NIPHHAJUICOKIT MHOXKECTBY pelIeHHii 13-3a Toro, uro obpaitaer B HYJIb
ZHAMEHATE L,

Otser: J—oo; —1[J]-1;2] 4

§ 3. VippauuonajbHbie HEpaBencrea

Ilepeiinem K paccMOTpPEHHIO HEPABEHCTB, COACPKAIIMX IEPEMEHHYIO M0jl 3HAKOM
KopH# (paaukana). OObHBI crioco0 peleHns TAKHX HEPABEHCTB 3aKIFOYAETCS! B CBE-
AeHHH HX K PAUMOHANbHBIM HepaBeHCTBaM. OcCBOGOAMTLCS OT pajMKalloB HHOIIA
YAdercs myTeM BO3BedeHHMs oOeMx yacTell HepaBeHCTBA B CTenens. K coxaleHuio, 3Ta
onepanya 4acTo NPHBOAMT K HEPABEHCTBY, HEPABHOCHIILHOMY HCXonHoMmy. [losromy
NpPH PELISHHH HPPAUHOHANILHBIX HEPABEHCTB PEKOMEHIYETCS HPOSBIATL MAKCHMAIbHYIO

3#*



0CTOpPOXKHOCTL. [lpeie BCEro CHEAYeT OrpaHMYHTLCS PACCMOTPEHUEM TOJBKO TeX
3HAMCHHIT MEPEMEHHOI, PH KOTOpPbIX 00e 4aCTH HepaBEeHCTBA MMEIOT cMbIci. PaccMoT-
PHM THIMYHBIA NpPUMED.

Mpumep 1. Pemunrh HepaBeHCTBO

[/\ —4x+322—x.

Hepem(o Y4all(Hecss MPUBOAAT TAKOE PACCYXK/IEHHE: «IIpH PEIIEHHH HPpanioHalb-
HBIX ypaBHeHuﬁ H HEpPABEHCTB HeobXxoanMo npexae BCero H30aBUTLCA OT KOpHS,
IO3TOMY BO3BE/IEM B KBaApdT obe vactu HEpPaBEHCTBA, T. €. HAIlUIIEeM

—4x4+3>4—4x + X%,

HO OTCIOAA CJeAyeT, 4TO 3 >4 4TO HEeBEpHO; 3HAYHT NPEMLIOKEHHOE HEpaBEHCTBO
peluenuit He HMeeT».

3amasumMes BOIPOCOM, HACKOILKO MPABAONOAOOEH MOyYeHHbIH pe3yabTaT?

B 1aHHOM Clydae JOCTATOMHO BHHMATENBLHO NMOCMOTPETh HA HEPABEHCTBO, 4TOObI
YBHIETb, YTO NOJYYEHHbLIH Pe3yNbTAT HE TONLKO HENpABIONON00EH, HO MpPOCTO He-
sepen. Ilpi x =5, Hanpumep, JjieBasi MacTh HEPABEHCTBA MOJOXKHTEJIbHA, TOLJAd Kak
npapas oTpuiaTenbHa. TakuM 06pa3soM, HEPABEHCTBO HMEET PeLIeHHs I, CJIeJ0BATEILHO,
TIPHBE/ICHHOE PACCYK/IEHHE TOPOYHO.

JanuM npaBusibHOe peleHue npumvepa 1.

& OueBWIHO, CNEAYeT PACCMOTPETh TOJBLKO Te 3HAYEHHs X, NPl KOTOPbIX

x? —4x + 3 > 0. Hyau muorownena x> —4x + 3 cyTh x; = I x, = 3. CrenosareibHO,
MHOJKECTBO pemenuii nepabenctsa X* — 4x + 3 > 0 Takoso: ]—oo; 1] | J[3; +oo[. fcno,
uto Ha unTepsane |1; 3[ Her peurenmii, Tak Kak jseBas 4acTb HedeLHLIIM 1pH unoo“
X H3 9TOrO HHTEPBAJA HE HMEEeT CMBbICIIA.

3ameTy j1ajee, MTO [/.\' —4x 4+ 3 >0 (panukan NOHHMAETCS B apu(aerieckoM
CMBIC/IE), H TAK KaK NpH Ji060M X >3 npaBas 4acTh HEPABEHCTBA MEHbIIE HYIs, TO
BCE X > 3 SABJAIOTCS PELICHHSMIL

Ecnm ke x< 1, 10 2—x>0 1, Bo3Beas 0bOC €ACTH HEPABEHCTBA B KBAIPAT,
NOJIYHHM PABHOCHIILHOE ncpuucnc1m>

—4x +324 —4x + X%,
KOTOpOE He HMeer pemcuuii. TAK KAK HEPABEHCTBO 3 >4 110KHO.

Otser: [3; +of. A
Mpumep 2. Peunirb HEPaBeHCTBO

1-)/1—4x* 3
i VN
X 2
A Jlesas wacrth HEPABEHCTBA HMEET CMBICA TOIAA M TOJALKO TOId, KOPAQ

|x|<1/2m x#0.

Ecin —1/2 < x <0, To JieBast 4acrb HEPABEHCTBA OTPHLEATEALHA 11, CACLOBATEALHO,
peLICHHii HA 3TOM HHTEPBAIC HET.

IMycrs 0 < x < 1/2, Toraa, nocie OYEBIIHBIX PEOOPA3OBANMIT MOIYYIN

|l—-h <l-

12w

O6e wacti HCPABCHCTBA HEOTPHUATEAbHBI, 1OITOMY, BO3BEIAs obe wacTi B KBWIPAT,
MOJIYYHM PaBHOCHILHOE HEPABEHCTBO

2 R
1-4.\"<l—3.\'+—4-.\".

[Tociie toBaTeabHo YAPOUIAsN 9TO HEPABEHCTBO, HOJIYYHM
25, 25
3




VuuthiBasi orpammvenne 0 < x < 1/2, NpUXOAUM K OKOHYATEILHOMY  PE3YJILTATY
12/25 < x < 1/2.

OtrBer: |12/25; 1/2]. A
IMpumep 3. Pelunrh HepaBeHCTBO

J/2x + 1+ )/2x —52}/5 - 2x.

A O6e wacrit HEPABEHCTBA HMEIOT CMBbICI IS TeX H TOJBKO TEeX 3HAYEHIH X,
KOTOpBIE YIOBJICTBOPSIOT CHCTEME HEPABEHCTB

2xx+1 >0,
2x-5 20,
5-2x=0.

Jlerko BueTh, YTO JTA CHCTEMA MMEET oano peuenne x = 5/2. TTOACTAHOBKOI B He-
PABEHCTBO yOex1aeMest, 4T0 X = 5/2 sBJSETCS PElCHHEM.
OTBeT: {5/2}). A

§ 4. Hepasencisa ¢ Moayiem

B mIkonnuom Kypee MaremMaTHKI YACTO BCTPEUAIOTCS HEPABEHCTBA, COACPIKALIMC
TNEPEMEHHYIO 110/l 3HAKOM aBCOMOTHOI BeANMMHBI (101 3HAKOM MOJIYJIst).

JLitst peuienits TAKHX HEPABCHCTB PEKOMEHLYETCs pasOiTh MHCIOBYIO OCh Ha OTAC/L-
HBIC TIPOMEIKY FRIL TAK, YTOOBI HA KQKAOM M3 HIX MOXHO ObUIO 3AIHCATDL HEPABEHCTBO,
HE MCTIOJLAYSE 3HaKa a0COMOTHON BEIUMUHDL

Mpunep 1. Peumrs Hepasencrso

x2—|5x+6(>0.

A Beio uncionyio och pasofbem na aBa npomexyTtka |—oo; —6/5[ u [—6/5: +oof.

Ha kakinonm s JTHX TIPOMEKYTKOB HEPABCHCTBO MOKET GuiTh 3anucano 6e3 3Haka
MOJLYJ181,

Has npovexyrka [—oo; —6/5[ sepio pasenctso |5x + 6| = —5x — 6, u, caeno-
BATCILHO, HEPABCHCTBO NPHIIMACT BIUT

S +6>0 wm (x4 3)(x+2)>0,
OTKysa xe |-—oo; —3]
npoMeRyTky |—oo; —6

{J]-2: +oc[. Vunrwisas, 4To nepeMeHHas [PUHAIIEKHT
TOJIyHaeM pelieHie HCXOAHOrO HEPABEHCTBA HA ITOM

TPOMEKY TKC

1= 0; —3[U]-——2; —6/5][.

Ha sropom nposexyrke [—6/5; + o[ cnpaseuso paseHctso |5x + 6| = 5x + 6,
1, CHCAOBATE/LILO, HEPABCHCTBO 3ANMCHIBACTCS TAK:

x* —5x —6>0, wm (x+ 1) (x — 6)> 0,

orkyra xe |—oo; —1[ | )]6: +oof. Vaursisas, 4TO nepeMeHHas PHHAICHKHT
npomexyTky [ —6/5: + [, nonysacM MHOKECTBO pelUCHMIT HEPABEHCTBA HA 3TOM
NPOMEIKYTKE !

[—6/5: —1[J]6; +<al.
Ovrser: J—ow: —3[(J]-2; —1[J16: +o[. &
ITpumep 2. Pemurh HepaBeHcTBO
[2x—1]

=)

|
5

69
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A Jlast x > 1/2 HepaBeHCTBO MOXHO mepenucath 6e3 3Haka abCoMOTHON BETHYHHBL:
2x — 1 S 1
xX*—x-27" 2"

D10 paunoHAIbHOE HepaBeHCTBO. ITpHBOAMM €ro K CTaHZApTHOMY BHAY
x(5—x)

TR

Tpivenss MeTOA HHTepBaoB, moiydaem x & ]—1; O[(J]2: 5[. Orpammenne x > 1/2
3acTapseT OCTABUTH JMHUIb iHTEpBan ]2; 5[. Ecim x < 1/2, TO HEPABEHCTBO MPHMET BILL

1
>3-
[IpiBOMIM HEPABEHCTBO K CTAHAAPTHOMY BHiy
(I = x)(x +4)
> 0.

x+1)(x-2)

TpiMensist METO/L HHTEPBAJIOB, JIErKO noiyyaem, wro x € ]—4; —1[{J]1: 2[. Orpaun-
yenne x < 1/2 3aCTABISCT OCTABHTL TOILKO HHTEpBa 1-4; —1[.

Otset: ]—4 —1[J]2 5[ &
Mpumep 3. Peumth HepascHcTso

[x=1|+[x+1]<4,

A Ha nureppasie J—o05 —1I[ no onpenesennio mouyns mveem [x — 1] = —x + I,
|x+1[|=—-x— L, n, CJliiBOBilTEnbno. Ha atom um‘cpnu.;lc HEPABEHCTBO PABHOCILILHO
V% JHHCHHOMY HEpaBeHCTBY —2x <4, KOTOpOE CHPABELINBO

npit X > —2. TakuM o6pasom, B MHOKECTBO peleniii Bxo-

ANT uHTepBAN |-2: —1[, Ha orpeske [—1;: 1] mexoanoe

4 HEPABEHCTBO PABHOCILILHO BEPHOMY HHCAOBOMY HEPABCHCTRY

| y=4 2<‘4~ .HO'JTO-\'.\' BCC 3HAYEHMS NEpPeMEHHOI, [PIaiiesKd-
; e 3'10M)' OTPE3KY, BXOIAT B MHOKECTBO peHICHiii

: Ha mnrepsase i +col onaTe momyyaeM iHcinoe
i

)

HEPABEHCTBO 2x < 4 o :
PABCHCTBO 2x <4, chpasequmsoe npn x < 2. [Mostomy

H.

HHTEpBaI » 2[ Taxxke
Tl . 52 ?Bdal ]l. _[ TAKARE BXOAMT B MHONKECTBO pei
oy S| > OBLEAMHSS Oy YeHHRIe pesy

Benein JILTATHI, JCTAeM BBIBOJ: Hepa-
JHCIBY YIIOBACTBOpsiOT Bee sHavennst nepeMenioil u3 iH-
RPB:‘FH;l 125 2 w romo OHIL.

OT XKE De3ViLTas
STDOLIX EoN »"“’ Pe3yibrar Moxuo NOAYYHTH W3 HALUIHBIX
i B TO Ke BpEMI CTPOTE METPIIECKIX  caoGpazkenuii. Ha puc. 35 nocTpoensl

adsxn pyHKIIE . .
e Yy=IO=IX=1+|x+1] 5 y=4

. 5 —2: 2 rpajux dynx 7R i
Ha nnrepsane |—2i ‘p‘il : AIV""‘“”” Y= f(x) pacnonoxen moa rpapuron ¢ymx-
, @ JTO H OSHANACT, HTO HEpaBencrno f(x) < 4 cnpapeamiso.

iy =
( « 9
Orset: ]—2: 2L A
§ 5 .
Lk Hepnne"cwa ¢ napamerpamu
b e o *“"P‘““’“i““:mt\ %l\l;”“ W HeCKonL KM napamMeTpaMH NPEICTABIIAC]
i ; mpaBiIO, 318 (e T = &
g “PJN‘LK“ Nl € CIOKHYI no CpasHeHHIO ¢ 3a1auel. B KOTOpou
japameTpbl 0T¢Y uns,u.( T ‘
Hanpumep HEpABCHCTBO

a+x+d= x> 4




L

coliepxalee MapaMeTp d, €CTECTBEHHO, TPEOYET IJisi CBOEro PeIUeHHs ropasio 00iib-
UINX YCHIIHIL, YeM HEPaBEHCTBO

]/1+x+ —-x>1.

YUTo 3HauNT pemMTh MEPBOE W3 ITHX HepaBeHCTB? DT0, MO CYLIECTBY, O3HAYAET
PEIINTL HE O/IHO HEPABEHCTBO, a LEMBl KJIACC, EI0e MHOXKECTBO HEPABEHCTB, KOTOPBIE
TOJyHA}0TCSI, €CITH TIPHIABATH NIAPAMETPY @ KOHKPETHbIE YHCIOBBIE 3HAUCHNs. BTopoe ke
W3 BLINHCAHHBIX HEPABEHCTB SBJISETCSA YAaCTHBIM CJIy4aeM IIEpBOro, TaK KaK IOJy4aercs
U3 HEro npH 3mHaveHnu a = 1. 4

Takum 06pa3om, pelINTh HEPABEHCTBO, COAEPXKAIUEe MApAMETPhl, ITO 3HAUMT
ONPE/ICNINTh, NP KAKHX 3HAYEHUAX NApAMETPOB HEPABEHCTBO MMEET PELICHHs I JUls
BCeX TAKMX 3HAYCHMII MAPAMETPOB HANTH 6Ce PELICHMS.

TMosuepkuen eie pa3: HEPABEHCTBO € MAPAaMETPamil JOJUKHO OBITH PACCMOTPEHO
OpH 6cex 3HaueHHsX napamerpos. Ecau xoms 0bl 00Ho 3HAYEHHE KAKOrO-lHOO
MapaMeTpa HE 1ICCIIe0BAHO, PElIeHNe 3a1a4yil He MOXKET GBITb NPH3HAHO MOJIHLIM.

NMpumep 1. Pemnrs JuHeliHOE HEPABEHCTBO

x—z.”"l

2
SW(A +1).

A 3amernv cpasy, uTo npu a =0 HepaBeHCTBO PELICHMIT HE HMEET, Tak Kak obe
HACTH HEPABEHCTBA TEPSIOT CMBICI.
3arenm npeoGpasyeM HEPaBEHCTBO creaylouM o6pasoM:

f 2) 27 u o AP
g~ X<—+2-—, x(1—-=)<2
k_ 3:1’\ 3a+ a . 3a

e

Eom 1 — ,: > 0. 1o x < 2. Pemasi HepaBeHCTBO
2
2 0.
I=—3>0,
3a
noaysaen a < O wian g > 2/3. Takum obpasom, ecin a < 0 win a > 2/3, 1o x < 2.
Ecnu
2
1- =<0
3a ’

T.e. 0 <a<2/3 10 x>2. W nakouen, ecm a=2/3, To x — moboe uucio.
Orser: Ecom a <0, o xe]—o0; 2],
ecan a = 0, To pewrenuii Her,
ecin 0 < a < 2/3, 1o xe[2; +wf,
ecan a = 2/3, 1o x€ |—0; 4w,
ecan a>2/3, 1o x€ |—ou; 2]. A
Mpusep 2. Pelunrh HepaBeHCTBO

|x—al|l+|x4+al<b, a#0.

A Hactunlii cayyail 5Toro HepasencTsa a = 1, b =4 6pul paccMoTped B npumMepe 3
§ 4. Jlas peuienis J1aHHOIO HEPABEHCTBA C ABYMs NAPAMETPAMK @ W b BOCHONbL3yeMcs
reomerpiteckMi coobpaxenusmu. Ha puc. 36 nocrpoenst rpaduxu (ynxmuii

y=fx)=|x—al+|x+a| u y=h
Ouesiizo, uto npy b <2|a| npamas y=b NpoXoauT He BbIMIE FOPU3OHTAILHOIO

0Tpe3Kka KpuBoii y = |x —a|+ | x + a| #, cieaoBaTeNbHO, HEPABEHCTBO B 9TOM ClIyqae
He nveer pewenuii (puc. 36.a). Ecin xe b > 2|al, To npsmast y = b nepecekaer rpa-




(uk Qymxuwn y = f(x) B aByx Toukax (—b/2; b) u (b/2; b) (puc. 36,6) n HepaBEHCTBO
B 9TOM CiyYae cupasequuBo npu —b/2 < x < b/2, Tak Kak OpH ITHX 3HAYEHMsX Tepe-
MeHHO} KpuBas y = |x +a|+|x — a| pacnonoxesa moa npsamoi y = b.

¥ R
\ 4 /[ g
i
I I
2lal 5 2lalf !
I 1 I : :
v i
e
| | | | | |
1 ! 1 1 1 1
~la/ O la/ = b Aaf O Jof bz
a) Z 7 -

Puc. 36.

Orsert: Ecit b <2|al, To pewenuii uer,
ecin b>2|al, o xe]—b/2; b2[. A
Mpumep 3. Pewnrh HepaBeHCTBO
]/u+,\'+[r a—Xx>a.
A Jlepas 4acTh HEPABEHCTBA MMEET CMbICA TOIId M TOJILKO TOI/Ad, KOI/ld X i d
YAOBJETBOPSAIOT CHIE/YIOLICH CHCTEME HEPABEHCTB:
" a+x=0,
1 a—x=0.

A\

ITpn a < 0 9Ta cucrema, oueBmHO, He nmeer pemieniii. Ecim a = 0, To cucrenma iaieet
eanncTsenroe pewenye x = 0. Ho npu a =0 3navyenne nepemennoif x = 0 ne /108~
Jersopsier HepaseHcty. Ecom a >0, TO pemieHmsMu cHCTeMbl OyayT Bee 3naucHns
NepeMeHHON X, NpHHALIeKawue orpesky [—a; al. Tlpu ycaosusax a >0 u |[x|<a
HCXO/IHOE HEPABEHCTBO MOKHO, HE HAPYINAs PABHOCIIBLHOCTH, MOWICHHO BOIHCCTH
B KBAAPAT W HOJYYHTL

2a+2)/a* - x*>a?, orkyna 2|/a*-x*>a* - 2a

Tenepb NPHACTCS PACCMOTPETh TPH Clydas:
1°. Eemn a® —2a <0, T.e. 0 <a <2, TO, TAK KK J€BAX MaCTL HEPABEHCTHA MPH
| X| < a HeorpunaTeNbHA, A NPaBas — OTPUUATEILHA, HEPABEHCTBO CHPABCLINBO HPH

Beex |x|<a. )
2°, Eem a*—2a=0, T.c. a=2, TO HEPABEHCTBO HMEET BI1 24—
yAOBJICTBOpPAETCA npH | x| < 2
3% Eemi @® —2a >0, 1.¢. a > 2, TO, BO3BEAs 00C YACTH HEPABEHCTBA B KBAAPAT,
IPUXOIIM K PABHOCHILHOMY HEPABEHCTBY
4(a® —x?) > a* —4a® + 43,

YIpOLLasi KOTOPOE, MOMyyaesm
34
a@—a
—4x>>ada—4), Te x*< —-(——‘]-_
4
Tenepb BHAHO, 4TO npu a >4 pewennii ner. B caywae, xoraa 2 < a < 4. peuieHisMu
[HOCJC/HET0 HEPABEHCTBA OYAYT BCe 3HAYEHIS X, /UIS KOTOPBIX

Jx| <

al u(-i—;i
| € =



-

BynyT JIM BCC OTH 3HAYCHUA X JAaBaTh PEUICHHE HCXOAHOTO HepaBeHCTBﬂ? 210

al/a(4 — a)
3BHCAT OT TOTO, OYAYT JIM 3HAYEHNS BBHIPAKEHUS ———5—— mpn ae]2; 4] npe-
BOCXOIMThL a Win He OyayT, HamoMHuM, 4TO MBI paccMaTpHBAeM IHIIb Te 3HAYCHUS

NEPEMEHHOI X, ATsl KOTOPBIX |X | < a. Jlokaxem, 4T0 OHH He OyAyT MPEBOCXOANTDH d,
T.€. UTO

a]/a(24—-a) TR ]/a(ﬁ;—a) i

Bo3sonst B xBazipar o6 4ACTH HEpABEHCTBA, MOMy4YacM
a@ —a

T I wm 4a—a*<4,

o 2 s
T.e. a> — 4a + 4 > 0 n, cre0BaTENLHO, NPHXOMM K BepHOMY Hepasenctny (a — 2)* = 0.
IMposens paccyskienis B 0OGpaTHOM HOpsIKe, YGeAUMES B CNPABEUIMBOCTH HEPABEHCTRA

al/a(4—a)
—2—Sa

Orser: Ecau a <0, To pewenmii ner;
ecn 0 <a <2, 10 xe[—a; a;
ecn a =2, to x€]-2; 2[;

YRSV A i

a |/u (@d—a a 117(71:) |'
2 T 2 £

L

€Cln @ = 4, TO peleHnii HeT. A

IToMIMO 314y PACCMOTPEHHONO THIA, B KOTOPBIX TpeGyeTcs PeiinTh HEPABCHCTBO
NP BCCX 3HUMCHILIX MAPAMETPA, BCTPEYAIOTCY 3asaMu, e HYKHO M3 BCEX 3HAYeHi
IAPAMETPA BLUIC/ITL T€, NPH KOTOPBIX HepaBeHCTBO Oyaer o6iazarTh HEKOTOPBLIMM
SUIABACMBIMIL CBOHCTBAMIL HAIpHUMep, OyieT YAOBIETBOPATLCS NpH JMOGOM 3HAYEHHN
HepeMEeHHOIL, 17t Boobme He GyaeT HMMeTh pemieHuii, win Gyjer UMeTb TOJILKO OIHO
HOAOKHTCALHOC peitelne u T.1. PacemoTpum 3ajiady Takoro Tnma.

[Mpusep 4. [pu Kaknx 3HAYEHHSN NAPAMETPA d HEPABEHCTBO

ecnn 2<a<4, TO X€E ]——

D ==

== NIEERY

BEPHO NPH BCCX 3HAYCHHSIX TEepeMeHHoii?
A Tax kak | —x+x?>0 npn Beex X, TO JAAHHOE HEPABEHCTBO PABHOCHILHO
KBQApATHIHOMY HEPABCHCTRY
2—ax—x?*<3-3x4+3* wm 4P +(@-3)x+1=0.
Iocsae/iee HEPaBEHCTBO CHPABEAINBO NPU BCEX 3HAYEHUAX UEPEMEHHON NpPH YCIOBHH
(@=37—-16<0, me |a—3|<4, omkyla —4<a—3<4 u, CICHOBATENBHO,

I
/A

= /A
(AP

§ 6. JlokazareqsCrBo HepaBeHCIn

B npeasuiyumx naparpadax paceMaTpHBAINCH 3a7auH, B KOTOPHIX HYKHO GBLUIO
PEUINTL HEPABCHCTBO, T. €. HANTH MHOXKECTBO ero peuienuit. Yacto BeTpeuaercs Jipyras
MOCTAHOBKA 34744, CBA3AHHBIX C HepaBeHCTBAMN. [loMUMO HepaBeHcTBa 3ajaetcs
HEKOTOPOE MHOKECTBO 3HAYEHUIT MEpeMeHHoil u Tpehyercs noKka3aTh, 4TO BCE €ro JJie-

/3



MCHTBI NMPHHALIENRKAT MHOXKECTBY pCUJCHHﬁ JAAHHOrQ HEpABCHCTBA. Takne 3agaqu npu-

HATO HA3LIBATH 3aa4MaMH Ha AOKAa3aTENbCTBO HEPABCHCTB.
Ecan B 327a4e HA A0Ka3aTeNbCTBO HEPABEHCTBA MHOXKECTBO 3HAYeHHI nepeMeHHON

He OroBapHBACTCS — 3TO O3HAYACT, UTO CHPABEAIHBOCTL HEPABEHCTBA Tpeﬁye‘rcn ycra-
HOBIITh ISl BCeX ICHCTBHTEILHBIX 3HAYCHHIi nepemeuuoﬁ.

Hdas pelieHns noaoOHBIX 3anay HCMOJB3YIOTCA CaMbIe pa3H006pa3m>xe OpueMbl
n Meroasl. B Tex CJIyHasx, KOraa MEepeMEHHAss WM MapaMeTp, BXOISIIHE B HEpa-
BEHCTBO, NPHHAIEKAT MHOXECTBY HATYPAJIbHBIX HHCEJ, HACTO C YCIEXOM MOXKET ObITh
NPHMEHEH METOA MaTeMaTHYECKOIT HHAYKUHH, O KOTOPOM pacCKashpIBaAJIOCh BO BTOpOﬁ

riase.
PaccmoTpin HEKOTOpEIE Apyrue crocobbl AoKa3aTenbeTBa HepaseHeTs. Muoria

HEPABEHCTBO YAAETCA [10Ka3aThb ITYTEM CBEOEHHS €ro ¢ MOMOLILI0 PaBHOCHIILHBIX IIpeE-

00pa3oBaHuii K OYEBHIAHOMY HEPaBEHCTBY.
Mpumep 1. JdokasaTh CrpaBeiIHBOCTh HEPaBEHCTBA

1
10x3 —9x> +9x +—>0
s 10
aas sce\ MOJIOKHTEIbHBIX 3HAYEHHIT NMEepEMEHHOI.

4 TMpeoGpasyem uepanencrno CJIEAYIOMIHM 00pa3oM:
x (10x2 —9\+9)+—>0

= 9 ¥ 81 1
Slilanee—— +9— -3
\«l " z|/1o) i 4°>+ 0"

<(l/_0\ _)l/_>z+ 779)4—%>0.

CripaBe/UTHBOCTD NOJIYYEHHOTO HEpaBeHCTBA npn Beex x > 0 owesmmna. Ho nocie
HEPABEHCTBO PABHOCHILHO HCXOAHOMY, KOTOPOE TeM CAMBIM JIOKA3aHO. A
IMpunmep 2. JlokazaTb HEPABEHCTBO
>
X4y —xy—x—y+1=0.

A TlpeoGpasys HEpaBEeHCTBO
2x2 + 2y — 2xp — 2x — 2y +

=1

2
1

Vv

0,

YA+t =2x+ 142 =2y + 0,
=+ =1+ —1)72=>0,

NPHXOANM K QUEBHJHOMY HCPABCHCTBY. anB\.JLHHHL “PLODPJ 30BAHMN HC HApylIQlol

deHQCHJlb"OCTH IKPJBC"CTU NoOTOMY JIaHHOE HCPABCHCTBO BCPHO 1IPH no0BIX 3HaMe-

HISIX TEPEMEHHBIX X 1 ). A
B cateayromem NpHMEpPe CBE/CHIE K OHCBHIHOMY HEPABEHCTBY HE YIRCTCA HPOBECTI

cpasy st Beex 3HaueHmii nepemennoii. OAHAKO UM KAXIA0rO H3 TPEX HPOMEKY 1RO,
Ha KOTOpbIC NMPEABAPHTEILHO Pa3OUBACTCS BCS MHCAOBASL OCh, CHPABELIHBOCTL HEpi-
BEHCTBA YCTAHABIIMBACTCS IEMCHTAPHO.

[Mpumep 3. [QokasaTh HEPABEHCTBO

38— xPtat —x+ 150

A Ha npomexytke ]—o0; 0] HEpaBeHCTBO BEpHO, TAK KAK MEPBbIC 4ETLIPS Clld-
raemble JieBoii yacTn HeoTpuuareabHsl. Ha murepsane ]0; 1[ cupaBeinBocTh HepaBeH-
CTBA CTAHOBWTCS OYEBIAHOI MOCIE Ceayrouleli rPYNIHPOBKH CAAraeMbIX :

MEXF1 =) +(1=x)>0.




Eea, makouen, xe[1: o[, 10, nepenucas HepaBeHCTBO B TAKOM BIIC
R =D+xx—1)+1>0,

ybexnaemest B ero WCTHMHHOCTH,
Hepasencrso sokasano juts Beex ACHCTBUTEABHBIX 3HAYCHMT NepeMeHHOil. A
Craenyromue Jipa npHMepa IWUIOCTPHPYIOT [PUMEHEHHE METOA4 OLCHOK HpH jo-
KA3ATCILCTBE HEPABCHCTR.
TMpumep 4. JlokasaTh HepaBEHCTBO
1 1 1 1

o>

I —, e M.
P LA UG F

A JleBas 4acTh HEPABEHCTBA COMCPKHT N CHATAEMBIX, KAXIOE M3 KOTOPbIX
HE MEHLLIE MOCHE/IHErO CIAraeMoro, HO3TOMy JIeBas 4acTh HEPaBCHCTBA OUCHHBACTCA
CHU3Y clieyrominm o6pazom:

: + anahs 1> l'i- +L—n—1————l- A
n+1 """ T T T T 27
Opusep 5. JlokasaTe HepaBeHcTBO
1 1
[,—+ —,~+...+—17<1——, neN, n>1.
2* 3= ne n

A Kaxnoe cnaraemoe JjieBoit HACTI{ HEPABEHCTBA JOIYCKACT CJIEAYIOULYIO OLCHKRY
CBepxy:
i 1 1 1 1

ESkE=D k=1 &

I CHEAOBATCILIO, JIeBis YaCTh HEPABCHCTBA OLCHHBAETCS TaKuM 00pa3oMm:
1 1 | 1 1 1 1 1 1 1 1 I
= -} it e O O S S < RO e e e
2ty e T A N T S SRy R "
& HMCHHO HT0 1 1pedoBaioch 10Ka3aTh, A
Pacevorpust cute o pacnpoctpanensilii cnocod A0Ka3arenLCTBA HEPABSHCTS,
OH 3aKmosactcs B HEHOAB3OBAHIN HEKOTOPBIX H3BECTHLIX HepaBeHceTs. B riase Bropoii
OLUIO J0KA3QHO “0MEeHITEALIOE HEPABEHCTBO O CPEAHCM APH(METHIECKOM I CPeaHeM
TCOMETPHYCCKOM
X = Xz oty

S
: 2 XX %, >0 (=12 ..., n),
1

HPHYEM  GLUIO  [HOAMCPKHYTO, YTO HEPABEHCTBO SBJIACTCA CTPOLUM TOLJA  TOJIBKO
TOFIA, KO He BCC X; PABHBI Mekay co0oil. DT0 HepaBeHCTBO, KOTOPOE OOLIYHO
CBILIBAIOT ¢ UMEHeM Benukoro gpannysckoro Maremaruka XIX sexa O. Kouni, GbiBaer
OeHb HOJIE3HO NPIL JOKA3ATEALCTBE MHOTHX HEPABEHCTB.

Ipusmep 6. Jlokazars Hepabencrso

X oyt 2t ot > dxyat,

A Tonokuns » neparenctse Ko o cpeauem apidMeTHYeckoM M CpeiaHeM

[COMECTPHUMCCKOM

x, =x% xp =9t xy=zt xi=t u _n=4

Toraa moaywinv

<+ 4 4
Pyttt
'T'T“ 2/ xtytettt = | xpat | 2 xpat,

YTO H TPEOOBANIOCH [AOKAZATh. A
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Ipumep 7. [Joka3zaTs, YTO MOCIENOBATENBHOCTD

1 n
a,= (1 +—)
n

MOHOTOHHO BO3pACTAET, T.€. J0Ka3aTh CNPABEIJIHBOCTH HEPABEHCTBA

1 n+1l 1 n
[1n+l=(]+m> ><1+—"—> = a,.

A PaccMOTpUM 1 + 1 TOJIOXHMTETBHLIX HHCEN

1 1 1
X1 = Xp = —, Xz3=14+—, ..., i =14+—,
1=1 x; 1+", X3 +", » Xnt1 7

i TIPHMEHHM K HHM HepaBeHCTBO Kourm.
Iomysnm

nt+1

1+—1—> I+~l" 1+—1—"”>1+—1"A
ntl n y RN =Ll =i

ITpumep 8. [okasars, 4TO CONPOTHBIEHHE MOCIEIOBATEILHOTO COEIHHENII N
IPOBOIHUKOB IPEBBILIAET COMPOTHBIIEHNE NApaLIeNTbHOI0 COETHHEHI Tex e POBoiL-

HHKOB HE MeHee, 4eM B n® pas.
A OBO3HAMHM CONPOTHBIEHIS JAHHLIX TPOBOIMIKOB YEPEd Iy, Iay ... Fy [IVCTD
R — conpoTHBieHNE MOCTEAOBATENLIONO X COCANHEHHs, Ry — CONpOTHBICHHE TaPLi-

JensHoro nx coenunennsi, Torna

1 1 1
R=ri+r+...+r; —= — — . k—

H, CIeA0BATEILHO,

R e O
Rl—), rat... "("1 =

HO MO TEOpEME O CpeaHEeM apﬂ(l)Mchl‘lCCKO.\l MOXKEM 3anucarth

n——— 1] I G I
r,+r3+...+r,.>n|/rlr;.<.r,,. 7»-§-;'+...+—; >0 l/ SRR
1 2 n n

i
OTKyJa 1oyyaem ﬁ—z n?, uto 1, TpeGoBATOCH N0KA3ATH, A
1

§ 7. Ilpuaoxenne HEPABEHCTB K 3a7a4aM HA HAKGO.IbIUNE
H HAHMEHBIUNE 3HAYCHNS

3aza4n Ha OTLICKAHHE HAMOOJBIUMX 1 HANMCHBIIMX 3HAueHHIl (YHKIMIA “YpesBbl-
qaifHO BaXHBL JUIS MaTeMaTHku, (M3UKH M U APYrHX Hayk. B martemaruke paspa-
Goran MowHENT annapar (AuddepenimanibHoe HCUNCICHHE) sl pemieHNs MHOA00HbBIX
sagay. Ilpumenenne au(QepeHIaIbHOr0 HCUHCTCHNS /Ul HAXOXICHHS HanOOIBLINX
W HAMMEHBIUINX 3Havenuii (GyHkumii paccmarpusaercst B VI ruase, § 8. Tem He menee,
HHOI/IA TAKOTO THNA 3a/a4i JICMCHTADHBIMH CPEICTRAMH yaercs peumtsh GuicTpee,
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npoule u u3smHee. HepaBeHCTBAa, pacCMOTpPeHHbIE B § 6, OKa3hIBAIOTCA 3/eCL OYEHB
NOJIE3HBIMIL.

W3 nepasencrBa Kowm o cpeaHeM apu(METHYECKOM M CPEIHEM [EOMETPHYCCKOM
BBITEKAIOT JIBA BAXKHBIX YTBEPHXKIICHHUS.

1. Ecimn cyMMa NpPOM3BOJIBHBIX MOIOKHTEMBHBIX MHCEN Xy X2y - oo Xp DERHE ;. 40
X npomsBeseHue P = X;X,...X, JOCTHIACT Hauboibutezo 3HAUCHUs, paBHOrO (s/n)", mpu
PaBEHCTBE BCEX HMHCEI.

2. Ecnin npou3sBe/ieHue MpOU3BOILHbIX MOJOKHTEIBHBIX YHCET Ny, Xay ««v s Xp Pa,PfLO
P, TO UX CyMMAa §= X; + ...+ X, NIPHHHMAET HauMenbuiee 3HAuUCHWe, papHoe n|/ P,
OpH PaBEHCTBE BCEX HHCEI,

IMpumep 1. W3 xpyrioro GpesHa pamiyca R BBUTHIMTH NPAMOYTOJTBHYIO Gajky
TaK, YTOObI KOJIMYECTBO OTXOMOB ObIIO HauMeHbIuM (puc. 37). .

A Konuuectso OTX0L0B Ompesensiercs IUIOWAAbIo 3aIITPHXOBAHHON HacTu B ce-
YeHun OpeBHa, MOITOMY 3ajady MOXHO CBECTH K Ciefyiomieii: B Kpyr pammyca R
BIHCATL NPAMOYIOALHUK Haubospmeii miuomann, Ecmn x 1y — CTOPOHBI HPSIMOYTOJIb=
HHKQ, § — IJIOLIAb [PAMOYIOILHIKA, TO S =
=xy. Ecnu_npsvoyrosnbuik BoHCaH B Kpyr,
10 X2+ 4R?*.  Cnenopartenpho, S =
= x]/4R* — x*. 3anmerum, uto S Gyner nocTit-
rath HANOOJLIIErO 3HAYEHHs TOrAa, KOIIA
Oyzer manGonbmim §2 = x? (4R? — x2),

Ho cymma smuoxureneit x* n 4R? — x?
nocTosiHHa 1 pasia 4R?,  clenoBateibHo,
HAUGONbIICE  IHAYCHNEC X  NPOM3BENCHNS
pasHo (4R*/2)°. a manGonwmiee 3mavenne S papHo 2R?, npmuem oHo JlocTHrASTC,
e x2 =4R? — x2, T.e. npu x =[/‘—2 R, Ho Toraa _\'=}/§ R. Koin4ecTtBO OTXO/10B
Oy/eT HANMEHLIIIM, CC/ll B CeueHun Ganki GyaeT KBagpat. A

[Tpunep 2. Haiitn uamMenniee 3navenie (ynKumm

. 1
Jx)=x+ ‘T a >0, na wrepsane ]0; + ool.

A TMonokim x; = x, X, = a/x. Tlpouspenenue XX, = @, T. €. NOCTOSHHO, Cle/10BA~
TCABHO, CYNMML Xy ++ X, NPHHUMACT HAaUMEHbILEE 3HAYCHNE, PABHOE 2|/u. npu x = |/a.
Or™meTiv, Y10 0TCIoNa CleayeT 1M0Je3noe HepaBeHcTRO

a /=
X+ 22|/a, a>0,
5

NPHYEM PABCHCTRO ,'mcrumclcn'upu x=)a a

IIpusiep 3. Haittn nanvenbiiee 3nauenne pannoHanbHOI (yHKIIMH
x4+ x2 44
X

f(x)=
Ha wnrepnane 0 + o[,
& Tpencrasum f(x) B BIAe CYMMBI IIECTH CIATAEMBIX
. 1 1 1 §
fX)=x3+x+—+—+—+—,
’ 2 R LR
NPON3BCACHIC KOTOPLIX paBHO eaunnie. CymMma Takux cliaraeMbix JOCTHIAET HAMMEHL-
WEro 3HAYCHHS [IPH PABEHCTBE BCEX CIATACMBIX, T.€. UPH yenoBmu x* = x = 1/x, or-
Kyia ciaeayer, uro x = . Cresosatenbio, HANMeHbILee 3Hadenne f(x) Ha umHTEpBase
10;: + o[ pasno 6. A
B 3akmiouenue ciesyer ckaszaTh, UTO CPEAM 3aau HA HAMGONLIIME W HAMMEHBILNE
3Hadenns QYHKUMA, KoTOpble MOryT ObiTh PELIEHBI HIEMEHTAPHLIMY CPEACTBAMMU, T. €.
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Ge3 mpHB/eYeHHs IPOM3BOJHOM, y4alMMCs 4aIle BCEro NpeNJIaraloTcs 3agadum, 1ilh
PCLICHHH KOTOPBIX HCHOJIB3YETCs CIeayromiee 3KCTPEMAIbHOE CBOWCTBO KBaApaTHYHON
(ynxumr. M3 toxiaecTsa

2 2
ax’+bx+c=a(x+-b—) +c—£’—, a#0,

2a 4a
BUHO, uTO (ymKums f(x) = ax® + bx + ¢ umeer Haumenblee (ecnu a > 0) win Hau-
Goubitiee (ecan a < 0) sHauenue, pasHoe ¢ — b?/4a, pu x = —b/2a.

Ipumep 4. OkHo MMeeT (opmy NpPSAMOYTONBHHKA, JONOJIHEHHOTO MOIYKPYIOM

(prc. 38). ITepumerp okua pasen P. IIpu KakoM OTHOLIEHHH CTOPOH HpSIMOYTOJNbLHHKA
OKHO Gyner mpomyckats Gonbiue csera?

A O603HauMM IMHBI CTOPOH MPAMOYFONBHHMKA X M y; TOI/AA

2
mx :
Iomaab OKHa S=xy+7<7), HO X H ) CBS3aHLI COOTHO-

IIEHHEM
x
x+2y+ my= 15
= CrnenoBaTelsHoO,
P x = x% i1 = N
Puc. 38, | [ ARy ¢ == = e | 2l SRR S R
Sx(2 5 4.\+n8me 2+8\‘r2
P/2 2P
Gynxkuns S pocTHraeT HauGOJBLIEr0 3HAYECHHS TPH X = kst Herpyato
1 .
A
HOACYNTATD, UTO ) = —,
4+n
Takum 0GpasoM, BbICOTA NPAMOYrOALHOI YACTH OKHA AOMKHA OLITL B /181 pasi

MEHBLIC [IHPHHBLI, A

— IATAYUM PA3ARTA | ——pp—

X x—~17
>
—-Xx

{

i 2x > (x —7)(3—x) na orpesxe [4: 8]7

L, Pasnocuibhbl i HepasencTsa

Hcenenoarh Ha paBHOCIJILHOCTH HEpaBeHCTBA (2—4) HA MHOXKECTBE BCEX ACHCTRITCLIHLIN
vHee: = _
/ )
Lx—l<g)xu(x=1)P2<x 3. x+Is)xn(x+1)P<x
4P tx-2<xux*+x-2<x2
Pemnte nepasercrsa (5—06):
15 2-x3)(x—3)?°

5. x> 3
xX+2

Pents wepasenctsa (8—12):

8 )N —d0x+I<x—L 9 )/3x—d4+)2x-13>)13-2x
i - [ 4
10. [/45x% — 30x + 1 < 7+ 6x — 9x%. ll.il.\'——-

=2|21.




2a + 1 X
e eTEn T B ST D
ax—3x —2a+6 = x—
13. [lokaszaTi HEpaBeHCTBO
X(U+W+r +2)+2(L+3)Z6)/

12.

JUIS BCeX HEOTPULATENLHLIX 3HAYCHII NepeMeHHbIX X, y, I
14. Jlokasars HepaneHcTBO

L 1 1

L P e e
n+ 1 n+2 3n+1

<2, neh.

15. Jlokasarn, HEPABEHCTBO
28— 1>~V yeN.
16. Tlpi kaxkix 3HANCHUAN @ CHCTEMA HEPABEHCTB
ax—1 <0,
{ x—4da=0

MeeT XoTst Obl 04HO pelietne?
17. Tlpn xaxux spauenusx a see Hyan (QyHKUHH

filx)=(a—=2)x* +2ax +a+ 3

Jewar wa wurepsasie |—2; 1[?
18. Oupenenitrn, Mpy KAKIX 3HAYEHHAX [CPeMeHHOIl MHOTOUWIEH

Py(x)=x(x+ 1)(x +2)(x +3)

HPUHHMACT Haumenbiuee suavenne. Yemy ovo pasao?

19. Cnopriionuiaky naomatsio 09 rexrapa, uMeomyio (opyy NpPAMOYrOILHNKD, HE0OX0~
ANMo aropoianis © CCBCPA 0 IOrd JIepeBAHHBIM 3:\60[)0,\[, ¢ BOCTOKa 1 3amaia — fpOBOJIOYMHBIM.
Yerauonka | verpa epensninoro sadopa ooxomires B S pyboeii, npoBonoMioro — s 2 pybis.
Ha crponrenseino poreaeno 1200 pyGieii. Joctarouno am 91oil cymabt?

20, Yepes nyurT BnpoxoasT ABe UPAMOJMHEliHkle JAOpOrH, OAHA B nNyHkr A, Apyras
B nyakr C, upuves fBC =120 U3 A 8 B uwus Bs C OJOBPEMEHHO  BBIEIKAIOT J1BA
apromMoomnan. Hauiion OTHOUICHHE X EKO],)()CIC“. CCAH M3BECTHO, YTO HANMCHbLIICE PACCTOAHNE
MC»(,'])’ ABTOMOOILIEMIY OLLIO B TOT MOMEHT, KOria ilB'lOMOCHUIL\. BBILLEAUINIT 13 HOYHKTQ A,
ﬂpOlllc.‘l CCILMYLIO HACTh CBOCIO YT,

21. M3 ksa IPIHOrG. JHCTH ARECTH CO CTOpoHoIo a4, oTpe3as no  yriaM KOHIPYIHTHBIC
KBAAPATLL B 3ariGus Kpasi, COCTARASIOT NPAMOYIOILHYIO OTKPLITYIO Kopodky. Yemy aomkua
GEITL paBia CIOpoHa BLIOPACKIBACMBIX KBAAPATOB, MTOOBI HOJAYMMIACH KOPOOKA Hanbolbuleil
ByecTHMOCTH !

SAJIAMU PABJAEJIA 1T e

“CC.IL‘,IN!‘:HI. B PABHOCWILHOCTL HIL MHOXKECTBE BCeX ,'lCl‘lCTBHTC.‘]hHI;]X HHCel HepaBeHCTBa
{1=5)
L (x4 2x + 1) > X+ x <2

-

N M X

s X -
5. (/x—-12xnx2

Pewirns nepasencrua (6—18):
6. (3x7 — 13x + 4)(4x* + 12x +9) < 0. 7. (2x
]

(x* = 4) (x* + 8) < 0.

X*—Tx+ 12 2x —5 X+ 1
8 <0 9 < — 2 — 3
x? — 10x + 2 x* —6x =7 x—=3 %
2.0, s 2 . % 2
i, 0+ 3x 4) (x 16) =i 2, i+4,\;s:
x(x+1) 4x + x° X

™



2 2 3 X2 2x+ 1
3B, —-— 2 .14 < -
x—2 x+1 (x-27 ¥ —xF ¥ +3P
1 1 1 1 2 1 2x—1
15. = B 6 S ———— ——> 3
-4 (x+2? 7 x* i x—x+1 x+17 x*+1
2 3 4x 2 1 1 2 2
17 ——+ > ! 18. — + - ——< S+ ——.
2—x  2+x 4-x x x—-1 x+1 +(x+l)’

Haiiti obnacth onpenencaus dynxuuit (19—20):

20. f(x) =

19. f(x)=

Pewnts Hepasencrsa (21 —40):
2 IS o 1 22 )P —dx>x =3 3L /FE - B x— I,
24, [/x¥=3x—4>x-2 25 )/x—3x—10<8—x. 26 |/x—x—2>2x+3

x2—3|x-3| Pt
21, —————21. LV Ccfe + 3)2 > 20— x2 3 /(x? = x) <
E—5r 16 L 28 [/(x(x+3)*>2-x 29. 20 )/ (x xX) i

5 2 942 (]
(e, = Loy gy, & FESIE
3- 1=)/1-x2 X

1—3)/16 - x

X

3. <L 34 )x+6>)x+1+)/2x -4

35 /2-x<)/x+17+)/2x -4

=
| —

1 /13 1
—_——— 38, — —— < —
>‘\' 4 5 l/ 4 7

1
Ty AL
i X3

i)

39 /374 5x + 7 |/3 +5x +2> 1.

VKkasaune: cietarh 3aMeny nepemenuoii 3x? + 5x + 2 =1,
TR e T T VAT [T

40, /X423 4+ )/xT 49— /128~ x < > + 5.
=

Pewth Hepasenersa ¢ napamerpamin (41 —46):
l_lf.\'+|'(lf.\L+i<(L+.7‘).\; g W+l x—da_a

1. .42 .
47 3 6 v 3 2 " 6

2a+ 1 X+

L (a—3)x X
46. |[x —a|+ x|+ |x+a|<h

VKasanue: noie3no nocTpoiuts rpadukin Qyikumii

fX)=|x—-al+|x|+]|x+a] n g(x)=bh

y
~ Moax>1x. B.x+)a=-x>0 az0.

47. Tlpn Kakix 3HANEHMAX NAPAMETPA @ HEPABCHCTBO
ax® + 3x + 4
X4 2x+2

o

<

VAOBJACTBOPSIETCS PH BCEX FHAYCHISX NepeMennoii?
48. [Mpu Kaxkux 3HAYCHHSX NAPANMETPA @ HEPABEHCTBO
| x¥+ax+1 |
{ = | <3
| ¥ +x+1 |
VAOBJICTBOPACTCA IPI BCEX FHAMCHIAN nepementoii?
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49. Tlpn kakuX 3HAYEHUSX MApaMETpPa @ HEPABEHCTBO

x*+3x+a

= <2
x*+x+1

COPABEIMBO NPH BCCX 3HAYCHHSAX NCPEMEHHON KpPOME 0HOTo?
50. IMpu Kakux 3HAYEHMAX NApaMeTpa a HEPABEHCTBO

ax* +4x>1—3a
CHPABEAMIBO NPI BCEX MOJOKHTEIbHbIX 3HAYCHHSX MEPEMCHHOMH?
51. Tlpn KakuX 3HAYCHHAX @ KOPHH YpaBHEHHA
(a—3)x*—2ax + 6a=0

HOMOKNTE BB ?
52. Tlpn Kakux 3HAYMEHMAX G OAMH U3 KOpHEil ypaBHEHHS

Qe+ 1)x*—ax+a—-2=0
Gonbie eanmMILl, @ APYTOil Melbiue eMHuLb?
Hoxasats nepascncrsa (53 —55):

3

w

b Vi —>2. 54, (x4 y+2)* >27xyz, ecmn x>0, y>0, z>0.

|/ x + 2
55. (x4 x* + x + 1)* > 16x%; xe[0; +oof,
56. Jlokaszars HEpaBelCcTBO

X
+—=2x+y+z
& ¥
A% BCEX MONOKHTCALHRIN 3HAMCHHIT NEPeMEHHBIX X, ), 2.

§7. JloxasuTh HEPABEHCTBO

X4y 412

ATH BCeX AHAMCHIHT NEPEMCHHBIX, YIAOBICTBOPSIOLUIX YCJOBHIO X + ¥ + 2 = 6.
58. Jloxazars nepasencrso

nix 4 nx +2n
4)/x

JUIR BCEX MATYPAILHEIX 3HAMEHMIT » 1 BCeX NOJOKUTETbHBIX 3HAYEHHIT X.

59. Halirin nanGonsitee 1 HauMensiuee sHavends cyMMul 2x% + 3y? npn yenosusx x + y = 2,
x>0, y=>0.

60, Kaxyio HanGoabuyio miomans Mo#eT UMeTh NPIMOYroNbHHK, CYMMA Tpex CTOpPOH
KOTOpPOro pasia cra merpam?

61. Tlaockas duiypi COCTONT W3 NPAMOYrOJLHHKA M PABHOCTOPOHHErO TPEYrOJBHHKA,
HOCTPOSHHOI O Hit CTOpoHe npamoyroakhuka. Kak senuka moxker ObITh IUromans Taxkoil Gurypbt
NpH 3@IaHHOM nepinerpe?

62. V nporasia uenopruimch seck (IeMH BecoB oKasamuch HepaHbiMM). IMTpoaaseint or-
AYCTHIL HOKYNATCNO /1BA Beca: HepBblii pa3 Ha O/IHY YAINKY BECOB NOJOXKHI KIIOrPAMMOBYIO
THPIO, 4 H4 BIOPYIO — TOBAP, BO BIOPOii pa3 MOMEHsUI THPIO M TOBap Mectamu. CKOILKO
HOAYMIUL MOKYIATEAL: ABd KuiIorpamMya, 6oiblue JAByX KHIOrPaMMOB MWIH MEHBLIE JIBYX KHJIO-
IPAMMOB TOBAPA?

63. Boaoenm mnveer (opmy NpABMIBHOTO TPeyrojibHHKA. Mekay pacnonokeHHLIMK HA Oe-
pery mymkramit A u B xoaur napom, Bemocuneamcr, KOTopomy myxkHO nonacts u3 A B B,
MOKET BOCHOJIL3OBATLCH HAPOMOM K MOXET exaTh mo Oepery. [Ipu KakoM HauMeHbILEM
OTHOLICHHH CKOPOCTH BEJOCHIEIHCTA K CKOPOCTH MdpomMa IpH JI000M PAacHOiIOKEHHN [YHKTOB
A 1 B nepenpasa na napome He Aaer BBIMIPLULA BO BPeMeHH?

64. Jlse sgoporu mepecekaiorcs Mo npsmeiM o yrom. [lo wanpasaenuio K nepexpecTky
ABIKYTCH JIBC aBTOMAIINHLL 1O 11EpBOii JIOpOre — cO CKOPOcTLIO 60 KM/4, Mo BTOPOI — €O CKO-
pocteic 80 kai/u. B 12 wacor obe mammubl Haxoauancs B 10 kM OT nepekpecTxa.

L+ )2+ )3+ +)/ns

Q1
1



B kakoil MOMEHT pacCTOsHHE. Mekay Mamupamu Oyaer Hammensimnmm? [ne Gyayr Haxo-
JUITBCA MALIHHBI B 3TOT MOMEHT?

65. Jsa TypucTa Bt H3 nynkta A B nynkT B. IlepBblif TypHCT NeEpBYIO MOJIOBHHY
BPEMEHH LIeJ CO CKOPOCTHIO Uy, & BTOPYIO TMOJOBHHY — CO CKOPOCTBIO U,; BTOPOI TYPHCT nep-
BYIO [I0JIOBHHY [YTH 1LEaT CO CKOPOCTLIO Uy, @ BTOPYIO MMOJOBHHY — CO CKOPOCTBIO U;. Kro u3 nux
JaTPATIVL MEHbIUE BPEMEHH HA mpoxoxjenne mytn u3 A 8 B?

66. Paccrosmne mexny nynktamu A u B pasio 100 xm. M3 A B B oaHOBpeMeHHO
oTnpassioTes ABa seocuneancTa. CkopocTh nepsoro Ha 10 kM/4 Gosblue CKOPOCTH BTOPOTo.
B myT# TepBbli BeJOCHTEANCT ACIACT OCTAHOBKY Ha 50 MuHYT, HO B HyHKT B npuGbiBact
nepphiM. B Kakix nmpeesiax 3aKioMeHA CKOPOCTb NMEPBOIO BEOCHNEIHCTa?

67. Jlomka nabiseT 1O peke M3 NYHKTA A B nynkt B m obpatso. Paccrosmme mexay
nynktamu A u B paBHO d, CKOPOCTk TCHCHNS peKH paBHa v. Kakoma a071%xHQ OBITH CKOpPOCTh
JI0JIKH, MTOOBI Bpems, 3aTPAYCHHOE HA BCCh NMYTh, ObLTO Menblue t?

x4+ 1

68. Tlpi Kakix 3Hayennsix X palHOHATLHAs Gynkums y = NPHHIMACT HaNMeHbLICE

spavenne? Yemy oHO pasHo?

69. B TypHupe maxMﬂTHCT?B Il pazpsna 24 ywactuuka. /1715 BEUOAHEHHS Hopmbt I paspsuia
Hy&HO BLIGPaTh HE MEHEC 144/, o‘u’c)o& Kaxoso manGonbuiee wucio maxmaricros, KOTOpbIE
MOIYT BLIOJHHTE HOPMY I paspsna? (B maxmatubix TYPHUPAX BBINTPABIIMI 110J1y4aeT O4HO
OWKO: ecil HAPTHA 3AKAHUMBAETCH BHUYBIO, KWAULIT M3 Mrpasumx moayyaer '/, ouka.)

70. 3aBox MOJKEH MEPECaTh 3aKA3HHKY 1100 neraneii. Meramu anga NEPEChUIKH  YIIAKOBLI-
patorcsi B AWNKY. MMEIOTCA UKL TPEX THIOB. Sk nepsoro THna BMmemaer 70 nerasei,
ALK BTOPOro THIA — 40 petajed, AWNK TPeThero Tima — 25 geraneii. CTONMOCTH HepechiIkn
AIKA TICPBOTO THIA 20 py6., AUHKA BTOpOro THa — 10 py6., sumika Tpersero THHA — 7 pyb.
Kagkne sUmKn JIOJTKEH HCNOJIB30BATE 3aBOJ, HTOOLI CTOHMOCTEL NEPeChLIKH ObLIa HauMeHbIICH?
Hezorpyska SIUHKOB HE JIOMyCKAeTC.




IF'nasaV

MNOCJENOBATEJIBHOCTH. MPEAEJ MOCJIAEIOBATEJIBHOCTH.
MPEAEJ ®YHKLUHWU. MTPOU3BOJIHASI

§ 1. Beckoneunbie nociaexoBaTebHOCTH.
IMociesoBaTeLHOCTH OrpaHNYEHHbIE H HEOTpAaHHYEHHbIe

Beckoneunoii  wuc.1060il  nocaedogameasHocmylo Ha3bIBAGTCS MMCIIOBAsl (DYHKIMS,
ONpesesieHHasi Ha MHOXKecTBe N HATYPAJIbHBIX YHCEIL. APTYMEHT 3TOH (GyHKIHH 0OLIMHO
obo3HauaeTcst 1. a cama QyHKuus — 6yKBOil ¢ HWHAGKCOM BHH3Y: @y, b, X, W T.I.
Taximy oGpasom, GeckoHeuHas I0CTEIOBATENBHOCTh 3a/ldHa, €CIH YKa3aH 3aKoH, IO
KOTOPOMY Kai/IOMY HATYPAJbHOMY HHCIY N CTABHTCS B COOTBETCTBHE OIPEAETICHHOE
YHCIO @,

Beckoueunas 1ocie108aTenbHOCTb @, 1€ N, 3anNChIBAETCS B BHIE

(RN ot G

I KpaTko (a,). Yuena ay, a,, a, HA3BIBAIOTCS JSqeMeHmamu WiH 4HaeHamu Tociaeno-

BATSNILHOC T, ) — HEPBLIM  HJICHOM, d; — BTOPBIM, @, — n-M ®JICHOM IIOCJICAOBATE)Ib-
HOCTH.

Pacenorpiinv nipisepst:
a) Kanctony narypaisHOMY 4Hely n CTABUTCS B COOTBETCTBHE umcio (1 — 1)/(n + 1),
TEM CAMBLIM  OlpeesiseTes MOCcae0BaTeIbHOCTh
1

.?-

n—1
n+1

0;

u«]. w

3 tecan § e

W —

¢ n-M wnenoMm a, = (n — 1)/(n + 1).

6) Kamiiomy narypanasHoMy Wicxy n CONOCTABISCTCS HHCIO, PABHOE N-My jecs-
THYHOMY SHAKY 1ociae sansroii ynena §/33 B jaecarHuHoi 3anuci. DTOT 3aKOH COOT-
BETCTBHA ONPL/IeisetT 1ocie10BaTeIbHOCTb, Y KOTOPo# ay =2, a; =4, ay =2, a, = 4.
Hetpyano nokasars, wro n-it wien 910if MOC/IE0BATENLHOCTH MOKHO 3aIHCAThB BHIIE

a, =34 (—1)"

[locaenosareibiocTy 3aal0Tes pasiniEsMi ciocobamu. Hanpumep, ykasesisaercs
(GopMyIa, CRAZLIBAIONIAA 3HAYCHHS N-TO 'WICHA MOCIEIOBATENBLHOCTH C €ro HOMEPOM
A8 10000 HATYPAILHOrO 1 (TaKoBa MOCHEJO0BATENLHOCTL a)). 3aKOH COOTBETCTBHA
MEALY HOMCPOM 4JCHA M 3HAYCHHEM 3TOr0 4WieHAa MOXeT ObITh 3a[aH CIOBECHO, Kak,
Hanpumep. B nocaesosatenbHoctH 0). Menonbdyercs Takke PeKYPpeHTHBIH Crnocod :
JANAIOTCH HECKOJILKO [IEPBBIX HJICHOB IOC/IEA0BATENBHOCTH H (opMyna, Ha3blBaecmast
PEKYPPEHMHBIAL COOMNOMEHUEM, BBIPAKAIOLIAS CIEAYIOIME HIIEHBI MOCIEI0OBATENLHOCTH
Yepes npeabuiylue, Haopumep, ay =1, a,=2a,-y + 3 npu n = 2.

Mpunmep 1. Jokaszars, yro ecnn ay = | u a, =2a,_, + 3 npu n > 2, To p-it wien
JIOCTEIOBATENLHOCTH UMEET BHI

a,=2""" -3, (1)
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A Ucnonssyem MeTon MaTemarieckoit nraykuun. [Ipu n =1 dopmyna (1) BepHa.
IpemonoxiM, ¥To oHa BepHa mpn n=k>1, T.e. a=2""'—3. Tloxcrapsisn 910
BLIDAKEHUE [UTA K-ro WieHa B PeKypPpEeHTHOE COOTHOIICHHE Gy+i = 24 + 3, mosyuuMm
Qg =221 —3)+3=22_3 Ho sro u ects ¢opmyna (1) ams n=k+1. U3
NpHHIANA MATEMATHYECKOH HHAYKOMH CIEAYeT, 4To (opmyrna (1) cnpaBeanuBa ISt
N0BOro HATYpaNbHOTO HYMCHA N. A

BaxHBIM YACTHBIM CIIy4aeM IIOCIeNOBATENbHOCTEH SBISIOTCS apu(mernyeckas M
reoMeTphueckas nporpeccuy. OnM paccMatpusatotest B §§ 4 M 5.

TMocienoBaTeNnbHOCT (a,) HA3bIBACTCS 02PAHUYEHHOM, €CIH CYIIECTBYIOT BA
yicia @ M b TakWe, 4TO NPH BCEX N BBHINOJIHSIOTCS HEPaBEHCTBA

a<a,<b. (2)

IIpu 3TOM FOBOPAT, YTO YHCIO 4 OTPAHMYMBAET IOCIEAOBATENIPHOCTL CHH3Y, 4 HHCIIO
b — cBepxy.

TMocnenosatenbHOCTs ((n — 1)/(n + 1)) orpaHuyeHa, Tak Kak OpH BCEX /1 MMEIOT MECTO
nepaserctsa 0 < (n—1)/(n + 1)< 1.

IMocnenoBatenbHOCTh ((—1)") Tarke orpaHMyYeHa, Tak Kak IS JI000ro HATypalb-
HOTO N CHpaBe/IMBLI HepaseHcTBA —1 < (—1)"< 1.

Mo3KHO TIOKa3aTh, YTO JIAHHOMY ONpPEJENICHHIO OrPaHNYEHHON NMOCIEA0BATEILHOCTH
PABHOCHITBHO CJIE/IYIOLIEE: MOCIEN0BATENLHOCTD (a,) HA3BIBACTCS 02PAHUYEHHOl, ECI
CyIIeCTBYET YHCIO M Takoe, YTO NPH BCEX N BBINOJHAETCS HEPABEHCTBO

|a,| <M.

He Besikasi MOCAEI0BATENLHOCTh ABJISETCS OrpPAaHIYEHHOH.

IIpumep 2. [lokasaTk, YTO MOCIEAOBATENBLHOCTS (1) He ABJAETCSH OrpavuyeHioil.

A TlpennonoxuM MPOTHBHOE, T.€. MPEANOIOKHM, UTO MOCACAOBATENLIOCTL (1)
orpaHuMyeHHas. OTO O03HAYAET, 4YTO CYIIECTBYET TaKoe 4Hcao M, 410 MIpH Beex n

cpaBeqnBO HepaBeHCTBO |n| < M. Opnako, Hampumep, A8 HATYPAILHOIO WicIa
n=[M]+1 (3necs [M] — yeaas wacmp wncna M) 3T0 HepABEHCTBO HE BEINOIHHCTCH.
Ciie10BaTeNbHO, MPEANOJIOKEHHE HEBEPHO, T.e. MOCTEeA0OBATEALHOCTh (1) HE ABIscTCS
OTpaHHYEHHOI. A
ITocnenoBaTeNbHOCT, HE ABIMIOLIASCS OrPAHHYECHHOM, HAIBIBACTCH HEO2PUNLYCHHOL.
Copmyupyem ONpEaeNeHHe HEOTPAHHYCHHOM NOCIEROBATEALHOCTH, MOCTPOIR OTpPH-
- AVE - LaHHE ONpeaesIeHusl O pAHHYEHHOIl nocieosa-
TENLHOCTH
g / (@,) — HeOrpaHMYEHHAS  MOCJCINOBATE -
Puc. 39. HOCTb, ecin /Uit jodoro uncaa M mnaiiercs

TaKoil HoMmep n, uto |a,|> M.
Eciit u300paxath HICHb! MOCICAOBATENBHOCTH TOUKAMH KOOPAMHATHOMN 1P,
TO BCe 'WEHbl OTPAHHYCHHON INOCICAOBATENLHOCTH JEKAT HA HEKQOTOPOM OTpe3Ke.
Hanpumep, y MOCIEAOBATENBHOCTH @, = (n — 1)/(n + 1), ne N, Bce wienwl nexar ma
otpeske [0; 1] (pue. 39). l
JIns HEOrpAHHYEHHOIl NOC/EAOBATEBHOCTH BHE JH060I0 OTpe3Ka HAIAYTCH wicHbl
9TOH IOCIEN0BATEILHOCTH, i

§ 2. Ipenen nocaenosarensnocT.
TeopeMbl 0 CXOSUINXCH TOCIEOBATEILHOCTSIX

Yneno ¢ HA3BIBAETCH NPedeaoMs IMOCIeA0BATENLHOCTI (@,). ecim aas moboro
TOJIOXHUTEILHOIO HHCIA € HAMICTCH Takoe HATypanbhoe wmucio N, 4TO mpH Beex
n > N BHIIOJHSACTCS HEPABEHCTBO .

la, —al <e.
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Tor ¢axT, YTO HMCIO @ SBISETCH MPENenoM TMOCAeN0BATENBHOCTH (a,), 3amuChI-
BAETCS B BUIE

lim a,=a wm a,—a 0pu n— 0.
n— o

(=1r

Mpumep 1. Joxasars, uto lim =0

( 5 l)" @0 n
n

-0

A Hepasencteo

1

<8 T.e. — <g BBINOJHAETCS TpH Bcex n > l/e.
n

Takum obpaszom, Juis mo6oro & >0 MoxHO B3aTh, Hanpumep, N = [1/e] + 1. Ecin

(=10
n

yuecTs, yro N > l/e, To juis moboro n> N Oysem HMETb

—0l<5. r0

i o3navaer, 4ro (—1)"/n—0 npu n—>o0. A
3aMeTHM, YTO HEPABEHCTBO |a, —a| < & PABHOCHIBHO HEPABEHCTBAM
—e<a,—a<é&E WH a—e<a,<d-+E

370 O3HAvAET, UTO UNCIO ¢, NPHHANAEKUT HHTEpBANY Ja — &; a + €[. Takoil unTepsa
HA3BIBACTCSL E-0Kpeciniocmyio TOUKH a (puc. 40).

Onpesenenie npeaena MOKHO NepepasupoBaTh CieyiomuM oOpa3om, npuaas
eMy TEOMETPHUECKYIO HATISIHOCTD: YHCAO a

HA3BIBACTCSI  NPedenost  NocaedosamesHocmi S PeLet x =
(a;), ecn B M100YI0 €-OKPECTHOCTH MHCHA @ 2 @ ate
NOIMAZIaX0T BCE “JICHBI I10CJIE/10BATEILHOCTH, Puc. 40.

Kpome, OBiTh MOXET, KOHEUHOro 4HCIa MX.

AeiicTBuTensio. ecin a,—a npu n— o, To Aa kakgoro &> 0 Halizercst takoe N,
HTO BCC WICHLI 1OCIIC/IOBATEILHOCTH ¢ HOMEpaM n > N JIeKaT B €-OKPECTHOCTH YMCIa
d I, SHAUWT, BHC 9TOH OKPECTHOCTH MOTYT HAXOAMTHCS TONBKO HepBble N HJIEHOB
HOCHAEN0BATE/LHOCTIL.

Hanpuniep, s nocaenosatensioetn ((—1)/n) B £-0KpeCTHOCTL TOYKH HyJib HpH
£=1/10 nonanaiorT BCe WIEHBI NOCIELOBATENBLHOCTH, KPOME MEPBBIX JECSTH, MpH
£=1/100 — Bce 4ICHBI TOCICOBATEBHOCTH, KPOME NEPBBIX CTA, TAaK KAK

iy =0 1 1 (—1)y 1

Tq0 < T g P onEll <<

npu  »n = 101,

Mpumep 2 Iyern lim a,=a n a>0. JlokasaTs, 4TO HAUMHAS C HEKOTOPOrQ

HOMEPA BCE “JICHLI (10C/IC0BATENLHOCTH (d,) MONOKHTEILHbL.
A Tak xax lim g, =a >0, o as €= a/2 > 0 Haiigercst Harypagbnoe umcio N

TaKOE, 41O mpi 7> N BLINOARNETCS HEpaBeHCTBO |a, —a| < a/2. Tlepenuuiem sto
HEPABEHCTBO B Buiae —a/2 <a,—a < d/2,
OTCIOAA IOV G O—

a @ a

Puc. 41.

a,>af2>0. A

Feomerpiteckiii  CMBICH JOKA3aHHOTO  YT-
BEPUKUICHHS  BITOJIHE OYEBH/ICH: ECHHM YHCIO d NOJOKHTENBHO, TO CYIIECTBYET €ro
OKPECTHOCTL, HE CONCpXKAllas HY/Id, H B 93Ty OKPECTHOCTH COIJIACHO OfpPEHesICHUIO
MOMAAAIOT BCC “JICHB! MOCJIEIOBATEILHOCTH, KPOME, OBITH MOXET, KOHEYHOro 4Yucia
(puc. 41).
NMpumep 3. Tyers lim a, =a u a, = 0. Jokasars, uro
=

lim 1/, =/a.

)



3 oo

A a) a=0. ITo onpenenennio npefena s ao6oro &> 0 mo uucny & Haiigercs
takoe N, uTo mpu n> N mveer mecto |a,|< g2, Tak kak 1mo YyCIoBHIO ¢, >0, TO
0<a,<¢* Ho Torga mpu Tex xe n> N BHINOJNHAETCA HEPABEHCTBO |]/a_,, —-0|=

= ]/E,: <&
6) a>0. ns moboro &> 0 Haiinercs Takoe N, 4To mpu 11> N BbIIIOJIHSETCS

HEPABEHCTBO |4, — a| <& 1/;. Torjia nipu Tex xe n > N GyAeT CnpaBeuIiBO HEPABEHCTBO

ao—=fal= (ﬁ_l/;)(‘/a-*-W) _ |a,|—H| Ian_ul €
R s e

B ofoux cmyuasx mokasaHo, yro lim |/ a,,=[/;. A
n-x

Mpumep 4. [dokasats, yro lim ¢" =0, eciu |g| < 1.
n—x

A Tlpu g =0 yreepxuienne oveBHmHO; ecan ke g # 0, TO ~|—11—| > 1. Obo3naynm
¢

1
o= m— 1(x>0), Torna |1/g|=1+a u |1/g|*=(l + o)". [IpruMenssi HEPABEHCTBO

Bepnysum *), noayanm | 1/g[" = (1 + o) > 1 + oan > an, oTKyna ciaeayer
|q|" < 1/on. (1

Jlna mo6oro € > 0 Bo3pMem N = [l/:zs]\+ 1. Tak xak N > l/ag, T0o npu # > N u3 (1)
6Gyner cnenoBath |q[" < 1/an < 1/aN <e. Dro osmauaer, uro lim [g|* = 0. A

P

IMTocnenoBaTebHOCTh, UMEIOLIAS Npezen, HasbiBaeTCsl cxodaujeics, a nociie/108a-
TeNLHOCTh, HE HMEION[asi MPEfena, — pacxodsuyeiic.

Mpunmep 5. JlokasaTh, 4TO MOCTENOBATEABHOCTL € H-M “WiCHON d, = | + (— 1)}
ABIAETCS pacxojsuieiics.

A Tpexnonoxim POTHBHOE, T.e€. TMPEANONOKNUM, YTO CYILECTBYCT WHCIAO d, #B-
JIIOIUEECH MPEACIIOM STOH TNOCHeAoBaTenbHOCTH. Tora no onpeseiciing  npeieil
ans €= 1/2 Haiifercs TaKoe HatypanbHoe wuicno N, wro s so0oro i - N BBITOL-
HSAETCSl HEPABEHCTBO |a, — a| < 1/2.

Otciona cienyet, uto eca ny > N i n, > N, 10

[y, =ty | = (@, =) + (@ = a,,) | < | @y, — al+ |y, —al < 1. )

. = J

Omuaxo, ect B3ATH 1y = 2N (1, > N) u N =2N 41 (n, > N), TO Ans TAKHX HOME-

pOB TOJTYHM
[y — @y | = L(L+ (= PN) = (1 + (— ¥+ | = [2 = 0| =2 > L.

41O npo;::;)pg::rre H(.ZL Crenosarensuo, e CYIIECTBYET YMCHAA «, SABJISIOUICIOCs lipe-
J@IIOM MOCTCHOBATENBHOCTH a, = | + (— 1), 3Ta noc/IeA0BATEABHOCT] PACKOAMLASCH, A

N Te @
Hamno lHHl\f OPEMbl O CXOISUNXCH MOCHEAOBATENLHOCTAX, KOTOPbIC HIYHAIOTCH
B LIKOJLHOM Kypce MaTeMaTHKH, K
Teopema 1. Eca :
P cau nm.w()ouunmlbuavmb cxodumes, Mo ona umeem moabko 0oun
npede..
Teopema 2. Ec, 9 .
p Cau nociedosamensrocmy cxodumes., mo oHa ozpanutend.

') Om. «Anrebpa u Havanma amamuzan, Vi

% YebHoe nocobie 1 " racca CpeaHeil MKoJ
noa penakmieii A, H. Koamoroposa, crp. 12 obue aas 9-ro kjacca CpeaHei UKL
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lim (a, + b,) = lim a, + lim b,;
n-— o n-— @ n— o0
lim (a, — b,) = lim a, — lim b,;
n—x n—w

n—x

lim (a,b,) = lim a,- lim b,
n—x n—=+x "=+

Ecau, kpome moeo, b, # 0 0aa mwobozo n u lim b, # 0, mo
n=sx

lim a,
lim Ay _ n=x®
n—w b,, lim b,,.
"=
M3 teopemmr 2

Teopewma 3. Ecau nocaedosamersiocmu a, u b, cxodsmcs, nmo

CIIe/lyeT, 4TO Jirodasn HeOorpaHHYCHHAS 110CJIeA0BATENBHOCTE SBIIS-

erest pacxossueiics. Hanpisep, nocnenosarensroctu (1), (n* + 1)/n), (2") pacxoasmuecs,

TaK Kak OHI HeorpaHiveHHpie. K3 Teopemsl 3 creayer, MTO MOCTOSHHYIO MOXKHO
BBIHOCHTL 30 3HAK NpegeNna, T.e. ecIH MOCHeN0BATENBHOCTh (a,) CXOMUTCS, TO

lim (ca,) =c¢ lim a,
n—ox n-s0
PacemMoTpus npuMepb! HA BLIMHCICHHE NPEEIOB.
3 . Int=3n-2
Hpuniep 6. Haittu lim -
)

w4+ 2n+2
A Tlpiviensist Teopemy 3, nonyyaem

. M =3+ 12
lim 5
- "+ 2n 42
3 3
Rh=r lim (7 L 8T
! 1" 1 -
= lim o= -

n-rv o |

1
1+2lim —-+2

n—x N

Hpusep 7. Haiitu  lim (|/n* +n=n).
N
Tax xax
5 [ o
- n+n—=nj(ln"+n+n
Vn*+n—n= ( )(l — + )=

]:1541)1+11

n lim [/ 1 4+ =y I (em. npnsvep 3), to 1o Teopeme 3 OyaeM UMETh
s

lim (|/n* +n —n) = lim

== o 1,____
0~ 1 . 1
V;+~+l lim [/14+—+1
n nes a0 n

7-3 lim -]—'+ l.’.(

J/n*+n+n V

"=+ 0

lim —
¥

(lim l>-
W N

§ 3. Monorounsie nociegosarensioctn. Teopema Beitepuitpacca

[MocnenosarensHoeTs (a,) HaswlBaeTCs 6o3pacmaroujeli, ecnu it J1oboro n
BBLITOJHEHO HEPABEHCTBO 4+ > d, IlocienosaTenbnocTh (¢,) HA3bIBACTCH YObIGUIO-

ll[(’!‘l. €M 118 J000ro N BBLINOJIHEHO HEPABEHCTBO (4 < d,.

oy

o/



Hanpumep, nocnenosatensHocTs (1) BospacTaromias, Tak Kak s Jiroboro Haty-
pajbHOrO 1 HMEET MECTO @4+ = (1 + 1) > n* = a,. IocnenoparensHocTs (1/n) y6bI-

Balomlasl, TaKk KaK s KaXAOro N CIOpaBeJMBO HEPaBEeHCTBO 1/n+1)<1/m, T.e

Uiy < Oy
ITocnenoBaTensHOCTD (a,) HA3HIBAETCS Heybwleaiowjell, ECIH dy4+q = A, ATS JIO-

6oro n, U Hegozpacmaioweli, €CIH G, 4 < @, LIS JrO6OrO N.
HanpuMep, mocienoBaTenbHOCTs C n-M HiIeHOM a, = [(n + 1)/2] HeyGbBaromas:
115 1 2o XS R s
Bce Takme nocnenoBaTeNbHOCTH (BO3pacTarolue, YyObIBalolIHe, HEyObIBAaIOLIUE,

HEBO3PACTAIOLIME) HA3BIBAKOTCS MOHONMOHRHBIMU.
IMpumep 1. [JoxasaTh MOHOTOHHOCTb IOCNEIOBATENBHOCTH, N-ii 4JEH KOTOPOIf

HMEeT BHI a, = ]/ n+1-— ﬂ

A 3aMeTHM, 4TO
-y /n+1-)m(/n+1+)/n) 1
a,=/n —V/n= =l —
|/;1+1+ﬂ Yn+1+)n

no3TOMy npy J0boM n

o R 1 1 ~ —(/n+2-)/n -
T Vn+2+)n+1 /n+1+]/;;_(]/n+2+[/n+1)(|/n+l—+—[1_1)

Takum o6pasoM, d,+; < @, T.e. NOCIENOBATEILHOCTh YOBIBAIOLIAL. A
He Bcsxas nocmenoBaTesHOCTh MOHOTOHHas. IIpHMEPOM HEMOHOTOHHOIL OC/e-
JIOBATEJILHOCTH SBJISETCS mocaeaoBaTenbHocTh ((—1)"/n). Kaxaplii ee aneMenT ¢ 4eiHbIM
HoMepoM Gojibllie Kak NMpeiblIyIIero, Tak M IOCIEAYIOLIEro:
1 TS 1 1 1 1

=il SESie gt Ty R L M sl e g e
e R R 2k—1" 2k’ 2k+1
Jins MOHOTOHHBIX H OTPAHHYEHHBIX IOC/IEIOBATEIBHOCTEH CIPABE/UINBL
Teopema Beitepwrpacca. Eciu nociedosameabHocms MoROnMoORNA U

o2panuyena, mo oHa usmeem npeoea.

OTa OYeHb BAXKHAS B MATEMaTHYECKOM aHajH3e Teopema J@er
YCIIOBHS CYIIECTBOBAHMS Ipenena nocieaosaternbHocTi. M3 teopemur Beliepurrpacea
CIIEJyeT, HANPUMEp, YTO IOCACNOBATENLHOCTL MJIOMIAACH NPABIIBHLIX N-YI OJLHIKOB,
BIHCAHHBIX B OKPYXHOCTh EAHMHHMHOIO Ppajyca, HMEeT I[peiell, TaK Kak spige1rcs
BO3PACTAIONIEIT i OrPAHNYEHHOIT MmocnaesoBaTeIbHOCTIO. [Ipestesn 3Toll nocne1osaTe b
HocTH oOo3Hauaercs m.

Mpumep 2. JJokasaTb, YTO IIOCHCAOBATENBHOCTh ay =2, a, = (@, , + 1)/2 npu
n > 2 uMeeT mpenea M HalTH ero.

A HaiineM HeCKOJBKO NMEPBBLIX WJIEHOB IOCJIEA0BATEILHOCTH

ay=2; a;=3/2; ay=5/4; as =9/8.

HOCTATOMHBLIC

Bce oHu mpHHamIekxar mpomexyTky |1; 2]. JIokaxeM, YTO HpH BCEX 71 BLINOJHMIOTCS
HEepaBeHCTBA
l<a, <2 (1)

ITpumenny MeTon matematieckoli muaykumn. ITpm n =1 mepasencrsa (1) cripanei-
nuBbI, Tak kak a; = 2. Ilpeanonoxmm, 4to npu n=k > 1 mmeer mecto | < g, < 2.
Tak KaK Gg+y = (@ + 1)/2, 10 3 @, > 1 cneayer @+, > 1, a u3 a, <2 noayuaem
ag+1 < 2. Takum obpasoM, 1 <@y <2, T.e. (1) Bumommsercs u mpu n =k + L.
W3 npuHuMIa MaTeMaTHYECKOH MHAYKIMH CJIEAYET, YTO HepaBeHCTBA (1) BBINOIHSIOTCH

JUIsl JH000r0 HATYPAJILHOTO 2.



Hanee,

a,+ 1 g = 1—a,

Gugl == —— i

OTCIONA, YMUTHIBAS YTO @, > 1 Ang moboro n, MOAYIHM d,+y — a4, < 0. Cienosatenbo,

@41 < @, UPN BCEX N1 — NOCIeA0BaTeNbHOCTH yopiBatomas. 1o Teopeme Beiiepmrpacca

9Td MOCJIC0BATENLHOCTD HIMEET Ipees, 0003Ha M ero a: a = ]m‘: a,. OueBHIAHO, ¥TO
= o0

€CJIH TIOCIIE/I0BATENLHOCTD (a,) UMEET mpeael, To

lim a, = lim da,,.
n— o n-s

= q, »
st paccMaTpHBaeMOIl MOCIE0OBATENLHOCTH A,y +1 = T" — » MOITOMY
. a | | - 1

lim @4y = lim | =+ = |=—= lim a, + =5,

neven N S S\ DT 2nmw " 2
T.¢

1 1
a= ’2—(1 + —2-‘

OTKyAa maxomum, uro a = |. Wrak, gokasano, uro lim a,=1. A
n= @«

§ 4. Apudmeruyeckas nporpeccus

i Hocneionarensnocts (4,), y KOTOpOii @y = @ 1 npn JoGoM n
i Ayt y = a, +d, (1)

LAe a n d — moGble 3a/laHHble YHC/A, HALIBACTCS ApUPHMEINUYEcKoll npozpeccue.
Hucio d naspisacres pasnocmio apidMETIHIECKOl NPOrPeCCHH.

Apuivernueekas Nporpeccust ABASCTCS MOHOTOHHOI IOC/ICAOBATC/ILHOCTLIO: BO3-
pacratouelt npu d >0 (rak Kak @, —a, = d > 0), yopBaroweii npu d <0 (rax kax
dasy — a, = d < 0), uesospacraromeii npu d=0. dusg n-ro wiesHa apupmeTHucckoii
Hporpeccitin cnpapesmsa Gopayna

ay=a+dn—1). (2)

Hokasem ce MeronoM MatemaTieckoli MHAYKIMIL,

O Tpu »n =1 sra dopmyna sepua: a, =a. Ipeanonoxum, 4to Qopmyna (2)
BepHa 1pu n=Kk =1, re. aq=a+d(k—1). Mo onpesencunio apupmernyeckoii
Oporpecciii @,y = ay + d. Ioxcrasasa ciofa BhIpAXKEHME JUIsl K-rO 4JICHA, MOJyHHM

oy =a+dk—1)+d=a+ dk,

4 910 ccib Qopmyna (2) npu n=k+ 1. V3 npuHuMna MaTeMAaTHHECKONH MHIAYKLIM
clieayer, wro (opmyna (2) sepna ans mo6oro HatypasibHoro n. M

W3 gopmvyier (2) cneayer, uto ecam pasnocth apudMeTHuecKkoil mporpeccum
OTIHYEA OT HyJast, TO apudMernyeckas IPOrpeccus ABISETCS HEOrPAHMMEHHOM mHocie-
AOBATEALHOCTRIO. JlOKA3aTENLCTBO 2TOro (hakra AHANOTMYHO JOKA3ATEILCTBY HEOIrpa-
HHMCHHOCTH n0c/1e0BaTebHoCTH (1) (cM. pumep 2 § 1),

Hauie seero pacemarpusaercs apudMmernueckas Iporpeccs, CoAepKaas KOHETHOe
HHCIIO YJICHOB, KOTOpast Ha3bIBACTCH Koneuynoi llpll(l)‘.\lel?luul!(‘l(()l’l II[)()[‘])L’('('H(’I‘L
. Csoiicrea apudmernyeckoii nporpeccum.
| I Kaxcowit waen apudimemuyeckoii npozpeccun, Hauunas co 6mopozo, pasel
cpediesy apudsiemudeckomy eeo coceOHux YaeHos, m.e. npu k =2

+ Ay y
b, (3)

ay

|
|

ay =



2. Y koneuHnott apudmemuueckoil npozpeccuu ay; dz; ...; d, CYMMQ 41€H06, pA6HO-
OMEMOAWUX OM ee KOHY08, PagHa CyMMme KpaiHux yaenos, m.e. 0aa k=1, 2, ..., n

)

A+ Qygry = Ay + Gy

3. Cysmma u1eHo8 KoHeuHoll apudsemuyeckoli npozpeccu pagna npouseedentio

NOAYCYMMBI KPAiHUX 44CHO8 HA YUCAO YAEHO8, M. e. ecau S, = ay + dy + ...+ a,, Mo
a, + a,

Si= —5n : (%)

O HOpu k>2 umeeM @y =1 +d U 6 = a4y — d. CkIaabBas NOWICHHO OTH
PABEHCTBA, MOXYYHM 24, = - + x4y, OTKYAa crmeayet (3).

B KoHeuHOU apH(METHHECKOH MPOTPECCHH Qg5 dai ...; dy
DPaBHOOTCTOAT OoT KoHUoB. ITo dopmyne-(2) ¢y =a+d(k —1) i @+, = a+d(n—k).
CyMMa 3THX UIEHOB @ + Gy—p+1 =2a+d(n—1) U paBHa Cymme KpaiiHux 4JICHOB

ay+a,=2a+dmn—1)
Ecmu S, =a; +ay+...+d, 10 S,=a, + a,—y + ...+ a;. CknaasBas no4ICHHO

5TH PaBEHCTBA M HCMOJB3Ys CBOHCTBO 2, mojydaem
28, = (ay + a,) + (ar + ay—y) + ... + (ay + a,) = n(a; + a,).

WIEHBl ) M y—g+y

oTkya creayer (opmyia (5)
ay + a,

S, = 3 n. B
Ecan B hopmyuty (5) MOACTaBUTh BblpakeHHe (2) A n-ro Wwiena, To NOJIy4iM
e gl'i‘i(’iﬂ o (6)
Mpumep 1. CyMMa TPETHErO H CEALMOIO HJCHOB APHMETHUYECKON npor peccii
paBua 6, a ux npousBeaeHHe paBHO 8. HaiiTn cymMmy nepBBIX LIeCTHANITIE “IICHOB

3TOli MporpeccHi.
A OG6o3HauUM NEpBbIii WIeH Oporpeccii a, a ee pasHocts d. Torza no hopiyvie (2)

nMeeM ay=a+2d u a,; =a+6d. Ilo ycaoBmo az + a; =6, aya, = 8. Toicrasinsg
CIOla BBIPAKEHNSA ISl A3 U a7, TOIYWHM CHCTEMY

2a + 8d = 6,

(a+ 2d)(a + 6d) = 8,

petuas KoTopyio, Haxomnm @ = 1, d = 1/2na=35,d = —1/2. Tlo gopamyae (6) prisncisem
CymMy mepBbIX 16-TH WIEHOB JUIA KaXMIOM H3 mnporpeccuii:
2a + 15d
———7—-'16=76 npy a=1, d=1/2;

16 —

Si6=20 npu a=35 d=-1/2. A

Mpumep 2. CymMa MEPBLIX 7 WICHOB aPH(METHYECKOl NpOrpecci, pasiocts
KOTOpOIi OT/MIMHA OT HyJs, PaBHA MONOBHHE CYMMBI Cieayroumix n wuienos. Haiiru
OTHOLLIEHHE CyMMbl MIEPBBIX 311 WICHOB 3TOIl NPOrPeccii X CyMMe ee NepBLIN /1 ICHOB.

A Ecii S, — CyMMa TII€pBbIX k 'LICHOB NPOIPECCHIL, TO YCAOBHE MOKHO SaIHCATH

Y,
sneayronmy 06pasoM: S, = 5 (82, — S,). oTKyxa cnenyer 3§, = S,,. Menosssys diop-
Mysy (6) jts cymMbl Sy, OTCIOA NOJIYHIM

2a=d(n+1). (7)



Hckomoe oTowenne Ss,/S, umeer B
Sen 3 2a+d((3n—1)

S, 2a+dm—1) °

Mozncrasisis ciona a u3 (7) n cokpamas Ha d # 0, Haxonum S3,/S, = 6. A

§ 5. T'eomerputeckas nporpeccs

[ociesoBarensuocts (a,), y KoTopoil a; = a u ans Joboro n
yey = gy (1

The a M g — modble OTIHYHBIE OT HyJs 3aaHHBIe YHCIA, HA3LIBAETCS ceortempu-

Heckoit npoepeccuent. Yucino ¢ HasbBaercs 3jgarenameest TEOMETPHIECKOI TIpo-

Ipecciu. ) .

Ecmt a>0 u g>1, 10 TCOMETPHYECKAsi NMPOrpeccHs sIBJISETCS BO3PACTAOIICH
HOCIEN0BATENLHOCTRIO, TAK KaK IS JIFOBOr0 N HMEEM Gy y/dy = q > 1, T. € @iy > a3
e ke a>0 u 0<g<1, 10 reomMeTpudeckas nporpecclis  yowbiBaiowan: d,., =
=a,q < a, B

Ouesnno, uro npu a <0, naoGopor, reoMeTpuyecKas IpoOrpeccus yoObiBatolas,
€t g > 1, u Bospacraromas, ecan 0 <g<l. .

[pu ¢ <0 xamawiii wien NPOrPeccHi HMeeT 3HAK, NPOTHBONOMOKHBIH 3HAKY
HOCTeAyIOmero ieha, ona He OyJeT MOHOTOHHOIL.

Dopamyira s n-ro wiena TeOMETPHYECKOH MPOrpeccHi HMEET BHI

a,=aq"" L. )

Hoxkaxem ce nverogom MaTemaTueckoil HHYKIHIL.

[ @opuiyna (2), oueswno, sepua npi 1 = |, NPEANONOKIM, YTO OHA BEPHA U NPH
I.¢oap =aq*"'. Us (1) cnenyer ay.y = apg- IMoxacrapisist Cloaa BbIPAKEHHE
Mt k-ro dnena, mosyuaem Ay =aq', r.e. dopmyna (2) sepHa um npu n =k + L.
W5 npunia saremariveckoii nuaykumn creayer, uro Qopmyna (2) cnpasemmsa
A moboro warypansnoro n, W

Feonerpireckas nporpecens, cojiepAalias KOHEYHOE YHCIIO HJICHOB, HA3LIBASTCS
Konewnot ccomempuyeckoit npozpeccuelt.

Iycrn (a,) — reomerpnueckas NPOIpeccHst ¢ NepBbIM WICHOM d M 3HAMCHATENIEM (.
Csoiicina reomerpuueckoi Hporpeccuu.

I, Keaopam xancdozo waena zeosempuyeckoii npoepeccutt, Ha4unas co emopozo,

pagen npouseedenuio cocednux waenos, m.e, npu k =2

n=

at=— 10y 14 @)

Ecau ace waenw CCOMCMPUYECCKON NPo2peccu NoA0NCUMeAbHbl, TO 3TO CBOHCTBO

dopmysupyercs Tak: kavcdwiii wien 2€OMeMPUYCCKOLl NPO2Peccut, HAYUHAS CO GMOo-

POCO. pasen cpediesy 2eomMenpuueckomy e2o coceonux YieHos, m.e. d = V =1y

2.V koueynoil 2eomempuueckoit npozpeceuu ay; az; . ..; @, NPOUGCOCHUE YACHO8,
PAGHOOMCIMOSIUX 0m ee KONYos, pasro Npou3eedeHulo Kpaunux 4aenos, m. e.

Ay o+ = U1y 4)
3. Ecau snamenaneas zeomempudeckoii npozpeccuy q He pasen eounuye u 8=
=a) 1 ax + ..+ a,, Mo
l—q" P
S (5)
=g

Jokasarenscrsa coiicTs | 1 2 aHANOIMYHBI JOKA3ATENLCTBAM COOTBETCTBYIOLLIX
CBOHCTB apud)mernyieckoii nporpeccun. Jdokaxem cpoiictso 3.
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0 Hycts S, =a; + a, + ... + a, Wcnone3ys dopmyiy (2), MOXHO 3amucath
S,=a+aq+...+aq""", (6)

TOrzAd
qS, = aq+ag* + ... + aq". (7

BriunTas nmodseHHO M3 paseHcTsa (6) paBeHCTBO (7), moayunm
(1-g)S,=a(l —q")

oTkyna npu g # 1 cnegyer dopmyna (5). B
Mpumep |. Cymma nepBbIX 4eTbIPeX WICHOB FEOMETPHYECKOII IMPOrpecci: papid
30, a cymma crieyronux yeTbipex 4ienos paBHa 480. Haiiti nepsblii HIeH NporpeccHil
A Tlyeth a — nepeelii uieH M ¢ — 3HAMEHATeIh [EOMETPHYECKON MPOrpeccHit.

[To dopmyie (5)

= 30. @®)

=9

Crnenyromye uerbipe unena aq*, aq’, aq®, ag’ oGpa3yloT reoMeTpHYECKYIO IpOrpeccHio
C MepBHIM wieHoM aq* M 3HaMenaTeneM g, modToMy 1o (hopmy:e (5)

S
ag*- 1= _ 450, ©
1—gq
U3 (8) u (9) cmenyer g* =16, otkyma q=2 nwm g= —2. Ecom g=2, 10 u3 (8)
HaXoaum a =2, a npu q = —2 nomyyaeM a = —6. A

B npumepe 4 § 2 6bu10 gokasano, uTo lim ¢" =0, ecom |[g| < 1. M3 Jroro cies
-

NYET, YTO €C/ 3HAMEHATE/Ib § I'€OMETPHUECKOil nporpeccun (4,) yAOBICTBOpACT YCI10-
Biio |q| <1, 10 a,— 0 npu n— 0. JdeficTBUTeAbHO, TAK KaK @, = aq" ', TO
lim a, = lim ag" "' =a lim ¢"~' = 0.
e - nesox
' [eomerpiieckas nporpeccHsi, 3HAMEHATE/Ib KOTOPOIi YAOBJICTBOPSET YCIOBIIO
| [q| <1, naspiBaercst Geckoneyno ybvieaioujel TeOMETPHICCKOIT Nporpeccieii.

Ecm (a,) — GeckoHeuHO YGLIBAIOIIAS TEOMETPHYECKAsS NPOTPECCHs, TO CYILCCTBYCT
npees Nocie0BaTebHOCTH CyMM €€ nepBbix 21 wieHos. ITo dopmyae (5)

i TaK kak ¢"— 0 npu n—co, To lim S, = a/(1 —q).
n-»o
DT0T Npefe]l HA3BIBACTCA CYMAOU OSCKOHEMHO yObIBaiowell reoMerpiiccKol
nporpeccu i o0bMHO oOo3nauaercs S. Mrak

e, (10)
l—gq

IMpumep 2. Haiitn cymmy 6eckoHeuHO yObIBAIOILEl reoMETPHYECKOi nporpeceiti,
y KOTOPOIi CyMMa IepBBIX TpeX YIEHOB PaBHA 7, 4 MPOU3BEACHHE ITHX Y/ICHOB PABHO 8.
A Ilyets @ —mepBblli WIEH H ¢ — 3HAMEHATEIL IEOMETPHYCCKOH IIPOTrPEcCHil.
ITo ycnosuio
j’ a(l +q+¢3)=T1.
| a®¢* =5
M3 BTOpOro ypaBHEHHSI CHCTEeMbl HAXOAUM ag =2, TOraa. MOACTaBfd d
B IEPBOC yDABHEHHE CHCTEMBI, NOJIYYaeM KBAIPATHOS ypasHenue 2¢° — 5¢ +




KOpHH KoTOporo g = 1/2 u g = 2, TlocnenoBaTeabHOCTs 6ecKOHEUHO yObiBatomas, | g | < 1.
Cieposatensno, g = 1/2, u Torma a=4. CymMy 5TOil MPOrpEccHil HaXOAMM 1O (hop-
a

myze (10): S = = =8. A

1

§ 6. Tpenen dynxuun. HenpepbiBHOCTb (yHKIHH

Hanomuum, wro moGoii uuTepsan, comepkalliii TOUKY a. HA3bIBACTCS OKpech-
HOCMbIo TOMKH a. CHMMeTpHuHBLi uHTepBan |a — 8; a + 8[ mpu mobom & > 0 Hasbl-
BACTCS O-0KpecmHocmpio TOYKH d.

IMycrs ¢ymxmus f(x) onpenenena B HEKOTOPOI OKPECTHOCTH TOUKH @ 32 HCKJIIO-
YeHIEM, ObITh MOJKET, CAMOIl TOYKH @, T.€. HUKAKMX MPEANOJIOXKEHHH O TOM, ompe-
Aenena iu (yukmusi B TOYKE @ WM HET, HE AENAeTCs.
| Uncino b waseiBaercs npedeson Gynkumn f(X) mpH X, CTpEMSIIEMCs K a (iam

B TOYKE @), ecnu Uit J1ioBoro MONOKHTENBHOTO HHCIA € HAIETCS TAKOe MOJIONKH-
TEILHOE 4HCIIO O, YTO TPH BCeX X # d, YAOBJIETBOPSIONIMX HEPABEHCTBY |X —a| < 3,
OYZeT BBLINOMHATLCS HEPABEHCTBO

| IS ()bl <s.

Has oBosuavenns TOro, 4ro umucio b ects mpexen (yHkuud f(x) OpH X, cTpems-
WEeMCS K a, Tyt

lim f(x)=b, wm f(x)—b mpu x—ra.

3anmeTum, YTo yemosus [X —a| <9, X # a 03HAYAIOT, YTO TOYKA X MPHHAIJIEKHT
S-OKPECTHOCTH TOMKH @ H OTJHYHA OT @ 9TH YCIOBHS MOXHO OGCAMHMTBL B TaKoii
3ANHCH

0<|x—al|l<d.

Janioe onpesenenne npeiena MOKHO NPOIILTIOCTPHPOBATE CIEAYIOMIM 06pazom
(puc. 42). Bosuaviem uncsno &> 0 u ma ocn Oy OTMETHM E-OKPECTHOCTb TOUKH b, T.e.
nirepsas |b — £: b+ &[, yepes KOHIBI KOTOPOrO TMPOBEIEM
Hpameie, napapiensusle ocn Ox. IMonywsm mnonocy M-
PHHOI 26, Ecan uist moGoro &> 0 MOXKHO yKasaTh Takoe
6> 0, uro rpadur Gynkumn y = f(x), paceMOTpeHHbIH /115t
X M3 G-OKPeCTHOCTH TOMKH @ M HE PABHBIX @, HEJHKOM
HAXOAMTCA B 97100 nosloce, TO YHCIO b ABJISETCS NpeaesioM
f(.\') HPH X, CTpeMsILeMest K d.

IMMpusmep 1. Jlokasate, 4T0 1iml Bx-1)=2.

X

3|

A Oyuxuwst f(x) = 3x — | onpejenesa B Jo6oil OK-
pectHocT Tousn x = |. Hepasencrso | f(x)—2|<eg, T.¢.
IBx—1)—-2|=3|x—1]|<e¢, Oy/IeT BBITOJHATLCS JUISL BCEX
X YAOBACTBOPsOUX ycaoBuio | x — 1| <g/3, Takum obpaszoM, mis mmoGoro g > ()
MOXKHO B3STL O . TOTAQ JUIst BCeX X Takmx, 4ro |x — 1| <3, Oyumer ClpaBeIuBO
Hepasencrso | f(x) — 2| =3|x — 1| <& Dro u o3Ha4aer, HTo

liml Bx—1)=2, &

a-6aad @
Puc. 42,

Ipunep 2. Pacemorpum dyskmmio f(x) = (x* — 1)/(x — 1), ona onpenenena BCIOJLy
38 HCKMIOYeHHeM ToYkH x = | JlokaszaTh, 4TO mpH X, cTpemsiemcs K 1, ara bynkmms
HMEET mpenesi, paBublii 2.

A Tlpw Beex x # 1 umeem (x2 — 1)/(x — 1) = x + 1, crexoBaTeasHo, [ fiGe) =2 li=
=|x—1| n nepasencrso |f(x)—2|<e¢ pumonusercs, ecin |Xx—1|<g gy x Sl



ITostomy ms moboro € > 0 MOXHO B3ATH O = €, TOrAA NPH BCEX X, YAOBJIETBOPSIOLINX
-1

X
x—1 =2

yenosnio 0 < | x — 1| < §, Gyner cnpaBeaMBO HEPABEHCTBO =|x—1|<e

Taxum obpasom, mo onpeaenennio (x> — 1)/(x —1)—2 npu x> 1. A
Pewennst npumepoB | M 2, B 4AaCTHOCTH, NOKA3bIBAIOT, YTO O 3aBHCHT OT &,
NpHYEM 3aBUCHMOCTb 3T4, BOOOIIE rOBOPS, PasiMiHa ISl PasiuMHBIX (yHKLMIL.
Mpumep 3. Mycts f(x) >0 B HEKOTOPOil OKpecTHOCTH TOuKM @, lim f(x)=b
x

X

1 b> 0. loxasats, 410 NpH X, CTPEMSAIIEMCA K 4, CYIECTBYET Npeael Gbyakn |/f(x)
u limJ/f(x)=]/b.
lim/f ()= /b
A U3 onpenenenus mpenena ciefyer, 4to Ans Juoboro & >0 cyuecrsyer 6 >0

TaKoe, YTO A BCeX X, yAoBjerBopsiomux ycnaosuo 0 <|x —a| <9, Bemoansercs
HepaBeHCTBO | f(x) — b | > g/b. Torna Ains TeX Xe X H3 HEPABCHCTBA °

Il/j(—x)_l/gl___ [fx)=b] | f(x)=b]|

[/_f(_ﬂ+l) b

cieznyer Il/f(—v) - [/E] < & DT0 03HAYaeT, 4TO
lim [/f(x) = /b. &

He mns Beskoli (hpyHKUMH, ONPENENEHHON B OKPECTHOCTH TOUKH d, CYIIECTBYCT
TpeeN NpH CTpeMJIeHHH X K a. PaccMOTPHM, Hanpumep, Qynkuiio
1, ecnu x>0,
sign x = 0, ecin x =0,
—1, eemn x <0,

rpaduk koTopoii n3oGpaxen Ha puc. 43. JlokakeM, 4TO 9Ta (yHKUMS He HveeT npe-
nena B Touke x = 0. [Tposenem pokazarennerno MeTo10M

4 OT TPOTHBHOIO.
7 [J Tpeanosokum, HTO CYWIECTBYST uncio b 1aKOe,
4T
0| g S
lim sign x = b.
x =0
-7
Puc. 43. [To ompeaeciieHnio npejiena vt modoro > 0 u, €acio-

paTeibHo, IS €= 1/2 naiizercs rakoe & = 0, wro s
BCEX X, YJOBJETBOPSIOULHX YCIOBHIO 0<|x|<9d, Gyrer cnpaseianpo HepaBCHCTBO
|signx — b| < 1/2. Takum o6pasoM, ecit X; H Xz Takie, u4ro 0< |y, | <o n 0=
<|[x2]| <38, 1o |signx; —b|< 1/2 u |signx; — b| < 1/2 n, caenosarensio,

I'sign x, — sign x, | = | signx, — b+ b —sign xa [ S [signx; — b+ |sign v, — b -

= —§/2, Gymem HMeTh |sign Xy —signx,|=|1 — (=)=

Onnako, B3sB x, =8/2 1 X, =

=2>1.
[Mosnyyennoe npornBopeyne NOKa3bIBACT, 4TO (YHKLUS Sign x me maeer npesiesa

B Toyke x =0. M
s yHKingi, MMEIOIIUX NPEAeT B TOUKE, CHPABEATNBA Teopend, aHANOrHYHAA

TEOPEMe O CXO/SLHXCS MOCIe10BATE/IBHOCTX,

Teopenma. [Tycmy npu X, CMPEMAENCA K a, cywecmeyiom npede.ivt fiynryuil

J(x) u g (x). Tozda "’P" X, CMpeMAWeMCA K a4, CYWECmEyom makdjce npedeivl CyMMbl,
Q4

o



adl

PA3HOCMIN U NPOU3Ge0eHUS IMUX BYHKYULL, Npu Mo
lim (/(x) + g/(x) = lim £ (x) + lim ¢ (x),
lim (f(x) —g(x)) = ym f(x) = lim g (x),
X—a X—a X=d

lim (f(x)-g (x)) = limf(x)- limg (x).

Ecau, kposme mozo, lim g (x) # 0, mo cywecmsyem npedea uacmuoeo f(x)/g(x) u
X=a

lim f (x
lim 1) - ‘H"'—( )
x-a g(x)  limg(x)”
XN-sa
Mpumep 4. Haiitn i T
Eieep & Habu fing ol

A Tlo Teopeme o npesenax umeem

lill’}( 2x-3) 2 liu}.\' -3

. 2x—3 2-3-3 1
iy = - = =—8-. A
=3 34 7x  lim 3+ 7x) 3+7 lim x 3+7-3
[x+3—2
Mpumep 5 Haittn Iin:l =

A Tlpu x, crpenisimemest k 1, mpeaen 3HaMenaTens paBeH HYJIIO, TGRS i
MEHUTL Teopemy O npeese HacTHoro meiabds. OnHako, npeodpa3osas JApPodb Cileaylo-
wm oGpason :

Va+3-2 (x+3-2¢/x+3+2) % —1
Yol a3+ k- D(/x+3+2)
WCOKpaTHB Ha x — | (ccan x — |, 10 x 3 1), nonydnm
Jx+3-2 1
o m
Tak xax \Ii|'1;1| ¢+ 3 =2 (cMm. npumep 3), TO
x+3-2 1 1 1
I S FE T T

Ans nexoropuix dyusiuni npesen npn x, crpeMsmemMcst K d, PaBeH 3HAYEHMIO
QyHKLIN B TOuKe @ (oM. upisepst 1 n 4). Oanako 310 He

BCErJId. Tak, Hanpumep aas (yurunm 4
; i upn  x #0,
fiE) =S /
1 upu x =0,
a
rpaduk kKoTOpoii npejcTasien Ha puc. 44, npenen npu x — 0 Puc. 44.

ABEH HyYmo, a [ (0) = 1. .
Ecan npenen gyuxim f(x) 8 Touke @ pased 3HaveHuro (yHKIHH B JTOH TOYKE:

lim f(x) = [ (a),
X=u
T0 hyHKuMs [(X) HazBIBAeTCS HENPepvleHOll B TOYKE .
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W3 TeopeMbl O mpejenax cieayer, 4To JuHeiiHas (YHKIMs HENpEpbIBHA B JI00OI
TOUKE, T.€. JUIA JIOBOH TOMKH X, MMEET MecTO

lim (ao + a;X) = ag + a1 Xo.
X —+Xg

Meorounen P, (x) = ag + a;X + ... + a,X" TaKKe ABIACICS HENPEPLIBHONM (yHKImeil
B M0o60it TouKe:

lim P,(x) = P,(xo).

X
DTO CleAyeT M3 TOro, YTO MHOTOWIEH €CTh KOHEMHAS CyMMa CIAraeMbIx BHIA X
k>0, nnst xaxaoro u3 KOTOPBIX

lim ax* = a, (xo)
X=X

(mocsieinee ycTAHABINBACTCS METOAOM MATEMATHYECKOIf MHAYKLIMH).
/3 HenpepeIBHOCTH MHOTOMJIEHA M TeOpeMbl O MPEAeNe ¥ACTHOI'O cieayer, 4To
palnoHaIbHas (yHKIHS HenpepeiBHA B 1060l TOUKe 0BIACTH OnpeieaeHus, Tak Kak

. P,(x)  P,(xo)
lim = o,

x=% Qu(X)  Qu(Xo)

Bee asemenmapnvle diynkyuu, Hanpumep
x*, @* (a>0), siny, tgx, log,x (@>0, a#1).

ecmt @, (xg) # 0.

HenpepuigHbl 6 Kancol MouKe, 6 OKPeCMHOCMU KOMOPoi mu (hyHKyuu onpeoeieitsl.
Ecmi (yHKIus HenmpepbiBHA B KON TOUKE HEKOTOPOro HEHTEpPBAJIA, Olid Ha3bl-
BAETCS HenpepblgHol Ha amosm unmepsaie. I'paduk HenpepsIBHOI Ha nHTEpBaie (pyHKIHHT
MOXKeT ObITh HAPHCOBAH ONHHM JBIDKEHIEM Kapauiauia 6e3 oTpbiBa OT OGyali.
Kaxnas onemenTtapHasi (yHKISI HEnpepbiBHA HA JIHOOOM MHTEpBaze, Ha KOTOPOM
OH4 omnpe/esieHa.

§ 7. Iponssoanas, ee reoMeTPHYCCKHI CMbIC.

IMycts ynkmus y = f(x) onmpereiena Ha HEKOTOPOM muTepBaie |a; b[. conepra-
ueM TouKy Xo. Jus moGoli apyroii Toukm x muurepsaja Ja: b[ pasnocts ¥ — Xo
0003Ha¥aeTcst AX M HA3BIBACTCS NPUPALYCHUCM APeyMeHma; COOTBETCTBYIONIAs Pu3iHocTh
3Havennit Qynxun f(x) — f(xp) obosmauaercs Af(xg) (mam Ay(xg) 1 Hazpipacred
npupawenues @ynkyuu. M3 pasencrsa Ax = X — x, CACAYET X = X, + Ax #

Af (xo) = [ (xo + Ax) — £ (xo).

Ecii x — xg, 10, oueBigHO, Ax — (.

] ITpouseodnon Gynkmun y = f(X) B TOUKE X, HA3LIBACTCH Npeaci OTHOLICHHA
npHpariesist PYHKIHI K COOTBETCTBYIOIIEMY HPHPAILCHIIO APIYMENTa, KO [10CIe1-
Hee cTpemuTest K Hymo. [TpousBoanas (Gynkuun y = f(x) B 1ouke X, oboipavacTcs

| [ (xo) mmm y' (xp). Taxum oGpazoM, Mo onpejieseHito

i ‘°)A= li ;,’.(;VQA_“.k:,,'('Y“'

Ax—0 Ax ¥

' f(co)= Jim &

M eymecTBoBanus npon3BoAHOIL [ (Xo) HeodXomMO, 4T00bI dyHKits f(x) ObLIa
onpejeneHa B HEKOTOPOIT OKPECTHOCTH TOMKH Xo. TloKakem, uTO Takke HEOOXOMIMO,
uToObI (hyHKIMS ObLIa HEmpepbiBHA B TOUKe Xo. Ilycrs cymectsyer [ (xg). Toraa
J(x) = f(xo)

¢ — X

lim (f (x) = f(xo) = Iin\l (x —xo)=f"(x0)-0=0.

Hh

P —

TR e - 11 ol



=

Orciona cnenyer, uro lim f(x) = f(Xo), 9T0 U 0O3HauaeT HempepsiBHOCTL (yukmn [ (x)
X—+Xg

B TOUKE X.
QyHKIMS, MMerolas NPOU3BOIAHYIO B TOYKE Xo, Ha3wiBaeTcs oudidhepenyupyesioit
. 6 3moil mouke; onepauys HAXOXK/IEHHs TPOU3BO/HOIN HasbiBaeTCs dugiiepenyuposanuel.
Dynxmms, uddepeHIEpyeMas B Kak 0l TOYKe HEKOTOPOr'o HHTEPBaa, HA3LIBACTCS
dupdepenyupyemoir na smom unmepsase. Mpoussontas JuQpepeHiapyeMOli HA HHTEP-
Bane Gynkmum y = f(x) cama sBiaseTcs ¢ynkmmeli aprymenta x, ee odosmasaor [ (x)
WIH )’ (X) H Ha3BBAIOT NPOU3EOOHON (yHKyueil.
Npumep 1. Mokasare, uro ynkmus [ (x) = |/x muddepermpyema Ha HHTEpBAIE

10 +co[ u (/xy = —
2)x

A Tlyets xo >0 u x > 0. Vimeem

st moboro x€]0; +w [,

e VeV VA VW5 4150 xoxo
16— fxo) = Vx—V/xo= it Ve Vs + Ve

Ax

Af (%) = ———=——
l/-\‘o + Ax + ]/ xo

Orciona, snas, uro lim [/.\'0 + Ax = 1/:(0 (em. mpumep 3 § 6), nonyuaacm
Ax—0

Ax |
f'(x0)= lim —— ————— —
Ax—0 Ay (l \0+A\+l X0) ”l, Xp

310 o3mauaer, uro (ynxums f(x) = [/.\' auddepeniapyeMa B KaX10il TOYKE HHTEpPBAIR
fov 1
10; +oo[ u (/x) = A
2/ x
Vxaxem ocnosupie Gopmyisl u npasuna utddepenunposanns, ¢ NOMONIbIO KO-
TOPHIX B GOJNBUIMHCTBE ClIyqaeB MoxHO npu aubdepenuuposanni ofoiituck 063 He-

Af
NOCPE/ICTBEHHOIO BBHIMHC/ACHHS MPOH3BOAHON Kak Npejela OTHOUICHIs e npu Ax—(.

Npousponnbie ameMenTapHsx Gynruuii
L (X" =nx""!, neN. 5. (& =¢
2. (sin x)' = cos x 6. (@) =a*Ina, a>0,

3. (cos x) = —sinx. 7. (Inh)i=

4. (g x) : 8. (logox) = — >0, a#l

s %) = —te . (log, x)' = — A " s

& cos?® x Ee xlna’ ]
Mpasuna nuddepenunpobanns,
Ilyets ¢ — nocrosmasn, u(x), v(x) B u(x) — uddepennupyenmsic HA HEKOTOPOM
natepsase |a; b[ (yHkmum, Ha TOM Ke MHTEPBAJE CHPABEIHBLL (JOPMYILL:
=0,

(cu)
(uy + 1y + ...+ )

‘

cu.

Uy + s + ...t U

| (uw) = w'v + uv'.

u\  wv—u .
(—) = — —, v#0.
)
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ﬂpﬂaeﬂeM npHuMepbl HAXO0XKICHHUS TPOM3BOAHBIX.

1
IMpnmep 2. Haiitn npoussoanyio Qyukumt y = x> + =

et

1
, ¢ 1 (x=1 - : —ny _
AY=()+ET)=2x-1-x l=2x—?z-. ®opmyna (x7") = —nx , neN,
creayer u3 npasuna AuddepeHunpoBaHns YacTHOro, €cl HMOMOXKHTE u = 1, v=x". A

Mpumep 3. Haiitu npoussoanyio dynxmun y = x* —2x° + 3x — 7.
A Y=Y =2(% +3(x) - (7) =4x> — 6x> + 3. A
pumep 4. Haiitn npoussoanyio dysxkuun y = x Inx.

A y’=(x)'1nx+.\'(lnx)’=I-lux+x-%=lnx+ 1. A

Ix —
IMpumep 5. Haiitu npoussoauyio ¢pyuxuun y = %
A e =B+ =@x-)B+x) _ 23+x)-@x—1-t T
iy (3 + x)* = (3 +x)? B +x)?

Mpasuno auddepennunpoBanus c1oXkHOH GYyHKILN ML

Tyerb y = F(u), u=u(x) 1 y(x) = F (u(x)) — cnoxuas (yuxupg. Ecan ynxins
u(x) anddepenmmpyema B TOouKe Xo H (Qynxuus F(u) auddepenumpyena B TOUKE
U = U (xp), To cioxkHas QGyHKuHa y(x) = F (u(x)) auddepenuupyema B TOUKE Xo H

V' (Xo) = F' (o) ' (xo)-
Ilpumep 6. Haiitn nponssoanyio dyuxmmn y = (sin x + cos x)°,

A Tonaraem 3zech u(x) = sin x + cos x, y = . [To npasuny qudidepennuposanng
CIOKHOM (DYHKIUTH U1t J1I060ro X mosydaem

¥ (x) = () u' (x) = 3uu’ (x) = 3 (sin x + cosx)* (cos x — sinx). A

Mpumep 7. Haiitu npoussoanyio dynxmmm y(x) = |/x* — 2x.

s / 1
A TMonaras u(x) = x* — 2x, nonyuaem V(X)) = /u(x). Tax xax (|/u) (oM.
2 u
npumep 1), To umeem

= Iy —2 N
V() = (/w)u (x) = TILT ' (x) = i . _ . . A |
Z 0

2/ x*—-2x  PxP—2x
T'eoMeTpHueCKIii CMBIC MOHATHA NPON3BOAHON CTAHOBHTCA SCHBIM 03 PACCAOTPE-
unst rpaduka Qynkupn y = £(x), onpesesennoii na sekoropon nurepsate Ja: bl [l
3HaYeHuii aprymMenta Xq + AX H Xo 03 narepsaga Ja: b[ coorsercTRYIONINC OPIITHATE
rpaduka Gynkumu pasubl f(Xo + Ax) 1 f(Xo), pasHocTh 3HaueHiii JTHN opanmaT ¢CTh
Ay (xp): Ay(xo) = [f(xo + Ax) — f(xp). O1-
Ay (xg)

HOUIEHHE — PaBHO YIJIOBOMY M"NI"

&

Flagdm) < i
ety npsmMol, npoxoasueli  epes

Toukn rpaduka M (xg, f(xp) 1 N (xg + Ax,
f(xo + Ax)). TITpsmas MN  nassiBacrces !
cexyyeit (puc. 45).

IMyers Ax =0, torna touka N crpe-
MmiTCs K Touke M. Ecam cymecrsyer
npousBoaHas [ (xp), T.e. mpenes oTHolue-
Hus AM TO cexywas MN cTpemuTcs
Ax -

K NpsMoll, mpoxoasueli wepes Touky M,
Puic. 45. ¢ yraosbiM koahduimentom [ (xg). IMpe-

Hay)




JenbHOe nosiokenne cekyiuei MN mpn ctpemuteHuu N k M Ha3biBaercs KacameuabHol
K rpadmky ¢yHkuun y = f(x) B Touke M. YriaoBoii ko3(pummeHT xacaTenbHOi paBeH
[ (xq), unaue tgo = [’ (xo). YpaBHeHue KacaTejbHOW, KaK ypaBHEHHE MPSAMOM, MPOXO-
asteii gepes TouKy M (Xo; Vo) © YrI0BbIM Koa(duinenToM [’ (Xo), MOKET OBITh 3aNHCAHO

L .
B BUHIE —3_—;‘_"-:,/ (xp) mun (1aK Kak yo = f(Xo))
X — Xo

¥ = f"(xo) (x — xo) + f (Xo)- (1)
ITpumep 8 Haiitn ypaBHeHHe KacaTelbHOIl K mapabome y =X — X%+ 6 B TOuKE
¢ abeumccoii xo = 1.
A Haxommm npoussoanyio dynxmun f(x) = x — x* + 6:

L (x)y=1=2x,

I NOJCTABIIAEM B ypaBHEHHe KacaTenbuoit (1) 3navenus xo = 1, f(xo) = 6 1 ['(xo) = — 1,
nojlydaeM ypasHEHHE KacaTelbHOH y+x=7. A

[TousTie MPOH3BOAHOI SBJISETCS OAHHM H3 OCHOBHBIX B MAaTEMATHYECKOM aHAJH3e.
O npuMeHeHH NPON3BOAHBIX K MCC/eaoBannio (ynkummii cm. raasy VI

§ 8. Ilpenen Qynkuun Ha OECKOHEHHOCTH

Mycts Qynkius f(Y) onpenesena BHe HeKOTOporo otpeska [c; d], xak rosopsr,
onpejiesicHa B OKPECTHOCTH OECKOHEMHOCTH.

Yneno b maseisaercs npedeiosm (yskunn f(x) npu X, cTpemsieMcs k GeckoHeu-
HOCTH, ecin s 1i000ro MOJOKHTeABHOTO YHC/Ia € HAMAeTCs TAKOE IMOJIOKHTEILHOE
qeno M, aTo i BCeX X, YAOBJIETBOPSIOUIIX YCIOBHIO |X|> M, BbImoansercs
HepaseHcTBo | f(x) — b | < e Ilpu arom mumyt lim f(x)=b wm f(x)— b npu x — 0.

X =

INpusmep | Jdokasare, uro lim (1/x) = 0.
X%

A @yurius f(x) = 1/x ompenenena s seex X # 0. Jna moboro & > 0 nepasen-
crBo | f(x) — 0| = 1/| x| <& Oyaer spmonnarses, ecan | x| > 1/e. Takum obpasom, s
modoro & > 0 mokno s3srs M = /g, Toraa npu Beex X Takux, uro |x|> M, Gyaer

1
CHPABE//IIBO  HEPABCHCTBO l — 0| <e& Dro 1 o3nayaer, 4o 1/x =0 npu x — 0. A
X

Teopema o npenenax, chopmyinposanHas B § 6, 0CTACTCA CHPABEIINBOIL, ecimn
BCIOAY X — @ 3uMCHNTL HA X — 20,
P2
; W
[Mpusmep 2. Haitrn lim —— :
v X+ 95

X G &

2 Kak GbU10 01Medeno, TeopemMa 0 npeieax OCTAHeTCs CIpaBe/UMBOI IpH X — oo,

B HACTHOCTH, CCJIM NPCICibl MHCANTENS! H 3HAMEHATENA CYLIECTBYIOT W IIPEAes 3HamMe-

HATEASE OTUIMHCH  OT HYJIS, TO CYHICCTBYET npejes OTHOICHHSA M pPaBEeH OTHOLLIEHHIO
APEACIIOB, NOATOMY HMEeM

3 S
LAl 24— lim<2+%> 2+3<hm )
lim 2x° 4 3 X X X =" X

lim — = = r=2. A

e L+ 1im<1+i,> 1+5(1imi)'
X X~ 208 X=m X

Yacro NPEICTAaBBICT HHTCPEC HAXOXKIACHWE IIPEIesoB (byHKUHH OTAEIBHO IIpH

CIpEMICHIN X K + o0 U K — oo, OnpefeanM 3TH Npeessl CICNYIOMNIM 00pa3om:
a) lim f(x)=h.

ecan s moboro & > 0 naiizercs Takoe 4Hea0 M, 4TO UM BCeX X, YAOBJIETBOPSIOIIMX
YeI0BHIO X > M. Brinonusercs uepaseHcTso | f(x) —b| <e.

13
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6) lim f(x)=b,
X=+ =00
ecin jutst moboro £ > 0 HalmeTcs Takoe 4HCI0 M, uTO ANsi BCEX X, YAOBJIETBOPSFOLIMX

yeioBHIo X < M, BeimonHseTcs HepaBeHETBO | f(x)—b| <.
Ecnu lim f(x) = b, To, Kak HETPYZHO BHIET,
X0

xyinwf(X) = x—loil-nca f(x) =t

Hanpumep, 13 Ttoro, uro lim (1/x) =0, cneayer 1/x —» 0 npu x - + o0 u x — — 0.
X—0

3aMeTHM TakKe, YTO TEOPEMA O NpejelaX OCTAHETCs CHPABE/VIHBOM, €CiH BCIOAY
BMECTO X — @ NOACTABUTb X — +00 WIH X — — 0.
o 2x
[Tpumep 3. Haiin npenenst pynxmmu f (x) = T+ KOrjJa X CTPeMHTCsSl K + 0
X
I KOIJd X CTPEMMTCS K — 0.
2x

14+x E

2x
A Ecmu x> 0, To )

lim ———= lim —— 2
= = lim =0
x=+0 1+ x| x=42 1 +X xotm
—+1
X
Ecmu xe x <0, T0 L— Al NO3TOM,
BT e 5 Y
o 22X : 2
lim = lim — =1 —— = =2,
A e L 1 A

X

§ 9. Onuocroponnue npenensl. Beckoneunsie npeein!

Pacemotpennas B § 6 dynxuus sign x (em. puc. 43) we umeer npejieia B TOMKRE
x =0. Oanako, eciy OrpaHMMHTLCS PACCMOTPEHHEM TOJIBLKO HOJOKMTCABILIN X, TO
npejien npu x, crpemsiemcs x 0, cymecrsyer u pasen + 1. Ecan ke paceyvarpusarh
TOJILKO OTPHUATENBHBIC X, TO Npeaesa MpH X, crpemsiemcs k 0, taxxe cyiiectsyeT
u pasen — 1. Fosopsar, 4ro (yHKINS Sign X OpPH X, CTPEMsIIEMCH K HY110, HMEET
00HOCMOpONNIe TIPEesibl: npagslii npeded, PaBHBLL + 1, W aeauilt npede, panibiii -1

Ilpasoii okpecmuocmylo TOMKH a HazoBem joboii untepsan |a; a + ¢ upn ¢ > 0.
ITycrs Gynkuust f(X) onpedeneHa B HEKOTOPOIi NPaBoil OKPECTHOCTH TOMKI d. HHcio b
HA3BIBACTCS npagviy npedesom (MW npedeaos cnpasa) GyHsimm f(x) B TOuke @, €CAH
A1 M000ro MONOKHTEALHOrO MHCIA £ HANWICTCA TAKOE MOAOKHTEALHOEC “HCio 6, 4TO
NPH BCEX X, YJAOBIETBOPSIOUTUN YCTOBHIO d < X < @ + 0, T. ¢. NPHHALIEKALIX NPABOil
8-OKPECTHOCTH TOMKM @, BHINOJNHACTCS HepaBeHcTso | f(x) — b| < e [Mpu sromM muumyT:

lim f(x)=b.
x—=a+0

AHQJIOrHYHO onpenensieTcs npejen caesa. Jleson okpecmuocmblo TOYKM @ HA3bl-
Baercst Jnoboit uurepsan |a —c¢; a[ npu ¢ > 0. Myers ¢ynkums f/(x) onpesenesa Ha
HEKOTOPOIi JIEBOI OKPECTHOCTH TOMKH a.

Uneno b HaspBaeres Aesvla npedeios (Wmi npedesom ciega) (ysxmmn f(x)
B TOMKE @, ecii JUIsi JI060ro MOJOXKHTEIBHOrO HYHCIA € HANAeTCs TAKoe MOJIOKHTEb-
HOE YHCIO O, YTO MpPH BCEX X, Y/JOBJETBOPAIOIIMX YCIOBHIO a — O < X <4, T. €. IpH-
HaZIeKALMX JIEBOI 0-OKPECTHOCTH TOYKH a, BhINoiHseTcs HepaseHcTso | f(x)—b| <e.
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Ecnn neBuiii mpejen B TOYKe a paseH b, TO nuumiyr
lim f(x)=
x—+a—0
B ToM uwacTHOM cilyuae, KOTJa paccCMATpHBAIOTCA NpaBbiil U JEBbll Opesiess
B TOYKE HyJIb, OHM 3aNHCHIBAIOTCS B BHIE
lim f(x) u lim f(x).
x=++0 x—+~—0
Taxum obpaszom, s GyHKUME Sign x

lim signx =1, limsignx = —1.
x—+0 x—+—0

Ipumep 1. [lokasars, 4ro
Vs
~<~+0 l/—-{-
Vx=x
]/_+.\
Vx—x _ Yx(-V \)

A Qyuxkuus f(x) = onpesenena upu x >0 u npu TOM

Vitx Vat+)x  1+)x
Mostomy
/e /o
1-)x 2/ x —
|f(»\')—ll=~ l/,_—l =- l —< 2]/x.
1+ ]/x 1+ )/x
Ans moGoro £ > 0 BossMem & = g*/4, Torma, ecim 0 <x <8, 1o | f{x)— 1] <2])/x <
s
<2)/8=¢ D10 u osmauaer, uro lim Vx=x . A

X=++0 l X 4+
Vasepxenist reopemsl 0 npenenax dyukuuii, chopmysinpopaunoii B § 6, ocia-
HYTCSl B CHJIE, €CIiM BCIOJY X — @ 3aMEHHTL Ha X — a + 0 (coornercrBenno wa x — a — 0).
Beckoneunne npeaens. Ilyers dynkumst f(x) onpesieschia B HEKOTOPOi
3 v 1.
NpaBOii OKPECTHOCTH TOUKH @ M CYIIECTBYET NpaBblil npeiesn gyHKimy 59
HY!IO:

E aBHLI
7 > F

ey T R

Hanpumep, ¢ynxuus f(x) = 1/]/.\'——1 ompegenena mpu x>1 u lim (1/f(x)) =
x-+1 40

= lim |/x—1=0.

x=140
Ecim f(x) > 0 B nexoropoil npasoii okpectsioctn touku a u  lim (1/f (x) = 0,
x—~a+0

T0 roBopaT, uro dynxkuus f(x) cmpemumes K nao¢ Geckonedjocni NPy CTPEMIEHHNA X
COpaBa K TOYKE d W IHLIYT

lim f(x)= +x
x—=a+0

(unraerca: npenen ¢ynkouu f(X) cnpasa B TOYKE @ paBeH MUOC GECKOHEUHOCTH).
Ecmm f(x) <0 B Hekoropoii npasoii okpecriocri Todka o u  Um (1/f(x)) =

40

TO FOBOPSAT, 4TO (1)_\'m<uuu fx) CMPeMUNICS K MUHVC OCCROHEHHOCHIN TIPY CTPEMIIEHIN

10

=t



X crnpaBa K TOYKE @ H MHLIYT
lim f(x)= —w
x—-a+0f( )

(umutaercs: mpenen (yHKIEM f(X) CnpaBa B TOYKE a PaBeH MHHYC DECKOHEYHOCTH).
Takam obpasoyM, lim (1/)/x—1)= +co, Tax xak 1/)/x—1>0 nmpu x>1 u
x—+1+0

lim [/x—1=0.

x=+1+0
AHaNOTHYHO ONPENENAIOTCA Oeckoneynvlie npedeisl ciega B TOUKE a st (DyHKIMH

f(x), onpeaeneHHON B HEKOTOPOI JICBOH OKPECTHOCTH TOMKH a:
limof (x) = +o0, ecnu f(x)>0 B HEKOTOPOH EBOIi OKPECTHOCTH TOYKH a M
X=ra~

. li:go(llf (x))=0.
limof(.\')= —co, ecnu f(x) <0 B HEKOTOPOIi JEBOI OKpeCcTHOCTH TOMKH a M
X=a -

lil;nu (Yf(x)=0.

Mpamep 2 Mas dysxmu f(x)= \7_ l—mim UPEIIE! CIPaBa H CJIeBa B TOYKE

TH TOYKH X =1, HO He B camoil

: H oTpiua reJibHa

Fe SHHBIX [pee ) cripasa

Prc. 47 Pic
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MoxeT GBITH M Tak, 4TO OJMH M3 OJHOCTOPOHHHX NPEAENOB KOHEYHBIH, APYroi —
GeckoneuHbIil (puc. 48).
BeCKOHEYHbIE NPEEITEl ONPEAEIAIOTCS TAKKE IPH X, CTPEMSIIEMCS K + 20 WM — o0,
Hanpumep, lim f(x) = + oo, eciu f(X) onpeneneHa W NONOXHTENbHA MPH BCex X < M
X=— 0

ax mexotoporo M u _lim (1/f(x)) =0.
ot

Mpumep 3.
1—2x—x? o 1l=2x—x%
H e e —_ = 4 0.
x—!}-l;-nco x+2 s x-l»"—nw x+2

TMonsiTie GeCKOHEYHOTO TpeAeNa IIHPOKO MPUMEHSETCS NPH MCCHEIOBAHMM (pYHK-
IHH 1 nocTpoenny ux rpadukos (cm. ri VI).

= 3AJAYM PAZAEIA I

2
o BEel ;
1. Mcxons us onpenesnenus npeaena, A0xa3ath, 4to lim — T I, B 3aMOJHNTE CACIYIO-
n—sct W
myio Tabamuy sasucumocin N ot &
[
€ ! i o A

2. Jdoxasars, 410 NOC

3. Moka3ath, 470 nOCie

4, Jlokazats, 410

§, Mycts nocacao TEEOCT g B Tesems = S ~
hm b, = 0

6, Jdoxasatys, vro lim - r=

7. Hafttn dopmyay n-ro yieEa NOCASIOBETERENCTS sEol. TR

1

1
Uysy =3 + —, ne N, Haiitn npezen sToll NocIeaoRITeakiocTs
3

Haitrn npesens nocaenosavenswocrell 8 -2

14 a4+« It
8 lim ™ < b <
# T
njol 5
9. hm
hes
10, Jlokasang, weo lim | o 1 A% mobore a>Q
L TTvens nocacionnremaoomn (@) (h) 8 () rexom 0
MONOTO 1 BEINOTHETCR HEPARSHTTRO G, & X, S &, loNaaas, Svo RN

12, Haftri lim |/ 3" 4 5"

13, Jlokasars,, 470 NOCACAOBATEILHOCTE, MATANNAR PERYDI
ne N, yrosaersopser teopeme Beflepuurpaces. Haltvm oy

14, Huitrn sncno waenon apimeriveckoll nporpeccint. ¥ xoropail @
nux 13 waenos x cymme nocneanux 13 wienos passo 12, a orsou

fe3 NEPBLIX TPEX K CyMMe Beex ‘pienos Ged nmocieamux pex paswo 473




15. Cymma 4ieHoB apHMETHYCCKONH NPOrpeccHH M ee MEpBblil 'WIEH MOJIOXHMTE/bHEL Eciu
YECHUUTL PAa3HOCTh ITON NPOrPECCHH HA 3, HE MEHAS NEPBOrO 'WieHa, TO CymMMa ee WICHOB
yBeiauTCs B ABa pasa. ECTH ke MepBhIi WiIEH HCXOAHON NPOrpeccHH YBEIHYUTDL B HETHIPE pasd,
He MeHsif ee Pa3HOCTH, TO CYMMa WICHOB YBENMYHTICA TaKke B jBa pasa. Haiitu pa3HocTe
HCXOJIHOI NPOTpPecCHit.

16. BecxoieyHo yYOBIBAIOWAN TEOMETpHYECKas NpOrpeccHs, Cymma KoTopoii pasma 16/3,
coftepKuT “wieH, pasHpli 1/6. OTHOLIEHHE CYMMEL BCEX HJIGHOB HPOTPECCHM, CTOSILAX 1O HEro,
K CyMMe BCEX WEHOB MPOrpecCHH, CTOAIMX mocie Hero, pasho 30. Omnpefesnth NOPSAKOBbI
HOMep 3TOro H€Ha NMPOrPeCcCHH.

17. Haiitu 3navenne npowssenerns 0,2(7)-0,1 (63) B Bume npoctoit Apodn.

18. Mcxoas M3 ONpEJCNCHHA Npenena (YHKUHH B TOYKe, A0OKa3aTh, 4TO lim R =)

A=0 X

Haiftn npeaenst ynkumii (19—22):

cos 2x
v X SINX 4 cosx
r)

23. Haifti npejesisl Cnpasa u ciesa B Touke x = 0 dyuxwn [ (x) =

24, Haifrs npesesst cnpasa u cnesa B Touke X = | dymxini

)= =l

w2k —i=1"

o = DA% 42)
25, Haiitin (lln; '—(Z.\' T

26. Haitn _ lim (/x +V/x = )/x).

27. JlokasaTn, YTO HPH X — +c0 dynkums f(x) = sinx e waeer w Komednoro, i Oec

KOHEYHOIo Npe/Ie/a.
5 1 50
28. Haiiti npoussonyio gpyuxiumm y = l/;-l- )
Vx

29. Haiitil ypapHEHHC KACATELHON K rpaduky dywuxim y=|/4x — 3 — x* B rosre ¢ abcuue
coii x = 3/2.

30. Haiitn ypawsuenne obuwieii kacatenbhoii k napaGonanm

Y=X"=2x+5u y=x 4 2v — I1.

3AJAMM PAYIEIA N ————

1. Jloka3ath OFPANMMCHHOCTH NOCIEOBATE BHOCTE;

_.); 6) ( ‘“l—); n)('Lﬂt‘)")
/n + 1 n—1 )

2. Mcxoas w3 ONPENSICHIs NPEAeNa, N0Ka3aTh:

: M, ol (=)
2 = =2: 6) lim ——=2__.
Bl "l.{n) n+1 nore n ’
. sinn .on—n? 1
22" =0; 1) lim — L
o) lim = VA 23 2

TNag Kaxaol 03 10C/C/OBATENLROCTEN 3anonunTs Tabanuy 3asncumvoctst N oF €

& 1710 1/100 171000

| o
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3. okasaTh, 4TO CHIEIYIOIHE TOC/ENOBATELHOCTH SBISIOTCS HEOTPAHMMCHHBIMIL:
a) a,=(—1)"-n, neN; 6) a,=n*>—n, neN;

B) a, = 1_—", neN; 1) a,=n+(—1)y-n neN.
n

4. lokasaTsh, 4TO CJICAYIONIHE TOC/IEAOBATEILHOCTH SABJAIOTCH PACXOALHMUCA

a)a,,=sin"—,"'—, neN;: 6) a,.=—l+(—l)",neN; B) a,= l—n,nsN;
~ n

1y
r) a, = [l + LL], neN (3aech [ ] —3nak umemoli yacth uHCIia).
n

Haiitit npeznens: nocnenosatensnocteii (5— 14):
s S n+1
S ' G, g 2 T

n—co 10% 4 n “nsw P —2n n-o 1/n+ 1
3
2 3
. 1—n+2n . 1424 40 . n+n
8. lim *‘1’1 Ay - +, =L, lim I
n—w  S5p? 4+ n n—on n* n—w n+2

W lim /1 + 27, 12, um<i+ e ;)
n—+co —eo \ 1- .

24r

4. lim =

n—co 2104 17

15. lokasats MOHOTOHHOCTE C/CAYIOLIMX MOCAEAOBATENBHOCTEI:
n+1\ _ (1—n

ﬂ)(; = ); 0) ( —); B 2" —1);
2n —

1) Hasunas ¢ kakoro n nocnenosatensiocts (n-g") npu 0 < g <1 Gyger MOHOTOH

16. Haiitn, npn xakux COOTHOMIEHHSX Mexay a, b, ¢ u d HoCHeNOBATENHLHOCTE <(" |7J)

Oyzer: a) poapaciaiouleii, 6) yosiBarolieii.
17. JNoxasurs, uro limn-q* =0 npi gl <L
n-ses

18. Jlokasais, 4ro n0eieoBATENLHOCTL HMEET Hpeiel W Haiity ero:

@) ay =102, a,=1/(2 - a,-,) npu n>2;
6) ay =1/2, a,=2/(3 —a,-,) npun n>2,

19. Haiiti dopyyay n-ro wiena ans xaxmoit u3 CIHEYIOUMX 10CIeA0BATEABHOCTEH U HalTH
€ npesein:

w1
a) ay =3, . < }7 upu n > 1;
- 5 3 1
byay=1, a, 5 = > Upmy — ?n,,z npu n >3,
20. Banucars B Bivle OOKIKHOBEHHON HeCOKPATHMOIi APo6u:
02(5) . 2(2
a) ;‘ ——. 0) 0,3(8)-0,5(45). 8) 92@n 7)
0,12(7) 0,(63)

21, Halits qicio wnenos apudMeTRICCKON NPOrpecchit, y KOTOPOH OTHOWIEHHE CYMMBbL (1ep-
BEIX 23 9ACHOB K CyMMe nOCACAHHX 23 HAeHOB PABHO 2/5, @ OTHOLIEHHE CYMMb BCEX WICHOB
03 HEPBLIN CeMi K CyMMe Beex uieHOB Ged mocjaeinnx cemu pasho 10/7.

22. Hality 9mcio 4ieHOB IeOMETPHMECKOl NpOrpeccHy, y KOTOPOil OTHOLICHHE CYMMbL

1
nepsuix 11 wncnon k cymme nocaeannx 11 4ieHos paBHo T4 OTROMIeHIE CYMMBI BCEX 4JICHOB

66’3 NEPBRIX NCBATH K CyMME BCEX HJICHOB 663 NOCACAHNX JICBATH PaBHO 2.

23. Tpu uucaa x; y: = oOpasylOT B YKA3aHHOM TNOPS/KE IEOMETPUYECKYIO MPOrPECCHIo,
a waeaa x; 2y; 3z ofpasyiorT B yka3aHHOM Hopaake apudmerndeckyto mnporpeccnio. Haiitn
3HAMEHATEb [€OMETPHHECKONH NMPOrpeccHt, OTIMYHBIA OT L.

24. Bropoii, nepseii u TpetHii wieHb! apu(METHUECKOH NPOIrpPeCcCHH, Pa3HOCTL KOTOPOi

OT/MYHA OT HYJiA, 0OpasyioT B YKA3aHHOM [MOPsIKe TeOMETPHYECKYlo nporpeccuio. Haiitu ee
3HAMEHATE b,
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25. PasnocTs apu(MeTHYECKOH MPOrPeccHy OT/IMYHA OT HyJsl. UHCIa, ABHBIC NIPON3BENCHIM
1IEPBOrO YIEHA 3TO NPOrpeccHH Ha BTOPOH, BTOPOTO 4IEHAd HA TPETHH M TPETLEro HA NEpBLIH,
00pa3yloT B yKa3aHHOM MOPS/IKE reOMeTpHuecKyio mporpeccuio. Haiiti ee 3nameHnatens.

26. Haiitn uetwipe uenwix uucna a; b; c; d, nepsble TpH HW3 KOTODHIX a; b; ¢ B yka3aHHOM
nops/ke 06pasyloT reoMeTpHYECKYI0 NPOrPECCHIO, & MOCIeNHue TPH b; ¢; d B ykazaHHOM NOPSAIKE
00pa3yioT apH(METHHECKYIO POrPecCHIo, ECTH CYMMA KpaliHuX 4mces paBHa 21, a cymma CpeHHX
yncesn pasHa 18,

27. B apupmernyeckoli NpOrpeccui, pa3HOCTh KOTOPOH OT/IHYHA OT HYJs, CyMMa MHEPBBIX
3n 4JIEHOB paBHA CymMMe CleAyloWuX n 4wieHoB. HaifTH OTHOIIEHHE CYMMBI NEPBBIX 2n 4JICHOB
K CyMMe CJIEAYIOWHX 21 4JICHOB,

28. Haitti nepBblii 4ieH reoMETPHYecKoil MPOrpeccHH, y KOTOPOM OTHOLICHHE CyMMBI mep-
BbIX NATH WIEHOB K CyMMe MX OOpaTHbIX BeIMYHH paBHO 49, a CymMMa MHEpBOro M TpPETLero
4JEHOB paBHa 35. v

29. Haiitu 3uamenatenh GeckoHEYHO yOBIBalOlell reoMeTPHUECKON nporpeccui, y KOTOPOH
OTHOLLICHHS CyMMBI KyO6OB BCEX HJIEHOB K CyMME KBAJIpaTOB BCEX WIEHOB PaBHO 3, & OTHOLICHHE
CYMMBI BCEX WICHOB K CyMME KBAJIPATOB BCEX WIEHOB paBHO 3/7.

30. Tpu ukcia COCTABNAIOT FEOMETPHYECKYIO MpoOrpeccuio. Ecam BTOpOI 4jleH yMeHbUIMTh
Ha 4, TO MOJYdCHHLIE TPH WYHCAA B TOM K€ MOpPAAKE ONATh COCTABISIIOT I'€OMETPHYUCCKYIO
nporpecciuio, Ecii TpeTwit wien HOBOM NpOrpeccHi yMEHbLINTb HA 9, TO MOJYdHTCS apH(merH-
4eckas nporpeccus. Haiitn st gmcna.

31. Tpu uHcia, cymMma KOTOPHIX paBHa 78, ofpasyloT reomeTpuueckyio mnporpeccuio. Hx
MOKHO pPacCMATpHBATL TAKAKE KAK MEPBBI, TPETHII H ACBATHI WICHB! ApHPMETHYECKOH Nporpec-
cum. Haiiti ot vmcna.

32. Haiitn cymmy Geckoneuyno yGuiBarouieii reoMeTpuyeckoii nporpeccus, BTOpoil wien Ko-
TOpoit pased 6, a cymma ee B 8 pa3 MCHbILUE CYMMBI KBAJDATOB €€ “JICHOB.

33, Haiiti cymmy Geckonenno yGRIBAIOLICH [eOMETPHYECKONl MPOrpecci, y KOTOPOil cymuid
KBQJIPATOB NEPBLIX /1 WIEHOB PaBHa CyMMe MEpBBIX 2N 4JICHOB, @ CyMMa KYOOR HEpBLIX /1 WICHOB
B TPH pa3a MeHbIIE CYMMBI NEPBbIX 3n 4JIEHOB.

34. Haiith cymmy Geckonedno yGuiBaromeii reoMeTpiueckoii mporpecciu, cy
H NATOr0 4JIGHOB KOTOPOii paBHa 34, a MpoM3BEICHHE NEPBOTO M ACBATOIO WICHOH panio <

14 nepsoro

35, Haiiti cymmy GeckoHeuno yGbiBaroLieii reOMeTPHUECKOlt MPOrpeceu, Bee HicHbl KoTopoil
TOJIOKXNTENBHBI, €CITH CYMMA TEPBBIX TPEX WICHOB 3TOil nporpeccuu pasha 39, a cysnia 0Opaiiey
BEJIHMMH ITHX 4/IEHOB pabHa 13/27,

36. Haiitin cymmy S Geckoneuno yOniBaiowueii reoMETPHUECKOI IPOTPECCHH, cCai 11 CyMMa
Ha 6 Gosblue CYMMBI NEPBBLIX TPEX €¢ WICHOB, & CyMMa IHepBhIX Tpex na | Goawie CyMMBI

CICAYIOUMX TPEX HJICHOB.
37, Jlpe apudMeTHuECKHE NPOIrPECCHH COAECPRAT OAMHAKOBOE HHEIO WiEHOH. O THOWICHHC
TOCJIEAHErO “WICHA NepBOil NMPOrpeccHu X NepBoOMY W/EHY BTOPOIl NPOIPECcCHH Panio OTHOILICHIIO

TOC/ICAHErO YiIeHa BTOPONi NporpeccHd K NEpBOMY WieHy mepBoii nporpeccuin ® pasno 4
OTHouesxne CyMMbI WICHOB NEPBOIi MPOrpecCHit K CyMMe 'WIEHOB BTOPOIi nporpeccitin pasno 2.
OnpezeuTh OTHOIICHHE Pa3HOCTEl 3THX NIpOrpeccuii.

38. Cymma WICHOB M Pas’HOCTBb apu(METHYECKON NporpeccHi MoaoRure nisl. Ecin ynen-
UHTh PA3HOCTb NMPOIPECCHH HA 2, HE MEHASA e¢ NEPBOro WICHA, TO CYMMA €¢ 4ICHOB YReIHuHTed
B Tpi pasa. Ecium ke pasnocTh HCXOAHON NPOrpecCHit yBeMtiiTh B 4 pasa, He MeHas NEpROro
WICHA, TO CYMMa WICHOB NPOrPECCHH YBENMUHTCS B 5 pas. Oupegenurs pasHocTh HEXOAHON

NPOTPECCHH.
39, [lpe GeckoHeuno yGhiBaOLME TFeOMETPHYECKHE NPOIPECCHH TAKOBLI, YTO [EpBbIl 4ieH
nepﬂoﬁ NPOrpeccHH ABJLCTCH 3HAMEHATeIeM ETOPOﬁ. a 3HaMeHaTelb IleB(\ﬁ AporpeccHi ABJINACTCH
HEPBLIM WIGHOM BTOpOi nporpeccun. Cymma cymm obenx nporpeceuii paspa 2. Hailte nepsbii
WICH MepBOii MPOrPEcCHH, eCil ¢ 3HAMCHATENL pasen 1/3,
40. Mcxoas u3 onpesieienus npeeia GpyHKUNN B TOYKE, A0KA3ATH, HTO:

. 2 . x*=9 . 3
a) lim(x*~1)=3; 6) lim —=6; B) lim]/xcos L — 0.
x=02 x=3 x—3 x=0 X

Haiitn npezenst Gynkunii (41 —51);

14+x+3 2 dx — x—1-1
lim LEXH3 gy i IS g g VXL

x~0 2—X x=>1 x* =1 x=2 Xx-=2

41
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44. lim(
x—1

47. lim 2

x—1 x* — 2,

V =i —1))/2=x
_) 45. lmsl++ A i SR
X X4 P,

x-1 x2—1
im x+3 o sl
x=-3 )/x+4—1 T 2+ 1

3 cmm—
50, lim (ﬁ_trT_ \) St lim x (/21 = x)

48.

X—0
52. Haiiti npesesisl cnpasa ¥ ciesa B Touke X = 0 QyHKIHH
2
x* 4+ | x| +x
fx)= ,—]——
x*—|x|+3x
53. Haiiti npestesini crnipasa ¥ ceBa B Touke X = 0 dyHkuun
2
x*—|x|
fR)=E
XoTE%
54, Haiirn npejessl cnpasa u cieBa B Touke X = 1 QyHKImH
ol iy 8 e |
fly=2—x=2L
x“=1
2(x = x%) + [x — x3|
2(x —x7) — |x — x|
x =0, 6) naitrn npesens! cnpasa W ciaesa B Touke X = L.
% . sinx
56. Hoxasate, 4to lim ——=0.
X 00 X
57. B touxe x = 0 naiiti npeaens cnpasa u caesa dynkumn f(x) = 21/

§5. Oan dyssum f(x) = a) HaliTH Npeienbl Crpasa W CjleBa B TOUKE

58. B touxe v = | waiiti npejenst cnpasa u ciesa ynkmn f(x) = —1[—]
X —|X
Haitrn nponssonuyio ysxummn y (x) (59 —64):
S ! 3x — ‘/:
S9. p= 60. y=(x—2)cosx —sinx. 6l. y= ——
[ x+1 3% 3 |
62. y= SNATCOIN ey pmxIn(x = 1) 64, y=2%-(1—x).

Sin x + CU},\"
65. Yupociiith suipawenye s f(x) u waimu f7(x):

/ /=D =y -2
= (= 2 ) .
VX424 )x=2  JxP-d4-x+2

66. Halit vouxy x, » koropoif ofpauaercs B HyTb Upon3Bojuas Gyuxwm f(x) = e?*~ ! +
+2e!7% 4 Ix — 5.

67. Pewnrn uepasencrno [ (x) < g’ (x), ecam j'(x):l Hgx)=x—x%
%

68. Hailri ypannenne xacarensnoii & napabone y = 3x* — x + | n Touke ¢ adcuuccoii x = 1/2.

69. Hailru, kaxoii yron obGpasyer ¢ ocslo adcuuce kacareipHas K napabone y = x* — Sx + 7
s Touke M (2: 1)

70. Haifive ypasuenne obuweil kacatenbuoii k napabonam y = x> +4x + 8 u y = x* + 8x + 4.
71. Hailts ypasuenue npamoif, npoxonsueil uepes Touky (1/2; 2), kacarouteiicsi napaGosibl

x* < iy 9 >
y=2— - u nepecexaoueil rpadux pynkunn y = [/4——::2: a) B oHON Touke, ) B ABYX TOMKAX.
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I'nasa VI

UCCJIEJOBAHUE ®YHKLIN W MOCTPOEHUE WX F'PA®UKOB

§ 1. Yernsie n neuerHble GyHKIuH

Oyrxus f(x), ONPEACCHHAA HA MHOXeCTBE X, HA3bIBACTCS UemHOil, eClu s
moGoro x € X BBIMOJHAIOTCA YCIOBHA:
—xeX u f(=x)=f(x).

Ouepno, uro dysxkuwn f(x)=1 1 f(x) = x?, onpenenennble Ha Beeil YHCIOBOIN
OCH, ABJSIOTCH YETHBIMI ysxupsavu. Onnaxko  dynkuus f(x)=x? xe[l; 2], onpe-
JIgjIeHHas JIMIL Ha OTPE3ke [1; 2], we sBasercs YeTHOH, Tak Kak Touka 1,5 npu-
HaUISKHT 00JacTH OlpeaeeHis (GyHKmEy, a Toyka —1,5 He TIPHHAJUIEXKUT.

[paguk yeTHOT QYHKIII HA KOOPIUHATHO NII0CKOCTH CHMMETPHYEH OTHOCHTEBHO
0CH OpMHAT.

[ JejicTBiTe/bHO, MyCTR dynxums f(x), x €X, uetHas u nycrb Touka M ¢ Koop-
JHHATAME Xq, Yo MPHHAUICKNT rpu(!mx_v 90l pynkimum, T.e. Xo€X u yo = f(xo).
Toraa Corsiaco ONPEACIEHMIO METHON (yikium

—x0€X, [(=xXo)=[(xg) = Yo

) Ca o =

a 970 | o3HaYaeT, 4T0 TOUKA 1\( (T;\nf “,0)’ SBJIomasCs cuvmeTprunoii Touke M (xo3 vo)
OTHOCHTEMLHO OcH Oy, MPHHAUICKHT rPaduky Mannoit dymxumy, B

Bcp,m i m’)pa'l‘lluc yTI\C[))i\_‘JLIlllb.. eCIIH lpA([)m\ d»‘)'HKulm j (_\.) CHMMETPIHEN OTHO-
CHTEJBHO OCH OpAMHAT, TO T4 (yBKuHs f(x) wernag,

Eonp ape dernpie (Qynkuit MMCIOT OIHY w Ty sxe ofnacth onpesernenus, To
cyMMa, paIHoCTh i POIIBEACHHE STHX lbr\‘m\uuu SBIAIOTCH HETHBIMI (hYRKLULSIMIL

Oyuxs f (X, 0“["’“‘”'0“'}‘}.’* Hd MHOKECTBE X, HaswiBaercs wewemnofl, ecan mis
TO6OL0 X c.X. BRINOJHIIOTCH \YCTIORHAL
—xeX H f(-x)= —f(x).

~ 3 - -

. () =x" B f(X)=sinx . o
o HKLHT ,/ (x) E 1 X, onpeaejienHble Ha Beeil vmcs i
Hanpumep, Gy qeTHbIMIE (YK, i JI0BOIH

5% ‘ol HE
NPSMOii, ABJISHOTCH ik HEUETHOMN e
Jlerko 1OKA3aTh, 110 rpaduk HEUETHOH (ynKumny na KOOpAHHATHOI III0CKOCTH OXy

cHMMeTpryen 0THOCH l'c-”bl‘m nl:J‘::imyg;ml\l:‘»:’aprlll:gll“;ll 0-‘!3cpno 1 OGpATHOC YTBEpIlenne:
ecmn rpaguk (GyHKIH i ('\.)O*TO pynKuns 1 [PIOCKOCTH Oxy CHMMETPHYEH OTHOCH-
TeEHO Hayaia KOOPAHHAT s Tl nio (j\) SIBJSIeTCs HeweTHOI hyHKIHEI. _

Ecn ase HEHETHHIE (MI‘m\l'l) +9(x) u gf'(-\? fNstor oamy W 1y *e 0GaacTL onpe-
neneima X, TO (yHKin f)’.(;,(\-) ‘xB.'mercsi ‘(;:)“li (X) sBasiotes Taxke HEYETHBIMH
(ynkuusy, & (pyREIE '.’ f‘\n .olipc;xe.'wuus m::-mwl dysxumed,

OrsmernM, 170 OO'YIJL‘T.:; HO rouxil Oia x\-o"bu M HEYCTHRIX QYHKIMIT sBIsIOTCH
CHMMETpHYHBIMH m«;.mcurcin,\' o HMOEJ:umuIHou npamoii Ox.

Hanpumeps Gy 0 Dy f (x) = l/'(vle_mlou' HIL HEYCTHOH, TAK Kak oma
onpe/eaeHa JIHHIE A :\ ;gq.m Sy ll[‘J"Hﬂ.’_L'IC)K;n. ) TakKe He SIBIISICTCS HH UETHOI,
ni mewernod, TaK 4K?I:cx\‘u'|. Qynrus f(x) = x2 4 «?SHT;TT‘; ONPENEICHUA  DYHKIym,
a touka | me npHAd’ 108 = U ONpeieneHa Ha Beeji



9HCIOBOIT NMPSIMOIi, ONIHAKO HE SIBJAETCS HU YCTHOH, HH HEMETHOMH, TaK Kak, HALPHMED,
fW)=4 af(—)=-21e fAS(=)af1)#*—f(-1).

TlpuBesieHHbIE BHIIE MPUMEPHI MNOKA3BIBAIOT, YTO CYLIECTBYIOT (YHKUUM, KOTOPbLIE
HE ABJSIOTCS HH YETHBLIME, HH HeyeTHeIMH. Jlng moboit GyHkmn f(x) MOXKHO poKkasath
wleayIoIee yTBepiKACHHE.

Ecmu ynxims f(X) onpezesnena Ha MHOXeCTBE X, KOTOPOE SIBISCTCS CHMMETPH-
HHIM OTHOCHTEJIbHO TOUKH O Ha KOOPAMHATHOM mpaAMoi OX, TO ee MOXKHO mpejacta-
BUTDL B BUJIE CyMMBI JBYX (YHKIMI — YETHOH M HEHETHOH, MPHYEM TaKOe Npe/CTaBICHHE
SIMHCTBEHHO.

[0 HeiicTBATEILHO, 1IYCTh CYIIECTBYIOT YeTHas GyHKIHaA [y (X) 1 HeuyeTHas (pyHKuws
f3(x) Takue, uro

F)=f1(x)+ f2()

s moboro xe X. Torma mmst kaxaoro XeX f(—=x)=fy(—=x)+ fo(=x)=f(x) —
—f5(x). Hns onpeaenenus (ynxmmii fi(x) u f;(x) nonysaem crexmyroniyio cuctemy

ypaBHEHuUIi:
fx)=F1(x)+/2 (),
F(=x)=f1(x) = f2 (),
M3 KOTOPOii ClieiayeT, uTo
fi(x) = L(\L"'Zf(——\)., f2(x)= I(—Y)_Zﬂ—_\) (1)

Caenoarteibo, Hekombie (YHKUHH OJHO3HAYHO ONpPENENNIOTCS MO JaHHON (yHKIHH
dopmynami (1). M3 o1ux ke (OPMYI CIeIyeT, 4TO HCKOMOE MNpeicTaBieHNe BCeria

cymecrnyer.
Mpusep [ Hpeacrasuts GyHKIMIO

Fx)=3x" —4x* +x7 + 1

B BIJIC CYMMBI HCTHOM ¥ HEMETHON (yHKIWM.

A Jannas Qynsius sBaseTcs cymmoil nederHoit dynkinn f; (x) = 3x° u uernoii
Gyaxumn [y (x) = — dx® 4 x? + 1. Ouesnano, 470 3TH Ke DYHKUMH NOAYYAIOTCHS U 10O
dopmymanm (1) '

3amernn, vTo Qynkuus fy (X) COACPKHUT TONBLKO TE€ CJIATAEMEIE, B KOTOPBIX X
BXOMMT B ueTHON crenienn, a dynkuus [ (X) COMEPKUT craraemeie,

B KOTOPBIX X BXOHT B HEYETHON cTenmeHd. A

Npumep 2. Ilyers ma orpeske [0; 1] s3amama dynxuus
f(x)=2x + 1. Moxno mi joonpeients 9Ty QYHKIMIO BO Beex
TOMKAX HMC/IOBOI OCH TAK, 4TOOBI BHOBb NOJYYEHHAS (yHKuus
Obima: a) uerHoii, 6) HeveTHoil.

A a) Oysrmino [(x) MOKHO JI0ONPECIHTh HA BCeil HHCIOBOIT
npsiMoit Tak, 4T00 BHOBL HOJydeHHAs (yHKUASs ObUIa METHOIR.
Onuoit w3 rtaxux (hyuxumit asnsercs Gyskuua F(x)=1+2|x|,
veR (puc. 49)

QueBHIHO, 4TO Takas (YHKIMS HE ONPEAENSeTcs OJHO3HAYHO.
JleficTBUTELHO, TakuM cpolicTBoM obnagaer u (ynkmms Fy (x), Frc. (49,
gotopas pasHa |+ 2|x| ma orpeske [—1; 1] m pasHa uymo mma Beex x,
|x|>1

0) 3amernm, uTo ecnn HeveTHas Gynkuus onpeaenena npu X = 0, To [(0) = f(—0) =
= —f(0) n. cnenosarensHo, [(0)=0.

Tak xax 3ajaunas ¢ysxumsa f(x) npy x = 0 npusuMaer 3uauenre 1, To poonpe-
JeMTL €¢ HAa BCell 4MCIOBOW npAMON Tak, 4ToObl oHa Obina HeuerHoil dymxumei,
HEBO3MOMKHO. A
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§ 2. IMepnommtieckue QyHKum

MHorle BaXHbIC NPOUECCH! B NPHPOAE M TEXHUKE SBISIOTCH MEPHOAHYECKIMHU.
Vlayyense TakiX MpOLECCOB NPHBOANT K HEOOXOAHMOCTH PACCMOTPEHHS MEPHOLIHECKIX
(yHKL.

Oynknus f(x), onpee/enHas Ha MHOKeCTBE X, HA3BIBAETCHA NEPUOOUHECKOIl, eci
cymiecTyer Takoe 4ucno T > 0, uro ns M0060ro x € X BBIIONHIIOTCS YCIIOBHS:

x+TeX, x—TeX

flx+T)=f(x—T)=f(x).

Unceno T naswiBaerca nepuodos (ynkmun f (x), x € X.

Ouesujino, 4ro ecau T — nepuos Hexm‘opon GyHkuny, 1O N J0doe YucIo BHAA
nT, tae ne N, spigercs NepHoAOM ATOM (yHKUHM.

Tlokaskem, uto ecin uucino Ty > 0 ABIseTCs HAMMEHBUINM NEPUOAOM HEKOTOPOIi
Gysxuuy, To Jroboil nepuon 3tol dynkuun mmeer Bun nTy, ne N,

O Iyers Tp, — Hanmenbiuii neprox, a T — kakoii-To nepuoa yukunn f(x), x € X.
Haitgem uncio neN Ttakoe, uto T=nTy + aTy, rae 0 <o < 1. Torua ans o6oro
xeX nmeem

&) =f(x+T)=f(x+nTy + oTy) = [(x + o.Tp).

A Tak kak T, — HAUMEHBIIHIT NEPHOA, TO OTCroa cieayer, 4to o =0, T.e. T =nT,. |
Pacemorpum (ynxuuio sin x. M3 ee onpenenenus cieayer, 4To OHa meprio/iiteckas
M YTO 4HCJIO 27 sABASETCS ee nepuojaoM. ITokaxeM, 4TO 11060€ MOTOKUTEILHOE HHCA0

T < 2n ue sBnsercs ee mepnogoM. [eficTeurensro, sin (n/2) = 1, no sin( ” + 'I‘) <
y

CrienoBate/ibHo, 21 SBJISETCS HAUMEHLUIMM TepHOAOM (YHKIMH sin X.

He sesxas HEP"(’H"‘WCK'W yHKmis uMeeT mamMensumii mepuoz.  Hanpiniep,
dynxums [(x) =2, x€R, SBIACTCA NEPHOMMYECKOIl, ee MEPHOLOM BISCTCH 1H000E
MOJIOKHTEIILHOE ‘IHCHO Ovuesiano, YTO 9Ta (YHKIMA He HMEET HANMEHBIICIO nepnod.

M3 camoro OnpejeNeHus CICAYET, YTO eCM NepHOaMuecKast (yHKiis 7\\) e
OMpe/e/ieHd B TOYKE Xo, TO OHA HE ONpeieieHa W BO BeeX TOUKAX Bl X, + 111,
neN, a T — nepion (l’)'"lﬂl"" J(x). Tlooromy moBas dymkims, onpeitenei: 11 BO BeeX
TOMKAX HHCIOBO¥ HPAMOI, KPOME O/HOI TOWKN, He sIBAsETCS NepHOMHCCKOIL.

Takxe 3 CAMOTO ONPEICNCHUS CHEAYT, MTO ecau (yHKIMA He ONPeieicHi,
HANPHMEP ANIA BCCX X < a WIM X >a, TO OHA We sBAsercs nepmoamicckoil. Tak.
nanpuvep (ynkuis f(x) =sin]/x, onpenenennas mmun ais x > 0. e snasercs re-
PHOIMECKOIL.

Oynxus f(x) =x* onpenenena ma Beeii unconoiy npaMoii, HO TeM ne Meee
HE SIBACTCS mpnovumeu\on Helicturensuo, ecan wneao 7> 0 — nepio ol p—
10 f(0)=f(T), T.e. 0=T% 410 HEBO3IMOKHO, PHO; S

Tlpumep I [lokasath, uro (ymKwis cos® X nepuommueckas, u HaiiTH ce Hal-
MEHBLIHIT MePHOL.

& Tek xap d)\'m\lllm COSX NEPHOJUTMECKAs ¢ neproiom 2, TO 1 (yHKIHS COS® X
nepHOIHECKAS 11 HHCII0 21 BASCTCS ee mepnonom. Hafinem ee HAUMEHBILIIL [IPHOXL.

Jlerko yGeauThes, TO HICIO T SBISETCS NepHOOM bynxunn co yil(

T mo6oro x eR cos® x. [elicTBHTENbHO,

cos? (x + 1) = (—cos x)* = cos? x.

! 2
A Tak Kak cos"0=cos*nm= [ u fos X <1 ans moGoro xe]0; n[, To uHenO T ABAsETCH
HAMMEHBLIHM TEPHOOM JIaHHON (DyHKIm, A ' :

10




il

OvueBuziHo, 4TO ecu ABe Nepuoamtieckue GyHkmam f, (x) u f,(x). x€ X, nmeror
oAHH W TOT >xe mepruod T, TO HX CYMMA, Da3HOCTb H MpPOM3BENEHHE TOKE OYIYT
nepuoantueckiyvyu QyHKImsSMH 1 uncao T Gyaer mx mepuomom.

Ecnu nepuosteckue Gyuxmmi f; (x) 1 f5(x), x € X, umeror COM3MEPHMBIE [1ePHO/IbI
Ty u T>, TO oHN HMEIOT o0muil nepHoa.

JeiictButenbio, Tak kak Ty n T, COM3MEPHMEL, TO CYIIECTBYIOT HATYPAJLHbIC
wicna n w m takne, uro mT, =nT, = T. Cnenoparensro, wncio T — obuwmii NepHoOa
dynkunii fy (x) #w f>(x). B uactHocTn, B oTOM ciyuae (ymkmmu [, (x) + £ (x),
f1(x) = f2(x), f1(x)-f2(x) ABAAIOTCS NEPHOAMYECKUMN ¢ mepuoiom 7.

Mpumep 2. Jokaszatb, 4T0 (yHKIHs

J(x) = cos 3x + cos 4x

HEPHOAMYECKas, 1 HANTI ¢C HAMMEHBUIHI NepHom.

A ®yuxins cos 3x nveer nepuon Ty = 2m/3, a dyukius cos 4x — nepuon T, = 21/4.
Mepuonst T, u T, cousmepumbr: 3T = 4T, = 2n. ClieloBaTeNbHO, YHea0 25 SBIsieTes
nepuoaoM aannoii (ynkiuny. ITokaxeMm, YTO TOT NEPHOA HAMMEHbILIMIL,

Haubonsiee 3uavenne (Gysxmmu f(X) paBHO 2, H OHO AOCTHIACTCS B TeX TOHYKAX,
e cos 3x = 1 u cos 4x = 1. Ha orpeske [0; 2rt] dyHKwIs cos 3x NpHHUMAaeT 3HaveHue 1
B Toukax 0. 27/3. 47/3, 2m, a (yukuus cos4x npuHHMaeT 3uaveHie | B Touxax 0. /2,
7, 3n/2, 2n. Crenosatensro, dynsuus f(x) = cos3x + cos4x Ha orpeske [0; 2r] npu-
HiMaeT 3madenne 2 mnub B Toykax 0 u 2m. OTcioga u ciemyer, uTo umMcio 2w —
HAUMEHBLIINIT NepHuoil. A

Ecan nepuoast  yusnmii fy () w f2(x), xeX, Hecousmepumsr, To ysaruns
fi(X) + [5(x) ne sipasiercs nepHoAnYecKkoll (pyHKIHeit.

§ 3. AcnMuToTh
Hpi pecacionamn QYUKW 1 TOCTPORHII ee rpaduKa BAKHO BBUICHHTL XApakTep

¢ NOBE/ASHIS § OKPECTHOCTH TOMCK PA3PLIBA 1 TOYEK, TIe (yHKUNs He ompejescHa,
4 TAKXKE BLIACHUTL €€ MOBEICHHE NPH X — +00 U X — —00.

V4
Paccmotpiin hysiumio ¢
X? 4 2%
f(x) = — (1
l x+1 )
Ona oupeienena ans peex x€R, kpome x = —1. Hcene-
ayem nopenenine (yuxkupnn (1) npn x — 400, Tak kak f(x) =
1 "
=x+1- T 1o pasHocth f(x) —(x + 1) crpemures K -
HYIIO 1pi X — -+ oC. 3aMeTHM, 4TO MOJY/Ib pasHocTH f(x) —
= (x+ 1) pasen paccrosuno ot Toukn M (x; f(x) 2o Toukn — % ot
M (x; x-+ 1) npasmoli [, 3aaauHoli ypaBHeHHEM Y= x -+ I,
A tax Kak | MM'| 2| MN | (puc. 50), rae N — npoekims Pue. 50.

Toukn M HA [ TO OTCIO/A ClIe/yer, YTO PACCTOSHUE OT Touku M

10 npaMoTt | crpenuiTes K Hymio npu x — +c0. B 9ToM ciyvae npamas | HassiBaercs
acusmmomon rpaduka pynkung ¥ = f(x) npu X = +o0. AHajgormuHo [0Ka3bLIBaeTCsI,
4I0 B JAAHHOM Cly¥ae paccrosHue ot Toukd M rpadmka dymkmmum g0 npsmoii | crpe-

MITCS K HYO fipu X — — oo, [Ipamag | HaseiBaetcd acumnToToll rpaduka dyskmuu
y=J(x) npu x — e

Jlaamn COOTBETCTBYIOLLIE ONPeAesIeHNs.
[lycrs dyixuns f(x) onpenesnena Ha GECKOHEYHOM MHTEpBae Jay + o [. IMpsamas
y=kx + b naspiBacrtes acusnmomoil rpadura Qysruun y = f(x) npu X — + 0. eciu

lim (f(x)— (kx + b)) =0.
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Anasiornuno mnpsmas y = kx + b HaseBaercs acumnmomoi Tpaduka (QYHKIHHA
y=f(x), xe]—o0; b[ npu x - —w, ecmn

Iir_n (f (x) = (kx + b)) = 0.
Teneps u3yuum noseaenne Gyuxnuu (1) npu x — —1.

Tak kak mpu x — — | npenei uucauTens paBeH — 1, a mpejiel 3HAMEHATeNs paBeH
0, mpuvem x + 1 <O npp x< —1 u x4+ 1>0 opu x> —1, TO

lim f(x)=+4+o 1 lim f(x)= —o0.
x==1-0 x==1+0
Orcioga cieayer, 4To rpa¢uk AaHHOM (YHKIHH B OKPECTHOCTH TOYKH X = —1
HMeeT B, ykasamublii Ha puc, 51. Buamo, uro Touka M (x; f(x)) rpaduka dyHkuuH
npn x — — 1 npubmpkaercs Kk npamMoi X = —1: paccTosHHe OT TOYKH M 1o npsmoii
X = —1, paBHoe X + I, cTpemMHTCsl K Hylio npu x — — 1.
IMpsavas x = — | Ha3pBaeTCA Gey AAbHONL acuh it rpaduka Gpysxunn y = f(x)

npy x — —1 ciaesa u crpasa.

Jaaum cOOTBETCTBYIOLIEE ONpe/IelIeHue.

[ycts Gynxmis f(x) onpenesiena Ha HeKOTOpom HHTepBane |a; b[. Ecnu f(x)— o
npu x —+a+0, TO npAMas X = a HA3LIBACTCS 6epMUKAAbLHON acumnmomoil rpaduka
dynxkuun npu x—a cnpasa. A ecmm f(x)— o0 npn x—b—0, To npamas x=>b
HA3BIBAGTCH éepmuKkaAbHol acusmnmomoit rpaduka Qynkuun y = f(x) npu x — b caesa.

Tycts npsimaa y = kx + b apnsercs acumnToToil rpaduka QYHKIHE OpH X — + 0.
Pacemorpum Qynkumio o (x) = f(x) — kx — b. W3 onpeneneHHs acHMOTOTHI CJEAYET,

Y 4To
v_lim a(x)=0.
Tax xak b= f(x) — kx — a(x), TO
b= lim (f(x)— kx), (2
)
2 7 7% A TAK KaK
g=f0_b by
o b
ro
k= lim ”—\) 3)
Puc. 51, p

QueBrano, uT0 ecian cymecrsylor upeaenst (2) u (3), To npamas y=kx+b
ABASETCS ACHMITTOTON Tpaduka (QYHKIUH 1pH X — + oo,
AHQIONHYHO MOXHO T0KA3aTh, 4TO ecn QyHKmis y = f(x) onpenesiena Ha HHTEpP-
Baje |—co: a| W eciu CymecTBYIOT npeseisl
lim ﬂi =k, lm (f(x)—kx)=b,
N e X X Xt == 00
TO npsMag p = kx + b gsasercs acumnroTolt rpaduka Gysxkumn y = f(x) npu x — —oo.
[paMas y = kx + b HaseiBaeTcs naxiouuoii acumnmomoit, ecm k # 0. Ecm k = 0,
TO HpAMAas y = b HA3LIBACTCH COPUIOHMAALHON ACUMRIMOMON.
Mpumep I Haiitu acumnrorel rpagura (GpyHKumn

3
; x*
f({x)= q
[x|+1
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A Qynxmus f(x) npencTaBEMa B TAKOM BHIE:

x> _ [xP+|x]=|x|=1+1
= = =B et U Pt

I x|+ 1 [x|+1 11 [xT+1
Tax kak lim ﬁ= 0, To npsMas y = x — 1 sBusieTCs acCHMNTOTOH rpaduka GyHk-

x—x | X
IHH y = f (x) mpu x - + o0, a npaAMas y = —x — | ABJISeTcs aCHMNTOTOH rpaduka dynk-
M y = f(x) npu x - —co. Tak Kak l—l—%—> 0 mis mo6oro x, To rpadux GyHKIHH

%

Y =f(x) nexur BBIE acHMOTOT.

Bepruxansusix acumnror rpadux ¢ynkumn y = f (;) HE HMeeT. ZA

Opumep 2. Haiitu acumnTors! rpaduka dynkman f (x) =)/x*—1.

A Qynknns y = f(x) onpenenena mus | x| > 1. BepTHKaJbHBIX aCHMITOT rpadux
byrxwim f(x) we umeer.

Mo dopmyre (3)

1
T 1- s
x?—1 XV x : L —
k= lim L: lim ———~= lim 1-— o 1
X=++ @ X X-++® X X+

o dopmyre (2)
» —— Vi -1—-x)(/x*=1+x) _
b= lim [[/x*~T-x]= lim Va-1-9Ux =15 _

2 —
1o g =L

Ly e B R e e

Taxim oGpasom, rpadux dynxumu y = f(x) umeeT acCMMINTOTY y; X OpH X — + 0.
Haiiem acivnroty rpaguxa ¢ysxwm y = f(x) npa x — :

iz

k= lim lv/\l= I, =
RS X X —c0 X
1 ! e
—x — =
X L)
P A
L (/2 =1+x)(/x =1 =x) _

b= __hf"_ (/x* =1+ x)= lim‘ L

X4 — o0

/x2—1—x

T SR Ol
=_‘_l.l£na:|/x2_l_x X—— 00 xz—l—x

Crenosarensno, rpadux dyuximan y = f(X) HMEET aCUMNTOTY J = —X IPH X — —00. A

3amerumM, uto rpaduk Gyskuun f(x) = |/ x2—1 \meeT pa3inyHble ACHMOTOTHI NP
X+ u x— —o, [papux Qynkuua (1) mveeT OMHY M Ty e aCHMNTOTY NpH
X—= 4+ A X— —o0

=0.

1
Npumep 3. Haittn acumnrors: rpaduxa dynkimn [(x) = x + x



A Tax xak lir(‘l) f(x)= oo, To npsivasi x = 0 ABAAETCS BEPTHKAILHOI ACHMOTOTOI
x—
rpadmuka Gynkmun y = f(x) npr x — 0. Tax kak lim (1/x) =0, To npsimas y = x siBas-
X—=w
eTcsl HAKJIOHHOH acHMITOTOl Tpaduka QyHkuMn y = f(X) NpH X = +00 U X — —o0. A

Mpumep 4 Halitn acumnroTsl rpaduka dyHKIuH
sin x

fx)=
x

A ®ynkima y = f (x) npexcraBaser coboii nponsseacHHe OrpaHHYEHHOI (yHKILI
sin x Ha QyHkumio 1/x, koTopast crpemutcst k O npu x — +o0. ITosromy

, xe[n; + o)

lim f(x)=0,

T.e. npaMas y = 0 ABIAETCS TOPH3OHTAJBLHON acHMNTOTOI rpaduka (yHKn y = f(X)
mpH X — +00,

OTOT mpHMEp HHTEpeceH TeM, uTo rpadux dyHkuum f(X) nepecekaer acHMITOTY
y =0 OeckoHeuHOE YHCIIO pa3. A

§ 4. ITpeoGpazoBanust rpaduroB (yHKHil

B sTom nmaparpade nokaikem, kak u3 rpaguka (GyHKm y = f(X) MOKHO HOIYUHTH
rpatuku ¢ynkmuii Buna y = Af (ax + b) + B, rae A, B, a, b — HeKoTOpbIE JCiiCTRITE b=
HbIE HHCIA.

1. Tpadux ¢ynxumn y = f(x)+ b nomysaercss u3 rpadura Gyuxunn = f (x)
napajienbHbiM nepeHocoMm r(0; b).

Ecmu b > 0, TO mepeHoC COBepIIAeTcsl NAPALIeILHO OCH OPAMHAT HA paccrosuie b
BBepX, a ecnu b <0, To BHM3 Ha paccrosuue |b|. .

Ha puc. 52 msobpaxens rpapukn dynxmmi  y=/f(x). v=/(x)+1 u
y=r(x)-2

2. Tpadux Qynkmun y = f(x + a) nomyuaercs n3 rpaduxa Qyuin )
paiensHeIM neperocoM r(—aj; 0).

Ecmit a > 0, To rpaduk nepeHocnTest NapaiuieabHo 0cH a0CIHCe BACHO i Paccios-
Hie a, a ecnu a <0, To BOpaBo Ha paccrosuue |al.

f(X) ta-

Puc. 52, Pnc. 53

Ha puc. 53 wusobpakensl rpapukn  Qymxnumi  y = /(x), y=/(x+1)
y=r(x=2)

3. Tpapux Qynkmn y = Af(x), rae A >0, noaywaercs us rpaduka (QyHRIIm
y = f(x) cKaTHeM K OCH W PacTsKeHuem o1 och OX 8 OTHOLIEHHI 4, T.e. ecaH
0< A<, to cxaruem B 1/4 pa3, a ecau 4 > 1, TO pacTsHKCHHEM B

i
{ pas.



Ha pnc. 54 m3oGpakenst rpadmkn Gynxuuit y = f(x), y=2f(x) u y =% f(x).

4. Tpadux dynxuwnn y = —f(x) nonysaior u3 rpapuxa Qynkuun y = f(x) sepkans-
HBIM OTPaKEHHEM OTHOCHTEILHO OCH ABCHHCC.
Ha puc. 55 n3oGpaskenst rpaduxn dynkumii y = f(x) n y = —f(x).

Y 4= 4
/\J}Q‘/ !
D
oY
&
o
3
I=F )
.
Y=F 7z
_—
7] x
Puc. 54. PHc. 55,

5. Ppaduk dynxim y = f (kx), rae k > 0, nonyuaeres n3 rpaduka pyskuun y = f(x)
CRATHEN K OCH OP/NHAT LI PACTSIKCHNEM OT OCH OPAWHAT B OTHOMIEHMH 1:—-, T.e.

cem 0 <k < 1, 1o pacrsxennem B 1/k pas, a ecmn k > 1, To cxartnem B k pas.
Ha pue. 56 w3o6pakenst rpadukn dpynkumii y = f(x), y=/(2x) n y = f(x/2).

Puc. 56.

6. Upaduk dyuknmm y = f(—x) nojy4aercs 3 rpaduxa QyHkuun y = f(x) 3epkann-
HBIM OTP@IKCHIEN OTHOCHTE/IBHO 0CH OPANHAT.

Ha puc. 57 wioGpaskens rpadukn dynxuuii y = f(x) n y=f(—x).

7. Pacemorpim reneph, Kak nojaydaercs rpapuk dyukuun y = Af (ax + b) + B, rae
1=0 1 a>0, w3 rpapuka dysakunn y = f(x). 7

Tak kax
( b
) = -1r(u(.\-+ )) + B,
\ a

TO CHATHEM K OCH OpAMHAT B OTHOIUCHHH

..?ef@}

0| (7

1
Li— w3 rpaduka dyskann y= f(x) noayqum
a Heg b =it Y Puc. 57.

rpaduk dyuxim y = f(ax). U3 aroro rpaduka

cRATHEM K ocn abemice B ornowenun |:A nomywum rpadgux dynxumu y = Af (ax),
13 KOTOPOTO mapaiieisnbiv mepesocoM r(—b/a: B) noayunm rpaduk  yHKuun
v=Al (ax + h) + B.



§ 5. Dmementaphble QYHKUMH H HX rpaduKH

1. JTuneinonn ynxyuei naspipaetes (ysxuua suga y = kx + b, rae k u b — nexo-
TOpbIC JEHCTBUTEILHLIC HHCIIA. Ona onpejeieHa Ha Beeil wucnoBoii npsvoiir R. Ecnn
k0, To e MHOXECTBOM 3HAMCHII sBAseTcs Bee Muoxecrso R, ecnm ke k=0, To
MHOKECTBO 3HAYCHMIT COCTOHT H3 0JHOTO unena b.

Dynkus ) = kx + b sapasercs mouoronnoii: npn k>0 owa BospacraeT Ha R,
npH k <0 ona ybmiBaer, a npu k =0 oHa nocTOsHHAL.

Tpauxom JuHeiinol Qyskuun y = kx + b seiserca npsavas, NPOXOAsSIIas 4Yepes
Touky (0; b) ¢ yryoBeiv xoa(duumentom k. Tlpu k # 0 sta npavas nepecekaeT och
Y abemmce B Touke x = —b/k, a npu k =0 ona napanienbHa
ocu abeuuce,

Ha puc. 58 wusobpaxensl rpaQHKH TpAMBIX Y = X,
y=2, y=—2x+1.

2, Ksadpamuunoit ynxyueil HaspiBaeTes (QyHKUUS BHAA

) = ax? + bx + ¢,

S,
ES
)
B)

g rae a, b, ¢ — HexoTophie nelCTBHTEIbHBIE 4HCJIA, NPHYEM

; a# 0. Ona onpejenena Ha Bcell YHCJIOBON mnpsiMoii R M

NPUHIMAET JeACTBHTEIbHLIE 3HAYCHHS.
Pitc. S8, HPOCTeﬁLueﬁ’xsaupanmuoﬁ yuKwiell apaseTcs QyHK-
wist Buga y = ax?, rae a> 0. O1a QynKkmua apageTca HeT-
HOif, HEOTPHUATENbHON M mpuHHMaeT moGoe 3HaueHne w3 Muoxecrsa [0; + o[
Ha npomexytke ]—oo; O[ oma yGeiBaer, a sa npomexytke [0; +coo[ Bo3
Touka x = 0 sBaseTCH TOUKOI Muummyma, Ilpu mo6om a > 0 rpadux dynxiw |
noiyyaercs u3 rpaduka QyHKmEN y = x* oxaTHEM
4 abenuce B oTHOWEHHH 1:a.

Ipadmuk Qyuxm y = ax?, rae a <0, nomyuaercs H3
rpaduka dysxuun y =|a|x? 3epka’bHBIM OTpaxeHHEM OT-
HOCHTELHO ocu abewice. Tlpu a <0 Qynkups y = ax® Ha
npomexyTke |—co; O[ Bospacraer, a Ha ]0; + oo yGusaeT.
Touka x =0 gpiagerTcs ee TOYKON MakCHMyma,

Ha puc. 59 usobpawmensl rpadukn ysxouii v =
0 Eoy=2x y=—x*3.
= Ipu moGom a # 0 Gyukuwus y =ax® gpiasercs 4eTHOI,
N i 1o3ToMy ock Oy SBISETCS OCBIO CHMMETPHH rpaduka
S\ aroit gynxumun. TCpadux dysxumi y = ax® naswiBaercs napa-

60011, TOUKA nepeceyeHus napabonbl ¢ ee OChl0 CHMMETPHH

Puic. 59. Ha3uBaeTces eepuunon napabonsr. Ouesuuno, wro y ma-

paBosibl, 3a7aHHOil YpABHEHHeM ) = ax?, BepIIHHA HAaxX0-

marest 8 touke O (0; 0). Bersu napadosibi npu o >0 HanpasjieHbl BBepx, HOPH
a < 0 — BHu3,

Mokaxem, uto rpadmkoM J000ii KBaapartuyuoil ¢ynkumn genserca napaGosa
¢ BepIIHHOI B HekoTopoil Touke Mg (Xo; Yo) H OCHIO CHMMETPHH, NMAPA/LIe/bHON OCH
opaunar, [elficTBHTENLHO, TAK XaK

S=Cze
S

ax* +bx +c=
=a(\’z+—£\-)+c=.z [ 2 +L.\~ +ﬁ;)— I:——f-c=a .\‘+-h—).+4—av——b;.
i a’, k a 4a* da k 2a ) 4a
TO rpaguk GyHKWMH y = ax® + bx + ¢ noaywaeTcs U3 rpaduxa GyHKuHE y = ax? napai-
[ b 4ac — b* ) 7 = _
AIBHBIM  TIEPEHOCOM r(— i e ). Taxmu oBpasom, Bepmmma napaGoisy,
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3a[aHHOH ypaBHEHHeM y = ax? + bx + ¢, HAXOOWTCA B TOYKE C KOOPAMHATAMH
Xo=-b/2a, y, = (4ac — b*)/4a.

Ochro cHMMETpHH SBJISETCA TpsMas X = — b/2a, NpuyeM BETBH Napaboskl Hanpas-
JIEHB! BBEpX, eciu a > 0, u BHM3, ecnu a < 0.

Ipumep 1. Ioctpouts rpadux dymkmuu y = —2x* + 4x + 1.

A Taxk kak
y=—2x*+dx+1=-2(x*—2x)+1=—2(x—1>+3,
To rpaduk MaHHOM (YHKIMH moiyuaercss M3 rpaduka QYHKIHMH y = —2x’ mapamrens-

HEIM nepeHocoM r(1; 3). Takum o6pa3oM, TpaQuKoM NaHHOH

Y
(ynkmuy sBIseTCs napaboia, y KOTOPOi BETBM HanpaBJIeHbl BHH3 g
M BEpIIMHA JIEXHUT B Touke M, (1; 3) (puc. 60). A ;
3. Opobno-auneiinas dynkyus 3anaercsa GopmyIIoi
ax +b )
YT mrar

rae a, b, ¢, d — HexoToprie neiicTBuTENbHEIE uHCHA., OUEBHIHO,
4TO eciu ¢ = d = 0, To opmyna (1) He 3amaeT HHKAKOM (YHKIMH.
Ecmu xe ¢ =0, d # 0, To momysaercs JmHeiiHas YHKIHS

a b
y= 7 X+ —E'
Ilostomy Gynem cumraTh, uTO npobHo-nuHeliHas (yHKLHS 3ana- o at
S R N e ¢ xeR uc. 60.
eTcs (llop.\l'\AlOH (1), tae ¢#0, n onpejeiena Uil BCex X 5
KpoMe x = —d/c. B aTom ciyuae mpaBy:o 4acTh (OPMYJIBI (1) moxuO npeobpa3oBaTk
crenyromuM obpasom:
d ad
ax + b “(”7)“"7 a be—ad 1 2
= F et = 2 *d rd”
ex +d d ¢ ¢ LY
C(.\' A T) X'+ c

Ortciona suamo, uto dynkmus, 3agannas dopmysmoit (1), rae bc —ad =0, Bo Beex Tou-
Kax ONpe/cNeHNs NPHHHMAeT MOCTOSHHOE 3HaueHue a/c. OTa (QYHKIMS OTIMYAETCA OT
NOCTOAHHOMN ()YHKUMH JHIUb TeM, YTO OHA HE OnpeaelieHa B Touke —d/c.

Tpensunyiee neenenopanye JeNaeT eCTECTBEHHBIM CIIEYIOUIEE ONpPEAeseHUe: 0pob-
Ho-Aunetinol diynkyuei naspiBaercs Qynkuus suxa (1), rae ¢ # 0 u be—ad #0.

W3 dopmysst (2) crenyer, uro rpaduk Apo6GHO-THHEHHOMH ¢dynkmmn (1) nonyuaercs
Napajlie/IbHBIM TiepenocoM r(—dfc; afc) u3 rpaduxa QyHKumMK

be — ad

k
y=at rae k= mE

Kax m3secrno, rpaguxu dynxmmit suga y = k/x, tne k # 0, HaswBaiotes zunepto-
Aamu. W13 dopmynsr (2) cnemyer, uro rpadukoM o060 APOOHO-THHENHHOH byHKMU
SBNSETCS runepbona.

Tpsamas y =0 sBaserca rOpH3OHTANBLHONW ACHMITOTON runepGomzl y=k/x upH
X— 400 H NPH X— —o0, a mpsvas x =0 ABAAETCA €€ BEPTHKATBHON ACHMNTOTOH.
W3 (2) crenyer, uto mpamas y = afc ABIsAETCS TOPH3OHTAJIBHOH ACHMNTOTOW rpaduka
ApobHo-HHeltHON dynxuuu (1) npu x— +00 M NPE X —> —00, & mpAMas x = —djc
SBIISIETCA BEPTHKAJIBHOM aCHMITOTOM.

4. Ioxasamensnoii @ynxyuei nassisaetcss GynKuus pua y = a*, rue a>0, a # 1.
Tloka3aTensHas (yHKIMA ONpeaeneHa Ha BCeil HUCIOBOM NPAMOH U B3aMMHO OJHO3HAYHO
oTobpakaeT MHTEpBan |—o0; +oo[ Ha umTeppan |0; +oof.



el .

Tpu a > 1 ¢ynkuus y = a* Bospactaer, npn 0 <a < 1 — yGbiBaet.
Mpsmas y =0 sBnseTcs TOPH3OHTANBHOIN ACHMHNTOTOIH rpaduxa QyHkmmi y = d
npu X— —o0, ecaH a>1, H, COOTBETCTBEHHO, TNpH X — +00, ECIH O<a<l.
g Ha pnc. 61 mzobpaxensl rpa-
buku dynxkumii y = 2% y = (1/2)%

8 g NMpumep 2. Tlocrpouts rpa-

(/>’ dux Qynxoum y = 2(1/3)" + 1.

S A Tpaduk nauHoil  QyHknmn
TTOJIY4aeTCsl MAPAJLIEIbHBIM NEPEHO~
com r(0; 1) u3 rpaduxa QynKumm

S y = 2(1/3)%, koTopblii monyyaercs 43

Rt 7/3)%+; rpauka MOKA3ATRNLHONH (yHKIMH

y=(1/3)* pacrspkeHnemM OT ocu

. abeunce 8 aBa pasa (pue. 62). Ilps-

g 2 @y Mas y=1 sBIfSercs rOpH3OHTLIL-
Puc. 61. Puc. 62. HOIl acuMnToToN rpaduka QyHKimm
' y=2(1/3+1 npn x — +cc. A
5. Jozapumuneckoit (hynkyuell Ha3LIBACTCS (GYHKIMSA BHAA

x

A
H2/P

§

y=log,x, (3)

riae a> 0, a# 1. Ona OIIpeACICHA TOJILKO JUIS TMOJMOKHTC/ILHBIX 3HAUCHHH X H B3aUMHO
01HO3HAYHO OTOOpaxkaer uutepsan ]0: + oo ma murepsan |—oo: +oof. M3 onpene-
JIeHHs Jorapu(Ma YHCAa MO OCHOBAHMIO @ CJEIYeT, 4To Jorapudmmueckas Qymsiis
log, x sBAsAeTCA OOpaTHOI K MOKA3aTeNbHON (YHKUHH .

g\

lg
Yoz

Puc, 63. Puc. 64. Puc. 65

Ecan a > 1, to norapudmiteckan Qynkmis (3) sospacraromas, a ccan 0 < g < |
10 y6pBaromas. I'padnk sorapudMirteckoii Gyuxinur nepeceract och abeiee b Toiuke
x=1, a och OpAHHAT He mepeceKdeT. 3amMerTuM, ¥To rpaduk Jorapndayumeckoit (ynr-
wn (3) Moxker GbiTh mosyden u3 rpaura GYHKIMIL ) = @* 3CPRATLHBIM OTPLKCHIECM
OTHOCHTEJILHO MpSMOIi y = X.

Ha puc. 63 usobpaxennt rpaduxi (ynxuuii y = log, ¥ u log , x.

Mpumep 3. Moctpouts rpadmx (yHKILM

y=logya|27x — 54|. (4)

A Tak xak y=log;327|x—2|=—=3+log5lx—2|. 710 rpadux nauuofi
(yHRUHA nojyyaeTcs napaieabibiM TepenocoM r(2: —3) ua rpaduika dyarini

y=log;s|x| (5)

Or1a (yHkuua onpegencHa Ul Beex X 7 0 u spisiercs werHoil, CleoBaTennHo, TACTh
e rpadmka, cooTsercTytowas X < 0, CHMMETPHIHA OTHOCHTENBLHO OCH OPNHAT Ipa-
¢uky dynxkmun y =log,3x, rae x>0. Ha puc. 64 uzobpwxen rpadmx dyuxivi
y=logy;s|x|, a na puc. 65 — rpajux pynxunn y = log, ;| 27x — 54|. A



6. Cmenennoii ynxyueii ¢ mokasaTeaeM p HasbiBaeTcs (YHKIMS, 3agaBaeMast
thopmyoit
y=xk, 6

TAE p — HEKOTOPOE ACHCTBHUTENBHOE YHCIO.

CrenaeM HECKONBKO 3aMeYanHil OTHOCHTENBHO ECTECTBEHHOM 0671aCTH ONpeneneHus
Gynximy, saxasaemoit hopmymnoit (6).

W3 onpenesnenus CTENeHH CleayeT, YTO ecilW p — HATYPalbHOE 4HCIO, TO (op-
Myna (6) onpenemsier (yHKUMIO Ha Beeit uHCIOBON NpsMoOM. B wacTHOCTH, mpu p = 1
TOJyuaeTCs JiuHelHasn QYHKIUus, a npu p = 2 — keaapaTHinas QyHkuus. Ecam p — nemnoe
OTPHIATETLHOE YMCIO, TO (yHKuMs (6) ompeneneHa st BCEX ACHCTBUTENIBHBIX 3Have-
HH X, kpome x = 0. B wactHocTH, ecnu p = —1, TO QYHK-
uus (6) sBisercs npocreifielf ApoGHO-THHEHHON (YHKIHEH.

Ecin p He sBISETCS UENBIM MMCIOM, TO CTENeHb XP
B ofwem ciyvae onpenenena jumb mis x > 0. Hanpumep,
Qynxuus y = x'/? onpenenena Ha GECKOHEYHOM NMPOMEKYTKE
[0; +oo[, a dynxums y=x""2 ompememema Ha Gecko-
HeuHoM npomesxyTke |0; +oo[. Ha puc. 66 m306paskeHsl
TPaduKI 3THX (QYHKIMIL

Taxuv 06pazoM, ecTecTBeHHAs 06JACTh ONpeIeNeHHs
OyHKuNn, 3anapaeMoii dhopmyoit (6), CyMIECTBEHHO 3aBHCHT Puc. 166,

OT moKasaTesns p.

Onnako crenyer 3amMeTnTsh, 4TO Ha NpakTHKE 4acTo IOA obacTbo onpenene}mg
CTeNeHHON hyHKUNI HOHHMAETCs eCTECTBEHHAS 001aCTh OTHE/IRIIC B OO B B O
Gbopmysisi, Hanpumep, ecTeCTBEHHO CYHTATh, 4TO (GYHKUHS y = X f_’ ABISIOLAsC 06-
PAaTHON Kk dynkuwu y = x3, onpenencHa Ha Beell YHMCIOBON NPAMOH.

7. OCHOBHEIMI TPHTOHOMETPHUECKMMH (YHKUUSIMH HA3BIBAIOTCH (QYHKUMH cunyc,
KO(‘IIH'\'A‘, MAHeeNne, KomaHaeue:

. sin x (e cos x
Sl e e ctgx = ——.
sinx, cosx, tgx o g Sin X
yurung cniye onpenenena Ha MHoxecTe R BCeX ICHCTBUTCILHBIX HHCEI, SBIAS-

eTCs HeweTHON W nepuojudeckoli ¢ HauMmenpumM nepuogoM 2m. I'paduk cumyca
Ha3BIBACTCA cuiycoudor (puc. 67). ®ynxuus sinx Ha orpeske [—m/2; m/2] Bospactaer

Puc. 67.

or —1 10 -1, wa orpeske [r/2; 3m/2] y6mmaer or +1 mo —1, u T.a Tak xak
Qyuxig sin x nepuonuueckas ¢ nepmogoM 2m, TO ee rpaguk Ha MOGOM oTpeske
[o + 2mn; o0 + 2 (n + 1)] amunsr 2n nbmysaercs u3 ee rpaguka Ha OTpeske [o5 o + 2x]
NapaienbHbIM nepedocom r (2nn; 0).

Dynximg kocunye onpeenena Ha Muoxkecrse R BCeX ACHCTBUTENLHBIX uHCEl,
SIBIACTCS YeTHOI ¥ nepHoaMuecKol ¢ HamvenplmM nepuonom 2z Ha otpeske [0; «]
ona ybeiBaer ot +1 mo —1, a na orpeske [r; 2m] ona BospactaeTr oT —1 mo +1.

Tax kak cosx :gin( N+ g) suis moboro xeR. 1o rpadurom dyHKmMB Y = cos x

ABSETCA CHHYCOMIA, KOTOPAS MOJLY4AETCS M3 CHHYCOMIB! y = sin X, n306paxeHHON Ha



puic. 67, napamenpibM nepenocom  (—m/2; 0). Tpadux dyHKmuEM y = €os X H300paxeH

ua puc. 68.
DyHKIAL |

tg e sin X

T cosx
o T

ONpenesicHa Ha MHOXECTBE BCEX NSHCTBHTCIBHBIX 4HCEH, KPOME MHCEN BUIA —- + M,
e neZ, . e. KpOMC TeX TOYMEK. B KOTOPLIX COS X OBPHIUaCTCﬂ B HYJb. (D)'HKuﬂﬁ lg X
SIBJISIETCS HEUETHOM 1 Ie-

g 05T PHOAMYECKON ¢  HaH-

7 W MEHBIIM TEPHOIOM .
/\ : - /\ . Ha wuntepsane |—m/2;

" '%N/"g _ﬂ §M1 LT 2 7/2[ oHa Bo3pacTaeTr OT

—o0 70 4 o0. Ipamele
x=—mf2, x=m/2 gB-
JIIOTCA BEPTHKATbHEIMU
acumnToTami rpagmka Qymkimmm y =tgx. Tax kax OyHKuMs tgX NEPHOMHYECKas

Pric. 68.

- b1 n
¢ mepuogoM m, TO e¢ rpadux Ha Jro0OM HHTEpBale BHAA }—7+nn; 7+nn[

nosyyaetes u3 ee rpaduka sa |—mn/2; w/2[ napamnensusiM nmepesocom r(nm; 0). I'pa-
uk Qyskmm p = tg x u3zobpaxen Ha puc. 69.
DyHKIHs s

mn.x

o

ctgx =

o

ONpeje/eHa Ha MHOXECTBE BCEX JEICTBUTE]LHBIX HHCEJ], KPOME HHCea BHia nm, Ije
neZ, Gyuxiis clg X ABIACTCS HEMCTIOMN It NEPHOANYECKON ¢ HANMEHBIIIM NEPHOILOM T

Y YA

S
N
e

w fr w0 |7

o

Puc. 69. Puc. 70.

Ha unatepsane [0; x] ona yGeBaer oT +0o0 A0 —oo. [lpamele x =0, x = 1 gBANIOTCA
BEPTHKAMBHBIMA acEMnToTaMu rpaduxa Qyuxuun y =ctgy, Tax xax ¢ynxuus ctgx
NEpHOAMYECKAR C NMEPHOJOM T, TO e¢ rpaduk Ha J000M HHTepBase Jnm; (n+ Dr[
nosyuaercs u3 ee rpaduxa na ]0; [ mapasnensneiv neperocom r(nw; 0).

Ipadux ynxuus y = ctgx usobpaxen ua puc. 70.

Mpumep 4. Hoctpouts rpadux dyuxuun y = 2sin kl\- — %)

A Tax xak




TO MCKOMEIH Trpa@uK MOJyvaercs u3 rpaduka (QYHRUME y = SinX NOCTEA0BATENEHBIM
TPUMCHEHHEM CIEAYIOUINX Npeobpa3oBanuii: 1) oxaTheM K OCH OPAWHAT B jBa paja

H3 CHHYCOHMIB! ) = Sin X MoNyyaeTcs rpadux QYHKUmK y = sin 2x, KOTOPHUT Ha3bBaeres

&

y=sindx . Y=sinx

7 NI\ AS ANADNS

Puc, 71.

\\A{ N \5,5,.@

Puc. 72
Y= Zom(

7 V

Pre. 73.

Rt

CHHYCOMIOH ¢ mepuonom w (pue. 71), 2) napamnensusiv nepesocon r (0 w/6) us cuny.

COMAEL y = sin 2x momywaerest rpadux yEEuun y = sin 7(\ = —) (puc. 72), 3} pacts-

. T
AKCHHEM OT ocu alcuuce B B2 pasa U3 CHHYCOHIIB! _\"=sm2(x— _rf) NOJIYRAe Fest

HCKOMBIH rpaduk (puc. 73), Or Takke HA3RIBACTCH CHHYCOHJOH. A
BooGue, rpadux ¢ysxumn y= Asina(x —0), rae A>0 1 0> 0, nasemacion
cunycoudoit ¢ nepuodo 2w/, amnaumyooii A u nauaasioi fazoi o.

§ 6. Mocypoenue rpaduros hyrcumi

Ipu noctpoenun rpadukos dynxiuuil Leeco0bpa3ko ASHCTBOBATE IO CIIEAyrOme
cxeme.

1. Haiitu ofnacts onpenenenus (QYHKUHY (€CaH OHA HE yua.aaua)

2. VcTaHOBHTE, SBASETCA M (YHKIMA YETHOMN MU HEHCTHOIL

3 Vc-rauonun, ABNAETCA NI (QYHKUMS NEPHOIHYSCKOMN.
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4. Haiity acHMNTOTBL

5. Haiftu npoMeXyTkud BO3pacTaHHs M YObIBaHHS (YHKIMH.

6. Haiitn TO4kH nepeceueHns rpaduka (GyHKLUHH C OCAMH KOOPIMHAT.

7. Haiiti JKCTpeMyMBI (YHKLMH.

JlaHHble HCCIeNOBaHHS (GYHKIMH Cpasy ke IO Mepe HX TNOJydYeHHs HAHOCHM Ha

YEPTEX.
Ipumep 1. Ioctpouts rpapux byHKIEH
x?—1
f(x)= m (1)

A Qynxnus f(x) 3a1aHa Ha Beeil YHCIIOBOI NPAMOI M SIBJISETCS HETHOMN, TAK KAk
f(x)= f(—x) pna moboro xeR.
@Oynkuus f(x) He ABNSETCA mepuoaMyeckoit. Tak kak
S f)=1-— 2—2——vl OpH XxX— 40 HOPH X— —0
x*+1 . -
TO mpAMas y =1 sBJSETCS TOPM3OHTAJILHON acUMNTOTON rpaduka (Qynkuum upH

X— +00 H NpPH X — — 0.
3amernm, uTo f (x) < 1 s moboro x €R u, cienopatensHo, rpaduk Gynkimm £ (x)

pacrioioxkeH Hmke npamoil y = 1. Tak kax Qyukums ol Ha uuTeppane |0: + o[

yObiBaeT, To pyHkmus f(x) =1 — Y21 DO3PAcTAcT Ha STOM MHTepBafc. Ha nntep-

x
Bane |—oo; O] dynxuus \'Tzﬁ BO3pactaer, a moromy dymxuus f(x)=1— —— l
3 X" +

ybbiBaeT Ha uHTepBase |—co; Of.
Tpagux dynxmun f(x) nepecexaer ock abeumce B Toykax x =1 w x = — 1, a och

OpIMHAT B To4ke y = —1.
2
DyHKIHSA T npuHUMaeT Hanbonbiee 3pavenne npu  x =0, creqosa-

TenbHO, (ynKuEs f(x) npn x =0 nNpHHHMaeT HanmMeHbllee 3HAYeHuHe, panioe — I,
Ipadux dynxunn (1) nzobpaxen na puc. 74, 4

g Mpumep 2. Mocrpouts rpadux (Gynxiin
; 1
f(xX)=x+—,
X
A O®ynxuua f(x) onpesenena i seex x 30 n
ABNISICTCA HEYEeTHOM, Tak Kak f(x)= —f(—x) ana mo-
Puc. 74. 6oro x 3 0. ®ynkuus [ (X) HE HABAALTCH NEPHOIANUCCKOIL
Jejicturensno, moboe wucino 7> 0 npuxaniexur ee
obnactu onpenenenuss, a yucqo T — T =0 He NpHHAIEKUT OONACTH Onpeaeieniis,
CIIeI0BATENbHO, HUKaKoe Yucio 1> 0 He MOXKET sIBASTBCHA NEepHOIOM (ynkimi [ (x).

Toctpoum rpaguk Qyukuun f(x) aus x > 0. Tak kax
- . 1 . = .1
lim f(x)= lim(x+—)=+w, lm (f(x)=—x)= lim —=0,
x—+0 x=+0 X X= + 0 X—=+x X
TO npsmas x =0 sBIsSETCS BEPTHKAABHON acHMOTOTON, a npsMas y = x sgBigercs
HAKJIOHHON acumnToToii rpaduka Qyskmin [(x) npu x — + 0,
Ha npomexyrke ]0; 1] dynxuus f(x) yOwsaer, a ma [l: +oo[ sospacraer.
JeiicruTensHo, nycts 0 < x; < X, Toria
X3 — X ) 1\
2 -—'—:(.\‘3—.\")(1— J:
XXz X1X3

S(x2) = f(x1) = (x2 — x3) —



Orciona cneayer, uro ecmn 0<x; <x, <1, To 1— <0 u, crenoBaTeNBHO,

%1X2
1

J(x2) < f(x;). Eemu e 1< x;<x,, TO 1~Tx—>0 1 f(x2) > f(x;). Tak xak Ha
Xy

10; L[ dynxmma f(x) yGumsaer, a na [1; +oo[ Bospactaer, To Touka X = 1 smisercs
TOUKOH MuHMMyma (yHkupa: f(x)> f(1) =2 aua

Y
moboro x>0, x# 1. Ipapux dynxuun f(x)
u3obpaken na puc. 75. A g
Mpusmep 3. INocrpouts rpaduk dynximmn Y
. 1 2=
Xt (2) i
/( i 268 eLx
_7 1
07 =
Dyumn  (2) ONpe/ieficHa Ul BCeX X?R,
kpome x =0. Ecim x>0, 1o e'*>1 u, Cre- L =
AoBarensuo, f(x) < 1/2. Ha murepsaie ]0; +oof
dynxims ' yGusaer, u nosromy ynkmis f(x)
BO'}D&CTHCT. Ipuiem
. 1 : |
Jm, =0, M e Pic. 75.
Crenosarennio, npavag y = 1/2 sBasercss FOPH3OHTANLHOI acumnBomn rgacﬂx}c{i q?::’;
wn (2) npn x — + o0, upxmexl rpapuk Qynxuun (2) mpa x >0 JexK
npivoii. Econ x < 0, 1o e'* < | n, cirenosaTensHo, v
LX) > 172, dynxumg ' )’GLIHHCT Ha HHTepBale ,
1— o0 0[, 1 nosromy (hynxuus f(x) Bo3pacraer,
npHuenm
i | | i 1 1 Vi
im =1, IR =y = STy
x——0 1 4 e!/* x=—o 1 4 &' 2 7 o

c. 76.
Caesosarensuo, npsvas x = 1/2 spasercs ropu- e
2 J i
SOBTAALHOI aCHMITOTON rpadmka Qynkumu (2) np:
5 acumnToToi. I'padux
¥ —o0, npiiem rpadur Gyskumn (2) npu x <0 JEKAT HAX pad!
Gynximn (2) nzo6paxken na puc. 76.

8 7. pmvienenue upon3souoii K Hee/1e,108amo GyHKumii
N TOCTPOeHnio HX rpadguron

Hpn wecienosanny dynkuuii u nocTpoennd uxX rpaguKoB HIMPOKO UCNOJIB3YIOTCS
npoussoansie. O X 10MOLBI0 Y 3a4aHHOl (QYHKIMH HAXOAATCS MHTEPBAJILI BO3pacTa-
HHS 1 YORIBAHUS M TOMKH IKCTPEMYMOB.

CrpaBe/IuBel ClEAYIONINe YTBepKIACHH.

Ecauw givunyua f(x) o eex moukax HEKOMOPO2O UNMEP8aia umeem noiomcu-
medunyio npousgodnyio f*(x). mo ona eozpacmaem HA IMOM UHMepsase, a ecau
OMpUYAMeAsHYI0 Np oonyio, mo f(x) yovieaem.

i MATEpBAJIEl BO3PACTAHUA U yOBIBAHMST QYHKIAM

u

[Mpumep 1. Hailim

f(x) = 2x3 — 9x* + 12x. (1)




A Jlannas (QyHKOUS ONpeNelieHa M WMEET NPOM3BOIHYIO Ha BCEH YHCIOBOH Ips-
Mo, Tax kax
S1(x)=6x% — 18x + 12 =6 (x — 1) (x — 2),

10 f'(x) >0 Ha mHTepBanax ]—oo; 1[ u ]2; +oo[ u f'(x) <O Ha mateppane ]1; 2[.
CrenosatensHo, pynkuus (1) Bospacraer na untepsanax |—oo; 1[ m ]2; +oo[ u y6uI-
BaeT Ha mHTepeaze |1; 2[.
OrBet: |—00; 1[, ]2; + oo — unreppansr Bospactanns, ]1; 2[ — untepsan y6bi-
Banus Gynkmuu (1). A
IIpoMexyTkH, Ha KOTOPHIX ()yHKUMS BO3pacTaeT WM YOBIBaeT, Ha3bIBAIOTCA ee
npoMedscymKamu MOHOMOHHOCMUY.
Ipumep 2. Haiitu npomexyTku Bo3pacTanus M yObBaHHS (QYHKIHH
X
f) = =
A Dynxuus (2) onpenesicHa Uil BCEX NMOJOKHTENBHBIX X # 1, T. €. Ha HHTEpBasax
10; 1[ u ]1; +oo[. Tak kax
, Inx—1
S (%) i
1o f'(x)>0, ecni x>e, u f'(x) <0, ecniu x <e. CrnenosarensHo, QyHkums (2) Ha
untepBanax |0; 1[, J1; e[ y6uiBaer, a na untepsane ]e; +oo[ Bo3pacraer. M3_nenpe-
PHIBHOCTH (YHKIHMH (2) B TOYKe X = e CledyeT, 4TO NpOMexyTok |1; e] sBisercd
NpOMEXYTKOM yOhiBaHHs, a [e; + o[ — mpoMexyTKoM BO3pacTaHus (yHKmuu (2).
Otset: J0; 1[, ]1; e] — npomexyTku youiBanus, [e; + oo — OpoMexyTok BO3-
pacTauus (QyHKuuH (2). A
Touka xo HaspBaeTCst moukoll munumysa (QyHKuuH f(X), €CIM CYLMIECTBYET TaKoe
8> 0, 4To 3Ta (YHKUHS ONpEedesieHa B O-OKPECTHOCTH |Xo— 8; Xo+ 8[ Toukm xo H
v f(x)> f(xp) mms Bcex X # Xo H3 3TOH O-OKPECTHOCTH.
Ecnn ke f(x) < f(xg) Ans Beex X #Xp M3 |Xo — O;
Xo + 8[, To TouKa Xo HA3BIBACTCA MOYKOL MaKCUMYAd
¢yuxuan f(x). ToukH MHHHMYMa H MakcHmyma (yHK-
LIHH HA3BIBAIOTCHA €€ mouKamu IKcmpemyma, a 3Hauye-
HH (QYHKIHH B JTHX TOYKAX — IKCMIpemymasu TaHHOI

S

Y]

8

8

&

8

(3 SO
8

dyHKUHM.
Puc. 77. Jus  ¢yuxomnn, rpaduk KOTOpoii u3o0paxen Ha

puc. 77, TOYKH Xy, X3 — TOYKH MAKCHMyMa, a TOYKH X2,
Xg — TOYKH MuHMMYMa. TOuMKH a H b He SBIMIOTCA TOYKAMH O3KCTpeMyma ITOl
(YHKIHH, TAaK KaK y HHX HET OKPECTHOCTE, NEJHKOM BXOJAUMX B 06JAcTh ompenefe-
HHSl (YHKLIHH.

Ins ¢ymkmim f(x) = | x|, onpemenennoii Ha Bceif umcnopoii npsimoii, f(0) =0
1 f(x) >0 ans moboro x 5 0, u mosroMy Touka X = 0 sABISETCA TOUKON MHHHMYMA
Pynkmn £ (x) =|x|.

s pysxouu f(x) = —(x — 1)*>+3 Touka x =1 sBISETCA TOMKOIN MaKCHMyMa,
TaK Kak f(x) < f(1) =3 ans moboro x # 1.

@ynxuusd f(x)=sin (1/x), x>0, nmeeT GeCKOHEYHOE MHOXECTBO TOYEK HKCTPEMyMa.

& 1 n
JelCTBATENbHO, Kakaas TOMKA X, YAOBJCTBOPSIOWAS YCTOBHIO — = —- + 2mn, Iae
X
n=0, 1, 2, ..., sBjgeTCs €¢ TOYKOH MAKCHMYMa, a KaXJas TOYKA X, YAOBJIETBOPSIO-

1 3 >
Wast yCNOBHIO ~— = -1 + 2nn,— ee TOYKOH MHHHMYMa, DKCTPEMYMBl 3TOiH (YHKIHH

BO BCEX TOYKAX MAKCHMyMa paBHbI 1, a B TOYKaX MHHHMyMa paBHBl —1.

v 4
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AN HAaXOXKACHHA TOYEK OJKCTPEMyMA 34MANHON (YHKUHH BAXHYIO POJIL MIpaeT J
Teopema ®epma:

Ecau moura x, ssasemca mouxont skempesysa Ougdepenyupyesoti pynxyuu
S(x), mo f'(xy)=0.

M3 Teopembl depma clenyer, 4To TOUKY SKCTPEMyMa 3aj@HHOM (YHKIMH creayer
HCKATL CPe/in TOYEK, B KOTOPELIX MPOH3BO/HAS (DYHKIMH PABHA HYJIIO MM HE CYIUECTBYET.

Toukn, B KOTOPLIX MPOU3ROAHAN (PyHKINH OBPAIIAETCS B HYJlh WM HE CYIIECTBYET,
HA3LIBAIOTCS Kpuniuueckumu moukasmy 1ol (yHKIHH.

Touku skerpemyma (yskumi sBISIOTCH c¢ KpUTHUCCKAMI Toukamu. Omnako we
BCAKAs KPHTHYECKAS TOYKA SIBASICTCS TOMKOi dxcTpemyma. Hanpumep, Touka x = 0 st
byaxumn [ (x) = x? asasercs kpuTHueckoii, Tax xax f’ (0) = 0, HO, ONEBHAHO, HE SBJIACTCSH
TOUKOM SKCTpeMyMma.

Mpumep 3. Haiftin Touky JKkeTpevyMa 1 UHTEPBAJIBI BO3PACTAHNS 1 yOLIBaHHSA
bynkm f(x) = xe

A Mannas ¢yskiis oupeesiena i MMECT TPOH3IBOMHYIO AMs Beex x €R:

fix)=e*—xe*=e*(1—x)

M3 ypasuenns 1 (x) = 0 Haxozum KpuTHuECKHE TOUKH (YHKIMH J(x). ¥ nannoit (yHk-
UHH CYIIECTBYeT ofHa kpuTuveckas Touka x = 1. Tak kak f'(x)>0 mia x<1 u
S'(x)<0 ana x> 1. To0 (dynkups f(x) po3pacTaeT Ha HHTEpBAJIC ]—o0; }[ u ybniBaer
Ha HHTEpBase ]l; -+ :r,x[_ CrnenoBaTensbio, TOUKA X = 1 sBngercst TOYKOM MaKCHMyma
by ().
O7rset: f(x) Bospacraer ma |—oo; 1[, yowmaer ma ]1; +oo[; x=1— Touka
MaKCHMYyMA. A
Tlpu wcenenopamimn Towex sxcTpeMyma (YHKIHI YAOOHO TNONL30BATHCH CllEAYio-
LWHMIL 10CTATOMHEIME YCAOBHAMH /U1 TOYEK MAKCHMyma H MHHHMYMA.
Touka X seasemen mousoit makcumysa @ynkyuu [ (x), ecau y mouku xq
cywecmeyem maxas oxpecmpocnis, wmo 6 uei f(X) nenpepuiend,
f1)>0 daa x<Xo
u
Jx)<0 04 x> X

Ecau snee [ (\) <0049 X < xo U '," (.\) > () 018 X = Xg, MO Xg — MOUKA MUHUMYMA.

B pasobpanneix spuue npisepax Guu10 MOKA3aHo, KAk NPUMEHACTCS NPOM3BOAHASA

K Haxoxieuuio HHTEPBAJIOB BO3pACTAHMI H )’ﬁblll:lllllsl " K4

TOUCK MMHHMYMA H MAKCHMYMa y AQHHOH (yHKIMH.

Ecim see 9rm mccnenosanns NpOBE/IEHbL, TO, 0'fe- 2

BUIHO, MOXHO OoJiee TOMHO H300pasnihb rpauk 9TOH ,;5'
byrKIBI,

HDpumep 4. Hocrpours rpaduk Gysxuu

; =75 57
g @) L
X+ 1 ) |

A Dyuknus (3) onpeaenena s Beex ¥ €[[f, kpome e
X=—1 Ona He spusercs HU HeTHOH, Hi HEYCTHO 1177
H HEe ABIACTCA nepuoiauveckoil. Ee rpadmk Mnepecekaet
OCH KkoopamnHat B Toukax (0; 1) u (1; 0). Tak kak
P(xX)—~ —o0 npr x'—1-—0wm y(x) = 4+ npu x—1+0, Puc. 78.
TO mpsMas X = —1 gpjgercs BePTHKAILHON ACHMITO-
TOli. JIpyrux BepTHKajbHLIX acuMiTor Hetr. Jin HAXOKICHUS HAKAOHHBIX ACHMITOT
3aMETHM, 4TO

12 4
=0 . g 2
X+ 1 % il




CieHoBATENLHO, IPSMAs y = X — 3 SBISETCA ACHMITOTON NPH X — + 00 M IPH X — — o0,
HaiineM IpOH3BOAHYIO

26D+ D) —-(x—17 (x—1)(x+3)

y= G+ 1) T &+

Touknt x = —3, x =1 ABAAIOTCA KPUTHHECKHMH JUIs (GyHKUMH (3): B HHX Opou3-
BojHas obpamaercs B HyJb.

Jlerko BuzeTs, 4To Y (x)>0 mma x < —3, y(x) <0 ana xe]—3; I[ u ms
xe]—1; 1[, ¥'(x)>0 mia x>1. Cnenoparensno, ¢dynxuus (3) Ha mIpomMexyTkKe
]—o0; —3] Bospactaer ot —oo a0 —8, Ha npomexytke [—3: —1[ y6wiBaer or —8
1o — o, Ha npomexytke |—1; 1] yGeBaer or +oo mo 0, ma mpomexyrtke [1: -+oof
po3pacraer or 0 go +o0. Otcroma cienyer, uro ¢ynkuus (3) mpr x = —3 mmeer
MakcHMyM, a npH x = 1 — Muaumym. Cocrasisem Tabmuiy:

x J=oo; =3[ =3 1-3; =10 | 1=1: 1] 1 10; +of
y ]—o; —8[ -8 1-8; —a[| 1+o; 0] 0 105 +oef
¥ S 0 = = 0 ;

- o 5 5 Imin o

Ipaduk dynknuu (3) nzobpaxen Ha puc. 78. A

§ 8. HanGounbiuee n manMenbuiee 3uauenus dynxuun

Mycts ¢ynxuus f(X) ompenesneHa u HenpepuiBHA HA OTpeske [a; b] u nycts
X1, ...y Xk — KDHTHYCCKHE TOMKH (DyHKUI f(X), T. €. TOUKH, B KOTOPBIX (hyurius HE
HMEeT MPOM3BOJHOIN, H TOYKH, B KOTOPHIX Mpou3BoAHas pasia Hymo. Torga Ha kax-
ZOM U3 HHTepBaIoB |a; X[, ..., ]xy: b[ npoussoamas f*(x) coxpausier 3mak, i, ¢/1e10-
BATEJbHO, HA KOKILOM M3 JTHX HHTepBano (ynkuus f(x) suGo pospacracr, 11do
y6uiBaet. IToaromy HanGonbiuee u3 uncen f(a), f(xy), ..., f(xy). [ (b) swrusercs nanlonsb-
HM 3HaYeHHeM ¢yHkuun f(x) Ha otpeske [a; b], a wammenbluee w3 HTHX HECC
ABJISETCS HAHMEHBLIMM 3HadeHneM (yHkumn na [a; b].

3aMeTuM, 4TO HauGOMLIEE W HAaUMeHbluee 3madenus Qynkuun f(x). xe[a: b,
Haxomares cpemu wucent f(a), f(xy), ..., f(x), f(b), tae xy, ..., X, — KpUTHUCCKHE
Touku dynkuun f(x) na Ja; b[.

IMpumep 1. Haiitn nanGoubliee W HauMeHbIIeE 3nauenid (ynkium

fx)=x%—6x?+9x + 1: (1)

a) na orpeske [0; 2]; 6) ma nmpomexyrke [—2: —1[.
A Oynxkups (1) ompeaenena M HMMeET NPOM3BOAHYIO HA BCEM MHOKECTBC
nefictBuTeNbHBIX uncen. ITo mpasunam mudepeHuupoBanns HAXOIHM

f)=3x2=12x+9=3(x—1)(x—3)

Taxum o6pazoM, QyHKims (1) mMeer ABe KpuTHuecKHe TOMKH x = 1 u x = 3. [Ipuuem
f(x) Ha npomexytke ]—oo; 1] Bospacraer or —oo a0 f(1)=35, ma [1: 3] yGsmaer

or f(1)=35 mo f(3)=1 n na [3; +oo[ Bospactaer or [(3)=1 no +=.



Ha nntepsase ]0; 2[ dywxuus (1) umeeT oamy KpUTHYECKYRO Touky X = 1. Cie-
JI0BATENLHO,

min f(x) =min {f(0); £(1); f@)} = min{L; 5; 3} =1,
max_f(x) = max {f£(0); f(1); fQ)} =5

xe[0; 2]

Ha murepsasie ]—2; — [ ¢ynxnus (1) He uMeeT KPHTHUECKHX TOYEK M BO3pACTaerT.
Caenosatennuo, na mMuokectse [—2; — 1[ y dynxuun (1) Haumeuhme;‘ma'ileﬂue pasHO
J(=2) = —49. Onmaxo cpemn 3mavennii pynxuun f(x), korma x€[—2; —1[, wer nau-
Goabliero, Tak Kak TOWKA X = — | He NMPHHAICKHT STOMY MHOXKECTBY.

O 1B eT: a) Hauvensuee 3navenne dynkiun pasio 1, HauGonbIlee 3HAYEHNHE PABHO
5: 6) mauMenbiee 3navenne (yHKILIN pasio —49, HaUOONBLIErO 3HAYCHUS HET. A

Mpusvep 2. Haittn nanGonsinee 3uavenne (PyHKIUH

f(x)=3x—tgx, xe[0; n/2[.

A Jlansas (ywkius HenpepbiBHA ¥ HMEET NPOH3BOIHYIO

f)=3- —— xe]o; n2[.

. So%
= s (1/]/3

Ona ma mrepsane ]0; w/2[ obpauaercst B Hylib B TOMKE Xo = arcco (_/[/—), "Plﬂ/‘li;gl

F'(X)>0 ams x < x5 1 I'(x) <0 ans x > xq. Ciel0BaTeNbHO, TOUKA Xo = arccos ( )

FABISETCA TOMKOH MakcHMyMa JaHHOM QyHKIHH:

1 1
v 1 ! ¢ [ arecos——) = 3 arccos' ———1/2.
f (‘.:ircco\* l ,3) = Jarccos ——1g (“C“)S V§> /3

ey acTacT, 4 Ha IpoMeXxyTke [arccos 1/1/3 3
Dynxus 1 (x) na orpesxe [0; arccos (1/]/3)] Bospactaer, a lukmii)ll el ( );
T/2[ yousaer. Cienopatensio, HanGobIICE 3HAUCHHE d));

"B ccos (L1/3) = |/2- A&
J(X) = 3x —tg x, xe[0: n/2[, pasno 3arccos(1]/3)—] e
IIpusicep 3. Haiitn nanGonbiumii o0benM WHIHHAPA,

CaHBOro B AauHbli Kouyc,
2 = 1yCOM
fyers sazan xouye ¢ wpicotoii H u pzﬂly -
ochoBamin R (prc. 79). OGosuwauun uepes h BBIC ca)l’mO!"O
AHIIIPA. M 4epes ¢ pajJiMyc OCHOBAHHS IATHHAPA, ll’"" |PB| =
B jannuii konye. OGosnasnm |BM|=x. Toraa h=

K

=x-1g 1{’“\1\1, X l[{ W r=R—x. O6bem wwmnapa V pased
N

.
nrih, B nawem caysae

. , XH
V(x) = (R — x)* " Puc. 79.
4 TIPHHMM: 2
Onpenenin, npyu xakosm 3uauenun x o6beM HUIHHAPA 6yaer 1p ATk HAUGOMLIIeE
sHavenne. Haiizem npomssoguyio V' (x):

Vix) = ﬁ: (R —x)* 4 E}’: x:2-(R=x)(=1)=

H
= Eg (R—x)(R—-\'—2-\‘)=KT(R‘x)(R—3x)_

2 mmas V' (x)>0u V' (x)<0 P x > R/3
V'{x) =0 npn x = R/3. Ilpu x < R/3 npon3soaHas ' ; ;
C:]e;msu’rc.".zno‘ B Touke x = R/3 Qynxuus V(x) uMeeT MAKCHMYM. Tak kak x moxcer



el el

MeHATECA OT HyJs mo R, mpuuem V(0) = V(R) =0, To yucIO

V(R/3) =— nHR?

SBJISCTCS HAaUOONBIIMM 3HAa4YeHHEM o6beMa BIHMCAHHBIX LMJIMHOPOB. A

3AJAMM PA3JEJIA 1

1. Onpenenurb, KaKHe H3 HHXENPHBCACHHBIX d))'HKL[Hﬁ SABJIIOTCS YCTHBIMH, KAKHE HEYCTHBIMH,
a KakHe He SBJIAIOTCH HH HETHBIMH, HH HCHETHBIMH:

Ni)=)x*=5x+6, fo(x)=]3x-2,

fax)=x343sinx, fq(x)=x*—Scosx,

fs(x)= —1-, So(x)=In(x + [/x>+1).

e+ 1

2. McenenoBaTs Ha MEPHOAHYHOCTH CleAyiomne GYHKIMH W ONpeleqHTh HAaHMEHbILHIl NepHos,
€CITH OH CYIIECTBYET!

1, ecil X — panHoHaJIbHOE,
8 /()= { o _
, CJIH X — HPPAlMOHAJIBHOE;
6) f(x) = cos® x sin x — sin® x cos x.
3. Haiitn nce aCHMITOTBI rpad)m(oa CNEAYIOMHX (yHKIIHIA:
9I0= 50 760 = =2 0 (0= /T 6 T8

4. l'loc'rpon‘rb rpacbmm cnenyxomux dyHKmuit (He NpUMeHss NPOH3BOAHOIM):
a)f.(x)=x(lx—ll+§— l>; 6) f2(x) =g (sinx); B) f3(x)=2°"%

o l'lpumeuna TIPOH3BOJHYIO, NIOCTPOHT rpaduku cneuymmnx bysKumit:
x) i 6sin x
a) f(x)= )z- 6) f(x)=x+e¥ B) f(x)= b coiak
6. Haiitu nﬂ'rcpaanu MOHOTOHHOCTH H TOYKH JKCTPEMYMOB (yHKIHH
f(x)=2In(x—=2)—x*+4x + L.

1 el
7. Haiith nauGonbluee u Haumensiuee 3uavenns oynkuun f(x) = ?w’—; x? 4 6x na

otpesxe [1; 4].
8. OXONI0 JAHHOIO WIAPA ONHCATH KOHYC HAUMEHbWIEro ofbema,

—  JAJAYH PA3JAENA U —

1. OnpenenuTs, Kakue H3 NPUBEJCHHBIX HIDke QYHKUMl B 00JACTH, rA¢ OHH ONPCACICHBL
ABJIMIOTCA METHBIMH, KAKHE HEYETHBIMIL, A4 KAKHC HC SBASIOTCS HH YCTHBIMM, HH HCHCTHBIMH:

fix)=1+x2=x%" fa(x)=x+x>—3x%

S3x) =} 1+x, Jsx)=)/1

T 1—-x
fsx)=)x*—3x—4 [fs(x)= T~
f1()=3+3% fe(x) = xsin 3x.

2. TpeacTaBuTh CieAYIOLNE QYHKIUHH B BHAE CYMMBI YETHBIX H HEHETHBIX QYHKUMI B 00-

JIACTH, T/IC OHH ONpe/eNeHBI:
2 X .2
S+ X l F4+x

fu()=sinSx+2°1gx, () =xln|x|+ ::ll fi(x)= —T’ falx)= e
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3. JloxkasaTh, 4TO NPOM3BOAHAS 4ETHOH (YHKUMH HEYETHA, A NPOU3BOAHAS HEYETHOI
(ysKkin yeTHa.

4. Bepubl 1 yreepkaenus: a) ecan f’(x) —uernasn ¢ynkuus, To f(X) — HeweTHas (yHKuMs,
6) ecnu f” (x) — nevernasn dysxuus, To f (x) — 4eTHAs DYHKUHA.

5. CymecTByioT Jin BCIOly ONpeaeneHHble (yHKIUH, SBISIOUWHECS OIHOBPEMEHHO! ) YEeTHBIMI
i Bo3pacTaroiunMi Ha R, 6) HeueTHbiMH i yObiBatomnmi Ha R, B) HEHETHBLIMH M NOJOKHTENb-
HbIMH Ha R? .

6. TlycTs 3amana dynkuus f(x) = €%, x > 0. Joonpenenuts Qynkumio f(x) B OGiIaCTll X SVO
TaK, 4TO0bl BHOBL MOJIyYeHHAs (YHKUHA HA MHOXecTBe |—co, +oo[ Oblia: a) YeTHOM (yHKuueit,
6) HewerHoil (ynxuueii. =

7. MccneioBath Ha MEPHOANMHOCTS ClEAyIOlTHE GYHKIMH I ONPEAeTHTh HANMEHbLIMIT nepuos,
€CIIH OH CYLIECTBYET:

sin x

—— = fa(x)=3cos4x + 5sin4x.
[x/m] + 1

Ji(x) = sin x + sin (x]/2), /3 (v) = 21tg % +41g %'f; (x)=

8. Mosker s cymMa [ABYX HENEpPHOAHHMECKHX BCIOMY OIpEAeNeHHbIX (hyHKUHil GbITH mepiuo-
audeckoii (ynkumeit? 2 cans
9. IMycts 3amana aupdepenpyemas nepuomieckas ¢ynkuia [ (x). x€R. Hdokazats, uto
J' (%) — Taxxke nepuosiveckas (ynkuus Ha R, .
10. HaiiTu Bce acHMOTOTHI padMKOB CIEayIOUUN ymrumii: .
sin x

DAW= ot DAM=Em YW= T

1 o

3 1 i X .
11, Tocrpours rpadukn caeayromux Qynxuuii (He nmpuMeHss IPONH3BOJIHOI):
D fy(x)=e'™Mx 2) ) (x) = cos (In x);

3) f3 (x) = aresin (sin x);  4) £y (x) =

9 13m0 S =th, e ) =x - [

sin x r
[x/x]+05 " )
S5) fs (x) = r(x), tae r(x)— paccrosiiue or X A0 Gmvkaiiuero 1eaoro qlx.:fma.
12, TIpumenss HPONIBONYIO, HOCTPOHTE rpaduKi cAeAyIonMx (hyHKILuii:

= X+ 3)? - e V1 e [313
DW= DAM= AW =0 lxR
4) f4(x) = v '\: . L) fe(x)=sin®x +costx;  6) fo(x) = (nx))/x.

2=x
13. Haitrn nee suavenns a, HPH KOTOPBIX (hyHKIMs

. | z
f@= T a= ) 20+ ]
Bospacraer va M, ) )
14, Ilyers x; n X3 = COOTBETCTBEHHO TOYKA MAKCHMYMZ M TOMKA MHHMMYMa (QyHKiuu
J(x) =2x° — 9ax? + 12a*x + 1. Tlpu xakux a x3 = x,?
15, Haiitn nauGosniuee i HauMenbiuce 3nadenus (yHKIAN

y=x*(2x—3)—12(3x —2)
Ha orpeske [~3; 6]. 2
rpst L ¥ -y b
16. Haiiti sanGonuee u nammenbiee 3uauenns dynxumn f(x) =logys (¢* +x —2) na
orpeske [3: 6].
oF +1 i —Z
17. Haiiti oxcrpemymbt dymkumn f(x) = (x —3)e! *** | na unreppaze ]—2; 4[, a raixe
HanGonbINee I HamMeHbitee 3HaueHus Ha orpeske [—2; 4]. o 3
18. Haiitn nanGonbinee n naumenbuee 3naverus Gynkunn f(x) = co% \ +.c135 \ it !
19. Haiiti paanyc ocHosamua UMIMHApa, HMEIOWIEro NpH JAaHHOM obbeme V' naumenbuiyio
HO/IHYIO TIOBEPXHOCTD. : o, A :
20. HaiiTi KOcHHYC yriia mpu BepuifHe PABHOOSAPEHHOTO TPEYrOJBLHUKA, MMEIOWIEro Ham-

GoIbIWYIO NUIOIIANL NP AaHHON MOCTOSHHON AmnHe | MeAnaHbl, MPOBEACHHOH K ero GokoBoii
CTOpOHE.

5 nMoa pea. I'. H. Sxonaesa



Tnasa VII
BEKTOPbBI

§ 1. Hexoropble HeoGXxoauMble ompeneenus H 00O3HAMEHHS

Jlrobas Jjexamasi Ha NpsSMOM Touka A pa3buBaeT ee Ha JBa Jy4a C HA4aJIoOM
B Touke A. JIyd ¢ HayajoM B TOYKe A, Ha KOTOPOM JIKHT Touka B, obo3nauaercs
[4B) (puc. 80).

JBa Jjyya, Jexauide Ha OJHOW NpAMOIi, HA3BIBAIOTCA COHANPAGACHHBIMU, €CIIH HX

TIEPECEYCHHE €CTh JIy4, M HAa3BIBAKOTCS NPOMUGON0A0MNCHO HANPABACHHBIMU, ECIIH HX
NepeceyeHue JIyIOM He ABJsA-

A erca. Hampumep, na puc. 81

nyau [AB) u [BC) conanpas-

__’__f___,_f;—- /—2"';"—2"/ nensl, a sy [AB) u [CB)—
NPOTHBONOJIOKHO ~ HAlpas-

Puc. 80. Puc. 81. JICHBL.

Ecym aBa Jiywa Jiexar Ha

HapajiieNbHbIX HECOBNANAIOUUX MPsSMBIX, TO OHH JIGKAT B HEKOTOPOIl MIOCKOCTH.
TIpsmas, npoxoAsuias Yepes MX Hayajga, ASJIHT 3Ty IUIOCKOCTh HA JIBE HMOJYILIOCKOCTH.
Eci 3TH JIyqH JIEXAT B OJHOH IOJNYIUIOCKOCTH, OHH HA3BIBAIOTCS COHANPAG.ACHIbIAM
(prc. 82), ecii B pa3HbIX MOJYILUIOCKOCTSX — NPOIMUEONOA0IICHO Hanpasaennsimu (puc. 83).

o
_a

A M //

=

Puc. 82. Puc. 83. Puc. 84.
To, uto ayuu [AB) n [CD) conanpaBiensl, ofo3HauaeTcs Tak:
[4B) 11 [CD).
Ecmi ayun [AB) u [CD) npoTHBONOJIOXHO HANPABICHBI, TO MHLIYT
[4B) 1L [CD).
OueBuano, YTO [BA JIyua, IOPO3Hb COHANPABJIEHHBIC TPETLEMY, COHANPAB/ICHLI

ApYT Apyry.
f ITapaaaeasHbim nepenocos TPOCTPAHCTBA (IIOCKOCTH), ONPEACISEMEIM YIIOPSUIOMEH-

IHoit napoii (A, B) HecoBNAAAIOIINX TOYEK, HASBIBACTCS TAKOE NPe0OpasoBanye NpocTpa-
lcTBa (IIOCKOCTH), IIPH KOTOPOM KaXaas Touka M oToOpaxkaercs Ha Takyw Touky N,
|aro mys [MN) conanpasien jyuy [AB) u paccrosmue |MN| pasHo paccTOSHIIO
|| AB|. Opyrumu cioBams, BCe TOYKH IPOCTPAHCTBA (IUIOCKOCTH) CMELIAIOTCS B HANPAB-
|nenmn syda [4B) na paccrosmue | AB| (puc. 84).

ToxzaecTBenHOE MpeobpasoBaniie, 0OTOOPAKAIONIee KAXAYIO TOUKY HA cedsi, HashIBa-
@TCs TapaJUIe]bHBIM IIePEHOCOM Ha HYJIEBOE PACCTOSHHE.



-

CBolicTBa mapanjieJbHOro nepenoca

L. Iapaaaeavnviic nepenoc ecmy nepeseujentie, m.e. omobpadicente, Coxpansiouee
paccmosHus.

2. Hapaateiviuiil nepenoc omoGpagicaem npasyio na NApaiieAsHyio et Apasyio.
A4 HA COHANPAGACHHBIT €Ay Ay,

Hapaiaeavnvit nepenoc npocmpancmsa omoépasicaem NAOCKOCHb HA NAPAAACALHYIO
ell naoerkocno.

3. Komnosuyua dsyx napaiietvnuix neperocog (m.e. 0éa napaiieiviivie nepenoca,
BuINoAHEeH I ble IT{)L‘;IL’()OSGI“L’J]bH(J) ecmp "(lp(bl.lE/lebH‘l nepenoc. N

4. Omobpadicenue, 0bpamioe napasAeAbHOAMY NePeHocy, ecils RAPaIeAb bl nepenoc.

Vron mexay nysamn Iyers asa aysa [y u [, He COHANPAaBICHBL 1 He
IPOTHBOMOJIOKHO HanpasieHst (puc. 85). W3 npoussosbHoii Touku O BLIXOIUT CIiH-
CTBEHHBT nyy [OA), conanpapienupiii ¢ jydom [, H CANHCTBEHHDII Ty [0B).
CoHanpapiicHubii ¢ aydom [, JIyun [0A) u [OB) orpaniuBaoT BHIYKIEHi yron AOB,

A
11

Puc. 85. Puc. 86.

BelNuiHA KoToporo mensme [80°, Eean ske syuu [, H [; NPOTHBOINOJIONKHO HANpPaB-
> e avd -
acuel, to sydi [OA) w [OB), um comanpabiennble i HMeIoue ofuiee HAuAN0, orpa
HHMMBRIOT ABd BLILYKILIX pasBepHyThiX yriaa (puc. 86). ) )
Vodoar aearedy aywamu 1y u 1, Ha3biBAETCS GequyuNa BBITYKIOrQ yria MEkiy
| MOGBINGT IBYMS JYMAMHE ¢ ODLIHM HAYATIOM, CO!’_IHHPHB-”C““"‘M": C‘lm*'"“"‘\'““ AOB
Tak, yrnom meway nywami [p u [, na puc. 85 sBisercs BENMMUHA Yruia 8
a Yroa meschy ayvamu I nol, Ha puc. 86 pasen 180°. ) .
Hesasucnmoers yrma mesxay aysanu o1 Bbi60pa TOMKH COHANPABJICHHBIX C HUMH
Ayueii cuesyer U3 reopeMml: o g
l Ecaur cmopoubt 06yx GolnyKABIX Y2106 COOMEEIMCMBENHO CONANPAGILHbI, THO Jmu
V2Abl KOHPYIHmuL. ’
YIon Mexy CoHanpaBaeHHbIMI JiyMamy nojiaractes p;mluggl 0°. Taxum obpazom,
YOI MEAILY Jydaniii Moer npusmMarh suavenus ot 0° no 1807

§ 2. Bexropsi, ux ofozuauenue moﬁp:f»x’cﬂll&
Koamueapubie # KOMILIAHAPHBIE BEKTOPLI

Bexmoposm wasuipaerca napaniensabiii nepesoc. [lns 0603HAYEHHS BEKTOPOB HC-
HOABLIYIOTCSH CUMBONLI @, b, x ® 7.0, BekTopsl PACCMATPUBAIOTCH HA  IUIOCKOCTH
(napauiensuLii neperoc mocKoeTH) W B NPOCTPAHCTBE (IAPAILIENb- a
Bl neperoc upocrpakcTsa). M B ToM B B Apyrom ciydac BEKTOP
ONPEACIACTCH  YIIOPSIOYCHHOMN 1apoil ToYek, T. € 3dJaHUCM TOUKHK a
n ee obpasa. .

Bekrop a, onpeaensempiii YIOpsLoueHHON napoi (4, B) me-
COBIAAAIONINN  TOYCK, H300pakKacTCs HANpasAeHublM — OMPE3KOM
(cTpenkoii) ¢ wavaitom B Touke A u Komyom B TOuKe B (puc. 87). Puc. 87.
10T BEKTOpP @ obo3Hayaercs Tawke AB u mamerca a = AB. i
Ilo onpenenenio Bextop a = AB oToGpaaer kauaylo Touky M Ha Takylo Touky N,
uto nyy [MN) cosanpasnen ¢ mysom [AB) u | MN | =|AB| Hanpasienue aysa [AB)
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HA3BIBAETCS HANpag/eHuesM BEKTOPA @ = AB. Paccrosnue | AB| HassiBaeTCA AuHON 1WA
sodyaem Bektopa a = AB (o6osnauaercs | AB| nm | a|). 2

Ecnu [MN) 11 [4B) u | MN | =| AB|, T0o BeKTOp @ = AB obosmaaercs Taxke MN
1 H306paKaeTCsl HANPABJICHHBIM OTPE3KOM C HAayagoM B TOuKe M U KOHLOM B Touke N.
OueBH/HO, 1IpH H306paKeHHH BEKTOPA HANPABJIEHHLIM OTPE3KOM 32 €ro HA¥alo MOKET
GBITH B3ATA JO0AS TOUKA, T.€. BEKTOP HMeET GecunciIeHHOe MHOKECTBO H300paKeHHMIl.
Hanpumep, Ha puc. 88 BekTop @ = AB u306paxeH HampaBieHHbIMH OTpeskamu PO,

AB, MN. 001 £ Y
ITocTpoeHHe HanpaBjieHHOro otpeska MN Takoro, YTo MN = a, Ha3sbiBaetcs

omrma()maﬁﬁem BEKTOpPa @ OT TOWKH M.
—
- Ec_ﬂq AB 1 CD spisiioTcs 0603HAYEHUAMU OJHOrO H TOTO JKE& BEKTOpA, TO IMMILYT
—
A_}z:(;_‘lg i roBOPAT, 4TO BeKTOpbl AB m CD pagnbl. ITomuepkHeM, UTO DPABEHCTBO
AB = CD o3nayaer
|AB|5 |CD| u [AB)11[CD).

I'Iapannenbnblii NEPEHOC HA HYJICBOE PACCTOSIHHE HA3BIBACTCH HYACELIM GCKMOpoM
u obo3uauaercs 0. Hy.ﬂCBOM BEKTOP oroﬁpax\'aer KaXKAYO TOYKY Ha cebst, modTOMY OH

9 8 ¢
M, N
P a
A
a’ i Y %
Puc. 88. Puc. 89. Puce. 90.

—r
obosnavaercst rakke A4, BB u .0 JUnma uyaesoro sekropa pasha nyaio. Hysenofl
BEKTOP HE MMEET ONPECHEHHOIO HAlpABJIeHIs!. i '

— =
. ﬂ%ucuyncumx pekTopa AB u CD naswibatotes conanpacienusiyu (0603m04a¢1CH
AB 11 CD), eci conanpapietnl Jjyun [AB) w [CD), w HA3LIBAKOTCS NPOMUSONO 1030
nanpagaennvisu (06o3nauacress AB 1| CD), econ nyan [AB) u [€D) nporusonoioxio
HAIPABJIEHBL.
JlBa HeHYJIEBBIX BEKTOPA HA3BIBAIOTCS KOLAUNEAPHLIAN, CCITR OMM COHANPABICHB
W NPOTHBONOJIOKHO HANPABACHLL SICHO, YTO KOJLIHMHEAPHBIC BEKTOPLI H300pawKa-
JOTCH NAPA/UIC/IbHBIMI HANIPABJIEHHBIMH OTPe3KaMIL, ‘
2 ) 300pAXKEHA TP: ) .
. Ha puc. 89 usodpaxena Tpanenuss ABCD, MN —ece cpeanss s, Bexropt
AD, B?, NM KolumMHeapHbl:

AD1BC u AD 1) NN

Hy1eBoii BEKTOP CUHTACTCS KOJUIMHEAPHBIM 110G0MY aexT-op\'
. - < * o
By/eM roBOPHTE, YTO HEHYIEBOI BEKTOp AB mapaiienes miIOCKOCTH, eCai mpsavas
AB napaJuielbHa 3TOM II0CKOCTH. -
HenyJieBble BEKTOPEI HA3BIBAKOTCS KOAMNAGHAPHBIMM, €CIM OHM NAPAIICLHEL 071
HoiT M TOIl e ILIOCKOCTH. ’
Jliobple ABa BEKTOPA BCErAd KOMIUIAHAPHBI, A TPH BEKTOPA MOTYT He Ohitl
commanapubivi, Ha pue. 90 n3obpaxen : i s
KoMIIAAp Vi, N p : p a rpc,\'rﬂbuainpn:;.\ﬂ ABCA,B,Cy. Bekrop
AC. AB u C\B, xommianapusl, a pextopsl AC, AB u A4, xoMnianapueinu e
ABJSIOTCS. A L
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§ 3. Cymma BekTopoB. ITpoTHBONOMOKHDI BEKTOP. Pasnocrs BekTOpOB

Kommosunus 1Byx BekTopoB @ n b ecTh BekTOp (CBOHCTBO 3 MapamieabHoro
nepeHoca, § 1), KOTOpLIl Ha3bIBaeTCA cymmoi BekTopoB a M b n obosHauaercs a + b.

Cymma HenyneBbIx BEKTOPOB a i b HaxoauTcs 10 npaguay mpeyeo.shuka (pue. 91):
OT NPOU3BOJILHOI TOukn O OTKJIajbiBaeTcsi BekTop OA = @, OT KOHIA HArpaBJICHHOro

a-+b B
9 8 g 0 8 A
a % a T et
A
Puc. 91. Puc. 92,

2 —
orpeska OA, T.e. oT TOUKH A, OTKJAALIBAETCS BEKTOP AB = b, Torna OB = a + b.
[pasuio tpeyronuuuxa cioxens BEKTOPOB JIETKO 3aoMuHaeTCsl B OYKBEHHON 3arcu:
WGy | BN
OA + AB = OB
==Y (=3
(crpenoukan Bumnsy YKa3aHa NOC/EI0BATEBLHOCTL OYKB B 3AIUCH BEKTOPA CYMMBI).
Samerin, wro 310 IPABHIO NMPHMEHHMO W B TOM CJiyuae, KOI/ld BEKTOPLl @ u b
KoJutHHeaphel (puc, 92).

3aKOHB CJOXEHNS BEKTOPOB

@+ b= b+ a (nepemecTuTenbHblil 3aKOH).
- (@+ b))+ ¢=a+ (b + ¢) (coueraTenbHblil 32KOH).
a+0=a.

W —

M3 nepemecturensioro sakona CJIeIyeT NpasuAo NApAlAer0epasMa CIOKCHUS BeK-
TOPOB: CyMMA /IBYX HEKOJLIMHEAPHBIX BEKTOPOB €cTh BEKTOP, M300paxaeMmblil amaro-
HAJILIO MAPAILIEIOrPAMMA, IOCTPOCHHOrO HA HANPABJIEHHBIX OTPE3KAX, H30OpaKaroIMX
AQHHBIC BCKTOPLI M HMerowx obiee nayano (puc. 93).

Cymma Tpex BekTOpoB a, b u ¢ onpenessieTcss KAk CyMMa BEKTOpa a + b u Bek-
T0pa ¢ (puc. 94). B cuny couerarensuoro 3akoHa (a + b) + ¢ = a + (b + ¢), nosromy

Pue, 93, Puc. 94. Puc, 95.

CYMMd TpeX BEKTOpoB a, b u ¢ sanuceibaetcs Ges ckoGOK: a + b+ ¢. Aunanormuno
onpefeasercs cymma mo6oro umcia BEKTOpoB, Hanpumep @+ b+ c+d=(a + b+
+¢) + d. Ha pue. 95 nokazano, kak HAXOAMICS CyMMA BEKTOPOB @, b, ¢ u d no npa-
BULY MHO20Y20AbHUKA,

Ecan tpu Bektopa @, b u ¢ mekoMmianaphbl, HX CymMMa Moker GbITh Haiiiena
10 npasuay napaiaeienunedq: sekTop a + b 4 ¢ M300pakacTes JHArONAILIO Napaiuiese-
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R,

NHMeaa, MOCTPOEHHOro HA HANpABJIEHHBIX OTPe3KaX, H306paXarolmX BEKTOPH! @, b 1 ¢
1 umerowmx obuiee Hayano (puc. 96). JeHCTBUTENBHO:
— —_  — — —_— — —
OA+ OB+ 0C =0A + AD + DD, = OD;.
=%
ITycth BEKTOp a ONpEHensieTcs yAOPsHOuEHHOH mapoit Touek (4, B): a = AB.
BexTop, OmpeNeNseMblifi yNOpAIOuYCHHOH napoi Touex (B, A), HasplBaeTCs Npomueo-
noA0MCHbIM BEKTOPY @ W oBo3Havaercs —a:
03 —_—
—a = BA.
Cymma BEKTOpa H €My [POTHBONOJIOKHOTO BEKTOPA €CTh HYJIEBO BEKTOP (TOXIIECTBEH-
Hoe oTobpaxeHue):
—
a+(—a)=0 wm AB+ BA=0.

OueBHIHO, 4TO JUIHHBI BEKTOpa @ H €My NPOTHBOMOJIOXKHOIO BEKTOpa —a paBHbI,
a4 HanpapJICHUS 3THX BEKTOPOB

NMPOTHBOMOJIOMKHBL:
A lal=|—al, atl(-a)

a+(-b) A Pasnocmeio a — b aByx
BEKTOPOB a M b Ha3spiBaercs
CymMMa BEKTOpa @ M BEKTOpa,
MPOTHBONONOKHOTO  BEKTOPY
b, T e

Puc. 96. T
Puc. 97 a—b=ua-+(—b)

Ectt OA=a u OB=b (puc 97), To BekTOp @ — b u306pazkaeTCs HANPABICHHLIM
oTpeskoMm BA:
OA — OB = BA
— t
(cTpenouKH BHH3Y YKA3BIBAIOT 1OC/IEAOBATEIBHOCTE GYKB B 3alHCH BEKTOPA PA3HOCTIH).
3ameTHM, YTO €CIM HA BEKTOPax a M b, OTJOXKEHHBIX OT ofwero Hauwwma O,
MOXHO NOCTPOHTH MapasuiesiorpamMM (puc. 98), To AIHMHA AMATOHAIM, MMEoLIell 1O &Ke
Hayano O, paBHA JUIMHE BEKTOpa a -+ b, a JHMHA APYroii AMATOHAMM papHa LINMHE
BekTopa a — b:

A c
V 50 |0CI=la+bl|, |BA|=|a- bl
< Eci ¢e=a—b, To a=c¢+ b
A JelicTBTENbHO
7 P g A 2

¢t+b=(@—b)+b=(a+(—D0)+
+b=a+(—=b)+b=a+0=a

Puc. 98. Puc. 99.
D710 mHoKaswlBaer, 4ro ciaarae-

MBIC B BEKTOPHBIX PABEHCTBAX MOXHO IIEPEHOCHTH M3 OMHOIl WACTH PaBEHCTBA B APY-
VIO, U3MEHHB CTOSILIME Ieped STHMH CIAracMbIMH 3HAKH HA NPOTHBOMNOJIOKHBIE.
Mpumep 1. B napaiuenorpamme 4BCD _AMATOHAITH TEPECERA0TCH B TOUKE 0
(puc. 99). Haiitu cymmy Bektopos OA + 0B + OC + OD.
A Jlnaroranan napajuieorpamMmMa, Nepecekasch, ACATCs MOMOJaM: |g:1 =] i).(“}.
Jyun [0A) u [OC) npoTHBONOIOKHO HANPABIIECHSL, TOITOMY  BEKTOPBI 04 n 0C—
HPOTHBOIO/IONKHbIE, HX CYMMA paBHA HyneBomy BekTopy: 04 + OC = 0. Amanoruyso

YCTAHABJIHBACTCS, 4TO 0B n OD—uporuBonorlomxme Bektopel. Mrax, OA + OB +

+0C + OD = (04 + OC) + (0B + 0D) =



Mpumep 2. Jloka3ars, 4To AJs JIOOBIX BEKTOPOB @& U b CIpaBe/UTHBO Hepa-
BEHCTBO |a + b| < |a|+|b|.

A Ecian onuH M3 BEKTOPOB @ wiau b HYJIEBOI, TO OTO HCPABEHCTBO, OUEBNIHO,
Bbinosusiercs. Ilycts a u b — HCHYJICBBIC BEKTODBL, OA=a u AB= b (puc. 91), Torna
N0 npasuiny TpeyronbHuka OB = a + b. Ilo cBoiicTBYy paccCTOSIHMIT Ams JIOOBIX Tpex
Touek O, A u B Boinosmsercs nepaseHctso |OB|<|0A |+ |AB|, nosromy |a + b <
slal+|b|.

3amernm, UTO sUIs pasnnunbX Touek O, 4 m B pasererso |OB|=|04|+|A4B|
BBIIOJIHSACTCS TOI/IA 1 TOJILKO TOIA4, Koraa Toykn O, A u B jexar Ha OAHON NPAMOIi,
npuueM Touka A nexur Mexay toukamn O u B. Cue- AL
[OBATEILHO, JU15i HEHYJIEBBIX BCKTOPOB @ M b PaBEHCTBO
la+b|=|a|+|b| cnpaBeamso Toraa M TONBKO TOTAA,

KOIla OHM COHAHPABICHLL A

Mpamep 3. B tpeyronsunke ABC Menumanbl nepece-
Karorcs B Touke O (pue. 100). Haiitn cymmy BEKTOpPOB ‘A
. ' g
/)

—— — — A
04 + 0B + OC.

A Tloetponm napasuesorpayim AOCD. Tlo npasiiy
b A
Hapasuienorpavyma  OD = OA + OC. [imaronamu mapajuie- Pic. 100.
JOTpaMMa, Mepecerasich, ASTCs MONOaM, CIeN0BaTe/bHO, A el
|0D|=2|0ON|, Touka N — cepemuna  cropoubi  AC, BN — z_wez:‘umua. EAHAHBI
TPEYIOIILHIKA, [EPECeKasCh, JAeTATCS B OTHOWEHNH 2: |, cunTasi OT BEPIUMHEL, MOITOMY
|OB|=2| 0N |. Takum o6pazom, |OD | =| 0B, a tax xax ayus [0D) u [0B) nporuso-
£
NONOKAO HaLpaniensl, To OD = — OB.
Wrax, S
> == = = — — - = B =
04+ OB + OC = (0A + 0C) + 0B=0D + 0B = —0B + OB =0. A

§ 4. Vunoxenne sexropa na umnenao. [Ipusnar KOUIMHEAPUOCTH
Hpoussedenuem HEHYJIEBOIO BEKTOpA @ Ha 4YHCIO X # 0 Ha3BpIBACTCH lz)eKTOPy JutuHa
EOTOPOro paswa |[x|-|a| n KoTopsli cOHANpPABIEH BEKTOPY 4 NpH X > GH IPOTHBO-
010%H0 nanpanien nupy x < 0. INpoussesenne BEKTOPA @ HA HYHCIIO X ODO3HAYACTCH
X-a
Hpousnenenie mysesoro nextopa Ha MoGoe HHCAO 1 NPOU3BE/CHIE 1060ro Bek-
TOPE HA HYAhL 10 ONPEIEJICHHIO CYHTACTCS PABHBIM HYJIEBOMY BEKTOPY:

x:0=0 0:a=0
3AKOHL YyMHOXEHMS BEKTOPOB Ha Huciaa

L x(ya) = (xy) a (cowemamenvnuiii JAKOH).

= Xa -+ ya = (x + ‘\‘) a,
) - (pacnpedeaumeabivie 3aKOHbI).
3 xa + xbh=x(a+b), 1

4. 0a=x-0=0,
W3 onpesicnenys npoun3senenns pekropa Ha YHCI0 HOMYHMACTCS CICAYIOUMH npusnak
K().Lll”ln’tl}’l;fn Uit

| Bexmop b ROAAUHEApen HeHYAe80M) 8eKmopy @ mo2dd 1 MoAbKo moz20a, kozda

| cywecmsyem makoe wucio x, umo b= xa. _
IDpumep 1. Haiftu, nHa kakoe uMeIO X HaZ0 YMHOXKHTH HEHYJIEBOH BEKTOp a,

¥o0bl ATTHRA BEKTOpa m = xa Ouula paBHa eAMHHNE K a) BeKTOp m ObL1 COHANpABICH

5 = . o cTopy a?
SITOpPY a: O) BekTOop m Gbin HPOTHBONO/IOKHO HATIPABICH BEKETOPY a’
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A a) mita, xorna x>0; Tak kak |x|=x ¥ |m|=x|a| npy x>0, To u3
yenosust |m| =1 cnenyer x =1/ a|. i

6) m 1) a, xoraa x < 0; Tak xak | x| = —x npu x <0, T0 |m|= —x|a|. 13 ycnosust
|m|=1 naxomum x = —1/|a|. A

3ameTHM, MTO BEKTOP, JUIMHA KOTOPOrO paBHA EIWHHMIE, HA3bIBACTCS eounuyHuiM
WK OPMOM.

U3 npusnaka xonnuneapuocm CIIE/LYET, YTO jUIsl HEKOJUIMHEAPHBIX BCKTOPOB a I b
paBeHCTBO Xa + yb = 0 BLINOJHSACTCA TOJLKO TOrAA, KOrAd X =y = 0. HdeitcTBHTEILHO,

y ’
NPEANONOKHM, HAIPUMED, YTO X # 0, Toraa us xa + yb = 0 nonyunM a = — < b, a a0

[POTHBOPEUHT TOMY, MTO BEKTOpsl @ u b uexommueaphel Cienosaresbno, x = 0.
AHAIOMHMHO ycTaHABIMBAETCS, 41O y = 0.
Mpumep 2. Bekropbl a u b nexosuneapHsl. Haiiti, NpH KakoM X BEKTOPbI
c=(x—2)a+bud=2x+1)a—b Syayr KomIMHeAPHbL.
A Bexrop ¢ Heuyiesoi, Tak kak xoadduuuent npu b oTinuCH OT HYISL 10+
BATENLHO, CYLIECTBYET TAKOE 4MCIO ¥, uto d = ye, T. €.
x4+ a—b=y(x—2)a+ybh

Kak 6bU10 CKa3aHO, CJIAraeMbIe B BEKTOPHOM PABEHCTBE MOXHO NEPEHOCHTL H3 O/1HOIT
" yactu B ApYryro, HU3MCHIA 3HAKH INEped THMH CIaraéMbIMH HA 1POTHBONOJOZKHBIC,
1103TOMY 6yD.CM HMETh

(px—=2y—2x—1a+(y+1)b=0
Bextophl @ i b HEKOJUIMHEAPHLI, OITOMY
yx—=2p—2x—1=0,

y+1=
Pemas 2Ty cucremy, HaxoanM y = —1 u x = 1/3. TIpn x = 1/3 Bextopsl ¢ u d TaKOBLI:
5
= _i_a +b, d= — b. Kak nerko BHIETb, OHH NPOTHBONOJIOKHLIC: d = c. A

§ 5. YeaoBue KOMILIAHAPHOCTH BEKTOPOB.
Pazjiokenie BEKTOPa N0 TPEM HEKOMILIAHAPHLIM BEKTOPAM

]'chn, BEKTOPBL @ U b HEKOJUIMHEAPHbI, OTAOKHM HX OT OAHOH ToukH: O = a

wOB=h (puc. 101). JIroGoii Henysienoli BeKTop ¢, KOMIUTAHAPHLIL ¢ BexTOpami @ 1 b,
o 10 ONPE/IEICHIIO napanienen 1iockoctn OAB.

Ecan nocrpouts Bextop 0( =¢ T0 TOouka C JICKNT B
naockoetn OAB, 109TOMY TOBOPSIT, MTO MOGKLIE TPH KOMILIA-
n.\pubu BEKTOPA  MOKHO NEPEHECTH B O/IHY [LI0CKOCTh.

) l Teopema. Ecau eexmopw a u b nexosiuneapil,

mo A0boit Koan. l(“ll'l)llblll C HuUMU GERMOP ¢ MOMCHO COlN~
cmeennat 00pasom npedemasums @ aude ¢ = xa + yb,
Pue. 101, Taxoe npejcrasiienne HaspiBactes pasioycentes BexTopa
¢ HA IIOCKOCTH 1O JIBYM HEKOJLIHHEAPHBIM BEKTOPAM a u b,
ﬂ]) umep Lo JMan lhll)-lllL' 1orpamm. ABCD (em. puc. 93). Pasaomuts BekTopsi
,m " AI) no sekropam AC n BD
« H.luu\unm uTo 1( = AD + AB w BD = AD — AB. Orcrona caenyer 2 1D -
= AC+ BD u 2 4B = AC — BD. Taxum obpasom,

-

D - (.»I?' +BD) w AB= (AC - BD). a
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Mpumep 2. Ha cropone BC TpeyronbHuKa O_B;C pacnoyiokeHa To4Ka _1y Tax,
4t0 | BN |:| BC| = n (puec. 102). Pasnoxuts sektop ON mo Bektopam OB u _QC. .
A BekTops! BN u BC KOJIMHEAPHBI M COHANPABJIEHBI, Cle0BATEbHO, BN = .\'B_C)‘

. .
i x> 0. IMockonbky | BN |=n|BC|, To x=n 1 BN =nBC. Tax xak BC =0C — OB
 ON = OB + BN, 10

ﬁl=(ﬁ+;x(&‘—ﬁ)=n5@+(l—r:)ﬁ3.

3amerum, uTo mpu n = 1/2 Touka N smasercs cepeannoil cropousl BC, a ON —
MemaHoii TpeyrombHuKa, B 3ToM ciywae

()T\‘:%(o_c"ﬂﬁy A

. : ecny KOTOPBII
Hetpynno suners, uro cnpasemmso o6patHoe )’TBCP”‘H?“C' e;;n;(r) :]c"a ;))p“ .
* BEKTOp ¢ pa3sioikeH MO JIByM HEKOJUIMHEApHbIM BEKTOpam a M b, To B 2l
KoMIutanapusl,  [eifcTBUTEB-
HO, mycTb ¢ = xa + yb. Ecan
MHCHIA X M Y OTJIHYHBI OT HYJIS,
TO BeKTOpbl xa u yb Taxke N
HeKO/UIHHeapHbl,  OTI0XHM
3TH BEKTOPbl OT HEKOTOPOit
—r ——
Touku O: xa = OA u yb = OB.
=
Torza sexrop ¢ = OC = OA + 0 c
==
+ OB wmso0pakaercs jamaro- A
HAILIO apaLie/IorpaMma, mo-
‘ paimienory s Puc. 103,
CTpoenHoro na pekropax O0A Pic. 102
W 0B. Caciovarenbio, Tou-

-1 = » : MIUTAHAPHBI,
ki O, A4, B u C nexar B OAHON NMOCKOCTH M BEKTOPEI a_._ ':b “uccz?:ﬂona‘reniﬂo
Ecimn ske o110 w3 wicen, manpumep x, paBHO HYJIO, TO € —ic'ro avora o B i

. M ;
BEKTOP ¢ KoJuIMNEaper BeKTOpY b 1 moTomy KOMIUIAHAPEH C BCKTOD S el
Taxunt oBpasom, cnpasems ceayiouii npusnak (kpumepuit) kosnaanap
Tpex HCI\H)I\L‘HZ "
o v K ¢ sexkmopamu
ccan gexmopot @ u b nekoaauneapHul, mo 6ekmop ¢ "OM.ZJ,:ﬁ’emfe: xa + yb P
| @ u b mozda u moavko moeda, kozda usieem mecmo ,)(13/10-7“lblM c n}(;ﬁblMH E.IBYMSI
Hynesoit BEKTOP MO ONpeNeNeHHio CYHTaeTcs KOMILIAHADK
BEKTOPAMU. . o 1
| Teopena Ecau éexmopwr a, b u ¢ nexoMnaanapuvl, mo ';u_t‘y_ﬁou gexmop d Mmodxc
- =Xxa + y zc.
l 1o eduncmeennsiz obpazom npedemasumy 6 6ude d = )
- 'peM HeKOMIUIaHap-
OT0 npescTanienne HasKBaeTCs paziodicenuer Bektopa d 1o Tpe ap
HbIM BeKkTOpam a, b u e, - 3 ?
3). A3JTOKHUTH
Npusmep 3. Jana tpeyroasnas npH3IMa ABCA,B,C, (puc. 103). Pasn
— e —
BekTOp AA; no sexropam AC,;, BA, u CB,.
A TTo npasity TpeyronbHuka HMeem Yy
—y — = ot = CA + AC;.
AA, = 4B + BA,, BB, =BC +CB, CC,=CA+AC,
: STB, MOJIyMaeM
Craaabimas fesbie 1 npasple YacTH ITHX BEKTOPHBIX PABEHCTI , o
i — . 3
e 2 : el G,
AA, + BB, + CC, = (4B + BC + CA) + BA, + CB, + AC,

- - S —
Tak kak AB +BC +CA = /ﬁ =0u /ﬁl = B.E = (Te‘h 10 3AA, = BA, + CB, + AC,
H, CACAOBATC/ILHO,

8y 7

S

— - =
i ,:,;,,(34,4- CB, + AC)). 4
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§ 6. Vroa mexay sexropavu. CxajsipHoe Npou3Be/ieHie BEKTOPOB

. Yeaom medicdy éexmopamu a=AB u b=CD nassiBaetcs YIOJl MEXAy JIydamu
[AB) u CD). Taxum ofpa3oM, eciu OT OOHON TOYKM OTJIOXKHTH BEKTOphl @ = OM
u b=0ON (puc. 104), To Beymyuua yrma MON ecth 1O ONPEACNCHUIO YrON MEXIY
pekTopamu @ u b, OToT yroa obosuauaetca (e, b).

Vros Mexy BEKTOPAMH, Kak M yroj MexKay JyvaMu, MOXeT TPHHIMATh 3HaueHus
or 0° mo 180°. Ecim BeKkTOpbl COHANpABIEHBI, TO yroj Mexay Himu pasen 0°,
a yron Mexay NpOTHBOMOJIOKHO HANPABICHHBIMH BeKkTOpamu pasen 180°.

Ecnn yron mexay BekTopamu e u b pasen 90° (puc. 105), To BekTophl @ H b
Ha3bIBAIOTCS NepneHOUKYAAPHBIMU WK 0pmozoHatbHuimu. T1epieHanKyISPHOCTL BEKTOPOB
a u b obo3navaercs Tax: a _|_ b.

A——E—P'E 2 b
— oy
c'/ b RPN

a
A .
o, -
< 5 0=

g a M
Puc. 104. Puc. 105, Puc, 106,

Mpumep L Iycts a 1 b — Henyiesnle HeKoIHHEAPHbIE BEKTOPEL. [lokasars, 4To
a b
BEKTOp ¢ = |T|+W obpa3yeT paBHbIE Ikl C BEKTOpamiu a i b.
A Bextopet ay = a/|a| u by = b/| b| eminnunpe: |ay | =| b, | = 1. Orrox
Topsl a; # by or ommoii Touku: OA =a; w OB =b;, nocrpoum napaiieior

dMM
a h e B e o YACR
m|»+ m-—t. napaieiorpamyie OACEB
umnHsl ctopon 0A n OB pasubl, cheosarensio, OACB — poM0 1 ero auaroa:
gBseTea OHCCCKTPHCOMH yriia AOI{._Qrcuma 3AKIIOUACM, HTO BEKTOP ¢ = ( T obpaayer
pasble yroibl ¢ Bektopamii @y = 0A 1 by = 0B 1 ¢ KOWLIHHEAPHBIMY UM BEKTODIMI
a v b w HanpaBjieH MO GMCCEKTPHCE YIla Mekily BekTopami a u b, A
{ CraaapubiM Npoussedenuest HEHyJIeBLIX BEKTOPOB @ M b HaswBacres 4icio.
paBHOE NPOM3BEACHHIO JUIMH ITHX BEKTOPOB HA KOCHHYC Yruia Mexay wini. Cra-
| JIApHOE NPOM3BEICHHE BEKTOPOB a 1 b o(mmauucg‘cn a-b. Takum obpazon,

S
a-b=\|al-|b|cos(a, b)

0QACB (puc. 106), Torna 0C = ay + by =

Ecny OJli M3 BEKTOPOB HYJIGBOI, TO CKAIAPHOE NPOM3BCACHUE 110 ONPEACICHING

| papno Hymo: a-0=0-b=0.

[ToauepkHeM, 4TO CKAIAPHOE NPOM3BRICHNE eCTh YHCAO (KOIIA PaceMatpuBaloTes
BEKTOPHI, HHCIA MACTO HA3LIBAIOT CKAJSPAME).

CrasipHOe HPOM3BEICHHE BEKTOPA Ha CAMOro cels paBHO KBAAPATY €TI0 JUTHHEL:
a-a=|al’

CkaspHOoe NPON3BE/CHIE BEKTOPOB MNOJIOXHTEILHO, eCIHI YIOI MEAIY HUMI OCT-
phiil, CKAJISAPHOE MPOH3BEACHIE OTPHUATEILRO, €O YIOl MEXKIY BEKTOPAMU TYNOii,

Ecm yron mexay Bekropami pased 90°, To KOCHHYC 3TOTO YIJa DaseH Hymio
W CKanspHOe NPOM3BEACHHE 3THX BEKTOPOB TAakKe paBHO Hymo. Bepno u oGpatioe
YTBEPIK/ACHHE: EC/IM CKAISPHOC MPOH3BEACHHC HEHYJICBHIX BEKTOPOB PABHO HYJHO, 10
BEKTOPBI HEPHEHAMRYAAPHEL CACI0BATCABHO, d6U HEHYICHLIN GEXIMOPA HEPRCTOURY-L it
Mo20a U MOAKO Mo20d, K020a CKAAAPHOE NPOU3GEOeHUe FrmuX GeKMOPOS PASHO MY.1i0.
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CroiicTBa CKansAPHOTO NPOU3BEAEHHS

lL.a-a=|al*
2.a-b=b-a.
3. (xa):- b= x(a-b).

4 (a+c)b=a-b+c:b.
Hanpumep, ucrnionb3ys aTi CBOHCTBA, MOMYIHM
(a+b)-(a—b)=a-(a—b)+b-(a—b)=a-a—a-b+b-a—b-b=|al>—|b|%
Ipumep 2. Haiitn anuny guaronams AC pomba ABCD (puc. 107), y xoroporo
IUIHHBEL CTOPOH paBHBI 1 u yron BAD pasen 30°

—:
A Tlo npaBuiy nmapajuienorpaMma AC = AB + AD. W3 cpoiicTba CKAJSPHOTO MpO-
H3BEJICHUST ClIEIyeT

| AC|? = (AB + AD)* = | AB + 24B - AD + | AD|*. @)

Tax xax | AB|=|AD|=1 u (4B, AD)=30°, to AB-AD = |/3/2. Yantsmas oto,
w. (1) momysaem |AC[? =2+]/3, omkyma maxoamm 8

7= 74
|AC|=]/2+)/3. a
Ecnu Bextope! @ u b HeHyJeBwle, TO KOCHHYC yrjia
MEKIY 3THMH BEKTOPAMH HAXOMHTCH MO (opmyie 2

A
ﬁl—' 2) Puc. 107.

Mpunmep 3. Jnuabl HeHyJIeBHIX BeKTOpoB a W b pasnel. Halitn yron mexnmy
STHMH BEKTOPAM, €CJIH H3BECTHO, YTO BEKTOpHl p=a + 2b u 4= Sa — 4b nepuesnu-
KYJISPHEL,

A Tax KaK BEKTOpLl p H ¢ NEPUeHIMKYISPHBL, TO HX CKAIAPHOE NPOH3BEACHHE
PaBHO HYNO: p- g = (@ + 2b) - (5a — 4b) = 0. Hcnonb3ys cBOICTBA CKAJIAPHOTO NPOU3BE-
faerst, nostysuaent (a + 2b)- (Sa — 4b)=5|a|?> + 6a- b — 8| b|*. Taxum oGpasom,

N a2
Slal*+6-|a||b|cos(a, b)—8|b|* =0,
OTRyAa npu |a|=|b| monysaem A
6|al*cos(a, b)—3|al*=0.

IMockomeky | a | 5 0, 10, coxpamas Ha |a |?, Haxomum cos (a, b) = 1/2. CienoatesnsHo,
yroa mexay sextopamu a u b pasen 60°. A

s
cos(a, b) =

§ 7. Basne. Koopaunars! sextopa. JleiictBusl Haj BEKTOpamu,
3ANAHHLIMH CBOHMH KOOpAMHATAMMU

Tpu eAMHUYHEIX B3AUMHO NEPHEHAMKYIAPHBIX BEKTOpA, B3ATBIX B ONPCICICHIOM
NOPAJIKE, HA3LIBAIOTCA npsasmoyzoavhbim Gazucom B NPOCTPAHCTBE (pl‘lC. 108). .Bel{'ropbx
npsMoyroabnoro Gasnea upnHsTo ob6o3Hayats i, j, k (dmraerca: i — i), J — OK),
k — «xay).

Kaxcapii BEKTOpP MOXHO eIMHCTBEHHBIM 06pa3oM passoKHTL II0
JOOBIM TPeM HEKOMIUIAHADHBIM BekTOpam (§ 4), MO3TOMY KaNABIA
BEKTOP @ MOXHO €IMHCTBEHHbIM 0Opa3oM MpEACTABHTL B BHIE

a=xi+yj+zk.

Yncna x, y, z HA3BIBAIOTCA KoopouHamamu BexTopa a B Gasuce (i, J, k).
Ecmu a = xi + yj + zk, To mawyt a = (x; y; 2). L BCRLUS:



=(0; 1; 0), k=(0; 0; 1), 0=(0; 0; 0).
= (X3} ya2; Z,). VI3 eNMHCTBEHHOCTH PAa3JIOXKEHHs Clle-
b PABHOCHJIBHO CHCTEME TPEX CKAJISIDHBIX PABEHCTB:

Hanpuwmep, i=(1; 0; 0), j

IMycts a = (x15 Y15 21) B b
JIyeT, 4TO BEKTODHOE PaBEHCTBO @ =

Xy =X3 Y1=DY2 Z1=Z2:

CrpaBe/UTHBE! ClIeyoLIue TIPABHIIA AeHCTBHI HA/l BEKTOPAMH, 3a/laHHBIMH CBOMMH
KOOpAMNHATAMH,

1. TIp CNOXKEHMH BEKTOPOB @ = (X5 Y1} Z1) H b = (x3; Y2 Z2) MX COOTBETCTBYIO-
1IHe KOOPAMHATHI CKIIAIBIBAIOTCS:

a+b=(x;+X25 Y1+ Y25 21+ 22).

2. TIpu yMHOXEHHHM BEKTOpa @ = (X; y; z) Ha YHCIO BCE KOOPAMHATHI BEKTOpA 4
YMHOXAIOTCS HA 3TO 4HCIO:
ma = (mx; my; mz).

3, CxajspHOe NMpOM3BENCHHE BEKTOPOB a = (Xy; Vi; Z3) M b = (x3: y,; z;) paBHO
CyMMe TpOM3BE/IeHHIl COOTBETCTBYIOIIMX KOODAMHAT:

a-b=x;x;+ y;1y; + 2125,

4, JlnuHa BEXTOpa a = (.\'; ¥ z) PaBHa KODHIO KBaJApaTHOMY H3 CyMM KBaJpaToB

€ro KOOPAMHAT:
lal=)/x*+y* + 22

Mpumep 1. HaliTH KoOpAMHATHl U JUIMHY BekTopa 2a — 3b, ecin a = (0; 3; 2)
nb=(-2;3;2).

A Io npaBunam AeHCTBHI Hajg BekTopamu Haxomum 2a = (0; 6; 4), 3b=
=(—6; 9; 6), u, nHakouen, 2a —3b=(6; —3; —2). Teneps HAXOMUM JUINHY 3TOrO
pekTopa: [2a —3b|=]/6*+3*+22=7. a

Ipumep 2. Haiiti, NpH Kakux m n n BekTopbl a = (1; m; —2) n b= (—2; 3; n)
KOJUIHHEAPHBIL. o

A BekTop b KO/UIHHEAPEH BEKTOPY @ # 0 TOrja U TOJBKO TOT/A, KOI/IA CYUICCTRYET
YHCJIO P TaKoe, 4T0 b = P“’- Host I;aHme BEKTOPOB @ M b 3TO BEKTOPHOE PABECHCTBO
PaBHOCHILHO CHCTeME —2=p, 3=mp, n= —2p, u3 x it

A 2p, KOTO| axo; = -2
m= —3/2, n=4. F poit Haxommm p= —2,

Urax, a = (1; —3/2; =2); b=(-2; 3; 4). A

Mpumep 3. Haiitu, npi Kakom 3maueHmn m mextophl a =(1; 3; —2) u b=
= (—1; m; 4) NEPUEHANKYIAPHEL. Sl © =

A HenyneBble BEKTOPbI NEPIEHINKYISAPHBI -

TOra M TOJBKO TOI/1a, KOrZa MX CKa-
nﬂpnﬁe npomaen:mx:l paBHO HYmO, Tak kKak a-b= —9 + 3m. t0 a - b _i 0 n(:)l,;l;‘,, l_i;\ 3‘}\:
pumep 4. HailTi KOODNMHATHI eIMHNMHOrO ekt i
KTO, ABJIEHHOT'
S BerToRO A= (2~ 33 ). pa b, coHanpasJIeHHOTrO

A b11a,ecmn b =manm>0. U3 yenosus | b| = 1, yuureisas, wro | b| = | m| la|=
=m|a| npu m > 0, Haxomum m = 1/| a|. Bermeasem amimy BekTopa a: |a|= 7. Tak
obpasom, m = 1/7 m b=(2/T; —=3/7; 6/T). A e ™

ITpumep 5 Hailtn KoCHHYCBI yriI0B, K

3 J 0TOpLIE 06 oas oy
s¥TOD. B =33 0 “wed), g P pasyeT ¢ GA3HCHBLIMH BEKTOpPAMH

A BblMACIEM CKAISPHBIC NPOU3BEICHHS Bek
. E T o KTOPA @ ¢ Kam/IbIM 13 OasuCHBIX Bek-
ropop. Tak kax i=(1; 0; 0), j=(0; 1; 0) u k=(0; 0; 1), To a.i=23; :l’;- m:\)

: =3 a-j=0;

a -k = —4, Jlmunpl GA3UCHBIX BEKTOPOB paBHhbl [, p ]
B it @) 5 sy » BBIYHCIISIEM JUIHHY BekTOpA a: | a |
\ a-i 5 N a-j \
cos(a, i) =—rr =7 ©08(a, j)=-—~" =0, cos ik -
[al[il =s lal[pT =" @ M=oy =—7 4
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BexTtoph na naockocTy [Ba CAMHUMEBIX NEPICHANKYISPHBIX BEKTOPA, B3si-
THIX B ONPC/IEICHHOM INOPSIIKE, HA3LIBAIOTCA NPAMOY20AbHbLIM GA3NCOM HA TUIOCKOCTH
(puc. 109). Basuc ma nuockoctd ofo3nauaercs i, j. .

JhioGoii BeKTOpP @ IUIOCKOCTH, HAa KOTOpOH BeIGpaH 6asnc i, j, CAMHCTBEHHBIM
o6pazom pasnaraercs o GasHCHIM BekTOpam: @ = Xxi+ yj. Yucna x U y Ha3bIBAIOTCH
KoopOunamamu BEKTOPA @, TMUIUETCS a = (X; Y).

Myers a = (xy; y1), b =(Xs; y5), TOrAQ

Loa+b=(x; +x3; y1 + ) !

2. ma = (mx,; myy) :

& a'b=.\',£z_+_)_’1yzc .

4. |a|=]/x}+yi Prc. 109,
Bexroproe paBeHCTBO @ = b PABHOCHIBHO CHCTEME ABYX CKAJIIPHLIX

PABCHCTB: X = Xj, Vy = Va

1 7
[Ipunmep 6. Oupeiennts yroi Mexk/ay ekropami ¢ = 4a + b n d= - s + vy b,

e a = (—1; 1) u b=(1; 3).
A Haxoaum KoopaHHATLL BEKTOPOB ¢ U d

1
c=(=4+4+1;4+3)=(-3; 7 d=(—4—+

Brrincrisien 1uimnst BekTopos ¢ u d 1 X CKANSPHOE PON3BE/IeHHE! lel= 1/58' ld|= 1/29’
e d =29 [lo popmyie (2) § 6 Haxoaum

exds o 29
lelldl ~ 1/58)/29

CACAOBATENLHO, YIOJ MeXIY Bektopamu ¢ u d papen 45°. A

-\
cos (¢, d) =

L
/2

§ 8. Tlpsvoyrosbhas cuereMa KOOpAMHAT. Y paBHenue miockoctu

Ecom sasana Touka O n npsmoyrosbabii Gasue i, j, k, 70 ron??n'r,"rrg 2 NDORTRON;
CIBE 3WIAMA NPUMOV20AbHAs cucmesa Kkoopdutam (puc. 110). loq.K‘l lm..n)‘mz}crc‘n-
navaioa koopownam, Hauano KOOpAMHAT 1 KakABIT 3 6A3NCHLIX BEKTOPOB ONpE/esieT
Koopounaniiyio och: BEKTOP 071 =i onpeaelser oCh
abcyuce (obosmavaercs 0x), ncm‘op_,OB:j onpe-
Aeaser ock opounam (Oy), sekrop OC = k onpeje-
aser ok annauram (0z). TlnockocT, NPoxosime
UEPEe3 KAW/ILIC JIBe KOOPAHIATHBIE OCH, HA3LIBAIOTCS
Kl)ll[‘()llll(”"”hl.\lll NAOCKOCM A MU,

*,’l:m R0 Toukn M KOOPANHATBL BEKTOPA
OM B Oasuce i, j, k waswsalores koopounamamu
mouku M B UpAMOYIOJIBHOIN CHCTEME KOOP/AMHAT
Oxyz. Takum obpazom, ecin

OM = xi + Vj +zk,
TO MMCIA X, V, I ecTh KOOPAMHATHI TOYKM M: Puc. 110,
OHN HAZLIBAIOTCH: X — abcyuccolt, y — opouHamoit, - )
= — annaukamoii Touxu M. KoopauHatsl Touku M IHIIYTCS B KPYIJIBIX CKOBKaX psiom
¢ Oyksoii: M (x: y; 2). N

Ecin OM = xi + yj +zk, To uncma x, y U 2 SABASIOTCH KOOPAMHATAMHM TaKUX

Tosex M,, M, u M; COOTBETCTBEHHO HA OCSX AOCIUMCC, OP/MHAT M AMNUIMKAT, 4TO
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O_M, = W; =0y OM; zk (oM. pc. 110). Ytobpl MOCTPOUTE TOUKY J M(x; y; L),
HAJI0 NOCTPOHTDL BEKTOPLI OM 1 = xi, OMz =y u 0M3 = zk u BexTOp OM = OM 1+
+ OM, + OM.

IMycts a = AB u TOKH A 1 B 3ajaHpl CBOMMH KOOPAMHATAMIL: A(xgs yis 2
B(x2; y23 z;). Tak kak AB= OB 04, 10 AB = (xz —X13 Y2 — V15 22— 23), T.C.
umobsl natimu l\()()[)blllmmbl eexmopa, Haoo u3 r\oopduuam €20 KoHya eévivecmev coom-

gememeylonjue Koopounamel Hawaaa.
Paccrosinne mexay toukamMn A u B paBHO IIHMHE BEKTOpa AB O3TOMY

|AB| = l/(-\‘z —x1)2 + (2 — y1)* + (22 — 2%

l'Ipnmep 1. B TpeyronpHuke ¢ Bepumpamn B Toukax A(3: 2: —3). B(5:

Ci(1; ; 1) onpeaenuTh BelHUMHY Yria npH BepiunHe A, —

A Bemmuua yria mpn BepmmHe A paBHa YEIY MEKY BEKTOpaMil AC n AB

(puc. 111). Kocuuyc yrna ¢ Mexiay BEKTOpamu AC u AB HaxoanTes 1o (opmy-

ne (2) § i OHESHC.E{{FM KOOPAHHATEL

c sekTopoB AC 1 AB: AC =(—2; —4; 4),

AB = (2; —1; 2). Tenepp HaXOMMM JTHHBL

3THX BEKTOPOB H HX CKAJISIPHOE I1PON3-
BCAECHHE:

1: —1)

|AC|=|/2T + 42 + 42 =6,

T fAd w2 1 82
|AB|=|/2*+ 1? + 2> = 3;
A d AC. AB=3.
Puc. 111. Puc. 112, Torna cos@=8/(6-3)=4/9 n, caciosa-

TEABHO, ¢ = arccos (4/9). A
IMpsamoyroabhas cHCTEMAa KOOPAMHAT HA [UIOCKOCTH ONPEACIHSCTCS AN 0
3ajanneM Toukn O M OpAMOYrojiibHOTO Gazmca i, j. OCH KOOPAMHAT HA3LIBAIOTCH
COOTBETCTBEHHO OCSIMU a&ct;uli" W opdunam, Koopdunamamu mouru M sasminaiorcs
koopmimHaTe! (x: y) sektopa OM, numercs M (x; y) (pue. 112),
Eciii TOUKI 327aibl CBOMMH KOOP/HATAMH: A (X ) u B (x,: Ya), TO

AB = (x3 — x5 y2 — )
| AB| =/ (x2 = x1)* + (v2 — 1%

Mpumep 2. Mama rouxa A(=1; 1) u nexrop a = (3; 2). Haitrn koopuiatel
Takoil Toukn B, wro AB = a.

A Tlyers (x:y) — KOOPAHHATEI |oxu\u B, Torna AB = (Xx+1:y—=1), necan a = 11',
10 X + 1 =3uy—1=2 Haxomn x =2, y=3, Torna B umeer koopanuats (2; «l ‘

ITpusmep 3. Jlan TpeyroibHuK ¢ nupmuu.\\m B Toukax A(l: 1), B(—4:3)u C(2
Haiitn ammny meamanst AN,

A Ilyers O — HaYamo KOOP/MHAT, TOraa ()B = (=4 3)u ()C =(2: 2). Ecain N
cepe/uiHd CTOPOHbI BC, 1o (cm. npumep 2 § 5) ON = (OB+()(‘] 2, otkyaa crienyer,
a0 Koopounanivl cepedunvt ompeska BC pasuvt noaycyase coomeememeyiouix KOOpOu-
Ham mouex Bu C. Hd\OJlI\l ON = (=4 +2)22; 3 + 2)/2), Toraa N (=1; 5/2) u | AN | =

Mmoo )

. A

raf




VpaBHEHHE NIOCKOCTH. B NpAMOYrombHON CHCTEME KOOPAMHAT JiEoGoe
ypaBHEHHE

ax +by+cz+d=0, (1)

B KOTOPOM XOTs1 61 OAMH H3 KO3((HIMEHTOB a, b, ¢ OTINYEH OT HyJsl, ONpeaesseT
II0CKOCTh. BepHOo u 06paTHOE; Kakaas IUIOCKOCTh MOXKET ObITh 3aJlaHa ypaBHEHHEM
Buaa (1).
IIpunmep 4. CocTaBuTh ypaBHeHHE MIIOCKOCTH, IpoXoseii uepes Touxn 4 (05 1; 5),
B(3;0; 00 u C(—1; 1; 6).
A Ilycte ypaBHeHme 3Toil miockocTn ax + by + ¢z +d =0. KoopaAnHaTsl Toyek
A, B u C ynoBIETBOPSIOT €My, CIIeHOBATENBHO,

b+5c+d=0,
3a+d=0,
—a+b+6c+d=0.
M3 Broporo ypasuenus maxomum d = —3a. TloxcTapiss 5T0 B TEPBOE H TPEThE ypas-
HEHHSI, MOJIY4YHM CHCTeMy
b + 5¢ = 3a,
b+ 6c = 4a.
[lowienno BevnTas W3 NEPBOro ypaBHeHHs: BTOPOE, MOJIYYAeM ¢ = @, H TOTJA HAXOIHM
b= —2a. Vpasuenne miockoeru umeer sua ax — 2ay + az — 3a =0 wmt (Tak xax a, b

H ¢ OAHOBPEMEHHO HE PABHBI HYIIO)
Xx—=2y+z—-3=0 4

Heny:ienoii Bektop n = AB HA3bIBAETCS NMepneHANKY ISIPHBIM IUIOCKOCTH, €CIIH npsi-
Mas (AB) nepnenuKyJspHa 3Toif NI0CKOCTH. .

[Tycrs sekrop n = (a; b; ¢) nepneHANKY/IsMPeH MIOCKOCTH, NPOXOMSILICH HEPE3 TOMKY
M (x0: vo: z0). Torma aia ao6oii Touki My (x5 y; 2) 9T0it IWIOCKOCTH BEKTOPLI 1 1 MM
HEPIEHIKYIPHbL, Clle/loBaTeNbHo, n- MM, = 0, 3anucbiBasi 9T0 CKaJIAPHOC HPOHU3BE/IE-
HHC B KOOpAMHATAX, NOJYYaeM Cleyiolnee ypaBHEHHE IJIOCKOCTH:

a(x = xo) + b(y — yo) + c(z — 20) =0, @)

KOTOPOE, €Ciilt noNokiTh d = —axy — by — ¢zo, npuBoANTEA K BiAy (1). Takum obpa-
30M, ypasnenue ax + by + ¢z + d = 0 onpejensieT MIOCKOCTb, MEPNCHIUKY/ISPHYIO BEK-
TOpy n = (a; b; c).

IMpuaep S Haiitn ypasHenne miockocTH, NPOXOAILEH Hepe3 HAYAIO KOOPAMHAT
NEPHEHINKY.ISAPHO BeKTOpY n = (—2; 1; 3).

A Toacrapnss B ypashenue (2) KOOpAWHATHI BEKTOpPa N M KOOPIMHATLL TOUKM
M (0; 0: 0). nonyuaem ypasmenue wiockoets: —2x +y+3z=0. A

[lycre ape muockocTn 3amanbl ypaBHEHHsAMH

ayx 4 by + ez +dy =0, (3)
ayX + bay + c2z +dy = 0. (4)

OTH ABe MWIOCKOCTH MNapaieNbHbl TOrZa M TOJNBKO TOMAA, KOMA KOJUIMHEAPHbLI
NEPHEHIIKY.IAPHBIE UM BEKTOPBI My = (ay; by; ¢i) M My = (a5 baj ¢2), T. €. cymectnyer
TaKoe uHCA0 m # 0, MTO @y = mds; by = miby, ¢; = MCa. ILiockocTH, 3aJlaHHBIE ypaBHe-
HusMI (3) B (4). nepneHAMKyJIspHBI TOrJA M TOJMLKO TOI/Jd, KOIAA NCPHCHAUKYISPHLI
BEKTOPSLI Ny = (a;: by ¢y) M ny = (ay; by; ¢3), T. €. KOLAA my -My = 0.

Iepecerasch, 1Be mockocTH 06pa3yloT 4EThIpEe ABYTPAHHBIX YIUd, TNONAPHO paB-
HBIX 110 BEIMUHHE. V240M o, Medicdy nAOCKOCMAMU HA3BIBACTCS BEJHHHHA  MCHBUICTO




W3 9THX JBYIpaHHBIX yrioB. OH paBeH yIIy @ MeXay BEKTOPAMM My M Ny, €CIH
0<@<90° n pasen 180° — @, ecimn 90° < @ < 180° (puc. 113). MU B TomM u B Apyrom
ciryuae cos o = |cos @ . Takum 06pa3oM, KOCHHYC YIJIa o, MEXJAy MIOCKOCTAMH, 3a1aH-
HeiMH ypasHenusmu (3) u (4), naxoautes no gopmyne
|my-ny |
e T T 5
Ty [T ©)
Mpumep 6. Haittu yros Mexiy IIOCKOCTAMH

=3y4+z+2=0 n 2y+z-5=0.

COos Ol =

A BexkTOpBl ny M My, NEPHCHANKYIIAPHBIE STHM IJIOCKOCTSM, MMEIOT KOOPIMHATHI
ny=(0; =3; 1), n;=(0; 2; 1) Hailinem /uMHBI 3THX BEKTOPOB M MX CKAJAPHOE

Puc. 113.

npoM3BeieHue: | ny | = m [ny|= [/E; ny-n, = —35. Torna no ¢opmyste (5) nomyuaem
coso=|—5|/)/10)/5) = 1/)/2, orkyna o= 45°. A

SAZTAMM PASAENIA |

1. B Tpanewu ABCD otnowenie /uniibl ocHosanus BC k aanne ocHopammst AD panno 1.
JlnaroHami Tpameunn nepecekaiotes » rouxe 0. PaznokuTth nektop A0 1o nex ropam AB w AD.
2, [lanbl TpH HEHYJCBHIX BEKTOPA a, b, ¢, Kakable ABA M3 KOTOPHIX HeKotMHeaphbnt Haiiri
HX CYMMY, €CIH BEKTOP @ + b KoJuIHHeapen nektopy ¢, a mekrop b + ¢ KOJUIHHEAPCH BEKTOPY a,

3, Meaunanst rpaneii OAB n 0AC Terpadapa OABC nepecexaiotes . touxax M o N
cmncrcr_n:::mo. Joxkasats, uto Bekropet MN wu BC KOUIHHEApHBI B Halltn  oTHOICHIE
| MN | :| BC|.

4. Touku M, N, P n Q sexart coorsercTsenvo na cropowax AB, BC. CD n DA napai-
nenorpamma ABCD, upuieM | AM || AB| = | BN |:|BC|=|CP|:|CD| = | DQ|:|DA|. doxaszats,
10 MNPQ — napaaicaorpamm,

5, Jloka3aTh, HTO AOOLIC JIBA HCHYJIEBBIX BEKTOPA @ 1 b KOMIMHEAPHE! TOIGL 1 TOALKO T,
KOr/Ia CYMECTDYIOT TAKHE HMCAL X MV, OJAHOBPEMCHHO HE DPABHBIC HY:1I0, 4TO BLITOIHSETCH
pasenctBo xa + yb =0,

6. [lpa HEHYJICRLIX BEKTOPA a 1t b rakomwl, w0 |a+b|=|a — b, Jloxasars, 410 nektophl
a 1 b ueprenANKyASpHbL.

7. 3nas, wro |a|=11, [b| =23 u [a = b| =30, naiitn |a + b,

8. Bektop @ + 3b UEPNCNIMKYJAPEN BEKTOPY Ta — Sh w pextop a — 4b nepnenaukyspen
pektopy 7a — 2b. Haifti yroj mMexay sexropamu a u b, :

9. ExummiHble BEKTOPBI @, b 1 ¢ YAOBICTBOPSIOT yeaoBmio a + b + ¢ = 0, Buryneantn

a-b+b-c+c-a
10. Haiith TaKoe 4MCa0 m, 4TOOBl BEKTOPbl @ =i — j + 2k, b = 3i +j uoe=mi+2k Guum

KOMILTAHAPHBIMIL,
11. Haiiti KOOPAMHATHL BEKTOPA b, KoMIHEAPHOTO BeKTOPY @ = (1; 1; — 1/2), oBpasyionero
OCTpBIFl yroi ¢ GasiCHBIM BEKTOPOM k, u Taxoro, uro | b| =3,
12, Hajitn KOOPAHHATHI CAUHHYHOTO BEKTOPA p, NEPNEHARKYIAPHOTO BEKTOPaM a = i +j+k
W b =i+ 3 —k u obpasylouero Tynoii yroa ¢ Gasucubiv BEKTOpOM j.
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13. Haiitn KOOPAHHATHL BEKTOPA b, KOMIJGHAPHOIO ¢ BEKTOPAME i K j, NEPHEHKYI9pHOTO
BeKTOpy @ = 4i — 3j + Sk, n Takoro, uro |a|=|b]

14, Haiit KOOP/MHATBI TOUKH, NPHHAMISOKANICH OCH OPAMHAT 1 OAHHAKONO YARACHNOH 01
Touek A(2; —1; 1) u B(0: 1; 3). ‘

15, OT oamoll TOUKH OTJIOKEHB! BeKTOpE! @ = (—4; 0; 3) u b= (14; 2; —5). Haiiru nexrop
d, XOTOpBIil Gyayun OTJIOKCH OT TOM e TOMKH JGHHT YroJ MEKILY BEKTOPAMH @ W b nonoiam
H JUIMHA KOTOPOIro paBHA [/(; .

16, daun A (3; 2), B(5; 1), D(1; —2). Haitrn pmny jwaronams AC napainesorpav-
Ma ABCD.

17, Maunt B (2; —19; 16), € (=4; 29; —20), M (1; —1; 1). Haittu paccrosmse oT TOuKH M
A0 cepennnbl otpeskn BC u paccrosmme o1 toukw M o Toukd N, HPHHALISKALICH oTpeiky
BC, u Takoii, wro | BN [:| BC| = 1/3.

18, Cocrannth ypasHeHue 1I0CKOCTH, npoxozasiueii uepes touky A (1: —3; 2) napaniensno
TOCKOCTH dx — 2y — z 4 7 = (),

19. Touka A (—1; ~1; 2) ABaseTess OCHOBAHMEM NePIEH/KYAPA, ONYIIEHHONO N3 Hatuid
Koop/HaT na 1ockocTh, CoCTABNTL ypaBHeHue 9Tl II0CKOCTH.

20. Haiitn paccrosune ot Toukn A (=2; 3; —4) 1o naockoetn 2x -+ 2y — 2 + 3 = 0,

21. Haiitu yroa memay naockoersio, npoxomseii wepes o A (03 05 0) B(ls 11 1),
C(3: 2; 1), n nmockoeTsIO, NPOXOAALLCH wepea toukn A (03 03 0), B(1: 13 1) D3¢ 15 2).

3AJIAMH PAYIENA 1T

ety =

_, L ABCDEF — npasnavinii mectuyromsimg, Paszosuts vektopst BC 1w BD 1o nexropanm
By

AB u AF, =

2. 0ABC — rerpanp, AM — meamana rpaun ABC, Pasnoxuth wekrop AM 1o sexropan
= g
04, 0B, 0OC, ¥ AR T sk T

3. ABCD — napasieiorpayy, touka M — cepemma cropousl CD. Pasaomuts nexropu 20

3 el
 AM no sexropam BM u MC, - T v d ~

4. Jdan napamnenenines ABCDA,B,C,D; (pue. 114). Pazaoxuth BEKTOpbl Ady, AC u DB
1o BekTopam DA,, DC; u DB,.

5. B rpeyrossnuke ABC TOMKH M 1 N — cepe/uthbl CTOpoH
AB u AC. Paznoxurh nextopst AB, AC w MN no pextopam
BN w CM. —

_6. B rerpasipe OABC roukn M i N — cepexunnt peGep OB
U 0C. Pasnoxcirn sexropsi AM, BN u MN no sextopam OA,
0B, OC.

7. B tpeyronwnoil npwime ABCA B C; nwarosann rpiaan ,
BB,C,C nepecexaiores n_rouse, M. Pasnokuts sextopst AM M Puc. 114,
AM 1o sexvopant BA, BB,, BC.

8. Mowmer am sumna nekropa a — b Goite; a) Mmenpie, 6) pasua, B) Oouie CYMMBL JUinyg
BEKTOpOR a u b7

9. Jloxasars, 4ro uobue ma HenyJenux conanpanAenibix BeRTopa d i b yionaciopsie,
yeaosmio a/la| = b/| b|.

10. Haitti ancno x, ecnn qumia pexropa b= xa pasua 3| @] u BeKTop b a) conanpus.e,
BEKTOPY @, ) HpOTHRONOJIOKIO NANPABIEH BEKTOPY d. )

Il Bexroput @ w b wekommnneapusr. Haiftn umesa X MY, €G- BEKTOPLL xa 4
W4 1)a+ (2~ x)b pasunt. 5

12. Bexropst @ u b uexommmmeapnsi. Haiity unena x W Y, €M BEKTOPL (2~ x) g 4 o
ya +(x — 3) b pasusl,

13. Bekropst @ i b nexosnauneapunt. Haiitu wncino x, ecsn Bekropsl (Y — D a +2b y 34 4 yp
KOJLIHHEAPHI.

%
14. Bexropst @ i b nekomummeapinni. Haittu ancnio x, ecan Bektopht 3@ +xb n (1 — x) q — E. b

COHANPABICHLI. . b !
15. Bextoput @ #1 b obpasyior yron 1207, Haitrn x u3 ycaosuii, 410 [bi=2|a| BEKTOp
@+ xb nepnennaukyiApes BektTopy a — b,
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16. OnpenennTs, MpH KakaX X M y BEKTOp @ = —2i+ 3j + yk KOJUIHHEAPEH BEKTOPY
b=xi—6j + 2k

17. H{aﬁm eIMHHYHLIH BEKTOD, COHANPABJICHHEIH BekTOpy a = —6i + 3j — 2k.

18. OnpenenuTh [UTHHBI BEKTOPOB @ +b # a — b, ecim a=(3; —5; 8) m b=(—1; 1; —4).

19. Jlaro: |a|=13, |b|=19 n |a — b|=22. Haiitu |a + b|.

20. [lano: |a|=6, |a+b|=11, |a—b|=7. Haiitn |b|.

21, Onpenenutsb AMHHBI BeKTOPOB 2a — b 1 3b —a, ecnu a = —2i+j u b= —i—2j.

22, Haiiti yroa Mekny AMArOHANSAMH Napajienorpamma, NMOCTPOGHHOTO HA BEKTOpax
a=(1;2) u b=(2; —1).

23, Haiita yron mexny sextopamu a =(4; 0; 3) u b =(2; —2; 1).

24, Vron mexay BexTopaMu a u b pasen 120°, |a| =3 u | b| = 2. Haiitu a) a- b, 6) (a + b)?,
B) (a — b), 1) (@ + 2b)-(2a — b).

25. BekTOphl @, b M ¢ YHOBNETBOPSIOT YCIOBHIO @ + b+ ¢ =0. Buwmmcauts ab + be + ca,
ecmn |a|=1, |b|=3, |¢|=4

26. Haiiti KOOpAMHATHI BEKTOPA b, KOJIMHEADHOro BekTOpy @ = (2; —3) M YHOBJIETBOPHIO-
1ero ycsosuio a b= —26.

27. BLIMHCIHTL CKAJSPHOE NPOM3BENCHHE BEKTOPOB 4a — b u 2a + 3b, ecnut |a|=2, |b|=3
W yroa Mexay BekTopamu a4 H b pasen 120°,

28. B nuiocKOCTH HAiiTH KOOPAHHATHI CAMHHYHOrO BEKTOPA e, NEPNEHANKYIAPHOrO BEKTOPY
AB ecin A(l; —1) u B(3; 0).

29. Haiitn a-b, ecmn a =4i+7j+3k u b=3i— 5 + k.

30. Haiitu (6e + €2) - (e; — 2e,), €Cu yron Mexiy eNUHHYHBIMI BEKTOPAMH e; U e, paser 60°.

31. Haiiti yron Mexnay BeKTopamu a ¥ b, ecim |a|=2|b| u sektop 2a + b nepnenmuxyns-
pen Bektopy a — 3b.

32. HaiiTi KOOPAAHHATEI BEKTOPA b, KOJUMHEAPHOTO BekTOpY @ = (—1; 1; —2), ecnut a- b = 12,

33, Haiitu xoopAnHATHI BekTOpa b, kommmHcapHoro sextopy a = (—1; 2), ecu | b —] 1_0

34, HaiiTs, npH Kakux m ¥ 1 BEKTOp a = 3i — 2j + mk KoniuneapeH nenopy b =ni+

35. Haifit, IpH KakoM m BEKTOP @ = (m; 7; —2) nepnenaukyaspen aemopy =(=3; m;

36. HaifTi KOOpAMHATSI BEKTOPA b, nepneHaukyspHoro sexropy a = (—2; 1), ecnmu | b | = | i

(237. Haﬁ‘rzl)l KOCHHYCBI YIJIOB, KOTOphie ofpasyer ¢ GasucHIMM aelrrop.mu BEKTOp a =
38. ITycts ¢y | ez — EAUHHIHBIE HEKOJUTHHEADHBIE BEKTOPBL Bhiumeauts (2e; — 5e4) (32, + ¢a),

con | + ez | =)/3.

39. HaifTn yros Mexny BEKTOpamMu AB ma=(; =3;1),ecmu A(—5;7; =8)u B(—7;9: =9).

40. HaifT KOODAHATH! CAUHNYHOTO BEKTOPA, NPOTHBOMIONOKHO HANPABICHHONO HekTopy AB,
ecmn A(7; 4; —2) u B(1; 2; 1) 2

41, HaiiTn yroq Mexay BEKTOPAMH a+ b n 2a — ¢, ecmut a = —i +j—k b=2i—j+2k
c=—2i+j—3k

42, HaiiTi yron Mexuny BEKTOPaMi AB " CD ecmn A(—5;1); B(—1; 4), C(1;: —4); D(2; 3).

43, HaiiTi KOOPANMHATBI BEKTOPOB AB " 784 ecmn A3 —1;2) u B(—1: 2: 1),

44, Haiiti XoopAMHATBL TO4eK M,y 1 M, cummeTpuunrix ¢ touxoii M (1: —2: 5) orHOCH-
TenbHO OcH aGCuMee H OTHOCHTENBHO MUIOCKOCTH OX) COOTBETCTBEHHO,

45. dawo: A(—1; =2; 4), B(3; 2; =2); C(3; —2; 1). Haiitu yroa npu sepumme C
tpeyronbhnka ABC. :

46. Haiin nnnny Meauanst AM Tpeyronsmmka ABC, ecan A (2; 3/2; —4), B(3: —4: 2).

C(1; 3; =)
47, Haitti paccrosmue o1 ToMki M (—2; 0; 1) 10 cepemmn orpeaka AB, ecin A (2: —1:0)*
w B(=2; 3; 2). )
48 Tans: A(=1; 3; =7), B2 =15 5), C(0; 1; —3). Haiitn | AB| u (24B — CB)- (2BC +
+ BA). .

49, Jamsi; A(L; =2 2), B(1; 4; 0), C(—4; 15 1), D(=5; —5; 3). Hafirn yron mexay
BEKTOpaMH AC " BD ’ ]

50. Bprumc/mTh JUIMHBL [HArOHANCH NApaTIe orpaMma, OCTPOCHHOrO Ha BeKTOpax Sa + 2b
W a—3b, com |a|=2]/2, |b]=3; (a b)=45°.

51, Haiita yros MeX[1y BEKTOPAMH p+ g W p— g, ecin p = 8i+ 4j, g = 4i + j.

52, Bextop @, y KOTOPOro Neppas KOOPAHHATA BABOE GombIme sropou ofpasyer ¢ Ga3HCHBIM
pextopom k yron 135°. Haiiti ero xoopaunars, ecau |a|= 5]/
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53. Bextop @, xonMHeapHLIH BekTopy b = (12; —16; 15), 06pasyer ¢ GA3UCHBIM BEKTOPOM
k octpeii yron. 3mas, uto |a|= 100, HaliTH KOOpAMHATEI BeKTOpa @.

54. Haiitn KOOpHMHATHI BEKTOpa a@, mep yasipHoro 6a: DMy BEKTODY j M BEKTOpY
b=3i+j— 2k, ecnn ]a|=l/ﬁ.

55. HaiiTh KOOp/INHATE! eMHHYHOTO BEKTOPA @, MEPNCHARKYIAPHOTO BEKTOpaM i+ j i j + k.

56. HaiiTH KOOpAMHATHI BEKTOPA a, NEpPHEHAMKYIAPHOrO BekTopam i—j u j—k, ecan
la|=]/3.

57. Haiitu KoOp/IHHATEI BEKTOpA @, KoJLTHHEapHOTO BekTopy b = (6; 8; —7,5) n obpasyiomero
TYNOi yron ¢ GasHCHBIM BEKTOPOM j, ecnu |a| = 50.

58. Haiitu m n n, ecnm Bektop a =(3; m; —1) nepnenamkyaspen BekTopy b=(2; 15 n)
ula|=|b|.

59. HaiiTin KOOpAMHATE! BEKTOpA @, NMEPNEHAMKYJIAPHOro BekTopam i M b =3i+j — k, ecin
la|=}/2.

60. HaiiTii KoOpAMHATEI CIMHIYHOTO BEKTOPA @, MepNeHANKYIApHOro BektTopy b= (—1; 2; 2)
i ofpasyroniero pasHbIe Yribl ¢ BEKTOPaMH i M j.

61. Haiitn ypapHenue IUIOCKOCTH, mpoxoxsmieit uepes Touky A (1; 3; 1) mepneHAMKynspHO
BeKTOpY n = (—1; 2; —35).

62. Cocraputh ypaBHeHHE IUIOCKOCTH, mpoxoasmeii yepes Touky A (1; —3; 2) napaaiensuo
IA0CKOCTH 2X + y + 2z — 1 = 0.

63. Kakue n3 cieVioux nap IIocKkocTell ABAMIOTCA: a) mapasienbHbivi, 0) nepresamky-
JAPHBIMIL?

)2x +3y—2+4+6=0,x—y—z-7=0;

2) 2x —3y+5z—1=0, 2x—3y+5-+3=0.

64. Haitru, npit KakoMm m m10ckoeTh 2x + my — 3z — | = 0 GyAeT nepreHAnKyIspHa MI0CKOCTH
SX+y+3z+1=0.

65. BoiuiicinTih pAccTOsHHE OT HAMANA KOOPAMHAT O MJIOCKOCTH X — 2y +2z —6=0.

66. Haiitit yron mexny miockoetsio Oxy i maockoctsio [/2x + y — 3z + 17 =0.

67. Haiiti yron mexay miockocramu x —y]/2+z2—1=0 1 x+ ) V2-z+3=0




I'nasa VII
KOMIIJIEKCHBIE YHCJIA

B 270t riase BBOAATCS W M3YYAIOTCHA KOMIUICKCHBIC MHCIA, ABJISIOLIHECH o6o61ue-
nueM aeitersurensubix vuces. Ilocaeanui naparpud) TNOCBALICH i\Jll‘ﬁﬁpE\ll‘lCCKllM ypas-
HEHUSAM C KOMINICKCHBIMH KOB(b(bHuHeHTﬂMH.

Komiuiekensle uucaa u (])yummu KOMILIEKCHOI ﬂcpCMCHlIOﬁ HIPAIOT  HCKJIIOMH-
TEJALHO BUXKHYIO POJib BO MHOIHX Pasjeiiax MaTCMaTHRH H (l)lﬂllKH.

§ 1. Onpenenenne KOMILIEKCHBIX HHCel

PaccMOTPUM MHOKECTBO, JEMEHTAMH KOTOPOrO SIBJISIOTCH BCE YHOPSAOUCHHBIC
naph! JeiicrBuTeabHpX uncen. Ilapa umucen siBAseTCs YMOPSIOYEHHON, €Cim yKA3aHO,
KAKOE HHCIO M3 Napbl SABJISCTCS MEPBLIM H KAKOE — BTOPBIM, DIEMEHT paceMaTpuBac-
MOro MHOXKecTBa Oyaem obo3Havath Tak: (ai b), na nepsom Mecte GyAeM 3anmiChiBATH
1IEPBOE 4HCJI0, HA BTOPOM — BTOPOE YHCI0 napbl. Duements! (a; b) u (b; a) cuntarores
PA3IHIHBIMK, €CITH @ # b, DNIEMEHTAMH HALICro MHOKECTBA OYIyT, HAIPHMEDP, HApbI
(0; 0), (1; 0), (05 1), (05 1/5), (m; 1), (=1; 10°). Daementst (ay; by) n (ay; by) cunraiores
pagHbiMI TOTAA M TOJBKO TOrAA, KOraa -

ay=da;, by=b,.

Boenem Tenepb B MHOXECTBE BCEX YNOPSIOMECHHBIX , AP ACHCTBUTEALILIX 4HCe
anreGpantieckue ONepaumi; CIoKeHIe JABYX 4P H yMHOKeHHe ABYX nap. CUeiaest 10
caesyronmm o6pasoM.

Cyaatoir amementoB (ag; by) n (ay; by) nazosem mement

(ay + azs by + by).
I pousgedenuest map (ays by) u (ay; by) nazonem napy
(ayaz = bybyi ayby + bay).

Jlaa o0o3Hayuenist ONCPALMI CHOKCHHS JIBYX IEMEHTOB HALICIO MHOKCCTBA GV/IeM
VIOTPEOAATD 3HAK «-+», TIPH 3AIHCH [IPOHIBEACHIS COMHOKHTENN OYICM 11cath p,[ 10M
OIYyCKasi TOYKY — 3HAK YMHOXCHUS. ’ Y

Taxkim 00pa3oM, BBEACHHLIC HAMH ONCPALMH ONPEICATIOTCH PABEHCTBAMI
(@ys by) + (@23 ba) = (ay + az; by + by), (1

(ays by) (a3 by) = (ayay — biby; ayb, + byay). 2)

Hanpuvep, cymya i npoussenenne nap (3; —7) u (2; 9) shmmcasores Tak
B =DH 2 N=CB+2; =749 =(5: 2),
(B: =72 N=3-2=(=7)9: 39+ (=7)2) = (69; 13).

Teieph MOKHO AaTh ONPEACICHNE KOMILICKCHOIO WHena.
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Komnaexcnptyiu qucaayu Ha3pIBaioTCsl YIOPSAOMEHHBIE NAPBI ACHCTBITENLHBIX YHCe,
Ans KOTOphIX (opmynamu (1) m (2) ompesesieHbl ONEpaliin CAMKCHUA 1 YMHOKCHIS,
Komnuiekchble 4ncaa 4acTto 0603HA¥alorT OaHOI GyKBOIi, MPHYEM OBKIMHO HCHOIb-
3YI0T AJs 3TOro OYKBBI z WM W, MHOIJ@ C WHICKCAMN, HAIPUMED Z,. Z;, Wy, Pa-

BEHCTBO z = (@; b) Kak pa3 M O3HAYaeT, MTO KOMILIEKCHOE e (a; h) oGosHaueno
GykBoit z.

§ 2. CaoiicTsa omepamuii CJI0KeHUsE 1 yMHOKEHEHS

Bpenennple B § 1 onepaummm CroxeHmst M yMHOKEHUHS OOJAAAIOT CALIVIOUUML
CBOMCTBAMMN ;

1. zy + 2z, = z, + z; (MEPEMECTHTENbLHBIH 3aKOH LIS CHOKEHIS).

2. (21 + ) + 23 =21 + (22 + 23) (CoueraTenbHblii 3AKOH LIS CHOMCHIs).

3. st moGBIX KOMILIEKCHBIX YHCEN Z; M 2 CYLICCTBYET KOMILICKCHOE HHCIIO
TAKOE, UTO z; + Z = Z,. DTO YHCIO HA3BLIBACTCH PA3NOCMBIO HHCE] 2, (I 2 M 0603Ha-

(1epeMEeCTHTENBLHBIH 3aKOH AUt YMHOKCHI).

2z (2223) (CoMeTATENLHBI 3aKOH JUISl YMHOKEHHS).

6. st s1100BIX KOMIUIEKCHBIX umces 2, # (0; 0) u 2, CymIecTByeT 4NCiO Z TaKoe,
. DTO UHCIIO HA3BIBACTCS YACMHBIAM KOMIUIGKCHBIX MHCC] Z; H 2y M 0DO3Hu-
HaeTest z,/zy. Jlenenue Ha koMiutekcHoe umcio (0; 0), KOTOpOE HA3BIBACTCH HY.IeM,
HEBO3MOJKHO.

1. 2y (22 +23) = 2325 + 2;25 (pacnpeaennTenbHblii 3aK0H),

Bee nepeuliciiennble cBoiicTBa onepanmii clomeHist I YMHOKCHHS BLITCKAIOT 03
dopamyst (1) u (2) § 1, Aarommx onpenxesenie sTux onepauii. [loxwxenm cnoiictna 3 1 6,
TPOBEPKY OCTAILHBIX CBOHCTB MPEXOCTABHM HHTATEIO.

[0 AoxasatenbcTBo cBoiicTBa 3. Myeth 2y =(ay: byl 22 = (a2: by) u
2= (x; y). Torna paBeHCTBO z; + z = z, NPUMET BHI:

(ags by) + (x; ) = (az2: ba).
CIOXKMB KOMILICKCHBIC YMCHIA B JICBOI ¥acTH PABEHCTBA, MOJYHIM
(ay + x: by + y) = (a2: ba).

13 onpesienenins pasencTsa YIOPSIIONCHRBIX NP ASHCTBHTEHBHBIN HHCCIT CCAVEL. 410 X
WYy YAOBACTBOPSIOT CHCTEME ABYX YpaBHeHuUil

ay +x=ay by+y=Dh,

Ora cueTeMa HMEeT eAHCTREHHOE pellenne X = dy — dy, ¥ = by — by Crenosatenumo.
PA3HOCThL 2, — Z; BCEIJA CYILECTBYET, MPHUEM

z =2y — 23 = (823 ba) — (ag; by)=(az — ay; b2 — by). (1)

ra dopmysa JaeT NPABHAO BHIMHTAHMA KOMILIEKCHBIX 4nces. M
O AokasareabcTsBo cBoifcTsa 6 Iyers z;y =(ay: by 22 =(az1 by) n
z=(x; y). Torna paBeHcTBO 2,z = z, NPUMET BHIl

(ay: by)(x; y) = (az: by).
TlepeMHOKIB KOMILICKCHBIE YHCIA B JIEBOJ YACTH PARCHCTHA, NOIYHIM
(ayx = byyy apy + byx) = (ap; b2).

W3 onpejeneus panencTsa nmap caeayer, 410 x U Y YAOBICTROPAIOT CHCTEME luyx
JMHCHHBIX YpaBHeHuit

ayx = byy = ay,
byx + ayy = by.
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VMHOKHMB MOYIEHHO NEpBOE yPABHEHME HA @y, BTOpOE HA by H TOWIEHHO CIIOXUB
I0JTy4eHHbIE YPABHEHNS, HalIeM

(a% + b}) x = aya, + bib,.
AHaJIOTHYHO TONYYUM
(a} + b}) y = asb, — azby.
Wtak, Hallla CHCTEMa PaBHOCHJIBHA CIIEMyIOIIEH:
{ (a} + b)) x = asa; + biby,
(a + b})y = ash, — azb;.
IMockonsky zy = (ay; by) 5 (0; 0) 1, cnénoBaTensHo, a} + b} # 0, cucTema MMeeT emuH-

CTBEHHOE pelIeHue
_ a1a; +byb, ayb, — azby

af +b7 y ai + b3
TakuM 06pa3oM, YaCTHOE ABYX KOMILIEKCHBIX UHMCENl NPH YCJIOBHMH, YTO HENHTENh OTJi-
HeH OT HyJs, BCErAa CYIIECTBYET, MpHYEM

2y _ (a2 by) _ (axa: +biby  ayby — asby )

zZ=

@

zy (a3 by) ai + b ai + b?

dopmyna (2) Kaer MpaBHIO JENEHHA KOMIUICKCHBIX 4icen. H

BBeeHHBIE ONEpaliy CIOKEHHS H YMHOXCHHS MO3BOJSIOT PACCMATPHUBATH KOMII-
JIeKCHBIE 4HCTa Kak o6oOlIeHHe AeHCTBHTENBHBIX HHCEN, 4 Ha AeHCTBHTENBHBIE 4HCIA
cMOTpeTh Kak Ha 9aCTHBIH cnydyall 4HCEN KOMIUIEKCHBIX, B camoMm jeine, paccMOTPHM
He BCce KOMIUIEKCHBIE YMHCJIA, @ TOJBLKO KOMIUIEKCHbIe uucia Buaa (a; 0). M3 dopmyn
CJIOXKEHHS, YMHOXEHHS], BEIYUTAHUS W J€JICHNs JIErKO YCMATPHBAETCSl, HTO B pe3y/kTaTe
CII0KeHHA, YMHOXKEHHS, BEIMUTAHHS U AeneHns (a # 0) TAKHX YHCEN BCErja NOJIyYaioTcs
yHcia Takoro ke Buga. Kpome Toro, BHOHO, 4TO mpaBmiia AGHCTBHIL € KOMIUICKCHLIMI
ypcnamu Buga (a; 0) MONHOCTBIO COBNANAIOT C COOTBETCTBYIOUIMME  IIPABIIAMIL
neiicTBuii ¢ AeHCTBHTENBLHBIMH uHcIaMi. B cBa3m ¢ atuM kKommuekchoe wiciao (a: 0)
OTOXIECTBISIIOT C OelicmaumeabHbis YHCIOM a M CYHTAIOT, uTo (a; 0) = a. Haupunep,
0;0=0,(2;0=2 (-7, 0= -7

MHOXK€ECTBO JCHCTBUTENLHBIX YHCEN CTAHOBHTCS HPH 3TOM IOAMHOKECTBOM MHO-
JKeCTBA KOMIUIEKCHBIX YHCEI.

Kommuiexchbie umcna Buma (0; b) maswBaror amumsisu. Yncno (0; 1) naswisaior
MHUMOII eQuHutjeil W JUISL €r0 0003HAYERNS HCTIONL3YIOT OykBY i, T.e. (0: 1) = i. Mcnonb-
3ys GopMyJy YMHOXEHHs, JIETKO IIPOBEPHTD, YTO NPOM3BOJIBLHOE MHHMOe icno (0: b)
NpeACTaBHMO B BH/IE NPOH3BEACHHS UHCEN (b; 0) m (05 1), T.e. (0; b)=(b; 0)(0; 1).
Ho Tak xak (b; 0)=0b u (0; 1) =i, To Mummoe uucio (0; b) sanucwparor B siwie bi.
Hanpumep, (0; 2) =2i, (0; —1)= —i.

§ 3. AareGpamveckass GopMa 3anHCH KOMIIeKcHBIX uncen. IMpaswia jeficTnuii
¢ KOMIVIEKCHBIMH “HCJIAMH, 3amucannbiMi B anrebpamieckoii dopme

Kax1oe KOMIUIEKCHOE YHCIIO Z = (a; b) MOXHO NPEACTABHTH CEAYIONIIM 06Pa3OM:
z = (a; b)=(a; 0) + (05 b) = (a; 0) + (b; 0)(0; 1).
Vuaurssasg, 4o (a; 0)=a, (b; 0)=b, (0; 1) =i, noayyaem
z2=(a; b)=a + bi.

3amuch KOMIUIEKCHOTO MHCIA 2 = (a; b) B Buie a + bi maspBaetcs acedpauyeckoil
opmoii 3AMICH KOMILIEKCHOTO ‘HCTA.




JlelicTBUTEILHOE YHCIO «d HA3BLIBACTCS OeilcmeumeasHoil 4acmplo KOMIIEKCHOTO
qHCna a + bi, NCHCTBUTENBLHOE HHCIO b HA3BIBAETCA MHUMOU HACMbIO KOMILIEKCHOTO
uicaa a + bi.

W3 cxasapHOTrO B TNpENbIAYmMX naparpaax BITEKAIOT CHCAYIOLIUE MpaBuia
AeHcTBUIT ¢ KOMIUIEKCHBIMH YHCIaMH, 3aliCaHHBLIMI B ajareGpantieckoii (opme.

JBa KOMIIJIEKCHBIX YHCHA Zy =@, 4+ byi W 2 = @y + bsi pasubl TOrAA M TOJIBLKO
TOTAQ, KOrjaa a; =d; M by =b, T.e. xoraa paBHbl M JAEHCTBHTEIBLHBIC W MHHUMbIC
HaCTH KOMIUIEKCHBIX umces. O6paTum BHHMaHHE HA TO, MTO 00HO PABEHCTBO Z, = 7,
KOMIUICKCHBIX 4HCEJ/I PABHOCHILHO 08yM PaBEHCTBAM @y = dy, by = b, neHCTBUTENbHBIX
WiHCeN. 3aMETHM elle, YTO MOHSTHS «BOombIIey, «MEHBLIe» s KOMIUIEKCHBIX HHCes
He onpenenstores. 3anucd >0, 1+i<2 u uM NOZOGHBIE AUWEHbl BCAKO20 CMblCAQ.

DopmyJta CIOXKEHISI B HOBBIX 0003HAYEHMSAX 3amHCHIBAETCS TAK:

(ay + byi) + (a3 + bai) = ay + as + (by + ba)i. ¢

OHa Aaet npasuao CaodceHua KOMILIEKCHBIX HHCeN, 3anicaHHbIX B anreopauqecxoﬁ
(hopme.

Yanoocenue KOMIUIEKCHBIX 4HCes, 3aNaHHBIX B ajnrebpaudeckoil (opme, Mpou3po-
AUTCS caenyronm obpasoMm:

(ay + byi) (az + byi) = ayay — byb, + (ayby + azby)i. 2)

Ora dopmyna He uTO HHOE, Kak dopmyna (2) § 1, 3anucaHHas B HOBBIX OOO3HANCHIMIX.
Monowus B (2) a; =a, =0, by = b, = 1, nonyunM BaXKHOE COOTHOLICHHE

ii=—1,

WIH, TIpHMEHss 1S NPOM3BEACHNs ii cokpalueHHoe oBo3HaveHne ii =
= -1 ()

Ornverine ele, uro dopmyrna (2) e HykzaeTcs B 3aNOMHUHAHHIL, TaK Kak momy-
HACTCSH AWTONMUTHUCCRN, ec/ (JOPMANLHO MEepPeMHOKHUTL ABYWIEHBI dy + byl W a, + hyi
10 OBLIMHONMY NPABIUTY YMHOKCHHS ABYYIEHOB 1 3aTeM B COOTBETCTBIN ¢ Qopmyoii (3)
3aMenuTL i° Ha —1,

[Tpuniep 1. Halitn cymmy 1 npousseseHne KOMILICKCHBIX HHCEN Z; = —3 4 2j
HZp=13 — i,

A zy 4z =(=3+2)+(13-i)=10+1,
237 = (=3 4+2)(13 —i)= —39 4 3i +- 26i + 2 = —37 + 29i. A

[pusep 2. Haiitn cymmy n npomssesenne KOMIIEKCHBIX UHCEN 2, = g + bj

Hzy=a— bi
A 2y + 23 = (a + bi) + (a — bi) = 2a,
2125 = (a + bi) (a — bi) = a® — abi + abi — (bi)* = a* + b*. A

Komruiexennie unena a + bi n a — bi, T.e. wncna, OTIMHAIOUMECH TOILKO 3HAKOM
MHIMOM 4acTh, HASLIBAIOTCS conpaoicennbiyy. Yneno, CONpAKEHHOE HHCHY z, 06o3ua-
saercs 2 Tlpuviep 2 MOKA3LIBACT, YTO CyMMA Z + Z CONPMKEHHBIX YHCEHI €CTh Beerjg
SHCNO AelicTBUTENLHOE, @ NPON3BE/enne 22 — 4ieio AeHCTBHTENBHOE M, Goliee torg,
HEOTPHLEATENILHOE,

[peskae vem nepeiiti k oBpaTHpM omepamuaM, OTMETHM ©LIE OXMH HacTipij
cayuait dopmyast (2). Tlonokus ay =, by =0, a; =a, by =Db, MOIYIUM npapuye
YMHOKCHIS ACHICTBUTEALHOTO YHCIA HA KOMILISKCHOE:

% (a + bi) = aa + wbi,

OOpatsbie onepauuy, BLMHTAHHE U JejeHne KOMIUIGKCHBIX MHCEN, 3anmcammp
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B anreGpanieckoit GopMe, NPOM3BOAATCS COINIACHO CIEAYIOWIMM (hopmyIam:

(az + byi) — (ay + byi) = az — ay + (b, — by) i, )
as + byi _ aa + byb, ajb, — azby )
a, + by al+bi a}+b? ;

dopmynst (4) u (5)—sto ¢dopmyasr (1) u (2) u3 § 2, 3anMCAHHBIE B MHBIX
obo3snavenusx. [Monokus B dopmyae (5) a, = a, by = b, a; = a, by = 0, nomyunm npa-
BILIO J€NeHHs KOMIIEKCHOTO 4ucia 4 + bi Ha NelCTBUTENBHOE HHCIO O

atbi _a " b ;
o a o
Mpumep 3. JlaHpl KOMIJIEKCHbIE Yncna 2y = —3 + 2i 0 z, = 13 — i. Haiitn pa3s-
HOCTh Z; — Z; W YACTHOE Z,/Zy.
A Tlo (popmyse (4) naxommm
z =2, =13 —i)— (=3 +2i)=16 — 3i.
HMcnons3ys dopmyny (5), moayuaem yacthoe

_ BB—i  (=31342(=1)  (=3)(-D-13-2 . 4 23
5, —3+2 (=37 +2? (et T2 i

®opmyna (5) 10BOIBHO POMO3AKA H TPYAHO 3aMOMHHAETCS. IMostomy styume ero
He nonb3opaThes. IIpole yMHOKHTH YHCIHTENb W 3HAMEHATEND apobu z,/zy Ha I,
T. €. HA YHCJIO, CONPHKEHHOE 3HaMeHaTe 0. Tor1a HaxoxIeHHe YacTHOIO 2 cBeaercs
K YMHOKCHHIO MHCJIA Z; HA MHCAO Z; H K JCNCHHIO NOJYYEHHOrO Npou3BeeHs Ha
HOJOKHTENLHOE HHCI0 232y (CM. npumep 2).

JIpyrumu clioBaMu, JUtst JIeJIeHIST KOMILICKCHBIX YHce PEKOMEHIYETCS 110/IL30BATLCH
hopmyoii ’

1<y

Jlist vncest, pacCMOTPEHHBIX B TpIMepe 3, Gyiem mmers
13— (13=i)(=3-2i)  —39—26i+3i—2 41

B 9+ 4 ]

=ZEEEO1 S (=3 20(=3 —2))

IT pumMep 4. 3anmcarn KOMILICKCHOE YHCII0
3+
(T+0(1=2)

B asrebpanyeckoii Gopme.
3 34 _ 3+i I+
L+ =2) 1-2i+i+2 33—
B+0DB+i) _946i-1 4 3

Ty ==+ i. A

G=D@+n" 9x1 =57t

§ 4, Fe{)/;w"r[’)'lwemnn HHTEpNpeTALNS ROMILIERCHBIX vHCe/1.
VIoayab noaprymenrsi ROMILTIeRCHOr O L U (W H Y

Az

XOpomo H3BECTHO, MTO MEKY MHOKECTROM neex YIOPSULIOMEHHBIX TIap JieficTn
TCABNBIX MHCEN 1 MHOKCCTBOM HCCX TOMCK IIOCKOCTH Moker Gpiti ‘,1{],"”"‘ gl
BIAMMIO OJIHO3HAMHOR mn'nu:lc‘ruuc. Hast sroro M0CTATONHO BLIGpATI '“‘)‘ “‘_I:‘”.-l‘-‘“"
cleTeMy KOOPAMHAT H KUAIOH ynopsiovennoli nape wncen (q: b) uoc;m;m b Lnu:'(s‘\:nlx,.'
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BercTBHe Touky M (a; b), T.e. Touky ¢ abeumecoli x = a u opauHaroii y = b (puc. 115).
Komnuiexcuble wmcia Mbl ONpPEASNIH KaK YHNOPSAOHMEHHBIC NHAPbl AGHCTBHTEILHLIX
UHCE, JUISL KOTOPBIX ONPEICNCHbI ONepaluun CAOKeHns 1 ymHokeHus. CreaoBatesibuo,
KQKIOMY KOMIIJIEKCHOMY umciy (a; b) = a + bi MoxeT ObITb MOCTABICHA B COOTBETCTBIC
Touka M (a: b) mu, naoBopot, kaxiaoi Touke M (a; b) miockocTH —
KoMmiIuiexcHoe unciio (a; b) = a + bi. YcranoneHHoe Takum o6pazom
COOTBETCTBIE SIBJISICTCS, OYMEBHIAHO, B3AUMHO OAHO3HAYHBIM. OHO
JWET BO3MOMKHOCTL PACCMATPHBATH KOMIUIEKCHBIE YHC/IA KAK TOUKH
KOOP/IMHATHON TJI0CKOCTH, DTY IUIOCKOCTH HA3BIBAIOT KOMNICKCHOI
naockoemeio. Och  abeunee HasbBaeTest delicmeumensholl ocvlo (Ha
Heit pacnonoxennl TOUKM, coorsercrsylounte unciaam (a; 0) = a),
OCh OPJAMHAT — MHUMOIL 0Cblo (HA HElf JIKAT TOUYKH, COOTBETCTBYIO-
e Munmpim uuesam (05 b) = bi).

Yacro yaobuo HCTOJIKOBBIBATL KOMILIEKCHOE 4HCIO (a5 b) =
=a+ bi xax Bekrop OM (puc. 115). OueBHAHO, UTO KAKAOMY BEK-
TOpy mockoceTH ¢ Havasom B Touke O(0; 0) n ¢ kounom B Touke M (a; b) coorser-
CTBYET KoMIlekcHoe uncio (a; b) = a + bi u naoGopor. Touke O (0; 0) coorsercinyel
HYJIeBOIi BeKkTOp.

Coorsercrpie, YCTAHOBICHHOE MEA/Y MHOKECTBOM KOMILICKCHBIX HHCENI € 0HOI
CTOPOHEI 1 MHOMKCCTBAMH TOUCK H/IH BEKTOPOB IUIOCKOCTH C JPYIOii CTOPOHBI, 1103BO~
JMET KOMILICKCHBIC MHCIA HA3BIBATB TOMKAMMI
I BEKTOPANMM I TOBOPHTD, HATIPHMEP, O BeK- Y
Tope a + bi win Touke a + bi. b, 44

M3006parenie KOMIJICKCHBIX YHCel BEKTO- e
PAMIL 1TO3BOIIRET JIATh NPOCTOE FeOMEeTPHYECKOe A
HCTOJIKOBAHMC ONEPAIMSM HAA KOMILTEKCHBIMI £
teaami, OcranopuMes 1I0KA TOJNBKO HA CJIO-
KEHUH KOMILICKCHBIX “HCes

Ipu cioskennn wncen zy =ay + byi u 2, =
=y + byl CKAAABIBAIOTCY HX JIeliCTBHTENbLHBIE
W MHEMBIC vacTd (puc. 116). ITpu  ciooxennn
COOTBETCTBYIOUIMX UM BekTopoB OM; u OM,
CRAAABIBAIOTCH 1X KoopanHatel ITosromy npu
JCTAHOBACHHOM COOTBETCTBUN MERU1Y KOMINIEKCHBIMH 4HCIIAMU 1 BEKTOPAMIM CYMME
3y 5y upcen 2y moz; Gyaer coorserctsoBath BekTop OM, paBHBIL CYMME BCKIOpOR
OM, w OM,. Takum 0GpasoM, CyMMa KOMILIEKCHBIX HHCE] TEOMETPUUCCKH MOwe]
ObITH HCTOJIKOBAHA KAK BEKTOP, PABHLII CyMME BEKTOPOB, COOTBETCTBYIOLULX Cilil
MBIM KOMILICKCHBIM YHCIIAM,

Zy+ 2=yt t iy b5 )i

ag () y+ay

Puc. 116.

Onpenencune. Mooytesm xommiekcoro umena (a; b)=a+ib HasniBacics
AUMHR COOTBETCTEYIOMEr0 9TOMY 4HCIY BEKTOpA, L

Jlia sozysst umeaa z ouenosssyeres oboznavenne |z|. Ilo reopeme [ndaropa
(pye. 115) 118 MOAYIS KOMILIEKCHOIO HUCHA 2z = @ + ib JIEPKO THOJYMAEeTCH CAe/yIomias
BlKHas hopmya:

|z| = |/a® + b?, (1)

BLIPAAATOUIAA MOLY/Ib KOMILIEKCHOIO UHCIA MEpe3 ero JACHCTBHTCIALHYIO W MHHMYIO
HaCTH.

Conpsukeninie KOMILUIEKCHBIE YHCHa HMEIOT pasubie Moy, Jelctsutelnio,
=3 5
|2|=la+bi|=|/a+b% |&|=|a~—bi]=)d®+b"

3ametum, uTo JUIs AclicTBATENBHOIO MMCeTa 2 = a + 0 MOJYJb COBNALAET ¢ abeo-
JOTHOH BeAMYHHON vuena:

]-"|=|u+i0|=|/uz:lul.
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Ipumep 1. Haittu MOAyIH KOMIUIEKCHBIX HHCEI:
2 =2—i, z,=2)/6+5, z3=i.

A Tlo ¢opmyne (1) HaxomuM |zy|=)/4+ 1= ]/5, =)/ I/E)z 452 =7

Jlns BbMuCTeHMS MOLYIs Z; HeT Heo6xomuMoct wucmonb3oBath (opmyay (1).
JlnnHa BEKTOpa Z3 = i OMEBHAHO paBHA EIHHMLE, [OITOMY
lza]=1. A

KommiekcHbie uucna z, HMEIOMe OAMH M TOT KC MO-
[yb | z| = r, COOTBETCTBYIOT, OUEBHAHO, TOUKAM KOMILICKC-
HOIl ITJIOCKOCTH, PAcHONIOKEHHLIM Ha OKPYXHOCTH paauycd
 C LEHTPOM B Hayaje koopaunat (puc. 117).

Ecmu | z| # 0, TO cyuiecTByeT GECKOHEMHO MHOIO KOMII-
JIEKCHBIX YHCEN C JaHHBIM MozayieM. Moayib, paBHbI
HYJIIO, MIMEET TOJIBKO OIHO KOMIUIEKCHOE HHCJ0, & NMMCHHO
z=0.

Puc. 117, I'eoMeTpHYeCKH OYEBHAHO, YTO KOMIUIEKCHOE 4HCIO
z # 0 Oyaer 3a1aH0, eClI MOMIMO MO/ 4HCIA Z yKasaTb
ellle W HAanpaBjieHWe BEKTOPA Zz, 3a/aB, HANPHMep, BenMuHHy yria @ (puc. 117).

Onpeaeaenue ApzymeHnos KOMILIEKCHOro uucia = # 0 HaspiBaercs Besindnna
YINId MEXAY MOJOKHTENbHBIM HANMPABICHHEM MCHCTBUTENBLHON OCH M BEKTOPOM Z,
NpUYeM BEJHYMHA yIJla CUMTACTCA TMOJIOKMTEBHON, eclM OTeHeT BeAeTCs NPOTHB
4acoBOif CTpesikH, U OTPHLATENbLHOI, €CIH OTCYET MPOM3BOAHTCA MO YACOBOH CTPEIKE.

3agaHueM MOIYJsi M apryMEHTa KOMIUIEKCHOE YHCIO ONPENENsAeTCd O/iHO3HAMHO.
Jnst unena z =0 apryMeHT He ONpEAENAETCs, HO B 3TOM M TOJBKO B 3TOM CAy€ae

Y Y Y HHCJIO  3@iaeicd  TOALKO
N CBOMM MOZIYJICAL,

T+i 1+e 140 APryMeHT  KOMILICKC-

HOro HMHC/Aa, B orandne of

% MOy, oupc.ul;xuuﬂ HC

4 4 OAHO3HAYUHO, anpuMep,

0| i P‘T\LW “ 975\0]// - apryMeHTami 1-.«‘xx|A.:uz<c||L~

Puc. 118, ro yuecna z = 1 + i ABNAOT-

Csl CJICAYIOIIHE YIJIBL: Py =

=£ q)-,=£+71't=—7t (P=——"n=—7_n - .
g et e i p 3 (prc. 118) u, Boobume, KaxIbIil 03
n

YEAOB @y = - + 2nk, rae k — NPOM3BOJIBHOE 1EJI0C MHCIIO,

JTio6ble 1Ba apryMeHTA KOMILIEKCHOIO MHCNA OTIHMAIOTCS HA 4HCH0, KparTHoe 2.

Hanpimep, pasocTb @z — (3 APryMEHTOB @, = /4 u @y = —Tn/d wucna z=1-+1
papna 4m. Jlis 0GO3HA¥CHHs MHOXECTBA BCEX APIYMEHTOB WHeAa = = g -+ bi HCH0JIb-
Y 3yercst obosHaueHue argz wmn arg(a + bi). Ecan peun wiet
; o I\ilI\OM-JIIlG? OHOM W3 ApryMEHTOB, TO C€ro OOLIMHO
oGo3nauator GykBoii @.
. <
7 ﬂ?n Mep 2. Haittu APryMEHThl KOMILICKCHLIX YHCeN:
0 Zy=—lz3=1 z3=—141
= 0l @ A Tloctpous Bextophr z,, I, z3 (pue. 119), naxoamm
z OMH U3 APIYMEHTOB 118 Ka®kaAO0rQ ‘ypcna: @, = —n/2.
) 02 =0,'¢03=3n/4. Crenorarensuo,
L T 3n
argz; = — —+ 2nk, argz; =2nk, argzs=-5 + 21k
Puc. 119, rie Kk — NpoM3BONLHOE 1Ie/I0e YHCH0, A
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HeicTBuTeNbHAS H MHUMAS YaCTH KOMILIEKCHOrO 4HCia z = d + bi Bepaxarorcs
4epe3 ero MOAYNb |z| =7 W apryMeHT ¢ CIeAylLIHM 06pazom:

a=rcos®, b=rsino. @
OTa CBA3b JIETKO YCTAHABIMBACTCS NpH paccMOTpenuu puc. 117.

Taxum 06pa3oM, apryMeHTEl ¢ KOMIUIEKCHOrO 4HCiIa MOTYT OBITH HaWIEHBLI n3
CHCTEMBI ypaBHEHMIT

a . b
COSP = ————, SinQ=———. 3)
Va* + b* )/ a* + b?
Mpumep 3. HaiiTn aprymMeHTEl KOMINEKCHOro 4ucna z = —1 — l/§ i
A B panHom ciywae a= —1, b= —]/3. Cuctema (3) umeer BHA

cos o= —1/2, sino=—]/3/2.

: 4n _An .
Pemmns a1y cucremy, Haiinem @ = 2nk, keZ. CienopaTeNbHo, arg 2 = —3= + 2k,
keZ. a
ApryMeHnTE! KOMILIEKCHOTO 4HCaa MOKHO Haiith u mnave. I3 dopmyn (3) Bmamo,
MTO KaK/blii M3 apryMeHTOB YIAOBJIETBOPSET YPaBHEHHIO
tg @ = b/a.

OT0 ypaBHeHHE He PAaBHOCHIBHO cicTeme (3), OHO HMEET 6oJibIle PEIICHHH, HO
0T0Op Hy)KHLIX pelieHnil (ApryMEeHTOB KOMIJIEKCHOTO YHCJIa) He NPEACTAaBIfeT Tpyna,
TaK KaKk u3 anreGpanveckoii pOpMBI 3aMiCH KOMIIEKCHOTO YMCIA BCEra BHIAHO, B KaKOM
KBANAPAHTE KOMIJICKCHOI IUIOCKOCTH OHO PAcMOJOMKEHO.

IMpuwvep 4. Halitin apryMeHTsl KOMILIEKCHOTO HHCNA Z = —1/3 + i
A Kaxupiil 13 apryMeHTOB @ MHCAA Z = —[/5 + i yIOBJICTBOPSET yPABHCHUIO

tgo= —1/‘/3.
R R C R e N = A ncnoz=—]/§+i ac-
W3 ypamuenun caenyer, uro @ = Feeil nk, ke Z. Tak XaK 4 p

NOZIOKEHO BO BTOPOM  KBAIPAHTE KOMIJIEKCHOM 4
IUIOCKOCTH, TO €ro aprymeHtamm GyayT uucia @
IpH HeueTHuIX 3uavennsax k. CieosaTelnbHo,

My

arg(—l’g + i) = ——g-+n(2u+ l)=~5?n+21m, 27 s

> 22 /
nNeL. A

B saxmovenie storo naparpada paccMoTpum z;-2 ! L
BOMPOC O reOMETPUYECKOM CMBICJAe MOAYIs pas-
HOCTH ABYX KOMILIEKCHBLIX uncen. [locTpoum BexTop 2y >
I — Z; KaK CyMMY BEKTOPOB Z u (—z;) (puc. 120). -
o onpenenennio Moayas uucao |z — 2z | ecTh o
JUIMHA BEKTOpa z; — Zy, T.C€. AIMHA BekTopa OM. //r
W3 xourpysutHOCTH Tpeyrosishankos OMN, u
MM;0 caenyer, uto | OM | = | M,M, |. Virax, nmi- SR
HA BEKTOPA Z, — Z; PABHA PACCTOSNHMIO MEXKIY TOY-
KAMH zy 1 Z,. Takum oOpasom, modyap pasHocmu 08YX KOMMAEKCHBIX Hucenr ecpy

paccmosnue .\l(’?;l.‘t))‘ MOYKAMU KOMNAEKCHOU NA0CKOeHY, KOMopble COOMEemcmeayiom smuy
qucaam.

3T0 BaKHOE IeOMETPHYECKOE HCTOJIKOBaHMe (H/H, Kak €lle TOBODST, reomerpy-
9ecKkas MHTEpHPETAlNs) MOIYIS PA3sHOCTH ABYX KOMIVIEKCHBIX HHCEI TIO3BOJNSET mpy
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PELICHNN  HEKOTOPbIX 3a/iad C YCHEXOM MCMOJIBb30BATh MPOCTBIE [EOMETPHHUECKUE
(akrbL

Mpumep 5. Kakne MuOKecTBA TOYeK KOMILIEKCHOI IUIOCKOCTH 3a1aroTes
YCIOBHAMH

a) lz—il=1;, ©6)l24z|<|2-z]

B) 2<|z—1+42i|<3?

A a) Yenosmio |z —i| =1 yl1oBieTBOPSIOT T€ M TOJALKO T€ TOMKH KOMIIJIEKCHOI
ILI0CKOCTH, KOTOPBIC YAQNEHb! OT TOUKH i Ha paccTosHue, paBHoe eaunuue. Taxne TOUKM
ACKAT HA OKPYAKHOCTH €UIHIMHOIO pajuyca ¢ UEHTPOM B Touke i (puc. 121).

6) Menoanays reoMerpiieckyio HHTEPIPETaLio MOJY/IS PA3HOCTH ABYX KOMILIEKC-
HLIX  UHMCCT, 3aaMy  MOXKHO  1epehopMyJIpoBaTL TAK: KAKOBO MHOKECTBO TOYCK
KOMILIEKCHO T1I0CKOCTH, KOTOPhIE PACIONOKEHB! OJKe K TOMKE z = —2, 4eM K TOUKE

Piic. 121 Pue. 122 Pue. 123,

= 27 SCHO, 110 Takem eBolicTBOM 0014/1a10T BCe TOMKH IUIOCKOCTH, JIekKale Jesee
MUIMOE Oci 1 To/bKo omi. Ha pue. 122 uekoMoe MHOKECTBO TOMEK 3ALITPHXOBAHO.
1) KOMUICKCHBIE HICAA 2, YIOBJICTBOPSIOLINE HEPABCHCTBAM

2<|z—(1 =2i)| <3,
yaamenst 0T Toukn 1 — 20 1 pacerosie Gobinee WM PaBHOE ABYM, HO MEHBIICE TPEX.
Taxine TOUKH PACHONOKEHLL BUYTPH M 1A BHYTPEHHEIT IPpanule KOIbla, 0Opasosaioro
ABYMs KOHUCHTPIUCCKINI OKPYKHOCTSMIL ¢ UEHTPOM B TodKe | — 2i W ¢ pamimycami
r=2n R=3 Ha puc. 123 HcKoMOe MHOKECTBO 1OKA3AHO WITPHXOBKOI, A ’

§ 5. Tpuronomerpuieckas GOpMa 32MMCH KOMIJICKCHOr0 uneaa. M MuoyKene

L AGJICHNE KOMIVICRCHBIN SHCCA, 3ANHCANULIX B TPRrOHOMETpPHYEeCKOii (opme

Bepuenicst K opmyaan (2) npeantayiiero naparpada;
a=rcos@, h=rsingq,

Dri POPMY:Abl CBAILIBAOT JACHCTBUTEABHYIO W MuUMYyIO Y
z=q -+ bi ¢ ero MOAYJIEM r H apryMeHToM (. ’

Kaioe KOMINIEKCHO® HHCIO Z = q
BATCALHO, 3AMICANO B BILC

ACTH KOMILICKCHOTO  MHCI
+ bi, omimunoe of HYJISt, MOXKeT ObITh, CJICIO-
2= r(cos ¢ + isin @), ()
3annch KOMILUTICKCHOIO MHCIQ B BUILE
F{COs' @ + isin @),

pAC P MOAYAL MHead, & @ — oaun (moboii) u3 ero
ROl | UPrYMEHTOB, HAILIBACTCH MpUlo-
HONMCIHPUHECKON hopyol 3anucH. A3BIBACTCH Pl
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Mas Toro uTOGH mepeiiTH OT anrebpaumveckoil (OPMBI 3AMHCH YHCIA K TPHTOHO-

METPHYECKOH, 10CTATOMHO HAMTH MOJYNb KOMIUIEKCHOTO 4HMCIA M OMMH M3 ero ap-
[YMEHTOB.

[Ipumep I. 3anucats uucna zy = —1 — i, z, = —2, 23 = i B TPUTOHOMETPHYECKOIi
(opme, =
A Tak kak |z, | =]/2, a @, = —3n/4, T0

2, = |/2 (cos (—3n/4) + i sin (= 3r/4).
Moay:b z, paBen 2, a OZHMM M3 apryMeHTOB Z, SBISETCS YIOI @z = T, TOITOMY
z; = 2(cos & + isin ).

Yuursisass, uto |z3| =1, a @3 =m/2 — O4H U3 APrYMEHTOB Zj, MOJYYAeM TPHIOHO-
MeTpiteckyo (hOPMY 3altucy Juis 3

z3 = cos (1/2) + isin (n/2). A
Mpumep 2. 3amincats vicaa
2y = 2cos (Tn/4) — 2isin (n/4), z, = —cos (n/17) + isin (7/17)

B TPHTOHOMETPIMECKOIT (hopme.

A st sanuen vncea zy, U z; B TPUrOHOMeTpHuecKoil Gopme HeT HEOOX0IMMOCTH

NPEABAPHTE/ILHO HAXOAMTL MX MOAYIM M AprymeHTbl (XOTSl CAGJAaTh 9TO COBCeM
HeTpyo). Bocnosb3yeMes TeM, 4To

cos (7n/d) = cos (—n/4), a —sin(n/4) = sin (—m/4),
It cpasy nosyqum TPUTOHOMETPHYECKYIO (hopMy Ul HEPBOTO “Hcia
zy = 2 (cos (—mn/4) + i sin (—1/4)).

/\llll[ll‘l!\‘lllo. yYuHTbiBas, 4ro

T m 16m
—COs 1;7' =COS| T — % | =COS—%—

17 17
vy T e TN s 1617
Sin = sin 7.~ - ) = sin =,

noyuaem
2, = cos (16m/17) + isin (167/17). A

Tpuronomerpuacckas (QopMa  3aliCH  KOMILIEKCHBIX Hmees om?bn.m.h.w”..o,qc“b
VAOOHOMN 1pPit yMUOKEHII W JACHCHIN YICeT. IMpexkie YeM HEPEHTH K PACCMOTPEHHIO
ITHX OHEPALIL, OTMETHM, YTO /B4 KOMILIEKCHBIX MHCIIA

Zy=ry(cos @, +ising;) u z,=r,(cos P, + isin )
PaBHBLL TOIAQ It TOJLKO TOIAW, KOraa
Fy=ra, @y =@, + 21k, kelZ,

1a 2rk. T — Heko-
T.€. KOI'ld MOIYJIH YHCE] PaBHbl, 4 APryMEHTBI OTIMYAIOTCS Ha 2mk, rae k — nexo
TOpOE Les0e UuCI0,

[lycts Tenepn

zy =ry(cos @, +isin @) u zy=r;(cos Pz + isin @z) —

B YHCIA, 3ANNCAHHBIX B TPHrOHOMETPHHECKON (OpME.
Ipeacrasnm B Tpuronomerpuveckoii (opme uX NPOU3BEACHNE:

2122 = 112 (COS @y COS O, — sin @y Sin @, + i Sin @y COS Pz + [COS @y SN ),
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W
225 = 17 (C0s (@1 + 92) + isin (@1 + 92)). @

CrnenoBaTenbHO,
|z422| =ryra, arg(z1zz) = @3 + @2 + 2nk, kelZ.
Takum 06pa3om, CHPaBEUTHBO CIIEAYIOLIee YTBEpXKICHHE: MOOYab npoussedenus 08yx
KOMMICKCHBIX Huced pageH npousgedeHuto Mooydeil Mmux uuced, Cymama apzymenmos

CcoMHOdICUMenell A6AAEMCA APZYMEHMOM NPOU3BeOeHUs.
Tlpumep 3. Haiitu npousBeaeHHe UCEN

Zj =]/§<cos¥+isin—¥)

A Tax xax |z|=)/2, |z2]= /8, 10 |24z, =]/§l/§ =4. AprymeHTOM IpOH3-

3t .. 3¢
=]/§<cos—8—+tsm—8—).

lir 3m 25
BelleHHs Z;Z, MAAHHBIX uHcen OyZeT cymma @, + @ = —m + =% n. Crenosa-
TeIbHO,
2,2, = 4 (cos (25m/8) + i sin (251/8)),
HITH

232, = 4 (cos (9n/8) + isin (9/8)). A
IMepeifnem K AeNeHMIO 4ucel. 3aNMIIEM YAacTHOE ABYX KOMILIEKCHBIX 4IHCE
zy =ry(cos @y +isin@,) u z;=r;(cos @, + isin@,)
B 'rpurouomgrpmecxoﬁ tdopme. YMHOKAA UHCANTEIb H 3HAMEHATEIb HACTHOIO (/22
HAa COS (p — i SN Oz, TOJIYYHM

zy _ ry(cos @, +isin@y)(cos @; —isin@,)
12 (COS @ + i 5in ;) (cOS @2 — isin @s)

_ I1(cos ¢, cos @ + Sin @y sin @, + i sin @y cos P, — i COs O, SN Q2)
72 (cos® @, + sin® @,) ’

WiH

ry S
T, (€08 (@1 = @2) + isin (o) = 92)). (3

CrienoBaTenbHO,

|z1/z2 | = ryfra, arg(z,/

2) =@y — @y + 2mk, keZ.

Tmf"“ 00pa3’oM, MOOY.db HACMHO20 08YX KOMILICKCHBIX YUCe.! PAGEH MACHHOMY
A\IO())"IL‘U IMUX Hucea, pazHocms apeymMeHmos ()u_,“J"):(, M f)L’JIlI)I('.I.'l A6.49emea apeyMeH-
MoM HAacmHo20. PSS
Ti=1

[Mpumep 4. 3anucats 4HCO z = ——
cos (r/3) + i sin (/3)

B TPHIOHOMETPHYUCCKOIL

(opnme.
A Bsenenm oGosHaveHust 2y =i — 1, z; = cos (n/3) + isin (/3). Uncao z, 3anncato
B TPHIOHOMETDIECKOIi (hopMe. ONEBINO, UT0 [z, | = | 11 @ — 71/3. Haiizen MOAYIh

 apryment wnena zi: |2 | =12, ¢y = 3w/4. To popmyze (3) nOMysHM
2 (cos(3® _®), .o (3
2 (coa (‘4“ = T) + isin (% - %))

z =]/ 2(cos (5n/12) + isin (51/12)). A
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§ 6. BozBenenne ‘B creneHs W H3BJIEYeHHe KOpHS

QopMmyna s NPOU3BENCHHS ABYX KOMILIEKCHBIX WHCEI MOKET ObITh 0006LICHA
Ha cinydaii n comuoxuTeNeH. Mcmonb3ys METOA MaTeMaTHYECKOH HHIAYKIMH, JIErKO
TOMYMHTE CIICAYIOLUMI PE3YILTAT: MOAY/Ib MPOM3BEICHHS /1 KOMIUICKCHBIX 'HCEN PaBeH
NPOM3BENCHUIO MOAYJIEH BCEX COMHOKHUTENe, CyMMa apryMeHTOB BCEX COMHOXHTEIICH
SBJISICTCSI APrYMEHTOM MX TPOM3BEIEHUs.

Ortcrona, Kak 4acTHbI ciywaii, moaydaercsi hopmysna

(r(cos @ + isin @))" = " (cos ng + i sin ng), (1)

HAI0IAs NpaBUIO BO3BEJCHHA KOMILIEKCHOTO wumcna r(cos ¢ - isin () B LENYyI0 IOJo-
KHTELHYIO CTCIEHb. ‘

IIpu so36edenuu KomnaeKkcHO20 Hucia 6 cmenenb ¢ HAMYPAALHBIM NOKasameiem ez2o

MOOYAb 603600UMCA 6 CMeneHb C meAl dice nokazamenes, a apzymenm ymHodlcaemcs
Ha nokaszamedv cmenenu. .

NMpumep 1. 3anucars uucno z = (i — ]/5)‘3 B anreGpaniecKom (hopne.

A Cravana 3anuiieM JaHHOE YMCIO B Tpﬂl‘oHOMCTpil‘lch?ﬂ (opme, a 3aTem
nepelieM OT TPUIOHOMETPHYECKOI (opMmbr k anreGpandeckoii. HaiineM Moyt i ofun
U3 aprymentos wucna i —|/3:

r=|i-)3|=2 ¢=>5n/6
Mpencrasun uneno i — ]/3 B TPUrOHOMETpHYECKOil (opMe:
i —1/3 =2 (cos (5n/6) + i sin (57/6))-
Teneps, npuviensa dopmyay (1), noay4aeM
(i=1/3)" = (2 (cos (5n/6) + isin (Sr/6))'> =
= 213 (cos (65r/6) + i sin (651/6)) = 2'° (cos (57/6) + i sin (Sm/6)).

a. 3¢ ICJIO B a 3
Taxosa tpuronomerpiteckas popma AaHHOrO HHCNA. 3aniMIIeM 9TO Ui nrebpau
ueckoit dopne:

; /5 1. 12 :
(i—]/3)"% = 2'3 (cos (5n/6) + i sin (51/6)) = 2*3 (— l—_’—-+—2—1 = =0 ]/i+2‘21‘ A

Ilepeiinenm K M3BIEUEHNIO KOPHS JAAHHOI CTENEHH W3 KOMIUICKCHOTO q:xcna. Yneno
I HA3BIBACTCA KOopHes cmenenu n w3 vucaa w (o6o3Ha4aeTest W), ecnu z" = w,

Hanpumep, wicna z, =i 1 z, = —i ABASIOTCS KOPHAMM CTEINCHH 2 (xBazpaTHbivy
KOPHSIMM) 13 umcaa w= —1, tak kak i2=—1 u (—i)> = —1. W3 onpenenenus py;-
TEKACT, YTO Ka%JI0€ pPCLUCHHE YpaBHeHMs 2" =W SABIAETCA KOPHEM CTCHCHH n y3
uHcaa w. Jlpyrumu CIoBamm, JUIS TOro 4ToGbl W3BJedb KOPEHb CTCHCHH N M3 wypcpjg
W, OCTATOMHO PEINTL ypaBHenue z" = w,

Ecin w =0, To npun moGom n ypapuenue z'=w HMEET OAHO H TOJILKO opnmo
petenie z = 0. Ecin w#0, 10 1 z # 0, a ciegosaTe]bHo, ¥ 2 B W MOXKHO mpescra-
BHTL B TpUrOHOMETpHYeckoii dopme:

z=r(cos @ +isin@), w=p(osa+ isin ).
Vpasuenne 2" = w npuMer BHa
" (cos ng + isin ng) = p (cos o + isin o).

HE!
ABa KOMIIIEKCHBIX YHCIA DAaBHBI TOIJA M TONbKO TOTAY, KomacE:BC;xe“x Moy,
4 apryMeHThl OTJHYAIOTC Ha 2mk, rae k — HEKOTOpOE Lernoe HHCIO. A0BATENEHO,
"=p u ng=o+2mk

]9



i

=

n o 2n
=— 4+ — Z.
[/;_) u o . + . k, ke

rax, Bce pelIeHUs YPABHEHHs z' =W MOTyT ObITh 3amucaHbl CIEAYIOUIM 00pasoM:
5

n o 2n (o 2m )
z = — = i —+—k M Z.
2z |/;;<cos(n + 7 k>+xsm(n + = k)} ke

Jlerko BHIETh, YTO BCE UHCNA Z;, Mojyyaemele mpu k=0, 1, 2, ..., n— |, pa3ju4HbL
Ecim Gpath 3Hauenus k >n, TO ADYrHX KOMIUIEKCHBIX HiCEN, OTIMUHBIX OT Zg, Z1,
Z3, +ony Ep—1y HE MOIMYYHTCS.

Hanpumep, 1pu k = n nonyyaem

Zy= % (cos (% + Zn) + isin (% + Zn)) = T/E (cos (a/n) + isin (a/n)) = zo.

TakuMm 06pa3om, eciu w # 0, TO CyLIECTBYET POBHO N KOpHEif CTENEHH n M3 4uciaa w;
BCe OHH MOJIYHAIoTCsi U3 (hopMyJIbl

_ o, 2n Lol e 8 O ot b _
5= l/;—)(cos<7+-7k>+lsm<" + ;—L)) k=01,2, ..., n—1. (2)

Y3 (opmyssl (2) BUAHO, MTO BCE KOPHM CTENEHH /1 U3 YMCIA W HMEIOT OJMH M TOT e
2n
MOJIyJIb, HO PA3HBIE APUYMEHTBHI, OTJIHYAIOLINECS APYr OT Apyra Ha -Tk. rae k—

HEKOTOpPOE LEA0E “HCIIO.

Orciofa CHEAYET, YTO KOMILIEKCHBIE HMHCIA, SBJISIOUINECS KOPHSIMM CTEneHu h M3
KOMILICKCHOTO MHUCJA W, COOTBETCTBYIOT TOYKAM KOMIUIEKCHON IUIOCKOCTH, pacrosio-
JKCHMBIM B BEPIIIHAX NPABIILHOLO H-yTOJLHIKA, BINCAHHOTO B OKPYKHOCTL Pauiiyca
|/ p ¢ uenrpom B TouKe z =0,

Cjlenaem elie OHO 3aMEYAHNE OTHOCHTEILHO 0603HAMCHIA l/; OGrun0 nojt | w
[OHIMACTCS MHOKECTBO BCeX KopHeii cremenn n 13 w. Haupumep, nosu )/ =1 noun-
MACTCSl MHOXKECTBO, COCTOSILEE M3 ADYX “HeeT |

",
n —i. Muorna non I/\\' HOHHMAIOT Kakoii-1160
OJIMH KOPEeHL CTCHeHH n U3 wueaa w., B Takux
. CIYHAAX CGAYET O0M3UTEILHO YRAALIBATL, O K-
2y=Vd+i KOM 3HAYCHMH KOPHS NACT peub.,

Zy

[Ipumep 2. Halitu see suaucnus l[“—64.
3 A 3anuwenm uueao w = —64 B TpuUrono-
& MeTpuueckoit opae:
—64 = 64 (cos it + i sin 7).
I'lpu\numu (pop\l\"l) (2), nmonyuaem

. 2“1)
A—] 64((:0\(6-}- = k)+xsm(€+ Bw/).

k=0,1,2 34,5

Puc, 124,
CnenosarensHo,
2 = 2 (cos (m/6) + isin (1/6)) = ['4 + i, 23 = 2(cos (7n/6) + i sin (7r/6)) = =) G b
2, = 2 (cos (w/2) + isin (n/2)) = 2i, 24 = 2 (cos (3n/2) + i sin (3n/2)) = —2i,

, = 2 (cos (5m/6) + 1sin (57/6)) = —] B4 zs = 2(cos (117/6) + i sin (117/6)) = | 3 =

TOuKH. COOTHETCTBYIOUINE HCIAM 2}, PACHIONOKEHbL B BEPIUNHAX MPABIIBHOIO MIECTH-
YrO/IBHIKS, BIMCANHOIO B OKPY/RHOCTE panuyca 2 ¢ neurpom B Touke = = 0 (puc. 124). A
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§ 7..AnreGpanyeckue ypasnenus

Paccmotpum anrebpauyeckoe ypaBHeHMe CTEMeHH 7 C KOMIUIEKCHBIMIL KOd((u-
IEHTAMH, T. €. ypaBHEHue BUAA

w2 Lz ag=0, a,#0, neN. (1)

Yieno z, Ha3LIBAGTCH pewsenuesm Wi KOpHesM YPABHEHMUS, €CNM [pH TMOACTAHOBKE Zg
BMECTO z B ypaBHEHHE IOJIyYAETCs BEpHOE MMCIOBOEe paBeHCTBO. Cle10BATENILHO, €Ciii
Zp — KOpeHb ypasHenus (1), To

]
i
a,z

n=1

a,zg + ay 287 4+ ayzo + do = 0.

Hanpumep, crenyioume ypasnenns:

4
P

2z —i=0,
—1=0,

]

2 iz =0,
iz’ +32(1—i)z=
= SIBJISIIOTCS ANTeOPANYCCKUMHU YPABHEHUAMHE COOTBETCTBEHHO NEPBOIf, BIOPOil, _unmﬁ
i cenbMoii creneneii. Kopuem nepsoro YPABHEHUSA SIBIACTCS UUCIO Zg = =1+, BTO-
POE YpABHEHHE MMCET 1BA KOPHS Zp= | H z; = —1. Yucno zo = i — KOPeHb TPETHEro
YPaBHeHUS, Tak Kak i° 4 i® 4 i-i2 4 i = 0. Ouesuano, 410 Zo = 0 — KOPEHb METBEPTOrO
YpasHenus. Ilomumo Kopns zp = 0 verseproe ypapHeHue, KAK 5TO CIEAYCT U3 HPCbl-
Aywero naparpada, ¥MeeT eule IecTh KOpHeii. ”
Pemnnith ypusHenie B MHOKECTBE KOMILIEKCHBIX HHCE/ — 3HAMUT HANTH 6¢e KOPHU
YPaBHeHis,
OBuumii i1 anreGpauteckoro ypaBHeHHs Neppoii CTeneHi:

ajz4ay=0, a;#0.
Ouesiuio, uto Takoe ypapHeHiie MMeeT OHO M TOJNBKO OHO PEIICHHE Zo = —do/d;.
Vpasrenue sropoit crenenn (kBazpaTHOe ypaBHeHue) B 0OIIEM BH/IE 3AMHCBIBACTCA TaK:

ay # 0,

2
az* +ayz 4 ap =0,

Has PEUICHIA 9TOI0 ypaBHeHus npco()pmyem TOXK/IECTBEHHO €ro JIEBYIO HacTh

, a a
m(:'+": 4‘)):0,
z as ay
s . V a ay
A 0 “1_1=0,
15 [ (2 + —-— =0,
(’(( +lul) az 4t12)

a3 — daga;

a, -
o (o) g
i naiiiem kopuu - Ve
(_ L )" s a} — daga, _ ay [/_‘_'%—’lm"iv = :“1:— v D’* (2)
a2 asn) 4a3; ST 24, 2a, £

B nocienmeii Gopmyne vBejieno oboznauenye D = ai — 4agd, (AUCKPHMIHAHT KBAADPAT-
HOro ypaBHeHuss oDo3sHaven Oyksoii D), noa ]/5 TOHNMAIOTCS BCE 3HAYCHUS KOPHS.

Gopmyna (2) aas KOpHEH KBaApaTHOTO ypaBHEHWA MMEET TAKOM uKe BlU],-KaK "
B CoIyqae, Koraa Ko3(huuuenTsl ypasHenns AeficTBUTE/bHbIC WiCIa H PEILCHIA OTBICKH-
BAIOTCSH B MHOKECTBE AeHCTBUTENbHBIX Wicen. HO NMOCKOIBKY B MHOMKECTBE KOMHIIeKF—
HBIX 4HCell ONEPALMS H3BJEYEHHs KBALPATHOrO KOPHS MMEET CMBICI UL moboro
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KOMILIEKCHORO Wicia, orpanuuenue D >0 crasoButcs H3nmuHuM. Bosjee Toro, oHo g
B0OBILE TepsieT CMBICH, TAaK KAK AMCKPUMHHAHT MOXET OKA3aThCA YHCIOM He IeHCTBH-
TEILHBIM, @ JUISl TAKHX HHCEN MOHATHS «OOJbIIEY, (MEHBIUE» HE ONDPE/CIICHLI.

TakuM 00pa3oM, B MHOKECTBE KOMIUIEKCHBIX HHCEN YpaBHCHHE

a,2® + a;z + ap =0
(a5, ay, ap — KOMIUIEKCHBIC 4HCIIA, d; # 0) Bceraa pasperiuMo.

Ecnu D = a} — 4aga, = 0, ypaBHeHue uMeeT OXMH KopeHb, eciu D 3 0, ypaBHeHHE
HMeeT ABA KOpHS. BO BCeX Clydasx KOpHM KBAaADATHOrO YPABHEHHS MOXKHO HANTH
no Qopmyie (2).

IMMpumep 1. Pemnurh ypasuenne z2 + 3z 4+ 3 =0.

A Tlo Gopmyne (2) Haxomum

=3+ )9-12 -3+)/-3
zZ= 5 — 2 5

Vuureisas, uto |/ —3 = £i|/3, nonyuaem

/3 3 3

2y = —-—— —p— Za = - —
1 2+21, z3 3 ZI,A

Ilpumep 2. Peumth ypaBrenune
2* — 8z — 3iz + 13 + 13i = 0,

A Ilo ¢dopmyne ans Kopreif KBaApaTHOrO ypaBHEHUS MMEEM

843+ /B3 —4(13+13) 843+ /34
z = 3 = e \

- 2

Jluist onpesenenust Beex 3uatuenuii |/ 3 — 4i Moxno 6uu10 Gn1 uenonnzonats Gopaiyay (2) |
§ 6, HO TOpa3/O Npouie HNPHMEHUTHL APyroii npuem. Ilonoxnm

/3 —di = x + yi,

; 2 ; >
Torna 3 — 4i = x* 4+ 2xyi — y° H, CJIeNOBATENLHO, X W ¥ YAOBJICTBOPSIOT CHCTEME Ypas-

Henuit
.
x*=ly*=
xy= —2,

ApHueM X H y — AelicTBHTENbHBIC uHeaa, CHeTeMa HMeeT aBa ACHCTBITEALHEIX PeLICH s
x=2 y=~-1nx= -2, y= 1 Ilosromy

Tepeiiziem K PACCMOTPEHHIO ANreGPAIMEcKuX ypasHenuii Gonee BLICOKOM CTENCHIL
Pewenne ypashenua (1) mpn n>2 ssasercs, xak npasmio, sanadeil HeH3MEPHMO
Gonee cinoxuoil. B 1799 r. BemukuM MaTematnkom Kapriom Fayccom Gsuta A0Ka3aHa
Teopema: .

Kasicdoe a42e6pauyeckoe ypasHeHue umeen! & MHOdcecmee KOMNACKCHBIX wucel
no Kpaigneit mepe 00U KOpEHb.



D1y Teopemy HPUHATO HA3BIBATH OCHOGHON meopemoil aizebpy. OHA HOCHT HMA
Faycea. [oxasaTenbCTBO €€ JOCTATOYHO CIOKHO H B Kypeax S/IEMEHTAPHONR Mare-
MATHKH He npuBoauTes (cM. nokasatenscto B kmure JI. C. Tlowtparuma «Meton
KQOPAMHAT» H3 CepuH «3HAKOMCTBO C BbICHIEH MATEMATHKOMN).

Onupasice Ha Teopemy ["aycca, MOXHO 10Ka3aTh, 4TO JieBas 4acTh ypaBHeHus (1)
BCEr/ld J0MyCKAeT MPeICTABJICHNHE B BYAE NPOH3BENEHMS:

a,(z =20z~ z2)2. ..z — z),

The 2y, z;, ..., Z; — HEKOTOpBIE PA3IMYHBIE KOMIUICKCHBIC YHCIA, & Oy, 2, ..., O —
HATYpanibHbie 4uc/ia, IpuYeM

Oy + 0+t o =

Orciona cneayer, uto wwena z is 22, «evy Zx M TOJIBKO OHM SBJSIFOTCH KOPHSMI ypas-
Hemst (1). Mpu 570M TOBOPAT, YTO zy SIBJAETCS KOPHEM KPATHOCTH O, Z; — KOpHEM
KPATHOCTI o5 1 T. /L. ECin yCHOBATLCS KOPeHb YPaBHEHHUs CHATATH CTOJNBLKO Pa3, Kakosa
eI0 KPATHOCTH, TO MOJKHO CHOPMYJIMPOBATH TEOPEMY:

Kasiedoe aizedpauyseckoe ypagienue cmeneny n uMeent 8 MHOICECNEE KOMNACKCHbIX
Hucea posno n Kopueil.

W rteopenia Taycea, n TOnbKO 4TO cOpMYJIHPOBAHHAN TEOPEMA ABIMIOTCH TH-
MHYHBIME TeopenaMy CyluecTBoBanus. OHW Jai0T HCYepIbIBAIONICE PCUICHHE Bonpoca
0 CYLIeCTBOBaNIN KOpHEll Yy NPOH3BOJALHOrQ anredpamueckoro ypaBHEHIS, HO, K co-
RQICHIO, HINICTO HE FOBOPSAT O TOM, K4K Halirh 5Ti KopHH. ECIH KOPeHb YPAdBHCHHS
NEPBOIl crencin o= + ay = 0 onpenenserca Gopmyoii z = —do/dy, €CIN KOPHH ypag-
HEHIL BTOPOIT CTeneHn aaz” + ayz 4+ ap =0 Beerna Moryr ObiTh JIETKO HAMICHBL no
hopyyne (2), o yxe Ui ypaBHeHwii TpeTbeil u ueTBEPTOH CTEICHH AHATOrHYHble
QOPMYAIEI HACTOALKO TPOMO3AKH, TO HMH NPSMIOMHTAIOT HE NOJIBIOBATHCA, a muig
YPABHCHITT Crencii Bohile wereproil nomoGupx (opMya B OOMEM ciyuae BooGume
He CyecTayer ') OTeyTeTBHE OBIIEr0 METORA pelleHisl AAreOpAMtECKIX  ypaBHenuii
HE MCWAET, KONCHHO, B YACTHBIX CHYYasX B 3aBHCHMOCTH OT cneldeiK" YPaBHEHuUs,
OTHCRATL Bee cro koprn. Hanpumep, dopmyna (2) § 6 Mo3BoiisieT HAUTH BCE KOpHi
JpaBucnis @, + gy = 0, T. € JABYMICHHOTO YpaBHeHHs CTENeHu N.

At perenng ypasnentil ¢ ueabni KoadpuIHEnTaMy 1ACTO OKA3BIBACTCH nomnes-
HOH Caeyion reopeMac one

Heavie ropuu 11006020 aseebpaudeckozo ypasueHus € yeavisu Koafipuyuenmanyy
RBAHIOMEN deaumeaamu Ca0000H020 waeRa.

[l Aokasareanctso 91oil Teopemst npopects aerko. Iyerb z =k — Ueibii kopexy,
YPABHCHIY

"+ dy 2"V a2+ ao =0
¢ uenbivi koadunentamn. Toraa
a k" + ay k4 L+ ak+ag =0
I, CENOBAaTCNLHO,
ag = —k(a k" " + ... +ay).

Hueno a k"' + ...+ a; upw caen: X o ceHusIx, OUEBHIHO, LENOE, 3ya
i  UPH CACTAHHBLIX OPENON0K YHT,
k= nemurens wnena d, M
IIpusmep 3. Peuurs ypasuenue

2 —6z-9=0.

10 B BLICWIel MATEMaTHKe paspaboTaus! pasHOOOPA3HBIE METOLLL NO3pq gy,
UliE HAXOHTE 1puG.iudicenble HAeHHs KOpHeil alrefpaiieckuX YPABHCHAI C HYKHOM TOYHOC Ty,
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A Pacomarpusas Aesmrenn cBoGOAHOrO ujieHa, yOexaaemes B TOM, UTO TOJBKO
Z =3 ABNAETCH LENBIM KODHeM ypaBHeHMs, [e/MM JIEBYIO YacTh YPABHEHHs Ha Z — 3!

—6z—9]z—3
— 322 22+3z+43
3z — 6z
T 329z
3z-9
T3z-9
0
M, pelas KBaipaTHOE ypaBHeHue
22 +3z+3=0,

noJyyaeM OCTAJbHLIC KOPHIM, Wrak,

/3 3
Zn=/3, 2= = b5, fy= iyl

IIpumep 4 Haiitn uesinie KOpHU ypasHeHst
223 = 522 = 22— 2 =0,
A LensiMu KOpUSME ypaBHeHHS MOryT ObITh Toiabko =+1, +2. IToxcTaHOBKA
B YPABHEHHE TOKA3LIBACT, UTO HI OJHO U3 ITHX HETHIPEX MHCEN HE YAOBJICTBOPSET eMY.

Ipeuiokenoe ypaBHeHHe UeabiX KOpHeil ne umeer. A
[Mpumep 5 Pewmrs ypasnenne

2% — 27% — 1323 4 2627 + 362 — 72 = 0,
A Tloaseprast HCNLITAHMIO JEIUTENN CBOOOAHOrO WiIeHa, HailieMm, 4To z = +2 cyTh
KOpHI ypaBHeHust. Pasienus jesyio yacts ypashenns ma z2 — 4, HpieM K ypaBHEHHIO
3 -2
22 =22 =9z 4 18 =0,

KOPHEM KOTOPOro smisieres z = 2. Pasnenus ua z — 2, noayunm =2 — 9, Taxu 06pa3OM,

JEBAst YACTh YPABHEHIS PA3IATACTCH HA MHOKHTENH:

e+ 3z + 2= = 2)* (z—3).

MTaK, ypaBHEHNE IMECT TPH OMHOKPATHEIX (HPOCTLIX) KOPHS = = —3, z = —2, = =3
i OIUMH ABYKpATHBIL Kopenb z =2, A i
IAAMM PATENA | e

1. [MpescTaBith KOMIUICKCHOE MUCIo
oo (202 — (1 =)
G+2iP -2+
B aareGpanyeckoii opaie,
2. Hailti MOAyJit W apryyMeHTsl KOMILIGKCHBIX Micen

ol o ) 4 i

a) z= ”(17 i 6) = =sin (6n/5) + i (1 + cos (6n/5)).

3. l]pc:lc_‘_r;mm b 2 B asrebpangecxoit u 8 PO eI hopnmax:
a) z=()/3 - "% 6) z=1+ cos(10x/9) + isin (10r/9) .
4. ITpeacrapurs 4ueio == (gl — s TPHIOHOME! ¢ i

; g 1 ICTPHYECKON (hopae

5, Pewtrs ypasichie IF=0. rope

6. Kaxoe MHOKECTBO 1OMCR KOMILICKCHOI MIOCKOCTH 3a7108TCH Yea0BHe:
a)lz+1|=lz=il. O |zI°+32+32=0. p) sin|z]>0? . r
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7. Ha KOMIIEKCHOH NJIOCKOCTH HaHB TOYKH 2 = 6 + 8i, z; = 4 — 3i. Haiith xomniexcubie
AHCA, COOTBETCTBYIOUINE TOYKAM, PHHAISKALIMM OuccekTpuce yria, 06pa3oBanioro BeKTOpamn
Mz,

8. Cpenu KOMIUICKCHBIX 4HCENl Z, YOBJCTBOPSIOUNX YCIOBHIO

lz+3-|/3il=]/3,

HAITH HHCJI0, MMEIoIee H(l“MCHI:U.IHH NOJOKHTEIBHbIH APryMenT.
9. Pemmirh ypasuenue z* + 8 + 81/3 =0,

10. 3amicarn
_Vs+n+)s-ia
]/5+ 12i — /5 —12i

=
B anreGpateckoii Gopme Npu yCIOBHI, 4TO JiiCTBITE/BHAS YACTH KOMITICKCHBIX Yncel |/5 + 12i,
V5120 OTPHIATENLHA.
P . z cone-
11. lokasarh, 4TO OCTATOK OF Acienus Muorowiena P,(z) wa z — 2o pasen Py (zo) (meope
Ma Besy).

= - E ——— JAJAYM PAJJENA Il =

2. 3anncate z B anredpandeckoii dnop\lc
— 415635 i —1 )31
s — 741} 63i _ 6i+ 1 G) s ¥74'l_
50 L =71
- 12§ 2 2
n):=Ji 2 (—“'+L. r) z=(2+i)%

60 — 8 P42
3. Haiirn KOMIUICKCHOE MHCI0 Z, VAOBACTBOPIOILEE )‘pilBllCIllllO
=2 (1 +2) 4+ (1 —iz)3—4i)= 1 +7i

W 3amHcats ero B agareSpantieckoil u B TpuronoMerpiteckoii (opmax.
4. Pewntn cucremy ypasuenuii

2 +2z5 =141,
{ 3z, + iz =2 - 3i.
S. Tpu kagnx JIeHCTBMTEABHBIX 3HAUCHISIN X H ) KOMIUICKCHBIC 4HCAQ
A
=9y — 4 — 10xi* u z;=8)y" + 20i
ABASIOTCH CONPSHKEHHBIMIE Y
6. JlokazaTL pasencria:

o2
v
a) = 0.
g 2 ¥ |
8. Pemnts cucremy ypasnenisii
|24 1 =i|=|3=z+2i|=|z+il

9. Jokasath, 410 cHCTeMa ypasHenuii

PRIICHUIL He HMeer.
10. Ha KOMIUIGKCHOM MJI0CKOCTH Aafbl TOMKH 21y
Hukd. HaifTi Touky nepecesenns ero menmas.

., ABASOUIMCCH BEPIIMHAME TPEYr 0=




11. HaifTi MHOXECTBO TOYEK KOMILIEKCHOMH TUIOCKOCTH, YUOBJIETBOPSIOUIHX YCIIOBHIO:
a) |z+1—i|l=|z=1+il 6 A-Dz=01+i)=
B) |[z4+1+42i|<0. nargz=@n+ )=, neZ
W lz41zlz+il O lz+2—il=)/3" ®) lglz+i|<1
3) -4—(8;1 v, l)<arg(z+i)<—n2—(4n+ 1), neZ. wu)|z—2+|z+2>=26.
12. Cpenu KOMIJEKCHBIX MHCEN Z, YAOBIETBOPAIOLIUX YCIOBHIO:
a) |z+1-il<l, 6)[z-5i|<3,
HaiiTH 9HCI0, HMEIOLIee HAMMEHBUINI TONOKHUTENbHBLT apryMeHT.
13. 3amicaTh z B TPHUrOHOMETpHUECKOH (hopme:

= =134 6)iz=—1."'B) 2= —CO5 — — i Sim—
) ]/_ ) ) z cos T —isin 5.

L+i)/3 i~

2os 60 + 5607’ DT :
i l—cos — +un—
5 5
14. TMpencrasuth z B anrebpamnyeckoii dopme:

! L
(i— l/i)(cos—a — i sin E) e
a) 2= - v 6):=(_T+T) X

r)z=

1—i

i (cos%-—lsin %)(14.[61)1
——) , neN. r1)z= e -
( = 1) i .
15. Haittu Bce 3uaueHns 'l'/\;. ecin:
a)w=+1, n=3 0)w=-1 n=4
B)w——4+[[§i, n=3 r)w=1+i n=8§
16. ITycrs Ay (k =1, 2, ..., n) — BEPIIMHBL NPABHILHOIO N-YrOALHIKA, BUMCAHHOIO B OKPYH-

It

B) z

HOCTL paanyca R = 1. Haiiru:
a) | A A P+ | 4y A3+t | A2 6) [ Ayd || AyAs ] o] Ayl
1t Pcume ypaBHeHsi:
a) 2 —=2iz-5=0. 6)z*—20z 4 9’7}-6i 0 B) 2-1-i}/3=0,

r).5+ 242224z 4+1=0 ) =423+ 722 — 1624 12=0,
) 28 + 22 4423 + 822 + 162 + 32 =0
18. [loxasaTth, ¥TO €C/IH ypaBHEeHuHE
a2+ @2 a4 =0
¢ stelicTBUTEIBHBIMI KOIDQUUIEHTAMIL HMEST KOPeHb 2, TO MUCAO 2, TAKKE ABIACTCH K \pien
» L " § 8 ¢!

ITOrO YPABHEHMSL
19, VOeanThes B TOM, MTO MHCAO | + i SMBANCTCS KOPHEM ypaBHenis

328 523 4322 442 -2=0,
W HAlTH OCTATbHLIE KOPHIL
20. Haiiti ofmie KOpHH ypaBHeHiii:
2542224 22+ 1=
21982 L o100 Ly _

21. Tpu genenut Muorownena P, (2) ma z —i B octarke nonywaercs i, a UPH ACTACHHI Hu
4 i B ocTarke nojaysaercs I +i. Haifrn ocrarox OT J1eJIcHHs P (z ) Ha =2 TEE
22. Moxer im Touka z =0 npmunu\.m- KAKOMY-HIOYAL MHOPOYIOABHIKY, BEPUIHL KO-

TOPOrO HAXOAATCH B TOMKAX
p=1l+z+22+.

=] <12




I'nasalX
TPUTOHOMETPHUYECKHWE YPABHEHMS, CUCTEMbI, HEPABEHCTBA

§ 1. TpuronomMerpuyecKkie ypaBHeHus

nPOCTCﬁ WHEe TPHIOHOMETPHYECKHE YpaBHEH L BHEI‘IEUIE Harnom-
RN d)OpMy.’lbl AT pelueHus npocreﬁmux TPHTOHOMETPHYCCKHX YPaBHEHHH

sinx =a, x=(—1)arcsina+ mn npn |a| <1, (1)
2
COSX =a, x= tarccosa+2mn nupu |a|<1, (2)
tgx=a, x=arctga+ mn, aeR, 3)
clgx =a, x=arcctga+ mn, aeR, 4)
e n=0; +1; +2; ..., T.e. neZ.
Vpasieuns sinx =a 1 cosx =a uMeOT petenns i Jodoro ae[—1; 1],
Leoupie [af< 1. Ecmi ke |a|> 1, To 3TH ypaBHeHHsl pemieHuii HE MMEIOT.

Ypasnenis tgx =a u clgx = a HMeOT peurennst ans moboro a€R.
Has sanuen peiuennii mpocTeiiimx TPHIOHOMETPHYECKUX YPABHEHHI MOKHO He-
AOIBIOBATE 11 ODO2ZHAYMEHMS 13 TCOPHH MHOKECTB, HANPHMEP MHOKECTBO pPELLCHMIT
SPABHCHIS s X = u, |a| < 1, MOXHO 3anucaTh B BHIE

{(= 1) aresina + mn [nelZ}. (5)

B (1)—(4) PCLICHIS YPABHCHUI BBIPAXKEHBI 4epe3 3HaYCHUs 00paTHBIX TPHIOHO-
METpUtCCrIX hywumii. HanmoMHuinM HEeKOTOpble CBOINCTBA 9THX (yHKIMIL.
Kaknasn ws diynkunii arcsine u arccosa onpenenena na otpeske [—1; 1] u

-m2<aresina< a2, ae[-1; 1],
O<arccosasm ae[—1; 1]
DyHKINS arcsin ¢ gRJACTCH HEYSTHON, T.e.
aresin (—a) = —arcsin a.
DyRiu arccos ¢ ne gpaseren wi derHol, Hu HewerHoil, Kaxias n3 (yHkumit arctga
W ArCCtg @ onpeneiiena na seeil YHCNoBOll NpaMoit u
—n/2 <arctga < w2, aelR,
0 <arcetga<m, aelR.

Dyakuns a

20 SBISCTCS HEYETHOMH, T.e.

arcig (—a) = —arctga.

Dy pxaus HC SBIACTCS HW 4ETHOH, HW HEMETHOl, .

s TPUTOHOMETPHYECKOI G YPaBHEHMS, HE ARIAIOILCIOCH npntu.numii.
€10 CEOOST TeMH WIH HHLIMI TPEoOPAsoBAHUAMI K OJIHOMY N HECKOILKUM [POCTeH-
(VTN
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Mpumep |. Pents ypaBHenue st o= -
4 TlpeobpasyeM ypaBHEHHE, BOCIHOJL30BABLIICH PABCHCTBEOM 2sin® x = 1 — cos 2x,
BEPHBIM JUISl BCEX X, TOI/A MOJYMHM

1 —cos2x=1, cos2x=0.

T

3HaynT, 2x = — +mn, ne Z.

b mn
OrBeT: X=—+ —, NEL. A
EE = o

[Mpumep 2. Pemurs ypaBHeHue

tg? x = 3. (6)

£ Eci x — pelieHue JanHoro ypaBHeHus, 1o
ambo g x = [/3, (7)
mbo tgx = —]/3. (8)

OueBW/IHO, BEPHO i OOPATHOE, €I X — pelicHie oAHoro u3 ypasuennii (7), @8).
To X — pemienne ypassenus (6). Takum oOpazon, MHOXKeCTBO pelleHuii ypaBHEHHSA (6)
ecTh OOBeAMHEHHe MHOKeCTB pelnennii ypasuenuii (7) u (8). B srom cayuae rosopAr,
yTO ypasHetue (6) paBHOCHIBHO COBOKYNHOCTH ypasHenuii (7) n (8).

Vpasuenist (7) n (8) HMEIOT COOTBETICTBEHHO PellieHHs

m
X'= — T, nel,
2
T
N= b, nel.

OB6seAnHeHIe JTHN JBYX MHOKECTB I €CTh MHOKECTBO BCeX perenmii ypaseiis (6).
D1 perueHist MOKHO UL KPATKOCTH 341HCATh B BIJIC
s
v = 3+, nel A

Jinst TPUrOHOMETPHMCCKIX YPABHCHIET HEe CYLIECTBYET eAMHOO METOAd peleHis.
B KaIOM KOHKPCTHOM CAYHAE YCUEN OMPACISCTICs, B MACTHOCTH, 3HAHMEM TPHIOHO-
MeTpHyeckiX (OPMYJl H HABLIKAMI PELIEHIs 3a1ay,

Muorue TPHIOHOMCTPHYCCKHE ‘l)OpNI.\QlIvI ABISIOTCH BCPHBLIMHI paBeHCcTBAMN L1 geex
SHAYCHMIT, BXOLUIX B N UCPEMCHHBIX. Takossl, wanpusvep, (opmyasl ABoiHOro
apryMenTa: }

sin 2o = 2

Sin o - cos o,

cos 2o = cos> ey , 3

COS 200 = COS™ A —sm o =2¢os" ot — | = | — 2sin? o,
OPMYJIbI HOMOBHHHOIO AT yMEHTA:

< g & 1
sin® 5 = (I —cosa), cos?

o) 2

1
=3 (1 + cos ),

opMyJIbE UL CYMMbL i PASHOCTH CHHYCOB 1t KOCHHYCOB, (IS NIPON3BEACHHs CHHYCOB

1 KOCHHYCOB, (GOPMYALL JULH CIHIYCA 11 KOCHHYCA CYMMBL 1 pasHoCTIL, :
Hexoropsie 1pHIOHOMETPUMECKIE  (OPMYILL  SBASIOTCS BEPHBIMH  PaBEHCTBAMI

pe 044 seex snavcinit nepevennniX. Hanpnwep, PABEHCTBO : : -

sin

o=
<3
I

I 4 cos 2




i o
BEPHO TOJBKO IJISI u;é__)_ + mn, neZ. OTMCTHM, 9TO M Opasasg M Jiepas 4acTH 3TOH

dopmMys Bl Kak (DYHKIUM o HMEIOT OFHY M Ty XKe O0JACTL ONpeieleHHs, 4 HMEHHO, OHH

T
ONpEAIENeHBI Il BCEX o # 5+t neZ. IpyruM npuMepoM cayxat (Gopmyiibl

9 . 2
i . cosla= -l—i,i ©)
e

sin20 = —=2_—_
I +tg*a 1+t

e
KOTOpbIC TAKIKE SIBASIIOTCS BEPHBIMI PABEHCTBAMM /U151 BCEX o 7 & + nn, ne Z. Ho 3necsh

B OTIYNE OT NpeAbUIylieii (JOpPMYIIbl JIeBLIC H NPABBIC HACTH MMEIOT pazible 0ONACTH
onpeneniennst. Jlenbie yactu B (9) onpegenenst ans Beex o€ R, a mpasble — TOJNLKO IS

m
u¢7+""' neZ. 3ror (akt, kak GyaeT BHAHO M3 NPHUMEPOB, CICAYET YUHTHIBATH

TpH Hcnonb3oBanun Gpopmy. (9) i aHaZOruMHLIX UM, Hanpunmep (GopMyJibl JUIsE TAHTEHCA
ABOIHOrO aprymenta, (opMyl JUlsl TAHTEHCAa CyMMBI H Pa3HOCTH M T.JL

PaccmoTpuny npimepsi perieniisn pasmiuHbIX ypaBHEHTi.
Ypasnenus
sinax + sinbx = 0. sinax — sin bx = 0.
cos ax + cosbx =0, cosax —cosbx =0
ACIKO PEIINTDL, MCMOb3Ysl (DOPMYJIBI I CYMMBL 1 PAasHOCTH CHHYCOB M KOCHHYCOB.
IIpunsep 3. Peunts ypassenie sin 6x + sin4x = 0.
A Tlpunvienns Gopmyy st CyMMbl CHHYCOB, TOJYSHM
2sin Sx cosx = 0. (10)
Eenn x — pemenye artoro YPABHEHNUS, TO BEpPHO N0 Kpaiineli Mepe 0110 13 PaBcreTs
sinSx =0 wum cosx =0, (1)

Obfpatno, ecian x — peuienue ojnoro n3 ypasennii (11). 1o, OMeBNANO, X SABJISCTCH
it petienuenm ypasuenus (10). Taxum obpasom, ypasuenne (10) papHOCHIBHO COBOKYIl-
HOCTH ypasuenuii (11), Vpasuenns (11) nMeloT COOTBETCTBEHHO PEIUCHMS
i T 7
XN=— X=— nel.
3 X 3 + 1n, €

Bee ami suasenin X 1 TOALKO OHI SBASIOTCSH PEUICHHSIMI HCXOHOIO YPABHEHIS, A
Mpasuenus
sin ax + cos bx =0, sinax — coshx =0

MOKHO CBECTH K YPABHEHMAM, YKA3AHHBLIM BbIUIC, ¢ (OMOUILIO (HOPMYH TPUBEACHHS.

MIpumep 4. Peumrn ypasuenne sinx = cos 2x.

A TlpeoGpasyem ypasnenue, uenoap3ys Gopmyiy npusesenist u Gopmyny s
PA3HOCTH CHHYCORB:

sin x — cos2x = 0,

/
'S

sin x — sin(»; —2.\'3:0. 2Sin—.ll(3-‘(— 2)005 ‘lJ (T': B "):0'

= \

HOJ)‘IHBLUCCCH YPA4BHCHNE PABHOCHJILHO COBOKYNMHOCTH ABYX )’p'dBllCHHi'li

.1 A
sm7<3.\'—%)=0, cos_’l)<r’:>
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ik
Pemaem nepBoe YpaBHEHHE: —- ! (3’( ~%) =k, x = 'E 6t 23 , keZ. Jns BToporo ypas-

HeHHs MMeeM
l(ﬂ-x)_—_£+n1, x=——~ _onl, leZ

2\2 2 2
Jlerko BUAETH, 9TO BCE PelleHHs BTOPOrO YPaBHEHHS COJCPKATCS B MHOXKECTBE peLieHuii
2m(—1— 3l

nepsoro. [eifcteutensHo, npu k= —1—3I, leZ, mveem X _F =1 T )

1
=5 2xl, T. €. mosydaeM BCe PEIeHHs BTOPOIO YpaBHEHM:L.

2
OTBeT: {6 +—k kEZ}

3aMeuaHue o cbopme zanucu pemenuil lLlesounciennpie napamMerpsl
B _PA3NMUYHBIX MHOXCCTBAX DEIIEHHH OJHOr0 YPaBHEHHS MOKHO 0DO3HAYAThL KaK pad-
HpIMu GykBamu, Tak W onHoil Oyksoil. Ckaxem, B npumepe 3 Obina Cro/is308aHd
onna Gyxpa n.

B Tex ke Cydasx, KODNA ONEMEHThI MHOXECTB CPABHHBAIOTCH Mexay coboil.
Cle/yeT HCIOJAb30BATH PasJIuHble OYKBbI ISt 0GO3HAYEHHS NETOUHCICHHELIX TapamMer-
pos. Tak Gbu10 caenano B npumepe 4.

Ypasrenus euda

asin@x +bcosox =c, a®+b*#0. (12)
I[Mpumep 5 Pewmth ypabHenue sin 2x 4 cos 2y = —1.
A 2TO ypaBHEHHE SIBJUSIETCH HACTHBIM CIYYACM PACCMATPHBACMBIX VPABHCHIIT 11pH
a=b=1, c=—1, ©=2. Paznemun obe wacti ypasHeHus na /2, nomyunm

sin 2x +

Vautssas, 410 1/)/2 = cos (1/4) = sin (x/4), sanumen 1o yPaBHEHHE B BiUIe

sin 2x cos (11/4) 4+ cos 2x sin (1/4) = — | I /3.

Bocnosb30BaBIIHCh (HOPMYJIOff Juis CHHYCa CyMMbI APryMEHTOB, HPHACM K YPABHCHIIO

i i
o

] 5
n

0, X = _1n+l_ Pl _— 7 " r—t
Orciona x = ((—1) )3+ 5> neZ. O 3navucHun X B COCTABATIOT MHOKECTBO
BCEX PEMIenHit HCXOIHOTO YPABHEHIS. A

B obuiem cysae, /Ul TOro urobu npeoGpasosat ypanuenie (12) « IPOCTEHILEMY
BBEJICHIEM ACTIOMOTATEIEHOTO Y13, pasaemiv oe ero wacti ma |
ypaBHeHHe '

a + ,":. 1o ]_\‘HI\I

_a S b
g SIMOX + —————Cos X =

Va*+ b? )/ a® + b?

IlycTs @ — OLHO W3 PRIUCHHIT cHCTeMBbI




Mcnonb3yst 9TH paBeHCTBA, 3aUNLIEM ypaBHEHHE B BUIE
sin @x cos @ + cos @x sin @ = ¢/]/a* + b*.

Ipumenun Qopmyny Uisi CHHyCAZ CyMMbI ApryMeHTOB, NOJIYYMM YDABHEHNE

sin (@x + @) = ¢/)/a® + b?,

KOTOpOe, KaK BH/HO H3 IPOAETAHHLIX BLIKJIANOK, PABHOCHIBHO MCXONHOMY YPABHCHHIO.
Monyyennoe ypaBuenye, a 3HAYNT, Il HCXOJHOE HMEIOT PEIICHHS TOLAA M TOJBKO TOLAA,
korza |c| <]/a? + b2

st mpeoGpa3oBanus ypasHenuii Buaa (12) MOKHO HCMOMBL30BATH Takke (OpMyIIbL
CHHYCA Pa3HOCTH, KOCHHYCA CYMMbI H PasHOCTH apryMEHTOB.

Mpumep 6. Peuite ypasrenne 12cosx — Ssinx = —13.

A Pasnennv ofe wacTH ypasHeHus Ha ]/ 12% 4 5% = 13, mony4nm

1 Dt
3 08 X lTsmx—— .

OmunM 13 perednii cHCTEMBI
cos @ =12/13, sin @ = 5/13

ABISETCS (@ = arccos (12/13). VuureBas 970, 3anuuiemM ypaBHeHne B BUIE

cosxcosp —sinxsing = —1
I, npuMenus (HOPMYJIY JUTS KOCHHYCA CYMMBI apryMeHTOB, MOJydnM cos (X + @) = — L,
OTRYAQ X + ¢ = 7T + 2, X = —@ +n(2n + 1), T.c.

X = —arccos(12/13) + n(2n+ 1), nelZ.
Ora popMysa 1 QST BCE PeLICHHs HCXOTHOTO YPaBHEHNS, A
Boencune HOBOro HEH3BEeCTHOro B psile CilydaeB YpaBHCHHC YIacTes

npeobpaszosare K BHILY, COACPIKALLEMY JIMIUB OJHY TPHIOHOMETPHYECKYIO dynximro,
ITpuniep 7. Pemnrs ypabaenue

sin 3x + cos 2x = L.
& Bocnonusyemest dopmynamu cos2x =1 — 2sin?x u
sin 3x = sin x (3 — 4sin? x).

Bropas Qopmyna nerko nonywaercs, ecn B paBeHcTBe sin 3x = sin (x + 2x) npasyio
94CTh npeobpasonars no Qopmyne ciHyca cymmsbl, a 3aTeM o (opmyJaM ABOHHOrO
aprymeura.

[locsie 1OACTAROBKI HCXOAHOE YPABHEHHE NMPUMET BHJL

sinx (3 — 4sin® x) 4 1 — 2sin® x = 1.
. 2 s . | 2

Orcrona 4 sin® x + 2sin® x — 3sinx = 0. O6osmauup ¢ =sinx, momayunm 4> + 2t —
—3t=0. 910 ypasHenue mmeer KopHn =0, t,= (/13 —1)/4, 3= —(/13 + 1)/4.
3HAUHT, MCXOTHOE YPaBHEHHE PABHOCHILHO COBOKYNHOCTH ypaBHEHHIA

PRk Bt
sinx =0, sinx= 14— sinx = — —]/—_—4——

Haxomim nocieoBaTe/IsHO pelieHus TONY eHHEIX YPABHEHHIL:

Y13 -1

x=mn neZ; x=(—1)"arcsin +nn, neZ;
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TpeThe YPABHEHME DEIUEHMA HE MMEET, MOCKONIBKY —(/13 + 1)/4 < —1. HaiinenHsie
3HAYEHHSA X ¥ TOJNBKO OHH SBJISIOTCS PELIEHUSMH MCXOQHOIO YPABHEHHS. A
Eciu ypaBHEHHE COAEPKHT JINMIIb OAHO H3 BBIPAXKEHHH

sinx 4+ cosx WM sinX — COSX
n dynkmmro sin 2x (1M NPOM3BEJEHHE Sin X COS X), TO, BBOAS HOBOE HEM3BECTHOE
t=sinx +cosx WM ¢ =sSinX—COSX
H Y9UTHIBasdA, YTO
sin 2x = (sin x + cos x)? — 1,
. - A (13)
sin 2x = 1 — (sin x — cos x)7,

NPHAEM K YPABHEHHIO OTHOCHTEJBHO .
Mpumep 8. Peummrh ypaBHeHue

sinx + cos x = 1 — sin 2x.

A OBo3HAuMM ¢ = Sin X + COS X M BOCHoNL3yeMcs nepBoit u3 Gopmy: (13), noayyunm

r=1-(*-1),
otkyna t*+t—2=0, ty =1, t, = —2. HcxoaHoe ypaBHeHHE DPAaBHOCHILHO COBOKYI-
HOCTH YpaBHEHHII
sinX +cosx =1, sinx+cosx= —2.

PeuraeM KaX[0€ M3 YPaBHEHHI, HANpHMep, BBEIEHHEM BCIOMoraTeibHoro yria. Jas
NepBoro ypaBHEHHs Haxomum x = ((—1)" — 1)*} + 7, neZ; nropoe ypaBHeHHE pelle-
HMIT HE MMEET, MOCKOJIbKY |—2| > ]/5.

Orset: x=((=1)"~ 1)% +mn nelZ A

Mpumep 9. Peunth ypasuenie

A =
sin®x 4 cos* x = - sin x cos x.

A Ilpeobpazyem seipakenue sin* x + cos* y, Beuteans noanLii KBajapat:
sin® x + cos* x = sin* x + 2sin® x cos? x + cos* x — 2 sin? x cos? x =
= (sin? x + cos? x)* — 2sin® x cos® x,
OTKY/d

sin‘ X \'os" x=1-—-

IMosb3ysich MOJIyHeHHOI (opMyoil, 3amuuenm YpaBHeHue B BHIE

L., 7
1 —==5in? 2.\'=Tsin 2x.

=1/2, 1, = —4. Ypasuenue

OG6o3nayns sin 2x = {, moaydnm 20% + 7t — 4 = Q, oTkyaa t, = 1/2

m

: T
sin 2x = 1/2 uMeeT peienns X = (—1)" - g
Py P S ,l) {2 T 5> nel; ypasHenue sinx = —4 perre-

HUI HE MMECT. A
. o Oy a0 e -
Cynmmy $in® X + COSX MOXHO BBIPA3NTL ¥epes sin 2x, pacKIAIbBAS €€ HA MHOKH-
Tean KaK CyMMYy KyGoB.



r

B mpepsinymmx npumvepax ais npeo6pa3soBaHus ypaBHeHMil MCIOIb30BANCE (op-
MyJbl, paBasi M JIeBas YaCTH KOTOPBIX ONpEeAeseHbl /AU BCeX 3HAYEHHMH X, M camu
GOPMYJIBI SIBASIOTCS BEPHBIMH PABEHCTBAMI TS BCEX X.

PaccmoTpum mpuMeEphbl PEleHIi YPaBHEHH, B KOTOPHIX NMCNOJIB3YIOTCs (hopMyJIbi,
TpaBasi ¥ JIeBast YAaCTU KOTOPBIX ONMpeAC/IeHbl He JUIS BCCX 3HAYCHMI X.
Mpumep. 10. Pewnth ypasHenue
6tg?* x — 2cos® x = cos 2x. (14)
A Tlpeobpaszyem ypaBHeHHe 110 (opmyJam
1 — cos 2x
2cos* x =1 +cos2x, tgix=——""7—.
. 08 1 + cos 2x

Jamernm, uto obe wacti BTOPOit hopMysibl OnpeesieHbl, XOTsS W HE JUTH BCEX, HO Juls
i
OMIHHX M TeX K€ 3HAuCHMil X, A MMEHNO, OHI ONpEEIeHEI U4 BCEX X 7 o +mn, nel.
Hdns Takux ske 3HAYEHMH X ONpejeNeHa u Jiepas vacTb AAHHOIO ypasHenus. Ilocne
NOACTAHOBKH TOJIYMHUM YpPaBHEHHE
1 —cos2x

1+ cos 2x

— (1 4 cos 2x) = cos 2x, (15)

Oseniano, uro moGoe pemienne ypasuerus (14) spagercss peLICHHEM Ypasienis (15),
H obpatHo, Kaxa0¢e peluenne ypasuerus (15) amsercs pemenuem ypasneris (14), t.e,
ypasuenns (14) u (15) pasnocusbusl. Pemacs ypasuenue (15). Obosuayas cos 2x uepes
! i npeoGpasysa (15), noxyunwm ypasuenne (2t + 9t — 5)/[(1 + 1) =0, oTkyna 1, =05,
fy = = 5. CiexoBaTe/ibHO, ypashenue (14) paBHOCHILHO COBOKYHOCTIL YPABHENHIT

cos2x =0,5, cos2x= —3.

g n oA :
Tleppoe 13 o1ix ypasuennii uMeer pemenns x = + ) nEZ; BTOPOE — peltennii
0
HE HMeeT, A
Pacemorpun renepn caysail, Koraa ans npeobpasopanis yPaBHEHHs UCTOTb3yioTes
¢0pM,\'nm, HPABas 1 JIeBAs 4YacTH KOTOPLIX MMEKOT pPasHbie obsiacTi ONnpesieieHns,
IIpumep 11, Peumrs ypassenie

5sin 2x — Scos2x = tg x + 5. (16)
4 Buipazum sin 2x 1 cos 2y uepes tgx no gopmysam (9):
in 2x i 2 L—1g'x
sin 2x = =5—,  C0S2X=—"—"3 -
1+ tg?x B I+ tg?x

[Moxcrasass s ypasnenne BMECTo sin 2x 1 cos 2x [IpaBLIe HYACTH HTHX hopnyst, Oy qiny
ol o
21lgx

|+ lg".\' - (17)

Bhisichiny, pasuociiniel i ypasuenns (16) u (17). @ynkim sin 2X 1 Cos 2x onpeje-
ACHBL LISt BCEX X, @ TIOJCTABICHHbIE BMECTO Hix npanbic 4acty GOPMYI (9) onpesesieyy,

T . .
MUWB 205 X # —- + o, neZ, 3nauut, B pesynnTaTe NOACTAHOBKH HCKIMIONCHLI 13 pae_
T ] U3 9TUX 3H;
CMOTPEHUs 3HAYCHUA X = — + 71, neZ. Ho sicho, 410 HiL OO X SHaYenyj;
HE ABIACTCS pEILCHHEM HCXOIHOro ypasHenus (16), NOCKOJABKY €rO NIPABAK wacty, pp0
T

X=—+mn, neZ, ne onpesenena. Otciofa cieayer, Wro KAKAOE PEUICHHE ypapp.
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mus (16) smmsercs pemennem ypasmenns (17). OwesuaHo, BepHO ¥ obpatHoe. Takum
obpasoMm, ypaBHenus (16) u (17) paBHOCHABLHBL
Pemaem ypasrenue (17). O6o3HauuB tg X = {, HOJYIUM

100 1—-¢ —pi
TER2 T+ ’

Tlociie MPOCTBIX Npeobpazopanuii mpmaeM Kk ypasHenmio [ — 9t + 10 = 0. paBHOCHIb-

HoMy npensigymeny. OAWH M3 AenuTencif CBOGOMHOTO WIEHd, & HMEHHO, i =2, sB-

JISETCA PELIEHNEM 3TOro YpPaBHEHMS. Paznoxus TEneph JIEBYHO HACTH Ha MHOKHTEIN
2

(HanpnMep, ¢ MOMOILBIO JETEHUs MHOrowIeHa t* — 9+ 10 Ha pasHOCTE ¢ — 2), HOAYHIM
(t — 2)(t* + 2t — 5) = 0. PewmniB kBagpaTHoe ypasHenue (° + 2f — 5 = 0, Haiizem eiue 18a
peweHust t, = /6 — 1, t3 = —[/8 — 1. Takum o6pasom, HexoaHoe ypasHenne (16) pasno-
CHJIBHO COBOKYITHOCTH YpaBHEHHIT

tgx=2, tgx= 1/6— I, tgx= —]'3 -1,
KOTOpbIE HMEIOT COOTBETCTBEHHO pELIeHHs
X = arctg 2 + mn, nelk,
X = arctg ([/é — 1)+ an, nel,
x= —arctg (/6 + 1)+ mn, neZ.,

D1 3HAYEHHUS X M COCTABNLIOT MHOXECTBO BCex pemenmii ypassenus (16). A
B dopmynax (9), KaKk yie OTMEYanoCh, JeBble HaCTH ONPENENTEHBI /s BCEX 3Ha-

HEHMIT X, & TIPABLIC — JHMb IS X 7# % + mn, ne Z. Mo3roMy MOJACTAHOBKA B yPABHCHIE
npaswix wacteil STHX (OPMYJT BMECTO JIEBBIX MOKET NPHBECTH K MOTepe perieiiil Bl
X =%+ml, neZ. Ilpu uenoas3oBanmi Takoro npeoGpasosanms creayer anbo ycera-
HOBHTbH PABHOCHJIBHOCTD HOJYEHHOIO YPABHEHHS HCXOAHOMY (Tak ObLIO CAeHano B Upi-
smepe 11), ymbo noncTanoBroii 3uavenuii x = T: +mn, neZ, B HCXOAHOC YpaBHCHMHE

NpOBEPHTB, HET M CPedd HuX pemennii. Creayiommii npuvep nogrsepiiaer Heol-
XOAHMOCTb TAKOI MPOBEPKH
punmep 12, Pewmmth ypasnexie

sin2x + cos 2x = — 1. (18)

A IIpeobpasyem YpaBHEHNE € NOMOILLIO bopmyn (9) (cnocol, npesomenHbil
B MpUMeEpe 5, Ha HAl B3ILUL NPEIONTHTEIbHEE):

(19)

Vpapuenne (19) He paBHOCHIBHO HCXOAHOMY ypasuerito (18). [eficTriure sno, IHaTeHHs

b
X =5+ nk, k € Z, He ABIFIOTCS, OUSBMIHO, pememsnv ypasrenus (19). B 10 #e Bpens

2
MOACTAHOBKON JIErKO YOCANTLCA B TOM, UTO BCE ITH 3HAYCHHS X SBISIOTCH PEIICHIIAMY
ypasnenns (18).

PﬂCCA\lOTpll\l TEHCPh 3HAYCHNA X =

t2] A

-+ nk, keZ. Sicwo, uro moboe peliexue

n M vabnnem S T
ypapreniist (18), VAOBJICTBOPSIOLICE JCIOBHIO X 7 — + 7k, sRAIsieTCS PellieHHen ypas-

wennst (19), u naoGopor, moboe pemenne ypasmenus (19) sBasercs pemieHien



ypaBHeHns (18). Pemaem ypasuenne (19). Ilpeo6pasys ero, nomydaem
zl(ti;tgt.\})= 0, orkyma tgx= —1,
gt

T
= = 7 + mk, keZ. DTu 3nauenus x BMECTE CO 3HAUEHHUSMH .\'=7+Trk, keZ, n

COCTABIAIOT MHOMKECTBO BCeX peuteHnii ypasuenns (18).
n T ;
OTBer: {-7 +nk; — % + nklkel} (ecm B OfBeTe K NMpUMEPY 5 B3AThH COOT-

BETCTBEHHO 1 = 2k + | w n = 2k, TO moiy4uM AAHHBIH OTBET). .
[Moncranoska B ypasuenne segoii wacti Gopmyit (9) BMECTO TPaBoil MOXET Mpu-

= T
BECTH K NOSBICHHIO NOCTOPOHHHX [Ji4 HCXOAHOTO YpaBHEHHS 3HAYEHHN X ——2—+7tn,

n€Z. Mpu Takux npeoGpa3OBAHMAX CIIGAYET IPOBEPUTD, BCE J PEMICHIs OJYEHHOro
YPABHENHS SIBISIIOTCS PEMICHNSAMH HCXOHOIO.

Yxasanupie ocoGennocTin npeoGpasosaHmii ypaBHEHHs C MOMOMIBbIO (hopmyit (9)
M CBSI3AHHASI ¢ HIMI HEOOXOUIMOCTH MPOBEPKH HMEIOT MeCTo H B JPYrHX Ciydasx,
KOTJIA HCNOJIL3yIoTes (hOpMy/ILl, Hpapas W JIepad YaCTH KOTOPBIX HMEIOT PasHbie oG-
JIACTH OnpeeneH s,

Ormernn eie, 4ro ypasHenie, X KOTOPOMY NPHBOISAT "PCOGP*”"’M“““l:(obq):f;
Mylam (9), Hepenko noiyyaercs clOKHBIM. I103TOMY NPEKIC HeM NPUMEHAT
OPMYIIBI, TMOJIE3HO TOMCKAT WHBIE MyTH PeLICHT.

Oanoponsusie ypapaenns
Tipumep 13. Pemnrs ypapnenne
7] soqlil
sin? x — 3 sin xcos x + 2cos” x =0.

; ', 4TO TOrAA

A Pacemorpum Takme x, uro cosx =0. M3 ypaBHEHMHS Cneﬂ{m\. g,;e}{,mu;.,;
SINX =0, 4 970 Hero3MoKHO. ClIeA0BATENLHO, CPEIH STHX 3ngqcﬂmn; r':1m-|or0 y as-
Pacemorpum snavenms x, ans xoropeix cosx # 0. Paspemms obe 9acTi A 2
HEHMSL HAL COS N, 10AY4HM ypaBHEHIe

tg?x —3tgx +2=0,

v z 'HOCHTEJILHO (g X,
PABHOCHILHOE MCXO/HOMY, Penmms ero kak KBaapaTHOe ypaBHCHHC 01 g
Haiinem

tgx=1, tgx=2

L A
Orciona nonyuaeM orper: x = 5t x= arctg2 + m, neZ
: nia
Pacemorpennoe VpaBHeHie SBASCTCS NPAMEPOM YPaBHEHHS B bt "
2= F4
agi® + ayuw +ap* =0, (20)

: . B npensuiyniem npu-
KOTOPOC HASLIBAIOT 00HOPOOHbIM OMHOCUMEAbHO U U U Cmenen 2“ (70)1)&‘1:1“‘[:}1‘3‘/‘?“ oGepm
Mepe u = sin X, v = cosx. Kak GpUTO NOKA3dHO, YPABHEHHE BUIA (= ’ ) ’
€ro wacteil va ¥ cBOAMTCH K KBAJAPATHOMY YPABHEHHIO
aot* +ayt + a2 =0
OTHOCHTE/LHO ¢ = u/p, Takoe e mpeobpasOBAHNE MOXHO HPHMEHHTL ULA peluenus
OAHOPOHEBIX ypaBHenuii Goee BRICOKO CTEHEHH. ) )
HexkoTOphie ypasHenus, He ABSIOMHECS OAHOPOAHLIMIL, MOXHO CBECTH K OAHO
POMHBIM, HCMOL3YS PABEHCTBO
sin? x +cos” x = 1,
BEDHOE /I BCEX x.



Mpumep 14. Pemuts ypam—xeﬂue 2sin? x = COS X. :
A Tlockoneky €osx = cosx (sin? x + cos?X) Ans BCeX X, TO [AaHHOE YpaBHEHHE
PaBHOCHJIBHO YPaBHEHUIO
2sin? x = cos x sin? x + cos> x,

OZIHOPOIHOMY OTHOCHTENBHO SiNX M COSX c-renerm 3. B caydae cosx =0 peLIeHHi,
O4EBHIHO, HeT. Jleas obe 4acTH ypaBHEHHs HA cos®x W 0603Ha4as tgx = f, NPUXOMHM
K YPaBHEHHIO

22— 12 —1=0.
OjHMM U3 €ro KopHei sBimsiercs r; = 1. Pa3noxus JieByl0 4YacTb Ha MHOXHTEJH,
nonyanm (t — 1) (2t% + ¢ + 1) = 0. Iockoasky 2t* +t + l >0 ans moboro f, KOpeHb

ty = 1 sBaserca emuncTBeHHbM. OtTciona tgx =1, x = 7 +mn, nelZ.

O rBeT: {%+7m|nsl}. A

Pasznoxenue Ha MHOXHUTean [IpeoGpazosanne ypasHenus C LEJLIO Bbl-
aefeHnsl oOLIero MHOKHTE/I 4YacTO NPEACTABIET co0oii Haubosee KOpPOTKHil IyTh
peluennsi, PaccMoTpuM HECKONIBKO npmxepou

Mpumep 15 Pewnts ypasHenne 2 sin® x + cos® 2x = sin x,

A CrpynnupyeM 4IEHbl YPaBHEHHS W NPeoOpasyemM ero cieayrommm o6paszom:

(2sin® x — sin x) 4+ cos? 2x = 0,
sinx (2sin? x — 1) + cos? 2x = 0.
Bocnoss3oBasuiics Gpopmystoif 1 — 2 sin’ x = cos 2x, nomyunm
—sin x cos 2x + cos? 2x = 0,
cos 2x (cos 2x — sin x) = 0,
[Tocrestee ypaBHEHHE PABHOCIIBHO HCXOAHOMY. B TO e Bpens OHO, OUeBHIHO, PABHO-
CHJILHO COBOKYIMHOCTH YpPaBHEHIIi
cos2x =0, cos2x —sinx =0,
OTH ypaBHEHHS HMCIOT COOTBETCTBEHHO pPeileHils
A
L B

(BTOpOE ypaBHEHNE PEHICHO B NpHMEpe 4), KOTOPbIC SIBAAIOTCH PEITCHISIMI I HCXO-
HOTO ypaBHEHHs. A
Ipumep 16. Pemnrh ypasuenue

. T L
sin <.\‘ + I) = sin® x + cos? x.
A TpeoBpasyem JIeBYIO HaCTh YpaBHeHs:

(sin x + cos x).

X bid X T S 1T
SIn (X +— | =SINXCOS— 4+ COS X SIn — = —
4 4 4

[TpaByto HacTh PA3JIOKHM B NPOH3BEACHHE KaK CYMMY KyOOB:
N Lone el e i) AT Dy ;
sin? x + cos? x = (sin x + cos x) (5in* x — sin x cos x + cos? x) =

= (sin X + cos x) (1 — sin x cos x).-



Teneps YPaBHEHHE MOXHO 3amnucaTb B BHIE

(sinx + cosx)(L— 1+ sinxcosx) =0

%

9T0 ypaBHeHNe PABHOCHILHO COBOKYNHOCTH ypABHEHHik

: 1 2
sinx +cosx =0, ———1+sinxcosx=0.
V2
ITepsoe u3 aTux YPaBHEHHI PABHOCHJILHO yPABHEHMIO tg X = — 1, a BTOPOE — YyPaBHEHUIO
sin2x =2 — ]/5 CrenosatessHo,

(

= )\ wm
X = —%+ml‘ x 21) arcsin(2—1/5)+7. nel.

9T0 M ecTh Bee PELUCHNS HCXOIHONO ypaBHEHHS. A .

B mexkoropeix ciyuasx OpH PCILCHHN YPABHEHHs METOAOM Pﬂmcc’)"‘c*"” Had MHOXH-~
TEIH MOTYT MOSIBUTLCS TNOCTOPOHHHE 3HAYECHHS HEM3BECTHOro. OHH  yCTpaHsioTes
NOACTAHOBKON HAlICHHLIX 3HAYMEHHil B MCXOAHOE, MM PABHOCHIBHOC CMY, ypaBHeHue,

Paccmorpnm cootsercTayrommii npumep.

IIpunmep 17. Pemnts ypasHenne

tgx —sinx =1 —tgxsinx.
A Crpynnupyem 4jieHbl ypapHeHus u mpeofpasyeM €ro CIEAYIOUUIM oGpasom:
(tgx + tgxsinx) — (1 +sinx) =0,
(1 +sinx)tgx — (1 +sinx) =0,
(1 +sinx)(tgx — 1) = 0. (21)
, Ecam X — peIIeHHe :
Ionywusuieecs ypasnenue pasHocimbHo ncxoguomy. ECHH X — PCIICHHE 9Toro ypap-
HEHUA, TO X ABJACTCS I PELICHHEM OJHOro M3 YpABHEHHI
l+sinx=0, tgx—1=0. (22)
¥ B
OGpatnoe B nanmoM ciywae (1 B oTimume OT TOrO, YTO 61;:110 lipuMepax 15, 16)
A
Hesepro. Ileppoe ypasienne B (22) mveer pewenns X = — 5 + 2L NeZ. Nng peex

> ] ATH 3HAYE e -
ITHX 3Havennil X Qynkuns tgx mwe onpejencHa, no3ToMy ’I;',Jm;mcélrm HE ABNIOTCH
PCIICHHAMI  HICXOAHOI O YPAaBHEHMsL BTopoe ypanucunc B (22 PeleH g 3

- v FH¢ " -
g T ™. neZ Ioncranoska B (21) nokassiaet, 4T0 ITH SHAICHIT ABITIOTCR peryye.

HHAME 2TO1r0 yYpasHCeHUs, a 3HAYUT, H HCXO/JAHOI 0.
f
Orser: +mn|neZ;, A
14

e HOMETPUY
Uenonnsosanne omenok Hekoropple TPHIOr DRucCKye YPaBuenuy
YAQCTCS PELINTD, HCTONL3Ys HEPABEHCTBA
—1<sina<i, —1<cosasl
BEDHbLIC LI BCEX oL
. S0 el =01
IIpusep 18. Pewmrs ypapuenne sin 3x + €08 j_" +sin Bl o8
A TlockonbKy sin3x > —1 u cos2x > —1, 10 .”,v'“ Oqlml;nr/ :2‘
= ¥ b & > >N
PABEHCTBO 3/€Ch HMEET MECTO TOrja M TOJbKO TOMA, KOLAC PEMeHEG
HAIOTCH PABEHCTBA

Mpiyem
BhITOn-

i =]
sin3x = —1. cos2x-=

(23)



370 03HAYACT, YTO HCXOMHOE YpABHEHHE DABHOCHIBHO crcTeMe (23). VpaBHeHus 3TOH
CHCTEMbI HMEIOT COOTBETCTBEHHO pememm
x—-—£+ , kelZ; x=-£+nl, leZ.
6 2

1306pa3suM 3TH pelieHus COOTBETCTBYIOLIMMH TOYKAMH EIMHHYHOH OKpYXHOCTH (Ha

puc. 125 pemeHusM MEPBOrO YPaBHEHHsI COOTBETCTBYIOT
= YTOJIUEHHBIE TOYMKH, peIleHHsSM BTOPOrO YpPaBHEHHs — TOY-
KH, ITOMEYEHHBIE KPECTHKOM; JJISl HAXOXIEHHS 3THX TOYEK
JIOCTATOYHO B NepBoM ciyyae B3aTh k=0, 1, 2, a BO BTO-
pom — =0, 1). Uucno x Gymer peurenmeM cucrembl (23)
TOr/Ia ¥ TOJBKO TOLAJ, KOrZa OHO SBJISIETCS PEHIeHueM o6oux

2 % ypaBHenwuii B (23). U3 puc. 125 BHAHO, YTO TAKHMH HHCIaAMH
7
3

.4
3 ABJISIOTCS JIMIUb YHCIA X = _;‘ +2tm, meZ. A
sTn Mpumep 19. Peumts ypasHeHHE
2 e
Puc. 125. cos K—;i X cos l/:—zl—x =1

A Bocnosib308aBuIuch ()OPMYJIOi 115 TPOU3BE/ICHIIS KOCHHYCOB, Ipeo0pasyem ypas-
HeHHe K BHIY

cos (|/2x) + cosx =2
10 ypaBHEHHE PABHOCHILHO CHCTEME
cos /2
cos)/2x=1, cosx=1. (24)

VpaBHeHusl CHCTEMbI HMEIOT COOTBETCTBEHHO peleHis X = |/ 2 m, neZ; x = 2mm, meZ.
PerreHnsMi cicTeMsl (24) ABISIOTCS Te H TOMBKO Te IHAUCHMS X, /Ul KOTOPLIX npiu
HEKOTOPBIX HENBIX 7 H N BLIIOIHIOTCH PABEHCTBE X = |/ 7nn»2mn Haiitem Bece
uestpie_m H N, A1 KOTOPBIX ]/;mx::’mn Cokparis 3nech Ha | 2 x, nosyunMm, 4T0
n= [’7m Or0 pﬂBeHLTBO BO3MOXKHO TOJILKO npu m =0, n = 0. JleficrpureanHo, ecan

m#0 u n—]/2m TO |’2—-u/m Ho sto pasenctso mesepno, tax kax |2 —He
PAIIOHAILHOE MHCI10, & n/m — paunonambHoe. Creopateabno, m = 0, go rora i n = 0.
Takim 0Gpazom, cucrema (24), @ 3HAUNT, 1 HCXOMTOE VPABHEHHE HMEIOT C/IHHCTECHHOE
petenne x =0. A

B 3akiodeHne 9TOr0 naparpada paccMOTPHM HpUMEp ypaBHeHHs, KOTOpoe HE
SIBAACTCS TPHTOHOMETPHHECKIM, HO TPH HCCACAOBAMIN KOTOPOro HCNOAL3YIOTCS CBOii-
CTBA TPHTOHOMETPHUCCKHX (DyHKImii. ;

Mpumep 20. dokasars, 4To mpu a > (3] T ©)/6 ypasHeHie

sinx:%_h-],{_“
peleHnii He HMeeT.
A Iycrs a> 3]/ AR m)/6. Ormernm, uto (3 ) R /6> 0. Mycrs | x| > 2, Toraa
" |+a> 1, B TO Bpems KaK Sin X < 1. 3Haunt, ManKoe ypapHeHme He HMEST perue-
Hiit Ha MHOMeCTBE | X | >
Ha ofpsaket].—2: 0] myecwt sinx <0, a i |x|4+a>a> 0. nosromy 31ech Tawke

pelLiennii HeT.



Ha narepsane ]0; 2[ ypasHenue mmeer Bua

- 1
sinx ——x=a.
2

. 1
Haiinem wa sToM wuHTepBane HauGonbimee 3HaueHue QyHKmuH (X)=smx—Tx.

1 b1
Onpenensen xpurmdeckne Toukm: f'(x) = cosx — = 0, x= 3 (ocTampHbIe peens

9T0ro ypamnenus He npunamiesxar ]0; 2[). Ecm 0 <x <#®/3, 10 f'(x) > 0, nmosromy
ymxist £ (x) wa narepsase ]0; n/3[ MOHOTOHHO BO3PACTAET M, 3HAUKT, f(x) < [ (m/3).

T(
A ecnn /3 <x <2, 10 ['(x)<0, nosromy Gymkuus f(x) Ha HHTCpBae :lT; 2[
MoHoTOHHO yOwiBaetT u f(x) < f(n/3). Takum obpa3zom, 3HAUCHHE
-2 6 6
aBasiercst panGonsumy na 10; 2, e mis seex xe0; 2[

=
s 1 _3)3-m
hm.\—j.\s 7 <

a.

3uasnt, 1 na warepsane ]0; 2[ aanHoe ypapHemme pelIEHHil HE HMCCT. A

§ 2. CucreMbl TPHrOHOMETPHHECKHX YPABHEHIH

B 9rom naparpade pacemotpum ma npiMepax HEKOTOPBIE TIDHEMEL HCNONL3yempre
UPI Perieiinil TPUrOHOMETPHYECKHX cueTeM, OrpaHimiHMest Tpit 5ToM :!IHIIIb CHCTEMaMu
C ABYMA  HICPEMEHHBIME (HACTO TOBOPAT TaKKe, HeM3BECTHBIMI) X W V. Pemenug
CHCTEMBL SUITICHIBAIOTCS. KAK OGBLIMHO B BHJE YHOPSUIOMEHHBIX AP (x: ).

Crerenmpl, colepiRamue ypagHenne Biia
X+y=o wm X—y=0%
NOACTAHOBKOM MOXHO CBECTH K OAHOMY ypunnemuo.
MMpomep 1. Pewure cucremy
f sin(x—y) =2 sin x sin y,

l X+ y=m/2.

Cliendem NOACTAHOBKY ) = — — x B NepBoe YPABHEHUE H Tpeobpasyen erq:

f (T
sin (2.\' - ) = 2sin x sin (—2-- = x),

—sin (—T;— - ?_x) = 2 8in X €OS X,

l.:!:l

=

—cos2x =sin2x, tg2x=—L

T ™ Sm T nez
OTRyla x = — \ + —— neZ Tenepb HAXOMHM J = —g=~ "5 :
( T mn St mm
peT | — g 2 B eZb. A
()1u&.l,\r( g5 3 2);1 }
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B HEeKOTOpBIX cay4asx Npexae MeM BBIIOJHATHL NMOACTAHOBKY B ypaBHEHHE CHCTEMBI,

OLIBAET II0JIE3HO €ro Npeobpa3oBaTh.
Ilpumep 2. Pemnth cucreMy

sin® x + sin? y = 1/2,
x — y = 4m/3.

A Tlpeobpasyem IepBOe ypaBHEHHE NAHHOM CHCTEMbL:
il
7(1 — o8 2x) + %(1 —cos2y) = i,

cos2x +cos2y =1, 2cos(x + y)cos(x — y) = 1.
ScHo, uTO cucTeMa
{ cos (x + y)cos (x — y) = 1/2,
x—y=4n/3
HMEET TE K€ PELIEHHsd, YTO M HCXOAHAas, T.€. 3TH CHCTEMbl PaBHOCWIBHELL Ilocie
NOACTAHOBKK X — y =4m/3 B NMepBOE YPABHEHHE IOJNYYEHHOMN CHCTEME! GyaeM HMETh
cos (x + y)cos (4n/3) = 1/2, OTKyAd  COS (x+y)= -1 wu, caegosaTesbHO, X + )=
=m(2n+ 1), n€Z. Tenepb npit KKIOM n€Z U3 AHHEHHON CHCTEMBL
X+ y=n2n+1),
X — y=4n/3,

Tn m
HAXOMAHM X = -g—+ wm, y=— = + 7, neZ, MHOKeCTBO BCEX TAKHX Nap 3HaueHuii x
My 1 ecTh MHOXECTBO BCEX DCIUCHMIT HCXOMHOI CHCTEMEL A
B npeasiayiux npuMepax noayqaeMble COOTHOLICHIHS MEKIY HEM3BECTHBIMH X M §
I MHOXECTBO PELICHHI{ CHCTEMBl 3ANMCHLIBAMICH € MOMOLIBIO TOJBKO OMHOLO IE/i0-
aicienHoro napamerpa. OGBIMHO JKe MPH PELICHHH CHCTEM C JABYMS HepeMEHHLIMI
MOSABISIIOTCS JIBA LEJIOMNCICHHBLIX MapaMerpa.
Mpumep 3. Pemnutsb cucremy
sin (x + y) = 0,
sin (x — y) = 0. )
A W3 nepsoro ypaBHeHusi cuctemst (1) caemyer, uro
X+y=mm meZ, ®)
a U3 BTOPOro
X—y=mn, nelZ (3)
Tenepb NPH MPOH3BOJILHO BIATHIX 3HAMCHUSX M W 11 3 JHHCIHON cHeTeMb!
{ X+ y=mm,

X—)y=nn (4)

HAXOZUM
¢ = L T
X=(m+n. y=—(m-n),

rge meZ u neZ. OTu Napbl MHCE] H TOIBKO OHH 1l COCTABISIOT MHOKECTBO BCEX
peleHIi CHCTEMBI 1). a
Bruto Gbl OMMGKOI BMECTO cueteM Buia (4) (rae m u n — moGbie uwensie uncna)
PACCMOTPETE TOJIBKO CHCTEMbI
[ X+ y=mm,

n

\l X—y=mm, melZ (



(k Takolf ommbke OOLIMHO MPHUBOAMT yNOTpebaeHue oMol OykBbl M8 0GO3HAYEHNSA
apAMETPOB B COOTHOLUEHMsIX Buaa (2), (3). Heiictsureinio, ciictembl Buaa (4) oxaa-
TBIBAIOT BCE€ BO3MOXHBIE napsel napamerpos m H n, B TO BPEMS KAK B CHCTCMax
BiIa (5) paccMAaTpMBAIOTCA JIMIIb MApbl C PABHEIMH 3HAUCHUAME (m =n). D10 Hpi-
BoauT K nortepe pewennit. U3 (5) cuenyer, uto
x=mm, y=0,
rie meZ, Torna Kak, HaNpUMEp, BCE Napbl
x=0, y=m, nelZ,

TaKKe SABJISIOTCS PELUCHUSMH CHCTeMs! (1).

PaccmoTpyM nmpuMephl pelueHuii Goliee CIOXKHBIX CHCTEM.

Beedenue no6vix nepemennvlx MOXHO HCIONB30BATH, HANPHMED, B TeX CIyqasx,
KOrja cucTemMa COHCPKMT TOJbKO [IBE TPUTOHOMETpPHUECKHE (DYHKIULM I MPHBOATCS
K TaKOMY BHJ1Y.

Mpumep 4. Pemnrs cucremy

sinx +cosy= 1,
cos 2x —cos 2y = 1.
A TlpeoGpasyeM BTOpOe ypaBHeHme:
1 —2sin®x+1—2cos*y=1, sin®x+cos™y=1/2.
Sleno, uto cnerema
sinx +cosy =1,
sin? x + cos? y = 1/2

PABHOCHIBLHA 1ex0HOM, OBG03HAYHB AT MPOCTOTH! U = SINX, U = COS y, MOJIYHHM

ut+uv=1,
w402 =102

Jlerko yeTamoniTh, 4TO 9Ta anreGpamdeckas ciHcTema HMEET AMHCTBEHHOC peiciue
u=1/2, v=1/2. CienopaTebHO, HCXOAHAS CHCTEMA PABHOCHIIBHA CHCTEME

sinx = 1/2,

cosy=1/2.

ST ypaBHEHUS HMEIOT COOTBETCTREHHO PCIICHHS:
n n 7
X =(—=1)" ( + 7T, meZ; y=+ = + 2mn, neé&.
)

MHOKECTBO BCCBOIMOKHBIX AP, COCTABJEHHBIX M3 HTHX 3HAUYCHWH X ¥y, U €CTh MHO-
\ % - " 7 ~ 4 I
KECTBO BCEX pelueHnii HeXonHoil cHereMpl. KpaTko 9TH Naphl 3aluChIBAIOT B BUiE

x=(- 1)'"%+ wm, y=+ % +2mn, m, nelZ.,

N0APA3yMeBasl, YTO 3HAK B (hopMyse /s y BhIGMpaercs MpousBOJILHO. A
Dpusmep 5. Pewurs cucremy
sinx + siny = 1/5,
(6)
cosxcosy=1/2.

A Tlepsoe ypasHeHue, HCIONb3ys (OPMYy UL CYMMbI CHHYCOB, IIPHBEAEM K BULY

XE) o XY =

sin 3 3 l/ 5



.,

JleByio wacThb BTOpOro ypaBHeHHs mpeoGpa3syem cienyrommm obpazom:

cosxcosy:%(cos(x + y)+cos(x — y) =

1 a2 Xty xX—y x—y L, X4y
=_—(1—2sin> ——=—+2cos?|—2 _ { | =|cos? SN,
3 ( 2 + 2cos l 3 1) |cos > sin 3
B pesynbTaTe MOJIYYaEM CHCTEMY
A IEEGE LA 1
sin cos —=—=
2 2 V2
2 X—=y ., x+y 1
cos — Radllf L
sin® — 7
PABHOCHTIBHYIO MCXOMHON. OG6o3naums u = sin ((x + y)/2), v=cos((x — y)/2), mpmiem
K CHCTEME
! uv =1 /]/5
02— =1)2,
KOTOpas MMEET ABA PeeHus: uy = 1/)/2, vy = 1; u, = —1 /|’§ v; = —1. Taxum oBpa-
30M, Kak/0€ PEIIeHHe HCXOAHON CHCTEMBb! SIBNSETCS pelieHHeM OMHON K3 CHeTeM:
) (gpXty 1 2 sy Scteymb 1
2 ]/5 : 2 172'
c—y . (7)
cos 7 = i

ITposens BRIKIANKN B 06PATHOM MOPsAKE, YOEKNAEMCA B TOM, HTO BEPHO 1 OOpATHOE:

Kaxaoe peuierne jo0oii 13 cuerem 1) M 2) ABASeTCS pelieHHeM HCXOMHON CHCTEMBL

B Takux ciyuasx ropopat, WTO cHCTeMa (6) PABHOCHIBHA COBOKYNHOCTI crcrent (7).
M3 cucrembl 1) nmeem

X+y n
5= (=1 om,
X—y
i 2mn,
tae m, neZ, Otciona HaXOMM
- U n
x= (=020, = (-1 7 TRl = 2n), 8)

rane m, nelZ.
Peuraem cucremy 2):

X+ y
7) =l ()R -Z—+ 7,
X—y o
5 = r(2n+1),
rae m, neZ. Orciona
& 1
RIS l)m+17+ T +2n 4 1), y = (-1 % +n@m—2n—1) ©)

rae m, neZ.
Otrper: MHOKECTBO BCEX PEUICHMIT CicTeMBl 3amaercs (OpMyJaaMu (). 9. a



PaccMmoTprM NpEMEp eme OHON 3aMeHsL.
Mpumep 6. Pewnts cucremy

z 1 .
sinx + cosx = + sin y — cos y,
i;Z

X S
2sm2x=?+sm2y.
A& Ob6osuaunm
u=sinx-+cosx, v=siny—cosy

I BOCHONB3YEMCH TeM, ¥TO Sin2x =u®—1, sin2y=1— v?. DTO MO3BONSECT CBECTH
HaHHYIO cucTemy K asireGpanveckoii:

1
u= = 41,
1;2
L 20 + 0% =92,
HNonyunsmasics crctema uMeer Apa pelenis:
I /S /_. =
o= =431/2 0=-1BY2 w=)2 =12
Taxiam 0Gpason, HEXOAHAS CHCTEMA PABHOCHIbHA COBOKYTHOCTH JIBYX CHCTEM:
o c - =1/2
1) { sinx 4 cosx = —4/3 ].fl, 2) ( sinx +cosx = 1 2;
1 si 3 5. iny—cosy=1/)/2
| siny —cosy= —7/3}/2; sin ) ] /<

Ilepsan w3 5Tix cieTeM peweninii He mMeeT, MOCKONBKY |Siny —cosy| S[/Z,

a|=7/3]/2] = |/ 2. Peurenns ypapseunii cucTemsr 2) HAfeM BBCACHUEM BCIOMOTATE -
HOIO yroia:

sin (.\‘+%>= i, ,\-=%+2nm;

- T.
£

YA 1 Gn W
sin{ y—— )= )= (— 1) — +— + ™1,
(‘ 4) y=(=1) G T
Tae m, neZ, D11 naphl 3HAYEHMI X W y H COCTABJSIOT MHOXCCTBO BCEX pelienmij

HCXOIHOM CHCTEeMBL. A

B psne coyuaes ans peumienns cucrems! ee npeoGpasyiorT ¢ MOMOIIBIO HOYNEHHOro
CHOKCHHSA, BLIMHTAHWS, YMHOKCHUS, JC/ICHUS ypaBHeHWil C NEJbIO, HANPUMED, HCKjirg-
HHTE OJIHO 13 HEH3BECTHBLIX (EPEMEHHEIX), Pa3AOKNTL MOJYIEHHOC YDABHEHHE Ha Muo-

HHTCIM 1 1. PaccMOTPHM HECKOILKO NPHMEPOB HCNONL30BAHUA TAKHX TNpeabpasg-
BaHILi, ‘

Mpusvep 7. Pewnrs cucremy
cos x cos y = 3/4,
{ sinxsiny= —1/4.

& CrranpiBas 1 BLIYHTAS TOWIEHHO YPABHERHS CHCTEMBI, TIONYIAEM COOTBETCT e Mg
cosxcos y +sinxsiny =1/2, cos(x — ¥ =1/2;
cosxcosy—sinxsiny=1, cos(x+y) =1L

Cherema
cos(x —y)=1/2,
{ cos(x+y =1
183



PaBHOCHJILHA MCXOIHOH. PelaeM Kaxzoe ypaBHEHHE 3TOH CHCTEMBI:

i

x—y=i3+2nm, meZ; x+y=2mn, nel.

Basis B HEPBOH M3 ITHX (opMYII BEPXHMH 3HaK, HaWaeM, YTO

X=%+ﬂ(m+"), y=—%+n(n—m), (10)
rae m, neZ. JIna HIKHETO 3HAKA MOIYMHM
] X=‘%+‘"("'+"), J’=%+7t(n—m), (11)

re m, neZ. ®opmynst (10) u (11) n 3amaloT MHOXECTBO BCeX PpELIEHHI HCXOMHOI
Il encTeMbl. LISl KPATKOCTH MCHOJBL3YIOT M TAKYIO 3aINCh:

| b T
i xX=+—+nm+n),y=5—
| 6 6
: rie ni, neZ, orosapusas, 4To B 9THX (JOPMYJAX CleiyeT ONHOBPEMEHHO GpaTh JHGO
I pepxuue, 00 HIDKHHE 3HAKH. A

IMpumep 8. Pemnrs cucremy

R, n
. L 2ol h
tg(4 +.\> 2
T
tg<f—x)=
4 /
'

+ m(n — m),

3H8‘1HT, HCXOJHAA CHCTEMA PABHOCHIBHA CHCTeMe

. T N pu
g (’E + ‘\') =2|/2cos? y,
‘ (12)

o =
Ctg(z-i—.\'): 2}/ 25sin3 y,

ITepeMHOKUB TIOWICHHO YPABHEHMS ITOl CHOTCMBL, MOAYHIN yPABHEHIE
1 = 8cos? ysin? y,

3 T
s3n, 3 fie N1 = 9. A Lo
orkyaa sin®2y =1, sin2y =1, 2y 5 +2mn, y= 3 +1n, neZ. DTH 3HAYEHUS NOA-

crasasieM B cucremy (12) u, yunruisas, uro
cos (o + mn) = (—1)"cosa, sin (o 4+ mn) = (— 1)* sin o,

noJyHaeM

,. a1 LR
Ecim n =2k, keZ, to =T + 2nk, a cucrema (13) paBHOCHIBLHA OXHOMY ypas-

HCHIIO 1g (g + .\')= 1, orkyaa x =nl, leZ.
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Ecmn n=2k + 1, k €Z, 10 y= % +m(2k + 1), a cucrema (13) paBHOCHIIBHA ypas-

HEHHIO tg(%+x)= —1, oTkyna x = —%+1:I, leZ.

OTseT: {(Td; %+2nk>, (—%+n1; %-+ n(2k + 1))"’- kel}. A
HOpumep 9. Peumts cucremy

sinx +siny=1[,

COSX — COS y = |/§

A Ilpeobpasyem cHauajia ypaBHCHHS CHCTEMBI 1O (DOPMYJIAM CYMMBI CHHYCOB
U passocTH Kkocuiycos. Ilonyumv cucremy

(14)

St Yy R

sin 3 5 5

@ p . o -0 it A cCHCTEMA

PABHOCHIBHYIO nexoanoif. O6osnaunm (x + y)/2 =u, (x — y)/2 = v, TOrAd 51a =
Syner mvern Bua

{ sinucos v = 1/2, (15)

& . T
sinusinp = —|/3/2.

Sleno, uro econ (u; v) — peuenie cucremst (15), To sinucosv = 1/2 7 0-‘ --I—IOJTOMI"'S)JL“-I
adoro pelieHus 9Toll CHCTEMBI, pasjienns NOWIEHHO BTOPOC paBeHcTso B ( Ha
NePBOE, HOIY4HM, 4TO _

tgu=—}/3.

b4
oTCIQIlll HaxoauMm v = — —

+ 1, neZ. TMocie NOJCTAHOBKH 9THX 3HavMeHuii B (L5)
HONYIUM CHCTeMy 3 . .
sinu=(—-1)%
sinu = (-1,
n
OTKYIA u = (—1)"—- + 2mum, meZ. Teneph U3 CHCTEMSI

XE ). PR
5= (=1 5 o+ 2mm,
—
- 3
HAXO/LHM
T Tt o s _
il 5 T Qm ), y=(—l)?+§+lt(2m 1), (16)

riae m, ne Z.

- e A 0).
OrBer: MuokecTso Beex peweniii crcTemsl saerest Gopmyramu (16). A
Mpusmep 10. Pewrurs CHCTEMY

J/2cosx =1 +cosy,
J/2sinx =siny.

B CKITAUIBIBAS, [OJydACH
A Bo3BOAsA IOQWIEHHO ypaBHeHHs CHCTEMb! B KBANPAT W CKIAIBIBAT, s
ypaBHEHME

2 =1+ 2cosy+ cos” y + sin



T 5
Orciona cosy =0, y=7+1m. neZ. ToacTaHOBKA ITHX 3HAYEHMH ) B HCXOIHYIO

cHCTEMY jlaeT
cosx =1 /ﬁ,
{ sinx =(— l)"/]/i.
Eciu n =2k, keZ, T0
s
{ cosx = 1/}/2,
sinx = l/]/i,

OTK ﬂ‘(—‘n
yaa X =

Ecmin ke n =2k + 1, ke Z, 1o
{cosx: 1/[/5.

sinx = — ]/]/5_,

+ 2nl, leZ. Tpu 3rom y = —;— + 2nk, ke Z.

oTKYAa X = —% + 2nl, le Z. Tlpn s1oMm y = 37" + 2nk, keZ.
L ke Zl A

b L3 3n
Otser: {(—+2nl; =+ 2nk |, | — — + 2nl; — + 2ak
4 4 2 J
Ecan ﬁbl B JIAHHOM npll.\‘lepe NCHOMIBb30BATL 18  HAXOKICHIA JgaMennit  x.

HANPHMEP, TOMBKO NEPBOC YPABHEHHE CHCTEMEL, TO JCIKO BIACTL, 9T0 HOAYHILINCL Obl
[OCTOPOHIHE 3HAMCHI HEPEMCHIBIX.

(S1E]

§ 3. TpuronomeTprueckue Hepanencrsa

ITpn pemicHui HEPABCHCTB € TPHTOHOMETPHMECKHMI (DYHIRUIAMI  CYIICCT BEHHO
HENIOMB3YIOTCS HEPUHOIMMHOCT HTHX QYHEUMI 1 11X MOHOTOHHOCTEL Hil COOTHETCTBVIO-
WX TIPOMEKY TKaX. ?

Mpocrefiurne TPUTOHOMETPHYCCKHE HepaBene Twa, MyYURL Sin Xy
MMeeT HAMEHBIINI TONOKNTeAbNbHT nepioi 2. Tloarony Hepanencina nii

sinx >a, sinx=a, (n
sinx <a, sinx<a 2)
JOCTATOMHO PEINThL CHAYANA HA KAKOM-1M00 oTpeike Anmnnt 2m. Mupomecrso heex
PeLICHHiT MOJIYMIM, TIPHOABHB K KAKIOMY U3 HAIICHHLIX Ha 2T0M OTpeike pereiii
ancaa Buaa 2mn, neZ, =
Hepagenctso (1) yao0no pewnth cnavana na orpesse [ —m2; 3n/2] (311eCh rpa-
(uk QyHKmmn Sin X 00pA3YeT «XOJIMUKY, pue, 126). '

y=sinw

Puc. 126. Pie. 127

Mpumep L. Pemmrs HepaBeHCTBO sinx > — 1,2,
A PemiM 970 HEPABEHCTBO HAa OTpeske [ —n/2; 3x 2]. Paccmotphm ero temyl
- SIS, 4CCh (& AVIO

” ” - . 2 ] A
IOJOBHHY — OTPE30K [—n/2; = 2] (puc. 127). 3neck ypasHeHse sin x = — [/2 iNveer oo
pelueHne X = — /6, a QYHKUHS SinX sonomouno so3pacmaen. 3HaunT, ecan —mn/2 <
186
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SX S —m/6, To sin X < sin (—n/6) = —1/2, T. €. 3TH 3HA¥EHHUS X PEIICHMIMU HEPABEHCTBA
‘He spasoTest. Eciu ke —1m/6 < x < 1/2, To sinx > sin (—mn/6) = —1/2. Bee oty 3nauens
X SBJISIOTCS PELUCHHSIMH HePABEHCTBA. B i

Ha ocrapuwemcs orpeske [m/2; 3n/2] dynuxuus sinx soHomonio )'Obl?;l(.’i” ’u ypas-
HEHHE Sin X = — 1/2 uMmeeT 01HO pewenue X = 7r/6. CneioBaTenbHO, €Cn /2 < X < 711:a'6,
T0 sinx > sin (77t/6) = —1/2, T.e. BCe 5T 3HAYEHMS X SBISIOTCS pe'LuemmA\u‘x u;lgcx:
BencTBa. s x e [7m/6; 3m/2] umeem sin x < sin (7n/6) = — 1‘/2.”31'11 3HAUCHNS ..,\ pe :
HISIMH He siBiIsttoTes. Takuy 00pazoM, MHOKECTBO BCEX PELIEHHH /AHHOIO HEPABCHCTBA
Ha ortpesxe [—7/2; 3m/2]

€CTh unTepBan | —m/6: 7r/6[. g . =k

B cuny nepuoamunoctn L) [ = T
dyrkmmn sinx ¢ mepuosom 2 I | '}\ o /I ; E\
2 3uavenmns x w3 MOGOro T T ZE g 7 : (24 giq:%: N
HHTEpBana Bujia ! Jz3g 5 °

n o 5in:c£;;
:|— S= - 2mn; + 2m1[,

6 6 Puc. 128,

nelz,

o aqe X peLICHHAMIL
TAKKE SABINIOTCH PCILICHHSMII HEPaBEHCTBA. Huxakue Apyrue FHAUCHHH P
ITOr0 HEPABCHCTBA HE SABJISIOTCH, OrBer 3anuiiem B BUJIE

n -
- +2m<x< =5 +2mn, rae neZ,
(¢}

; fcsl T€ M TONBKO Te
HONPASYMEBAs, YTO PEIUCHUAMH HCXOAHOTO HEpaBeHc TR ﬂBnmmU:ome'r ST Y
SeT M IBY)
SHQUEHMA X, KAWK/10€ U3 KOTOPHIX NPH HEKOTOPOM NEZ YIOBICTBOJ
HEPABCHCTRAM. A - - ¢
~ S 2: 5m/2] (3mech rpaduk
Hepanercria (2) yaobno pemmts cnavana wa orpeske [11/23 .szfmja (;;Jmloc‘rpuuml
SinX obpasyer «Buaunyy, puc. 128). Ha puc. 128 mana rpaduucck )
K PCIICHUIO HepaBeHCTBA

sinx < |32

6 ¢ B, CLLICHISIMYL  SIBIISI-
(MoApoGHLIe paceysaciis HPe/IAraercest npoBecTH HIIF.ITCH!O?. le;: p"cmmpo“ e
RICA T¢ H TONLKO Te 3HAYeHHs X, KQKIA0e M3 KOTOpBIX P
YAOBJICTBOPSCT HEPABEHCTBAM

2 Tn
2n
3 +2rm§’.\'s-3v+2nn.

Aas wepasencrs 3
e {5
cosx <a, cosxsd
6 . . 7 », puc. 129).
VAOBHO chauana ualiry pemenns na orpeske [0; 2n] («snagiua», p
Mpusmep 2. Pewnrn HepaBeneTso cos x < —1/2.

Laib p e 129), a ypasuenue
4 Ha orpeske [0 ] dyukuns cosx sonomonno yousaen (p"‘;\di 3)’5 u.pl?i\ncpc |
Cosx = — 12 wmceer oaHo pewenne x = 2r/3. Paccyxaas Tak ke,




MOJIy4aeM, YTO 3HAaueHMs X U3 oTpeska [2m/3; m] M TONBKO OHHM SBJISIOTCH PELICHUSMH
JaHHOrO HepaBeHcTBa Ha otpeske [0; m|. Ha orpeske [m; 2m] (yHKOHS COSX AtOHO-
MOHHO 603pacmaem W ypasHeHue COSx = — 1/2 umeer pemenue x = 4m/3. Otciona cie-
JAyer, 4TO BCe 3HaueHMs Xx Ha otpeske [m; 4m/3] M TONBKO OHM SBJISIOTCS 37€Ch
pELICHHAMU NAHHOTO HEPABCHCTBA.

TakuM 06pasoM, MHOKECTBO pelleHHii HepaBeHCTBa COSX < —1/2 Ha orpeske
[0; 2] ecth oTpesok [2m/3; 4/3]. PynKuUs COS X NEPHOAMYHA C MEPHOAOM 27, IIOITOMY
BCE 3HAYEHHS X, KAX/I0C W3 KOTOPHIX NpPH HEKOTOPOM n€Z YHOBIETBOPSET HEpa-

Yy BEHCTBAM
TN 2n 4n 5
TN — 42 <X < = + 2mn,
oz /{ ;}5 b2 /I I I\ 3
~EZ T
! 4 4 ! 7,,—” g77 * |1 TOJBKO OHH SIBJISIOTCS PeIlIeHHs-
/ MH HCXOIHOrO HEPABEHCTBA. A
COS >—
i .l Hepasencrsa

Pic. 130, cosX >a, CosXx=a 4)

yA06HO peliTh CHayana Ha OT-
peske [—m; w] («xommuk», puc. 130). Puc. 130 sBasercs rpadimeckoii mLmnocTparuseii
K pelIeHHIO , HePABEHCTBA

cosx > 1 /]/E

(nOllpOﬁHle paccy)lmeﬂuii He npusBoanm). Bee PeUIeHHst 3TOr0 HEPABEHCTBA 3d1dr0TCH
HEPABEHCTBAMH BI/Ia

n n
q | ——+2mm<x<—+2mn, rae nel
4 4
|
|
Hepasencrsa

tgx>a, tgx>a, tgx<a tex<a (5

YAOGHO  pemmTh  cHawanza  Ha  WHTepBaie
1-m/2; m/2[, a nepasencrsa

2

clgx>a, ctgx=>a cligx<a, ctigxsa (6

N
.‘\“
i)
3
k')
g
o
o

— Ha uHTepsane J0; x[. DyHKIM tg X 1 CLg X HMEKOT
fIepHoA m, moaromy, npubaBiass K HallICHHBIM HA
COOTBETCTBYIOLMN HHTEPBAJAX PCLICHUAM  HHCAa
By 11 Bltda 7, nel, moaydium BCe peUICHHs  Hepa-
O E2ASy BEHCTB (5) u (6).
A Ha muteppare ] S IMMpusmep 3. Pemnrs nepanencreo tgx < 2.
8 p are S WL T 2[ dynxuus tgx sonomowno eospacmaem (puc. 131)

i ypaB:]CHlle g x = 2 HMCCT ONHO pewrenme x =arctg2. Ecim —m/2 < x < arctg 2, 10
tg.\' <7-< 3_"‘1‘”'?; “_l‘ l"'“}“:‘"’“"’-\' SIBISIOTCS pelleHnsMi AanHOro Hepasenctsa, Ecin
arctg 2 S X < “— Td ‘i--\ 2 & OTH 3HaueHms x pewenuamu He sipisnotes. Cretosa-
TEIbHO, MHOKECTBO PeLICHIii HepaBeRcTBa tgx <2 ma unrepsane |—m/2: 7/2[ ects
nnrepsan | —mn/2; arctg 2.

Pemenitsivil JAHHOIO HEPABEHCTBA HA BCelt unc/I0BOI NpAMOIl ABIASIOTCS Bee Te
H TOJbLKO T€ 3HAYCHHS N, KAKI0C U3 KOTOPBIX IpH HekoTopoM 11 € Z YAOBJICTBOPSET
HepaBeHCTBaM

b
Ty TSN <arctg2 + . A



RN

Puc. 132 sBasiercs rpadmueckoll WLTOCTpalueli & PeLICHHIO HEPABEHCTBA
ctgx < -2

Ero PELICHUSIMM SIBJISIOTCS T€ M TOJBKO Te 3HA4YeHMsl X, KaKA0€ U3 KOTOPBLIX NP
HEKOTOpOM nelZ YAOBJICTBOPSIET HEPABEHCTBAM

Y
mn < x < arcctg (—2) + mn. : |
| |
IDpuMeps pemeHus 6o0aee CJI0K- : :
HEX HepaBenctn. [UIi CBOICHHA TPHIOHOMET- arcotg(-2)| \wtarcotg(2)
PUMECKHX HEPABCHCTB K NPOCTCHIUINM TPHrOHOMET- T
PHYECKUM  HEPABEHCTBAM MOKHO  HCHOIb30BATH L e

(BBEACHHME HOBOIrO HEHIBECTHOTO, pPa3joKeHHe Ha

MHOXHTEIN W T./L), KOTOpbie B § | npumeHsauch

VIS peLueHust ypaBHCHMIL, 2
Mpumep 4. Pewnrs HEpaBeHCTBO

T
B NOAXOASILMX ClydasX Te Ke npeoGpasoBais g :
ctgm>-2\|

|7r } \2r o
| ¥

! :

| I

| |

| |

. 3
sin =X =K

L3S

’2" Pue. 132,

A OGosnaunMm [ = . TOIJIa HepaBeHcTBo Oy/ler MMETh BHIL

. /5
sint < 1/)/2,

Ha orpeske 71/2 < ¢ < 57/2 MuOKeeTBOM peieniii 7TOro HEPABEHCTBA ABJIACTCH HHTEpP-
BT 3n/4 < ¢ < 9n/4, MHOKECTBO BeeX peuieniii 3anuiiem B Bie

3n In
7 +2mm<i< T +2nn, tae nel. (7)
3 7
Moacrasus 8 (7) t = 5 x + [ Moy
3n 3 T 9n
= %> SRS AL A e, 2
g Tam< 2.\+ Pl + 2mn,
4 4 13 4 - ¢ 3HAYE .
OTKYIA -~ T + —-7n < X < g T + T, e nelZ. Bee Te 1 TOALKO T€ 3HAYCHUs X,
) o)

EIAIOE M3 KOTOPBLIX [P HEKOTOPOM n€Z yaopjiersopsier 9THM HEPABCHCTBAM, u
ABIAIOTCS PEILCHIIMIL HCXOAHOTO HEPABEHCTBA, A

Mpuaep 5. Pemmrh HepaseHetso cos 2x — sin 2x = 0.

A TlpeoBpasyem 970 HEPABSHCTBO ¢ IOMOLBIO BBE/ICHHS BCIOMOTATEILHOrO yria,
JILTATE NOJYUHM HEPABEHCTBO

Cos (\1.\' + g) =0,

HMEIOLIIEE  T¢ JKe PCLICHMS, 4TO M MCXOAHOE. Mz ceoiicTB KOCHHYCA CIEAYET, Yyto
PEHICHHUAMHE  5TOr0 HEPABCHCTBA ABJIMIOTCH T€ W TOJLKO TE 3HAYCHUA X, KaXKIoe uz
KOTOPBIX [IpH HEKOTOPOM nelZ YAOBACTBOPHACT HEPABEHCTBAM

|
o] =

n _m
+2ml<2,\'+—z$;)—+2ml.

T.6. —

| &
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Hpumep 6. Pemmuth HepaBeHCTBO Sin X + €0s 2x > 1. )
A Bocnons3osasuiick (popmyoii cos2x = 1 — 2sin? x u 06o3HAMMB [ = sin X, 3a-
IUIEM JaHHOE HEPABEHCTBO B BHAE
t(1—2t)>0.
Otciona 0 <t < 1/2, Takum o6pa3oM, pElICHHSAMH HCXOAHOIO HEPABEHCTBA SIBJISIOTCH
Te M TOJBKO T€ 3HAYEHMA X, /LISl KOTOPBIX

0 <sinx < 1/2. 8)

| ; Ha otpeske [—m/2: 3m/2] nesoe Hepasen-

- A7 T3% ~a CrBO mveer pewenns (puc. 133) 0 <x <m.
z) G Z Cpe/in 9THX 3HatMeHNil X PEeLICHHANI 1pa-
sinz >0 BOTO HEpaBeHcTBa cucTeMbl (8) uBistorcs

Pue. 133. 0<x<m6, Snf6<x<m

DTO H €CTb MHOXECTBO BCEX PELUCHMIT chcTeMbl (8), a 3HAYMT, H HCXOAHOTO HEPABEHCTBA
Ha otpeske [—m/2; 3m/2].

Teneps, HCNIONBL3Ys MEPHOAMYHOCTD (BYHKIHIL Sin X, JACrKO HAIfTH HA YHMCIO0BOIL 0ps-
MOIi BCE pelleHHs.
T
6
Sn
6

OtrBeT: 2 < x < — + 27y,

+2m<x<n+2mn rae nelZ. A

Pemnrs ypasuenns (1 —-9):

1. cos 5x cos X =¢os6X. 2. 2sin®2x +sin?4x = 54, 3. sin 5x = sin x in 2x
4. 4 cos x cos 2 cos 3x. 5, (I + cos x)ctg x = sin 2x.

6. 2 (I/E— 1)sinx 4 1 — tg x = 1/cos x.
7. tgx +ctg2x=2cigdx. 8. /1 +sinx +cosx = 0.

9. |cosx — 28in 2x —cos 3x| = 1 — 2sinx — cos2x
10. Jlokasath, 4T arceos a + arccos (—a) = x, |a| < 1.
11. Haiitn Bece 3uauenns a(a # 0), ain KOTOPBLIX ypasHeHie

x

(1* — 8t + 13)dr = x sin =
X

0

imeer pewenne. Haiitn 910 peuwerie.

Pewnth cHCTEMBI YpasHenuii (12— 14);

" f 2sin x sin y + cos 2y —f2=0,

0 o~ Ty & S
Vs 1 €OS 2x + 2 Cos X cos y+y2=0.

Peunyis nepasenctsa (15-17);
15. sinx 2 cos2x, © 16, 2tg2x <3tgx. 17, sinx < |cosx|

199

= JAUAANH PATAEIA | m——— . e



t SAJIARIA PALAEIA JT s

Penmts ypasuenus (1—17):

1. cos 6x + 2cos*x = 1. 2. sin 2.\'=cos‘—;-—sin"%. 3ogtxergiix =1

4. sin X + cos x = [,5 cos 5x. 5. cos 2x + sin 2x = cos X + sin X.
ctgdy + |

6. cos x sin 7x = cos 3xsin 5x. 7. tgx= ——— .
ctgdx — 1

8. ﬂsin,\'+clgx=0.

9. c!gz.\'—lg:.\=%- 10. sin‘2.\'—cosz-\‘+—i-=0. 11, sin* x + 5 cos 2x +4 = 0.
12, cos 4x + 2 cos® 2x + 4sin 2x =0. 13, 6 [sinx|cos x — 1 = cos 4x.

2
T 2 o
14, 1 — cos 3x-ctg x =sin 3x. 15, cos (x & %) -+ cos (x — 7) = ?gos 2x.

16. sin (.\- +%>-sin <x - %)=sin xo 17 llegx = Stax =27
o] creTBa N /8% =
18. Haiiti nepeceuenie MuomecTsa {x|cos2x + 3cos x + 2 =0} 1 MHOKECTBA (X I
=S| =<1}
Peumits ypasuens (19—22):
19. sin® x -+ cos® x = >,

B

n s T o) = 9 —11/3
. X+ —lgx= . — 4 X —=x]=2 2
21 tg(\ 4) tgx =1 22 lg(12+\>clg(4 ) J

23. Haiiti nee snavenis p, 18 KOTOPEIX YpABHEHUE

20. 2 cos® x — 2sin® x = sin 4x.

sinx + pcos x =2p
HMEET perienus,
Peutrs, ypasuenus (24— 25):

i

i 2 X cos 2x
24. 2 sin x + cos? ~424cosx=0. 25 ———=—1

2 | + sin 2x
26, Buvuciun, sin 2a, ecn sin o — cos o= 1/2.
Pewnry, ypasiemun (27— 28):

1 1

b —=2]/2. 28 3cos(x+=)= /2 sin 2x.
S x cos X 4

\ n
o A e LS X
29. Jlokasate, wro tg3x=tg ,\wlgki;-—.\')lg(% i -\') s BCeX X # 6 t 3’ e
Pewmrs ypasuena (30— 53):
r \ . L[
a0, sin ( i ) +etg(2m — x) = 0. 31, sin 2x = sin x-sin (z—x)
32 sindx 4 2cos? x =1, 33, sin® 2x —4cos* x =sin 4x.

¢ L 5
34, cos 2x = ! ‘v (cos x —sinx). 35 ctgx —lgx=— (sin x — €08 X).

A - ol _C08T2x  _ cogx — cos (1/4).
36. - 2 sin (.\-{r 4)- T cosx + cos (m/4)
4)
Tn
: 1 ! —4cus(—~’-")'
8. —— = =a(l-sin2y) 39 ——r———"
T+ sin2x U T80y 3 08 ( = 4
CoS | X — 5~

40. 3 (cos x ~ sin x) = 1 + cos 2x — sin 2x.  41. cos 5x - cos 3x = 3 sin 4x.
42, sin 3x — sin X +cos 2x = 1. 43. sin 3x + sin 4x + sin 5x = 0.

[ £4}




44, 4 sin 3x -+ sin 5x — 2 sinx-cos 2x = 0.

46.

50.
52,

x
| + sec x =ctg23‘

cosx — 1
sin 2x
(sin x + [/Scos x) sin 3x = 2.
tgx-tg(l/x)=1. 53.tg

=2sin x.

2nx

HEPABCHCTBY COS X > 1/1/5.
Pewmntn ypasuenus (55— 65):

55.

58.

60.

63,
65,
66.

a) A= {urccos ! R ot
’ V32

6) 4= {mn—arctg3|neZ}, |

n
sm<2x—? \ ;
— L 2y ——— LoBY  Ginax—1. 57. tg3x —tgx =4sinx
: ( 1:) sin x 1+1tgx
sin(x ——
3
sin‘z.\'—lgz.\'=~2—cosz.\'. 59, sin® x + cos® x = sin 2x + sin x + cos x.

2sin x =sin 3x. 61, cos 3x + 6 cos® x

sin 3x + sin 5x = 2 (cos? 2x — sin? 3x).

XA+x+1 .
54, Haiitu Bee pewenus ypashenns sin? x + sin? 2x + sin® 3x = 3/2,

45, sin x - ctg 3x = cos 5x.

47. sin x - sin 2x - sin 3x = %sin 6x.

49, cos 4x — 3 cos X =4sin’%.

51. sin x — sin 2x + sin 5x + sin 8x = 0.

Y3

3
=cosx. 62, 2cosx—cos-x=1

64. 5sin x + 6 sin 2x + 5 sin 3x + sin dx = 0.

sin? 2x + sin? 3x + sin® 4x + sin® 5x = 2,

Ilposeputs, KakKHe M3 MHCEI MHOKECTH
/3
neZp ———+

sin x

Pewnrs ypasnenus (67—76):

67.

69.

71.

73.

750

tg oy = 1 — sin 2x

a A ABAKIOTCH peHICHMAME JIGHHOIO YpaBHCHHA!

1
cos 2x

/10

82X+ ~—— 4 1 =0,
cos x

68. tg X + 2 ctg 2x = cos X + sin 2X.

cos? 2x

—ctg 3x 3
Lo otERs =4 cos? ‘\_7 70. 21g 2x + 1g 3x = tg 5x.

1 —1g3x
1 l sin 3x  cos 3x 2
sinx  sin2x  sin3x " cos2x | sin2v  sin3x

1
tg 2x — _5_= o —ctgdx. T4, X + €08 2X — oS 3x — cos AN te : )
sin 3x sin 4x 4x + sin 1\ — sin 2x — sin x =
€OS X - Cos 3

2cos X — sin3x = —— 76. sin x — 2 sin 2x + sin 3x = | 1 — 2¢0s X + €0s 2x|.

| sin \T

. ['lpn KaKHxX a MMeCT peuieduie YpaBHenune

a sin (.\' + »}) = sin 2x + 97

Pewnth ypasHenus (78 —86):

78.
80.
82.

84.

sin® x + cos® x = a sin 4\
sin? 2x + asin® 2x + sin® x =
|lf N X = COS X. 83. /¢

79. acos 3

4 +

(X cosze+ /L +cos e
5 —cos 2 5 cos 2x = |,

86, 2 cos x = |/2 + sin 3x.
§7. Ilpit KakuxX @ MMECT PCLUCHUS YpaBHeHe

J/sin x ~ ]

B —
85. |/sin’ x — f cos? X

X o+ sin 2x - sin x — cos x = 0.

=0,

A
= [/2cos 2x.

cosx = g?

YOBJICTBOPAIOLIHE



88*. Ipu kakux a ypaBHeHme

J/U'+sinx+]/1 +cosx=a:

a) umeer peruenus?
6) iMeeT eamHCTBCHHOE pelenne Ha orpeske [—m/3; m/3]?

Pewnte ypasnenns (89— 97):
- 14 4r il L
89. tg 7x = 2 tg 5x + tg? Sx-tg 7x. 90, cig = +3x |+etg| —+x)|=2smn G

9
9L, sin x + 2 cos x = cos 2x —sin 2x. 92 cos 3x — cos 2x = sin 3x.
5 ] 4 X z 23
93, sin x — sin % x = 3 sin® = .sinx.  94. cos'? x + sin®x (I +cos? x)* = L.

95, cos? x- sin? (x |/ 3)=1. 9. cos° 2rx — 2sin® nx = 3.
97. 2 sin? x - cos® 4x = sin® x + cos? 4x,

Pelunrs cuerenms ypasHenuii (98 —99):

tgx+3tgy=0, COS X+ COs y = 3 sin x sin y,
98 99

4x + 2y = 5m. X+ 2y= _3_,[,

100. IMpu xaxnx a cierema
1 8cosx-cosy-cos(x—y) +1=0,
1 X+y=a

MMEET pewrenun? Haiirn atn peuIeHns.

Pewnirsn cncrenu ypasnennii (101 —124):
{Sin X+ sin p = sin (x + ), {tg\'+lgv=4

}I\“r [l =t ctgx +etgy=>3.

cos x — sin x = | + cos y —sin y,

]r COs X +cos y= 1,
ws.l“"“ 5 ‘““:=ljl*|» lm‘{.‘isin?_.\--lsnl\ %
[ cosx-siny=1/2 1gx-1g2y=1,
i 1 sin 2x + sin 2y = 0. 104, { /3 sin 2x — 3 cos 2y = 0.
sin x4 sin y = 2 sin (x 4 y), g2 (x +y) =tg2x + lg"v
e { €os -+ cos Y = £, { 2 sin (2x + ) cos y +cos 2y + 1 =0.
109, J 2sin ¥+ cos y =2 3‘:: X +etgy, sin Sx = sin (x + y) — sin (x — ),
" L 2sin y-cos x = ctgx +2 cg y. { sin 4x = sin y — sin 6x.
o f dsinx — 2siny =3, f sin 2x sin y + sin x cos y = I/[/i—,
. ] 2cos x —cos y =0. e 1 €OS 2x §in y -+ €OS X €COS ¥ = )2
S f.Cl8 X + 12 x cos 2y +cos y =0, 2 sin x sin y = €oS 2X + cos 2y,
g '] Clg x — tg X sin 2y — sin p =0, ! { 2 ¢os x sin ) = €08 2x — €Os 2y,

cos? x = 2 sin? y + cos? 2y — x), { sin (4x — 2)) + /2 sin (3x — ) = 0

2 1/5 sin (2x — ¥) + sin (3x = 2y) = 0,

2 sin? x = cos 2y.

/1 + sin x-sin y = cos x, sin (x + y) — cos (x -+ y) = cos (x — y),
2sinx-ctgy+1=0. { sin y — cos y = cos (2x + )

2 sin? y + sin 2y = cos (x + y), { 3tg (y/2) + 6sinx = 2sin (y — ),

119, tg (y/2) — 2 sin x = 6sin (y 4 y),

cos? x + 2 sin 2y + sin® y = cos (x — y).
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i1 sin x + cos x = 2sin y,
: {sin2x=1/35in2y-3

; " =
sin x + sin z = |/2 cos

123, { cosx +cosz=]/2siny, 124% ) tgy-tgz=
€os 2y + cos 2z = sin 2x.

Pewnts HepaseHctsa (125—

COS X = COS y COS 2,

cos2y. 122,

s y
€OS y = COS X COS Z + —ﬁsmxsmz.

1. 3
cOS z = COS X COS y + 173-5]!1 X sin Y.

in z
sin 3

x-tgy=
BX-IBY= s x cos y

¥ :
nx
Sl —75
COS y cos =

sin y
z:tgx = —3.
[EZHE €OS Z COS X

138):

125. 2 cos® x > 3/2. 126. sinx >cosx. 127. sinx +2cosx <2.

128. cos 2x + 3sinx > — 1.

129. sin x +sin3x > 0. 130, tgx > 2ctg>

131, tgnx + tg2nx < 0. 132. sin 2x + sin x — [/5 cos x < 1/]"5.
133. sin x + sin 3x <sin 5x +sin 7x. 134, |sinx|>|cosx|.

135. 1 +cos2x>cosx (1 + |1 —2cosx|). 136, /3 +2tgx — tg° X <

I
o
=]
@
9

X > sin x —

139. [loka3aTh TOXKAECTBA:

cosx. 138. |/sinx +|/cos x < 2.

X.

1+ 3tgx
5 ’

a) (sin (v + B) — sin o) (sin (y — ) + sin &) = (sin (y + @) — sin B) (sin (y — 2) + sin ).

6) cos o + sin o + cos 3o + sin 3u=2|’3cosusin (£+21).
P}

140. YnpocTurh BhIpaketie
iy
sin*

141. Jlokasatk:

a) tg (u + %) +1g (u — l;) =202 g AFcosQa+ 6307 +sin (2o +

142, [oka3ate, 410

ecan 5sin o = 3 sin (x + 2p) # 0.
143. Jdokazars:

a) ctg 7,5" + tg 67,5° — ctg 67.5° — 12 7,5° = 2 B+13). 0

144, Bouueantn:
a) cos 3 cos® o + sin 3 sin?

/

o+ sin® B + 2 sin o sin B cos (2 + ).

6) (sin 4a + 2 sin 2%) cos &, ecan sina = /4,

145. Buipasutb uepes a u b

146. Haiitu:

S10)
1 —70.\7(5;:()3() ) + sin (2a — 8107)
2@+ P =41gp.
1 1 X
. R . -
sm s S
7 7
&, ecan cos 2u = a.
sin®g | cost o sinto  cos* @ 1
5+ e 222 4 = =—
4 b a b a+b

a) sin (arecos (=3/5)). ©) cos (2 arcsin (3/4)). ) tg (arcsin (2/3)).

r) cos (arcetg (—2)).  a) cos
147. Jloka3ars:

a) arcsin X + arccos X = x/2,
6) arctg x + arcctg x = m/2,

(2 arctg 2) - sin (4 arctg 3).

xe[-1; 1],
xXeR. ]
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B) arctg x = arcctg (1/x), x>0,
arctg x.= arcctg (1/x) —n, x<0.
T) arcsin X = arccos VI —x% 0y,
aresin x = —arccos |/ 1 — -1<x<g0.
1) arccos x = arcsin |/1 —x%, 0<x< 1,
arccos x = — arcsin [/1 —x%, —1<x<0.
148. Tokaszats, uto dynkums

. 2x
V= 2aretg x + arcsin ———
I xs

NPHHUMACT OHO M TO K€ 3HAaueHue Juin seex v = |. Haiitu 210 3HaucHue,
149. Haiiti nce 3uavenms a, upu KOTOPbIX ypaBHeHis

4 cos? X — cos 3x = a cos x — |a — 4]|(1 + cos 2x)

2cos x cos 2x = | + cos 2x + cos 3x
PABHOCILTLHBI.

Pewts ypasuenus (150— 154):

150. cig (Ti cos 2m: ) = ]‘r3. 151. 2sin? (% cos® .\-) =1 — cos (1 sin 2x).

152, 2|x —6|cosx =x—6. 153, cosax=

el
) 4

154, =2/ 3nsinx=|x+n|+|x—2n]
I1S5%. Jlokasars, 4To U8 1060ro & u 1i060ro nartypanbioro n > |

el o s
L‘ﬂhTl,+C0$(ﬂ+ﬂ)+..A+COS(u+("_l)'ﬁ)=0'
n
1 R 320 2 In
156. Haiirn cymmy g2 = +tg> =5 4 412 =,
A R A T TS

157, Hailtn obwme pelienns ypastenwii

i . Sm
sin Sz + cos Smx + 2 sin e 0

Tt Smo .
[/3sin 2% + 3cos 2~ + sin 10my
2x 2

IS8, Tlpn Kakux SHAMenax a ypabuenie

sin® — du = a’x* —
2

et peenne? Haiitn a1o pewsene.

159, Haiitu nausenniiee snavenie Qyuxu

9n* .
y=4x 4 —+sinx
X
apu x> 0.

2 9 Ty ¢ P
it an 4 K X COS o+ 2N SIN % +
160. Haiirin see 3masieHus o, npi KOTOpeX Ksapatndnas (yHKis:

+ 5 (€0S o — sin o) apieTes KBaapaTom auneiinoi (yuKimi.
= 2 i 9 sin= -
it QT i Jc XT s 2y — (ST 2y -
161. Haittu sce 3uavenus o, 1pH KOTOPbIX KBAAPATHBIN TPEXHICH
it > e K PABHBLIN 3HUKOR
—4c0s® @) x + e HMEeT J1BA OAMHAKOBLIX 10 AGCOMOTHOI BEMUNNE KOPHS PasHb Y
Cos o
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162. Haiiti Bce npunaznexautne otpesky [2; 3] pewenus ypasHeHHs

x
| cos (x + o?) dx = sin o
o

Pemnts ypasHenns (163 —165): N . |
163. arccos x = 2 arcsin x. 164, arctg? x + arcetg’® x = 5n%/8. |

165. arctg (2tg2x —61gx) = —Z— + X,

166. ITpyu Kakux a ypaBHeHHC
(aresin x)® + (arccos x)® = a
HMEET CAHHCTBCHHOC PCLI.IEHHE?

167. Haiitu nce mapsl wncen (x; y) Takme, 410
|

cos® x cos? y
sin? x + sin® y > 3/2,

a) sin (x — y) + sin y — sin x = 4sin (y/2).  6) cos*x + cos* y — =L

B*) cOS X + cos y — cos (x + y) =3/2. %)
cos x-cos v = 1/4.
168. Pewuth cieremy ypasuenuit
274 2%cos 2y +cos y =0,
27%—2%sin 2y — sin y = 0.

169. JloxasaTh HepaBeHCTBO

X
cosx=1——,

170%. Tpu Kakux @ HEPABEHCTBO
tg? (cos |/4n? — ¥%) — da tg (cos Va4t =)+ 2+2a<0
HMEET Il TPHTOM KOHeuHoe ‘neno pewennii? Haiitn a1 petuenis,



FnasaX

IMMOKA3ATEJIbHBIE M JJOTAPUOMHUYECKUE YPABHEHUS,
CUCTEMbI 1 HEPABEHCTBA

Buavane wnanommim HEKOTOPbIC CBOICTBA [OKA3ATEIBHON M norapu(pmvntlecxon
dynkmit, wacro HCMOJIb3YeMBIe I1IpH peLieHUH ypaBHEHMil, CHCTEM ypaBHCHUH H He-
PABEHCTB, coaepKalix 9TH (yHKIIL

Hoxazumu.s,m:.q g/i_\-uxuu.ql )u" paccMaTpHBaeTcs NpH J10G0M MOJOKNTEALHOM OCHO-
BaHMI ¢ (a > 0). Ee 0G61acTbio Onpeenenis sBIseTcs MHOXKECTBO BCEX JlCIfCTB"Teﬂb'
HBIX ducen (v eR), MHOKECTBO ee 3HAMeHHii — ITO MHOXKECTBO BCEX nonox.\n're{lmmx
ACHCTBHTENLHBIX yiCcen (a > 0). TIpu 10060M NOMOKUTEILHOM @ M JIHOOBIX ACHCTBH-
TEABHBIX X 1 ) BEPHBI CHACIYIOUIE YTBEPKICHIs:

a* 1

q - = Y — XY
l. a*a* = as 2. —=a* T Sl S = 4. ((l'\) =@
a a
5.4°=1. 6. a'=a, 7 15=1. ;
- ; ; mo Pynuryua a*
8 Ecu a>1, mo dynsyusa a 6ospacmaem, ecau 0 <a <1, mo gynxy

Yovleaem.

Joeapugrmmecrkas dynkyua log, x pacemarpusaercs npu JoG0M MOJOKHTEILHOM
I He pasrom erunme ocnosaunn a (a >0, a# 1), Ee obmacTh onpeienens B
ACCTBO BCEX 1HOIOKHTILHBIX AelicTBHTebHBIX Hicen (X > 0), MHOXKECTBOM ce 3Ha IC(;IHH
ABIACTCH MHOMKCCTRO BeeX AelicTBUTeNbHBIX wicel (— o0 < log, X < +‘—{_\),‘l'1puymo el
HOAOKMTCALHOM @, HE PABHOM eANHHIE, Il JTOGBIX NO40JICUMEAbHBIX X W ) BEPHBI
CACAYIOUINE paBeHcTBa:

' o, X

I a N (ocHosnoe pozapudisuieckoe mosicoecmso).
2', log, a* = x. o)
o, 1 e 1)
3. log, xy = log, x + log, y (hopayaa daa aoeapupma npousseoenu
4. log, (1/x) = —log, x. o
S log, (x/y) = log, x — log, v (fiopayaa das aozapugma tu{umm({".' -
0" log, x* = alog,x das 06020 o (Fopsyaa 0as nozapugisa cmenenu).
l -
7. log , x - log, x dasa modozo o # 0.
~a o
R, X . . i
8 log, x = Il‘ 5": Qas awdozo b>0, b#1 (Popmyaa nepexoda K HOB0M)
og, b

QCHOBANUIO).
9. loga=1. 10. log,1=0. ;
By 2 - . mo PynKyus
W Ecau a > 1, mo diynkyua log, x eospacmaen, ecau sce 0 < a < Lok
log, x yoweaem
A o : = AKEHO PABEHCTBAMMU
Gyuxum a* u log, X ABAMOTCA B3AMMHO 0BpATHBIMH, 3TO BBIPAXKEHO P
I"n 2
e = ‘.3, 5, 6. Vx npasbie
3ameuanne Ormerum BakHyI0 ocobentocTb (hopmyst 1, 3: imomec‘rnaxp 3Ha-
Il JICBBIC HACTH. B3STHIC 10 OTAENLHOCTH, ONpEielICHbl HA P""“”-‘e' ¥ enia Yacts
HeHHIl NepeMeHHBIX (X WIM X W y cooTsercTBeHHO). B (hopMyJI e e
onpedeiaeHa auiub npu x > 0, a npasas — qus seex xeR. B dopmy.
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qACTH OMpEeAe/eHbl JUIS BCEX Nap 3HAueHMil X M y OAHOro 3HaKa (r.e. npu xy>03.
a npassie — s s x >0, y> 0. B dopmyne 6" npu o= 2n, rae n — uenoe, n# 0,
JIeBasi YACThL ONpeAeneHa s Bcex X # 0, mpasas ke — TOJIBKO UL X > 0.

OTMeyeHHyIO PasHHIly MHOXECTB ONpEASTCHHs CICAYET YMUTBIBATE, MPUMCHSA 3’Tl!
(bopMy.nu s npeoGpasonaHun ypaBHcHMﬁ 1 HEPABEHCTB. Omna MO)KC:I" MPHUBECTH Kak
K MOTEpe pelleHnil, TAK ¥ K MOSABJIEHHIO MOCTOPOHHUX 3HAYCHHH HEM3BECTHBIX.
B cooTBeTcTBYyIOUIMX NpHMepax Ha 3TO OyAeT OOpAlIeHO BHHMAHME. OrMeTuM, 4TO
¢ NoA0BHLIM OGCTOATENLCTBOM MBI YK€ CTANKHBAMMCHL panee (CM., Hampumep, i 1X).

VI3 cBoiicTB nokasaTenbHOH (yHKUHM CleayeT, YTO P Jro60M a>0, a#l,
ypaBHenue

MMEET 1 NPHTOM eMHCTBEHHOE pewienue Ais moboro b > 0. DTo peuicuue B obuuem
ciyyae sanuchlBaercs B Buue x = log, b. Ecim a = 1, To ypaBHeHUE 1¥ = b umMmeeT pete-
Hue tonbko ans b = 1. Ero peluenyiem siBisercs Jioboe jelicTBHTEILHOR MHCIIO.

Y3 cBoiicts siorapudmueckoii (ynkumi cieayer, 4To npu modom a >0, a#l,
ypasHenue

log,x=b
HMEET M TPHTOM CAMHCTBEHHOE peienue Ans modoro beR. Ero peiuenie B oduiem
cilydae 3amuchiBACTCS B BHAE X = a,
[Tp#t petennn nokasaTesbubIx i TorapiudMHIECKHX YPaBHEHIITT HACTO HCHOIBL3YIOTeR
ABA NPe00pa3oBAHMA: TOrapudMHPOBARNE | NOTEHIIPOBAHIIE.
Jozapugisuposanue no ocuosammio ¢ >0, ¢# 1, npeicrasiaser coboii nepexol
OT paBeHCTBA

a=b (0
K pabeHcTsy )
log.a = log. b &
(31ech a u b MOIyT 0B03HAYaTL KaK wWic/a, TAK W BBIPAZKEHHS, COMCPAULIIE epeMei-
ubie). Ecan (1) — Bepuoe pasenctso u obe ero wactn nososcumie.tsin (@ > 0, b >0),
TO W (2) — BEpHOC PaBEHCTBO.

HMomenyuposanues 1o ocuoanmio ¢ > 0, ¢ # 1, nasosen Hepexot oi pasercersa (2)

K pasenctsy (1). Ecan (2) ~ seprioe pasencrso, To n (1) — BEPHOE PABEHCTBO.

§ L. Moxazareasubie ypaBHenst
IMpumep L. Pewnrs ypasnenie
4.9x-1 =3 _21..71"

A O6e “aCTH YPABHEHHS NMOMOKITENbIUDL. Jlorapumipys 110 ocHOBaHmo 2,

1OJIYHACM YPABHCHHE

24 (x = 1)log, 9 = log, 3 + : @x + 1),

KOTOPOE. OUCBHINO, HMECT Te e peileHis, 4TO W HCXOAHOE YPABHEHNHE, T.¢. PaBHO-

e, o Bpe 1
cuabto emy. TIpeoBpasyst o1o ypasenie 1 yunrsisas, uto logs 3 = = logs 9, noydaes

X(log, 9 —1)= »;— (logy 9 — 1),

orkyma X = 3/2 (tak kak log, 9 — | = 0).
OTrBeT: 1,5. 4
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Tak ke Kak 1 B 3TOM TpHMEpE, YPABHEHHE BHAA
al® = hy(xl’

JorapupmMupyst 1o HEKOTOPOMY OCHOBaHHIO ¢>0, ¢# [, MOKHO HpeobpasoBaTh
K PABHOCHILHOMY YDPaBHEHUIO
f(x)log. a = g (x)log.b.
HekoTopsie nokasare/bHble ypaBHeH!s BBEEHICM HOBOTO NEPEMEHHOIO yilaercs

CBECTH K anrcOpanueckoMy ypaBHEHIIO, HANPHMED KBAAPATHOMY. H T.JL
Opumep 2. Pewnrs ypasuenne

5571 45.02%7% =26

A Tlockoabky 0,2 =571, 10 0.2°
B BuIe 557! + 537% = 26. O6o3nauum 5

527% 1 103TOMY ypaBHEHHE MOKHO 3AIHCATH
=t, Toraa

L+— =26,

OTKYAa (% — 26 + 25 = 0. TMosyumbiuicecs KBagpaTHOS YPABHCHHE HMECT peuleiis
$=25 1 1= |. Orcroga 5° ' =25, x =3: 51 = [, x = |. Haiieunsie 3uaseina
W ABISIOTCS PELICHISIME HCXOIHOTO YPaBHEHHS.
OTser: (3; 1}. A
Mpunep 3. Peumts ypasuenne
25% — 1227 —625-0,165=0.
A Bamuiien ypasienue B Buae
52— 12.2*—625-04*" = 0.
Jamenas, uro 2 = 5.04, a crenosarensio, 2% = 5%-04%, NPUXOAMM K YPABHCHIIO
53— 12.55.04% — 625047 =0,
= §¥ 4%, Pasnenns ero
KOTOPOE ABISCTES OHOPOMIBLIM cTenenn 2 ornocntensio 5% 1 04 P‘. [ll — BT
Ht 04% u oGosuauns ¢ = (5/04)° = 12,5%, noayuM KsaApaTHoS y')pd‘mlt.llllss e
=625 =0. Ero kopun oyt t; = —0,5 u 1, = 12,5. Vpauenne 12,5° = — g p:'lllu;:lu:l
! = A > g (o4 CILIE! Bl
He IMeeT, ypuasuenue 12,5% = 12,5 umeer pewwenne X = 1, KOTOpoe #ABJICTCH PE
W HCXOLHOI'O ypasuenus. A

Hekoropuie nokasarenasunie YPABHEHMSI yAaeTCs  PELINTD, HCITOJL3YS  CBOHCTBA
BO3PACTAHIS 1t YOLIBALIS 1TOKA3ATEALHON (PYHKIHH.
IIpusiep 4. Pewnrs ypasenie 4% + 9% = 25%
"3‘*1-”0‘ ‘\'UI VEQAATL W Ill'ﬂk[))BL‘Pll'l'lx. qro x = 0,5 — pewene AdHHOro )'l’il"’f{t‘"‘}ﬂ- -
Bonpoc s rom, camnerseniio au oro pewenne? IMoka #e ;10!(:1'3\“0._"“0 prn‘l\
PEMICHNIT Her, 1w ok He maiienn Bee Apyrue peweHust (eci Ofi CCTh), 3anauy
HEABL3A CHNTATL PELICHIHOI, R
OTBeT Ha nocraBjACHNbIi BONPOC BLITEKAST W3 PemieHis CeAyIouk -
ITpusmep 5 Tyers 0 <a<1, 0<h<1 u nyerh ypasHeHue

A+ b =1

HMEET pelenye X,. JlokasaTh, YTO 9TO pellieHue eAMHCTBEHHO. N, &
& TMokasatenbuas (GyHKUMS C MONOKHTENLHBIM ocuouz\umc.\l,' Mtllfb N-’ ’cr kn'd
YObIBACT, TO3TOMY, ecmt X <xo, TO a*>a" u b*>b*. Orciona cagaye "Be
@+ b* > a" + b = 1. 3uaunt, npu x < Xo JAHHOE YPABHEHNEC PELLICHIL HE ‘1\;:»(1)6\:1.” :;11114‘
X > Xg, TO a* < a% u b* < b%, orkyna a* +b¥ <a® +be=1 Takum obpazom, p
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X > Xo JIAHHOE YpaBHEHME pelleHHd He umveeT. TeM caMbiM [OK43aHO, YTO Xg —

€/IHHCTBEHHOE pelleHHe. A
Bepuemcs k npumepy 4. Pasnenus obe 4acTu JaHHOTO ypaBHeHMs Ha 25%, sammiiem

ero B Buje
(4/25)* + (9/25)* =1

3r0 YPABHEHIE HMEET peuleHie Xo = 0,5. CornacHo 10ka3aHHOMY B IpuMepe 5 Apyrux
pewieruii ObITh He MoxeT. Teneps 3amaua npumepa 4 peleHa HOJHOCTBIO,
Orser: 0,5. A

§ 2. Jlorapudmueckue ypasuenns

IMpumep |. Pents ypaBHeHHE

log, x(x —1)=1. (1)

4 TloTeHuupys 10 OCHOBAHMIO 2, MOJIyqaeM
x(x—1)=2. 2)
OTO ypaBHEHHE HMEET pellieHns Xy =2, X, = —l. Iloactasass ux B ypasuenue (1),

ybekaaemes B TOM, YTO OHHM SBJISIIOTCS PELICHUSME 1 3TOrO YpPaBHEHILs!.

OTper: {2; —1}.

Kax Buano u3 pememm, ypasnenus (1) u (2) okasanuch pasuocuiasHbiMi. M B 06-
LIEeM Cilydae ypaBHEHHE BuIa

3

log, '(x) = g (x) {2
PaBHOCHJILHO YPaBHEHHIO
S(x)=a’™, )

[eiicTBUTeNbHO, ect X — perienue (3), TO, MOTCHUHPYS BEpHOE pPaBenctio (3). nosy-
uaeM, 410 M (4) — sepHoe pasencTso, C APYroii CTOPOHLL, €CiM X — peuichue (4), 10,
Jiorapu(pMupys BepHoe paBeHcTBO (4) (00e ero “acTH NOJOKHTEALHLL), HOJIVIACA, 41O
i (3) — BepHOE paBeHCTBO.

Mpumep 2. Pemmts ypasuenne logy (3 — 8) =2 — x.

A TloTeniupys 110 OCHOBaHHIO 3, MOJYMACN YpanHeHie

IF-8=32"%
oTKyaa 3** — 8-3¥ — 9 = 0, Dro KBAAPATHOE OTHOCHTELHO 3% YPABLCHHC HMEET KOPHI
9 u —1. Vpasrenne 3% = — | pemennii ne nsmeer, ypastetne 3' =9 umeer peienie
X =2, KOTOPOE SBJSETCS i PELICHNEM HCXOAHOrO VPABHEH s,
OTBerT: 2. A

IMpumep 3. Pemmts ypasnenue
lg(x? = 6x + 7) = lg(x — 3).
A Tlotenuupys no ochoBanmio 10, npUXOMIN K ypaBHeHio
2 1
N°—=6x+T=x—3,

otkysa x* —7x + 10=0, x; =5, x, = 2. IlojcTanoBka x; = 3 B HCXOAHOE ypaBHEHie
NPHBOJIT K BEPHOMY p‘mencm\ 02 = lg 2, 3Hauut, x; = 5 — pelIeHNe HCXOMAHOIO YpaB-
Henns. Tlpi nojctanoBke X, = 2 B ypaBHeHHe NOSBIsETCS BhIpKenie lg (— 1), koropoe
HE OINpe/eNeHo. 3HAYNT, X, = 2 HE SB/ISETCSH PELICHHEM HCXOAHOIO YPAaBHEHIs.
OTBeT: 5. A
PaccMoTpeHHoe ypaBHEHHE SIBASCTCH NPHMEPOM YPABHEHIS Bila

log, f(x) = log, g (x). (5)
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Taxoe ypasHenue, BOOGIIE TOBODS, He PABHOCHIBHO YPaBHEHHIO
Fx)=gx). ©)

Pemennsmu ypaswenus (5), ouesmmno, GydyT Bce Te M TOJBKO TE PEIIEHHs ypaBHe-
Hig (6), st koTopwix: f(x) > 0 (umi, uTo TO Xe, g(x)>0). B mpumepe 3 wu3 naByx
PEeLICHIIT ypaBHEHUsS! X — 6x + 7 = X — 3 TOIBKO OAHO, @ HMEHHO, X; = 5, YAOBJIETBO-
PACT yenoBmio x — 3 > 0. Tonbko 3TO 3HAYEHHE X W ABISETCS PEIEHHEM HCXOIHOro
YPaBHEHS.

Hpumep 4. Pemnts ypasuenue
log; x + log, (x — 1) = 1.
A Ilpeobpasyem cymmy JiorapupMoB B Jorapim TPOH3BEACHHS
log, x(x —1)= L

310 ypasmenne (oM. npuvep 1) umeer pemenus x; =2, X2 = L. l'lc\).ncl‘ﬂ;l‘l_ﬂslez.'l =2
B HCXO/HOE ypaBHEHHE, MOJIyMaeM BepHOE paBeHCTBO 1 = 1, 3HAUHT, J:a:aeMoS S
Hiexonnoro ypasuenns. Tlpn noacranoke x, = —1 yke B TEPBOM c3|{alan S Jleamll
9aCTH nonywaenm Bbipaxenue log, (—1), kotopoe He ONPEAEIICHO. il =
HE SBISETCS! pelueHnemM UCXOAHOTO ypaBHEeHHs.

OTBerT: 2. &

Kak Brawo us sroro HpuMepa, npeofpasoBanue CyMMbI noraplltl":g; A Xolll‘apx@m

' TPON3BENCHIIS MOYKET NPUBECTH K YPABHEHIIO, HEPABHOCHIBLHOMY "C"oe"-:i "eMy'ch MEHHoO,
HE BCIKOE pelleHIe NMONYYeHHOr0 ypaBHEHNS MOXET OblTh 1 pem_ 0111'1,01“(3-
910 cBs3anO ¢ Tem, ¥TO. Kak y/Ke oTMeuanoch paHee (3amedaHne kK((?r(Lp;Mig?r v, 3,
3, 6), morapunt nponsBenenis Moker GbiTh ONPEACTEH U TDrﬂa{‘CﬂOJ‘leOB'\HOP“Q)N}M
COMHOMKHTENCH He onpenenens. Eemn npH pelienin ypaBHEHHA :xoro cncu‘er% YKa-
SAHHOC 1IpeoOpasoBaAHIe, TO BCe HaiifeHHble 3HAYCHHS Hcm:acm' L ymmnpoge.
PIIL, noscTasisist ux B nexoauoe ypaserue. JIn6o ke cieayer yerd N Kakmx
U3 ATHX sHaveniti GyAyT NONONKHTeNbHb BhIpaKeHis, CTOSLIIE MO Jlorapuc-
MOB B HCXO/AHOM yDaBHEHM, A2087 .

Ckazannoe B '11|o:nmii Mepe OTHOCHTCS M K CIy4alo 1peobpa3oBaHus Pa3HocTy
aorapudyMos B aorapum wacTHoro.

Hpunep 5 Pemwrs YpaBHeHHE

10g3 (2 - x) — log, (2 + x) — loga x + 1 = 0.

4 TlpeoGpasyen pannoe Ypasuenue:

ol "
2—x)3
log; e =0,
2+ x
2 S BBIPAKEHUS], CTOg
Orciona x2 + Sx —6=0, x, = 1, x, = —6. T %, = 1 iienbx gﬂamn, i 1uine il
3HAKOM JrorapndMoB B HCXOAHOM YPaBHCHIHH, MOJOKHUTE. log ’(—6) nosToMy x Pete-
. 3 ) Xy =

HHE Sroro ypasuenus. Jlng X = —6 He onpeaeneH yKe 3 2 6

HE SIBISCTCS PCIICHIEM HCXOIHOTO YpaBHEHHS.
Orser: 1. A
Mpusmep 6. Penrs YpaBHeHHe

21g (2x) = lg (x* + 75). )
A Vuureisas, 4o 21g(2x) = Ig (4x?), npeoGpasyeM AAHHOC YPaBHClue x Buny
lg (4x?) = g (x* + 75). ®)

ua X; =35, X2= =5
3T0 ypasmeHHe, Kak Jerko YCTaHOBUTB, MMEET pemngz) ONpENENeHo s Bce)?paTHM
BHEMAHHE HA TO, 4TO B ypauenun (8) ppipaxenne 1g( erayIOice BBIDAKCHIG 7;‘ # 0,
B TO Bpems Kak B HCXOMHOM ypashemun (7) COOTBET =lg(2x)
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onpezeneno auuwk npu x > 0. [posepka nokaspiBacT, YTO M3 [ABYX PEIUEHHMI ypaBHE-
Hus (8) JmMwb X; = 5 aBnsercs peennem ypasHenns (7).

OTBeT: 5. A

Kak BMIHO M3 3TOro mpmMepa, 3aMeHa B ypaBHEHHH Beipaxcenus 2nlog, f(x) Ha
log, (f(x))*" (n — uenoe, n # 0) Tawke MOXET MPHBOAMTHL K MOSBICHHIO MOCTOPOHHHX
3HaueHuil HewspecTHoro. Kak M padee, 3TO CBA3aHO C TEM, HTO BTOPOE BLIPAXEHHE
nMeeT Gosnee WIMPOKYIO» 06NACTH ONMpeneseHns, YeM MepBoe.

3aMena OAHOrO M3 BLIPAXKEHWH, BXOJAUIMX B YpaBHEHHE, HA Apyroe, nmelomiee
Gonee «y3Kyio» 0611acTh ONpe/esens, ECTECTBEHHO MOXET MPHBECTH K MOTEPE pelueHHii.
TMpumepamu Takux npeobpa3oBaHuii MOTYT CHOYXHTh IpeobpasoBanme Jnorapupma
NPOU3BEJIEHHA B CYMMY JIOrapu(MOB, BbIHECEHHE MOKA3aTeJ]si CTEMEHN H3-NOJ 3HAKA
sorapudma u T.4. B Takux ciayuasx cieayer pacCMOTPETh TeM HIH HHBIM crocobom
BCE 3HAYEHHS TEPEMEHHOI, Cpelt KOTOPBIX MOryT OBITH pelicHns ypasBhenus. CkaxeM,
npeobpa3ys log, (f(x))*", rne n — nenoe, n # 0, HY)KHO PACCMOTPETh ABA Clydas:

ecmu f(x) >0, 10 log, (f (x))*" = 2nlog, f (x).

eci f(x) <0, To log, (f (x)*" = 2nlog, (—f (x)).

Mipumep 7. Pemnrs ypasHeHue

lg (2x) = 0,251g (x — 15)*. )

A Tlyete x — 15> 0, Torga lg(x — 15)* = 4 1g (x — 15) n, 3pauuT,
lg(2x) = lg(x — 15). (10)
Ortcrona 2x = x — 15, x = —15. D10 unc0 He ABASETCH, OYEBHIHO, PELICHIEM HH ypaB-

Henns (10), i ypasnenus (9).
IMycts x — 15 <0, Torma lg(x — 15)* =41g(15 — x) 1 HCXOAHOE ypaBsueHHe CBO-
JIINTCS K YPABHEHUIO

Ig2x =g (15 — x). (11)

Ero pewennem spisercs x = 5. DTo e 3Hauenue X SBAACTCS M PELICHIEM HCXOAHOIO
ypasuenus (9). A

3ameTHM, 4TO ecii bl BMECTO [BYX CIy4aeB H COOTBETCTRYIOLINX ypannewnii (10),
(11) pacemoTpers b TOT cayyaii, koraa lg(x — 15)* = 41g(x — 15) (ypasuenne (10))
TO peuennst ypasHenns (9) 6o 6b1 He Haiilenbl.

Hekotopuie sorapnMiteckie ypaBHeHus B pesyibTare npeobpasonaniii it pseie-
HHSI HOBOI'O NEPEMEHHOrO YAAeTosl CBECTH K asireOpaHtuecKuM YPaBHCHIINL.

IMpunmep 8 Pemnts ypasuenne

logyx  loggdx
log: 2x  logs8x °

A OGosnaunm log, x = t, nepeiinem k ocHopanmio 2 M pocnoansyenest (hopmy.ioit
Jutst storapudma npounssenenns. Byaem mmvers
l

1 1 1
logy 2x = e log, 2x = -;(l +1), loggdx = 5 log, 4x = 3 (2 +¢),

1 1
log;6 8x = —log, 8x = —(3 f
216 7 %82 3 B+
B pe3yabTaTe HCXOIHOE YPaBHEHHE 3AMHUUICTCS B BIE
t 2R+

1+t 33+

Pewins 9TO YpaBHEHHE, Haiinem, 4T0 f; =1, I, = —4. COOTBETCTBEHHO MOIyHaeM
logox =1, x=2; log, x = —4, x, = 1/16.
OrmeT: {2; 1/16}. A




§ 3. Pasnbie npuveps! ypasuenuii
Mpumep 1. Pemmrs ypasuenue logsx = 1 + log, 9.

2
A Tlepexons x ocHoBanmio 3, mmeeM log, 9 = BEx O6o3uauns t = log; x, 3a-
30

NMHIIEM HMCXOOHOE YpaBHEHHE B BUAE

t=1+

~ |t

910 ypaBHEHHE MMEET pEUIeHns ty; = 2, t, = — 1. CooTBeTcTBEHHO Haxoium logy x =2,
x=9 u logyx = —1, x=1/3.
Orsert: {9; 1/3}. A
log, b
MAnst npeoGpa3oBanis BEIPAXEHHs a ¢ ObiBaeT mojesHa (opmyia
alug,b — blog,_.a‘ (n
rie a>0, b>0, ¢>0, c# 1. BoiBox ee BechbMa NPOCT: H3 BCIET?TO P'dBEf:S:'l:a
'C — {9
log.b-log.a = log. a-log. b cneayer, uro sepro n pasenctso log.(a ") =log. (b™<%),
4 0TCIoONa, NMOTEHIMpPYs, npuxoanm k (1). :
Mpumep 2. Pemunth ypashenue 25" =5 4 4x'8°, X
A Corzacto (1) mmveeM x5 = 5'%%  Vuyrpisas 270, 3aMilIEM YPABHCHHE B Buje
SP®x_ 4.5k~ _5=0. Dr0 ypaBHeHue sBiseTCS KBAIPATHBIM OTHOCHTENIbHO S'tx,
Ero kopmn cyrs 5 m —1. U3 Toro uro 5%%=5, creayer, 4ro lgx =1, x = {0,
Vpasrenne 5% * = —1 peennii ne mmeer. 3HAunT, HCXOAHOS YPABHCHHC HMEET onmo
pewrenne x = 10. A o
PacemoTpiiv mpHMEPEI ypaBHeHuii, cofepkaliiX BbIPAKEHIS (/(x)**. Bnect mm
. ,
GyIem paceMaTpHBATL UL Take 3Hauenus X, NpH KOTOPBIX ocnosanue f(x) noo-
Jcumeavno.
Ipuniep 3. Pemnrs ypasuenne x' 2% = 5. > 0.1
A 3J1ect CIIC/1YeT, OYEBHIHO, PACCMATPHBATS JIIb 3HAUCHHS X > L. orapumupys
no ocnosanuio 10, mojayuaeM ypasHenue

lg(2x)-lgx =1g5,

PABHOCIIILHOE, KAK JICTKO BHIETh, ucxoanomy. IMTosyueHHoe ypaBHEHNE ﬂpeo6pa3ye'rcn
K KBAJAPATHOMY YPABHCHIIO

lg?x +1g2-lgx —1g5=0'
oTHocuTenno lg x. Orcrona naxommm

lgx :%»(—lg2i]/m)-

2
Vautsmas, uro lg 5 = 1 — lg 2, nonywaenm, uro lg? 2 + 41g 5= (182 — 2% CllenoBatenLyo,
1 = = = .
lgx=—(—1g2 + (g2 —2). CoorsercrsenHo HMEEM lgx=-1, x=0,1; lgx =

OTser:

| x — 3 —sx +19x =2 = 1.

4 Pasenctso @® =1, rae a > 0, BepHo Toraa  TOJIBKO TOTAR, KOIA ymbo q — |
(8 oToM caywae b — m0Goe uncno), muGo b =0 (B 9TOM CAYIAC & =080 noyeyy,
TenbHOe uncio). B COOTBETCTBMM ¢ 3THM paccMoTpHM ABA CAYHAd. ’

1) [x — 3| =1. Otciona x —3 = 1, x, = 4, x; = 2 1A MCPBOTO 3Makenyg  _ 4
NOKa3aTeTk J1eBOil YACTH HCXOJHOTO ypaBHeHus onpeAeset, H, CCIOBATEILHO, x\ — 4 _
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peleH e HCXOHOTO ypaBHerus. s BTOPOTO 3HAa4YEHUs X, = 2 MOKa3aTeldb He ONpeAc-
JIeH, 3TO 3HAYEHHe HE ABJISETCHA PEIIEHMEM HCXOOHOIO YPABHCHMSL

2) (x* —8x + 15)/(x —2) = 0. Otcrona x> —8x +15=0, x; =5, x, = 3. U3 amix
[BYX 3Ha4eHUii PELICHHEM HCXOJHOTO ypaBHEHHS GyHeT JMIbL X, = 5, a 3HA4YeHHE X; =
= 3 — OCTOpOHHEE, TaK KaK JUIS HEr0 OCHOBAHME CTENEHM B JIEBOW YAaCTH HCXONHOIO
YPaBHEHHS PaBHO Hymio. Takum 06pa3soM, HCXOAHOE YpaBHEHHE MMeeT ABA pelleHHA:
Xx;=4nx,=5 A

U B obweM cnywae ypaBHeHHE BHAA

(G =1

CBOJMTCS K COBOKYNHOCTH [BYX ypaBHEHHIl:
) flx) =1,
2) ¢ (x)=0.
Pewennsvu ucxomHoro ypasHeHust GymyT Bce T M TOJBKO TE pELUSHMs OJTHX ABYX
YPaBHEHMI, 111 KOTOPBIX BhIpaxenus ¢ (x) u f(x) ompemenenst i f(x) > 0.
Ilpumep 5. Pemnts ypasHeHne
x*+2
logax-1 51

A Tlotenuupys no ocHoBanmio 2x — 1, NPHXOANM K YPAaBHEHHIO

x*+2 oy

2xx+1 '
KOTOpOE, KK JIETKO BHICT, HMEET Cleaylole pemlenns: x, = 1, x, = —1, x3=|/3,
Xa= —1/5. Bee peruenus HCXOAHOTO ypaBHEHHsI COAEPKATCS CPedl 9THX 3HAUEHHIT X.
IMoncTanoska B HCXOAHOE ypaBHEHWE MOKA3BIBAET, YTO €rO pellieHHeM GyaeT Jmib
X =]/§. st x = —1 n x = —[/5 ocHoBanme Jorapupma 2x — | oTpHuATEaLHO, @ A

x=1 oHo pasno 1. Bce ati Tpm 3HAuEHHS HE ABJSIOTCA PELICHISMI HCXOIHOIQ
YPaBHEHHS.

OrseT: ]/5 A

PaccmoTpenHOe ypaBHenHe ABAAETCS TPHMEPOM yPABHCHMS Bl

log,  f(x) = a.

MHOXeCTBO BCeX pewlennii 5TOr0 ypaBHEHHS COCTOHT M3 BCEX TCX It TOIBKO Tex
PELICHHH YpaBHEHUs
J(x) = (@),

KOTOpbIE YAOBJIETBOPSIOT ycioBusM @ (x) > 0, ¢ (x) # 1.
IMpumep 6. Pemnts ypasnenne logy, x = logo, X.
A Pelleris 9T0ro ypabHenHs, OMEBIUIHO, CIEIYeT HCKAThH JUMIIL CPEH 3HAYCHHI
X, YAOBJETBOPSIOUWMX yenosusim x >0, 3x3 1, 9x # 1. Ilosaras cue, uro x#1,
nepeieM K OCHOBAHMIO X:
1 _ 1 i} (b))
log,3x  log,9x

Orcrona cnenyer, uro log, 9x = log, 3x, log, 3 =0, 3 =x% 3 = 1. Ilomyuennoe Hesep-
HOE PaBEHCTBO NOKA3BIBACT, 4TO ypasHenue (2) pewennii ne mveer. Hepepuniv Gbuio
OBl 3aKTIOYHTB OTCIOAA, YTO W MCXOJAHOE YpaBHEHMe He HMeer petuennii. Ocrasoch
HE JHCCIIC0BAHHBIM elle 3HayeHue X = 1. OHO-TO M SBASNETCS, OHCBIUIHO, PCLICHHEM
HCXOHOTO YPAaBHEHHs. A

OTOT mpEMEp NOKA3bIBAeT, YTO NpH Nepexoie k HOBOMY OCHOBAHHIO, KOTOPOE
ABJIACTCS BBIPAKCHHEM, COACPKAIIMM HEM3BECTHOE, MOXET MPOM3OHTH MOTEeps TeX
PeLLCHHH HCXOHOTO YPABHEHHS, JUTA KOTOPHIX 5TO BBIPAKEHHE DABHO eAMHHIE.
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§ 4. Cucrembl NOKa3aTeNbHBIX H JOTapH(MIMECKHX YpaBHeHHil

PaCCMOTpHM CHA4Yaj1a NIPUMEPbL CHCTEM, KOTOPLIE YAAeTCs JIEFKO PEIUTh METOA0M
NOACTAHOBKH.

Mpumep 1. Pewntsh cucremy

log, x —log, y*> =1,
log, x — logg y = 1.

A M3 BTOpPOro ypasHeHHsi cuctemsl cuenyer, uto logy(x/y) =1, oTkyAa x = 4y.
3aMEHUB B NEPBOM YDABHEHHH CHCTEMbI X HA 4y, monyunM ypaBHeH#e

log, (4y) — log, y* = 1

C OAHOIT nepemenoil. B nepBoM BbIpaeHHH JeBoil YacTi OTOrO YPaBHEHHS Tepeiilem

K OCHOBaHHIO 2, BTOPOE BhIpakkeHue mpeobpasyem mo dopmyse Jorapudma crenenu,

yauTeiBas, uto y >0, y# I. ITocne npocthlx npeobpa3oBaHmil HOTYIHM ypamfemie

log3 y = 1. Orciona log, y=1, y=2, u torna x=38; log, y=—1, y= 112, as x'=2.

Honcrapne naiinennbic naper 3navenmii x =8, y=2 n x=2, y=1/2 B ncxonuyio

CHCTEMY, JIErKO NPOBEPHUTH, YTO OOC OHU ABNAIOTCS PEIICHHSIMH ITOH CHCTEMBL A
Ipumep 2. Pewmnts cucremy ')

{ =y
1: y=1

- )
A Bripasus us BToporo ypasmenis y = x~%° § 3aMeHHB B NEPBOM YPABHEHHH j
s X%, npuiem K ypashenino

et 0,550,502 (1)

H1e, CTOosIIee
Yuurbisas, uro x > 0, pasjgennM o6e yacTH 3TOro ypaBHEHHS HA Dblpame;l;l{f’.‘ﬂﬂe AL
B PABOIE wacty (OHO TAKKe MOJOKHTENbHO). B pesyisrare MOJNYIHM YP

x1-5x=0,53=01 i

i x YEBH
Orcrona: 1) x = 1, Torna n y = 1, 97a napa 3Hauenmii X u y 9!18;155':7; ol lll/lal;%
3 i A0 el 5= )
PeUICHUEM HCXOHOIl cueTeMbt; 2) 1,5x —0,5x~ %% =0, oTkyAa X ) )
TOI1d

3 3
3 ys CIIICHHE]
y=|/3. VBemurncs B TOM, 4TO mapa X = l/|/§, )—1/5 HABIHCICARPEICHACM
) > o ; HTb U MHAYeE.
HCXOZHOM CHCTEMBI, MOXKHO HENOCpeACTBeHHOI npoBepkoil. MoxHO n?CTyI;BHeH"eM W
3Tll nilpll ABJNCTCS QUEBIILHO, peLIeHIeM CHCTEMBI, oﬁpﬂ'ioﬂﬂlﬂioﬂ yopc B
i ypashenuenm v =x" "% A 5712 cicrema papHOCHIBHA HCXOJHOH, HTO Cp
moCe 3amMenbl B ypasuenun (1) x =03 a o
Orser: {(1: 1), (1/}/9; }/3)). a snenmii yaaeTes
Hexoropuie cucremil nokasarenphsiy u Jorapumutiecknx ypa y
CBECTH K Il.']lL'\-YP.‘HI‘lCCKH\l cHcTeMaM )'paBHeH"ﬁ-
[Ipumep 3. Penrs cHeTeMYy
f logsx =logs y + logs (4 — X),
1 logs (x + y) = logs x — logs -
. ateM npeobpasyem
& B nepsom ypapuenun nepexojuM K OCHOBaHWIO 2, @ 3aT¢M IpEObpasy
CHCTEMY K BILY
[ logs x* = loga (4 = %),
) logs (x + y) = logs (x/y)-

e 0 3/€Ch, KAK U pauce
') Ecau ocHOBaHHE H MOKA3aTeNh CTeneHi 3aBUCAT OT IICPLM"'"“"”‘":"C Illm I()chu"l("lbf:o v
PACCMATPHBAIOTCS JIHINL Te 3HAMEHNS NePeMEHHBIX, TPH KOTOPBIX OCHOBA 1102 AbHO.
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Orciofa Clenyer, 4To

x*=y(4-x) @
X+ y=x/y.

Kaxzoe peleHne MCXOAHON CHCTEMBI SBIAETCS PEIIEHMEM M CHCTEMBI (2). 3HaveHus
X | Y, AAIOIIHe PELICHNs HCXOAHOMH CHCTEMBI, YIOBIETBOPSIOT, OYEBHHO, HEPABEHCTBAM

O<x<4, 0<y. 3)

Jlerko MpOBEPHTH, DHIONHSS OOpPATHBIE MNpPEOGPA3OBAHHS, HYTO KAXKAOE pELIeHHE
cucTeMel (2), yAOBIETBOpSIONIEE HEpapeHCTBaM (3), ABNAETCS W peIICHHEM MHCXOAHOI
CHCTEMBI.

3anumem cucremy (2) B BHIE

x(x +y) =4y,
X+ y=x/y.

TToncTasss X/y BMECTO X + ¥ B IEPBOE yPABHEHHE 3TOif CHCTeMBI, HaiimeM, uTo x> = 4y?,
Ecnn x =2y, TO H3 BTOPOrO YPaBHEHHA CIEAyeT, 4To y = 2/3, a 3@auur, x =4/3.
Ecnu ke x = —2y, To HepaBeHCTBa (3), OMEBHIHO, HE BLIMOJHEHHI H B 3TOM Ciy4ae
pewennii ucxonHoi cucremsl HeT. Haiinennas mapa snavenmii x =4/3, y = 2/3 ynos-
JIETBOPSAET HepaABEHCTBaM (3) M ABJISETCS SAMHCTBEHHBIM PELIeHHEM HCXOMTHOI CHCTEMEL A
IIpumep 4. Peumrts cucremy
logg (xy) = 3 logg x - logg v,
X logg x
4logg — = S8, 2
¥y loggy
A Vuntepas, 9to x>0 u y >0, npeobGpasyem nepwle uacTH ypanrHenuii mo
(dopmynam s jorapu(pma TNpPOM3BENEHNHs M YACTHOTO I HOCHE BBEICHIA HOBHIX
nepemeHHbIX U = logg x, v = logg y nmonyuaem cucremy

u+ v = 3uv,
/ 4)
4 (u—v) = u/v. ¢
TTepeMHOXHB MOWICHHO YPABHEHMs 9TOi cmerTemsbl, moayuum u® = 4v?, otkyaa u=2v
wan u = —2v. Moxcrapnss u = 2v B cucremy (4), naiiziem, uro v = 1/2, a suaunr, v = 1.
Orcrona loggx =1, x=8; loggy=1/2, y=2]/2. B caywae u= —2r auajiorudHo

noayuum, 9To X = 1/2, y=]/2_. Taknm obpa3zom, HCXOAHAs cHCTEMA MMEST [ABa peuie-
Hus: x = 8§, y=2]/§ Hx=12 y= [,/3. A

§ 5. IMokazarenbubie u JoOrapupMuHecKne HepaBencrBa

HekoTopeie NOKA3aTE/NbHbIE W JIOrapH(MHYECKHe HEPABEHCTBA YAAeTcs PelluTh
HENOCPEACTBEHHO, HCMONB3Ysl CBONMCTBA BO3pAacTamms U yObIBaHMs NOKA3aTesNbHONl I
norapudaeckoif Gpynkimi (cBoiictea 8§ u 11, ykasaunsie BO BBOAHOI HaCTI).

Mpumep 1. Peumts nepasenctso 0,5'* > 0,0625.

A 3ametus, uto 0,0625 = 0,5%, 3amimem HEepPaBeHCTBO B BIUIE

0,585 =0,5% (1)

[TockoIbKy MOKA3aTeNbHas (YHKINS ¢ OCHOBAHHEM, MEHBINHM eXHHHIBL, yObIBaCT, 3TO
HEPABEHCTBO BEPHO TOIJA M TOJILKO TOI/A, KOrJAa BEPHO HEPABEHCTBO

I/x < 4. (2




Apyrumu cioBaMu, HEpABEHCTBO (2) PABHOCHIBHO HepaBeHCTBY (1). Hepasencrsy (2)
YAOBJIETBOPSIIOT ClIE/yIoUIMe 3HaveHus x: x <0, x > 1/4. A
llpumep 2. Pemuth HepaBeHCTBO

2x 1 @)
logg TIT > 7
A 3nech ClIeyeT pacCMATPHBATHL JIMIIL TAKHE 3HAYEHHS X, MPH KOTOPBIX
L )
x+1

Jlorapudmuueckas (yHKIGIS ¢ OCHOBaHIeM, GOIBLINM eIMHHILI, BO3PACTAET, ‘r:oaromy
HEPaBEHCTBO (3) BEPHO TOTAA U TOJBLKO TOT/A, KOIA HAPsAY C HEPABEHCTBOM (4) BepHO
H HEpPaBEHCTBO

2 i ©)
x+1

Ouesuano, moGoe perenne HepaseHcTsa (5) YAOBNCTBOPSAET YCIOBHIO 4), HO?(':[(:XB]/?;
HEpaBeHCTBO (5) paBHOCHIBHO Hepasenctsy (3). HepaseHcTBO (5) HMEET Cliieay
pemieHns: —3 <x < —1. A

Dpumep 3. Pewntsh HepaseHCTBO

6
10gg 2 (v2 —4) > —1. ©)

A Crenyer paccMaTpHBATh JIHIIL 3HAYEHHS X, 75l KOTOPBIX

7
X =40, O
i 09TOM!
Jlorapugmutieckas (DYHKIIS C OCHOBAHHEM, MEHBUINM EAMHUIBL, y6bmaefr;wnm My
PeUICHIsIMIL HiepaneucTBa (6) ABAMIOTCA Te W TOMbKO Te 3HAMEHHS X, KOTOP! apsny
¢ (7) yromnersopsoT HepaBeHCTBY
x2—4<02" =5
Huave rosops, nepasencrso (6) PABHOCIUILHO clcniese Hepasencms
0<x*—-4<g5.
3Ta cHCTeMa HMEeT, OYeBILTHO, crenylonme pemenna: 2 < [ x| <3. A

f CLLIAOTCS
Touno rax we, KaK paccMOTpeHHble B NpHMeEpax 1—3 HEepaBeHCTBa, P
H HEpaBeHCTBA BIV1A

a’ ™ > g™ Jog, f(x)>b u T.A

Mpumep 4. Pemurs HEPABEHCTBO
15
log, loge s (2¥ —— | < 2.
=° . 16
A Dro HCPABCHCTBO PABHOCHIBHO CHCTEME HEPABEHCTB
15
0<logys|2*——|<4
’ 16
T4 CHCTEMA B CBOIO OYepeaAlh PAaBHOCHIBHA CHCTEME HEPABEHCTB
15 4
1>2— 5T >0,5%

OKe TO, 4TO He-
3ech MBI yUTH, MTO OCHOBaHIE NOTApH(MA MeHblIE CAMHUILEL 2 T3 ’

15 TOli CHC 1. IIpeobpasys
PaBeHCTBO 2% — —— > ( cieyeT W3 NPABOro HepaBeHCTBA JTOH CHCTEME peobpa3y:

16 31—4>x20. A
TNOY4EHHYIO CHCTEMY, moiydaem 31/16 > 2% > 1, orkyaa log: g
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Mpuwmep S. Pemnts HepaBeHcTBO 2% < 31/~
A 3aMeTHM, 4TO 0Be YacTH JAHHOIO HEPABEHCTBA MOJIOXKHMTE/BHBL, CIIEN0BATENLHO,
onpeeneHsl Jorapa(Mel OTHX wacTel, Hanpumep no ocHosamuio 2. Ilo cBoICTBY
sorapu(Mudeckoll GyHKIMK NOJNYYaeM, HTO AaHHOE HEPAaBEHCTBO BEPHO TOrJa ¥ TOJIBKO
TOr/Ia, KOTAa BEPHO HEPaBEHCTBO
log, 2* < log, 3'/%,
T.€. 3TH HEpPaBEHCTBA PaBHOCHILHEL [Ipeobpa3sys mosyyeHHOe HEPABEHCTBO, HMEEM

_ x* —log, 3
,\<;logz3, f<0.

PemuB nociiefHee HEPaBEHCTBO, HANpPHMED METOZOM HHTEpPBAJIOB, HAiiZeM, 4TO €ro
PELIEHNs TAKOBBI: X < —[/logz BR0i<x < 1/logz 3. &

Mpumep 6. Pemnts HepaBeHcTso lg (x? — 16) < Ig (4x — 11).
A DTO HepaBEeHCTBO PAaBHOCHJILHO CHCTEME HEPABEHCTB

0<x2—16<4x — 11. ®)

MHos)ecTBOM peluenuil nepsoro HepasenctBa 0 < x? — 16 sBasercs oGbeauHEHNEe ABYX
unTepBanos |—oo0; —4[ 1 ]4; +oo[. MHOXecTBO peleHuii BTOPOTO HepaBEHCTBA —
otpesok [—1; 5]. Tepecetenue STHX ABYX MHOXECTB — MPOMEXYTOK |4; 5] — siBnserca
pellleHHeM PacCMATPHBAEMON CHCTEMBI, 4 3HAYHT, M HCXOAHOTO HEPABEHCTBA. A

Kax u B npumepe 6, IpH PELICHHN HEPABEHCTB BIAA

log, f'(x) < log, g (x) ©)

JIH HECTPOTHX HEPABEHCTB TAKOIO BHIA CIEAYET PACCMATPHBATEL JIMIIL TAKME 3Haue-
His X, Ans kotopeix f(x)>0 u g(x)> 0. Ipu Tom ycnosun mepapencrso suaa (9)
PaBHOCHJILHO CHCTEME HEPABEHCTB

0<f(x)<g(x) npu 1<a,
WIH CHCTEME HepaBeHCTB
fX)>g(x)>0 npu O<a< 1.

PaccMoTpim npnmepsl Gonee CII0KHBIX HEPABEHCTB.

Ecii HepaBeHCTBO COACPXKHT CTENEHb, OCHOBAHME M MOKA3ATE]b KOTOPOil 3aBHCST
OT NEPEeMEHHOM, TO 34ech OYAYT paccMaTPHBATLCS JIHIIL TAKHE 3HAYCHHS HTOii nepe-
MCHHOI, IPH KOTOPBIX OCHOBAHHE NOA0NCUMEABHO,

ITpumep 7. Pemnrb HEPaBEHCTBO

(x =322 -Tx s (10)

A Eemt x — 3> 1, To JaHHOE HEPABCHCTBO BEPHO TOIJAA M TOALKO TOIJA, KOIAA
2x? — 7x > 0. 3nauut, MoGOe pemieHie cucmesrst HEPABCHCTH

(x—=3>1, )
{2.\‘3—7.\'>0 {

SBJSETCS PEIICHHEM HCXOAHOro HepaseHctTsa (10).
Ecom 0<x—3 <1, To nepasescTso (10) Bepno Torjaa i TOMLKO TOIAA, KOIJA
2 .
BEPHO M HEpaBencTBo 2x* — 7x < 0. 3Haunt, 11000€ pelleHne cucneatsi HepaBeHcTs

(0<x—-3<1,
{ (12)

—-7x <0
TAKXe ABJSCTCH pelueHuem Hepasenctsa (10).

Ilpn x =3 =1, 1.&. x =4, Hepasencrso (10), ouesHaHO, HeBepHO. M3 cKa3saHHOrO
CJICIyeT, 4TO MHOXECTBO pelueHuii HepasencTsa (10) apasieTcss odvedunerues MHOKECTB
perenuii cuctem nepasencts (11) n (12).
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Jlerko HaliTH, 4TO MHOXeCTBO peuieHmii cuctems! (11) ects uuTepsan |4; -+oof,
a cuctemsl (12) — untepean |3; 3, 5[. OGbexmHenne STHX ABYX HHTEPBATOB M eCTb
MHOXECTBO DEIICHHH HCXOJHOTO HEPABEHCTBA.

OtseT: ]3; 3,5[(J]4; +o[ A

Kak u B 5TOM IpHMepe, NpH pelIeHNH HePABEHCTB BHAA

SEPO>1, (fre<t (13
CIEAyeT paccMATpHBATL ABA Cydas:
f>1 n 0<fx) <l (14)

B cnyuae necrporux HepasencTs Bia (13) HyxHO yuects n ciydait f(x) = 1.
IMpnmep 8 Pemnrs nepasenctso (x* — 2,5% + 1) < 1. ]
A DTO HEPABEHCTBO DPABHOCHIBLHO COBOKYMHOCTH JBYX CHCTeM HEPaBEHCTB:

{xz_2,5x+1>l, {0<xz“2,5x+1<1x

x+1<0, x+1>0.

Tepsast u3 s1ix crcrem HEPABEHCTB HMMeeT pemennst X < — 1. Bropas CHCTEMA HMEET
pemrenns 0 < x <05, 2 <x <25 Bce i 3Hauenns X H COCTABIIOT MHOXECTBO
PELICHIIT HCXOAHOTO HepaBEHCTBA.

Otser: J—o0; —1](J[0; 05[|J]2; 25). A

Ipu pemenir nepasencrs suaa

log; g (x)>a. logsmg(x)<a (13

Clenyer rtax e pacemaTpuBaTh ABa ciyydas:

fx)>1 n 0<f(x)<L (16)

IMpuniep 9. Peumrs nepaencrso logy, (x2 — 5x + 6) > L.

A Ecny 2x > 1, To nannoe HEPaBEeHCTBO BEpPHO B TOM 1 TOJILKO TOM CllyHae,
46 > 2x. Ecim ske 0<2x <1, To JaHHOE HEPABEHCTBO BEPHO TOria
WTONLKO TorAa, korja x* — 5x + 6 < 2x. VunTeiBas ewe, 4To B mo60M ClTydae J0/KHO
BBIIOHSITLCS HEPABEHCTBO X2 — Sx + 6 > 0, noayuaeM, YT0 AAHHOE HEPABCHCTBO PABHO-
CIILHO COBOKYIIHOCTH /IBYX CHCTeM HepaBeHCTB

g 2x > 1, 0<2x<1,
1 X2 = 5x 46> 2, 0<x*—5x+6<2x

Meppas w3 1ux cucrem umeer pemenns 0,5 <x <1, 6 <X Bo 7BTopou (glcr;z\fc nep-

BOS Hepasencrso sepno npu 0 <x <05, a HepaBeHCTBO X — S‘x +6 < 2x — npu

l<x<6. Cpapnnsast 9T ABA MHOKeCTBA, BHAMM, 4YTO BTOpad mc-'reh:m perueruii

He mmeer. Clie/loBaTeNbHO, MHOXKECTBO pelterii MCXOAHOTO HepABEHCTBA COBIAACT
B Il:lguo.\x Cllyude ¢ MHOXECTBOM peuleHuii nepBoil u3 PACCMOTPEHHBIX CHCTEM.

TBeT: 0,5; 1[()]6: +oof. A ) .

[pu pculc]nuu ..&gorux I(C[pu[ieHCTB pira (15) cieyer paCCMATPHBATE i1 CIydan

17
g(x) = (f(x)" o
-l oy
IMMpumep 10. Pemnrs, nepasencrso 10gy w3 i Al
& DTO HEPABEHCTBO PABHOCHJILHO COBOKYNHOCTH ABYX CHCTEM HEPABCHCTE:
x> 1, 0<lx<l,
2 2x—1
0= == lsx. T
x—=1 x—1
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Pemaem nepsyro u3 3Tux cucteM. Hepasencrso 1/x > 1 mmeer pemrenns 0 < x < L.
3uaunt, x — 1 <0, a Toraa w3 Hepasenctsa (2x — 1)/(x — 1) > 0 cnenyert, uto 2x — 1 <0,
T.¢. x <0,5. Hepasenctso (2x — 1)/(x — 1) < x cBoaurcs (mockoabky x — 1 < 0) k He-
paercTsy 2x — 1 > x (x — 1), oTopoe mmeer pewenns 0,5(3 — |/35) < x < 0,5(3 + |/5).
! ITepeceuennem 9TOro oTpe3ka ¢ uHTepBanom 0 < x < 0,5 ecTh NPOMEXYTOK

053 —/5)<x <05, (18)

KOTOPBIH H SBJISETCS MHOMXECTBOM PCLIEHHH NepBoli CHCTEMBL
Bropas cucTema pelaeTcs aHaJorHYHO, MHOXKECTBO €€ PELIEHHI €CTh MPOMEKYTOK

1<x<053+)/3) (19)

Otser: [053 /5 05[UI1; 053 +1/5)]. a
HCKOTOpblC NOKa3aTeJbHLIC M J‘[OI‘apH(l)MH‘lCCKHE HEPABCHCTBA BBEIACHHEM HOBOIO
TNIEPEMEHHOTO YIAETCA CBECTH K anreﬁpamecxnm HEPABEHCTBAM, HANlpPHMEP KBaJPaTHBLIM.

IMpumep 11. Peunuts Hepasenctso logy x — log, 4 < 3/2.
A 3anmiieM HEPABEHCTBO B BHIE

v

1
loggx — ——< =
e log, x =7

TNy

n obo3HAuYUM [ = 10g4.\'. B PE3YJILTATE MOIYUIINM HEPABEHCTBO
1 3

et 2l
! t - 2°

koTopoe nMeeT peiienus: ¢ < —0,5, 0 <t < 2. Orciona COOTBETCTBEHIO HAXOIIM, UTO
log,x < =05, 0<x<05;
O<logyx<2, 1<x<16

Otser: J0; 0,5](J]1; 16]. A
IMpumep 12, Peumnts HepaseHCTBO

logy (16¥ — 2. 12%) < 2x + 1.
A 31‘0 HEPABCHCTBO PABHOCIIILHO CHCTEMe HEPABCHCTB
0<16%—2.12% g 32%+1
3annmeM 3Ty CHCTEMY B BHIE
0 <43 —2.4%.3¥ < 3.3%

Pazenms  kaxayio wacth Ha 3°¥>0 1 ofosznauis 1= (4/3)%, nonyumm cucremy
am'eOpantecKuX HEPABEHCTB:

Ol< A= 203,
Ora cucrema uMeeT pemieHns: 2 <t < 3. OTClona HAXOMMM, MTO
2<(@3) <3, logys2 < x < logys 3.

OtseT: Jlogys2; logss3]. A
ITpy pelieHHH HEPABEHCTB CENYET YYNTHIBATL Te 3aMcuaHis MO MOBOAY NOsABIC-

HHsl IOCTOPOHHUX 3HAMCHMUIT IEPEMEHHOI W MOTepH pellientii, KOTOPbie GBI CAeIanbl
paHee NPH PELICHHH yPaBHEHWIL.

Mpumep 13. Peumrs Hepasenerso
2108y (x = 1) > log, (5 — x) + 1. (20)
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A Tlpeobpasyem NaHHOE HEPABEHCTBO K BHUIY
log, (x — 1)* > log; 2(5 — x). (21)

Besikoe pemienne mcxomHoro Hepasenctsa (20) sBiseTCs, OMEBHAHO, W PEIUEHHEM He-

paBeHCTBi (2[), OGpaTHOE BEPHO B TOM M TONBKO B TOM cCiywae, korma x — 1> 0,

T.e x> I.

Hanee, uepaseHcTBO (21) paBHOCHILHO CHCTEME HEpaBEHCTB

(x—1>>2(5-x)>0. 22

Ileppoe HepaseHcTBO 3TOIf cHCTeMBl mMeeT pemerns: X < —3, 3 <X, BTOI.)W‘ Hepi;-

BEHCTBO — pewiennsi: x < 5. CrefoBarensHo, cuctema (22) MMeET PEIUCHMA: X < —3,

3<x <5 W3 nux ycnosmo x> 1 yroBNETBOPSIOT JMIUBL 3HAUCHHS X 3 MHTCPRAna

13; 5[. DroT MnTEPBAN M €CTh MHOXCCTBO pelleHHil HCXOAHOTO HCPABEHCTBA.
OtseT: ]3; 5[. A

- — —————— 3AJAUN PAAENA 1| ——

Petmnts ypasuenus (1 —6):

1 3 =
Pt AVr ! = 3.7V, o SRR e on v, JI FE0S R =2
. 2_ 1 x+35 __2/=log, 2 10.
4. 1 —logs(x + 1)* = :logl'3_x+3' " 205 + cos’) n

6. 1og,, « 2 + 108 w2 + logy, 2 -log.,, < 2=0.
7. Tlpin kagux 3Ha9EHUSX a ypaBHenie
log,—, (x + a) =05
HMECT enmHcTReNnoe penenne?
Peunirn cuctenit ypanuennii (8—13):
f log, x + log, y = 2.5, { 17 =27+ 957,
e 9. L

) xy gty 1.5ty = 27< Y 473

Shx — ey =y,
% e 11, )
(3x)5% = (Sy)l8 3. =

|
= x=y _ 62 =
log. (x* + ) — log; x = log; (x + 3y — 1, gERvi= 210 2 o
12. e : 1 orel — 26357 + 398 =0,
logs ——————=log;—— 1.
L 2 p—x+2 982 ¥
Pewmrs nepasencrsa (14—19):
5

=
]

W 552 57— 15 loga(x +2) > logesa 81

log, x - logg (4x) .
16, =20 FEECT <50 17, log, (6x — 1) > log (2%):
log, (2x) - log, ¢ (8x) og, (6x — 1) <

2+logax _ b

18%. log,..x < log,x*, a>0,a#1. 19* ] TR

— e 3AJIAYM PA3AEJIA 11

Pewnry ypasuenns (1 —4):
1. -_)5| 1-2x| 544-,:. 2. 45 — 3;—0,5 = 3x+0.5 = 22:—1_
2x —1
3. 5%.2 X+ 1 =50: L I, SBT3 orolotid i)
S. Buiimcnuts 6e3 TaGaun 3uavenue BLIpAKEHNUs
log;24  log; 192
logge 2 log;>2
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=

-

6. Bblpa3uTh:
a) logs 30 uyepes a=log320 u b=1g3; 6) log;,548 4epes a=logs 15 u b = log,, 24.

Pewmth ypasHenns (7—24):
1

7. 2sin*x 4 5. oosix — 7 g 4eos2y J 4eos'x 3 9, Sclg‘ x (26 _ ssm’ X ) =5

10, 3165 +365=2-81% 11 980 -2 _ 525 13 (O OHAET =Y _ jlog,a

1 1
13. 4980 =% _ 032 L 9y — 5982 14, Jog, (3 ‘4 X 42.9 % ) EI = logs 5.
X

3 \*
15, 3x + (3 — x) logs 2 = log, (9(7) + 2~6‘)+ 1. 16. 3 log3sin x + log, (1 — cos 2x) = 2.

X
loga o 3 x— ~li /564 +8
17. x  9B.q4omT g 1, xlosix—3logx _ 3708 f¢HHS

=)
19. (1 —Ig2)logsx =lg3—1lg(x —2). 20. log, >~ —= — 1 = log, =~/
x—1 3x -1

o — /5 /3
21. lgl/x—5+lg|/2.\'—3+l=lg30. 22: logl(cos.\'+lT)+logl<cosx—l—g_>=2.
3 3
23. 2 log, sin x + log; 4 ctg? x = L 24.Zlog3'\._3+l=logs-'\._3.
log; 2 x—7 x—1

25. Haifti BCe pEIICHHA yPaBHEHHS
2 [ogs | ClE% (= 1080 —— a4 BT
Ssinx —4cos x
npuHaanexaume orpesky [3.3; 4].

26. Haifti peuienus ypasHenus ctg x + log,, x =2 wa unrepsasie ]0; n[.
27. Haiiti:
a) cymMMy KOpHeil ypaBHEHus

X+ 1=2log, (2% + 3) — 2 log, (1983 — 27%);
6) npon3sencHie KopHeii ypasuenus

(3x)* 108 26=4 _ 1983 . (Jorex

Pewnts ypaguenis (28—42):
28. | cos X [nln x=1Ssinx 408 _ | 29 (tg )"~ = (ctg x) ¥
30. loge—y (2x* — 10x? + 13x — 1) =3,  31. log a(x + 1)* =1
32, logy 2, Sinx £05=0. 33 logg, 3, (cos x — cos 2x) =

34, x?logy x* — (2x7 + 3) logs (2x + 3) = 3 log, = %

e

2N+ J
35, log, logy (2x + 3) + log | log, ~+1 —
og, logy (2x + 3) og, °b| 3 1.
36. logs (loga x —9) =2 + 10&3(1 —4log,4). 37 lu;., (3—x)=logy- (1 —x).
38. logy—2¢ (6x° = 5x + 1) — l°8|—1x(4\ —dx+1)=2. 39, log, 3-log,s3 + logys 3=0.
2 9o 1ogs (x* —8)
40. lg(x* —8) g2 - x) = Iog:T’_—j 41. logs x - logy x = logs x + logy x.

42, Iog,,\-nlog, X, rae a>0, n# 1, n2.
43. Jlokasark, 410 log, b-logab =log, b — log,, b.

Petunth ypasHenus (44 —54):

o, 4 ” 4 2
ZVEN e (P P R o A WS (1 —)
g( .\') g( .\'+4> g (.\--l s

45, g (x — 10)-1g (x + 10) = lg (x* — 100) — 1.
46. Ig> (x + 1) =lg(x + D) lg(x = 1) + 21g? (x — 1),
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47. 3. ploBx (35— 2) +2. 3108 @x-2) 5. 62 (x-2) _ 0.
48. logs (2]/5 —x + 5)=1 — logo,s (x —05).  49. |/log, /3x logyx + 1 =0.
50. [/41logsx — 2 + /1 + log, x = 4.

51. 3logye (|/x7 + 1 +x) + log, ()/x* + 1 — x) = log,e (4x + 1) = 05.
52. log3 tg x + log, sin® xlog, cos* x = 1. 53, Ig? cos x = Ig (I — sin x) - Ig (1 + sin x).

54, (/4 — /15F + (/4 + /157 =38

55. Tlpn Kakux 3HAuCHWSIX a ypabHenue log,.,(x — 2) =2 uMeeT eAMHCTBEHHOE peleHue?

~ =]
56. Cxonbko peuienuii mveer ypasuenme e** * + 2x? — 3 = x*?

Pewnts ypasenus (57—58):

St (2 —(“"" =1, O<a<l 58 log(l +]/%) =logsx.
2a \  2a

Pemmith cuctembl ypasaenuit (59—85):
logy x + logy vy =2+ log; 7, X t4ypl=x+y,
5'{1034(.\-+_\-)=24 '{ng-(lgy+2]=l.
o [0Slgx+05lgy —ulg(4—]/_;)=0, =19,
T sV — 12550 =0, {

324" = 6x.
5 { y=1-—logsx? { 3.x21=1 =4, - { =
=l =02 =6 x*y=1
{ gy 38T 1, logs xy + 3 ﬂﬂgﬁi: 0,
66. , 6. SERY
51690 ¥ —2.3%5) =2, log;% — logs x-logs y = 0.
lg? x = 1g? v+ lg? xy, C §7 2 7y, ( log, y =loga (xy = 2),
& { lg? (v — y) +lgx-lgy=0. & 1 ™7 =8ix. o | logox” + logs (x =) = 1.
-~ (2 — ==l f log, (x + ¥) + 2logs (x — ¥) =5,
. ] log, B =}/ 72, 1 2% _ §.90.8 xFy=1) 4 gyl —,

log: x-log, (x — 3y) =2, flexglx+y)= lgy-lg(x =)

xo T = 28, K] Vlgy-lgte+ ) =lgx-lg(x—y)

L 3p—4
log, = : 2 - —=log, (x — 1) — log, (3 — x).
y—x

)
L x)
{ log, (10 = 2) =4 — y,

o f logs (x - 3|~|og) o 2 =i lng,._g?.,

| logs x-logs (2x — 2y + 1) — 3 logg (2y — 1) + 2 =0.

( 1g? x-(log y — log, y+ 1)=13, logds x + loghs v — logZja (x + ) =1,
Lie ) { logsjz X - logyz y + logsa (x +)) = 0.

( 21554+ 15" = 55377, 2x2+,2=16,‘,.’

4 80'{3’2+8-2'2=8-16‘+l6".

i | g xy=}/logyx-|lgy|—T.

79.
2% 245 4+ 64 =0,

i 2'"”_“'2‘::%- 82, § 2709 42,2509 2 20.29 =0,

2% 4 EGEN _ 042 = (),

213



B

1
1 +logs! x = log, +y
yz
log, log, x
eMEL 0 L et
83, | YT x =162, 84, 1+1og§‘y=log,y ;' -

:Z +x2
xy

logye y log, :__“
2 4yt = /a8, 1+ logg 'z =log,

Xt 2.2 = 3y 450,
& { 225540 4 3y 85 = |,
86. HaiiTi Bce 3HAuEHHA 4, NPH KOTOPHIX CHCTeMa
23ty 4 xH3y — g
{ gxty 4+ 2%y = grte
HMeeT pelueHus.
87. Haiitu BCe 3HaueHMs a4, NPH KOTOPBIX CHCTeMa
2% 4 (a4 1) by* = a?,
{(a— x4+ 3 =1
umeeT xots Gbr oaHO peulenye npu mo6om b (a, beR).
88. Onpenennts Ge3 TaGumuu, Kakoe w3 wucen Gonbuue:

a) 0 nmn logy,, 20,5; 6) logy 2w %

Pewmnts Hepasencrtna (89— 108):
89, 36=-x < /AT, 90, 40,55+ < 025

3x =1
91. lo -< 1,
LAE X +2

92, loga,as (vc - ——) <05  93. log,7>log, 3. 94. l/log.‘

95. logslog g (x* —4x +3)<0.  96. Ilog5 AN >1. 97 logivi>1, a>0 a#L
% 5
4+
98. -4—1—3;-<4. 99. 5.4 42.25*<7-10% 100, 0,8° — 1,25**! > 0.25.
101, 2:3*+9-4* > 12* 4 18. 102, 0.4"‘2 1 <625 2,

103. logy (3* — 1)-logy (35** — 9) > 3.
104, 37* + 3%-log, 3 — log, 6 > 0. Bepno s, uro logy 2 — | — peimeniie 370r0 HepanercTsa?

105. loga (x — 1) -+ loga (x + 1) > 3. 106 logs (6 + 3) - 10go.3 l“;) )<t
X

107. 4 log,s cos 2x + 2 log, sin x + log, cos x + 3 > 0.
109. Haiit obnactn onpcnwunm dynxmm

y= l/loh X+ on (1 —x) - loy logs (x — 1).

Pemnts Hepasenctsa (110—133):

|1g(8 —2x)| 3
110. ng(}‘—_l)_s Lo T1L logy (x* —dx +4) 4 2x > 2 — (v + 1) logg.s (2 — X).
2 —X=b <1 113, log, (v — x) — 31 L]
" logs (9 - 3) -3 RS e T

114. log, x +logs 2x + logz x -log, 3x > 0.
115. logo,s (x + 2)-logz (x + 1) + log, ., (x +2) > 0.
116. log, 2-logs, 2-loga4x > 1. 117 log,x < 6logca—1, a>0, a # 1.

118. 108, 6 + 108526 > 10g, > 6-log,., 6. 119, 25" * 4 (5% < 3,
214

108. 2 lng,,(\' +2) —logs(x +5) < L.



1200, 1082 (x + 1 = :"33 LR s T T L R
2
2x +3
dx+1) " .
124. log, -5 (x* — 4x)* <4. 125, 1 —logy, ;2> 0. 126. log, (1 +x7) < log 5 (16 — x7).
127. log,—y (x + 1) >log »_, (x+1). 128, /logy (9x + 18) < logs (x +2).
= — 2 x)—lg4
129. {/iog, x + 2)/log, 2 >3, 130, Bllex+cigx)—lgd ,
3 Ig (sin x + cos x)
131 /1 —log, x — /1 +log,x>a)/2, a>0, a%l. 132% log.(x —a)>2. aeR.
')x%-l — lo
LY, SR oL,
x—1 = 3 —2x
134, TIpu KakuxX 3HAYCHHSX a HEPABEHCTBO
log , x*+2)>1

a1

122, |x — 1297 5 ) =129 123, Jog,

BEPHO npu mMOGOM JEHCTBHTENLHOM X7
135. Haiitnt Bee 3uauenus a, NpH KOTOPLIX Kak0e pelieHHe HepaBeHCTBA
logy . (2x* —5x - 3)<1
Oyaer u pewrerinem nepsencTsa x2 + a*x — 2a* <0,
136. Jlokasats, urto log, 3 — He paunoHaibHOE MHCIO.
137. Onpenennts Ge3 Tabauu, uto Gosbime:
a) log, 60 i logy 30;  6) logs 75 wmn log, 11.
138. lokaszath, 4To a1a Bcex x = 1
14+2Inx<x%
139%. Haiiti cpesnt 1efbIX 4icen BCe pellieHns HepaBeHcTBa
2x + | <2log, (x + 3).
140. loxasars, wro aas mobuix @ >0 u b> 0 pepio HepaBeHCTBO
a* bt > a"- b
x) <1, a ecnn
1. Tyers 0 < a < 1, ¢ (x) = a* + (1 — a). Mokasats, uto, ecun x > 1. 10 ¢ )
x<1, o @(x)> 1.

142, Tlyern o >0, @ (x)= (1 + a)* — a*. Tdokasats, uto ecnn x> I, 10 @ () > 1, a ecin
x<l, o @(x)<I.

143, Tlycre 0 < x <1, a>0, b>0. [lokazaTs:

a) a*-b' "' <a+b; 6) @b r<at-(1—®)'"%(a+b)

144, TIpn kaknx AeiCTBHTENLHBIX X i ) BEPHO HEPABEHCTBO

] l«\iu\irt—:-ﬁ + 2 cos (3ncos [/;) + l/logx Vs x<07?

Peumitn cucremnt (145 — 146):

- (2% =y 44, if f log, (x +2) > 2,
- ‘( - daci . ]‘ (st ke 4187 il JICTBOPAIOT
» . bIX 108,
147, Haittit MUOKCCTBO TOMEK TI0CKOCTH, KOOPAHHATSHI (x; y) xoTop ¥
clereme:
i -5 _ 6.3-2

* — 3=M=00] log s (x + y — 1) > logo,s ¥
a) g i =
1\+3r:5. [/y—x—-l<l/_—X-
148, Haittu cpean uensix sucen sce pelueHna CHCTEMbL ypaBHeHHH
X=>y

15p—2 ¥ =1,

r-_F=1
149. Haiirn

lim (log,_, n-log,(n + l)~...-log,,s_,"s)‘

i— o



logey | Jogez _ ¥ 2 2
SRS e T 1+1logs'z =log, ZFX°
xy

2
1+ logi'x =log, ——— = +‘V
yz
logy = logy X _
Xtz ,=6 2 422
83 | Y 1x % =162, 84 { 1+logs'y=1log, ¥ e
X25*1 — 2.2 = —3y. 4%, 1
8 { 2622507 4 3y Y = 1.
86. HaiiTu Bce 3HaueHHs 4, MPH KOTOPHIX CHCTEMaA
23x+y 4 ox+3y _ 4
{ 8XTY 4 27Ty = grta
MMeeT pelleHHs.
87. HaiiTi Bce 3HaueHHA 4, MPH KOTOPHIX CHCTEMa
2% 4 (a + 1) by? = a2,
(@a—Dx3+y3=1
uMeeT XoTs Gbl oaHo peulenue npu mobom b (a, beR).
88. Onpenennts Ge3 Tabuuu, Kakoe u3 4ucen Gonbiue:

a) 0 st loge, 20,5; 6) logs 2 i %

Pewnts HepasencTsa (89— 108):
K o

89, 36~ < [/27"“. 90. 40,55 %3 <0252 91, log, 5 X
Xt

_
92, loga,as (x —i) <05 93 log,7>log 3. 94, l, log ¥ 22,
—

95. logslog g (x* =4x +3)<0.  96. |logs x 43 >1. 97 logdx?=>1, a>0, a#1.
16 X
4
98. 4,‘—_3—:< 4. 99.5:4°4+2:25"<7-10%  100. 0,8* — 1,25**! > 0,25,
101. 2:3% 494> 1254 18, 102, 0418 **1 < 625215,
103. logy (3 — 1)-logy (32 = 9) > 3,
104. 37* +3%-log, 3 — log, 6 > 0. Bepno 2, uro logy 2 — | — peiuenie HT0ro HepapencTsa’?

105. logs (x — 1) + loga (x + 1) > 3. 106. logs (5 + 3) + logo.2 (l + !"l') )<t
X /

107. 4 log;¢ cos 2x + 2 logy sin x + logy cos x +3 > 0. 108. 2 logs (x + 2) — logs (x + 5) < 1.
109. Haiitit obnacrn onpt,ucncmm dyuxim

)—[ Iog(\+logg(?—\) lobg(\ =T

Pewnts Hepasencrsa (110—133);

Ig (8 — 2x)
110. 'lgg((\ 2] S 1 1L Jogy (x* —4x +4) + 2x > 2 — (v + 1) logg.« (2 — X).
112. ——"_—l——s L 113 log, (x* — x) — 3logs —>—> —2

logs (9 — 3% -3 = - Mt o =

114. log, x - logy 2x + log; x - log, 3x > 0.
115. logo,s (x + 2)-logy (x + 1) + log, s, (x + 2) > 0,
116 log,2-logay2-logzdx > 1. 117 log,x <6log,a—1, a>0, a 1.

118. log;—2 6 + 108426 > log, 2 6-log,.,6. 119, 255 4 ¥ ¥ < 30.
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X IR . 5
120%. |°gz (~\ ae l)z :Ogl (-\ s 1) >0
x2 —

logts (4= x)

122, [x— 1]

>|x—1

Ilogz (1+x)

123. log

124, log, 3 (x> —4x)*<4. 125. 1 — 10g)o, <2 >

127. log,—{ (x + 1) > log,_, (x+1)
129. |/logs x + 2)/log, 2 > 3.

121 % 22 >0, a%l.

2x+3
4+ ;
0. 126. log, (1 + x*) < log > (16 — x).

1=

128. I/iugJ (9x + 18) < logs (x + 2).
130. lg(tg x.+ ctgx)—lg4 251
Ig (sin x + cos x)

131 /1 —log,x — /1 + log,x>a)/2, a>0, a#l 132* log.(x —a)>2. a€cR.
10

133%. &

x—=1

7.

3-2x'
134, Tlpy Kaxkux 3HAYECHHSX @ HCPABEHCTBO

log , (x*+2)

a+1

BEPHO NpH 11060M jeiicTBHTEILHOM X?

>1

135. Haitt BCe 3uaMeHMsl @, NPH KOTOPHIX KAK/IOE PELICHHC HCPABEHCTBA

logs— (2x% — 5x —

OyaeT u peluctitem HepseHcTsa X2 + a’x — 2a* < 0.
136. Jlokasath, 4To log, 3 — He pausoHAIBHOE YHCIO.
137. Onpenennrs Ges Tabnuw, 4To Gonbine:

a) log, 60 i logs 30: 6) logy 75 wmn log, 11.
138. lokasath. 4To ana Beex x = |

1+2Inx<x

J)<1

2

139*%. Hafivs cpean uesbix yMcesn BCe pElueHis HepaBeHCTBA

2x + 1 <2loga (x

+3).

140. loxasarn, uro mis moduix a >0 u b >0 BepHO HEpaBEHCTBO
a* b > a" b

: ¢ "
1, Tyern 0 < a < 1, @ (x) = a* + (1 — a)%, Moxasats, 47o, eean X > 1. 10 p(x)<1, a ecx

x< 1, 70 @(x) >

. - . ecnu
142, Tlyer a >0, @ (x) = (1 + a)* — a*. Jokasath, uro ecnn x > 1, 10 @(x)> I, a

x<1, to ¢(x)< L.

143, Tlycry, 0 <2 <1, a>0, b> 0. Jlokazars:

a) a*- b’

*<a+b;

6) a*-b' <ot (1 —2) "*(a+b)

144, Tlpn K2kiux ACHCTBUTENLHBIX X W ) BEPHO HEPABEHCTBO

| log, (r ——TT) + 2 cos (3 cos |/3) + I/log,‘_l/;,-‘ <07

Peumrn cncremur (145— 146):

2 =yt td, ( logs(x+2)>2,
145, < 5 3
L 2ty 1 (3 = 8x + 1376 < 1. T
. g n
147, Hailtit MHOMECTBO TONEK MIOCKOCTH, KQOpAWHATHI (X3 V) KOTOPBIX YAOB P
cucTeme!
\ 33y 6.372 _ 37y 5 loggs (x + y — 1) > logo,s Js
a) < ——— —
| x +3y=5. {]/y—x-1<l/2'-"-

148. Haiiti cpest uenwix uncen Bee peieHus CHCTEMbl YPABHEHHH

149,

. Haiitn

2w
1,59 -2 7
2-3F=1.

lim (log,_, n-log,(n + 1)

n—

=1,

s
oo logs_ 1)



F'nasa XI

KOMBUHATOPHUKA. ®OPMVYJIA HBIOTOHA JJI5I CTENEHW
BUHOMA. CJIYYAMHBIE COBBITUSI U UX BEPOSITHOCTH

§ 1. Pasvewennsi, nepecTanoBKH, COMETAHNSI

1. Tlpumepst npocTeiiinX KOMOHMHATOPHBLIX 3aaad. Haunem ¢ HECKOJIBLKHX npHMe-
POB, THMHMHBIX JUIsi KOMOMHATOPHKH 3a/1ay.

Mpumep 1. B kracce 30 yuamnxcs. CKOJLKIMH CIOCOOAMIt MOTYT ObITh BbIGPAHLI!
KOMCOPT H CTApoCTa, €/ Kax/blil yyamuiicss MoXkeT ObiTh M30paH Ha OaHy M3 ITHX
JoyKHOCTEl ?

A Tak Kak 10 yCJIOBHIO 3a/1a4¥ KaX/blil yuauniics MoxeT ObITh 130paH KOMCOPIoM,
1O, oueBnaHO, cyuectByeT 30 crnocobos BhiGopa kKomcopra. CTapocToii MOKET CTaTh
Kakzblii H3 ocraBumxcs 29 yenosek. JIoGoii n3 30 criiocoGoB BhIGOpa Koscopra Mo-
KET OCYLIECTBIATHLCS BMecTe ¢ jodbiM 13 29 cnocoboB BhiGopa crapoctei. [osromy
cywecrsyer 30-29 = 870 crocoGoB BeIGOpa KOMCOPra M CTAPOCTHL. A

INMpumep 2. s AeKypeTBA B KIACCE B TedeHHE HEASHH (KPOME BOCKpeceHbs)
Bbiaesenbl 6 ywanmxcest. CKONLKUMIT CrIOCOBaMil MOKHO YCTAHOBHTL OUEpPe1HOCTh jle-
KYPCTB, €CIM Kam/blil yuanuiicss Aexypur oaud pas?

A B nouenenbHUK MOXKET JA@KYPHTb JIIOOOI N3 BBUICJCHHBIX [UCCTH HEIOBEK.
Bo BTOPHHK MOXET ASKYPHTH Kau/Ibli U3 ene He ACKYPHBIIMX [IATIE VHALIHNCH,
CrefioBaTesIbHO, PACHUCAHNE JAGKYPCTB HA MEpPBLIC ABA AHS HEACHN MOKHO COCTABNTH
6-5 = 30 cnocobamu. K cpe/ic 0CTaloTest YeThIpe YeA0BeKd, KOTOPHIC CLIC HE 1KY P,
H MOITOMY H4 CpEly JAGKYPHOTO MOXKHO Oyier nasuauurh 4 cnocobuani, Kaumabtit
U3 3THX CrocoboB MOXeT KoMOuuiposathest ¢ M1o6eiM 13 30 criocobon BLIGOPL AeKYp-
HBIX HA TOHEAIBHUK M Bropmnuk. Takim oGpazom, cymecrsyer 654 = 120 cnocobon
YCTAHOBJICHHS OYEPEIHOCTH JIGKYPCTR HA HEPBYIO NOAOBHIY Heaeu. B uersepr evMoker
JeKYPHTD J11000ii H3 TpeX elne He ASKYPHBLINX YYAUXCH, B IATHILY — 1100011 113 ABYX
emre He Aexypusumx. K cybbore BhiGopa ne Oyier, Tak Kak OCTAHETCH OIHH YMCI0BEK,
KOTOpHIi eme He AeXypwl On u Oyaer AekypHbIM B cyGOoTy. Slcho, 4ro HHea0
crnoco6oB, KOTOPLIMI MOXHO YCTAHOBHTH OYEPEAHOCTH JICKYPCTB VHALLIXCH, PABHO
6-5:4-3.2:1=720. A

Ipumep 3. Jls NpOBEIEHNS IK3AMEHA COAACTCS KOMHCCHS 13 ABYX 1IPEHoid-
paTesieii. CKONBKO PasMuHbIX KOMHCCHIT MOXHO COCTABHTL M3 H8TH Hpenoaasarencii?

A OG6o3nauns s yaobersa npenoaasareneii Gyssanvu A, B, €, D, E. HeTpyano
BBITHCATbL BCE BO3MOMKHBIC BAPHAHTBI JUIS COCTABA KOMICCHH, {4 HMCHHO!

AB, AC, AD, AE,
BC, BD, BE,
CD, CE,

DE.

Takum 00pa3oM, BHAHO, YTO YHMCJAO PA3THYHBIX Komuccuii pasuo 10. A
[Ipivep 3 YAQI0Ch PEIINTL NPOCTHIM NEpeBOPOM BCeX BO3MOXKHBIX CIVHACH.
KoHeuHo, TAKOH METOA NPUMEHHM TONbKO TOrJd, KOIJId YHCIO CJYHAeB HEBEIHKO.

216



Ecan 661 B mpumepe 3 pedb ULIA O CO3ZAHHM KOMMICCHH HE M3 JBYX HCJIOBEK, a J0-
MCTHM, M3 CceMH, a BbIOHPAThL 9K3aMEHATOPOB HYKHO ObUIO Obl, Hampumep, u3
ETBIPHAALATH Npeno/aBaTerneii, To MONbITKA NepedpaTs Bee CMOCoObI OKOHYMIACH Obl,
10 BCeif BHANMOCTIL, HEy/auell, Tak Kak B 5TOM clyyae MOXKHO obpa3osath 3432 xo-
MHCCHH. DTOT pE3yNbTaT JErKO MOKHO OyAeT noayuuTh IOCJHE TOro, Kak OyayTt
BHIBEACHBI OG1e (hOPMYJIbI, MO3BOISMIOLINE pelaTh MoA00HbIe 3anadl (cM. npumep 9).

Ho npexie yem nepexomnth K BLIBOAY ITHX (OPMYJI, BEPHEMCS K PACCMOTPEHHBIM
npimepanm. TlocmoTpum, 4TO OBWIEro B 9THX mpiMepax H €CTh I KaKas-1ubo
CYIICCTBEHHASI PA3HINA MEXIY HUMH,

Tlpexsie BCEro OTMETHM, UTO BO BCEX Tpex NpHMEpax petib WICT O HEKOTOpOM
KOHEUHOM MHOKECTBE ICMEHTOB 1 O KOJIMYECTBE ero MOAMHOKECTB, YAOBICTBOPAIOUINX
HEKOTOPBIM 3a1aHibiM TpeboBannsm. Tax, B npumepe | paccMaTpuBaJIOCh MHOKECTBO
BCEX YHalunxes Kjacea, T.e. MHOKECTBO, cocTosiuee w3 30 2JEMEHTOB, Il TpeGoBasiock
HAITI UMCIIO BEEX PAJIMMHBIX [OAMHOKECTB 3TOFO MHOKECTBA, COCTOALIX M3 JBYX
MEMEHTOB (BYX yHALUMXCS, M3GPaHHBIX Komcoprom M crapoctoii). B mpiumvepe 2
PACCMATPUBAIOCH  LHECTHIICMEHTHOE MHOKECTBO JCKYPHBIX H ONPEACIAIOCH HNICI0
HIECTHINCMEHTHBLIX HOAMHOXKECTB 9TOF0 MHOKECTBA, OTJAHYAIOWIIXCH APYT OT Jpyra
TONBKO HOPS/IKOM CIEMOBAHIs 2JIeMEeHTOB. B npumepe 3 13 NATHIEMEHTHOTO MHO-
KECTBA BCEX IMPENOAABATENCH BLUIISUINCH pasandHble ABYX2JIEMCHTHLIC [OAMIOKECTBA
(KOMHCCHH) 1 1101CHHTBIBAIOCH HX HHCITO,

Hapsiy ¢ orvetueHHbIM CXOACTBOM, NpH PaccMOTpEHiH MPHMEPOB 1=3 soisisas-
SICH QIHO OMEIDL BAKHOE PA3INYNe, CymiecTBylouee Mexay Himu. OHO 3akmouaercy
B TOM, uTO B npivepax | —2 u B npuMepe 3 copepuienno no-pasHoOMY TOHUMAatoTCs
CI0BA  «pasinunbie noaMHoKecTBa». B npuvepe 3 pasiHbIMH CHHTAJIMCL  TTOJIMHO-
KCCTBA, OTINYMIONLIECs APYT OT Apyra 1o Kpaiineii Mepe OAHHM SJIEMEHTOM. IMops-
AOK ICMEHTOB HC NPUHUMAICS BO BHuManue. Komucens, cocTosiiias N3 Mpenoiasa-
teneit Msanona v ITerpoBa, HIMEM eCTeCTBEHHO He OT/IHYAETCS OT KOMUCCHH, COCTOs-
uieii w3 Terposa w Msanosa. B npinepe 1, HanpoTis, NOAMHOKECTBA, OTAHNAIOUIECs
APYT OT JIPYIa TOMLKO TOPAIKOM 37eMenToB, cyntaich pasmuiibivu. Buibop Meanosa
soMcoprom, [lerposa crapoetoii i uGop erposa Komcoprod, a Mbanona cra-
POCTOIl — 970 /By PAsAMMHBIX cniocoba BeGopa. B npimepe 2 pasTHuHLIMI CouTanucy,
NOAMHOKCCTBA, CCilit OHM OTAMMATICH APYF OT Apyra TOJNBKO MOPSKOM CllCAOBanus
HICMEHTON.

Ecin noavinozeetsa, omimuaionnecs Toapko MOPSAKOM CIEAOBAHMS SieMenToR
CHTAIOTCS PasHUHBIMIE, TO FOBOPST 00 ynopsadowennvix NOAMHOKECTBAX. B nporus-
HOM ClIyyace npuiarareibHoe LYNOPSI0MCHHbBIEN OnyCKleO'l'. HaanMep, y M"O)KCCTBa
COCTOSUUICIO 113 UeTHIPEX AMEMEHTOB a, b, ¢, d, uMeeTcs, OYEBHNO, 4 TPEXDIeMenTHEx
HOAMHOKECTBA

abe, abd, acd, bed
1 24 TPEXICMEHTHBIX YIopAIoNennpIX NOAMHOKECTBA
abe, abd, acd, bed,
ach, adb, ade, bdc,
bae, bad, cad, cbd,
bea, bda, cda, cdb,
cab, dab, dac, dbe,
cha, dba, dca, dcb.

B KOMOMHATOPHBIX 3a/@4ax BCerja HEOOXOMHMO MOACHHTATH HHCIO BCex oy
MHOKECTB JaHHOTO MHOKECTBA, YIOBJAETBOPAIOUNIX ONPEACCHHLIM YCIOBUsN, 1o
B OIHHX 3a1a4ax [OAMHOKECTBA, OTJMYAolyiecs TOJNBKO YCTAHOBJICHHBIM gy
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[OPAAKOM CJIEIOBAHMS NIEMEHTOB, IPUXOANTCS CHNTATh PA3IHMHBIMK, B APYTHX MOPSIOK
ceqOBaHHs DJIEMEHTOB HE BAXKCH, W MOAMHOXECTBA, OTJMYAIOUIMECs TOJIBKO pac-
NONOKEHHEM 3JIEMEHTOB, HE CYHTAIOTCS Pa3JIHYHbIMHU.

2. Pasmvewenus. TTycTh MMeEETCH MHOXECTBO, coiepxaiyee n anementos. Kaxaoe
€ro yNopso4eHHOe MOAMHOXKECTBO, COCTOALIEE M3 K 37EMEHTOB, HA3bIBACTCS pasile-
wenuem uz n saemenmoa no k dnesenmos.

W3 onpenenenust BhITEKaeT, 4TO N>k >0 W 4TO pasMewleHus M3 n 3JEMEHTOB
no k 3JEMEHTOB — 3TO BCe Kk-IJIEMEHTHbIE NOAMHOXKECTBA, OTJIMUAIOLIHECH COCTUBOM
3MEMEHTOB WJIH NOPHAKOM HX CIEJ0BaHMs. [lns MHOXKECTBA, COCTOSINEro M3 4-x aJe-
MeHTOB a, h, ¢, d, Bce pasMelienus mo 3 onemMeHTa ObUIN BBINMCAHLI B KOHLE
Npe/bIAYLIEro NYHKTA: MX 0KA3aJ0Ch 24, OHM OTJIMYAIOTCS APYr OT ApYyra Judo cocTa-
BOM 3JIEMEHTOB, JIH00 MOPAAKOM HX PACTONOKEHMUS.

B koMBHHATOPHBIX 33/a4aX HEOOXOAMMO YMETh MOJACHYMTBLIBATH YHCJIO BCEX pa3me-
UIEHUH M3 n 21eMEHTOB No k ayeMenToB. st 0003HAMEHHS ITOrO MHCIA PHMEHSAETCS
crienMaibHBI cHMBON A (MnTaeTca: «iMeno pasmerennit u3 n no k» wan «A s n no k»).

A — nepsas Oyksa (ppaniLy3cKOro cioBa arrangement, UTO O3HAYAET pPa3MELUCHHC,
npuBejenne B nopsaok. Mbl yke BHAENM, YTO HHCIO pasmewienuii u3 4 5J1eMeHTOB
10 3 onementa pasHo'24, T.e. A3 = 24. Tenepb 10MKHO GbITH sCHO, uTO B rpimepe |
TpeGoBaoch HANTH YMCAO pasmeltennii n3 30 snemeHTOB no 2 dJeMedTa. i M3 pelie-
HHS 2TOro npumepa ciieayer, uto A3 = 870. Jdanee, ouepnuno, uto A% = 1, Tak Kak
CYLLUECTBYET TOJBKO OAHO MOAMHOKECTBO N-3EMEHTHOrO MHOMKECTBA, HE CO/epKallee
3/1EMEHTOB (TyCTOe MHOXKECTBO).

B obuiem ciyyae Ha BONPOC O 4MCIE Pa3sMelIeHiii U3 n 2NeMeHToB 1o k daeMeH-
TOB JaeT OTBET cieayromas opmyna:

Ak=nm—=1)m—-2)...m0—k+1), k>0, (h

T.€. NUCAO pasmewjenuil uz n o ouesmenmos no k oaesenmos pasno npowsceoenuio k
N0CAA0BUMEALHBIX HAMYPAALIULIX uuces om n Jo n — k + | araoume.wio.

[] Yueno pasMeleHnii N3 N I0EMCHTOB N0 Kk 9JeMElTOB paBloO MHCIy Beex
k-27IeMEHTHBIX YHOPSIOMEHHBIX NOAMHOXKECTB MHOKECTBA, COACPAALLCIO 71 MICNCHTOB.
[epBLIii 2MEMENT MOAMHOXKECTBA MOKHO, OUEBHAHO, BLIGPATL 1 CHOCOOA, BTOPOil
SMEMEHT MOAMHONKECTBA MONKHO BbIOPATh yke TOALKO n — | crnocoGoM, Tk Kak B Ki-
YeCTBE BTOPOr0 3/EMEHTA MOKHO B3STh JHOGOH JMEMEHT MHOKCCTBI, KPOME YKE
BbibpatiHoro nepsbiM. Kaxawiit u3 cnocoGos sriGopa HepBoro  weMenTa  MOKel
0ObEARHATHEA C KKALIM 13 Ccnoco0oB BLIGOPA BTOPOro, I CACAOBATCALHO, CYUIECTBYET
n(n — 1) cnoco6oB BLIGOPA NEPBBIX ABYX EMEHTOB PN NOCTPOCHII K-27EMCHTHOTO
ynopsaouennoro noamuoxectsa. Ilocie BeiGopa nepspix ABYX HACMEHTOB OCTAIOTCS
n — 2 BO3MOXHOCTH JUISl BBIGOPA TPETLENO JeMeHTa, It ONATL-TAKH KKAAd 03 ITHX
BO3MOXHOCTCH MOKET I\'OMPHHHPOB&ITbCﬂ ¢ s1oboii u3 posmoxnocteli BLIGOpa NEpBbIX
ABYX OJIEMEHTOB, T.€. BBIOOD TMEPBLIX TPEX IACMEHTOB MOKET ObIThL OCYIHECTBICH
n(n—1)(n—2) cnocobamit. IMocneanmii k-it snement A-aieMeHTHOIO NOAMHOKCCTBA
MOXET BbITh Bblﬁpall n—k + 1 CIIOCO()O:\I. TAK KAK K MOMEHTV m,]()op;l k-1ro 2J1eMeHTa
octaiock n — (k — 1) 2neMenToB. )

®opmyay (1) y100HO 3anHCLIBATL B Apyrom Bite. Bymem s KPATKOCTH PO
sesenme n(n—1)(n—2)...3-2-1, T.e. npomssescnie Beex HATYPAIBHBIX 4HCEN OT N
10 eAMHNuLB], 0003HAUATL CHMBOJAOM ! (unTaeres «ou t])ulfropll’u:]»)‘ Mcnonbsys 3Hak
(akTopuaiA, MOKHO, HANPUMED, 3amHCaTh:
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YMHOKHMM WU pasnenuM NpOHM3BEJCHHE, cTOAUlee B npasoil uacTu dopmyast (1), Ha
(n—k)! Torona nomyuum

ik = nmn—1)n—=2)...0n—k+1)(n—k)!
o (n—k)!

iEiig

!
¥ n!

= 2)
g (n—k)!" (

®opmyna (1) Guuta monywena B mpeanonokenus, uro k >0, (opmysoii (2) MOXKHO
oab30BaThCs M npu k = 0, TAK Kak OHA W B 9TOM YACTHOM Ciy¥ae JaeT NpaBHIIbHbIIL
Pe3YALTAT, & UMEHHO
A = LA PR
" m=0)! " a!

Tput BuiBose (hopamyssl (1) npeanomarasocs Takke, 4To n# 0, T.e. YTO JAHHOE MHO-
AECTBO HMeeT XOTs Obl oanH aemeHt. Ecau n =0, To 310 03HAYaeT, MTO PaccMaTpH-
BACTCA NMyCcTOE MHOXKECTBO, & TAK KAK MYCTOE MHOKECTBO HMEET TOJIbKO OAHO NOA-
MHOKECTBO (camo cebsi), To Ag = 1. Ecim ycnosurees, uro 0! =1, 10 dopmyna (2)
Oyser masats BepHblil pe3yabTaT u B cayvae n = 0. B camom zene

1.

0!
i haAl
Af=Gr=1
Dpusmep 4. Buuneaurs
Ao + 430
A%
A Menonpsys gopmyaty (2), noayuaem
20! 20!
Ao+ A3, _ 141 T 151 _ 16! 16 e s 6= 1616 = 256. A
A3 00 @B
16!

Mpuniep 5. B cennmom knacee nsysaeres 14 npeiveros. CKOIBKHMH crnocobamu

MOKHO COCTABNTEL paciicanie saunmiii ua cy66ory, ecim B 3TOT JeHb HEICIH 10JDKHO
OWTh 5 pasinyuLix ypokos? :

A Pasauupnix cniocoGoB cocTasienus pacnucanis, OYEBM/IHO, CTOJILKO, CKOJILKO
CYWCCTBYCT 1SITHAICMCHTHBIX YIOPSUIONCHHBIX TOAMHOKECTB Y UeThIpHAALATHIACMEHT -
HOFO MHOXKCCTB,

Creaosarennio, unciao CIOCO00B PaBHO uuCIy pagmemeulli'l u3 14 snemMeHTOB
10 5, T.¢. pasio Aj, Mo dopmyse (1), nomaras s neil n = 14, k=5, naxoium

{74 = 1413121110 = 240 240. A

3. Mepecranosin. Pasyeiienns w3 n IeMeHTOB 10 11 IEMEHTOB HA3LIBAIOTCS
NEPECMANOGKAMU U3 N IAeMEHINO0E.

IMepecranonkn apisores wacTupiv cryvaem pasMetuennii. Tak Kak Kakaas nepe-
CTAHOBKA COJCPXKHT BCC N IJIEMEHTOB MHOXKECTBA, TO Pa3iH4Hbie NEPCCTAHOBKH OTIIH-
SA0TCA APYT OT JIPYra TONLKO IOPAAKOM 51eMenToB. YHCIO MEPECTAHOBOK U3 n
IMEMEHTOB 0Go3HakaloT Yepes P,. P — neppas Gyksa (paniry3ckoro cjio8a pern?ulau?? -
NepecTaHoBKa. Tenepn sCHO, UTO B npumepe 2 TpeGoBajioch HAliTH YHCIO BCEX llep‘-‘—T"l'
HOBOK M3 6 9/ICMEHTOB (UHCJIO BCEX BO3MOKHBIX MEPECTAHOBOK JCKYPHBIX Kjacea).
310 uHCI0 okasanoch pasHeiv 720, Ciegosatensio, Pg = 720.
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B obluem Ciyyae 4YuciO MEpeCTaHOBOK W3 N JIEMEHTOB P, = AR, M cnegoBaTeNbHO,
ero MoxHo Haiiti no Qopmyse (1) wmm no dopmyne (2), MONOKUB B KaXAOH H3 HAX
k = n. JelictBurensHo, Gpopmyna (2) maer

. n! n!
S T T

=nl,
u3 Qopmyasl (1) raxonum
P,=Ay=nm—=1)n—-2)...cn —n+1)=nl

WTak, uucio nepecmanoéoxk uz n 24emeHmos pasuo n'!

Takum 06Pa3oM B MHOMKECTBE, CONEPHKALIEM I 3JIEMEHTOB, YCTAHOBHTDL OINpPE/IeseH-
HbIH TIOPSUIOK CNEJIOBAHNUS BJIEMEHTOB WM, KAK TOBOPST, ynopA400u b TAKOE MHOXKECTBO
MOXHO n! criocobamu.

Hanpumep, CnuCOK YYEHHKOB KJacca, B KOTOpom 20 uesoBeK H HeT OAHO(aMILIb-
1IEB, MOXHO COCTABHTD

20! = 2432902008 176 640 000 crnocobamu.

Mpumep 6. Ckonbko IIECTU3HAYMHBIX HHCEN, KPATHBIX MATH, MOXHO COCTAaBHTh
w3 mudp 1, 2, 3, 4, 5, 6 npu ycioBum, 4TO B yHcie HM(PBI HE MOBTOPSIOTCS.

A Jns Toro 4robbl YHCIO, COCTABIEHHOE N3 3aJaHHBIX (P, AeTIoch Ha S5,
HeoBX0AMMO 1 J0CTaTOuHO, 4TOOb! mudpa 5 crossa na nociejaHem mecte. OcralibHbIC
naTh UH(P MOLYT CTOSTL HA OCTABLIMXCA NATH Mectax B sobom nopszxe. Cienosa-
TEJIBHO, HCKOMOE HMCJIO LUCCTH3HAYHBIX YHCEeN, KPATHBIX ISTH, PABHO MHC/IY MepecTa-
HOBOK M3 IATH JIEMEHTOB, T.e. 5!'=5-4.3.2.1=120. A

IMpumep 7. Halitu n, ecnu

Pyss

n=k

=2404k13,  k<n

A Tpumensis GopMysty julsl umcia nepecTaHoBoK n Qopayay (2) Ut sucaa pas-
MELLEHHIA, TNeperieM JaiHoe YPABHEHNE CACAYIOMHM 00pPa3oM:
(n+3)!

TMony4eHHOe YPABHEHHE PABHOCHILHO KBAAPATHOMY YPABHEHHIO
(n 4+ 5)(n + 4) = 240.

Ero xopun n=11 u n= —20. Ilpn n= —20 u aepas, u npasas HacrTit YPaBHCHH
He mmeror empiena. Ilpu n =11 s moGoro k rakoro, wro 0< k < 11, cnpaseunso

PABEHCTBO ‘PP“" = 2404137, Urak, n=11. A
11-k

IMMpnmep 8 CKONBKO PA3MMHBIN MEPECTAHOBOK MOKHO 00pasoBaTh U3 GyKB
cioBa «3agava»’?

A O6pa3oBaTh KAKYIO-THGO NCPECTAHOBKY 113 GYKB COBA «3UAANA» — ITO JHAUNT
HA WIECTh 3aHYMEPOBAHHBIX MCCT KaKHM-HUOYb OOPA30M HOCTABHTL OJHY OYKBY «3»,
o/1Hy OYKBY «I», OHY OYKBY «4» M TPH GVKBbI «a», ECin GYKBBI «3», «1» H «4» KAK-TO
NOCTABJIEHb], TO OCTAJILHBIE MECTA 3ANOMHAIOTCH OYKBAMI “«ay. Ho CKOIBKHMI CHOCO-
GamMH MOXKHO MOCTABHTb TPH PasiiidHble OYKBBI Ha wieeTh MeeT? OQUEBHIHO, UTO YHCIO
COCOOOB PABHO HHCIY BCEX TPEXIMCMEHTHBIX YNOPSLOYSHHBIX MOAMHOKECTB LIECTH-
9IEMEHTHOFO MHOXKECTBA, T.€. PaBHO A3 =6.5.4 = 120,

MoKHO paccyxaath i nnaue. Ecam Gwl Bece miecTs OVKB C0BA ObLIH PA3IHUHBL,
TO WHCIO NMEPECTAHOBOK Obuno Obl pasno 6!. Ho Gyksa «a» BeTpeYaeTes B JAHHOM
cloBe TPH pasd, I NEPECTAHOBKI TOALKO ITHX Tpex OykB «a» HE AAlOT HOBBIX
crocoGoB pacnonoxenis Gyks. T0STOMY 4HCIIO fepecTaHOBOK GYKB CI0BA «3a1atan

>
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Oyzer He 6!, a B 3! pa3s Mewblue, T.e.

6!  6-5-4:3.2.]
g =0654=120 A

(%]

4. Couerannsi. IlycTh HMMEETCS MHOXECTBO, cocTosuiee u3 N saemenTos. Kaiioe
€r0 MOAMHOXKECTBO, COAEPIKALLEe k DIEMEHTOB, HAZLIBACTCS COYCMANUEM U3 11 DACMENIN06
no k asemennos.

Taxim oBpasom, coueTaHus U3 n aeMeHTOB 1O k JMEMEHTOB — ITO Bee k-one-
MEHTHBIC OAMHOKECTBA 11-2]IEMEHTHOrO MHOKECTBA, NPHYEM PA3IHUYHLIMIL 110/IMHO-
KECTBAMHU CHITAIOTCS TOJBLKO TE, KOTOPbIE HMEIOT HEOAMHAKOBLI COCTAB IJIEMEHTOB.
TMoamuoxecTsa, oTMyaloUIMEcs APYT OT JIPYra TOJLKO MOPSLAKOM CJEA0BAHNSA dJIEMeH-
TOB, HE CYNTAIOTCS pasauuHbIMH. Hanpumep, ams 4eTbIpexdIeMEHTHOTO MHOKECTBA

2

a, b, ¢, d coueranusaMIil TI0 3 2UIeMenTA SBASIOTCS CIeayIoIINE MOAMHOKECTBA
abe, abd, acd, bed.

Yuemo Beex coueTamuii M3 1 9EMEHTOB 10 Kk 2JIeMEHTOB 0003HAYAETCS CHMBOJIOM
C) (uraetcs: «imcio coueranuii w3 n mo k» i «ue #3 1 no k»). C — nepsas ?yKBa
paruysckoro crosa combinasion — coveranse. Mbt Toabko uTO Bitmemt, uto €3 =4
B npumepe 3 Gpuio maiizeHo winCAO coweramuii u3 5 OJEMEHTOB MO 2 jeMenTa,
npiieM okasanock, uto C2 = 10.

B oBimen ciyuae unemo coueranuii 3 n a1eMeHTOB MO k 9ICMEHTOB ONPEACTSETCS
crenyionteii dopayioii:

Che n! ! (3)
(n—k)!'k!

0 Cuasana 0Gpasyem Bee BO3MOKHBIE HEyTOPSUIOMEHHBIE MOAMHOXKECTBA, CONCp-
Rame k oneventos. M uneno pasmo C 3aTeM #3 KakA0ro MOJIyMEHHOIO At
ASCTBA NEPECTANOBKOI ero 2JIEMEHTOB NMOMydHM BCE YNOPAIOMCHHBIC MOAMHOKCECTEA,
KOTOpBIN Oy:ier, ouesuano, B k! pas Gombuie, Tak Kak Kaksoe k-ynemenTHoe m:mo-
HKECTBO MO0 yuopsaounth k! cnocobayu. Hrak, AS=k!Cj, oTKyaa 1 cieayer
dopmyaa (3). N

Dopamyay (3) MOKHO 3amucaTh B ApYroM, Goee YIOGHOM JUlsl BBIMHCICHIH BIC,
Cokparis wncmrens n 3uamenatens apoon ma (n — k)Y, nomyunm

¢t = MDA B Skl 4)
" k!
T.C. HUCio covemanuit us n ogemenmos no k vaesmeHmos pasho ,1170113::('00!!!!!” feex
HAMYPAb LI dices om 0 00 n — k + 1 ekaouumeanto. oeaennosy na kl. '

Mpuatep 9. CROMLKO IK3AMEHALHOHHBIX KOMHCCH, COCTOSIMX W3 7 ICHOB,
MOKHO 00pasosars 13 14 npenoxasatesneii? S

A OUEBIINO  CTOIBKO, CKOJNBKO CYLIECTBYET CCMMOJIEMEHTHBIX TMOAMHOKECTE
¥ HETBIPHAILA THATICMCHTHOrO MuOKecTBA, Tlo (opmyrne (4) HAXO1HM

14-13-12-11-10-9-8 _ 14:13-12-11-10:9:8 _ 3455 ,

7! o T T

ITpusep 10. B uemmnonare crpanst mo ¢yrGony (spicuias “Jl’l)ll‘il‘) 'y‘lnc\‘t_ﬂi)"m
I8 KOMal, nputenM KajIble 1ABe KOManhl BETpedaiotcs Mesity cooit 2 pasd. CKOJIbKo
MATHell urpaercs B TeqeHHe cezoHa? e

A B nepsom kpyre CoCTOMTCS CTONBKO MaTHei, CKOJIBKO 'C_V'llle‘-‘1_")‘LT 4’19)'\7“‘-‘
MEHTHLIX TOIMHOKECTB Yy MHOKECTBA, cofepikaiiero 1§ 7memeHtos, T.€. HX HHCIO
pasio Cis. Ilo (hopamyre (4) noayyaem

Cly

1817
7

2
Cis=

=158:
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Bo BTOpOM Kpyre MrpaeTcsi CTONBLKO ke Martdell, MOSTOMY B TEueHHME Ce30Hd
cocroutesi 306 BCTpEd. A
Mpumep 11. Pewuntsh HEPaBEHCTBO
fo ! >2CHo.

A JleBas 4acTh HEPABEHCTBA MMEET CMBICH TOrAa M TOJLKO TOrAa, Koraa X — ue-
10 4HCIIO, npuHamiexkauee otpesky [1; 11]. IlpaBas 9acTh MMEET CMBICT B TOM M
TONBKO B TOM CJIy¥ae, KOFAa X — Lesoe uucio u x € [0; 10]. CnenoaTenbHO, peLUCHHAMH
HEpABEHCTBA MOTYT ObITh TOJILKO Lefble 3HaYeHMs X, Jiexamue Ha orpeske [1; 10].

Kcnonbays ¢opmyaty (3), AaHHOE HEpaBEHCTBO 3amuileM ciaeayrounm obpasom:

10! -2 10!
(x—=1D)!(10—x+ I)! x!(10 = x)!°
. ’ 10!
Pasaenus obe yacTH HEPAaBEHCTBA Ha CES TR NONY4UM
1 2
11 —x = x’

oTkysa X > 22 — 2x, T.e. x > 22/3. Vuutuisas orpanmsenus xeN n xe[1: 10], nony-
YaeM MHOXECTBO PEeLICHHH NaHHOTO HEpaBeHCTBA:
{8; 9; 10}. A
~ k - -

Uncna C, 061analoT MHOTHMH HHTEPECHBLIMHM M BakHLIME cBoiicTBasi, OcTaHo-
BMMCsl Ha /IBYX CBOMCTBAX, KOTOpPbIE YACTO HCHOJL3YIOTCH.

[TepBoe cBoiicTBO: Ck=Cl ¥

O Hpumenss dopmyny (3), nonyuaem

1 !
ok = n! = n! —C m
g m—m=k)(n—k)!  kl(n—Ek)! "
Tonb3ysich 3THM CBOICTBOM, MOKHO ynpowaTh BeHCieHue uucesn Ch o Tex cayuasy,
Koraa k > n/2, nanpumep
15-14-13 -
C}§ = C‘:S = —3:—= 455,
Btopoe cBoiicTBoO:

Chati— gk ok (k<) ()

O Omnats ucnonbyem opmysy (3):

n! n!

e gia et atl
| m—k—Dk+D] * =0T

n! n—k k+|) (n+1)! x
e e —— (CoR - e = - = 8
k+ Dl =R ( TS W Sl oy ey ey ) 1S T

§ 2. ®opmyaa Huiorona
Xopomwo uzsecTHble (hopMyJIbI
(@ +b)* = a® + 2ab + b3,
(@+b)* = a® + 3a%b + 3ab® + b*
MOXHO 3arucarb Taxk:
(a+ [7)" = Cgu: + 'Céuh + Cgl):,
(a+b)* = Cla® + Cla?h + C3b* + C3b*.

¥y



Bosuukaer ectecTBeHnas runoTesa: He 6yﬂy'l‘ i CnpaBe/IMBbl AHAJIOr HMHbIC (l)op-

MYIIBI [UIsL 4€TBEPTOi, NATOH M BOOOMIE AI060I HATYpANbHON CTEmeHH ABY'JIEHa
(6nHOMa)?

Boisichum cuauana, GyneT Jn cupaBeinBa aHaiorudnas Gopmyna Uil HYETBEPTOl

crenenn. [nst sroro oGe wactu (opmyasl mns (a+b)® ymuokum Ha a +b. Toraa
TOyH M

(@+b)* = (C3a® + Cla®b + C3ab® + C3b3)(a + b) = .
2 3 =
= C%a* + Cia®b + C3a*b® + Cab® + Ca’h + Cla?b? + C3ab® + C3b* = -
= Ca* +(C3 + C @b + (C3 + Ca®b? + (€3 + C)ab® + C3b™.
Yuureias, uro
C3=CY Ci+C3=Cl Ci+cCi=0C3 Ci+Ci=Ch Ci=C§

Yoeknaemces B cipaseanusocTi (GopMmyst

(a + b)* = C3a* + Cla®b + C3ah® + Clab® + Cib*.

Takum oBpaszom, mam yjamock, HCmons3ys (opmysy Ans TpeTbeil CTemeHH ?,:ggm:

HOIYMUTL aHamoruuuyto QGopmysty aas uerBeproil creneny. I1poBeseHHOE paccinoﬂ“o:

BO-TIEPBLIX, MOATBEPIKAAET THIOTE3Y M, BO-BTOPHIN, HATAMKHBACT HA MBICIE BO

BATBCSL IS e AOKA3aTe]IbCTBA METOAOM MAaTeMaTHUeCKOil HHAYKLHH. S —
Teopewna. [Jas npouseoavusix wuces a u b u Npou3E0AbHO20 HANYPAAbHOZ £

# enpagedausa (hopatyaa

(a + b)Y = C%" + Cla" ‘b + ...+ Cha" "k + ... + chb". (1)

= aTh KOpoOYe:
Henoapays anak cymmnr, Gopmysny HpioTona MOKHO 3amucaTh KOP
. : (2)
(a+by=Y Cham bt
k=0

O Qs no= 1 dopsmyna HbloTona mMeeT Bui

(a + b)! = Ca + Clb,

i, TaK xak CY = C} = 1, ony, OYeBIIHO, BEPHA.
5
Ipeanonoxcin, uro (opmyna cupaseansa ans n=m, T.€.

(@+ b=y Cha""*b".

k=0
Torzna

Ly -t m —kpk+1 —
fa+b)"* =(a+b) Y Cramkpk = Y Chamt iRk 4y Cha"™h
k=0 k=0 k=0

= COgm+1 g \ﬂ C"(I"Hl_kbk-{» i C’ﬁ—xanwl-kbk i C::I,J"”l =
k= k=1

n _ w —k.k m m+l.
= COm* 4 ’X (C;‘,.+C:. Ya +1=kpk L CT
k=1
Vuuteisas, uro
, Ci=CRuy Ch+Chl=Ch., Ca=Cilh
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noJry4aem
m+1
(a+b)m+l — z C:‘,,“a"'“’"b".
k=0

Takum 06pa3om, U3 crpaBefsMBocTH Gopmyssl (1) mis n = m crenyeT ee cCrpasein-
BocTh s n=m+ 1, u, Tak Xak (opmysa BepHa M Npu n= 1, TO Ha OCHOBAHHH
NpPUHLANA MATEMATHYECKON MHAYKIHH €€ CHPaBEATHBOCTh YCTAHOBJEHA [UIA BCEX HATY-

paibHBIX 3HaueHHii n. M
®opmyna (1) HOCHT UM BEJIMKOrO aHrIMicKoro (gusnuka u matematuka M. HeroToHa.

IlpaBast 4acTh ee HA3bIBAETCS pA3/0JCeHueM HamypaibHolt cmenenu ounoma. Kodphu-
muenTsl C¥ Ha3bIBAIOTCS OUHOMUAALHBIMU KOdPduyuenmamu.

OTMETHM HEKOTOphIE XapaKTepHbie ocobeHHOocTH (opmysbl HploToHA.

a) Ilpasas yacte (opmynsl HeloToHa comepkut n + 1 ciaraemsix.

6) Kaxmoe cnaraemoe mmeer Bux Cka"~*b.
Crnaraemoe Cka" *b*, crosmee Ha k + 1-M Mecre, yI00HO CHMTAaTh k-M HJIEHOM

pasIIoNKeHHs oGoauamm, uepes Ty, T.e.
= Cha"= bk, @)

Tlpu stom yesosun T, = Cha" — HysneBoii unen pasnoxenns, Ty = Cla" 'h — nep-
Bbli wieH pasnokenns, T, = Cpb" — n-ii ugen pasnoxenms.

B) [TokasaTequ CTENEHH NPH @ B KAXKIOM CICIYIOIIEM WICHE PpAa3IOokKeHHs Ha
eIMHHMIY MEHBIIE, YeM B MNpEIbIIYILEM, MOKA3aTesil CTeNeHH NpH b — HA eaHHHLY
Gonbire. Cymma nokasateneil cremeHu npuw a M b B KaKIAOM HWiCHE pa3lioKeHHs

paBHa 1.
1) KoahpuumenTer pasioxkenns, 0JHHAKOBO YIAACHHBIC OT HYJIEBOTO I OT /1-T0 HJeHa

pasioxenns, paBHbI, Tak kak Ck= Ci7k
Mpumep 1. BozsecT B LIECTYIO CTEMeHDb ABYWIEH

.
X5 =3
A THonoxus B dopmyne (2) a =x2 b= —y, n=6, noayunm
6
62—y =Y CeB *(—pf=
k=0

Cx12— Cix'% + C2xBy* — CAxy + Cix*y* — Cax?y®
=x? — 6x'% + 15x8y? — 20x°y* + 15

3
Mpusep 2, Haliti ueTBepThlil WieH pasioxkenus cTeneHi G1HOMA (] X +
3,

A Tonoxus B dopmyrne 3) n =9, k = . b= 1/)/x, nonyunm

3
Ty =Cs (]/\) (l] )t = =126]/x. A
/ 1 ; 12
Mpumep 3. Haitru unen pasioxenns crenenn GuHoMa (T + l\) , HE 3aBH-
csuit oT X. * :
A Tlonoxus 8 gopmysne (3) n= 12, a = 1/x, b =|/x, nonyunm

T = Cia (1/x)"37% ()/x)
Jins Toro 4ro0bl WIEH pa3NOXeHus HE 3aBHCEN OT X, HEOOXOAMMO M IOCTATOHHO,

3
gro681 —12+ -k =0, otkyna k = 8.



WTak, BocbMOii MiIeH pa3NoKEeHHs HE 3ABHCHT OT X. BbIMHCIUM €ro:

IMMpumep 4. Haiitn cymmy Bcex GHHOMHANBHBIX KOI((UIMEHTOB
CO+CL+C+... 4G

A Tlonoxus B popmyse (2) a=1, b= 1, 6yzem umeTh
"
(1+1y=Y Ch
k=0
Taxum o6pazon.

S CE=CY 4 CLamC it Gli=20A

k=0

k
¢ kak C, —9T0
CMBICI 110CIE/IHEr0 PABEHCTBA 3AKIOMACTCS B CIEAYIOLIEM. Taxk n

K k 3nemenToB
HHCIIO BCeX TOAMHOMNECTB N-3JEMEHTHOrO MHOKECTBA, COACPKALLMX y
TO CymMa

CO+Cl+...+Cp

AACT, QUEBIJINO, YHCAO BCEX MOIMHOKECTB N-2]EMEHTHOr0 MHOKECTBI. C_rxc)"u;:?ne”bno'
HUCI0 6cex noostnodicecma AHOdcecmsa, ('(1()1.‘[1341‘('11/1.’2() n 3.1(’.\“'"{"015.'])(l:ill’;l”;lélom"xcﬂ
IIpuntep 5. Jliug ocBentenis 3a1a MoKeT GbITh BKITIOMEHA I\i\)klldiq
10 nanm. Ckonuko cyuecTByeT pasmmublx crnocobos ocncmelum’3?J}‘_’ﬁ.”.”m,c,mlom
A Ouesiio CTOJNBKO, CKOILKO CYHIECTBYET NOAMHOKECTB ~y F»l‘-: ~Bcud1cmm» =
aMtozReeTBa, 1.e. 21 = 1024, Tlpu 5TOM yuuTHIBAETCS H TOT CMOCOD «OC >
KOTOPOM M O/l JlaMia ne TOPHT. A .
IMpusep 6. Haiitn nanGoabmmii k03(HIHenT MHOrOHWICHA

1,2 )\
< +5x)
5
2)
G K cnionb3ys hopmyny (2),
4 OGosuadim koaddmmuent Muorownena npu X* yepes dy. I:Incpcv\vlgunoﬁ -
PACHOAOKIM U HIHLIT MHOIOYICH 110 BO3PACTAIONIM CTENEHSIN

10

10 _ "
1 ] ; 10 . = 17 10—k E .\"‘ _ llk«\"\-
( tg X =5 )Giol e 3

k=0 h

)

SHOT. <Ay T.€.
= ABEHCTBO (- = Uy
s oreickamig nanGonbiero Koxpuuenta a; pelM Hepa

X 10—k / 9 \K
' rl\l“'k‘l 2 k=1 ] :.7>.
cr(5)(5) sels) (3

Pazjienns obe uacri wepasencrsa na 2% '/3'°, nonyunm
Gt<26ks,
OTKYIR o
1 210!
= _l()—‘ < "T:T)'
(k=DII0—k+ 1! = k(10— k!

8§ Mox pea. I' H. Sxosicea 225



IMocne AanbHEAWNX OYEBU/HBIX COKpaLleHHH Oyaem HMETh
1/(10 —k+ 1) <2/k, k<20—2k+2, k<22/3.

Takum 06pa3oM, 10Ka3aHO, YTO
g <y <...<as

Ou4eBHAHO, YTO NpH k > 22/3 MMeEeT MECTO NMPOTHBOINOJIOKHOE HEPABEHCTBO (I — 1 > U,
T, €. K03QHUUHEHTbI MHOrOYJIEeHd, HAYUHAS C CEAbMOTO, yOBLIBAIOT.

Wrtaxk, koaduunent a, sBisercs HauGONbLIMM Cpean BCeX OAMHHAAUATH Kod(du-
LHEHTOB JAaHHOro MHorowiena. Hanbonbumit kod(puunest pase

3 il
(e i i
10 3 3 *
Tpu pokasatensctBe (opmynsl Hpioroma me mpeanosaraioch, 4ro a W b —
neiictBaTenbHble wncaa. IToatomy dopmynst (1)—(3) cnpaBeuliBel 1 B TOM Clyvae,
Koraa a M b — NPOH3BOJLHBIE KOMIUIEKCHBIC MICIA.

[Mpumep 7. 3anucath kommekcuoe uucno (2 + i)° B anredpanueckoii (opme.
A Tlonarast B opmysie (2) n =6, a =2, b = i, noxyuum

6
@+i)f =) CE2°M* = CQ2° + C§2%i + C22%% + C2% + C&2%i* + C32i° + Ci° =
k=0
=64 + 192i — 240 — 160i + 60 4 12i — 1 = — 117 + 44i. A

§ 3. Cayuaiinbie cOOBITHA M HX BEPOSITHOCTH

PaccMOTpHM NPOCTOI OINBIT, 3aKjIiodaloliics B MOAGPACKIBAHIN MOHETEL DTOT
ONBIT MMEET JBa HCXoJa: JMOO MOHETa ynaueT TakK, 4TO CBepXy okamercs iep, aubo
oHa Jsbker repbom Buus. ToT mmm HHOI HCXOA ONBLITA 3ABUCHT OT MHOTHX HPHUIH,
KOTOpbIE HE TNOUIAIOTCH YHETY, W 3apaHee MPEACKA3aTL PE3YALTAT OHLild  Heldb3s,
CobbiTHE, COCTOSIEE B TOM, YTO «BBLINAJ IepO», ABMACTCH HPHUMEPON  CAyuditnoso
cobpiTis. JIpYyruMu npUMepaMi CIAyMaiiHbIX COOBLITHIT MOIYT CHYKHIL: «10sBACHIE
SMHNLB NPH OPOCAHMN HIPANBHOIT KOCTH (KyOHMKA N3 OAHOPOMHOIO  MaTepiilia
C IpaHsMH, 3aHYMEPOBAHHBLIMH HHM(PAMH OT CAMHHILI 10 WECTH). BLIXOL 13 CTPOs
JIEKTPOJIAMITLL 10 OTIPE/E/ICHIONO CPOKA, HECOOTBETCTBUC CTANAAPTY BLIGPUHHOIO LI
KOHTPOMIS M3Jesnss. BO BCEX HTHX ciayyasx HEBOZMOKHO HPEACKAIATL sapakee, J0
OKOHYAHMSI OIBITA, NPOM3OIACT I HE HPOHBOIACT COOTBEICTRYIONCe CoObITHE.
[MosroMy Takue COOBITHS M HA3ZBIBAIOT CIYUAliHBLIM.

B onbiTe ¢ n0AGPachBAHMEM MOHETHLI 00d HCXOAA OMEBHAHO PABHONPABILL 10
OMBITA HET HHUKAKHX OCHOBAHHIT NPEANOMHTATEL O HCXOA Apyroay. B raxux cayuan
rOBOPAT, YTO 004 HCXOUA PAGHOGEPOSIMIUBL, @ BEPONTHOCTL KuAAOrO 13 Hux pasua 12
[Ipi 1oaAGpACLIBAHMI HIPANLHON KOCTH HMeECTCs IIeCTh MEXOA0B., Tak kak Kocth
MPEIONAracTCsl OAHOPOAHOIT 1 CHMMETPHUHOI, TO BCE HCXOALI ONLITA  OMIHAKOBO
BO3MOXHbBI HIN pagHoseposmibl. BepostHocTh Kak1010 nexoia pasua 10

OG600WeHneM THX HPOCTHIX ONBLITOB OYACT ONBIT, B KOTOPOM BO3MKHL! 1 PABHO-
BEPOATHBIX HCXOMOB! Uy, U3, ..., U, (MX HASBLIBAIOT TAKKE DA€MECHMAPHLIAY COOLINMUAAL).
B 5TOM Cilydae BEPOATHOCTL KIKAOTO HCXOAA MPHHHMACTCS pasnoit 1/n. 3anuceiBalor
9TO Cleaytontin odpasom:

P(uy)=1/n, Pus)=1/n, ..., P(u,) = 1/n.

[lepsas H3 3THX (OPMYJI YHTACTCS TAK: «BEPOSTHOCTH 4y paBHa 1/m» (P — nepsas Gyksa
anrsntiickoro cnosa «probability» — seposTHoCTD).
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PaccMOTpnM Tenephb ONBIT ¢ /i PABHOBEPOATHEIMH HCXOAAMH I HEKOTOPOE COBLITHE
4, KOTOpOE IIPOMCXOMIT TOr/A, KOTAA ONMBIT OKAHYMBAETCS KAKHMH-TO k HCXOZAMHM, 1 He
NPOHCXOZMT B TOM CIyYae, €CH HMECT MECTO OAMH M3 OCTAJBHBIX n—K 1CX0/0B.
Bynem roBoputh, 4TO HCXO/bI, NPHBOASIIME K COBLITHIO A, G.1a20npuaAmcmeyiom emy.
Bepoamnocmypio coGriTus A, CBA3aHHOrO C ONBITOM C /I PABHOBEPOSTHBLIMH HCXOMAMH,
HA3bIBAETCS OTHOIICHHE HMCIA HCXOA0B, GIAronpHATCTBYIOWIMX COOBITHIO A, K unciy
BCEX HCXOOB, T. €.

PU)=, M

I k — ¥iciIo MCXO0/10B, GNArONPHATCTBYIOMUX COBHITHIO A.

[osicunv ckasannoe npumepami. ONBIT ¢ UrpajibHOMN KOCTbIO HMECT IIECTL PaBHO-
BEPOSTHBIX MCXOJIOB: 1; — BhINANA rpanb ¢ HomepoM i (i = 1, 2, 3, 4, 5, 6). PaccmoTpum
cenyiomme cobbITHs, CBA3AHHBIE C 9THM ONbITOM:

COObITHE A; — UHCJIO BBLITIABIINX OMKOB KPATHO 3,

cobbITHE A, — BLIMAIO NPOCTOE HHCIO,

COOBITHE A3 — BBLINAIO 7 OYKOB,

COObITHE Ay — YHCIO BLINABMINX OMKOB MeHbLIE 7.

CobbrTiio A, GIAArONPHATCTBYIOT 1Ba Hexoma uz W ug. Ilonoxus B dopmyne (1)
n=6, k=2 wmaxoanum P (4,)=2/6=1/3.

CobbiTiio 4, GIATONPHATCTBYIOT TpH HCXOHA U, U3, Us. I10 thopmyre (1) mosy-
uaem P (4,) = 3/6 = 1/2.

CoGpiTiio A3 e GIATONPUATCTBYET HM OXHH W3 BO3MOXHBIX HCXOZIOB. Crenosa-
TeNbHO, P (A3) = 0/6 = 0. CoBbiTie A sBnsieTcss NPHMEPOM HEE03MODICHO20 COBbITHs,

Cobuituio A, ONaronpUsTCTBYIOT Bee IIeCTh HCXOIOB, NOITOMY P(4s) = 6/6 = 1.
CobuiTie A, — npuniep docmosepHozo COBHITHS.

Bepostiocts moGoro cobeitis A ymoneTopsieT HEPaBEHCTBAM

0P(A) L,

410 Henoepeacipento caeayer n3 gopmyist (1), Tak Kak 0MEBUAHO, UTO O‘S k S .
st phiiicoicuns BepostHocTei cobpiTuii no opmyne (1) NPUXOAHTCS Haxonury,
SHCI0  BCEX  PALHOBOIMOKHBIX HCXOJOB If WHCHO HCXO/O0B, Gnaronvamruuymm"x
CAYNAIHOMY COOBLITINO. 3/1eCh MACTO OKa3BIBAIOTCA MOJIE3HBIMH KOMOMHATODHEIC ¢op-
MYJIBL, pacemorpennbie 8§ 1L -

MMpusmep [ Ounit sakmousercs B noaGpackiBanui JABYX “MO“”: MEAHOH
Ccepebpsiitoii. Kakopa BeposTHOCTL TOro, 4To XOTs Obl HA OAHOM MOHCTE NOsBuTCy
repo? .

A PaBHOBEpOSTHBLIME HCXOAAMI ONBITA ABJIMOTCS CHC/LYIOUIAC:
iy — repld noNBHACH Ha OBeHx MoHerax,

Uy — 1epd BLULLT TOALKO 1A MEAHON MOHETE,
U3 — repb BLInan TOALKO HA cepeGpsHOil MOHETE,
He BLINLT HE HA OAHOI MOHETe. , 5

Baaronpusitersyior cobummno A (nossienuio repba xots Obi Ha 0;1"/?" Monere)
HCXOIBL wy, ty 1 uy. Tlonaras s Qopmyae (1) n=4, k= 3, nony‘m&mcn( )=3/4. 4

[Tpiniep 2. HaGupas nomep tenedona, aGonent 3a0bli Jmli' ICARKE undypy,
i, TOMISE JTHIUD, 910 TH 1ipsl passmmumsl, naGpan ux HayAaty. RAKOBA BEposThocyy,
TOF0, 4TO HOMep HAOPAH HPABHILHO? - .

A Jlse nociennie undpsl MokHo HaGpath UHCJIOM CHOCOOOB, PABHBIM gycp,
VIOPSIOUEHHBIX  JIBYXICMCHTHBIX  HOAMHOKECTB Y HCC“T;")HCM‘:“T*“"‘& MHOMecTRy
(Muomecrsa seex 1ndp). D10 wneno cnocobos pasHo Afo- Cnedoi‘;\%u}b"o‘ S0
cymectsyer A7, nexonos. Baaronpustersyer cobbirmio A (mcppet PaHbL BCpuo)
TOAbKO onun nexoid. Iloaromy

iy — 1epd

P(4) = 1/A},=1/10-9 = 1/90. A
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IMpumep 3. Cpean 100 anekTponamn 5 ucnopyenHbix. Kakopa BEpOATHOCTE TOTO,
4TO BBIGpAHHBIE Hayjauy 3 JAMIBI OKaXKYTCH HCIPABHBIMHU?

A Y muoxecTsa, coaepiatero 100 sneMeHToB, cymec-rsyer C3oo TPEX3AEMEHTHBIX
noamuoxkects. [Tostomy 3 samnbl u3 100 Moxuo BbGpath Cioe cmocobamit. Jlamibl
BLIGUpAIOTCA Hayjauy. DTO O3HAYAET, WTO BCE ITH Cnocobbl BhIGOpa (Bce mCXobI)
PABHOBEPOSITHbI.

Yucio GaaronpusTHLIX HCXOMOB (BCe TPHM JIaMMbl OKA3aJMCh HCMPABHBIMM) MOA-
cunThiBaeTcs anajsormdno. M3 95 menpaBHLIX Jlamn 3 Jamnbl MOXHO BbiGpath C3s
cnocobaMu, Tak KaKk HMEHHO CTOJIbKO CYIUECTBYET TPEXOJIEMEHTHEIX = TIONMHOXKECTB
y 95-tu 2sementHoro muoxecrsa. [Momaras B dopmyne (1) n= Cio0s k= C3s, mony-
yaem

95-.94-93

P (4) = C35/Cloo = 100-99.08 ~ 0.856. A

IAJTAYM PAAEIA

I. Ha nsthb COTPYAHHKOB BbUlCACHBI TpH nyrteBKi. CKOABKHMH CHocobamMi MX MOKHO
pacrpeaeTh, €CIM: a) BCC MYTEBKH pasiunbl, 6) BCe NMYTEBKH OJAMHAKOBbI?

2, CkOALKIMH CHOCOOAMH MOKHO PACHONOANTL B psid 5 OejablX M 4 uepHBIX lapa Tak,
4TOOBI MEpHbIC IApbl He JIexkaun psaaom? Pacemorperh JABa cayuas: a) Wapbl OAHOIO LBETa
HE OTJIHYIMBL APYr OT Jpyra, 6) Bce waps! pasiibie.

3. Ckosibko anaronaeii HMeeT BBIMYKIBIN n-YIOALHIK?

4. Ha nepsoii #3 JiByX napauiensusiX npsaMeix aekur 10 Toudek, na nropoii — 20. Ckonbko
CYLIECTBYET TPEYrOJILHUKOB € BEPIIMHAMI B 9THX Toukax?

5. Yernipe aBropa JOJUKHBI HAINCATh KHury u3 17 riaas, npuueM nepBbiil i rperuii A0mKibl
Hanucath no S5 raas, Bropoii — 4, a uerseprhiii 3 raassl KHurd. CKOALKHMIE CHOCOGUMIT MOKHO
pACHpPEeNTh [IIABbI MEK/LY aBTopami?

6. Masectio, 410 Kpokommn mnmeer une Godee 68 3ydos. Jlokasatb, 4To cpeut 16
JIWIOB MOKET HE OKA3ATLCH JIBYX KPOKOMULIOR € OMHMM It TeM ¢ Habopom 3yGon.

7. CROABKO PABIMMHBIX JICCHTHINAMHBIX MUCE! MOKHO HAMMCATH, HCHOAR3YR widpur | u 27

8. Byksel a36ykn Mop3se npeacrasnsior coboii nabop  «rodex» H o «ripey.  CKOALKO
Gyks Moxer Obth B a3byke Mop3e, ecnu Oyksa He A0MKHA CONMCpRKATL Oouee 4eTHIPeX
anaxon?

9. ABTOMOGIILIBIC HOMEPA COCTOAT M3 Tpex OykB (Beero uenonpsyeresn 30 Gysn) u ueTnipex
wndp (nenosnwdytorest see 10 widp). Crobko anTtoMOGHICH MOKHO 3AUYMEPOBATL 1aKkiM 00pa-
30M, MTOObI HHKAKHE ABA ABTOMODIUIS HE IMEAH OUMHAKOBOTO HOMepa?

10. Ckospkumi cocoGamit 20 9IEMEHTOB MOKHO pasGHIL W 1apLl, ecan pasouenns,
OTIHMAIOUICCH TOJULKO MOPSUIKOM 2JIEMCHTOB BHYTPI (AP 11 MOPAAKOM  PACTIONORCHI T1ap,
CHHTAIOTCH OAMHAKOBLIMH?

11. Haiftu cpeanuii wien pasnoxenns

' kpoko-

(.\" 1/s 45 \,l ‘\)ln.

12. Tlpn Kaknx suascwisiy X nareii wien pasaomermst (2x 4 3)7 Oyier Goauine coceamiy

© HIIM “ICHOB?
13. Haiitn wienst pasnoxenns (/3 + | 2)%, aBasOmHecH e i HHCTAMIL
14. Haiitn koadipuimtent Muorownena (1 + 3x + 23 ,w npit x*
15. Haiirn cymmy koadduumenton aiorowena (13x* — 7x — 5)100,

"

16. Bommeanrs Y C3h

A=

17. VI3 jecsirnt GIUICTOB BLIMIPBILHBIMI ABAsIOTEH ABd, OUPEAeANTL BEPOATHOCTL TOFO, 410
Cpe/ti Hayauy B3NTLIN TSTH OuaeTon: a) oann BBIHCPBILELIL §) 00a BLINTPLILHLIX,

18. B audr S-9TARNHOro 1oma wa nepsom orake soupnt 5 uenosex. peanonokun, 4ro
RK/ABIT W3 HEN HEABHCIMO APYI OT apyra u ¢ PABHOIT BEPONTHOCTHIO MOKCET BBIHTH HA J1000M
W3 FTKCil, HAMIHAR CO BTOPOro. Haitri BeposTHOCTH TOro, 4T0 BCE NATCPO BLULLYT HA Pa3HbIX
ITaRax.

7R

F2,



3AJAMM PAZAETA T

1. Buiaucmirn:
6!
) ==
Ao
2. Haiitu n, ecnn:

S5 3. A 7_‘PA’I .
(€3+C); b oy

5 < ot 1 1.

4) Ci3i —Chuz= 1S(n+2); 6) a=a»+—c? » i

B) SCh=Chai 1) (n+2)!=1324P, ,; a) C'3h—5C3, + 190
Aty 143

==t *) 8Cos < 3C}5s-

(n+2)! = 4p,’
3. Haiitn suokectso suavenii lI;_VHKIlIm:
) [()=A43"3%  6) f(x)=CEE - B oner
-t.flli )x_ ce 30 }‘I:\l(llll.\'csl.'\CIKOJIM\'IL\IH cnocobami  MOKHO ""'g)“"('::.:bl“’g:gx G?;{:’B;Z
AN AeKYPCTBA, ecuu: @) OMMH M3 WX JOJKeH ObITh CTapUINM; ap b
A0mKHO?

gpazopats W3 wihp 1, 2, 3. 4 ppy
5. CKONLKO PasAMMNBIX JIBYIHAYHBIX WHCEd MOAHO OOpA30BATH bp P

YEIOBIM, YTO B Kam/10M MHCIAC HET OAMHAKOBLIX 1up? s iubpl s 203, 42
6. CROMBLKO PasiiIMUbLIX JIBY3HAYHBIX MHCEH MOKHO 05P33°“““" cCCKAIOTCH B OHON TouKe
7. Hukakue tpu anaronaim BBUIYKIOFO IeCATHYTOIbHIKD HE TIEPE :

Onpestenints wncno rouex nepecetenis anaronaneii. accraniTh § TG 0AHOrO upera
8. Ckoapxinii ciocoBaMit 1A WAXMATHOI 10CKe MOKHO p.acu::!nx’, a,

STOOL OMM Hie GiLmi ADYF APYIa i CTOMTM TOABKO Ha YCPHBIN _K":‘“;Mc. WHCA TAK, MTO B g
9. U3 wip 0, 1. 2, 3 cocTapieHbl BeeBOIMOKHBIE YETHIPEX3I

ot KOJILKO CPeaN Hux HETHBIX
AOM umCe HET OJHHAKOBRIX Illl(llp. Croabko l]Oil_\‘lIlI.‘lOCb yueen: C
sicen?

arua. Kakiible a8e kowmg
10. B possirpuiie epsenctsa 1o yréoy G110 cHrpano 15.3 ::d:‘ I:O:lu‘i;l,“uc ucp:t?:;ﬂ::
BeTpetnich ey codoii oann pas. CKOILKO KOMAHL .\""‘CT“OB(‘.UWI MOJKHO BULUACTITE 0'1u0'r.
1. Bo sssone 3 cepkanta i 30 congar, Ckofbkiail €nocoda? o o
CEPRANTA 11 Tpex CoNIAT s naTpyanposanis’? § ansTiit 18 TOHSACTBIIK, comy
12, Cronbkinvi clocoBGanMit MOKHO COCTABNTS pacmicatie 3 e ST, i
59101 enn 1omkno Obith usath  saustuiic no  anredpe, "c.o'::?‘[;,, ‘ummcpcuc;ng""(‘pd,ilmu_
W AMTEpATYpE, upities anreGpa M reoMerpis He JAOMAKHbI CHCAOB APy
34 Apyrom? rn W KB CHCYION .
13. Cronnko pasamunnx nepecranobok Moxio 0Opasoparh 13 by YIOUUX crop:
4) 3¢Bpa, 6) Gapan, ®) voropon, 1) aGpaxaaabpa? fi AOMMHO YETHIDEM MIPOKam 1y
14, Cronnkinvn cnocoGamis moxno pasaars 28 xocreil A K,
HTO0LL KamAblii no v 7 koereii? . "““‘Ul‘dlouu“
IS, Xokkeiinas koma@ cocronr us 2 sparapeil, ! HICCTEPKY, COCTOSMYIO i3 f-
CROILKHMI cHOCOGAMIL TPeilep MOXer 0BpajosaTh CTAPTOBYIO B
TAPA, ABYX 3ULGIIHIKOB 1 Tpex wanagaommx? KoTOpBIX HEseTHR (1, 3 5 7 9
16. Cronbro eymectnyer yleeTisnasnbiy wnces, Bee WIGPH! B. C u D, npwiem B e 2
17. Ha |m1u]wbcu|l|||f LOJURILL BBICTYINTE JOKAQTHEN A, B,
BRICTYNATL panbine A,

18. Cronuko

7 sangraikos i 10

MOker

CPEAHOCTE B

CROILKUMIL CHOCOBAMI MOKHO YCTaHOBHTE QSRS Py aehy i)
BINSIE aMit )

wireneit nmeer uueno 4627

19. Ha nosnke crost m kuur qepubix nepenerax n

Bee RHIEn pasnpie. CROMLKIMIL CHOCOBAMI MOKIO paccTani
HepeIieTax crosutn pston?

11 KHMT B CHIHX TIEpere

Tax, npp.
) 1em
b KT TaK, STOOBI Kitiy o

B depyypy

¢ B 5 Ganaeposer
20. CRoubKUMI CHOCOBAMY MOKHO yiakopaTh 9 PasbiX .50 Pk,

4 Bauiaeponn A0MKILI ConepRATL N0 2 gunrn? - o 'R pPaan
2] l('mju,mmln cnncu‘ﬁ;lmu l'_’“(‘LlIIIl:I\'OBbIX MoHeT MOKHO '!)wlo»mlrb LI p‘\l;l;l‘lliLlM
KOMCAbKaM Tak, 4To0Ll HM OANN Kowedek He oCTANCH “yﬂbl'\licmu. Ha KOKIOM y3
22, Ceit) 3anupacres ma 3aMok, cocrosuuii n3 HATH ,'ll,cn" WA JMCKAX "aﬁpu"."Topux
u3o0pawentt wndput 0, 1. 2, ... 9. 3amok oTKpBIBACTCH, :uc ceiipa, eean «pu()owui‘il S
onpenenennas xomouHalna wndp. Xsarur an 10 aueit a OTKPL!

Ccap

XOAHT 5 Cekyna? AeHLy
0o it Bz ipp YXO- a7
Ipoao:kaeres 13 4acos, 4 wa HaBop oaHOI KOMOHHALIH li:)(rlxslue: ol U .
23. Cpeau Beex HeAbIx uimcen or | po 10" Kakux ;)’ e -
arorcs 08 ?
Henoassyeres wndpa 9, wAn Tex, kKotopie sanucnBAIOTCH O

229




24. Hanucatsb d)opmyny HrpoToHa Juisi cteneHn GuHoma:

5
7 7. a_ /b
a) (x+ 1) 6) b V:

25. Ucnonsays dopmyny HbroTona, BLIYHCANTH:

a) (3-V2%  6) (/T +i* +(/T—ip*;

26. Haiitn:

a) ceabMOii Yien paznolxemm (I/— - 1/5)“.

6) unen pasnowenns (a' )13 ye 3apucswmii or a;

B) WieH pasloKeHHs (l/_ + [/_)”‘. cosepxammii x%;

r) wien pasnoxkenna (x° + 1)'%°, conepxaumuii x'?5°,

27. Haifry Wieibi pasioxeniis, ABIOLHCCH LUCHbIMIL MHCIaMIt:

8
@ (/2+1/3% 6 (/5-1/2"
28. CKOJILKO 'WICHOB pasjokens ([/:i + [/_)’2" SABJISIOTCS WEABIMH MHCIaMM )
29. Haiitn paubonsiuii koa(hpHUMEHT MHOrOYJICHa:

4
a) (71 + % x) ;. 6) (|/§ + |/§ )%
30. Haiitn xo3(uumenT MHOroHICHA
a) (1 +x*—x%% upn x*;  6) (1 +x? +xY)7 npu x"
31. Haittn cymmy xoaipuiuenTos Muorowsiena:

- 5 8
— §5)21. Iy s
a) @x - 57 6) (31/..\ l/i)'

32. JlokasaTh paBeHCTBA:

a) kCk=nChzl; 6) Ch—2C2+3Ci—...+(=1)""nCi=0;

B) CL42C24+3C3+... +nCh=n2"""; 1) (C2? +(CH* +(C2? +... 4+ (C)* = Ci

33. M3 ypubl, B KoTOpoii naxojsntcs 3 Geawix, 4 €epHbIX, 5 KpacuplX LIAPOB, HayLady
pbiHEMaeTCA oaut. KakoBa BEpOATHOCTL TOTo, 4TO BRIHYTHII WAP OKAKeTCHA: a) Oenuin, 0) uep-
HBIM, B) JKEJITBIM, I') KpacHbIM?

3. BPOCHIOTCH JBC HTPAJIBHBIE KOCTH. Kaxosa BEPOSITHOCTL TOIO, MTO CYMMA OMKOH, BLINAB-
LWHX HA ABYX KOCTAX, OKaxercs pasHoii 87

35. Ky, Bce rpann KOTOpOro OKpalteHbl, pacmiien Ha 64 xyOuka OAMHAKOBOIO Pa3Mepa.
nOHy‘ICHHbIC xy6mm TIATEILHO TCPEMEILAHBL. Kakosa BEPOATHOCTL TOrO, HTO Cpeid Hayaavy
BIGPAHHBIX /IBYX KYOMKOB 004 HMEIOT POBHO 10 ABC OKpaiucHuble rpaii?

36. PaGora kaxjaoro i HETBIPEX YHCHHKOB 3A0MHOIT LIKOJALL MOKCT NPOBEPHTLCH  OJAHHM
u3 cemu HPEIIOIIHBHTCJICﬁ. Kakosa BEPOATHOCTL TOrO, HMTO BCC HCTLIPE PJH_‘@‘H-I NPOBEPeHLL
PasHBIMI_ npenofasaTensamm?

37. Dx3amenaumonHas nporpamma coaepskur 40 sonpocon. Ha aksumene nperaraercs
OTBETHTH HA ABA W3 HHX. YMenux noarorosun orsersi na 30 sonpocon. Kaxosa Bepostiocts
TOro, MTO HA IK3AMCHE eMY INPC/UIONKAT /ABa BOIPpOCa, 1 KOTOPLIE OH NOATOTOBIL orser?

38. B norepee u3 50 Guieros 8 muiurpeinmbix. Kakopa BEpostnocth TOro, YTO Cpein
HEPBBIX NATH Hayrad BHIGPAHHBIN OWICTOB /Ba GyAYT BLIMEPLILLHLIMIY

39, Tepsenctso mo GackerGoiy pasbirpeiBalor 18 KoMawiy, epeiu ROTOPLIX 2 KOMAHAL!
IKCTpaKaacca. Il!lﬁ YMCHBIUCHHA oduero ynena HIp KOMAaHAL! NyTeMm AL])LUI;LUI\H [\Hllllu.ll(ﬂl.’l
Ha 1BE paBHble rpynibl. KakoBa BeposTHOCTH TOTO, YTO ABE KOMAHALI IKCTPIK
a) B pasHeIx noarpynnax: 6) B oanoii noarpymie?

40. [loxa3ars, MTO BEPOATHOCTH TOIO, UTO Y ABCHAAUATH CAYYAIH