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YIK 519.3

IpensiaraeMasi KHHTa NOCBSIEHAa METOXY KOHeu-
HEIX 5JIeMEHTOB H OTJIHYAeTca OT APYIHX KHHT 1O
9TON TeMaTHKe NPOCTOTOH H KOMIAKTHOCTBIO H3/IO-
JKeHHs, WHPOTOH OXBATA MAaTepHaja H METOJHYHO-
CTBIO H3J0XKeHHsl. B KHHTe [al0TCA aHa/u3 PasnHuHbIX
BapHAHTOB METOAA H MHOTOUHC/EHHbIE NPHMEPH ero
NDHMEHEHHsi K KOHKpeTHHM sajauaM. Ilpuseneno
CBHIIE CTA YNpaXKHeHHHA Da3NHUHOA CTemeHw TPYA-
HOCTH.

Kunra mosesHa AJisi CHENHAJHCTOB, MPHMEHSIO-
IIHX MeTOJi KOHEYHBIX 3JIEMEHTOB HAa INpPAaKTHKe, H
CTYNIHTOB, CENHAJIH3HDYIOMHUXCs B 06JacTH OpH-
KNaZHOH MaTeMaTHKH.
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MPEOUCINOBUE
PEOAKTOPA MNEPEBOJA

MeTo/ KOHEUHBIX 3JIEMEHTOB, KOTOPHI HayaJl HHTEHCHBHO pas-
pabateiBaThesl ¢ cepeaHHbl 60-X roJoB, cTal Teneph AOCTATOYHO
3 heKTHBHEIM cITIOCOGOM UHCJEHHOTO pelleHHs IeJOoro psifa 3afad
NIl YpaBHEHHH B YACTHHIX INPOHM3BOJHEIX, B OCOGEHHOCTH &JIsi
SJIIMNTHUECKHX HECTALHOHAPHBIX ypaBHeHHH. OH oueHb yao6eH
ANl MPOTPaMMHPOBAHHS H IO3BOJISET YYHTHIBATH HONOJHHTEdb-
Hyl0 nHQOpMAlHIO O peuraeMoi 3ajade B TeX caydasx, Koraa
yJAaercs IOJYYHTh TEOpPeTHYeCKoe OOOCHOBaHHE ero MpHMeHH-
MOCTH.

MHoroe ele npeiCTOHT CAeNaTh VISl COBEPUICEHCTBOBAHHS 3TO-
rO MeToja I pacliHpeHHs chepbl ero NpHMEHeHHs — NpeKe Bee-
r0 K HECTALHOHAPHLIM HEJNHHEHHBIM 3ajadyaM, HJs KOTOPHIX KO-
HEYHO-DA3HOCTHEIH MEeTOJ OCTaeTrcsi II0Ka OCHOBHEIM CHOCOGOM
MOJIyYeHHsl YHCIEeHHBIX peweHuit. Ho pocrHrmyThle yiKe cejfyac
YPOBEHb TEOPETHYECKO)i 0G0CHOBAHHOCTH H IIHPOTA NPaKTHIECKHX
TPHJIOKEHHH METOJa KOHEUHBIX SJIEMEHTOB AeJaloT BechMa Ke-
JaTelNbHEIM OOyueHHe OyAyIUHX CIENHAJHCTOB MO NPHKJIAIHOH
MaTeMaTHKe OCHOBAM 3TOrO MeTOJa.

B Hamreii cTpaHe yKe BBIIJIO HEMAJIO KHHT, NOCBSILIEHHBIX Me-
TOAY KOHEYHBIX 3JIEMEHTOB, B TOM YHCJE H NMEpeBOAB TPYAOB Be-
AYIIHX 3apyGexHLIX YUEHBIX, HO BCe 3TO JHO0 MOHOrpaHu s
ChemHanneToB, J460 yueGHbe MOCOOHS [Jisi HHIKEHepOB. ABTODPE!
HaCTOsIIIeH KHHMH NPeANpPHHAJH OLHY H3 NEPBBIX H, KaK HaM Ka-
JeTesi, BechMa YCHENIHYIo NMOMBITKY co3nafh yue6HOe DYKOBOJ-
CTBO JJIsl CTYAEHTOB, 06yualoluxcsl NMPHKJIAAHOH MaTeMaTHKe, H
NpaKkTHYECKHX PaGOTHHKOB BHIYHCIHTENbHBIX LEHTPOB, He 3HAKO-
MBIX ellle ¢ 3THM METOJIOM.

[IpountaB KHHTY H, B OCOOEHHOCTH, PELIHB XOTsl OBl yacThb
npHBeIeHHEIX B Hell 8ajay, YHTaTeNb NPHOGPETET OIpesieseHHble
HABBIKH TPOBEAEHHS NOArOTOBHTENLHOM PabBOTH, HeoOXoAUMOI:
NPH pelIeHHH KOHKPETHBIX 33/1a4 METOJAOM KOHEUHLIX 3JIEMEHTOB,



MPEAWUCNIOBUE PEAAKTOPA MEPEBOAA

8 TaK¥Xe MOJNYUHT AO0CTATOYHO SICHOE NpeJCcTaBJeHHe O TeopeTHIe:
CKHX OCHOBax Merofa. Hemano muTepecHoro Halimyr B KHHIE H
CIenMaNuCTH — Gospmol HabGop 6GasucHHIX (yHKUWH, CpaBHA®
TEJIbHEIY 2HANH3 Pa3iMYHHEX BADHAHTOB METONA KOHEUHHX dJe
MEHTOB; 60JIbIIOe BHHMaHHE aBTOPH YAENSIOT NPHMEHEHHIO MeTO"
Ja JJisi pelIeHHs HecTallHOHADHBIX 3a/aY.

Kunra manucana npocro H siCHO, Ha XOpoIIeM MaTeMaTHIeCKOM
ypoBue. B Heli n0cTaToOYHO MONHO OTPaKeHO TO GosblIOe BJIHTA®
HHE, KOTOpOe OKa3ajH Ha OOOCHOBAHHE W Da3BHTHE MeTOAa KO”
HEUHHIX 3JIEMEHTOB PaGOTH COBETCKHX MaTeMaTHKOB. JlOMOJHH-
TeNbHasl GHOMHOrpadHsi MOMONKET YHTATENIO MOJYYHTh 06 STOM
Gonee JeTalbHOE MPELCTABJCHHE, a TaKKe Jyylle NMOHATb POJb
H MECTO METO/la KOHEYHBIX 3JIEMEHTOB B NMPHKJIALHOH MaTeMaTHKE.

Ilpn mepeBofe GhLIH HCIDABIEHH 3aMEYEHHBIE ONEYaTKH H
MeJIkHe TOrpeIrHocTH, B 6ubauorpadgun HeKOTOpHE SapyGekHBIE
PaboTh CHAGXKEHB CCHUIKAMH Ha MX PYCCKHE NepeBOAHl, a Mepe-
BOJIE! COBETCKHX PaGOT 3aMeHEHH OpHIHHAJIAMH.

H. H, flnenxo
20 anpens 1979 1,



un u Puonre

MPEAMCIIOBUE

Mo3KHO cunTaTh OGLIENPH3HAHHEIM, UTO METOX KOHEHHHIX dJe-
MEHTOB sBJsieTCA 3((EKTHBHEIM CIOCOOOM YHCJAEHHOTO pelIeHHs
nud(epeHnHaibHEIX YPABHEHHH ¢ YaCTHEIMH MPOH3BOZHEIMH. DTO
B 0COGEHHOCTH BEpPHO VIS SJJIHNTHYECKHX ypaBHEeHHH, rie cpasy
NPOSBHJIACH €ro NPEHMYLIeCTBA N0 CPaBHEHHIO ¢ KOHEYHO-Pa3HO-
CTHBIM MeTOoAOM. MeTOX KOHeYHBIX 3JeMEHTOB CJIYXKHT XOpPOIIHM
NpHMEpPOM BechbMa TPYJAHOH TeMBl, Pa3BHTHE KOTOPOH CTajio BO3-
MOXKHBIM TOJILKO 6J1arofapsi TeCHOMY COTPYAHHYECTBY MEXKAY HH-
XEeHepaMH, MaTeMaTHKaMH M CIeNHaJHCTAMH N0 YHCJIEHHOMY
aganu3y. [IpuHHMasi BO BHHMaHHE WIHPOTY HHTEPECOB €ro mpH-
BepPKEHIleB, HETPYHHO MOHSATh, NOYEMY MO METOAY KOHEYHbIX
3JIEMEHTOB He HAIHCAHO KHHIH, KOTOpas OTpaxana Obl JOJKHBEIM
06pa3om Bce BO3PACTAIOLIMH NMOTOK MyGMHKALHM, eMy MOCBSIIEH-
HBIX. Ilesbio Hamlell kHUrH OBUIO 3aIOJHHTH NMPoGen Mexay Xo-
pomo uaBecTHLIMH paboramn 3enkeBnua (1975) m Crperra n
®ukca (1977), B KOTOPHIX COOTBETCTBEHHO HAIIH OTpaXkeHHe
3anpochl HHKEHEPOB ¥ MaTeMaTHKOB. B cTapiHHOM cmOpe O cpaB-
HHTEJIbHBIX MPEHMYIIECTBAX METONOB KOHEYHHIX PA3HOCTEH H KO-
HEUHEIX 3JIEMEHTOB MBI HE CTAHOBHMCS HH Ha OJHY CTODPOHY —
HAc BIOJIHE YTOBJIETBOPSIET, YTO €CTh JBAa TAKHX MOIIHBIX METoAa
YHC/IEHHOrO pellenHs AuG(eperHalbHbIX yPABHEHHH € YACTHEIME
MPOH3BOAHBIMH.

Boabuas yacTs KHHPH ZOCTYNHA CTYAEHTAM COOTBETCTBYIOLIHX
MaTeMaTHUYECKHX H HH)KEHEpHBIX cremuanbHocTell. Jlns ee NMOHH-
MaHHs He Tpebyercs crenuaJbHbIX MaTeMaTHYCCKHX SHAHHMH, BHI-
XOAALINX 38 PAMKH OGBIYHBIX KypCOB JIHHEHHOJ aare6pel H aHa-
au3a. HckiouenneM siBJsieTcst TV, 5, KOTOPYIO NMpPH MEPBOM uTe-
HHH MOKHO OIYCTHTb. ['HIb6EPTOBO NPOCTPAHCTBO H MOHSATHS H3
(DYHKIHOHANHLHOTO aHAJH3a HCIOJb3YIOTCS HA MPOTAMEHHH BCeH
KHHTH MJIaBHBIM 00pa3oM JJIs YHH(HKAIHH H3JI0XKEHHS MaTepHa-
na. Ho mbl mpejmnoJsiaraeM, YTO y YHTATeNsl €CTh ONMpe/esleHHbIe
HaBBIKH IIpaKkTHYecKoil paGoTsl ¢ AH((epeHnHaNbHEIMH ypaBHe-
HHSMH B YaCTHBIX NPOH3BOAHBIX —TOJBLKO B 3TOM clyyae Halla
KHHra OyHeT JJIsi Hero AeHCTBHTeNbHO noJie3Hol. Tak Kak ornpas-
HON TOUKOH AJIs HAC yalle SABJISIOTCS He YPaBHEHHS C YaCTHHIMH
NPOH3BOAHBIMH, a TOT MJIH HHOH BapHAUHOHHBINH MPHHIMM, TO B
KHHTY BKJIIOUEHa IjlaBa O BapHALHOHHLIX NPHHIHNAX C NeTalb-
HBIMH CChlJIKaMu Ha Goviee NOJPOOGHEIE PYKOBOACTBA,



8 NPEAMCIIOBME

Mbl HaJeeMesl, UTO KHHPA OKAXKeTCs TMOJIE3HON H Jyuls crnenHa-
JHCTOB, NPHMEHSIOUINX METO/, KOHEUHBIX 3/1eMEHTOB Ha MPaKTHKE.
C yueToM HX HHTEDECOB METON KOHEYHHIX 5JIEMEHTOB H3Jaraercd
B CAMHIX Pa3diluHbIX Bapuantax (a mMeHHo: B dopme Purua, I'a-
JIepKHHa, HaUMEeHBIINX KBaAPATOB, KOJUIOKALMH), 4 B I, 4 TMPH-
BOJHTCH OOJbIIOIH HAGOpP BO3MOXKHBIX Ga3HCHBIX byHKIUI, KOTO"
PHIE MOryT GBITH HCMOJIB30BAHBI B KAMAOM H3 STHX BapHAHTOB.
Yro6nr cOanaHCHpPOBATh BKJIOUGHHE TAKOro 60sb1oro no 06seMy
NPAKTHYECKOTO MAaTepHada, MBl MOJHOCTHIO OMyCTHAHM 3ajayd HA
COOCTBEHHblE 3HaueHHs. HeKoTopyiM ompaBpanueM sToro mrard
CJYXKHT TO, UTO 3aJauil HA COGCTBEHHBIE 3HAYEHHS B OJH3KOH HAM
TPAKTOBKE MOAPOGHO H3/IOXKeHb! B 1. 6 kuuru Crpenra n PuKcad
(1977).

Bubanorpadus Geuia orpanuuena TONLKO Temu paboraMH, Ha
KOTOpBIE B KHHIE JEeNaloTCsi CCHUIKH 10 cyliecTBy. Bosee moaHas
Gubauorpadis Mo METOAY KOHEUHEIX 3JIeMEHTOB HMeeTcs B KHHIE
Yaiitmena (1975). YunThiBast BO3MOXKHEIi HHTEpeC YHTATENs, MBI
BKJIIOYHJIH B HAUI CNHCOK JIHTEPATYDHI MOCTefHHe MOHOrpaduu
TPYAbl KOH(EpeHIHil, MOCBSIECHHbE [VIABHEIM 00pasoM MeTOAY
KOHEUHBIX 3JeMenTOB (cM. 3enkesuu (1975), Aaus (1972), OzxeH
(1976), Crpenr u ®uxc (1977), Tpam (1973), Jlankacrep (1973
1975), Muanep (1973, 1975), Vaiirmen (1973, 1976), YorcoH
(1974, 1976), me Byp (1974), Onen, SenkeBuu, [anaarep H
Teiiziop (1974), IIpentep (1975), XaG66apn (1971)).

Bonbiasi yacth Matephana STofi KHHTH Hajarajnach B BHAE
JICKIHH [JIs1 aCMHPAHTOB H CTYAEHTOB MaTeMAaTHUECKHX CHEIHab-
HO(.I'TGI‘i B yHHBepcuTerax Jlauau u Jlusepmyasa. Kpome Toro, mep-
BEIH aBTOp N0 mpurJyamenyio MHCTHTYTa aTOMHON SHepruH YMTal
JICKIHH 110 MaTepuany ri1. 2 u 4 B HCTUTYTE BRICIIHX HCC/IeA0BA-
uuii HATO B Knenepe (Hopgerusi) B 1973 r., a BTOpoii — JIEKIIHH
no matepnanay ni. 3, 5 u 6 B 1973 r. Bo Bpems cBoero mpebrBa-
HHsl B TexHnueckoM yHusepcutere Janum.

Mb! BechbMa MPU3HATENbHB! HALIMM KOJIJIEraM H GBIBUIEM CTY-
JEHTaM 3a Te noJiesHble OOCYXKAEHHS, KOTOpPEIE NPOBOAHJIMCH B
Iponecce MOATOTOBKH 3TOH KHHTH. Mbl ocoGenHo 6GJarogapHbl
Boby Bapuxuity, Jlorapy Komnatuy, IsBuay Cpudpdurey, HLup-
Ky Jlaypu, Jlxxeky JlamGepry, Ilerepy Jlankacrepy, Po6uny Maxk-
aeony, Imiy Crpenry, IOmxuny. Yauenpecey, [Jxumy Yatty n
Ouexy 3enxeBuuy, Y, HakoHel, Mbl 6saronapusl Pos [la/pKon 1

opun Mauny, koropsie ¢ GombuIoi TIIATEeJbHOCTBIO Tepeneva-
TaJli PYKOIHCh, I~



FJTABA 1
BBEJAEHME

1.1. AnnpoxcHMauys KyCOYHO-MOJHHOMHANbHBIMHE thyHKUHSAMH

PaccMorpum BHayaile 3ajgauy 06 annpOKCHMANHH BEIIECTBEH=
HOIl QyHKUHH f(X) Ha KOHeYyHOM HHTepBaje ocH ¥. OxuH H3 HpO-
CTHIX CIOCOGOB pELIeHHs] 3TOH 3aJayd COCTOHT B pa3OHeHHH HH-
TepBajla Ha HEKOTOPOE YHCJIO HelepeKpPHIBAIOIIHXCs MOABIHTEpPBa-
JOB W JIMHEHHOH WHTCPNONANMH TO 3HAueHHAM QyHKOHH [(x)
B CpaHHYHBIX TOYKAaX NoAblHTepBajoB (cM. puc. 1(a)). Ecan
HMEETCsl 7 TOABIHTepPBANOB [Xi, ¥i1] (i=0,1,2,...,n—1), T0
KYCOUHO-JIHHelHasi aNnpoKCHMHpYIomas (QyHKIHsS 3aBHCHT TOJb-
KO OT 3HaueHuil GyHkuuH fi(=f (%)) B y310BHX TOUKax X; (i =
=0,1,2,...,n). B tex 3agauax, rae f(x) 3agaercs HesBHO ypaB-
HenueM (AHGepeHHHaNbHEIM, HHTErPaTbHEIM, (QYHKIHOHATBHEIM
H T.1.), 3HaueHHs [; SIBJASIOTCS] HEH3BECTHBIMH NapaMeTpaMmi 3a-
Iaud. B 3ajaue WHTEPNOJALHH 3HAYECHHS f; H3BECTHH 3apaHee.

Ha noavinTepBaiie [Xi, Xit1] COOTBETCTBYIOIAsi 4acTh AMMPOK-
CHMHpYIOIEel (PYHKIHH OMHCHIBAETCS (OPMYJIOlt

): (L.1)

]J“‘.l (x)=a‘. (L) f‘ +ﬁ¢+1 (x) f(+1 (xigxgxi'

rape

X,y —
o (x e ‘L-{-l -
1) Fipl ™ %1

X X=X,
=— "t (=0,1,2,...,0—1).
o By (%) =% (

Ciie0BaTelbHO, KycOUHasl annpoKCHMHpYyollas (GyHKUHA Ha HH-
TepBajle Xo < X << X, 3ajaercs GopMyJIon
n
pi(e)= X @1 () (L.2)

riae

X1 — Xo

0 n<xr<x),
(0 =<x<<xy)

{ B (< x<<v1)

o <Se<Sx)
(1.3)

(0 <x<x40)

(X1 S X)),



In. 1, Dnegenne

Q < oL x, )
(=3 x—=xu-i ] A
> 1 e (Y, XK X)

¥ — Sa—

DHDAMUEARARENME QYHRIWEAMYE, HSOOpaXCHHHIME HA
RS QyERWHN, sanauune Qopmyaam
poeTefimnit THn Gasuckmx Qynkunii. OT-
O Gasuenne dyuruun gi(x) (i=1,2, .-

ax)
x
G ey SRS
a
Puc. 1 (a).
@ (x)
2
X
o S I %1-1 %a

Prc. 1 (b) »



1.1, Annpone UHA IYCOUND Ml G yrstiin L
veey M= 1) pasuu wyno pue wurepnanz [fe, zm] #Ann. xax
FOROPSIT, UMEIOT JNokanuumh nocuiein, B otor T
Winen Gasueuwie Ghynyunn pasianinoh cie A
KO Beera ¢ JOKanLMuMy HOCHTENAMA. '; CHOBHIM  CROBCTSON
Gonuumnersa Gasucuiir Gyurink sunperes 70 7 - il
CILMHILE B HEKOTOPOH Yanopoh 10UKe ¥ DAEHE BYAL 2 BoRsmas-
CTBE IDYIUX YANOBLEIZ TOYEK,

BooGume ropops, nepeme nponseognsie zyeod
ANLHON annpokeumupyiomed GbyEkiAE p ’1),
aoit (1.2), ornuvaioTes or nepeod npoEz
yanax. Tenmepp nonwiTaeMmcs nOCTPOHTE KYCo%
pyoulyio (GyHKuMIO, KOTOpaz coBnzizia O
npousBoaHoi ¢ f(x) B yaaopux Touxzx % (i
Lpyrumu cioBaMH, ME JOJKHE NOCTPORTS &)
NONIHHOM p3(X), Takoi, 4To

D* (x)=DF*py(x;) (=0, 1; i=0,1,2, ..., n),

rie D =d/dx. Ha nomsiHTepBaie [x xi+;] cOOTEETCIEyIOmE=
4acTh KyOHYECKOro AanmpOKCHMHDYIOHIEr0 NOJHHOMZ 32Z2ETCH
tdopmyoit

PP () =0, () f 4By ) iy + v, O i+ 8, (DT (1)

TOMBETH, OFR%-

TEO-TIONABCH.

rae
(%1 — )2 (%10 — %) +2(x — x‘)l
(i — =)
Brr1(x)= (* = %) [(*141 _i‘) + 2% — x)]
Fip— %)
— 2

(x oy l) (xlil l 5

X)= N B
() (Fip1—*)? (1.5)
(=) (x—*141)

(a1 —%)?
((=01,2,...,n—1) u mTpux o3Hauvaer Au(pdepeHnHpOBaHHE
no x. Kycounas amnpokcumupylomas (YHKOHS Ha HHTEpBaje
Xy < X << X, 3agaercs GopMyJion

o (x) =

841 (x) =

pu(9= 5 [P (O], + o W] (19

rae ky6uueckne nonuoMsl O (x), o (x) (i=0, 1, 2, ..., n)
nerko nonyuaiorces u3 (1.5). Basucuwe dynxuun ¢f (x) 1 gV (x)
(i=1,2 ..., n— 1) u306paxkeHsl Ha PHC. 2.



12 rn. 1. Beepeuue

#(x)

! // (I)( )
\\// &p{ X

Pue. 2.

Basnckvie ¢hyuxuun B Beipaxkenusx (1.2) u (1.6) noaBnﬂjOTC”
IPH PacCMOTPEHHH HYACTHHIX CJYYaeB KYCOUHOU IPMUTOBOLU UR-
Tepnoasyuu (WIM anmpOKCHMAIHMu) s 3ajaHHOro pasCHeHHs
uHTepBana. [lycth Temeph B o6miem cayuae I1: a=xo<1<<--*

< %y =20 ecTh NpPOH3BOJIbHOE pasbleHHe HHTEpBaJa R =
=|[a, b] na ocu x. [I5 1EJOTO MOJOYKHTENBLHOTO M U Pa3OueHHd
nHTepBana I o6o3maunum uepes H — H™) (II, R) mHOMKeCTBO BCEX
JefiCTBHTENBHBIX KYCOUHO-NOARHOMHANBHBIX (QyHKIHIT @ (X), 0npe
JeJeHHBIX Ha R, Tak, yT0 @ (¥) & C™'(R) u @ (x) ecTh NOJIHHOM
cTenmeHn 2m— 1 Ha KaXKAOM NOABIHTEpBaNe [ Xip1] HHTEPBA-
aa R. Ilas moGoii 3aganHON peiictBuTenbHON (ynKuHH f(X) €
& C™='(R) KycouHas 5pMHTOBAa HHTEPMOJsILLHsI OJHO3HAUHO ONpe-
JleIsIeTCsl KaK TaKOH 3JEMEHT Pam—; (¥) € H, njs KOTOoporo

o<esm—1)

o<i<n). L

D () = D*pom1 (%) {

YacrHele cayuan npu m = 1, 2 yie GbIIH pPacCMOTPeHB! BHILIE 1
npuBean K 6asucHEIM OyHKUHAM, BXOAAIMM B Boipaxenus (1.2)
u (1.6) coorsercTBenno. OueHKH OWHEOK AT KYCOUHBIX 3PMHTO-
BBEIX NMpHOMHKEHHI npuBoAsTes B pabore Bupkroga, Ilyabua u
Bapru (1968).

B 3apjauax, rge TpeGyercs ompenesuTh TOMBKO f(X), 1acTo
OLIBAeT HeXKeNaTeNbHO BBOAHTL B KAUECTBE AONOJHHTENbHLIX Ia-
PaMeTpOB NpOH3BOAHEIE f(X) H TeM caMbiM 3aMETHO YBEJAHYHBATH
TIOPSIIOK CHCTEMBE! ypaBHEHHH, KOTOpasi AOJIKHA pemarsed. [To-
3TOMY BecbMa JKeJjaTelbHbIM CBOHCTBOM KYCOUHBIX (DyHKIIHIT
SIBJISI€TCS] HENPEepPLIBHOCTh MPOH3BOAHBIX B TOUKAX CINHBKH ITOJIH-
HOMOB Ge3 BBeJIeHHs] 3HaUeHHi IPOH3BOLHBIX B KAUECTBE A0NOJHH-
TeJbHLIX HEH3BECTHBIX mapamerpoB. IIpocreiiinM npumepom Ta-
KOro MoJX0na NPeACTaBNAETCs MOAGOP HAa KaXK/A0M TOALIHTEPBAJIE
(¥i, Xip1] (6=0, 1, 2,..., n—1) Takoii napa6oas, uro6nLl nep-
BbIC MPON3BOAHLIC GBI HENPePLIBHEI B KAK/O# BHyTpenHeii ys-

JioBoli Touke ¥; (i=1, 2, ..., n—1). Ynobuyio dopmy Takoii



1.1, Annpokcumauus KycouHo nonusomuan by 13

KYCOUHOM anmpOKCHMAIHH NPEeACTABJSET KBAAPATHUHBIA CrAGUH
St e [ =1y _d —
PE=fi+- =% —x)te(r—x)(r—x) 19
(=0, 1594, st =10,
/i€ H3 HENpPEePHIBHOCTH NepBbiX NMPOH3BOAHBIX CEAYeT, Y4TO
1 ;
C(+Cz_1= 'h—Q(f1+1 —'2f,+f.;_|) (L= 1,2, ..., n— 1), (1.9)
a paaﬁneﬂne HHTEpBaja MpeArnojaraercs paBHOMEPHBIM c ma-

rom h. Cucrema (1.9) npencrasisier co6oit n — | JHHEHHHIX CO-
OTHOIIEHHH OTHOCHTENLHO HEH3BECTHHIX K03((HIHEHTOB ¢ (i=

=0,1,2,...,n— 1), u no3TOMy B Cilyuae KBaAPATHIHBIX CILIAH-
Hgg ocTaercsi CcBOOGOJHBIM ONHH KO3(@HuHeHT. [IoCKOIBKY
S§(x)=2¢, (i=0,1, 2, ..., n—1), 3nanHe BTOPOH TMPOH3-

BOJIHO}! B /10601 TOYKE MOJHOCTBIO PEIIaeT 3aAayy.

HauGosbliee npuananne noayyns Kybuueckuii cnuaiu '), ais
KOTODOTO NPH 3ajaHHBIX 3Hauenuax [; (i=0, 1, 2, ..., n) Ha
KaXJoM NoJbIHTEpBaJe NOAGHPAIOTCs KyOHYecKHe MOMHHOMEI, Ta-
KHe, uTOGbl mepsas W BTOpas NPOM3BOAHLIE ObLIH HENPEpPHIBHEL
BO BCEX BHYTPEHHHX y3J0BEIX Toukax. Ecam S§ (¥) (i=0,1,2...
:g'(iy’ n—1) ecTp HCKOMBII KyGuueckuii ciuiafH, TO (YHKUHA

W7 (%) momkna GEITh MuHEHOM HA [Xi, Xiy1], H TOSTOMY
X —_—X X — x‘

sgl)//(x)=cl 'i+1 Dy
G 21X

(=0,1,2 ..., n—1),

L€ Ci, Ciyy SIBISIOTCS 3HAYEHHSIMH BTOPHIX NPOH3BOAHBIX B TOU-
KaX Xj, ¥iy; COOTBETCTBEHHO. DTO ObGecreuHBaeT HENpephBHOCTH
BTOPHIX NPOH3BOAHBIX BO BHYTPEHHHX YSJIOBHIX TOYKax. Kcmoise-
3ys1 JIOMOJIHATENbHEIE YCIOBHS

S (x)) =T,

i=0,1,2 v., n—1
Sg‘)(xt+n)=f1+l} ¢ )

SE (1) =S¥ (x) (=1,2 ..., n—1)

) Tpn h—0 xyGuueckuii cnuaiii paBHOMEPHO CXONHTCA K ammpOKCHMH-
pyeMoit (ynkumi npn ycnosui gocrarounofi ee raaakocrs. Keaxpariuibie
cnuafinbl TakuM cpoficTBOM e oGnanaior. Ecsm, Hampumep, Ha JIEBOM KOHUE
HiiTepBasa 3a1aTh BTOPYIO MPOH3BOARYIO, TO MO Mepe NPHOMHXKEHHA K mpa-
BOMY KOHLY STH CHjailibl HAYHHAIOT OCUHJ/HPOBATH, TeM CHJbHEE, HEM MEHb-
we h. — IIpun. nepes.



1A I'n. 1. BoeneHue
TOJYYHM KyOnueckuii cnnalin B BHAC
c c
D (x) = —=- PR T T <. 2 (T GV
SP ) = g5 (¥ — 2P+ - (r —x)+

h f he
+ %_%)(xl+l_x)+ lljl_%)(x—x‘) (B

i=0,1,2 ..., n—1),

rfle CeTKa NpeAnonaraerTcs paBHOMepHON, a n - 1 koadduuHed-
108 ¢; [i=0, 1, 2, ..., n) ynoBaerBOpsAIOT cHcTeme 7 — 1 JH
HeHHBIX COOTHOLIEHHH

0:+1+401+01_1=%(h+1—2[;-\—f,_l) (E=122, 5o n—1).
(1.11)

[Ba cBOGOAHEIX TapameTpa B ciyyae KyOuueckoro craiina 4a-
CTO HCKJIOYAIOT, MoJiarasi Cop= C, = 0, H MO3TOMY Apyrue mapa-
METpPHI OJHO3HAYHO onpeaensiores ua (1.11). N

Bonee ecrectBenHBIM mnpejcTaBieRHeM Ky6uueckoro cniiaHH
TIDH DaBHOMEDHOM pa3buennn uHTepBana [ = [0, b] aBAsETCA
BHIPaJKEHHE

S () =sat o () + e (5) +es (5) +
+EB(E=), o
s=1
0o (<)
("hi_s) '=l x I;
+ l S (T > s).
Hertpynuno nokasath, uto ¢yuxuus S;(x/h) u Bce ee mpoOH3BOA-
HbIe, KDOME TPEeThell, HempepEIBHEL BO BCEX BHYTPCHHHX Y3JOBHIX

Toukax X; (i=1,2, ..., n—1) npu Bcex 3HAUeHUAX 1 - 3 KO-
9 QHIHERTOB O, Gy, B2, O, Bs (=1, 2, ..., n— 1). Yenonue

rae

s;GY)=f =012 ..., ), (1.13)

Aaetr n - | JHHEHHEIX COOTHOINEHHH s 1 -+ 3 K03 UIHEHTOB,
H MO3TOMY OCTAIOTCsA ABA CBOGOAHEIX mapamerpa. Cucrema JHHell-
HBIX ypaBHeHHH CBOAMTCS K BHAY, NPHBEAEHHOMY B ympajKHe-
HuH 4, Ecan kyGuueckuii ciyaiin (1.12) Bmecre ¢ gByms cBo60i-
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1.1. Annpokcumauun KycouHo A8 by

HBEIMH NapaMeTpaMH Tenepb NpeACTABUTH B BHAE

81 (%)= gf,c, (%) (1.14)

rne Ci(x:i/h)=1, Ci(x;/h)=0(j5=1i), (i, j=0, 1, 2, ..., 7),
TO MOJyyaercs, 4TO OCHOBHHe cmaaithbt C;(x/h) He HMEIOT JIO-
KaJIbHOTO HOCHTEJS] H He fBJSIOTCS YAOGHBIMH AN NPaKTHKH
6a3HCHBIMH (DYHKLHSIMH.

KyGuueckne cnyiaiflHEl ¢ JIOKAJBHBIM HOCHTEJIeM [JIHHEI 4k
6pm npenyoxkensl [IIéxGeprom (1969) kak ymoGHEE GasHCHEIE
dynxuun. s ysioBbX Touek ¥ =ik (i=2, 3, ..., n—2) OHH
HMEIOT BHJ

EN_ATfx il g )
B‘(h)_fl[{h @ 2)}+ 4{h @ 1)}++

XV 4fx g S X _q 2
+6{ t}+ a{< (¢+1)}++{h (z+2)}+]. (1.15)
9TH (GYHKUHI K [BE HX NEpBHE MPOH3BOAHEIE PAaBHEI HYJIO MpH
—oo < x/h<<i—2wui+2<x/h < -oo. Kpome Toro,
Bii—1)=B,(i+1)==, B@))=1 (=2 8,..., 2—2).

Ocranbhble Gpynxunn Bo(x/h), Bi(x/h), Bao1(x/h), Bn(x/h) Tpe-
6yioT crnennanbHOro paccmorpenns. [lonaras

51 (5)= R (3) .19

 comocranisia npassie yactH (1.14) 1 (1.16), MBl TOMydHM Tpex-
JHATOHAJILHYIO CHCTEMY JIHHEHHBIX YpaBHEHHH VIS ONpejeleHHs
koadduunenros y; (i=0, 1, 2, ..., n), exogamux B (1.16).
BoyIbIIHHCTBO YpaBHEHHIT 9TOI CHCTEMB! HMEeT BHJ

'\’l+4l('\’i+l+\’i—l)=fl (i=2; 3, Tan—1)¢

Haymepras annpoxcumayus

Tenepb paccMOTpHM 3ajauy 06 annpoKCHMauuH AeHCTBHTENb-
HOJ (YHKUHH KyCOYHBIMH HENpPepHBHBIMH (YHKUHSMH Ha orpa-
puuennoil o6nactn R ¢ rpanuneir dR. Obnacts pasbuBaercs Ha
HEKOTOPOE UHCJIO SJEMEeHTOB. B TOM pasjene paccMaTpHBAIOTCH
o6/1acTH, HMeIolHe BHA MPSAMOYrOJbHHKA HJIH MHOrOyroJibHHKA,

1) Hpanoyeorsras 062acto. CTOPOHE TAKOH OGJNACTH Hapai-
JIeJIbHE! OCSIM X H Y, 1l OHA pa3bHBaercs Ha TAKHE e NpSAMOYroib-



In. 1. Beepenue

0 T B A2 m

Puc. 3.

HBIE 3JIEMEHTH! MPSIMBIMH JIMHHAMHU, APaJJIeIbHBIMU ocsiM. T1ycThb
[0, Xm] X [40, Y] ecTh npsMOyrombHasm obaacTe u  [Xi, Xi+1)
XY, yi41] ecTb THNHUHBIA NPSIMOYTOMBHEIY 3JIEMEHT, TAE Xitl —
—ti=huym—y=h(0<iSm—1,0<j<<n—1) (oM
puc. 3). Bununeitnas dopma, mpubnuxaomwas byskuuio (X, Y)
Ha NPSAMOYTOJBHOM 3JIEMEHTe, HMEeT BHJ,

p(l" il (xr y) =0 (x» !I) fg_ i als B[+\,!(xv y) f[+1']+
+ Vi, 11 (s 9) Fr, a1 Susn, g1 (50 9) Frgn, jns (117)

rae
1
oy, 1 (%, !/)=m (1 — %) (951 — y),
1
Bisr, 1 (% ¥)= ks (x — %)) (9141 — 1),
1
Vi1 (¥ 9) = 7= (i — ) (g — )
u

1
Opt1, 1 (%, y) = i & —x) (g —y))

<<ism—1;, 0<j<n— 1}. Kycounas annpoKCHMUPYIO-
was QyHkuas B o6nactu [xo, ¥m] X [4o, yn] sanaercs pripaie-
HHEM

pi(x, §)= ,Z‘a,;o“’"’(’" Dife e (1.18)

Basuchete dynxkuun @i, (£ y) (1<ism—1; 1< i<n—1)
o6palalorcs B HyJlb BCIOAY, 32 HCKIIOUCHHEM NMPSIMOYTOIBHON 06-

aactd  [Xi—1, X)X [Yj-1, Yyr11], u mosTOMY uMeioT NOKAMBHEK
HOCHTeJb. (CM, ynpaxHeHue 6 u puc. 3).
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Pric. 4.

Tonbko 4TO paccMOTpeHHBbIN caydail sBAsiercs NPOCTEHLIHM
NPHMEPOM KYCOYHOH ABYMEpPHOH 3PMHTOBOI HHTEPHOJIANHH (HJIH
aNnpoKcHMaNHyu) Ha NPSMOYroJbHOM o6sacTH, pasbuToH HA Hpsi-
MOYTOJIbHbIE 3JIeMEeHThl. B o0lueM ciyuae /AJs JI060ro Leaoro
NOJIOXKHTENBHOTO YHcsia [ B JI060r0 pasOHeHHs MPAMOYTrOJbHUKA
R Ha npsmoyrosibHEIE 3/7eMeHTH 00osnauum uepes H = HY(R)
COBOKYIIHOCTh  BCeX MAEHCTBHTEJNBHBIX KYCOYHBIX IOJIHHOMOB
g(x,y), onpenenennnix Ha R, Tak, uro g(x,y) C—1'-'(R) u
g(x, y) ectb noauHOM crenenu 2/ — 1 Mo KaxKJAOMy NmepeMEeHHOMY
X H § Ha KaXKIOM NPSMOYTOJIbHOM siieMente [Xi, Xiz1] X (), Yj+1)
O<is<m—1; 0<j<<n—1) obnactn R. Iansa moGoi 3a-
JaHHOH JeficTBuTeNbHON ¢QyHKUuH (X, y)e= C-% =1 (R) cyue-
CTBYET  €JIHHCTBEHHBIH  KYCOYHBIH  3DMHTOB  HHTEPMOJSHT
Pai—1(x, y) = H, onpeznensieMblil yCAOBHAMH

D 9f (x;, y;) = DP Dpy_y (xz, yy)

mpuBeex < p,g<I—1,0<i<m—1,0<j<<n— 1. Ya-
CTHBIN caydaii [ =1 Obl1 yXKe paccCMOTPeH Bhille H Aaer GuiH-
HeliHple GasicHBle (YHKIHH, BHA KOTOPHIX yKasaH B yNpa)KHe-
uun 6. Cayvait [ =2 pasbupaercsi B ynpaxcHenun 7. Uurarexns,
HHTEpPECcyIOoLIerocs MoJyyeHHeM OIEHOK OIMHOOK JJsi ABYMEpPHOI
9PMHTOBOI{ HHTEPIOJSIHH, MBI CHOBA OTCENIaeM K pa6ore Bupx-
roa, Hlyasua u Bapru (1968).

2) Mnoeoyzoavran obaacte. Ilox sTHM MOHHMAaeTcs JHOO 06-
Jactb B (opMe MHOTOYroJbHHKA, Ji60 anmpoKCHMAauHs 00JacTH
Apyroit popmel. MHOrOyroJibHHK NPOH3BOJILHEIM 06pa3oM pasbu-
BA€TCsl HAa TPEYroJIbHBIE dJeMeHTHl. [lJIsi THIHYHOTO TPeyroJbHOro
gjieMenTa ¢ BepuHHamu (¥, y:) (i=1, 2, 3) (cm. puc. 4) Ju-
neitnas ¢opma, npubamxkaiomas ¢ysxuuio f(x, y) Ha Tpeyros-
HOM 3JIEMEHTE, HMeeT BHJ

3

pix, )= ‘Zl‘ (%, Y)

lifb o
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re fi=f(x, ) (=1, 2, 3). Koapdpunuentnn ai(x,y) (=
= |, 2, 3) sapmaltorcs popmyaamMu

1
ay (v, 9) = i, (T3 + Mos¥ — Exa®)s
1
0 (¥, Y) = g (ot Nay — Ea19), (1.20)
1
as (¥, 9) = 5o (T2 4 Nix — Buzt),
rae |Cios| ecth yABOEHHAS MIIOWAAL TPEYrONbHHKE, A
Ty =XilYj — XY,
Ey=x1—x,
nwy=y—y Gi=1223).
Pasyumeeres, ynknun (1.20) sBASOTCS TOJBKO YaCTSMH MOJHBIX
6asncHEIX (QYHKIHN, CBA3aHHHEIX C BepIUHHAMH TPEyroJibHOIH CET-
kH. [lonnas GasucHasi (QyHKUHS OTHOCHTEJHHO HEKOTOPOH BEP-
IIHHE TOMYJaercs myTeM CyMMHDOBaHHS 4acTel, CBA3aHHBIX C
TEMH TPEyrolbHHKAaMH, KOTOpPHIE NPHMBIKAIOT K 3TOH BepUIHHE.
Hanpumep, Bepmuna 1 #a puc. 4 HMeET N9Th NPHMBIKAIOLIKX TPe-
YTOJBHHKOB, H MO3TOMY O6a3HCHas (YHKIHS, COOTBETCTBYHOLLAd

3TOJi BepIIHHE, GyAeT COCTONATh U3 NATH yacTelr. [Tonnas GasHcHAs
GYHKIHSI OKa3EIBAeTCsl THPaMHAAJIBHOM.

Ynpasmnenve 1. TlokaxuTe, 4To Ky6HUECKHI MOJHHOM ps(X),
KOTODHI!f IPHHHMAET 3HAUCHHUS

psO=fy, p()=F, psO=f;, py(D=F,
onpeneinsiercss GopMyaon
230 =(1 — x2(1+29) fo+ £ (1 — 22+ 22(3 — 20) f, +
+ 2 (x— 1) i,

Ynpaserenue 2. Vcnonsayiite pesyasTaT ynpa)caesus 1, uro-
6Bl mosyyuTh Koa(dHuuents B npeacraBiaenuu (1.4) u Tem ca-
MBIM ITOJIYYHTH 6a3HcHBIE (YHKIMH, Bxogsmue B (1.6).

¥npaswrenue 3. TlpuMeHsis HaMEYEHHBIH B OCHOBHOM TeKCTe
METOJ, IIOJIyYHTE BEIpaXkeHHe A/ KyOHYecKoro cmjaiina B Gopme
(1.10), roe ko3¢ ULHEHTE! onpeaensioTes cooTHowernsaMy (1.11).

Ynpascrenue 4. Tpumenaa ycnosue (1.13) x cmiaitny Buaa
(1.12), moka)kuTe, 4YTO CHCTEMa ypPaBHCHHA AJsi ONpe[eseHHs
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Bxoasmux B (1.12) xoaddHuHeHTOB HMEET BHA
Bii+ 4B+ B =0 (=23, ..., n—2),
60,5, + B, =",
2a; + 605+ B, = 6%,
a,+a2+a<,=6fl/2,
ay= fo,
re § ectb OGLIYHBI ONEpaTop B3ATHSA LEHTPAJLHOH Pa3HOCTH.

Ynpascnenue 5. Pemurte cucreMmy ypaBHeHHii yNpazHeHHs: 4
npu o = oy =0 u n=4. INokaxure c nomompeio (1.14), 910

B 3TOM CJIydae
*\_ (=« 3 X _ 2 x 3 2 -
a(H)=(F-1, -3G-2),+7(5 v

Hapucyiite npuGnIKeHHbN rpaQHK ocHoBHOrO cnaaiira Co(x/h)

npu —oo << ¥/h << 400 u noOKaxkHTe, YTO €ro HOCHTEJNb HE 5B-
JISIeTCST JIOKAJbHBIM.

Ynpascrenue 6. Tloxa)kure, uTO AJIS EAHHHYHOrO KBAaJApATa
npi /=1 GasucHble (YHKIHH, COOTBETCTBYIOIHe BHYTPEHHHM

ysJiaM, HMEIOT BHA
[£—a—1][£—G—1]
(i—1<%<i i—1<%<])
[£—a—n][6+n—4]
(i—1<5<si<E<i+1)
P (x, §) = [t+1n—F][£—i—n]
((<F<i+ui-1<4<))
[e+n—F][i+n—4]
((<F<i+ni<E<i+i)

0 NpH BCEX APYrHX SHAYEHHAX apryMeHTOB,

rie l<i, jSm—1umh=1.
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Ynpadcnenue 7

. Ha exunnunon wBaipare pacenorpure 1o

3 3
gy, =2 X ax'y’.

ral s=l

HpasuTe sce Kosdduuuentn o (0 < ry, s << 3) uepes sHaueHHd
HRuuil g, 0g/0x, dg/dy n 92g/0xdy B yerhIpex YrJaOoBLIX TOU-
KRaapata. [IOKaMHTe, UTO Pe3yJbTaThl STHX BhHIUHC/IEHIH
MOTYT OHTH HCTMOJAL30BAHBL VI HAXOXKAEHHs GAsNCHBIX (yHKIIE
B cayuae [ =2 ofmeil TeopnH ABYyMEpHOIl 3pPMHTOBOi HHTEPMO-

JSUHE HA NPSMOYTOJBHOI 06/acTH, pasbuToil HA NPAMOYTOJbHBIE
37€MEHTH..

1.2. ®yHKUHOHAJbHBIE NPOCTPAHCTBA

70T maparpad comepIKUT BBeIEHHE B MaTeMaTHYECKHEe CTPYK-
TYpPHl, HEOOXOAHMBIE [JIs NOHMMAHHS TEOPETHUECKHX ACNEKTOB
METO/1a KOHEUHBIX 3JIEMEHTOB. BYy/eT H3JIOXKEeH TOJBKO caMbli He-
06X0auMBIil MaTepHal, a HHTEPECYIOLIeMYCsl YATATENIO MBI PEKO-
MeHIyeM 00paTHTbesi K KHHram Cummonca (1963) mam Hocuast
(1967).

JluneiiHois WM BEKTOPHBLAL MPOCTPAHCTEOM HA3blBaeTcs He-
IyCTOE MHOXKeCTBO X, B KOTOpOM JiiOGHe 1Ba 3JeMeHTa X H 4
MOryT OHITh OOGBefHHEHEI ONepaiueil, HAa3LIBAEMON CAONMCCHUEM,
TaK UTO B Pe3yJbTaTe MOJyuaeTcs HeKOTOphii asmement u3 X, 060-
3HAYaeMBbll KaK X -}y, MpHYEM ONepauns CJIOKEHHS YLOBJETBO-
PSIET CJeNYIOIHM YCIOBHAM:

M x4+y=y+x,
) x+ @+ 2)=(x+y) + 2z,
(I) cymectsyer Hy/ieBo# 3MeMEHT @, TakoH, uTo @ + ¥ =
=x-+@=x nuas Bcex x,
(IV) masi kampmoro x CymecTByeT OTpHIATENbHBI SJEMEHT
— X, Tako#H, uto x- (— x)=@.

Eme ogna Heo6xoguMas AuIsi JHHEHHOTO TMPOCTPAHCTBA OME-
pPanHsi COCTOMT B TOM, 4TO JI0Go# 3jeMeHT ¥ & X MoxKeT OHTb
OObeHHEH C JIOGLIM LEHCTBHTENbHEIM YHCIOM HIIH CKAAAPOAL O
Onepanus sra HageiBaeTCs YMHOMKEHHEM HA CKaJsp H ee pesyJib-
TaT 0003HAYAeTCS] Yepe3 oX. YMHOMKEHWE HA CKajsp JOJIKHO
YZOBJIETBOPATE CJEAYIOUIHM YCJIOBHSM:

(V) a(x+y) =ax+ay,
(VD) (o~ B) x =ax+ B,
(VII) (af) x=a(Bx),
(VIII) 1-x=x.



1.2. DyHKUMOHanLHBIE NpocTpaHCTEA n

OnnuM 13 npuMepos JHHEAHOrO NPOCTPAHCTRZ ABIACTCH MHO-
HKECTBO BeeX N-Mepubix ACHCTBUTEALHEIL BEKTOPOE, JiA KOTODELL
a+b=c onpepeaserca kax a+bi=c (=12 ..., N) #
cad =d kak dj=oaa; (j=1,2,...,N).

Hopmupopannoe Jmuneiinoe npoctpancteo (H.J.1m.) ects Ju-
HeifHoe POCTPAHCTBO, JIIS KOTOPOro ONPEACIeHa HOpMa K27 A0T0
anemMenTa x, o6osnauaemas uepes |lxl| u yaopiaereopawlaz cie-
AYIOLUIHM YCAOBHSM:

M x>0,

il
x+ylI<llxl+llgl,

(IV) flox|=]a|] £ Y

Taxum 06pasom, nosBiAeTCs MOHATHE AMHHEI SJEMEHTA B JHHEMN-
HOM mpocrpanctee. [Joayxopsa ynosaersopsier ycaosasy (I),
(II1) u (IV), Ho me ynosnersopsier yeaosuio (II).

ITpocTpaHCcTBO ¢ BHYTpeRHHM HJIH CKaJsipHEIM TPOH3BELEHHEM
€CTh JINHel{HOe NPOCTPAHCTBO, HA KOTOPOM M/ KaXKIoil Taphl
BEKTOPOM OMNpejiesieHa AelicTBHTeNbHAs (QYHKUHS (X, y), YAOBIE-
TBOPSIIOLLAs YCJIOBHSIM:

(M) (ax 4By, 2)=a(x, 2)+ By, 2)
(IT) (x, y)=(y, x),
(1) (x, ) >0; (x, ¥) =0<=>x=0.

Ynpancrenue 8. TToxaxuTe, 4TO JHHEHHOE NPOCTPAHCTBO CO
CKaJAPHLIM TIPOH3BEACHHEM SBJSETCS JHHEHHHIM HOPMHPOBAH-
HBLIM TIPOCTPAHCTBOM OTHOCHTEJIBLHO HOPMBI

lxll=(x, x)'".
381‘@2\1 }'GGIIHTECB B cnpaaenm{aocm npamma r[apa.nnenorpamma
x4 ylP+1x—ylk=2lxP+ 2l 5P
l'onamee TaKKe, 4ToO \
4@, ) =lx+ylP—lx—yl’

[lycth {X,} ecTh MOCAEAOBATENLHOCTD TOUYEK B JIHHEHHOM MpO-

CTPAHCTBE CO CKAJISPHBIM Npon3BeaenneM. Toraa
(a) {x.} masmBaerca nocaedosarensrocroro Koww, ecan pas

moboro ¢ > 0 wnaiigerca takoe N = N(e), 4TO @HpPH Bcex n,

m=N
X, —xmll <e,

(b) {xn} HaswiBaerca cxodaueiics nocae008ATEAbHOCTSIO, €CTH
B 9T0M [NpPOCTPAHCTBE CYLIECTBYeT Takasg Touka X, 4TO A
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gaxzaoro & > 0 watnercs rakoe N = N(g), uwro npn ncex n = N
fe—xall<e.

Sapcoesasne O TTORONNTE, HTO CXOAMINANCH NOCASNOBATIb
T S¥zer modaeroBareanrocThie Kown,

Spasom ).

gucrso  dynguiil, nenpepuibs
IREMOC COTRCTRORNLIMN onepi-
3 YHKIUR HAa vnedno, H
@ K&K wHTerpan ornpo-
Kax nsnecrno H3 anas
AREN  ynkmuii MOMeT
SHBACT HeBepHOCTh 00-

QIIBHOCTH 1(0111”1:
TMoanoe JHHEH-
S7eHHeM HasbBaercsd

OCTpaHCTBa, 3JEeMeH-
e1bHOIl OCH, BEKTO-
1150epTOBO MPOCTPaH-
X 37€MeHTOB, HeoOXOAHMO
TOSKH MPEeACTaBAAIOT CO-
easHEE (DYHKUHOHAJbHBIE

eieeHH 1O aHAJOTHH C TPOCTei-
25CTE0M, 0603HATAEMBIM gepe3 Zo(R).
Sozmzuzer nuTepBaa (a,b) na meifcT-
f(x) seazmeTca TOYKOA 3TOrO MpOCTpPaH-

Sy

Plx)dx

a

zomezer. Tavaz byHruna naswipaerca uasepumoii ?), Jlas mioBwx

AByx TOgex u(x) u v(%) cKalApHOE NPOM3BC/EHHE ONpe/eseTes
Kax

b
(, o) ={u()o(rdx,

n

!) B oprranaie no sToMy MOBOLY MPHBOAMTCA APYTOf mpumep, KOTOPHIA
oxaaasnca omnGountin. — [Mpum. nepes.

2) O6huHO TaKylo GYHKUHIO HA3HIBAIOT CYMMHpYeMOli € KBajpaToM.-—
Hpun. nepes, .



1.2, m"... 1 Hble NpocTf 0 ,3
a Hopma Kak

b

[l |f= S u(z)dz,

@
Caoxenne onpejengerea vay (u-4-v)(z) = ulz) 4+ oix}).
| ) (%)

Ynpaenenue 10, Horanure,
CRANSIpIoOe npousiepense (u, vy

Hoamuomecrro aunehinors
JACTCS JMHelinumM  IpocTpaner
CTGOM,

Ynpascnenue 11. Tyern, F (P
Hoe Buiwe. Byayr an nogapocrs
MHOMKecTRA:

(I)  dynxuni u, 1

(II) Qysruni u, 1

Ynpasicnenue 12. Ty
OpocTpancTsa #, He co
MHOJKECTBO TOYEK BHIa
BaHH27 TOYKa, MPHHALIEH
a h — mo6as Togka u3 K.
qaemoe yepes {x} @ K, ze

Muoxectso X RasmBaercs .iu

OroGpaxenne T ruas6epros
Ha3bIBaeTCs JMHHEIHBIM 0neparo
MTE+y)=T{®+T@
(I) 7 (ax)=al (x) (zas as
Jluneiinsil oneparop T HA3WBALTCS OSPANUYESHSEIM, SCAE CY-
mecrsyer Takas nocrosuuas M > 0, uro
[ Tx < Mlx] (zas Beex x = ),

T

#l HauMeHnblee H3 BceX BO3MOMHBIX M 3HaueHHE HASHBESTCS
HOpMoIl omepatopa 1 oGosnauaercs uepes ||T(; scro, uto
Tx Txll -
170=sup {ITt = sup {455 } = sup {A7x1).
X w0

X0 [l flxll fx=1

Ilxi<t

Orpannuennsil Jnneiiuslii onepaTop Henpepsléen: 3TO OSHAYAELT,
4TO eC/IH TOUKA ¥ SIBJSIETCS TMPEACION MOCAeA0BATENBHOCTH {¥a},
TO TouKa T'x OYyAeT MPeiesoM MOcCJe/10BaTeIbHOCTH {Tx.}.
[Mycts F — anueitnoe oroGpaj)ienne NPsSMOro MNpOH3BeACHHS
npoctpancts J6; X 6y B npocTpancrso b, T. €. A JMOOBIX ¥\
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& #,, X2 = 6, 3nauenne F(X), %) = b w F nuueiiHo no Kax-
IOMY H3 aprymentos; Torga F GyfeT orpaHHYeHHBIM, ecJH CyLie:
crByer Takoe M > 0, uto

1 F (1, %) e, << M X1 5, 1 X2 [,

4 ||F|| ects HauMensuiee ua takux M. Bynem oGosnayaTh uepes
& (#,; #63) TPOCTPAHCTBO OrpaHMUCHHBIX JHHEHHHIX OTOGpazKe-
HUH U3 36, B J6,. [lpoctpancteo Z (96; R) ozpanuuernslx Aunel-
HblX (hYHKYUONAA0E HasHBaeTcs OsoticTeentbis K J6 u 0603HA-

uaercst uepes 56’. Dnements npocTpancta Z (96 X 76; R) ectb
6unuHelinble GOPMEL (3amaHHble HA J6).

Ynpascrenue 13. Tlyers E = L (61 X Hbs; d63); onpereiM
FE%Q(WH 365), TaK, 4TO TPH HEKOTOPOM (HKCHPOBAHHOM U E
& 0y

F(W)=E(u, v) (nns Bcex u< 76)).
Jlokaxure, 4T0

IFISHEN vy,

OTMeTHM, 4TO B JaJbHEHIIeM AJs KPATKOCTH HHXKHHE HHIEKCHI
y HOPM ONEpPATOPOB YACTO GYAYT OMYyCKATHCS.

Teopema 1.1. (Teopema Pucca o mpencraBieHdH (yHKIMOHA-
na) (cm. Mocupa, 1967, c. 132). F = 26’ 1020a u Toasko 10204,

k020 cyuwecTeyer eUHCTEenHbl 8eKTOp U & J6, TaKoil, 4TO 0
acex us 4

F (1) = (4, 0)
(1 F Ny =12 ll-

u

Teopema Pucca ycranaBiauBaer B3aHMHO OJHO3HAUHOE COOT-
BETCTBHE MEXJy 6 u J6’; TaKoe COOTBETCTBHE HA3EIBAETCS M30-
MOpP(H3MOM, a JBa NPOCTPAHCTBA, CBA3AaHHbIE TAKHM COOTBETCT-
BHEM, T.e. HMEIOILlHe OJHHAKOBYIO CTPYKTYpY, HaskIBAIOTCS H30-
mMopdubivH. K3 onpefesenus: HOpMbI onepaTopa Cjeayer, YTo

1Pl = sup [LEGOLY,

g0l l#lz

a u3 TeopeMmsl 1.1 cienyer, yro cyuiecTByeT Takoi 3JeMEHT U €
& 46, AJis KOTOPOro
F (1) = (u, v).

ITockoabKy 0Ka3ajoch BO3MOMKHBIM CONMOCTABHTL KaXKAOMY 3Je-
MEHTy H3 S’ eIMHCTBEHHBIHl 3JeMeHT H3 J6, He [OJ/IKHA BEHISH-
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BaTh HEJOyMeHHE H 3amuch BHAA
| (u, v) |
lvll,,, = sup {————}
 ageot N2l
Jlunelinpii onepatop T, KoTOpHIi OTOGpaxaer Bce THIBGEp-
TOBO NpOCTPaHCTBO &6 Ha mnoampocTpaHcTBo K, sBasiouieecs
MU 4acThlo ¥, HA3bIBAeTCsl MPOEKLHel, ecaH OH orofpaxaer
TOYKH u3 K Ha camux cels, T. €. eciu
Ty=y (nas Bcex y < K).
Ynpaocrenue 14. Kakne u3 ciaeyiolmux JHHEHHBIX ONEPaTo-
POB OymyT mpoexuusmMu?

. a
(I) Omeparop T, oro6pasatouiuii AByMepHEI BEKTOD (ﬁ)

a
B BEKTOp ( g
(II) Onepatop @, oro6paxatommit npocrpanctBo Za(R),
R = [a, b], na npoctpancrso JHHEHHBX (DYHKIHA MyTeM JHHEH~
HOH HHTEPTNOMNSIIH N0 SHAYCHHAM B KOHLAX HHTEpBAJa.
(I1I) Omneparop S, mepeBofsiIHi MPOCTPAHCTBO MATPHIL MO-
PAAKa 2 X 2 B AuaronanbHLIe MATPHIE! 1O GopMYyIe

s([3 8D)=175" g1
vyol/m L o pt+vl

(IV) Onepatop S2, rae S onpenenen B (IIT).

[Tpoekuns P HaspiBaeTcsi 0pTro20HAAbHOH, €CTH IJISi BCeX X
H3 NpOCTpaHCTBA 56 W Beex y M3 ero moampocrpancrsa K

(x — Px, Yy =0 (oGosmauaercs kak (x— Px)Ly),

T.€. ecliM pasHocTb ¥ — Px OpTOroHajibHa BCeM Y H3 MOAIPOCT-
pancrsa K. ToBopsit, uto 3Ta pasHOCTh NPHHALJIENKHT OPTOro-
HaMbHOMY jpomosHennio K, kotopoe oGosnauaercs uepes Ki.

Jlemma 1.1, Ecau 26 ecrs eunsbeproso npocrpancrao, a K—
at06oe ezo nodnpocrpancreo, To KL Taxsce 6yder eunb6epTosbIAM
POCTPAHCTBOM.

Jlemma 1.2. Ecau P ecro oprozorairbHas npoexyus 2unrsbep-
T08a npocrpancrea 6 Ha Hexoropoe nodnpocrpancreo K, 1o
I — P Gyder oprozonaasHoii npoexyuel 6 na K+ u das ato-
6020 x = 96 cywecrayror u e K u v e KL, rakue, 410 ¥ = u+-v,
r.e =K@ KL

Ynpascnenue 15. MNokaxute emmy 1.1 u nemmy 1.2.

Teopema 1.2. OprozonarsHas npoexkyus euasbeprosa npocr-
PAHCTBA HA nOONPOCTPAKCTB0 eOUNCTEERA, & Beauduna || x — Px||
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SBARETCR  MUHUMAAGHGIM  paccTosHuem or X 0o nodnpocTpan:
crea.

Horasareascreo. NonycTiM, 4To opTOroHanbHas npoexuns P
He enuHcTBeHHA. TOrja cyulecTByeT Apyrasi OpTOroHajbHas Mpo-
exknus Q, 415 KOTOPO
(x—Qx, y)= 0 (npu Beex y = K).
Tax kag Px — Qx < K, 10
0=(x—Qx, Px —Qx)=
=(x — Px, Px — Qx)+ {Px —- Qx, Px — Qx)=
=0-4[Px—Qx|P>0,

TOCKOMBKY PX = QX, n momyuaetca nporusopeyne. CiegosaTesib:

HO, HCXOJAHOE TPEeATOJIOKEHHE HEBEPHO H OPTOTOHAJBHAN npoeK-
IHsI €AHHCTBEHHA.

Tlycts Temepb v ecth A106asg Touka B K, orandHas OT Px.
Torna, Kak u Bhe,

(v — Px) L (x — Px).
Clie10BaTeNBHO,

¥ —vlP=l(x—Px)+ (Px— ) IP=
=|lx — Px|P+2(x — Px, Px —v)+[[Px—v[f=
=[x — Px|P4||Px —vl? >l x — Px|?,
a 3TO H ABJSACTCS HYXKHBIM [IJs1 Hac pesyJibTaToM.

Cuencrene (1), [|Px[|2= (x,Px) u |lx— Px|2=[xl>—
—(x, Px).

Caencrteue (I1). Zas ato6ozo x = J6 cyuecrayror eatmcreeu-
Hole uo € K u vo = KL, rakue, 4to x = ug 4 vo

min || x — ul|P=|x — uo|P =/ vo . (1.21)
ue K

B (1.21) moxHo moMmenats poasmu K u K%, u Torga mosyuurtcs
Zpyroe MHHHMH3HDYIOIIEE COOTHOUICHHE

min [|x — o=l
ve Kkl
ITockoabKY

1P =l oI+l wo P,

nocjaeAHAs 3ajaya MHHHMH3AUUH MOMKET OBITL CBEJEHA K HAaXOMK-
JEHHIO

max {xP—1]x—vl?}

vel(



1.3, Annpokcumupyiowme nognpocrpaxcraa z

HJIH
max {2(x, v) —(v|p}, . (1.22)
ve KL

4 9Ta 3ajJlauya HMeeT TO JKe camoe pelleHue, uto ¥ 3apaua (1.21).
Jluneiinwiii oneparop T HaswBaeTcs nOA0ICUTEAbHO Onpede-
NEHHbIM, eCITH

(Tx, x) >0 (upu Bcex x5=0)%),
H Ha3LIBAGTCS 110100CUTENLHO NOAYONPEDENLHHBIM, CIH
(Tx, x)=0 (upu Bcex x 5= 0).

a a/2
Hanpumep, oro6paxenne (ﬂ) B (5/2 ) 6yner MOJOMKHTENBHO

ONpefeNeHHEIM, TOrja Kak oTo6paXKeHHe ;) B g) Gyner
TOJIOXKHTENLHO MOJYONpEe/NeHHBIM, TaK KaK

(Tx, x)=0?
H o6pamaercs B HyJb npH o = 0 u IPOU3BOJBHOM P.

Conpsoicentioin .k T HasbiBaeTCs Takoi omepatop T%, nus KO-
TOpOro

(Tx, y)y=(x, T'y) (upm Becex X, ¥).

Ecmn  (Tx,y)=(x, Ty), 10 T Ha3HBAaeTCs CAMOCONPANCEHHBIM
OIIepaTopoOM.

1.3. AnnpokcumMupyomue noaNpoCTPaHCTBA

PaccMOTpHM ruIb6EpTOBO MPOCTPAHCTBO 6, W OYCTb S=
= {x1, ..., ¥n} ecTb MHOXecTBO N 5/]eMEHTOB H3 6. DTH 3ie-
MEHTHl HAa3EIBAIOTCS JIHHEIHO He3aBHCHMBIMH, €CIH PaBEHCTBO

a4 ooxo 4 ... +ayxy=0

MMEEeT MECTO TOMbLKO NpH HYJeBHIX 3HAUCHHAX KO3((HIHEHTOB
o (i=1,2, ..., N). Ecin s KaxIoro siemenra x 6 cy-

IIECTBYIOT TakHe Ko3(uinenTs i, 470
x="Px;+ Boxe+ ... + By

TO TOBOPAT, YTO MHOXecTBO S ofpasyér 6asuc B b, a 36 ectb
N-mepHOEe pOCTPaHCTBO.

‘? Jlpyrile asTopsl HCNO/L3YIOT B ONpefieseHHH HepaBeHCTBO (Tx, x) =
= yllxl|2 npu y > 0.
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a
Hanpumep, npocTpaHcTBO BEKTOPOB BHAA ( ﬁ) ABJSIETCS ABY"

0
MEpHEIM NpocTpaHcTBOM. MHOXKecTBO S = {81 =( 1 ) e =

1
=(0 o6pasyer B HeM 6a3uc, TOYHO TaK XKe, KAK H MHOXKECTBO

Sz={f,=%(ll), f2=¢\/_1‘2‘(—11)}' OGa stux Oasuca

H300pakeHsl Ha pHC. 5.

Ynpasicrenue 16. JlokaxkuTe, YTO B OMHOM INPOCTPAHCTBE

IBa pasnHYHEIX 6asuca MOJKHEI HMETh OJHHAKOBOE 4HCIO
9JIEMEHTOB,

BakHOCTD KOHEUHOMEPHHIX (YHKIHOHAJLHBIX NPOCTPAHCTB
CTaHOBHTCSI TIOHATHOM, €ClM ynOMsiHyThie B pasjene 1.1 anmpox-
CHMHpYIOLIHe QYHKIWH PaccMaTpPMBATh KAK 3JIEMEHTH NPOCTPaH-
crBa Z2(R). Hanpumep, ecnu uureppan R = [a, b] pa3bur T04-
KamMu x; (1=0, 1, ..., n), T0O MOXHO NOCTPOHTH MHOXECTBO
SPMHTOBEIX (QYHKIUH, KOTOpBIE GYAYT KyCOYHO-JMHEHHBIMH HA
3TOM HHTepBasie. JI0G0e JMHEHHO HE3aBHCHMOE MHOIKECTBO H3
(n+1) rakmx @ynkumi oGpasyer Gasuc B NPOCTPAHCTBE
HM(II, R). Herpynuo mokasats, uto H siBIsieTcs MONHBIM MOK-
TIPOCTPaHCTBOM B Z»(R) (MBI mpeanaraeM YHTATeN0 CHENAThb
5TO B KayecTBe yNpakKHeHwus), n mostomy H spasercs (n 4 1)-
MEDHBIM MOANPOCTPaHCTBOM B Z»(R). [Tupamuiaibube GyHKLHHN
(1.3) mpexcrasnsiorTcs ecrecTBeHHbIM Gasucom B H s HAXOX-




s Annpokcumupyiole NoANPOCTPaHCTBA 29

\\_/
——=——= Cos 372
= )
Prc. 6.
ZeHHs] TapaMeTpoB
fi (=0,1, ..., n).
,yﬂpa?/crteuue 17. Tlycrs pas6uenne II 3amano TOYKaMH X =
=if4 (i=0,1,...,4) n ¢dyukuun D;(x) ompeneneHb Kak
4
D,(x)= ), aflp, (=0,1,...,4),
k=0
rie ecmn o =(af, ..., o), 0 «®(l, 1, I, 1, 1), e®=

=(1, 1/,\/2’ 0, ._1/,\/5'2" —1), a®=(1, 0, —1, 0, 1), e®@=
=(1, —1/4/2, 0, 1/4/2, —1), a®=(1, —1, 1, —1, I).

Ha puc. 6 npusenena ¢ynxous D3(x) na HHTEpBasNe [0, 1] BMe-
cre ¢ dyunxuueii cos (3mx).

(14)) [octpoiite npubnuxennsie rpadukn Di(x) (i=0, 1, ...
(II) Bouncaure cxanspusie npousseienus (Di(x), Dj(x))
3atem paccmorpure D;(x) xak Gasuc B H u HaliguTe KO3(pu-
LHEHTH! g; B PA3JIOXKEHHH

g ()= 2 aiDi ().

Ynpascrenue 18. TMocrpoiite Gasuchl AJs IPOCTPAHCTBA KyOH-
YEeCKHX CIVIAf{HOB M NMPOCTPAHCTBA KYCOUHO-JHHEHHBIX (QYHKIHH,
3aJIaHHBIX HA TPEYroJbHON CETKe.

Bce ynomsinyTee B pagaedne 1.1 annpokCHMHPYIOIIHE QYHKIUH
ABJSIOTCS YACTHHIMH CJy4asiMH OOMLiell 3ajaud NPHOIHIKEHHS.
Sra 3ajaua COCTOUT B TOM, YTO KaXKAOMY dJeMEHTY | ruibbepro-
B4 IPOCTPAHCTBA 6 CTABATCS B COOTBETCTBHE EAMHCTBEHHBIH
5JIeMEHT | anmpokcHMupylouiero N-MepHOro NOANPOCTPAHCTBA K



I 1 Beenenue

oonm K e ¥v0 Nowen b 1), Daomont | uasunneron
Qrodpasmonse | w ! oduino swaneren Al
w < TH HPRACTARARET COOON HPOLKs
- otk N e B 00 P MONNG BORYINTE NYTON A

S ORI NN TORRANE PASONCINN, VO ORI
TR IR0, SRMSRERONE YRR M npochunell.

. LTy arodpasenke W Fy(R) n Ny
= *-Qm NMPANER A v

S ampousasiis: DO vt F e I (R) ywe o
CERSERG WDt Oustd ST SEPOC O TOM, HACKVILKO Ona X0
Meme. SEmpECRaens SBISOTCS: EL e, conu saement €&

TG TS Wepaa owndxe f— T Munumanbud.
B opese 13 Guoo Jomasano, S0O coau P eCTh OPTOTONINBNAN

e s S0 20 ) — PR Sm390T08 MEERMANBHHM PACCTOR:
e o ax eepgecpescsse X mestowy 7 = Pf npencras-
e il TescyTETS, WmEpeRTEwaaEC. T2k k4K NpeAnonara-
==, o ) Eee TSR PESNSHEOCTS, TO 3T0 NPEINONONeE-
== s S EUENOSStssEe I35 FOCTDOSEES Hamaywwed an-
Sescmemss Lew S = . ... j5} o6pasyer Gasuc B K
===

ﬁ"?v Q=0

Rﬁm

Imxmz={ ™
4
(f—f- ;5&. =0
==

o=@ sceswom=s=r SocsesozzTensrocTell KO3h(uUUHEHTOB P
=1, .... N). 2 sosTOMY

G—7, =0 (=1,..., N). (1.23)
N
Eecaz i=‘2:_l¢£fh 10

-

»
(f, f,,)—;_:lm(f,, f)=0 (=1, ..., N).
2710 MOXeT GHITb NEPENHCAHO KAK

Ga=h,

(1.24)
rae
: G=Ilgul=I(fs o)l
a={ay, ..., ay}’
b8

b={(fr F)s woes (s fN)}r-




13, A »

i Y P ANp (4

Murpnun O wpapsaercy uagprues Fpanz. & cpoiesta () 28] we-
Wi o fimtiauiif,

Vupamiienue 20, Voxsmpse, wis jkz H o F AR s
MRS AANHORCHMBINRA [, OBpSArnennss Jonomemns 5250, mune
WO TRIAE HAHHTHIIER B 68 @50 Hapiid s st
Ton, OIMETHM, 150 HOPMANLR G CHa 8y e penie——
RTCH HENGNLAGRET I, JIR BN Ao pey HENTESEs e LA m
WIIMEHIIINE KA APATON, 1A Zak ¢ (OATEs on DS % ol
NODACUNGCTT: OIETPG [y RBlaecs

Ynpumnenue 21 ovaps WS, SRl Mg
TORO HpocTpancTie L7 (B) ¢ Roncmee Sosiapnsts I
i

rae w(x) =0 ecte ®
JNYHHTE HOpM2 ;

B CMHIC/E METOZZ HAAME
unio gna GyesuzEe f(x) =

¥npascrenue
HMEIOMIAX H3MEp!
riabGEPTOBO NPOCTPEEC
MPOH3BE/ICHIS

(u, o)y =

@ e@D+z" B &=

Bty

1 HOPMBEI _
lulf={ w2 + 220

a

e WTPHX O3Hauaer Anddepennuposarne no x. [Moaysate sop-
MATBHYIO CHCTEMY ATR HAmayumedl ammpoxcmMammi dymsmam
f(x) ma sroro mpocrpancrsa. [poctpancrso % (R) mpeacras-
Jasier coboii npumep npocrparcrea Coboaesa.

MeTop aNNPOKCHMAILHH, BKJIIOUAIOUHE PelIeiie HOPMAIBHON
CHCTEMBI € 1eJILI0 MOJTYUeHHsT OPTOTOHAILHON NPOSKIMH hYHKIHH
Ha KOHEUHOMEPHOE INOANPOCTPAHCTBO, HASHBAKTICS INPOSKIHOH-
HBIMIL,



IFNABA 2

BAPUALLMOHHBIE
MPHUHLLANbI

2.1. Bsexenne

DDUHLENN BCTPRUAIOTCS BO MHOTHX (uante-
1 METOAN NPHOJINKCHHOrO pellenis Ta-
5 HQ COOTBETCTBYIOMUIX BapHAIHOHHBIX
BAPHALUOHHBIT MPHHIAT COCTONT B
DVHKUNN HMeeT Menbulee (1iH
JBHOTO COCTOSIHHSL CHCTEME], HEM
*0CTOSEHS, IOMYCKAeMOro OCHOBHBIMH
TpaabHas QYHKUHA 3aBHCHT OT KO-
NDOH3BOIHELX, 4 HHTErpHPOBAHHE
OKPEIBaEMOfi KOODAHHATAMH CHCTE-
. ecTh H Bpems. 3ajaua Onpese-
CTO CBOZHTCH K PELIeHHIO OJHOrO
HEIX VPaBHEHHH C- YaCTHBHIMH
BYIOIHX TPaHAYHBIX YCJIOBHSAX.
2T06H! paccMaTpHBaTh NPUOJIHIKEeH-
audOepeHINadbHEIX YPaBHEHHIl KaK
DH3AYECKHX 3a1a4, CHOpMyanpOBaH-
% NpHENHNOB. BMecTo 3TOr0 MBI Hame-
: {EHHBIE METOAB!, KOTOPHE OCHOBAHBI HENO-
22DH2UHOHHEIX NPHHIHMAX.

nDHRME

DHMEDZ TaKHX SKCTPEMAJIbHBLIX 3ajay paccMor-
erpaa

I(u)= SS F(x, y, u, u,, u,)dxdy, (2.1)
R

D
P

II€ 1 — HENpEpHIBHAA BMECTE CO BCEMM MPOH3BOAHBIMH /IO BTO-
pOro nopAAka QyHKIHA, 3HAUEHHA KOTOPOH Ha rpannue o6iacTH
R sanamel. OGaacts R 3mech — orpannuennas o6aacth na MJo-
ckoctd (%, y). CpaBHHTENBHO Jerko mnokasath (cm. Kypant n
FnaeGepr, 1951), uto neobxomumoe ycioshe axcrpemyma [ (u)
COCTOHT B TOM, 4T0 (YHKIHs «(X,Y) HONIKHA YAOBJICTBOPATH

ypasnennio diinepa — Jlarpanxka
a a
WF“::'*'WF"U"F“:O' 2.2)

M3 MHOrHX peIleHnii 3TOr0 ypaBHeHHst BLIGHpaeTcsi TO, KOTOPOE
Y/JOBJIETBOPSICT 3alaHHBIM TPAHHYHBIM ycaoBHsaM, K npumepy, Aus
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F =% (u%+ ”2) ypasuenue (2.2) croanTCa K ypapHenrio Jlanaaca

0*u J*u .
o T ayt

[puunna TpeGoBanng HENpepLIBHOCTH BIOPHX NPOMILBOAHRLE 4
TENEPL siCHA; HENPEPLIBHOCTL OGCCNEHUBACT CYHICCTRORBZHNE YpZE-
Henns dinepa, Ognako npubAUHMCHILIC
munnumusauun /() B puae (2.1), 1peby TOJLKO
CTH & KycOYHOSl HENPEPLIBHOCTH €€ NEPELIX HPOH
Bepuemesn rtenepn k ocHopsoil zagaue
upuna: nailth Takyio GYHKUHIO #3 A0y
UTO HEKOTOPBI ONpeie/eHnLit KHTErpas
R, sapucawnii or (Gynkuuy u ee npouzEcIs
CHMAaJIbHOG HJIH MHHHMAJLHOE 3HZYEHHE
9JIEMCHTAPHOIl TEOPHH BLIYHCIEH
KOTOpasi COCTOHT B HAXOAJIEHHH
TOPOil (DYHKUHA HMEET MaKCHMZT
HHE B HEKOTOPOi OKPECTHOCTH

nepemennbix. OOsacTs omnpene:
CTPAHCTBO AOMYCTHMBIX (QYHKIIHI.
OHHOTO MO/JX0/a COCTOHT B TOM, ¥TO 321
€CTCCTBEHHO C(OPMYJIHPOBAHEl KK B
HMeTh pewrennii. Maremartuueckn 3To
TOCTBIO MPOCTPAHCTBA AONYCTHMEIX (DVHEKMEI.
YUOHHOM NpUHLUNE HeAb33 Npedno.1azats cyt

JIy4aloTcsi IpH PacCMOTPEHHN HEKOTOPOro 3aMKHYTOTO
CTBA NPOCTPAHCTBA AONYCTHMBHIX (YHKUHI 178 NOIVHCHMS
HEil 1 HiZKHell OICHOK TOUHOTO pelleHNs BAPHANHOHHON 3aiaum.
Onio ouesiIHOE NMPEHMYIIECTBO BAPHANHORHOTO NOIXOIZ CO-
CTOHT B TOM, YTO HYXKHO HAJaraTh MEHEC KCCTKHE TpeGomauus
Ha HENPCPLIBHOCTL pelentsi. ITOT Napaioke pasbscHIeTCs B
pasi 1.3 kuurn Crpenra n ®ukea (1973) u B ra. 2 kuurn Koer-
ra (1967). Tloseanpim cieactien Godee caaduix TpeGoBanmii He-
NPEPLIBHOCTI ABJIACTCS TO, YTO B BAPHAUIOHHOM NOAXOAE Jerue
CTPONTDL NPHOJIKEnHBIe peutenis. Boabluas yacth AanHON KHHTH
COCTONT B OTMHCAHHN TAKHX NMPHOJIHMKEHHLIX METO/0B.
OucnuBacMblii B BAPHALUHONHOM NPHHIHIE HHTErpan Gepercs
IO NPOCTPAHCTBY, KOTOPOE MOMKET HMEeTh KOOpAHHATY-BpeMs. Mer
paccMOTpUM CHAuala BapHALMOHHBIE 3aJauH, HE COAEpPIKAlHe
BpeMst. ITH BapHALHOHHbIE 3aJauyl OGBIYHO BHIPAXKAIOT MPHHIHI
MHHHMYMa NOTEHIHAJbHON SHEPTHH NMPH HAXOXKAEHHH COCTOSHHS

9 3axk. 672 ‘
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PO PARHORECHS BO MHOPHN KJIACCHUCCKIX 3a1atax Mi(l):
soil dusunu. B atoll raase coxepikares TONLKO 1e‘no_
TOOPHN BAPHANMORHNN NPHHIHIOB, KOTOPLIC HMEIOT OTIH ;
Mo K TIasHON TeMe KHirH, HEKAKIX 10KasaTeaneTs i MOA
HMX OOCYMCIeHHI SAeCh HET, U B cayvae ocoGoil 3anHTepeco:
OCTH SHTATOMIO CJAGAYET OOPATHTHC K COOTBETCTBYIOULHM
zeaaw xmmr Kypawta u LnasGepra (1951), Mopea u e
a (1938), XuazeGpanna (1965), [lextepa (1971) n Kuerra
1967).

2.2. CraunonapHbie 3a1ayn

Auddepenunansioe ypaBHeHHe, KOTOpOE CBA3aHO C BapHa-
UHOHHBIM TIDHHIHOOM, H3BECTHO KaK ypaBHEHHE itrepa — Jla-
epanza. OHO sBisieTCs HEOOXOAHMEIM, pexe — AOCTATOUHBIM YC-
JIOBHEM, KOTOPOMY JOJIKHA YAOBJETBOPSTH QYHKIHS, MAKCHMHASH-
pYloUast WK MHHHMH3HDPYIOMIAst ONPee/eH bl HuTerpaj. B mpo-

crefilliefl 3ajaue BapHAUHOHHOTO HCUHCJICHHS TpeGyeTcsi HaHTH
MHHHMYM HHTerpana

I(w)= S‘ F(x u(), o (1) dx,

%

r/le TPaHHYHbIe 3HaueHHs 4(Xo) H u(X,) 3ajaHml, a WTPHX O3HA-
qaer Audepennuposanne no x. Heobxogumbm (HO HE XOCTA-

TOYHBIM) YCIOBHEM CYIIECTBOBAHHSI MHHHMyMa sIBJISIETCA JIH(G-
(epeHiuanbHoe ypaBHeHHe

OF 4 oF _,
ou TET G T

KOTOPOMY NOJIXXHA YHOBJIETBOPATH (YHKIHS #, AOCTABJSIONIAs
MHHHMYM Gyuxuunonany I (). [pusesem o6o6iieHHe STOTO dak-
T4 A CACAYIOUIAX CUTYALHH.

(1) Cayuaii dsyx neussectroix pynuryul. MUHAMA3HDYeMBIH
MHTErPal ecrh

X1
I, o)y= (F(x, u(x), v(x), o (), v’ () d,

X

rae 3HAUCHHS u(xg), u(x;), v(X), v(x;) 3amann. HeobxoxuMble
yC/IOBHSA TaKOBLI:

9F _d oF
du dx ou’ 4
aF d OF
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(2) Cayuaii ynxyun doyx nepemennnz. Muanauaznpyeica
nnrerpasn

I{u) = SSF (%, 9, u(x, ), u.(x, y), ,(x, y)dzdy,
R

A€ & NPHHHMAET 3a]dHHEIE 3HAYEHHs HA rpaHuue 0612cTd HHTE-
rpupoBanus R. HeoGxoauMoe yciaoBHe MHHHMYMA:

(8) Haauuue soicuux npou3go0xsix. B 3ajauyax cO BTOPEIMH
NPOH3BOAHBLIME MHHHMH3HDYETCS HHTErpal
X
1= F(x, u(), &' @), v () dx,

X

FAe 3HaueHus u(xg), u'(xo), u(x), @/ (%)) 3ajansl, a COOTBETCT-
Bylolllee HEO6XONHMOE YCIOBHE €CTh

daF d 4dF d* JF

W drow taE e

ou dx du’ o

(4) Ycnrosnoui sxcTpemys. B Takux BapHALHOHHBIX 3ajadax
YHKUHA u(x) ROMKHA YHOBNETBOPATH PSAY AOMONHHTENbHBIX
ycnosmii. 3aech HIETCS] SKCTPEMYM OJHOTO HHTErpajia IpH ycio-
BHH, YTO JPYrHe HHTErpajbl COXPaHAT MOCTOSHHBIE 3HAYCHHS.
Takne sanaunm massiBaloT ugonepumerpuveckumu. B xadectse
IpHMepa paccMOTPHM 3ajfauy O HaXOXJEHHH SKCTPeMyMa HHTe-
rpana :

X1

1= F@x, u(), ' (@) dx
Xy
NpH YCJAOBHH, YTO u(X) YAOBJIETBOPSIET YPaBHEHHIO
X1
(o, uw), v () dr=a, 2.3)
Xn

roe o — 3ajanuas KoHcranta. HeoGxoammoe YCJIOBHE 3KCTPEMy-
Ma 3aKJIOYaeTcsl B TOM, YTOOBI

A(F+AG) _ d 9(F+AG) _
ou dx ou’ -

rfe uNCJeHHOE 3HAYeHHE MmapamMerpa A HAXOAHTCS H3 YCJIOBHS
(2.3). B kauecTBe TMpPOCTOrO NMpHMeEpa H3OMEPHMETPHUECKOIl 3a-
naun npuBejem cieayiomyio. Heo6xoxumo Haiitn ¢opmy nposu-
caiolleii OJHOPOHO CTPYHBI ¢ 3aKPEIVICHHBIMH KOHIAMH. 31ech

Pid
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TpebGyercst HalTH KPHBYIO & (X), NPOXOAAILLYIO Yepe3 TOUKH (Xo, Uo)
U (X1, 41) H MHHHMH3HPYIOLLYIO HHTETpaj

S‘ u(l +u?Pdx

X

Npu yCJIOBHH, UTO HHTErpas

Xy

S (1+u?)2dx

Xy
1MeeT QUKCHPOBAHHOE 3HAUEHHE.

Ynpasicnenue 1. Tlokaxure, uTo AJMMHA KPHUBOI, COeqHHsIOMEN
ABe TOYKH (Xo, Uo) H (¥1,Uy), ecThb

X1

I(u)= S (14 0?2 dx.

Xa

HMcenonbays cooTercrByiollee ypaBHenne Diinepa — Jlarpanxa,
HaliAuTe MyTh HAMMEHbUIEH AJHHBI MEXAY 3THMH TOYKAMH.

¥npaocnenue 2. Halinure kpuByio u(x), MpOXOAsIIYIO uepes
IBE TOUKH (Xo, to) ¥ (X1, %1) W AAIOULYIO MHHAMAJBHYIO MJIOMIAAb
MOBEPXHOCTH BpAIIEHHSs, IPH BPaIleHHH KPUBOIl BOKPYr ocCH X.

Ynpascnenue 3. Tlokaxure, 410 ypaBHeHHE
*u d%u ’u
Fr +"_'oy2 = 1% g, 2)=0
sIBJISIETCS] HEOOXOJMMEIM YCJIOBHEM MHHHMH3ALHH HHTErpaja

I ()= S SS % 2+ u? + w2 —2uf (v, y, 2))dxdydz,
R

KOria Ha moBepxHocTH OR, cojepikauieii o6bem R, (ynxuus
u(x, y, z) 3agana.

[Mpexxne ueM HATH Jajblue, ZajHM HECKOJLKO MPHMEPOB Ba-
PHANVOHHBIX NPHHUHIOB W 3KBHBAJCHTHLIX HM ypaBnenuii Diiie-
pa — Jlarpaunika. B sTix npuMepax QyHKUHH ONpPEACAAIOTCH B 06-
aactin R ¢ rpannuei oR.

(1) 3adaua Jlupuzae dra ypasnenus Janaaca.

= SS—Z—(u;-{— uz) dx dy,

13
Uyy+ Uyy=0 (4 zapana na IR).
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(2) Haepyocennasn naacruna ¢ 3adeaantoin kpaes. (Burap-
MOHHYECKHII OIIepaTop)

1 2 2
I ()= S S - [+ 2ud, 42 — 2qu]dxdy

R
(u=%=0 Ha OR).

Uxxxx + 2uxxyy aF Uyyyy =14 ()C, .[/)

31ech g(x, y) — HAarpyaKka mo HOpPMaJH Ha MJIACTHHY.
(8) Teopus ynpyzoctu npu maastx degopnayusx. (Ilaockoe
HanpsizKeHHOe COCTOSIHHE.)

I(u, v)= SS %[(I — ) (@2 + v2) V(2. vL)Et
R
+% 1 —)(u, + Ux)g] dx dy,
B T —;—(l — V) (1tyy + vx,)) =0, (v, v 3axanbl HA dR),
Uyy = Vidsy —I—% (1 — %) (tty Fvxx) =0.

(4) Paduayus (e*) u duppysus smorexya (u?).
— ! 2 2 e .
I(u)= SS ?("x’i‘ Ui { oe )d,\dy,
R izt u3
3
u

e
"x.\:+"1/y={ 2 (4 samana Ha OR).

(5) 3adawa Maaro. (Haiitn noBepXHOCTh MHHHMAJBHOI MJ0-
11a11, OrpaHHuYeHHYI0 3aMKHYTOl KPHBOHl B TPeXMEPHOM INpOCT-
paHcTBe.)

(W)= SS%(] + 1+ )12 dx dy,
R

V(vl)V(u)=O. vw=(1+ ul—+ u'f,)'”z (u samana Ha OR).
(6) Henviororosckue acudxocTu.
1) = ([ (24 )+ eu] vy
R
v (vﬂ) Vi=c, yy== (u\ + u‘;',)“'_ (— % S &< 0) , (¢ — const).
(u sanara na dR),
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(7) Teuenue cogumaenor oudKOCTL.

1(p)= SS pdx p — IJIOTHOCTD,
R p — IaBJieHHe,

V(pve) =0 @ — IOTeHIHax CKOPOCTH.

W3 stnx 3ajay nepBhHe TPH — JHHEHHble, yeTBepTas — cnabo
HEJIHHelHasl, TOCcJHelHHe TPH — HeJIHHeHHbIEe.

2.3. TpaHnyHble YCIAOBHS

Crauponapible 3afaul, ONHCAHHEE B TpeAbAylleM pasiene,
TAaKOBHI, YTO HCKOMas (QYHKUWS 3ajlaHA HA T'PAHHLE H HE MOXKET
TaM BapeupoBaThes !). OnHako BO MHOTHX 3apayax QyHKIHS HE
3ajlaHa Ha TpaHHIe, H NPHMEHSIOT JApyrHe rpaHHYHble YCJIOBHI.
Pacemorpum, nanpumep, (Kypant u Tnan6ept, 1951, cTp. 163—

164) Bapuanuommyio 3ajauy, COCTOSILYI0O B MHHHMH3AUHH HHTE-
rpana

I(u)= S F (x, u, u’)dx, (2.4)

TIe u He 3aj@aHa B TOUYKAX X = Xg, X;. Heo6XoAuMoe yCJIOBHE MH-~

HHMH3anuu [ (4) cocTouT B TOM, 4TO 2 (X) yAOBJETBOpsET ypaBHE-
HHIO Diiepa — Jlarpanxa

H TDaHHYHBIM YCJIOBHSM

oF
W= 0 (x=xo, x,).

IMocneHue H3BECTHBI KaK eCTeCTEEeHHble TPAHHUHEIE YCJIOBHS,
HOCKOJIbKY OHH CJIEAYIOT HENOCPEeACTBEHHO H3 MHHHMH3aIliH OC-
HOBHOro uHterpaia. Eciu rpannynble yc/oBus 3aaYH He 3aJaHbI
HENOCPEe/CTBEHHO H HE ONpeZe/eHbl eCTeCTBEHHbIE TpaHHUHbIe yC-
JIOBHS, MUHHHMH3HPYEMBIH (YHKIHOHAJ HEOGXOAUMO LOJIKHLIM 06-
Pa30M H3MEHMTb.

4CCMOTPUM CJeAyIomni MoanduuupoBannelil Bua (2.4):

1= § F(x, u, w)dztlgi (v, 0),..,, — (2o, 0],

') Hacto takpe rpanadune YCAOBHA HA3LBAIOT 2AGGHLIMIL, B OTAMYHC OF
ECTECTECHEM, cu. nnae, — [lpun, nepee,
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rae go(%, u) u g1 (¥, u) — npoussoabHble GyHKnHA. HeobxoxuMbiM
yCJI0OBHEM MHHHMH3ALUH 3TOro GYHKUHOHANA ABsercs (cm. [lex«
Tep 1971, c. 35) ypaBHeHHE

aF d OF

il L i — T

ou dx du’

G rPAaHHYHBIMH YCJIOBHAMH

a
6u,+ =0 (x=x)

0,
au’ i=‘ (x=x)).

Taxkum o6pa3om, ¢ nomoibio GyHKUHHE go(¥, ) H gy (X, &) MOXHO
TIONYYHTh NOAXOASIIHE FPaHHUHBIE YCJOBHA 3agaud. Hanpuwmep,
BapDHAUHOHHAS 3ajaya, SKBHBAJIEHTHAS AH((epeHIHATbHOMY

YPaBHEHHIO
u’+f(x)=0

¢ TPAaHHYHLIMH YCJIOBHSIMH
—utau=0 (x=xp),
W4pu=0 (x=ux)
uMeeT QyHKUHOHAJ
X1
1 : 1 1
Iwy=\|5u?—f(x)uld - pu? — | 5 au? .
W= [zer—ru]art[zoe] | —[ze]

Ecau Teneps Mbl pacCMOTPHM ABYMEPHYIO BapHALHOHHYIO 3a-
Jauy, COCTOSMYIO B MHHHMH3AUUU HHTErpaa

()= SS F(x, y, u, u,, u,) dxdy,
R

TAe 4 He 3ajiaHa Ha rpaunne obGsactH R, HEOGXOAHMOE YCJOBHE
MMHHMYMa COCTOMT B TOM, UTO # YNOBJIETBOPsieT AH(depeHnHaNb-
HOMY YPaBHEHHIO

ou ax Ouy ay au‘,

C CCTCCTBCHHBIMH I'PAHHYHBIMH YCJOBHAMH
(7I’ dy OF dx
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dy ds X

dx
Puc. 7.

Ha KpuBoit OR, sBnsiomeiics rpanuimeit R. Ecam yrom mexay
HOpMaJabio K OR W ochlo x paBeH o (cM puc. 7), TO COS &t =
= dy/dc n sin o = —dx/do, rie ¢ O3HAYAET MIAHHY AYTH BAOJb
rpanunbl. B Gonee obieM ciydae ABYX MCKOMBIX (DyHKuMil & H U
(Xuapne6Gpann, 1965, crp. 135) mnoayuaercst AoHCTHHTEANHOE
ypaBHenue diinepa — Jlarpaunxa Ajs v

Ecan rpanuunbie yc/a0BHSI HE ONPEAENsiOT SBHO TPaHHYHLIE
3Hauenus u (HIH v) HJAM HE ABJSIOTCS eCTeCTBEHHLIMH, TO CHOBA
HCOOX0AMMO H3MEHSThH (PyHKUHOHAJ. PaccMoTpum 3TO Ha TpH-
Mepe” ABYMEPHOiH 3a4aul cO BTOPBLIMH MPOH3BOAHBIMH B TIOJIBIH-
TerpasbHoM Bbipa<enuu. [lyers TpebGyercst unafith (YyHKIHIO
t(x, y), AOCTABJAAIOULYIO CTAUHOHAPHOE 3HAYCHHC (YHKIMOHATY

1 ()= SSF(.\:, Yy Uy My, Uy, Uy, Uy, Uy,)dxdy -
R

+ S G(x, y, u, g, gy 1,)do,

aR
rae 0/dc u 0/0n — onepatopb AnGPEPEHIHPOBANIA 110 HATIPAB-
JICHHSIM KacaTeJbHOH 1 HOpMaan K KpuBoii dR. Murerpuposanne
110 JR ocyuiecTBisieTest TaK, YTO 06JacTh R MPH JBHIKEHIN BAOJb

JR okasbiBaeres caeBa (ABHIKEHHE M0 OR MPOTHB YacoBOil cTped-
ki). HeoGxogumoe ycaopne munnmyma /(u) — ypasnenie diine-
pa — Jlarpauxa

.
ax

(i

a 92 9?
F“— rux—'wruu—i__&xz F”,\'x—l__()xoy “-\'!J+0_I/2 ,,yy-—()
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C FPAHHYHBIMH YCJOBHSIMH

a dy o dx
[F"x T ox F“.r.v] do [F"y — WF"yy]-E -

- {—agc—(F“xx - F"yy) } %% +
{

o e (o= =l (e
+ %{ —%F"xy) {%_ (;_yF"xy)g_g} =5

a a2
G — T Gua A rra G"au =0, (25)
aG aF dy )2 aF dx 2 dF dx dy
I e AT + Oty (d_c) 2r Oty T 2.6)
Dynkuus G BHIOGHPAETCs Tak, YTOOb rpafgHuHble yCa0BHA (2.5) H
(2.6) COOTBETCTBOBAJIH ECTECTBEHHBIM TPAHHYHBIM YCJIOBHAM 3a-
JauH.

2.4. CMelwaHHble BAPHAUHOHHBIE IPHHLHMNBI |)

PaccMOTpHM Tenepb TEOPHIO YNPYroCTH MPH MajblX Aedopma-
HMAX ¥ OPHHIMI MHHAMYMa NOTEHLHAJbHOH SHEPTHH, H3JI0XKEeH-
gulil B npumepe (2) pasa. 2.6. DTOT NPHHUMIT NpeAmoJaraer, 4To
HMEIOT MCCTO OIpPeeJCHHBIE COOTHOIICHHS MEeXAy HampsiKeHHeM
u agedopmanueil 1 Mexay AedopManHAMH H NepeMelleHHsIMH, a
TaKKe BbINOJHEHB KHHEMATHYeCKHe TPaHHYHbIE YCJIOBHS.

Ecan ociiaGuTh ABa MOCJEAHHX YCJOBHS H PacCMaTpHBaTh HX
KaKk MHOJKECTBO OrpaHHYeHHH, TO MOXKHO HamHcaTh MOAH(HIUPO-
BaHHbIT ()YHKUHOHAJ BHAA

I(u, v, w)=1,— SSS(EX—%)mdx-— -
R
— S,SS (\’zx _'g_lzl'_%—f a;dx —

—, S (u — @) B do — S (v — 5) Bodo — S (0 — @) Bsdo, (2.7)

Sa Sa S4
rae I, — QYHKIHOHAJ TOTEHUHANbHON SHEPTHH, Oy, ..., % P,
By, Pa — muoxxkutenyn Jlarpamxka, HesaBucuMbIMH BapbHPyeMBIMH
BeJNYHIaMH SBJIAIOTCS TPH MepeMelIeHHs, ecTh AehopMauui 1
AeBsTh MHOXKHTenel Jlarpamxka. M3 (2.7) MOXHO NOJyYuTh MHO-
ro CMCIIAHHLIX BAPHALMOHHHIX NPHHIMNOB, B uacTHOCTH, eciH

O =0y, «vey 0= Tzx, pi=0y, ﬂz=0y: Bs=o0,,

1) Dror pasgen Jyuylle YHTATh nocae paspena 2.6. — [Tpum. nepes,
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TO mojyvaercs npusnun Xy — Bacuasy, a npu
Ry =0, -o/eh 05— Tzx

BO3HHKaeT npuuuun Peliciepa — Xennnrepa.
DyHKUHOHAJ, CBA3aHHKI ¢ npuHuunoM Peiicnepa — XesuHres

Pa, MOXHO 3anucaTh Kak
do at.
=t (% S 4 4 )

vdx —

— (G + B+ Tt 2)want
(ch+m':,,+n‘rz,—)()uda+

+ S (ltzy+ mo,+nt,, —Y)vdo+
S,

+ {Gree+ meye - no. — Dywdo,  (28)

So

rae Jo — QyHKUHOHA AONOJHHTE]bHON SHEPTHH.

Ipuensanm Xy — Bacuasy u Peiiciepa — XesHurepa siB/sioT-
Cs CMEUI2aHHHMH NPHHIHNAMH H YTBEPXKAAalOT CTaLHOHAPHOCTD,
@ He SKCTPeMaJbHOCTh 3HAYEHHI (yHKIHOHANA AJs peaibHBIX
cocTosHuii. HecMoTps Ha 3T0, B NpPHGIMKEHHBIX Meroxax (Ha-
npHMep, B METOAE KOHEYHHX 3JeMEeHTOB), OCHOBAaHHHIX Ha CMe-
LIAHHLIX BAPDHANHOHHBLIX TNPHHUHIAX, JAOCTHTaeTcsi MPHMEPHO
OZHHAKOB4si TOYHOCTh TAKHX BEJIHUHH, KaK NMEpEMelleHHs H Ha-
NpAKeHHs, TOTAA KaK NPH HCNOJb30BAHWH INPHHLHMNA MHHHMYMa
SHEPruH XOpolas TOYHOCTb MOMKET OBITh moJydeHna Jubo aJjs ne-
peMellenni, au60 AJs1 HANPsIKEHHH, HO He Aia 00OHX OfHOBpe-
MEHHO.

Bostee nonxoe o6cykaenne cMellaHHbLIX BAPHAUHOHHBIX [PHH-
LHUIIOB H NOJIHOE ONpejesieHHe BeJHYHH, HCNOJb30BAHHLIX B (2.7
u (2.8), umeerca B kuure Bacuzsy 1968) n TaGappoxa (1973).

2.5. BapnauuoHHble npUHLMNB B HECTAUHOHAPHBIX 3ajlayax

HanGonee BaxHEIM ¥ (QyHAaMEHTAJIbHBIM H3 TaKHX BapHali-
OHHBIX NPHHIIUIIOB, HCMOJB3YIOUHX U BPEMSI B KaUeCTBE He3aBHCH-
MOil NepeMCHHOH, sBAseTcss NMPUHUHN [amunsToHa, W3 KOTOPOrO
MOryr OBbITh BbIBEJeHbl OCHOBHblE YpaBHEHHA NJs 00JbLIOrO



255. Bap P 1 B Hect pHBIX 387 43

ancna Gusuyeckux spaeHui. [Ipuuuun FamuisTOHa yTBEpIKAAeT,
4TO peasibHOE /[BHXKEHHE CHCTEMHl MaTepHaJIbHBIX TOYeK C MO-
MeHTa BPEMEHH fp 0 MOMEHTa /; TAKOBO, YTO HHTErpaJ mo Bpe-
MEHH OT PAasHOCTH KHHETHYECKOH M NOTEHUHAJbHOW SHEeprHH CH-
CTeMBl CTALHOHAPEH IJIs TPAeKTOPHH 3TOro ABHIKeHHs. Marema-
THYECKH 3TO O3HAYAET, YTO WHTErpaJj OT Jarpaumkuana L

= §.Ld1= §'(r— V)dt,

ts t

rie T 1 V ecTb COOTBETCTBEHHO KHHETHUECKAA H MOTEHUHAALHAA
SHEPTHH CHCTEMbl, HMEeT CTalHOHADHOe 3HAYeHHe A7 peabHOA
TPaeKTOPHH IO CPABHEHHIO C GJH3KHMH BO3MOMHEIMH TPAEKTO-
pusamu. [Ins cHeTeMbl ¢ n 0606UIEHHBIMA KOOPAHHATAMHE g1, 2, - - -
.+.» Gn CBA33HHBIE C 3THM NPHHUHIOM ypaBHeHHs Jijepa — JIa-
rPaHzKa OKa3bIBaIOTCS TAKHMH:

d oT d

71-(-0_(],—)—6_%(7‘_1/):0 (r=1, 2,...,'1).
Ha nHX 06BIYHO CCHITAIOTCA KaK Ha ypaBHeHHs Jlarpauixka ABH-
JKCHHS CHCTEMBL.

B xauecTBe MpOCTOro NMpHMepa IPHMEHEHHs 3TON TEOPHH K
¢NJIONIHOM cpefe paccMOTPUM ciydail rHOKON CTPYHBI, HA KOTO-
pYIO JlelicTBYeT NMOCTOSIHHOE HATsKeHHe T. KOHIB! CTPYHE 3aKpel-
JIeHBl, H OHa COBEpIIAET MaJbie KOJeGaHHs OKOJO MOJOKEHHS
YCTOIiUHBOrO paBHOBecHs — HHTepBaia 0 < ¥ << 1 ocu x. Ecau
u(x, 1) — nepemelleHHe TOYKH CTPYHBl MEPIEHAHKYJSPHO OCH X,

TO
1

1
— sl uN2 . _ 1 o ((Ou )2
T—WDS(a—e) dx, V—7P§C (55) dx.
rjge p — IVIOTHOCTH CTPYHBI H ¢2 = t/p. YpaBHeHne diirepa —
Jlarpanxa

du 5 3%
ax?

o

SIBNSICTCS BOJMIHOBLIM ypaBHenunem. Taxkum o6pasom, AJsi CTPYHbI
BOJIIOBOE YpaBHEHHE SKBHBAJIEHTHO TPeOOBaHHIO MHHAMAJbHOCTH
ycpeAHenHoli PasHOCTH TMOJHOH KHHETHUECKOH H MOTEHLHANbHOMH
sHepruii CTPYHLl B NPEANOJIONKEHHH BBINOJHEHHST HAYaJBHBIX I
rPaHHUHBIX YCJIOBHIl 3ajaun. JIpyrHMH NpHMEpaMH TNpPHMEHEHHS
3TOji TEOPHH CJYIKAT KoJeOaHHs cTepKHs, MeMOPaHbl H MIacTH-
ub (Kypaur n DunsGepr, 1951, erp. 215—221).

BapHaunoHHbBIC NPHHUMML, BKJIOYAIONIHE BPEMs Kak mepe-
MEHHYIO, MIOKa CIe Pe/KO HCIOJB3YIOTCS s YHCJICHHOrO pere-
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HHSI 3BOJIONHOHHBIX 3aa4y. OHH OGBIYHO PEINAIOTCs MOJIYAHCKPEeT-
HEIMH MeTogamu [asepkuHa (cM. ri. 6).

Teneps nepeiiieM K HECTAUHOHADHBIM OUCCUNATUBHOLAL CHCTE-
MaM M MOKaykeM, KaK MOXKHO IOCTPOHTh JJI HHX BapHaIlHOHHLIE
NPHHUHNLL. [IpHMEeHseMBIl METOJ COCTOHT BO BBEJEHHH CONps-
JKGHHOil CHCTEMbl C OTPHUATEJBHBIM TpPEHHEM. DHEpPrHs, Tepse-
Masi QHCCHIATHBHON CHCTEMOH, NMEPENAETCsl COMPSIZKEHHOIl cHere-
Me, H 03TOMY MOJiHAsl SHEprHst 06enx cucTeM coxpansercs. Jpy-
roif MOAX0/, OCHOBAHHbIIl HA OTPAHHYEHHHIX BApPHALHOHHBIX MPHH-
Hnax, MoxHo Haite y Posena (1954). B kauectBe npumepa pac-
CMOTPHM OJIHOMEPHBIH OCHHJJIATOP C TPEHHEM. YPaBHEHHE €ero

IBHIKEHHS eCTh
£+ krt+nPx=0 (k>0).

Tpebyercsi Ha#iTH BapHAUHOHHBIN NPHHINI, AJs KOTOPOLO ypas-
Henne Jiiepa — JlarpaHxka cOBNafano Obl ¢ 3THM ypaBHECHHEM.
9TO HEBO3MOIKHO CHENaTh, HO €CJH MBI PACCMOTPHM TAaKIKE CO-
TIPSIZKEHHBIH OCHMIIATODP (OMHCEIBAEMBIN KOOPAHHATON X*) ¢ OT-
\PHLLATEJIBHEIM TPEHHEM [ C YDABHEHHEM [BHIKEHHS

it — kX" 2" =0, !
TO JJI5i IOCTPOEHHOTO YHCTO (POPMABHO JArpaHKHAHA
55 1 . s
L=3%" — ok (£'% — x&") — n’cx"

ypaBHeHusi Dinepa — Jlarpanxa coBmanyT ¢ NPHBEAEHHBIMH Bbl-~
Ie yPaBHEHHSIMH ABHIKEHHsI 0GONX OCLHJIISITOPOB.

JpyrumM BajKHEIM MPUMEPOM AHCCHIATHBHOH CHCTEMBI fIBJsET-
¢l 3afiaya o auddysnu tenna. B ogHOMEPHOM ciyuae OHA ONpe-
ZeJisieTcsl ypaBHEHHEM

on __ o
af — ax%
Torna conpsiKeHHYIO 3afayuy ONPEAENHT ypaBHEHHE
_ou _
ot~ dx? "

OTH JBa ypaBHEHHs sIBJSIOTCS ypaBHeHHAMH Diiiepa — Jlarpan-
JKa 1Jist (hopManbHOro JarpaHKHaHa

L du du* 1 « Ou au*

_——— ——u

ox ox 2 \# a1 ot

2.6. I pojicTBeHHble BapHAUHOHHBIE MPUHUKNDI

Jlo chx mop HallH BapHAUHOHHBIE MPHHLMIE GBIIH <OJXHOCTO-
POHHHMH», T.e. NPHOJHKEHHOE pelIeHHe Beerja AaBajlo OLCHKY
TEOPETHYECKOro pelleHHst 3afaud aubo ceepxy, aubo cuusy. On-
HAaKO YacTO MOXKHO A/l 3aJayd IIOCTPOHTH JBa BapHALHOHHHX
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NPHHUMNA TaK, 4TO HEKOTOpas Beauunua d paet MHHEMYM Ads
OJHOr0 H MaKCHMyM AJsi APYroro BapHauHOHHOro npuHuKNa. Ecan
d“ u d'— npuGaniKeHHbIe pelIeHHs A/ NPHHIHNOB MHHHMaJb-
HOCTH H MaKCHMAaJbHOCTH COOTBETCTBEHHO, TO

d'<d<<d,

1l M03TOMY MBI HMEeM MpPaKTHUECKHH METOA OUEeHKH BeJHUHHB d.
Yacto okasuiBaercsi, 4To BeauuuHa d HUMEeT (PH3HYECKHH CMBICA.
Tenepb Mbl ZaiHM HECKOJIbKO TNPHMEPOB 3a1ad, B KOTOPHIX
MOZKHO IOCTPONTbL ABOHCTBEHHBIC BaPHALHOHHLIC MPHHIHITEL
(1) Kaaccuweckan sadawa Hupuxae. 31ech MHHHMH3HDYETCS
(yHKUHOHA

I(u)=SS-21—(ui+u§)dxdy
R

H3a MHOXKECTBE HeNmpepuiBHBIX (yHKUHil u (X, y), HMEIOUWHX B 00-
NAacTH R KyCOYHO-HeNMpephIBHEIE MepBbe MPOH3BOAHbIE H 3afaH-
Hble 3HaueHns u = f(o) wa OR, rae ¢ — anuHa no OR, rpanune R.
IlBoiictBenHas 3agaya cOCTOHT B MAKCHMH3aUHH (YHKIHOHANa

1) =— ({5 (@24 02)dvdy — (o (0)do
R dR

OTHOCHTEJILHO HENpepHBHBIX (GyHKUHH v(X,Y) ¢ KyCOYHO-HEmpe-
PBIBHLIMHA B R TIEPBLIMH NPOM3BOAHBIMH, KOTOPEIE YAOBIETBOPSAIOT
CCTECTBEHHLIM FPAHHYHBIM yCloBHAM Ha OR. B srom mpumepe

min/ () = maxJ (v) =d.
u v

Yicsennas peannsauys 3TOro ABOHCTBEHHONO NPHHUHIA MPHBO-
autes B pasa. 7.4 (C).

Ynpasenenue 4. TloTox Hec:KHMaeMoll HEBI3KOH IKHAKOCTH
napaajenen ocu x. Boiyneaure /(u) u J(v) B aroit 3agave, cuu-
ras R kBagpatom 0 <X, y << 1, U MOKaXKHTe, YTO HX 3KCTpe-
MaJbHbie 3HayeHHsi coBnmapaior. (OTMeTHM, YTO 4 ecThb QYHKIHS
TOKA, 4 U — MOTEHLHAJ TeuyeHHs.)

¥npaocrnenue 5. TlokaxnTe, 4TO HEOOGXOAUMEIMH YCJIOBHAMH
maxcumyma J(v) siBasiiorest ypaBHeHue dinepa — Jlarpaunxka

Usx =+ 0y =0

H eCTECTBEHHbIE rPaHHYHBIE YCJIOBHS

dx dy
% — e ae =1 )
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(2) Teopus ynpyeocru npu sasrsix Oegopmayusx (Bacuasy
1968). IlycTh H30TpOMHOE TeNIO0 B TPEXMEpPHOM NpPOCTPAHCTBE 3a-
HHMaeT 06JacTh R, OrpaRHYEHHYIO 3aMKHYTO! MOBEPXHOCTHIO OR.
KomnonenTsl 06beMHbIX cHa (Ha emuHHIy ob6bema) 0603HAYUM
uepe3 X, Y, Z. IoepxnocTh Teia pa3GHTa HA ABEe yacTH: Sg, HA
KOTOpPOIf B KauecTBe FDAHHYHBIX YCJOBHH 3a/aHbl BHEIIHHE CHJIBI
(ua epunuuy miomanu) (X, ¥, Z), u Sq, Ha KOTOPOf 3amaHkl Me-
pememenust (Z, U, @); npu stoMm OR = Sg + Su. Toraa obuias
NOTEHIHAJIbHasl SHepPTHs faercs HopmyJioi

Th= SSS W (ex; 8y, 82, Vyzs Vzxs Vi) dX—
R

=4 S“(Xu+Yv+Zw)dx—- S()?u+?u+zw)dc,
R SU
rae

E E
W = gt (e 0w+ g (o )+
i 4(+|.v) (vt ®,)? + (@, + )2 + (2, + 0%

a E — monyas IOnra u v — xoaddunuent Iyaccona aisa JaHHO#H
cpensl. Eciin 0O0BEMHBIE M TIOBEDXHOCTHBIE CHJIBI HE H3MEHSIOTCS
B rpolecce Bapuauui, [, HOCTHraeT MHHMMyMa MpPH peajbHbIX

nepeMelleHusaX. B 9TOM COCTOMT NPHHUMI MUHUMYMA NOTEHYl-
anvrotl sHepauu.

JlononHUTeABHAS SHEPrus HMeeT BHI

= S SS @ (Oxs Ops Oz Ty Tas Tay) AX — S (Xa+ Yo+ Zw) do,
R Sy
rae

0= 55 [(0,+ 0,4 0,2+ 2(1 +v) (2, + 2, + 22, —

— 0,0, — 0,0, — 0,0,)]-

Ec/n MOBEPXHOCTHEIE NMEPEMELIEHHs] OCTAIOTCS HEH3MEeHHLIMH
OpH Bapuauusax, lc N0CTHraeT MHHHMYM IIpH PeaJibHBLIX HaNps-
JKEHHAX. DTO — NPHHUHI MUHUMYMA OONOAHUTEALHOL dHep2ull.
C nomompl0 3THX ABYX NPHHLMIOB YHOOHO OLEHHBATL KOS(QH-

LHEHT NIPSIMOTO BJHAHHS HIH o6o6uiennoe nepemenienne (ITnan,
1970).

Ynpaowrenie 6. Tokaxnure, uro W = ¢, ecan BLITOJHEHDI
ClIeAYIOIIHE JIHHCHHDIE COOTHOMIEHHST MEX/AY HANPSKCHHEM H Je-
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dhopmanuen:
E
Eey, =0, —"V (Uy aF Uz): Tyz= 2(1+v) Yyzr

E
E8”=0” — v (0, + 02), sz='2_(m'vzx:

E
Ee,=o0,— V(0,4 0y), Txy= I E TS

Ynpascnenue 7. Tloxkaxure, 4T0 HeOOXOAHMBIMH YCJIOBHAMH
MHMHHMYMa IOTEHIHAJIbHON SHEPIHH

L= Sg[z—(m(ux+v”)i+

R
- W E
+ iy (4 + 98 + ey (4 + 0] dr dy

ABJISIOTCS] ypaBHeHUs1 Ditnepa — Jlarpanxa
(2—2v) uey + (1 — 2v) 1y + 0., =0,
(2—2v) vy, + (1 —2v) gy 41y, =0
H TPaHUYHbIE YCJIOBHS
2(1 —v)u,cosa (1 —2v)u,, sina 4 (1 — 2v) v, sine 4+
=+ 2vo, cosa =0,

2vu, sin a4 (1 — 2v) u, cos a4 (1 — 2v) v, cosa +
+2(1 —v)v,sina=0

Ha rpannue OR o6mactd R (cMm. puc. 7).

(8) Teuenue cacumaenoii scudxocru (Cesenn, 1969). Coorser-
cTByIOlle OOBbEeMHBIC NOALIHTErpajbHbIe BEIPAXEHHS, KOTOPHIE
NOSIBJIAIOTCS] B JABOHCTBEHHLIX BAPHALHOHHBIX NpPHHIHNAX, CYTh
JlaBJcHHE P W BeJHYHHA p -+ pv?, rje p — IVIOTHOCTh, 4 U — CKO-
POCThL JKHAKOCTH. 3aech

p=p(v;, h, m),

rae v; (i=1, 2, 3) — cocrapisomHe CKOPOCTH, /i H M MOJHAA
SHEPrNsi M SHTPOIHMs, NPHXOASLIHECS HA EAHHHIY MAacChl COOT-
BeTcTBeHHO. M3 9THX NPHHIHMIOB CJAGAYET, UTO

ap - ap_ - ap __

a”t —Ql (L_l 2 3) oh P an = PT.

3necs Qi=pu; (i=1, 2, 3), a T —remneparypa. Bpoaurca
(ynxuna

3
P=PQuh, n)=‘§_.'.lQ;vz+p.
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IS KOTOPOii

apP . P P _
3—Q‘=v,(z=l,2. 3), 'le_p’ o oT.

I BoiicTBeHHbIC BAPHALMOHHEIE NMPUHLMIL], BKJAOYaiowue p u P
COOTBETCTBEHHO, MOTYT YCHJHTb HMPHHIMINBI 3KCTPEMAJbHOCTH ya-
CTHBIX CJIy4aeB TEUEHHsl CKHMaeMOH JKHAKOCTH.

JBe monbITKH YHH(PHKANMH ABONCTBEHHBIX NPHHIHMMOB Tpei-
npunaTel CesennoM (1969) u Aprypcom (1970). ITepBuiii u3 HuX
Henoab3yer npeobpasoBanns Jlexxanapa (MM HHBOJIOTHBHEIE
npeo6pa3oBanus), BTOPOH — KAHOHUYCCKYIO TEOPUIO ypaBHEHHH
Sitnrepa — Jlarpamxka. [1peBOCXOxHBIH 0030p JBOHCTBEHHBIX Ba-

PHAUMOHHBIX MPHHLUMNOB BOOGIIe cojep:KuTcs B cratbe Hobaa
u Cesennia (1972).



FJIABA 3

METO bl
AMMPOKCUMALIMU

Bapuauunonnas opmyJuposka BmecTe ¢ MpHCymHMH efi 60-
Jiee cnabbiMH TPeGOBAaHHAMH HENPEPLIBHOCTH €CTECTBEHHO Nepe-
HOCHTCSi Ha NpPHOIMXKEHHBlE METOAbl peLIeHHs, Ha3biBaeMble
06biuno  npamomu  merodamu (Kypanr u Tmas6epr, 1951,
crp. 154; Heuac, 1967). [IpuMeneHHe 3THX METOAOB CBOAHT 3a-
layy K HaXOXK/IEHHIO CTANHOHADHBIX TOYEK (YHKIHH KOHEUHOro
YHC/IA BEIIECTBEHHBIX NIEPEMEHHBIX.

B s10ii rnaBe, 0HAKO, Mbl paccMaTpHBaeM JHIIb OXHO CeMeii-
CTBO NPSMBIX METOAOB, 3 HMEHHO METOJE KOHEYHBIX 3JIeMEHTOB.
Haetcs onucarne pasiHYHLIX KJACCOB METOAOB KOHEYHBIX 3Je-
MEHTOB COBMECTHO C HEMHOTOYHCJEHHBIMH NPHMepaMH H3 OOLIHp-
HOii 06/1acTH HX NPHMEHEHHsl; B IVI. 7 NPHBOAHTCS AOMOJHHTEIb-
HO €lle HECKOJbKO NpHMepoB. Bompocsl TOYHOCTH H CXOAHMOCTH
MEeTOA0B 06CyKAaloTest B IVI. 5.

3.1. Mertopg Purua

CoszaTtesneM KJIacCHYECKOTO MPsIMOTO METOAA OGBIYHO CYHTAIOT
WwBeiinapckoro marematuka B. Putuma (1878—1909). Ecan Tpe-
OyeTcs pellnTh BapHALHOHHYIO 3a4a4y

8 (v)=0 (v(x) =), (3.1)
rae X =(Xy, ..., Xm) H 6 — NPOCTPAHCTBO AOMYCTHMHIX (YHK-
UHH, NPHOJNHIKEHHOEe pelieHHe X MOXeT OhiTh NOJIY4eHO, eCJH
OrPaHHYHTLCST (YHKUHSIMH H3 HeKoToporo N-MepHOro MOANpeCT-

paHctBa Ky < 56. Cpasy sCHO, 4TO ecjlH CTallMOHapHAs TOUYKa
B (3.1) maer skcTpeMyM, TO MBI NOJyuaeM OLEHKY STOrO SKCTpe-

MaJbHOrO 3HayeHHs. I pyriMu cl0BaMH, €ClH
81 (v) =0,
TOrJia H TOJIBKO TOT/AA, KOrAa
I (vo) = min I (v) =d,
vE X

TO
1(V)=d

Aas Beex V e Ky.
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v o
Ecan ¢yskumn @;(x) (i=1, ..., N) obpasyior 6asuc I
npocrpancrBa Ky, 1o OyaeM HCKaTh NPHOJHIKEHHOE pEIleHHE

B BHJE

N
U ®) =Y, ; (x),
=1

NPHYEM 3HAUEHHS MCKOMHIX NAapaMeTPOB JOJKHE OBITH TaKHMH,
yto /(U) cTanMOHAPHO OTHOCHTENLHO STHX NapaMeTpoB a; (i =
=1, 2, ..., N). Takum 06pasoM, noJyyaeTcsi CHCTEMa ypaBHE-
HHU

N
a :
-—1 a9; |=0 (=1,..., N).
o (Lo ,
Tpumenum, Hanpumep, MeToA PHTUA K PELICHHIO CJERyIolled 3a~
Aaun. B o6nacra — lz n<Xx, y<5 % PEluTh ypaBHEeHHE i

2, 2
L N (3.2)

TIpH yCJIOBHH, YTO
u(x x3)=0 (1x1<3).

u(£5. v)=0 (vI<3).

IlocTponm KycouHO-GHiMHElHOE NMPHOIHKEHHOE PelleHHe 1Mo Me-
TOAY KOHEYHLIX 3JIEMEHTOB, HCIIOJb3ysl MeToX PHTua, NpHMEHEeH-
HEI K COOTBETCTBYIOLIEMY STOH 3aJaye BapHALHOHHOMY IPHHIUIY

8 (v) =0,

(3.2a)

npHYeM

1(v)= SS [% (vi+ o)+ 20] dxdy, (3.3)
R

R=(=7 )X(-% %)

B npeasinyuieii raase 6bii0 yka3aHo, 4TO €CJH Ha rpanuine
3HayeHHs1 peIICHHs 3alaHbl (rpanuyunbie ycjaoBus Iupuxae), To
STH yCIIOBHsI HAJIaraioTest Ha MPOCTPAHCTBO J6, TOT/A KAK B CJy-
uae 3a/laHHs €CTECTBEHHBIX TPAHHUHBIX YCJOBHH 3TO He sBASETCS

rge

o0asarenbHBIM. B rannoi 3agaue neo6xoaumo OrpanHYNTBCS IPO-
CTPAHCTBOM J6 (DYHKIHII, yAOBJIETBOPSIONIHX TPaHHYHOMY YyCJI0-
BHIO v = (.

Annpoxcumupyloune (GyHKHEH ONpeAeleHs HA 06JacTH R,
pas6uroit Ha (T - 1)2 KBanpaTHBIX 3J1€MEHTOB nocpezncteom 2T
PaBHO pacno/I0KEeHHbIX BHYTPEHHHX JIHHHI CETKH, NapaJllelIbHbIX
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ocsiM (cm. puc. 3). Toraa N (=T?) 6asucHbix QYHKUHE Qs (X, y)

(i,j=1, ..., T) nomnpocrpaucrBa Ky, onpeie/ieHHHX B DJI.

(ynpaxmelme 6), nIpHHAAJENXKAT, OYEBHAHO, IPOCTPAHCTBY 6,

TaK KaK OHH Bce 06pallaloTcsi B HyJb Ha FPaHHIE.
TIpuGnuKeHHOE pellleHHe HMEeT TOTAa BHJ

T
U (v, y)=i;_ Uuwis (&, 9), (3.4)

rae Ui; —snaueHne npuOIMXEHHOrO peuleHusi B Touke (X, Yj).
YcoBHEM CTAIMOHAPHOCTH SIBJAETCS CHCTEMa ypaBHEHHH

T
——1( Y U@ (x, y))=0 G ji=1,..., T). (3.5)
ko 1
Orciona u u3 (3.3) mosnyuaem

ET: Ukl { a‘PH) (aq’kl a‘l’u }dxdy+
I I=1

OPr

ay
-+ 2 SS(p,,dxdy=0.
R

HeﬂOCpC,ﬂ.CTBeHHOE BBIYHCJIEHHE HHTErpaJioB NMPHBOAHT K ypaBHE-
HHSIM

1 i+1 1+1
Wy—+ Y 3 Uut2#=0 @ i=1,..., 7).
ke=i—1l=j—1
rae Uy =0, ecan &, [ =0, T 4 1. Ot ypaBHeHHs MOXHO 3alH-

caTh Yepe3 Pa3HOCTHLIE ONEPATOPHI TAK:
{621, + 8L Uy — 20 =0 (i, j=1, ..., T),

9 2
rae Oy, Oy — LCHTPHPOBAHHBIE DPA3HOCTHHIE ONEPATOPHl BTOPOrO
nopsiika, a Iy, I, — oneparopsl «npaBnaa CHMICOHA», OmIpeje-
JICHHBIC PABCHCTBOM

Iqu=71§[Ui—|/+ AU+ Uyl

1 ananornuno s fy. ITpuOGIIIKEHHOE PeIIeHHE B Y3JIOBHIX TOY-
Kax, H300pa>keHHBIX Ha puc. 8, npuBoantTcs B Taba. 1; BeameacreHe

CHMMETPHH HEoOX0AHMO 1300paxKaTh TOJLKO OJHY BOCBMYIO 00-
nactu. Tounoe pelenne B ITOH 3agaye ecTh
u(x, y)=

AN2 o, BN (=DM ch(2k—1)y
=_(?) +x +F’; (2k — I)* ch ((2& — 1) n/2) “©8 @k —1)x.
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@%) Em)
10 9 I
4
8 6
3
v
B
2
(0,0) 4
Puc. 8.

4

Ecnu ypasnenne (3.2) cHosa pelaercst B 0614CTH — 5 <X, y<
1

< g, HO 33/laHbl €CTECTBEHHbI® FPAHHYHbIC YCJIOBHS

du 4 LLAVE
—(xaj—z)=0 (1x1<%).

X
(<D

NPOCTPAHCTBO AONYCTHMBIX (DYHKUHIN J6 COLEPIKHT TaKKe (YHK-
LIHH, HE PaBHbIE HYJIO HA rpaHHLe. ANNPOKCHMHPYIOLIEEe MOANPO-
CTPAaHCTBO TaK’Ke JOJIXKHO COAeprKaTh Takne (PYHKUHH, MOITOMY
Mpl GepeM JOnoJHHTeNbHBIE GasHcHble (GyHKUHH @ (X, y), COOT-

Tabauya 1
Pewenne
Touka =3 yi=1v/ T'=1b Tounoe

1 —1.534 —1.473 —1.459 —1.454

2 —1.321 —1.308 —1.304

3 —0.950 —0.907 —0.897 —0.894
4 —0.370 —0.362 —0.359
5 —1.394 —1.381 —1.376
6 —1.089 —1.078 —1.075
7 —0.566 —0.559 —0.556
8 —1.278 —1.146 —1.135 —1.132
9 —0.666 —0.660 —0.658
10 —0.698 —0.692 —0.690
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yrnopas
FPANUNHIR
TOYKA
Heyrnosan.
rpank4Has
i ? i / 10uka

BHYTpEHHAA
TOUKA
obnacTu

Puc. 9.
13
7 Ta

Kie QYHKUHH He PaBHBI HYJIO caMoe GOJbluee Ha ABYX SJeMeH-
Tax, KaK MoKasaHo Ha puc. 9(a), ocranbHble e GasHcHBIE (DYHK-
NN OTJAHUHLI OT HyJs Ha uyeTbipex aaemenrax (em. puc. 9(b)).

BETCTBYIOLLIE TPAHHYHBIM TOUKaM (Xi, yj) € X; y;==

Ynpasienenue ). Wcnonsayss merox Purua m KycouHo-GHJIH-
Helinple OasicHble (QYHKUHH, BLIYHCAHTE KOI(Q(HIHEHTH ypaB-
HeHHS

a

a0,

=0,

npeinonaras, 4To Touka (X, Y;) ecTth (a) yrioBas Touka H
(b) Touxa ua cropone. 3aech GepyTcsi ecTeCTBEHHLIE 'PaHHYHbBIE
ycaosns, /(v) sagaun B (3.3).

Cucremot ypagHenut

Metoa PuTua MOXKHO NPHMEHSITH H K PELICHHIO CHCTEM AH(-
(epeHunanbHbIX yPABHEHHIT C YaCTHBIMH TNPOW3BOAHLIMH B TEO-
pHH yNpyrocTn mpH Maabx fepopmauusx. BooGuie, ecan mbl Ge-
peM NpHOIHAKEHHST BH/A

N N2
U =e;‘£ e, V=2, B (3.6)
-] l=]1
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H HIIEM CTANHORAPHYIO Touky dyuxuuonana [ (U, V) ornocutelnsb
Ho U u V, to nonyuaem N + N, ypasuenuit

N, N
aia,l(z“:% L ﬁk\l’k)"_‘o (=1, ..., Ny,

= k=1

3.7)
3 Ny N
aT‘l(Zu,q),, Y Bebe)]=0 (=1, ..., No).
f=1 k=1

3.2. Tpanuynbe yCAOBHS

Mur mokasanm, KaKk METOAOM KOHGUHHIX 3JEMeHTOB MOryT
GLITH DelIeHHl 3aJaYH [ABYX PAsJIHUHBIX THMOB. BHauane Mel pac-
CMOTpDeNH OJHODONHEIE rpaHHuHbie ycnoHs Jupuxie u=0.
B sToM ciayuae Bce fOmMycTHMBIE (YHKUHH HOJKHBI y/OBJIETBO-
PSATH 3THM YCJOBHSM. 3aT€M MBI PacCMOTpeJH OJHOPOAHLIE rpa-
HHuHble ycnoBua Hefimana du/dn = 0. 3necb Ha [AOMyCTHMBIE
(OVHKIHH HHKAaKAX OrPaHHYEHHH HE HAKJIaJbIBAeTCs, IMOCKOJBKY
rpaﬂ)wmme YCJIOBHS SIBJISAIOTCS €CTECTBEHHBIMU AJs QYHKIHOHANIA
(3.3).

T'panuunsie ycaosus Qupuxae

B ofuem caydae rpaHuunbie ycioBHs Jlupuxje Heo6Xogumo
BBOIHTb KaK JIONOJHHTEJbHbIE YCJOBHSI Ha aNNpOKCHMHPYIOLIHE
(ysxkuHH. DTO JIerko caenarth €CJH HAM HYXKHO PeIHTb B HEKO-
TOpoit o6sactu R = R™ nuneiinoe audpepenuuansHoe ypaBHeHHE

Au=f (3.8)
NIPH YCJIOBHH, YTO

u=g

Ha rpaHuue OR, mpuyem g siBisieTCs MIAaAKOl (yHKumeil, pomy-
cKalomleli sIBHOE aHaJHTHYECKOE NpOAOJIKEeHHe BHYTPbL R, T.e.
3ajaHa Takas riaagkas QYHKUHSA @, YTO

w=g
Ha dR, a Aw onpegenena Bciofy B R. B aToM cayuae Moxuo pac-
cMaTpUBaTh NPHOJIHIKEHHOE peIleHHe BH/IA

N
U=w+ Ex 0Py (3.9)

rje Bce @; paBHB Hynlo Ha IR (Cumx, 1957). TMockoabky (yHK-
nuy Bujaa (3.9) obpasylor nuHeliHoe MuorooGpasue, a HE JIHHeMH-
HOe IIpOCTPAHCTBO, YaCTO JJI8 MaTeMaTHYeCKOro aHajHu3a ynob-
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Hee cierka uaMendTh 3ajgavy. [Nocsie TakKoro M3MeHeHWd 3ajaya
annpoxcHMaluy NpHOGpPETaeT CTPYKTYPY KJaccHueckux npubid-
JKeHHi1, onucannblXx B pasi. 1.3 u 1.5. Cnenyer noauepkHyTh, 470
UHCJEHHEX pacyeToB 3TO Npeo6pa3oBaHHe HEe 3aTPATHBAET; Me-
HAETCS JHIIb MaTeMaTHueckas (OpPMyJHpoBKA 3ajagu. Cieayio-
luee ynpax<HeHHe HJJIIOCTPHPYET 3TO.

Ynpaxcnenue 2. Tyers f=0, g =— % 2+, A= —% —
——a%:- u ypasHenne (3.8) paccmarpupaercs B 06JaCTH —g <X,
y <%. Hycms

1
w(x, y)=g(x, y)=— 52+ 1) (3.10)

Pemnte ypaBHeHHE

Alo(x, ) — 5 2+ )] =0,
T. €. d .
d
554.}373_2:0 (3.11)

¢ ycnosueMm v = 0 Ha rpanuue. Mcnonn3ys peureHne 3TOro ypas-
HeHHsl, 3ajlanHoe Tabm. 1 uan Ja06LIM KPYTHM cHOc060M, BHIYHC-
JUTe pelleHHe B Y3JOBHIX TOYKax, H300pa*KeHHHIX Ha pHC. 8, H.
CPaBHHTE 3TO MPHOJIHKEHHE C TOYHBIM pelIeHHeM

ui, )=—(3) — 3=+

()R _
+%Z Eh ch (3 =il Hg cos (2k — 1) x..
k=1

(2k—1)° ch(2k— 1) a1/2

Hpyeoti nodxo0 K annpoKCuUMayuy 2paRUYHbLY SHAYERUL

K coxxaslenuio, BO MHOTHX IIPAXTHYECKHX 3a/layaX rpaHHYHbIE
ycaoBus IlHpuxje HeMOCTATOYHC TaAKH, YTOObl rapaHTHPOBATH
BO3MOYKHOCTb $IBHOTO aHAJHTHYECKOTO NPOAOJKEHHs. B Takux
3a/1aYyaX MOJKET OKasaThCsl YAOGHBIM KaK-TO annpOKCHMHPOBATE-
rpaHnvibe JanHsle, HCMoJb3ys G13ucHBe (QYHKUHH @i, HE 00pa-
waloninecs B HyJab Ha rpanuue. TakuM o6pasom, MH MoJydaeMm
npHGIIKeHHOE pelleHne BHAa

N
U= iZE:lal(pb

re HEKOTOPHe H3 o (GUKCHPYIOTCS HAYaJbHBIMH AaHHBIMH, MX
MOKHO NoA06parh, HANPHMED, TAK, YTO NPHOJHIKEHHOE DELIeHHe-
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UHTEPNOANPYeT rpannunble yeaosus. OcranbHbie napamerpot, co-
OTBETCTBYIOL(HE BHYTPEHHHM Y3JaM, BLIYHCJSIOTCS MO METOAY
Putua. [1puGankenns Takoro THNA He YKJIaJbiBaloTcs B paMKax
KJaaccuyeckoii (OPMYJHPOBKH METOAA KOHEYHBIX 3JIeMEHTOB TO-
CPECTBOM BHIMHC/IEHIS BapHalil, OAHAKO HIKe, B ri. 5 MoKa-
3aHO, YTO, eCJIH BCE CAEJNaHO NMPaBHJIbHO, TOYHOCTH anmpoKcHMa-
unn He ymenbumaercs. Llupokoe npuaHaHKe NOTYYHJ APYroi MOA-
xon (Bpam6a u Hlatu, 1970; Ba6ywmxka, 1973; Hurwe, 1971), B
KOTOPOM HEOAHOPOJHBIC IpaHnyHble ycsoBHA [lupuxie BBOAATCA
C NMOMOIIBIO TaK HA3bIBaeMOro (yHKuUHOHAJa WTpada. Briaiouas
rPaHHYHbIC YCJAOBHS B (YHKUHOHAJ, MOXXHO yJAaJHTb BCe OrpaHH-
YeHHs HA ANNpoKcHMHpyiolee nopmpoctpaHcTBo Ky. Hanpumep,
ecan gaubl AHGdepeHuuanbHoe ypaBHeHne (3.2) u rpaHHYHOE
YCJIOBHE 4 = g, MOXHO HCNOJIb30BaTh (DYHKUHOHAJ

I, (0)= SRS {3[()+ (3—;)]+ 90 } dx dy+

+57 {w—grdo. (.12
dR

SICHO, 4TO, ec/iH OrpaHHYEHUll HA ANNMPOKCHMHPYyouue (yHKIHH
HeT, cTauMOHapHas Touka (yHKuHoHana (3.12) coorBeTcTBYET

pellennio ypaBHeHust (3.2), yAOBIeTBOPSAIOLIEMY €TeCTBEHHOMY
rPaHHYHOMY YCJOBHIO

NCOLTE

Ha OR. HeogHopoaHble rpannynble yeiaoBus Jupuxse eme BCTpe-
TATCA MO3JHEe B 3TOH ryaBe, Korga OyneT OMHCLIBATHCS METOL
HauMeHbILIHX KBaJApaToB.

Heonnoponuele rpannunsie ycaoBus HefiMana uiam cMellaH-
HBle TPAaHHYHBIE YCJIOBHS MOTYT ObIThb BKJIOYEHBI B (DYHKI[HOHAJ
anajoryyHo (3.12) 6e3 BHeCEGHHs] OrpaHHYCHHH HA ANNPOKCHMH-
pyioliee MOAMPOCTPAHCTBO.

3.3. Merton KanTopoBHyYa (MaH MOJYAHCKPETHBII MeTOA)
JpyrumM noAXOOM K NMPHMEHEHHIO MPSMbBIX METOMOB aNmpOK-
CHMAalUHH $§IBJSIETCA MOJy4YeHHEe NPHOMHIKEHHOrO peuleHHsl BHAA

N
U= é Py,

rje Heu3BecTHbE Ko3(duuuentsl o; (i=1, ..., N) yxKe He cka-
JAApLl, & (YHKUHH OLHOH M3 HE3aBHCHMBIX NEPEMEeHHBIX, HaTpH-
Mep, X;; TOrAa @; paccMaTpPHBAIOTCH KaK (DYHKUHH OCTaBLIHXCS
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m — | nepeMeHHbIX, T. €.

N
UGy, gy ooy )= 2 04 (1) @ (kay £ 2 Zim):

DToT MeToA yacTo cBA3wBaioT ¢ nmenem JI. B. Kantopoeutia
(Kautoposuu, 1933); OH JIeKHT B OCHOBE OOJbHIHHCTBA KOHEYHO-
2JIEMEHTHBIX METO/JOB PEIIeHHs] HEeCTALHOHADHBIX 3a/1ay, PaccMoT-
pennbix B ru. 6. B nprmenenun Kk Kpaesmy 3agauam merox Kan-
TOPOBHYA BecbMa IOX0XK H4 XOPOLIO H3BECTHBHIH METOA MPAMBIX
(Bepesnn n )Kunkos, 1962).

Paccmorpum Mmeron KantopoBnya Ha NpocToM NpHMEpe Io-
JyueHHst NpHOJIHKEHHOTO pelleHHsi ypaBHeHHs (3.2) ¢ rpaHHYHBI-
mu ycaoBusmH (3.2a). Bepercs annmpoxcumupyiollee MOATNPOCT-
panctBo Ky, copeprkaiee GpyHKIHH TOJBKO OJHOTO apryMeHTa Y;
no (3.2a) Takue QyHKIHH OyAyT YAOBIETBOPSTb YCJIOBHSM

o(—5)=a(3)=0 (=12 ..., M.

[TpuGmizkenHoe peluleHne BHAA

N
Vx 9)= Zl a; () @; (y) (3.13)
=
BBIUHC/SETCS NyTeM MHHHMH3aluu ¢yHKuuonaaa /(v) us (3.3)
OTHOCHTEJNbHO HeonpejeneHHbx ¢yskunuii o (I=1,2, ..., N).

Yro6nl caesath 970, HEOGKOANMO CHAuaja Nepenncath (QYHKIHO-
naj / ciaepylomum o6pa3om:

N

I(Z a‘(r[):.l(a,, 0oy vney Gy)=

=1

Fag, ..., ay)dx,

o A= 131

rae
v | g
Fla o o)=Y Vo | g dot
fe=| je=1 l _
7 - n
da, da % ] X 2
a
+ e S%(p,dyl+iziaz 8124‘1‘11" @3.14)
T = 7
-z -7

310 MOXKHO clleslaTh, TaK KaK (QYHKUHI @; (i =2, ..., N) u3-
BecTHbl, a HnaTerpadnl B (3.14) MOMKHO BBIMHCIATHL TOMHO. Uro6nt

NOJYUNTh CTaLHOHAPAYI0 TOUKY (ymnkuuonana J(wy ..., o),
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1M CORIACcHO mpoueaype, onncaunnoil b mu:)u.-utyu‘leﬂ
dayuuM yparnenus ditiepa — .'lm*puulmav. ‘mo-mm'm'-
apuanusy kaxaoit e (%) (i=1,..., N). :)1'0 HEo6X0-
1033TH © YHETOM TOTO, UTO KOI((ULNCHTH O y)x\eAr/le npo-
xaaspu. [Tostomy oun onpepenstiores ns cucreMsl N ypag-

SIERRON A BN O G —11, ooy N}
da; dx \ da;

Tle ITPHX 03Hayaer Au(hepeHuupoBaHue mo X, a F (o, .. . ,(ch_)
onpezeasercs B (3.14). [MosTomy HenssecTHble QyHKUHH o (I =
=1, ..., N), Bxogsauue B npubamxensoe pemenne (3.13), mo-
JIy4alOTCs H3 CHCTEMbl OOLIKHOBEHHBIX AH(depeHuHa bHbIX ypaB-
HEHHH

N
f = [ = 3.15
: Igl(a,c,,—a;d,,)_b, =1, .. Ny (3.15)
rae
=
2
dy, dy;
cyy S g dy
=02
2
gz
2
dy= S‘P(‘Pld.‘ly
=
2
x
2
bl=_ Sz‘Pld!/'
=
2

TIPH YCJIOBHH, 4TO a —§)=a, (%):0 (=1 anen 0E

Ynpascrenue 3. Pemure cHeTeMy ypasrenuit (3.15), uciionpe
3ysl KyCOYHO-THHEHHbIe GasuCHble (PYHKIHH w(i=1...,N),

onpejelieHHble Ha HHTepBaJe [-——;L % C PaBHOMCDHBIM pa3-
Guenuem 1mo opmysnam (1.3). CpaBuute pesyabratni, MOJTy YeH~
HBIC JUIs1 pas/IMYHBIX 3HAaueHH# N, ¢ mpuBefenHbMH B TaGu. 1.

INonyauckperasiit Meton MoxcHO NPHMEHATh K 3ajauyaM Kak
€ HCOAHOPOMHBLIMU TPAHUUHBIMH YCJIOBHAMH JIHpHXJe, Tak H C
ECTCCTBEHHLIMHA TPAHHYHBLIMU ycnoBusMH. [Ipouenypa yemomusi-
€TCs, KOrja (PyHKUHOHAN HYIKHO LONOJHUTD HHTErpajamu 110
rpasLuue,
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Ynpamcnenue 4. Hahpwre dynvunonan Jleg, ..., on), €070-

pulii MOKHO OLIIO OBl UCHOABL3OBATL JAA NOAYHEHAZ pPelicHiz
= 12 7T

ypasuenus (3.2) B obnacru — o KX Y < g NPH JCAORAR U =

= g na rpamuue.

BooOG1ie roBops, NpH pelieHHH KPaeBhIX 3ajay MOJAYAHCKDET-
HBIT MeTOA 3((eKTHBEH TOJLKO NMPH YCJOBHH, YTO MOJyYammaz-
csl OlHOMepHas 3aja4ya MOxeT ObiTh pellleHa HENOCPEACTBEHHO H
TouHo. HecKonbKO TakuX ' npuMepoB ecTe y dabcroibua (1958),

c. 152. IlpnMeHeHns K 3afauaM ¢ HadaJbHBIMH AaHHEIMH HMEIOT
Gonbluee 3HayeHHe, U Mbl GyfieM HMETb ¢ HEMH 1eJ0 B L. 6.

3.4. Meron lanepxuna

[Toka yTO B 2TO¥i IJ1aBe MH PacCMOTpPEJ]H Psii METOAOB ammpo-
KCHMallHH pemenus u(X) JHHeHHOTO AH(depeHnHanbHoro ypas-

HEHHSsI
Au=Ff (3.16)
s x & R™, yn0B/IeTBOPAIOUIEro ONpeAeNeHHHM TPAHRHIHBIM yC-
noBusM. Jl71s1 BCeX STHX METOJOB NpenmnoJarajiochk, 4to AHMde-
PeHIHANbHEIH onepaTop A yHOBJETBOPSET TAKHM YCJOBHSM, YTO
GyHKIHA ©(X) sBJIsieTCs pelleHHeM BapHALHOHHON 3ajauH

81 (u)=0 (3.17)

AAsi HekoTtoporo (ynkuuonana I(u). B sTom cayyae MOMKHO mO-
KasaTb (Muxann, 1976), uro QyHKuHOHAN MOXKeT OHITh 3amHCAH
B BHJE

I () =5 (Au, u) — (u, f), (3.18)
rne

(u,0) = S S u (x) v (x) dx.
R

OG6o6uienne 3TOro pesyJbTaTa Ha chayyail HeJHHEHHBIX OMEepaTo-
poB noapobno paccmorpeno BaitnGeprom (1956). B Heckombkux
npHuMepax, NPHBEJEHHBIX B npenbmymux pasjienax 9TON IJIaBHI,

6Ll HCTIOJIL30BAH ONEpaTop A__W— 3,7 BMecte ¢ dynK-

HHoHaJiomMm
1w={3 @+uw)axdy—((ufdsay. (319
R R

Henonn3ys teopemy Ipuna (Kypant u masGepr, 1951, c. 241),
9T0 BHIpa)KeHHE MOMKHO TOJNYYHTb (TIpH ONpeAeNieHHBIX rpaHHy-
HBIX YCJIOBHSIX) H3 craHaapTHoil dopmbr (3.18).

Ynpancrenue 5. Ykaxute rpaHnunbie ycaosus aas u(x, y),
npH KOTOPLIX cnpaseanns nepexox ot (3.18) k (3.19).
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HUC WRTCTPHPOBARMS 110 HACTHANM — T, ¢, TLOPOMM
SpeOOpAZORANNY  QYNKUHORAAL Ha eranaapruoll
R TAROMY BRAY. QPR KOTOPOM TPelyeren Menbuls
BN VERUEE @ (X)), arasierest oanoll 13 ocnos
x saementos ([peurep, 1975, ¢, 229).
A
Purna O (X) = Y a,q; (X) pelienisi papia-

=l

ol sazaun (3.07) MOMeT cuNTaThCS pellcHien ypaBHEHH:

2O =(AV, ) — (@ D=0 (=1, ..., N) (3.20)

. KOraa mbl umeem onepatop A rpedyemoro BHAa.
ecail 370 He Tak u (3.20) nme cnpaBeasiHBO, CHCTEMa

(AU, ) — @ N=(AU —F, @) =0 (i=1,..., N) (3.20)

BCe elile onpeaesiser npubauzkensoe pewenne U(x) ans (3.16).
B aefictBuTenbHOCTH ciereMy (3.21) MOZKHO HCNOJB30BATH, AaXKe
€C.IH OMeparop HeauHeeH. TaKuMm 0Opa3oM, METOA KOHEUHBLIX dJe-
MEHTOB MOKHO HCIOJb30BATH [ PEIUCHHsT 3HAUHTEJLHO Goliee
LIHPOKOro Kiacca 3ajay, YeM Kiacc 3ajady, AONyCKalolix papHa-
LHOHAYI0 dopmyanposky. OAHAKO BCe K€ KeAaTedbHO, UTOOB
(3.21) MOMHO 6bII0 GBI HHTEPPUPOBAHHEM MO YACTAM NPe0Opa30-
BATb TaK, 4TOOB yMEHBIIHTb TPeGYeMylo riafgKocTb (PYHKILHIL Qi
Takue annpoxcnmauun peluernsi 0OLIYHO CBfA3LIBAIOT C HMCHEM
pycckoro martematnka B, I. Tamepkuna (1871—1945). Bo mHo-
THX COBETCKHX y4yeOGHMKAX O HHX TOBOPAT Kak o meroae ByGHO-
Ba — lamepkuna (Muxann u Cumonnukuii, 1965; Byaux, 1967).

Caabole pewenus

Hacro dynkuuio u#(x), KOTOpas yAOBJCTBOPSIET JUIICHHOMY
AuddepennnanbHOMy ypaBHEHHIO
Au=[ (x&R),

Ha3bIBAIOT KJACCHUYECKHM penieHueM, B OTJIHYHE OT caaboro perue-
Hiid, KOTOpOe YAOBJNIETBOPAECT YPaABHCHHIO

(Au, v)=(f, v) (w1 Beex v = ) (3.22a)
H i
(4, Av)=(f, v) (na3 BCex v & ). (3.22b)

IlpocrpancrBo 76 comepxur Bee H3MepHMble J0MYyCTHMbIE (hYHK-
LHH, KOTOphle obpalaiotcst B Hy/b Ha rpanuue OR; npo Takie
(QyHKILIH HHOTAA FOBOPAT, YTO OMH HMMEIOT KOMAAKTHbLL HOCU-
7eab. TIpoCTpanCTBO J6) < J6 COMepKHT TONLKO Te HOMyCTHMbIE
QyHKUMH, 405 KOTOpbIX A*y uamepuma,
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O1CI00 ALY, HTO CCNH OREPATOp A BUEeT BOPAROE 22,30
chabun Qpopma (5.22a) 1peliyer, uI6OL PEECHns & Awes
PUMLIC HPOUSBOANLIE HOpAKka 2k, Wit B GepMAal npess
CoGoiiena (¢, 11, B) MOMHO sanncath kak b= #s R). Oa
Ko BrOopan caabGan (hopma zapaun (3.22b) tpebyer 1 G
usELy(R), nna npobuntx hyuryut v — Haoiop6T. 20
HOE TPeGOBaHNE OGPALLCHUA B BYAb U HZ Tpasiue olk

7 ASME-

PANCTH

;

0
B . B — ykasusaerca kak v = #r (R).

C BLIYHCJHTENLHOM TOYKH 3pCHIA HaRGOICE
(Gopma sajaun, HaspBaeMan AajEC 20ACPRUKCE pxoi '),
Bo3HHKAeT H3 (3.22a) wan w3 (3.22b) nocae £ uETErpHpOEZHHH
no yacram. B 970il rasepkuuckoii (opme TpeboBanua riAaiKCCTH

(E (&)
MHHHMAJLHL B TOM CMbicae, uto u& #s (R), v =2 (R).
OGLIYHO B 3TOM CJy4yae 3ajada 3anHChlBaeTca TaK:

a(u, v)=(f,v) (nas Bcex v ), (3.23)

I/le HOBOE NPOCTPAHCTBO MPOOHEIX DYHKUHIT 2, OYEBHIHO, YA0B-
JIETBOPSET BJOXKEHHAM
ng =, :762 = 6.

Hanpm\lep_.2 rajiepkincKas (opma AupQepeniiaIbHoro onepa-

()
T0pa — Gor — 57

ot 0= (§[(35) () + (55) G

rje B atom cayuae k= 1. Popma [anepknna anddepenuuanbio-
(')4 i 1

” o e 1 I e By LG =

ro onepatopa =+ 2 BEEaYE + T (cM. i1, 2) BHINVIAAHT TaK:

d*u 0*u d’y a0’ .
ate, o= || (G + ) (G +ar ) oo
R

HMEEeT BHI

Mokno noxasarb, YTO NpH AOCTATOYHO BHIMATEJbHOM OTHO-
LEHAN K PPaHHYHBIM YCJOBHAM ciaboe pelieHHe eAHHCTBEHHO H
COBNAJACT € KJIACCHYCCKUM: OAHH M3 TAKHX PE3yJbTaTOB IPHBO-
antcest B teopeme 5.2 ri. 5. CyulecrBoBaHHe H €AHHCTBEHHOCTb
cnabbix pelennii n3yyaiores Takke B kuurax bepca, JI:KoHa H
Illexrepa (1966), c. 206, Heuaca (1967), c. 23 n Jlnonca n Man-
weneca (1971), § 2.9. B aroii Kuure mpeanojaraercs, 4To Mpo-
crpanctBa J6y, J6,, J6 BLOpaHbl NPABHIBHO, a TOrJA pPeUICHHS
sajau (3.22a), (3.22b) u (3.23) coBmamaior ¢ TpeGyembiM Kaac-
CHUECKHM pellenHeM. Boolule eAMHCTBEHHON paccMaTpHBaeMoil

') Mox Qopmoit Tasepkuna 3jech NOHUMAIOTCA H C/abas NOCTAHOBKA 3a
naun, n cnaGaa Qopma ypasHenns W HeKOTOpbil Guadnelinuit QynKunonaL
Hawm xasxercst, 4To B KOHTEKCTE 9TO He BLI30BeT Hejaopasymenns.—IIpus. nepes,
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5 OKCH-
snech cnaGoii dopmoit aBAseTCs popma [anepkuHa. AnnpOKcH
mauus Fanepknra U ynoBieTBopsieT CHCTEME

aU, @)= o) (=1, ..., N)-

[TocKONBKY DYHKUHH @ MOPOMXKAAIOT KOHEUHOMEP
paHcTBO Ky, YTBEpXK[eHHe, SKBHBAJEHTHOE CHCTEME y
(3.24), ectb

aU, V)=(f, V) (ana Bcex Ve Ky): (3.243)
5HEpreTHIECKOro
g TONbKO Ha U
ynble yCJIOBHS
nnpOKCHMa-

(3.24)

Hoe TOATPOCT-
paBHEHHK

3ameruM, yto ¢ (uan U) He 0653aTENBHO H3
NpPOCTPAHCTBA, 3TO TpPeGOBaHHE HaK/aJBBAeTC
(ann V). Tak, ecnu 3ajaHbl HEOAHOPOJAHBIE rpani
Iupuxae, T0 MOXeT OHITb yAOGHEIM HCIOJb30BATH 4
UHIO BHAA

N
V=W () + 2 a0 (9,

rae ¢oyuxnua W ynoBJIeTBOPSiET IPaHHYHBEIM YCJIOBHSIM.

ypaBHenHsix laJlepKHHA €CTECTBEHHO Ipeanojararb, 410
npubaukenne U u mpoGHbie (ynKuun V ompenessioTcs OAHHM
MHOXEeCTBOM Ga3ncHBIX (yRKmail ¢; (i=1, ..., N). B sToM
clyuae B 3ajauax, B KOTOPHIX BO3MOXKHBI KaK annpOKCHMAaLHH
no Puriy, Tak u annpoxcumanuu no Ianepruny, 06a MeToAad pH-
BOLAT K OJHOMY H TOMy Ke pemienuio. Jlpyras annpoxcHMalHs
TIOJIYYaeTCsi ¢ MCNOJAB30BAHHEM TeX JKe GasHCHHIX (QYHKIHI @i €
& Ky, HO IpH NPOGHHIX (YHKUHsX, BHIPAXKEHHHX Uepe3 HeKOTO-
puie Yi Ly (i=1, ..., N), rne Ky u Ly — pasubie NOANPO-
CTPAHCTBA TPOCTPAHCTBA JB.

MeTon HauMEHbIUHX KBaApATOB MOXHO PaccMaTpPHBAThL Kak
Mmeron aroro thHma ¢ P =A@; (i=1, ..., N). Hcnoas3oBanue
AByX muoxects, {g:} u {i;}, HecoBnanalouux G6asncHLIX (yHK-
UHH 1151 ONpeje/ieHHs1 annpoKCHMAUHH YKa3aHHOTO Bbllle BHAA

H3 yCJIOBHi
a(Uv’lpl):(f"‘pl) (i=1'---v N) (3.25)

NIPHBOJAHT PA3NHYHEIX aBTOPOB K PA3BHTHIO TaK HA3LIBACMBIX CO-
npagcentoly annpoxcumayurt (cm. Onen, 1976, u npHBEICHHYIO
TaMm GHOGJHOTPaHI0) W K TaK HA3LIBAECMOMY MeT0OY B3BELUICHHBIX
Heensok (cM. Duuaeiicon u CkpuseHn, 1967, u HMEIOILHECS TaM
ccukh). B pasp. 7.4(E) na mpumepe nokasano, uro B HEKOTO-
PBIX IDAKTHYECKHX 8ajiayaX €CTb ONPENeNEHHBIE BLIYHCJHTE]b-
HEIC IPEHMYINECTBa, CBA3aHHble ¢ BHIGOPOM MPOGHBIX (GyHKIMI
ApYyroro BHJAa, Hexenu npubauxeHHoe pemenye. OaHAKO HH
3[€Ch, HH B IVI. 5 HET BO3MOXKHOCTH Misi 0BCY KACHHS TeopeTHUe-
CKHX BBILOJl TAKHX METOAOB; AJsI STOr0 YHTATEJIO CJeAyer o6pa-
THTBCSl K YKa3aHHOK JInTepaType,
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Merox TanepxuHa MONKHO NMPHMEHHTH K DEIICHHIO HeJHHel-
HBIX 3a/lay, HO TOJBKO B CHELHAJBHBIX CJIyJasX yHAaercs MOJy-
YHTH cabyio GopMy ¢ MEHBIIHMH TPeOOBAHHAMH raaKocTH. OanH
u3 npumepoa TaKoro poja — auddepennuassHOe ypaBHeHne

2 (rW3) + o (90 5) + 1 (x ) =0.

Ono npuBoauT k hopme Tanepkuna

o= ][5 0) (32) (3) +0(0) (32) (53) e =
A =(f;i0)" (=1,:2, < N)

Conpsokentsle opmyiuposK

BapuannonHoe HCUHCJIEHHE MOXHO PacHpOCTPAHHTh HA LIHPO-
KHi KJacc 3ajay, AOMYCKAIOMKX NPHMEHeHHe MeToxa [ajepkH-
Ha. B npeppiaymedr riaBe Gbuwl mosiyueH (OpMasbHBIN JiarpaH-
WHAH OuccunaTusHol CUCTeMbl TyTEM PACCMOTPEHHS CONpSKEeH-
Holt 3ajauu. Ecinu HulyTcss mpHGIAHIKEHHBIE pEIlIeHHs KaK OCHO8-
rol, TaK H conpavcenHoti 3ada4, TO annpoxkcumanus IamepkuHHa
HaXONMTCS M3 YCJOBHSI CTAHOHADHOCTH 3TOr0 JarpaHXKHaHa.
Qakruuecku (3.24) BO3HHKAET KaK HEOOXOAMMOE YCJOBHE CTa-
IIHOHAPHOCTH JIarpaHKHaHa.

B kavecTBe mpocTOro mpumepa paccmorpum ypaBHeHHE

61 2
25 =0 (3.26)

B HeKOTOpoil oGnactn R < R? npu ycnoBnn =0 na rpannne
dR. Bynem na3niBaTh 3Ty 3ajauy ocHOBHOH. ConpsiKeHHON 3ajxa-
ueit 6yJeT pelieHHe CONpPSXKEHHOro ypaBHEHHS

0%u® a*u* du*

—F +’_'ay1 - 2—0y = (3.27)
B R npH aHANOrHYHOM T'PAHHYHOM ycyoBHH u* = 0.

Herpyano yGenntbes B ToM, uto (3.26) u (3.27) oxasmiBaioT-

csl yPaBHEHHAMH Slmepa—ﬂarpamxa COOTBETCTBYIOLIHMH Ba-
puanuy GynxmHonana

©__ du du ou ou* out e O
1, )= ( ([ GG+ 200 0 G —u* G| dxdy.  (3.28)
R

Crnepyer, OAHAKO, OMHHATH, YTO OCHOBHOE ypaBHenHe (3.26) mo-
JIyuaeTcst H3 YCJIOBHS

8,0l (4, u) =0, (3.29a)
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a He H3 YCJIOBHSI (3.29b)

8,1 (u, u*),

eHHIO.
Tak kak (3.29b) BeeT K CONpPAKEHHOMY ypaBH r
Eciu Mel uileM TpHOJHIKeHHOE pelleHHe OCHOBHOM 3ajaun

N

B Buge U= ), ;q;, TO NpHGJIHIKEHHOE pelleHHe CONPsKEHHOK
i=1

N
Lo .
3ajayn HeoOXOAHMO IOJYUYHTb B TOH e (opMme, U _1; Bis;

ZPYTOil BHJ CONpSPKEHHOH anmpoKcuManmu gact ckopee (3.25),
yeM (3.24). OTH npHOGAHIKEHHs] MOXKHO HalTH Kak CTAalHOHAPHYIO
TOUKY (yHKUHOHana (3.28) OTHOCHTENHHO HEH3BECTHBIX K03 hu-
LMeHTOB o; H Bi. Takum o6paszom Mbl oT (3.29a) MpHXOAHM K

4l N—0 (i—1,.... N), (3.30a)
2 (U, U)=0 (=1,..., N)

a or (3.29b) —«k
21U, U)=0 (=1,..., N). (3.30b)

Eenu Mp1 pacemarpusaem ¢yukuuonan I (U, U*) us (3.28), npu-
GiH7KeHHOE pEIIEHHE OCHOBHOTO YDABHEHHS NOJy4YaeTcsi H3 CH-
CTeMBl ypaBHEHHH

({2 2+ (22 ()40 (5) - (32) aasas =0
(3.31)

i=1,..., N).
Bonee npamoii cnoco6 nosyuenns annpoxcumaumun [adepkuma

caeayer u3 caaGoii popmel ypasrenua (3.26). Jlerko npopepuTs,
uTo caaboii opmoit [anepkuna ypasnenus (3.26) siBasiercs

a(u, v)=0 (ans Bcex v < J4),
rjie

ot 9= [[{3) (32)+ () (%) +
4+ u (3—;) — (—Z%) v} dx flg,

a oTrcioga cpasy noayuyaem, 4To aNnmpoOKCHMaILsi erJleKllll{l, BO3-
HHKaIOLAasi U3 CHCTEMbI )’[)aBHCHlH."I

aU,9)=0 (i=1,..., N), (3.32)
yaobaersopser ypasHenusim (3.31). Takum oGpazom, ua npime-

pe nanHoii 3agayn IIOKa3aHo, KaK OojlHa H Ta Ke cHecrema YpaBHe-
HHH 'MOZKeT OBLITh noJay4yeHa ABYMsI MaTEeMaTHYECKH PAa3HBIMH CIIO-
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cobamu: kak cuabas (opmMa HCXOZHOTrO AH(depeRnHanbHOro
YPABHEHHUS, WJIH KAK YCJAOBHE CTALHOHAPHOCTH HEKOTOPOro (yHK-
unonana. ConpsikeHHasi 3ajaya, HyXXHasi AAs ONpeieieHHs Moi-
XoAsLlero ()yHKIMOHAJA, BOOGIIE rOBOPs, SIBJASIETCS BCEro JIHIIL
MaTeMaTHYECKHM IPHEMOM H He HMeeT (H3HYECKOro CMbICTIA.
[TosTomy B nanbueiimuem meron 'ajiepkiuHa HCCAeAYETCs HA OCHO-
Be ciaboil GpopMbl ypaBHEHHs, HA  APYTYIO e (OPMYJIHPOBKY Ae-
JIal0TCS TOJIBKO CCHIJIKH.

B kauectBe mpumepa BosbMeM ypaBHerHe (8.26) B obnactn

1 1
— 5% <X, y <5 CrPAHHIHLIMH YCIOBHIMH

u(+5my)=0 (ly1< 5 =),
u(x —5n)=0 (1x1< 5 =), (3.33)
(o b= (3 = (1<),

[IpumMennm K 9710l 3aKavye METOL KOHEUHBIX /1eMeHTOB ['ajsepKkuna
IV TOJyYeHHs] TPHOJHIKEHHOTO DEIIeHHsl HA KJacce KyCOYHO-
GuinHenbIX (yHKILITH, HCNONb30BaHHOM paHee. BeeneM (yHKIHIO

w0 =[(3) =+ (§ ) -

KOTOpasi yAOBJCTBOPAET IPAHHYHBIM YCJOBHSIM, IOCJE HEro Haii-
AeM anmnporcHMamnio I‘anepKnHa BHAA
T

Ulx, y) . éx Py (¥, )+ w (%, y)

H3 cucremul ypasuennii (3.31). Pe3syanbraThl BLIYHCACHHH NPH
pasIHUHBIX CETKAX, OMHCAHHBIX pPaHee, NpHBOAsTCsA B Ta6a. 2. Ha
puc. 10 n3o6pazkeno nonoyeHNe TOYCK, BKIAIOUCHHBIX B TaGaHLY.
Xors 31ech HET TOfi CMMMETpHH, KOTOpas Oblia paHee, Heo6Xo-

Tasauya 2

Pewenne
Touka =3 =7 T=15 Tounoe
1 1.826 1.822 1.821 1.821
2 ,1.324 1.314 1.311 1.310
3 0.934 0.870 0.859 0.855
4 1.301 1.309 1.310 1.311
5 0.940 0.933 0.931 0.931
6 0.665 0.617 0.608 0.605

3 3axk, 672
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66
(5m5m)
i 4
©o f—
3 6
(3midm)
Puc. 10.

ZNMO paccMaTpHBAThH BCe ellle TOJNLKO MoJoBHHY oGsacth. TouHoe
peurenne ypaBHeHus (3.26), yA@oBJeTBOpsIOLIee TFPaHHYHBIM yC-
JaoBHAM (3.33), BHIIVISAHT TaK:

sin ([26 — 1124+ 12y
sin ([2k — 1]2 + 1)“2%

ch([2k— 112+ 1)y cos @k—1x
ch ([2k — 112+ 1)'? % } (—1)F~1(2e — 1)

3pech ClIeAyeT NOAUYEpKHYTh, UTO BO BeeX BapuaHtax merofa Ila-
JIepKHHA CHCTeMa YypaBHEHHH nosydaercs 6e3 0cOObIX 3atpyn-
HEHHIL. :

o
4 S-v
u(x, y)=—-e
k=1

Ioayduckpernoui merod Tarepkuna

Ecan meronx Tasepkuna ciefyer H3 BapHAUHOHHOTO MPHHIH-
Tla, MOJYYdeMOro ¢ MOMOLIbIO BBEJCHHSI CONPSIIKEHHOIl 3agaun,
JOJIKHO OBITh ICHO, UTO, TPHMEHAS METO/I, ONHCAHHBIA B pasj. 3.3,
MOJKHO CBECTH AMCCHNATHBHOE yPABHEHHE C HACTHBIMH IPOH3BOJ-
HBIMH K CHCTeMe OGBIKHOBEHHBIX AH(P(epeHHaNbHBIX ypaBHCHHI],
Taxoit noaxox uMeer HeGOJBUIYIO IEHHOCTL sl peleHns Kpae-
BBIX 3a/1a4, H TaK Kak JUisi 3a7a4 C HAYAJbLHBLIMH AaHHBIMH HET Ba-
PHAIHOHHOH (DOPMYJIHPOBKH, MBI HE paccMaTpHBaem 110po6Ho
aToT Merox. Caeayiomee HHIKe YNpPAXKHEHHE NPEAHA3HAUCHO UH-
TATEJNSAM, HHTEPECYIOIHMCS JaHHBIM METOAOM.

Ynpasrenue 6. Tlonoxum

2
w(x, y) = l; @ (%) 9 (), (3.34a)

2
w'(x, y) =‘§.:1 By (%) 9 (), (3.34b)
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rAe @) # (o — KycOuHO-JIHHeHHbIe QyHKuuH. [TocTpoiTe GYHKIHO-
Han [ (w, w*), coorBercTBylomuil ypaBHennio (3.26) ¢ rpaHHYHbI-
MH ycnoBusmu (3.33), a saTem, Hcmoab3ys w(x,y) u w*(x,4),
ykasannsie B (3.34a) u (3.34b), naiianTe pelleHHe ypaBHEHHH

5511 ((Zl, ag, ﬁl, ﬁ2)=0 (i= l, 2),

T.€. ONpEeAe]HTE NMOJYAHCKpPeTHOe peureHue lanepkuHa ypaBHe-
uus (3.26), ymosaersopsiomee (3.33). CpaBHuTe Baule pelleHHe
C pe3yJibTaTaMi, NIPHBEACHHLIMH B Ta6J. 2.

Merod nepemennsix nanpasaenuii Farepxuna (IIHI) 0as cayuas
npamoyeorsrelx obaacreil (Hyenac u Hronow, 1971)

Korna meros KOHEYHBIX 5JE€MEHTOB NPHMEHseTCs K OAHOMEp-
HBIM JIMHEHHBIM 3ajlayaM, MaTpHIA MOJydaloleHcs CHCTeMbl JIH-
HEHHBIX anreGpaHYeCKUX YPaBHEHHH HMEET IPOCTON /NEHTOYHbIE
BHJl, TOTd KaK 3aj4a4yi GOJblIel PasMEPHOCTH AAIOT 0.10%HO-1eH-
TOYHble MATPHIBI, Y KOTOPBIX KaX<ABl GJOK caM SBJISeTcs JeH-
TOYyHOH maTpuueli. Hanpumep, B AByMepHOM caydae OHIHHEHHAs
annpoKcHMalusa YacTo IPHBOAHT K CHCTEME C MaTpHIeH BHAA

| DE
CDE

G| ,

CDE
cp |

rae C, D u E — Tpex{iaronaabHele MaTpHILHL.

HMmeeTcsi HECKONBLKO alTOPHTMOB pELUCHHSI CHCTEM YpaBHEHHIl
C JICHTOYHBIMII MaTpHLIAMH, 3Q(HEeKTHBHLIX H AelIeBHIX (T.e. Aaio-
LHX MAKCHMAaJLHYIO TOYHOCTb NPH MHHHMYME BPEMEHH H Mams-
TH), OJHAKO TaKHE METOJALI MeHee 3()(HEKTHBHLI H 3HAUATENHHO
JI0pozKe B MPHMEHCHHH K 8ajauaM ¢ GJIOYHO-JIEHTOYHBIMH MaTpH-
namu. Llens merona ITHT B MeTose KOHEUHBIX SJEMEHTOB Ta JKe,
UTO H B MCTO/IC NCPEMEHHBIX HANPABJEHHIl B PA3HOCTHBIX CXeMaXx,
a HIMEHHO CBECTH CHCTeMY YpaBHeHHH MHOroMepHOil sajaum K mo-
CAIC0BATEILHOCTH CHCTEM, N0 (OpMe aHANOTHUHBIX CHCTEMaM
YPaBHEHNIl, BO3HHNKAIOUNX B OZHOMEPHHIX 3agauax (Mutuen,
1967).

Ias Toro uro6ul npumenste Meron ITHT, Heo6XxoauMo mpei-
nojaratb, 4ro OasucHble (QYHKIUH HMEIOT (hopMYy TeH30pHOZO
npousgedenus, T. e.

(6 D=0 (y) (=1 ..., Ng j=1, ..., V).
3%
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Marpuny G = {a(@ij, Pz)} MOKHO TOraa pasioKHTb TaK, 4TO

a (@i, Prr) = ax (91 Pr) by (B Q1)+ by (91, ‘pk)ay (955 Q1)
@G k=1, ..., N i, l=1, ..., Ny).

Ecin A— (N X N)-matpuua u B — (M X M)-matpHua, T0
MaTpPHYHOE TeH30pHOe Npou3BejeHHe, o6o3Hayaemoe A @ B, ecTh

(VM X NM)-marpuua
T a“B .o awB I

LayB...ayyB |
Teneps MaTpuuy G MOXKHO 3anmucaTh Kak
G=A,.®B,+B,® 4,

€CIH y3JIbl YHOPALOYCHE! MO croanbuam. Cucrema ypaBneHuﬁ npH-

HUMAaeT BHI
{A,®B,+ B, ®A}a=b

U peuaerca NOCPeACTBOM HTepauuil

AaB Ax) ® (lnBy -+ A”) aln —
= (MBx — A;) ® (M, B, — A,) 0/r=Y 4 2}, b = =1

B JBa Jrana: .
(A'an aF Ax) ® IN”(»L('k '= ‘l"(n_”y (3353)

In, ® (AaBy+ Ay) 0 = i), (3.35b)

MoxHO pacmiennTs 3TH YpaBHGHHA TAK, UTO eci U o=
=(0p1, ..., apN”)T (p=1, ..., N) — cronGen auauennii na CeTKe,
a ey r=(0p; .., anp) (p=1, ..., N,) — cTpoka suauenmit na

cerke, 10 (3.35a) mepexoaur B

(.8, + A =nzh)  (p=1, ..., N,),
a (3.35b) — B

(AnB” + 4,) e, =a®) (p=1, ..., N).

HAyraac n lonon nokasasn, 4To mpH noaxosiuiem sHGope nocse-
A0BATE/ILHOCTH mapamerpoB urepauuii {A.} merox ITHI oxass-
Baercsa GBICTPO CXOAALLHMCH,



3.5. MpoekuuoHHbIe MeToab! 69

Mer0d xoanrokayuu

MeTox KONIOKALHH BO MHOTHX OTHOLIEHHSIX NOJOGEH METORY
Tanepkuna. OH npeaycMaTpPHBAeT TaKOH BLIGOP KO3((MHLHEHTOB
o (i=1,..., N) B IpeAcTaBjeHHH

N
U= ‘Znil 09,

9T0 nHdepeHIHanbHoe YPaBHEHHE YAOBJETBOPSETCS TOYHO B He-
KOTOpHIX ONpEejAeNeHHBX Toukax. Bpulo noxasanmo (me Byp n
lIpapu, 1973; Jlykac u Penun, 1972; Sn6epr u Hro, 1975), uro
1751 0OLIKHOBeHHBIX AH((EepeHHaNbHbX yYPaBHEHHH TNPH mpa-
BHJILHOM BBLIGOpE TOUEK KOJJIOKALHH METOJ NMOJOGeH 1O TOYHOCTH
Meroxy [anepkuna ¢ TeM K€ caMbiM HabopoM GasHCHBIX (YHK-
unit ¢; (i=1, ..., N). Ecau, nanpumep, GasucHpie (yHKuHH
ABJAAIOTCS SPMHTOBLIMH KYCOUHO-TIOJHHOMHAJILHEIMA (YHKIHAMH
crenen 2r — 1, TOUKH KOJVIOKAIHA Ha KaiKOM - NOALIHTEpBaJe
[24, %] GepyTest B HYJSX TMOJIHHOMA Jlexxanapa
R % el

X — X
n(Eo s 2
Xi9a M
nl)CH;\I_\'IlI‘CC']'Bﬂ METOAa KOJJOKanHH COCTOAT B CJEAYIOLIEM:

(1) Her ckanspHblX NPOMU3BE/ICHHN, 4 3HAYMT, HE HYIKHO HH-
TerpipoBaTh, KaK B Meroaax I'anepkusa n Prrna.

(I1) OxonuatenbHpie ajare6panyeckie ypaBHEHHS HMEIOT
MEHBIC YICHOB, YEM COOTBETCTBYIOULHE YPaBHEHHS ANS
annpoxenvannii Fanepxuna.

CaaBublil Be0CTaTOK METoAa KOJJIOKAIHH 3aKiI04aercss B He-
00OX0NMOCTII  HCNONbL30BaTh Ga3ucHble (yHKUMN cTeneHn (Imo

Menpuell yMepe) 2k aasa aud@epesnuasbHoro ypapHeHns nopai-
Ka 2 k.

Meroapl, 1CTIONL3YIONIHE KOJJIOKALHIO, GbIIH paspaGoTaHsbl
Takike 1 JUs spoaionnonusx 3agau (Lyrmac n Hiomon, 1973).
[Tpumep, BIIIOUAIONULIHIT KOJIOKAKHIO, TPHBOAHTCS B pasf. 7.4(B).

3.5. IpoexunoHHbie METOLb!
Pauee B 9710ii rnabe 9KBHBaJEHTHOCTh BapHalHOHHOIO ypas-
HEHHS
6yl (v) =0 (3.36)
0 puddepenunansbHOro ypaBHeHHs

Au=f (3.37)
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HeN0Nb30BANaCh AJIS MOJyYeHHs: NPHOJIHIMKEHHOrO pelleHHs Pur-
ua BHAA

N
U= iZl ;9;.

IMapamerpsl o (i=1, ..., N) onmpenensiorcs H3 BapHaIUOH-
HBIX ypaBHEHHH

N
'5“*1(,; a,q;,)=o =1, ..., N),
KOTOpHIe MOXKHO 3anHcaTh B GoJjiee sBHOI Gopme

N

Za@,o)ay=@nf) (=1, ..., N). (3-38)

B pasa. 1.3 mokasano, uto ecan 6 — rHaLGEPTOBO NMPOCTPaH-
CTBO CO CKajsapHEIM mponsBegennem [,] u Ky — mo6oe N-mep-
HO® NOANPOCTPAHCTBO %, TO AMs JI06Oro g & J6 ero OpTOro-
HalbHas npoekmus Ha Ky,

N
g= Z %Py (3.39)
i=]
TaKOBa, 4TO
N
Zlowola=lp,q @G=1,..., N), (3.40)
rae g (i=1, ..., N) obpasyior 6asuc Ky. Otcioma cienyer,

uTO § sABJISITCS eXMHCTBEHHON HAMJIydLIesi annpoxcumaineii, Kak
v B pasa. 1.2. Teneps mokaskem, uTo He TonbKO (3.38) m (3.40)
KaXXyTCsl MOXOXKHMH, HO H anmpoOKCHMAUHH 06/1afaloT aHAJOrHY-
HBIMH CBOHCTBaMH. )

Ilyets 56 — npoctpancrso momycTumblx (ByHKIUH{, coOTBET-
CTByIOllee ju(pepennnansHoMy ypasHennio Au = f ¢ saganus-
MH TPAHHYHBIMH ycaoBHamI. Toraa anepeerudeckoe npocrparcr-
80 6, onepatopa A namHoOii 3ajaun ecTh MOANPOCTPAHCTBO 6,
CoAiepikamiee Bce gonycrumble Gynxkuun #(x) u v(x), Taxkue, 4TO
(QyHKnHoHan a(u,v), OnpejelieHHblit B pasa. 3.4, orpanuucH.
CkanspHoe npousBefenue B 9HEPreTHYECKOM MpocTpancTse #ba
onpejiesseTes Kax

(u, v)g =a(u, v),

4 HOpMa, KOTOPYIO Ha3hIBAIOT aHepeeTuieckott HopMoLi, — KaKk
lalf =, u),,

B sroM onmpeaenennn npemmonaraercsi, uto ecam MoKHO npe-
00pa3oBarh cKalspHoe npoussenenye (,)a, HCNOJAb3Ysl HHTErpH-
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poOBaHMe MO JacTsM, TO HMEHHO npeoGpa3oBaHHas (POPMA HCIOJb-
3yeTcsi B ONpe/le/leHHH 3HePreTHUeCKoro npocTpancrea. Ecin s1o

CIENIaHO, 3HEPreTHYECKOE TPOCTPAHCTBO OKA3bIBAEGTCH NOJHBIM,
a 3HAYHT, PUILGEPTOBBIM,

Teopema 3.1. Ecau aumednsui oneparop A noaoscurener u
canoconpsicer, npubaudcennoe pewenue Purya dudepenryuans-
Ho20 ypasHenus Au=f asaserca opTO20HANLHOL npoeKyuer
TOHHO20 PEeULeHUS HA annpoKcumupyoujee noOnPOCTPAHCTBO IHEP-
2eruneckozo npocrpaucrea. Takum o6pason, anNpoKCUMAUUS
Puma eCTb Hauarydulas annpokcumayus 8 cmblcie aHepzeTuxe-
CK020 NnpocTpadcrea.

Hokasaresscreo. [lokasaTenscTBo NPAMO CEAYeT H3 ONpene-
JIeHHsl annpokcuManun Putua, gansoro B pasa, 3.1. Hauayumasz
annpoKcHMalus

N
U= izl ;9

TOYHOIO PEIICHHS Uo B CMBICJE SHEPreTHYECKON HOpME ecth U =
e Ky, Taxoe, uto

(U —ug, 9)4=0 (i=1,..., N),
T..C.

a(U—uy, 9)=0 (i=1,..., N). (3.41)

Ecin pewenne exnnnerBeHHo, TO (3.41) MOXHO nepemncath Kak
(3.38). Otciona caenyer TpeGyeMblil pe3yabTaT, €CJH TOJIBKO @ —
neficTBHTENbHO HOpMaA. MoxHo moka3ate (Muxunn, 1976, c. 86),
yTo Ouanueciinas popMa a siBISETCS HOPMOI TODAA H TOJIBKO TOT-
na, xoraa (3.36) sxsuBanentHo (3.37), a 3TO 3aBepilaer AoKa3a-
TEJIbCTRO.

[MpuGanacentoe pewenne Putuna ypaexenus (3.2), Hanpumep,
eCcTh HamJyullas anmpoKCHMAIHs TOYHOrO PEIIeHHS B CMbICHE
nosynopmul Jupuxie

k= {5188+ (8 Y]} ™

Ynpanenernue 7. (1) TMoxaxure, yTo MIs TOro, 4rtobsl (,)a
GBIJIO CKaAJSIPHBIM Tpon3BenenueM, a |||l — nopmoi, omepatop A
nomxen GHITh TOJNOMUTENLHO ONPENEJEHHBIM H CaMOCONpSIKEH-
HBIM.

(IT) TMokakute, uro @(u, v) OorpaHuyeHa TOTAA H TOJLKO TOr-
na, xorga u |ulla w |lolla orpannuens. Orcioga mokakure, 4TO
{ — 3JIEMEHT 3HEPreTHYecKOro MPOCTPAHCTBA TOLAA H TONBKO
Torja, koraa ||ulla orpannyena,
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wan ), conrmeey
v b ooopacrn K

AN L OMOMHEO HOPOIISATE KAk

(312)

= AL AALBHATO ) p.i:ln\'llll‘l.

{ ULAABHBIN Y PaBies
(FUE OKQAIBIBACTCS HANIyHs

10 anfmpoOKCHMAIHIO pPELIeHH:
yvpasHenns Au= /[ B cmpicie
HODME TOTZa H TOJBKO TOrja, KOrjga onepartop
HTEeASEO Onpeesenubii H caMoconpsiKeHHbH. Xors
MOZHO HCTOAB30BATh AJsl NPHOJHIKEHHOTO pe-
MIEPOKOrO KJaacca 3ajay, Mbl yxKe He NoJyuny HaH-
2NNDOXCHMANHA TOro ke THma. YUTo6bl MOJNY4HTH «HAH-
0 anNpOKCHMAalUHiO» B HECaMOCOMPS/KEHHBIX 3ajauax, He-
2HMO nepedopMyaHPOBaTh INPOUEAYPY AanmpoOKCHMAUHH H
EBECTH TaK Ha3bIBAEMblil METOL HAHMEHBUINX KBaJpaTOB.

Hans:.mum, YTO anmpokcuManus PuTua ectb peuenne BapHa-
UHOHHOH 3ajauH :

. 2
min [|U — ull,,
Ues Ky

TA€ Ug — HEH3BECTHOE pelneHHe. TeOPETHUCCKH MOMKHO 3aMCHHTD
sHepreTrueckyio Hopmy ||.|l4 Ha woGyio Apyryio npu yeaosuu, uto
Ham Tpebyercs Auyp, a He peutenne iy camo no ce6e. Takum obpa-
30M, MLl MOJKEM ONpEACIHThL annpokcumauuio U kag peuicHHe
3ajaun

min || AU — Aug|*

UeKy

HJIH
min || AU — [ |%
Ue Ky *

ITO H CCTh OCHOBA METOAa HauMeHbLWHX KBaapatos (Bpamb6a u
Ularu, 1970; 1971). Ecan npuMennts BapHaunonnoe Heuinc/cHue
K BBIYHCJICHHIO HEOOXOAMMBIX YCJOBHH CTalHOHAPHOCTH TAKOTO
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A,

WO e 1 i bg %J‘li ¥ % W9
WRICOROIG N, He 7
OUTL GETOPOAHIA I € yvmm :
JIOT, OEODEIHG Kol A% SANBRE o
WEL THIHM OOPASOM, CCNR TOAKD #E
ULIE YCIOBHA Wi A1 POKCHMAD YIGHHE G
ponaMendrh pynkunonan (e, paza. %
== g wa OR, annporeHMaing no wen

TOB MOrAA OLl MHIHMHARPORETE., BANPA%ED,
SS (AU — fedx + 7 jw- ¥ s

npH NOAXOAAMUIEN auﬁopei.

Xorst 0APOGHOE PACCMOTPEHHE METOZZ
TOB OCTACTCA BHE DAMOK 5TOH KHATH, oz
pasa. 5.4(D). Uncienrue 3
LIHX KBaAPATOB MOMKHO HalTH B ra. 7.




rJIABA 4

BA3UCHBIE
DYHKLUA

B pasa. 1.1. 6BUIM NOCTPOEHH! SJEMEHTapHbIe GasnCHbIE yHK=
IHA A5 TPSMOYTOJbHBIX W MHOrOYrOJbHBIX OOJacTed, npHIeM
TepBhle Pa3bHUBAJNKCh HA TIPSMOYrOJIbHBIE JEMEHTEl, 4 BTOPhIC —
Ha TpeyrosibHble, B fnaHHOW ryiaBe GasHCHBIE (QYHKLHH CTpOSTCA
JJ15 Pa3HOOOPasHEIX MO (GopMe 3JEeMEHTOB B Cyuasx ABYX U TpPeX
H3MEepeHHH.

4.1. TpeyroabHuK
(A) JIATPAH)XEBA WHTEPIIOJISLIHS

TpeyronbHUK, WM ABYMEPHLIH CHMILIEKC, ABJSAETCs, BEpPOAT-
HO, HanGojiee IIMPOKO HCIOJb3YEMBLIM KOHEUHBIM 3JIEMEHTOM.
OzHa U3 NPUYHH STOTO B TOM, 4TO JAI06YI0 06JacTh B JAByMEPHOM
TPOCTPAHCTBE MOXKHO ANMNPOKCHMHPOBATH MHOTOYrOJbHHKAMH, KO-
TOpbie BCErJa MOXKHO PasGHTh HA KOHEYHOE HHCJO TpeyroJibHH-
KoB. Kpome TOro, mosiHbIi OJIHHOM NOPsAAKA m

m

O (v, )= 3, aus'y’ (@.1)

MOXKeT GbITh HCIOJIb30BAH AJisi HHTEPHONSUHH (DYHKLHH, CKaXKeM
1
U(x, ), no suauenuam B 4 (m~+ 1)(m+ 2) cummerpnuno pac-

NOJIOKEHHBIX y3nax B TpeyrospHuke. IlepBuie TpH ciyuas 3TOrO
001ero npejicTaBieHns Mis TpeyroJbuuka PiP,P; ¢ xoopauna-
TaMH BEpIIHH COOTBETCTBEHHO (X, 41), (X2, Y2), (Xs, y3) TaKOBBL:

(1) Juneiineui caywaii (m=1). 3gech HHTEPHONHPYIOLLHIL
MOJINHOM HMEET BHJ

3
I0, (r, 9) =a,+ax +ay= 2, Up (x, ),
i=1
rae U; (j = 1, 2, 3)—snauenus U(x,y) B BeplIHHax pj, a

1 D
— kl
p}“ (x: y) = C[kl (Tkl + T]klx = ’émy) = C]kl_' (4'2)
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rae
T =XpYt — YiXt, S =Xr— X% Met=Ye— Y

1 x y 1 % y
Dk,———det[l e Yp|» Cp=det| 1 x 5 |,
1 x y 1 x y

npuuem (j, k, [) — npoussoipHas mepecranoska us (1, 2, 3), a
| Cix1] — ymBoenwas miowmans TpeyronbHHKa PiPyPs; HETpyaHO
3aMETHTb, 4TO r

1 (j=F)

p(ll)(xk’ yk)={ 0 (]#k) (l<j1 k<3)-

(2) Kesadparuutoui cayqat (m = 2). Tenepb NOJHHOM HMEET
BHIL

6
mmw=;mﬁww, (4.3)

rne U; (j=1, ..., 6) —snauenna U(x, y) B Bepmunax P; (j =
=1, 2, 3) u B cpeauux Toukax P; (j=4, 5, 6) cropon PP,
PyP3, P3Py coOTBETCTBEHHO, DYHKIHH p‘f’ (x, Y= 152 = 516)
3ajaiorcst hopmyaamMu

PP (x, y) =p (2p{" — 1)
(p‘zz’ (x, y) u p (x, y) — ananornyHo) M
PP (x, y) =4p{"p}

(pgz’ (x, ) m p@ (x, y)—aﬂanomqﬂo). CHOBa BHIHO, YTO

1 (j=Fk) y
P2 (%4 yk)={ 0 (k) (1<j, k<6).
Oco60 oTmeTHM, 4To GasHCHBIE (DYHKIHH p‘f’ (x 9 (j=1,...,6)

MOZKHO BLIPasiTh uepes Gasucusie Gynkuun pi (v, y) (j =1,2,3).
DT0 BEPHO MOUTH AJIs BeeX GasUCHBHIX (YHKUHI, KOTOPHE Mbl Oy-
ZIeM paccMATPHBATBL, W TOITOMY JUIS YNPOLIGHHS (OPMYJ Mbl
6yxem micath mpocto p; Bmecro pit) (=1, 2, 3).

(8) Kybuueckuti cayuat (m = 3). UHTepnoNHpyIOMMH MOJH-
HOM €CTh

1

I, (s, 9) = %, Uypf*) (&, 4, (4.4
rne U; (j=1,2,3) —snavenns U(x,y) B Bepuunax Py, P, Py,
Ui (j=4,5,...,9) — B TOuKax TpUCEKUHH CTOPOH, a Ujo — 3Ha-

yenne U (X, y) B eHTpe TAKECTH TpeyroipHuka. Basucusle QyHK-
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LHH TAKOBHL:
1
PO 1) =+ 2y (30— 1) (37— 2)
ananornuno pf (x, y) u P (x, y),
9
P (x, !/)=%P|P2(3p1—' D), R =5rnGp—1):

ananoruuno p (x, y), ..., pP(x, y), a
P (x, y) =27p,p,ps.

JecaTuiii mapaMeTp MOXeT ObITb HCKJIOYCH € NOMOLILBIO JIHHeH-

HOr'0 COOTHOLIEHHUSA .

9
Um=};u,—%;u,

H MoJyqalomascs (yHKuusi OyJAeT elle TOYHO HHTEPNOJHPOBATH
KBafpaTtHuHsle Gpynkuuu (Cespuae u Pasbsap, 1972 a); a1o npumep
TaK HA3BIBAEMOTO UCKAIOUEHUS GHYTpernux napamerpos. Tpe-
YTOJIBHHKH 15l m = 1, 2, 3 moka3aHul Ha puc. 11.

Ynpascrenue 1. Tlposepwre, 4TO

9
Ulx, y)= ,Z‘n U, (x, 9)

HHTEPIONHPYET KBAApPATHUHEE NOMHHOMEI TOUHO, ccan P =
=psa)+alp?o (]= Il % .y 9)1 rue
1 r
. -5 (i=1,2,3)
1= 1 ’
= (j=4,...,9
Ynpaorenue 2. Tokaxkure, 4To
I (k=)
5(3) — :

¥npascnenue 3. Bripasure ﬁ‘f’ (x, y) (j=5,6, 7,8, 9) uepes
Pr(x, y) (k=1 2, 3).

BepHemcs Teneps k o6uiemMy caydaio MOJIHOIO NOJAMHOMA /M-FO
nopsiaka (cM. (4.1)). dror monuHOM HMeer %(m—}— 1) (m + 2)
KO3(p(pHLIHEHTOB, KOTOPbe MOTyT GHITh BHIGPAHBI TaK, UTOGH MO-
JIMHOMOM HHTEPNONHpPoBan U(x, y) Mo 3HAUCHHSIM B ;— (m~+1) X
X (m~-2) cHMMETPHYHO PACIOMOMEHHBIX TOUKAX TPeyrobHHKA
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P1PyP3, KOOpIAHHATE KOTOPHIX
3 3

B, B
PIRCIHE I “5)

I=1 =1

rae Bi, Bz, Pz — meable uncaa, yAOBJETBOpsIOLIHe yenoBHaM 0 <
<Pe<<m (k=1, 2, 3) u 1+ B2+ Bs = m. DTH TOUKH BKJIO-
YaI0T TPH BepluHHBl TpeyroibHnka PiPgPs. OcrabHbE TOYKH MHO-
Jydyaiotcss pa36GueHHeM KaXIofl CTOPOHLI TPEYroJbHHKA Ha m
PaBHBIX yacTeil Kak TOYKH IepecedeHHs MPAMBIX, MapaiaenbHbiX
CTOPOHAM TPEYroJbHHKA H NPOXOASIIHX Yepes3 TOYKH pPasOHeHHs.
B pesyabraTe mosiyuaercs pa3GHeHHE TPeyroJibHHKA HAa m? paB-

1
HBIX TPEYTOJbHHKOB, UbH BepIIHHDL CyTh 5 (m 1) (m+2) Touex,
onucanubix B (4.5). Ecan o6o3naunts uepes U; snauenne U(x, y)
B TaKOil TOUKe, HHTEPIHOJHPYIOLLHIl NOJHHOM CTENeHH M MOXKHO
BLIPa3uTh HopmMyoil
L mt1) (m+2)

Ulx, y)= Z U p{™ (x, y), (4.6)

j=1

rIe CyMMHPOBAaHHE OCYIIECTBJSIETCS HO BCEM TOYKaM, a
p‘l’"’(x, y) — moanHOMHAJIbHAST 0asHCcHAsi (QYHKUHS CTEneHH mi,
NpPHHIMAIOLLAsT 3HAYeHHe | B TOYKe, CBSA3aHHOI ¢ Tpoiikoi (P,
f2, Bs) , n 3nauenne 0 Bo Becex ocTandbHBIX y3naax. Popmyaa (4.6) —
HHTEPNOJsALHOHHAs (OPMYJIa 2A2PAHIce8a TUna.

3
&

’

2D

7

5
5 g
2 y-)
9

” 2

A 4

m=3

Puc. 11,
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CrandaprHell Tpey2ossHUK
U3 dopmyan (4.2) Jerko BHIBECTH, YTO
3

(I ,_le,(x, =il

(II) numeitnpe ypasmenus pj(x,y)=0 (j=1, 2, 3) npex-
CTAaBJIAIOT CTODOHE TpeyrodbHHKa PoP;, P3Pi, PiPa
COOTBETCTBEHHO H

(IT1) pj(x,y)=1 (j=1, 2, 3) B Bepuuuax P, P, P; cooT-
BETCTBEHHO.

HWnave rosops, Tpeyronsuuk P1PyP; B miockocTd (X, y) mpe-
obpasyercs B cranmapTHbii TpeyroasHuk ILIILII; B MJIOCKOCTH
(p1, p2) Mo dopmynam (4.2), npuuem II; = (1,0), I, = (0, 1),
Il = (0,0) (cMm. puc. 12). ObpatHoe npeo6pasoBaHie MJIOCKOCTH
(p1, p2) B mmockocTs (%, y) BHIpaXaerca hpopmysaamu

x=x3+ E3p1+ Exp @)
Y= Y3+ MN1ap1+ Maapa.

[TocKoNIbKY BCe TPeyroNbHHKH TPeyroJbHOM CeTKH B MJOCKOCTH
(%, y) MOTyT GHITH NPe06PA3OBAHE B 5TOT CTAHZAPTHHIH TPEYrOb-
HHK, OYeHb YHOGHO PaGoTaTh CO CTAHAAPTHEIM TPEYTOJILHIKOM H
B HYXKHBIHi MOMEHT BEIpa)aThb Pe3yJbTaT B TePMHHAX KOHKpPET-
HOTO TpEyroJIbHHKa IIOCKOCTH (X, Y) € MOMOIULIO JIHHEHHOrO
npeo6pasosanns (4.7). Dra mpoueaypa GyneT HCNOJNL30OBATHCS
HEO/HOKPATHO B ITOH IilaBe H B CJEAYyIOLIEH, Korga OyAyT BCTpe-
YaTbCsl TPEYTOJBHLIE 3JIeMEHTHI.

2

Puc. 12.
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Teoserpuueckut smerod nocrpoenus 6a3ucHblx pyRKYuUl

Onuiem Temepb AJsA TPEYroJbHHKA B KBaJPATHYHOM H KyOH-
YeCKOM CJIyyasix IPOCTYIO FeOMETPHYECKYIo IpPOLeAypy HocTpoe-
HUs 6a3HCHBIX (YHKIH, IOJYYEHHBIX H3 JIarpaHXKeBOH HHTEepro-
asnun, K npuMepy, B mepBoM ciyuae 6asucaas ynkuus pP (x, y)
10/3KHA GBITH PABHON HYJIO B y3nax p; (j=2, 3, ..., 6) u enu-
unne B yane Py. Ipsamas p; = 0 NPOXOIHT uepe3 TOUKH Pz, Ps

Ps, a npsiMasl JIMHHSI Py = — NPOXOAHT Yepes ToukH Py, Pe, u Ta-
2

KIM o6pasom nonmyuaercs Oasuchas OyHkuus pP(x, y) =
=p,(2p,—1). Dymkumn pP(r, y), pfr, y) nomyuaiores
anHajoruuHo. BasncHaa QyHKUHsS B y3Jie, PACIOJOXKEHHOM IOCpe-
IHHE CTOPOHEI, cKaykeM B Pj, mosydaercs H3 NpsMbix py =0 u
p2= 0, KoTOpble MPOXOAAT uepe3 TOuKH Py, P;, Ps u Py, Py, Ps
cooTBeTcTBeHHO. Tpebyemasi 6a3ucHas (QyHKIHs, HOPMHPOBaHHAsA
B Touke Py, ectbp (x, y)=4p,p,; dynkunn p (x, y) u pf (x, y)
T0Jy4aloTCsi aHaJOrHYHO. B KyGHYecKOM CJIydae NOCT POEHHS
OCYILECTBJISIIOTCS aHAJNOTHYHBIM 06Pa3oM.

Cl-annporcunupyroujue pynxyuu ')
B obmem cayuae ¢yHKUHS HHTEPHOJMPYETCs IO 3HAYEHHAM
1

B 5 (m 1) (m - 2) Toukax B Tpeyrompuuke. Ha cropone Tpe-

YTOJIbHIKA HHTEPHNOJIHPYIOIas (QYHKIHS CBOAHTCA K IOJHHOMY
CTENEHN m OT NepeMeHHOil §, KOTopas H3Mepsiercs BAOJAL CTOPO-
HBl TpPeyroJibHHKa. DTOT moJuHOM HHTepnonupyer U(y,y) mo
sgauennaM B (m - 1) Toukax Ha CTOpPOHE TPEYroJbHHKA H, 3HA-
YHT, Onpesesien onHo3Hayno. Kpome Toro, npu m1060# TpHAHTYJIs-
UMK Kaxaasa ctopona (BHYTpH 06JacTi) NPHHAMJIENHT ABYM Tpe-
yroabunkam. Ecin QyHKIHS HHTEPNONHPYET B KaXK/A0M TPEYroJb-

1
HHKE 10 7(’”'*' 1) (m~+2) cuMMeTpPHYHO PACMOJONKEHHEIM TOH-

KaMm, OHa TPEJICTABJSIETCS SANHCTBEHHBIM TNIOJTHHOMOM OT S CTere-
Hi m na obuleii cropone. ATO 03HAYAET, YTO HHTEPNOJHPYIOLIAH
(YHKIIA Ha NOJIHOI TPEYTroJbHOI CeTKe HenpepbiBHA HA BHYTPEH-
HIX CTOpPOHAX CeTKH M, TAKUM 00pasoM, HMEeT Ha MHOrOyroJib-
HOI oOsacti ryankocts CO.

(B) DPMUTOBA HHTEPITOJSLIMAS

Kak anvrepnatnBy nurepnoasiuan ¢ynxuun U(x, y) Ha Goab-
LIOM uHcJie TOYeK, CHMMETPHYHO PaClOJOMEHHbIX B TPeyroJbHH-

') C*-anmnpoxcumupyiomnmu  (nan C*-raaakuMi) HA3bLBAOTC TakHe an-
MPOKCHMALKN, ¥ KOTOPLIX BCe NMPOH3BOAHLIE 40 mopAAKa k& = 0 BKIKUHTEbHO
nenpepuiBiLl Bo Beeli o6aacti. — JIpus. nepes.
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Ke, MOMHO paccMaTpuBaTh HHTeproasiuuio U(x,y) H HEKOTOPHIX
€e NMPOH3BOHBIX MO MEHbLIEMY YHCJY TOYEK.

Kiacc mOJHHOMOB, COOTBETCTBYIOLIHIT 3TOM 3ajaye, COAEPHUT
noansie noauHomsl Gy (¥, y) HeuetHo cremenu 2v + 1 (v= 1, 2
3, ...,), KOTOpEIE ONpPEAesIOTCs 3HAUCHHAMH

D'G,(P) (lil<v; =1, 2, 3),
i . (4.8)
DGy (P) (liI<v—1).

3aecy Py, P, P3;— BepuinmBl TpPEeyroabHHKa, a Ps— ero LEHTP
TaMecTH; (= (iy, fs), TA€ i}, [p — HEOTPHUATEJbHBIE LeJible YhC:
|ilg
8 - - i a

qna, |i| =i+ ipu DG=—7—.

2 ‘ l ]+ 2 axhayh
D10 npuUMep MyabTUUROCKCHbLX 0603Ravenuil npon3BoaHbIX. [1ep-
BBIE [BA CJIy4as ITOTO OOLLIEro MPeACTaBIEHHS TAKOBBI:

(1) Kybuueckuti cayuari (v = 1). 31ech nonnuil KyGHICCKHH
NOJNHHOM HMEeT JecATh K03 (hHIHEHTOB, KOTOpbie ONpeAeaIoTCs
N0 3HAYCHHAM (DYHKUHH H ee NEepBLIX YACTHBIX NpPOH3BOAHBIX B
BEpPIINHAX H MO 3HAYEHHIO (PYHKIUH B LEHTPE TIKECTH TPEyroJb-
HHKa, MPHYEM OAHO3HAUHO. [163TOMY B 3TOM cJayuae MBI MOXKEM
sanncath noaunom Ils(x, y), nauueii B (4.4), B BuIE

4
Gy(x, )= ) U (x, 4)+

I=1

3
+ 2 [(55), 7 0+ (55), 59 x 9)]. (49)
I=1

rae
a7 (6 )= p; (3p; — 20} — Tpyp,),s

95 (%, y)=27p,p,p,,
P, 4)=p, [&P, (Ps— P;) + &P (P — )L

a sf¥(x, y) nonyuaercs n3 r®(x, y) samenoii & na m. B aTHX
¢popmynax (f, k, [)— moGan wuxinyeckas nepecranoska (1,2, 3).
OTOT 3JIEMEHT WIHPOKO HCMNOJNb3YeTCsl B METOAE KOHEUHHIX Je-
MCHTOB.

(2) Cayuaii noaunona naroii crenenu (v = 2). IMoanstit no-
JIHHOM MATOH cTeneHn umeer 21 ko3(QuuUHEnT; OHH OXHO3HAYHO
OTIPEJACJIAIOTCS 3HAYCHHAMH (YHKUHH H ee MepBLIX H BTOPHIX 4a-
CTHBLIX NPOH3BOAHLIX B BEPIIMHAX H 3HAYEHHAMH (YHKIHH H ce
NEePBLIX Y4CTHBIX NPOH3BOAHBIX B LEHTPE THAMKECTH. DTOT 3JEMEHT
PeiKOo MCMOJIL3YeTCsl Ha NPAaKTHKE H MO3TOMY He paccMaTpHBaeT-
cs1 34¢ech 1oApo6HO.
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Ynpascnenue 4. TloxamuTe, 4TO HA CTOPOHE TPEYroOJbHHKA
bynknus, sagannas B (4.9), CBOAHTCA K NOJHHOMY CTeNeHH 3 no
nepeMeHHOH s, KOTOpasi ONpejessiercsl BAOJb CTOPOHE! TPEyrosb-
mika. [TokasknTe TaKKe, YTO STOT NMOJHHOM OJHO3HAYHO ONpeje-
JsieTCs 3HAYCHHAMM (DYHKUHH H ee MepBbIX YaCTHHIX MPOH3BOA-
HEIX B BepIIMHAX, SIBJSIOLIMXCSI KOHLAMH cTopoHsl. Otcioxa mo-
Ka)KHTe, UTO MHTEpPIOJHpYIomas (PYHKIUA ITOr0 3/1eMEHTa HMEeT
raankocts CO.

B ciyuae KyGHYECKO! SPMHTOBOH HHTEPNOJSUUH MOMKHO HC-
xa0unTh 3Hauenue U(x,y) B LEHTPE TAXKECTH W elle TOYHO HH-
TepNONHPOBATH KBAaAPATHYHLIE NMOJHHOMBL. B sToM ciyyae Aena-
ercsl 3aMeHa

U4=% Z U+ 11_8 Z“)[ %Z_)/ ey +81) + (%)I (ﬂk]'l‘"lll)]-

I=1

rae 2. oGeaHauacT CyMMHpOBaRHE 1O (j, &, l) JUIsl BCeX HHKIH-
yeckux nepecranosox (1, 2, 3).
MuTepnoeaipyiouinii MoJHHOM Tenepb HMeeT BHJ

3 .
Gi(x, = [Ugf" (x, )+ f,—‘j), P (g +

i=1
5,5 0)], (10
rae
a™" (x, y)=p; (3p; — 207+ 2p,)), (4.10a)
r (s ) =P (it Piby) + iz PPy (8t &) (4.10D)

u (j, k, ) —moGan nepecranoska (1, 2, 3). @ynkuun sf° mony-
yajorcs n3 (4.10b) samenoit § na n.

Ynpascrenue 5. TlposepbTe, YT0 KBaApPaTHUHbE (YHKUHH TOU-
HO MHTEPHOJNNPYIOTCS COKPAlIEHHLIM KyOHYECKHM HHTEPIOJsH-
TOM.

Vnpaserernune 6. Wcnonbdyst JuHeHHOe npeobpasoBanue 1Mo

dopmynam (4.7), nokaxnre, uro (4.10) B mepeMeHHLIX CTaHAApT-
HOTO TPEYroJIbHHKA HMEET BHA

i n= S0+ (35,1 + (3, o]
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e 6U
dp =& a:"'"lﬂaj (i=1,2)
A QYHKIHA q‘f", r‘,:’)' H s‘f" (i=1, 2, 3) sanatorca GopMyaaMH
g¥" = p} (3 —2p;) + 2P,PoPy
p?(pl—l)_plpzpa (]=1)
@

gt " )
! Pipy 5 P\PsPs (i=2,3),
pg(pg_ 1)_p1p2p3 (i=2)
sif=q 1 :
J PiPs 5 P1PoPs (i=1, 3.

,H,.Vlﬂ J0Ka3aTeJIbCTBA MOXKHO BOCIIOJIb30BATHCS COOTHOLICHHEM

By — E1imer = Crets
rae (j, k, ) — ni06as nepecranoska (1, 2, 3)

Ynpascrenue 7. B wactHoM cayuae Py = (1,0), P, = (0, 1),
P3 = (0, 0) nattnure Gi(x, y) us (4.10), a 3arem noxaykure, 4TO

npousBonHke ot G} (X, y) o HOpMaIAM K CTOPOHAM ONHCHLIBAIOTCS
qup\1ynaMH

(5, =s—o[o0— (), + +(& )+2Uo
__( ) ( ,— 4Us — (au )]

dx
+ules )+1—J>(a—”)

)m === 20, = (37), — 3 (50), +20: +
+3 (56), =~ (G~ 0 — 2(‘"’ 2 (5)]+

ay
+x(37), +0 =0 (3),
(5= 0 =121 = £ (22, +H(22), +-vem
~ 5 ()= (), 20— ()
+3 -7 (55),+ 50 +0(5%),

(%




4. TpeyroneHuk a3

rae
au 1 coUu , aU
X=x+y Y=y—x F=3\&GTay)
o L L
o 2 ax " ay)°

Tpurybuveckas unTepnoiayus

Bupkrod (1971) mnpemioKua TPEYrONBHBI 3JEMEHT, BKIIO-
YalolHi JBeHAaJlaTHIapaMeTPHYCCKOe CeMefCTBO BCeX MOJIHHO-
MOB UETBEPTOIf CTEIeHH, KOTOPbIe KyOHYHbI BAOJb JI060 MpAMOH,
mapajyenpHoli  Ji060H cTOpoHe TpeyroabHHKA. OTHOCHTENBHO
CTaHZAPTHOTO TPEYroJbHHKA TaKoe CeMEeHCTBO Bhlpaxkaercs (op-

MyJ0ii
U (p, q) =’+Z a,,plpk, @.11)

k<4
IIpHYeM

g1+ 03 = Qo
IMoannom (4.11) wnaswiBaercs Tpuxybudeckusm. DTOT MOJTHHOM
ONHO3HAYHO onpejensiercs no 3Hauenusm U, aU/dp,, dU/dp, n
a2U o 32U
Brgs B Kawuoii BeplinHe. 31eCh 7 ——— CMEIaHHAs NPOH3BOA-

Has, BRIUHCAsIEMAas B KaXKAOH BEpIIHHE II0 HanmpaBJIEHHSM r H S,
napajyeabHLIM CMEXHBIM CTOPOHAM. STy CAHHCTBEHHYIO HHTEp-
TMOJIHPVIOULY IO fh)’llKuI'lIO MOZKHO IIPEACTABHUTh B BHAE

Z[{, 2, ot )+ (o) o o] 10

rae Kos(pduunenramu npu q;; H §, cay)xar 3HayeHHs COOTBET-
CTBYIOIHX NPon3BoAubX oT U B Bepuuse II; cranmapTHOro Tpe-
yronbauka (puc. 12). Oyuxmun B §; HUMEIOT BHJ

o "= pj (3 —2p;+ 6p,py),

pi(p—1—4ppy)  (i=1)

of =1 p2p, (14 2p,) (i=2)
L rip, (1 +25) (i=3),

Pipa (14 20,) (i=1

@ V=1 pips (P, — L —4p,p;) (I=2)
p3pa (14 2p)) (i=3),

&, =2pip,pps
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rae (j, k [I)— mobas mnepecranoska (I, 2, 3). 3amerum, 41O
snech Di NpeACTABJSIOT NPOH3BOAHBIE B MJIOCKOCTH (pi, P2)-
CMELUZIHH!;I& npouguonﬂuez(GZU/aras), (j=1, 2, 3) cyrb mpo-
o giy 0 COOTBETCTBEHHO, rae Q = p2 — Pi-

T T 3p3Q " 3p20Q " pi O
EnunctBeHHasi HHTEPNOJHPYIOLIAsT TPHKYOHUecKas (yHKUHsS ATL
KOHKPETHOrO TPEYTOJbHHKA HA IJIOCKOCTH (X, y) Iojydaerca H3
(4.12) ¢ momomkio qHEHOrO mpeoGpasoBanus (4.2), T.e. MOA-
CTAHOBKO{l BMECTO Py, Pa, P3 HX BelpakKenuil u3 (4.2).

Ynpagicrenue 8. Tlokamure, 4TO TPHKYGHUECKHE TOJHHOMBL
AaioT annpoKcHMHpyomylo GyHkuuio raaakoern C° (. e. mpocTo
HETPEPLIBHYIO) HA CCTKE TPEYTOJbHBIX 3J1€MEHTOB.

(C) C'-AnNTPOKCHMHPYIOUME GYHKLHH

PaccmaTpiBaeMblii 34ech TPeyroJbHbI: 3JEMEHT HCIOJIb3yeT
NOJHOE CEMEHCTBO MOJIMHOMOB msATOl cremenn. Ha maockocTH
CTAHAAPTHONO TPEYroJbHHKA MOJHBIH TOJHHOM MsATOH CTENeHH

HMEET BHIL

U(py o) = l+;<501kP{P§- (4'1?)
Koa(dnuuents o, MOXKHO Bbipasuts uwepes DIU(P;) (|i] < 2;
i=1,2,3) u 9U/an(P;) (j=4,5,6), rae P; (j =1,2 3)—
Bepuwiunbl, a P; (j=4, 5, 6) — cepenunsl cropoH. PyHKUHA
U(py, p2), 3anansasn B (4.13), CBOAMTCS K MOJAHHOMY MATON CTes
TICHH TI0 § BJOJIb KasKJI0H CTOPOHEI TPeyroJbHIKa, ONpeielieHHOMY

OJHO3HA4YHO 6 TPaHHYHBIMH YCJOBHAMH, a HMEHHO 3HaUCHHAMH
2

?U 7
U, aU/ds, 357 ¢ Ha KOHNAX Kaxao# cropons. Hopmanbuas mnpo-
4 1%
H3BOAHAA HA KaXKHOH cropowe, Zn TAe 1 cyTb pa, Py - P2, Pi
COOTBETCTBEHHO, €CTh MOJIHHOM HETBEPTOIl CTENeHH 1o S; OH Ompe-
2
ZeJIsieTesl OJHO3HAYHO 3HAUEHHAMH L H

T OROs Ha KoHIax Kax-
“ au
JIOM CTOPOHBLI H 3HAYCHHEM Yo B CepeaHHe CTOPOHEL OrTciona

BHJHO, UTO NOJIHbIE OJMHOMEI NATON CTENeHH AAI0T ANMPOKCHMH-
PYIOILYIO (DYHKIUHIO HA CETKE TPEYrONLHLIX 3JCMEHTOB, HEMpPEpLIB-
HYIO BMECTE CO CBOHMH TepBBIMH MPOH3BOAHBLIMH Ha Beell o6ia-
cr. Tlpo Takyio ¢ynkuuio rOBOPAT, YTO OHA MMeeT Ha 06JacTH
rnagkocers Cl
Ha camom nene mapamerpsi, COOTBETCTBYIOLLIHE HOPMaJbHBIM
TPOH3BOJHEIM B CEPEAHHAX CTOPOH, MOMKHO HCKJIOYHThH 0€3 M0-
Tepi C'-r1afikoCTH HA TPeyroibHON ceTke. DTO MOYKHO CHeNaTh,
€CJTH NPEATIONOKHTL KyGHUECKOE TMOBEAeHHe HOPMAaJIbHOMN MPOH3-
BOJIHOM BJOJIb KaX{AOH CTOPOHBI, a 3TO SKBHBAJEHTHO TpeGOBa-
-
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HHIO, uTO B (4.13)
Ugy = Gy,

5o - tgp 4 aag + 5ags = 0.
Takum nytem or (4.13) MBI NPHXOAHM K CEMEHCTBY IOJHHOMOB,

3aBHcamemy or 18 mapamerpos, H OAHO3HAYHO ONpEE/eHHan
HHTEpIoNUpyiolas (GyHKUHs mosgydaeTcs no qopmyie

3
Ulpe po) =/-21 I x%»DlUﬂ’f (Pr P2)s (14
e .
po_{ 10— 0 ot e
O 2 (10p, — 15p2+ 602+ 30p,p, (P + 1)) (1=3)
i (j, k, [) — unkanueckne nepecranoBku (1, 2, 3),
5 15
g0 = pt (— Ap REilps = 8piEs —2—173173) :
03 3 3 3
8 9= p,p3 (3 Y 7P|P2) ,
o 0= p,p3 (3 — 2p, — 3p} + 6pyps),
o 3 3 3
Q0 b = p2p, (3 S = AR P,Pz) )
= p3 (— 4p,+ 7pt — 3p3 — o p?pa) '
‘P‘g”' = Inglg (3 - 2pa - 3P§+ Gplpg);
5 1 1 1
oV =pip, (— 14, + 5+ 5 B3 — 5 BiB).

- 1 1 1
W =pi (= 1+ g o +pat g =g 00):

¥ "= pipop
o (1 5
o0 =pt (g P (1 —p) + 5 pips).
0) I 1
o " =7 pipip; + 5 pipd,

i
@Y =5 pips (1 — py+ 2p,),
g1 1
o2 =7 pipspy + 3 Pirss
; 1 5
o5 =p; (7 Py (L —p)* + 7 Pfﬂa) :

1
@2 =5 pips (L +2p, — py)-
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Koppextupuomue Guaxquu

B apyron merose noaysenns Cl-annpokenmupylouteii QyHks
11t Ha TheYTOabHON ceTke Gepercst CO-annpokenMupyomas GynK:
uus w3 (4.10) ¥ K Hell 106aBagIOTC KOPPEKTHPYIOLHE YJIeHHl,
KOTODHE NOBHINAKT raaakoceTs ¢yHkunn g0 C'. DTH KOPPEKTi:
priomue QVHKUHH JOJDKHB QOpallaThcsi B HYJb Ha NepHMETPE
TPEVTOJIbHHKA H CBOAHTH HOPMAJIbHYIO TPOHSBOAHYIO Q)vyuxfmﬂ
B0Jb CTOPOH TPEYFOMbHHKA OT KBAAPATHUHOI K JiHEHHOMH QYHK:
ILHi, PasyMeercs, 663 NoTepH HEempepLBHOCTH (QYHKLHH H ee iep-
BBIX NPOH3BOJAHBIX BHYTPH TPEYroJbHOrO 3JIeMEHTa.

OxHO ceMeHCTBO KOPPEKTHPYIOWIHX (DYHKIIHIT, 1HPOKO HCIOJb:
3yeMblX Ha mpakTHke (3enkesny, 1967, c. 113), umeer BUA

__ el (4.15)
(T=p)(L—pP)’

rae (j, k, I) — nepecranoBka (1, 2, 3). ®axruuecku [liomion i
Ténb (1970) mokasanu, uro C!-rmaaxocTh mosydyaercs, ecad K
npaseiM yactam (4.10a) u (4.10b) moGaBuTh

L
bqk=2[— AI+(2_3%’COSGI) Ak+ (2— 3 TI:_COSBI) Al]v
k
(4.152)
i L
On==is [(Elk + &) Ay + (3§” + 58+ 6“”?: i 0’) Al

A;(p1, psy pa)=

vE
+ (3w + 2+ 6 2 sin0,) A4, (416D

rae (j, k, [) — nmo6as unkanueckas nepecranoska (1, 2, 3), 0—
Yroal TPEYroJbHHKa y Bepwnusl Pj, a L;— jqiuHa CTOPOMBL, e

JKauleif IpoTHB Bepuinel Pj; 8s; nonyuaercs na (4.15bh) 3ameHoi
=
£ H 1 HA M U § COOTBETCTBEHHO.

Ynpasenenue 9. Tlokamute, uto B cayuae Py = (1,0), P2=
= (0,1) n P; = (0,0) momosHHTeNbHBIC YJiCHE HMCIOT BHJ

803 =— 2060, = — 289, — 4 8r; = 4 b5, — 4 A} 4B — 2C,

6r2=—és,=?z—7lt_3,
bry =5 (A+ 3B —0),
dsy =5 (3A+ B—0),
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rje
A xy? (1 — x — y)* o Xy —z—y)?
T=y)x+y — U=xEtn’
A Xl —x—y)
G T—x)0—p °

Orciona, ucmonb3ys PpesyJbTaT ynpaKHEeHHA 7, TOKAXHTe, HTO
HOpMallbHble NPOM3BOAHEIE JHHEHHB BAOJb KazKAOH CTOPOHE TPe-
YTOJbHHKA.

Ipyrue KoppekTHpylollHe (GYHKUHH, yKasanubie Kaadom u
Touepom (1965), mosmyuaioress Tak. KaKnblii TpeyroJbHHK pas-
GuBaeTcs Ha TPH TPEyroJibHHKa ¢ OOLieli BepLIMHOH B LEHTpe
rspKecTd. KoppexTupyiomue GpyHKIHH Bbipakalores: GOpMyI0i

1
PiPoPy— 5 P (3 —5p;) ma T,
1
A;(p1, pay p3) = 3 Pi (3P1 — Pk) Ha T, (4.16)

1
l 5 p? (3pk ol p[) Ha Tp

rie T; — TpeyroibHHK HANpPOTHB BepwHHE Pj U T. 4., a (j, &, 1) —
ao6as nepecranoBka (1, 2, 3). Ilob6asku 8¢, 6r; u 8s; moay-
yaiorcst M3 (4.15a) n (4.15b) ¢ A; uz (4.16).

Ynpasenenue 10. lns TpeyronbHHKa ynpakHenns 9 HaiimuTe
koppexkTHpylomne Gynkuun A, B, C u3 (4.16) u nokaxure, uTo
Ha CTOPOHE, ONUCHIBAeMOll ypaBHeHueM ¥ =0,

A aB __ aC

ox =Wl —y, FH=5=0
Ha cropoHe ¢ ¥ =0

(7I.§-_ " ¥ A aC

W__G'\ (1 —x), =y =1},

H HAa CTOPOHC, TOUKI KOTOPOil YIOBJIETBOPSIOT YPABHEHHIO X -
gi=1 _ _
ac _ 3 o 04 C
ax =z =Y) g =" =0

rie X =x-+y n Y=y—x. Ilokaxnre, 4rT0 OTCIOJa CJIEIVET
anHeliHoe HM3aMeNneHHe HOPMAJIbHBIX IPOH3BOAHBIX OT g+ Ogj,
rj40r; w s; -+ 8s; Broas cropon. (Yxasarue. Mcnoabsyiite pas
3yabTaT ynpaxcuenns 7.)

Ynpascnenue 11, Tlyers (ynxuun A;(x, y) HMEOT BHA

AIk = l+n|Z+: ﬂlmnplp2 p

pa Maablx TpeyrosbHHkax Ty. [IpoBepbTe, 4TQ
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(I) s sepuunax DA; =0 (]i] < 1) n
(1I) ma croponax
04, { 0 (p; == 0)

o Upepr (py=0)

TOrja H TOJLKO TOTAA, KOrAa

(1) A” — P‘P2P3+ p? (GNP,—*- ©1Pr T G,,P,) H

(D) Ay = pj (%P + %P+ %iP1)

. o
A7 JIOGHIX KOHCTAHT oyj, e M T. L., TAe (j, k, [)— miobas o
pecranoBka (1, 2, 3).

[Mocsie 3TOro KOKaX«uTe, uTo QyHKUHH Aj, 3a1aHHbIE B (4.1;);
umeior C!-rnagkocts Ha TpeyrodsHHKe PiPyPj3, eciu n“pupaB}:ma
Ajj 1 T. L. ¥ UX NPOM3BOAHBIE BAOJIb BHYTPEHHHX JIHHHIH pflaﬂ .

Tocaeanuit Ha60p KOPPEKTHPYIOIIHX (PYHKIHII TaKOB:

”?’Pk
=

A](Ph 2, P3) =

rae (j, k, [)— nukaunueckas nepecranoska (1,2,3). Bupxrop I
Menchuan (1974) ucnosnszosanu ero ajs pobasienus K TPHKY-
6HuecKOMY MOJHHOMY € Weablo moayuuth C'-riajkoctb Ha Tpe-
yroJibHoii ceTke. 1o C'-raankoe cemeiicTBo, saBlcsllee OT 15 33’
DaMeTpoB, JIerko BhIPa3HTb uepes suavenus U, dU/dpi, U/ 52
B BepunHax u dU/odn, 0*°U/dsdn B cepeannax cTOpol, TAE d/0s
# 0/0n 0603HAYaIOT YACTHBIE MPOH3BOAHBIC MO HANPABJICHHAM
CTOPOH H HOpMaJeil cooTBeTerBeHn0. Afiponc (1969) ncnoab3oBal
HEKOTOpBIE KOPPEKTHpYyIoulHe (QyHKUHH A5 Ao0apjeHus K I0J-
HOMY TNOJIHHOMY YeTBepTOif CTemeHH W TakuM o0Gpa3oM HOJYdHI
CEMEIiCTBO, 3aBHcsllee OT 18 mapaMeTpoB, KOTOPOE TaKiKe HMeeT
Cl-raagxocTs Ha TPEYroabHON ceTKe.

4.2. TpsamoyroabHuk

Obaactu THna npsAMOYroJibHHKA, T. €. objacTH cO CTOPOHAMH,
MapaiIeIbHEIMH OCAM X H Y, BO3HHKAIOT BO MHOrHx 3ajauax (u-
3uKH 11 TexHukH. CleaoBaTennbHo, NPAMOYTOJILHBIH 2JeMEHT HMEET

GoJIbLIOE 3HAYEHHE H B 9TOM maparpade s nero crpostes 0a-
3HCHBIE DYHKUHH,

Burkybuueckue apmurosst pynryuu

B nmaparpade 1.1 Mot nenonszonann Guanneiinsie GyHKIHE OT
X M Yy A 1ocTpoenus GasucHeix (ynkumin (1.17), xaxiaas u3
KOTOPLIX paBHAa HYJIO BHe 06J/1acTH, COCTABJEHHOH M3 4YEThIpeX
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NPSIMOYrosibHBLIX sJeMentoB, Ha Beeit npaMoyroabnoi o6aacti
KyCOuHO-Guanneiinble annpokcuMupylomme Qynxuus uveior Co-
Majkoerb. B 3TOM myHKTE Mbl paccMoTpuM OHKyOHuecKie mo-
JHHOMBI

3 3
Hy(x, y)= IZ;) kzoaux’y" (4.17)

Ha epuHnunoM ksajpate 0<<x, y<<1. Kosppuunents
o (0 << j, £ << 3) MOXKHO OJHO3HAUHO HAWHTH MO 3HaueHHAM H,
OHy  0Hs 9%H 4
dx ' dy ' dxady

Hy (x, g kZ, m<l(D“‘ ™U) 5 B () W (), (4.18)

B UeThIpeX BEpPLIHHAX, TAK 4TO

rue
W () =1 — 121+ 21),
B (1) = (1 — 1)2¢,
W () =123 —21),
Yy =2¢—1).

Huxuuit nnaeke jk ykaspiBaer 3HAaueHHe B BepLIHHE C ¥ =,
y=k.

Herpynuo ysnaers, kak MOXHO Hamenuthb (4.18) aas moiyude-
Hitsi Tpebyemoli 9pMHTOBOIT OGHKyOHUECKON HHTEPNOJHpYIOLeil
(yHKUHH HA NpPIMOYrOJLHOM 3JIEMEHTE HCXOAHOIN 06aacTH THNA
npsiMOyToJibHIKa. ANNPOKCHMHpPYIOmas (GYHKIHs Ha Bceil 06aa-
CTH moJiydyaercsi 3aTem aHajornuyso soiBoay (1.6). Ha stor pas
KaXKAOMY Y3J1y TPAMOYTOJLHOII 006JaCTH COOTBETCTBYIOT 4eTsipe
6asncupie Gynknmn. Ilasi BHYTpeHHero yaaa, T. €. y3l1a He Ha
rpamuie npaMoyroasioii obnacth, Kaxaas GasncHas QYRKUHA
UMEET CBOIM HOCHTGJCM UETHIPE NPSIMYTOJbHBIX d7eMenTa. Jlas
ya3Jia Ha rpaunine, nHo He B yray, GasncHas (yHKUHsS HMEET HOCH-
TEJEM JIBA SMeMenTa, a AN y3Jda B yray — OfHH MNpAMOYrodb-
nptit snement. Kycouno-6uky6uueckasi annpokeHMupyomas Gpyux-
wist Ha Beeii nmpsimoyroabHofi oGaacti okasmipaercs Chl-rmax-
Koii ').

Y¥npaocnenue 12. enonssys (4.18), nokaxure, uto Gasiucnuie
Gynkunu s DEMU (0 <<, m< 1) B yane (0,0) edunuunoi
AuellKU TIONYUAl0TCsl B hopse TeH30pHO20 npoussedenus

o m (x, y) =" (x) ™ (y),

) Cl *-rnankocts u(X,y) O3navaeT HeNpepLIBHOCTh BCeX MPOHIBOAMBIN
Dimy Ogi<ji<Sm<k).
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e A—pa+2)  O<I<D

A+rU—2) (—1<(<0)
(1 — 12t 0<t<l)

q’(”(1)={(1+1)2: (—1<t<0).

MHTEpECHEIH TPAMOYTOJbHBIN 2JeMenT Obul ommcan I[laysi-
Jiom (1973). [IpsiMoyro/ibHEK pasGHBaeTCA AHATOHAJSIMH Ha YEThlr
pe TpeyrolibHHKa, H NpPEeANoJaraercs, 4To Ha KaxK[JOM Tpeyroib-
HHKE annpoKCHMHUpYIomas QyHKIHs 3afaeTcs NOJHOH KBajApaTHi-
HOMl Mo x M y (ynxkuuedr. KospduunenTsl 3THX KBaapaTHIHBIX
(yHKUHIT MOXHO BBIGpaTh TaK, 4TO moayuutcsi C'-raakocTb HA
NPAMOYTrOJILHON CeTKe.

() =

Burybuueckue cnaatinot

B pasa. 1.l GbuIO TOKAa3aHO, YTO OAHOMEpHEI KyGuueckuH
Cruiafii ¢ NOKadbHLIM HOCHTeneM aauubl 4h umeer sux (1.16).

DakTHYECKH STOT CIVIaiH, BIEpBhle mpeaioxenuslil [1én6eproM
(1969), uacto sanuceiBaeTcs KaKk

_J_%i_y 4.19
M(x)_'sha h ]+| (~ )
1lxe 8 — oGLIYHBIH ONepaToOp LEHTPaJbHON PAa3HOCTH, a KOHCTAHTA
§i BHIOpaHa Tak, uto

400

SMMM=L

Koncranra % B (1.15) Gbia BHIGpana ¢ TeM, UTOGH
Bi()=1.

B o6nacrsix THna npamMoyrosibHHKa, pasGuUTHIX Ha [IPSIMOYTOJIb-
HBIC 3JIEMEHTBI, paceMoTpuM cmuaiiuel Lén6epra M (x) us (4.19)

H
= Lasfy 3
M) =g 0 (T - /"’),r'

Tensopnoe npoussenenne M(x) u M(y) naer Qpyskumio ¢ HOCH-
TesemM u3 16 npsiMoyrosbHBIX siementos. Ona okaswiBaetcs 0a-
SHCHOH (yHKUHEH B yane x = jh, y = kh nas xyGuueckux crjaii-
HOB, €CJIH TOJILKO y3eJl He JIeXKHT Ha rpaHuue objacTH H He NpH-
Mpikaer K Heif. [t rpaHHYHBIX H NPHMBIKAIOUUX K TPaHHIE V3-
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JIOB HY>KHO CTPOHMTb CIelHajibHble Ga3HCHBE (DYHKIHH, eclH, KO-
HEYHO, pellaeMasi 3ajJaya He HMeeT eCTECTBEHHHIX TpaHHYHBIX
ycaoBuit (rat. 3, crp. 54). Ilonnas anmpoKcHMHpYyOmas (GYHKIHS
B 3TOM cuayuae siBasieTcst C% 2-ryafikoi.

Bo3MoKHO, 3ac/y»KHBAeT YNOMHHAHHS TO, YTO B MaJIOBEPOST-
HOM cayyae C* 4-rjiaJIKOCTH anmpoOKCHMHpYyIomeHd (yHKIHH Ha
NPSIMOYroJibHOM 06JIaCTH, €CIH TONBKO OHA moTpebyercs, MOTYT
GLITh HCIIOJIL30BAHKE, NMOAOOHO KyOHUEeCKHM crmjaiHaM, CriaiHbl
Illén6epra nsToli cTeneH:

M =g (7 —1),

Hx TensopHOe NMpou3BeJeHHE HMEET HOCHTENb H3 36 MPsIMOYroJb-
HBIX 3JIEMEHTOB, UTO JleJlaeT 3TH CIJIaiHbl JOBOJLHO HEYAOOHLIMH
Iyt paGoTs. :

B 3aksiouenue 3TOro KOpOTKOro maparpada o NpsiMOyroJbHOM
5]IeMEHTE CJe/yeT yKasaTh Ha TO, YTO PasMep HOCHTEJsl CIIaifHa
YBEIHUHBAETCSl C POCTOM NMOPSAKA CIVIAiiHA, TOPAA KAaK HOCHTENb
SPMHTOBOH (YHKIIHM OCTAeTCsi BCerja COCTOSIIHM H3 HeThipex
3JIEMEHTOB, HE3aBHCHMO OT ee NOpPsIKa, B TO e BpPeMs CIIaHHbl
HMeIoT raiaakocth C2v=1)20-1 pporys CY-Y¥=1 puisi SPMHTOBHIX
GyHKUHIT TPH CTENEeHH MOJHHOMOB 2v — 1.

4.3. YerblpexyroyibHUK

Mo>KHO MOAyMaTh, YTO YETHIPEXYrOJbHHK sIBJASIeTCH Jydllei
(Gopmoii sueiikn, yeM TPEYroJbHHK, MOCKOJBKY CETKa B IEJO0M
ynpouiaercs. Hanpumep, TpeyrojibHas ceTka BCerja MOXKET OblTh
ynpouena o0bellHeHHeM TPeyroJibHHKOB MONapHo B YeThipex-
yronbuuki. K coxcanieHuio, ofHaKo, HEBO3MOXKHO HAHTH MOJHHOM
OT X U Y, KOTOPHIi OBl CBOAHJCS K MPOH3BOJLHON JIHHEHHOI (op-
Me BJIOJIb UeThIPeX CTOPOH OOINEro YeThpexyroibHHKA, i MO3TOMY
He fICHO, KAK MOZKHO IIOCTPOHTb KYCOUHO-TIOJNHHOMHAMBHYIO (DYyHK-
HIO OT X M i, KoTOpas HMena Gb CO-ryIafKOCTh HAa HETHIpEX-
YrOJILHON CeTKe.

Jlemma 4.1. I[Tycro Py, Po, Ps u Py— TOUKIL 8 TPeXMepHOM
npocrpancree, raxue, uro Py = (x5, yj, 21) (j=1, 2, 3, 4). Tozda
naockocro, npoxodawan wepes tpu rouku Pj, P b Pi (jF=k7=1),
ONUCHLLBALTCS YPABHEHUEM

=0,

ede Njy = —zCju + 2jDpt — z1Dj1 + 21Djk, @ Cirty, D w 1. 0.
onpedeaenot 6 pasd. 4.1. Kpose 1020, nogepXHocTs

Al pn — B 1l 20 =0, (4.20)
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ab

w0

«0

Pue. 13.

2de (f, k, I, m) — ntobas yuxauveckas nepecranosxa (1,2,3,4)
npoxodur 4uepea 4erolpe ToUKU Py, Po, Py U Py 1t cODEPICUT NPA-
nole aunuu PPy, PoPa, PoPs, PiP1 npu 210061x 3nauerusx ol p.

M3 aroii ieMMBl sicHO, uTO Takue moBepxnoctH xak (4.20), KO-
TOpLIE TPOXOAST uyepes Touku P; = (x5, y;, [) (=1, 2, 3, 4),
MOZKHO HCNO/AL30BATH AJIsi ompepesneHnst (pyuxunii f(x,y) Ha He-
ThIpexyronbuuke PyPyP3P;, rne P;= (xj,y;), Takux, 410
(1) f(x,9) =fim (11) f(x,y) namenaercs Junciino BaOJb CTO-
PoH PPy, PyPy, P3Py, PyP) ueTipexyroJibuuKa. )

Taknm o6pazom, MoxkHO B3aTh ;= (X, 45, 1) # Pr=
= (X&, Y, 0) (k5= j) u onpenennts Gasucuyio hynxunio ¢;(%,Y),
TaKYyIO, 4TO

IS(=
Py (% ) = { (i ‘)

; <j, k<A). 4.21
0 (n (ShE<H G2

Ynpaseriernue 13. Tlyers Ps— Touka mepeceucnus MNPAMBIX
PPy n P3Py, a Pe—touka nepeceuenns npsambix PaPs u PaPy
(puc. 13). Iokaxure, uro npsvan annna PsP; (BDse = 0) Ta-
KOBa, uTO

D D. D Ds
1 = 23 L e T S ] 4.92a
M Cizs Cizs Ciay Ciso ( )

H HTO CYLIECTBYET TaKas KOHCTanTa A %= 0, A5 KOTOPOI
(I)  C134Co34Diz + C193C1o4Dyy —
= C123C0uD1s~+ C134C124Dg3 = A.Dsg. (4.22b)

Otciona noxamute, 4t0 eean 0CrpimCirm = BCjimCiri, TO Gasue-
Hple QyHguyn, onpejenesusie B (4.21), moryr GbITb 3amHCaHbL
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KaK

Dy Dy DN)“
Cikt Cjim \ Cjss ?

e PyP; i PPy — CTOPOHBI - YETHIPEXYro/IbHHKA, He COJlepiKallHe
yron P, u rae (j, k, I, m) — Hexoropas nepecranoska (1,2,3,4).
(HUcnonsayiite dopmyst
(M) Cpr — Chtm~+ Citm — Cam=0, (4.23)
(I1)  Cjay — Dypy+ Djy — Dy =0, (4.23b)
rae (j, k, I, m) — no6as nepecranoska (1,2,3,4).)

V30MAPAMETPHUECKUE KOOPAMHATHI

Buauneiinas annpoxcumnayus

Haubonee o0muii MeTOA HCMOJb30BaHHA YeThIPeXyroJbHbIX
SJIEMEHTOB COCTOHT B NpHUMEHEHHH TOYEYHOro npeo&pasonaﬂlm
YETHIPEXYTroJLHIKA B €AHHHYHBII KBAagpaT H B HCHOJNb30BAHHH
TAK HA3LIBaeMoil H3onapaMerprueckoii annpokcnmamun (Aiiponc,
1966; 3euxesuu, 1975). IpyruMi CJI0BaMH, YIVIOBBIE TOUKH P —
= (x,4) (j=1,2,3,4) uersipexyroJpauka npeobpasyiores B
yermipe touxn (1,1), (0,1), (0,0) u (1,0) (8 miockoctH (p,q))-
Crangapruoe npeoGpazoBanie ecTh

t=pagt,+ (1 — p) gla +(1 — p) (1 — @) tz4p(1 — )i

t=x, y), (4.24)
l(OTOpOC MOZKHO 3alicaTh KakK
1
(=2 e (p, )ty (=x, y). (4.25)
j=1

Hzonapamerpuuecras annpoxcumayus Togydaercs, eclii Onpe-
AeNnTh annpokcimaiiio piga (4.25), a HMeHHO

4
Ulp. =2 op. QU;. (4.26)

Ynpascnenue 14. Tlokaxure, 4To npeoGpasopanue, o6paTHoe
(4.25), Mozker GLITh 3aNHCAHO KAk

(Coss - Ci30) p* + (Dsy + Dia — Cro3 — Cogg) p+ Dig=0  (4.27a)

(Cogy 4 Ci23) G* 4 (Dog + Dyy — Crzy — Coyg) g+ D3y =0.  (4.27b)

Hanee, nenonbaysn (4.23a) u (4.23b), nokasiute, 4TO (DYHKUHS
p, onpejesennas B (4.27a), 9KBHBaJ/IEHTHA [OBEPXHOCTH BHAA
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= q
s A
20
g1
% =1 n’.’ ns ni
=2 il
nn nﬁ nB
2
7=0
% 3 i, 2 »
Puec. 14

20). npoxoasmeii wepes Toukn Pj= (x;,4;,f;) ¢ fa=Fs=0
— 1, ecan @ = B, a g, onpenenennas B (4.27b), aKkBHBA"
Taxoii e momepxHocTH ¢ fs=f1=0, fi=fo= 1 o

¥npaxcuenue 15. Ecau Tpebyercsi mpeoGpasoBaTh YeTBIPEX-
vroasuux PPyP3Py B enMHMYHHIH KBajpaT, TO BBIGOp & = ﬁ.ﬂe
S375eTCH eAMHCTBEHHO BO3MOXKHEIM. [TokaxuTe, uto ecan 2 (j=

1, 2, 3, 4) B3ate kak B ynpawuennun 14, u aCumCirm =
rﬁC:;.—.Cm, TO HOBhlE KOOPAWHATH p H § MOMKHO ONpeieHTh
K:

= Dz3 Dz ( Dsg )-l+ D23 Dy, Dso)—l

Cizz Cias \ Ciss Ca3s Cizy \ Cuso g

g= D2z D3y ( Dss )_l_ Dss Dis ( Dss )_l
Cizs Cias \ Ciss Caas Cizs \ Casg

Ynpascrenue 16. [Nokaxure, uto sKko6nan J npeoGpasoBaHis
(4.25) mozkHO 3anucaTh Kak

I=(1—=p)Cis+ (1 —¢)Cias+ (p+g— 1) Cias,
i aokazute, uto J = 0 qasn 0 < p, g << 1.

Ecnn Guanneiinble MosMHOMEI, HCHOAL30OBanHBIC B mpeoGpa<
30Banuu (4.25), 3aMeHHTb HA NOJHHOME! GoJjice BLICOKOI CTEHCHH,
MOZCHO BBECTH JOTOJHHTENbHBIE TOUKH, onpejc/sone npeobpa-
30BaHHe, H OJAHOBPEMEHHO PacHpPOCTPAHHTH H30MAPaMETPHUCCKHE
annpoHCHMAlHH Ha KPHBOJHHEHLIC YeThIPeXyroabHuKH.

Bureadparuunas annporcumayus

Teneps poGaBum K yerwipem Toukam P; = (x;,y;) (j= 1,2,
3, 4), KOTOpHIe COOTBETCTBYIOT YIJaM eQMHHUHOTO KBajapara B
(p, q) -nnockocty, Toukn P; (j=35, ..., 9), KOTOpHIE COOTBET-
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1 1 1 1
CTBYIOT CE€peJHHAM CTOPOH (?, 1), (0, ?), (?, 0) H (l, 2)
H [EeHTPY (% %) coorBercTBenHo (puc, 14). Buksaapatny-
Hoe mpeoGpasoBanue onpejenaercs Kak

9
=2 o p 9ty =% 09) (4.28)

e 9P =p (2p—1)q(2g—1) u aHaIOTHUHO ONPEAEARLTCA
oo u o), ¢»=4(1—p)pg(2g—1) B anaiorauso ompeae-
asotest PP u @, a @) =16p(1 —p)g(l —q).
HWsonapamerpuueckas anmpokcuMals TOTAa ONPERETAETCE DOP-
MYJ10H

;
Up, 9)= ,2=1 o2 (p, 9)U;. (4.29)

C mpyroii cropons, ecau npeob6pa3oBakue onpeiedeEo o (4.23),
a anmpokcuyanus — no (4.29), To 570 — npHMED cybnApaMerpL-
4ecKor alznpm:cu,waquu.

CTOpOHBI UETHIPEXYroJbHHKA MOMKHO CH€JaTh NPAMBIME HOA-
XoAsuelt paccranoBkoit yanos Ps, Ps, P; u Ps ra croponax. B sa-
CTHOCTH, €CJIIf OHH SIBJSIOTCA CepeJHHaMH COOTBETCTBYIOMIHX
CTOPOH, a Py — LIEHTPOM Ts¥KECTH YeTHIPEXyroJbHIKE, (OPMYIE
(4.28) cBoaaten x (4.25).

BryTpenuuii ysen Pg MOMXKHO HCK/IIOYHTH AHAJOTHYHO TOMY,
KaK HCKJI04aJich BHYTPEGHHHE Y3JIBl H3 amnmpoKcHMaumuii, OCHO-

BAaHHBIX Ha TPEYroJbHBIX 3JEMeHTaXx, HCTOJAb3Y A JHHeliHoe COo~
OTHOIUCHHE

8 4
U(,:%IZ U, —%Z;U,.
-5 j=

310 naer (yuximio, KOTOpas BCe elle HHTepnoJHpyeT KBajapa-

THUHBIC 110 p 1 ¢ (YHKIHH TOUHO, HO He useer uaexa ¢ p*g®. Ee
MOXHO 3anncarTbh Kak

8
Up, )= X 9" (. DU, (4.30)

rie ¢ = pg (2p + 29 — 3) u anasOrHUHO P (i=2,8,4), ¢’ =
=4pq (1 — p) u ananornuno qa‘f)' (=6, 7, 8). lns naonapamer-
PHUECKOIl annpoKCHMalui ¢ BOCEMbIo yafaMu npeoGpasoBaHie
(x,4) B (p, q) Gyner Takie onpeaensThea no (4.80) samenoir U
TNOOYEPEAHO HA X H Y. DTOT YETHIPEXYroJbHHK ¢ BOCEMBIO Y3/IaMH



In. 4. BasucHble yHKUHH

96
i
2! |, 1§ moo
93
n7 qu Hls nl2
=il o
973 ns nys Hm "
970
S L LY LY L

Pnc. 15.

6bla1 Menonb3oBaH Jxkopaanom (1970) B kauecTBe 3sJeMeHTa HPH
pelleHHH 3ajlay, BK/IOYAIOIHX VIOCKOE HANpsuKeHne uin aedop-
MauHio.

Bukybuueckas annpokcumayus

[Monnas GHKyGHueckasi anmpoOKCHMAlLHs BKJIOYAET YeThIPE
BHYTPEHHHX y3ja (cM. puc. 15) B momosiHeHHe K ueTbIpeM YIvio-
BbIM H BOCbMH GOKOBBIM y3ziam (MO ABa Ha KazKaoii CTOPOHE).
BHyTpeHnHe yasibl MOTyT GbiTh HCKJIOUEHE! /18 NOJIyUeHHsl anpo-
KCHMaUHH, B KOTOPOii HeT wieHoB ¢ p2g% p3q?, p2¢® w p°q. Ee
MOJKHO 3allHCaTh B BHJIE

12
Ulp, g)= /Z_l o (p, Q) U,

8 9 5 ‘
rae ¢ =< (p2 +¢—p—q+ Ti) pg u ananornuno P

(=2, 3, 4), q>_(,,3"=%pq(l —pn@Bp—1) u anasoruuHo q)‘f”‘
(i=S6, ..., 12).

4.4. Terpasup')
Jaepansrcesa unrepnosayus

ITonnplit TOMHHOM CTeNeHH
m

0,(x, y, 2)= 2, @' y'z
+kF1=0

1) Cpapunte ¢ pasa. 4.1.
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MOXHO HCNOJIL30BaTh AJA MHTEpnoasuun ¢yskuue U(x, y, z) no
1 2
i )(m'é' J(m+3) yvmerpiino pacnonokeHH M B TeTPasA-

pe yanam. [lepsbie TpH ciyyas 3Toro oGIIEro mpeAcTaBiaeHHs AJf
TeTpasapa PPyP3P; TaKkoBH:

(1) Junednoui cayqal (m = 1). Ionunom 3amaercs Gpopmy-
N0t

4
0, (x, z)=;l U, (x, y, 2),
rae U; (j=1, 2, 3, 4) — snauvenns U(x,y,2) B Bepunnax P;

1
PP (x, y, &)= Tonn Entn — AxtnX + Buny) — Cara2),

rae
1 x 2
o I g 2
L % e 2
Tikin= det , App=det|l y =z
1 % y =z 1 g, 2
I x, Y, 2, R
WT.A,a (j. > I, n) —mobas nepecranoka (1, 2, 3, 4). 3ame-
THM, uTO r]T ixin | — 06beM TeTpasapa PyPyPsPy.

(2) Kesacparuunoui caywai (m =2). Tenepb MONHHOM Ta-
KOB:

10
Ma(x, 4, 2)=2U;pP (5 v, 2),

rae U; (j==1, 2, 3, 4)—a3nauenus U(x,y,2) B BeplIHHAX pj,
a Uj (j=5, ..., 10)—snauenns B cepenuHax peGep. Bmipa-
wenne  pi® (uepes p{)) HMeer TOT 3Ke BHA, UTO H JUIA TPEYro/b-
HHKa (cM. naparpad 4.1).

(3) Kybuueckuii caywaii (m = 3). 3nech MOJHHOM HMEET
BilJL

20
My (¥, 9, 2)= Z Uppf (0, 2)

rae U; (j=1,2,3,4) —kak n suume, U; (j=5, 15)—
auavenns U (x, y, z) B Toukax Tpucekunn pebep,a U, (j=16, ...
..., 20)— 3nauenus B LEHTpax Tsi’KecTH rpauell. Popmyas Ans
pP (uepes p)) wumeloT TOT XKe BHA, YTO M VIS TPEYro/bHUKA

(cM. pasn. 4.1).

4 3ax. 672
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3}”!”1‘08(1 UHTepnoaayus

Ky6uueckyio annpoxcumanuio U(x, y, 2) Ha TeTpasipe Moxs
HO BBIIHCATh MOA06HO (4.9)— (4.10b) kax

GI (xr Y, Z)=
4
au ou U =
='Z; [Ulq;-"i) + (—37),,-(,31 i a_y)isrla)+ (a—z), 1+ Ulq(la’]' (4.31)
rae U; (j=1, ..., 4)—3navenus U(x,y,2) B LeHTpax Tsaxe-

CTH rpaHeH, MPOTHBOJNEXKAIKHX BepIIHHaM Pj, n rie

a9 (x, y, 2)=p,(3p; — 2p; — 7 (PP, + PP, + P,PL))s (4.32a)

49 (x, 4, 2)=27p,p,p,,
u
r®(x, y, 2)=p,[(§;ePx (P, + P, — P;)

+ §,1P1 (pk + pn — p/) + EI,,P,; (pk "' p( S /)/)]; (432b)

s (x, y, 2) nomyuaercs u3 r¥ (x, y, 2) savenoit & Ha m, a
1}3’ (x, y, 2) —3ameno#t § Ha G, rae Gje =2 — z¢. Kak u nid
TPeYroJIbHHKA, Mbl MHCANH p; BMECTO p;“ (j=1, 2, 3, 4) nis
yrpouueHus gopmyi.

Ynpascnenue 17. TlposepbTe, YTO MOIKHO HCKJIGHUThL 3HAYE
aus U(x, y,2) B LEHTPAax TAKECTH rpancit 1 Bce clie TOYHO HH~
TEPIOoJIMPOBaTh KBAJpaTHUHbIE (DYHKIULHN, ccju clesarh 3aMeHy

71 1 g au .
S5 Zuk-l__liz [( Jx )k (Ene+Ere) +
k]
U au 5
=+ (Ty )k Mar=-n1) + (T), Car + §m)]v
rie 2. osnauaer cymmupoBanue (mpu (ukcnposaluom j) M0

(f, &, 1, n) s Bcex BOAMOXKHBIX ueTHHIX nepecranoeok (1,2,3,4).
IMoxaxcure, 0 HHTEPNONHPYIOWHMIT TOMMHOM CTAHOBHTCS TAKIM:

4
» * au . 1% . oU .
Gi (% 1, 2)= ,Z. [Giap"+ (52 ), 7+ (57), 9+ (5), 4]
rupe
9" 4, 2)=p; (3p; — 207+ 2 (pyp, + Piput P1PA)):

i (x, ¥, 2) = pj(&pp + 8,0, 5, 0,) + % IR ACTR N

+ pkpn (gh/ + gu/) + PPy, (EI/ + §lil)}
H T A
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45, Wecturpannus 9%

4.5. Wecturpannuk ')

BooGuie rosopsi, B cllyuae TpexMepHOro MpOCTPaHCTBA 3Je-
MEHT € LIECTHIO YeTHLIPEXYroJbHEIMH TPaHAMH Jy4lle TeTpasapa.
Jlokanbnbie m3omapaMeTpHYecKHe KOOPIAHHATH (p, g, r) MOXKHO
BBECTH KaK H ISl YETBIPEXYrOJbHbIX 3JEMEHTOB B JBYMEpHOM
cayyae. [1peoGpasoBaHue KOOPAHHAT HMEET BHJ

8
’=Zl o (p, g, Nt =x, 1y, 2) (4.33)
j=
rie @) = pgr, @) =(1 —p)gr u T. m., NpHYEM BepUIHHH MPO-
HyMepoBaubl Kak Ha pue, 16. Tlpu Takom npeoGpasoBaHHH Mpo-
U3BOJbHbIl I1UECTHIPAHHHK MEPeXOAHT B eAHHHYHBI Ky0 B
(p, g. r)-mpocTpancrse. 3aTem mo (Gopmyae

8
U(p, g, 1) =,Zn o (p, g, NU, (4.34)
onpejeisieTcs H3OMapaMeTpHieckas anmpokcumanms. MoxHo
NONYYHTL 11 TPHKBAAPATHUHYIO H TPHKYGHUECKyIO ammpoKcHMa-

LHH, ecJIH BRECTH AOTOJHHTENbHBIE TOUKH Ha pebpax W rpaHax,
a TaKkyKe p:in BHYTpeHHHX Toyek. TOYKH HA TPaHAX H BHYTpeH-
HU@ TOUKI MOJKHO HCKJIOUHTH NOoA0GHO TOMY, Kak 3T0 GBUIO CAe-
JIAHO B JIBV!ePHOM CJydae MpH HCKJIIOYEHHH BHYTPEHHHX TOYEK
YeTHIPeXYTo.Ji LI KA.

Ynpaocierue 18, Bouncaure Gasncnwie ¢ynkunn ¢ (p, g, 1)
(i=1, ..., 27) nus TpHKBajApaTHUHON H30MApaMeTPHYECKOIl
anNnpoKcHMailiin  Ha UIeCTHrPaHHHKe. 3aTeM MNpOBEphTE, H4TO
UGHTPBI TszKeCTH rpaHell W Camoro MeCTHTPaHHHKA MOXHO HC-

KNIOYHTL 1 HOJIYYHThL annpoKCHMAanHIo BHAA
20 :
Up, q, 1) =/Zl q)(/z)‘ (p, g, 1) U/’ . (4.35)

KOTOpasi TOUIO0 HHTEPNOJHPYET KBagpaTHUHbe (yHKUHH, HO HE
uMeeT wicton ¢ p%q?, g% rip? pigPr, pigr’, pgir’, pigirt W Aus
xoropoii  ¢{** = pgr (2p + 29+ 2r —5) n anajoruuHo Q" (=
=2,..., 8), " = 4pgr (1—p) u ananornuno ¢P" (j=10, ..., 20).

Ynpascrnenue 19. Tlposepbre, uto TpuKyGHUECKas ANNPOKCH-
Mallis Ha ulecTHrpanuuke Tpebyer 64 ysmoB: BoceMb BeplliH,
10O JIBe TOUKH HAa KaXKAoM pebpe, Mo yeTblpe — Ha KaxKIoi rpaHi
J BOCEMb TOYEK BHYTPH UIECTHrpaHHHKA. 3aTeM MpOBEphbTe, UTO
Y3/bl Ha rpauax H BHYTPEHHHE Y3Jbl MOryT GHITh HCKJIOUEHEI
I moJiyuenHsi annmpoKCHMalHH, KoTopas BKJIOY3eT UWieHbl

') Cpamnnte ¢ YeThipexyroabHiHKoM B naparpace 4.3.
4%
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100
o
I I,
m, m,
2z ﬂ, nﬁ q
Y I‘[(i Hs
P
X
Puc. 16.

c plgtrt(j 4 k4 << 4), a rakke uneHwl MOsATOI creneHH pqr,
pg°r u pgré, Tak 4ro "

Ulp, g, )= X 9" (p. 4, N Uy, (4.36)

e
rae ¢o* =-g—pqr [p2 +@+r —(p+q++5 : % aHAJOTHYHO
o (=2, ..., 8), 2 9@ = pgr (1 — p) (3p — 1)  anaxorusso
o (=10, ..., 32).

4.6. Kpusoauneiinsie rpaHuibi

Io cux nmop 6asucHble (GYHKUHH CTPOHJICH B OCHOBHOM AJISA
CEeTOK C MPSIMBIMH CTOPOHaMH fiueek. B peasibHuix JiByMepHBIX d
TpexXMepHBIX 3ajayax, OAHAKO, PPAHMILI H NOBEPXOCTH pasaena
4acto KpuBoanueinsl. Llean storo maparpada sakmaiouaercs B
Moy IeHHy 6as3ucHbiX GyHKIHA A5 CeTOK, cOCTanAeHHbIX A3 dles
MEHTOB C KPHBOJHHEHHLIMH CTOPOHAMH (aBymepini cayuait).
B C KDHBOJHERHBIMH MOBEPXHOCTAMK (Tpexmepuntii cayvaii).
Kpueoannefinblit sJeMenT MOABHICH pH pacuere COOPYIKeHHii y
Ipratoanca, Aiiponca u 3enkennua (1968), u GuGanorpaduues
CKHE Pa3bACHEHHs 110 3TOMY BONPOCY MOKHO HaiTH y 3eHKes
epdz  (1975). B amsymepuom ciayuae, ccan rpanuina 0Guacti
ABAACTCA JOMAHONA JIMHHElH, JNCMCHTOB ¢ npAMBIMH CTOPOHAMH,
O0BIMHO TPEYTOJBHHKOB HJIH YETLIPEXYroJLliiKoB, BIOJNE HOCTds
10410 OANaKo ecily HeKOTOpas YacTh rpaunin (AN JHHii pas-
Jeid MATepHaNoB) HB0IHYTA, MEJJaTebHL 3JeMCHTbl M0 Kpails
Hel Mepe ¢ 0AHOi KPHBOJHHENRHOI CTOPOHOII.

Briayane MBI paccMOTPHM Tpeyrosibubiii 3JeMeHT C  AByMA
NpAMBIMH M OAHO# KpHBOJHHetHOH cropoHamMu. C nOMOLIBIO
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STOro sJieMeHTa H TPEyroJIbHHKOB C NMPSMBIMH CTOpOHAMH MO)K!:.iO
alIeKBATHO pEUIHTh OOJBIIHHCTBO MJOCKHX 32434 C KPHBOJIHHEH-
HBIMH rpaHulaMu H JHHHAMH pasjaena.

(A) TPEYroabHMKM C OHOM KPUBOJMHERHOM CTOPOHOM

Pacemorpum Tpeyroabuuk PiPaPs B (X, §)-NIJIOCKOCTH € Tpsi-
MbIMH cTopoHamu PyP; u P3P, KOTOpble ONHCHIBAIOTCH ypaBHE-
unaMu [(x, y) = 0 u m(x, y)=0 coorsercrsento. KpusoanHei-
Has CTOpOHa, Npoxojsiiasi yepe3 TOUKH P; u P, ONHCHBAETCA
ypaBhennem F(x,y)=0. ®yuxuun [(x,y), m(xy) & F(x9)
HOPMHPOBANbL! TAK, UTO

L(x1, ¢))=m (x, yo) = F (x5, ya) = L.

IpeoGpasosanue nuockoctn (x,y) B muaockoets (I, m) BBINIAAHT
TaK:

= Eﬁ? (o3 =+ Mosx — Ens), (4.37a)
. %,3 (w31 + T31x — Earf)- (4.37b)

Ipl [or—
B nnockocit (/, m) monyuyaercs tpeyronbuuk P{P3P3, rTae I;‘,P,
(1,0), Pi= "1 1) u P5=(0, 0), a kpuonuHeiinasi cropora PiPa
BBIPAXKACTCs! VpaBHEHUEM

F(x(l, m), g, m)=F(, m)=0.

Mt nenoniven apecs ( w m smecto pft u pfd (cp. ¢ (4.2)),mo-
TOMY 4TO Ti.yroabink P{P3P3c oanoi KpHBOAHHEITHOM CTOPOHOH
He SIBJISICTCS CTaNAAPTHLIM TPEYTONLHHKOM.

Teneps v onmiuem opui THO JarpaHXKeBoii anmpPOKCHMALIH

Ha Kpusoauneiinom tpeyronsinke PiPiP3, Koropas YAOBIETBO-
PSET CHICAYIONLIM yCIOBHSIM:

(I) Mhinieiinsie noamoMsl HHTEPNOAUPYIOTCS TOUHO, T. 8.
Xor=1 Blge=1 Xmg=nm, 4.38)
7

i
rae @i(/, m)— Gasncuasn QyHKUMA, CBA3aHHAN C© YSA0M. Tax
Kak npeoGpaszosanie (x,y) B ([, m) JuHelito, COOTHOMICHHR
(4.38) osmauaior, uto auieliube NONMHOMB B MAOCKOCTH (X, )
Ha rpeyrosviuke PiPyP; takike HHTEPHOJAHPYIOTSS TOUHO.

-
(II) Baaucnan dynsuns  @a(l, m), 0001'“‘-""”83m"l‘mpr;;-"
paBHA TONCIECTBEHHO HYJI0 Ha KpHBOJMHEiiHoil cropone Fafy

(IIT)  IMosnyuatowasica Kycouno-rnapgkasn (ymKuis, f’“P(‘ﬂ}"
JieHHas fa cerke TPeyroJbHHKOB, KaM(AbH M3 KOTOPBIX HMeeT
camoe GoJibliee Oy KpHBOJIMNEi Y0 CTOPOHY, HEpephiBia
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HerpynHo yBHAeTb, 9To Aas Benosnuesus (I) u (I1) wHa rpe-
yronpunke P{P5P; neo6xoiHMO HMETb MO KpaiHell Mepe ueThpe
ysaa. B mpocrTeifieM caydae GepyTcsi TpH BEpLIHHBI H HOMOM-
HuTeabHas Touka Pi= (ly, ms) Ha KpHBOJHHEHHOH CTOPOHE.

Buayane Mbl mocTponM 6asncHylo (YHKUHIO @3, KOTOpad
ynoeaersopsier (1I), a 3arem mcmosibsyem (4.38) nsi mocrpoe-
HHS @), P2 H Q4. [IpHMEHHM reoMeTpHUECKHe pacCMOTpeHHs, Mo-
HOGHBIE TeM, KOTOphle ObliM NpHBJEUeHbl K MOJyuYeHHIO GasHc-
HBIX (DYHKLHF A5 YETHIPEXyrosbHHKA, H MO3TOMY PaCcCMOTPHM
cemelicTBO nosepxHocreil 2(l, m)= 0, KoTopoe nepecekaer MI0-
exoctb (l, m) mo wpuBoit ([, m)= 0 u 3ajgaercsa ypaBHEHUEM

2 (az -+ Bl +ym -+ 8) =+ f (I, m)=0. (4.39)
Ecnu MBI HaJIOXKHM Ha 2, yCJaoBHUA
(I)Hz=l (l=m=0),

@2) z=1—1 (m=0)
@) z=l—m (=0),

TO MOXKHO ONpenefuts B, y, 8 ¢ MOMOLIBIO OAHON M[OH3BONBHON
KOHCTaHTH ¢, Tak uTo (4.39) nepeitzer B

az’+[a (IHm—1)+1 _’I(I'TOI)_M]Z +F(, m)=0. (4.40)

1—m

Teneps Mbl nonaraeM @z — 2, nocje 4ero OCTaJibHble GA3HC
Hble QYHKIMH onpepeasiiorcs u3 (4.38) kak
U
q=metlolimom (44
I =
P= l-—lf-—:::, - l—l.l—nu Pa-

Ynpasierenue 20. TIposepsre, uto ecan B (4.40) o = 0, 6asucs
Hasi (PYHKUHS (3 HMEET BHI

e f(t, m)
FO m)[(T—m) + (5, /A —H—1"
4 ecJiH KpHBOJ]}!He}"lHaﬁ cropoﬂa SABJISIETCA KOHHYECKUM ceueHHeM
Fl, m)=al? +blm=-cm®— (14 a) [ — (1 4 c)m + 1 =0,
TO

(4.42)

o= al’4-blm~+cem? — (1 +a) [ — (1 4c)m + 1

I1—al—ecm

(4.43)

H Mbl IPHXOJAHM K PAllHOHANBHBLIM GasuCHBIM (yHKLHsM Yaucms
pecca (1971, 1973, 1974 u 1975).
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Ynpaocrenue 21. Ecnu 'KDHBOJIIHEl{Hash CTOpOHA — OTPEe3oK
runep6oJinl :

f, my=blm—Il—m-+1=0,

nokaxcute, yto GasucHble ¢ynkuun ¢; (i=1,2,3,4) cytb mo-
JHHOMBI, ecan o = 0.

3amenanue. Kycouno-runepbONHYECKHE AYTH MOXHO HCIOMb-
30BaTh /51 ANNPOKCHMANHH KPHBOJHHEHHHIX TPAaHHIL HIH MO-
BepxHocTeil pasjiena H MOJYYHTh BCE elle NOJHHOMHajJbHbe 6a-
8HCHBIE (DYHKIIHH.

(B) M30MAPAMETPHUYECKHME KOOPZAMHATHI ')
Keadparuunas annpoxcumayus Ha crandapTHOM TpeyzoabRUKE

Yacro TPEYroJbHbie 3JIEMEHTHl C KpHBOJIHHeP.leIMH rpaHui-
mamMu npen()pmylm B CTaHﬂapTHbIﬁ TPEyroJibHHK, a MOTOM HC-
NOJIL3YIOT [301apaMeTpHuecKne annpokcHMmaiuy. [IponaaocTph-
PyemM 3TOT NOAXOJ BHaualle Ha npHmepe 05[1[8[‘0 Kpunonnneﬁ-
HOTO TpeyrosibHiiKka, H3o6pakennoro ua puc. 17. IlpeoGpasosBa-
HHe (X, y)-unocKocTH B (p, g)-TVIOCKOCTh 3ajaercs (GopMyJiol

6
1= pPp, q)t, (t=x, 1), (4.44)
=
rie kBaxpariuunie Gasucusie dpynkuun pP (f=1, ..., 6) onpe-
AensioTest kA B pasa. 4.1, TOnbKo p; W pp 3aMEHEHB! HA p H g
COOTBETCTH Torna nsomapamerpiueckas —AammpoKCHMALH
NoJlyuaeTcsi 41aMOTHIHO, T, €.

[
U(p, 9= ), pPU,. (4.45)

i=1

Ecnm Mbl paceMoTpum wacTHblil cayuaii TpeyroJbHIKa C ABYMS
NpSMBIMH CTOPOHAMU M OJHOIl KpHBOJHHeiiHoi, Tak uT0 5=

={—1-;—[ 5= /"—;"— (t=x, y),T0 npeoGpasosanue (4.44) cBo-
JHTCH K
l=opg+p, (4.46a)
m=Ppq+ q, (4.46b)

rae @ =2(2l4—1) u p=2(2my—1). O6paTHOe mpeobGpa3opa-
HHE BBITVISIJIUT TAK:
Bp*+ (am —pl+ 1) p — =0, (4.474a)
g+ (Bl —am—+1)g—m=0 (4.47b)
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o4
¥ q
r=
Puc. 17.

Vnpascnenue 22. Tlokaxute, 4T0 ecau ls = my =R, TO H3
(4.47a) u (4.47b) caenyer, uto r(=1—p —g) ynoprerBopsieT
YPaBHEHHIO

4AR—1 2R—1—m ]
2 —( —m)?i=
P [ — (—mP =0 (4.470)
H, Cle/l0BaTeNbHO, KPHBOJHHEHHas cTopoHa f[(/, m)=0 3ame-
HAeTCa KpuBo# r = 0, onHcbIBaeMoil ypaBHeHHEM

) 1R =1 (1 mp =0, (4.48)

1= 2R 2R

KoTOpas okasbiBaeTcsi napaGoJon. ITokaxkure najiee, 4TO eC/aH
—1

a=—p— 1 f(l, m) onpepenena mo (4.48), to (4.40) mepexo-
auT B (4.47c) c saMenoit z na r. O6bscHHTe 5Ty CBS3b MEXLY
H30MapaMeTpHYecKoll anmpoKCHMalHed M MNpAMbLiMH METOAaMH
paboThl ¢ KPHBOJHHEHHBIMH IpaHHILAMH.

Ynpamnenue 23. Ilokaxkure, uTo BoOGuIC KpHBOJHHEHHAR
cropona r = 0 3ajaercs ypaBHeHuem
(Bl — am)*+ (a + B+ af — B9 [+ (a + P+ ap — a?) m —

— (a+p+ap) =0,

rjie o H B 3afaHbl Bhille.

Banpelqeuubte JNeMEHTbL

OfHAM H3 HeNnpUATHBIX MOMEHTOB MCHOJL30BaHHs H30Napas
METPHYECKHX KOOpAMHAT AJs paboTH ¢ KpHBOJNHEHHLIMH SJe-
MeHnTaMHn  ABJIfAeTcs caydali obpauienuss B HyJb AKoOHaHa
J(=1-3p+ aq) npeobGpasosanus, sapauHoro B (4.46a) u



h6, Kprmonu. oo (ke rpanvas 195
(4.46b). & 0v akolnal HONOKATENCH JAA BCEL P, 4, T2E4X, 510
0<<p, g v+ ¢ =1, cenn tonsko touka (L, me) asewsr & o6
qaern [, m > . cax nokasano ua puc. 18, [pa apyrax nosos-
WEHHAX TOUKM (ly, 174) B NONOKHUTEALHOM vszapzute (L m)-
IVIOCKOCTH, BKJIIOYAs W JIHHUH l=7 Hm=-—, Akobuze Aubo

pasesd Hymnio, an6o OTPHUATENEH A8 HEKOTOPBIX 3HaueHul (p, q)
(Mskopaan, 1970), u -MO3TOMY B 3THX <3aNPEIEHHEX» CAYIAAK
H3onapamerpuyeckHe KOOPAHHATH, BOOOUIE rOBODA, HEAB3A HC-
N0/b30BaTh st paboThl ¢ KPHBOJHHEHHbIME saementamu (uc-
KJIOYeHHs] W3 3TOrO0 npaBHAa NpHBoAATcA B pasjene 7.4(F)).
Tpuunna storo sakumiouaercs B TOM, YTO Pe3y/IbTATH, BHIHCASH
Hble C MOMOIIBIO H3OMapaMeTpHYECKHX KoOpAHHAT (p, g), Heas3a
nepeHecTn ofpatHo Ha ([, m)-MI0CKOCTh, MOCKOJBKY BCJAEICTBHE
obpalieniss B Hyab sIKOOHaHAa TAe-TO Ha 3J/eMeHTe o6paTHOro
npeobpa3osaniis HeT.

Bumecro vcnonbsoBanua usonapaMeTpHyecKHX KOOPAHHAT MEL
MoxeM paGurath npsimo ¢ [ H m, npumenas (4.40) n (441).
Ecnw, kak . ynpaHenuu 22, HCKPHB/EHHAs CTOPOHA OMpeNe-
asercs us (4.48) u o —(2R — 1)/2R, ypaBHenne (4.40) Gyxzer
HMETb Belll¢:TBeHHble KOPHH, €C/IH TOJIBKO

- 2
F(om Ry =(14m+ ggpey) —4m=>0. (449

Herpynno samerurs, uro npu dukcupoBaHHOM R QyHKUHA
F(l,m; R) ie umeer makcuMyma MM MHHHMyMa BHYTPH SJe-
MeHTa Wiu rae-nu6o Ha ([, m)-nnockoctH. CiaefoBaresbHO, HaH~
Menpliee suauenne F([,m;R) pocruraerca Ha rpaHHue Sje-
MeHTa npn ncex 3Hauenusx R. B camom jmene, H3 (4.48) cie-

n

(R.R)

>/ S e
Puc. 18, Puc. 19,
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AYeT, uTo
4R — 1)\2
E(l, m; R)= *,RTZ) =0

aas Bcex R Ha KpHBOJMHEIiHOi CTOpOHe, H, KOHEUHO, F Bcerna
[0JI0KHTEIbHO Ha cTopoHax [=0 n m=0 B cuay (4.49). Ta-
KnM o6pasoM, ycaosue (4.49) BHIIOMHSIETCS MV BCEX R u nas
Bcex Touek (/, m) anemeHTa.

Ilpu nCMONL3OBaHHH B 3TOM IpHMepe H3omapaMeTpHYECKHX
koopanHaT 3Havenns R B obaactn 0 < R < wHCnoJb30BaTh
sanpemiaercs. Mozker nokasaTbes, 4YTO MpH  HCIOJb30BAHHA
(4.40) TaxkuX OrpaHHueHHIT HeT. Opnako ¢ MOMOIIBIO MPOCTHIX
reomerpﬂl:ecxnx paccMOTpeHHil MOXKHO MoKa3aTb, YTO MpH
0<R< 7 KpHBOJIHHEHHasl rpaHHIla NepeceKkaer ocH ln m B TO"

uKax MEXAy HauajoM KOODAHHAT H eAMHHYHLIMH TOYKAaMH ocel
(cm. puc. 19).

¥npascrernue 24. Insa 0 < R < % HafiluTe TOUKH Iepeceyes
HHsl KPHBOJMHEHHO# CTOPOHB C OCAMH [ W m Meniay HayaloM
KOOPIAHHAT H €AMHHYHBIMH TOYKAMH H NMOKayKHTe, ur0 MNpH R—*%
9TH TOYUKH CTPEMATCS K eAHHHYHBIM TOUKAaM Ha COOTBETCTBYIO=
LIHX OCAX.

Ynpascrenue 25. Tlokamure, uTo KBajpaThoe ypaBHEHHE
(4.40) nMeer BewrecTBeHHBIE KOpDHH MpH JIOOLIX #HAYEHHAX o,
KOTIa TOUKa (/,m) JNEKHT HAa Tpanuile TPeyroJnilika ¢ JABYMS
MpAMBLIMH CTOPOHAMH M OJHOH KpPHBOJHMHEHHOI CTOPOHOIL.

Ky6u'tecna;z annpoxcumayun Ha CT{IH()(I[)TH()M rpeyeoabHUKe

O " .
nonugg;s:almo Olpe/leNIeHHbI KyGHuecK il HiTepiiosHORHbI
a 1miockocty (p, 7) MOXKeT ObITh 3alHCaH Kak

10

Ul(p, g) = E pRu, (4.50)

rie G6asucuele GyHKimn p(ja) =1t

:gl;ban\?e‘rﬁ""(‘rsé‘)-?onip8Me’rpnllecr(ylo anmpoKCHMALNIO, CCAH He-
(x,y) (nam '([ nz)J; Z onpeneseHns TOUEUHOro npeobpasoBanig
(cu. pic. 20) S (p, q) 3amenoit U na x u y (wm [ 1 m)
il (ronoi 4CTHOM CJyude TPeyrosibHHKa C ABYMS Tpf-

! ponamu, y koroporo Ps, P; n Py, Pg— TOuKH TpHCEKs

., 10) onucanui B pasu 4.1,
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g
n 2
n5
ﬂG
= N B
n 7 nlO
P

Puc. 20.

Ui cropon PoPy u PyP; COOTBETCTBEHHO, MBI MoAyZaeM ¢op=
MyJIBI

b=p+5 pa (6l — Ly~ Iy — 1) + 2 5 (4 — 2ho) +
1
+Z pgt(ts— 2 t5), @30

Q
m=q+ 5 pq (6mg— my—ms— 1)+
927 1 21 o -
S (m.i — 2myo+ -5) +-5 Pq (ms — 2m),

rae Pj=(l, m) (j=4,5)— toukn Ha KPHBOMHHEHHON CTO"
poue, a (li, 111,0)— BHyTpn Tpeyroabhnka. M3 (4.51) cuenyer,
uto npeobpasoBanuas KpuBas, NPOXOAALIAs Ueped O SR
P5 n Pj, oxasmiBaercst Kybuueckoti. .

1 =
Ynpascrenue 26. Tlokaxure, uro ecan =Il+3 H M=

: <
=Mms; — -, T0 KyGHYecKas KpHuBasi BBIPOXKAAETCH B i
HYl0  mapaGoisy, NpPOXOAANLYIO uepes TOUKH (1,0), 2(14,m1r)6
(Is,ms) u (0,1). Ecan k Tomy e ly=20o H Ms= 2o

AoKaXure, 4to (opmyas npeoGpasoBaHus (4.61) comaTea K
1
1=p+9 (o —5) P4
1
m=q-+9 (mlo—g)!"l

H UTO ypaBHeHHe KPHBOW a3 ynpawmenus 23 npH 4ly=9lp—1
u 4my=9myo— 1 3agaer mapaGony AaHHOIO ynpamueHus,
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B cratbe Makneoga u Mnruenna (1975) nocrpoensl mpH=
Mepbl pasHOOOPA3HBIX KPHBOJIHHEIHBLIX CTOPOH H MOJIYHdEHB! CO-
oTBeTCTBYlomMe ayrn napaGosi. Bo Beex npumepax Gbuio oGHa-
pyKeHo, 4To mapaGosbsl GAM3KH K NepBOHAYalbHLIM KPHBHIM.
BaXXHO MOAYEPKHYThb TO, YTO H3OMapaMeTpPHYECKHe 3JeMeHTH
BoOGIe upe3BHIUAiHO UYBCTBHTENBbHE K nedopMalHi OCHOBHOH
TPeyroJabHON (HOpMBbL.

(C) Y ETHLIPEXYTOJNbHHK C OMHOM KPHBOJIMHEMHOF CTOPOHOM

B pasn. 4.3 nns GMKBaZpaTHYHON ANNPOKCHMAI[HH Ha YeThl-
pexyronibHuKe Gbina nana dopmynaa (4.30). B uwacrom cayyae
UeTHIPEXYTOJNbHHKA C TpeMsi MpsIMBIMH M OJHONH KPHBOJHHEHHOH
cropoHaMu (puc. 21), B kotopom Pg, P; u Pg— cepeluHbl npss
MbIX cTopoH PyP;, P3Py u P4P, coorBercTBeHHO, ()OPMYJIBI TO-
yeyHoro npeo6pasoBanus, coorsercrByioune (4.30), cBomsTes K

I=p+(— 1 — L+ 415) pg + (@1 — 45 p'a,

m=q-+ (—3 — m, + 4ms) pg + (2 + 2m, — 4} 5°%q (462

Il H30NlapaMeTpHUYECKON anmpoOKCHMALHH, Iie
1
1= E(Tm -+ N2sx — Ezay),
1
m= Cor (Tas + Masx — Ea0Y).

Koopnunary g MoxHo nekamiounts us {4.52) 0 nosvinTh

TP+ [Z —Tl+Ym) p?+[1 + Xm — Zl] p — | =0.

Kpusas ¢ =1 aanaercs ypasnennem

[TI=Y (1 —m)PP+ (T + XT — YZ)[Zl + (1 -+ X) (1 — m)] =0.
(4.53)

Bnecr X =—1—10 +4ls, Y=200,—4l5, Z——8— my -+ 4msn
I'= 2+ 2mi—4ms. dra Kpusas, Koneuno, — napaboaa. Cie-
JAOBATENIbHO, eCH HCMOJIL3YIOTCS H3onapaMeTpHuecKie KOOpAH-
HATBl, KaK Onpejiesieno GopMysaaMu toueunoro npeoGpasoBanns,
coorBercTBylomnmMnu (4.30), kpusoauneiinas cropora 3ameHsercs
dyeol napabonsl, ypaswenuem xoropori seasercs (4.53).

Ynpaoerenue 27. J\nsi cayuas ueThipexyrosbHika ¢ ORHOMN
KPHBOJINHEHHOH CTODOHOW M € JNONOJHHTEJBLHBIMH y3JaMH B TOU-
Kax TPHCEKIHH BCeX NPAMBEIX CTOpoH (puc. 22) MOKaxuTe, 4TO
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y
P
y 2
4
y)
° A
P
1
% ) A
7 P
a
X X
Pue. 21, Puc. 22.

:c4HOr0 NpeobpasoBanHs CBOAATCA K
: 2
i —ls+2l— 3)pq—
— (L — 45+ 5l¢) p’g -+ (1 — 315+ 8l9) pq)s
e 212 m g 2m ) gy
— (1, — 4my + 5mg — 2) p2q + (my — 3ms + 3ms — 1) ).

3arteM mokaiiTe, uTO H3OMAPaMeTpHuECKAs KOOpAMHATA § MO-
Her GHITh 1ioxilouena, uToGbl MOMYMHTb ypaBHeHHe HeTBepToil
CTeNeNH mno 7, yro KpuBas ¢ = | —yerTBepToro nopsjKa rno l

Hm, a KpHenie nocTosiHHBIX p— npsiMble JIHHHH.

(D) TETY. A5/1F ¢ KPMBONMHERHBIMM TPAHSMKA

Paccvorpim Terpasmp ¢ uerbipbMsi KpHBOJNHHEHHBIMH rpa-
HAMH, y KOTOPOro Ha KaX»{A0M H3 LIecTH HCKPHBJIEHHBIX pebep
B3AT OMMI mpoMeskyTounbii ysea (c. puc. 23(a)). Cranpapr-
Hblii - Terpaspap B (p, g, r)-NpoCTpaHCTBE MOMKHO 0T006pasuTh
B (¥, y, 2)-NPOCTPAHCTBO TaK, TO €ro BeplINHbl H MPOMEXyTOou-
Hble y3Jabl nepeiigyr B COOTBETCTRYIONINE BEPLIHHbI H y3Jbl MpO-
H3BOJILIOTO Hanepej 3aaHHoro HCKPHBJEHHOr0 TeTpasupa. 310
OCYIIECTBJSIETCS] ¢ TIOMOIIBIO TOUEYHOro NpeobpasoBaHHs

1=p@2p—1)t,+q@2g—1)to+r@r —)tz+5s@2s— Dts+
~+ 4psts + dpgty + Aqsts + 4rgly + 4prin 4 4rsty,  (4.54)

e p+qg-+r-+s=1, t =x, y, z. lna nzonapaMerpHiecKoro
sJeMenTa HHTepnoJHpylouas (yHKUHs TaKxe 3ajaercs B BiJe
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/
X
Puc. 23.

(4.54) c sameno# ¢ Ha U. Tak kak GOJBIIHHCTRO OrpaHHYeH-
HBIX 0o0JacTeii B TPEXMEPHOM MPOCTPAHCTBE MOZKHO HPHOIHKEH:
HO pa3GuTh ') Ha TeTpasapasibHBIE 3JEMEHTHl Jilfo € YeTHpbMA
TUIOCKAMH TPaHsMH, JHOO C OZHOH HCKPHBJIGHHOH 1i TPEMs TJO-
CKHMH TpPaHsMH, Mbl OCTAHOBHMCSI Ha [OCJeJlHeM TeTpasfape.
Ecan nnockue rpaun PiP5P, PiP{Pi m P{P3Pi jic<ar B TJIOCKO=

ctaXx =0, m=0 uw n=0 cooTBeTCTBEHH:, 4 BEepPIIHHBI
Pi, P3, Pina ocsax coorsercryior [ =1, m=1, n =1, To Mbl
npuxomum K puc. 23(b), rme P§, P§ u P; — cepenniibl COOTBET-
CTBYIOIIUX NpAMbIX peGep, a Pi= (R, Ry, 0), F5==(0, Rz, R»)

H Plo=(R3 0, Rs). Temeps us (4.54) noayuaen (hopMmyJsibl TO-
4eyHoro npeo6pa3oBaHus
I=p+2(2R — 1) pg + 2(2P; — 1) pr,
m=q+2(2R, — 1) pg+ 2(2R, — 1) qr, (4.55)
n=r~+2(2R;— 1) pr+2 (2R, — 1) qr.
C mnomotipio FPOMO3JAKHX BBIKJNALAOK MOXKHO [OKa3aTb, 4YTO NO-

6EpXHOCTo l—p—qg—r =0 okassigaercs mHozouIeHOM HeT-
seprod creneru no [, m u n.

(E) LIECTMIPAHHHK C KPHBOJIMHEAHBIMM I'PAHSAMI

Orpauulrelma_ﬂ obaacte B TPEXMEpHOM MPOCTPAHCTBE, HMel0-
ulas KpHBOJHHEHHYIO rpaHHily, MoXKer GbiTh pasGuTa Ha KOHeds
HOE€ HYHCJIO LIECTHIDAHHBIX 3JIEMEHTOB C KPHBOJHHEHLIMH rpas
Hamu. TouedHpe npeo6pasoBanHHs, OCHOBAHHLIE Ha H30TIapaMers

!) Tpu Taxom pasGuenuu kyckm rpamuisi o6aacTii AYGARPYIOTCH HpHMbls
KAIOWHMH K TPauile TPAaHAMH 9/JeMeHTOB HanoAo6He TOro, Kak 3TO MPOHCXOs
AT B anejibCcHHe.
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piieckux annpokcumatunax tuna (4.35) u (4.36), Moo #c-
HOJL30BATL VIS NEPEXofa 0T MPOHIBOABHOIO WECTATpZRKNKZ
einnnunomy KyGy B (p, g, r)-npocrpatctee. B npeobpazoezsnson
NpoCTpaHCTBE BLIYHC/ICHHS TOrAA BHINOJHAITCA 00bi9HEy 06pa-
soM. K coxasienuio, (opmyibl npeo6pa3oBanns, COOTBETCTBYIO-
mie (4.35) n (4.36), crosib CJAOKHEL, YTO H3 HHX HEBOZMOMHO
NONYYHTh XOTh KakHe-TO MpeACTaBieHns o (opMme KpHBOAHHEH-
HOif TOBePXHOCTH, MOPOZKAAEMOil TOYEUHBIMH NpeobpasoBarnaAM .
EnnucrBennbiM yrelmenuem cyKHT TO, 4TO 5TO MOXKHO CAETats,
€CJIH MPOBECTH MOBEPXHOCTH Yepe3 60JblIoe YHCIO TOYEK, Jexa-
LHX HA NMepBOHAYaJbHONH KPHBOJHHEHHON MOBEPXHOCTH.

3anmevanue. Vimeercs 6onbuasi moTpeGHOCTb B Ga3HCHHIX
(YHKUMSAX, KOTOPbIE TOYHO BOCTIPOH3BOAAT KOHKPETHEIE KPHBOJH-
HellHble CTOPOHBI M MOBEPXHOCTH B [ABYMEPHOM H TPEXMepHOM
NpOCTpaHCTBAX COOTBETCTBEHHO. DTO 0COOEHHO BaXKHO B 3ajadax
JHHAMHKH HEBA3KOH MKHAKOCTH, Tle «MNOMAENKa» rpasHUEl Noj-
HOCTBIO H3MendeT MoBejeHHe CKOPOCTH BOJH3H rpanmiubl. Xord
H30MapaMeTpHuecKHii NOAXOML sIBJseTcs yJyulleHHeM M0 CpaBHe-
HIIO € 3aMeliofi KPUBBIX JHHHA H NOBEpXHOCTell MPAMBIMH JH-
HHSMH M NJIOCKOCTSIMH COOTBETCTBEHHO, OH BCE XK€ OCHOBaH Ha
TOYeUHbIX fpeoGpasoBaHHsAX H MO3TOMY AAET TOJBKO ANMPOKCH-
Malumio MCXOJNBIX KPHBHIX H noBepxHocreil. [IpexapuTenbHbE
PesyJibTaThi, OCHOBaHHble Ha TEOMETPHYECKHX pAacCMOTPEHHAX
A8 HAXONC/Eilsl TOYHBIX GAsHCHBIX (DYHKUHIl KPHBOJHHEHHBIX
S71eMenToB, ti03HO HaiiTH y Yaucnpecca (1975), Makimeona
(1977), Maxseona n Muruenna (1972) u Bapuxunna n peropi
(1976a) u (1976b).




I NABA 5

CXONMMOCTh
ATNNPOKCHMAUMH

5.1. Bsenesue

B ra. 3 6570 AaHO onpenedenie annpoxcumanui I'anepkiia,
Builo MOKAa3aHO, YTO Takas annpokcimaims U ypoB/eTBOPAET
VPaBHEHHIO
a(U, V)=(f, V) (aas Bcex V = Ky), 6.0

rae Ky ects N-MepHOe MOAMPOCTPAHCTBO mnpocTpaHcTBa AOMY=
cTEMBIX GyHKUHE 8. Ecu npeanosoxKuTh, uTO HHTErpajsl Bbl-
YHCASIOTCS TOYHO, TO aHAJIM3 OWMOOK Ui KycouHo-rJafKHX al-
NpoKcHMaluii BHAA

N
U= 3 e ()

CBOLHTCA K ABYM OCHOBHBIM MOMEHTaM:

(1) IlokasaTenbCTBY TOro, 4TO AamMpOKCHMalivil SBJSAETCH
HaHayylled HJH NMOYTH Hauiaydwed. B pasg. 3.5 Griio noxaaaHoJ
YTO anmpokcHMauus Puria Oyger Hauayulled B hepreTHYECKOH
HOpMe, T. €.

la—Uly= inf fu—il, (65.2)
a=Ky

B ofutem xe cayyae ygaercs mokasaTh Jullp TO, 710 aMMpPOKCH-
mauns [anepkuna ABJIAETCA nouTu Hauaywwed B 11eKOTOPOH €O~
Goaeackoli Hopse ') : 3T0 03HauaeT, YTO

le—Ull, g <C inf [u-=ill, » (6.3)
t=Ky

np# HexoTophix r, C > 02).

(2) Ouenxe Bepxueii rpanmupt mpasoi uactu (5.3) B TOM
CrelHaAbHOM ciyuae, Korja sJiement i & Ky wnrepnonupyer pe-
mieine. Ecam Ky ectb npoctpancrso KomeunosseMenTHbIX afl-
npoxcuMainit, 10 00bHO cymectsyior uesoe k= k(Ky) # 1o~
croan#aa C= C(Ky), takue, uro ommubka HuTeprnossiugn orpa»

') Onpenencuye npoctpancts u nopm CoGonepa pactea wa crp. 114,
) B srofi raane aepes € ofosnavaetca nonoMHTCAbIAS OCTOANINAS, CBOA
S KAMAOTO KOHKDPETHOTO Cay4an,



L g
ORI [P Tr T

W 14
5. 4 s 54
Mo = Gilly. oo ORI R ulinr, g Grm=0, 500080 S
P ey AoeioATRRTE 99 PE
pW yenonsun, uro wes My " " (R), Ecnn npeinososste, W50 pe
WEHHE u ypopnersopaer COOTHOMIERAIO

a(u, v)y="_(f,v) (naz eeex ve= k)

Lot
I ABJISIeTCA aeMentoM coBO/IEBCKOTO NPOCTPZHCTES ??;z nr{?—'
Uepasencrpa (5.3) u (54) moryr OHTb oOBelHHERE f‘f-?n i
UCHHS OLenKy nopsijaka CXOAUMOCTH anupoKCHMzIUiH [ 2aepKds

DK cTpemiienun A K HyJiO.

I’i)cnu,l KaK 310 Oﬁbl‘{H); UMeeT MeCTO, HHTErpasl nony‘l":gzz
QHCJEHHO no HekoTOpo# KBagpaTypHO# (opsyde, TO x;p(s-”
HKeHHOe pellcnne He ompemessiercs GoJee cooTHowerHey (9.1),
a onpenesiercs ero MpHOMUIKEHHBIM aHAJIOTOM

@, (Uy, VY=(f, V), (nns Bcex V EKy). (5.5)

Ka
Tlpn stom oxaspipaeTcs BO3MOMHBIM MOJYHHT OIEHKY n:p:e,%a-
cXomumoctn ¢ nomowsio (5.3) u (5.4), ecan crpaBelHB

BEHCTBO .
U —Upllr. g <Ch

MpH HekoT(om s > 0. Annpokcumanns rpaHHub TaK)Kel“P“B:l;
HHT K Hew o opoMy u3MeHeHHIO ypaBHenmi cueremst (5.1), l;"_
H HCNOJNIL5G1 2HHe HecorsiacOBAHHBIX 3/1EMEHTOB, T. €. Hexomyc g
MBIX yuiiii Uy ¢& 58, Tlostomy fCHO, 4TO aHaIH3 B:“p(o&'fg)'
opoXKaeyi ix  nmpHGIHIKEHHHIM XapaKTepoM  CHCTeM 7 -
HMeeT GoJiniiioe 3Hayenie NPH NPAKTUYECKOM HCNOJb30BAHH
TOAA KOHEiILiX 3/1eMeHTOB.

0603H(1‘IC’HIUI U 8800HbIE 3aMCUARHUS

YR
Bunnueiinas dopma a nasvisaercs 3.|.mnru-mouel u85§
OCJIH cyulecTyer Takas nocrosunas y > 0, 4To 475 Bee

a(u, u) = yllelf.

[o awanornu ¢ ru. 1 wasosem ee orp:unmemlou:v g;;! cyne-
CTBYeT Takasi nocrosunas o > 0, uto 18 BCeX u, ¢

la(u, ) [<allellvl

- a-
Bosbumunerso  ouenox norpeityHocreit B ?roﬁ r.'x\ase“:nh;ge_
¥Kaercst B repmunax coGosieBcKHX HopM. Takas HopMa oup
JACTCH Kak
LRI
Nl = & NPl

—_—

HONITL, A,
') Huorpa FOBOPAT, YTO OHA KOIPWITHBHA 1K NOAOKRUTSALEO Qupeieas
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rie B ﬂpaBOﬁ HAaCTH HCIIOJb30BaHbl BBEAEHHbIE paHee MYJbTH+
HHIEKCHbIE o6o3Hauenus. [lose3HbIM OKasbIBaeTcs TakKiKe MOHA-
THE€ MNOJYHODPMEI, onpenenﬂemoﬁ NPOHU3BOJAHLIMH TOJILKO OJHOr0

nopsaKa:
L i e
'”li,k_l ”Z=k"D”’r."hrm-

Tpocrpancreo Cobomesa 565" (R) coctont 3 Beex Tex (yHKIHH,
AJ% KOTOPLIX COOTBETCTBYIOI[asi COGOJIEBCKasi HOpMa KOHEYHa.
Uepes (u,v) Oymer o60osnayatbca (ecJH He OrOBOPEHO HHUErO
ApPYroro) CkaJspHOe mnpousBeneHHe (yHKUME u(x) ©H v(X) B
cMBicyie npocTpaHcTBa Fa(R):

(u, v)= SS u (X) v (X) dx,
R

k P
ﬂtfofcraemtoe K 65"(R) mpoctpaHcTBO 0GO3nauaercsi 4epes
#5 " (R), a COOTBETCTBYIOLIAsl €My HOpMa HMMEeT BHI

| F (u) |
IFI_, ,— su { _}
RRT :70‘2% o LT,

(=R}

B paspene 5.4 (B), rae anemenr F = J65 © {R}) Gymer onpe-
IeneH Ijs HeKoToporo v & 65 (R) xax

F (@)= (u, v) (npn scex ue= Y (R)),
MOKHO MOJIOXKHTB, He BHOCA JABYCMBICJAEHHOCTH § 0603HAUCHHT,

| (1, v) | }

lol_y = sup { Tull, o §°

ue 96 )
ok
Ynpasenenue 1. Doxaxure, ato aas aio6oro u < 645" (R)
el o SN etlly, .

B cnepyiomux nepasencrsax oGoanauaempie tuepes C 10
CTOSHHbIE MOryT 3aBHceTb OT objacrn R u or NpocrpaHcTsa
J6 AONYCTUMBIX (GYHKUMI, HO He GyayT 3aBicerTh OT CAMHX pacs
cmarpnBaeMbix (ynxunit, Ilpeanosaraercs, urto R spjasercs oT-
KpPBITOH OrpaHuyeHHoli 06/1acTbio ¢ raagkoil (Han KycouHO-Tiafs
Koii) rpannneii dR, uto R = R |JAR u, ecan e oroBopeHo npos
ruroe, R < R% Ins pocratouno raaaxix (yHKIHl, NpHHaLies
JKaLLHX, CKaxeMm, npocrpaHersy C*(R), unorna OyJeT HCHOJbL30s
BATbCA MAKCUMYM-HOpMA

llall, == max §|Dull, &
(k) K 1 lik{l .zwlkj}
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BMECTE C COOTBETCTBYIOLIEH MoNyHOPMOH
{4
|u|,-=max {|D'ul, =t
(k)R lll—k{ !m(R)}

o
Hns m060ro £ > 0 onpenenum NpocTPaHCTBO 5 (R):

2 (R) — 1 - ®) Py e 08 _ 0w
62" (R) —{u. ue ;" (R), u= o — e i =0 Ha 0R}

H aHAJIOrHYHO JJIs Ji000r0 KOHeYHOMEPHOro MNOANPOCTPAHCTB
k 3
Ky = 265 (R) onpenenum

Kv=Ku n F (R);

uepes Ky o6osnauaercs gonossenne Kk Ky B Ky. Hanpumep, xas
Jo6oro mnopnpocrpancrsa Ky Koneunsix 3jementoB Ky Gyner
MOANPOCTpaHCTBOM, 006pa30BaHHBIM TOJMBKO TeMH GasHCHBIMH
GYHRUHAME, KOTOpBIE COOTBETCTBYIOT FpaHHYHBIM y3/iaM, T. €.
00pamaioTes 5 HyJb BO BCeX BHYTPEHHHX yaax.

Ins kpar<ocTH H3NOIKeHHS pa3nHUHbE AONOJHNTENbHEIE OF-
panuueHus ua o6iaacts R npu (GopMyaHPOBKe CleyOUnX JeMM
Oynyr onyuwienn. Dt OrpaHHYEHHS] He SBJSIOTCS 0COGEHHO 00-
PEMEHNTe L LM 1 OGBIYHO BHIMOJHEHbl, €C/H rpaHnna Oyaer
focraTouno ajKoli MeXay yraoBbiMu ToukamH. Hurepecyio-

HWHACH YHTaTe/h MOMKET o6paTHThesl K JiHTEparype, Ha KOTOpYio
B KaXJOM Cfyyae HMeIOTCS AeTasibHble ccblaky. [Ipexmonaraert-
€d, B yacTHocri, yro semma CoGonesa (cw., Hanprmep, ATMOH,
1965, crp. wian Mocuna, 1965, crp. 242) npumenuMa K obaa-

ctu R < P, 1. e, uro npu k> r 4 m/2

el @ << Cllal, g

Jlemma 5.1. ITpu scex u = 9’2’-‘.,”(1{’)
llly, g <<Clel, g

Ecan A (>0) ecth MHHHMAanbHOE coOGCTBEHHOE 3HAYEHHE A
3ajaui, onpejensiemoit judepentuansupv oneparopom Jlam-
Jlaca 1 OJHOPOAHBLIMH TPaHHYHLIMH YyCaOBHAMH JIHpHXJe, TO
C=1/r (Kypaur n T'nan6epr, 1953, erp. 386—392). s nem-

o
1
mul 5.1 caenpyer, uto mns P AN (R) semmunubt .y, & ® |.|1, & OY-
AYT 3KBHBaJeHTHLIMH HOpMamit. Jlemma 5.1 sBAseTCs YaCTHHIM
ciuyyaem GoJiee 0GLLHX Pe3yJIbTATOB:

Jlemma 5.2 (O63n, 1972, crp. 173).

Nelly, g <<Clul, o (022 scex ues 3%%'” (R)).
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Jlemma 5.3 (Heuac, 1967, crp. 18).
(k)

llulﬁhkéc{luli.k-{- Z lSSD'udxlz} (nas Beex u =8P (R)):
i<t

Teopema 5.1 (memva Bpam6na — I'minGepra; DBpamba #
uns6epr, 1970; Cesapae u Paspap, 1972a). [Tycro saement
Fe 5 " (R) raxos, wro F(p)=0 dan ecex p < Py Toezda
cywecrayer raxkas nocroankan C = C(R), uro

| F@I<CIFI_y_y |l z (025 206020 u= 65+ (R)):

JlokasareavcTéo. MoxkHO nNOKasath (ympaxHenue 2), 4TO
41 E
s aoboro u = Byt "(R) cymecTByer TaKoii NOJHHOM p =
= p(u)E Py, uto

({0t pax=0 (i1<n.
R

TpuMensis Teneps JemMmy 5.3, moayuuM
et Pl g SClu+ploy g =Cluli,, 4
Torna B cuaty nuHeiHOCTH (DyHKUHOHAAa F
F(uw)=F (u+ p)

U mocae o06beIMHEHHs BCeX STHX PesyJbTaTos Oy.1eM HMETh
| F@ISNFI_ oy gt pllys e SCNFI, -y ol ]y o
Yn/‘)l‘zzﬁc)ueuue 2. lokaxute MHAyKuHei no k&, «io ijas Jio6oro
uE b (R) cymecrsyer Takoii noannom p == piu)e Py, ut0

{§ D@t pax=ociii<n.
R

Haie Bcero nemma BpamGia — Inan6epra nenosnayercs as
MOJIyuennsl oueHok aas Gunnneiinubix (opm. Hanpumep, mycrs 76
€CTh IHIL0EPTOBO NMPoCTpancTBO M F — orpannicnnas Guanneii-

Has ‘]’Opnig aprymeHTaMu u3 %"‘f‘“'(R) n 4, 1. e. Fe
= Z (62" (R) X 2; R). Torna ecan

F(u, v)=0

AnA BCeX UE I upn ue P, u pynkunonan Fi<= 65V (R)
onpejesel VIl HEKOTOporo v & # B Bue

Fi(w)=F(u,v) (nasn scex ues 5 " (R)),
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T0 iemma Bpam6ia — Inib6epra NPHBOAMT K ONeHKe
[ Fi@) ISCIFZ =y, gl @y, pe

B pasn. 1.2 (ympaxnenue 13) nmokasaHo, To VIS TaKOro (yHK-
LHOHAJIa
I NI 2 g,

1 o6belHHeHne JBYX THX Pe3yJbTaTOB NPHBOAHT K HepaBeHCTBY
[ F (u, 0) |<<CIF I 0llgg) Iy 1, ge (5.6)
Ynpascrenue 3. Vicnonbays Jemmy 5.3, 10Ka3aTh, YTO €CaH

Fe 2 (5" (R) X 265+ (R); R) Takoi, uro

L-+1)
Flw, v)=0 s Beex u e ¥V (R), eciu v E Py
u, v) =
]
nas eex v e 265" (R), ecnn u E Py,
TO
[F (u, v) ISCNF &1, R1 0 e, &-
Pezyasiprs: - npeobpagosanus
O6biuno €4 2icHble (YHKIHH ONpefensioTes Ha CTaHAaPTHOM
snemente T iOTOPHIT MOXET ObITh eAHHHYHbLIM KBaApaTOM HJH
NPSMOYroOJILIif 11 TPEYrOJNbHHKOM € €AHHHYHBIMH KaTeTamH, a
3aTtemM BBOJIITC 1 TOYeuHoe npeoGpasoBanie ANs NOCTpPOeHHs 6a-
SHCHBIX (hyiii i ma nponaBosbHOM 3aemente T (cp. ¢ ri. 4).
TTostoMy ecteciBeHHO mosydaTh OUEHKH MOrpeliHocTell Ha CTaH-

JIaPTHOM 3J1CAMejiTe, eclll TOJbKO OHH A0MycKalor obobuieHne Ha
NPOU3BOJILHLIC 9JEMEHTDI.

B cayuac kpuBOsMHENHBIX 3JEMEHTOB TaKoe TOYEUHOEe Tpe-
o6pagoBaniic 0OLIMHO pasGlBaeTcs Ha JBa STana myTeM BBeJe-
HHSI IPOMEIKYTOMNOro sJeMeHta 77, DTOT NPOMEXKYTOUHbIH 3Je-
MENT HMeeT Te yKe BepLIHHbI, UTO 1 KPHBOJHHENHbli snement T,
HO CTOpOHLI ero yike npsimoanneiinst. IToatomy To oToGpazaercs
Ha T" nuneiinbiv npeo6pasosaniem I = Fo(p), rakum, uto

=13+ (ty —ts) pF+(ta—13) g (t=1,m),

e p=(p,g)=Ty n 1 = (I,m)esT'. Torpa orobpaxerne i
Ha KpHBOJHHEl bl saemMent T MOXKHO paccMaTpuBaTh Kak Hedi-
HeiiHoe Boamywienne Jnneitnoro npeoGpasopanns. Ecmn X =
= (x,y) T, To noanoe npeoGpasqBanne 3anHuUIeTcs] B BHJIE

x=F (p) =F, (p) + F: (p),

rae Fy ecth anneiinoe npeoGpasopanne, a Fy— HeauHeiinii no-
npaBounblii ujen. Bee paccMorpennbie B rii. 4 KpHBOJMHENHbIE
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3/MeMeHTH MOTYT GbITh MPEACTaBJeHbl TakHM oOpasoM. 3ame:
THM, 4TO NOCTPOEHue HEKOTOPLIX 3JeMeHTOoB B pasi. 4.6 mposo-
JAJOCh € TMOMOWIBIO APYroH MOcJeN0BaTeJbHOCTH Hpeo6pasosa: -
Hitif, B KOTOPO# NPOMEXYTOUHBIH aeMenT T’ HMeJ KpHBOJHHEN:
Hble CTOPOHBI H T€ K€ BepIUHHBI, YTO H CTAHAAPTHLIH TPEyrofb:
HHK To.

Yro6bl HepaBencTBa BuAa (5.6) MoxHO GblI0 HCMOJMbL30BATH
Ji5i TIOJIYYEHHA OLEHOK NOPSAKA CXOLHMOCTH KOHKPETHBIX KOHeY-
HO3JIEMEHTHbIX aNNpPOKCHMalHii, 4acTo GbiBaeT HeOOGXOAMMO OTO-
6pasuts 765 (To) wa 65 (T) w obparuts 510 oTOOpaseHHe, [10s
aroMy Mol Gynem cuyumtaTh oTOGpakenine F HacToJbKO ragKkhM,
uro6s u3 v = 65 (T), cienosano 6ui, uto voFe=z6Y (To), TAE
caozerbtd (MaH cocragrotl) omepatop v e F onpenened Kak

(veF)(p)=u (F (p)) (mnsn Beex p & Ty).

Jlns ynpoulenusi 0603HaueHHH Mbl 4acTo OyjieM 1rcaTh U BMECTO

voF u B cayuae ueobxogumoctd v(p) uam, wuanpumep, v(x),
yTOObl HCKJIOUHTH BO3MOXKHYIO AByCMbicJeniccib, [Ipeamnoso-
XKHM TaKxe, uTo o6paTHOe mpeoGpasoBauue F—! HacTOJIbKO
rnangko, uto mpu o (p) = 265" (To) BHInOAHAcTCA — BRJIOYEHHE
v (x) = 7657 (T).

Yenosue 5.1 (yenosue peryaspuoctn). Leau v d65 (T) 4
Quamerp ') azemenra T ecto h, 10 cywjecrsyior Takue NOCTOAH:
.xote Cy, Cy u Cy, uto ‘

Lol 7, <Ci{inf J()}""Alol, (5.7a)
PET:
o)., >Cof supl @)} 1 |01, (5.7b)
PET
H
1 sup J/ (p)
0 e _Co < { W} < C{,. (5.70)

2de I obosnauaer axoGuan npeobpazosanusn x = F(p).

3aMeTHM, uTO 3TO yc/AOBIE NMPEANONAracT MNOJOIKHTENLHOCTh
sko6Hana 1ist Beex pe To. B ra. 4 Gbuio nokasamno, 4T AKOs
GHal BCer/ia NMONIOXKUTEJeH, ecJH OTCYTCTBYIOT TAK HA3LIBAGMbIE
3anpelleHHble 3/eMeHTHI.

') Iuamerpom TpeyronsHOro sneMeiTa sBJSETCS AJMMHA ero HanGoJbirel
CTOPOMLY, AHGMETPOM YeTBIPeXYroJbHOrO 3/EMEHTA FBJACTCH JJIMHA ero Hai
Gosbuicit AuarouaJ.
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Ecin Bee cBomuTcs Kk suHeiiHOMy npeo6pasoBaHHI0 X = -
= Fo(p), To axo6Guan Gyser KOHCTAHTON H

ox ox Lu g
Jo—=det] % 9 |_det| 1 2 |

. o |

ap 9q X3 Y

H 103TOMy ouenka (5.7¢) craHOBHTCA TPHBHAJIbHOM. b
Yeaoue perynsprocty BHIMOJNHAETCA A5 ONPEleNeHHBIX
JIHHEHHBIX npeobpa3oBannii BHaa

x=Fo(p) + Fi(p),

rne Fy ectn «manoe» Bosmymienne (cM. ynpaxkHerHd 9 H 1;?&.
Ecan Bosmymaroumii unen yIOBJIETBOPSIET HEKOTOPBIM YCJOBHAM,
TO MOZKHO OKa3aTh, 4TO ﬂKOGHaH HMeEeT BHI

I(p)=Jo+1:(p),

TLe Besnuunna J; TakyKe «Mala», H M03TOMY BHINOJHSAETCS yC/A0-
Bie 5.1 (Chapiiec u Pasbap, 1972; Snaman, 1974).

Ynpascrenie 4. Lokaure, uro H3 (5.7b) cmemyer, uTO €cJH
h<1, 1o

=12
-‘v”,.n>C||U”,,7/l’{I’Sg};-’(l’)} .

Ynpascrerue 5. Nokanute, uro gas moboro v e La(T)
[l “y (To) <{ SLI};_) i (P))”?” 4 ”g, Ty
pe

Coueranic nemmb Bpam6aa — CunbGepra ¢ ycjoBiHeM pery-
JAPHOCTH  TpHMEHseTesl TJaaBHbIM 00pa3oM (HO HE HCKJIOUH-
TEJbHO) I OLleHKH NOrpelyocTi nurepnoasuun. Croab XKe
YCNEUIHO 3TO cOYeTaHHe MOMKHO HCHOJb30BATh A5 OUEHKH OUIH-
GOK, BO3HHKAIOWNX B peaynbTaTe npHMeHenns YHCACHHbIX KBaA-
PaTyp, OCHOBAHHBLIX Ha KOHEUHO3JIEeMEHTHBX pa3bueHnax 06Ja-
CTH HHTErpHPOBAHISI.

Ynpacrenue 6. (I) Ilyers Eg(v) ecrb omHOKa HHC/IEHHOTO
HHTErPHPOBANMS  Ha CTAHLAPTHOM SJeMeHTe AN  (yHKIHH
ve Y (T), n nycTs KBajpartypHas (opmysia TouHa JJIs 00-
JHHOMOB cTeneny He Bbie k. [Tokaxkure ¢ MOMOILBIO JeMMbl
Bpam6aa — TuanGepra, uro

[ Eo(0) IS Cl Ly, g,
(IT) Iycrs Tenmeps Takas (popmyna npeobpasoBana s HH-

TErpupoOBaHus Ha INPOH3BOJLHOM 3JIEMEHTE, ﬂOle‘leHHI(:IM IlllH(-':l*l’-l
HBIM npeoGpasoBaHHeM H3 CTaHAApTHOro 3JEeMEeHTa. CI0JIb3Y
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yCllOBHE PETyAAPHOCTH, MOKANKIUTE, HTO owHGKa HHTErpi:: uBaHHA
s v & 265 (T) moxer Guith npeacrasiena B Buae Eo(Jov),
H 4TO
| Eo (Jou) ISSCR*+Y 0 |y iy, 70
Ynpaocrenue 7. (1) Mycts ue 565+ (To), w e P, u Eo(uw)
0603HayaeT OMHOKY HHCAEHHOrO HHTErpHPOBAHHS Ha CTaHAApPT:
HOM 3JeMeHTe Npon3BeleHHs uw. Baegem euie GHuaHHEHHYIO

dopy Er = Z (565 (To) X L2 (To); R) «ax
E (u, w) = Ey (uw)

1l TIPeANOI0NKHM, YTO KBajpaTypHas (opMyaa TOUHa AJA [OJH-
HOMOB CTemeHH He Bbilie r -+ k. JloKaXkurte, uTO TOrja Haimercs
Takas nocrosiHuas C, uto

| B I<Cllwly, ¢yl ey 7.

(¥xaaasue. J0Ka3aTenbCTBO aHAJOTHYHO BLIBOJY HEpaBEHCTBA
6).)

1) Tlyers Temeps Takas KBagpaTtypHas (opiiysa npeoopas
{HTSTPHPOBAHUA HA NMPOH3BOJBHOM “/eMeHTe C Mo=
© azgefisoro mnpeodpasopauus. [lokanre, 4yTo TOrAd
§¥a SECASHHOrO HHTETPHPOBAHUS MPOU3BEI A ABYX (QYHK-
u=#57"(T) u » = P, moxer GbiTh npe:crapieHa B BHLE
Es(Jouw) E aTO

| Eg(Jouw) | <CRE ), pllwl,

)

B ynpamuenuax 6 u 7 npeanonaranace JiiiciinocTs npeobpas
zozzEud, 1 noytomy Jow(p)= P, korjpa w(x)= P, Ilpu uc-
N0JB30B2HHH HedMHeHHBIX npeoOpaszoBanuii, kak 310 OyAer B
2

@(x), aaz xotopeix w(p)/(p) asnserca moaunomom. Janbueit-
uige AeTadd No NOBOAY BHAOM3MEHeHHA KpajapaTyphbix (opmya
A7 HUHTETPHPOBAHUA HA NPOH3BOJBHBIX 3JeMeHTAaX H3J0MKeHbl
B pazgene 54(A).

Ynpancnenue 8. Nokamure, uro ecan x = Fy(p), T0 HalfmyT=
c7 Takue nocroauuvie Cy u C,, uto

[ ()t (§{(2) + () Joox €=n
L T
#

SrS (Z—f)zdp>cz/ﬂ SS{ —g%)"-g-(z—;)"}loax t=p, q)
). )
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2
2
5 ¢ P
5 g
2 \a
o ; \
3 6
P P
A
a
6
Puc. 24.

Iokaxure jasee To HHAYKIEH, 9TO HepapeHcTsa (5.72) #
(5.7b) ocranyrcsa BepHbIMH TpH r=1, 2, ..., €CiH B HEX 32
MeHnTs ||vll,, » na |v|, r.

Ynpascner e 9. (a) IMokamuTte, 4To ecd ToSxE Ps Ps 72-
JSI0TCH cepe/iiHaMi CTOPOH PyP; m P;Ps; cOOTBETCTEEEED, 72
KBaJpaTHYHE 3onapaMeTpHYecKHe 3JEMEETH C OZHOH HDEac-

JHEeHHOi CT
Hliem

=ty (6, 1) p+ (e —t) g+ (i — S5 ) 4pg 1=x%9)

jHoit (cM. puc. 24(a)) sazamrcs npeofpzzoza-

(cp. ¢ pasa. 4.45).
(b) IMok::iiTe, uTo AN TaKOro NpeoGpasosaExs

J(p)=Jo+ 1 (p)
rae

Lip)=4(x— 1) ((ra— v g — ( — ) B} +
+ 4 (y, — "";—"’) {(x;—x3)p — (e —xda}

Haltanre nocrarounne ycaosus, npin KOTOPHIX
0<Ty—Cn <<l <+ CI,

T.e. J = 0(h?). Cpasunre samn peayasrarh ¢ (5.19).

3anaman  (1973) npeaioxua Ads TPEYTOJAbHHX SARMRETOS
C OAHOIl KPHBOJIHEINHON CTOPOHOI Apyroil NOANOA, KOTOPHIt
NPHBOANT K aHaJOTHIHBLIM OLEHKAM.

Ynpasenenue 10. Tlokaxknre, 4ro ecan Toukn Pg i P;, Psu P
JINISIT Ha TP paBHble uacTH crToponbi PPy w PyPs coorser-
crgenno (em. pue. 24(b)), To npeoGpasosanie, saaloliee Ky-
GHyeckHe HM30MapaMeTpPHUECKHe *JIeMENThl, CONEPNHT HEANHEH-
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Hble YJIEHBb!
27pg (1 — p— 9) (1o —

+%pq[(3p_ 1)(,4_ Eﬁaii) + (3¢ —1) (15—-&;:‘;)]
(t=x, y).

th+ta4 1
tbbh)

Ioansble annporcumatuu

YcioBue peryJiipHOCTH COAEPIKHT MpPeANoJoXKeHHss o CBOH-
crBax npeo6pasoBaHis, MEpPEBOASIIEro MPOU3BOJLHLIL 3JeMeHT
B CTaHAApTHLIY jeMent. [Ipn oObenHHeHHH STHX MpeNroJoXKe-
Huil ¢ aemmoit Bpam6aa — I'unbbepra MOZKHO MOJYUYHTh OLEHKH
-una (5.4), T. e. OlpefeNHTb MOPAAOK CXOAHMOCTH KOHEUYHO*
seMenTHOl annpokcumauui. Ilostomy ocHoBHOe 3HaueHHe JeM=
Mbl BpamGiia — FuanGepra COCTOMT B MOJydeHHH OLEHOK st
omn6ok HHTEpnoMsiHa. JleMMa OZMHAKOBO XOPOUIO MOXKET HC-
N0Jb30BATLCS NPH OLeHKe OMHGOK A1a N1060i (POpMbI annpoKCH=
Malui, NPeACTaBHMOM KaK NPOEKIHA Ha NPOCTPAICTBO KycOds
HBIX [OJHHOMOB. UTOOBI NPHMEHHTH JeMMy, cHadala Heo0X0-
JIUMO CHeJaTh HEKOTOphle MPEMNONOKEHHS OTHOCHTENLHO THIOB
dyukiuii, Nexalix B OCHOBE KOHEUHO3JIeMeHTHOH anmpoKCHMas
LHH.

Hdas no6oro sqeventa I' o6osnauum uepez /(|r] mpocTpaHs
CTBO, ONpejesieMoe TeMH MpoOHBIMH (hYHKILs 11, KOTOpbIE OTe
Juuner or uyusi wa T. JlpyruMu cjoBamH, /(] ecTb CyXKeHHE
OpocTpaHcTBa npoOHLIX  (PYHKIUHT oTHOCHTedsuo 3neMenta T,
O6o3zuaunm uepes Kig) npocrpanctBo Takux (Qyiguii v(p), A
korophix v (x) < Kir. dro npoerpancrso Kig) nwmicer oco6o Bax-
HOC 3HAUEHHE PH AHAJNH3E METOAOB KoHeulux aicventoB. [los
PALOK METOJA ONMpeAeNACTCS MAKCHMAaJbHOIl CTENeiblo  MOJH-
HOMa (N0 p), A5t KOTOpOro OMHGKA annpokcimManin (GpyHKiHe
u3 Ky paBna nyso. B oGuem cJiyyae 3Ta crerelb coBmajgaer
C TaKHM MakCHMaabibim k, s Kotoporo P [

Hanpumep, ecan pacemarpusacres anfpokcimMaiis Kycods
HBIMH KyOuueckumu noautomamu (Jlarpauxa i dpmura) na
Tpeyroabhoii cerke (pasm. 4.1), 10 mnpeoGpazopanue F Gyrer
annefinbiM 1 Koy, Kiry = Py, Jns annporcumanin (4.14) (onpes
Jensiemble 18 mapamerpamu mosMHOMBI HATON CTENCHIT CO CLIHB
koit B C') npeoGpasosauue raice Gysier anneiinnm, no Py < Ko,
Kiri = Ps (cTporoe Baoxcenne), a zisi GHKBajpaTHYHOI NH30INa-
pamerpuueckoii annpoxcumaunn (4.29) P, = Ko < P14 (criosa
cTporoe BJOXeHHe), Ho npeoGpazopanne y)ke ie Oyjaer JiHHei-

upiv, 7. €. Kir ne Oyier moJnHOMHANBHBIM [OANPOCTPAHCTBOM.

s kaxnoro snemenra T seesem npoekuiio Iy na Kir, rak

qro jguas 000l gocraTouHo riagkoit (QyHKUHH ¢ (QYHKUHA
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I7u(x) Gymer untepmomupoBars u(x) na T. Hurepmonsuus
B 9TOM KOHTEKCTe 03HAuaeT COrJacOBaHHE BCeX Y3/NOBHIX mapa-
MeTpOB, KOTOPLIMH OmNpenessieTcss KOHEYHOINEMEHTHAas amnpok-
cuManus, Jns (yHKuuil, sagaHHbIX Ha CTAHAAPTHOM 3JeMEHTe,
MOXHO onpenennts otobpaxenne II na Kio) Kak

1 (v o F) = (I1;v)oF.

Ycaosue 5.2 (ycnosue monuorst). Has aobozo ssementa T
duanerpa h cywecrsyer rakoe k>0, uro Py < Ko u 048 npo-
exyuu 11 nopaer ||/ — 11| pasromepro ozparudens. npu 6cex h.

Ipumep Toro, uro nopmw ||/ — I|| He GyayT paBHOMEpHO or-
PaHHUEHBI, NOCTABJASIOT TPEYroJbHbIE 3JE€MEHTbI, KOrAa HOpMalb-
Has npoussoanas B TOYKE CTOPOHB sBAsETCS NapamerTpoM, a
SHauenHe (hyHKINN 1t TaHreHUHaJbHAas NPOH3BOAHAN — HET, H He-
KOTOpb]e TPEyroNbHHKH CTpeMsATCS K BhlpO)KIleHHblM npu H3Melb-
YEHHH CeTKH, T €CTh TaKHe 3JIEMEeHTHl, Y KOTOpbiX HaHMeHb-
Whii yroa crpevutes k nymo (Bpam6a u 3maman, 1970). Mer
CHOBa BepHev { 3TOMy NpHMepy B KoHLe pa3a. 5.3.

¢l

B naparpage 5.3 npeanmonaraercs, uTo MONKHQ ONpEAENHTH
npoctpanerso #74” (R) nas Helleawlx k Tak e, KaKk H A Ue-
AbX. Jleranbiice oGeyskaenne CBOMCTB TaKOro NpoCTpaHcTBa i
CMBICTTA TeOpe:i s 0 ellefle BBIXOAWT 33 PAMKH 3TON KHHTH, i MBI
OTchlnaeM iilepecylollerocs uHTaTteas Kk paboram O03Ha
(1972), Jluonca u Mamkeneca (1972) nam Hewaca (1967).
Kparkue cpesicinig o nanGonee Bambx CBOHCTBAX STHX MPO-

CTPAHCTB 11 00 11X MPHJIOMEeHHsX MOKHO HalTH B MepBoii riase
Kuiirn Baprn (1971).

5.2, Cxoaumocrs annpokcumaumi Fanepkuna

[Mpomomieiienm pesysnraros pasa, 8.5 sBasercs A0KasaTelb:
CTBO TOro, uTo anmpokcumaiiis [hjepruHa AAs JIHHEHAHBIX 3a-
Aau B obliem ciyuae sBJSIeTCs noYTw HauAy4ded B CMbiCNe TOro
onpenesnenns, Koropoe ObIO AaHO B MNpedbliyUIeM naparpade.
OchoBoii takoro nokasaTenbcTsa CayXKHT ~0006IeHHe JeMMbl
Jlakca — Muawrpama (Mocuna, 1965, crp. 134):

Teopema 5.2 (O6sn, 1972, crp. 40). Ecau 6 ecro zunbbep-
7080 npocrpancreo, | < ' u a— sriunTuinas 6 6 ozpariu-
HeHHAs Ouaunelinas (opma, To Cyuecroyer eOUHCTEEHHbLL 6eK~
70p u & 6, rakoii, 4To

a(u, v)y=1(v) (012 scex v H).
Aas dannozo N-meprozo nodnpocrpancrea Ky cyujecrayer eout-
creennsid sexrop U & Ky, rakod, 410

aU, V)=L(V) (022 scex VEKy).
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Bosee To20, . -
le —Ull,<<C inf |u— .
as Ky

AHaJIOrHuHBI pe3ysbTaT MOXKET ObiTh MoJyuYeH AJs HEKOTOPBIX
HeJIHHeHHBIX 3ajad, AONYCKaOUWMX NpHMeHeHHe TEOPHH MOHO-
ToHHBIX onepaTopos (Bapra, 1971, ru. 4).

B kauecTBe NpHMepa pe3ylbTaToB, KOTOpble MOryT GbiTh MO
JIyueHbl ¢ MOMOILBIO TEopeMbl 5.2, PaCCMOTPHUM anmpOKCHMALHIO
Putina peuleHnsi ypaBHeHHs

%(d: (x: 9) g—i) s —g’y— (dz (x, ) 3—;‘) +i(, =0 (x, ) ER)
(5.8)

€ TpaHHYHBIM YCJIOBHEM
u(x, y)=0 ((x, ) S0R), 6.9

TAe npeamnojaraercs CyllecrBoBaHHe TaKHX HNOCTOAHHBIX 6 u A,
qro
0<<<d(x, y), do(x, YA ((x, y) ER).

Iaist sTOrO MpHMepa

L) =(f, v)
u
a,0)={{{a g3 +d, 5 2 Yy,
Tak kak ¢
|a(a, u)|<ASRS{ %g—z l%g—z }d.\.,y,

Guunneiinas opma Gyaet orpaHHuentoii, a NocKoaLIy
a(u, u)=0|ul,p,

o
T0 n3 stemmul 5.1 cneayer, uto ona Gyer saannTisioi BI6Y (R).

Caedcrsue reopemot 5.2. Ecau u ecro pewenue sadauu (5.8)—
o (<]
{5.9), 7o annpoxcumayun Purgya U < Ky = 265" (R) raxosa, wro

le =Ull, »<<C inf |lu—il, p.
H[}?(N
J’npao/meﬂiye 11. Iokaxnre, uro ecau (1) u ectn peuienie
j;ll)amlenun(” (6.8) ¢ rpanmununiM  ycaosuenm u-—g ua 9GR o
(IT) w = 76" (R) — aro6an vaxas Qyukuus, uro @ = g na R, To

annpoxcumanus Puarna U+ w npn Ue RN = iay’ (R) Takosa,
4yT0
le —(U+ ), g <C infD e — (& + w) Iy, »

ieKy
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Ynpascrenue 12. JLokaxkute, 4TO €C/In U €CTh pelIeHHe ypan-
du
Hennst (5.8) c rpaHHUHBIM ycaOBHEM .- =g Ha OR, TO cyule-

CTByeT Takas annpoxcumauus Putna U & K,=a65" (R), uro

lu =Uly, p <C inf [lu— il ¢-
as Ky
Ormerum, uro jus CyLIECTBOBAaHHS pellleHHsi HeoOXOMHMO Mpes-
MOJIOXKEeHHe O COBMECTHMOCTH [ H g. HaanMep, €CJIH B (5-8)
dy =dy= 1, T0 MBI NPEANOJOXNKHM, YTO

SRS fdxdy=— dSRg do,

H TaK Kax peliteyue onpejensiercsi 0JHO3HAUYHO C TOYHOCTHIO 1O
NOCTOSIHHOIO ¢Ji4rAEMOr0, TO 3TO MOCJeLHee MOXHO BbIOpaTh
Tak, uTo0

SS udxdy=20

R

(Hewac, 2
3YJAbLTATA 1iC

266). CnenoBatenbHo, sl NOJIydYEHUs] pe-
i HMeHHTh deMMy 5.3 npu 2 = 1.

Ecan weobGronivo annmpoKCHMHPOBATL IPaHHylible yCJOBHS
GagucHbIMH (yu W, OPHHHMAIOUINIMH Ha [paHulle HeHyJe-
?me 3HAYEHHSA, TO yias3aThb rpaHulny OoWHOKH elle BO3MOXKHO.
e

)

U= Uy + U,
e U, = K, (R, vo U copepikiT TOJNLKO Takue 6Gasic-
Hble (W3, rOpHIe MOUYT NpHINMaTh HEHYJeBbLie 3HaueHs
Ha Ppailiiie, v no0n0cThio ONperesercs rpanHuHbIMU 1aHHbIM L.
M3 onpenes iaparpaga 5.1 caenyer, yro U & Ky.
Jlemma 500 Sean u eern pewenue ypagrenun (5.8) ¢ epariy-

HOIM  YCA0BULH | g na OR u Ue& Ky eolbparo rak, 4ro
U(x,y) ((x,y)e= k)  ecro ¢urcuposanHas annpoKcumayun
pyuryuu g, To xoneunosresmenrnas annporcusayus U = Uy - U

npu Uy& K, = Jﬁ;” (R) rarosa, uro
lu—Ul, p<Clu—(ii+U)|, f(912 scex it < Ky).
Hoxasareavereo. Tak Kak
u—(G+U)=u—U+Us— i

H Up— & € Ky, TO pesysibTaT HENoCPeACTBEHHO CHCAYeT U3 JieM-
mbl 5.3 1 onpenenenuit u u U.
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Ecan Mbl NpefnosioXyuM, 4To CYIIECTBYET IV1afKoe NpoaoaKe-
HHe g B R, To seMMmy 54 MOXHO HCNOJb30BaTh TaKxKe AJs M0-
Jy4eHHs OLEHOK B TepMuHax mpocrpancra 63 (R). CymecrByer
o KpaiiHeHl Mepe OJHO TaKoe NPOLOJKeHHe — HMEHHO caMo pe-
LIeHHE U.

Teopema 5.3 (DatiepBesep, 1972, crp. 45). [Tycro u ecrv pe-
wenue ypasterus (5.8) ¢ epanuunvin ycroguem u = g #Ha OR
u._ we Y (R) — a0boe eradkoe npodondcenue g B R. To2da
KOHeuHoIAeMenTHas annpokcumayus euda U= U, + W, ede

W e Ky ecro annpoxcumayus w, a U, & Ky, 6yder rarotd, 410
Il e — W+ W)lh, p <C {lle — @+ W)l +llw—Wly, 2} (5.10)
045 2106020 @ & KUN.

OrmeTHM, 4TO ecad, Hanpumep, TpaHHuHOE YCJOBHE MOJY-
yaeresi ¢ MOMOLLbIO HHTEpHoJslHH, TO. mpaBas uacTb (5.10) co-

CTONT H3 OHIMOKH annpoxcumatnn Gynkuwan u — w & N (R) 1

OIUHOKYN HHTEPNONANUMH (YHKUHH @, KOTOpas OTJHUHA OT HYJs
Ha rpasuue.

Annpoxcumayus epanuybl 1 4UCACHHOE UHTE2PUPOGAHUE

[Tocrpoenne KoneunosNeMenTHON annpoKcHMaliin jJa 3aiad
C HHTEPNOJHPOBAHHLIMH rPaHUYHLIME  YCJIOBHSIMH — KaK 9TO
TONILKO 4TO 6LIJIO — 9TO OAHO H3 OCHOBHBIX Hapyulcwili 6apua-
YuonHolx npunyunos (Crpenr, 1972), na koropsle ipHXOAHTCH
NOCTOSAHHO MATH [IPH pellenHy mpakTHuecKHX 3ajmau. Jipyrue na-
pywenus Takosb: (I) sckaxenune nosmosenns rpamisy  (1T)
HCNOJIb30BAHHE UHCJECHHOTO WHTErpHpPOBaHHA IS BLIMCIeHHS
CKangpHelX mpou3seaennit u (III) nmpumenenne uecorsacoBaH-
HeIX aneMenToB. Hecornacosannpie smementnl Gyayr jeranbio
paccmorpensl B pasa. 7.2, Ecan npumensiercs JqioGoii #3 3THX
NpHEMOB, TO npnbaiKennoe pellenie He Jexut Goaee B Ky i
lie YIOBJETBOPSIET YCOBHIO

alU, V)=(f, V) (nas Bcex V = Kp). (5.11)

Buecro storo pemenne Uy & Ky n yaoBierBopsier ycaoBHIO:

ay Uy, Vi)=(f, V), (nas Bcex V, = K,), (5.12)

rae o6e gacth (5.12) u Bux moBoro M-MepHOrO MpOCTpAHCTBA
K, KOTOpOe MOXKET comeparh (GYHKIHH, He ABAAIOUIHECH A0-
MNyCTHMBIMH AJIS1 H3JOMEHHBIX B IJI. 3 KJACCHYECKHX BapHallHOH=

HEIX METOJAO0B, 3aBHCAT OT Xapakrepa Hapyllenuii BapHalHOHHBIX
npununnos. O6bYHO GhiBaer, yto M =N u Ky=Ky. Ecas
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Kn = Ky, kak B ToM ciyuae, Korja eIHHCTBEHHHIM OTJIHYHEM OT
Kaaccuueckoit (hopMbl BapHALHOHHOIO METOAA SIBJSETCS] MpHMe-
HEHHE UYHC/IeHHOrO HHTerpHpoBaHHs, TO pelleHHs oOeHx cHcTeM
(8.11) n (5.12) Gynyr sauHEHHBIMH KOMGHHAUHAMH (QYHRUHI
9i(x) (i=1, ..., N). Koacppuunenrsl Takoli KOMOHHAUHH AJS
3agaun (5.11) onmpenensiorcss H3 CHCTEMBbI

Ga=Db, (5.13)
The marpuya ocecrrocru G ={a (g, @)} 1 b={(f, @)} (i,j=

=1, ..., N). qaa npuGuuxennoii 3anauu (5.12)
G,a, =by, (5.14)

rie Gn={an(p; p;)} u by ={(f, ¢:)n}. MOXKHO CPaBHHTb KOHK-
perubie snementst Gy u by ¢ coorBercTBylomME neMentamn G
H b i nonyunts onenxy mopmul |[U — Usll n3BecTHEIM H3 JHEEH-
HOil ayireGphl cCTangapTHHIM MeTOAOM Maubix Boamymenmit. K co-
IKANENHIO, 3TOT MeToJ B GOJBUINHCTBE CaydyaeB MO3BOJSET MOJy-
UHTL il PpyGyio onenky csepxy st nopmbt |U — Unll (Puxe,
1972). Ecan npennosioxnts, uto npubamKeHHas OHIHHeTHAA
Qopma saauntHuna B 6 M orpaHuueHa, To TOraa Teopema 5.2
He TOJbLKO OoGecnevyHBacT CYI(ECTBOBaHUE EXMHCTBEHHOro pelle-
Hilfl, HO 1 MO3BOJISIET OLEHHTH CTEHeHb NMPHOAHKen s,

Ynpascrnenue 13. Tlokaknre, uTo ecJaH a@u €CTh SJIHITHY-
Has B 6 6unnneiinasn hopma, 10

ap () —Uy W)= (a, —a) (U, W)+ (F, W) — (. W
anga modoro Wy e I, Tem caMbiM LOKaXKHTE, UTO

{I(nn —a) (U. W) [ 4 | (], Wp) — (F, W)y }

U— <C s ;
I U< C sup Wil

W = Ky

(5.15)
" oayyure illlll.’]()l"ll‘lll)’lﬂ (HLCHK)’ JUJIs1 " w— Ul, “M’

Veapasenenne 14, Tlokaxire, uro ecin aj €CTh OrpauHyeHHas
Guniueiian Gopma, 1o

Lag (V) =V WI<allu—V,IIW =41, W)y — ag(u, W,)|

aast moonx Vi, Wy & Ky Jokaxure janee, 4ro eclu an K TOMYy
we dnaiTHYa B 46, 1o

o
Up— Vol < Ellu— Vyll 4 su
U wll < v Il ull & (;PK“

Y (A
past aoboro Vi & Ky, u cymecrsyer Takoe C > 0, uro

Wiy — ap(u, W
lu—Upll< C{ lu— Vall+ o {! (. W “ w",,’n(" ) 1}}.
(5.16)

{ U Wh)n— an (u, Wa) | }

inf
Vs K =Ky
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Ormerny, uto ouenkoit (5.15) MOXHO nonb30BaTLES TOJLKO
toraa, koraa U B HeKOTOPOM cMuicae GJH3KO K KJaccHYecKoil
annpokcnMauun Tanepkina. dro Gyner Tak, ecan Ky = Ky wan
Ky = Ky @ {@ys1, ..., Qu}, The Jonoduureasusie @i (x) (i =
=N+1, ..., M) o6n1amaloT TaKuMH CIelHaJbHBIMH CBOH-
CTBaMH, KOTOPble HCKJIOYAlOT HX H3 uYHCJNA NONYCTHMBIX AJIfA
KJaccHyecKoil annpoKCHMaUuH QYHKLMI: HanpuMep, OHH MOTYT
6uiTh HecorsacoBaHHbiMu. Onenka (5.16), naoGopor, npaMeHHMa
TOra, Koraa Hallle npHOJHXKEHHe CYLIeCTBEHHO OTJHYaeTcsi OT
1106071 KJacCHYECKOii annmpoKCHMAlHH, Kak, Hanpumep, B CJYy-
yae HecorJlacoBaHHOCTH BCeX aneMeHToB (paszm. 5.4 (E)).

AnajornunbiM 06pa3oM METOL MaJblX BO3MYILEHHil MOXKeT
6bITh MpHMEHEH H Toraa, Koraa (5.5) sBasiercs cucremol sapua-
YUOHNbIX PASHOCTHOLX ypasHerudl (cM., Hanpumep, paboTy
HembsinoBuya, 1964).

Ynpaocnenue 15. Jlokakute, uTo eclH an W a Takde OHIH-
HeliHble (GOpMBI, YTO a; 3nAaunTHuHa B Kj, a a orpanuyena, To

_ : _ Lan—a) Vi ¥n)
hu U""sgc{v;glh["“ V“”ﬁ_wfg%h{ TWal }] +

UL Whn—(EWa) |5 7
i wiipx,‘{ W all pp A8 )

5.3. Owubkn annpoxcumaumm

Kak nokaszano B npeapiayluem pasaene, annpokciic-ninn Ia-
JIepKHHA BCETJa NOYTU ONTUMAAbHLL B HEKOTOPOIi Lope. B ua-
CTHOCTH, NpUOAHIKEHHbIE pelienns ANs 3ajad BTOPOrc HOPsAKa

TaKOBbI, YTO

lu—Ul, p<<C inf [lu— il p.
ae Ky

Ouenkn oWHGKH TakKe MOPYT GLITH MOJYUYeHB B TepMHHAX ADPY-
rHX HOPM, B YactHocTH HopM npoctpancts Zo(R) n Zw(R).
OHCMHKH B % (R) N03BOJSIOT TAKIKE JA0KA34TH TAK Ha3biBACMOE
CBOHCTBO €8epXCX00UMOCTU HEKOTOPLIX MeToj10B ['anepknna, T.e.
Hannyue B y3nax GoJee BHLICOKOrO MOpsiiKa aniipoKCHMalli Mo
CpaBHEHHIO ¢ Hey3/oBuIMH Toukamu (dyraac, Hiomon u Ynuep,
1974). Boxnee noapo6HO ¢ 5THM BONPOCOM MOJKIO MO3HAKOMHTHCS
B paGore ne Bypa (1974).
IMyerh Ty ects craupapruwii snement. Torga GoJbLIHHCTBO
pe3ysbTaTOB 0 CXOAHMOCTH MOXET ObITh MOJyueno ¢ NoMOILbIO
caelyioliell 1eMMbl 0 NOJMHOMHAJbHOM annpokcumanuy na To:
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Jemma 5.5. Mycre e L (H#+Y (T,); #5 (T,) (k=7)
ecte npoexyun na K, ede 7 (1)) = Ky = P,. Tozon

lo —Moll, 7. <CII—II[| 0 lgt1, 7
022 ecex v = YN (T,).

To 3HAUMT, UTO €CAH HHTEPNOMNALHSA TOYHA AJNSA MOJHHOMOB
CTENEHH He BbIlle £, TO OWHOKA HHTEPNOJIALNH MOMKeT GLITh BhI-
paxena uepes (k- 1)-e mpousBoAHEle HHTEPNOJHPYeMOH (QyHK-
llHl;l. Oneparopel IT u / —II nepeBoAsAT 3JeMEHTH NPOCTPAHCTBA
¥+ (T ) B snements mpocrpanctsa 84 (T,), MOCKOABKY MpH
KOHKDETHOM NpHMeHeHHH JeMMbl 7 3aBHCHT OT Nopsaka axdde-
PEHIHAJLHOTO YpaBHeHHs, a K 3aBHCHT OT CBOHCTB TNPOOGHBIX
Gynkuuit. 3navenne ||/ —II|| 3aBHCHT OT 3HauYeHHii r H R, HO
Ipejnosaraercs, 4To 5TH HOPMbl DPaBHOMEpPHO OrpaHHYEeHBl H,
BOoGIle roBops, Heo6s3aTenbHO 3HATH TOYHOE 3HAUEHHE HOPMBI.

Hoxasareascreo aemmer 5.5. Ias mo6oro G & " (T,)
onpenennm F & #6541 (TO) TaK, 4TO MpH J06oM v & FHFEHD (To)

F (v) =G ([ —TI] v).

Torpa, npumensia ¥ F aemmy DBpam6aa — I'mnn6epra, Gyaem
HMeThb

(G —1]0) ISCNFI_p—y, 7,1 © leor, 70
rae

-, G ([ —1I] w)
"F“—k—l. r = sup l—-m"—l .
wexft D (1) k+1, T
Wa nsoficrsennoctn npocrpaucts 85 (To) u 65" (To) caenyer,
yTo Aas aioGoro u < 65 (To)
el 7= sup {M -
g (o) (K]

maK uTo, B UaCTHOCTH,

_ _ 16 —1o)|
I(Z =1 o, p —Sgp{ TG ’

OG6beHHAR TeNephb 3TH Pe3yabTaThl, MOJYYHM

ILF 1l
1= 0l 7, <Cl0lyp 520 { {57 } <

|G (I =T w)]| 1
<Cl”‘“‘-fS‘a"’{wei‘gk(ro){ Whne 70T}

5 3ak. 672
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G — T @) |<IGIIN —TI@ ., 7,

OTKyJa cpasy cjaeayeT yTBepXKACHHE JEMMBbL.

DTOT pesysbTaT MOXKeT OHITh OOBE/IHHEH C YCIOBHEM PEryJisap-
HOCTH )i TOJYYeHHsl OUEHKH OUIHOKH MHTEpPNoJsALHH B 06xa-

cTH R.

Teopema 5.4. [Ipednonoscus, 4T0 ycaogue noAHOTbL cnpased-
AuBo 048 HexkoTopozo k>0 u ycaosue pezyaifaprocTu cnpased-
k41 ~
U8B0 dan acex r < k. Tozda ecau u <= 5" (R), @ unrepnoau-
pyer u, TO

le—all, g <CH**'""ulyyy o

2de h ozpanuuusaer OUAMETPbL 3AeMEHTOB, COCTABAAIOUWUX pPa3-
Guenue obaactu R.

Horasareascreo. Ecain MBI MPEATIONOKAM, 4TO 00s1acTh R pas-
6ura Ha aaementn T; (j=1,...,S), 10

S
lu—alR ,= ,Z_)l fle — nr,ullf.,l.

PaccmarpuBas THOHYHBIN 37eMeHT T, MOMy4HM H3 JIeMMEI 5.5, 4TO
lo—Hul, 7 <CII =Tty g

[Ipumensas sarem ycaoBue 5.1 u pesysbrar ynpaxknenus 4, 6yaem
HMeTb

lle —Hrall, , <CH**' ™I —T0)l| 4y,

BBHAY DAaBHOMEPHOH OrpaHHYEHHOCTH BCEX ONEPATOPHEIX HOPM
[l# —TO|| cymmupoBanme no Bcem sieMeHTaM MPHBOAMT K JKeja-
€MOMy pe3yJibTary.

DTOT pesysbTaT MOXKET GbITh NPHMEHEH B TOM CHELHAJLHOM
ciaydae, Koraa npeobpasopanne To B T JIHHCHHO H HHTEPIOJS-
UHs51 KOHEUHOIJIEMEHTHBIMH QYHKUMAMH TouHa st u & Pj. Torna,
B YaCTHOCTH,

~ &
le—all, , <Ch*|u leq, 0

rAe 4 — uHTepnonmupyiomas ¢yHkuus. Takoii THN OUEHKH Tpe-
Oyer AJIs1 3ajay BTOPOrO MOPsIAKA ONpEACTCHHs NOPSAAKA KOHeu-
HO3/IEMEHTHOH annpoXCHMALHN ¢ MOMOLIBIO MOYTH ONTHMAaJbHBLX
HepaBeHCTB naparpaga 5.2. OrmeruM, 4TO ecjaH paccMaTpHBATh
06/14CThb TOJILKO W3 OAHOTO 3/EMEHTAa, TO MNOJYYaeTcs OLEHKA
OWHOKH AJa OOBuHON uHTepnonsuny Jlarpamxka; 310 06CTOSI-
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TeNbCTBO OYHET HCNOAb30BaHO HHXKe, B pasa. (5.4(B)). Jlarpan-
HEBBl (MJIH 3PMHTOBBI) SJ€MEHTH M3 pasdA. 4.1 TakoBml, 4TO npe-
o6pasoBanue Ty B T nnHeitno, 6asucHbie QyHKUHE @ & Py, nHTED-
nonsiuus Tousa ans u e Pp u Ko = Kir) = Pr. [lostomy eciv
06/1acTh R siBAsieTCsi MHOTOYTOJBHHKOM, FPAHHUHBIC YCJIOBHS TOU-
HO COrVIacoBaHbl W MHTErpaJbl BHIUHCJICHBI aHAJHTHYECKH, TO /7
OWHOKH TaKoll KOHEYHO3JeMEeHTHOMN annpoKCHMAaUHH 3ajlaud BTO-
POro nopsinka Gymem umerhb

llu— Ul g SCA* | &l yy, 5 (5.18)

Ananornygmii pesyJbTaT CIpaBeJJHB AJ5 3a4a4 Ha NPAMOYTOJb-
HHKaX ¢ npAMOYroJibHOH CEeTKOil: CHOBA MOKa3aTeJb CTEMEHH TOH-
HO HHTEpNnoJHpyeMbIX IOJHHOMOB ONpEAEJAET MOKa3aTeilb CTe-
HeHH y h B onenxe (5.18).

Ynpascrenue 16. TMokaxuTe, U4TO HCKIIOUCHHE BHYTPEHHHX
TMapaMeTpoB H3 TAKHX KOHEUHO3JIEMEHTHBIX aNNpPOKCHMAaLHH, Kak
JIaTPaHMKeBhl (HJIH SPMHTOBLI) KyOHYECKHE SJEMEHTHI, HJH HCK-
JIOUEHHE HOPMAaJbHBIX NPOH3BOAHBIX B CepeAHHAX CTOpoH 21-ma-
PaMeTpHuecKoil anmpoKCHMAaUHH TOJHHOMAMH NSiTOH CTENEHH O
cmiBkoi B C! ymeHbluaer nmokasaTedab cTeneHH y A B (5.18) =z
€JHHUILY.

Ynpaxcrenue 17. Moxaxkure, 410 OuKBajapaTHUYHAs H GHKYOH-
yeckas cybnapamerpHueckne anmpokchmauun (pasa. 4.3), He-
nosb3yiomue Gninuefinoe npeoGpasoBaHie sl MepeBOAa TPOH3-
BOJILHOTO YETHLIPEXYroJbHHKA B €AHHHYHEIT KBajApaT, MOTYT HH-
TEPNOJIHPOBATL TOYHO MOJHHOMEBI BTOPOIl H TPEThEH CTENEeHH CO-
OTBETCTBEHHO 1O X W y. ITokaure, 4yTo ecii R SIBIASAETCS MHOTO-
YrOJIbHHKOM, FPAHHYHBIE YCJIOBHSI TOYHO COIVIACOBAHBI H HHTE-
rpajibl BLIYHCISIOTCS aHaJHTHYeCKH, TO oneHKa (5.18) cmnpasenau-
Ba NpH £ = 2 1 3 COOTBETCTBEHHO.

Ynpascnenue 18. Tlokaxnre, uto ouenka (5.18) cnpaBennusa
JUISL IICCTHIPAHHBIX cy6napaMeTpHYecKHX 3JIEMEHTOB B TPEXMep-
HOM [POCTPAHCTBE NMPH YCJAOBHH, YTO 06JacTb R AOMyCKaeT To4-
Hoe pasGuenue.

Kpusoaunelinole anesmenol

Coaipaie n Paspap (1972b) nokasaman, uto ouenkd Bupa (5.18)
CpaBe/THBLl TaKyKe JJIsi HEKOTOPBEIX H30MapaMeTPHUECKHX dJie-
MCHTOB C OJHON KPHBOJHMHEHHOI CTOPOHON; B YACTHOCTH, OHH
YCTAHOBHJH MOPS/IOK CXOAMMOCTH JIsi ABYX CHELHAJIbHBIX CJy-
yaes:

B
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(1) Keadparuuneie usonapamerputecKue TpeyzorbHole 3Ae-
MEHT6L MOTYT GHITb MpeicTaBleHb B BHAe (ympaxcHenue 9)

(=t —t)p+G—1) g+ (b — 252 ) 4pg ((=x, 9.

Tak kak HHTEPNOJIALHA TOYHA [JIsi MOJHHOMOB BTOPOﬁ CTEIIEHH
no p 4 g, TO omn6Ka OLleHHBaeTCs Kak

lu—Ul, =0 )
NIpH yCJIOBHH, YTO
2y 1(2
Al 22T = 25 =00, 619

DT0 3KBHBaJEHTHO TOMY, 4TO
® e 2

"P4—P4"R'_O(h )
ne P ectb cepeauHa XopAn PP; a HOpMa — 3TO EBKJMIOBO
pacctosEie B R2. DTOMYy [ONOJHHTENbHOMY YCJOBHIO BCeraa
MOKHO YAOBJIETBOPHTb, €CJIH A JOCTATOYHO MaJO MO CPABHEHHIO C
pajHycoM KpHBHSHBI rpaHHmbl. [1peanonaraercs TakiKe, 4Tto rpa-
HHIIa MOXeT ObITh TOYHO NPEACTABJEHa C MOMOIIBIO AYr, AOINy-
CKaIONIHX MapaMeTPH3alHIO BHAA

{=tp@2p—1)+5H(1—p)(1 —2p)+4dp(l —p)  (5.20)

(t=x9; p=|0,1]).
AnanoruyHasi OUEHKa CIpaBef/HBa A5 GHKBaApaTHUHBLIX H30Ma-
PaMeTpHUeCKHX AaNNpPOKCHMALMH, ONpeAe/eHHbLIX Ha HYeThIpeX-

YrOJIbHHKAaX ¢ OJHOH KPHBOJHHEHHOH CTOPOHOMH, €CJIH BHINOJIHEHH
TaKHe )Ke OrpaHHYEHHs] reOMeTPHYECKOro xapakTepa.

(2) Kybuueckue usonapamerpusieckue srementsl MOryT GHITh
npeacTaB/ieHt B Buae (ynpaxkHenne 10)

t =ttty — t5) p+-(to — 1) g+27pg (1 — p—¢q) (Ixo - ﬁ#) +
+% pq[(3p —1) (t., — 2['—;“’) + (3¢ — ”(’5 — Etzai)]

(t==x, y).

Tak KaK HHTEPNONALHS TOYHA AN KYOHUECKHX TONHHOMOB TIO p
H ¢, TO OMHGKA OLCHHBAETCA KaK

lu—=Ull, p= O (A*)
NpH YCJIOBHH, YTO

1P, — Pl=0(#) (i=4,5)

[(Py— P = (Py— P s = O ) (5:21)

2
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H TOuka Po BbIGpana Tak, uTo

2 — 1 — 1
=i ks 4 W= Al e g, (5.2

Re Pi=(xj, y;) n P (x5, y5) — Touku, nensuume xopay PP Ha
TPH DaBHBIE yacTH H mpuaexampe K P; H Ps COOTBETCTBEHHO.
Hononuurensioe orpannvenne (5.21) B ACHCTBHTENLHOCTH Bbi-
“MOJIHSETCS NpH AOCTATOUHO MaJdom f. Kak i B mpeabayliem cay-
Hae, OleHKa MopoKAaeMoli KOHeUYHO3IeMEHTHOI annpoKcHMaHei
OLIHGKN CNpaBeAJHBA JHIIL TOTAA, KODAA B 2PUAHUHHOM YCAOBUU
Her noezpewnocru. Tlogo6Has e OLEHKA HMEET MEeCTO Js 3PMH-
TOBOI usomapamerpuueckoii annpoxcumaunn (Cesipae n PaBbap,
1972b) npn puimosHenHH COBOKYITHOCTH yCJIOBHI, aHAJOTHYHBIX
(5.21) u (5.22).

ST cTporne orpaHHyeHHs HA KPHBH3HY H30IapaMeTPHUECKHX
9JEMEHTOB MOTYT OKasaTbCsl HeOéXOlIHMbIMH Ha TIpAKTHKe, Kak
NOKa3LIBAIOT HEKOTOpLIe yHcJaeHHble skcnepuMmeHThl (Bora, Cse-
Heq1, TCenmenn uw Ya6apron, 1973), HO KOMMEHTHPYIOTCS OHH
N0-pasHOMY.

Bo Bcex omeHKax CXOAHMOCTH AJA CJydyas ABYX MEepPEeMEeHHBIX
MPEANOJNATAeTCs,, YTO HaHMEHbIIHH yroa O TpeyrolbHOH CeTKH
OCTaeTCsi OTAGNEHHLIM OT HYJs MPH CTPeMJeHHH i K HyJa10. B ana-
JIOTHUHBIX PE3yJbTaTax Juid cydyasi TpexX HepeMeHHBIX HJIH YeThbl-
PEXYTOJMBHBIX CETOK HA MJIOCKOCTH MpPEANOJaraercsi, YTO0 OTHOLIe-

h
HHE == OCTAETCs ONPAHHYCHHBIM NPH CTPeMJIeHHN i K mywio. Jlas
J1060TO 3JIeMEHTA BEJIHYNHA O ONPEAENIseTcsl KaK AHAMEeTP HaH-
Gossieli cepnt (B R®) nan oxpyxkuoctn (B R?), nexaueii BHyT-

PH 9TOrO 3JeMeHTa. Ecau ke Takux NPeanoJIo¥KeHHil Heab3a cae-
JaTh, TO OUEHKa 5l OHOKH HHTEPNOJANHHE MPHMET BHI

= nk+1
e —al, r=0(L) (5.23)
B Mpeanoaozkennn, uro seanuuna ||/ — II|| pasoMepno orpanu-

yena no sce™ szemenrtam. OlEHKA TAKOro BHAA BBOAHTCS MOTO-
My, uto B ycaosnn 5.1 propoe uepasencrBo (5.7b) Temepsh mpa-
BUJIbHEE BLIpakath uepes p, uem uepes h (Cesapae u Pasbsp,
1972a, Bpam6a n 3aamadn, 1970). Jlns TpeyrolbHBIX CETOK

p~ hsin0,

i TmosTOMy B cKobGkax mpaBoii uactin (5.23) 6ymer crosith
(
he+1-r/(sin 0)7. Ecnn Hesb3si CUNTATH OTHOLICHHE - Orpammuen-
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HEIM TIDH CTPeMJIeHHH /i K HYJIO, TO MOXCT OKa3aTbes '), uTO Be-
anyuna ||/ — II|| Takxke He OyAeT PaBHOMEPHO OrpaHHUEHHOil, H
N03TOMY, Kak nokasann Bpamoa u 3namai, ouenka aJs OWHOKH
HHTEPIOJISIHNE MOXKET ObITh NPEACTaBJieHa B BHJE

BETI=T
lle—a "r. R <C (sin 0)"F7 [ lk+l.R

npH HekoropoMm n = 1, uto ayume ouenku (5.18). BaGymka n
Asuz (1976) ormeuyaior, 4TO Jyullle HMETb [€JIO C yrJaMH, cTpe-
MSAIHMHECS K 27, YeM C YrJIaMH, CTPeMsIIIHMHCS K HYJIIO.
OueHkH BH/AA
lw—dly, g <Cs, B (5.24)

I OMIHGKH HHTEPNOJSALHH MOTYT OBITh IOJYYEHH C MOMOIIBIO
teopems. Capda o adpe Ajisi METOAOB, HCIOJb3YIOUIHX KaK MPsIMO-
YFOJbHHKH, TaK H TPeyroJbHHKH. [IJIsi HEKOTOPHIX BHIOB KycOY-
HBIX TOJHHOMHAJBHBIX AaNNPOKCHMALUHH 3HAYEHHsl MOCTOSTHHBIX
Cr,» u3 HepaBenctBa (5.24) Moryr OHITb MOJIYYEHB! YHCJEHHO.
Pe3ynbTaThl 3TH TakiKe MOATBEPIKAAIOT, uTO OUEHKH BHaa (5.23)
HE fBJAIOTCS HAHJYUYNIHMH H3 BO3MOMKHBIX (cM. Bapuxuan, Ipe-
ropu u Yaiitman, 1972, u nutupyemMese UMH paGoTh).

OneHKky OMHOKH HHTEPNONAUMH B TEPMHHAX MaKCHMYM-TIOJY-
HOPMB! |.| )z 607€e MpaBHIIBHBIE MO CPaBHEHHIO C HCMOJIBL3YIO-
LHMHA cO6OJIeBCKYI0 MoNyHOpMY olienkamu Buaa (5.18), chaua-
aAa noayuun 3naman, a 3atem Cesipae n Papesip u )Kennmex
(cm. Cospne n Pasbsip, 1972a, u uuTHpyeMbie HMH paGoTE).

Ecan pemrenne e siBasiercs AOCTATOMHO MIALKHM, BEJHUHHBI
|#|#+1, R MOTYT He cymlecTBOBaTH M HeJb3s NOJYUHTH OUEHKY
Buaa (5.18), naxe ecan Kio) > pr B Takux cayuasx HeoOX0AHMO
HCIO/IL30BATh NOKa3aTtelb

k' =max {s: u = 765 (R)};

TaK Kak k* <<k, TO HEOGXOAMMO JIHLIL nepepopMyanpoBaTh Teo-
pemy 5.4, 3amennn k na k* tam, rae 1o HYIKHO; B OCTAJNLHOM
4HAaJIU3 NPOBOAUTCs Ge3 m3meHenuil. THNMHUHBIC 3ajgaun, JUIA KO-
TOPBIX PEIICHHE CHHTYJISIPHO HJIH MOYTH CHHTYJSIPHO, BO3HHKAIOT
B cayvyae obJacteii ¢ BIABJGHHLIMH BHYTPb yriamn. [liis pele-
HHsl TaKHX 3ajay GbliM paspaGoTanbl ClenHaibHbe NpHEMbl, KO-
TOpble KPaTKo paccMarpuBaioress B pasa. 7.4(F); apyroit moaxon
npuBoAuTes B ril. 8 kuurn Crpenra u ®uxca (1977) u B pabore
Yaiira (1976).

') OnnaM H3 npuMepoB Takoro poja seAsetcs 2l-mapaMeTpnyeckas an-
NPOKCHMAUHA NMOJHHOMAMH MATOIl CTeNeHn €O CWIHBKOI sieMentos 5 Cl.
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54. Owu6kn Boamywenuii

B onenkax (5.16) u (5.17) cojepikarcs ABA pasiauuubi% THIA
OIIHGOK:

(1) Ilepsriit unen

inf [lu—V,l
V,,EK,,
npencrasnsier co6oit owwbKy annpokcumayuu # MOIKET OLIThb
OLCHEH MeTofaMH, H3JIOJKEHHBIMH B pasj. 5.3.

(2) Bce ocrasbubie ujieHB BO3HHKAIOT H3-3a NPHOJAHIKEHHOIO
Xapakrepa ypasHenus [anepxuna (5.12). B stom naparpade mel
NONbITAEMCS] OLEHHTH 3TH AONOJHHTEJNBHBIE UJICHBI A% PAZIHHE-
HBIX BH/I0B BO3MYILEHHI.

Koneunosnementnoe peluenie HasbiBaeTCs ONTUMAALHBLM, ECTIH
IUISE Hero mopsfoK OIHOOK BO3MYIHEHHII He NPEeBOCXOAHT MOPAL-
Ka omnbxu annpoxcumanuu (Huruwre, 1972).

CBOGM HCCJICJOBAHHH KBaApaTypHBIX OWIHGOK Xeboax #
Bapra (1972) nassann xBampaTypHyio (GOpMYyay cosstectuiod,
€CJIH B pesysibTare ee NpPHMEHEeHHs MOJyYaeTcsl ONTHMAaJdbHAaH amd-
NIPOKCHMaLlHsl.

(A) YMCAEHHOE MHTErPHPOBAHME

Ouenkn OMHGOK HHTErPHPOBAHHSA, OCYIIECTBJISIEMOro UHCJIEH-
HO C TIOMOIIBIO CTAHAAPTHLIX KBaJApPaTYpPHBIX (GopmyJ1, ObLIH pac-
CMOTpeHbl B ynpakuenusix 6 u 7 pasn. 5.1. B sTom paszene Mz
pPaccMOTpHM 3TOT Bompoc GoJjee JAETANbHO H IOJYYHM OLEHKH,
CpaBeJTHBEIE NMPH HEKOTOPLIX THMAX HEJHHEIHOCTH B npeobpa-
30BannH, orobpaxaiomwem Ty na 7.

Ksagparypuasi cxema Ha CTAHAAPTHOM SJEMEHTE 3a4aeTcs
nocyaefoBaTebHOCTLIO Tovek pr < Ty (I=1, ..., L) n nocaeno-
BATEJILHOCTHIO TOJOIKHTENbHLIX BecoB by Eciin Bo3mylieHHast Gu-
aunelnan Gopma samuntuuna B Ky, to ycnosue by = 0 neobxo-
aumo. JTio6oii uuTerpad no craHgapTHOMY SJIEMEHTY MOMKHO 3a-
nucaTh B BHjE

L
(Sumam =3 buw) + Eow),

T, [=1

pie, KaK M pamblie, Eo ecrb onepaTop KBAAPATYPHOI OmmGxu
s cTapgaprHoro sjemMentd. YroGnl NONYUHTH KBagpaTypuylo
dopMmysty A1 HHTCTPHPOBAHHS HA IPOH3BOJLHOM JIEMEHTE, BO3b-
mem Toukn xi = F(p) =T u Beca P = biJ (p1), vpe I eerh siKO-
6uau npeobpasosanus F. Ecan ob6osnaunrs uepes £ (1) xpajpa-
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TypHYIO OIIHGKY Ha anemente T, TO

L
E(u)= SSu(x)dx—zﬁzu(xl)=
T =1

L
= (§u@1 @) dp— ) 0 (pr) . (p) = Eo(ud).

l=1

B atom paszzeine, caeays Coapae u Pappspy (1972c¢), mbl H3Y-
YyM OLIHOKH BO3MYLIEHHH AIS pelleHHs: AuddepeHuHanbHoro
YPaBHeHHS

o (@ 28) + 2 (degr) + 16, =0 (. 9)=R) (5.25)

C TPaHUYHBLIM YCJIOBHEM
u(x, y)=0.

[TpeanonoXnM, 4TO Bce OWHOKH BO3MYLIEHHI BO3HHKAIOT MpH
BBLIYHCJICHHH CKaJsiPHbIX NMPOH3BEIEHHH € NMOMOIIBIO YHCJIEHHOTO
uHTerpupoBanus. [Toaromy Bce GasucHbIe (QYHKUHH ¢ yAOBJETBO-
PSIOT TPAHHYHOMY YCJIOBHIO M COIVIACOBAHEI — AJIS 5TOlf 3afaun
¢E%£”(R). [Ipeanonoxum panee, uto oGaacts R pasbura Ha S
anemenToB T; (j=1, ..., 8) H 4TO MJIs KaXKAOro 3JeMeHTa Cy-
ecTByeT npeobpasoBaune F;, oro6parkaiouiee Ha Hero cTaHgapT-
HBI} s/emMeHT; siKoGHaH mpeo6pasoBanus F; oGosmaunm uepes J;.

[TosTomy mamreii sagaye Gyner COOTBETCTBOBATH GHNMHElHAs

dhopma
- s
aw 0= ({4 (57) (57) +4(5;) (5) }axan,

I=1 Tl

Il BO3MyILeHHas GopMa GyaeT uMeTh BHJL

5 =S
o= Dol (3) )+ (5) ().,
rae '
Ry {1 S
CirenoBatednbHo,
S
(a —ay) (1, 0)=Y" {Eo (du % Z—i 11) + Lo (dfg—; a JI)}' i
i=1



5.4, OwuBKu Bo3MyLLEHMH 137

Takum o6pasoM, OTAENbHEIE UJEHB! MOCHEAHEH CyMMBI HMEIOT

du
BHI Eq(zw), roe z(p) H w(p) ecTh COOTBETCTBEHHO d‘(ﬁ')
du ou do B
" (W) I (mm dy (E) H (Fy') J,), nycrtb di B dy SIBJSIOT-
CS1 HACTOMIBKO TMIafKHMH, uTo, 2z < 965 (To). Torxa Aus WHTErpa-
JIOB OT IPOH3BEEHH} MOKHO HCIIOJNb30BATh OUEHKY, NOyYeHHYIO

du du
B ynpa)XHeHuH 7, NPH yCJIOBHH, YTO (a—) Iy (W) J; aBnsOT-

Csl TIOJIMHOMAMH TI0 P.
Ananornynbiv 06pasom KBaipaTypHas (opMyJia HpHMeHsEeTcs
H K npasoif yactu ypaBHenus ['anepkana

e a(u, v)=(f, v),
(7 v)=zs {§7@00@d .
Orciona cnenyer, ato ial:l
(f, v)= ,Z ‘Z. Bu {7 () © (Xhemr, (5
1 mosTomy s
(f, o) — (F, v)p= ,Z_:lE” (foly). (5.27)

Ecan cHosa [ = 8 (To) IpH HEKOTOPOM R, TO /ISt MPOH3BEAeHHS
TAKOro BHAA MOKHO NPHMEHHTH OLEHKH KBaJPaTypPHHIX OUIHGOK
IPH yCJOBHH, 4TO ©J; ecTh NOJHHOM mo p. Bmecte ¢ TeM MEl TO-
Jyunsin oueHxn Boamyuienuii (5.26) u (5.27), KoTOpEHIE MOrYyT
GuiTh Henoab3osansl B (5.16) u (5.17) npH BbisICHEHHH Bompoca
0 CXOAHMOCTH annpoKCHMAaIi.

Ecan Kaykaplii 3€MeHT noJydyaercs H3 CTAHAAPTHOTO 3JIeMEH-
Ta JHHEHHEIM Npeo6pa3oBaHueM, TO BCE IKOOHAHDI BJISIOTCS KOH-
CTalTaM, it cci Wi (x) ecTh MOJHHOM, TO MOJHHOMAMH GYAYT H
aL(;'x(L). d“—")'y("l i W, (p). MoxHO mnoxkasaTh, YTO Ha KaXXAOM
snemente  Qynxuun AWy (p) /0xJ(p), OWa(p)/dyl(p) n
Wi (p)J (p) Gyayr mommnomamu, ecan Wp(X) ecTb mpoGHas Ko-
HeyHoaIeMenTHas GyHKUHs pasinunbix BuAoB (Cbspie u PaBbap,
1972¢).

Ynpaocrenue 19. TNokaxuTe, 4T0 IS KBaAPATHYHOrO H3oma-
PaMeTpHUECKOro 3JEMEHTA, IPHBEJCHHOTO B yNPaXKHEeRHH 9, QyHK-
uun J(dp/9x), J(0p/dy), J(0g/0x) u I(0g/dy) auteditel no p
u g. TlokaxuTe pajee, 4TO AJs Ji0GOi KyCOYHO-KBaApaTHIHON
npo6uoii  dynkuun Wi Ha KamAOM TPEyroibHHKE (ynkuuu
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J(P)aWh(p) 0x u J(p)OWa(p)/dy Gynyr nommHoMaMi BTODOH
CTeneny mo {); noxaxﬁf&e Takske, o J (p) W (p) ecTb NOAHHOM

€TBeDTOl cTemenn.

yﬂpamneuue 20. Jloka)HTe, YTO ecJH ucnoJ]bSY[zTCﬂ Tpe-
YTOJIbHEIE p30ma aMeTpHYECKHE 3JIEMEHThl CTeneHH 7, TO Ha
Kaxom -ppeyrom?mme dynxunn J, J (0wy/0x) u J(OW»/dy) Oy-
AYT NonunoMamu crement 2(k — 1) ans Jo6o# npo6GHOH (QYHK-
Ul Wy, Noxasxure, uto B obwem ciaydae JWy & Par— HA Kax-
AOM Tpeyronnuuke.

Crenas mpexnonosxenne o momuHomuanshoctn J(p)0Wi/0x,
!(P)GW/,,/ay u J(p) Wy Ha KaXK[OM 3JEeMEeHTe, MOXHO MOJYYHTh
OLUEHKH Boamymrennii (5.26)  (5.27).

Teopema 5.5. I pednonoocur, 4to 0aa a060d npobHOUL (PYHK-
yuu Wy K, na xawdom aremente dynxyuu J(p)0Wn/0x u
I(P)OW, /0y ecrv noaunome: crenenu ne seuue ri, a I(p) Wi—
NOAUROM cTenenu He GbuUe Ty, U 4TO YCaoBUE PeeYyAAPHOCTU 8bl-
noansercs dan acex s << max {ry, ro}. Toeda ecau K8adparypras
Popmyra Touna na CcTaHOAPTHOM TpeyzoabHuKe OAf NOAUHOMOB
CTenenu He gouue ry -+ s, 70 803myuwenue (5.26) Ouaunednol
popme. o2panuieno KaK

l(a — al!) (Vh' Wh)l <C’Zs+1” 1% ” (5.28)
IWall, 3

20e Vn, Wy Ky ecro atobsie npobuste dyuxyun. Anarozutno
9ToMY, ecau keadparypa TOYHA OAR BCEX NOAUHOMOE CTENEHU He
olille ro+- s — |, 10 goamyuwenue (5.27) npasoil wactu o2paHu-
4eHO Kar

+2, R?

LG Wa) — (h Walal s+1
AN LTy (5.29)

dan at060ti Wy = Ky, npu yeaosuu, 410 f < 765" (R).

Ecnu x npumepy, npumensiotes sazpanocesst wai apmuTOsD!
JAEMenToL crenenu k, npeoGpasosanue T B Ty anneifio H HA KaK-
aom saemente Jo(OWs/0x) E Piy, Jo(OWi/0y) & Pp—y n Wi &
(=W [Mostomy ry =k — 1, ro=~Fk, 1 ecan HCIOJNL3YeTCs KBaj-
Patypa, Koropas To4Ha 04 BCEX NOAUHOMOB CTeneuil He 8bulule
2k—2,108 (528) np (5.29) s=k— 1. Torsa us (5.17) cue-

AYEeT, uTe
- . (=) (5 7,)|
L e

h
[ (F Wa) = (I Wadnl
+ysue { i, 7 2



5.4. Owubku BoO3MYyLLEHUT 139

rae 7 nurepnonnpyer w. Kak 6su10 mokasaHo B pasf. 5.3 (cuaex-

CTBHe H3 TeopeMbl 5.4),
Il — @il < CH®| e let1, s

NOSTOMy annmpoKCcHMauusi 6yAeT onTuUMALbHOL |
&
lle—Uylh, p = O (R),
TaKk kak no6apounble wiaens (5.28) n (5.29) ecrts takxke O (hF).
dTa TeopeMa He TONLKO YKA3bIBAeT CTENEHb TOMHOCTH KBaX-
PaTypHoii ¢opmysasl, obecneyHBaIOLIyI0O ONTHMAJbHOCTh ANNpOK-
CHMallHH{, HO yKashIBaeT Takie, 4T0 MHHHMaJbHAas CTeNeHb, obe-
CIeuHBalONldsi CXOAHMOCTb IPH CTPeMJEeHHH f K HYJIo, ecTh
min{r,, ro— 1}. B npeawiayileM nprmMepe oHa paBHanacs £ — l.
Hokasarearscreo Teopemst 5.5. Omubka B GHIHHEHHONH Gopme
CKJaJibIBaeTcsi U3 Y4JEHOB BHAA

aVy oW
E, (lexh‘ axh J)=Eo(0, w)l

rae v (p)= d;(0Vy/9x) n w(p)=J(OWar/0x). Ecin wE P, u
KBajpaTypa TOYHA AJsi [OJHHOMOB CTENEHH 7y - S, TO H3 JEeMMbI
Bpam6ana — CnisGepra caenyet, uto (cM. ympacHenue 7)

| Ey(ve) [ S Cll@lly, ¢y 0y, 7

Cunras kos(duuHeHT di AOCTATOYHO TJALKHM, TOJYYHM C IO-
mompio (5.7b) u pesyJaprara ynpaxHeHHs 5, 4uTO

4 a
| Ey(om) I<<on ™| GEa] |G| <CHTIWalhrl Valbsar-

IMpocymmuposas no Bcem saementam u nomenus Ha | Waly, &, mo-

ayyum (5.28).
Cnpaseaansocrs (5.29) yeranosum, caenys Coapiae u PaBbs-

py (1972c). Beeaem npoexuuio ITo Ha ogHOMEpPHOE MOANPOCTPaH-~
CTBO Py (pyHKIMil — KOHCTAHT HA 3jeMeHTe To; TaK UTO AJS JIO~

Goii Qpyuxunn 1 Lo(7o)
“m—mw@=a
0
Tunuuuslil wien B omnGKe [AJs MpaBoil yacTH ypaBHeHuit anep-

KHHa MOJKeT GBITh 3anHcan Kak
Eo(fW4d) = Eo(FJ [I — o] W) + Eo (7 [TIo] W ).
Tax xax J[I —1lp) W, P, 10 13 nemmns Bpambna — Cuasbep-

Ta cieayer, uto (cM. ynpaxkuesue 7)
| Eo(fJ [ — Dol W) IS CIY L — o) W llg, gL F Iy, 7o
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Ho I, ecTh NPOEKUHOHHEIH ONEPATOp, TAK UTO MOXKHO TPHMEHHTDH
semMmy 5.5, 4TOGB! MOJYUHTH HEPABEHCTBO
N — Tl Whllg, gy < C1 Wil 7,

ITostomy us (5.72) ciexyer, 4ToO
[ Eo(F [/ —1T] W;.)I<C{sgprf(p)}lfls.rl Wil <

<CH M flls, 7l Wyl 7. (5.30)
Ananoraudo stomy, ecau J(p) € P, u IjW, ects koHcranra, TO

| Eo(F1 (oW ) << CI oW 1y, oy F L, 7, <
<C{psell(;>°)J P Wally, ool Flogy, 7 <

SCHE [ Fllyy, 2N W ally, - (5.31)

O6nbepuuss (5.30) ¢ (5.31), cymMupys mo BceM 3Je€MEHTAM H
nens Ha [|Wally, z, momyunm xenaemulii pesysbrar.

Ynpaocrenue 21. PaccmatpuBas OmWNGKH Buja

9V, 9*W
ED( ()x"/‘ dx’h ]) 2

MOKaXHTe, YTO ec/H KBajfpaTypa TOYHA AJIsl MOJHHOMOB CTCNEHH
ri+ S H NPOH3BOJBHEI 3JEMEHT NEePeBOANTCS B CTAHAAPTHBIN
SUIEMEHT AuHelnbiM Tpeobpa3oBaHHeM, TO BO3MYylleHHe (@ — ax)
AJIs 3alaY YETBEPTOro MopsiAka AOMYCKACT OLEHKY

1@=a) (Vy W) | o
1Wnly, o SCH (| Villss, r

IIpH YCJIOBHH, 4TO npobHble (PYHKIHH COMIACOBAHBLI M SABJIAIOTCS
MOJTHHOMAMH CTENEHH He BLIILE YeM 7y - 2 HA KaiK/0M sJeMeHTe.
Pesynbrati, amasormunsie Teopeme 5.5, GbUIH nosyueHbl
Puxcom (1972) npu H3YUeHHH BJIHSAHHA KBaApaTypHbIX (opMydl
Ha JIarpamXKeBy H 9PMHTOBY KOHEUHOJIEMEHTHLIC aNnpOKCHMalHi
Ha MHOroyrosnbHoi obnacti. Ksajparypusie dopmyan mnccieso-
Bannch Takke XeGosgom u Baproii (1972), no tosbko s nps-
MOYrOJIbHBEIX OGsacTeif M B NPEANONOKEHHH, 4YTO OGHJINHHCHHAS
(opma ax nponnTerpHpoBana TOUHO.
Coapae u Pasbap (1972c) npumenuin Pe3yNbTaTH TEOpeMbl
5.5 K nsomapamerpuueckumM anmpOKCHMALMSM, OIPCACACHHEIM KAK
Ha TpEyroJibHHKax, Tak m Ha YeThIpexyroibuukax, Oun nmoxkasaJn
TaKice, KaKk BbIOpaTh Takylo KBaApatypuyio Gpopmyay, utoGu G-
JIHHeHRAs PopMa @ Gbina snaunTHYHA B Ku, 11 TeM CaMBIM MOJHO
Gb1/10 060¢HOBATH NpuMenenHe omenkn (5.17).
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OnHako 3TH pe3yJbTaThl NPHBOASAT K COACPIKATENBHBIM OLEH-
KaM TOJNbKO TOTAa, KOTAA HCHOJb3yeMble H30MapaMeTpHUYecKHe
9JIeMeHTHl UMeIOT He Gouee 00Hol Kpusosunelrol croporst. Ha-
Xe B ITHX CJIydyasiX pesyJbTaThl ONpeAeNsioTes YCAOBHAMH, OTMeE-
YEHHBIMH B pasf. 5.3. BOJbIIHHCTBO OLEHOK KBAAPaTYPHBIX OLIH-
60k o6obuwaerca Ha caydain R™(m > 2) aas auddepeHuHans-
HOro ypaBHEHHS

m
2 o (dua) +im=0,
=T /
rie
R (X )

Ynpascrenue 22. Vcnonssys pesynibTaTel ynpaxuenns 20, no-
KaXkHTe, uTO H30MapaMeTpHYecKas anmpOKCHMAaLHs CTemeHH &
ONTHMaJbHA, eCJH HCNOJb3yercs KBaapaTypHas dopmysa, cre-
NIeHb TOYHOCTH KOTOPOJ paBHa 4(k — 1).

(B) MHTEPNIONINPYEMBIE FPAHHUYHBIE YCITOBHS

[Mpexnosnoxum Teneps, 4T0 annpoOKCHMHPYIOlee HOANPOCTPaH-
cTBo K; copepkuT QyHKIHH, He 06pallalomHecs B HyJb Ha rpa-
HIIE, HO YTO WHTErpaJjibl BHIUHCJISIOTCS TOYHO. [loaToMy MOXKHO
HCIOJIb30BaTh OuHeHKy owu6kH (5.15), B KoTOpoil N06aBOYHBIM
ujleHom Gyper

1(F, Wa) — a (u, Wa) |
Wi"epk,,{ O b (5.32)

paCCMOTPHM CHayaJa lelﬁJIH)KeHHOE pelieHue ypaBHEHHS
a(u, v)=(f, v),

ot =5 {(30) (3)+ (20) (3) .

YTO COOTBETCTBYET AH((DepeHuHaTbHOMY YPaBHEHHIO

T P ) =0 (my)<=R),

rge

C I'PaHHYHBIM yCJOBHEM
u=0 ((x,y)=0R).

PeayabTaThl 3TOr0 pasjena MOryT GbiTh MPHMEHEHB W B cayuae
HEOJIHOPOAHBIX PPAHHUHBIX YCJIOBHIA, €C/H, Kak u B pasa. 5.1, rpa-
HHYHBle 3HAUEGHHs AOMYCKAIOT NMOAXOAfllee MpogosiKeHne. Bos-
MOXKeH H JpYroii MOAXOA, HCIONb3YIOUIHH AJNsl OUEHKH OWHOGOK

Teopemy 5.3.
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AHajnu3 METO/0B, B KOTOPLIX TPAHHYHBLIE YCJIOBHS HE YJOBJET-
BOPAIOTCS TOUHO, MOYTH BCETAA NMPHBOJMT K PACCMOTPCHHIO HHTE-
rpajioB OT PPAHHYHBIX 3HAUEHHH. DTO OTHOCHTCA TaKKe H K Me-
TOZaM mTPadoB, ONHCAHHEIM B pasi. 5.4(D). MoxHO onpenesnTh

k—1)
c060JIeBCKOE IIPOCTPAHCTBO 5 (?‘R? aHAJIOTHYHO TOMY, KakK
-1
6HJIO OMpPEAENEHO NPOCTPAHCTBO 5" (R) B pasa. 5.1. U3 ra-
KOrO OTpejelieH sl CIeAYeT, HalpHuMep, 4T0

@) wia|<]2

on
a B CHJIy TEOPEMEI O cJiesie

e=1. ak” Wilh-1. or:

o <ciul
- 1, R
‘ on lz—l.aR\ I k+1, R

Torpa u3 TeopeMsl ['pHHa caenyer, 4TO

1, W) —a W) = { (55) Wado
aR

H, Oﬁ’beD.HHHB 3TH ABa BBIPAJKCHHS, Mbl IIOJIYYHM OILEHKY BHIA
[, W) —ale, W) I<Cllalyy, oI Wall_y, ore

Yro6er GHITE MPHMEHHMBIM K 3a[auaM BTOPOTO IOpPsIJKa, Bbi-
yaxkenne (5.32) moskHo comepxathb ||Willy, r, HO He HOJKHO CO-
nepxath || Walli—k, or. ITo sToit npuuune Ckorr (1975) BBea omeH-
KH BHIA

I Wh ”l—k R k412
—— 2 A Ch 5.33
thgpkh{ 1¥all, 2 }\ (G:56)

AJs1 IpoGHBIX (yHKuuii Wy, KOTOphIe GJH3KH K HYJIIO HA TPaHHIE
OR. Beprep, Cxorr u Crpenr (1972) ycranosuiu cnpaBe/nBocTh
(56.33) nus wactHOro cayuwasi k=1, HO OHH He CMOIJIH yKa3aTh
HaWIyyluni crnoco6 BLIGOpa npo6ubix (GpyHKuuii 1 0606WHTL 9TOT
pesysibrar. M3 onpenesenusi ABOHCTBEHHOrO MPOCTPAHCTBA Clle-
Ayer, 4To oneHKa (5.33) 5KBHBAJICHTHA HEPABEHCTBY

{ ew, ao

R

su st — R

v, EI;I gem(:l)c—l)(ﬂk) lgle—1, orll W ll;,
h 4

< Che+1I2

HJIH TOMY, 4TO mpH Beex ¢ €J6¥~"(0R) u W, =K,

I { eWado|<ChEVRIg,_, ol W4, ¢ (5.34)
aR 3
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Jazpanocess: anesmenTol

Celiyac Mbl ycTaHOBHM cnpaBefmHBOCTh (5.34) &7 OXHOTO
YaCTHOrO BHJA HHTEPHOJHPYEMBIX TPAHHYHBIX yCIOBHI, paccMOT-
pennoro Ckorrom; npH 3TOM Mbl 6yfeM B OCHOBHOM MpHAEPIKH-
Batbes ero meropa. [Iycrb o6uiacth R.pa3bnHTa HAa TpeyroJbHbIE
SJIGMEHTE H CTOPOHB 3JEMEHTOB NPAMOAHHEHHBl BHYTPH R, a
TPHMbIKAIOLIHe K FPAHHLE 3JEeMEeHThl MOTYT HMeTb OAHY KDHBO-
JHHEHHYIO CTOPOHY. B 3TOM pasieie mpeamosaraercsi, 4To (KpH-
BOMuHelHast) rpanuua Ads J1060T0 FPaHHYHOTO dJaementa Ij MO-
eT OBITh MapaMeTpH30BaHa KaK

OR; = {(x; (0), 4, (8)): 0 =0, 6;]}.

C uesbio ynpouenns ajnre6panyecknX BHKJIaAO0K NPEANONONKHM,
UTO JJIsl THIHYHOTO IPAHHYHOrO 3JeMeHTa T KOOpAHHATH X H Y
BhiGpanbl Tak, uto 6 =x (puc. 25). Toraa mis MIHHBI AYTH
o(x) Gynem nmers :

o(x)= S {1+ g2 dx,

0
_do(x) .
dO’—Tdk.

Yaau uuTepnonsumy Ha MCKPHBAEHHON CTOPOHE 3JEMEHTA Ompe-
nensiioress yamamu (k- 1)-toueunoit xeadparyprou Gopmyrs
Jlo6arTo na unrepsage [0, 1], koTopsie ME 0Go3naunm uepes £
(i=1, ..., £+ 1). Takaa xsaxparypuas dopmyna paccMarpH-
BaeTca, Hanpumep, B pabore [ssuca u Pabunosuua (1967). Ta-
KHM 006pasoM, ISl THIHYHOTO 3JIEMEHTd TOYKAMH HHTEPNOJSLHH
Gyayr (O}, y (GEF) ) (=1, ..., k+1).

TaGauya 3

TaGauya yaroe keadparyproil gopuyast Jobarro
xa unrepsase [0,1

k=1 0,1
k=2 0,'/3,1
1
k=3 0Yst—0pnx, 1
4 2 2"/5_
k=4 0!/ £/, ’\/%- 1a, 1

') CKoTT noKasan, 4TO 310 ycJOBHE MOMKET ObITh HECKONbKO 0caabaeno
Ge3 H3MeHeHs OKOHYATELHOrO PesyJbTaTd.
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Puc. 25.

Wurerpan oT rpaHMYHLIX 3HaueHHH H3 (5.34) MOXHO meperH-
caTh B BHAE
{ewido=} { ewdo. (6.35)
oR 1 oR;

THNHYHOE c/laraeMOoe 3TOH CyMMBl MOXKeT GHITh NPEACTaBJICHO KaK
(2]
S 2(0) w (x) dx, (5.36)
(1]
rue
z(x)=g(x, y () %
b3 s
w (%) =W, (x, y(x).

Tenepe BBeeM NMONHHOM Z(X) & Pj—, HHTepIONUPYIOMHUT 2 (X) HA
untepsaje [0, ©]. U3 Teopemsl 5.4 cieayer (ecau saMeHHTDb 2 Ha
k—2uR=(0,0)=1), uro

lz—2l, ,<Co=r-llzl,_, , <k—2), (5.37)

ecai 2(X) H TeM caMuiM g(x, Y), H o(x) JocraTouyHO ryIajKHe
¢Gyukunn. [Tostomy (5.36) MOKHO NpeaCTaBUTHL KaK

) o o
Szwdx:S(z—i)wdx+ Siwdx. (5.38)
0 0 0

Tax KaK HHTepBan I = [0,0] Moxer GHiTh mepeBeicH B CTaH-
AapTHbIH HHTEpBan [0, 1] nuHefinbiM npeoGpasoBaHueM, TO M3

saemmbl Bpam6aa — I'masGepra (cm. ympakHemne 23) ciiefyer,
4TO

|§ e—awar|<ce-iwl,, )z, .

Ho Wi (x, y) obpamaercs B Hyab B £ + | rpanuunbix TOuKax HH-
TeproJIALHH, H MO3TOMy w(X) obpaumaercs B Hyab B k£ + | 10Y-
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[TockosnbRy © He MOXKeT MpPeBOCXOAHTH AHaMeTpa siementa T, H3
9TOr0 ClIEeAyeT, uToO

Kax uHTepBana /, Tak 4To mo Teopeme Pouis
kw

(< cer{ max
, 1]

dx*

| (x) I<CHEH | Will, . (5.39)
MoxHo nokasath (cM. ynpaxuenue 24), 470
RENWll, = < CIlWhll, 7 (5.40)

(R) T

OGmbenunss aBa moCHeAHHX HEPABEHCTBA W WHTErpHpys, Gyxem
HMEThb

lwlly, g <CH* | Wyl 70
H TMOSTOMY

|§ ¢ —Dwar|<crrrigh, ,, o, IWall, 7 G41)

rae ORr 0603HayaeT KPHBOMHHENHYIO YacTh TPAHHIE daementa T.
Paccmorpum Teneph BTOpoe caaraemoe Bnpasoi uacti (5.38).
Tak kax ¢yskuus w(x) obpamiaercs B HyJb B KBaApaTypPHBEIX
Toukax Jlo6aTro, HHTErpaj, coaepIKaluil ®(x¥) KaKk MHOXKHTENb
B TIOJBLIHTErpajbHOM BBIPaXKEHHH, aNNpPOKCHMHPYETCs HyJeM NpH
HCnmoyb30BaHuu KBajpatypsl JloGaTro. [TosTtomy oueHka KBajapa-
TYPHO! OWMGKH OJHOBPEMEHHO SIBJASICTCS H OLEHKOH 3HaueHHs
camoro muTerpana. Tak Kak (k- 1)-Toueynas xpagparypa Jlo-
6aTTO TOYHA JJIs MOJHHOMOB CTENEeHH He Bbie 22 — 1, U3 JeMMbl
Bpam6aa — FunsGepra cuneayer (cM. ynpaxusenue 6), uto
[
S Z(v) w(x)dx
0

Ho 2& Prg 1 w(x)= Wi(x,y(x)), rne Wy P, va T, u 1o,
ITOMY

2k | ~
< Ch"|zZw |2;;, o

I éw |2/¢, 1 < C" E ”k—2. 1 ” W[; "lz. e
Bwmecre ¢ (5.37) aro paer
” z "I4—2. 1 g “ k4 "I¢—2, 1 + " = "k—2.l <

Clizll,, ;<

<
SCligh_y, orp



146 [n. 5. CxopumocTb annpoKcUMaumi

Tak kak mepexon ot T K CTAHAAPTHOMY 3aeMeHTY To sBJISIETCH
JIMHEHHbIM, TO H3 YCJOBHSl PEryJsipHOCTH OGymer cjeioBaTh, UTO

1 Wlle, 7 < CR=#I W Il -

O6beaHHAS STH UeTHIpe NOC/IE[HHE HEPAaBeHCTBA, MOMYUHM
)
{zwax|<creriligl,_, oogl Will, o (5.42)
0
Cymmupys Tenepb HepaBencTBa Buia (5.41) u (5.42) mo Bcem
NpHJIEraiouM K CPaHHLE SIE€MEHTaM, NOJYYHM JJIsl OMHGKH BO3-
MYLIEHHS! OLEHKY

SgW,,dU S CHHA2| gll,_y sl Wil (5.43)
R
H, CJIe/IOBATEIBHO,
f,W,)—a(u W
{ 4 lf)‘vn |||.(R 2. }<C/lk+”2”u”k+l.R‘ (5.44)

Teopema 5.4 mokaseiBaer, 4TO AJIsi HHTEPIOJSIHOHHBIX MOJH-
HOMOB JlarpaHxa cTemeHH k OLIHGKA HHTEPIOJIALHII OICHHBAET-
¢l Kak

e —@lh, g <CH| s, s

i INO3TOMYy OLEHKa OIHOKH JJIsl alnnpoKCcHManHH I"zmcpmma
HMEeT BHI

le—Uglh, o <C {A¥| w0y, g+ HEH V2] 1 [lyg, g} (5.45)

Cilel0BaTelIbHO, KOHEYHO3JIeMEHTHASI aNMpPOKCHMAlHs C TAKOM
HHTEPNIOJISIUHEH IPAHHUHBIX YCJOBHII OCTACTCS ONTUMAALHOL JIO
Tex mop, moka omu6ka Boamyulenusi OGyjaer Gojiee BBHICOKOTO MO-
paika (mo h), uem ommGka annpokcumamuu. Cxorr (1975)
Yepnyka, Kynep, JIuna6epr u Oucon (1972) npemnoxuan s
TPEYTOJILHEIX 9JIEMEHTOB C KPHBOJIHHEIHEIMH IDAHHIAMH KBaJpa-

TYpHbIE (POPMYJILI, COXPAHSAIOLIHE TIOn - ]§upa-
THYHBIX annpoxcuMauuit. Taxwue X-
ke Beprepom (1973) ¢ nesnio )-
MHHAaX HOPMbI npocTpancTsa Zs . JCH-
HYIO IPOBEPKY nopsakoB (1972). b .. b HHTEp-
NOJISIUHH TPAHHYHBIX JAAHHBIX 10 KO JHaYeHH I
MOYKHO CTPOHTb aNNPOKCHMAIHIO, TOUF IX BAOJb
BCell rpaHdLbl, CCIH HCIOJAb30BATH CME JHANBHBIE
nurepnoasuTs (Fopaon n Yukcom, 19; . CBeJIeHNs

O CMeILIaHHbIX (pyHKlulﬂX 6)’,’1)’1‘ H3J102K€H. .
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Ynpascrenue 23. Vicnionbays paccyzKiens, aHaJOTHYHbIE MPH-
BCJCHHbIM B ympaiHenun 6 (uam B JemMme 5.5), A0KaxKuTe, 4TO
u3 jemmbl Bpam6na — 'nas6epra ciaeayer HepaBeHCTBO

0
- wax|<cor-11wly, pl2h-,, p
0

rae 2 & Py, unrepnoanpyer z Ha uurepsane I = (0,0) n w &
€ Zy(I) (Ykasanue. Iina nokasateabcTBa paccMOTPHTE (ByHK-
unonan F &2 (#4-V (1) X Z,(I); R), rze

<]
F(z, w)=S(z—§)wdx.)
0

Ynpascrenue 24. INokakute, 4TO JJs JarpaHKeBbIX HHTEPIO-
JSILHOHHBIX MOJHHOMOB CTENEHH & Ha TPEYroJbHHKaX C NpsAMOJH-
HefiHBIMH CTOpOHaMHu npH 2 =2 u k= 3 mobas npobHas (yHK-
uusa W ynossierBopsieT HepaBeHCTBY

-k
W, < Ch™*IW I, 7.

Ynpascrenue 25. TlokaxkuTe, 4TO ONEHKA OUIHOKH BO3MYIIEHHS
(5.44) cnpaBennBa Tak¥Ke JJIS YACTHOTO BHAA 3PMHTOBBIX KyOH-
YECKHX 3JIeMeHTOB, npepioxennsx Ckorrom (1975).

(C) AnmPOKCHMALMS FPAHMLL

[To-BHANMOMY, mepBbe OLEHKH OMHGOK AJs METONOB KOHed-
HBIX S/1IEMEHTOB HA MPHOMHIKEHHO 3afaHHBIX 06J1acTAX GBUIH MO-
JyUCHBl COBETCKHMH MaTeMaTHKaMHu (cM., Hanpamep, pabory Ora-
necana, 1966). Onu nomyuynan OLEHKH HJs KYCOYHO-JTHHEHHBIX
annpoKCHMAaIHi Ha TPEYrOJbHEIX CETKAX H PacCMaTPHBAJH TOJb-
KO mpHOMIKEeHHOe peleHHe AJs 3afay BTOPOro Mopsiika ¢ rpa-

HHYHBIM YCJIOBHEM

2t pu=0 (=0),

3ajaHHBM Ha KpuBOAHHeiHON rpannue. OHH MOKAa3auH, 4TO
lw— Uyl r, < Chll ], s

HO HX JIOKA3aTeNbCTBA CIHIIKOM CJOXKHB H BEIXOZAT 34 PaMKH
970it kuurd. Jas Takux 3agau OGbUIH IOJYYGHB OUEHKH ONIHGKH
B TepMHHAX HOpMbI npoctpancrBa Z3(R) (Oranecan n Pyxopern,
1969). Heckonbko noazxke 6bio mokasano (Crpenr u Beprep,
1971, Tome, 1973), uto eciu Ry ecTb MHOTOYrOJIbHHK, BIHCAHHBIH
B R R? (R™, m =2 cornacno Crpenry u Puxcy, 1977, napa-
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rpag 4.4), To An7 MOLCIBHOI 3aauH, ONpeAesaeMOil ypaBHeHHeM

u &
5+t =0 (x n<=R) (5.46)

H TPAHHYHBIM YCJIOBHEM U =0 Ha (JR, cripaBeajuBa OLleHKa
3,2
llw— uy I, = O (K*%),

re 4, ecTh pelieHHe BO3MYLIEHHOI 3a1ayuH, ONpeaessieMoil ypas-
HEHHEM
2
o%u,
ax?
1l PAHHYHBIM yeloBHeM uy = 0 Ha ORj.

Taknum o6pasoM, ecan ypaBhenue (5.46) pemaercs npuban-
MKEHHO TyTeM pa3bHeHHsi MHOroyroJibHoi o6jacTH R, W mocie-
JlYIOUIer0 BBIYHCJIECHHS KOHEYHO3JEMEHTHOrO PelIeHHsi ypaBHCHHS
(5.47), To, corsiacHo pesysbTaTam pasi. 5.3,

e — Upll, g, = O (%)

AJIl KYCOUHO-JIHHeHHBIX amnpOKCHMAlHil Ha TPEYroJbHBIX pas-
Guenusx. Eciu annmpokcumupyiomue (yHKIHH COACPIKAT BCe MO-
JIMHOMBI CTETeHH 2 WM BbILUE, TO, COTJIACHO TEM Ke pe3yJbTaTaMm,

lle—Uplh, g, = O (1)

DTOT MOPAJOK ANNMPOKCHMALMH MOJMKET OKA3aThCsl CyLIECTBEHHO
HHXKE TOro, KOTOPHIH moayuuscsa Obl TONBKO HA OCHOBAHHH pe-
3yJIbTAaTOB pasj. 5.3, H MPOHCXOAHT 3TO M3-3a MJIOXOIl ATNMPOKCH-
Mauuu BOJHSH TPAHHLBI; HHOTJA 3TO NOHHIKEGHHE HHTEPNpPEeTH-
PYIOT, KakK aghthexT npueparuurozo caos. MoKHO BOCHOJIbL30BATH-
Csl NPHHIHIOM MakcHMyMa, 4TOOBl MOKa3aTh, YTO MpH HaJHYHA
HEerJIaJKoi CPaHuUBl BO3MYyLIeHHA OyayT menbiue suyTpn R. He-
KOTOpEBIE Pe3yJbTaThl TAKOro poja MOTyT ObiTh PacipocTpaHeHbI
Ha TOT cayuai, korpa Ry ¢ R. CpojicTBa CXOAHMOCTH KOHCUHO-
SJICMEHTHBIX aNmpOKCHMAaNHUH BoBHe ob6JyacTH nayyanuch Hutie n
[Maruem (1974), a Takke Bpam6iaom i Tome (1974).
Beprep, Ckorr u Crpenr (1972) noxasasn, wro ecin 06JacTh
R B obleM ciyuae anmpokcHMHpyercs 06aacTbio Ry, KOTOpas He
00513aTeNLHO SIBJISICTCS MHOTOYTOJLHHKOM, TaK, 4TO MAKCHMAJb-
HOE paccTosiHHe MeXay AByMs rpannuamu dR n ORy ectn O (At
TO COOTBETCTBYIOULHIi TaKoMy BO3MYLIEHMIO wieH B onenke (5.16)
6yner BenuuuHoli mopsiaka O (h%+1/2), DToMy ycnoBHIO MOMKET
YAOBJICTBOPATL ANNMPOKCHMANHS TPAHHLbLI KYCOUHBLIMH MOJHHOMA-
MH CTEMNeHH R, HaNpHMEp, NYTEM HHTEPNOJALHH; MOIKHO MOKa-
3aTh, YTO €CJH /IS annpOKCHMAaUuH (GYHKIHI H HHTEPHOJSILHH
rpaHuibl  HCIOJAb3YIOTCS MOJHHOMBl OAMHAKOBON CTENeHH, TO

+ 2 L He D=0 () SR)  (64T)
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owHbKa MeToAa KOHEUHLIX dJemMenToB Gyuer eue mopsaka O (h*)
B TEPMHHAX HOPMHI npoctpanctBa 65 (R,). AHanornuHblii pe-
3yJIbTaT MMEET MECTO JJIsl H30NMAapaMeTPHUYECKHX aNmnpoKCHMamHH,
Tak kaxk Cobspne u PaBbsp (1972c) nokasanw, 4TO 3aKJIOYEHHS
Teopemsl 5.5, Gyayun cierka H3MEHEeHHBIMH, OCTAIOTCS CIIpaBe/JH-
BLIMH H TOrja, Korja o6Giactb 3anana npu6aunkenno. IToxoxuii
pesyabrar Obli noayuex 3uaamanom (1973, 1974). 3apaua Heii-
MaHa paccMaTpHBafach HECKOJILKHMH —aBTOpaMH, HampHumep
Crpenrom u ®ukcom (1973) u Babymkoit (1971).

(D) METoab! WTPAGOB

K aro0ii karteropun oTHOCATCA BCe TE METOABI, B KOTOPBIX He-
OJHOPOAHO® rpaHHYHOE YycJoBHe [lHpHXJE paccMaTpHBaeTcs B
(opme mHTErpasa OT TPaHHYHBIX 3HAaYeHull, A06aBIsSEMOr0 K CO-
OTBETCTBYIOLIEMY (DYHKIHOHANY, a He B (hopMe HAJOMeHHs He-
KOTOPOro yC/OBHSI Ha anmnpokcHMupyiomne Gysxkund. Takne me-
TOABl MOIYT OCHOBLIBATBbCSI HA METOAE HAHMEHBIIHX KBaJApaToB
HIH Ha merone PuTna, mam ke Ha coueraHnH HX oGomx. Ham6o-
Jiee uacto ynorpebJasieMblil MOAX0/J OCHOBHLIBAETCS HA METOJAE Hau-
MEHBbWIHX KBajApaTOB, JJIsi KOTOPOTO OIIHOKH y)Ke HeJb3si ecte-
CTBEHHLIM 00pa30M MOJYYHTh B TEPMHHAX CODOJEBCKHX HOPM, H
IPHXOANTCSA MOCTOSIHHO NMPHBJEKATH TEOPEMY O CJeAe IS OLUEHKH
HHTErpajoB OT TPAaHHYHBLIX 3HayeHnil (cM., Hampumep, ri. 6 B
knure Bapru, 1971).

Ecan MBI NpeanosoxinM, 4To OLEeHKa OWHGKH HHTEpPIOJISALHH,
npuBeJeHnas B Teopeme 5.4, cnpaBefIHBa IpH HEKOTOpPOM k& = 0,
T, @

le—iilly, p < CREH=T |t flgyt,

TO MOZKHO TOJYUHTH H HCMOCPEACTBEHHYIO OLEHKY OI.IIHGKH, HO HE
B TepMHHAX co60NEeBCKHX HOpPM,

Teopema 5.6. Ecau KoreuHo3reMeHTHAR annpokcumayus yoos-
ACTBOPSET YCAOBUIO

(AU, —f, AV)y=h"*U, —g, V}) (012 ecex V,=K,), (5.48)

2de

@ »={ovds,

aR

u ecau Teopesa 5.4 cnpasedausa npu Hexoropom k>0, To umeer
MeCTO HepasexcTs0

I AUy — Aully, g+ B 1 Uy — ttlly, g SCHE ™ Nl -
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llotcaaare/lbcrao. Taxk kak
| A — Atlly, o <Cllu— il »
Za1s mo6oi dyrkuan & — i E P (R) u
Nt — By, oy S C ™l — Ly, g+ APl — 1}
(Armon, 1965), To
I Au— Aiill,, g+ h e — lly, <

<Cllu—aly o+ o Nu— il g+ - e —1iill,, gz} (5.49)

[MosToMy MeTOL HAHMEHLUIHX KBAJApaTOB, 3aJaHHBIH C MOMOIIBIO
(5.48), sAiBAsieTCs1 MPOEKIHOHHEIM METOJOM B TOM CMEICJ]E, YTO

lu—Uply = inf llu—ily,
h

rae Hopma onpe,ue.neﬂa Kak
2 2 -3
Il =1 Ap ISy, o+ A 101, ory

Pesynbrar Hemensnenno caenyer u3 nepaBencrsa (5.49) u Teope-
Mul 5.4 npur=20, 1 u 2.
Mo3KHO ZOKa3aTh TakiKe, YTO

14— Uplly, g SCEEH 1l 1y o

HO [0Ka3aTesJbCTBO BHIXOAHT 3a paMku stoi wuuru (Beiikep,
1973; nnn Bpam6a u [Marn, 1970). Uncaennwiit npuMep npuMene-
HH$1 OIIGHKH TAKOro 4acTHOro BHAa Gyaer npuBeseH B pasj. 7.4 (A);
Zpyrae npuMepsl MoxkHo Haiitu y Cepbuna (1975).

Jlpyrue aBTOpHI MpeAnaraioT OTAHUHLIE OT H3JIOIKEHHOrO MPO-
EKLHOHHbIE METOABl AJsi pellenus ypasuenus (5.46); onn ocHo-
BBIBAIOT CBOH METOABl HA HCMOJb30BAHHH TAKHX HOPM, KaK

ol =a@ &)+~ 10, o
(Bpam6a, Mionon u Tome, 1972) u

loly =—2a@ @ —2(4g, 9)+ 1’1 Apl, o+
_ Y 2
+v{# ol g+ a2 1 w>0
(Bpam6a u Hurwe, 1973).

Takne MeTOAB JOMycKaloT o6obLieHne Ha 3ajaaun Gosiee Bbl-
COKOro IOPs/K4 H Ha 3ajayd pasmepHocTH Goablueir asyx. [1pex-
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JIaraloTCcsl TaKKe H METOJbl, OCHOBAHHHIE HA HCMONb30OBAHHH CTa-
LHOHAPHBIX TOYEK (PYHKUHOHAJIOB, HE SIBJISIOLIHXCH IOJOXKHTENb-
HO OnpejeJeHHbIMH (CM., Hanpumep, pabory Tome, 1973). Mero-
Ipl wrpadoB uayuanuch Takxke O6smom (1972), c. 23.

(E) HECOrACOBAHHBIE 3JIEMEHTEI

Onpenenum Guanneiinyio popmy

S
we 0= ({3 55+ o Jax s
=

KOTOpas He coBmajaer ¢ GHIHHEHHOH (opMoi

a(u, v)=SRS{ 3: gz -+ gj g: }d\d_/,

€Cclii QYHKUHS U TEPNHT Pa3phiB BAOJbL FPaHHIL MEXAy 3JeMeH-
TaMH; pasiHuHe MeXIy ABYyMs (OpMaMH @ H @n SBISAETCS OCHOB-
HBIM MOMEHTOM MNPH M3yUeHHH HECOrJIAaCOBAHHBIX 3JIEMEHTOB (CM.
pasj. 7.2); B JIONOJHEHHE K 3TOMY ONpPEAENHM NOJYHOPMY, COOT-
BETCTBYIOLLYIO (opMe an, KaK

172
by = [ay (u, w)]'",
a TaxKxKe HOpMY

Neelly = [ 1a f; 121 z] >

B xauecrBe mpHMEpa pe3yJbTAaTOB, KOTOPhIE MOTYT GHITH MO-
JyYeHBl JU15 HECOIVIACOBAHHLIX 3JIEMEHTOB, PACCMOTPHM MpOCT-
panctBo Kj KycOuHO-NHHEHBIX 5JIEMEHTOB, KOTOPHIE COMNIACOBA-
Hbl B CepeduUHax CTOPOH TPEyroJibHOM CeTKH (HanbHeHIIHe AeTaln
CHOBa MOXKHO HaiiTn B naparpade 7.2). Ins TakHX 3JeMEHTOB
omHGKa NpH HATEPOJALUH JHHEHHBIX QYHKUHIT paBHA HYJIO, TAK
YTO MO anajorun ¢ pasp. 5.3

inf Jlu—V,lySChlul, g
Ve Ky,
s moGoi pynkuun u < Y (R). Toatomy, eciii HECOrNIACOBaH-
Hasi annpoKCHMAalus ONTHMAaJbHA, 106aBOUHEIH YJIeH

[ (1 W) —a) (4 Wy) |

W, = Ky, W Il

no/Ken 6biTh He Goabiue, uem O (h).
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[pumenss Teopemy ['pHHAa K KaXKIOMy 3JeMeHTY, MOJIYTHM,

410 .
(Fs Wp) — ay (1, Wh)':Z S %Wﬁdo’:
j=10f;
Q
=§ES{ W ) (2 w) ™ e
= !

rae uepes E; 0603HaueHa CTOPOHA MEXAY ABYMsl COCEAHHMH dJIe-
MEHTaMHU CeTKH, a JBa cJaraemblX B MOCJEJHEM HHTerpaJje, OTMe-
yeHHele Kak [1] u [2] coorBercTBeHHO, ecTh Ipeje/bHbIE 3HAYUE-
HHSI, COOTBETCTBYIOIIHE 3JIEMEHTaM MO 00e CTOPOHBI JIHHHH DPas-
puiBa E;. Ilpumensis jemmy Bpam6ua -— I'mibbepra K (yHKUHO-
HaJlaM BHAA

Fa, W= {{ (3 w.)"+ (&w,)"}do (650

Zy
(cm. ympaxkmenne 27), MoxkHO mnokasath (Kpyseit n Pasbsap,
1973), uro ecan
[ Wl —wi do—0 (5.51)
E .
wist Beex Wi € Ky, 10
I (iv W/l) - alx (u' Wh) ‘< Chl u ll, R “ u,/h ”/1' (552)

Ynpaoenenue 26. Mokaxure, uto (5.51) BhimoaHseTcs AN Ky-
COUHO-JTHHEHHbBIX HECOTVIACOBAHHBIX /IEMEHTOB, ONHCAHHBIX BBILIE,

Orwmerny, uto B pasa, 7.2 Gyner nokasano, uto (5.51) mpea-
CTABJIACT COGO¥ KYCOUHOE TeCTHPOBAHHE HECOrJacoBaHHBIX 3Je-
MCHTOB IJisi 3ajgau BToporo nopsiaka. Ceapae (1973) noaydui
4HAJIOTHUHBIC Pe3yJIbTaThl A5 JEMCHTOB, CBA3aNHLIX C 3ajaya-
MH 06 H3ru6e nuactunpl. CpaBHHTENLHBIT aHAAN3 HECOrIACOBAH-
HBIX 9JIEMEHTOB 115t 3aay 06 narube naactune umeercs y Jlacko
1 Jlecena (1975).

Ynpaserenue 27, Tipeanonaras sumonnenism yeaosne (5.51),
npumennte nemmy Bpambna — FnanGepra k dyniinonadny (5.50)
H IOKAKHTE TEM CaMBIM CIpaBeIHBOCTE OLenkH (5.52).

5.5. Pesiome

B srom paspene comepikates KpaTkite BBIBOAB O HEKOTOPHIM
H3 HaHboJIee BaXKHLIX Pe3yJbTaToB pasj, 5.2—5.4. 1)
') Xors 3toT pasjen Moxer UHTAaThCs Ged 3HAKOMCTRA ¢ npeab LY M

naparpadamn JanHoil raapel, NpUBeACHHBIE B HeM pE3YJLTATH CYIICCTBEHHO
HCNo/L3YIOT 0603HaYeHHs 1 onpeaeacHus pasi. 5.1.
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[TepBblil pe3ynabTaT OTHOCHTCS K HHTEpPMOJSALHOHHBIM CBOMCT-
BaM 06a3ncHBIX (DYHKUHH, HCHOJb3YEMBIX B KOHEYHO3JEMEHTHOH
annpoKCHMAaLHH, U HA3BIBAeTCs YCJIOBHeM MoJHOTH. Ecim B 06-
LeM cjyyae MOJHHOM CTENEHH £ WHTEPNOJHPYeTcs: TOYHO H pe-
IIEHHE 4 3ajayl BTOPOro NOPsiiKa, 3aJlaHHOH HA ABYMEDHOH 06-
JacTH R, sBJsieTcs JOCTATOMHO MMIafKHM, TaK 410 4 & 6y 1 (R),
T0 aas annpokcimaunn Fanepkuna U & Ky cnipaBeannBa oneHKa

le—Uly, g <Cllte — il p < Ch*l| s, o (5.53)

rie h ects guamerp HauGoablIero sjaeMeHta n Z & Ky untepmo-
JHPYeT w. B 9TOM KOHTEKCTE BHZ HHTEPNOJHpYIOLlel (YHKIHH
ONpe/ie/IeTcsl THIOM HCIOJNbh3YeMOH KOHEYHO3JeMEHTHOI annpok-
CHMALH; NMPH 3TOM NpeAnoJaraercs, 4To Bce y3JOBbie MapaMer-
Pbl HHTEPIIOJSLHH ONpeAeeHbl TOYHO.

Ecan pewenne u He sBasieTcsi CTOJb NVIaJKHM, KaK 3TOr0 Tpe-
Oyer onenka (5.53), To mokasarelb CTENEHH Yy /I B OlLlGHKE OLING-
KH yMeHblIaeTcs Tak, uTo mpn u & FBE N (R) (R° < k)

le—Ulh, g <CAF | tllge s, - (5.54)

Ouenka own6ku B Takoii MOAM(HUHPOBAHHON (JOPME HCIOJIB3Y-
€TCsl, HANpHMep, TOrja, Korja Kakas-aubo u3 MJajAmHX MpOous-
BOJHBIX HMEET 0COGEHHOCTH BHYTPH 06JjacTd R WaH Ha ee rpaHH-
ue. Tor cayuaii, korga Diu (|i| < 1) uMeer 0coGeHHOCTH Ha rpa-
Hiue, noapobuo obGeyxaaercs B Apyrnx paGorax  (Crpenr
Pukce, 1973, ra. 8, n Yaiir, 1976) u 3xecb paccMaTpHBAeTCs TOJb-
KO BKpatne B pasa. 7.4 (F).

Jlns annpoKkcHMALHi, MOCTPOCHHEIX HA JIEMEHTaX, Y KOTOPHIX
Gasucnule (PYHKUHN He BLIPAXKalOTCsl HEMOCPEACTBEHHO Yepes Mpo-
CTPAHCTBEHHbIC MEPEMEHHbIE X H Y, a ONpPEeAessioTCs BMECTO
3T0r0 ¢ MNOMOIILIO NMPeo6pasoBanisi K CTAHAAPTHOMY 3JIEMEHTY
€ HOBLIMH NMEPEMEHHBIMH P H ¢, MOKa3aTesb creneHd y i B (5.53)
onpejesiercs: nemuoro nuave. s TakHX annpoKCHMAanHH, B KO-
TOpPBLIC BXOAST I BechbMa pacnpocTpaHeHHbIe H30mapaMeTpHUYecKue
9JIEMEHTH], R €CTh CTeNeHb MOJHHOMOB 1O P H ¢, KOTOPBIE HHTEp-
NOJPYIOTCS! TOUHO.

[Tpn nenoab3oBaHHH KPHBOJIMHEHHBIX H30MapaMeTpHUYECKHX
5JICMCHTOB BAXKHO MOMHHTbL O T€X CTPOTHX OrpaHHYEHMSIX, [IPH KO-
TOPLIX cnpaseainBel oueHky (5.53) n (5.54). Hdaxe Korga Toabko
O/[Ha CTOPOHA TPEYroALHOTO 3JEMEHTa 3aMEHSIETCS OTPe3KOM
KBAJPATHUHON KPHBOH, 3J1eMeHT Gyaer GJH3KHM K TPEeyrolbHOMY
C NpSIMOJIHHEHHLIMH CTOPOHAMH TOJBKO ¢ TouHOCTBIO O (A2). Ecoin
KPHBOJIHHElHAsA rpannna OyaeT KyOHYecKHM NOJHHOMOM, TO Orpa-
HHUEHHs HA sjeMeHT OyayT naxe Gojiee CTPOrMMH — AETA/IH H3-
Joxkens! B pasg, 5.3 Ha c. 132,
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Ecan 3ajaHbl TPaHHYHBIE ycuo0BHsA Jlupuxije, TO HEOGXOAHMO
N06HTBCS YAOBJIETBOPEHH NPHOIHKEHHBIM PEIleHHEeM STHX yCJIo-
BHI N0 Bcell JUIHHE CPaHHUIBI, NpexJe YeM NPHMEHATb OLEHKH
(5.53) uan (5.54). Ecam ke rpaHHuHbIE yCJIOBHS HHTEPHONHPY-
JOTCsl IO KOHEUHOMY 9YHCJy 3HAueHHii B TPAHHYHBIX TOUKaX, OLEH-
Ka OIHOKH NPHHHMAET BHAL

llu—Ulh, g <CA* [ tlle+1. n+ A, (5.55)

re BeNHuWHA J00aBOYHOro uleHa A onpefensercs THIOM am-
NPOKCHMALHH I'PAHHYHBIX AAHHBIX. Ounenkoit (5.55) MOKHO MOJb-
30BaThCs TAKXKE M TOTAa, KOraa obiacTb R anmpoKCHMHpPYeTCs
HEKOTOPHIM 06pa3oM (HanmpuMep, MHOrOYrOJNLHHKOM), KOTAa NpH-
MEHsIeTCsl YHCJEHHOe HHTerpHpPOBaHHE HJH HCIOJb3YIOTCS Heco-
[JIaCOBAHHBIC 3JEMEHTHl IPH NOCTPOEHHH ammnpoxcumanuu. Bee
TPH NMpHEMa MOXKHO PacCMaTPHBATH KAK OTKJOHEHHS OT KJIACCH-
YEeCKOro BAPHALHOHHOTO METOZa, H TMO3TOMY B AHAJIH3E KaxKJ0ro
H3 HHX ecTb MHOro obuiero. UTo ke KacaeTcsl BEeJHUYHHBI BO3MY-
LeHHsl, TO CXOAHMOCTh €llle HMEeT MEeCTO, ecJH 3Ta BeJHYHHA
ectb O (h°) (s > 0). ViaMeHeHHasi BO3MYUIEHHEM aNlpOKCHMALHs
HA3LIBAGTCS ONTUMAAGHOL, eclid TOpOXKAaemasi BO3MyLIeHHEM
omn6xa ects O (h*), T.e. ©MeeT TOT 2Ke MOPSIAOK MaJOCTH, UTO H
omx6Ka HHTEPIOJSILUHH.

(A) YWC/IEHHOE HHTETPHPOBAHUE

MO)KHO IoKasaTth, 4TO AJs 3ajau BTOPOro mopsijiKka, npH pe-
IIeHHH KOTOPBIX HCIOJL3YIOTCSH 3JIEMEHTHI C npﬂMOJlHllel"(HblMll
CTOPOH"BMH, HOpO}K}IaeMblll"i YHCJIEHHBIM HHTCI‘DHPOBZIHHCM 11063'
BOYHBIH YJIEH €CTb

A=0(F)

NPH YCJOBHH, YTO KBajipaTypa TOYHA JiJIsi BCeX MOJHHOMOB CTEIe-
HH S+ k& — 2; 5TO 03HAYAET, UTO CXOAMMOCTH HMEET MECTO VIS
KBajpaTypHOi d)ogmynm nopsaka ') k— 1, a onTuMalLHOCTD —
IS KBaapatypHoi dopmyast nopsigka 2k — 2. Ecan uenonbsy-
I0TCS TPEYroJIbHbIE H30NapaMeTPHUECKHE 3JEMEHTHl ¢ KPHBOJIH-
HeHHBIMA CTOPOHAMH, TO B CHJly YNOMSIHYTEIX BBIILE OrpaHHuCHHH
U1 obecrneyeHHsl ONTHMAJLHOCTH ANNpOKCHMALMH HEOBXO0AUMEl
KBazpaTypHele (opmyas nopsigka 4(k— 1), Torga kak jas cxo-
JIMMOCTH AOCTaTOYHO (opmys mopsaaka 3(k — 1).

1) Ksagpatypuas (opMyna umeeT NOPAAOK r, eCiil OHA TOYMA /s BCEX
[10/11HOMOB CTeneHH He Bbille r,
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(B) MHTEPHONSIIMS FPAHHYHEIX YCJIOBHM

Ecan a8 KaxKA0ro rpaHHYHOrO 3JeMeHTa FPaHHYHEIe YCIOBHS
COTJIaCOBAHB! TOJILKO B KOHEYHOM 4YMCJe TOHYEK, TO MOPsSAOK COOT-
BETCTBYIOLIEro A00aBOYHOTO HJEHa 3aBHCHT OT DAacCIHOJIOMKEHHs
STHX TOYeK HHTEPNOJIALUHH Ha rpaHuue. Anmpokchmanus Gymer
ONTHMAJILHON, eCJIM FPaHHUHBIE AAHHBIE COTJIaCcOBAaHBI B KBajApa-
TYpHBIX Toukax JI06aTTo; 3TO O3HAYAET, YTO €CJIH FPaHHLA 3Je-
MeHTa MO)KeT GhITh 3ajaHa napamerTpuyeckd kak (x(0),y(0)),
(0 < 6 < ©), To TOYKH TpaHHIE], 0O 3HAYEHHSIM B KOTOPHIX HH-
TEpPNONHPYIOTC FPAHAUHbBIE AaHHBIE, ONPENeNsIOTCS KBaapaTyp-
HbIMH Toukamn Jlo6arTo Ha HurepBaze [0, ©]. Hpyrim cmoco-
GoM 3aanHs KBaJPATYPHBIX TOYEK FBJACTCS HCNOJNb3OBAHHE JJIH-
HB! AyTH BAOJb FPAaHHILB B KauyecTBe NapaMerpa.

(C) AnnPOKCHMALIMSI KPHBOJIMHEFHBEIX TPAHHLL

MO2KHO MOKa3aTh, YTO €CJIH JJI5 KaXKA0ro rpaHHYHOro 3JeMeH-
Ta rpaHuna annpoKCHMHPYETCs KpPHBOK, ypaBHEHHE KOTOpOH
npeacTaBasiercss MOJHHOMOM CTENEHH k, TO TPaHHL@ OTCTOMT OT
cBoero npubamKenns Ha O (A*+'), n MO3TOMY annpoKcAMauus 6y-
NeT ONTHMAJbHOH, B NMPOTHBOMOJOXKHOCTb 3TOMY, €CJIH TPAaHHILY
annpoKCHMHPOBATh MHOMOYTOJbHHKOM, TO COOTBETCTBYIOWIMH [O-
GaBounblii uien Gyxer BennunHoil nopsiaka O (h%/2), u coxpanser-
sl TOJIBLKO CXOLHMOCTD.

(D) HECOT/IACOBAHHBIE SJIEMEHTHI

Mo2KHO TIOKa3aTh, YTO CXOAHMOCTb HMEET MECTO, €C/IH 3JIeMeH-
Thl BbIAEPIKHBAIOT KYCOUHOE TECTHPOBaHUE (CM. Il 7),



TNIABA 6

HECTALMOHAPHBIE
3ANAYM

ME TOCTPOHJAN ceMeiicTBO mpHOJIHIKeHHBIX METOo/0B
as ¢ PPABHYHBLIMI YCJOBHSMH; OHH CBOAATCS K Ha-
H110 CTALHOHADHOI TOYKH HEKOTOPOro (yHKUHOHAa, KOTO-
3 SRASeTCH TAaKXKe H TOYKOil aKerpemywma, B aroii rmase Mbl 10
S03MOXHOCTH 0000MINM TaKHe METO/Abl HA 33JaYH C HaYaJbHBIMH
aanszmy. OZHAKO NMpH PaccMOTPeHHH BapHaUHOHHOI (opMYyJIH-
DOSKH 3BOJIUHOHHBIX 3a4a¥ BO3HHKAIOT AONMOJHHTEJbHBIE TPYA-
socT. Hanpumep, B cayuae AHCCHNATHBHBIX CHCTEM MOcJe A0NOJ-
Henia OCHOBHON 3aj1ayll CONPSIMKEHHOI COOTBETCTBYIOULMH HM
odyaxunosaa [ (u, u*) yxe He Oyzer obnajgaTh TAKHMH 3KCTpe-
MaJbHEIMH cBOiicTBaMH. Jlake B TAaKHX IBOJIOLMOHHBIX 3ajauax,
178 KOTOPHIX CYIIeCTBYeT TOYHAs BapHAIlHOHHAsl IOCTAHOBKA,
KaK, HampHMep, AWHAMHYeCKHE CHCcTeMbl [aMHJIbTOHA, CTaLHO-
HaDHAs TOYKA He ABJIAETCH SKCTPEMaJbHOM.

STH TPYAHOCTH MPHBEJNH PA3JHYHBIX ABTOPOB K NpE/noJsiozxKe-
HHIO O TOM, YTO BapHALHOHHBIE (HOPMYJHPOBKH BPSf/L JIH OKAMYT-
Csl MOJIESHBIMH [Isi PEUIeHHA HeCTaUHOHApHBIX 3ajau. Mul mpu-
COEAHHsIEMCSl K 3TOMY MHEHHIO B OCOOEHHOCTH MOTOMY, 4TO, KaK
6buI0 TMOKa3aHO B . 3, mMeTogoM [ajepknHa MOMKHO MOJb30-
BaTbCsl 6€3 Kakoro-AHG6o ymoMHHAHHA O BAapHALMOHHBIX INPHHIH-
nax. EAMHCTBEHHBIM ONpaBaanHeM H3yueHHs CONpsUKeHHOIT 3aja-
UH ABJAAETCS JKeJaHHE PACCMOTPeTb AHCCHMATHBHLIC CHCTEMB! B
PaMKax pasBHTOrO 3jiech MaTeMaTtHueckoro anmaparta. [as mo-
HOGHBIX meJell ApyrHe aBTOpPLl NpejlaraioT TaK Ha3biBaeMble
OrpaHHYeHHbIe BapHAUHOHHLIE MPHHIKNLL HJN KBas3HBAPHALHOH-
Hble MPHHIHMbI; TaKHe MPHHIMIL HE HMEIOT GOJbHUIOr0 BHYTpPEH-
HEro CMBIC/IA, a NPOCTO CAYKAT MateMaTHUCCKHM 000CHOBAHHEM
JUIs TpHMEHeHHs1 MeTofa [lanepknna K AHCCHNIATHBHEIM CHCTE-
mam. Bee opMynHPOBKH OXMHAKOBO XOPOIIH B 9TOM OTHOLICHHH
H OJMHAKOBO HECOBEPLIEHHLI B CMbICJE CTPOrocTH, Korja Jeso
Kacaercs 3aJay ¢ HavalbHbLIMH JaHHBLIMH,

6.1. Mpunuun FamMuabToHa

B pasa. 2.5 ypaBHeHHs ABHIKEHHs1 HENPCPHLIBHO paclpeseeH-
HOH JHHAMHYECKOH cHCTeMbl OBIIH MOJYYeHBl KaK HeoOGXoaAHMble
ycJI0BHS cTanHOHapHOCTH (ynknxonasna. Mokaxkem Tenepb, 4TO
eCJIH HCNOJB3YETCa 3TOT MOJAXO0/, TO NMPHOJIIKEHHOe pellueHHe MO-
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HET OLITL HOJYNEHO, KAK W B T, 3, NyTeM ONpEACICHAA CT2IH0-
HapHoro snaveHns OTHOCHTEALHO ANNPOKCHMUPYIOUIEr o NOANDG-
crpancrsa (pyukinit, [ockosbKy ypapienns Jeumenns Ta4as 2u-
Hamuyeckux cuereM OYAyT runeploauueckoro #iay napato:
CKOr0 THNA, COOTBETCTBYIOUMI (hyHKUHOHZA He Oyaer NOJ0H#-
TCJILHO onpejeeniuM, Cae0BaTeabLHO, Aa4e A7 KOHCEDB2THE-
HBIX CHCTEM CTALHOHAPHOE 3HAYEHHE HE ABJACTCA FXCTPEMYMOM
H HEBO3MOJKHO MOJYUHTL HAHAYUIIYio annpokcumzuns. [prve-
POM Takoro (hyHKUHOHAJA, COOTBETCTBYIOUIETO YPZBHEHKIO HBH-
HKEeHHUs

d%u d*u -
7% —aF =0 ©.1)

s koJiebaronefics CTPYHbl, ABAAETCA BEIPAZKEHHE

tol
1e=5o \\[(5) —2(52)Jaxar. 62

1, 0

T'panuynsie ycaosus

Mozker mokasarbcs, YTO NPHOJIHIKEHHOE pelleHHe BHAd
N

Uly, )= ; a;p; (¥, 1)

a5 ypaBHenus (6.1) nonyuaercs myTeM HemnoCpeACTBEHHOTO MpPH-
MCHEHHsI H3JI0JKeHHoro B pasj. 3.1 metona Putna kK QyHKHHOHA-
ay [I(v), sapannomy dQopmyaoii (6.2); K coxaleHHIO, 3TO OpH-
BOJIHT K HECOBMECTHOCTH B FPAHHYHBIX YC/JIOBHSX.

3anava, onpejensiemas JHHEHHBIM eunepboauieckum Kuoppe-
PCHUHATILHBIM YPaBHEHHEM BHAA

*u (x, 1)

—5p— + Au(x, 1) = 1) {t<ISH) (6.3)
npu x & R = R™ ¢ rpannueii R, rae A ectb JHHEHHBI SMIHNTH-
gecknii andQepenHaNbubil onepaTop, aHaJOTHYHBIH BBEJAEHHO-
My B I 3, KOppPeKkTHO rnocrasiena B obmacrn R X [fo, #1], ecan
3ajanbl PPAHHYHBIC I HAYaJbHBIE YCJIOBHS

wix, )=0 ((x, ) =0R X (to, 1), (6.3)
u(x, l)=1uo(x) (XER) (6.3b)
i
Quiixio); (a"t ) —(x) (X=R). (6.3¢)

Opnnako 3ajaua He Oyaer xoppektHoil, ecan (6.3c) saMeHHTBb
yclioBHeM npH { = fj, TAKHM, HANpHMeEp, KaK

u(x, i) =u;(x) (xR). (6.3d)



s i & Havraimonaptisie sagain

§ oupererseNas Vpasserien (63) noveaosmmn (6.30)<
: 2 I QLR ARSI C TR0 PHOT O

Fies & 0=\ Uow, v) —a(e, )+ 2(, v)})di, (6.4)

eagnue ofo3nauaer TO Ke camoe, Uro H B

!
.

1epel BHUNCICHHeNM peulenns Purna ads
vpasnennem (6.3) n ycaosusimy (6.3a),
5c00X0AHMO HECKOJbKO BHIOH3MEHHTbL METOX
jeXaTh BBReASHHA TPanHuHOro yciosns (6.3d). Mu

4 -

H
HSHHOS D

IIeHHe BHIAA
N

U, )= 2 a: () 9; (x),
=
TIOCKOABKY TIPH 3TOM ypaBuenHe (6.3) Gyner 3amMeHeHO CHCTEMOH
OGHIKHOBEHHBIX AN (epeHunaabHbIX yPABHEHHH BTOPOro MOPSA-
Ka OTHOCHTeJbHO GyHKuMit a;:(f) (i=1, ..., N) (cm. pasn. 3.3).
Yenous (6.3b) u (6.3c) 3amenaTcs SKBHBANEHTHLIMH YCJIOBHAMHA

o t)=c¢, (=1, ..., N) (6.5a)
"

%=d, (i=1,..., N). (6.5b)

Mzl oTyioHM o6CysKzeHHe MOJMyAHCKPETHOr0 METoAa [0 T0-
CJIEJHEro naparpaa u BepHEMCs BKpaTie K 3ajauc O BLIYHCIE-
HHH peiuenns Purna suna

N
Ulx, )= ‘_Zl ape (%, 1). (6.6)

Ecan pynxuua w(x, t) ssnserca pewennem ypasuenus (6.3)
YAOBJICTBOPACT 3aIaHHBLIM YCAOBHAM, TO npH Jio6uix To n Ty, Ta-
kix, uto b < To < T < 'ty, dynkuus u(x,{) jpocrapiaser cra-
HnHOHapHoe 3Hauenue uurerpany [ (v: Ty, T)), rjie Bce JIONYCTHMBIE
(yHKUHH yIOBIETBOPSIOT YCIAOBHAM

i v(x, T)=u(x, T) (x=R)

ox, T)=u(x, T) (xX=R),
H IP2HHYHOMY YCIOBHIO
o(%, =0 ((x, ) =R X (To, T)).
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B uncrnoern, ecan nantn pasbuenne aurepnznsz |is, 6] To0awn
lym= T <= ... % Fge=f

10 pemenne ypasnenus (6.3) pocraens o
KoMy uas (DY siHonanos

“ng
I, (v)= S {(vy, v)) —alv, v)+2(f, vhydt (r=1, ..., ¥.

=1

o

OrMerumM, uro o6jacTn 3ajanna (HYHEKUKOHZI0Z 00
pekpuiBalotes. Mcenoawsys dyrrunonzaau (6.7) zmect
Hana (6.4), MOXHO NOCTPOHTHL METOJA DELIEHHZ E BHIE
BaTeJIbHBIX 14aroB, CBOAALLMXCA K METOAy Purma. A HMesEo, coa-
Tasi pelieHHe H3BECTHHIM HAa MOMEHT { = Tn—;, NONBITZEMCR E2ETH
UHC/IEHHO CTalMOHAPHYIO TOUKY (yHKuMOHada [, ¥ Tex camziu
pellieHHe HAa MOMEHT [ = T4y, YTOOB 3aTe€M HCHOJB30BaTe €10
KaK H3BecTHOe ycJjoBHE. UTOOLI OCYILECTBHTh 3TO NPAKTHYECKH,
NIpeJCTaBuM 3ajauy, TaK, Kak ecan Gbl rpannyHoe ycioske (6.32)
6bLLTO 3aaHO BMeCTe CO 3HAYCHHSMH pelieHHs u(X, f) Ha MOMEH-
TBl { = Ty, Tnt1, H 34TEM peUUM ee OTHOCHTEeJNbHO HEH3BECTHOTO
PelIeHHs] Ha MOMEHT ! = Tpti. TaKOH MOAXOA BO3MOXKEH NpPH ycJio-
BHH, YTO Y HAC HMEETCS AOMOJHHTEIbHAs HHYOPMALHs O PelIeHHH
Ha NPOMENKYTOUHOM wuare f = 7, ClefoBaTeJbHO, [JI5 BBEIUHCIE-
HHSl pElIeHHs] Ha MOMEHT { = T4y Mbl JOJKHbBI 3HATh €r0 Ha ABYX
NpPeABLAYINX Warax, T. e, NpH { = 1, H { = Tp—.

B kauecTse mpHMepa Mbl ONHIIEM OAHH H3 CNOCOGOB BBIYHCJE-
HHS KOHEYHO3JICMEHTHOrO pewennst ypaBHenus (6.1). Bosbmem B
obaactn 0 < x < [, 14— < { << Ty pas6GHeHHe BHAA

I=x<5< ... <xpp1=|I,

w o

rae X — X =A4ax (i=0, 1,2, ..., L), n Oyaem TaKxe cuH-
TaTh, UTO
Thgpt — Tn="Tp — Tn—1 =AL

TCHC])h npeacTaBuM cebe, UTO MBI peulaeM Kpaepylo sagauy, onpe-
HessieMyIo ypaBHeHHEM

Ph_ T =0 0<x<l G <t<Teu) (68)
H YCJIOBHAMH
u (.\', Tn ~|-1) =y (U) (0 < x < I)v (693)
<

w(x, )= (x) <y (6.9h)

u(0, )=u(l, N=0 (v, <! <Tn+l)- (6.9¢)
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Tt

X
Puc. 26.

Uro6kl MONYYHTH NpHOIHIKEHHOE pelIeHHe STOH 3ajauH, onpege-
aum B obnactH (0 <X < Lty S ES Tant) 6HIHHEHHBIE la-
auchbie pynkuun @i (%, 1) (=1, ..., Ly j=n—1, 1, n+ 1),
coorBercTBylomue ToukaM Pl=(x, T,) (cp. ¢ pask. 3.1), u3o-
6paxennpiM Ha puc. 26. Toraa npuOTHIKEHHOe pellleHHe 3allis
eTcsl B BHJE

ntl L
Uls )= 3 Xoyx OUL (6.10)

rae Ul ects snauenne storo pemenus B touke Pl [lpn pe).luemm
n+1 n— .
Kpaesoii sajaun (6.8)—(6.9¢) sesumumnmt Ui n Ui (i=

=1, ..., L) onpenensiorcss u3 (6.9a) u (6.9b) cooTBETCTBEHHO,
a U} onpenensiioTes 43 cHETEME!
n-1 L
9 1\ — = 6.1

Mpr xe nuiTaemesn pemnts He kpaepyio 3ajauy, a 3ajauy ¢ i)
Ya/JbHBIMH 3Havennsmu, Ciemopatenbno, ecan senuunnbl  Uj
ul
HUi(i=1, ..., L) wussectun, cucrema (6.11) noskna Gum
HCII0/Ib30BaNa AJist onpexenernus U5,
Ynpaxcrenue 1. Iokaxkute, uro nomaropulii MeTOA peLICHH
YPaBHeHHSA
9%u 9°n
917 ax? =0 (0< U <L)
C HCMOJIb30BAHHEM OHIMHEHHEIX GasHCHBIX (yHKUIHI, KOTOPHI
Obll ONMHCAH BBILUE, MPHBOAHT K CHCTEeMe Pa3HOCTHLIX ypaBHEHH

{6?1x = I‘zbih} Ul = 0, (6.1
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rae & u 0. ©CTb ONEPaTOphl B3siTHSI LEHTPAJbHBIX Da3HOCTEH
BTOPOro nopsijaKa, /x i [+ — onepartopsl HHTerpuposanus no Cummn-

COHY, BBejenHble B pasf. 3.1, a r = At/Ax, u obnacrb pasdura
TaK, 410

T — T, =AM (=0, ..., K) 1 x4 —x;=8x(i=0, ..., L).
Hauaronsie ycaosus

B npusenennom Beilie mpuMepe n BooOlle B NMOLIArOBBIX Me-
TOJaX, NOJyYaIolMXCs aHaNOPHYHEIM 06pa3om ajis 3agau (6.3)—
(6.3c), HeoGxommMO Kak-TO TOMYUHTh NPHOJIHIKEHHOE pelleHHe
OpH =1y u [ =7, 4TOGBI 3aTeM YKe MOIKHO OBLIO HCMOJB30-
BaTh (ynxiuonan [y(v) Ais HAXOX/CHHS pELIeHHs NpH f = Ta.
Ecnu mexay mauanpHBEIMH W FPAHHUHBIMH YCJAOBHSIMH HET pas-
PHIBOB, TO NpHOJIIKEHHOE pelIeHHe MOXKHO ONpEeAeJHTb B BHJE

N
U (%, t) = up (%) - iz_jl @;9; (X, 1). (6.13)

HMcnonbaosanne 3Toro mpeAcTaBlenis KBHBAJCHTHO NEPeXOAy K
TaKoii 3axaue (cp. ¢ pasa. 3.2), AJasS KOTOPOH HAYaJSHOE YCIOBHE
(6.3b) sameneno ycaosuem

U(x,t)=0 (x&R)
IIpu nanuunn paspriBos, T. €. KOraa

uy(x) .0 (x =0R),

HeJIb3si HCToJb30BaTh npubamkenne Buaa (6.13) n Heo6xoauMo
annpoKCHMHPOBATDL Up(X) (yHKIHEH BHa

N
U (x, to) = 21 a9y (X, fo)

tak, uto auGo U(X,tp) unTepmoampyer uo(x), anbo ommnbxa
to(x) — U(x, f)) MHHHMH3HpYeTcs B HekoTopoil Hopme. Touno
TAK JKe HeoOXOMMMO annpOKCHMHPOBATL H BTOPOE HaualbHOE yc-
JIOBHE, TAK UTO

N
AU (x, to) __ Z o, 20 (x, to)
ot = £ ot
i=1
SIBJISICTCS XOPOLIIM NPHOIMKEHUEM A5 Ug(X).
[To3TOMY B PACCMOTPEHHOM BhIlIe MPHMEPE MOXKHO BBECTH Ha-
UANBHBIC YCAOBHA
U=, () (=100 )
u
Uj—Up ,
T-:Uo(.\fl) (l=1, ey L).

1/,6 3ax. 672
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Takoe HCNONb30BAHHE MpHALHNA [aMUJILTOHA MO3BOJSAET N0
CTPONTDL BIIOJHE pa6oTOCNOCOGHHEIl METOJ MOCIeN0BATENbHEIX ma-
OB AJI5i PelIeHHsi KOHCEPBATHBHEIX CHCTEM, XOTs MeTaMaTHye-
ckas (OPMYJHPOBKA TAKOTO METONA B Psiie Cayudes He KawKeTcs
CAMIIKOM yOeIuTenbHON. AHAZIOTHYHbEIM 00pa3OM MOLIATOBBIH ME-
TOX AdA TPHOJIMIKEHHOTO PEIICHHs IHNepOOTHUCCKIX ypaBHEHHH
omucwiBaercs y Hobaa (1973).

6.2. IduccunaTuBHbIE CUCTEMBI

Kak yie ynoMHHAJOCh B Hauaje 5TOi rJaBbl, PasJHUHLIE
aBTOPE! MEITANHCh MOJIYYHTh BAPHALHOHHYIO (DOPMYJNHPOBKY IUls
JIMCCHNATHBHBIX 3afau. Hekoroprie M3 HAX MBITANHCh MOJYYHTb
Takoil Ke OOLIMIi BApHANMOHHBI NPHHIHI, KOTOPBI GBI OBl
CrpaBe/UIAB ANs OOMbLIOro Kiacca Takux 3azau (PuHieHcOH H
CkpuseH, 1967, u uuTHpyemMble HMH paGoThl), KaK NPHHIAI Ia-
MHJBTOHAa — /A KOHCepPBATHBHBIX cHereM. OCHOBHBIE HELOCTAT-
KN MOXOGHBIX (OPMYJIHPOBOK TAaKOBbI:

(1) BapuanuoHHBlE NPHHIHNBI NPOIIE BCEro MoJjy4aloTcs H3
OCHOBHBIX ypaBHEHWil, TaK 4YTO BapHAUHOHHAs (OPMYJIHPOBKA
TpefyeT NOMONHHTENLHBIX YCHJMil, HO He AaeT AONMOJHHTENbHOH
nHpopManuu.

(2) Yuacrsyiommii B (pOPMYJHPOBKE BapHAIHOHHOTO NPHHLH~
na (YHKIHOHAJ HE MMEeT (HU3MYECKOTO CMEIC/Aa H €ro CTalHo-
HapHLIC 3HAYEHHs] HHKOTAA HE SIBJSIOTC HACTOSLLHMH 9KCTPEeMy-
MamH, KOTOpEe MOIJIH GBI GBEITh HCNOJB30BaHBl AJs MOJNYUCHHS
OLLEHOK OLIHGKH.

(3) Kax ye ormeuasoch B NpeibIAYIIEM pasjene, HMeercs
3aMeTHAasT HeCOINIaCOBAHHOCTH MEJKY BapHALHOHHBIMH 3ajauaMu
H 3ajayaMy ¢ HauyaJbHBIMH JaHHBIMH, KOTOPAs MOCTOSIHHO HIHO-
pupyercst B GONbUIMHCTBE TAK HA3LIBACMEIX BapHAIHOHHBIX (op-
MYJHDPOBOK BOMIOMHOHHLIX 3ajat.

MEl MOAUEPKHYJIH AOCTOHHCTBA 1 HEAOCTATKI BAPHALHOHHEX
(hopMyTHPOBOK HMEHHO B 9TOM MECTe KHHIH BBHAY GOJBIIOrO
pasnooGpasusa B aHTEpaType TaKNX GOPMYIHPOBOK 11T Ouccuna-
TUBHOLY TJIH HeoOpaTumbsly 3ajau 1 1N0jAUAC TPOTHEOPEUHBOI Hx
TPAKTOBKH. Ml nHe Gyaem paceMaTpHBATL KOHETHOICMCHTHOR
PeUICHIE SBOMIONHOHAKIX JHCCHNATHBIEIX CHCTCM, HOAYUAI0Meecs
HCXO0/151 H3 CONPSIKEHHOI (JOPMBI 3a144l, 4 BMECTO 3TOr0 np}mw
zu?m ABA YHPAaNKHEHHs!, KOTOPLIC MOrYT OLITH BLIIOJHCHLI HITEpE:
CYIOLLHMCST YHTATRNEM,

¥
qn”{gpmlmeﬂ{te 2. Tlokaxute, uTO THPH NOAXOAAIICM BLIGOpe
;a' r[,} KCAMHPYIOIHX  (YHKUMiT (YHKIHOHAJ, COOTBETCTBYIONI
Jaue, oupcndemxemonzx npocrelimny ypasnenueM andQysin
[ 2’u
o —aa 0<x<h Hh<i<H),
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FPaHHYHLIMH YCJIOBHSIMH

w0, )=u(l, ) ()=0 (to<I<ty)
H HayaJbHBIM ycnonueM

u@x l)=u) O0<x<l),
HMEeT BHJ
to 1
dv « , Ov dv"
[=‘ 5{70 +W ax }dxdt.

[Mokaxure JaJjiee, 94TO ypaBHEHHE

ou* _ d*
at ~ 0x?

SIBJISIeTCSl HEOOXOAUMBIM YCJIOBHEM [JIsl CTALHOHAPHOCTH A TOUKH,
onpeneasemoil u3 cucreMsl 0o/ (v, v*) =0, ecau au6o (I) dynxk-
Ul 4 CYHTAGTCS W3BECTHOH mpu t =1ty u f=1;, aubo (II) u
cunTaeTcs H3BECTHOM npH = fo 1 u* = 0 mpu { = t).

Sanevarue. OTCIOAA BHIHO, YTO MPH BHIYHCJICHHH CTALHOHAP-
HOIl TOUKH (PYHKUHOHANA [, HYIKHO NPEANONONKHTh, YTO (PYHKIIHS
u(x, Ts—1) MOXET NpPHHHMATh JIio0ble 3HAYEGHHS, TOrAa Kak
u* (x, t,) = 0. osroMy ¢yukuus U*(x, {)—3T0 He NpHOJHIKEH-
HOC PEIICHHE OTJENbHOIl CONpPSIZKEHHOH CHCTeMBI, a CKOpee mocie-
JIOBATENbLHOCT NPHOJIHIKEHHIT A8 Psiaa OTIHYHBIX ApYyr OT Apyra
CONPSJKCHHLIX CHCTEM, COOTBETCTBYIOIIHX KaXKAOMY H3 HHTEpBa-

NOB [Ta—1, Ta), OPHUEM MJIST KAXKAOH TAKOH CHCTEMBI JOJIZKHO Bbl-
NOJHATLCS yCJIOBHE

U (x, 7,) =0 (=152
mn << x<< 1l
Ynpaxcrenue 3. Tlokaxkure, uTO peuras MeTOAOM MOCJIEA0BA-
TEJILHLIX Ar0B YpaBHEHHE
(¢] (h
s =00<x<h L <t<H),

KaK 70 OBIJIO ONHCAHO BLIILIE, H HCIOJAbL3YS NPH 3TOM OuIHEeHbBlG

Gazncnpie (PYHKLWHH, Mbl NPHAEM K CHCTGME PA3HOCTHBIX ypaBHE-
HHit

MUt — 5 r83 U+ 20T} =0, (6.14)

re A¢ ecTh OmepaTop B3STHA PA3HOCTH BNEPEA TO I3 I, 62,,— on-
pejlcicHHBIE panee PA3HOCTHEIE ONePaTopsl no X, a r = At/(Ax)2
OGaactb pasbura TaK, YTO Tuj — Tn = Al (n=10;1, .5y K)o
X —xi=0x (i=0, 1, ..., N). 3nech unrateiib, 3HaAKOMBIil

1/56*
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¢ KOHQUHOPISHOCTHHIMH METOAAMH, MOMET CPABHNTDL noJiyuennoe
SWlie PASHOCTHOE VPABHEHHE CO CTAHAAPTHON KOHEUHOPA3HOCT
108l annpPORCHMANell NPOCTRIIIero ypaBHenli g pysnn, TaKkoi,
1pivep, kax cxema Kpaunka — Hukoacona. Aunajornuuoe cpas-
& MOMKHO NPOBECTH MEeXY ypaBleHnuem (6.12) u cranjpapt-
1t KOHEYHOPASHOCTHLIMH ANNPOKCHMALHAMI BOJHOBOrO ypas:
HEHHUSL.

Ipyrie «BapHALHOHHBIEY NPHEMBl YHCJICHHOTO PELICHIs MPO-
cTeliiero ypapHenus AHQQY3HH MOKHO HAITH Y Ho6aa (1973),
a Taioxe B padore Yekku n Yeaaa (1973).

6.3. Moayauckpernblii meton lanepkuna

[MoayauckpeTHsie METOAbl, KPATKO YNOMSIHYTHIE B pasi. 6.1,
n03BOJsAI0T 060iiTHch 6e3 BapHAIHOHHOH IIOCTAHOBKH 3BOJIOLH-
OHHBIX 334y, BKIIOYAIONICH Bce He3aBHCHMBlE nepeMennble. OHH
COCTABJAIOT OCHOBY HanboJjee ynoTpeOHTENbHBIX METOJOB pelle-
HIA TAKHX 3aja4. B ra. 3 pasnuunbie MOAH(HKALMH MOJTYAHCKPET-
HOTO METOAA MPHMEHSJIMCh K 3JIHMNTHYECKHM 3ajauam, HO TaM
TAKOl NOAXOJ OKa3hBACTCs HECYLleCTBEHHBIM. [IepBpiM 1IaroM
sIBJAETCS Mepexon K aubdepeHunanbnoMy ypaBHEHHIO B ci1aGoil
dopme — xak 370 GpIO MpH paccMoTpennu Meronos [asepiina
171 JUIHNITHYECKHX 3aj4a4, Kak u B IJI. 3, 31iecb He fenaercs I0-
MBITOK J0Ka3aTh 3KBHBAJEHTHOCTb KJI4CCHYECKOrO M raliepKHH-
CKOro peuienuit auddQepeHunalbHoro ypasuenua: 6yaemM cunTarth,
UTO pelleHHe eANHCTBEHHO ¥ COBMAZaeT ¢ HHMH OGOHMH.

B kauectBe nmpumepa paccmorpum andepeHuuanbHoe ypas-
HeHHe

a“$+”+ Au(x, ) =[(x, ) (x, ) &R X (to, 11]),  (6.15)

rue A ecTb AHpdepeHHanbHblil OnepaTop BTOPOrO MOPsI/KA, KO-
TOPBIM B ABYMEDHOM CJyuac HMEeT BHJL

. a2
== -—W — 'TJ‘ .
Ypasuenne (6.15) nonoauserca nauaabubiy yCJIOBHEM
u(x, l)=1uy(x) (x=R) (6.15a)
H TDAHHYHBIM YCIOBHEM
u(® 0)=0 ((x, 1)< dR X (lo, ty). (6.15b)

G o
~00TBETCTBYIONAs cnaban opma 3agaun B 0603HAYCHAIX mapa-
rpaga 3.4 rakosa, uto npu { = (1, 1]

du
(7,7- U) +a(w v)=(f, v) (111 Bcex v(x)=6) (6.16)
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COBMECTHO € HaYaJbLHLIM yCJI(J“M(:M
(1, 0),., = (ug, v) (maz Beex v(x) = ). (6.162)

Slcio, uTo AIs 3TON MOJICNLHON 3a4a4n (ecay BCHOMERTL 000-

o
3HaueHusl M. 5) =26 (R) n peutenne u = 6 A CHty, t1].
Ecun sajaupl rpannunbie ycaopus Gosee o6uUIero BHAA, TO MOMKET
OoKasatbcsl HEOOXOAHMBLIM MOAH(BHIHPOBATL crabyio Gopuy 3a-
naun po6GaBjeHHeM HHTErpajoB OT TPaHHYHLIX 3HauecHui. Takas
Mo puKkauns (PYyHKIMOHANOB paccMaTpHBaach B L. 2, 3 1 5.

[Monyauckperuasi annpoxcuManus U Teneps onpejedseres #3

ypaBHeHHs B cja6oii (opme: 37O O3HAuaer, uTo npu f < (ty, t]
BLITNOJIHAETCA YPABHEHHE

. V) +aU, V)=(, V) (a1 seex V (x) €K,) (6.17)
¢ HayaJbHLIM YCJIOBHEM

(U, V)yy,= (g, V) (mas Beex V (X) =Ky). (6.17a)

Ilas monensnoii sagaun Ky < 265 (R). Ecan dyuxunn ¢ (i=
=1, ..., N) obpasyior 6asuc mognpocrpancrsa Ky, T0 MOKHO
JaTh 3KBHBAJCHTHYIO (OPMYJIHPOBKY: NOJYAMCKPETHAS ANMpOK-
cumans npu ¢ & (fo, ] yn0BIETBOPSET YPABHEHHIO

AU .

S o) taW od=Fe) (=1...N) (618)
4 yCJOBHAM .

U, Q)jmy,= o, @) (=1, ..., N). (6.18a)

Jas 97Ol MOAeLHOIT 3aaaun cHOBa cieayer, 4to V u U nomkust
obsajaTh OJIHAKOBLIME cBoiicTBaMu (1o x), Tak uto U & Ky X
X C'to, 1], a annpokeumanus TanepkiHa HMEET BHJ
N
U, )= a () 9:(x). (6.19)
Ecan sapans neopnopojausie rpannynsie yeaosus Jupuxae, To
annpoxenmannio ajnepkina MOXKHO NPEJCTABUTL B BH/E

N
Umo=wmo+§mm%ax

rae @i & Ky, a W(x,{) yaoBierBopsieT rpanHuHBLIM YCAOBHSM.
Kak n juis squmnruueckux sagay, Gpyskuus V Z0MKHA TOJNBKO
NpHHAJUICHKATL SHEPTeTHYECKOMY NPOCTPAHCTBY, @ Ha annpOKCH-
maunio U rakoro TpeGoBanis He HaKia bBACTCs.
Annpoxcnmanus [anepkiuia onpeaessieTcs H3 CHCTEMBI 00bIK-
HOBEHHBIX AH(depeHunasbibX ypaBHEeHH{l OTHOCHTENBHO (QyHK-
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waii ai(f) (i=1, ..., N). Us (6.18) crepyer, 410 M5l MOZelb-
H0it 3a71aul STH YpaBHEHHs MOTYT ObITh 3aMHCAHBI KaK

N
{2 (), 90+ aja @ o0} =0, 9) (=1, ... N), (6:20)

i=1
a nauaspHble ycaosus (6.18a) mpuMyT BHI

o (t)=¢; (i=1,...,N), (6.20a)
rge "

IZI cy (@7, @)= (10, @) (=1, ..., N). (6.20b)
Onpegensiempte u3 (6.20b) xoapduumenter ¢; (j=1, ..., N)
YIOBJIETBOPSIOT YCIOBHIO

N
Uy (X) — X ¢/ (X)W = min;
i=1 2:(R)

JI51 ONpPefeNeHHBIX 3aady 3TO OGCTOATENbCTBO MOXKET OBLITh HC-
NoJIb30BaHO ¢ uenbio 3amensl (6.20b) apyroit annpoxcumanuei
HCXOJHBIX JAAHHBIX WJIH Mg H3MeHeHHs (OPMbI annpOKCHMALHH
TakAM 06pa3oM, YTOOBI TOYHO YJOBJIETBOPHTH HAYAJbHOMY YCJO-
Buio (paaz. 6.1).

B xawectBe natiocTpanuy 3T0r0 METOAa pacCMOTPHM MpOCTeii-
luiee ypasHeHHe AndQyauu

2,
ST (0<x<L1>0),

pelleHse KoToporo YAOBJETBOPAET YCJAOBHAM

. w(0, ) =u(l, )=0 ((=0)

u(x, 0)=u(x) (O<x<l).
HpuGmmxennoe pewenne 1ol 3agamn umMeer B
N
U )= 2 o0 () 01 (),
;ﬂg Gagncnue (ynxumnn YAOBJIETBOPSAIOT FPaHHYHOMY YCJIOBHIO,
()=, ()=0 (i=1, ..., N). (6.21)
Torxa ciucrema ypaenenuii (6.20) npumer Bux

N

=l d
Z{ I(;ltl dll+°-151/}=0 (i=1,..., N), (6.22)
i=1
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rIe

!

do; d(y,
C‘/=§ dx dx dx

L
d” = S Qi) dx.
0

Xors mONyAMCKPETHBIE METOLBl Pa3paboTaHbl TEOPETHYECKH
[MaBHBIM 06pa3oM B TPHMEHEHHH K NapaGonuuecKHM ypaBHe-
HHUSIM, OHH C TAKHM JKE€ YCIIEXOM MOTYT TPHMEHSTBCS H K THIEp-
GoMyecKHM ypaBHEHHsIM, B OCOGEHHOCTH K yPaBHEHHSM BHAA

9%u du
Fra +l-a—t+,4u=0 (> 0),

KOTOpbl€ OMHCBHLIBAIOT 3aTyXalollHe MeXaHHYEeCKHe KoJe6anus. Hﬂﬁ
TAKHX 3ajay NMOJYAHCKPeTHasi alnnpoKCHManusa BHAa

N
Uk =2 aue® .

NPHBOMNT K cHcTeMe OOLIKHOBEHHBIX AN (hepeHunanbHEX ypaBHe-
HHii BTOPOTO MOPs1Ka OTHOCHTEILHO HEH3BECTHBIX (yHKUMIT o ().
A1y cHeTeMYy JONOJMHSIOT dGe TOCJIeN0BATeJbHOCTH HaYaldbHbIX
yeJaoBHit

a;(fo)='c; “(E=13 )
i

d { 7
ru([i o) =d; (i=1,... N)

Ko rmnentt ¢; n d; ONPEAENSIOTCs 3aAaHHBIMH HAYAIbHBIMA
3HAUCHITSIMIT
1 (x, 1) = up (X)
I
Au (x, 1
LBl — gy (x)
TaK, YTOOLI

N 2

\uu (X)I=r ¢;p; (%) = min
i= 2:(R)
i
N 2
o (x) = X dig; (x)|  =min
i=1 22 (R)

COOTBETCTBCHIO.
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u Beipaxeno (Vaiit w Murgena, 1971) B TepMHHAX pelueHus 3a-
JIaun HA COGCTBEHHbIE 3HAYEHHS VI yPABHEHHS

(B —C)u=0.

Ecan ke B =0, 10 a(f) Moxker OLITb BEIDAXKEHO B TEPMHHAX
pelieHns 3ajaud Ha COOCTBEHHbIC 3HAUEHHS [JIsi YPaBHEHHs

(2A—C)u=0.

XoTs H MOKHO NOJYYHTH TMOJHOE PeIleHYe OTAeNbHOI 3a7auH
HA COGCTBEHHBIE 3HAYEHHS, A5l GOMBIINX CHCTEM BBIYMCIEHHs 6Y-
JYyT OueHb AOPOrOCTOAIIMMH, H MOITOMY B TaKHX Cjyuyasx 4acTo
BBIFOJIHEE aNNpOKCHMHPOBaTh peuleHne ypaBHenus (6.23) mHe-
OONMBIIAM UHCJIOM OJHHX Hpeo6iajalollHX KOMIOHEHT. Takue
KOMIIOHeHTHI OGBIYHO OYeHb ¢1a00 H3MEHSIOTCS OTHOCHTEJNbHO H3-
MEHEHHIi BO BPEMEHH H COOTBETCTBYIOT HAaHMEHBLIHM IO MOJLYJIO
cobcTBeHHBIM 3HaueHHsM. KoHKpernbie cOOCTBEHHBIE 3HAYCHHS
BMECTE C COOTBETCTBYIOUIHMH COOCTBEHHBIMH BEKTOPAMH MOTYT
GBITh BLIYHCJAEHE! METOAOM 06paTHoii urepauus (Y naxuncon, 1965,
cTp. 534) 3HAUHTENLHO AELieBJie MO CPABHEHHIO C MOJIHBIM pelle-
HHEM 3aJ1aud Ha COOCTBeHHLIE 3HAYEHHs, M IIO3TOMY TaKoil MOA-
X0/ 06/ajiaer OnpeiesieHHBIM NPEHMYLIECTBOM IIPH YCJAOBIHH, HTO
annpoKCHMAaUHA HeMHOTHMHM Tpeo6JajalouuMy  KOMIOHCHTAMH
aJlekBaTHA pelaeMoii 3ajave. Takas annpoKCHMAlis siBJIsSCTCS
0co06eHHO MOAXOAsALLE, ecan (I) A==0 1 HEOGXOANMO Cc2aadcl-
sars ocuuyasigy uan (I1) A = 0 n TpeGyercsa 3nath crayuonap-
HOe COCTOfINHHE, a He NPOLECC €ro YCTaAHOBACHUA.

Pacemorpum muis npumepa ypasHenue

du _ du *u

FT=gE gy 0<x y<m 1>0), (6.25)
peuienne KOTO])OI‘O yllOBJICTBOpﬂCT IFPAHUYHBIM YCJAOBHAM

u(e, 0, )=u(x, =0 O<r<m), (6.26a)

h 20,5, 0)=0 O0<y<n) (6.26b)

umw, gy, f)=siny <y <), (6.26¢)

a TaKXKe HaYaJbHOMY YCIOBHIO
X
u(x, y, 0)=-siny <x, y<m). (6.26d
7 Y I

i MOCTPOCHHS KOHEuHO3/eMeHTHOrO PCIIEHHA BOCHOJb3YEMCS
HOJYAHCKPETHHIM MeTofoM M OuanueiinsiM GasicoM. B jgannom
caydae HeoOXOAMMO cnewuabubiM 06pazoM yuecTh To 0OCTOS-
T@JBLCTBO, UTO FpannyHoe yenosue (6.26¢) siBasercs neoanopoi-
HBIM (I PJIAJKHM), DT0 MOXKHO CAeNaTh PAasdiuHBIMH COCOGAMH,
T Mpl IIPOBEACM HEKOTOpOe cpaBHeHHe HX Mexay coGon. Byuem
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1

10

:’ // (1) ---—- Henpepeois.
i ———Henpepuis
‘ il
ea( oo™ famy
10.5 L: (26) ~—%—Henpepvin
(o] i 2 3
t
Puc. 27.
HCKaTh annpoKcHMupylollee pelieHne B BHAE
Ulx, y, ) =V (x, 4, )+ W (x, 1), (6.27)
e pyHKis N
Vioy D=2 VyOoy) (6.28)

ecTh Kycounas Onauueiinas annpoKkcHMaius pellenns ypaBHeHHs
du d%*v d%v X 2
— =t — = w; £ >0) (6.29
o = o T g — w Sy U< &S JplisR)
€ OJHOPOJAHLIMH HAYAJbHBIMH H TPAHHYHLIMA YCJOBHAMH, &
W (x, y) aunGo

(1) W (v, y) == sin g, (6.30)
Jan6o
N+1
(2) W (x, y) = 2 G (x, v), (6.31)

n Kos(hpuunenTsr € ONpEAessioTes ¢ MOMOIIbI0 HauadbHOro

VCIH0BHS,
OrHocurennube JAOCTOHHCTBA Pa3NHYHBIX cnoco6oB BBHIYHCIIE-

HHsl TAKoif annpokcuMauuu BHAHB M3 puc. 27. Toynoe peuienne
3a/laul ecTh

]
= sing+— 2§ (=D 0l gin ey sin Y.

u(x, y, 1)— = 4-4—_/;(1+/1)”‘e

T*
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u Beipaxeno (Yafir u Muryen, 1971) B TepMHHAX pelleHus 3a-
JIaun Ha COOCTBEHHbIE 3HAUEHHsl VISl YPABHEHHS

(B — C)u=0.

Ecan e B =0, 1o a(f) Moxker GHTb BHIPAXKEHO B TepMHHAX
pelllenns 3ajayd Ha COOCTBEHHBIC 3HAUCHHS IS ypPaBHEHHs

(2A—C)u=0.

XoTa H MOKHO NMOJIYYHTH NOJHOE pelleHe OTAeNbHON 3ajayH
Ha coOGCTBEHHbIE 3HAYEHHS, IS OONBbUIHX CHCTEM BHIYHCJIEHHS Oy-
JlyT OYeHb AOPOrOCTOALIMMH, H HO3TOMY B TaKHX CJIyyasX 4acro
BBITO/IHEE aNNpPOKCHMHPOBATh pELIeHHE YpaBHEHHs (6.23) He-
GONBIIMM YHCJOM OMHHUX Npeo6ajalouiXx KOMMmoHeHT. Takue
KOMIOHEHTH! OOBIYHO OYeHb cJ1a60 H3MEHAIOTCS OTHOCHTEJIbHO H3-
MeHEHHIT BO BPEMEHH H COOTBETCTBYIOT HAHMEHBLIHM IO MOZYJIO
co6cTBEeHHBIM 3HaueHnaM, KOHKpeTHhle COOCTBEHHLIE 3HAYCHHSA
BMECTE C COOTBETCTBYIOIIHMH COOCTBEHHBIMM BEKTOPAMH MOLYT
ObITh BEIYHC/IEHBl METOAOM 06paTHOi nTepanut (Yuakuncon, 1965,
cTp. 534) 3HAUHTENLHO ACIIEBJE MO CPABHEHMIO C IOJIHBIM peLie-
HHEeM 3a7layd Ha COOCTBGHHBLIE 3HAYEHHS, W IO3TOMY TaKOW MNOJ-
X0/ 06JafiaeT OnpejesieHHBIM NPEeHMYILeCTBOM NPH YCJIOBHH, YTO
annpokCHMalUusi HEMHOTHMH TNpeobiafalouInMH  KOMIOHCHTAMHA
aJieKBaTHA pelraeMoil 3ajade. Takas annpoKCHMAaLHs SBJIACTCH
ocoGenno noaxopsuei, ecan (I) A ==0 u neobxomnmMo ceaaniu-
eary ocunnasiuy wan (I1) A = 0 u Tpebyercs 3nath crayuonap-
HOE COCTOSIHHE, 4 He MPOLECC ero YCTaHo8AeHUS.

Pacemorpum s npuMepa ypasHenne

du d*u *u

6_t=0_1/7+ T O<x, y<a; (>0), (6.25)
peluenye KOTOPOI‘O y[lOBJlCTBOp}lCT l'pall"'“lblﬂ YCaoBuaMm
u(x, 0, )=u(y,m)=0 O<x<mn), (6.26a)
w0 y,0)=0 O<y<n) (6.26b)
H
u(m, gy f)y=siny <y <), (6.26c)

a TaKKe HauaNbHOMY YCIOBHIO
u(x, y, 0)=% sing (0<Cx, y<<=). (6.26d)

JLJist 1I0CTPOCHHS KOHEUHOSIEMEHTHONO PEIIEHHs BOCIONBL3YEMEA
HOJYJAHCKPETHHIM MerofoM n GuauueiinbiM Gasucom. B pannom
ciydae HeoGXOAUMO ChemmaibHbM 06pPasoM yuecTh To 0Gerosi-
TEJLCTBO, YTO rpannyHoe ycsosue (6.26c) siBasercs nHeoaHopoa-
HBIM (H DJIAAKHM). DT0 MOXKHO cAe]aTh PAIHUNEIMH CHOCOOAMH,
H MBI IIPOBEJEM HEKOTOpoe cpaBHeHHe HX Mexay coGoil. Byaem
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10

Error
10

A A

A

’ /’I (== Henpepbis.

/

1 ———Henpepuis.

I 23){ 00 0(6.44) =1
i : ){AAA{G.N) }A' i
1 -_—

10-3 i (26) - —*¥ —Henpepvis
0 1 2 3
)4
Puc. 27.

HCKaTh annpokKcHMHpylollee pelieHne B BHAE

U, g, )=V (x, 4, )+ W (x, 9). (6.27)
rae Gpyuxuns =
Vi g =2 Vul)ouy) (6.28)

€CTL KycouHasn Ouanueiinas annpoxKcuMamns peLIeHHs ypaBHeHHﬂ
dv __ d% d%v S 2 6.29
01~~ﬁ?—|——ay—,-——n—smy (O<x,y<n,t>0)(. )
€ OJHOPOJIHBLIMH HaYaJbHBIMH H rPaHnyHBIMH ch'lOBHﬂMH, a
W (x,y) anGo

(1) W (x, y) == sin g, (6.30)
an6o
N+1
@) W (x, y) = G, CuSu (%, y), (6.31)

i KOs UINENTL € ONPEAENsIOTes ¢ TOMOIIbI0 HaYyalbHOro
VCAOBHS.
OTHOCHTENLHLIC JIOCTONHCTBA PA3/HYHBIX CHOCOGOB BBIYHCIE-

s TaKoll annpokcHMaunn BHAHB B3 puc. 27. Tounoe peuieHne
3a/1a4H €CTh

o
shx . 2% _ (=D
shm sin 4+

ux, y, 1) = 2o iR
T k(L)

e~ U+E02 sin fyx sin y.

7*
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Ins cioco6a (1) W (x,y) sapaercs pasencreom (6.30), Ans cno-
coba (2b) W(x,y) sapaerca B Bufe (6.31) n unTepnonnpyer Ha-
uanbHOe ycJIOBHe; mia cmocoba (2a) W (x,y) samaercs B BHAC
(6.31), npruuem K03 PHUHEHTEH! Cij BLIOUPAIOTCS TaK, y1o0bl MOJY-
uENach HAMJIYYIIAs ANMPOKCHMAalHs HayajbHOro YCJIOBHA B

2:(R).

6.5. luckpernsauns no BpemMeHu

Jins HeMHEHHBIX 3a/ay yKe HeJib3sl MOJyuHTh pelleHus B Ta-
KOM BHJe, KaK B NpEABIAyLIeM pasjele, H TAKAMH pelicHHAMH
PEAKO NOJIB3YIOTCA MJIs 3ajay, B KOTOPHIX FPaHHYHbIE yCJIOBHA
3aBHCAT OT BPEMEHH. B Takux ciayyasx HeOOXOAMMO MOJyyaTh
UHCJIEHHOE peIIeHHEe NOIIArOBHIM MeToxoM. [loipofHOoe H3J0KE-
HHE YHCJICHHEIX METO/I0B JJIfi CHCTEMBI OOBIKHOBEHHBIX JH(pdeper-
LHAJBHbIX YDAaBHEHUH MOJKHO HafTH y MHOTHX aBTOpPOB (cM., Ha-
npumep, JlamGepr 1973), ¥ MB PACCMOTPHM TOJNBKO TaKHe Me-
TOJbI, KOTOPLIE ABJAAIOTCH MOAXOASLIMMH VISl BHIYHCJCHHS KOHEU-
HO3JIeMeHTHLIX pewlenuii. Cuctema Takux ypapnenuil, kak (6.23),
MOJKeT OBiTh oecTroil (Jlam6epr, 1973, crp. 231), a 910 0O3HAUAET,
YTO OHM MOryT OHITb pELIeHBl C YAOBJICTBOPHTENbHOH TOUHOCTHIO
TOJIBKO HEKOTOPHIMH chemHadbHbiMH Metogamu (Jlaypm, 1977,
Tonkuuc u Yaiit, 1976).

[lapaGonuyeckie ypapHeHHs ¢ YACTHBIMH IPOH3BOAHBIMH H CO-
OTBETCTBYIOLIHE HM CHCTEMBI [IEPBOro nopsiaka (no BpeMeHu), Be-
POSITHO, 3acayKHBaIOT HaHOOJBIIEro BHUMANNA, H Hanbojee pac-
NPOCTPAHEHHLIM CMOCOGOM MX PELICHHA SBAACTCS TaK Ha3biBae-
mblii Metog Kpanra — Huroacona — Farepruna. B stom mertome
cacremMa AH(pepeHHaNbHBIX YpaBHEHHIT

Bo.+Co=Dh (6.32)
3aMECHSACTCST CHCTEMOM PA3HOCTHLIX ypaBHEHHI]
Bttt ) o {fett e b b (rapi) (1=0, 1, ..), (6.33)

PAC @n annpoKCHMHPYIOT o (fp + nAL) 1 Tupie = lo + (n - /,) At

(=0, 1, ...). Takyio (hopMy annmpokCHMAnMN PCHICHNIA CHCTE-
MBI OGBIKHOBEHHBIX AH(depeHnnaabipx ypapuennii Gogace ToUHO
MOJKHO HasBaThb merogom Tpancuuii. M3 (6.33) cacayer, uro ua
KazeloM 11are BEIYHC/ICHHI HEOGXOAHMO PCIIATL CHCTEMY JHHC-
HBLIX ajreGpanyeckiix YPaBHeHMIT IS HAXOKACHUA 3HAYCHUT Cpypy.

K COKANICHAIO, CHTYaUus He TaK MPOCTa VI HEJHHCHHLIX ypap-
HEHHIT Buja

Bu+ a(z)=Db, (6.34)
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KOTOpbIE MOJNyyaloTcsl B pe3yJbTate MpHMEHEHHs MOJYAHCKPETHO=
TO MeTona FanepKHHa K YpaBHEHHSM BHAA

Sr+AW=F. (6.35)

Annpoxcumanns Kpanka — Hukoncona — I‘anepxﬂﬁa B cay4ae
(6.34) cBemercs x cucTeMe HeNHHEIHBLIX YPaBHEHUH AJsi OMpese-
JICHHSI Olpy1, TAK 9TO NPHAETCS MPHMEHSTh METOJN «1peduxTop —
Koppexrop». Iyraac u J{ionon (1970) nmpeanoXuau psa pasianu-
HLIX CXeM W IPOBENH HX CPABHHTEJbHLIN AHAJH3, HO 3/€Ch Mbl
MOJKeM JIHIIb BKPATIE OCTAHOBHTLCS HA THNHYHOM npxmepe npe-
JlaraeMblX HMH METOJOB AJIsl pellenHs ypasﬂemm (6.35) mpn

AW=—2(pw) o) — (q (u) 2% &), 630
B stom cayuae c (@)= (c; (), ..., cy(@)®
N
e =Y {{{p0) 2 20 4 g0) 5% 2 Yt ay (6.37)
=1 'R
(i=1, ..., N).

[Tostomy ¢(a) MOXKHO MPEACTABHTH KakK
c(@)=D(o)a

a4 BMecto (6.34) momyuntb
Ba+ D(a)a=hb
Torja (6.33) 3aMeHHTCR ABYMS ypaBHEHHAMH

B {——ﬂ"“ } + D (a,) { L;aﬂ } =b(7,.p) (6.38)

38

”{ _”‘_'~ }+ D(ﬂnu +a, ){ ﬂn+l2+ @, }= b (Tas1r). (6.39)

Mpeankrop (6.38) npaer nepsoe mnpuGikenne Payi, a 3arem
MOJKHO  JIONOJHITENBHO HCNOoJAL30BaTh KoppekTop (6.39) aua
YAYUHICHIS 3TOTO NPHOINIKeHHS.

Vnpascnenue 7. Tlokazure, 4TO MONYAHCKPETHBII METO, HC-
noabaylounii  annpoxenmanuio Kpanka — Hukoncona — anep-
KHHA, B NPHMCHEHHN K TpocreiilieMy ypasHenuio anpdysuu

au d%u

Sr—am =0 0<x<h (<IKH)
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rofluny GasucRBX QYRKUHI CBOANTCS K cucTeMe pass
RN

o
o

AU — L& Ut + Ul =0, (6.40)

FRe Om

aropst A, [e B 8%, mocrosimpas r u pasouenie 0GaacTh
TaKHe M

e, Kax u B ynp. 3 u3 pasa. 6.2

0s cossul metod asepxuna (Koweunble daeMeHTol N0 8pe-

Ipyrofi MOAXOA COCTONT B AHCKPETH3aUHH ypaBHEHHs (6-3?1)
¢ mOMOIbIO anmpoxchMammi [asiepknsa, T.e. B NOJyYeHHH TP
GAHMEHHOrO pelleHHs B BHJE

a‘"’({)=§oa‘lﬂ’q;;"’ 6 ((r=0,1,...) (6.41)

Ha KaxAoM nojamHTepBane (t., .+ Af), rae xoahdHIHEHTE!
P (j=1,...,S) onpeaeasioTcs H3 CHCTEMbI

(Ba™ 4 Caw, gy =(b, /), (i=1,..., S; (6.42)
n=0,.1,...)

H YCJIOBHS HENpPEepLIBHOCTH

d () =" (z;) (=12, ...). (6.43)
i-s1 KOMNOHEHTA BexTopa (U, v), ecTh
Ty hAT
{ woooa,
Tll

rre u="(u; (1), ..., ux(1))".

3amernm, 4To B npeacrasienne (6.41) exouaar S -1 Gasue-
HBIX (ynkimuii, Torna xak cucrema (6.42) COACPHNT TONBKO S
YPaBHEHHI, H MO3TOMY BHJ PasHOCTHOI ANNPOKCHMALKN 3ABHCHT
OT crnocoba ynopsiouenns GasucHux (GyHKimii,

PazoGbem moguurepsan [ta, tn - Af] Tax, urobu

Ty =T(()n) < T;n) S < Tg” =Tn+ At

At :
T;n)-.-r'/"_)]:-? (]=1,-.-, S)-
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[Tpennononmnm, yro (p’/’” (j=0, 1, ..., S) obpazywor Gazuc 214
JArpanienoll nurepnosaunn wa [T, w4 A, 1. e
I (j="Pk
@i (i) = i =0, 1y e
PP () {0 Gty !

n @i (1) ecrn nosnnoMul crenenn S Ha [T, T 4 AL Mz (
cleayer, uro

o

42}

() — gln=1) — ) —
oV =af-V=0 ~a(T,) (n=12:%

1l noaToMy npn S = 2 MowHo HeKaounTs ¢ (j=I1, ..., 5 —1)

u3 (6.42) § noyyuuTh OAHO ypaBHEHHE, CBA3LIBAIOMICE Uney H s
(n=0,1,...).

Paccmorpum, nanpumep, ToT caydail, koraa b = 0:

(1) S =1 (Komunu, geab Teuanun, Jesnc n 3enxesny, 1974).
Torna

A
{B+3acom—{B—%F } e (6.44)
(2) S =2. Toraa
{] 3 3 o ag2 2 ! AN M2
2 aM A 5 002 M2} = { 1 — 3 MM + 55 (AP M} a,

rae M = B7\C,

Mo:xno nokasars (Xaawm, 1972), 4To HeKOTOpHIE XOPOLIO [i3-
EECTHLIC PA3HOCTHBIE METOAB MOTYT ObITh CHOPMYJIHPOBAHBEI KaK
ojfouaroseie MeToas [anepkuua.

[Tpn uenonb3oBanny 9PMHTOBOIN HHTEPNOJSNHH TOJydYaTCs
apyrite gopmyiasl. JpyruM Bo3MOKHBIM cnoco60M noJyuenus pas-
HOCTHBLIX CXEM fIBJfCTCH 3aMeHa ammpokcumanuu Tlanepkuna
(6.42) annpoxkcumanueil B CMBICJE METONAA HAHMEHLIIAX KBaj-
paToB. :

Vnpancrnenue 8. Mokaxute, uTo ecyn 6asucHble QYHKIHH pac-
noJ0KeHL B 06paTHOM MOpPsIKe, T €.

1 =
P (v, = { (e ,]) (n=0,1, ...)
I \ts—k 0 (k=]) ’

i oecann b=0 n S=1, 10 pasnocrnoe ypaBHeHHE NPUMET BHJ
A 2
{B+4clan={B—3aC} .

Ynpaxenenue 9. MoKno nosyunth APYrHe CHCTEMBI PAa3HOCT-
HLIX ypaBHEHHIT, ecan ONPEAGNHTh JIOKANbHYIO anmpoKcHMAIio
(6.41) ¢ MOMOILBLIO CHCTEMBI

(B(l"”-i—C“'"’, \p'/n>"=<b, \p}"'>" (i=1,..., 8 n=0,1,...)
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Buecto (6.42), rxe {@"} m {b{"} oramuHBL Apyr OT npyra. Ilo-
KaxuTe, yto npu b=0,

PO =1 (n=0,1,...; 1>1)

H
WO=m (=) —1 (=01 i T, SIST)

IoJIyyaTes CAeNyolHe Pa3HOCTHbIe YPaBHEHHS:
(1) S =1. Toraa

(o c)mn={s—Yc}e.

(2) 8 =2. Torna
At Afy? At A 3 } )
{]+TM+'(1_2)‘MZ}“H+‘={I_TM+——12 M? § @n,
rie M = B-IC.
Ynpascrenue 10. TlokaxuTe, uTo ecjaH 3aMeHHTHb (6-42?5 _a_ﬂi
NPOKCHMALKeH B CMBIC/e HaWMEHbIIHX KBaApaToB, TO NpPH O =
1 b = 0 nosyunres pasuocTHOE ypaBHEHHE

{ar B+ 5 [BC+CB]+ 4.C? } oy =
1 1 At ~p

Merod nepemennsix nanpasaenud Tanreprkuna Oan napaGoauye-
ckux ypasrenuil (Oenau n Daiiepsesep, 1975).

B ra. 3 stor merox 6u mpuMeHen K SJJHNTHYCCKHM 3ana-
9aM. AHaJOrHUHEIM 0GPa3oM ero MOKHO NPHMEHAThL H K 1Mapa-
Go/lvecKnM 3afauaM, OnpeeJentsM Ha NPAMOYTOALHLIX 0674
crsix. Ecam uenosnayempie Gazuchnuble GyHKIHH 3afanil B BHAC
TCH30PHOTO NPOM3BeJeHHsl, TO JJs aNnpOKCHMALHH, Onpeje/se-
MOIi JIHHCHHBIM YpaBHenieM

al
(57 V) +a@, vy=(. U) (t> 1),
nonyuaercs (B cayuae JABYMEPHOJ 3ajiaun) anreGpanicckasn CH=
CTEMA, KOTOpass Momer GuiTh 3anucana kak (cm. ra. 3, crp. 71)
Pyl — O 1

Qo+,
BX®B!/{ Af }+(Ax® By+nx® /]y) [il.f,‘_‘Ij hnH/Z
(n=1,2, ...), (6.45)

rie uepes (X o6o3navaercsa TeH3OpHOe npounssejenne. Ecan K Je-
- 1 2
BOH yacTH 100aBuTL WieH (-2— Al) Ax® AyOny1, 10 (6.45) MOIKHO



6.6. CxogumocTs NonyaUCKPeTHBIX annpoKcumauuii FanepkuHa 177

3aMEHHTH YPaBHEHUEM
At At
(Bet 5 4:)®(By+5 A) eari=1h

KOTOpOe MOKeT ObITh pelleHo B ABA 3Tamna, Kak il B SJJIHITHYE-
CKOM cayuae (pasa. 3.4).

Bun npeanoxken W psaa ApYrHX METONOB, HO NMPH 3TOM BO
MHOTHX cJyyasiX paccMaTpHBAJNCh TOJLKO JHHeliHble 3aayH, Ha-
NPHMEp, B NPHIOKEHHAX OOILIHX MHOrOLIATOBBIX METOAOB (371a-
Mait, 1975) n merogos Hopeerra (Cemenny u Tnaasedt, 1974).
Hionow, ®Daiiepsesep u Ixouncon (1974) moerpomnn cemeicTBa
TPEXCHONHBIX PA3HOCTHBIX CXEM [JIsl PELIeHHs] KAK JHHEHHBIX, TAK
W HemnHelinbix 3axau. Paiieppesep n Jlxoncon (1975) mokasauwn,
4TO MOJKHO HCIOJB30DaTh JOKaJbHYIO 3KcTpanossumio Puyapa-
COHA, OCHOBAHHYIO HA TAKHX TPEXCJOIHBIX CXemaX, a Takxe Ha
HEKOTOPEIX ABYXCJOHHBIX cXeMaX, NpeanoxenHux JlyriacoMm H
Iononom (1970). Onn paceMOTpeNH TakiKe BIHSHHE HHTEPIO-
JALHH HEeJHHEeHHBIX KO3(()HUHEHTOB, T. €. HHTepPHOJsLHH TaKHX
(Gynxunit, kak p(u) u g(u) B (6.36).

6.6. CxomumocTb NOMYAMCKPETHBIX annpokcumaumii lanepkuHa

DTOT pasjien COAEPIKHT KPATKOEe M3JO0MKeHHEe OAHON H3 OLEHOK
CXOAMMOCTH, noayyeHnbx Tome n YonGuuom (1975) u Yuiaepom
(1973) nns MonenbHOIl 3afaul, ONpeAe]seMoll ypaBHEHHEM

a Gk 0*
% ___TY‘; L Oy'; ((x, y, 1) = R X (to, 1)),

HavaJNbHBIM YCJOBHEM
u(x, y, ty=uo(x, ) ((x, Y) =R)
0 rpannyunbM YCJIOBHEM
ulx, y, )=0 ((x, y, ) €IR X (to, 1])-

[Tpn 2TOM OrpanHuenne ABYMsl H3MEPEHHSMH He SBJSETCs cylie-
CTBEHHBIM,

Ornpasnas TouKa s anajisa Ta e, 4To H B T, 5; a UMeH-
1O, (JOPMYJIHPOBKA NPEANONOKEHHsT 00 aNnmpoOKCHMHPYIOUHX
cpoiternax noanpocrpancra Ky, [103TOMY Npejnosnosxum, uTo
reopema 5.4 crnpaBejuiiBa H CYLIECTBYeT Takoe k = 1, uto s
nmoboro 1 e JB8 (R) ommbxa, nopoK/iaeMasi HHTepPHoJasuued u
anementom i & Ky, orpanuyena kak

=it p < CH T lullpsim E=5); (6.46)

Ecan NPeanoozuTL, YTO HAPYLICHHA BAPHALHOHHBIX TNPHH-
LHIIOB, OTMEUEHHBIC B IVl 5, OTCYTCTBYIOT, TO MNOJNIYAHCKPETHas



1

rn. 6. HecraunoHapHbie 3apauk
178

. IOT V ACTBOPATL YPABHEHAIO
annpoxcimauus Taaepkuna Gy1eT YIOBJACTBOL lo 641
U 1‘) Lo, ¥)=0 (aasn scex VEK - ;

o’

o o e
4l 1o na (6.46) caeayer, uro Hp

' g v
roropas npun (& [fo, f1]  yRoBACT

B tana Bost V€ R‘\\. (6.18)

fon 11])- (6.49)

aw
o)
arm amders =[5, ]; mpe V= U:— W 310 Raer
=W W U—W)—(u,— Wy, Ur— W)

<lu:— Wil lUs — Wellg, my
2 — W, o <Ch*[ull, q

F 0ostoMy

alU —W, U—W)<CH:, C=C(u). (6.50)

o
¢ Kak Guauneiinas Gopma a saanntuuna B J6Y (pasp. 5.2),
cObeannenne (6.49) u (6.50) maer

llu—Ull, p < CRY, C=C(u).

310 ollenka B HenpepuBHOi (opme Aan annpokenmannn I'agep-
kuia. Ecan ypasnenne (6.47) pelaercs [oWaroBLM METoA0M, TO
AoAeH OLIThL PACCMOTPEH AOMOJNHTCALHEN HCTOUHHK OIIHGOK.
Psjom aBropos Gblin noayuens OLEHKH TAKHX OMNGOK; Aajis-
HefuIe CCLIIKH MO 3TOMy BONPOCY MOMKHO HajiTi, Hanpumep, Y
Henan (1975) wan y ne Bypa (1974),




FJIABA 7

AANBHEVILLEE PAZBUTUE
TEOPUM M NPUNCHEHKA

7.1, Buepenne

Hpencae gem HPHUMEHATh
ALK ero gopmas
Me copmyanporats

Meroy momer Gure
HApHLIX, TAK B HECTAUHOHZPALE
PAHCTBEHHAA MW NPOCTPAHCT
BACTCH HA HEKOTOpOE HYECIO0
Annpoxcumupyiomie
MH, PAUHOHAJLHEIMYE
9JIeMeHTaM, H napa
LHAX COrIacoBaHL
NeHb IN1aKOCTH annp
sJementami, Toraa annpoxce
CTH MOJKeT ObiTh BBIDayieHz ¢
YyeHHUi CBONX NPOH3BOIEHX B ¥
3icHble (DYHKIHH, KOTOPHE O
rHX 2JEMCHTAX, PACNOA0XKeR
Boaee TOUHO, anmpoKCHMEPY
HMEET BIJL

N

U =Y [ @ Ui+ a(

il

L (\](

rae X = (%1, ¥, ..., Xm), QYHRUHH P;(X), gu(X), r(x) =
HMEIOT JIORAJIbHBIT uounc'w, a N ecTb uHCAO YIROBHX T
B obaacrn. Oyukunn p(x), 0g:(x) /dxy, dri(x)/Gxz u 1. 1. npu-
HUMAIOT CANHHYIOe 3HaueHne B y3ae i Bo Muornx cayuasy (7.1)
pMeeT YIpoueHbii s

N

U= X pi(xUs, 7.2)

XOT# ecTh 3aJIavH, JUIsl KOTOPBLIX HEeOGX0IIMO HENONb3OBATL Mpei-
crapaeniie (7.1) oGuiero Bijaa, 0COOCHHO Te, B KOTOPLIX Tpely-
erTcst OOJLINAST PIAAKOCTL MEXLY 3JCMEHTAMH HJIH NOBLILSHHAS
TOUHOCTH B Onpejeiennn rpajuenra pewenns. [loerpoenne Ga-
anenux Gyukuuit pi(x), gi(x), ri(x) B T ABASICTCS OAHHM H3
nanbosiee BajKHBIX H YACTO OJHHM H3 CAMBIX TPYAHBIX MOMEHTOB
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B METOJAC KOHEUHBIX 3JeMEeHTOB. 9TO B 0COOEHHOCTH BEpHO Jmff
2ajay ¢ KPHBONHHEHHBIMH FpaHMIAMH W JIHHHSMU pasiend, oco_
GeHHOCTAMH W T. [, W JJ51 337a4 C NPOM3BOXHLIMH BLICOKHX 1O
PSIAKOB. BOMpOCH NOCTPOGHHS GasHCHHIX (PYHKLHI H3JI0MKEHB!
B . 4.
B xoHIe 3TOii rnaBpl MBl YBHAHM, KaK PEIIAIOTCA ucxoropme:
B OCHOBHOM (hH3HUECKHE W HHIKCHEPHLIE 3a7auf METOAOM KOHEH
HLIX 3JICMEHTOB B pa3JuuHblX ero ¢opmax (PuTua, I‘aﬂePK“ga:
HAaHMEeHBIUINX KBaJApaToB, KoJokauuu). PasHooOpasubie THIB! a_
3ucHBIX GYHKUM{T B MoundUKALHKH OCHOBHOrO MeTosa OyayT HC
TONb30BAHEl [JIS TOFO, YTOOH MOAYEPKHYTH OTHOCHTEAbHLIE TPE-
HMYUIECTBA TEX PA3AMYHBIX MPHEMOB, KOTOpbIE 0GheNHAIOTCA MO
OOMINM HA3BAHHEM METOAa KOHEUHBIX asemeHTOB. Uro Kacaercs
Gasucnblx (GyHKuMii 17 3ajau, B KOTOPHLIX Tpebyercs BBHICOKAs
CTCNEHb IVIAa/IKOCTH MEIKAY sJeMeHTaMH (HanpuMep, peleHie 61-
TADMOHHYECKOrO ypaBHEHHS B CMBICJE HaHMEHLIIHX KBaapaToB
JI0JKHO MpuHaniexaTh npocrpanctsy C®), To 3nech GyayT mpH-
MCHEHBI HeCOrJIacOBAHHLIC 3JEMEHTH, W NMO3TOMY MBI HauHeM 3TY
TJIAaBY € KPaTKOro OMHCaHHA HEKOTOPBIX HCHOJb3yeMbIX Ha IMpaK-
THKE HeCOrJIaCOBAHHBIX 3JIEMEHTOB.

7.2. Hecornacopaunele anementhi )

Ho cux mop annpokcumauus ais Beeil o6aacTi B METOJe KO-
HEYHBIX 3JIEMEHTOB CTPOHJACH B MPEANOJOKEHHH ee HEKOTOPOif
PIaKOCTH (Han mo Kpafineii Mepe HENpEPBLIBHOCTH) HA CTLIKAX
Mexy cocepHHMH snementamu. [as angdepenunanbioro ypas-
HeHHA nopsaka 2k tpeGopanach cupka B CH' st Meto/10B
Putna u Tanepkuna wan cumpka B C2—' naa Metofa nanmenb-
1nX kBajgpatos. Ecan ang TerpasiapajbHLIX 9JEMEHTOB CIHINBKA
B C! pocrAraetcs nmpumenenner moJHHOMOB AEBATON CTenel, T0
HETPYIHO ceGe NMpejCTaBHTh, KAKHM CJAOKHLIM Jie oM GyjaeT mpH
k > 1 mocrpoenue snementon ¢ TpebyeMoil cTenenblo riajakoeTh
CUIHBKH, T. €. NOCTpPOEeHHE COrjacoBannpix aiementos. Tlosromy
€ BBIYHCJHTCNLHON TOUKH 3PCHHA JKENATENBHO HAYUHTHLCH HCIIOJb-
30BATL 3JIEMEHTBH € MEHLUICH CTCMCHBIO TIAAKOCTH Ha CTHIKAX,
4eM 3T0 (hOPMaJIbHO TpeByerTcs, T. €, HECOMIACOBANNBIC JACMEHTH,

IMockoabky HHIKCHEPL! B MEHBIIEil CTCHeHH MO CPaBHEHHIO C
MaTeMaTHKaMi H36eraloT mpHMCHCHHA HA NPAKTHKE TCOPETHC-
CKH He OGOCHOBAHHBIX NPHEMOB, HET HHUCIO YANBHTEALIONO B
TOM, 9TO HECOIIACOBAHHLIC 9JEMEHTHI OLIJIH BICPBLIC MPE/I0KEHB
HMEHHO HHXKeHepamn. Mmn GO NMpevioreno TakmKe TaK HA3bl-
BAEMOe KYCOUYHOE TecTHpoBanie s BLIOOPA TAKIX HECOrJIACOBAH-

!) AsTops! npusnatesbin npo. P. Bapnuxuaay n Jlx. Bpayny 3a moses-
HLIe JIHCKYCCHI npH TMOATOTOBKe MaTepHaja IT0ro pasjena.
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HBIX 3JIEMEHTOB, KOTOpble oGecneyHBaju Gbl CXOZHMOCTH KOHEYU-
HO3JIEMEHTHOIl anmpoOKCHMAaUMH AJsi AaHHOH 3ajaun. B geiicTBH-
TeNIbHOCTH KyCOYHOE TECTHPOBAHHE sIBJSIETCs] NPOBEPKOH HEnpo-
THBOPEYHBOCTH HECOrJIAaCOBAHHOTO KOHEYHO3JEMEHTHOr0 MeToia,
HCIIOJIb3YeMOro AJIsl pelleHHs KOHKPETHOI! 3a4ayn.

Kycounoe recruposanue (Aliponc n Passax, 1972)

CMBbICsI KyCOYHOrO TECTHPOBAHHs COCTOHT B caiefyomenm. [1pex-
TOJIOJKHM, YTO NPOCTPAHCTBO HECOMVIACOBAHHBIX GA3HCHBIX (YHK-
LHIT COAEPIKAT BCe MONHHOMBI TAKOTO MOPSIAKA 7, KAKOH HMeer:
CTapluas NpOM3BOAHAsL B SHEpreTiyeckoM (yHKiHOHANE (B 060-
3HaueHuax ra. 5 Pr < Ky), n nyctb rpaHHYHbIE YCJIOBHS BAOJb Tie-
PHMETpPa NpPON3BOJILHO B3ATOH YACTH 3JEMEHTOB ONpPEeAe/eHbl KaK
3HAYEHHS NPOH3BOJILHO B3sTONO YACTHOTO pellleHns u & P, Ha
9TOi JHHKK. Toraa KycouHOe TeCTHPOBAHNE CYHTACTCS BHLIMOJHCH-
HBIM, ecin npubanzkennoe pewerne Up, BBIYHCIEHHOE MO METOAY'
KOHCUHBIX 3JIeMeHTOB B (hopme Purua Ges yuera pasphiBOB Ha
rpaniuax Mexay 3JeMEHTaMH, COBIAJaeT C ¢ Ha paccMaTpHBae-
Moii yactn sjaemenTtoB. TakiM 00pa3oM, KyCOYHOE TEGCTHPOBaHIE
BLINOJHEHO, ecall NpH u & Py

Up=u: (7.3):

B kauecTBe HJUIIOCTPALNH NPHMCHEHNS KYCOMHOrO TECTHPOBA-
HUA K 3aJa4aM BTOPOTO NOPSAKA PACCMOTPHM peLIeHHe ypaBHe-
g Jlansaca Ha vacTH 3JEMEHTOB, 06pasyloulell eaHHHYHBI
KBaJpaT M COCTABJCHHON H3 JABYX TPEYrOJNbHBIX SJIeMEHTOB.
(puc. 28). dueprernueckuii GyHKIHOHAN COACPIKUT NMEPBEIE Npo-
u3po/nLie, 1 nosromy r = l. Ha ka»x<oM TpeyroibHHKe Onpeje-

JHM JiHelHyI0 QYHKIHIO N0 ee 3HAYCHHSIM B CCPEJHHAX TPEX ero:

i d

2

4
1t 5 13
A
+ X
4

Puc. 28.



P 1 Bonsselues PAasuine TSOpMN M DPHAMKEHIR

< TN N Ra
EORe gl 2008, — (1= 29) Uy - (1 A 2v — 2y) g
P o= — — 2 U+ (| — 2 Uy -+ (1 — 24+ 20) Uy
oo 1. coorsercrsenno, Murepnoasinr Ha

Q0mIeM CAYHAe PASPHLIBEH BAONL IPAHHLL pas-
W NOSTOMY TAKHE SJEMEHTH sBJsores HE
meroaa Puarua.

& B

u=x-y,

LEEMIXMeEe rpapiyHbe 3Ha4YeHHS

1 3
1y ==, U=uy=-,
T4K 4TO YKasaHHble HHTEPHNOJSHTEl 3aMHIIYTCA B BHIIE
Ulli(x, g)=(—1—x+3y)+(1+2c—2)Us (7.42)
UPl(x, y)=(—1-+3x— )+ (1 — 2+ 2y Us. (7.4D)

Merton Koweunbix snemeHToB B hopme Puria cBOAHTCS K MHIH-
MH3aUHH 3HEepreTHyeckoro (GyHKUHOHAIA

§§ wur+ vprydzay + (S e+ vpry axay

T

hi

1

oTHOcHTeabHO Us, 4TO naer

Ioxcrasaan s1o snavenne B (7.4a) n B (7.4b), noayunm
o (,\r, U) = U2 (x, y) =x -4 i,
H 1osTOMY
Ull =u
Ha Bceil paccmatpuBaemoii wacta. B aefictmHTeNLHOCTH JKE 91O
BEPHO AJiA Ji060ro 4 & Py n mioGoii yacTn Taknx 3JeMCHTOB, T, e,
TAKOJi HECOMIACOBAHHDIA EMCHT BLIACPKNUBACT KYCOMHOE TCCTH~
poBaune.

Ynpanerenue 1. Tpopeante Kycouioe TecTHPOBANNE AJA 9J6-
MEHTOB, H300paennsx Ha puc. 29, 0 NoKaxuTE, 4TO

1 —a—a? -+ 20°
Us= 1 —20 + 20"



L2 Nae i nae i aimbie snesiei i <

v
7
§ —
“" J-u i
s
e [}-=
.ﬁ(l-u) J.
1 3
@ z
x
« 4 -«
Puc. 29.

JlokaKHTe TeM caMBIM, YTO TAKHE 3/JEMEHTH BLIIEPHBAWT K-
COYHOE TEeCTHPOBAHHE TONLKO NMpH o = ! /5.

B kauecTBe cjeayiollero npHMepa NpAMEHEHHs KYCOYHOIO Te-
CTHPOBAHHS PAacCMOTPHM 3ajJauy YeTBEPTOro NOpPAAKa, Ompeie-
JISIeMYI0 Ha KBajpaTHOil 06jacTH GHrapMOHHYECKHM YpPaBHEHHEM
H 3a/laHieM pelleHHs H ero HOPMaJbHOIl MPOH3BOAHOI Ha rpa-
Hie. Pazo6beM KBaapaT oObIYHBIM 00pa3oM Ha NPAMOYTOJABHEIE
TPEYTOJNBLHIKE PABHOIl TJIOLIAAN H CHOBA PAcCMOTPHM 4YacTb 3Jje-
MCHTOB B BH/C €JMHHUHOTO KBajpaTa, COCTOSILEro H3 ABYX Tpe-
yrodabiux sqaementos (puc. 30). laa GHrapMOHHYECKOTO ypaBHe-
HHA 9HEPreTHYECKHiT (YHKIHOHAN COJAEpPIKHT BTOPLIE MPOH3BOM-
pbie, 1 no3atoMy r=2. Ha KkaxaoM TpeyrobHHKE ONpeaesnM
KBaJAPaTHYHYIO (DYHKIHIO 1O ee 3HAYeHHAM B BepPIINHAX TPEyrob-
HHKa 1 TI0 3HAUCHHSM ee HOPMAaJbHOI NMPOH3BOAHOIN B CepeanHax

Y
4 8 3
ot 5 7
-
1
|
+ X
1 6 2

Pue, 30,
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i. Takol 3JOMOHT HAZNBACTEN TPEYROAbRUKOM .”U/L‘NI. -
rte GYAYT MeTh BILY

¥ — g+ 2 Uy + = (x + v +a® — 2xy — y) sk

(& K, 3 L L

3 vy + ) U+ y (1 — ’/)(a,/) |
_J—u+y—f_QWPw5(%#L+W(L—”(?T9

H
UBl(x, y)= —l— Br—y+y*—x*—2xy)Us+ (1—x—y + 2xy) Us+

+%wj—x—w 2—2u) U+ 26— 1) (52)

J—D( )+
‘\/_ — 24+ 3x+ 3y —x>—2xy — 1) (au)
Aas TpeyroibHuKoB Ty u Ty COOTBETCTBEHHO, T/l 71 eCTh BHEIIHAS
HOpMaJlb MO OTHOWIEHHIO K Ty H BHYTPEHHss] HOPMaJb IO OTHO-
wennio K 7. CHOBA WHTEPNONAHT HA BCEM EAHHHUHOM KBajapaTe
B o6lieM ciyyae pa3phIBeH BAOJb FPAHHILI MEKAY ABYMsi Tpe-
YTOJILHHKAMH, H [03TOMY TaKHE 3JeMEHTHI sIBJSIOTCS Hecor/jaco-
BaHHBIMH. JIJ1s1 3a1aun 4eTBEPTOro NOPsIKA 3JE€MEHThl OCTAHYTCS
HECOrJIaCOBAHHBIMH H TOrAA, KOrja HHTEPHOJSHT Oyaer Hernpe-
PLIBHBIM Ha 3TOii rpanume, a €ro HOpMaJbHas NPOHU3BOJAHAN K

Heil — Her.
B kauecrpe nmpumepa Bo3bMeM Ha 3TOIl Y4CTH 3JEMCHTOB Te-

CTOBOE pelrenne
u=x+4 4

NpHHAMAONLEe TPaHHYHBIE 3HAYCHHA
=0, w=u=I1, u=2;

du ) ( (711) _ ( du ) ( du )
0, dx ady
TOrja ykasdaHHbie HHTCP”OJ]HHTH 3aMuIIyTest KaK

Ul (x, y)=(x 4y — 2xy) — 1/_ (x4 y)( l—x~r/)(m’) (7.5a)

u
UVl (x, y)=(2 — 3x — 3y 2x* + 2xy - 247 +

tom Gty =9 —x—y (55),. @8b)
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Meron koneunx sacmenton & gopywe Priusz cuopnion & snus-
M3 SQHEPIETHUCCKOIO "‘:/“V”H’)“H.'H}
o 9f ) 1 % ‘. ( 2 L O L AR Ay ey
iS(ULrl 200 - UM dx dy SS(U"' 2U\% + (/') dz dy
] 7,

OTHOCHTEJLIO Napaverpa (du/dn)s, 410 gaci
du
( an )5 - ﬁ

[MoncraBaas 310 3nauenue 8 (7.5a) u B (7.5h), moayuis

Ul(x, y)=U(x, y) = ="+ 95
i JI09TOMY
Uy=u

Ha Bcefi paccmaTpuBaeMoif yacTH. B 1eiicTBHTeJIbHOCTH e 3TO
BEPHO s JI06oro u & Py u aas ai0060il 4acTH TaKHX 3JeMEHTOB,
T. €. TPeyroJbHHK MOpJH BbIZIEPKHBAET KYCOYHOE TeCTHPOBAHHE.

¥npaoernenue 2. Tlokakute, YTO TPEYTOJNbHBII 3JEMEHT, Ha
KOTOPOM NOJHAs KBajpaTHuHas (DYHKIHA ONpeaeiserTcs CBOHMH
3HAYEHHSMII B BEPIINHAX H B CEPeAHHAX CTOPOH, HEe BBIIEPIKH-
BACT KYCOUHOrO TECTHPOBAHMA /ISl 3ajaull YEeTBEPTOro NopsaKa,
ONMCanHHOIl BRIIIE.

Xors maTemaTnueckas npoBepKa HECOrIaCcOBAHHBLIX 3JEMEHTOB
KYCOUNLIM TCCTHPOBAHHEM NpHBJEKaTeqbHa cama 1o cebe, ¢ mpak-
THUECKOIT TOUKH 3PEHHs JI0CTATOYHO OCYLIECTBHThH TaKyIO NPOBEp-
KY Hd BLIMHCINTENLHON Mauwnpe. DJICMEHTHl CUHTAIOTCST BBIAEP-
JKABIINMI KYCOUHOE TeCTHPOBAHHE, €cll YHCJIGHHOE pelIeHHe
BOCNPOI3BOANT 3APANCE H3BECTHLIT OTBET ¢ YYETOM, KOHEUHO,
BANSHIS ONGOK OKPYTJICHISI.

[HeoOGxoanmoe n JI0CTaTOYHOE YCJIOBHE CXOAHNMOCTH MOCTPOEH-
HOIl 1A HECOrVIACOBAHHBIX 3JIEMEHTAX anmpoOKCHMALHH, KOTOpoe
KBHBAJCHTHO  KYCOUHOMY  TECTHPOBAHNIO, B  00O3HAUGHHSX
pasj. 5.4 (E) nmeer Buj pasencrsa

a,(p, V)=(f, V) (upn Beex V, =K,) (7.6)
A ao6oro NoJARHOMHAJABLHOTO pewienns p € P,, rie P, < K,

a r eeTh NOPSJIOK cTapiueii nponsBoanoil, BXoASLIell B .
Ho sio6oe pelienne ¢ yA0BIeTBOPSCT YPaBHEHHIO

a(u, v)=(f, v)

NPI BEEX JONYCTHMBIX PYHKINAX 0 & J€, 1t CCHIL OHO TAKMKE YA0B-
JeTRopIeT _\'[HIHII(:H]II()

a (”: l/h) = (i’ V[,) \T 7’

8 Jak 672
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npu Beex HecoraacosamHbIx QyHKuusx Vi & Ki, To (7.6) mpumer
BHJ

an(p, Vi)=al(p, V,) (upu Bcex V, =Kj) (7.8)

(Crpenr n ®ukc, 1973, c. 207). Hanpumep, eccan 3ajaua CBO
JMTCSl K MHHHMU3ALHHA

= LG+ ()]s
“%m=${%)ww+ %) (%) s

Ecan obaacts R pasbura Ha HeNepeKphiBaloLLiecs saenentsl Tj
(j=1,2,...,8), 10 Torna
)} dx dy.

mMm—zu« ) (2

Dusnueckuii cMbics paBencTBa (7.8) cOCTOMT B TOM, UTO Pa3puiBbl
Ha TPaHHIAX MEHKLY 3JEMEHTAMH MOMKHO HE YUHTHIBATL MPH BbI-
uncaennd a(p, V).

Ins ycranosnenns sksupanentoctn (7.3) u (7.8) ynoGio
BBECTH TOJYHOPMY

| ]y = [ay (e, w)]'".

Torza mozxno TNOJIYUHTh OLLEHKH

(1, V) —a(u, Vy)|
lll'—"Uh ,h Sup { lajia l'th IZ ! £ } (7-9)
u (cp. ¢ (5.16))
u—U, |, <inf|u—V, |, sup Lan (o, V,,),—— alu, Vi)l (7.10)
V” yh | V h l/l

npH yclnoBHH, 4T0 Bunoaneno (7.7). Torpa (7.8) caepyer na (7.3)
u (7.9). O6parno, u3 (7.8) u (7.10) caenyer,

'p““Un,n<1‘T}”/7— Vil

1o

Ipapaa wactb 310r0 HepaBeHCTBA paBua HyJai0, Tak kKak P
< Ky, n Mol nonyuaem (7.3).

Ynpasenenue 3. Y6equtecs B cnpaseaansoctn (7.7) iis Hecoraa-

COBAHHBIX K}'CO‘IH()'.’Illll(‘}f‘illblx SJIEMEHTOB C y3Jaamil B cepeanHax
CTOPOH.
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7.3. CMeliaHHble WHTEPNONAHTBI

Jlns 3aa4 BTOPOro MOPAAKA MOMKHO HaTh CACAYIOLLYIO NOJE3-
HYIO JJIfi TPAKTHKH (OPMYJHPOBKY KYCOUHONO TECTHPOBAHHS:
KyCOUHOE TECTHPOBAHHE BhIIEPKaHO, eCilH

S(v},“ — VM de=0, (7.11)
E

rae E ectb ;1060e BHYTPeHHee npsiMoe pe6po cerkd, a Vi ectb
Ji06asi HecoryiacopanHas (yHkuus, Tak aro Vi© V‘. ABIAIOTCS
ee TpejeNbHLIMI 3HAYCHHSMH 10 pasHble CTOPOHEI pe6pa E
(Bpays, 1975).

B saxjioyeHHe OTMETHM JBa HECONJACOBAHHLIX NPAMOYrofb-
HBIX 971€MEHTa, KOTOpble BLIIECPKHBAIOT KyCOYHOE TeCTHPOBaHHE:

(1) Baemenr Buavcona (Bunbcon u ap., 1971). Ha xeajpate
0<<x y<1 mecrb Qynxkuuii obpasyior 6asuc: yeTbipe OHIH-
geitgsie xy, x(1 —y), y(1 —x), (1 —x) (1 — y) u gBe HOMOJHH-
tenpubie 4x(1 — x) u 4y (1 — y). INocaeanne GyHKUHA HAIOT BO3-
MOKHOCTb TIPCJCTABHThL B 3TOM (asHce NPOH3BOJBLHBIL KBajpa-
THYHBIH MOJHHOM OT JABYX NEpeMeHHbIX H TeM CAMEIM MOBBICHTH
TOYHOCTL ANNPOKCHMAIHH HA Kay<AOM 3JEMEHTE,

(2) daenment Adunu (Annun u Knad, 1961). Nas sroro sue-
menra ¢ 12 crenensamMu CBOGOABL! HEH3BECTHHIMH NapaMeTpamMi iB-
Ag10TCA 3HavucHus «, Ou/dx w Ouf0y B BepUIMHAX KBajpara,
a BXOAALLNC B NOJHBIH KyGHYECKHH TOMHHOM (YHKIHH BMECTe

¢ x%y n xy® obpasyior Gasuc.

¥Ynpasernenne 4. TlokaxuTte, 4T0 NPAMOYroabHLEE 3JIeMeHTH BHiib-
coHa H AJiiHH BLIIEP3KHBAIOT KYCOYHOE TECTHPOBAHHE NS 3ajay
BTOPOTO 11 YCTBEPTOrO MOPSAKA COOTBETCTBCHHO,

7.3. Cmemanuble HHTEPNOAAHTHI

Opnn 13 METOL0B NONYUCHHS KOHEYHO3/IEMCHTHEIX annpoKcH-
Maupii, 70410 YIOBJACTBOPSIONIX FPAHHYHLIM YCTOBHSIM Hupixie,
COCTOHT B TOM, UTO B PCHICHIC 337Ul BKIIOYACTCS HEKOTOPHIil
evMetannbiii PyHKIHONANbHbI HHTePNOJSHT, NOCTPOCHHbI M0 3a-
JannsM rpannansiv 3sauennam (Fopaon, 1971), B npocreiiuem
cayude — 3710 OnanHeinbli cMelanublii HHTEPHOASHT HAa KBAJ-
pare.

Ecan, nanpumep, & C%2(R), rue R = [0, 4] X[0,4], 10
Gynxns

X
Foo, =0 —=5)10 0+t n+ (1 =) fx 0+
Y ¥ 3
+7{H’\’ h)— [ (x, y), (7.12)

8%
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rae
Foon=(1=2) (1 =)0 0+ (1 = &) 57 OF
+(1=2) L5, m)+ 4L, h), (7.13)

5 a.
TOYHO MHTEPNIOJHMPYET | Ha BCEX 4YeTHIpex CTOPOHAX KBaApaT
Boiee Toro, Mopaon u Xoaa (1973) noxasanu, uto

ID'(F =P, m=0@") (O<Iil<),

TOP/ia KaK s IPOCTOrO GHINHEHHOrO HHTEPNOJsSHTa f

ID*(F—Rll, —=o0@-1) O<|iI<D.
2., ®

B KauecTBe YHCJACHHOrO NMPHMEPA HCIOJB30OBAHHSA cmemam{h:;
(hYHKUHOHANLHBIX HHTEPHOJNSHTOB MOJYYHM KOHEHHO3JeMeHTH ¢
pellerie 8a7aun O MOTEHLUAJbHOM TeueHHH B oOsacTH, Mpei
CTapisiolieli co6oi eMHHYHbI KBAaApaT, C HCTOYHHKOM B TOUYKE
x=0437, y=—k (k> 0). TounwiM peulenuem 3TOH 3aAaiH
siBJIAeTCs QYHKIHUSA

u=logr,

rae r2= (x — 0.437)2 4 (y+ k)2 TlosTomy nam Hy:KHO HAiiTH
NPHO/INIKEHHOE PelleHue ypaBHeHns
d’u d*u

Ox? +TJ;=0 «xv [/)E(O, I)X(Or 1))'

YAOBJIETBOPsIOLIee yeaoBHIo « = log r na rpannue oGaacTi.

Paszobrem oGsacrs na N? kpagparthbiX J€MCHTOB H IpHMe-
HEM MeTon [anepkuna s HaxozacHus npuGINKCHIOro peie-
HHS, ABISIONErocs GHIMHEHHEIM HA HE CONPHKACAIONINXCS ¢ Ipa-
HHIEI SJIeMeHTaxX H BKJIIOYAIoNlero GuianHeiinbe eMemannpe HH-
TEPHOJIAATLI MO PPAHHYHBIM 3HAUEHHIM Ha JCMCHTAX, MPHMBI-
Kalomux K rpannue. Jpyrumu ciopamu, Mbt duieM 1npuOJinKeH-
HOe penicHHE BHJA

N-1

U(x, g)=W (v, y)+ , z,‘: Unwpe (s, 0), (7.14)

rae @ (j, k=1, ..., N—1) cyrb kycounue Guanneiinpe Ga-
sicHble  (QYHKUHH, coorBercTByiomme Toukam (j/N, k/N), a
W (x, y) saBagercs xycounoii Guanuelinoil cMemannoii (pynxunei,
KoTOpas OTVINUHA OT HYJSl TOJLKO HA NMPHMLIKAIOUNX K Tpanuiie
SJEMCHTAX I HAd KaXKJOM TAKOM 3JeMEeHTe Tnpeacrapiser coboi
yacTHpli cayuail obuteii gopmbl (7.12). Ecan saement R co €To-
POHOIT /i uMeeT ABa BHYTPEHHNX y3ja, a MPOTHBONOJOMKHAS HM
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cropona (y = 0) sBJsIeTCS YACTHIO MPAHMIL], TO HA R
W, g)=(1—%) i 0),

TaK Kak Gyskuusi W nuHeliHa Ha Tpex APYrHX CTOPOHAX H paBHa
HYJI0 BO BHYTPGHHHX y3naX. AHaJIOTHHO 3TOMY, €cid R ecTb
VIVIOBOIi 3JIEMEHT C OAHHM BHYTPEHHHM Y3JIOM H [BE ero CTOPOHEI
x=0u y = 0 ABASIOTCS YAaCTSMH TPaHHI], TO HA R

W, )= (1 —%)fex 0+ (1 —5)FO H—
~(-3)(-Hioo,

Jlns cpaBHEHHs 9Ta 3ajaya peumajnach TaKxke ¢ HCHOJIb30BAHHEM
annpoKCHMAlHH, KOTOPAsl siBJISIeTCsl GHIIMHeIHON Ha KAXKAOM Sile-
MeHTE H B KOTOPOif rPAaHHYHbIE YCAOBHS WHTEPTIONHPOBANHCH TOb-
KO TIO 3HAUCHHSIM B y3nax. UHC/JeHHbIE pe3ysbTaThl GbIIH MOJY-
yens aas 16, 64, 144 n 256 anementoB npu k2= 0.3, 0.2 m 0.1.
B Tabn. 4 MakcHMaJibHBIE 110 MOMIYJIIO 3HAUEHHs NPHOIHKEHHBIX
peuwlennii, BoIOpaHHbEIe KaXAblii pas mno cerke 16-Ti snemenTos,
CPaBHHBAIOTCS CO 3HAUCHHAMH TOUHOTO PELIeHHs] B COOTBETCTBYIO-
MHX TOYKAX.

Tasruya 4
l‘pamwnue ychaosin
Yneno Jnerper- Huckper-
SAGMEHTOD nue Tounnie JHCKpeT  Tounme ate Tounue
Hule
k=03 k=02 k=0.1
16 257 2.5918 2.7590 2.7852 2.9756 3.0176

64 2.6875 2.5915 2.7822 2.7882 3.0200 3.0310
144 2.5896 2.5014 2.7859 2.7886 3.0281 3.0325
256 2.5904 2.5913 2.7872 2.7888 3.0306 3.0331
Tounoe
peenye 2.6913 2.7888 3.0339

Ynpaocrenue 5. TIpopeanTe Takue e BLIMHCICHHS [Is 3aAaun
C NEPHOAMUCCKIMHE IPAHHYHLIMI YCJIOBHAMH, KOTAA TOUHBIM pe-
MEHHEM sBJSCTCS (DYHKIUIA

u=sin kxe~*v (k=2.4),

I CPABHHTC BAUIH UHCICHHLIC PE3YJIbTATLl ¢ TEMH, KOTOpbe GblIH
noayuenn s 91oi 3agaun Mapmwannom n Muryennom (1973).

Jlo cux mop Mbl CTPOMJIH cMelannbie GyHKUHOnANbLHbIE HATEP-
HONAHTL! JIIA NPSIMOYrONbLHBIX 2JementoB. Ho onn moryr Gbith
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NOCTPOEHB! TAKXKE W JJIsi TPEYrOJNbHBIX 3JEMEHTOB, H MBI OTCDI-
JlaeM HHTEpECyIOUlerocs yutareas k paboram Bapuxuina, Bupks
ropa n Copaona (1973), Bapuxumna u [peropn (1976a)
(1976b) u Mapmanna (1975).

7.4. NMpuaoxenus
(A) 3Anaun o moasx

Teneph Mb PacCMOTPHM pelIeHHE METOAAaMH KOHEUHBIX 3J€
MEHTOB HEKOTOPLIX THNHYHBLIX IPaHHYHLIX 3a7a4 O MOJAX.

3adaua I. (Ypasuenue [Myaccona.) P
BepueMcs K 3ajaue, BrepBbie PaCcCMOTPEHHOH B ril. 3: HAHT
pellieH’e YpaBHeHHs
9%u *u o
3 T apE 2

B 06n1acTu R, yIOB/IETBOPAIONIEEe TPAHHUHOMY YCJIOBHIO
u=0;

na rpaunne R, rge R = (—% —;—) X (—% i,;) B meTosie
Purtua (m. P.) Munumusupyercs dyHxunonasn
10)={§{z ((5)"+(5)) +20} dxdy,
R

TOraa KaKk B METOoJe HaUMEHLIUHX KBaApaTroB (M. H. K.) MHHIMH-
3aluH NoAJICKHT (pymmuoua.n

" 02 ’rrf 2
J(w)=5RS -#f—+—{ﬂlf,i—2) dxdy,

rae v u @ umeior sux (7.1) (man (7.2)) u yaopaeTsopsioT rpa-
HHUHOMY ycnoBuio na OR. B moandmxaunn BpamGaa — Illarua
(m. B. II.) metosa manmmenpmux kpaapaton (pazu. 5.4(D)) Mi-
HUMH3HpYeTcs: (yHKUHOnaN

a2 9 2 s (2
J(w)= SHS —a;h;)-+ TJ",J — 2) dydy-+h™ S w” do,
ar

TIe BECOBOH MuOXHTeNb /i—° BBeAcH A TOro, uToGL 06a HHTe-
rpaja HMEJIH ONHHAKOBYIO pa3MepHOCTb, Il yxe He TpeGyercs,
uTOOLI W yAOBIIETBOPsJIA. FPAHUYHOMY yCaoBHIo Ha R, Beaniuna
I paBha 3nauenmio mapamerpa amnmpoKCHMHPYIOUIEro MONPOCT-
pancrsa,

O6aacth R pasobbeM Ha KBajpaTHbIC SACMCHTEI IIPSIMBIMH JIH-
HUAMH, TapaJlic/IbHBIME OCAM X H {/, H OYCTb PACCTOSHIE MEZLY
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COCeAHNMH JHHHAMH paBHO A, rae h =a/N. Tpeyroaphbie aJe-
MEHTB! MOJYualoTCsl MyTEM POBEACHNs B KBAaJpaTax AHAroHampei
¢ HakaoHom —1. 3ajgaua | Gbwia pewena gnenenHo npu N =6
merogoM Pnriia, METOAOM HAHMEHbWHX KBAaAPaTOB H METOLAOM
Bpam6aa — [llatua ¢ uHcnonb3oBaHHeM pasjiHUYHBIX 0a3HCHBIX
¢pynxunii, Makcumanbnele omuOKH A KaXKAOTO cjydasi mpHBe-
genbl B TaGa, 5. B obmem a5 MeToja HaHMEHBIIMX KBAAPaToB

Tabauya 5
Tun GasucHBIX (GYHKIHI M. P M. H. K. a. B. 101
Buanueiinple Ha Kpaapare 0.03269
KyGuueckue spMHTOBLI Ha KBajpate 0.00063 0.00063 0.06294
JlpHefinbte Ha TPeyroJbHHKe 0.03116
KyGuueckiie na TpeyroibHuke 0.00007 0.00283 0.02935
[Tatoii cTeneHn Ha TPeyroJbHHKE 0.00041 0.00042 0.00321
Oynxunn Kraga n Touepa 0.00036 0.04052 0.03752
Oynxuun [Lomion 1 Téas 0.00032 0.03395 0.03320

u meroga DBpamGna — Illatna oHm 3HauuTeNbHO GOMbINe, HeM
aas merona Putna. Tlo-Buaumomy, ato o0bsCHSIETCs Ma0Xoil 06-
YCJOBJIEHHOCTDLIO TeX CHCTEM JIHHelHBLIX ypaBHeHHil, K KOTOPHIM
CBOAATCS METO/IL HAHMEHBINNX KBaJApaToOB.

3adava 2 (niaacTina ¢ 3ajeJaiHLIM Kpaem).
Haiitn pemienne ypaBHeHus

a‘u a'u a‘u q
dx? + dx? dy? + ayt =D

B o6aacti R, yL0BIETBOPSIONICe IPAHHYNBIM YCIOBHAM
du
U= =)

na OR, rae R = (0, L)X (0,L). Mp paccmoTpiM TOT caywai,
Korja Harpysxa g pacnpeaesena no njaactiuHe paBHOMEpPHO. Eciu
Wmax CCTL MAKCHMAJIBHOC CMCHICHHE MITACTHHLI, TO

= U‘/—Z Lt

n 1ounoe snavenne o pasuo 0.00127. 3agaya pemanacs ToabKO
merojom Puria, nonuiunciacansie npn N = 6 1 pasanuubix 6asmue-
HBIX PYHKIMAX 3HAYeHns: o npaBejens B Ta6iu, 6.

Aproppl npnanatenpin M. Bafiny 3a npefocrasiieHRbe UM
UHCJACHHBIC PE3YJILTATHL, IPHBE/CHIbIE 3/ech B 746, & i 6. Jaib-
neifie noaApobHOCTH U YHCACHIBIE Pe3yJbTaTh Vst STHX H CX0/-
HLIX ¢ HEMI 3aja4 MoxHo naiirn y Baina (1973).
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Tagauya 6

Tun GasucHBIX GYHKUMI

OpMuTOBH KyGHYeCKHe Ha KsajpaTe 0.00128
KyGuueckue Ha TpeyrojbHuKe 0.00136
IT:Toﬁ CTENEHN HA TpPEyroibHHKe 0.00127
Dyuxunn Kaapa n Touepa 0.00117
@yuxunn dionion n T'éaa 0.00119

; n
B) 3AnAUM O TOYHOM YIIPABIEHNHM [J1S TAPABOJHUECKUX ¥YPABHEHH
(Xapau u Mutuenn, 1976)

Tenepb npuMeHHM METOJ KOHEUHBIX 3JEMEHTOB A pemeﬂﬂfi
3a/laun O TOYHOM YNPaBJCHHH B cJyuae JHHEHHOro napa6o.nwlg_
CKOro ypaBHenus. IlycTb Gasuchbie QyHKUHH COCTOAT H3 KYCO
HBIX GHKYGHYECKHX NMOJHHOMOB, a AH(D(depeHanibHoe ypaBneHH%
YAOBJIETBOPSAETCS HA KAZKOM 3JEMEHTE B rayccoBbIX KBaJApaTyP
HBIX TOUKaX B CMbICJIe METOAA KOJJIOKALHH.

Pacemorpum ypasHenue TenaonpoBoAHOCTH

du __ 9%u

=g tel ) (v, N=Q=(0, )X, 7), (7.15)
AOMOJIHEHHOE HayaJLHBIM YcJa0BHEM
u(x, 0)=uy(x) (x=|0, 1]) (7.16)

Il TPaHHYHBIMH ycaoBHAMH g [ & [0, T], cocrosnMi 13 ycio-
BHSI

iﬁi =07 (7.17)

H 60 yCIoBHS
W=L’(IL (7.18a)

HWJIH JKe YCJI0BHS
%=D[u(l»1)—0(m. (7.18b)

rae p ecth Koueranra. yukuun @(x, ) 8 (7.15) u f({) » (7.17)
3ajaupl, 4 ONpPeAeJHTh TPeGYeTes: FpaHuuHyio ynpapiasionLyio
(yuxmmo g(t) (wan G (1)) TaK, uToGbl pelenne yKasanuoii Bplie
CHCTEMDB! B HeKOTOPBI (puKcHpoBannblii Mmoment Bpement 7' 6 704-

HOCTU COBNAAO C Uy(X), T. €. YTOGBI
w(y, I=u,(x) (+<]0, 1)), . (7.19)

rje wy(x) ecro 3ajannas GyHKuns,
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O6aactb Q HOpMHDPYeM IO BpeMeHil Tak, 4robe Q = (0, 1)X
X (0, 1), u paso6bem ee na N2 kBagpaToB co croposoii i(=1/N),
a npubaucennoe peuenne U(x, f) mpeacTaBdM uepe3 KyCOUHbIE
Grky6uueckie MOJHHOMBI O X £ (em. pasa. 4.2). [Toawoe uncao
koa(pHuHeHTOB B TaKoil ammpokciMaunu pasuo 4(N + 1)? Ho,
KOHEUHO, HEKOTOPLIE H3 HHX OIPEAENSIOTCS ¢ MOMOUIBIO (yHKUHIT
Up(¥), ua(x) 1 f(f), 0 ecau YHCIO HEH3BECTHHIX KO3((HUHEHTOB
ecth M(<<4(N ~+ 1)2%), T0 HpeaJbHBIM A8 METOAA KOJJIOKAIH
6bi1 661 TOT cayuail, koraa U(x, f) ynosiersopsier au(epeHin-
anpHoMy ypaBHenuio (7.15) B M rtoukax, BeIOpaHHBIX B obaact
Q. 1o nano 651 M NHHEHHBIX ypaBHEeHHI OTHOCHTENbHO M Heus-
BECTHLIX NapaMeTpoB. Byaem monyuarTh STH ypaBHEHHS MO METOAY
KOMJIOKALMH B KBaApaTypHBLIX Toukax [aycca ajisi KaXkAOro ave-
menta. Eciu Ha Ka»JIOM 3JIeMeHTe B3sTh MO YeThIpe TaKHX TOUKH,
T0 TOYHOCTH ANNPOKCHMALNH 3aJaHHBIMH Ga3HCHBIMH (QYHKUHAMH
GyseT HaHJydIlei (cp. ¢ pasa. 3.4). Ilpu stom noayuntcs 4N2
ypasueHnii ¢ M HEH3BECTHBIMH, T. €. HEJ00NpeAe]eHHAaA CHCTEMA.
70 HEKENATEIBHO, H TIOITOMY MBI BO3bMEM IO AEBSITh I'ayCCOBBIX
y3JI0B HA KazK/0M 3Jemente, uto aact 9N? ypasuennii ¢ M Hens-
BECTHBIMH, T. €. IEpeonpe/esennylo cieremy. [locueausisi pema-
Jach YHCJIEHHO MO METOJY HaHMEHBUINX KBaAPaTOB — C JeTaulsMu
MOXKHO To3HakoMuThest B pabore Xapau n Murtuenna (1977).

3jech MPEICTaBJICHB! YHCJICHHBIE PE3YNbTATH AJs ABYX TaKHX
3ajay, TOYHBIC DEIUICHHSI KOTOPBIX H3BECTHLI. YNPaBMAIONIas (yHK-
Wi B NEpPBOIl 3ajiauc SIBJASCTCH COCTABHON YACTBIO PPaHHYHOTO
yeaopns Heifivana (7.18a), a Bo BTOpoii 3ajgaue — cocraBRoif
yacTbl0 CMCLIAHIOIO FpaHAYHOro yenosus (7.18b). B oboux cay-

TaGauya 7

DyHKUHS COCTONHIS

N? 9 16 26
Y% < h* 100 100 100
% < At 100 89 80
Tabauya 8
Dyukumus cocTosHu Ynpasasiowasn QyHxuns
N? 9 16 25 g 16 25
% < h? 94 98 92 100 100 100

4 < It 60 50 40 50 2 20
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yasx Aas (QYHKIHH COCTOSHWA W (YHKIUH ympaBJIeHHA Bbl‘lHCJlﬂé
NHCh MOAYJIM OWIMGOK B PACCMATPHBAEMBIX y3J/aX. B ta6a. 7 0
NPHBOAUTCS MIPOUEHT TAKUX y3JO0B OT UX 0OlLero umcnaa, B KOTO®
PHIX MOAYJH OWUGOK ObIIM MerblIe yeM h? u At

3adaua 1. =
2 _ZL (n0=Q.
o (x) = sin x+ cos x,
uy(x)=e" (sin x + cos x)
it

Fp=—et

Tpebyercs nafith pynkumnio ynpasienus g (1) (cum. (7.18a)), ecH
TOYHOE PElIeHHE UMEET BHJL

u(x, t)=e-t(sinx+cosx) ((x,)=Q)

g(t)=e""(cos (1) —sin (1)) ([0, 1]).
3adaua 2.

% = g% + e~ {(4x2 — 1) sin (¥3) — 2cos (x?)} ((x, ) E Q)

ug (x) = sin (x?),
uy(x)=e"" sin (x?)
f(0=0o0.

TpebGyercs naittn ynpapaaiomyio pynxunio G () nupn p =2 (cMm.
(7.18b) ), ecin Tounoe pemenne HMECT BHI

u(x, )=e *sin(x?) ((x, 1)=Q)

H

H

H
G(f)=e "' (sin(l)—cos(l)) (1 =][0, 1]).

(C) IT PAKTHYECKOE MCTIONBL30BAHUE ABOFCTBEHHDIX BAPHANMOHHBIX
NPHHUKIIOB

B ra. 2 6w10 NPHBEACHO HECKOJBKO NPHMCPOR Taknx sajaal,
V15 KOTOPLIX CHPaBeAJIHBLl ABOHCTBEHHBIE BAPHAIIONILIC MPHH-
unnsl. Ilourn Bo Beex cayuanx umejaeninoe peuieinne taknx 3aaad
€ NIOMOILIO METOAA KOHEYHDLIX 3JEMEHTOB OCHOBLIBACTCY HA MPHH-
aHne MHHHMYMa, a He Ha npHuuune Makeumyma. BooGue ropops,
5T0 NPOHCXOAMT MOTOMY, UTO NPHHUHI MHHHMYMa jerue pealii-
30BaThL npaktTinyecky, Ceifyac MBI PelliM € MOMOIIBLIO METOAA KO-
HEUHLIX 3JIEMEHTOB OAHY NPOCTYIO 3a1auy, HCNOJb3yn CcHAYAJa

NpHHLHND MHHHMYMAa, a 3artem OPHHUHN MakKCHMyMa, H CpaBHITM
NOAyqYeHHbIE Pe3YJIbLTaTL.
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-X

N=25
Pue. 31.

BrniGpannas namMy 3ajauya COCTOMT B HAXOMIACHHH DYRKHHN U,
KOTOpasi YAOBJIETBOPSIET YPaBHEHHIO

a? %
G togp=uy) (YR (7.20)

" F[)Z]IIH‘HIOM)' )‘P.‘lOl}llIO
u=g ((x, y) =dR), (7.21)

rae R ects eqmununnii ksaapar 0 < x, y < 1, a yHuns g sa-
nana na rpannne OR sroro kBaapara. OGnacth pasobhem Ha
TPEeYroAbHLIe 2JCMCHTDl, Kak nokasano ua puc 3l.

IMpunuyun MurHaMyMa AJs 9TOfi 3ajaun CBOAHTCA K HAXOXKje-

HITIO
minJ,
u

rae (l)yll)\'llllll 1 YJAOBJICTBOPSIOT 'PAHHYHOMY YCJOBHIO, a

S SS{(;)’_'X')”Jr(@“ )2+u?}dxdy. (7.29)
)

En

R

Ecan Ha KaZK10M TPEYTOJIbIHKe pPeulenne annpokCHMHupyercs Jil-
HEHLIM  HHTCPIOJSNTOM, ONpeAeNseMbIM 3HAYCHHAMH B Bep-
WHHAX TPEYroJabHnKa, TO TMOJHBIT nuTepnoanr U sanuwercs

B BIJC
N
Ux)= 2 Uiy (%)
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rae N ects uncso yanos, a ¢;(x) (i=1,2, ..., N)— KycodyHo-JH-
HefiHble GasucHuie QyHkuun. Hewssectnoie snauenus U; BO BHYT
PEHHHX y3/aX NOJyualoTcs NyTeM MuHHMu3auun (7.22) mocae
3aMeHbl u Ha U.

Hpuunun maxcumyma (Aprype u Puse, 1974) cBoanTCs K Ha®
X0ZKAGHUIO

max G,
Uy, Uz
rae Uy = du/dx, U, = du/dy, a
_ ULy OU2N2 | ;2 112
G——;SRS{ G+ G) HUi+ U

+ {(—Uagdr+ Uigan). (7.2
R

——

dx dy +

;: NOAYYaoTCA MpH HaxX0xXK-
3) GHCIEHHBIM nyTeM.

IS)

Flpwnns

IARCHMYMA

20258 20205
2.0719

2.00%1
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HOE yCJIOBHE MOJYMAETCS H3 TOUHOTO Peuleist
1 = eW+n/VE

Uncnennsie pesyabrats npuseent b tada. 9. C panpueiimmmn
AETANAMH MOYKHO IIO3HAKOMHTLCSI B padore (I)pnM.ln.l n I'pud-
(urca (1976).

(D) KPHTHUECKASI TEMITEPATYPA AETOHHPYIOMIEFO CTEPKHSI

B stom npumepe noayanckpernasi opma METOAA KOHEUHDLIX
SIeMeHTOB (pasi. 6.3) npumensercs s ONPCACHCHHS KPHTHUEC-
CKoii Temmepartypbl Ogpyr TBEPAOFO ACTOHHPVIOHICIO CTEPIHA,
OIHH KOHel KOTOPOro nojiaepzupaercs Xxodoausim (0 == 0,),
a apyroit — ropaunm (0 = 0p). Kpuruueckas temneparypa onpe-
Rensiercs Tak, uto npn 0y << Opyr MLl cO chxwumx npuieM K cra-
OHOHapHOMY peuiennio 0 << 0, Ha Bcem crep:
00 > Oxpur B HekOTOpOi BHYTpeHHell TOuUNKE
HeM BO3HHKHeT 0 = 8, uTo u asaseTcs npu
CTEPZHS.

YpaBHeHHe, OnHCHBaoNIee Npel
uece, Moxker OLITh 3anucaso B Gespa
1958) kax

a0 a’0
“or

T

-,LCexp(,'—-f Pz >

rjae C 1 r SBISIIOTCS KOHC
YCJI0BHCM

@(x, 0)=8 L x L

¥ FPanHuHBIMIT VCA0BH M

p\“ =
i

a1 -
rae 0y == "|.

Jafaua CREACTON K CHETEOMe ¢ NS : -
PepennnanLimy  vparienn v .
HIeTes nonnne

N
0y D=} w0 g0
gae Gaanenie (py s g G O, 1 \ ) OMPORC
e prane [0y 1] € NOMOIEIO PaBROMOPIORG Gronne. O X
MM G 1 Gy ONPeAGIARIYTCS Fpat N \T 5

([—L'), vy V) VAODACTROPADT CHCTeMe AP N

1 gt - T oL
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rie A; u Ay ecTb MOJNOKNTENBHO ONpELeJeHHbIe MaTPHIL, TOYKA
o3nauaer auddepeHnupoBanne mo BpeMeny, a f(®) ecth HeJH-
HefiHAas BEKTOpHAs (YHKIHS, KOMIIOHEHTE KOTOPOH HMEIOT BHL

1 N+1 -1
f,(a)=Sq>,(x)Cexp(r—(Z a; (1) @, (x)) )dx (i=1,..., N)

0 1=0

Cucrema (7.24) siBasiercss %cecTkoil,  TMpH ee YHCJICHHOM pelle-
HHH HEOOXOAMMO MPOsBJIATH ocMoTpHTenbHOCTL. Ona peiranach
C TEpeMEeHHbIM II0 BPEMEHH IUaroM MeTONOM, Npe/JIOYKEHHBIM
T. P. T'onknHcoM, KOTOpPOMY aBTOPHl TIPH3HATENbHbI 32 TPENo-
CTAENCHHBIC HM UNHCJICHHDLIE PE3YJbTATHL.

B uncaennom npumepe mosaraoch, 4TO pelieHHe cTaHeT CTa-
uuoHapuuiM, ecan 0(x, 10) < 0y aaa x = (0, 1); wanpoTus, eciH
0(x,t) = 0o ann wexoroporo x¥ & (0,1) u mekoroporo f << 10,
TO CUHTAJIOCh, YTO NMPOH3OULIO 3aiKHranue. Kputuueckas temIe-
patypa Haxomunach MO METOAY AGNEHHS OTPe3Ka MOomojaM: ecH
8p = 0. IpHBOAKMT K cTauHOHAPHOMY pemenuio, a 0o = 0y (=>0L)
NPHBOAHT K 3a)KHFAHWIO, TO BBIYHCAsieTcsi pewenne aas Op=

TaGauya 10
Juneiinsie Gaaucuole (Gynxyuw

0o 0.02440  0.03050 0.02745 002898 002821  0.02859
Bpewms o 0.90 £ 4.74 o 6.04
3aKuranua
0, 0.02840 002850 0.02855 0.02857  0.02858
Bpewms: oo oo oo co 6.5

3axuramis

TaGauya 11

h 1/4 1/8 116 1/32
Thitioftie: A= TV% 002857 002843 002839
Koanpatnuge: fi— NL_H 002837 009841 002838

OpMuToBH 0.02822 0.02837 0.02837

< 2
KyOnveckne: = I
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=—; B+ 0;) u 0z uan Or 3amMeHsieTcsi STHM HOBEIM SHAUGHHEM
8 B 3aBHCHMOCTH OT TOTO, MPHBOANT Takoe Oy K SAXKMPAHMIO MIH
HET.

B tada. 10 n 11 mpuBe/eHbl YHC/JACHHBIC PESYJIbLTATH, NOAYUEH-
HEle NPH PELICHHH STOli 3ajauu ¢ PasanuHLIMI 3HaueRnaAME A
ISt KYCOUHO-JHHEIHBIX, KYCOUHO-KBaAPATHUHBIX 1 SPMHUTOBBIX Ky~
couHO-KyOnuecknx OGasncHbX ¢ynxumit. Bo seex cayuasx 0, =
—(0.0122, uTo NpPHMEPHO COOTBETCTBYeT Temmeparype 12°C,
a 6eckoHEuHOE BpeMsl 3aKHTaHHA 03HAYaeT TO, 4TO PeUIeHHE CTa-
HoBHTCS cTanuoHapHbM. Kycouno-KBajpaTHunbe GasHCHbIE (yHKs
HH H300paeHs! Ha pHe. 33.

(E) 3AmAYM O KOHBEKLIMOHHOF [IPOBOXHMOCTH

Ha HeafexBaTHOCTb MHOTHX CTaHAAPTHHIX KOHEYHOSIEMEHT-
HBIX METOZOB B NPHMEHEHHH K 3aJauaM, COACPIKANINM KaK nep-
Bhle, TAK H BTOpbIE NPOM3BOAHLIC HCKOMON (YHKINH, BIEpase
o6patia BhnManne aBropoB O. 3enkesnd. 910 B 0cOGEHHOCTH
74K, ecln KO((HUIEHTL MPH MCPBHIX NPOHIBOAHBIX OKA3HBA:0T-
¢ cpaBHuTe b0 GobIAMIL. THIHYHEIM TPHMEPOM TaKoro poaa
CAYKHT 3a7aua O CTAUHOHAPHOM: TEYEHHH HECIKHMAEMOli BR3KOH
JKNAKOCTH; 371eCh YPaBHEHHE NepeHoca 3aBHXPEHHs B ABYMEpHOM
cayuae HMeeT B
J*w ’w 1 dw dw

+5r — (v 55 +vgg) =0 (7.25)

rre ay?

re @ 06o3Hauaer 3aBUXPEHHE, (& W U SIBISIOTCS KOMIOHeHTAMI
CKOpOCTH, @ v ecTh Ko3(h(uuHeHT KiuueMarnyeckoli saakoern, Ko-
sduHenTs pi NepBbLX NPoH3BOAHLIX B (7.26) 1O mopsKy
BOAHUHHE SKBHBAJCHTHB uncay Peifinonbaca u NO3TOMY NpHHH-
MaloT GoJLLIe 3HAYCHIS BO MHOPHX NPAKTHUCCKHX 3a4a4ax,
Yro6nl H0KAZATL TC TPYAHOCTH, ¢ KOTOPLIMH HPHXOANTCS CTal-

KHBATLCA TIPI S1CACHHOM peumiennn ypapuenns (7.25), pacemor-
PHM OJHOMEPHOC MOARILHOC YpaBIEHHe

d*w dw

4 — k=0 <0, 1]) (7.26)
TOMHTCALHO 1 IPEANONaracres  nocToaHnbm,
[0, 1] ua N papnpx uacreit juune fi =1 /N
=0, I, ..., N). B uncacnueiz npuMepax nes
UHBIE YCJAORHH

f1 (x=0),
Lo (x=i1),

e k= p/v
Paz001e
TOUKAMU
NOAL30EZ

(7.27)
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noJiyuaiouiiecs U3 TOYHOro pelIeHH
kx

- 7.28)
w(x) . ek —1 3 (
Peuwenne Tanepknna W ynoBJeTBOpsieT cucreme ypaBHEeHHI
W o)+ kW, ¢)=0 (=12 ... N—1), (7.29)
rae

N
W (x) — Z W.‘(P[ (\‘) (730)

i=0
#l WTpHX Oo3Hauaer AHd(epenuupoBanue no x. Ecan npeamosos

XKHUTb GasncHble (YHKUHH [p; KyCOUHO-JHHEHHBIMH, TO (7.29)
CBEJIETCS K CHCTEME Pa3HOCTHBIX yPaBHEHMI

1
(1 =5 kr) Wi — 2w, + (1 + 5 k) Wi =0 (7:80)
(=1,2 ..., N—1).

ra cicreMa HMeeT TOUHOe pelienue

I+%kh ‘
WVi=A+B| —5—| =01, ..., N),
l-—-?kh

I I03TOMY TIpH
2
h> T

GyAyT HMETH MECTO OCIHIALNH,
Teneps samennm (7.29) cucremoi

(W/" 1|’;)+/2(W', $)=0 (i=1,2 ..., N—1),

rae W cnosa umeer Bug (7.30) ¢ TeMit JKe CaMBIMI KYCOTHO-TH-
HEIHBIMI GasucubiMe  GYHKUWHAMA @y, a B kaucerne npoOHBIX
Gyngnuit P (i=1,2, ..., N—1) B3sgru ACHMMETPHIILIC KY-
couno-JHeiinbe 6asncnsie Gynkuny, nokazapnsie na pue. 32, Ta-
Kie Qynxumn 6un npepnoxens J{. @, Tpudurcon 1 umMeior
BHJL

O (1 £ 0) (el — )b, (— ) D),
i (x) =i l+a(i—2) (celli—mnh (+2ha), (7.32)

[ =R (5 —1—i) @welE+h G+ na),
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Pre, 32.

e 0<<E m<<1u o ecTh TAHTEHC yrJla HAaKJIOHA CPEAHEro 3Be-
Ha CO 3HAKOM MHHYC. ACHMMeTpHuHbIe (YHKIHH 1), COBMAAAIOT CO
CTAHAAPTHHIMH KYCOYHO-JHHEHHBIMH 0a3HCHBIMH (QYHKUHAMH @
mpn oo =E =mn=0. Tenepr Ko3(uIHEHTE aNIPOKCHMALHH
(7.30) GyayT yAOBJICTBOPSITh CHCTEME Pa3HOCTHBIX ypaBHEHHI

[1 — k(L +&(1 —a))] Wi
—[2+ zrrM @+ D+EE@—1)] Wi+
+[1 + 3 kh(1 1 (1 —l—a))] Wi_i=00 (=052, - i)
(7.33)
Il.\iClOlllei TOUHOC peuieHue

14 —l; kh +—£— kim (1 + a)

“71=A3—*- Bg 1

I (=0,1,2 ..., N).
l—? kh — < kIE (1 — a)

(7.34

Pasnoctneie ypapnenns (7.33) HMeIOT nepBbii NOPAAOK TOYHO-
cTH, ecatn E %= n
; £+
o= —-
E—n

Ecan ppectn enie o6oznavyenne

10 TouHoE pelcnne (7.34) nepenuuiercs B Buje
1 1 i

1 +3 Ielz+—2 Akh
H", — /lg ‘{‘ Bg .

1 1
— — k —
1 7 kh + ) Akh
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Oyper 0C
CrefoBaTeNbHo, B KOHEUHO3JEMEHTHOM pewennn He OYA
LMIANSALHE, ecu

() A=1
HIH .

(II) —o <ALl n h<m-
OTMeTHM, UTO TPH CTAHAAPTHbIE KOHEUHOPa3HOCTHLIC a’m';l;‘;(lz‘c"
Mauuu ypasuenns (7.26) mosydaioTes B CIEAYIOMHX CIYH

I A=1 (pasnoctb Hasanm),

(I) A=0 (uenrpanbHas pasHOCTB),

() A=—1 (pasHoCTH Bmepen). .

; TO

Tpn A =0 nonyuaiores ypapuenus Tanepkuna (7.31);
OHH HMEIOT BTODOH MOPsIAO0K TOUHOCTH. a Ky-

Haxonen, Mb mosyunm pemenne [ajepknHa, ncr}%«':{l:?g]’e -
COUHBIC KBajpaTHuHble OGa3ucHble (YHKIHH, MOKa3

. < TMOJY*=
puc. 33. Ilocne mpoBefienHsi COOTBETCTBYIOUINX BbiKJAL0!
gawTcsa pa3HOCTHHe ypaBHeHHﬂ

(1 —%kh) W"H — 4(2 —-%kh) W(+ll2+ l‘ﬂV{ —

—4(2+ 5 kh) Wiia+ (1 + 5 k) Wi-1 =0

i=1,2 ..., N—1)
B IIeJBIX ysJjax u

A— k)W, —8W _ip4 @A+ kR) W, =0 (=12, - N)

. /e
B moJaynenwix yanax. ITocae nexaiouenns HEH3BECTHLIX B noJay
JBIX y3/1aX MOJNYYHM CHCTEMY PasHOCTHLIX ypaBHEHHMH

(1 __%kh +TIQ /‘2”2) Wigr— (2 + % Ie?hz) Wi

+ (1 + g b g R W =0 (=1,2, ..., N—1)

HMEIOILYIO TOUHOE pelenie
1 .
Lt bt o2
W= A3+ By _'——‘7
l—;le/z—'}-ﬁk h
9710 peuenne cBOGOAHO OT OCHMJISMMIT TP JIOGLIX 3HATCHHSX
honk.
Yuenennsle pesyabratel npusesenst B taGa. 12, rie CPRBIHS
BAIOTCA KOHEYHO3JICMCHTHLIC PEHICHHS, MOJyUeHHLIe I JIHE-

HBIX 1 KBAJAPATHUYHBIX OGa3HCHBLIX Gynxunii. Qg amnmeitnpx (ynx-
unii Oplan BLIOPAHL ABa cayuast, a umenno A = 0 (menTpaibube
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Puc. 33.

pasnocrn) n A = 1 (pasnoctu Hasax). OcunJIsLHE BUHAHBI B CITY-
yae meHTpanpHBIX pasHocrell mpu i = 1/20. He Bbi3biBaeT coMm-
HEHHs1 TO, YTO AJ5 3TOIl YACTHOIN 3aJayH MOYKHO NMOJYYHTB Jiyd-
IIYIO TOYHOCTb MPH TOM K€ O0beMe BHIYHC/ICHHI, YMEHbIIAs pas-
MEpLl 3JEMEHTOB ¢ mpHOMHKeHHeM K mpaBoii rpanuune. OnHako
B TeX cayyasix, Koraa (opmMa OTBeTa He H3BeCTHA 3apaHee, He-
PaBHOMEpHLIE CeTKH PeAKO HCMOJb3YIOTCH HA MepBO¥ CTaauH pa-
Gorbl Haz samaueii. JanbHefiuge NoAPOGHOCTH 1O STOMY BONpPOCY
MozkHo Hafitn y Kpucrn (1975).

(F) CuMHryAapHBIE M30MAPAMETPHYECKHME SJEMEHTHI

B pasa. 4.6 Gulio nokasaHo, 4to Heo6XxoauMo co6aiomaTh
OCTOPOJKHOCTL NMpPH BLIGOPE Y3/J0B HA H30MapaMeTpPHUECKHX 3Jie-
MeHTax, 4To0bl HHCAE HA 9JeMenTe sKoOHaH He o6paiajcs B
Hyqb, Oanako GLIBAIOT TakHe CHTYyauHH, MPH KOTOPHIX oGparie-
Hie AKoOHana B HYJb B OTAEJIbHOI TOUKE MOMET GbITh MOJNE3HBIM.
B sTOM paszjene Mbl pacCMOTPHM BKpaTile OAHH Clyyaii TpHMeHe-
119 TAKHX H30TapaMeTpHUCCKIX J1eMEeHTOB.

Ecan ¢gynxuns «(x, y) yi0OBICTBOPAET ypaBHEHHIO

0*u *u
e+ =0

B oGnactn R, T0 B 0OKpecTHOCTU YeA060L TOHKW TpaHHubl OR ona
Mozer GLITh IpPeJcTaBieHa B BHJE

U= i y;ri1e sin (—g—) (7.35)

1=1

npH HEKOTOPLIX mocTostHumX vy (f=1, ...), DAe om ecTb BeuaH-
ynna yraa, BHyTpH Kotoporo gexut R, a (r,0) ecrb monspubie
KOOpAHHATH ¢ HAauajoM B Bepune yraa, Orciofa ciefyer, uro
BGJIN3H BEpUIMALI Bpesaiouierocs B o6aacts yraa (o > 1) npo-
H3BoHLIe ryaBHoro uiaena B (7.35) HeorpaHHueHHO BO3pacTalOT
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TaGauya 12
(k= 60)
h=1/20
Pewmenne nas F nasn Pe Ans
T LIX
£ e emmmel  epem RN
0.90 0.9975 0.9600 0.9375 0.9941
0.95 0.9502 1.2000 0.7500 0.9231
1.00 0 0 0 0
h=1/40
T Pewenne nasn F AnA P A48
e vememl el Sgpi
0.90 0.9975 0.9996 0.9744 0.9974
0.925 0.9889 0.9971 0.9360 0.9885
0.95 0.9502 0.9796 0.8400 0.9490
0.975 0.7769 0.8571 0.6000 0.7742
1.00 0 0 0 0

IPH CTPEMJICHHH r K Hyaio, Caeayioue jBe cHTyaunn HMeEOT
OU€HbL MHOro obuiero: Korga o = 2, T.e. o6JacTh HMeeT pa3ped
WIH TPCUINHY, 0 KOrAa o = %/,, 1. e. 06iiacTh HMeeT NMpsMOoyrofb-
HyIo «BMATHHY». Torja ryiapueie uJenbl pasioiKeHns CTAHOBSTCH
TNponopunoHaisubiMu r'/2 g r?? coorsercraenno, Ojna U3 OCHOB-
HBIX TTPHYHH HEIPHTOAHOCTH MHOTHX CTAHAAPTHHIX UNCJACHHBIX MC-
TOMOB ISl PEINCHHS TAKMX 3ajlay COCTOMT B TOM, YTO 3TH (yHK-
UHH HEJIL3Sl ¢ OCTATOMHOMN TOUHOCTHIO MPHOIH3NTL NOJHHOMAMH
(o r).

Teneps Mbl npnsejem apa npHMepa Takux nsonapamerpmue-
CKHX 3JICMEHTOB, KOTOPLIE MO3BOJAIOT 0GOMTH 3Ty TPYAHOCTDL NPT
YCJIOBHH, UTO yryioBas TOuKa 0GJAacTH ABJASETCA BEPUIMHOI 2Jie-
MCHTa, B KOTOPOM Jpyrue ysiibl BLIGpansl CrenuansiumM o6pasom.

(1) Hans npuGamxenns r'/2 moryr GLITh HCNONLIOBANL KBAOD-
1 1
paruanoie saementol. Ecnn  fy= 5 (i 1), l5=7 Bls+ 1) n
1
/G=T (3154-1;) (em. pue. 17), To nzonapamerpuueckoe npeoGpa-
30BaHIe MPHMET BILA

l—ly=(l, =) p+ta—1:)g) (p+q) (=x, p),

i oamHeineie no p i g Gynkunn GyAyT HMETh HYIXKHOE MOBeAeHIe
Buga r'2, rpe r oectn paccrosmpe jo sepumnbs Py Hanpuwmep,



T

e R

7.4. MpunoseHus 205

BI0JIb P1P3 (l] = O)
r2=(x — x3)>+ (g — y3)* = ((x; — xa)* + (41 — 93)°) P
H moatomMy p ~ r'/2. §lko6uan aTOro mnpeobpasoBaHHs MOIKHO
ﬂpeﬂCTaBHTb B BHIE 5
2C23 (p + 9)%

H I03TOMY OH 06pallaercs B HyJb TOJIbKO B TOuke Pz (p =g =
=0

(2) Ons mpubnusenns r*3 B OKpecTHOCTH y3ja Pz MOryT
GHITh HCIOJIB30BaHLl Kybuueckue saemexTol. Ecanm ysuasl pacro-
JIOXKEeHBl TIPaBHJILHO, TO H30mapaMeTpHuecKkoe NpeobpasoBaHHe
NPHMET BHJ

t—ty=(ti—t)p+ (to—13) q) (p+q)?* (t=x, y).

[To anasiorny ¢ MpeABIAYIIHM CJAyuaeM MOXKHO YOEHHTHCH, 4TO
JHHEHHBIE 0 p H ¢ GyHKOHH BexyT cebs Kak r'/®, Tak 4ro KBaj-
parnunbie (pyHKUHH OyAyT HMETb Hy)KHOe NOBeJeHHe BHAa r*/3.
Teneps sxo6uan npeobpasoBanus 3anHIUIETCs B BHAE

3Cis (p+ 9)*,

1 o6paTuTes B HYJb TOJBKO MpH p = g = 0.

JonojHATeNbHbBE TOAPOGHOCTH O CHHTYJSPHBIX H30Mapamer-
PHUCCKHX 3J€MEHTaX, HIJIIOCTPAuHIo HX 3 PeKTHBHOCTH NPH HpPO-
BeJICHHH TMpaKTHUYCCKHX BBIYHCJAEHHIT H 06OGIIeHHS TAKOro MOA-
X0/1a Ha pasanuHble OCOGEHHOCTH H Ha ciayuan 6GoJiee BBICOKHX
pasmepHocTeil MOXKHO HaliTi B paGore Ysiita (1976).
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