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SO‘ZBOSHI

Respublikamizda kadrlar tayyorlash Milliy da§turining birinchij (1997.
2001 yillar) va ikkinchi bosgichlari .(2(?01.-2095-ylllar) ya‘kunlandi, O‘tgan
vaqt mobaynida Respublika Oliy ta’]nrm Atlzlmlda.k.att.a O'zgarishlar bo¢[q;
xususan, yangi Davlat ta’lim standartlaljl ishlab chiqildi va tasdiqlandi, Ilm:
fan jadal taraqqiy etayotgan, zamonaviy qxborot-komn}unlkatsiya tizimlarj
vositalari keng joriy etilgan jamiyatda turli fan sqhglanda bilimlarning tez
yangilanib borishi, ta’lim oluvchilar oldiga ularni jadal egallash bilan p;,
qatorda, muntazam va mustagil ravishda bilim olish vazifasini 90‘ymoqda,

Qabul qilingan yangi Davlat ta’lim standartlapda ilg'or chet e oliy
ta’lim muassasalarida keng qo‘llaniladigan va yaxgln samara beradigan mus.
taqil ta’lim olish usuliga asosiy e’tibor qaratildi. Talabalarda o‘quy ada-
biyotini mustaqil o‘rganish va undan foydalana bilish malakalarin; hosil
qilish, mantiqiy fikrlashni o'stirish va matqmaukawy_mac_ianiyatning umu-
miy saviyasini ko‘tarish, tatbigiy masalalarni mat@maukavxy tomondan tek-
shirish malakalarini hosil qilish va bu masalalarni matematikaviy tilda ifo-
dalashga o‘rgatish magsadida o‘quv dasturlariga matematik analiz faniday
mustaqil ishlar kiritildi va o‘quv rejasida ularga mos soatlar ajratildi.

Ushbu qo‘llanma matematik analiz fani chuqur o‘rganiladigan unjver-
sitetlarning talabalari tomonidan mustaqil ishlarni bajarishga mo‘ljallangan
bo'lib, u bakalavriatning «Matematika», «Tatbiqiy matematika va informati-
ka» va «Mexanika» yo‘nalishlari Davlat ta'lim standartlariga mos keladj.

Qo‘llanma to‘qqiz paragrafdan iborat bo‘lib, 1-§ da matematik analiz fa-
nidan mustagil ishlarni bajarish jarayonida kerak bo‘ladigan asosiy formula va
qoidalar Kkeltirilgan. Qolgan paragraflarda esa «Ketma-ketlik va funksiya limj-
ti», «Funksiya hosilasi va differensiali, ularning tatbiglari», «Anigmas va aniq
integrallar, ularning tatbiglari», «Ko'p o‘zgaruvchili funksiyalar», «Sonli qgator-
lar», «Funksional ketma-ketliklar va gatorlar», «Xosmas va parametrga bog‘lig
integrallar» va «Karrali va egri chiziqli integrallar, Sirt integrallari va maydon-
lar nazariyasi elementlari, Furye qatorlari> mavzulari bo‘yicha 8 ta mustaqil
ish tavsiya etilgan. Har bir mustaqil ishni berishdan avval shu mustaqil ishni
muvaffaqgiyatli bajarish uchun lozim bo‘ladigan asosiy tushuncha va tasdiglar
keltirilgan (A bo‘lim). B bo‘limda talaba bajarishi va keyin topshirishi lozim
bo‘lgan 21 ta variantdan iborat mustaqil ish vazifalari tavsiya gilingan. D
bo‘limda esa talabaning mustaqil ishni bajarishini va undagi materialni
o‘zlashtirishini yengillashtirish magsadida 1 ta variantdagi (21-variant) barcha
misol va masalalar to‘liq yechib ko‘rsatilgan.

Qo'llanmani tayyorlashda mualliflar tomonidan mavzularning oddiy va
sodda tilda, tushunarli va ravon bayon etilishiga, faqat zarur, lekin fanni
malakali tushunish uchun yetarli ma’lumotlarni berishga, Mirzo Ulug‘bek
nomidagi O‘zbekiston Milliy universiteti Mexanika-matematika fakultetida
matematik analiz fanining o‘qitilishi jarayonida yig‘ilgan tajribalardan imkon
darajasida to‘liq foydalanishga harakat qilindi. Shu munosabat bilan muallif-
lar o‘quv qo‘llanma talabalarda bilim olishga intilish hissi, mustaqil fikrlash
malakalarining shakllanishiga xizmat giladi, deb umid bildiradilar.




1-§. ASOSIY FORMULA VA QOIDALAR
1°. Qisqa ko‘paytirish formulalari va Nyuton binomi
(aib)z =a’+2ab+b’.
(atb) =d’ +3a°b+3ab> 1.
(axb)' =a' £4a°b +6a°b* + 4ab® +5* -
a’ —b* =(a-b)(a+d).
.aEh =(aib)(a: Trab+b2)

6 a+b ch = LbL zck kbn- .
k=

R

!
bu-yerda wCh=— ) oo -
i n k!-(n—k)!’ n n va 0!l=1.

n=1 n-l
7.d" =b"=(a- b)Za“"""b" =(a-b)).d'b""" =
k=0 k=0
=(a=b)-(a"" +a"b+a=b +...+ab"" +b"") bu yerda ne N, n>1.
8.a"+b"=(a+b) (a”" —a" b+ a7 b — a0 0" ) , bu yer-

da n-1 dan katta bo‘lgan ixtiyoriy toq natural son.
20. Daraja va ildizning xossalari. Logarifmlar

x

: 1
3 5 e R ks ) 2 x_
L &=1, & d'=a¥, L=a7, (a) =a”, (a-b) =a"-b, "x_ar
=

m,
2. Q/a7=a%, ofab =2a-2b , ’{/E=':‘/\/—E, (Q’/;)‘="'ak,
L' m Lm Aw .\/—

3- :W :\U]b {a ol a>30b0bolsla, ""H{l/_ "m"‘\/z agar a>0 bo ‘Sa,
agar a sa.

9a<2fp, agar 0<a<b bo'lsa.
4. Ixtiyoriy x uchun 5" >0;

a'=a"ox=y.
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Silg>at @{

6. (x>0, a>0, y>0, 5>0). b=d"%"> log x=1, log 1=0,

X
log, (1) =log, x+1og, , log, ~=log, x~log, . log,, x" =%log,’.\-,

39, Trigonometrik funksiyalar va trigonometriya formulalar;

lo
log, x=
lo

h

2y X

L]

x>y, agar a>1 bo'lsa,
x<y, agar 0<a<l bo‘lsa.

log, a

1. Trigonometrik funksiyalarning ishoralari

{ sinx €oS X tgx ctg x
T + + ar +
O<x<—
2
T + o < =
—<x<rw
2
3r = = i +
T<X<—
2
3z = * = =
—7—<x<2n'

2. Trigonometrik funksiyalarning ba’zi bir burchaklardagi

= ols

giymatlari
Radianlar | 0 r z T T T 3z 2r
6 4 3 2 2
Graduslar | 0" 30" 45" | 60" | 90" 180" | 270" | 360"
it OSSR DI B | 0 -1 0 |
Tl e
cos.X | 5 B | 0 -1 0 |
T R
tgx 0 B | B - 0 = 0
3 SR
ctgx = \/g | 0 o 0 i
_J’J



3. Asosiy trigonometrik ayniyatlar

1. sinx+cos’x=1. 9 it (x¢£+7mj,
cosx D;
cosx zn
3. ctgx=—-—, (x7n), 4, tgx-ctgx=1, |x#—],
sinx 2

> 1 1
5 l+tg’x= x2Z 2x= ¢
o’ e (\ = +7m)_ 61+ctg’x sinzx’(“t ), (neZ).

4. Keltirish formulalari

T V4

s —tx TEx 3—1.\: 2r+x
2 2

sin y cosx Fsinx —cosx +sin x

£OS ) Fsinx —COSX +sinx cosx

tgy Fctgx ttgx ctgx £tgx

ctgy Ftgx *ctgx tgx +ctgx

5. Burchak yig‘indisi va ayirmasi uchun formulalar
tgxttgy

1. sin(x+y)=sinx-cosy+cosx-siny. 3. tg(Xiy)=1_¢toY.toy‘
! = o

ctgx-ctgy =l
ctgyxctgxy -’
6. Ikkilangan va karrali burchak uchun formulalar

2.cos(x+y)=cosx-cosyFsinx-siny 4. ctg(xty)=

1. sin2x=2sinx-cosx = Ztg:\* |
l+tg~x
X = 5 ety
2. cos2x=cos x—sinx=2cos” x—1=1-2sin"x=——7—_
l+tg” x
2tgx 2 ctg’x—1 ctgx—tgx
3. tg2x= g, = 4. ctg2x=— —lle =
l-tg"x ctgx—-tgx" ™ 2ctgx 2
5. si113x=3sin,\‘—4sin3.\’. 6. c053x=4c053x—3c05x.




- 3
Stgx—tg'x
=i

ctg3x=

ctg’ x—3ctg x
ctgx—1

7. Yarim burchak uchun formulalar

0S X X l-cosx inx
gL i+ S ooy
2 52 I+cosx l+cosy sin x
X ’l+cosx X I+cosx  siny
2. COS— :)— =¢:1+Cosx
2 2 I-cosx 1-cosx Sinr

Gl

Z X
Izoh: Tengliklardagi “+” yoki ishora 5 burchakning qay
si chorakda joylashganligiga garab tanlanadi.

8. Trigonometrik funksiyalarning darajalari uchun formulalar
[—cos2x 2

1+cos2x
g rCOSi X ="————
2 2
.3 3sinx—sin3x 5 3cosx+cos3x
3, smxy=—————.4. cos x=————
4 4
9. Trigonometrik funksiyalarning yig‘indi va ayirmalari uchup
formulalar
1, sinx+siny= ZSm—Q-cosA?y,

1. sinPx=

2. sinx—siny= 75"‘T)~cosx+y.

X+ x-y
3, cosx+cosy= 7cos—2—ycosT 4. cosx— cosy——’?sm~l-sn =

5. cosxisinx=ﬁsin(%ix)m/—z-cos[%?xj.
6. A-cosx_+Bsinx=v A’ + B’ sin(x+y),

; A B
bu yerda 4° +B* Sy =———=, COSy=—m—0——,
y A+ B #0, m m

sin(x £ sin(x +
7 tgxi—tgy:——( y). 3. ctgxictg}):M
€OSX-COS sinx-siny
cos(x~y) cos(x+y)
gdlenrcp s jORpciEStey =——
cOsx-sin y £ sinx-cosy "




10. Trigonometrik funksiyalarning ko‘paytmalari uchun formulalar
1, sinx-siny= %[cos(x -y)—cos(x+ y)] 5
2. COSX-COSy= %[cos(x —y)+cos(x+ y)] ;
3. sinx-cosy= %[sin (x—y)+sin(x+y)].
4, cosx-siny= %[sin (x+y)-sin(x-y)].

Sh tgx-tgy:M‘ 6. ctgx-ctgy:M.
ctgx +ctgy tgx +1tgy

7. sin(x+y)-sin(x—y)=cos® y—cos’ x.

8. cos(x—y)-cos(x+y)=cos’ y—sin®x.

Izoh: Yuqorida keltirilgan ayniyatlar va formulalar tenglikning
har ikkala tomoni ma’noga ega bo‘lgan giymatlarida o‘rinli bo‘ladi.

4%, Teskari trigonometrik funksiyalar
1. y=arcsinx.

T

e
D(y)=[-1; 1], E(,v){—g;ﬂ, f(=x)==1().
2. y=arccosx.

D(y)=[-L: 1], E(y)=[0;7], arccos(—x)=n—arccosx.
3. y=arctgx.

D) =(mv0), BO)=(-5E ) )=~
4. y=arcctgx. 3
D(y)=(-o:+), E(y)=(0;7), arcctg(~x)=n—arcctgx. .
5. Trigonometrik tenglamalar
{]al Sl=xe?
5 sinx=a=>

\al =il= =(~l)‘ arcsina + 7k,

9



T ; T
bu yerda feZ va -ESarcsmas—i,

e {]a|>l:>xe®

bu yerda 0<arc
sarce
|a|<1=> x = +arccosa + 27k, 0sa <z,

T

5) Va geR.
4. ctgx=a=> x=arcctga+k, bu yerda arcctgae(o;;r) Va gep

T
3. tgx=a=x=arctga+7k, bu yerda arctgae(—?

6. Eng sodda trigonometrik tenglamalar yechimlari jadvali (k c Z)

a sinx=a Cosx=a
0 x=rk T
xX=—+7k
2
x=2rk
: x=£+27rk e
2 c=+27
: x=——+2mk 27
ik \T=(—])‘£+ﬂk sl
2 3
3 2
_l 1:(-1)‘ '£+n—k x=t—+ 27k
2 5)
ﬁ ,\=(—])t£+7{k x=+Z1onk
2 3
B v=(-1)" 2y 7k x=+22 127k
2 o}
ﬁ_ \=(—l)‘£+zrk ye2Z o onk
2 4 4
_ﬂ \_(—l)k"-{ nk x =+ 4 27k
2




4 tgx=a ctgx=a
0 x=rk
x=—+rk
l T
x=—+rxk x=—+rk
4
-1 5
.\‘=—£+ﬂ'k x=£+7rk
4 4
: x=2 vk x=2 7k
3 6
- x=-Zink A=—5£+7rk
3 6
3 =247k x=—+rk
3 6
3 2
—£ X=—L0 \=i+7rk
3 6 8

a

nl

7°. Giperbolik funksiyalar

e,\' —e-.\
1. shx:=
shx e
3. thxi=——=—
chx e
5. ch’x-sh’x=1.
ik

=i

+e™

2 2 2
ch"x=ch”x+sh”x .

e +e

=X

2.

chi:=

chiyielen:

shx

4.

cthx:= —
e.\ _e X

6. sh’x=2shx-chx.

8.

thx-cthx=1.

8°. Arifmetik progressiya

i
LA g

2 n

1 . am 1

=a,+d

3. a,=q+(n-1)d

— arifmetik progressiya < Vne N uchun

=a,+d (4 —ayirma).

11

2.

a = an—l g an+l

n

(n>1).

4. a,=a, +d-(n-k) (1<k<n-1).




a_ +a
-k k =
SNa ———— (lskSn—l). 6.a,+a,=a,+a,

agar

n+m=k+p boflsa.
Rl d (7 1)
9l S“=a,+a2+...+a/,=——2—-ﬂ— 5 .

90, Geometrik progressiya
{B}: BisboseeesDyses (5 #0) — geometrik progressiya o e
uchun b,,,=b,-q (g—maxraj). »
1. b, =b,¢q-
3. b, =b-g""
5. b,=bq"s (1sk<n-1)
7. B=b b (Isk <n-1). 8.0,76,=b, b, agar ntm=k+p poqg,

n,

4. b,=bq"* (Isks<n-y).

k

. 6. bmk =bn'q.'

2‘ bn: =br—l .bn+l3 n >1 .

i IT-q_J_q_;lb_n e
9. S, =hitbitb= s
b-n, g=1
10. S=1{p)5”=rlj;, agar 0<|q/<] bo‘lsa.
10°. Tenglamalar
1. Chizigli tenglama ax=b:
a) agar a#0 bo‘lsa, yagona x=; yechimga ega;

b) agar a=0, b#0 bo‘lsa, yechimga ega emas;
d) agar a=b=0 bo‘lsa, cheksiz ko‘p yechimga ega. Bu holdg
ixtiyoriy x tenglamaning yechimi bo‘ladi.
2. Chizigli tenglamalar sistemasi
ax+by=c

a,x+ b:y =6,

Aylayllk, A= a|b3 —azb, 5 A\'=b2€| —b]cz va Ay =a,c, — a,C, bo‘lsin.

‘ Ax A
a) agar A0 bo‘lsa, yagona A‘=X\- J’=—AZ yechimga ega;

‘b) agar A=0 bo‘lib, Ax va Ay lardan birortasi 0 dan farqli
bo‘lsa, yechimga ega emas;

12




d) agar A=Ax=Ay=0 bo‘lsa, cheksiz ko‘p yechimga ega.

e) Geometrik talgini: ax+by=c tenglama tekislikda to‘g‘ri chi-
zigni aniglaydi. A#0 shart ikkita to‘g‘ri chizigning Kesishishini va
ularning yagona umumiy nuqtaga ega bo‘lishini bildiradi. b) dagi
shart ikkita to‘g‘ri chiziglarning parallel bo‘lib, ularning umumiy
nuqgtaga ega bo‘lmasligini anglatadi. Va nihoyat, A=Ax=Ay=0 shart
ikkita to‘g‘ri chizigning ustma-ust tushishini va ularning cheksiz
umumiy nuqtaga ega bo‘lishini bildiradi.

3. Kvadrat tenglama ax’+bx+c=0: D=5’ —-4ac bo‘lsin.

a) ¢=0 bo‘lsa kvadrat tenglama yuqorida ko‘rilgan chizigli teng-
lamaga aylanadi; =0 bo'lib,

b
b) D=0 bolsa, yagona x=—¢); yechimga ega;

: -b++D
d) D>0 bolsa, ikkita x,_:=—7£ yechimga ega;
a

e) D<( bo‘lsa, yechimga ega emas.
4. Viyet teoremasi:
a) agar x, va x, lar x*+px+¢=0 tenglamaning yechimi bo‘lsa, unda

X +X,==p
XX, =4

b) agar x,, x, va x, lar x’ + px* +gv+r=0 tenglamaning yechi-
mi bo‘lsa, unda

bo‘ladi;

R = D
.\'1 ‘.\': +.\'] '.\'; + .\'2.\'3 =q
X)Xy Xy =—F
bo‘ladi.
5. a'=b, a>0 tenglama
a) h>0 bo‘lganda x=log, b yechimga ega;
b) h<(0 bo‘lganda yechimga ega emas.
6. log,x=»b tenglama >0 bo‘lganda - ," yechimga ega.
7. Trigonometrik tenglamalar:
n—ixtiyoriy butun son bo‘lsin.
a) sinx=a tenglama |a|<1 bo‘lganda x=(-1)"arcsina+nz
yechimga ega, '|a|>1 bo‘lganda esa yechimga ega emas;

13



b) cosx=a tenglama [g/<1 bo‘lganda x=+arccosa + 2
yechimga ega, |a|>1 bo‘lganda esa yechimga ega emas; v

d) tgx=a tenglamaning yechimi x=arctga+nzr bo‘ladi.

e) ctgx=a tenglamaning yechimi x=arcctga+nzr bo‘ladi.

11°. Tengsizliklar

1. Tengsizliklarning xossalari:
a) a>bh < ixtiyoriy ¢ uchun g+c>b+c;
b) a=b Va ¢>2d = a+c2b+d;
d) g=b va ¢>0 = ac=bc;
e) a>h va ¢<0 = ac<bc-
2. Chizigli tengsizlik ax>b:
a) a=0 va pb>0 bo‘lsa, yechimga ega emas;
b) a=0 va h<0 bo‘lsa, xe(—w;+») bo‘ladi;

b. b
d) a>0 bolsa, xe(;,+wJ va g<0 bo‘lsa, xe[—m;_j

a
bo‘ladi.
3. ax<b tengsizlik (—1) ga ko‘paytirilish yordamida —ax > —p

tengsizlikka keltiriladi.
4. Kvadrat tengsizlik ax’+bx+c>0: D=b>—4ac bo'lsin.

a) q=0 bo‘lsa kvadrat tengsizlik chiziqli tengsizlikka aylanadj:
b) u<0 bo‘lib, D<0 bo‘lsa yechimga ega emas; -

d) a<0 bo‘lib, p>0 bo'lsa, ,\'e(_b;\/b—; _b;\/BJ bo‘ladi:
a a E

e) a>0 bolib, p>0 bolsa,

D (5D
LEI = & T bofladi;

2a

f) a>0 va D>0 bo‘lsa, xe(—w;+w) bo‘ladi.

5. ax’ +bx+c<0 kvadrat tengsizlik (—1) ga ko‘paytirilish yor-
damida —ax’ —bx—c >0 tengsizlikka keltiriladi.

6. a) g>] bolganda ¢/ > g% tengsizlik f(x)> g(x) teng-
sizlikka teng kuchli;




b) 0<a<l bo‘lganda /05 45 tengsizlik f(x)<g(x) teng-
sizlikka teng kuchli.

7. a) b>1 bo‘lganda log, f(x)>log, g(x) tengsizlik
f(x)>g(x)>0 tengsizlikka ekvivalent;

b) 0<b<1 bo‘lganda log, f(x)>log, g(x) tengsizlik
0<f(x)<g(x) tengsizlikka ekvivalent.

8. Ratsional tengsizliklar intervallar usuli yordamida yechiladi:
ratsional kasr surat va maxrajining barcha ildizlari butun sonlar
o‘qini intervallarga ajratadi. Har bir intervalda ratsional kasr o‘z
ishorasini o‘zgartirmaydi. Kerakli intervallar tekshirish yordamida
topiladi.

9. Trigonometrik tengsizliklar:

a) sinx>a tengsizlik:

1) a>1 bo‘lsa, yechimga ega emas;

2) a<-1 bo‘lsa, xe(-w; +o) boladi;

3) -1<a<1 bo‘lganda, xe(arcsina+2n7; 7 —arcsina + 2nr)
bo‘ladi.

b) sinx<a tengsizlik:

1) a<-1 bo‘lganda yechimga ega emas;

2) a>1 bolsa, xe(—o; +) bo‘ladi;

3) -l<a<l bo‘lsa, xe(-z-arcsina+2nz; arcsina+2nz)
bo‘ladi.

d) cosx>a tengsizlik:

1) a>1 bo‘lganda yechimga ega emas;

2) a<-1 bolsa, xe(-oo; +) bo‘ladi;

3) -l<a<l bo‘lganda; xe(-arccosa+2nz; arccosa+2nr)
bo‘ladi.

e) cosx<a tengsizlik:

1) a<-1 bo‘lganda yechimga ega emas;

2) a>1 bolsa, xe(-oo; +o) bo‘ladi;

S) e ligg <1F -bolsa; .\'e(arccosa+2nfr; 27- arccosa+2nfr)
bo‘ladi.

r
f) tgx>a tengsizlik xe(ﬂ"c’gaﬂm; -2'+”7fj yechimga ega.

V4
g) lgx<a tengsizlik X€ [_E +nr; arciga+nw ) yechimga ega.
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h) cigx>a tengsizik xe(nz; arciga+nm) yechimga ega.

i) cgx<a tengsizlik xe(arccrga+nm; z+nr) yechimga ega.

10. Modul gatnashgan tenglama va tengsizlikni yech.ish uchun
modul ostida qatnashgan funksiyalarning })argha nollar} topiladi,
ular yordamida sonlar o‘gi oraliglarga ajratiladi va har bir oraliqda

moduldan qutulinadi.

12°. Ajoyib va muhim limitlar

. i 2/1
1. lim=—=0, 2. lim—=0,
n>z Q" Tl
k n
3. limZ=0 (a>1). 4, im==0 (Va>0).
e >z gl
5. ,1,37,111(]":0, lq‘<l_ 6. ll’i_)nzi’/t;=1 (a>0).
7. lim 0 (g51), 8. limifn=1,
o -isakisig 10. lim 1+1J =e~2,71828
n—»zW * o n 2
1 nmﬁﬁimﬂ:limﬂ:nm”—”‘:l, 12. iy A (aeRr).
=0y = ox w0y x0 x x=0 X
1 In(1+x
13. lim(1+x)r =e. 14. liinju:l.
x=0 x=0 5
. e -1 P
15. Img =1, 16. limZ l:lna ((1>0)_
X X =0  x

17. lim(““"');]:a (zeR).

x=20 X

18. \ILIR)Y" lnx=."|_i'131’x"' Inx=lim x’e™ =0 (a>0),

N=r47
13°. Differensiallashning umumiy qoidalari
1. y=c=const, y'=0. 2. y=c-u (c:con.\'r), y'=c-u'.
3. y=utv, y'=u'ty', 4. y=u-v, y'=u"v+u-v'.
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5. y== (v(x)=0), ¥’ "-v,‘l”” 6. y=/(u) (u=u(x)), y'=rf'utt'.

gl
1. y=1(x). x=/"(y) J’-"ZF. 8. y=u', y'=u"-v-Inu+u" -v-u'.
14°. Asosiy elementar funksiyalarning hosilalari

k(5 = 7, (x")':x‘-(1+lnx).

3. (sinx)'=cosx. 4. (cosx)'=—sinx.

1 1
shallimglic—r x)'=—
ol 6. (ctgx)'=——qm.
1 kg
7. (Inx)'=— = 0, 1).
(Inx) = 8. (log, x)' o (a>0, a=1)
9 (e")'=e'. 10. (a")':a"’lna (a>0).

: 1 \
11. (arcsinx) '= 12. (arccos)'=-
Vi-x® ; Vi-x* "

1

: : I
13. (arctgx)'= == 14. (arcetgx)'=— s
1528 (hiss)l=tchics 16. (chx)'=shx.

Sthip) = ; t =
7l chx 18. (e H) h X’
19. (arcshx)'= L. (arcchx)'= 1

b . '\.: 5 5 20, - \/'\2—_—1 3
21. (arcthx)'= o 22. (arccthx)'=—
I 3
e SRR Ing ing umumiy qoidalari

507 jch (\) =F (x)+ct




J'cf(x) dr=c If (x)dx (c=const#0).

ﬂ:f(x) + g(x):ldx = If(x)dxi Ig(x)dx ;
16°. Anigmas integrallar jadvali
1. IO-dx=ﬁ. 2: _[dx=x+c,

A

)

5 —xad £:26+L,
J.x dx—a+l+c (a=-1, @eR). 4. 'f\/? {

de ]
o e

dx
j—:ln|x|+c,
X 5! X

D

dx 1 " o
7/ Ia\_+b=;ln|ax+b|+c (a¢0)_ 8. J'e dy=e" +c.

9. jn’dx:ﬁ;+c (a>0. az1). 10. Isinxdx:—cosx+c.

11= Icosxdx=sinx+c, 1% j — =—clgx+cC.
sin” x
dx
13. -[cosz Tl 14. fsh xdx=chx+c.
15. |chxdx=shx+c¢ whe . et T
Dieins 16. _[ —=_cthx+c.
sh™x
dx s dx Ix
17e fm—lhwc, _[Ezrhwc, 18. J‘] j_'\\.: =arctgx+c

_-—al(,lg—+c (a;&O)_ 20. J.

dx 1
— = arcsin x -+
Vvi-x*
21. J.$=arcsini\;+c (£I>0) dx 1. [x—a
m a 22 J- —~=—1In

¥-d 2a |x+a
23, o2l

a@-x' 2

+c ((/;i())_

a+x
¢ (a=0 i =
X ( ) ]lmz”_a

n—x

Qi
18




2. [2—=hn

VX +a
25. _[*)jdx—=i-\/az +x? +c

=

ay:=Ex-

26. j\/a2 —X"dx =

x+Nx* +al+c

(a#O)_

Ja* - +?arcsm +c (a>0).

o2
2

217. I X +a’ dx:%\/ xtad igz— ‘v+\/x +a’ ’+c

dx X AT
—=Inltg— =Inltg| =+— | +c.
i sin x ; g2+c 2% cosx ) g(Z 4)
dx T dx
30. Ig—lnlsmxhc_ 31. @——lnlcosxhc

17°. Aniq integralning tatbiqlari
1. Aniq integral yordamida tekis shaklning yuzasini hisoblash.

a) Dekart koordinatalar sistemasida berilgan shaklning yuzasini
hisoblash.

Agar f(x)eClab], fi(x)eC[a.b] bo'lib,
as<x<b
{f (1)=y<A()

= JLA()- A

bo‘lsa, u holda

bo‘ladi.
b) Qutb koordinatalar sistemasida berilgan shaklning yuzasini
hisoblash.
Agar
aspsp,
“osr<r(p)

bo‘lib, r(p)eCla,B] bo'lsa,

19



bo‘ladi.

2. Aniq integral yordamida yoy uzunligini hisoblash.

a) Dekart koordinatalar sistemasida berilgan yoy uzunligini hisoblash.
45 (s (x)):wvelap]} bolib, f'(x)eClab] bo'lsa, unda

4B egri chiziq uzunligi | ushbu

1=:,/1+[f'(x)]’dx

formula yordamida hisoblanadi.
b) Parametrik ko‘rinishda berilgan egri chiziq yoyining uzun-
ligini hisoblash.
Agar 4B { SR
ar :
; y=y(r)
y'(1)eCle.f] bo'lsa,

1= [lo0)] +[w'(x)T ar

a

ast<f bo'lib, ¢'(1)eC[a,p] va

bo‘ladi.
d) Qutb koordinatalar sistemasida beril i chizi ini
e ilgan egri chiziq yoyining
_ Je<ps< 2,
AR AB |1 =)

Y
= |\[r (p)+ [I"((ﬁ)]:(/(ﬂ
bo'ladi.

3. Aylanma sirtning yuzasi.
bo‘ls,?f:{(Agf(-"))i_-\'E[fl,b]} bo'lib, /(x)20 va f'(x)eC[ab]
iy AB yoyn! QX o‘gi atrofida aylantirish natijasida hosil
bo‘lgan aylanma sirtning yuzasi ushbu

S=Zﬂ_’[/’(.\-),/] +[f’(,x):F(/\'

formula. yordamida hisoblanadj

bo‘lib, r'(p)eC[a. ] bo‘lsa, unda

20



4. Aylanma jismning hajmi.

b {aﬁxsb,
Ushbu = i izigli ivani
0<ys< f(x) egri chiziqli trapetsiyani Ox ot

atrofida aylantirishdan hosil bo‘lgan aylanma jismning hajmj

b
V=7rﬂ:f(x):|'dx
formula yordamida hisoblanadi.
5. O‘zgaruvchi kuchning bajargan ishi.
OX o‘gida shu o‘q bo‘ylab biror jism F=F(x) kuch ta’sirida
harakat qilayotgan bo‘lsin. Agar F(x)eC[a,b] bo‘lsa,

F =F(x
kuch ta’sirida jismni @ nuqgtadan p nugtaga o‘tkazishda bajarilézz‘l
ish ushbu

A= th (x)dx

formula yordamida hisoblanadi.
6. Statik moment. Og‘irlik markazi.

Egri chizigning 0x va QY o‘qlariga nisbatan statik moment-
lari M va M, lar

1 1
M, = [ydl va M, = [xdl
0 0
formulalar yordamida hisoblanadi. Bu yerda dI= (d.\'):+(dy)z —
yoy differensiali, / esa berilgan egri chiziq uzunligi.
Berilgan egri chiziq og‘irlik markazining koordinatalari esa ushbu
M, M
Xo —T‘; = i
formulalar yordamida hisoblanadi.
7. Geometrik figuralarning statik momentlari va og‘irlik markazi

Agar geometrik figura
a<x<b
D=
0<y< f(x)

egri chizigli trapetsiyadan iborat bo‘lsa, unda
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M" Mr
Siea s

b 1"
l.fyzdx, Mv=§ xydx va ("'OWO):(

b
bo‘ladi. Bu yerda 5= J.)’(-")d"' —trapetsiyaning yuzi.

18°. Matematik belgilar ;
Formula, ta’rif va tasdiglarni yozishda quyidagi matemarik be!gl-
lardan foydalanish qulay bo‘lib, yozuvni ancha ixchamlashtiradi:

e —tegishli,

¢ —tegishli emas,

< —gism,

v —ixtiyoriy,

3—mavjud,

3!—mavjud va yagona,

= —kelib chiqadi, “...bo‘lsa, ...bo‘ladi”,

< —teng kuchli,

‘=-ta’rifga ko‘ra teng,

:—shunday,

A —Va,

v —yoki,

<—isbotning boshlanishi,

> —isbotning oxiri.
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2-§. 1-MUSTAQIL ISH
Ketma-ketlik va funksiya limiti
Sonli ketma-ketlik va uning limiti.

Cheksiz kichik va cheksiz katta ketma-ketliklar.
Monoton ketma-ketliklar va ularning limiti.
Fundamental ketma-ketliklar.

Ketma-ketlikning yuqori va quyi limitlari.
Funksiyaning limiti.

Funksiyaning uzluksizligi va uzilish nugtalari.
Funksiyaning tekis uzluksizligi.
_.A_
Asosiy tushuncha va teoremalar
1°. Sonli ketma-ketlik va uning limiti

1-ta’rif. Agar har bir ne N natural songa biror gonun yoki qoi-
daga ko‘ra bitta x, hagigiy son mos qo yilgan bo‘lsa, x, Xasuees Nys ooe
sonli ketma-ketlik berilgan deyiladi va u {x,} kabi belgilanadi.

x, (n=1,2,...) migdorlar {x,} ketma-ketlikning hadlari deyiladi.
{x,} va {3} ketma-ketliklar berilgan bo‘lsa,

")y
{2, 4y} ={0+2, %+ )s
{'\.n “)’n} ={-"1 =V X2 _y:v"-}’
{-\'n '}'n} = {-"1 *Ne X2 -y:....},

1”‘;}:1‘_1 V. } O, 20, n=12,.))
ketma-ketliklarga mos ravishda {x,} va {y,} ketma-ketliklarning
yig‘indisi, ayirmasi, ko‘paytmasi va nisbati deyiladi.

2-ta’rif. Agar 31 (3m) son mavjud bo‘lsaki, ¥ne N uchun
x, <M (x,2m) fengsizlik o¥inli bo‘lsa, {x,} ketma-ketlik yugori-
dan (quyidan) chegaralangan deyiladi. Aks holda esa, ya’ni
VM (Vm) son olinganda ham 3ne N son mavjud bo‘lsaki, x,>M

(x,<m) bo'lsa, {x,} ketma-ketlik yugoridan (quyidan) chegaralan-
magan deyiladi.
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r

3-ta’rif. Agar IM >0 son mavjud bo‘lsaki, ¥YneN uchun
[x,|<M boTsa, {x,} ketma-ketlik chegaralangan deyiladi. Aks hol-
da esa, ya'ni YM >0 son olinganda ham Zne N son topilsaki
>M bolsa, {x,} chegaralanmagan ketma-ketlik deyiladi.
4-ta’rif. Berilgan {x,,} ketma-ketlik uchun shunday a son topilib,
Ve >0 son olinganda ham 3n,=n,(e.a)e N son mavjud bo ‘saki,
n>n, ftengsizlikni ganoatlantiruvchi barcha natural sonlar uchun
[x,~d| <& tengsizlik o'rinli bo'lsa, a son {x,} ketma-ketlikning limiti
deyiladi va lm=x, =a ko 'rinishda belgilanad.
Agar 4-ta'rifdagi shartni ganoatlantiruvchi a«
bo‘lmasa, {.\-"} ketma-ketlik limitga ega emas deyiladi.
5-ta’rif (4-ta’rifning inkori). Agar Vn,e N son olinganda ham
35?0,. 3u>n, son topilsaki, |x,-a|>¢ bo'lsa, a« son {x,} ketma-
ke’/'/""”:g. limiti emas deyiladi va "M%, =a o rinishda belgilanadi.
6-ta’rif. Agar |x,} kemma-keilik chekli limitga ega bo'lsa, bu
;\:s’;::z’-c/;leirh[llce ;f;;[;’rlilashltvcl:i deyiladi. Aks holda bu ketma-kerlik uzog-
2°. Cheksiz kichik va cheksiz katta ketma-ketliklar
= ‘/sll;ta;r:f.} /%r:r:n ixl;}ﬂ/.\:lmha-k‘e'r/ikl{in(gf limiti nolga teng (’I}il’l} x =00
2-Ita’ri’|", i ; i c.ekslz-klcluk ketma-ketlik deyiladi.
bo'lsaki, >y, Il(lIlAlI'll/>.? ;5/01‘) 0;’”g(”’!/ﬂ o= ooy
{x,} kelma-ketulik L'IIEksio;{w - f”” > J.W tengsizlik o ‘rinfi bolsa,
Sl Zkaﬂa ketma-ketlik deyiladi. .
kO‘Tinishdq'" i Rdle et ketma-ketlik bo‘isa, limx, =
: % Yozilads, “Agar {"',.} cheksiz katta ketma-ketlik bo‘lib
biror nomerdan boshlab barcl Bl (Clma .xf 1k bo'10,
archa hadlari mushat (manfiy) bo‘lsa,

limy = :
i (limy, =

Nz

.

son mavjud

Har : ~®) ko'rinishda yoziladj
and: il )
lekin I)Uq;'is(d‘;y C_thSl{ MI-I? ketma-ketlik chegaralanmagan bo‘ladi,
l-leorc‘mﬂ qg‘,/ni/l'%k“”‘g' har doim ham o'rinli bo‘lavermaydi
< CHeKIL S 1 ST ‘ ey
cheksiz kichik ekli sondagi cheksiz kichik ketma-ketliklar yig ‘indisi
( chik ketma-ketlik bo‘ladi REH iR e
~leorema, 3 :
ma-kerli koyzagﬂﬂ'{/a‘/mma‘” kfxmm-/\-e,/,,\, Blldn: cheksiz kichile Jel
vimasi cheksiz kichik ketma-kerlik /M"/”;//,
cerlik |
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3-teorema. Agar Wne N uchun x,#0 bofib, {x,} — cheksiz

1
katta (cheksiz kichik) ketma-ketlik bo‘lsa, u holda {A_} cheksiz
kichik (cheksiz katta) ketma-ketlik bo‘ladi.

4-teorema. mx, =a podishi uchun {a,}={x,—a} ketma-ketlik-
ning cheksiz kichik ketma-ketlik bo‘lishi zarur va yetarlidir.

3. Yaginlashuvchi ketma-ketliklarning xossalari :
I-teorema. Agar {x,} ketma-ketlik yaginlashuvehi bofsa, uning
limiti yagona bo‘ladi.

2-teorema. Agar {x,} ketma-ketlik yaginlashuvchi bofsa, u che-
garalangan bo‘ladi.

3-teorema. Agar {x,} va {y\} ketma-keiliklar yaginlashuvchi
bo'lsa, u holda {x,+v,}. {x,-v,} ketma-ketlilklar ham yaginlashu-
vehi bo‘ladi va

lim(x, £y,)=limx, £limy,

"= n—r n—x

lim(x, -y, )=limx, -limy,

ik o
formulalar o‘rinli bo‘ladi.
d-teorema. Agar {x,} va {v,} kemma-ketliklar yaqinlashuvchi
. xl)
bo'lib, YneN uchun y,#0 va Nmy,#0 poisq, {‘_,"} ketma-
ketlik ham yagqinlashuvchi bo‘ladi va

; limx,
lim—t =222
=iy llj}} ¥,

n

formula o‘rinli bo‘ladi.

5-teorema. Agar imx, =a bo'lib, biror nomerdan boshlab x,>c
(x,<c¢) bo'sa, u holda a>c (a<c) bo'ladi.

6-teorema. (“Ikki mirshab haqgidagi teorema”). Agar 1i_1}1 =
o>
limy, =a potib, biror nomerdan boshlab x, <z <y, tengsizlik o‘rinli

limz = s
bo‘lsa, u holda "Mz, =d holadi.

25



N 0, =il ;
Agar 1{,3,\-":0, '111_,'-2);"=o bo'lsa, 111_{13; ga 5 ko‘rinishdagi

anigmaslik deyiladi. 2, 0.0, ow—o va boshqa ko‘rinishdagi
anigmasliklar ham shu kabi ta’riflanadi.

49, Monoton ketma-ketliklar va ularning limiti
I-ta’rif. Agar {x,} ketma-ketlikning hadlari ne N uchun

U o‘suvchi (kama-

%, <x,, (x,2x,,) tengsizlikni ganoatlantirsa {x,}

sl

yuvehi) ketma-ketlik deyiladi.
2-ta’rif. O'suvchi va kamayuvchi ketma-ketliklar monoton kef-

ma-ketliklar deb ataladi.
I-teorema. Agar {x,} ketma-ketlik o'‘suvchi bo'lib, yugoridan

chegaralangan bo'lsa, u holda u yaginlashuvchi bo ‘ladi.
2-teorema. Agar {x,| ketma-ketlik kamayuvchi bo‘lib, quyidan
chegaralangan bo‘lsa, u holda u yaginlashuvehi bo‘ladi.

4l

50, Fundamental ketma-ketliklar

I-t@if. Agar ve>0 son olinganda ham 3n,=n,(£)eN son
mavjud bo ‘lsaki, Jn>n, va peN sonlar uchun ‘.\‘,,. ,,*—\'n,‘/“f' reng-
Sizlik bajarilsa, {x,} fundamental ketma-ketlik deyiladi.

2-42°xif. ([-ta Yifning inkori). n, =N son olinganda ham shun-
‘/.(U' n>n,, peN, g0 sonlar mavjud bo 1ib, l,\'”,,, ~_\'"“ =& flengsiz-
e ene el
uning fundamental bo'lishi zarur va yef, ~/,I' /” ( e Gt

yetarlidir.

6°. Qismiy ketma-ketliklar. Ketma-keflikning yugori
va quyi limitlari

o' {-‘7,} ketma-ketlik berilgan bo‘lip, Rl ot (e > n)
uvehi natural sonlar ketma-ketligi bolsip. {\; ].:(;111,11:1-kcllikning
1"%9s..0k, ... nomerli hadlaridan .\-‘l,,\-,‘ﬂ_._h\A‘u““ Ketma-ketiike]

tuzam; : : . 2 i
kniimlzl H.OS” bo‘lgan {’Yl.,} sonli ketma-ketlik fx | ketma-ketli-
2 qismiy ketma-ketligi deb atalad;. il
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1-teorema. Agar limx,=a boisa, u holda uning har ganday
qgismiy ketma-ketligining limiti ham a ga teng bo‘ladi.

2-teorema. (Bolsano-Veyershtrass). Agar {x,} ketma-ketlik che-
garalangan boIsa, u holda bu ketma-ketlikdan yaginlashuvchi bo ‘Igan
qismiy ketma-ketlik ajratish mumkin.

I-ta’rif. {x,} ketma-ketlikning gismiy ketma-ketligi limiti {x,}
ketma-ketlikning qismiy limiti deb ataladi.

2-ta’rif. Yugoridan (quyidan) chegaralangan ketma-ketlik gqismiy
limitlarining eng kattasi (eng kichigi) berilgan ketma-ketlikning yuqori
(quyi) limiti deyiladi va l'-i_lg.\',, (men) ko ‘rinishda belgilanadi.

3-teorema. ,l,i_‘}} X,=a poishi uchun limx,= l,i—_[,“;x" =4 boishi
zarur va yetarli.

7°. Funksiya tushunchasi. Funksiya limiti

Bizga biror Y c R to‘plam berilgan bo‘lib, ¥ o‘zgaruvchi miqg-
dor X to‘plamdan olingan bo‘lsin. Agar har bir xe X songa biror
gonun yoki qoidaga ko‘ra bitta ¥ son mos qo‘yilsa, u holda X
to‘plamda funksiya aniglangan deyiladi va y=f(x) kabi belgilana-
di, x o‘zgaruvchiga erkli o‘zgaruvchi (yoki funksiyaning argumen-
ti), X to'plam f(x) funksiyaning aniqlanish sohasi, x soniga
mos keluvchi » soniga esa funksiyaning x nuqtadagi xususiy qi-
ymati deb ataladi. f(x) funksiyaning barcha xususiy qiymatlar

to‘plami ¥ ga f(x) funksiyaning giymatlar to‘plami (yoki o‘zgarish
sohasi) deyiladi. Shunday qilib,

)':{yeR: V=) .\'EX}.

Agar a (aeX & an) nugtaning ixtiyoriy atrofida
to‘plamning « dan fargli kamida bitta nuqtasi bo‘lsa, u holda a
nugta XY to‘plamning limit nuqtasi deyiladi.

Bundan keyin butun paragraf davomida X—f(.\') funksiyaning

aniglanish sohasi, ¢ nuqta x to‘plamning limit nuqtasi deb tus-
huniladi.
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1-ta’rif. (Koshi). Agar V&>0 uchun 36=90 (£,a)>0 tOpl/S:kl,
0<lx—a|<§ tengsizlikni qanoat[antiruvchz: vxe X : ~u§m:;
lf (x)-b‘<£ tengsizlik bajarilsa, u holda b soni f (,\) ; Jun s.ty
a nugtadagi limiti deyiladi va 1‘1_[ij (x):b kabi belgllanafil.
2-ta’rif. (Geyne). Agar X fo ‘plamning nugtalaridan tuzllgqiz, a
(5} (x,2a n=12 ) ketma-ketlik uchun {f ()}

ga intiluvchi V4 /
ketma-ketlik hamma vagt yagona b soniga intilsa, shu b soni f (x)

funksiyaning o nugtadagi limiti deb ataladi.

Keltirilgan ta’riflardan ko‘rinib turibdiki, funksiyaning @ nud-
tadagi limiti mavjud bo‘lishi uchun funksiya ¢ nuqtada aniqlang.an
bo'lishi, ya'mi gy bo'lishi, mutlago shart emas (a nugtaning
X to'plam uchun limit nugta bo‘lishi yetarli, ya'ni, umuman
olganda, g¢ X).

Endi 1- va 2-ta’riflarga teskari ta’riflarni keltiramiz.

1-ta’rifning inkori. Agar 3z>0 topilsaki, v >0
O<|x~d|<& tengsizlikni ganoatlantiruychi 3xe X mavjud bolib,
‘f(".)—b\\“ tengsizlik bajarilsa, b soni [ (x) funksiyaning a 1=
qtadagi limiti emas deyiladi {lim f(x) # /;)_

2-ta’rifning  inkori. Aga;' a nugtaga intiluvchi 3x,}
(x, e X, #a, n=1,2, ...) ketma-ketlik topilsaki, unga mos
{f (\")} ketma-ketlik p ga intilmasa, u holda b son f(x) Sfunksi-
yanig a nugtadagi limiti emas deyiladi.

;;eorima_ Funksiya Iimilinfng I- va 2-ta’riflari (,’/\’\'.I'\/‘(I/CI'II(/I'I‘..
limitini hissl?l;cylgf‘dm:j q”y“],ﬂg'l’xfllos‘:u‘ni chigmnmix; jlnnul~:s'|)rzllllxl{1lg
bo‘lsa, shu lﬂ‘rifd%ﬂ? fz ?ial)llsllnl:l Fllf( )b()kylchn hisoblash oson va quiay

822 bir hollarda f};"()("'il'”]\'*ii A g adagi limiti mavjud
bo‘Imaydi, T ; i $ ydmngj‘u, n.ll(]lnl('l,,j.ll n'm' l-t _‘ :
monli (o'ng va o ?'.Y .10 ‘Ard:} .ﬁ'nTksly.lmng Hll(|1d('].lj;l hir to

3-tarif (Ko‘-;g) limitlari to‘g‘risida gap }/Hrilil:uln. : '
PRy (a;(;: Vex>0 ll.Ch'un‘ 36=6(a,e)>0 ‘f(;/ul.vuk/',

<x<a) tengsizlikni qanoatlantiruvchi Vx & X

uchun
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uchun |f (x)-b|<e tengsiziik bajarilsa, b son f(x) funksiyaning
a nuqtadagi o‘ng (chap) limiti deb ataladi va

Jim f(x)=f(a+0)=b (lim f(x)=/(a=0)=0)
kabi belgilanadi.

4-ta’ril (Geyne). a nugtaga intiluvchi V{x,}, x,€X, x,>a
(x, <a) ketma-ketlik olinganda ham unga mos { i (x,,)} ketma-ket-
lik b soniga intilsa, p soni f (\) funksiyaning a nuqtadagi o‘ng
(chap) limiti deyiladi.

2-teorema. lim f(x)=b bo'ishi uchun f(a+0)=f(a-0)=b
tenglikning bajarilishi zarur va yetarli.

Endi funksiyaning x— +o dagi limiti ta’rifini beramiz. f (x)
funksiya (C.+oo) cheksiz oraligda aniglangan bo‘lsin.

5-ta’rif. (Koshi). Ve >0 wchun 34>0 (A=c) topilsaki, Vx> A
uchun tf (.\-)—bl<s tengsizlik bajarilsa, b son f(x) funksiyaning
x>+ dagi limiti deyiladi va lim f (x)=b kabi belgilanadi.

6-ta’rif. (Geyne). +w ga intiluvchi V{x,} (x,>c) ketma-ketlik
uchun unga mos {f(x,)} ketma-ketlik b soniga intilsa, b soni f(x)
funksiyaning x — +o dagi limiti deb ataladi.

3- va 4-ta’riflar hamda 5- va 6-ta’riflar bir-biriga ekvivalent.
lim f(x)=b ning ta’rifi ham yuqoridagiga o‘xshash aniglanadi. Agar
lim (x) = lim /(x)=b bo'lsa, u holda lim f(x)=b deb yoziladi.

7-ta’rif. Agar lim f(x)=o (\j'j,f(-\‘)=0) bo'lsa, f(x) funksiya
a nuqtada cheksiz katta (cheksiz kichik) funksiya deyiladi.

Cheksiz katta va cheksiz kichik funksiyalar ham cheksiz katta

va cheksiz kichik ketma-ketliklar uchun 2°-punktda Kkeltirilgan
xossalarga ega.

8%. Limitga ega bo‘lgan funksiyalarning xossalari
1-ta’rif. Ushbu U,(a)={xeR: 0<|x—da|<8} to‘plam a nugta-
ning o‘yilgan § atrofi deb ataladi.
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Rl e
1-teorema. f(x) va g(x) funksiyalar a nugtaning blr.or oj;lic;a
atrofida aniglangan bo‘lib, Ei_ff;f (x)=0 va l}_‘fjg (x)=c bosin. U ho

1) lim[ £ (@)% g(x)]= lim £ (x) £ l‘n_r}:g(x) =b=*c,

x=ra

2 lim[ £ (a)-£(x)]= lim £ (x)- limg (x) =6-¢-

x—a

) S b g
3) agar ¢=0 bo'lsa, lxl_r.r‘}—g—(—a—lrﬂg(\) s 0

2-teorema. («Ikki mirshab hagidagi teorema»). Agar f (x) & ()
va h(x) funksiyalar a nugtaning biror o'yilgan atrofida aniglangan
bo'lib, shu atrofda f(x)Sg(.\‘)Sh(x) tengsizlikni ganoatlantirsa w.l
lim (x)=limh(x)=b. tenglik bajarilsa, u holda 1im& (x)=b bolad:

Funksiya fimitini hisoblashda quyidagi ajoyib limitlar katta Al
yatga €ga.

Birinchi ajoyib limit:

]ll’l{l sinx _ (1)
a0 x
Ikkinchi ajoyib limit:
lirn(l%—ij =e @
S X

9°, Funksiya limiti uchun Koshi teoremasi
f(x) funksiya X to‘plamda berilgan bo‘lib, a nuqta X
to'plamning limit nuqtasi bo‘lsin.
Ta’rif, Agar g0 uchun 350 ftopilsaki, argument x ning
Dl q<s,  0< |x"~dl<é  tengsizlikni ganoatlantiruvehi
Vx, 3 (x'e X, x"eX) giymatlarida I/(\) f(x")

o'rinli bo Nl pts O T
J i bolsa, f (x) funksiya uchun a nugtada Koshi sharti bajarila-
di- deyiladi.

<& tengsizlik

Ta’rifning inkori
g inkori. Agar 3¢ son topilsaki, ¥ >0 son uchun,

0<|x'-d|<§ p :
l | > 0<|x —ul<b tengsizlikni qzmomlnmiruvchi
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Vx', x"e X lar mavjud bo‘lib, \ f(x")-f (x‘)lz & tengsizlik bajarilsa,
i (,\) funksiya uchun a nuqtada Koshi sharti bajarilmaydi deyiladi.
Teorema. (Koshi). f(x) funksiya a nugtada chekli limitga ega

bolishi uchun bu funksiyaning a nuqtada Koshi shartini bajarishi
zarur va yetarlidir.

10°. Funksiyaning uzluksizligi va uzilishi

f(x) funksiya a nugtaning biror to‘liq atrofida aniglangan bo‘lsin.
1-ta’rif. Agar

m ()= £ (a)

bo‘lsa, f(x) funksiva « nuqtada uzluksiz deyiladi.

(3)

Funksiya uzluksizligi ta’rifini Koshi va Geyne ta’riflari yordamida
ham berish mumkin. Biz ularga to‘xtalib o‘tirmaymiz.
Endi 7(x) funksiya ¢ nuqgtaning biror o‘ng (chap) yarim

atrofida, ya'ni [a. a+d5) (mos ravishda, (a-6, a])
tervalda aniglangan bo‘lsin.
2-ta’rif. Agar

lim 7(x)=1(a) (lim 7(x)=7(a))

bo'lsa, f(x) funksiya « nuqtada o‘ngdan (chapdan) uzluksiz de-
yiladi.

yarim in-

Teorema. f(x) funksiyaning a nuqtada uzluksiz bo‘lishi uchun

uning shu nuqtada o‘ngdan va chapdan uzluksiz bo‘lishi zarur va
yetarlidir.

Faraz gilaylik, f(x) funksiya @ nuqtada uzluksiz bo‘lsin. U
holda lim 7 (x)=f(a) bo‘ladi. :>Ylﬁijx_\m[f(x)—f(a)]=0. Agar
Axi=x-—q — argument orttirmasi va Ay=Af(a)=f(x)=f(a) —
funksiyaning « nuqtadagi orttirmasi belgilashlarini kiritsak,
x=a+Ax va Ay=Af(a)=f(a+ A\')—_[(a) bo‘ladi. Natijada, biz

lim | f(x) —af(u)} = .l\illlu\:f(u+ Ax)—f(a)]z lim Ay =0
ckanligini hosil gilamiz. Shunday qilib,
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lim Ay =0 @

Av—0
tenglik bajarilsa, f(x) funksiya @ nugtada uzluksiz bo‘ladi.
3-ta'rif. f(x) funksiya (c,d) intervalning har bir nugtasida
uzluksiz bolsa, funksiva (c.d) intervalda uzluksiz deyiladi.

f(x) funksiya (c.d) da uzluksiz bo‘lib, s nugtada o’ngdan, d
nugtada chapdan uzluksiz bolsa, unda u [c,d] kesmada uzluksiz
deyiladi.

x to‘plamda uzluksiz funksiyalar sinfi C(X) kabi belgilanadi.

4-ta’rif. Agar

1141'13/(\) =b= f(a) (1—hol)
lim £ (x) -3 (2—hol)
Jiﬂf(A'):'f- (3—hol)

bo'lsa, unda f(x) funksiva a nugtada wiilishge ega deyiladi.
= Funks;yanmg a nuqtada uzilishga ega bo‘ladigan hollarini alo-
hida-alohida ko‘rib chigaylik.

a) l‘_i_l'rzf(.\'):lrif((/) bo‘Isin.
?U holda llj’”l‘l”./(\'):f('-’-"”) va Iim“_/'(.\’)— f(a=0) lar
mavjud bolib, _/'(n+0’)=:_/'(a—0),/ ./'((,) hlrl:-dL Junday nugqta

bartar'af qilish mumkin bo‘lgan wvilish nuqtasi deb ataladi
Misollar, ; .

| ./.(x):{.\'“.;\gzu:\' #0 bo‘lsa,
I, agar x=0 bo‘lsa

funks;

Iya uchun x=0 nuqta bar o

| : N jta bartaraf qjlis} T oz
gtasi bo‘ladi, chunki jilish mumkin bo‘lgan uzilish

‘li{,"’”f(l“); ‘“f“,_,/'(.‘:) =0 va 7(0)=1.
Agar " E X ; . /
S(0)=0 deb qgabul qilsak. funksiya uzluksiz bo‘lib qoladi.
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[l—‘fsml agarx#0 bo'lsa,
2. fx)= x

12 agar x=0 bo'lsa
funksiya uchun ham x=0 nuqta bartaraf qilish mumkin bo‘lgan
uzilish nuqtasi bo‘ladi, chunki

lim f( )—hmf( )=1 va f(0)=2.

b) l'imuf(x)—ﬂ bo‘lsin.

Bunda quyidagi uchta hol bo‘lishi mumkin.

D) lim f(x)=f(a=0) va lim f(x)=f(a+0) lar 3 va
fla=0)# f(a+0).

Funksiyaning bunday nugqtadagi uzilishi birinchi tur uzilish va
‘.f ("+0)—f (u—O)\ ayirmaga funksiyaning @ nuqtadagi sakrashi
deyiladi.

Masalan,

,agarx#0 bo'lsa,
F@)=11425
0, agar x=0 bo‘lsa

funksiya uchun x=0 nugta I-tur uzilish nuqtasi bo‘ladi va funk-
siyaning bu nuqtadagi sakrashi 1 ga teng:

|/ (a+0)= f(a=0)|=|7(+0)- £ (-0)|=|0-1|=13
2) x—>a da f(x) funksiyaning o‘ng va chap limitlaridan hech
bo‘lmaganda biri 7. Funksivaning « nuqtadagi bunday uzilishi
ikkinchi tur uzilish deyiladi.
Misollar.

i sm] ,agarx>0 bo‘lsa,
| /(\) -\ X

—X, agar x<0 bo‘lsa

funksiya y=( nuqtada ikkinchi tur uzilishga ega, chunki
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1o
lim £ (x) = lim () =0=/(0): lekin lim / ()= limsin (e

y—=-0
oar x — irratsional bo‘lsa,
2' DQF{%:;:: .\\'—llztsional bo‘lsa
funksiya Vge R nuqtada ikkinchi tur uzilishga ega, chunki x—a
da D(x) funksiyaning o‘ng limiti ham, chap limiti ham 3.
3). x—»a da f(x) funksiyaning o‘ng va chap limitlaridan biri

cheksiz yoki o‘ng va chap limitlar turli ishorali cheks‘i;. Funk.siya‘-
ning ¢ nugtadagi bunday uzilishi ham ikkinchi tur uzilish deyiladi.

d) limf (x)== bolsa, f(x) funksiya x=a nuqtada ikkinchi
tur uzilishga ega deyiladi.

11°. Uzluksiz funksiyalarning xossalari
I-teorema. Agar f(x) va g(x) funksiyalar X c R 10 plamda
aniglangan bolib, ularning har biri a = X nugtada uzluksiz bo¥sa, u holda

1) f(x)tg(x),
2) f(x)-g(x),

I()
3) 2(x) (Vxex uchun g(x)=0)

funksiyalar ham shy nugtada uzluksiz bo ‘ladi.
Izoh: I-teoremaning aksi har doim ham o‘rinli bo‘lavermaydi.
Masalan, f(x)=x va

Sl
’ jslnd, agar x# (0 bo‘lsa,
L’(-‘—): X g
0, agar x=0 bo‘lsa

fu i ¢ .
nksiyalar ko paytmasi f(,\‘)-g(,\'):-.'\'-_k;in»l funksiya R da uzluk-

Siz, lekin gfy) finbe: -
/:ekm "*()‘) funksiya x=0 nuqgtada uzilishga cga.
taylj A " g .
Viaylik, =) funksiya y to‘plamda, z=p(y) funksiya
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esa Y={y=f(x):xeX} to‘plamda aniglangan bo‘lib, ular

yordamida x to‘plamda aniglangan z=¢|:f(x)] murakkab
funksiya tuzilgan bo‘lsin.

2-teorema. Agar y=f(x) funksiya aeX nugtada, z=o(y)
funksiya esa, unga mos y,=f(a) nugtada uzluksiz bo‘lsa,

z =(P[f (t)] murakkab funksiya a nuqtada uzluksiz bo‘ladi.

Bu teorema limit hisoblashda juda muhim rol o‘ynaydi va

uning yordamida 1—§ ning 9° —punktidagi muhim limitlar keltirib
chiqariladi.

3-teorema. Agar limf(x)=b (b>0) va !rl_)mag(y) =c boisa,

lim[ £ (x)]*” = boladi.

/()] ko‘rinishdagi funksiyaga darajali-ko‘rsatkichli funk-
siya deb ataladi.

12°. Funksiyaning tekis uzluksizligi
Biror y=f(x) funksiya X to‘plamda berilgan bo‘lsin.
Ta’rif. Agar we>0 son uchun 35:5(s)>0 son topilsaki, X
to‘plamning |x"-x'|<& tengsizlikni ganoatlantiruvchi Vx' va x"
(x'.x"eX) nugtalarida l f(x"-f (x‘)l<s tengsizlik bajarilsa, f(x)

funksiya x to‘plamda tekis uzluksiz deb ataladi.
Ta’rifning inkori. 3¢'>( son topilsaki, ¥§>0 son olinganda

ham |x"-x'|<¢ tengsizlikni qanoatlantiruvchi shunday vx'=x"e X
nuqtalar maviad bo'‘lib ‘f(.\"')—f(.\")\ZE tengsizlik bajarilsa, f(x)
funksiya x to‘plamda tekis uzluksiz emas deyiladi.

Kantor teoremasi. Agar f(x) funksiya [a,b] kesmada aniglangan
va uzluksiz bo‘lsa, u shu kesmada tekis uzluksiz bo‘ladi.
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NAZORAT SAVOLLARI

Sonli ketma-ketlik tushunchasi.
_ Ketma-ketlik limitining ta’rifi va uning inkori. : b
Yaginlashuvchi va uzoglashuvchi ketma-ketliklarning ta’riflari.
Cheksiz kichik ketma-ketliklar va ularning xossalari.
 Cheksiz katta ketma-ketliklar va ularning xossalari.
Cheksiz kichik va cheksiz katta ketma-ketliklar orasidagi bog‘lanish.
. Yaginlashuvchi ketma-ketliklarning xossalari.
. Monoton ketma-ketlikning ta’rifi.
. Monoton ketma-ketliklar haqidagi Veyershtrass teoremasi.
10. Fundamental ketma-ketliklar va Koshi teoremasi.
11. Qismiy ketma-ketliklar. Ketma-ketlikning yugori va quyi limitlari.
12. Funksiya tushunchasi. Funksiyaning aniglanish sohasi va giymatlar
to‘plami.
13. Funksiya limitining Koshi ta’rifi va uning inkori.
14. Funksiya limitining Geyne ta’rifi va uning inkori.
15. Funksiya limiti Koshi va Geyne ta’riflarining ekvivalentligi.
16. Funksiyaning bir tomonli limitlari.
17. Limitga ega bo‘lgan funksiyalarning xossalari.
18. 1kki mirshab haqgidagi teorema.
19. Birinchi ajoyib limit.
20. Ikkinchi ajoyib limit.
21. Funksiya limiti hagidagi Koshi teoremasi.
22 Fpnksiyaning nuqtadagi va to‘plamdagi uzluksizligi ta’riflari.
23. Bir tomonlama uzluksizlik.
24. Bf'il_'taraf gilish mumkin bo‘lgan uzilish nugqtasi.
25. Birinchi tur uzilish nuqtasi.
26. Ikkinchi tur uzilish nuqtasi.
27. Uzluk§iz funksiyalarning xossalari.
28. Funksiyaning tekis uzluksizligi va Kantor teoremasi.

WRONAUL S LN —
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._B_.
Mustagqil yechish uchun misol va masalalar

1-masala. limx,=a ekanligi ta’rif yordamida ko‘rsatilsin

(m(2)-2).

3n-2 3 4n-1
1.1 x”=MI_’ a=— X =— =
2n-1 o 1 2n+1
4n* +1 4 9-n’ 1
13 x,=——, a=—. e = —, a=——,
M2 3 14.% 5w 2
—27°
15 .\‘,,=1—;"—,, a=—-1—, 1.6 ,\',,=—-—SL, a=-5,
2+4n” 2 n+l
1T n+l1 Lo 1855 2D
T o ST 3
]—2)12 3n® +2 3
19 x === a=-2. 110 =0y, a==
el " 4nt -1 4
4+ 2n 2 Sn+15
T ey, = , a=—=, 02 ==
e 3 L1 %S
13=n? 1 2n-1 2
1.13 x, = , a=—— 3 X, = , a=——
"= 2 2t o HESee 3
3n-1 3 Sn+1 1
1.15 x,= == d X, = A==
Snoi 5 adh e
117 x,=—— a=-3, 118 x, =243 o9,
0 o’ £ § n+5
3nsa-2 3 2-3n’ 3
B L e S 20 x, = Tl ===
4n -1 ‘ 4 ; 4+45n° 5
121 x, :32"2’ =2,
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A o
2-masala. a soni {x,} ketma-ketlikning limiti emasligi ta’rif
yordamida ko‘rsatilsin.

S;rn a—l
2.1 x,=(-1)"+1, a=0. 2.2 x,=co 3 B
. 7N 1 e e
2.3 x,,=sm?, a=§. 2.4 x, cosmo,
2.5 5 =0 q) 2.6 x,,=n~[l+(—1)"], a=0.
: ; n+l
27 x”=(_l)"’ a=-1. 2.8 x,,=(—1) ",azl.
= 1
29 =2—M, a=3, 2.10 x,,=(;) , a=1,
" 2+cosmn 2
-1 . 2n+3 S
211 x,= —— a=1" 2:12sx. o 5
I a‘l 2.14 x =sinﬂ a=
2.13 x,,—m, X A ” Dk
2.15 x =(_—1)-, a=-1. 2.16 x,,=sin?, a=0,
ik
n+l I >
2.17 X = ki a=—5. 2.18 _xllz(-:])?n,a:—],
2'19 x”=n("|)",a=0. 2.20 "=n o =1
n+1
221 x,=Vn’+l-n, a=1],
3-masala.

Yaginlashuvchi ketma-ketlikning chegaralanganligi haqgidagi tco-

remadan foydalanib {x, } ketma-ketlikning uzoqlashuvchi ekanligi
ko“rsatilsin.

=] . m m
31 x,= el 3.2 X, = 7’ sin »4- 3.3 x, = J/; cos {)7.

34d.x =(~1)'lnn 3.5 X, =(=1)"In Iz 36x; = i e
n n

‘Cheksiz- kich.ik lfetma-ketlikning chegaralangan ketma-ketlikka
ko paytmasi hagidagi teoremadan foydalanib {x"} ketma-ketlikning
Yaginlashuvchi ekanligi ko‘rsatilsin,

__sgn(tgn) i I i 1
3.7 x,=—=—5" 4 o= e
n 3.8 n(8+sinn) * 3.9 n ~[2+(—1)’ ‘
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. 7n n [’7]
coszn sin—- 2 |2
310 %=, 301 x—— S e :
\/; 1 *u n: 312 % ln(n+])
Qismiy ketma-ketlikning limiti hagidagi teoremadan foydalanib
{X,,} ketma-ketlikning uzoglashuvchi ekanligi ko‘rsatilsin.

313 :(0,5)(-”"".

3.15 x, =[2+(-1)”]" :

«Ikki mirshab hagidagi teorema» dan foydalanib {x,} ketma-
ketlikning yaqinlashuvchiligi ko‘rsatilsin.

3.17 x,,=(§) : 3.18 x/,=["+10) .
n 2n—1

o =

e R —]+x/;+smn
e ey

3.19 n (21’)! - 3.20 X e e Y

“*n
2n+3Y
n

4-masala. Koshi kriteriyasi, monoton ketma-ketlikning limiti ha-

gidagi teorema yoki limitlar ustidagi amallar haqidagi teoremalardan
1

3.14 5 ol

n

foydalanib {x,} ketma-ketlik yaginlashishga tekshirilsin.
LH
4.1 x,=n" +M. 4.2y SONERE LR
n " n In(n+1)
w4 n 0 cosmn
43 x,= 5 . = = (1+ )
" n-n i & In

: (nn)
n+sinj —
AiSL i 4l

n

w24

o n+1
4.6 % n -(8+sinn) "

) s dsn)aaan)
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sing  sin2a +sinna T =]s_ir1_1]+]sin:2f+m+]smn['

4.9 x"=-—2—-+—2'2—+... 7—. . i p) b3 o0
282 n 1 I
B s O e
4.11 "11_2: +3: +"'+(n+1)2 . 4.12 X, l+2 -
1 n
n! = 2
413 x,=—. 4.14 xn—(1+”] :
Sl cos2  cosn i i R
4.15 .\,,—cosl+-2—2—-+... T n \/2— \/;
2"
417 x, =21 4.18 x,==.
% ”! ( )n-l
l | =il
4.19 -V,,=0,7Z-é;_]-7. 4.20 -\,,—5—2.3+---+”(”+1).

1 1
’ o, =l —+ .+ —,
4.21 x +2! =

S-masala. Sonli ketma-ketlikning limiti hisoblansin (}Il_m X, —?)-

51505 =n[1/n(n—2) —n? -3], 5195 x =(n—x/‘ n’ —5)/1\/’/;_

i
55 x,=V* 3n+2-n. T
ST x=n(n+2) it -2043. 5.8 5= [ws2)r]) Y oy v
59 5= \Jt N8, 5.0 5, =t (Y5 i)
Jiil “:m'—;—\/n‘—"; 512 x, = \//l(\/n +2-/n ).

ST = II(IIE~II. 5.14 '\3'*'\/11118(‘/,,' 0 \/H. ').

sis T 7

T R L i‘llv--\/n(n ).
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5.17 x”-—-l73|:§f11:(11°+4)—\]3 ns—l:|, 5.18 x"=i/;[§/;1?—3/n(n—l)i|,
5.19 X,,=\/n+2(\/n+3— 12—4), 5.20 x,,:n(\/n‘+3—-\/n“—2),
591 x =n(§‘/5+8n3 —2;1).

6-masala limx, =?

b L 20 3] oo _(2n+1)+(2n+2)!
R R PR T Rcis 2n+3)!
6.3 x C1+34+5+..4+(2n-1) 2n+1 3
e = ] e e
n+1 2 2n+3n
6.5 ,\-,:f_z_f;i_’l 66 14+3+5+.+(2n-1)
Vo' +1 0 AT
6.7 x SRS ) n Eahe _1+4+7+...+(3n—2)
X, = -n. 68 X<
il 5 \/5,744.”4_1
+4)1— 2!
6.9 _\-Hz(i;il_(’_’f:l ci0 _@n=D+Gn+)!
GiHBE S W
izl |
l4—+=5+..+t—
2”' SIH| V= 3 3-— #
611 %= 612 ————————l B e
- W +"+‘—.,+...+';T,
S 5,
N [ Van' +2 T
A R R L 6.14 AR TE T
n+2 2 SRS 3" +2"
6.15 v, A6 % ==t =0
142434040 3° delc 6"
617 v o2T5H4-TH+-Q@n+d) oo x :(3”+‘)!*’(2”+3_)'~
I PPCI e h

41



.
w+n =1

0 e . +(5n=3)
il

7-masala.

4 It —6n+7 T
L =

n+3
2n+3)™"
5

Ll (2n+l)

e J”Lﬁ :
n”+5n+1
6” 7 3042

79 x, =

9 (6n+4j

L 4+l )"

T

2n41
A (%
2n? +18n+9

2+4+...+2n

6.20 x,= s

limx, =7

n=rr.

27 +2Y
2 +1
(1 —IJ
4 Xy =
s3],
1
(” i I 0)311#1
n+l §
3 +4n—1)"
7.10 % 3n +2n+7 {

2n +5n+ 7)

7.12 X,

2n +5n+3
714 3 5n* +3n—1"
; 5n"+3n+3
716 - (21 +7n—1
: 2n* +3n-1

n'+1 P
7.18 (

" —l

( ?n = 5/17 Y
7.20 3 -5n4+7 :



8-masala. {x,} ketma-ketlikning yuqori va quyi limitlari topilsin

n-

“n

243
8.7 x, =200y,
89 x =2+ i
n+1 2

n—1
8.11 x =——cosnz.
n+1

3n-2 n

2 o ~ . 7

8.13 x, =——sin—,
n 2

2 s TN
n-sin—+1
< 2

n+1

8.21 x, =sinn’.

(limx,, =2, limx, —?) ;

& 1+(-1)"n

n

8.2 x

n

84 x, =l+sinﬂ,
n 3

8.6 x =4 +2.
8.8 x,,=(-1)""(‘+ij-

n+l
8.10 X, = SisimRe
; " n+l 4"
2
n*+l . ,7n
8.12 ¥, = sl
"opt-1 2

8.14

2nY’
pi=[RISSRO0S S|
.\" ( 3 )

n(n+1) 5,2 =
8.16 x,.=(-‘)'3—£@‘“l

=i
4nz+3n——25in(7r 27!11)
X, Seepmrmaame L
8.18 %=l =i —
n+2 . wn
8.20 x"=——-—Sln_“.
n+l 3
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9-masala. y=(x) funksiyaning aniglanish sohasi topilsin
(2(/)-7).

4o
9.1 y=1n[1—lg(x=—5x+16)], 9.2 y=log,logo,s(g—2 ‘)-

Vx* -4

e VR
9.3 y= 10gx+1( -3x+2). 94 7V ]ng(x2+2x_2)'
;-—_)i — i 2X—3

9.5 J_]g(9—5x)' 9.6 y= g:
3= x+2

99 V=g o 9.8 J'-,}lacosx

9.9 y=lg(l6—x )+ctgx. 9.10 y= (8 2x— x

9.11 y=,'x2—ix|—2. 9912 Y=
9.13 y=\/3_5x_2x3. 9.14 y=

tgx smA +CoSx
9.15 y= ;
cos2x sinx—cosx

9.17 y=arccos(0,5x-1). 9.18 y=arccosx—arcsin(3-x).

-

9.19 y=arctg ’x 9.20 y=arcsin 2
x -9

x
arcsin (0,5x 1)
9.21 V=—F7—="
Vxt=3x+1
10-masala. Quyidagi tengliklar ta’rif yordamida ishotlansin
(8(z) —topilsin).

i 2.\':+5'—3 S
101 Jim=—"""=7 10.2 limw:(,.
e lim o
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10.3

10.5 |

10.7

10.9

10.11

10.13

10.15

10.17

10.19

10.21

3x2+5x—2_
X+2 =

lim

x==2

-7.

fim M=_5'

2x* +13x+21

PR 2x+7

1

45

2
10.4 umub‘_’“s.=

x=3

10,

x-3

=l
10.6 lim———
Yoo Sy i

d 2

=5‘

: _5x=2
108 lin =22

1012 lim———

10.14

2x2—9x+10___l
2x-5 28

10.16 i

Xz
2

6x* —75%-39 _

i

-81
10.18

10.20



11-masala. Limitlar hisoblansin.
J? 1 ‘ﬁ L
“"’”’9’3- i T =t
L el +x ~2x 52 §+x—«/2—x

. Jorax-5 e Yfex-4
s B s Y e

x=8

e o T 3ox -3 '
NS «/—

115 lim ~——.
Yax-2

x+2

V-1

_ 8 lim—————-
11.7 lim 11.8 “’7\/5-'}-_).‘ \/’—);

pe NI

ylmitl 7 11.10 lim————= 15
->°\3/l+x Pox--x 2 e lex—x

V27 +x ~427 - x . A8+3x+x7 -

lim—————
VLG S 1) 11.12 lim Sy
JI=2x+x* (1 \/9 2x -5
e —
X0 % \—"4 \/__2
=2 Y2642
11.15 llm : AU
HM\/— 4 11.16 ,'l,".’z T
A \/r+l.a—2\/r+ Jx-1
11.17 h1 9 11.18 lm'1
Y= et =1 32 ﬁ,

Jl=%=3 1+2x -3
hm~——~~,

11.19 lim :
e T 11.20. i

P
uarinse
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12.1

12.3

12.5

12.7

12.9

12.11

12.13

12.15

12.17

12.19

12.21

12-masala. Limitlar hisoblansin.

.
X —1
lim 5
=1 Inx

. l+cos3x
lim———
perrasin: 7x

. l+coszx
lim——————

x—1

g x

sin® x —7g%x
i el B

X (,\‘—lz’)4
. COs5x—cos3x
lim————>-"—
o sin” x
. In(5-2x
]lm*(\)_
2J10-3x =2
S
lim———
7 sinx
. 2"-16
lim ——
pEkd SIN X
. Inrgx
lim—=
Y C0S2X"
4
1-2¢

lim
iy

e'
lim

rsinSy —sin3x

4 “(\/"\ - \/3,\‘:' a

3]

N

12.2 lim
x-1 Inx
1—sin2x
12.4 j‘; (r—4x) -
. 1g3x
lim=—
nslies
12.8 lIm gnx .
. sin7x-sin3x
1210 lim—5—2—
x=2x e =
i ) sinTx
s3-3 _ 2w
12.14 lim T
fim In2x—In7z
im———— =
12.16 H%Sin_—cosx'
2
12.18 ¥2 sin27x
. 1=2cosx
. 1220 =
i 3
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13-masala. Limitlar hisoblansin.
g |

I_ P
13.1 hm( ]] S 13.2 hm[s'“‘)“’.
x+1 el sina
= 5o
7 Us- ¢ Y52
13.3 *m( IJ 5 13.4 lim[cos'\) ;
-2\ cos2
Tx—7 ‘Gl-» li \1/cos(37/4-x)
13.5 lim("’ b 13.6 rlqn_}(rg.\)
8\ x+1 x5
—]'—' L.'».\'
2x—1 |- \E5
13.7 hm( X ) i 13.8 nm(z_ij ¢
x=l ¥ L a3
3.9 lim (cosx) """, 13.10 lim (cosx) " .
13.11 lim (&t o r \ctge/sindx
e o . 13.12 ‘m(cosz) :
13.13 ]i_lL](B—Z,\')’M“?, 13.14 lin‘]-(cos-‘:)fl/l,l,’ﬂ.\"-m:l
13.15 nm(ﬁ—;—‘) 13.16 !ing(sin_y)'*"*"‘
13.17 I_in?(zem_l)ﬁi‘ 13.18 lln?(/g J :
1\'—1 A T
13.19 lim(2e 1)+ 13,20 lim(1+cos3x)
jaar I
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14.1

14.3

14.5

14.7

14.9

14.11

14.13

14.15

14.17

14.19

14.21

15-

15.1

14-masala.

g3x

7 =5
i e—————
x50 2x — arctg3x
6-. _7-'.‘x
lim

*>05in3x —2x

32x _g3x

]lm—————.

s20igreloy-+x
ASx

lim
¥0 x —sin9x

=2

_ 5dx
lim
x-0 2arcsm xX—Xx
a5x i —>7\'
lim
x=0 aresin 2x — \

4" _olx

lim
=0 (g3x — X

Jo* -7

lim
=0 (g — arclgx

7 _ 3
lim—————
RS0+ \

A2 Ay

-7

lim
"‘uuum\\ DI

9F _ o
lim - -
=0 qre1g2x —Tx

masala,

Limitlar hisoblansin.

14.2

14.4

14.6

14.8

14.10

14.12

14.14

14.16

14.18

14.20 lim

: eJ: e e—z.r

lim - —==

x=0 2 arcsin X —sinx
es: » e!x

Iim———a

¥=0 5in 2X —SIN X

ik
lim
=0 grelgx —
v _ e-‘.’x
lim .
¥0 2aretgx —sinx
Tx _e—2x

lim

50 sinx —2%

e —e*
lim—————> .
*-0 aresin x + X7

ef—e”
lim

ST
30 (g2 x — sinx

e —c
M|
-0 sin 3x —sin 5x

]
lim————
x20 2fgx —SINX

25 _ g5

-4 E—
x=0 2sinx — 18X

7(x) funksiyaning x=x, nuqtadagi o‘ng va

chap limitlari topilsin (f (x, +0)="? f (% ‘0)’?) ?

/(%)

1
arctg l = \- X

=1,

15.2
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155 f(x)=2", x,=0.

15.7 f(x)=sign(cosx),x, ==

1
f(x)= i
159 s ot
15.11 f(x)=x+[x],x,=10
95~
15.13 f(l):lln;l ;_13, X1

15.19 /(x) =__V'"j°52* %

x+l, x<2,

15.21 f(x) ={

-2x+1,

X, =
X2

15.4 f(x):arccos(x—l), % =0.

21-x*)+[1=27
3(1-x7)-[1-°|

X =1

15.6 f(x)=

T
15.8 f(x)=arctg(tgx), X =

15.10 /(x)=

15.12 f(x)=umI*—_”, =

n-6 ] 4+ X

1

15.14 f(x)=¢ *,x,=0.

Sf(x)= 5% =3
15.16 /(%) G
2
i ey =2,
1422
CosXx
S0 ()= % =0,
3__2wu

16-masala. y=f(x) funksiya x=x nuqtada uzluksiz ckanligi
ta’rif yordamida isbotlansin (5(z)—topilsin).

161" filo) =552 =1l ey =6
16.3 f(x)=3x"-3, x,=4.
16.5 j() 257 5 _\0_2.
16.7 f(x)=-4x"-7, x,=1.
16.9 f(x)=-5x"=9, x,=3.

16:25 (x)=4x* -2, x,=5.
16.4 f(x)=2x"-4, x,=3.
16.6 f(x)=-3x-6, x,=1.
16.8 f(x)=-5x"-8, x,=2.
16.10 f(x)=-4x"+9, x,=4.



16.11 f(x)=-3x"+8, x,=5. 16.12 f(x)=-2x*+7, x,=6.
16.13 f(x)=2x"+6, x,=7. 16.14 f(x)=3x"+5, x,=8.
16.15 f(x)=4x*+4, x,=9. 16.16 f(x)=5x"+3, x,=8.
16.17 7 (x)=5x"+1, x,=7. 16.18 f(x)=4x"-1, x,=6.
16:19° 7(x)=3%"—2, x =5\ 16.20 f(x)=2x"-3, x,=4.
16.21 f(x)=-2x*-4, x,=3

17-masala.
Quyidagi funksiyalar @ ning ganday giymatlarida +uzluksiz
bo‘lishi aniglansin.

7 2
xetg2x, x#0, <= ax”+1, x>0,
170y = oy ’ { =
1) 27 T2, {_x’ 2
a =0
el cosx, x<0, il x*+a, x>0,
i a(x=1), x>0 T =52 %<0
T w
‘::-[2-‘. x>0, (7r+?.\-)tg,\',-/r<x<5.x¢—?
17.5 - 17.6 y=
la(x—1), x<0 -
a, x=-—
2
c' -1
“urcsin .\')clg.\‘. x#0, o =D x#0,
il 178FORRRE
a, x=0 a, x=0¢e¢>0,
17.9 y=1 ]l‘l(l +2x) 17.10 y:lb X 5
lu. x=0 a, x=0

Quyidagi funksiyalar uzluksizlikka tekshirilsin va grafiklari chizilsin.

0 ln(l + e"")

x" =1 i
) = lim i lim ————
17.11 /(%)= lim——. 1712 S (e -
] il e
17.13 /(%) },!I»]}_| g 17.14 [ (x)=sign (.os; .
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17.15 /(x):rl’i_l:gcosz”x_ 17.16 f(x)=[x]sin7zx.

1707 f(x)=lim I, 17.18 f(x)=lim¥cos™ x+sin™x,

17 | 4 ye'

17.19 f(x)=lim%1+x" . 1720 f(x)=x-[¥].

X
L iy
1721 f(x)=lim— T

18-masala.
Quyidagi funksiyalar berilgan oraligda tekis uzluksizlikka
tekshirilsin

18.1 f(x)=—"%, —1<x<l. 182 f(x)=lx O<x<l.

A=
i 1
18.3 f(X)=S'¥, O<x<rm, 18.4 f(x):e"COS—;, 0<x<l.
18.5 f(x)=arctgy, ~m<x<+n. 18.6 f(x)=xsinx,0<x<+n.

¢, ~1zx<0,
1+ 0<x<l, —l<x<

x+1, x<0,

18.8 f(x)=~,I

e”*, x>0, —0<x<+o

18.7 /(%

y=7(x) funksiya X to‘plamda tekis uzluksiz emasligi isbotlansin.

18.9 f(x)=cos%, e(oa). 18,10 f(.r)-—:i, X=(0,1).
J X
18.11 f(x)=sinx’, x=g. 18.12 /'(-\')ZSill{j- Sa=(0,1).

18,03 7t et 1814 f(x)=——, X=(23).
:

y=f(x) funksiya X to‘plamda tekis uzluksiz ekanligi ta’rif
yordamida ko‘rsatilsin (& =5(z) topilsin).

18.15 f(x)=-x+l, X=(<o+0). 18.16 f(x)=%/x, X =[0; 2].
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1817 f(x)= =[0,5; 1]. 1818 f(x)=2¢+5, X=[-1; 7).
1819 f(x)=r-2x-1, X=[-25]. 1820 f(x)=x'+l X=[-23].
18.21 f(.\')=25inx—cosx, X=R.

-4,|__‘

....D_
Namunaviy variant yechimi
Namunaviy variant sifatida 21-variantni olib, shu variantdagi
misol va masalalarning yechimlarini keltiramiz.

1.21-masala. limx, =a ekanligi ta’rif yordamida ko‘rsatilsin

(”o () - )

2’
X, ==
n =2

n—w

a (limx =ay o (V£>O 3n, =n,(£)eN: Vn>n° lx,,—a|<6‘).

n—2n +6| -6
w =3 ln —3|

=

_|z
i

6 o
—(H— )(n T\/_;7+\/—)<n:+i/§n+i/§<«3f3_n<

6 6 6
<—<EDN>—DN=|—
n £ £

6
Demak, Vg0 son olinganda ham "o“"‘ax{Z [;}} deb ol-

sak, ¥n>n, vchun |x, ~u]<1: bo‘ladi. :>,],‘_[‘}-"n=” >

2.21-masala. « soni {x,} ketma-ketlikning limiti emasligi ta’rif

yordamida ko‘rsatilsin.

X, = Nt +1=-n, a=1
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limx, 20) & (VeN 3250 In>n,: x,~d2¢) [x,—d =|(\h12 +1 —)7}—]’ =

a (

e B xl=(nel)| | +1-n*=2n-1] 2 TLAg
et ,___._._‘1 =L =— >
‘ 5 ( N+l +n+1 S tl+n+l @ +1+n+1

2 2 2n 1
3 n e 2n 1
i3 +nen 2m+20 4n 2

1 . .
Demak, £=7 deb olsak, vpenN uchun |x,-a|2¢ tengsizlik
bajarilar ekan. Bu esa limx, #a ekanligini anglatadi.
3.21-masala. “Ikki mirshab hagidagi teorema”dan foydalanib
{x,} ketma-ketlikning yaginlashuvchiligi ko‘rsatilsin.
r 2n+3)
xll= 2
n’ J

\

n+3 _2n+3n _Sn 5 1
< e ‘Isa,
e n n* 2’ agar p>10 bo‘lsa

9 |
2’7T3>~__+3=—5;2—0 agar pn>10 bo'lsa.

2 =
n )

I
VASSZ) = deb belgilasak, unda v ;=10

|

Agar )’ﬁﬁ ' .

uchun y, €x, <z, qo‘sh tengsizlik bajariladi. limy, = limz, =0 v,
“ikki mirshab haqidagi teorema” ga ko‘ra I[';”}“’,, =0 bo'ladi.

ketma-ketlik Koshi kriteriyasi,

1 I
4.21-masala. X, =l+—+..+—
2 n!

monoton ketma-ketlikning limiti haqidagi tcorema yoki limitlar
ustidagi amallar haqidagi teoremalardan foydalanib, yaqinlashishga
tekshirilsin.

a Monoton ketma-ketlikning limiti hagidagi teoremadan foy

dalanib, berilgan {\} ketma-ketlikning yaqginlashuvchi ekanligini

ko‘rsatamiz.

'\'nﬂ % "‘n +



Endi bu ketma-ketlikning yugoridan chegaralanganligini
korsatamiz:

1 <1k ) 1 LRl 1
X, =l —t =t G e
21 31 417 pl 2 TN 2
<l+l+iq+—17 +—l— gt
2 AT T -1
2
Shunday  qilib, il va VneN uchun
%<2 = limx,-3 = {x,} —yaginlashuvchi r

5.21-masala. Sonli ketma-ketlikning limiti hisoblansin
( limx, =?)

n—

X, = n(3 5+8n° — 211)

: n[(5+8n’)—(2n)3:|

imx = 1; 3/ =i =
B ']'I-T'\”— ,Iyl-l?}"( 5+8113—2/1) "T’]‘iﬁ+8n) +2n- M+4n

= |nn-—

TET ] =BT

6.21-masala. limx, -7

3 9 SiaeD 1+2"
X =k ——
4 16 64 4
BRTiS e CEe) 2 =l 1+2"
q X, = 4A3A+,,.)_.+”_ l__"_ .li_ ‘_+_2__ l__1_+."+ = =
4 16 64 4" 4 4 4° 4
(1 ik A j;(la-i, Ly +_J=y"+ﬁ”:>
i 4 4" e g s 2!
. e
A 9 1 4
— ’|'i,’]’| Y ,l,il;l,)(y” 3 _';”) = /l,i—l.]} Y, +,I,IJBZ "=_1—§—1-+ I—f—l—-=§+ | =;,l>
13050
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7.21-masala, limx, =7
A 20 +21n—17 i
" 21 +18n+9

2n+l
el N ”’*'_(1,)_1“ 2nz+18n+9+3n—16] :
S Ty B S = (R YT WA

: L e (9 1 ,
=lim|{l+————| =||lim(l+2)==¢  tenglikdan foy-

o\ 20" +18n+9 o
dalanamiz. s i Brmi6)(2041)
Bizsing oldaltio=—=2—e—— | |=¢™ 2 i) =
g 2n~ +18n+9

SleY, i)

5 Ir()ﬂ—:)(_%lIJ
o i n’(hﬁo—g,—) 32
e e 2o’

8.21-masala. {x,} ketma-ketlikning yugori va kuyi limitlari

topilsin (ﬁr_n-x,,—?, li_mx,,—?).

Hy

x, =sinn’
4 Berilgan ketma-ketlikning giymatlari to‘plamida
0, +sinl®, +sin2°,.... +sin89°, +1

sonlari cheksiz ko‘p uchraydi, chunki vye Ny va¥pe N uchun
keltirish ~ formulasiga  ko‘ra  sinn’=sin(360°p+n’)  va
sin(lSO"in“):?sinn". Demak, yuqoridagi sonlarning har biri ber-
ilgan ketma-ketlikning qismiy limiti bo‘ladi. Shu bilan birgalikda
{x,} ketma-ketlikning yugorida ko‘rsatilzan 181 ta sondan boshga
qismiy limiti yo'q. = limx, =1 va @““’ &

9.21-masala. y:f(x) funksiyaning aniqlanish sohasi topilsin

(D(1)-7).

,_aresin(0.5x 1)

Nx: =3x+1
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-1<0,5x-1<1
. — 3= 345 =
E D(f) {x2—3x+1>0 (x—g [x——££]>0

0<x<4

='xe(_m’iju[—s’;—ﬁﬂ]:’D(f)=[°;3—\/§JU(3+\E;4].D

10.21-masala. Quyidagi

tenglik ta’rif yordamida isbotlansin (&(¢) topilsin).
q (limf(_\-)zh\) & (Vg>0 35(¢)>0: 0<|x-d|<é = |f(x)—b|<€)-

7(x) funksiyani x=3 nuqtaning biror atrofida, masalan (2; 4)
intervalda, garaymiz.

Ye>0 son olamiz va !f(x ”l ayirmani x»3 da quyidagi
ko‘rinishga keltiramiz:

[7(0)-2 =2

B e Y
i 2

B

chunki xe(2; 4) edi.

Oxirgi tengsizlikdan ko'rinib turibdiki, agar §=2¢ deb olsak,
<|x-3/<& tengsizlikni qanoatlantiruvchi Vxe(2; 4) uchun

V(-) \ |x-3] & 2¢

L —=—=
2% 52N
i rify ‘ra i -_9 =2 ekanligini hosil
bo‘ladi. Bu yerdan ta’rifga ko‘ra un e

qilamiz

/‘)17\—-

5
11.21-masala ‘HH —— hisoblansin.

. J9v2x-5 (0) . |(9+2x)- 5‘,\/—” x+2' )
q lim- TR "(5]:"”‘ i | Jo+2x +5




29 2] F 2 ea
=i =2Z-1m
o (x—8)(«/9+2x+5) % \[94+2x+5

=24 >

12.21-masala. lim #— hisoblansin.
*>rsinSx—sin3x

. & —e* (0 x=7x+t almashtirish bajaramiz)) 3
& xT}sinSx—sin}x_ 0) Ixo7z=>t>0

x ol ! !
; gl ; =z el
=lim— - * lim— ——= ¢
120 sin (57 +5¢)—sin(37+3t) 20 —sin5¢ +sin3

e’ lim—————=
-0 sin 5t —sin 3¢

¢ -1 . e -1
% i T_ !mr}T:l 1 e’
=" lim———————=|| " = =—. D>
"’05.51_"2_ sin3 . sina 5-3 2
51 3 lim=——=1

a0 o
18sinx

13.21-masala, (3] picoblangin,
2

7
18sinx X -7'+t
lim (sinx) e =(1")= 5 =
4 oI V.4 g " .
2 i t — 0 almashtirish bajaramiz
Icast A8cost 1 \
=lim(cosr) -w =hm[l+(cosl—l)] = (lil]z(l+a)u =¢ dan fbydu}:1|1:1111|z))>.
= 140 | a0
& A I6¢0s° 1 :m"—:-
= -Ilmﬁs—l(rosl-l) ]imlx_cﬂz\m?i lim —— o
e W = e sint 2 = " 2sinzcos
e i >

14.21-masala. Ushbu limit hisoblansin.

9\ 2z 7%
lim———
=0 qrelg2x —7x

3 oM

X 3x e e 4 e

lim ——9_2—— = 9— =lim T ) -
4 w0 arctg2x —7x 0 x>0 5 51531‘(12\

2x
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swa—l : t
[[hm =Ina aa Ilmarctg =1{[=
10 ! -0 t

In9-31n2 1, 9
=————=—|n-. >
2-17 5 8

15.21-masala. y=f(x) funksiyaning x=2x, nuqtadagi o‘ng va
chap limitlari topilsin (f (x,+0)-2, f(x,-0)-?)

f(x):{xﬂ, x<2, i

X,
—2x+1, x>2,
a S(x%+0)=7(2+0)= lin f(x)= lim (-2x+1)=-3
/(% =0)=7(2-0)= Xl_'l’rglnf(.\') =‘\_l_i)11130(,\'+1) =3. >
16.21-masala. y=f(x) funksiya x=x, nuqtada uzluksiz ekan-
ligi ta’rif yordamida isbotlansin (5(¢) topilsin).
f(x)==2x"-4, x,=3
4 f(x) funksiyani x,=3 nuqtaning biror atrofida, m.asalan,
(23 4) intervalda qaraymiz. Ve>0 son olamiz va
£ (x)- 7(x,)| =]/ (x)-7(3)| ayirmani baholaymiz:
|/ (%)= £ (3)] =|-22* — 4~ (-22)|=|-2x* + 18/=2[* -9|=
x=3|<14]x =3,

::2;.\'+3

£
Bu tenglikdan Kko‘rinib turibdiki, agar §=1—4 deb olsak,

|x=3|<5 tengsizlikni qanoatlantiruvehi Vxe(2 4) uchun

|7 (x)- 7 (3)| <14]x 73}-<1A'1(s=v;14-i%=s boladi. = f(x)=-2x"-4
funksiya v, =3 nuqtada uzluksiz.
. : x o
17.21-masala. / (¥)=lim—————— finksiya uzluksizlikka tek-
o ik e =¥ 1+(25|n.\')
shirilsin va grafigi chizilsin.
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T T
.’_+nk<x<z+rrk.
: 6
x, [2sinx|<],

T
x=z=+7k,
6

W=

. X X .
x)=lim————==1=. |2sinx|=1, =
« 1 = 4 (2sinx)” |2 ]

n Sz < B
0. |2sin‘x|>1 0. Z+rrk<.\'<?+frk. keZ.

Bu tenglikdan ko‘rinib turibdiki  f(x)  funksiya

_%Htk; %ka va 2 wk; ;jg-*“ﬂ'k , keZ oraliglarda

uzluksiz hamda x=%Z+7k, keZ nugtalar funksiyaning I-tur
uzilish nuqtalari bo‘ladi. Yuqoridagi ma’lumotlardan foydalanib funk-
siyaning grafigini chizish giyin emas. > 4
18.21-masala. y=f(x) funksiya y to‘plamda tekis uzluksiz
ekanligi ta’rif yordamida ko‘rsatilsin (J5=5(¢) topilsin).
f(x)=2sinx-cosx, Y =R
a (f(x) funksiya X to‘plamda tekis uzluksiz) <
(Vf; >0 36=6(¢)>0, Vx',x"e X: [x"-x|<6 = ]f(x“)—f(x’)’ <¢)
Ve >0 son olib |f(x")—f(.\-')] ni baholaymiz:
[/ (x")= 1 (x)]= |(2sinx"-cosx") - (2sinx'- cosx')| =

a-f a+p
400S=—
9 2

=’2(sin.\"'-sinx")—(cosx“— cos.r')l = (sina —sin /= 2sin va

a-f3 a+f
0 2

cosa —cos ff =-2sin -sin

formulalardan foydalanamiz U

2 )
y .X""',\" (n '_r : '\,n_.\,l . ‘\,n_'\,v
4sin 5 COS 5 +2sin -5in }:
X .\'"k\'“
Sin——— |
e

N+

. X"-x X"+ X" x'
sin 205 o5 | +
]

=7

+sin xt x| <£2. Ltd ~(2-
2 3 R

S'.\'"~_\"l~(2+ 1)=3-[x"- \|

Bu tenglikdan ko‘rinib turibdiki «5711 deb olsak, [x" x|<o
F )
tengsizlikni ganoatlantiruvehi Vi’ x"e & uchun !_/(-‘\'") = /(,\“)[-
bo'ladi. = f(x) funksiya g da tekis uzluksiz. >
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3-§. 2-MUSTAQIL ISH

Funksiya hosilasi va differensiali. Ularning tatbiglari.
Funksiya hosilasi va differensialining ta’riflari.
Hosilaning geometrik va mexanik ma’nolari.

Turli usulda berilgan funksiyalarning hosilalari.
Yugqori tartibli hosila va differensiallar.

Differensial hisobning asosiy teoremalari.

Lopital qoidasi.

O-simvolika.

Teylor formulasi.

Funksiyani to‘liq tekshirish.

TS
Asosiy tushuncha va teoremalar

1°. Hosila va differensial ta’riflari. Hosilaning geometrik va
mexanik ma’nolari
y=f(x) funksiya (a.b) oraligda aniglangan bo‘lib, xe(a.b)
bo‘lsin. Bu x nuqtaga shunday Ax orttirma beraylikki,
x+Ax €(a,b) bo'lsin.

¢+ Ax) — x
I-tarif.  f'(x):= 1\3111”:\——— 131_1‘0&%‘{@ (1) — funksiya-

ning x nuqtadagi hosilasi.

2-ta’rif. f’(_\-q‘ l)) = lim A"—’: lim f(—)fﬁ

Av=40 Ay Av-r40 o == ang
A x4+Ax)—- F(x
hosila. f"(x~0) ;= lim = "“nf(—/_\)'/(—) - chap hosila.
x=-0 Ax  Ar— x

1 va 2-ta’riflardan quyidagilar chigib keladi:

1)Agar y= f(x) funksiya x nuqgtada f'(x) hosilaga ega bo‘lsa,
u holda  f'(x+0) va f'(x-0) lar  mavjud va
S'(x+0) = f'(x=0) = /'(x) bo‘ladi.

7)/\y'1r S'(x+0) va j"(.\'——O) lar  mavjud bo‘lib,

(x+0) = f'(x=0) bo‘lsa, unda f'(x) ham mavjud va
( Nl a()) - /'(x=0) bo‘ladi.
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1-teorema. Agar x, nugtada f ’(,\'o) mavjud bo‘lsa, u holda
y=f (\) funksiya grafigining (xo, S (xo)) nugtasiga urinma o ‘tkazish
mumkin va bu urinmaning burchak koeffitsienti f'(x,) ga teng boladi.

y=f(x)+f"(5) (x-x,)-(2) - urinma tenglamasi.

1
y=f(x0)——m'(x—xo)_(3) - normal tenglamasi.

Agar S=f(t) moddiy nugtaning sonlar o‘gidagi t vaqgtga mos
keluvchi o‘rnini bildirsa, unda Af = f(r+Af)- f(r) - nuqtaning

—f(’——m)i(’—) - o‘rtacha tezlik,
At

S'(r) esa t momentdagi oniy tezlik bo‘ladi.

3-ta’rif. Agar Ay ni ushbu

Ay=f(x+4x)- f(x)=A(x) Ax+ a(x,Av)- Ax, €
bu yerda Ax— 0 da o(x.Ax)— 0 ko'rinishda ifodalash mumkin bo‘lsa,
unda y=f (\') funksiya x nuqtada differensiallanuvchi deyiladi.

A(x)-Ax ifoda funksiya orttirmasining chizigli bosh gismi yoki
funksiya differensiali deb ataladi va dy kabi belgilanadi.

a(x,Ax) ifoda funksiya orttirmasining goldig hadi deb ataladi.
Agar 0O-simvolikadan foydalansak, Ay -0 da Ay=/1-/_\\'-4-i(/\\‘)
tenglikni xosil gilamiz.

2-teorema. y= f(x) funksiva x nugtada differensiallanuvchi bolishi
uchun shu nugtada chekli f'( x) mavjud bolishi zarur va yetarli.

3-teorema. Differensiallanuvchi funksiya uzluksiz bo‘ladi.

Agar 2-teorema shartlari bajarilsa df (x)= f'(x)-Ax=f'(x)-dx
bo‘ladi. Differensiallashning asosiy qoidalari va elementar funksiyalar
uchun hosilalar jadvali 1-§ ning 13° va 140 punktlarida keltirilgan.

At vaqt oraligfidagi ko‘chishi,

2%, Turli ko‘rinishda berilgan funksiyalarning hosilalari
a) Murakkab funksiyaning hosilasi
Aytaylik, y= f(u) va u=j(x) funksiyalar berilgan bo‘lib, ular
yordamida y = f[j(x)] murakkab funksiya tuzilgan bo‘lsin. Agar
u=j(x) funksiya x nuqtada va y=f(u) funksiya x nuqgtaga mos
keluvehi  u nuqtada hosilaga ega bo‘lsa, unda
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Y=y u, ®)
tenglik o‘rinli bo‘ladi.
b) Teskari funksiyaning hosilasi
Agar y=f(x) funksiya x nugtada f '(x)=0 hosilaga ega bo‘lsa,
bu funksiyaga teskari x=f~' (y) funksiya x nuqtaga mos
bo‘lgan 6 nuqtada hosilaga ega va
e ©)
: J’X
bo‘ladi.
d) Parametrik ko‘rinishda berilgan funksiyaning hosilasi
Faraz gilaylik, y= y(x) funksiya parametrik ko‘rinishda.

{x=¢(1)
y=y(r)
sistema yordamida aniqlangan bo‘lsin. Agar p(r) va y(r) funksi-
valar differensiallanuvchi bo‘lib, ¢'(1)#0 bo‘lsa, unda (7)-sistema
differensiallanuvchi J'=(//[(/1" (\)] funksiyani aniglaydi va

) ®)
) '
tenglik o‘rinli bo‘ladi.
e) Oshkormas funksiyaning hosilasi
Agar biror oraliqda differensiallanuvchi bo‘lgan y=y(x) fun-
ksiva F(x.y)=0 tenglik yordamida aniqlansa, und.a oshkormas
ko'rinishda berilgan funksiyaning y'=)'(x) hosilasini ushbu

L F(xy)=0 ©)

tenglikdan topish mumkin. :
Masalan, ushbu y* 4% 4+ y—x=0 tenglik yordzu'md.ﬂ 'oshkorn.]as
ko‘rinishda berilgan - \(\) funksiyaning ' hosilasini topaylik.
< (9)-tenglikka ko‘ra

(V' +y' 4y-x) =0=5p" 3y +3p* -y +y'-1=0=y

a<i<p Q)

’

_— D
5)}4 +3y1 +1
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30, Differensialning taqribiy hisoblashga tatbigi
Ma’lumki, y=f (x) funksiya x, nuqtada differensiallanuvchi

bo‘lsa, unda
Mlx)=dr(m)rod)
tenglik o'rinli bo‘ladi. Agar df (x,)=0 bo‘lsa, bu.tengllkdan yetar-
licha kichik Ay lar uchun
A (x,) = df (%)
yoki
f g +ax) = f(x,)+ f'(x)- Ax (10)
tagribiy hisoblash formulasini hosil gilamiz.
4%, Yugori tartibli hosila va differensiallar

a) y=f(x) funksiyaning yuqori tartibli hosila va differensial-

lari ushbu

f(")(x)={f("‘”(x)} =238
d”y:d(d”"y) (;1:2,3,...):
tengliklar yordamida aniglanadi.

b) Asosiy formulalar {
1) (a‘) =a"-In"a (a>0); (e')"’:e‘

Aeenttns R
7) (sinx) -sm(.\-!— 7}

sl ﬂ
3) (LO?:’) cos(x+ 5 J
4)( u) (a |) g=nt xS e R

5 3 —] n=l —l '
5) (ln\)( lj(—”—)-
X
d) Leybnis formulasi
Agar w=u(x) va y=v(x) funksiyalar n-tartibli hosilalarga ega
bo‘lsa, unda y:u(,\')-v(.\-) funksiya ham n-tartibli hosilaga
ega bo‘ladi va

A(”z,,\, " Z(LIUHU (n

k=0
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n!
tenglik o‘rinli bo‘ladi. Bu yerda 4% =5, %=y va C5=m.

(11)-formulaga n-tartibli hosilani hisoblash uchun Leybnis for-
mulasi deyiladi.

u(x)-v(x) funksiyaning n-tartibli differensiali d”(u-v) uchun
ham Leybnis formulasi o‘rinli.

59, Differensial hisobning asosiy teoremalari

Aytaylik y=f(x) funksiya [a,b] oraligda aniglangan bo‘lsin.

1-teorema. (Ferma teoremasi). Agar

1) 7(x)eC[a,b],

2) Vx&(a,b) uchun chekli f'(x)-3, :

3)ichki ce(a,b) nuqtada f(x) funksiya engkatta (yoki eng
kichik) giymatga erishsa, unda f'(c)=0 bo‘ladi.

2-teorema. (Roll teoremasi). Agar

1) f(.\')eC[a,b] 5

2) Vxe(a,b) uchun chekli f'(x)-3,

3) £(a)=1(0)
bo‘lsa, 3x,e(a.b) nuqgta topiladiki, f'(x,)=0 boladi.

3-teorema. (Lagranj teoremasi). Agar

1) f(x)e (‘[u.b]

2) Vxe(a.b) uchun chekli f'(x)-3
bo‘lsa Ix, €(a,b) nuqta topiladiki

F(b)-f(a)=1"(x)(b-a)
bo‘ladi.

l-natija. Agar Vxe(ab) uchun f'(x)=0 bo'sa, unda (a,b)da
f(x)=const  boladi.

2-nafija. Acar f(x) funksiya (a,b) intervalda chegaralangan f "(x)
hosilaga ega bo'lsa, u holda f(x) (a,b) da tekis uzluksiz bo ‘ladi.

Lagranj teoremasini ba’zi bir tengsizliklarni isbotlashda qo‘llash
mumkin. Masalan, (1+x)“21+cx Bernulli tengsizligi vx>-1 va
o »1 da o‘rinli ekanligi isbotlansin.
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al-hol. x>0 bo'lsin. Unda f(u)=(1+u)", u€[0,x] funksiya
uchun Lagranj teoremasiga ko‘ra 3x, €(0,x) nugta topiladiki
f(x)—f(0)=(1+x)°—l=a-(l+x0)""-x>ax bo'ladi = (1+x)">1+ox
2-hol.-I<x<0 bo‘lsin. Unda f(u)=(1+u)", ue[x,0] funksiya
uchun Lagranj teoremasini qo‘llaymiz. =5 e(x;o)
1(0)-£(x)=1-(1+2) =a-(1+5,)" - (0-x)=((1+x, <1)) <—ax = (I+ax) > | 4oax.
3-hol x=0 bo‘lsin. Unda (1+x)“=1+ax=1 bo'ladi. Endi 3 ta
holni umumlashtirsak, isbot gilishimiz kerak bo‘lgan Bernulli teng-
sizligini hosil gilamiz. -
4-teorema_(Koshi teoremasi). Agar
l)f(x),g(x)eC[a,b],
2) Vxe(a,b) uchun chekli f'(x)va g'(x)-3 hamda g'(x)#0
bo‘lsa, unda Eixae(a,b) nugta topiladiki,
£(B)=F(a) _1'(x)
g(b)-g(a) 2'(x)

tenglik o‘rinli bo‘ladi.

6°. Anigmasliklarni ochish. Lopital qoidalari

2-§ da ko‘rganimizdek funksiya limitini hisoblashda biz % ;
0-m, w-o, 1%, (° va shu kabi anigmasliklarga duch keldik. Bu
anigmasliklarni ochishda Lopital qoidalari katta yordam beradi.

Teorema. f(x) va g(x) funksivalar uchun quyidagi shartlar
o'rinli bolsin.

1) f(x)va g(x) funksiyalar a nugtaning biror atrofida aniqlan-
gan va chekli hosilaga ega,

2) lim / (x)=limg(x) =0,

3)a nugtaning shu atrofida [:/'(x)T' ~!—;—;{'(,r) [ =0,
=f{x)

< g (%)

)

-chekli yoki cheksiz.
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U holda

llmf() lim (x)
—ig(x) e g'(x)

tenglik o‘rinli bo‘ladi.
Izoh: Agar bu teoremaning shartlari @ nuqtaning chap (yoki

(e
o‘ng) yarim atrofida bajarilsa, unda teorema g—EX% ning a nuqta-

dagi chap (yoki o‘ng) limitiga nisbatan o‘rinli bo‘ladi.
Yuqoridagi 0 ko‘rinishidagi anigmasliklar uchun Kkeltirilgan

. . D .0, . . . . € .
Lopital teoremasi = ko‘rinishidagi aniqmasliklar uchun ham o‘rinli

s : 0 <
bo‘ladi. Boshga ko‘rinishdagi aniqmasliklar esa — va —

TERENE ¥ 0 &
ko‘rinishidagi anigmasliklarga keltiriladi.

7°. O-simvolika

Funksiya limitini hisoblashda va funksiyaning asimptotik xarak-
terini o‘rganishda «o-kichik» va «O-katta» tushunchalari muhim
ahamiyatga ega. Biz ¢ nuqta deganda chekli son yoki oo ni tushu-
namiz. & chekli bo‘lgan holda nuqtaning atrofi deganda quyidagi
to‘plamlardan biri tushuniladi: (a-d:a), (a:a+6), (a—&a+5),
bu yerda §>0. Agar ga=o bo‘lsa, u holda @ nuqtaning atrofi
deganda quyidagi to‘plamlardan biri nazarda tutiladi: (—w:—A),
(A,+») yoki (—o0:=A) U (A,+0), bu yerda A >0. Aytaylik, berilgan
funksiyalar ¢ nuqtaning biror atrofida aniglangan bo‘lsin.

I-ta’rif. Agar shunday o‘zgarmas g son topilsaki, ¢ nuqta-
ning biror atrofida

‘(p(,\‘)‘ <K ~ll//(.\')l
tengsizlik bajarilsa, u holda shu atrofda ¢(x) funksiya w(x) ga
nishatan O -katta deyiladi va @(x)=0(g(x)) kabi belgilanadi.
2-ta’rif. Agar « nugtaning biror atrofida o(x)=a(x) w(x)
tenglik o‘rinli bo'lib, l\h.\.\,a(,\-):o bo‘lsa, unda x—a da @(x)
funksiya /(x) ga nisbatan o -kichik deyiladi va o(x)=o{w(x))
kabi belgilanadi.



o(x) _

LmoN

po‘lganda ¢(x)=o0(y(x)) bo‘ladi.
Izoh. Quyidagi tengliklar o‘rinli:
D) o 7)) +o(s () =0/ ()
2) Ko((5)=o(s().
3 o (f(x) o f(x))=0(/ (=),
9 o) 0(r()=olr)
5) x—0 da x' —o(x )c>m>n
6) x—>wo da x'"=o(x")<:>m<n,
3-ta’rif. Agar x—a da (/)(x)—t//(.\')=o(l//(x)) bo‘lsa, unda
x—a da ¢( ) va l//(x) funksiyalar ekvivalent deyiladi hamda
¢(x)~w(x) kabi belgilanadi.
p(x)

Bu ta'rifdan ko‘rinadiki, agar y(x)#0 bo‘lsa, unda lim

=1
x=a ,//( )

bo‘lganda ¢(x)~w(x) bo‘ladi.
1-teorema. Agar ushbu

lim——~——¢(x)+()(¢(X)) yoki lim(/)(x)
=y (x)+0(p(x)) a7 (x)
limitlardan birortasi mavjud bo‘lsa, unda

nn~—————¢(x)+0((/)(x)) = limZ}—(’—".—)
xvayy(x )+()(//(.r)) =y (x)
tenglik o‘rinli bo‘ladi.
I-teoremadan foydalanish samaradorligi Teylor formulasi yor-
damida yanada oshadi.
2-teorema. Agar f(x) funksiya « nuqtada ['(a),
f"(n),‘..,f(“)(a) hosilalarga ega bo‘lsa, u holda « nuqtaning bi-

ror atrofida ushbu

7 (x)=f(a)+: (\_ 1)+ .. +-’-,—,_(i’)(_\- a) +0((x~a)').

Peano ko* rmlshldagl qoldiq hadli Teylor formulasi o‘rinli bo‘ladi.
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Natija. x— 0 da quyidagi tengliklar o‘rinli bo‘ladi.

1. (1+x)" =l+mx+ m(,;-l)xz +ot m(m—l)...gm—n+1)x,, +o(x")
1 n!

.\'2 "
hies =l+x+—+...+—+o(x")
2! n!

el X o1y s,
3. 1n(1+_\)—.x-—2—+...+(—1) l-—+o(x)

n
i e —:\,—3 pad x:n—l o
4, sinx=x 3!+...+(—~l) .(2n—l)!+0('\2)
; = _i e ) i
5. cosx=1 2!+...+( 1) (To!+o(.\ 4
1t 5
6. t X=x _-_: ‘.4
gx \+3\ +o(\ )
1
7. arctgx=x-—x"+o(x*
arctg x = x 3 +o().)
; . Incosx+x*
Misol. lim hisoblansin.

0 sinx-rgx

1085 > 2
: In| 1——x +n(.\') + X

. alnicoS kg ke 2

4 lim =lim =

=0 sinx-gy X0 (,\-+o(.\'2))(.\‘+0(-\'2))

l 2 2 2
X +o(.\' )+ x =X
§ ) 1
lim—&————————=lim&—=— -
x—0 X"+ ()(.\") X0 K 2

Izoh. Limitni hisoblash jarayonida biz natijada keltirilgan 5, 4,
6, 3 tengliklardan va 1-teoremadan foydalandik.
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8. Funksiyalarni tekshirish
a) Funksiyaning monotonligi
Faraz gilaylik , y=f(x) funksiya (a,b) oraliqda berilgan boIsin.
1-ta’rif. x, >x fengsizlikni qanoatlantiruvchi ¥x,.x, € (a.b) uchun
f(x )>f(\¢,) (f(x)<f(x)) botsa, f(x) funksiya (a,b) oralig-
da o‘suvchi T (kamayuvchi ) deyiladi.
Agar funksiya o‘suvchi yoki kamayuvchi bo‘lsa, bunday funksi-

yaga monoton funksiya deyiladi.

I-teorema. f(x) funksiya (a.b) intervalda chekli f'(x) hosilaga
ega bolsin. Bu funksiya shu intervalda o‘suvchi (kamayuvchi) bo lishi
uchun (a,b) da f'(x)=0 ( f'(x)<0) bo'lishi zarur va yetarli.

b) Funksiyaning ekstremumlari

y=[(x)funksiya (a,b) intervalda benlgan bo'lib, x, €(a.b) bo'lsin.

2-ta’rif. Agar x nugtaning 3 U 0 atrofi mavjud bo ‘Isaki,
vrelJ, (%) uchun

I)ss(x)  (F(x)25(x))
tengsizlik o‘rinli bo‘lsa, f(x) funksiya x, nuqtada maksimumga
(minimumga) erishadi deyiladi. f(x,) giymat f(x) ning maksi-
mum (minimum) gqiymati deyiladi va

/(%) =_‘Ti>(gﬂ'{./'(x)} ' I(x)= ngiﬂ ,{ffx)}

kabi belgilanadi.
Funksiyani maksimum va minimumi umumiy nom bilan uning

ekstremumi deyiladi.

2-teorema.(Ekstremumning zaruriy sharti). Agar f(x) funksiya
x, nugtada ( x,€(a.b) ) chekli f "(x,) hosilaga ega bo'lib, bu nug
tada [ (\) Junksiya ekstremumga erishsa, u holda ['( x,) =0 bo'ladi.

Endi funksiya ekstremumga erishishining yetarli shartlarini kel-
tiramiz.

Faraz gilaylik, y=f(x) funksiya x,nugtada uzliksiz bo‘lib,
U, (x)g {x,} da chekli f'(x) hosilaga ega bo‘lsin.
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3-teorema. Agar f'(x) hosila x, nugtadan o'‘tishda 'o‘z ish:i)-
rasini musbatdan (manfiydan) manfiydan (musba‘tdan)'o zgt'lﬂlrsq. 1114" "1-
S (x) funksiya x, nugtada maksimumga ~ (minimumi) 'ertshadl‘ g:jla
J'(x') ishorasini o‘gartirmasa, u holda f(x)funksiya x,nuqta
ekstremumga erishmaydi. ;
4-teorema. f(x) funksiva x, nugtada f',f",..f" hosilalarga
ega boib
i n-| (n)
F(50) = £ (50) == £ (1) =0 1 (30) %0
bo‘lsin. Unda
I)agar n juft son bo‘lib,

f(")(.\'o)<0 (f(")(xo)>0) . :
bo'lsa, f(x) funksiya x, nuqtada maksimumga (minimumga) erishadi.

; em-
2)agar n toq son bo‘lsa, f(x) funksiya x, nuqtada ekstr
umga erishmaydi.

i i ilasi mavjud
Funksiyaning hosilasi nolga aylanadigan YOkfl 2?5‘1351 Imay
bo‘lmagan nuqtalariga uning kritik nuqtalari deyi alLd o
Izoh: Funksiya hosilasi mavjud bo‘lmagan nuqta .ﬂr_a‘l ‘funksiya
ksiya ekstremumga erishishi mumkin. Mas_nlan, j(}.)—|-: i
uchun 7'(0)~ mavjud emas, lekin funksiya y=0 nugta
mumga erishadi. ek
Z i ¢ shu
[u.l»] kesmada uzluksiz bo‘lgan f(x) funk.51.ya ozm(ljl;g i
kesmadagi eng katta (eng kichik) qiymatiga kritik nugta
kesmaning chegaraviy nugtasida erishadi.
5 . - o el 31 lari
d) Funksiyaning qavarigligi, egilish nugta ’ )
7 : : rafigi
3-ta’rif. Agar (a,b) oraligda berilgan y= f(x) .ﬁmks:.ya;g cizgn
v [,\‘ v, | (a.b) kesmaning chetki nugtalarini turashnruvcl/:l va a; e
P : ] : | orali
yuqorida (pastda) yotsa, unda y=f (A) Sunksiya [”’ ] q
qavariq (botiq) deb ataladi. . : o
5-teorema. y= f(x) funksiya (a,b) intervalda a’"q/a:g'”".l’"i:
bu intervalda chekli f'(x) hosilaga ega bo‘lsin. {(‘) f"” ‘Z’c}: b) di
(a.b) da qavarig ~ (botigu) bo'lishi uchun f (x)ning (a,
: : Yishi zar tarli.
kamayuvchi (o‘suvchi) bo‘lishi zarur va ye. : -
G-teorema. y=f(x) Junksiya (a,b) intervalda aniglangan
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bu intervalda ikkinchi tartibli f"(x) hosilaga ega bosin. j (;v) ning
a,b) intervalda () bo'lishi uchun shu intervalda f (x)=0
2 o "2\-)20) tengsizlikning bajarilishi zarur va yetarli. oty

4-tarif. Agar x=a nugtadan o‘tishda y=f(x) funksiyaning
grafigi qovarigligi yoki botigligini o%gartirsa, u holda x=a nugta
funksiya grafigining egilish nuqtasi deyiladi.

e) Funksiya grafigining asimptotalari

5-ta’rif. Agar limf(x):w bo'lsa, x=a to'g’ri chiziq y=f(f\')
funksiya grafigining vertikal asimptotasi deyiladi.

6-ta’rif. Agar lim f(x)=b bo‘sa, y=b tog¥i chizig y=f(x)
funksiya grafigining gorizontal asimptotasi deyiladi.

7-ta’rif. Agar lim[ f(x)=(ax+b)]=0 botsa, y=ax+b 107
chizig y=f(x) funksiya grafigining og‘ma asimptotasi deyiladi.

T-teorema. y=f(x) funksiya grafigi x — +wda y=ax+b og'ma
asimplotaga ega bo‘lishi uchun

Jim /() =4, ‘l_i.lzl,[f(x)—ax]:/;

xebs0 oy
bo‘lishi zarur va yetarlidir.
Bu teorema x-» - da ham o‘rinlidir.

9%, Funksiyalarni to‘liq tekshirish va grafiklarini chizish

Funksiyani to‘la tekshirish va grafigini yasash quyidagilarni anig-
lash yordamida amalga oshiriladi.

1) Funksiyani aniqlanish sohasini topish.

2) Aniglanish sohasining chegaraviy nuqtalaridagi xarakterini aniglash.

3) Funksiyaning juft yoki toqligini va, agar imkon bo‘lsa, boshga
markaz va simmetriya o‘glarini aniglash.

4) Davriylikka tekshirish.

5) Uzilish nugtalarini topish va ularning turini aniglash (2-punkt-
ni to‘ldiradi).

6) Koordinata o‘qlari bilan kesishish nugtalarini topish.

7) Funksiyaning ishorasi o‘zgarmaydigan oraliglarni aniqlash.

8) Monotonlik va ekstremumga tekshirish.

9) Egilish nuqtalari, qavariglik va botiglik oraliglarini topish.
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10) Asimptotalarni aniglash

11) Tekshirish natijalarini yo‘llari x, y, f(x), f'(x), f"(x) larga
mos bo‘lgan jadval ko‘rinishida ifodalash (oxirgi yo‘lda fagat isho-
ra aniqlanadi).

12) Jadvaldagi nuqtalarni tekislikda ifodalash.

13) Asimptotalarni yasash.

14) Yugoridagi tekshirish natijalarini hisobga olgan holda tekis-
likdagi nugtalarni chiziq yordamida tutashtirish.

Izoh: Agar funksiya parametrik ko‘rinishda yoki qutb koordina-

talar sistemasida berilgan bo‘lsa ham u yuqoridagi sxema yordam-
ida tekshiriladi.

NN R LN —

Nazorat savollari

. Funksiya hosilasining ta’rifi.

. Bir tomonli hosilalar.

. Hosilaning geometrik ma’nosi.

. Urinma tenglamasi.

. Normal tenglamasi.

. Hosilaning mexanik ma’nosi.

. Funksiya differensialining ta’rifi. »

. Differensiallanuvehi va uzluksiz funksiyalar orasidagi bog‘lanish.

Murakkab funksiyaning hosilasi.

. Teskari funksiyaning hosilasi. ;
. Parametrik ko‘rinishda berilgan funksiyaning hosilasi.
. Oshkormas ko‘rinishda berilgan funksiyaning hosilasi.
. Differensial yordamida taqribiy hisoblash.

. Yugqori tartibli hosila va differensiallar.

. Leybnis formulasi.

. Ferma teoremasi.

Roll teoremasi.

. Lagranj teoremasi.

Lagranj teoremasining natijalari.

. Koshi teoremasi.
. Lopitalning birinchi qoidasi.
. Lopitalning ikkinchi qoidasi.

O -simvolika.
F'eylor formulasi.

. Funksiyaning monotonligi. A -

. Birinchi tartibli hosila yordamida funksiyaning ekstremumini lODl.Sh.
. Yuqori tartibli hosilalar yordamida funksiyaning ekstremumini topish.
. Funksiyaning qavarigligi va egilish nuqtalari.

. Funksiva grafigining asimptotalari.

Funksivani to‘la tekshirish va grafigini yasash.
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=B
Maustagil yechish uchun misol va masalalar
1-masala. Hosila ta’rifidan foydalanib /'(0) topilsin (agar u
mavjud bo‘lsa).

3
il . o o c =0
1ol x> +x%sin—|. 0 sm[xsm ‘),.\¢,
11 f(x): g(x +x smx] X 2 f(x): -

0, x=0. 0, x=0.
(Xz 1 ) o 0, x=0,
arcsinf x* cos— |+=x,x%0, 5
= 9. 3 )= -
13 /0 [o : 14 /0 1+1n(1+fsin1J Lx#0,
, x=0. x

i -

arctg xcos—J,x;tO, sin(e" —1]+-\’,x¢0.

15 f(¥)= 5x 5=\
(M=) 0, x=0.

¥ -cos—+—,x #0.
Drx=0, ] 2

e Osex= 0
Inf 1 = [Lx#0, i
17 ()= n{ sm(rsmxﬂ E (x)={ S P

-\ |arclg| x =x%sin— [,x#0, x?-cos” —,x#0,
19/(%)= 7 g(r X smeJ X # L f(x)= ’ =

lo‘ ¥=0, 0x=0;

ahiT %o |
2x° +x“cos—,x#0,
w

L1 f(\') jsm\ cos—— x#0, 1.]2./“)

Oicxi=0; Jx=0,

__;ﬁ

In cos X “

e
1.13f(x)= x+dmsm(.\' sm;}.x;to T f \) J'
I

10, x=0. 0, \*0
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et gl
2 —1+r] x#0, 6x+xsin—,x#0
X

115 f(x)= g( 116 f(*)=

0,x=0

e.\‘-sinSx a3 ], X 0’

118 f (x)={0

0,
arctgx - Slll—,:\ #0,
RS {

y x=00

f(x)=2x" +xcos—, x =0, ﬂ‘mv_ 2 =0,
1.19 ox’ 120 A= ST
0Sxi=0; 0x =0
0=
1.21 f(v"):le’: —cosx

X

x#0.

2-masala. Funksiya grafigining abssissasi x, bo‘lgan nuqtasiga
o‘tkazilgan normal (2.1-2.12 variantlarda) yoki urinma (2.13-2.21
variantlarda) tenglamasi topilsin.

2.1 y- *‘1’1‘;;..\",:2, 2.2 y=2_\-2+3_\--—l,_\‘0=—2.
23 y=x-xx=-1. 2.4 y=x3+8J7—31x0=4-
2.5 Yy =X+ \/’_\V_,\‘“ — ke 2.6 '\7:{/;'?—-20’)'0:—8
1 4 \/.\
27, Y=o A, 2.8 y=84x-170,x,=16-
VX 5
2 —3x+6
2.9 y=2x*~3xa1x =1 2.10 J’=:\——‘_3—“‘v"u:3'
' X +3
211 ) J 5\/\__\‘ 64 . 2:12 V= \1 7x()=2-
k x -2
X +6
213 y=2x*43x =1 214 y=2"" x =1,
y x4l
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2.15 y=2x+1,xo=1-
X

2.17 —.xs_+1r-]
M e

219 y=3(¥x-2x)x, =1,

2.21 y=—f—,xo=—2.
x +1

3-masala. Differensial yordamida ifodaning tagribiy giymati hisob-

lansin.
3.1 y=3%x,x=17,76.

Il “;"",x=o,9s.

35 y=Yx*+2x+5,x=0,97-

3T y=x sx=107]
3.9 y=¥x x=103.
311 y=\dx—1,x=2,56.

1
e
V2xP 4 x+1

[
3.15 J'=T,x=4-16.
X

3.17 y=x",x=2,002.

3.19 y=+4x-3,x=1,78.
3.21 y=4Ux’+Tx,x=1012.

,x=1,016

5 2(x“+2) =
2.16 y-—m”‘o‘ -
16

218 y=2

e
=5
A = s X =2.
g 3x+2 %o

32 y=3x,x=27,54.

3.4 y=arcsinx,x=0,08.

3.6 y=+/x*+x+3,x=197-
3.8 y=x",x=0,998.

B0y =x" x=201.

y=3F,x=1,03.
y=All+x+sinx,x=0,01.

3.12

3.14

3.16

y=3Y3x+cosx,x=0,01.

X
y= </2,\' ~sin—=,x 1,02,

y=x +5.x=1,97

3.18

3.20
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4-masala. Hosila hisoblansin.

3x %
e

4.3 =

4 2x+7
4.5 V= \/_
47 y= \/—

x+7

49 y=—p—-—o

4.11 V=33

4.13 ‘y:_w).i/;—\_': +x+1

415 V= ——
" (\|’7)\/A\'1l‘\‘1§
4.17 U 1:(3x+2
4x*
4.19 v I+x
q'\/l! ‘\
4.21 Y X+ x -2

4.2 y=2- [-x
] ERES

xZ

44 y=

x—1

(2x2+3)-x/x2—3

ox®

4.10 _)’=(l—x2)-5’_\'3+;l‘.-

X 2 ¢

48 y=

4.12 y=

¥ +8x* —128

4.14 y=——ﬁ__

N3
445 e (';‘) ,

(x2—2)~m

418 el

24x°




5-masala.

amgr

(arctgx)
53 y= (smr) 3
5.5 y=(ln )
S = (ctg3x)
59 y=(ig)" -
511 y=(xsin )Si"(m"')

4y
5.13 y=x"7.
515 ¥=

5.17 V= 9"'“. wr.';
5.19 y=i'
521 Y=o

Hosila hisoblansin.

52 y= (sin \/;)]nsm& :

54 y= (arcsin r) .
5 6 y NCS"\\"

5.10 y.—:(coss;r)vx.
512 y=(x"+4
514 y=(x*+5
5,16 y=(x+1)™.

518 y=x*-2".
5.20 y ‘

6-masala. Funksiya grafigining abssissasi x, =x(f,) bo‘lgan nuq-
tasiga o‘tkazilgan urinma va normal tenglamalari topilsin.

x=+3cos
6.1 { :

|
J,\':3(I—sinl)
|

y=3(1-cost) 1, =

y=sintl,=—

78

J.\'=I(lcost - 2sint)

6.2 iv t(tsint +2cost), 1, =~ ]-
| '

{\‘ 3at
J 1442
6.4 !V 3al )
{ I~a—1"
Jf.x‘-.Zln(ctgl)-s 1
6.6 l

y=tgl+ctgt,l,

6.8

L
y=atsint,f, =

J\ = at cos/
g 2



x=sin’¢ A=’_+1.
6.9 y=cos’ 1,1, E L
6

J.v:arcsin . =
1+ = +t
6.11 1 6.12 ln 1
ly:arccos ,[O:I =f- arctgr fo—]
172
_l+Inz
e e = 1(1 smt
A3
3+2Ins 6.1 y=t-cost,t, =0
p=——n 1 =1
[
1+1 l+r
x— 4
4 r g L
6.15 Sin )
y=——7+—f,=2 t,=2
2t mit
’.\'zasin"l x=3cost
6.17 .ly:ucos"l.l(, =% 6.18 | —4sins,r, =2
[\ IslnH (.osl)
) {\-l—r
6.19 | _T 6.20
= =1 L)l =— ) =
i_\ a(sin cos ) =7 =
\ x=1~—¢
Dil |y=r-r1,=2
7-masala. Parametrik ko‘rinishda berilgan funksiyaning ikkinchi
tartibli hosilasi hisoblansin.
[ X = COS 2/ J.\-:-.\h"-'_l X = “__’.2
7481 ok y 7.2 7.3 ]
[l' 2sec”t 1y=lnl y=-
!

19



x=Af-1 x=¢é' cost {x—cos 1
o 73 1y =¢sint 76 | y=g'
Jt I
x=-
{x=t+sint i {x= =8 = ! :
1.1 :

3 =2~ T y=In(r-2 e
y=2-cos y=in(i-2) -
x=At

x =sint { x=t—sint
7.10 {y:ln(cost) 7.11- y=—1T1 1.12 {y 2 —cost
—Igl
x=sint X =cost
7.13 {y=sec’ 7.14 {yz.]n(sinj) 51n7l
: x=q/1-1
x=cost+1sint 5 =
1 {y=sint-—lcost L )’=": feis {v arcsin/
x= JI=2(’—Sin’) j\ =/ +sint
7.19 y:.-ih-—] 7.20 ]\)’:4(2+COSI) 7.21 l):.'llu)xl

8-masala. n-tartibli hosila hisoblansin.

8.1 y=sin2x+cos(x+1).

8:5 y=2"

2x+5

87 Y= 3Ex+1)"

8.9 y=sin(x+1)+cos2x.

8'2 ), = \"'(‘/7' 1 .
84 y=Ig(5x+2).
86 V-
08 =

8.10 =3
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_4x+15
St

8.11 y 8.12 y=Ig(3x+1).

X
8.13 y=75". 8.14 y_m.

4 o bl
8.15 Ve 8.16 V¥ 13-(2x+3) *

8.17 y=5%9, 8.18 y=sin(3x+1)+cos5x.
11+412x

8.19 5= . : :
Vol e

8.21 y=Ig(2x+7).

9-masala. Quyidagi tengsizliklar isbotlansin.
X
9.1 ]n(l+.\')>T+—x,.\'>()‘ 9.2 In(l+x)<x,x>0.
9.3 2t xER: 9.4 >ex,x>|.
9.5 '~d'>n(b-a)d”,0<a<hneN, 9.6 (a+b)" <a”+b",0<p<l.

x 1
9.7 cosx >l =—=x>i0k 9.8 2/x>3-=.x>.
5 x
X 3
9.9 sinx>x- ;(7..\' >0 9.10 arctgx> x - '?,0< x<1h
)
X X ¥
9.11 c'2l+x+—+..+=—x20neN. 9,12 m'clg.\'<.\'—'?,0<,\-$1_
FA n
ok ) £
9.13 In(l+x)Sx-—+=,x20, 9.14 e'2l+x+—,x20,
2 3 2!
7= T e
9.15 InT <L=0<p<a. 9.16 ¢ slexsizs0
or. 9 2!

&

9.17 ¥~y s (x-y), 0<y<x, p>1. 9.18 ln(l+x)2x-:§—,x20.
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9.19 |arctga—arctgh|<|a—b|.

9.20

T e
b a

9.21 b" —a"<n-(b—a)b"",0 <a<p,neN.

10-masala. Limit hisoblansin.

10.5 [m&_.

10.7 lim ' (0.01)",

. X +sinx
10.9 lim _—,
w5 0" 4 cosx
3
= sl
10.11 lim ———

w40 7+ cosx

2 x

10,131t

o gin x4 ¢

4 =]
10,15 limes e

w47 0" fsiny

10.17 lim(x7? - crg’y),

!
10.19 lim ( ’E’EJ

x=0 x

10.21 lim (cosx)ﬁ.

X0

10.2

10.4

10.6

10.8

10.10

10.12

10.14

10.16

10.18

10.20

lim In(1-x)-cigzx

lin} (2 oS 2_\.)lx.r.v .

X

lim [ng —(1-sin x)~I ] _

X
)
; 2
lim+/xIn’x,
x40

fim x**

x40

lim [(r - l)_I ~In”" 4\} ;

x=l

lim (.\": ~sin™ .\') :

=0

lim x™%"

X440

lim[(c’ e l) : —x 'J

x40

Jim (£gx)"**
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11-masala. Quyidagi masalalar yechilsin.
11.1 Yig'indisi o‘zgarmas a soniga teng bo‘lgan 2 ta musbat

sonning m va n darajalari (m>0,n>0) ko‘paytmasining eng Kkatta
giymati topilsin.

11.2 Ko'paytmasi o‘zgarmas a soniga teng bo‘lgan 2 ta musbat
sonning m va n darajalari (m>0,n>0) yig‘indisining eng kichik
giymati topilsin.

11.3 Yuzasi Sga teng bo‘lgan barcha to‘gri to‘rtburchaklar
ichidan perimetri eng kichik bo‘lganini aniglang. s

11.4 Kateti va gipotenuzasi yig‘indisi o‘zgarmas bo‘lgan togm
burchakli uchburchaklar ichida yuzasi eng katta bo‘lganini aniglang.

11.5 V hajmli yopiq silindrik bankaning o‘lchamlari qanday
bo‘lganda u eng kichik to‘la sirtga ega bo‘ladi?

11.6 \—*;—=1 ellipsga tomonlari ellipsning oqlariga parallel
a” )"

bo‘lgan shunday ichki to‘g‘ri to‘rtburchak chizingki, uning yuzasi
eng katta bo‘lsin.

11.7 R radiusli yarim sharga asosi kvadratdan iborat bo‘lgan

shunday ichki to‘g‘ri parallelepipedni chizingki, uning hajmi eng
katta bo‘lsin.

11.8 R radiusli sharga shunday ichki silindr chizingki, uning
hajmi eng katta bo‘lsin.

11.9 R radiusli sharga shunday ichki silindr chizingki, uning
to‘la sirti eng katta bo‘lsin.

11.10 R radiusli sharga shunday tashqi konus chizingki, uning
hajmi eng kichik bo'lsin. -

11.11 Yasovchisi / ga teng bo‘lgan eng katta hajmli konusning
hajmini toping.

11,12 M(p,p) nugta va y* =2px parabola orasidagi eng gisqa
masofani toping.

11.13 A(2,0) nuqta va x* +)* =1 aylana orasidagi eng gisqa va

eng uzun mascfalar topilsin.

11.14 '\, ; =1 (0<p<a) ellipsning B(0;-h) nuqtasidan
2

a”
o‘tuvchi eng katta vatarini toping.
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11.15 E:—+X;=1 ellipsda shunday A (x,y) nugtani topingki,
a
shu nuqtadan ellipsga o‘tkazilgan urinma va koordinata o‘qglari yor-
damida hosil bo‘lgan uchburchakning yuzasi eng kichik bo‘lsin.

11.16 R radiusli doiraga shunday ichki to‘g‘ri to‘rtburchak chiz-
ingki, uning perimetri eng katta bo‘lsin.

11.17 A(1;2) nugtadan shunday to‘g‘ri chiziq o‘tkazingki, shu
to‘g'ri chiziq va musbat yarim o‘glar yordamida hosil bo‘lgan uch-
burchakning yuzasi eng kichik bo‘lsin.

11.18 a musbat sonni shunday 2ta musbat qo‘shiluvchiga ajrat-
ingki, ular kublarining yig‘indisi eng kichik bo‘lsin.

11.19 Uzunligi / ga teng bo‘lgan setka bilan bir tomoni devor
bilan to‘silgan shunday to‘g‘ri to‘rtburchak shaklidagi yer uchast-
kasini o‘rash kerakki, uning yuzasi eng katta bo‘lsin.

11.20 Teng yoqli uchburchakni 2 ta teng yuzali uchburchakka
ajratuvchi eng kichik kesmaning uzunligi topilsin.

11.21 Derazaning perimetri P ga teng, yuqori qgismi yarim
doiradan iborat bo‘lgan to‘g‘ri to‘rtburchak shaklga ega. Deraza-
ning o‘lchamlari ganday bo‘lganda undan eng ko‘p yorug‘lik o‘tadi?

12-masala. Birinchi tartibli hosiladan foydalanib funksiyaning
grafigini chizing.

s IR
12.1 y=x*(x-2). 122 y== Z HROX=0;
12.3 y=2-3x"-x. 124 y=(x+1)"-(x-1)".
12:5 -y=2x 33>~ 4, 12.6 y=3x*-2-x".
12.7 y=(x-1)-(x-3). 12.8 y—,fﬂifiwﬁ.
129 y=6x-8x". 1210 y=16x"-(x-1)".
12115 =254 35 =5, 12,12 y=2-12x*-8x.
1203 R@est@ 1)) - 124 y=2++9x +12x.
12.15 y=12x*-8x*-2. 12.16 y=(2x-1)"-(2x-3)".

84



12.17

y:

27(.\'J —-xz)

1209/ )
16

12.21

)):

16

57 -(X—4)2

—X.

12.18 y=fL]2;_x-z—).

12.20 y=16x"—12x>-4.

13-masala. Funksiyaning asimptotalarini toping va grafigini yasang.

131 y=

=i
133y
4x -3
D
13.5 V=",
Vx =2
139 y=X*3%
- 2-3x
3x? -7
13.9 y=2
2x+1
D — x°
1311 y=———
\(),\‘" -4
1348 pmet
4dx -5
318 yelt
3x" -4
13.17 v 4x" +3x°
P
A et
x=2
4x* -3x
132 it
4x° —1

x —2x>—3x+2

e
; VXt -1
23 =3x% —2x+1
=k
D=
7x+9 "
X +16
9x* -8

134 y=

13.6 y=

13087 =

13.10 y:{jﬂ
3x-2

dnl|

13.12 1=—4—\/—\——:

4x* 49
1334 Ve
1 R
X =3
1316 S
3x -2
2x° +2x* -3x-1
) =l
X =5%
Si=air s

13a8% =

13.20  y=
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14-masala. Funksiyani tolig tekshiring va grafigini yasang.

X +4
14.1 V="
X

14.3 y=x:+2x.

x* —3x+3
x—1
¥ —4x+1

14.7 y= ot

(1)

149 y=-—
X

1 4
14.11 y=(l+—) s
x

9+ 6x —3x*

X =Dx e
=1V

14.15 )’=(’_“‘J .

x+1
e 4x
14.17 (x+l)1'

14.5 y=

14.13

14.19 }’=m_—3.

X —xefnl

14.21 y=
x-1

”

4x
14.2 y= 0
3+x

12x

14.4 y=9+x2

A

146 y=——:
0

251

2

14.8 y=

A

X
1410 Y=

198y
L
8x
14.14 L AR
35t +1
14.16 )’=Jll_.‘+ :
8(x—1)
14.18 J’=——*—(\_+I):'
4+ x —
Wby =
x +2x-3

-D-

Namunaviy variant yechimi

1.21-masala. Hosila ta’rifidan foydalanib, /'(0) topilsin.

¢ —cosx a0
f(,\') - % s A y
0,x=0
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& —cosAv
e A iy o -l
f(0)~=hl‘-f( )=/ )=h — A —|ll"‘e& oosA"=Iim( ) < =
A0 Ax A= Ax A= Ax Av—d) A
A Fsints sinAx i
. e —1 . ]-cosAx o PR § o Jeis
= lim < = =] +— £ | =l+===.P
A i =l i o 272
2

2.21-masala. Funksiya grafigining abssissasi x, bo‘lgan nugtasiga
o‘tkazilgan urinma tenglamasi topilsin.

20

D =-2;

= 0
X RER

< Ma’lumki, urinma tenglamasi
R =f(-"o) +f’(.\‘o)'(.\‘—-\'0)
-

korinishga ega. f(x,)=/(-2) =ZT):—1=—
2 E

w1

’

o2 ) L2 ) R
=[] - R

=

30
O l (%)

$ ((x+2)= Urinma tenglamasi: 3x+25y+16=0 »

3.21-masala. Differensial yordamida ifodaning taqribiy qiymati
hisoblansin.
y=¥ +7x, x=1,012
4 Tagribiy giymat
S (g + /\_\‘):f(x(,)+f'(.\'(,)-L\\' (8]
formula yordamida hisoblanadi.
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R AR £ Ll

1UAEN

Bizda

’
'

f(Jr)=\/3 xtilx, =l Ax=0,0|2:>f“(x)=(\/‘ o +7x) =|:(:€ +7x)§:| =

'

=l-(x3+7.\')-§‘(x3+7.\') =L:+—7——~:>f(xo)=i/l+7 =7
. 3‘13'():"‘ + 7.\')'
; =l =m=§
F®)=33"1"6

Topilgan ifodalarni (1) tenglikka olib borib go‘yamiz:

.3’(1,012)3+7-l,012=2+%-0,012=2+5‘O,002=2.0ll>

4.21-masala. Hosila hisoblansin.

e vy e TR s S
R () (1-)ss( 0 2)

e -2

x(Sx" —~6x* +2x’ ~3x + 2)
(X2 —l)-\/l -x

5.21-masala. Hosila hisoblansin.

(7d

ymxtt st

[e'"(‘:”J e ‘[In(.\'z‘ -5 )} =x".5" [2xInx +x-In ’ilr

=x¥.5"[2Inx+2+In5]=x>.5" (24In5x*).0
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6.21-masala. Funksiya grafigining abssissasi x, =x(f,) bo‘lgan
nuqgtasiga o‘tkazilgan urinma va normal tenglamalari topilsin.

x=1-1,
Y=t=ri1>=2%

a Biz y=f(x,)+f"(%) (x=x,)-(2) (urinma tenglamasi),
e e 8 L I ;
y=r(x) (=) (x=x,)-(3) (normal tenglamasi),

A A ot
va V=77 -(4) (parametrik ko‘rinishda berilgan funksiyaning hosilasi)

formulalardan foydalanamiz:
%, =1-2% =3; f(%)=2-2"=-6;
. T 1-3s2 . T
> =(—~)T=T§T:>J‘ (%)= _J =—
(1-7)

Topilgan giymatlarni (2)va(3)-tengliklarga olib borib go‘yib urin-
ma va normal tenglamalarni topamiz:

4y —11x-9=0—urinma
4x+11y+78=0—normal >

4[>\v;-6+%~(-\'+3):{

|
\l_\'-—’- ~()—l4—](.\'+3)
7.21-masala. Parametrik ko‘rinishda berilgan funksiyaning ik-
kinchi tartibli hosilasi hisoblansin.
[x=1+sint
-1,1':2-}-cosl

4 Bu masalani (4)-formuladan ikki marta foydalanish yordam-
ida yechamiz.

'
: ."':’ (2 + COSI) —cost
Y, == e
X (t+sint) 1+ cost
; cost
. 00), Uscosr) sint-(1+cosr)—costsint sint

y e — R i
A X 1+ cost (l+cosl)" (l+cosl)
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8.21-masala. n-tartibli hosila hisoblansin.

y=In(2x+7).
In(2x+7
4 Y= ]g(2x+7)_(]n—]0)_ml (2x+7)

) s
e 0 )
(09 roog i
/ e ¢ -l7 Eemema
L 0( 2x+7) J gl In10 (2.\'+7)'

2
(y)—lnIO (2x+7)

Bu jarayonni davom ettirish natijasida ‘¥pe N uchun

o oy 2 (n-1)! s
s ) In10 (2x+7)" tenglikni hosil gilamiz.

9.21-masala. Quyidagi
b —a"<n-(b-a)-b"",0<a<bneN
tengsizlik isbotlansin.

4 Bu tengsizlikni Lagranj teoremasidan foydalanib, isbotlaymiz.
f(x)=x" funkisiya uchun [a,b] kesmada Lagranj teoremasini
qo‘llaymiz:

f(b)-f(a)=1"(x,)-(b~a),
% e(u,l)):ah" —-a"=n-x,"" -(I)--a) < u‘(/)-(/)»l)”' S
10.21-masala. Limit hisoblansin.
I

l\n]]}y(cus.r)- :

3 ! 1l ) 21 ; ’
/lllln(C()S.\‘).\m\ :(]');y' wosine = o\0) = ((Lopital teoremasidan
x=»0)

: (1nfcosx)) ~sinx
foydalanamiz )) = Im——

J : lim 05X
O L



11.21-masala. Derazaning perimetri P ga
teng, yuqori gismi yarim doiradan iborat bo‘lgan
to‘gri to‘rtburchak shaklga ega. Derazaning
o‘lchamlari ganday bo‘lganda undan eng ko‘p
yorug‘lik o‘tadi?

< Masala shartiga ko‘ra deraza [-chiz-
y y | mada Ko‘rsatilgan shaklga ega. Chizmadan
ko‘rinadiki,

R=—’;;. Unda

@ .
;. P=X+2y+ﬂR=x+2);+”_;:

I-chizma.

Y e

Endi derazaning yuzasini topamiz:
Sexp+ TR _Px_¥ mr iU
i 2 2 2 4 8 FAE ) 8 ;
Derazadan eng ko'p yoruglik o‘tishi uchun derazaning yuzasi
eng katta bo‘lishi kerak. Buning uchun (5)-funksiyaga maksimum
giymatni beruvehi x ni topishimiz lozim.

o |~

— e

" P X 2
§i{x)= iy —%\A: S'(,\-):0:.*.\“[%“):—{)—::».\'0=

L
4

i o T

sionar nugta. Bu nuqgtada S (-\‘n)=—‘—1<0:>max- Demak, de-
2P

r:r/.n‘d:m yorug'lik eng ko‘p o‘tishi uchun uning asosi X=”+4

bo‘lishi kerak ekan. Balandligi esa

G S - ) 1 P _1)(”+4—2—”)=__1)._

2 2 4 2 wm+d Ared 2r+4) w4

bo‘lar ckan.

v

12.21-masala. Birinchi tartibli hosiladan foydalanib
N ~4)2
O Ao

funksiyaning grafigini chizing.
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< Berilgan funksiyaning hosilasini hisoblaymiz:

] ZI(A -4) ot x(x—4)-(2x—4) ,\(x—’?)(. 4)

y=-l%[2v-(x-4): +2:2(x—4) [r—dex - =

Intervallar usulidan foyda]amb bu ifodaning ishorasi saglanadigan
oraliglarni topamiz va quyidagi jadvalni tuzamiz.

x | (=0 0 (0:2) 2 (24) 4 (4:+2)
¥ 4 - 0 + 0 = 0 +
¥ ~ mm f max \4 min /

Jadvaldagi ma’lumotlardan foydalanib, berilgan funksiyaning grafi-
gini chizamiz (2-chizma).

Y

H
i
i

o 2 4

2-chizma.

4y’ =
13.21-masala y= 4", :

funksiyaning asimptotalarini toping
va grafigini yasang.
V). _V3)

(=2

:4.\'"'—3,\'_ x-(4,\'? ‘3) ,\(.\' : ! ; 2 j

; i ]
a) Vertikal asimptota: x= va ¥== to'g'ri chiziglar ver-

[ £

tikal asimptota bo‘ladi, chunki “"ﬂfﬁv};m va limf(x)=w.
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Funksiyaning shu nuqtadagi o‘ng va chap limitlarini ham hisob-
laymiz;

lim F(x)=—o0 lim f(x)=+e

x-)-?»n ) xﬂ_z_o
lim f(x)=-» lim f(x)=+
.r—v]E+0 x.;%_o

: ] 3 _3x ;
b) Gorizontal asimptota: lim f(x)=lim i,—]l=°°=> gorizon-
=t O

X7

tal asimptota yo‘q.

: %) ol =8
d) Og‘ma asimptota: a=Ilim 1 )=hm : =1

x=n oy X x(4x2 __]) 4

S IR Vi 2y
b={il\’l[f(.\'}—m' )=li‘m\:4'\ - “T —.\"1=Iimw=lim z‘ l=0=>y=-" =

4" — v 45 -1 R

og‘ma asimptota.

Bu asimtotalardan foydalanib, funksiya grafigini chizamiz
(3-chizma).

y
Yy '
!
I
|
|
1
1
ll
A
ey i
L x
i
1
J-chizma.
x*—x+1 ; ‘ i1 -
14.21-masala. y == funksiyani {o'liq tekshiring va grafi
i

gini chizing.
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< Funksiyani paragrafning A bo‘limi 9-punktida taklif gilingan
sxema asosida to‘lig tekshiramiz.

Funksiyaning aniglanish sohasi: [[(y)={x#1}

Funksiya juft ham, tog ham, davriy ham emas.

r=1 nuqta funksiyaning 2-tur uzilish nuqtasi, chunki

lim f(x)==® va lim /(x)=+® OY o‘qi bilan kesishish nugtasi:

x=1=0
= (O) =
OX o'‘gi bilan kesishish nuqtasi: y=0= X¥—x+1=0=>x€0=>

OX o'qi bilan kesishishmaydi.
Funksiyaning ishorasi o‘zgarmaydigan oraliglar:

: (~=:1) (1:+2)
Y L -+ 4

Endi funksiyani monotonlik va ekstremumga tekshiramiz:

’

,'=(-"‘ -—.\'+IJ % (2¢-1)-(x-1)-(x ~x+1):1 27 3 l-x x—l X =2x i x:(x—2)

(x=1)" (x-1)° (x=1°  (x-1)
Intervallar usulidan foydalanib, bu ifodaning ishorasi saglanadi-
gan oraliglarni topamiz va quyidagi jadvalni tuzamiz:

, (~:0) I 0

)1' + 0 o+ | A

( a=1

X

|
,‘
L

(0:1) ‘J ! { (1:2) ! 2 | (2:4)
g

!' y / max !\ ! i

Qavariglikka tekshirish uchun y"ni hisoblaymiz:

{

'

’V":(J‘I)lz[x:_%\— :{»,_—ij % 'M;"" »X<1darn va x>10au .
(x-1)] (x=1) ] (x-1) :

Funksiya asimptotalarini topamiz:
a) Vertikal asimptota: =i -vertikal asimptota.

94



] . X —x+l g
b) Gorizontal asimptota: lim f(x)=1lim -Jf——xl— = o0 =>gorizon-
X=x X% x —_—
tal asimptota yo‘q.
f(2) P el

=l' —_—
e

d) Og‘ma asimptota: @=lim

b=lim[f(x) —m‘] = lim{x_ i —,\-j= T s e +x=|im_l_=0:>y=x
X=7L X7, A

X7 =1 |

og‘ma asimptota. o
Endi topilgan ma’lumotlardan foydalanib, funktsiya grafigini
chizamiz (4-chizma). >

4

!
y ’ o
1 7
\ .
| e
' ’
e e A, A

4-chizma.
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4-§. 3-MUSTAQIL ISH
Anigmas va aniq integrallar, ularning tatbiglari

Boshlang‘ich funksiya.

Anigmas integral.

Anigmas integralni hisoblash usullari.

Ratsional funksiyalarni integrallash.

Ba’zi irratsional ko‘rinishdagi funksiyalarni integrallash.
Binomial differensial va trigonometrik funksiyalarni integrallash.
Aniq integral va uning tatbiglari.

Elliptik integrallar.

LS
Asosiy tushuncha va teoremalar
1. Anigmas integral va uni hisoblash usullari

f(x) funksiya biror (a.h) intervalda aniglangan bo‘lsin. Quy-
idagi masalani qaraymiz: 3F (x) funksiyani topish kerakki Vxe(a,b)
uchun F'(x)=f(x) bo'lsin.

1-ta’rif. Agar Yxe(a,b) wuchun F'(x)=f(x) bolsa u holda
F(x) funksiya (a,b) intervalda f(x) funksiyaning boshlang‘ich
funkisiyasi deyiladi.

Ma’lumki F(,v) funksiya boshlang‘ich funksiya bo‘lsa /'(x)+c
ham boshlang‘ich funksiya bo‘ladi.

2-ta’rif. (a,b) intervalda berilgan f(x) funksiya boshlang‘ich
funksiyalarining umumiy ifodasi F(x)+c shu /(x) funksiyaning
aniqmas integrali deb ataladi va

[/ (x)dx

kabi belgilanadi. :

Demak,

'[/(.\‘)(I,\' - /(\) c (1)

Integrallashning umumiy qoidalari va anigmas integrallar jadva-
li 1-§ ning 12" va 13" punktlarida keltirilgan. Biz ularga to‘xtalmay
anigmas integralni hisoblash usullarini keltiramiz.

I-teorema.(O‘zgaruvchilarni almashtirish). Agar

J’f(/)d/:l"(/')f»- ¢ (2)
bo‘lsa unda
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[7Te(x)]0 (x)dx=Fp(x)]+c @

bo‘ladi ((3)-tenglikda f (1).9(x).¢'(x) funksiyalar uzluksiz deb faraz
qilinadi). :
2-teorema. Agar u=u(x) va v=v(x) funksiyalar (a,b) inter-

valda uzluksiz «'(x) va /(x) hosilalariga ega bo‘lsa unda shu
intervalda ushbu

_[u(x) dv(x)=u(x)v(x)- _[v(x)du (x) )
bo‘laklab integrallash formulasi ofrinli bo‘ladi.

Amaliyot shuni ko‘rsatadiki bo‘laklab integrallash usulini qo‘l!ab
hisoblanadigan integrallarni asosan, uch guruhga ajratish mymk}n.

Birinchi guruhga ko‘paytuvchining biri ma’lum funktsiyaning
hosilasi bo‘lgan ikkinchisi esa ushbu ’ 5
In(x)., arc sinx, arc cosx, arctgx, (arctgx)’, (arccosx), In (0(‘.\‘)., -
funksiyalardan biriga teng bo‘lgan funksiyalarning integrallari Kiriti-
ladi. Bu holda u(x) deb shu funksiyalar belgilanadi.

Ikkinchi guruhga _[(a,\'+b)" cos(cx)dx, J(a,\’+b)" -sin(c.\')dx va
[(ax+b)" e ax ko‘rinishidagi integrallar Kiritiladi. Bu holda
/':( v) = (ax+5)" deb olinib bo‘laklab integrallash formulasi n marta
qo‘llaniladi.

: : ; R Ty A i x)dkx,
Uchinchi guruhga Iv“ cosbxdx, e sinbxdx, Ism(ln )

]'w“(ln ¢)dx.... ko‘rinishidagi integrallar Kiritiladi. Bunda mtegral]l:
i e | % . ‘
I deb belgilab bo‘laklab integrallash formulasini ikki marta qo llasak,
I' ga nisbatan chizigli tenglamaga kelamiz. :
; 2 e s vk e latni ab
Bu uchta guruhga kirmagan ba’zi bir integrallarni ham bo‘lakl
integrallash usuli bilan hisoblash mumkin. Masalan
ddx r
:’—(n enN)
(.\" +a” : )
integral yuqonidagi uchta guruhga kirmaydi lekin bu mte«l,;r‘a‘shl ;r-
bolaklab integrallash usuli bilan relkurent formulaga keltirish 'y
damida hisoblash mumkin:

"

+ -1, (5)



1
1|=I 1dxﬂ=—0f“g£+c Agar (5)-tenglikda n=1 desak
X+a a a

[l L 2 la’“g +c ek topamiz.
J(r +a’)‘ o i 22 ekanini top

I=

Izoh: Ma’lumki, elementar funksiyaning hosilasi yana elementar
funksiya bo‘lar edi, lekin integral olish uchun bu tasdig orinli bo‘lishi
shart emas, ya’ni ba’zi bir elementar funksiyalarning integrallari ¢l-
ementar funksiya bo‘lmay golishi mumkin. Masalan, ushbu

L. IE";dX; 7, Icosx:dx;
. dx -
3. Jsmxzdx; 2 (x20,x1);

J‘%dx (x¢0)- 6. wd\.
w

integrallarning har biri elemcmar funksiyalar yordamida ifodalan-
maydi. Bu funksiyalar amaliyotda ko‘p uchraganligi sababli ular-
ning giymatlarini hisoblash uchun alohida jadvallar tuzilgan va ular-
ning grafiklari yasalgan. Shu yo‘l bilan elementar funksiyalarda in-
tegrallanmaydigan funksiyalar ham to‘la o‘rganilgan.

2". Ratsional funksiyalarni integrallash
3-ta’rif. Agar R(x) funksiyani ikkita ko ‘phadning nisbati
ko'rinishida yozish mumkin bo‘lsa, u holda R(x) ratsional funksiy-
alar (yoki ratsional kasr) deyiladi, ya'ni

I} X
R(x)= L(\—)-
0, (x)’
I, (x)~n-tartibli, O, (x)-m-tartibli ko‘phad.

Agar nzm bo‘lsa kasr noto‘g‘ri kasr; n<m bo‘lsa to‘g‘ri kasr
deyiladi.

Ixtiyoriy noto‘g‘ri kasr berilgan bo‘lsa, ko‘phadni ko‘phadga
bo‘lish yordamida har doim uni ko‘phad va to‘g‘ri kasrning yig‘indisi
shaklida ifodalash mumkin. Ixtiyoriy to‘g‘ri kasrni quyidagi 4ta
ko‘rinishdagi sodda kasrlarning yig‘indisi kabi ifodalash mumkin.

(6)
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A - e

L i —(k=23,4....);
x—a (x-a)

111 —“~MX+N TV Ml —(m=2,3,..)
" X +pr+g’ (.\'2+px+q) :

5

Il va IV da x4 px+q=0, yani q—%—>0.
I va Il ko‘rinishidagi sodda kasrlar to‘g‘ridan to‘g‘ri integralla-
nadi. I va IV ko‘rinishidagi sodda kasrlarni integrallash uchun

P L3t A :
esa -"*‘7=1 almashtirish bajarish lozim.

3'. Ba’zi irratsional ko‘rinishidagi funksiyalarni integrallash.
Eyler almashtirishlari.

R(x.y) deganda x va y o‘zgaruvchiga nisbatan ratsional bo‘lgan
funksiyani tushunamiz.

l-], L Jax+b o b ax+b h
a)ill "‘~\m 4Y integralni hisoblashda /=y T almash-

tirish bajarilsa, ratsional funksiyani integrallashga kelinadi.

b) _[/"(’—\1 \/;l-\"' + /vv.\:»r_c)d.\' integralni hisoblashda quyidagi 3ta hol

qaraladi.
I-hol. ax’+bx+c kvadrad uchhad har xil x va x, hagigiy

ildizlarga ega bo'lsin. = ax® + bx+c=a(x-x )(x-x,).Bunda

(T =(x-3) 0
almashtirish bajaramiz.
2-hol. @ >0 bo'lsin. Unda

Jax' +bx+c=t- \/;.\'(yoki\/u.\': +bx+c=t+ \/;\) (8)
almashtirish bajaramiz.
3-hol. ¢>( bo'lsin. U holda

\/u\‘ v bx+c = b+ \/Z(yoki \/K' +bx+c=tx— \/:) 9)
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almashtirishni bajarish yordamida hisoblanishi kerak bo‘lgan inte-
gral ratsional funksiyani integrallashga keltiriladi.
(7)-(9) almashtirishlarga Eyler almashtirishlari deb ataladi.

49, Binomial differensiallarni va trigonometrik funksiyalarni
mtegr?llash
a) 4-ta’rif. Ushbu x" (a+bx”) dx ko'rinishidagi ifodaga binomi-
al differensial deb ataladi. Bu yerda m, n, p, -lar ratsional sonlar.
= jx"'(a+b.\-")” dx (10)
integral quyidagi 3 ta holda ratsional funksiyaning integraliga kelar ekan.

1-hol. p-butun son. x=r" almashtirish bajariladi. Bu yerda N
soni m va n ratsional sonlar (va’'ni kasrlar) maxrajlarning eng kichik
umumiy karralisi.

2-hol. —l—butun son. Bu holda a+bx"=Z",N~-p ratsional

sonning maxaraji, almashtirish bajarish kerak.

3-hol. %+p—butun son. Bunda ;_—f,+b=Z"',N~/) ning
maxraji, almashtirish bajarish yetarli.

Wils IR(sinx,cosx)dx;
integral berilgan bo‘lsin. Bu integralni ushbu

g2 =t
s = K'x A
2 <

universal almashtirish yordamida har doim ratsional funksiyani in-
tegrallashga keltirish mumkin:

: 2 1-F 2dt

sinx = =, COSX=——0 dx=—r:
1+1°

47 1+
d) Aytaylik,

I= J'sin",\'lcos”’ xdy, (n,me 7)

integral berilgan bo‘lsin. Bu integralni hisoblash uchun quyidagi
hollar garaladi.
1-hol. n-toq, m-juft = cosx=r almashtirish bajariladi.
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2-hol. n-juft, m-toq —=>sinx=¢ almashtirish bajariladi

3-hol. n va m-tog. Bunda cosx=¢ sinx=¢ yoki rgx=t al-
mashtirishlardan biri bajariladi.

4-hol. n va m-juft. Bu holda

sin2x =2sinx-cosx VA cos2x=cos’ X —sin’ d
formulalardan foydalanib, tartib pasaytiriladi va yuqondagl hollardan
biriga keltiriladi.

59, Aniq integral va uning tatbiqlari.

Aniq integral tushunchasi va uni hisoblash usullari maktgb ku1:-
sida gisman va ma’ruzalarda batafsil o‘tilishini hisobga olib, b}z
aniq integralni hisoblash usullariga qisman to‘xtalamiz hamda asosiy
e’tiborimizni uning tatbiglariga garatamiz.

1. Nyuton-Leybnis formulsi. Agar f(x) funksiya [a,b] kesma-
da uzluksiz bo‘lsa va F'(x)=f(x) tenglik bajarilsa, u holda

# u
[7(x)dx=F(b)-F(a)=F ()],
formula o‘rinli bo‘laudi. :
Formulaning isbotida uzluksiz f(x) funksiya uchun ham ba-

jariladigan :
2{1r0a)-r69

tenglikdan foydalaniladi. .
2. Bo‘laklab integrallash formulasi. Agar f(x) va g(x) funk-
sivalar [u./’l kesmada uzluksiz differensiallanuvchi bo‘lsa, u holda

J_/ (¥)g'(x)dx=f(x)-g )l J g (x)dx;
bo‘ladi.
3. O‘zgaruvchini almashtirish. Agar ¢(r) funksiya [, 8] kesma-
da uzluksiz differcnsiallanuvehi va (1) e [@. 8] F a=p(e) F b=p(p)
bo'lib I f(x) funksiya [a.b] kesmada uzluksiz bo‘lsa, unda

h

" (x (l\ If[(/?([ ]q) t)dt;

a

bo‘ladi.
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4. O‘rta qiymat hagidagi birinchi teorema.
Agar f(x) va g(x) funksiyalar [a.b] kesmada chegaralangan va
integrallanuvchi bo‘lib, g(x) funksiya a,b) da ishorasini o‘zgar-

tirmasa, shunday pe[m, M] ”'-‘-f&f]{f (x)}, M =?Uhl]){f («\)}J nuqta

topiladiki,
Jf(x)g(x)dx — fg(x)ti\':

tenglik bajariladi.
a) Aniq integral yordamida tekis shaklning yuzasini hisoblash.
1) Dekart koordinatalar sistemasida berilgan shaklning yuzasini

hisoblash.
f(x)eC[a,b] bo'lib Vxe[a.h] uchun f(x)=0 tengsizlik ba-
jarilsin va D soha quyidagicha aniglansin:

as<x<bh
D:{OSysf(x) -egri chizigli trapetsiya.
Unda 5
S=ffhﬁk (11)
tenglik o‘rinli. f
Agar f,(x)eCla,b], f.(x)eC[a.h] bo'lib,
pe asx<b
Do )2y £i(x):
bo‘lsa, u holda :
-9=J[L(—V)—.A(A')}rl\' (12)

bo‘ladi.
2) Qutb koordinatalar sistemasida berilgan shaklning yuzasini

hisoblash.
Agar D soha qutb koordinatalar sistemasida

_jases Vi
5 0<r<r(p)
ko‘rinishida berilgan bo‘lib, r((p)e(.'[a.ﬂ] bo'‘lsa,
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1%
=5 [ (9)de (13)

formula o‘rinli bo‘ladi.
b) Aniq integral yordamida yoy uzunligini hisoblash.
1) Dekart koordinatalar sistemasida berilgan yoy uzunligini hisoblash.
f(x) funksiya [a,b] kesmada aniglangan bo‘lsin. Uning grafigi

quyidagi

{(\f(\)) 1xe [a,b]}
nuqtalar to‘plamidagi iborat. Shu grafikdagi A(a,f(_a)) !
B(b.f(b )) nugtalar orasidagi /3 eeri chiziq yoyi uzunligi I ni
topish talab qilinsin. Agar f (x)eC[a,b] bo'lsa, unda

1= Nl +[f’(x)] dx (14)
bo‘ladi. X

Agar (14) da b=x desak, /(x _H]+[f d\ bo'lib,
‘” C= 1+ [T = =11 ;\)] dx .

Bu il‘odugn yoy differensiali deb ataladi. o7 199,
2) Parametrik ko‘rinishda berilgan egri chiziq yoyining uzunligi
hisoblash.
Agar
!x=(ﬁ(l)
B: <1< pf;
1_\':://(/), chois

bolib, ¢'(r)eCla.p] va w'(f)eCla.B] bo'lsa,

! /j \/’/’ (1) [ ()] e (15)

bo‘ladi.

3) Qutbh koordinatalar sistemasida berilgan egri chiziq yoyining
uzunligi hisoblash.

Agar
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v la<p<p,
AB:
{r=r(¢)

bo‘lib, #(p)eC[e, ] bo‘lsa, unda

= ﬂ,frz (p)+ [r’(ga):rdw (16)

formula ofrinli bo‘ladi.

d) Aylanma sirtning yuzasi.

Aytaylik, f(x)eC[a,b] bo'lib, f(x)>0 bo‘lsin. ,pyoyni OX
o‘qi atrofida aylantiramiz va aylanma sirtni hosil gilamiz. Agar
f'(x)eC[a,b] bo'lsa, unda shu aylanma sirtning yuzasi ushbu

S=27r/:ff(x)',/1+[f’(x)]:dx (17)

formula yordamida hisoblanadi.

e) Aniq integral yordamida hajm hisoblash.

Faraz gilaylik, bizga biror T jism berilgan bo‘lib, uning OY
o‘giga parallel bo‘lgan kesimlarining yuzasi ma’lum bo‘lsin. Bu
yuza x o‘zgaruvchining funksiyasi bo‘ladi, uni §=S(x) deb belgi-
laylik. Agar S(x)eC[a,b] bo'lsa, unda 7 jismning hajmi V ushbu

b

Vi J'AS'():)d.\' (18)
formula yordamida hisoblanadi,
Natija. (Aplanma jismning hajmi). Ushbu
D ja: x<bh
' Wl()fy/f(.\‘)
egri chizigli trapetsivani OX o‘qi atrofida aylantirishdan hosil bo‘lgan
aylanma jismning hajmi

V= ;rj[_/(x)'f dx (19)

formula yordamida hisoblanadi.

f) O‘zgaruvchi kuchning bajargan ishi.

OX o'gida shu o‘q bo‘ylab biror jism F = F'(x) kuch ta'sirida har-
akat gilayotgan bo‘lsin. Agar F(x)eC[a,b] bo'lsa, F=F(x) kuch
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ta’sirida jismni ¢ nuqtadan p nuqtaga o‘tkazishda bajarilgan ish ushbu

A= [F(x)dx (20)

formula yordamida hisoblanadi.

g) Statik moment. Ogirlik markazi.

Aytaylik, m massaga ega bo‘lgan M(x,y)-material nuqta berilgan
bo‘lsin. my va mx ko‘paytmalarga mos ravishda berilgan nuqtaning
OX va OY o‘qlarga nisbatan statik momentlari deb ataladi.

Egri chizigning OX va OY o‘qlarga nisbatan statik momentlari
M, va M lar ham shu kabi amqlanadx hamda

M—J‘)dl M, = j\dz @1

formulalar yordamida l'llSObhl]adl. Bu yerda dl = |(dx)’ +(dy)” -yoy
differensiali, / esa berilgan egri chiziq uzunligi.
Berilgan egri chiziq og'irlik markazining koordinatalari esa ushbu
M T
R I
formulalar yordamida hisoblanadi.

) Geometrik figuralarning statik momentlari va og‘irlik markazi.
Agar geometrik figura

(22)

asx<b
10 Sysf (\)
egri chizigli trapetsiyadan iborat bo‘lsa, unda

b h

a a

(= -\_(M, M,
l.y X1 j [‘84 3 (24)

h
bo‘ladi. Bu yerda S j)’(-\‘)("\'—lrupclsiy:ming yuzi.

a
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6°. Elliptik integrallar.

5-ta’rif. Ushbu
¥ dx

Id kv¢ B ——————

(ko) 5[\/]—kzsin:x
L4

E(k,p)= fx]l—k: sin” xdx (26)
O

ko‘rinishdagi integrallar I va II tipdagi elliptik integrallarning Lejandr
formasi deb ataladi.

(25) va (26)-integral ostidagi funksiyalarning boshlang‘ich funk-
siyalari elementar funksiyalar yordamida ifodalanmaydi. Shuning
uchun ham ularning giymatlarini hisoblash uchun maxsus jadvallar
yaratilgan.

Agar (25) va (26)-integrallarda ¢=§ bo‘lsa, u holda bunday

(25)

integrallar to‘liq elliptik integrallar deb ataladi va ular F(k),E(k)

kabi belgilanadi.
Demak,

2N

24 (27)

L) e ——
®) oN1=k*sin® x
E(k)= [Vi=F sin’dx (28)

To'liq elliptik integrallarning giymatlari ham maxsus jadvallar
yordamida hisoblanadi.

. T . & it
Misol. Ushbu ;_,~+;;:l ellips yoyining uzunligi hisoblansin.
( y
x=asm/t

Ellipsni parametrik ko‘rinishida ly=bsing, 051527 kabi ifo-

dalab olamiz.

Unds 1=t =4 [fER(OT + [/ ()] dr =4 [V cos'1+ 57 sim s -
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=4

S A

\/az(]*sin:r)+b:sin:tdl— 6” o - bsmld?— ——t—f‘:—2= (¢)
i

bu yerda ¢= -ellipsning ekssentrisiteti.

Nazorat savollari

. Boshlang‘ich funksiya tushunchasi.
. Anigmas integral va uning xossalari.
. Anigmas integralda o‘zgaruvchini almashtirish.
. Anigmas integralda bo‘laklab integrallash formulasi.
. Ratsional funksiyalarni integrallash.
. Ba’zi irratsional ko‘rinishdagi funl\myal(lrm integrallash.
. Eyler almashtirishlari.
. Binomial differensiallarni integrallash.
. Trigonometrik funksiyalarni integrallash.
() Aniq integral tushunchasi.
. Nyuton-Leybnis formulasi.
12. Aniq integralda bo‘laklab integrallash formulasi.
13. Aniq integralda o‘zgaruvchini almashtirish.
14. O'rta giymat haqgidagi birinchi teorema.
15. Dekart koordinatalar sistemasida berilgan shaklning yuzasini hisob-
lash.
16. Qutb koordinatalar sistemasida berilgan shaklning yuzasini hisob-
lash.
17. Dekart koordinatalar sistemasida berilgan yoy uzunligini hisoblash.
18, Parametrik ko‘rinishda berilgan egri chiziq yoyining uzunligini
hisoblash.
19. Qutb koordinatalar sistemasida berilgan yoy uzunligini hisoblash.
20. Aylanma sirtning yuzasini hisoblash.
21. Aniq integral yordamida hajm hisoblash.
22, O'zparuvehi kuchning bajargan ishi.
23, Egri chizigning koordinata o‘glariga nisbatan statik momentlarini
topish.
24, Fpri chizig og'irlik markazining koordinatalarini topish.
25, Geometrik figuralarning statik momentlari.
26. Geometrik figura og'irlik markazining koordinatalarini topish.

—O(‘ﬁ\lO\'JIJ‘Aul\)-—

27. Elliptik integrallar.
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Mustagil yechish uchun misol va masalalar
1-masala. Anigmas integral topilsin.

xdx
1 Isinzx'
3 j(x/i—SX)sinSxdx,
(4\ +3)sinSxdx,
(x+5)sin3xdx.

I(Z 5)cosdxdx.

1.11 I(xﬁ—3)c052xdx .

1.13 I(5x+6)cos2xclx.
1.15 [aretgf3x—ldx.
117 [ (2-9x)dx.
119 [in(4x*+1)dx,
121 [(4x-2)cos2xdx.

1.2 |xsin® xdx.
xdx

i J’cosz i
1.6 I(7x—]0)sin 4xdx .

18 [(2-3¥)sin2xdx.
1.10 j'(8~3x)c055xd.\'.
112 [(4x+7)cos3xdx.
1.14 [(3x-2)cosSxds.
1.16 [arcig5x1ds.
1.18 [e7 (4x-3)dx.
1.20 [(2-4x)sin2xdx.

2-masala. Anigmas integral hisoblansin.

i f dx

- x\/\':+l‘

L xx’ —]'

25 J- xdx
Nx! pixt il

2.7 J'Ig\‘ -In (coc x)dx

2.9. I\ +]

2ok l_.lrl_\(,
X
X’ lIn\

2.4 [——dx.
J»( arccos \
IJ*'_(-*'_.‘ ,’_) 2

cos” (x+1)

I-cosx

R—A

\ —sinx)"

2.10
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el (cosx+sinx)’
2.13 j“\j_:d\
xdx
2.15. 7=
(\-2+l)dx
2.17
L (.\-3 1'-3x+l)5 ;
X’dx
219 =
j- 2cosx +3sinx
22 (25inx—3cosx)3
R -2
X =X
33 [ *']‘ I
T
x’ =17
i
1% 45
37 [—dr,
“X 5 ol S
) yd
39 [ ’(- dx
» o L el ¢ )
B
311 [S——dx
I +3x+2
j x4 }L A
it (x=1)(x=2)(x

f

sin x —cosx

dx

dx

XCOSX +Ssinx

2.12 ‘[ (xsinx)2

xdx
e
2.16 Ilil_n(i—_l)_dx

x-1

darctgx —x
2.18 I—a—:Tg;‘z—dx.

X +CosX
2.20 I——-——dx.
x* +2sinx

3-masala. Aniqmas integral hisoblansin.

¥ =3x"-12

Cadtm ot R

3.2 -[\—4)(\' 3)(-2)
¥ —3x7-12

3.4 I—_—__\_ (‘_ )__d\

4 +x7 +2

3.6 -[x(x—l)(x—Z) a2

3y =2
38 [

¥ =3x* =12

3.10 I—————d(x ey

L
3.12 jx——uld\
X =X

5 3
3.14 jx—+—3x—~ldx .

X 4x
109



3% +2x° +1

3.15 Iv+2(t -0

xl

31 e

~x° +25%° +1
X +5%
2x° —8x° +2

ok

319 |

IY —5x%+5x+23
3.18 N(x+1)(x-5)

dx

X +9\' +4

| — ..

+3x

4-masala. Anigmas integral hisoblansin.

j-x’+4x2+3x+2 ”
4.1 (x+l):~(x2+l)
J-2x3+7x2+7x—l .
43 J(xr2) (P 4xtl)
2x° +4x° +2x~1
(x+1)"(x* +2x+2)

Jv X 4+6x° +9x+6 %
4.1 (,\'+l)z(.\13+2x+2) '
J 2% +11x” +16x+10
4.9 (.\'4»2)1 -(.\"' +2,\‘+3)

35 +6x° 4+ 5% =1

4.11 J‘\+I (xw-z) X

X +9x% + 21x+ 21

413 f—\;;)“—(:jj““.

X' +6x° +8x+8

4.15 f\m”

dx

3% +13x° —13x+1
42 (x-2)2~(,\'3 —x;—l)

dx

X +2x° +10x
I dx

(.\'+I):-(,\'1—.\'+1)

4x° +24x* +20x —28
—dx

4.6 Im(—\+ 2x+2)




X +5x +12x+4 ¥ +2x* +x+1

4.17 J‘,\_+2) (). +4) : 4.18 '[), +x+1)( +1)
S J-2\' —4x* —16x-12 dx. e I’)x +2x% +2x+1

(.\ +4x+5) ,\ +A+1)(1 +1)

X +4x? +4x4+2
_—______d-
4.21 '(x+1 (,\ +.l+1) &

5-masala. Anigmas integral hisoblansin.

J1+4/x 1++/x
%d\ 5.2 j(\ J—)

fili\/;\_-d“- 5.4 __————4(1+3x:)3d

S

5.3 e o
5.5 j““/— dx . 7 ]:g"""
x*Ax
S ““‘*‘ 5.8 Iﬁ:i;‘—dx.
X
/,___ s
5.9 ~—\/J\‘ dv, 5.10 I;(:Vx-ldx‘
X X
\/-V: 5 "
5.11 j\[(l '”/ ) dx. £id (1) o
X*NX 0f 9

5.13 [\/(l ‘ J"Y)‘..(/x. 5. )

x* - x

\/(h\/\ 1+3x*
5.15 | = )(I.\‘. 5.16 I—;z—'s—\[i;——dx.



5.17 j——-—‘“‘;f/;dx

5.19 Jl+x
. xz.J;

dx,

x:-f/?

dx.

e

518]2[\/_

5.20 J'__—————(1+\/_) dx *

X

6-masala. Aniq integral hisoblansin.

ezdl l _l'
6.1 j‘—-‘-—n—(x—)d\‘.

e+l x_]

lJ-liarclgx =X
6.3 0—‘—‘1 s

27
J‘ X+Cosx

6.5 dx

T———
X H2sinx
1

6.7 J-S\ utcngx

14 4x*

0

B X4~
X_dy.

6.9
j!‘x/.\"" +1

! (x2 +l)dx

6.2 I(

0 _.\""4—3.\'+1)2 :

% Xdx
6.4 Jm

4 2¢osx +3sin x
6.6 | dx.

7 (2sinx —3cosx)

6.8 l,[ ,\:'(/.\'

2XFLC

(lIL/'\ M
0 STE “dx

6.12 J‘\_.\: 'lll(.



6.17 ——dx i

X -dx
\+l)'

6.19

xdx

1
621 [———.
6[\/.\'4 +x2+1

z

A :
6.18 Itgx~ln (cosx)dx.
0

2z

620 |

1—cosx e
7 (x- smx)

7-masala. Aniq integral hisoblansin.

0

7el I(xz +5x+6)cos 2xdx

(]

7.3 -[(x2 +4x+ 3)cos.\'a'x '
-1
0

7.5 I(.\': +7x+ 12)cosxdx )

79 ](9.\-3 +9x+11)cos3xdx ,

7.9 ?j.(."w.\‘l +5)cos2xdx |

7.11 [(“‘ -7x*) cos 2xdx

713 [(\ +2x \-l)sinS.\'u'.\'_

1

7.1 [( v’ —3x+ Z)Sin xdx |

7.17 ([( X 4 6x 4 ‘))\in'..‘..\'zl,\'.

7.19 f("n \)\il\?‘.\'l/.\‘.

7.2 {(\ 1) - In* (x—1)dx -

72 ‘](xz ~4)cos3xdx ;
2

7.4 0](‘: + 2): cos3xdx

7.6 ‘](2.\': +4x+ 7) cos2xdx
0

7.8 '?_[(8.\-2 +16x+ 17) cosdxdx

0

7.10 1}(2\ ~15)cos3uxdx |
0

7.12 j.(l 8~ )cos4_\'¢i\‘.
0

7.14 3(\ —3.\‘)sin2xd,\'.
0

7.16 ‘T/i(\ ~5x+6)sin3xdx,
1&

7.18 (l DXL )smxcl.\',

0

e 9

xIn® xex 3

7.20
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8-masala.

cos xdx
(1+cosx+sinx)”

8.1

_cosxdx xdx

8.3 +cosx—sinx.

cos xdx

84 1+cosx+sinx”

sin xdx

87 |—m8m88.
I+cosx+sinx

cos xdx
l +sinx—cosx*

8.9

’Vz

cos xdx
8.11 J5+4cosx 4
2arcg V,
e dx
8.13

x
?cosx—sinx

o (1+sin .\')2
2arery2 (b

8.15

8.17

)

2arcig2

dx
8.19

sin \‘d,\

8.21 j

2araig Yy S"'IX'(] "Sln,\‘) 2

¢ sin”x-(I+cosx).

Aniq integral

-arclb

8.6

8.8

8.10

8.12

8.14

8.16

8.18

8.20
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Zwtlgyz

hisoblansin.

(1—sin x)dx
cosx(1+cosx)’

[
!

cos xdx

% (1+cosx—sin x)’ -

cos xdx
(1+cosx)(1-sinx)

I+sinx

——dx
(1=sinx)”

? (1+cosx)dx

| +cosx+sinx

o

N

1 +sinx
dx

[+ cosx +sinx

%

0

dx
2arcg Y, (l +8in X — COS ,\')

Zarcigd

dx
2are1g2 cosx-(1 ~cosx)
1/

/j" cos \(/\
z(,,(,;,i (] s ’

z

ffﬂ:}:{é\;

5 24cosx



e Fope®, X
sin® —dx 9.2 sin cos 55
9.1 of 7. st
7 R o x R 3
g3 oI 9.4 IZ sin‘ xcos® xd
x . J
x T x
4 ine® cosz Ny 2*sin* - cos* S dv
9.5 (;[2 sin 5-cos =dx, 9.6 6[ 2 S
X 2z s ;
9.7 J.sixﬁx-cos‘xd\‘. 9.8 _[sm xcos” xdx
0 00
¥ BN 6
9.9 I2ssixl‘x-cos‘_rdx 9.10 _[2 sin” x-cos xd\*.
_2: 2z X
in?Z ot cos® = dix
9.11 stm Z'cos"zd.\. 9.12 6[ hae
¢ ) . 2
0.13 [2'-cos* T, 9.14 [2°sin®xcos® xdx
9.15 thSi"h""[" 9.16 -J‘sin"xcosz xdx
A58 ; ]
9.17 Tsin“ xdx | 9.18 -“24 sin® xcos® xdx |
0
9.19 "Z'Nin“ xcos” xdv 9.20 Isin"3xcos‘ 3xdx
19 : ]
9.21 [2" -sin’® x-cos® xdx
f0-masala. Aniq integral hisoblansin.
10.1 [J" —2 e “Jx' -9

9-masala. Aniq integral hisoblansin.

" P 02 [——ds.

3
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Zgilias 2J- dx :
1037 (8—x3)3' 104 ; (]6—.\'2)) 3
T 106 £,
10.5 j 2\ . s
(1)
r‘/:‘d
I sy 10.8 I X,
107 J (16-2)16-5 -
s 10.10 Ixz 25-x*dx,
10.9 3
64—x
g ( ) 10.12 I 216 —x*dx
% x*dx 2
10.11 0j oo 4 ] ol
] 5 e N TR
10.13 N . ;

10.15 (2—:(3)%'

Ji
10.16 I{
]- x'dx
\' :-,

; 10.18
/3 x'dx i
10.17 .[ T
* y(1-#) T
* dv 10.20 J(25+ )25+ 27 *

10.19

] dx
10.21 o(4+x:)m'
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11-masala. Quyidagi chiziglar bilan chegaralangan shaklning
yuzasi hisoblansin.

11.1 y=(x—2)3;y=4x—8.
113 y=4-x*y=x-2x
1L5 y=x\4-¥;p=0,(0<x<2).
11.7 y='\—_ﬁ;y=0;x=l;x=e’.
11.9 y=arccosx;y=0;x=0.
1111 y=x 36—x";y=0;(0<x<6).
11.13 y:.\'m'crg\';y=0;_\'=\./§-

1115 x-= Ve —1l:x= O;y=In2.

11.17

11.21 y (A\'»f l):;.\: =x-1.

112 y=xy9-x*;y=0,(0<x<3)-
114 y=a—x%;y=0;x=0x=1.
11.6 y=\/;‘_—_];y=0;x=ln2-
11.8 y=(x+l)2;y2=x+l.

11.10 y=2x-»"+3y=x"—4x+3.

11.12 x=arccosy;x=0;y=0.
11.14 y=f\/8—,\";y=0,(05xs2\/§).

11.16 y=xV4-x*;y=0;(0<x<2).
11.18 x=(y-2);x=4y-8.

11.20 x=4-y*;x=y" -2y

12-masala. Tenglamalari qutb koordinatalar sistemasida berilgan
chiziglar bilan chegarlangan shaklning yuzasi hisoblansin.

12.1 r=3sing:r=>5sing.
12.3'r 2¢cos60.

12.5 r=cosp+sing.
12.7 r=sin6¢p.

j 5
12.9 1 ==cosg,r==cos@,
) o )

1211 ,=14+2singp.

12.13 »

|
+COsQ
- Yir

12.2 r=2sing; r=4sing.
12.4 r=cosp-sing.

12.6 r=2sindp.

12.8 r=2cosp,r=3cosp.
12.10 r=4cosdp.

12.12 r:—;—sian:r=3§sin(p,

12.14 r=cosp;r=2cosp.
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12.15 r=5in¢;r=25in¢, 12.16 r=6c0s3¢;r=3(r23).
12.18 r=6sin3p;r=3(r 23).

|
12.17 r=—2-+sm¢.
12.20. r=3sin3gp.

12.19 r=cos3p.
12.21 r=4cos3p;r=2.(r22).

13-masala. Parametrik ko‘rinishda berilgan egri chiziq
yoyining uzunligi hisoblansin.

13.1 x=5(¢—sins);y=5(1-cost);0<r<7.
13.2 x=3(2cost—cos2t);y=3(2sint—sin2¢);0<r <27
13.3 x=4(cost +1sint);y=4(cosr—rsint); 0<r<2.

13.4x=(" -2)sinl+2rcosr;y=(2—lz)cosr+215inl:0 <t<m.
13.5 x=10cos’t;y=10sin’*;,0<¢ S%.
13.6 x=¢'(cost+sint);y=¢'(cost—sint);0<r<x.

13.7 x=3(r-sinr);y=3(1-cost);r<t<2r.

2
—5—.
13.9 x=3(cost+lsinl);y=3(sinl ~rcost);0<r< —’;— g

I I
13.8 x=—c05l——cole;y=~l-sinl —lsin 21;1: t<
2 4 2

13.10 x=(f-—2)5in!+2/cosl:_v=(2~13)cosl+2/sinl;0:lf-';E.
13.11 x=6cos’t;y=65in"l;0515§, ;
13.12 x=e’(cosr+sin1);y=e’(cosl—sinl);»z,’tfrr,

13.13 .r=2,5(l—-sinl):y=2,5(l-cosl):{;flb"n.

13.14 x=3,5(2cosl-c0521);y=3.5(25iv:l-<.in 2r);0s1 < Z
13.15 x=6(cosl+rsinl);y=6(sinl—lsinl):():'r:~:7z. i

13.16 ,\-=(I2 -2)sinl +2tcost;y = (2 —I:)cosl +2tsint;0< ¢ <

SRR
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13.17 x=8cos’t;y=85in3r;05ts-76£_

13.18 x=e¢(cost+sint);y=e(cost—sin);0<r <27 .

13.19 x=4(r-sin7);y=4(1 —cost);%SI Sz—;—,

13.20 x=2(2cost—cos2r);y=2(2sin/—sin 21);0<¢ s-;i .

13.21x=8(cost +sint); y =8(sins —7cosr);0 <t s% ;

14-masala.Quyidagi sirtlar bilan chegaralangan
jismning hajmi topilsin.

=

14.1 l;—+y= =hz=y;z=0(y20), 142 =3 +4yiz=

) £ oy 2
e 14.4 —+—-=—=-1z=12,
143 —+X 2 =1z=0;2=3, 9 4 36
0 4
e A 6 P +y’=9z=y,z=0(y20).
145 —+2 +Z =pz=12=0, B % ('v )
{60 0 4 e

X Sy
148 =+ —z =Lz=0z=3.
3

A i e e
O e o 14.10 —+=—+—=1z=22=0,
14.9 +——-—==Lz=16,
9 16 64 : e 1o
e :
: ; § — e graliz=fz=2,
14.11 z=2x"+8y";z=4. 14,12 REDs &
1 2 03 x: yZ :2
e e : 14.14 —+—+—==1z=0,2=3,
1413 “+ G mie=—hi=12, el s
14.15 z=x' +5)%z=5. .16 422 =liz=0z=4,
\ V 4 2 2 2
14.17 : z=20, LIRS R S -
)5 14.18 —+—+—=lz=4;2=0
9 100 & e
( y -
14.19 :=4x"+9) 6 14.20 z=2x*+18y",2=6
rushris o
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15-masala. Quyidagi chiziglar bilan chegaralangan shaklni
1-16 variantlarda Ox o‘qi atrofida, 17-21 variantlar.da' esa‘O.Y
o‘qi atrofida aylantirishdan hosil bo‘lgan jismning hajmi topilsin.

15.1 y=-x"+5x-6;y=0.
15.3 y=3sinx;y=sinx;0<x<7.
15.5 J’=Sin1x,x=—’25,y=0.
15.7 y=xe’,y=0,x=1.

159 y=2x-x';y=—x+2.
15.11 y=x*y’-x=0.

15.13 y=1-xx=.[y-2,x=1.
15.15 y=x*, y=+/x.

1507 9 =% a0, y=0-

15.19 y=lnx,x=2,y=0.
15.21 y=x’+lLy=xx=0,x=1.

15.2 2x—x*—y=0;2x" —4x+y=0.
15.4 y=5cosx;y=cosx;x=0;x20.
15.6 x=3y-2,x=1,y=1.

15.8 y=2x—x*y=-x+2;x=0.
15.10 y=¢**,y=0,x=0,x=1.
15.12 »*+(y-2) =1.

1514 y=x',y=1x=2.

15.16 y=sing,y=.\'2.

15.18 y=(x-1)°,y=1.

1520 y=x"-2x+1,x=2,y=0.

16-masala.
Quyidagi chiziglarni aylantirishdan hosil bo‘lgan aylanma
sirtlarning yuzalari hisoblansin.

&
10:1- s (0=y<15) OY o'qi atrofida.
16.2 y*=4+x (x<2) OX o‘gi atrofida.
16.3 3x* +4y* =12 ellipisni OY o'qi atrofida.

16.4 s =tihuibiny
5 4J D) b

(lSysa) OX o‘qi atrofida.

16.5 y*+4x=2Iny (1<y<2) OY o'qi atrofida.
16.6 y=x (Os.rsl) OX o‘qi atrofida,

T
16.7 x=¢'sint;y=e' cost (OS’S‘;J OX o‘qgi atrofida.
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5

16.8 x=2cost—cos2t,y=2sint—sin2¢ ni OX o‘qi atrofida.

T +;’: =1 ellipsning OX o‘gidan yuqorida joylashgan

a . . . . . .
bo‘lagigining koordinata o‘qlariga nisbatan statik momentlari topilsin.

16.10 x+y=1,x=0,y=0 chiziglar bilan chegaralangan uchbur-

chakning OX va OY o‘qlarga nisbatan statik momentlari topilsin.

16.11 )* =2x,(y>0.0<x<2) parabola yoyining OX va oY
o‘glarga nisbatan statik momentlari topilsin.

7 T 4 N o e s
16.12 y= cosx(—% Sx Szj egri chiziq yoyining OX o‘qgiga nis
batan statik momenti topilsin.

16.13 —+—--l to‘g'ri chizigning koordinata o‘glari orasida joy-

ent-
lashgan l\esnnsmm" koordinata o‘glariga nisbatan statik mom
lari topilsin.

16.14 ":—2_« va y=x" chiziglari bilan chegaralangan shakl-
i oo o

ning OX o‘giga msb"n.m statik momenti topilsin.

16.15 % 43" =4, y=0-yarim aylananing og'irlik markazi
topilsin. T il
16.16 7 4 % =g x>0.y>0 — astroida yoyining og‘irlik

) X by i = s = Uy V=

markazi topilsin.

16.17 i +2 < I(x=0,y=0) ning og‘irlik markazi topilsin.
1(’ [7‘ 3

: Iny (1<y=<2) chiziq yoyining og‘irlik markazi
5 )

e
16.18 x ‘.‘"

topilsin.

okis shaklni “irlik
Quyidagi chiziglar bilan chegaralangan tekis shaklning og
markazi topilsin.
16.19 ax=y*, ap=x* (x>0).
i )

16.20 y==x, y=sinx (x20).

V4

16.21 x* +4y-16=0;y=0.



S0 )
Namunaviy variant yechimi. :
1.21-masala. f(4x—2)0052xdx anigmas integral hisoblansin.
< Bu integralni bo‘laklab integrallash usulidan foydalanib, hisob-
laymiz:

du = 4dx
u=4x-2 4x-2 . e
4x— dx = =4 = sin2x —2 |sin 2xdx =
I( a2l ( (dv=0052xdx v=-’!)-sin2.\‘] ) 2 I

=(2x—l)sin2;+c052x+cl>

2cosx+3sinx

2.21-masala. ,[ ( anigmas integral hisoblansin.

25inx—3cosr)"
4Bu integralni o zgaruvchllarm almashtirish usulidan foydalanib,
hisoblaymiz:
j- 2cosx+3sinx
(

dx = ((25inx—3cosx=1 deb belgilaymiz =
2sinx—3cosx)

:>(2sinx—3cos.\') dx=1"-dr yoki (2cosx+3sinx)dx =dl)) =
1 1

I’_jd’ '—+C————-r(‘:———_.-—_—:+(~|,,
2 2 2(2sinx—3cosx)

zl/

5 3
3.21-masala. IEX—M
x =2x
4 Biz bu integralni ratsional funksiyani integrallash usulidan
foydalanib hisoblaymiz. Awval noto‘g'ri kasrni to'g'ri kasrga kelti-
ramiz, so‘ngra uni sodda kasrlarga yoyamiz:

dx anigmas integral hisoblansin.

82 2 5 2 == 8y’ +3
R(x)= ——-—_‘ L R e S N PN J? B
-2x x(x~2) x-2 x y* - 2X

= F Al i P e tei 4y
—J{.’Z\ +4x '*\f_‘g*;:]ll\'—~2*+-—3——+|n[\ 2| Infx{4 ¢ 5 4 { ‘],,1
J- X 44x* 4+ 4x 42
: P i (X : ’ :
4.21-masala. (x+1)’ .(_\,2+'\.+,‘) anigmas integral hisob-

lansin.
< Bu integral ostida ham ratsional funksiya turibdi. Bu funksi-
vani sodda kasrlarga yoyamiz.
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X +4x7 +4x+2 A B Cx+D
R( ) = 2 5 b T Tt 3 ;
(.\'+1)' (\ +x+1) x+1 (x+l)' x4+x+1
Bu tenglikning o‘ng tomonidagi noma’lum A, B, C va D larni
noma’lum koeffitsientlar usulidan foydalanib topamiz. Buning uchun
tenglikning o‘ng tomonini umumiy maxrajga keltiramiz va berilgan
kasr hamda hosil bo‘lgan kasrlarning suratlarini bir-biriga tenglaymiz:

5

A(x+1)+ B(x* +x+1)+(Cx+ D) (x+1) =x" +4x> +4x+2
(A+C)A" +(2A+B+2C+D).\: +(?_A+B+C+2D)x+(A+B+D)=,\"+4f+4x+2
U
A+C =1
2A+B+2C+D=4
24+B+C+2D=4 Bu sistemani yechib 4=0 va B=C=D=lI
A+B+D=2

1 X+l
ekanligini topamiz. Demak, R(X)=( +1):+m ekan.
X 2

dx x+1
= )dx = —+ |————dx=1+1,
> .(R(.\)d\ j(yJ,-I)' + J.x_ e k=1 +1, (%)

I = [ gx - = j'(.\-+])': d(.\‘+l)=——l——+cI 2

(x+1) x+1
tdt
1 £+
+1 x+1 e ’+E
! : l\[ dx . | = st/l=_[|‘[ di o
el S { i ST i = =
| x4 ‘) } : x={ 2.:1/.\ dt 3 P 'z+(£)
2
1/[’. 1 ';]
| \ 4 | di 1o lea £ 48 |l 2 2t 22
Ly = | ==’ + A+ = —arctig—=+C, =
'[,‘li zj~ Sy 2 a)- 23
o [ 2)
Il( x4 )+ : lg2x+1+¢.
==In(x* +x +1)+—=arc )
2 V3 V3
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I, va I, ning giymatlarini (*) tenglikka olib borib go‘yib, ush-
bu natijaga kelamiz.
X4 +dx+2 i Lo Dyl o

= +Eln(,\ +x+l)+Ffl’C’g N

J(x+1)z-(x2+x+l)“ x+1 J

3
4 (IH/;‘_ )
52 -masala. 0 1
«Integralni differensial binomni integrallashdan foydalanib hisob-
laymiz:

dx anigmas integral hisoblansin.

3
3 i
felars i e
]=j—————dx=fx S 1+x8 le:>a=b=l.m=——,n=7.p='4'=>
12
-——+1
e L i uimashtirish
n 4 L 5
5

bajarish lozim =>x=(z“—l)_m = dx=-52".(z* —l)_3dz Bularni 7
ga olib borib go‘yib topamiz:
7
4 s[4
5 ~(l+\/x_)

I=-5 z"dz:—s—z—ﬁ-c:——-——;T—
7 T exidls?
xdx

6.21-masala. f‘[ﬁ—l aniq integral hisoblansin.
x4+

+ep

i ’ % 1)
Xl ]' Xy 63 X '*5:""\ dpid 2 H | Jr dt
- &

- | .
4\/\+\+1 ; ¥ 3 I ':;J 2 / ]
3 Xy ==dl,x=1=¢ ! :
\/(\ fr J+4 -y 24 V4

2
((1-§ ning 16-punktidagi 24-formuladan foydalanamiz))

/: 3* l[ < E L IR w‘/l” Qo3 23
(+ 174+~ ==|In| =+ 4= . | P —_—p
P ; > 11(2 \/; J ,l'l[ l) 5 In ]l'l 3 .
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3
7.21-masala. _[(x—l )’ -In*(x~1)dx aniq integral hisoblansin.

<Bu mtegmlm bo‘laklab integrallash usulidan foydalanib, hisob-
laymiz;

3 =In*(x-1 R
(x=1)"-In* (x~1)dx= (“ el .) = i =

e 1y
dv=(x-1) dx V=(A 41)

e w

G0 o e LT "
:—4—111 ().—I)I:—E!(.x—1)3-111(x—1)d.\._

e
u=In*(x-1) d"=__1d“

=““‘32—‘:]<-\-~1>‘-m:(.\-—l)dw( g o

a'v—(\—l) dx =(,\‘—l)‘
4

v

a2 llr(»\" i).: 17 _l_ B
=4In°2—~ = In(x—1) |, 3[ d\} 4In’ ”——-\:4ln"—]6(\ =1)* I2

“ 4

o] 2 15
41n 2»2!11_4';2—-(16—1)=4ln 2—2]n2+3—2.|>

¢ sin xdx
8.21-masala. [ — 5 aniq integral hisoblansin.

o (14 sin \)
X 5 b
< Bu integraini hisoblash uchun lg~2~=l universal almashtirish ba-

: el
Jaramiz. Unda x=0=>7 ::();.\-:£:>I:l.va dx=—=;8Int=——7,
2 1+ Lt
Almashtirishdan so‘ng berilgan integral quyidagi ko‘rinishga keladi:
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r!+1 -1

zf— sinxdy _ ¢ 2¢dt
3 (1+sinx)’ 6'(”'1)

3(!4—1)

; di) sl
" _{5[1+1 5[1+I)::,_

1
=2[1n|z+1||:7+1—if|:,] =2[ln2+%—l:,=2ln2-h>
0

2% -sin® x - cos® xdx
9.21-masala. /
2
«alntegralni
l-cos2a
2

sin =

I=

.4|:.._.=

2

sin2z =2sinz-cosa,

aniq integral hisoblansin.

A 1+ cos2a
cos o = ’*‘*_;"'— va

formulalaridan foydalanib, hisoblaymiz:

2"sin x - cos® xdy = 2° I(Zsmx -cosx)’ -cos® xdx = 2* Isin’Z.\~(l+c052x)z dx=

2

=21 I[sin‘ 2x+2sin’ 2x-c0s 2x + sin’ 2x - cos’ 2.r}l\'= 2 I(I ~cosdx)dx+2' Isin 2xd(5in 2x) +
4 2 .
7

7

T
S 1 ’ sin’ 2x y
+2 J'sm:4xd.\'=2’(x—zsm4xJ 2 +2‘-¥ [z +2_[(l—-c()r;x.\')¢l.\' =
P 2 3 R

3

=4rr+2(x-—-:;sin8.\') ’: =57.0

i

dx
10.21-masala. (!(4+_‘.:) /4. aniq integral hisoblansin.

< Bu integralni hisoblashda uchun 2-hol uchun Eyler

rishini bajaramiz, ya'ni /g,

4-p* ¥4 2 J
ok Sy :3(/\————;—-:// d

2 2 TR,

RS )\/44 x

P44

2

(V2 ))
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A, 7 d(r+4)
iy (1 4 4) (/a-1) ( +4)
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11.21-masala. Quyidagi y=(x-1)",y*=x-1 chiziglar bilan che-
garalangan shakining yuzasi hisoblansin.

2
y=(x-1
< {}F S sistemani yechib, bu chiziglarning kesishish nuqg-

talarini topamiz: M, (1:0) va M,(21) Bu chiziglar bilan chegara-
langan soha 5-chizmada tasvirlangan.

S-chizma.
T i X = ()l
S= _ﬂ xs] w(.\'——I)’]d.\':\:é\'(,\‘—l)" —g—ii:\ 1 =§'>

12.21-masala. Tenglamalari qutb koordinatalari sistemasida !)er-
ilgan chiziglar bilan chegaralangan shakilning yuzasi hisoblansin.
r=4cosl3g; r=2,(r22 &0 ;
< Birinchi navbatda bu funksivaning aniglanish sohasini topamiz
va uning chizmasini chizamiz.

1
6-chizma.
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x5z [77 37 U[Uﬁ 5. ]
Dl [ ] [2 5]“[6’2] 6
Yuzasini hisoblashimiz kerak bo‘lgan soha 6-chizmada shtrixlab
3 r=4cos3p
ko‘rsatilgan.Integrailash chegarasini topishimiz uchun o2

sistemasidan ¢ ni topamiz

! V4 V4
=ceosdp=—=3p=—2Dp=—=
2 3 9

3 %
S8 —j[(4cos3¢) -2 |dp= |6jcos 3pdp -4 j dop |=
0 o0
% 47
=3|8- j(]+c0561p)d(p 40 |" = ((/)T._s,na(pJ I: e
=3[§7L+isin2—”—-4—”]= 3{51 7\/~}=—+2\/§ [
9.3 3 9 9

13.21-masala. Parametrik ko‘rinishda berilgan egri chiziq yoyi-
ning wzunligi hisoblansin.
n

4 x=8(cost+1sint); y=8(sinr~rcost); 0=1< iy

x'(1)=8(=sint +sint+rcost = 8rcosr)| T
R () ) -5 4o

_\'(I)=8(_cosl~cosr+lsm/ X/smlf

i /j\/7 V(0 dr = JXI[II / 4 ',L,

s, AN DR
14.21-masala. Quyidagi ->_.~+7—: t—-=1 girt bilan chegaralan-
a : 465 - ff
gan jismning hajmi topilsin.
< Hajimni (18)-formulaga ko‘ra
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V= Yj S (x)dx

formula yordamida hisoblaymiz. ‘Buning uchun S(x) ni topish lo-
zim.

O‘zgaruvchi x ni fiksirlasak, ellipsoid kesimida.
2 2
Yy z A%

2 ) -

2 2 2
B X yoki (b l_}i) [c ’l_i‘i} ellips hosil
i ot a’ a* a

bo‘ladi. Bizga ma’lumki, !7+z—°=1 ellipsning yuzasi znmm ga teng
n- n:

2~

edi. =

S(x)=7r-b\l—':l; -c,}l—%:ﬂbc-(l—:’—;]DV= IS("')d"‘:

-

a 2 3 5 4
= rhc I(] -3 )dx = ;rbc(.\‘—%) l_n =§7mbc.i>
a a

Natija. Agar g=ph=c=R bo‘lsa ellipsoid sharga aylanadi va
shar hajmini hisoblash ucun
i =iﬂ'R";
: 3
formulani hosil gilamiz.
15.21-masala. Quyidagi
y=x'+1, y=x,x=0,x=1
chiziglar bilan chegaralangan shaklni
OY o‘qi atrofida aylantirishdan hosil
ho‘lgan jismning hajmi topilsin.
aAvval OY o‘ai atrofida aylanti-
rish kerak bo‘lgan D sohani chizib
olamiz (7-chizma)

7-chizma.
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D=DUD,=>V=V,+V, ;r“ 2jl-(y—l))dv]

3 2
Yy oq Bl el 30 llx
=7[[—3— la+(2y—7] ll}—”(§+3 2J__—6 o=
16.21-masala. Quyidagi

¥ +4y—-16=0,y=0
chiziglar bilan chegaralangan shakilning og‘irlik markazi topilsin.

< Masala shartidan ko‘rinadiki, berilgan chiziglar bilan chega-
ralangan D sohani ushbu

-4<x<4

T X
0<y<d-2
¥ 4

ko‘rinishda ifodalash mumkin. Bu shakining og‘irlik markazining
koordinatalarini (23) va (24)-formulalardan foydalanib, topamiz.

4 2% 5 4
Sa J(4-£J¢V=(4X_LJ =5
Al 12 3

et 1 Y 1 Anx) 1 2w ¥ Y s12
M,—EJ_\ d\—Effd—T dx-E‘[ 16-2x +l—ﬁler=;(lf) +——J ==

AT R L

4 4 < 4 3 A\
M, = |xydx= -V'(“—A—de: I(4x—i—J(l\':(2,\'3 Tl e
: J J e R <4 16,

2 =l e, M) (, 8)
Bu yerdan g L T T‘“ =10, "5J ekanligini topamiz. o




5-§. 4-MUSTAQIL ISH
Ko‘p o‘zgaruvchili funksiyalar

R" fazo

R" fazoda ketma-ketlik va uning limiti.

Ko‘p o‘zgaruvchili funksiyaning limiti va uzluksizligi. :
Ko‘p o‘zgaruvchili funksiyaning hosila va differensiallari.
Yo‘nalish bo‘yicha hosila.

Ko‘p o‘zgaruvchili funksiyalarning ekstremumlari.
Shartli ekstremum.

O‘zgaruvchilarni almashtirish.

-A-
Asosiy tushuncha va teoremalar

10. R” fazoda ketma-ketlik va uning limiti
Ushbu

m=ta

to'plamga m o‘lchovli Yevklid fazosi deyiladi. e
PR, - " alarni
Ixtiyoriy x=(x,,...,x,)€eR va y=(p,.p,)€R" nuqtalar
olaylik. Quyidagi

n

Z(yk - X ):

migdor x va y nuqtalar orasidagi masofa deb ataladi.
U quyidagi xossalarga ega:
D p(xy)20 va (p(xy)=0ex=p);
2) p(x.)=p(v.x): i
3 p(x.z) = p(x,y)+p(r.2); (uchburchak tengsizligi)- '
Natural sorlar to‘plami N va R" fazo berilgan bo'lib, f har bir

px.y) \/(\ X ittt (> ——.\',,,)Z = )

, . " ) L i tasini mos
ne N ga R" fazoning biror _\'(’:(,\',(') X ))ER nuq

LR Ead ]
qo‘yuvchi akslantirish bo‘lsin:

f:N—>R" yoki n—> P
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f:N—R" akslantirish obrazlaridan tuzilgan
P L (@)
to‘plam ketma-ketlik deb ataladi va u {x} kabi belgilanadi.

Demak, (2)-ketma-ketlikning hadlari R” fazo nuqtalaridan iborat.
{x} ketma-ketlikning mos koordinatalaridan tuzilgan {xl("’},...,{,\’,f,'"}
lar sonli ketma-ketlik bo‘lib, {x""} ketma-ketlikni shu m ta ketma-
ketlikning birgalikda garalishi deb hisoblash mumkin.

Aytaylik R" fazoda {x*’} ketma-ketlik va a=(a,,...a,)€R"
nugta berilgan bo‘lsin.

I-ta’rif, ¥Ye>0.3n,(¢)eN:Yn>n, = p(.r"'),n)< ¢, unda a nu-
gta {x“} ketma-ketlikning limiti deb ataladi va limx* = a Kabi
belgilanadi.

Limitga quyidagicha ham ta’rif berish mumkin.

2-ta’rif. Agar a nugtaning VU{,(u)={xeR”’ :p(x,a) <&} atrofi
olinganda ham 3n,(g)e N:¥n>n, = x, | J (a), unda a nugta

[x} ketma-ketlikning limiti deb ataladi.

Teorema. R" fazoda {x‘"'}={(x,("’....,x,,,("’)} ketma-ketlikning
a=(a,...a,)€R" nuqtaga yaginlashishi uchun -« da bir yo‘la
A = a,..,x" - a, bo'lishi zarur va yetarli.

R" fazodagi ketma-ketlik uchun ham sonli ketma-ketlik uchun
orinli bo‘lgan xossalar o‘rinli. Biz ularga to‘xtalmaymiz.

2°. Ko‘p o‘zgaruvchili funksiya limiti va uning uzluksizligi

Ko'p o‘zgaruvchili funksiya, funksiyaning aniqlanish sohasi va
giymatlar to‘plami, ko‘p o‘zgaruvchili murakkab funksiya ta’riflari
bir o‘zgaruvchili funksiyadagi mos ta’riflar kabi kiritiladi.

M c R" to‘plam berilgan bo‘lib, g nugta M to‘plamning limit
nugtasi va y=f(x)=f(x,...x,) funksiya M to‘plamda aniglangan
bo‘lsin.

I-ta’rif. Agar VYe>(0 uchun 36 =6(e,a)>0 ushbu
0<p(x,a)<s tengsizlikni qanoatlantiruvchi Vxeps uchun
If(x)-b[<€ tengsizlik bajarilsa, unda b soni J(x) funksiyaning
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nuqtadagi limiti (yoki karrali limiti) deyiladi va

lim 7 (x)=b yoki Jim f(x)=b;

Rl

kabi belgilanadi.

Agar g=w yoki h=o bo‘lsa , unda ham shu kabi ta’riflarni
berish mumkin. Ko‘p o‘zgaruvchili funksiyalar uchun boshqa for-
madagi limit tushunchasini ham kiritish mumkin. Masalan, bunda
aval bir o‘zgaruvchi bo‘yicha limitga o‘tilib, golgan m-1 ta
o‘zgaruvchini fiksirlangan deb faraz gilinadi. Keyin, qolgan m-1
ta o‘zgaruvchining biri bo‘yicha limitga o‘tilib, m-2 ta
o‘zgaruvchini fiksirlangan deb faraz qilinadi. Bu jarayonni m marta
gaytarish natijasida hosil gilingan limitga f(.\',,...,x",) funksiyaning
takroriy limiti deyiladi. m o‘zgaruvchili funksiyaning jami m! ta
takroriy limitini garash mumkin. Masalan, ikki o‘zgaruvchili
f(x.,x,) funksiya wuchun 2 ta lim lim f(x,x,) va

i N X =y Xy ¥y
P ‘]I’,'?,‘,I~/(-"|~-"‘) takroriy limitni ko‘rish mumkin.

Misol. Ushbu
1
: [J» rsin—,x #0,
fxy)= TR

0.x=0
funksiyaning (0,0) nuqtadagi takroriy va karrali limitlari hisoblansin.

<alimlim f(.\'._v) =limx=0-3,
x40 y->0

x=0

y=0 =0

SR \ ol :
limlim 7(x,») rlim(v\'limsm~)—ﬂ, lekin
k) Au - &

i‘nn‘/(\.\-) ] va -(. Darhaqigat,
021f (x,5) =0l =l +ysin 1 < x|+ (x#0) = Iﬁl]af(,\-,)'):Ob
| | : v X

0 !
Tabiiy savol tug'iladi: Qanday shartlar bajarilganda karrall va
takroriy limitlar bir-biriga teng bo‘ladi?
Bu savolga quyidagi teoremalar javob beradi.
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Avtaylik, f(xy) funksiya
M={(xy)e R :|x~x,|<a, |y=yo| <}

to‘plamda aniglangan bo‘lsin.

I-teorema. Agar

i =b-3,

y i/

2) Har bir fiksirlangan x da ‘ILI? f(xy)=0(x)-3 bo'lsa, u
holda lim lim f (x,¥) takroriy limit 3 bo‘lib, lim lim £ (x, y)=b

bo‘ladi.
2-teorema. Agar
) Jan: f(xy)=b-3
y=h

2) Har bir fiksirlangan y da rlﬂ]}ﬂf(x,y)mp(y)—ff bo‘lsa, unda
lim lim /(x,) -3 va b ga teng bo‘ladi.

g 3
Natija. Agar bir vagtning o‘zida 1 va 2-teoremalarning shartlari
bajarilsa, unda

fim /(.y)= i i 22) _ i lim £ (53) o't

¥

Endi funksiyaning uzluksizligi ta’rifini beramiz.

M c R" to‘plamda f(x):f(x,,...,x,,,) funksiya berilgan bo‘lib,
a=(a,...a,)e M nugta M to‘plamning limit nuqtasi bo‘lsin. Quy-
idagi belgilashlarni kiritamiz:

Af (a)= f(a, +Ax,,....a, +4x, )~ f(a,,...,a,) funksiyaning a nug-
tadagi to‘liq orttirmasi;

Ax f(a)=f(ana 0, +Dxpa ,,..a )= f(a,,....a ) — funksi-
yaning a nuqtadagi x, o‘zgaruvchi bo‘yicha xususiy orttirmasi ( - 1,m).

2_“1”,"!: Agar [&n:f(_\‘) ='f(a) Y()ki \':l'(]" A/({I) ={) bo‘lsa,
Ax,, =0

unda f(x) funksiya a nuqtada uzluksiz deb ataladi.
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3-ta’rif. Agar Jim A, f(a)=0 bo‘lsa, f(x,...x,) funksiya
a=(a,...,a,) nugtada x, o‘zgaruvchi bo‘yicha uzluksiz deb atala-
di. Odatda funksiyaning bunday uzluksizligi uning hususiy uzluk-
sizligi deb ataladi. .

3-teorema. Agar f(x,,..,x,)funksiya aeM nuqtada uzluksiz
bo‘lsa, funksiya shu nuqtada har bir o‘zgaruvchisi bo‘yicha ham
hususiy uzluksiz bo‘ladi.

Izoh: Teoremaning aksi har doim ham o‘rinli bo‘lavermaydi.
Masalan,

20 24yt #0
fey)=i7 P
0,x* +*=0

funksiya (0,0) nugtada har bir o‘zgaruvchi bo‘yicha xusus?i' uﬁ;lilfg
siz, lekin shu nuqtada bir yo‘la uzluksiz emas, bu nugtada

limitga ega emas.
=7 ¢ g == s Lim f(x)= a
d4-ta’rif. Agar Vimf(x)=3 yoki =, yoki limf(x)=b*f ()
bo'lsa, u holda f(x) funksiva a nugtada uzilishga ega de);’l”dli"
o N v 5 I
S-ta’rif. Agar ¥ &>0 wuchun 3c5=b(£)>0 M ’OP:HZW_df
: g "
/’(\".\")- & tengsizlikni ganoatlantiruvehi Yx' va x "uq‘alamda
()= 7 () <& tengsizlik bajarilsa, f(x) funkisiva M 1o
tekis uzluksiz funksiva deb ataladi.
il iy G ; jya chegara-
d-teorema. (Kantor teoremasi). Agar [ (\) flmkslﬁl ﬁuﬁcsiya
langan yopiq M < R" to‘plamda uzluksiz bo‘lsa, u holda
shu to‘plamda tekis uzluksiz bo‘ladi.
s . i siallari.
3% Ko‘p o‘zgaruvchili funksiyaning hosila va differensi
I-ta’rif. Ushbu

lim A/f\\(“z (k=1.m);

B i v o'‘zgaruvchi
limitga [ (x)= f(x...x,) funksiyaning x° nuqtadagi % -
6/'(.‘(")

Sd |

kabi belgilanadi.

bo‘vicha xususiy hosilasi deyiladi va u
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Kususiy hosilaning geometrik ma’nosini bilish uchun M =i
to‘plamda aniglangan z=f(x,y) funksiyani garaymiz. Aytaylik
(x:¥0)€M bo'lib, bu nugtada M va M lar 3

ox o
bolsin. z= f(x,y) funksiya grafigi g*> da biror sirtni aniglaydi.=
z=f(x.,) ning grafigi sirt bilan y=y, tekislikning kesishishida
hosil bo‘lgan I, chizig bo‘ladi. z=f(x,,y)ning grafigi I', chiziq
bo‘ladi. Agar I, va I, chiziglarning (xg,yo,f(xu,yu)) nugtasiga
o‘tkazilgan urinmaning Oxy tekisligi bilan hosil qgilgan burchak-
larini mos ravishda ¢ va /S deb belgilasak, unda

W(Z}’o)_’g va f(\’j,)(.) g5

3

bo‘ladi. Bundan z= f(x,y) sirtning (x,,,,z,) nuqtasiga o‘tkazilgan
urinma tekislik tenglamasi ushbu

g, < L (o) S) ®)

ko‘rinishda bo‘lishi hosil gilamiz.

I-teorema. Agar f(x) funksiva +° nuqtada chekli
()
ox,
shu nugtada mos x, o'zgaruvchi boyicha xususiy uzluksiz bo‘ladi.
2-ta’rif. Agar f(x) funksiya x° nuqtadagi Af(_r") orttirmasini

Af(xu) =4 A+ 4 A, Ax, 40, Ax +..ha, - Ax, (4)

~(k=l,m) xususiy hosilaga ega bo‘lsa, unda f( x) funksiya

ko‘rinishda ifodalash mumkin bo‘lsa, £ (x) funksiya ,* nuqtada diffe-
rensiallanuvchi deyiladi. Bu A4,...4 lar Ax,

m

lim &, =0, (k = I,m)
magan o‘zgarmaslar va ¢

=0

..... Ax, ga bog'liq bo'l-

tengliklar bajariladi.
Arx,,

(4)-tenglik ushbu

Bf (%) =4, -Ax, +..+ 4, - Ax, + o(p) (5)
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tenglikka ekvivalent. Bu yerda p= (A\‘l)2+-~+(A\', ):-

n

2-teorema. Agar f(x) funksiya \° nuqtada differensiallanuvchi
bo'lsa, u holda bu funksiya shu nugtada uzluksiz bo‘ladi.

3-teorema. Agar f(x) funksiya y° nugtada differensiallanuvchi
bo‘lsa, unda bu funksiyaning shu nuqtadagi barcha hususiy hosilalari

¥=)_, ¥()

A8 S Al s =4, tengliklar o‘rinli bo'ladi.
ox, ox

m

Izoh: Teoremaning aksi har doim ham ofrinli bo‘lavermaydi,

ya'ni barcha xususiy hosilalari 3 bo‘lgan funksiya differensiallanuvehi
bo‘lishi shart emas.

= X (N0
Masalan, f(x,y)= [\/x:+y2 (ey)etil
]0.(& y)=(0.,0)

funksiyaning (0,0) nugtada hususiy hosilalari 3, lekin u bu nug-
tada differensiallanuvchi emas. 3

Demak, xususiy hosilalari 3 bo‘lishi funksiyaning differensial-
lanuvchi bo‘lishi uchun zaruriy shart ekan. ;

d-teorema. (Yetarli shart). Agar f(x) funksiya x° nugqtaning
biror atrofida barcha o‘zgaruvchilari bo‘vicha xususiy hosilalarga ega
bo'lib, bu xususiy hosilalar ° nugtada uzluksiz bo‘lsa, unda f (\)
funksiya shu 0 nugtada differensiallanuvchi bo‘ladi.

Ushbu
% 4"‘./,'“ 0 .'0
df (x°) /}\ ) e

“'t/.\'l o5 l_’—"'(/‘\'m va
Ox, a'\.m

R adagi differen-
ifodalarga mos ravishda f(x) funksiyaning »’ nuqtadagi (:l e
siali (to‘liq differensiali) va x, o‘zgaruvchi bo‘yicha xususty
rensiali deyiladi. "
’ ; . i bo'lib,
Agar f(x) funksiya »° nuqtada dlfferensmllaanCh‘
df (v\‘”)r.f 0 bo‘lsa
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il 0)4 bodladi =47 (x*)= /()

& (x°)=df (x°)+o(p) va lim
yoki

( ) Av, + afd(:- )A",.. (6)

I3+ 853 + B, ) = £ (. )+
bo‘ladi (6)-formulaga tagribiy lusoblash formulasx dgyilafii.

Endi yo‘nalish bo‘yicha hosila tushunchasini kiritamiz.

Tkki o‘zgaruvehili z=f(x,y) funksiya ochiq jsc g* to‘plamda
berilgan bo'lsin. VAo(xD,yo)eM nuqgta olib, bu nugtadan biror £
to‘g‘ri chiziq o‘tkazaylik. Bu to‘g‘ri chizigning OX va OY koordi-
nata o‘glari bilan hosil gilgan burchaklari o va B bo‘lsin. o

3-1a’rif. Agar A nugta ¢ to‘e'ri chizig boylab A, nugtaga infil-
ganda ushbu

=
lim ————f(A) A ”).
A p(4,4)
limit mayjud bo‘lsa, uning giymatiga f(x,y)= f(A) funksiyaning
A, =(x,,y,) nugtadagi ¢ yo‘nalish bo'yicha hosilasi deyiladi va

A M e
P, yoki P, kabi belgilanadi.
Demak,

o (4) _ fim J(4)-7(4)
ar A=A p(/l,,./l)
5-Teorema. Agar f(x.y) funksiva A,=(x,y,) nugtada differ-
ensiallanuvchi bo‘lsa, u holda shu funksiya A, nugtada 7 yo'nalish
boyicha hosilaga ega va

r//( ) n/( A of (xy,,)

w,r/t SieC08 [ (8)
ot a\- y

(7)

tenglik o‘rinli.
Izoh: Funksiya biror nuqgtada differensiallanuvehi bo‘lmasa ham u
shu nuqtada biror yo'nalish bo‘yicha hosilaga ega bo‘lishi mumkin.

Agar differensiallanuvehi w-—-'/'(_\;_v.:) va x=¢(u,v),
y=y(uyv), z=y(u,v) funksiyalar berilgan bo‘lib, ular yorda-
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mida w=f[g/)(u,v),(//(u,v),;{(u,v)]=F(u,v) murakkab funksiya
aniglangan bo‘lsa, unda murakkab funksiya ham differensiallanuv-
chi bo‘ladi va

—_—=—— R )
Ou Ox Ou Oy Ou 0Oz Ou )
w_ow ox ow dy ow o
dv Ox Ov Oy ov 0z o
tengliklar o‘rinli bo‘ladi. : :
Ko‘p o‘zgaruvchili funksiyaning ikkinchi tartibli xususiy hosila-
lari quyidagi tenglik yordamida aniglanadi:
3 ol o(of Vi
A R e (2| =T 10
faar i [ a_\.‘] (ke =Lm) (10)
Bif. o

=—==f3 i yoziladi.
Ox, 0x, | Ox, St Rl Rl

[aw Ow ox Ow dy ow Oz

Agar ;= bo'lsa,

Agar jxk bo‘lsa i(ﬁ%’ - aralash hosila deb ataladi.

Yuqori tartibli xususil_v hosilalar ham shu kabi aniglanadi.

M to'plamda 1.2.3...., k-tartibli uzluksiz xususiy hosilalarga cga
bolgan funksiyalar sinfi C®(M;R) yoki C(M) kabi belgilal?adf- :

4-ta’rif. Agar f(x) funksiyaning x nuqtadagi barcha 1‘kk|.nch}
tartibli xususiy hosilalari mavjud bo‘lsa, unda funksiyaning ikkinchi
tartibli differensiali quyidagi tenglik yordamida aniglanadi:

e (_‘_- E d i :
d*f(x) =) J (\)‘/\',{I.\-‘ :'(~_)a—u',\',+...+—(,)—_—dx,..] 1)

[Te1 Ox,0x, 0ox, X,

Xuddi shunga o‘xshash "
%) d 11
d"f =d(d"" Zdx, 4 ki L an
i ( '/) ( i ox,

bo‘ladi. g oy
6-teorema. (Teylor formulasi). Agar x va x+h nuqt.ﬂ]ﬂr.“mg ‘(1),;1
va ularni tutashtiruvehi kesma M to‘plamga ‘C'gls_h“ .bo l(lii,
f(x)e " (M) bo'lsa, u holda ushbu Peano Kko‘rinishidagi goldid
hadli Teylor formulasi o‘rinli bo‘ladi:
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T T enis +h,,)—f(x,,...,x,,,)=
e ) .
_Zkl(hl—x- 'E’x—J f(x)+o(1 )

= '
4, Ko‘p o‘zgaruvchili funksiyaning ekstremumlari
f(x)=f(x,,...,x,,,) funksiya ochiq M c R* to‘plamda berilgan
bo'lib, X, =(%"mx5) €M bo'lsin.
5-ta’rif. Agar x° nugtaning 1)6(.\'°)CM atrofi topilsaki,

Verd(x") uchun f(x)Sf(Io) ( f(-\‘)Z.f(x°) )
bo‘lsa, f(x) funksiya % nugtada min (max) ga ega deyiladi. / (xo)
giymat esa f(x) funksiyaning lokal (max) min qumau deyiladi va
7= e (G} 1)~ (7 )
kabi belgilanadi. ;
Funksiyaning max va min giymatlari uning ckstremumlari deb
ataladi.

x” nugtaning Ud.(x“) atrofida
A=f(x)-f(x) (12)

ayirmani ko‘raylik.

Agar bu ayirma U;("’n)d“ 0'z ishorasini saglasa ya'ni har doim
AZO(AsO) bo‘lsa, f(x) funksiya ,* nugtada min (max) ga
erishadi. Agar A ayirma y° nuqtaning ' atrofida ham o‘z isho-
rasini saglamasa, unda f(.\') funksiya ° nugtada eckstremumga
ega bo‘la olmaydi.

I-teorema. (Zaruriy shart) f(x) funksiva " nugtada cks-
tremumga erishsa va shu nuqtada ,/;: ( s EE 4 ( \) xususiy hosila-
lar 3 bo‘lsa, unda

La(%)=..= 1, (¥*)=0 (13)
bo‘ladi.
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I-izoh. Teoremaning aksi har doim ham o‘rinli bo‘lavermaydi.
Masala, f(x,y)=x-y funksiya uchun £;(0,0)=7(0,0)=0, lekin
funksiya (0,0) nuqtada ekstremumga erishmaydi, chunki u (0,0)
luqtaning v atrofida har hil ishorali giymatlarni gabul giladi. i

2-izoh. Agar f(x) funksiya »° nuqtada differensiallanuvchi
bo‘lsa, u holda funksivaning ekstremumga erishishining zarurty
shartini t(f(.\'”)=0 ko‘rinishda yozish mumkin. ;

2-teorema. (Yetarli shart) f (x) funksiya x° nugtaning biror

5 -\'(') atrofida berilzan bo‘lib quyidagi shartlarni bajarsin:

D f(x) funksiya U"(_.\'“) da uzluksiz birinchi va ikkinchi tfart-
ibli xususiy hosilalarga ega;

2) ¥ nugta f (x) Junksiyaning statsionar nuqtasi;

3) koeffitsientlari a, =1 (.\-"). (i,k=m) bo ‘lgan.

O(&nln) = D qulis (14)-

1.k=1
kvadratik forma mushat (manfiy) aniglangan. hadi
U holda f(x) funksiva ° nuqgtada min (max) ga erishadi.
Agar kvadratik forma noaniq bo‘lsa, unda f(x) funksiya R
qtada ekstremumga erishmaydi.
Bu teoremani ;=2 bo‘lgan holda alohida ko‘ramiz:

_@r(x) o)

s o

12 * 22 .2
OX; (’1\'[{ l.\'2 0"2

l(’\!’I‘ ll
; l a,dy, =&, bo'lsin. Unda
1(/ A

1)A>0,a, >0 bo‘lsa, min;

2) A>0,a, <0 bo‘lsa, max;
3) A0 bo'lsa, ekstremum mavjud emas.
4) A =0 bo'lsa, shubhali hol bo‘ladi. ‘| maganda
3iz shu vagtgacha hech gqanday shart benllmsi bilan
y=f(x.x.,....x, ) funksiya ekstremumini lOPiSh'mﬂsa z:(siyﬂﬂi“g
shugullandik. Lekin matematikaning ko‘p tﬂtbiqla.nda fun * mlarini
:nr)vmncml:xri ba’zi bir shartlarni q;\noallzmlirgandzlgl ekstrem
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topish talab gilinadi. Biz shunday masalani eng sodda hol uchun
keltiramiz.

Aytaylik,
u=f(x.) (15)

F (x,y):O (16)
shartni ganoatlantiruvchi ekstremumini topish talab gilinsin. Bun-
day ekstremumga shartli ekstremum deyiladi.

Agar (16)-tenglamadan y=¢(x) funksiyani topish mumkin
bo‘lsa, u holda shartli ekstremumni topish masalasi

1/=f[x,¢(x)]:d>(x) (17)
funksiyaning oddiy ekstremumini topish masalasiga keladi. Lekin har
doim ham y=p(x) funksiyani topish imkoni yo'q. Shuning uchun
(16)-tenglamani yechmay turib shartli ekstremumni topishni
o‘rganamiz. Bunda Lagranj usuli yaxshi natijaga olib keladi.

Ushbu

funksiyaning

O(x,y)=f(x, )+ AF(x.y) (18)
Lagranj funksiyasini olamiz. (18) dagi ; hozircha noma’lum
o‘zgarmas ko‘paytuvchi.
®(x,y) funksiyaning oddiy ekstremumi /f(x,y) funksiyaning
F(x,y)=0 tenglamani ganoatlantiruvchi shartli ckstremumi bilan
ustma-ust tushadi. ®(x,y) funksiyaning statsionar nugqtasi va
noma'lum koeffitsient 7 quyidagi

oD
—=0
ox
oD
| 3y (19)
F(x,y)=0

shartlardan topiladi. Faraz qgilaylik, M, (%,,v,) nugta ®(x,y) funk-

siyaning statsions asi bo‘lsi ‘ ; - i
yaning statsionar nuqtasi bo‘lsin. Agar d’® l, >0 bo‘lsa min va

d°® | >0 bo'lsa max bo‘ladi. Bu verda d°® = (77_’—77-(/\- 4 } 1/_1/}1 D

ox oy
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O‘zgaruvchilari soni ko‘p bo‘lgan funksiyalar qaralganda shartli

ekstremum shu kabi aniglanadi va Lagranj funksiyasi yordamida
topiladi.

59, O‘zgaruvchilarni almashtirish

2) Oddiy hosilani o‘zida saglovchi ifodalarda o‘zgaruvchilarni
almashtirish

Aytaylik, y=y(x) funksiya va

A= D(x, 3.V (&
differensial ifoda berilgan bo‘lib,
x:f([’u)= y:g(f.,") (21)

Ya u=u(r) bo'lsin. Differensial ifodada yangi t o'zgaruvchiga o'tish
talab qilinsin. Unda (21) ga ko‘ra
/ ?¥_+%.u;
' =2 Ol Ol
r T 3 Q—L :

o ou ' R ilalar
ekanligini topamiz. Shunga o‘xshash yuqori tartibli yg,-- hosiia
ham topiladi va (20) ga olib borib qo'yib, yangi

A=, (t,uu,uf,...)
differensial ifoda hosil gilinadi.

3 , g ilarni
b) Xususiy hosilani o‘zida saglovchi ifodalarda o‘zgaruvehi
almashtirish.

Faraz gilaylik, z=z(x,y) funksiya va
BeF{xynZ 2 l—‘?—’—a»i] @
T ox oy oxt oy oy
differensial ifoda berilgan bo‘lib, )
x= f(u,v) y=g(u,v) ; (Unda
bo‘lsin. Bu yerda u va v lar yangi erkli o‘zgaruVChllar'

dz dz i :
,,\’/\ hususiy hosilalar ushbu
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& _o 2 %
du o&x Ou Oy Ou

ov Ox ov oy v

tengliklardan topiladi va ular (22) ga olib borib qo‘yib, yangl

& oz 0z &z _6_2 )
s e
differensial ifoda hosil gilinadi.
Umumiy holda (22) ifodada ushbu

x=f(uvw), y=g(uwv,w.), z=h(uv.w) (24)
almashtirish bajarilgan bo‘lib, u,v lar yangi erkli o‘zgaruvchilar va
0z 0z 3 o
w=w(u,v) yangi funksiya bo‘lsin. Unda 55’ xususiy hosila
larni topish uchun
z ik - hw =) ) i’
ik R +E(aﬁ+2&.ﬂjzfﬁ+;.g1,
ox\ou ow ou 0\ou ow ou) ou ow dou
E(ﬂ,,l.ﬂ +E(5_ﬂ+‘7_ﬂ.ﬂjzfl’_’+fﬁg_‘,
ox\ov ow av) oylov ow ov) ov ow ov
tenglamalar hosil gilinadi. Bu tenglamalar vordamida xususiy hosila-
lar topiladi va (22) ga olib borib qo‘yib, yangi
,]}:[r;_ (,,’v‘w.ﬂf’dw agw ow r;u |

ou ov ou’ duov ov' )

—_— ... |
differensial ifoda hosil qgilinadi.

Nazorat savollari
R" fazo.
. R" fazoda metrika.
. R" fazoda ketma-ketlik tushunchasi va uning limiti
Ko'p o‘zgaruvchili funksiya (k. o'. f.) tushunchasi.
K.o'.f. ning karrali limiti tushunchasi.
K.o'.f. ning takroriy limiti tushunchasi.
. Karrali va takroriy limitlar orasidagi bog‘lanish.

N Lo~
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8. Karrali va takroriy limitlarning tengligi hagidagi teorema.
9. K.o.f. ning uzluksizligi. :

10. K.o'.f. ning tekis uzluksizligi va Kantor teoremasi.

11. K.o'.f. ning xususiy hosilasi ta’rifi.

12. Urinma tekislik tenglamasi.

13. K.o'.f. ning differensiallanuvchiligi.

14. K.o'.f. differensiallanuvchi va uzluksiz funksiyalar orasidagi
bog‘lanish.

I5. Tagribiy hisoblash formulasi.

16. Yo‘nalish bo‘yicha hosila.

17. K.o*.f. uchun Teylor formulasi.

18. K.o‘.f. ning ekstremumlari.

19. Shartli ekstremum, Lagranj usuli. TR irish
20. Oddiy hosilani o‘zida saglovchi ifodalarda o‘zgaruvchilami almashtirish.

21. Xususiy hosilani o‘zida saglovchi ifodalarda o‘zgaruchilarni almash-
tirish.

B
Mustaqil yechish uchun misol va masalalar
1-masala.
R* fazoda quyidagi ketma-ketliklarning limiti a(a ER')
ckanligi ta’rif yordamida isbotlansin.
3 3
b 13~n? 2n-1 - g 3nl+2- 2n ) a(.—;2)_
1.1 2% = ,’:1  ‘” 4!1]’. u[‘- E:—-*). f {5 .‘.(")_:(4"1_' TS 4

3

2
(1-2n" 3n* ) ! 442n 5n+15), _:;—5),
13 2o | e 2 L a(-2-3), 1.4 .\-'"’=( e B

1-3n" 6=n

) | g
\ / \ o 5n ol |
(4n°+]1 4-n" ) (4 1 1-2n ‘____.);(l( : ).
L5 o \3ni+2"3+2n J-ll!\ 37 2L L6 - 2pdn’’ ntl 2

. 3"—2.51’1:_1 :0(2;2),
1.7 = coen '; a(0.0), 1.8 ) &l i==ris ol 2

nn

; « osn 1=1 Y. 4(0.0).
19 [ n l4+n ] “( ’; L) 1.10 :(&)l. ——-—~] 0( )
1 \ 2

]
p a n'+1
in4+1 1-2n) \ 3 n

2 1| g(0,0).
R CTEA BT ) T

n n ”."+l
\n
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R? fazoda quyidagi ketma-ketliklarning limiti topilsin.

L) n-1{2n"+2 i
L3 sl o s | |

(2n+1)!+(2n+2)!‘(£i)"'2] .

1.14 x"”=[ (@n+3)]  \n+3
2n+l +3n¢l : nz —l "
115 50 = 273 | P 3

1+2+...+n{2n+3)"‘l
LGS Jor* 41 "\ 2n+1 :
B l+4+7+...+(3n-—2)(n+])"]

Jsnt +n+i ;

170 %

n-1

()
T8 axv= =

(n) ['31"3'*'5—\/3”'-%2 (113+IJ2"""J
LI9:ig= :

143+5+...+(2n~1)"

(n+4)!—-(n+2)!.(n_+:3J""-J'

(n+3)! !

n—1
+—
16 64

8. 150 n
| 1.20 ™ = (% o ~-~+J%.II(V’ 548 — Zn)J ¥

n(n+1)

I A I Wy 7Y
1.21 x"”:(E+2—'5+...+————;\5-{‘/'i-t/2~....-"\/2J.

2-masala. Quyidagi funksiyalarning aniglanish sohalari
topilsin va chizmada ko‘rsatilsin.

2.1. u=arccos

X+y. 2.2. Ilzln(_ry:).

2.3. u=In(-x-y). 2.4. u=arcsin?
4
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25. u=fsin(x*+)7). 2.6. u=,’1—(xz+y)2 .

2.7.

2.8. u=\/(x2+y3_1).(4_x'-'_y3) 5

2.9. u=a1-x> +,"y:—] .
2.11. u=arccosﬂ—:T. 2.12. u=xp+ ’ln +\/;T}-’—"_9

X

23l =

2.14. % 4 "

ln(l—.\': ~y:)'

st "‘”’""lj:)‘,, . 2.16. u=l+m'
2.17. u—_\/:——\/f 2.18. u=.[ysinx.

LA e, ¥+ )
2.19. u=.[xcosy. 2.20. u=arccos—z .

2.21. u=arcsin '\_v - aresin(1-y) |

v

3-masala. Karrali limitlar hisoblansin.

lim sin xy 93 llm——lty_"
3.1 :,.1,'\/\ Gt SN R
X ‘z
: 175 lim i‘]
3.3 I‘II‘I?(l } : - 3.4 AR 2
y ,)-\")'2
Rl 4 lim(x* +y°
TS L o 3.6 ;‘.;’,‘;(
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o
lim(l +z);’_y 48 ‘I_I,T,. (x‘-’ +y2)e‘(x+,v)
3.7 ;:; x i < yordr
e s
3.9 lim ; e -
o Py ()
) K 1
g lim(1+x%y* )77
3.11 %l:""é)x,,+y4. 3.12 ::g(
1
. 2 aNT = i I Y’
3.13 ":'é‘é(“" P 314 g
. giny b i
315 4!1_{!11‘(x2+y2)smx2+y2 . 3.16 !21}(x’+y )ln(l+sm = +y3)'
Yoz ¥z
: 24yl ek )
lim (x+y)e'{ lim
3.17 ::; . 3.18 ::z’)'] +,y,) .
o (2 ) . 1—cos(x’y*
3.19 lm(x*+57)", 3.20 'L",‘,_")
pi % (¥ +y7)

l 2
321 lim—2l s
N SN+ =224

4-masala, lim hmf(x Y) va I"“ '"" f(" Y) takroriy limitlar

X=Xy Y=g
hlsoblansm.
) 1.113;”’ . =y, =0
41 f(5y)=sin== ""o ay=n 42 /(x)): T S A

435 (X’J’)=‘°gr(*‘+y)%=Lyo=0- 44 f(x.)'):%{%“w y, =0,

,\oosy

4.5 f{»’%)’)” -:_"xn Yo 0. 4.6 f(Ay):M =y =0,

= =X =W
ey

148



sin3x—1g2y X +y
X)) =———x. =y =0 ==
47 f(xy) sy, o =0, iR (%) )

=Ygt

o DS S0y e
49 f(xy)= ;x";x” =iy =40, 410 flxy)=tepy =05 ="
S
1Y
0,0
411 f(AV)—{‘” (3.5)#(0.0) : (|+.;_-;) ,X+y=0
0(x.)=(0.0)x,=y,=0" 4.12 f(xy)= 5 ok e
x+y=Ux%=)=
X=y+X +)7
_)\‘T\V;.X?f'—)l sinx+siny = -0
4.13 f(x,y)=l o 414 f(zy)T gy
0,x=-yx, =), =0
2=y
\"\inl»:v Vv ,“I ,y,

415/( ,_h\*‘,,:.z_ ) Illl
idl X4y i At f(xh‘) Olel Iy|rxu=y‘)=0

| +e’ i

T () Jeey Tt A IS G

[ 4 X i ll] .\'+)'). =] v =O
B flxy) =Lt 2Y Ly o A .\-.:=—(—'"-"n"’)° '
P S(x)

421 ¢ (x, y) = ! in- ,“ ‘) 3Xo =Yy =00,

5-masala.
X

[ x|+

51 Sf(xy) funksiya ©(0,0) nugtada cheksiz kichi

bo'lishi isbotlansis. dh. cheke
52 f(x,y)=sia(x+y)-In(x*4 y:) funksiya 0(0,0) nuqtaca
iz kichik bo‘lishi isbotlansin.

5 R anligi is-
53 f(xy)=" 7 funksiya quyidagi hossalarga ega €k

botlansin.
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a) M(x,y) nugta O(0,0) nuqtaga shu 0(0,0) nu.qtz‘u?ag Otl:;’:];l
v to‘g‘ri chiziq bo‘ylab intilganda ham. funksiya limiti gi tad;
b) 0(0,0) nugtada funksiya limiti maV_]Ud. emas. (xo,'y:’) 1; q
f(xy) funksiyaning karrali va takroriy limitlari mavjudmi?

2

: = =02
Sy F%T%”‘F%:O' 5.5 f(xy)=log,(x+y)i% =LY

e LPETRES : _‘.\'—y;x =y,=0,
56 flan=ngy H=%=0, 57 F(xy)=T7, %0 =%

8 e I e
5.8 f(X,Y)=EJ_J.:(Z—.'W,&=);=O. 5.9 f(.\',y)=(x+y)sm;-sm;.)q, Yo

e
5.10 f(x:}’)=m7xo—)’o-0,

X

3 3
i :yz (x,7)#(0,0)
511 f(x )= Y

0,(x,)=(0,0). x,=y,=0

x4y
(“’ ] X+ y#£0
5.12 f(x,y): l R

l,x+))=0xo=y0=w

Quyidagi funksiyalarni berilgan nugtalarda har bir o*zgaruvehi
bo‘yicha xususiy va ikkala o‘zgaruvchi bo‘yicha birgalikda uzluksi-
zlikka tekshiring.

0y

x’y:

X4+y"x4+y‘¢0o
5.13 f(x,y)—_- g

0,x*+y'=0

0(0.0) va A(1;2).

s ]
4L—4"x4+y4¢01
514 f(xy)=]¥ 1V 0(0,0) va A(10%;107).
‘0,)‘ +y =0
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x'+y"x +y =0,
515 f(xy)=1**7 0(0,0) va A(-L-1).
0,x +y =0

2 2

izn—yz,xz +y2 #0,
516 1 Ty 0(0,0) va 4(0;1).

l\':+)12=0

sin x +sin y
\’ V

+v #0,
X

T, v
517 e 0(0,0) va 433773 )
Lx+y=0

COSX —COS
x —y 0]

|cosxmsoy
R e 0(0,0) va 4375 ):
0,

\——\':

i"j’f’“;‘(‘ ¥)#(0.0)
519 f(x,y)=)" 0(0,0) va A(1:0).

520 f(x,) 0(0,0) va A(1:0).

= X2yt 20,

l
52 f(xy)=1" 7 | 0(0,0) va A(%1)-
{0, x" 4+ y° =0

6-masala.
v iring.
f(x.y) funksiyani M to‘plamda chegaralanganlikka tekshiring

61 f(xy)= '~ ", M={(xy)e R, +y 505).
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6.2 f(x,y)=x3-yz, M={(x,y)eR:,x:+y:>25}. 1

2x* +3y° 2
6.3 f(x,y)=—xz73—, M={(x,y)eR2,x“+y'¢0}.

64 f(xy)= - y)l;cos(x—y)’ M ={(x,y) eR xy# 0} :

6.5 f(xy)= sm(x+y);ysm(x—y)’ M={(x,y)e Rz,xy;eo} A

Inx—Iny »
6.6 f(x,y)= ""_y“" M={(x,_v)eR',x¢y}.

Quyidagi funksiyalarning ko‘rsatilgan to‘plamda chegaralangan-
ligini isbotlang, uning aniq chegaralarini toping va funksiya shu

giymatlarga erishish-erishmasligini aniglang.
2 2

X - z (Rt
6.7 f(xy)= = +;’1: M= {(x,y)GR',x2+y‘;t0},
6 (t
6.8 f(x. V)_x +y2' M= {(x,y)eR2,0<x;+y:s‘)}.

6.9 f(\))- i M={(xy)e R x* +y #0).

6.10 f(x,y)=m-'-", M={(xy)e R xz0,y20}.
4(x* +y*) 427

3o M={(x.y,z)tzlf1.x24); +2#0}.

6.11 f(xy.2)=
JS(x,y) funksiyaning M to‘plamda tckis uzluksiz bo‘lishi
ta’rif yordamida isbotlansin( 5 = 6(e)=7).

6.12 f(xy)=2x+3y+5, pr=pg?.
6.13 f(x,y):x2+y2 M={(X‘Y)ER2‘XZ+)’:‘/‘4;.

6.14 f(xy)=\x*+y* Mm=pR".
6.15 f(xy)=x-2y+3, ar=pe.
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Quyidagi funksiyalarni ko‘rsatilgan to‘plamda tekis
uzluksizlikka tekshiring.

A

+
6.16 f(x,y)= '1_4 +';4 : M={(x,y)eR2,0<x: +y? <1} 2

617 f(x,y)="" ———"*‘

e . M ={(x,y)e R*,0<x* <1},

1
6.18 f(x,y)=-\‘-Sln; M:{(.\-,y)eR:, 0<x<l,0<y<l}.

Lo
6.19 f(x,y)= -\')’3”17- M:{(,\',y)eRz, 0<x<l, 0<y<l}.

6.20 f(x,y)zy-cosl, M :{(.\‘,y)eRz. 0<x<l, 0<_v<l}
<

6.21 f(xy)=x-) funksiyaning M={(.\‘..,\’)€RZJS-\' SZOSJ’SI}
to'plamda tekis uzluksiz ekanligi ta’rif yordamida isbotlansin.

7-masala. Quyidagi funksiya 0(0,0) nugtada xususiy
hosilalarga egami va bu nugtada differensiallanuvchimi?

\+)

ppirbies
71 u(x,y)- \/.\" o L 7.2 u(x,y)
0, |x|+[y=0
7.3 u(x,y)= xv . 7.4 u(x,y)= \/;)-1 sinx.
7.5 u(x,y) \/\“ +yts 7.6 u(x,y)= Yy -tgx-
7.7 u(x,y)= Yxsiny. 7.8 u(x,y)= \4/"3 L

7.9 u(x,y) ,{/\‘ i, 7.10 u(x,y)= \'2x2—3y2 .

1
T R A
e X ey
711 u(x,y): \/'\v i 712 u(x,y)= P A e
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7.13 u(xy)= 3" . 7.14 u(x,y)= ¥ +y" -
& e
7.15 u(x,y)=3xr+y’ . 7.16 u(x,y)= i+
0, |x|+|¥=0

TR
7.17 u(xy)= b 7.18 u(x,y)=3/x y* -sinx.

0. +y/ =0
7.19 u(x,y)= 3y 1gx. 7.20 u(x.y)=3x y sinx.
4 4
2+y3,x2+y’¢0,
7.21 u(xy)=1*
0.x° +y* =0

8-masala.
Sirtga ko‘rsatilgan nugtada o‘tkazilgan urinma
tekislik tenglamasi topilsin.
T
8.1 z=xy; 4(1,0,0). z=sin(xy) /1( 3

8.2
83 z=x+y% A(0, 1, 1). 84 = Al 1,1).
8.5 z=x+y% A(l,-1, 0). B a2 A(1, 2, 5).

.mt&

w
87 X¥+y' +2=169; A(l 4, 12). 8.8 :=urclg4‘:. /l(L 1, — ‘
x 4)
X
8.9 z=y+In=; A(LL1).
z=0 tekislik 0(0,0,0,) nuqtada quyidagi sirtga urinma tekislik
bo‘ladimi?

8.10 z=x"+y*;-aylanma paraboloid.

8.11 z=/x"+ " -konus.

8.12 z = xy; -giperbolik paraboloid.
Quyidagi {niqdorlaming taqribiy giymatlarini hisoblang.
8.13. 1,002-2,003%-3,004". 8.14 sin29°-1g46°.
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1,03*
8.1 . T— 2 sin0.07.
5 0.98 4105 ° 8.16 2,67
817 1,02° +1,97° - 8.18 sinl,59-1g3,09.

8.19 z=x'-3x*y+3x)*+1 funksiya M(3; 1) nuqtada shu nu-

Qtadan (6; 5) nuqtaga qarab yo‘nalgan yo‘nalish bo‘yicha hosilasi
topilsin.

8.20 z=al‘clg(.\'y) funksivaning M(1;1) nuqtada birinchi chorakn-
ing bissektrissasi yo‘nalishi bo‘yicha hosilasi hisoblansin.

8.21 z=x'y* —xp° —3y—1 funksiyaning M(2;1) nuqtada shu nu-

qtadan koordinata boshiga garab yo‘nalgan yo‘nalish bo‘yicha hosilasi
hisoblansin.

9-masala. S :
Quyidagi murakkab funksiyalarning xususiy hosilalarini toping
(f va g-differensiallanuvchi).

S g (7757 AT 92 ey )
93 u=[r(x-y)]"". 9.4 u=f(x=)-
95 u=f(x)-g(yz). 9.6 f(x+yx+5’).
9.7 - /(“|
Y. x )

s A : ! : : 3 k-
Agar f-ixtiyoriy differensiallanuvchi funksiya bo‘lsa, u(_\,y) fun
siya mos tenglamani qanoatlantirishini tekshiring.

u ou
8 u Tl T, x—=0
9.8 / ( ) ) ox (7.\'
; { v du 2 ou e
00 1n=x / 8. i ) g
9.9 o o

ou ou
y—t Xy —= XU

9.10 u=yf(x'-y*) Y 5?5,
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2 ou o 5
= ¥ ——xy—+y'=0
9.11 u 3x+f(xy); ox ay .
xﬁ+a —aﬁ+ﬂz——mz
9.12 u=x"f ,, ,, o y&y =

z ou Ou _Ou Xy
el s — St Yy—F Z—=U+—
e lnx+xf(z,xJ, xax yay 0z Zi"

Funksiya differensialini ko‘rsatilgan nuqtalarda toping.

9.14 u=%, M(x,p,z) va M,(1,2.3).

T
9.15 u=cos(xy+xz), M(x,y,z) va M"(]’-G_’E)'
9.16 4=y’ M(x,y,) va M0(2,3).

2

9.17 u=xIn(xp), M(x,y,) va M,(-1,~1).
all au . . . . .
o va 5 xususiy hosilalarni hisoblash va f va g fuksiyalar-

ning hosilalarini (f va g-differensiallanuvchi funksiyalar) yo‘qotish
yo'li bilan shunday tenglama tuzingki, u(x,y) funksiya uni qanoat-
lantirsin.

g
9.18 u= f(}’ ZJ 9.19 Il:f('\‘»-f‘/".‘i *_’)

s fy
9.20 u=x V) 9.21 u=x+f(xy).

10-masala. Ko‘rsatilgan tartibdagi xususiy hosilalar va differ-
ensiallar hisoblansin.

X4y 8"y 57y
10.1 #= A 102 u=x"y";, am
X ==y (:\ a}’ % 7 ox"oh
~min
¥ d'u
3 u=e " siny+e’ cos=: e —
10.3 y 2 aore 104 u=c"; 5o
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5% o'u
ERPYE 10.6 u=x"cosy+y*sinx; oy

10.5 u=sinx-cos2y;

2 10 0" u du ou
10.7 u=(.\"+y) 1gx; a\_ay) 10.8 u=sinxy; EEAT

i 2
109 y=x+y* -e”; qu- 10.10 ”=(;J S d*u

= 2. 10.12 u=f(x+y.x*+ V)i du-
1.3 w=f(xp) g(xz); @u. 10.14 u=f(sinx+cosy); d*u-
10.15 u=f(x+y.::): d*u - 10.16 ll=f(-\'y,«\‘: +)’2)? d'u-
1017 u= f(2x-3y+4z); g"y. 10.18 u=f(2x,30,22); d"u-

: oz Oz i
z=z(x,y) bo‘lsa, % g lar topilsin.
10.19 F(xy,yz,zx)=0. 10.20 F(xyz,x+y)=0 .

10.21 F(y—zx,x- zy,z—xy)=0.

11-masala. Quyidagi funksiyalar ekstremumga tekshirilsin.
11.1 u=x*+4 xy + y° 4 : + I— 1152 11:—,\'2—-.\)'—}’2*"\"")"
13 u- x4 y daxy . ‘ 11.4 u=,\-‘+y‘—36xy-

ILS y=x'+y'—20 +4xp-2y7. 116 umzt=2uick =y

IL7 u=e™(x+)y* +2y), 11.8 u=3x"y+y —18x-30y:
11.9 w=xy+ yz+z2x. 11.10 u=(x2+y2)£'—(r”)'
LI w=d-(x"+)7)". 1112 u=y 42y 42 -2x+4y-62:
11,13 =204y +2* -2y +4z-x. 11.14 1I=x‘+;y+);—25+l’z+3y'l'
115 y=1- 3"+ . 1116 u=(x-y+1)"

117 u=2x" + y* —x* = 2)°. 11.18 uzxzy’-(G—X—)’)'
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1119 u=x*+y' -2 -2xp—)". 11.20 u=x:—(y—1):-
11.21 u=x"-2xp+4y* +62> +6yz—6z.
12-masala.
Berilgan funksiyaning ko‘rsatilgan to‘plamdagi eng katta va eng
kichik giymatlari topilsin.

12.1 u=xy—x3y—-'\?2—, 0<x<l,0<y<2.
12.2 u=x*+3y" —x+18y—4 0<x<1,0<y<]1.

12.3 u=x+3y°-3xy, 0<x<2,0<y<l.
v ¥y » Ty
=2 A R et 5 i L < 1

124 u 3 y e

12.5 u=x"+)"-3x° +6xy-3y°, 0<y<x<2.

12.6 u=cosx-cosy-cos(x+y), Osx<mO<y=<n.

12.7 u=(x—y2)~’(l—x):, SRex <D,

12.8 u=x"+y’'-9xy+27,0x<6,0< y<6.

12.9 u=x'+y' -2x +4xp~2y°,. 0<x<2,0<y<2.
12.10 u=xy+yz+zx, ¥ +y*+7°<9,

12.11 u=x+y+z, x'+y’<zzl.

1212 u=2sinx+2sin y +sin(x+ y), 0sx<sZ0<ys Z,

2 v
Oshkormas ko‘rinishda berilgan y = y(x) funksiyaning ckstrem-
umlari topilsin.

12.13 yz—2_1/Tsixl.r=0,05.vs27r. 12.14 (_v—.\')' +x4+6=0.
12.15 (y-x*) =x*, 2 437 20, 1216 3 4y +xy=27.
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Oshkormas ko‘rinishda berilgan z=z(x, y) funksiyaning
ekstremumlari topilsin.

12.17 2x° +2y* + 2> +8yz—z+8=0.
12.18 x*'+y*+2%= 2(.\'2 +y’ +zz).

12.19 5x* +5)° +52° —2xy—2xz—2yz—72=0.
12.20 22 + xpz - X7 —-x*=0.

12.21 52% +4zp+ y* —2p+3x° —6x+4=0.

13-masala.

13.1 a tomoni va uning qarshisidagi A burchagiga ko‘ra ber-
ilgan uchburchakning eng katta yuzini toping.

13.2 Uchburchakning a,v tomonlri va ular orasidagi S burchak
ma’lum. Bu uchburchakning a va v tomonlaridan shunday kesma
bilan teng ikkiga (yuzaga nisbatan) bo‘lingki, natijada kesma uzun-
ligi eng kichik bo‘lsin. A

13.3 y=x" parabola va x—y-2=0 to'g‘ri chiziq orasidagi eng
kichik masofani toping. i)

13.4 (x,.y,.z,) nuqta bilan Ax+ By+Cz+D tekislik orasidagi
eng kichik masofani toping.

T, Ja ; # =1 ellipsoidga ichki chizilgan eng katta hajmli

a ) C
to'g'ri burchakli paralepepipedning o‘lchamlarini toping. 5 y

13.6 O'lchamlari qanday bo‘lganda ko‘ndalang kesimi yarim
doira, sirtining yuzasi 3zm? bo‘lgan ochiq silindrik vanna eng katta
hajmga ega bo‘ladi? : 5

13.7 O'lchamlari ganday bo‘lganda usti ochig, hajmi %2 I
bo‘lgan to*p‘ri burchakli banka eng kichik sirtga ega bO‘]ad.'?

13.8 Hajmi 547 bo‘lgan silindrik banka, asos diametr ‘d va
balandligi h ning ganday qiymatlarida eng kichik sirtga ¢ga 'b?_ l“(‘,h:

13.9 Mushat @ sonini 5 ta shunday musbat sonlarning yig‘indisi
ko‘rinishida ifodalangki ularning ko‘paytmasi eng katta bo‘lsm-‘ i

13.10 Qirralari uzunliklarining yig‘indisi a ga teng bo‘lgan to'g 1t
burchakli parallelepipedning o‘lchamlari ganday bo‘lganda uning
hajmi eng katta bo‘ladi?
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13.11 Hajmi V ga teng bo‘lgan to‘g‘ri burchakli parallfalepipedr}-
ing o‘lchamlari ganday bo‘lganda uning to‘la sirti eng kichik bo‘ladi?

Lagranj usulidan foydalanib u=u(x,y) (yoki w=u(x,y, :)_)
funksiyaning berilgan shartni ganoatlantiruvchi ekstremumlari
topilsin.
13.12 u=xpz, x* -t-y2 +2°=3.

2 ]

13.13 u=z—z+;—;+z—;, 4yi+z=1 (a>b>c>0).
1314 u=x-2y+z x +y'-z"=1.

13.15 u=x?7, x +2y +3z =6 (x>0,y>0,2z>0).
1316 u=x’+y’ -2 +5, x+y-z=0.

13.17 u=x*+y*+22* x-y+z=1.

13.18 u=xy x*+y*=1.

e (ia |
13.19 u=x+y, ';?+—,=~;_

¥ ia

g (K Y
1320 yand gyt rial,
U=y +y,a 7

13.21 u=x-2y+2z, x* +y* + z* =1.

14-.xfmsala. u va v larni yangi erkli o‘zgaruvchi sifatida qabul
qilib, quyidagi tenglamalarda o‘zgaruvchilarni almashtiring.

50z 0z
14.1 ~ —""*Y)'”_:za =Xy, V= V
0.\' ay o ¥ -

2;%+ ‘az_,4 ¥
L Ox X E);— Yes u=y’ +¢*, v=y'-¢".

14 y-(')z x__z +xy =0, y
3 a Xy = -
: oy Ox S, b 5

3
ve=yx.
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Zi Oz
14.4 2y —+—+2y=
oy

14.5

o 2
14.6 (-\'+z)a~i+(y+z)5yz—=0’ e

14.7

14.8

oy

0z
y—

2 P _4+v’

ox ’ P e 2

+462_ : ;
o VY, x=vE oy=(u-v) -

X§£+ ;a_z..z
Ox s ay-

}az 0z
i o —

+z
x+z’

Y.

yo=x VSt

X

oz o - 5 b)
14.9 (x+y)a—(x—y)a%=0, sl v—arctgx_

14.14

14.15 2—

14.16

)
=z  y=4x-17y, v=8-=

0z

— =),

oy°
o’z 1oz

Y e
oy’ 20y
o0z 0’z
Sl SR L
”‘)XQV ay

0z
dy

2 2
u=x v=x+)"

X

u=x-y, v=xty.
=, (y>0), u=Xx, v=2\/;.

1 bl
._(:).E-:O, "=§(x_y)’ v~3(2}.+y),

ox

C .
ty—=0_ y=ycosy, y=usinve
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&z o
14.17 yé}“"‘a‘o, x=ucosv, y=usinv.

Y (e
14.18 (5;) "[5} =0, x=ucosv, y=usinv.

6z 62
14.19 7= ay =0, x=ucosv, y=usinv.
o’z 0z
14.20 axz ayz+4z 0, x:e‘-cosv, y=e‘~Sil’lV~
9’z 0’z Y
1421 ¥ 25~ ’gy—z 0, u=zy, v="7.
_D_

Namunaviy variant yechimi
1.21-masala. p? fazoda ushbu

n 1 o :
X()= ____+__l_+.“+._l ;\/2—'.\‘/5'2/53--'-\/5
1425243 n-(n+1)
ketma-ketlikning limiti topilsin.
1 1 1
4 V= 12 2 3+...+m va z":ﬁ_:[z'.\ﬂ/f.m.z:/i deb
belgilasak.

" ; il Lo I
hmy,,=llm(l——+——-+.., Ly S (____ =1 va
=S b e L ey

1
—+

1.5 s
limz, =lim2?# 2 2 =

n-sw n=yw

hosil gilamiz.

2"‘;‘ o bo'lib, lim x" =(1;2) ekanligini

2.21-masala. Quyidagi u = arcsin i +arcsin(1~y) funksiyaning

aniglanish sohasi topilsin va chizmada ko‘rsatilsin.
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x
= <5 357 2

< D)= ‘y' ={0y s<x25y ={(x,y)eR2:0<ys2,—y25x5y2}
ly=1]=1 e

Bu soha 8-chizmada tasvirlangan. >

ci e

3
2 ;.

8-chizma.
3.21-masala. Ushbu

nm_mfl)__
X=4]

=1 \m karrali limit hisoblansin.

((ln(.\'+.v)=ln[l+(.\‘—1+,1')]~-"—]+}’))=

.,_: x=l=rcosp x—)l}@’__)o i
- y=rsing  y—0

=

. r*(cose+sing
= |im— ( tsh L /i)

= (cosw+sin(p)lin3r =0
» =

res0

4.21-masala, !im ‘]il'l‘l f(%) va }2? Yll’{? j'(X,.V) takroriy limit-
lar hisoblansii.

f(xy)= sin—— 3y

. +
< lim lim 7 (x,y)= lim lim sinf—(i——zz

Y X Yo

;Jb ;;)% =00

—nmsinf——‘/E
+3y —x—n: 3 2 ya

Xt YD
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lim hmf(x,y)—hmhmsm e y)—lxmsm—=1

Y=Y X=Xy yom T 2x+ y yoz
5,21-masala. Quyidagi funksiyani berilgan nugtalarda har bir
o‘zgaruvchi bo‘yicha xususiy va ikkala o‘zgaruvchi bo‘ yicha birga-
likda uzluksizlikka tekshiring.

0
" 0(0.0) waL)

Xy
flay)= X +y
0,x* +y*=0
< Ma’lumki, agar

1y lim £ (x,0) = f (%0, 7).

2) };l{zf(xo,y)=f(xo,yo),

3) ’?l_:n;" f(x’.}')=f(-xmyo)q
bo‘lsa, unda f(x,y) funksiya (x,,y,) nugtada

1) x o‘zgaruvchi bo‘yicha xususiy,
2) y o‘zgaruvchi bo‘yicha xususiy
3) x va y o‘zgaruvchilar bo‘yicha birgalikda uzluksiz bo‘ladi.
Shular asosida masalani yechamiz.
a) 0(0,0) nuqtada tekshiramiz. Shartga ko‘ra f(0,0)=

1(x,0)=£(0,)=0=lim £ (x,0)=lim £(0,y) = (0,0)=> ikkala
o‘zgaruvchi bo‘yicha xususiy uzluksiz,

“mf(x,}’o)ﬂ’im 2 =[(X="C?S(/)JJ:Iimﬂ:sin;’l(ﬂ*ﬁ:‘z
._.,, 4y X7 +y \y=rsing =0 | o

Py

birgalikda uzluksiz emas.

b) A(l,1) nuqtada tekshiramiz. Shartga ko‘ra 7 (1, 1)=1 funk-
siya bu nuqgtada ham xususiy, ham birgalikda uzluksiz ckanligini
ko‘rish giyin emas. o

6.21-masala. f(xy)=x'-)" funksiya M={(xy)eR :1<x<205y< ‘
to‘plamda tekis uzluksiz ekanligi ta’rif yordamida isbotlansin.

ave>0 olib, quyidagi ayirmani baholaymiz:

If(x:a)'z 2 xl’yl)l Ixz".)’ x, - l | ()' *‘_}'

IA: -x; i +‘,\'_3 - )",“ =

164




=[x, —x,|-!x§ +X,0X, +xf‘+|y2 —yl|-|y§ + VW +y,’l<¢‘>‘-(|:r,|2 +|x2|-|x,|+|x,|2)+

+6(|y2]: +

VAR y,1+1y,|’)s5-(4+2.2+4)+5(1+1+1)=155=e=>a=%.

Demak, Vg>0 uchun & =-1§-5- deb olsak , M to‘plamning ushbu
|x;-x|<& va |y,~y|<& tengsizliklami ganoatlantiruvehi V(x,y,)
va (xz,y:) nuqtalari uchun lf(xZ,yz)—f(x,,yl )‘ <& tengsizlik bajar-
iladi = f(x,p) funksiya M to‘plamda tekis uzluksiz. >

7.21-masala. Quyidagi

4,

ol 6 o]

u(x’y) = +y"
0, X+ =0

funksiya O(0,0) nugtada xususiy hosilalarga egami va bu nuqtada
differensiallanuvchimi?

2u(0,0) R u(Ax,0)-u(0,0) B Aj.i +0 =
ox Av—0 Ax ey (Ar +0)A>.

ﬁu(l):()) o 1((0,A\')—:/(0,0) —limAy=0, Demak, xususiy

ox " Av=0 AV Ay=0

hosilalar 3. Endi differensiallanuvchilikka tekshiramiz. Diffe-
rensiallanuvehi bo‘lishi uchun

0 ) ou (0,0
Au(0,0) = ,"(9‘.(_) Ax+ _ﬁ(_____)_ Ay +0(p)
ox dy

yoki

Ax® + AV Lih i y
\\' ‘ /\‘ 2 0(\/‘\"" + /\V”) bo'lishi kerak. =
Ax® + Ay’

0 fim 224%:0) i Ax' + Ay =[Ax=rc05(p)]=
S Y e e

»0s" ¢ +sin* )limr=0=>
= (cos ¢ +sin’ @)lim

differensiallanuvehi.
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8.21-masala. z=x"y°—x)’ —-3y—1 funksiyaning M(2;1) nugta-
da shu nugtadan koordinata boshiga qarab yo‘nalgan yo‘nalish
bo‘yicha hosilasi hisoblansin.

< Yo‘nalish bo‘yicha hosilani
¥ (M) _of (M)
o ox

formula yordamida hisoblaymiz. M(2;1) nuqgta va koordinata boshini
tutashtirib ¢ to‘g‘ri chizigli hosil gilamiz (9-chizma).

-cosa + ——= a(;w) -cos 3

y
2
TR “—H
piene ]
(iAe | E
2 S
9-chizma.

2
|oM]=+/2* +1* =[5 9-chizmadan cosa:cos(rrwp):—cosq):f\—/;:

i ; 1
cosﬂ:cos(——+¢J=—sm¢=——- igini i

5 N3 ekanligini topamiz.
o (M) 2 of (M
_ax_=(21y “)’]) Ix- =3; /( Lalute =(2x*y -3x? _3) -1
Topilgan giymatlarni yuqoridagi formulaga olib borib go‘yamiz:

e [ ErEEr
Ou

du
9.21-masala. " 5 xususiy hosilalarni hisoblash va f va
g funksiyalarning hosilalarini yo‘qotish yoli hilan shunday tengla-
ma tuzingki, u(x,y) funksiya uni qanoatlantirsin.
u=x+ f(xy)
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=1+y-f'(x)
:>x——y-87=x. >

=x"(x) %

& b iR
10.21-masala. z=z(x,y) bo‘lsa =" lar topilsin.

F(y-zx,x-zp,z—-xy)=0
aé=y—zx, n=x-zy, {=z—-xy deb belgilab, berilgan teng-
lamani differensiallash yordamida topamiz:

QP 2|®

0z 0z 0z
o] —z—x— 4 Z|+E|—-y|=0,
i ( xa)+F ( yax) ¢ (& ))
3 =
0z 0z z
Fll=-x=—|+F | -z=y— +F'~[——x]=0
: ( av) g ( yay) “\a
P oz -z F+F - y F,
J-_‘_".(__‘_-FJ.__v]-"”’+[-:,’)=:.F’,'_}~‘,]’+y41«‘£ R HA =B
=)0 = i
0z F! 5 Al Flyz F'+x-F al- .3 FE_Z F ke F
,'1":‘(—“ e =Y+ c)__ grhE oy e Xelp ay s F+y F F'

11.21-masala. u=x* -2xy+4)* +6z° +6yz—6z funksiya eks-
tremumga tekshirilsin.

ou ou

[: 2x -2y, —=0
Ox ox
ou

-2x+8y+6z, {—=0
\ {‘}V
u Oll

; 12246y -6 —=0
Lo2 (7-

sistemani yechib, M,(~1,~1, 1) nugqta statsionar nuqta ekanligini

topamiz. Endi ikkinchi tartibli xususiy hosilalarni hisoblab, d’u lM
ning ishorasini aniglaymiz.

2 2
u oOu _ O _ pige B R
a,, — = D Uy 20 B s B i M h = = s
A e oy oyox Oxdz  Ozdx
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u  Ju u

32__ —_———=0 =—=12
&  WTmT ya oy b az*
a,,a, 2,-2 s
au=250; [Pl 120
a4 a; a5 |2 -2 0 T
a4, @y ayl=|-2 8 6|=24-|-1 4 3 |=
a, a, a;| |0 6 12 TR

=48>0=d'u |, >0=>u,, =u(-1-1 1)=-3.>

12.21-masala. Oshkormas ko‘rinishda berilgan z=z(x,y) funkt-
siyaning ekstremumlari topilsin.
52 +4zy+y* —2y+3x* —6x+4=0.
< Birinchi navbatda oshkormas funksiyaning xususiy hosila-
larini va ular yordamida statsionar nugqtalarni topamiz:

e 3=3%
10z-z, +4yz. +6x-6=0 5742y e
{lOz Z, 44244z - y+2y-2= 0~ " _l-y-2z Lzzo
2 5242y

sistema va berilgan tenglamani x, y, z o‘zgaruvchilarga nisbatan
yechib M, (1; 1; 0) va M, (L9 ~4) statsionar nugtalarini topamiz.
Funksiyaning bu nugqtalarida ekstremumga erishishini tekshirish
uchun ikkinchi tartibli xususiy hosilalarni hisoblaymiz:

i 3-3x | -3-(5z+2y)-5z,-(3-3x)
AR
5242y, (52+2y)

z:, =(z

' (3 3% J (3-3x)-(52, +2)

5z+2y (5z+ 2");,
o =(a) oflos2e) (£1225) 62 +2))-(-1-y-2:) (52 42)
W Yy 5:+2y 20 (52+ “V -
a) M,(1; I; 0) nugtada ekstremumga tekshiramiz.
3 i 2
ay =z IM. =—5; a, =2 IM, =0 a,=2", IH. =— =
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2 3
=bayay —a, =7 Demak a,<0 va A>0=> max =z, =z(1, 1)=0

b) M,(1;9;—4) nuqtada ekstremumga tekshiramiz.
3

=_5; alz=2:y l

" ol 1.
’2=0 an=zy, IM, i

2

3
:Aa,,an—afﬁz- Demak a,>0 va A>0=>min=>z,, =2(l, 9)=—4

i
&=z IMZ M

Shunday qilib z,,, =z(1, 1)=0 va z, =2z(l, 9)=—4 >

13.21-masala. Lagranj usulidan foydalanib u=x-2y+2z funk-
siyaning x” +y’+z’=1 shartni ganoatlantiruvchi ekstremumlari
topilsin.
3 q’(x’ya2)=X—2y+2:+A(x: +y +2 —1)
Lagranj funksiyasini olamiz va bu funksiyaning ekstremumlarini
gidiramiz:

o =1+24x,
Ox
14+2Ax=0
Q(—lz =—2 4 2/1) x=_._l.—;y=-—l—,z=-—-l—
ay = =2+ 2}.]' =0 24 A A
2 =
_0(17) 942 2:+2).:=0 /,112____12
Oz x4y 422 ~1=0 2
X+y +z°-1=0
g 1 2 2
F A=-— DO'IS DX Ee= E, HE
) 4=3 bollsin Dx =z y =%, 5=-3
A 5'D 2
4 e md, ‘..‘ 7 =24 %f-? =2 va aralash hosilalar nolga teng.
ox cy oz

>d"D ;',»j! (’/\)‘ t (llf)')" -i'((l::)?:l>0:>min:>
- ,,[ _.1,2,__2.)?3

: 3 2 2
by A ; bo‘lsin = x, -:15; y2=—§‘, 22=3‘. Bu holda
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252
2, =yl —:—=:=.|=3.>
dO<0>max=u,, u(3, 3,3)

14.21-masala. u va v larni yangi erkli o‘zgamvchi' gifaﬁda gabul
gilib, quyidagi tenglamalardan o‘zgaruvchilarni almashtiring.
X

&'z 0’z il
e Bl e ML =, v
3=y —==0, u=xy ”

oz Y
ss=sl(mnp)rsmtlup)s Smr oS o ST oSy

e e (o)
SR e e G R B
z i et <
+l _qz_z_y Zzél = 2.2_2.‘.2.6_.‘._2.._._1
v\ oudw o'y Ou ouov  y* ov
va
Oz_of & x &\ [ &z x &z)_
o o\ ou y ow oy oudv
x( 0z x ) 2x &
~ieF SR Rt el
v\ ouov y ov v

2 I

0z Flns * g > %
Topilgan 7 va 5};5' ifodalarning giymatlarini berilgan teng-

lamaga olib borib go‘yamiz.

o’z oz 0’z oz
2%y Lm0 2y 2L 22
Oudv oy oudv oy

Demak, berilgan tenglama almashtirishdan so‘ng ushbu

ko‘rinishga kelar ekan. p




6-§. 5-MUSTAQIL ISH
Sonli gatorlar

Sonli gatorlar va ularning yaqinlashishi.
Musbat hadli qatorlar va ularning yaginlashish alomatlari.

Ishorasi o‘zgaruvchi qatorlar va ularning yaqinlashish alomatlari.
Cheksiz ko‘paytmalar.

-A-
Asosiy tushuncha va teoremalar ;
1°. Yaqinlashuvchi gatorlar va ularning xossalari.

Ushbu

Q0,0
haqiqiy sonlar ketma-ketligi berilgan bo‘lsin.
I-ta’rif. Quyidagi

a +a,+.+a,+. M

ifodaga gator (sonli gator) deyiladi va u Za,, kabi belgilanadi.

n=1

Shunday qilib,

ZH,, =a +a, +..+a, +. (2)
nel
ckan. {a,{ ketma-ketlikning a,,a,,...,a,,... elementlari qatorning had-
lari deyiladi, a, esa qatorning umumiy hadi deb ataladi. Ushbu
5 =) 3)

» S 2% n=adws
ksl . .
yigtindilar esa (2)-qatorning qismiy yigindilari deyiladi.
2-ta’rif. Agar {S,} ketme-ketlik chekli limitga ega, ya'ni

limS, =S,

nev s

bo‘lsa, unda gator yaqinlashuvehi deyiladi va bu limitning giymati
§ (2)-gatorning yig‘indisi deb ataladi hamda u

.
S=a+a,+..+a, +‘.,=Za,,§
n=l

kabi yoziladi.
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Agar {S,} ketma-ketlik yaginlashuvchi bo‘lmasa, u holda uzog-

lashuvehi deyiladi.
3-ta’rif. Ushbu

Z a,=a,,,+a,,.,+.. (4)
n=m+l
gator (2)-qatorning (m-hadidan keyingi) qoldig‘i deyiladi.
I-teorema. Agar (2)-qator yaginlashuvchi bo‘lsa, uning istalgan
(4)-goldig'i ham yaginlashuvchi bo‘ladi va aksincha, (4)-qoldig-
ning yaginlashuvchi bo‘lishidan berilgan (2)-gatorning yaginlashuv-
chi bo‘lishi kelib chigadi. 4
I-natija. Agar (2)-qator yaginlashuvchi bo‘lsa, uning qoldig‘i
rM = amﬂ
m— o da nolga intiladi.
2-teorema. Agar (2) -gator yaginlashuvchi bo‘lib, uning yig ‘indisi

+a,,,+...

S bo‘lsa, u holda ZC gator ham yaginlashuvchi bo‘lib, uning
yigindisi ¢.§ bo‘lad1 ya’'ni

an,,:oia,,

=l n=l

tenglik bajariladi.
J-teorema. Agar Z". va Zb qatorlar yaginlashuvchi bo‘lsa,

n=l

unda Z(a +b) gator ham yaqginlashuvchi bo‘lib,

n=l
Z (a,+b,)= Za + ZI)
n=l nwl

bo‘ladi.
2 va 3-teoremalardan quyidagi natija kelib chigadi.

2-natija. Agar Z”,, va Z”" qatorlar yaginlashuvchi bo‘lsa,

n=l =l

Z(Ua,.Jf‘/ub,.) (¢.d ~const) qator ham yaginlashuychi bo‘lib,

nel

Z(c a,+d-b,) Za +d- L/,

nel P P

bo‘ladi,
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4-teorema. (Qator yaqinlashishining zaruriy sharti).
Agar (2)-qator yaginlashuvchi bo‘lsa, u holda

lima, =0 5)

n—=

bo ‘ladi.
Izoh. 4- teoremanmg aksi har doxm ham o‘rinli bo‘lavermaydi.

Masalan, Z’* uchun lnma —hm-—=0 lekin bu qator yaginlashu-
Sz

n=l

vchi emas.

5-teorema. (Koshi kriteriyasi) (2)-gatorning yaginlashuvchi bo Tishi
uchun quyidagi shartning bajarilishi zarur va yetarli: Ye>0 son
uchun 3n,(e)e N:¥nzn, va v butun p>0 son uchun

n+p

SE (6)

n+l n+p
k=n

tengsizlik bajariladi.
2°. Musbat hadli qatorlar va ularning yaqinlashishi
Aytaylik,
Za" =a 4+ 0+t A, )

ne=l
gator berilgan bo‘lsin. Agar vpe N uchun a, =0 bo'lsa, unda (7)-
gatorga mushat hadli gator yoki qisqacha musbat qator deb ataladi.

Bu punktda biz musbat hadli gatorlar uchun yaginlashish alo-
matlarini keltiramiz.

I-teorema. (Veyershtrass kriteriyasi) (7)-qator yaginlashuvchi
bolishi uchun uning qgismiy yig'indilari ketma-ketligi {S,,} yuqoridan
chegaralangan bo‘lishi zarur va yetarlidir.

Misol. Ushbu

< 1
Y — PRLIRE SR (3)
1

. n 2” 3(( ’](I
umumlashgan garmonik gatorning ¢ >1 da yaqinlaShUVChl ekanligi
isbotlansin.
Sl (ST
L i S"”;S"-i- l)u :>{ "} :
ke ge vt (n+

Endi umm, yuqoridan chegaralanganligini ko’ rsatamiz:
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o e
/it (2n+1)

=1+(—2l;+§l;)+(-£;+—5-1;)+...+[(—2;—)7+m]<
1+(2Lu+§1;)+(;—,+4ia)+...+|:(2:’)a +Z2_?11—)-;]=

2 1 1 1
=1+—'(1+—2—+...+—"7)=1+2,,_l ey

S, <8, =1+

a~1

5 2”2" 1 (n= 1.2,.)= {S,} ketma-ketlik yuqoridan che-

b 1 4
garalangan. 1-teoremaga ko‘ra Z"—., umumlashgan garmonik ga-

ne=|
tor ¢ ] da yaqginlashadi.p
Faraz qilaylik, (7)-gator va ushbu

ib"=b,+b:+...+b,,+... (9)

nel PR 1
qatorlar berilgan bo‘lsin. Unda quyidagi tagqoslash teoremalari o‘rinli
bo‘ladi.

2-teorema. (Birinchi tagqoslash alomati). Agar n ning biror
n,(n, 21) giymatidan boshlab barcha n2n, lar uchun
a,sb,
tengsizlik o'rinli bo‘lsa, unda (9)-gatorning yaginlashuvchi bo‘lishidan
(7) qatorning yaginlashuvchi bo‘lishi va (7)-gatorning uzoglashu-

vehi bo'lishidan (9)-qatorning uzoglashuvchi bo‘lishi kelib chigadi.
3-teorema. Agar

T 1
iy =k (0sksw)

PR thesey o3t e 2

bo‘lsa,
a) k<o bo'lganda, (9)-gatorning yaginlashuvchi bo‘lishidan
(7)-qatorning yaginlashuvchi bo‘lishi;
5) k>0 bo‘lganda, (9)-qatorning uzoglashuvchi bo‘lishidan (7)-
gatorning uzoglashuvchi bo‘lishi kelib chigadi.
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Natija. Agar n— o da a,=0"(b,) bolsa (y'ni 0<k<w bollsa)
unda (7)-qatorning yaginlashishi (9)-qatorning yaginlashishiga ek-
vivalent bo‘ladi.

4-teorema. (Ikkinchi taqqoslash alomati). Agar n ning biror
ny(ny 21) giymatidan boshlab barcha n>n, lar uchun

an+l = bn_+l
all bll

tengsizlik bajarilsa, unda ,
1) (9)-qator yaginlashuvchi bo‘lsa, (7)-qator yaginlashuvchi;
2) (7)-qator uzoglashuvchi bo‘lsa, (9)-qator uzoglashuvchi bo‘ladi.

Endi musbat hadli (7)-gator uchun yaqinlashish alomatlarini
keltiramiz.

5-teorema. (Dalamber alomati). Agar (7)-qator uchun

lim 2t = g,

n—w a”
bolib, ;
1) d<1 bolsa, qator yaginlashuvchi;
2) d>1 bo'lsa, qator uzoglashuvchi bo‘ladi.

6-teorema. (Koshi alomati). Agar (7)-gator uchun

limy, a,=q
bo‘lib,
1) q<1 bo'lsa, qator yaginlashuvchi;
3) g >1 bo'lsa, qator uzoglashuvchi bo‘ladi.
Izoh. 5 va G-teoremalardagi d va g¢=1 bo‘lsa, qator uzoq-

@

Jashuvehi ham, yaginlashuvehi ham bo‘lishi mumkin. Masalan, Z‘

ne=l

=1
garmonik gator uchun d=g=1 va qator uzoglashuvchi; Z’_{

n=l
umumlashgan garmonik gator uchun ham d=q=1, lekin gator
yaginlashuvchi.

7-teorema. (Raabe alomati). Agar (7)-qator uchun

Iimnv(l—gﬂi’-)=9 (11)

a

\ n

bo 1ib,
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1) p>1 bo'sa, gator yaginlashuvchi; 7
2) p<1 bo'lsa, gator uzoglashuvchi boladi.
8-teorema. (Gauss alomati). Agar (7)-qator uchun

é,

Lo AR (12)
¢ Ll 2

a

n+l

|6,|<c va £>0 botib

1) A>1 bosa, gator yaginlashuvchi;

2) =1 va p>\ bolsa, gator yaginlashuvchi;
3) A=1 va p=l bo'lsa, qator uzoglashuvchi;
4) J.<1 bo'lsa, gator uzoglashuvchi boladi.

9-teorema. (Koshining integral alomati). Faraz gilaylik, f(*)
funksiya [1;+») oroligda aniglangan bofib, f(x)>0 va monoton
kamayuvchi bo‘lsin. U holda

x

2./ (n)

n=l
qatorning yaginlashuvchi bo‘lishi uchun
f Il x)dx
1
integralning yaginlashuvchi bo‘lishi zarur va yetarli.

3¢ Ixtiyoriy hadli qatorlar va ularning yaginlashishi
Bizga biror

}l:u" (13)
nwl

qator berilgan bo‘lsin. Agar bu gatorning hadlari v ishorani gabul
qgilishi mumkin bo‘lsa, bunday qatorga ixtiyoriy hadli gator (yoki
ixtiyoriy qator) deyiladi.

I-ta’rif. Agar

”

2lal (14)

nel

gator yaginlashuvchi bosa, u holda (13)-qator absolut vaginlashuvchi
qator deyiladi.
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1-teorema. Agar (14)-qator yaginlashuvchi bo‘lsa, unda (13)-
qator ham yaginlashadi, ya'ni absolut yaginlashuvchi qator oddiy
ma’noda ham yaginlashuvchi bo ladi.

2-ta’rif. Agar (13)-qator yaginlashuvchi bolib, (14)-qator uzo-
qlashsa, unda (13)-qator shartli yaginlashuvchi qator deyiladi.

Agar sonli gator ZI(‘I)M a, yoki .(-1)"a, ko‘rinishda bolib,
n= n=1

a,>0 bo‘lsa, u holda bunday qatorga hadlarining ishoralari al-
mashinib keluvchi gator deyiladi.

2-teorema. (Leybnis alomati). Agar

>(-1)"a, (15)

n=|

qator berilgan bo‘lib,
D {a}V, ya'ni a,2q,,>0 (n=12,..),

n+l
2) lima, =0
bo‘lsa, u holda (15)-gator yaginlashuvchi bo‘ladi.
= (_l):nl 1 1 1
fisol, >
Misol st 2Ly 0 :
gator Leybnis alomatiga ko‘ra yaginlashuvchi bo‘ladi va uning shartli
yaginlashuvchi ekanligini ko‘rish giyin emas.

P el s S

3-teorema. (Dirixle alomati). Agar

>.ab, (16)

ne=l

qator berilgan bolib,

1) {a,} ketma-ketlik monoton bolib nolga intilsa;

2) B, =2 b (n=1,23)K.... chegaralangan bo‘lsa, u holda (16)-
qator )‘t‘l:/lll‘/rl‘,’./llll\‘/li bo ‘ladi.

4-teorema. (Abel alomati). Agar (16)-qator berilgan bolib,

1) {a,| ketma-ketlik monoton va chegaralangan,

, X ;
2) B, = 2.b qator yaginlashuvchi
kel <
bo'lsa, unda (16)-qator yaginlashuvchi bo‘ladi.
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Bizga v hadli (13)-gator berilgan bo‘lsin. Bu qator hadlarini

guruhlab quyidagi gatorni tuzamiz:
(@ +@ +et 8y )+ (G + Gy +. 0,0 ) +oos 17)

bu yerda n,<n,<.. va k—>w» da n,—»o

5-teorema. Agar (13)-qator yaginlashuvchi bolib, yig indisi S so-
niga teng bo‘lsa, unda (17)-gator ham yaginlashuvchi va uning
yig‘indisi ham S soniga teng bo‘ladi. ]

Izoh. 5-teoremaning aksi har doim ham o‘rinli bo‘lavermaydi.
Masalan,

S =1-141-14.

qator uzogqlashuvchi, "le'kin bu qatorni guruhlash natijasida hosil
bo‘lgan
(1-1)+(1-1)+(1-1)+..=0+0+...+ 0 +...
qator yaginlashuvchi.
Endi

Ya, =d+d, +..+a +... (18)
n=i
yordamida (13)-gator hadlarining o‘rinlarini almashtirishdan hosil
bo‘lgan yangi gatorni belgilaymiz. ’
G6-teorema. Agar (13)-qator absolut yaginlashuvchi bolib, yig ‘indisi
S soniga teng bolsa, u holda (18)-qator ham yaginlashuvchi va uning
yig'indisi ham S soniga teng bo‘ladi.
Izoh. 6-teoremadagi (13)-gatorning absolut yaqinlashishi sharti
muhim shartdir. Aks holda teoremaning o‘rinli bo‘lishi shart emas.
< Masalan,

3 (—l)"” L5675 POUR |
et it o . 4 [ o
E p- 5 + 7 4+t 1) - i

gator shartli yaginlashuvchi va §=p2. Darhagiqgat,

n=l

S s m X"
]n(l+x)=x—-;—-+—3‘—7+...+(>l) l"—:—+r"(x), x>=1 (19)

yoyilmada x=1 desak,

s i il sl 1 4
ln2—l-—-:-z—+-j-—z+...+(*l) -;+rn(l):.8"+r,,(l) va
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rn(l)|<—% bo‘ladi, = §=lim, =In2
n n=w
Shunday qilib

ekan.— Bu qatorning gismiy yig‘indilari

2 Loy 1
S, =Y [ -t A R
Z(Zk—l sz Sana =S +5 77

k=)
chekli S limitga ega:
=S=In2
Endi berilgan gatorda hadlarining of‘rinlarini almashtirish yor-
damida quyidagi
| e e (| 1 1 1
TR R PTG L R 20)
oS W I i 3 +2n—1 4n-2 4n (
qatorni hosil gilamiz. (20)-qatorning yig‘indisini hisoblaymiz.

},L"Z Sy = y_fgszm

" ! 1 1 1 o :
Sy = Z( *—"-~j gismiy yig‘indini olamiz.
kel

I | I Sl 1 A ( 1 1 )_
e & I P2, 1 T SR . ' = lim— o U ] [
2%—1 4k-2 4k 2\2k-1 2k):°,l,'§'353" ,H,,2§ k-1 2%

N U mSt , =
35, =35 = S =in(S,+ ]38 S
li [ ! ] S 20 torning  yig‘indisi
=lim| 8! SRS LA O -qato
ey 2n+l 4n+2) 2 i
v do 1.,
§'==S=—In2 ekan.p

7-teoremz. (Riman teoremasi). Agar Za,, qator sharili yaqin-

ne=l

lashuvchi bo'lsa, u holda 4 (chekli yoki cheksiz) son ".”"”g"”da
ham berilgan qator hadlarining o ‘rinlarini shunday almashtirish -
kinki, hosil bo‘lgan qatorning yig‘indisi xuddi shu A ga teng bo‘ladi.
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4%, Cheksiz ko‘paytmalar

Bizga
DPisPasenes Dpysees
sonlar ketma-ketligi berilgan bo‘lsin. Ulardan tuzilgan
p‘.pz-.._-p"._“=np" (21)

n=l

simvolga cheksiz ko‘paytma deyiladi. Ushbu

£, =11[p‘ (n=12...)

k=1
ko‘paytmalarga xususiy ko‘paytmalar deb ataladi.
Ta’rif. Agar P, xususiy kopaytmalar n— = da chekli yoki chek-
siz P limifga ega bo‘lsa
limP, =P,

n—sm

bu limitni (21)-ko ‘paytmaning giymati deb ataladi va

‘i =11[pn

n=l
kabi yoziladi. Agar p =0 va chekli bo‘lsa, u holda ko‘paytma ya-
ginlashuvchi, aks holda uzoglashuvchi deyiladi.
Bundan buyon cheksiz ko‘paytmalarni tekshirayotganimizda

p,#0 deb faraz gilamiz.
Cheksiz ko‘paytmalarning birinchi m ta hadini tashlab yuborib

#,= [] P.=Puss Pusz - (22)
nemel

goldig ko‘paytmani hosil gilamiz.

1-teorema. Agar (21)-ko‘paytma yaginlashsa, (22)-ko ‘paytma ya-
ginlashadi va aksincha, (22)-ko‘paytmaning yaginlashidan (21)-
ko paytmaning yaginlashishi kelib chigadi.

2-teorema. Agar (21)-cheksiz ko'paytma yaginlashuvchi bo‘lsa, unda

limz, =1

mswn

boladi.
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3-teorema. (Cheksiz ko‘paytma yagqinlashishining zaruriy sharti).
Agar (21)-ko ‘paytma yaginlashuvchi bosa u holda
linp, =1
bo ‘ladi.
Yaginlashuvchi cheksiz ko‘paytmalar uchun 3-teoremaga ko‘ra
limp, =1 — Biror nomerdan boshlab hamma p, lar >0 bo‘ladi.

Demak, umumiylikka ziyon keltirmasdan, barcha p, lar uchun

p, >0 deb faraz gilishimiz mumkin.
4-teorema. (21)-cheksiz ko‘paytma yaginlashuvchi bolishi uchun

Sinp, 23)

n=l
qatorning yaginlashuvchi boJishi zarur va yetarlidir. Agar bu shart
bajarilsa va (23)-qatorning yig'‘indisi S bo‘lsa, unda

P=é'
bo‘ladi.

Agar p, =1+a, bo‘lsa, unda HP,.=H(1+0,.) bo‘lib, 4-teore-

n=] =l

maga ko‘ra (21)-ko‘paytmaning yaqginlashuvchi bo‘lishi uchun ush-

bu 2 In(14 a,) gatorning yaginlashuvchi bo‘lishi zarur va yetarli

=l
ekanligini hosil gilamiz.

5-teorema. Agar biror n,e N nomerdan boshlab, barcha n>n,
lar uchun a,>0 (yoki a,<0) bo‘lsa, (21)-cheksiz ko ‘paytmaning
yaginlashuvchi bo‘lishi uchun

Sa, (24)

nel

qatorning yaginlashuvchi bo‘lishi zarur va yetar/idif
Umumiy holda, ya'ni a,lar ishorani saglamagan va (24)-qator

yaginlashgan holda, (21)- cheksnz ko‘paytmaning yaginlashuvchi
bo'‘lishi uchun
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!;
4
', 3

>a? 25)

n=]

qatorning yaginlashuvchi bo‘lishi zarur va yetarlidir.

Agar (23)-qator absolut yoki shartli yaginlashsa, unda (21)-chek-
siz ko‘paytma absolut yoki shartli yaginlashuvchi deyiladi.= (21)-
ko‘paytmaning absolut yaginlashuvchi bo‘lishi uchun (24)-gatorn-
ing absolut yaginlashuvchi bo‘lishi zarur va yetarli.

Nazorat savollari

. Sonli gator tushunchasi.

Sonli gator yaginlashishining ta’rifi.

. Qator yaginlashishining zaruriy sharti.
. Qator yaginlashishi uchun Koshi kriteriyasi.

Musbat qatorlar uchun Veyershtrass kriteriyasi.

. Birinchi tagqoslash alomati.
. Ikkinchi tagqoslash alomati.
. Dalamber alomati.

Koshi alomati.

. Raabe alomati.

. Gauss alomati.

. Koshining integral alomati.

. Ixtiyoriy hadli gatorlar va ularning yaqinlashishi.

. Leybnis alomati,

. Dirixle alomati.

. Abel alomati.

. Absolut yaginlashuvchi qgatorlarning xossalari.

. Shartli yaginlashuvchi gatorlar.

. Riman teoremasi.

. Cheksiz ko‘paytmalar va ularning yaginlashishi.

. Cheksiz ko‘paytma yaginlashishining zaruriy sharti.
. Cheksiz ko'paytma yaginlashishining zaruriy va yetarli shartlari.
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-B-
Mustagil yechish uchun misol va masalalar

1-masala. Qator yig‘indisini toping

11 ggn +12n—5 12 ,2_;9,; 12n 5
13 Zlﬁfen_-s 1.4 il%?rzl-,,—_—g
1.5 Z,;rzfsm 1.6 g-@ﬁm-
14, Z;;)n—;%”j 1.8 i;@;’_zﬁiﬁ
L9 Z;‘ll,,__z' i49n T 14n—48°
111 L;gn—_%m 1.12 i’,‘_l';;T—TE
1.13 \;14”1%_]:. 1.14 imﬂ%s;:g
L15 ti}u,,'-} 2:7--20' 1.16 ilGn T_gn-15"
7 2 e 118 3oy

1.19 ;4(;,,- 7}5” ~ 1.20 237,,‘:%"'_35
121 25 ‘\:,‘ >

el

2-masala. Qator yig‘indisini toping.
3n+8 2 el oo
2.1 Sn(n+1)(n+2) 2.2 n(n+1 ("+2)

183




< = n-1
23 Z(,.,»3)(“1)"‘ e Zn(n+1)(n+z)'

n=l n=]

= - n—4
25 ;;(n_——_lin———{) 2.6 gn(n—l)(n—-Z).
S 3n+l = 5n+9
2.7 ,,z_,:(n l)n(n+l)' 2.8 ,,Z_,n(n+l)(n+3)'
= 4-n - 8n-10
8 gn(n+l)(n+2)' 2.10 Z; (n=1)(n+1)(n- 2)
i = 3n-1
n=2M" (ﬂ "l) 2'12 ,..3”'()12-‘1).
5 1-n % 3n+2
213 2o (ne3) 214 2o (nr2)
= n+6 - n+5
215 Zomat)(n+2) 216 S(n+2)(n*-1)
217 S P bl
S(n=1)n(n +1) 2.18 2n-1)(n-2)
3n+4 B 2
219 ,,Z_,:n(n+l)(n+2)' 2.20 ;(n+2)(lr+l)‘;'

e 5n-2
Al g(n—l)n(n +2)

3-masala. Qatorning qismiy yig‘indisi S, va yig‘indisi S ni

toping.
a1 Bigriges i AT
3 §36n——[27n——5 4 ;:19" 4l717 12
33 §4n2+14n—3' 3.6 gm
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gy

36n* +12n—35

n=]

%

Bi0: 2. -

3.11

3.13

3.15

3.17

3.19

3.21

n=l

(2n-1)-(2n+ 1)2 :

nw=l

Zln(l—

ne

n(n+l) }

1 3
Sin==cos==
o~

@

n=l

n=l

= 2n—1
Z 2" "

nel

24\“1 rHl Sl 2n+l

> (Vv 2 -24ns1+4n).

)

2n+1
3.8

i (n+1 i

n—~n* -
310 ;,, n+1
3.12 Zln(l——)

n=2

Zlnnl_l.

w2 N +1

3.14

n=0

= n+l 1
;(_1) 2n-l b4
gl
b

s 1
3.16 E‘“m-
3.18

3.20

4-masala.

Koshi kriteriyasidan foydalanib umumiy hadi @, ga teng

bo‘lgan ZU qatorning yaqinlashuvchi ekanligini isbotlang.
nel

cosna
Bl = ey
S
|
4.3 a, T
n
cosna (()\(lH l)a
4.5 a, geriy
n
sin na
§i7 Uy m =,

__sinna
42 a"_n~(n+l)'

cosa”
44 e

).

b| bn
=b 4+ttt +...(|B,
4.6 a, bo+10+ 10 (

sin’ na

48 %= Grat)(n )
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4.9 “.=:—2\/=- 410 a,=>—.
L n+1

1 Shar
=—sin—. A
bt A nd

Koshi kriteriyasidan foydalanib, umumiy hadi 4, ga teng bo‘lgan
2.4, qatorning uzoglashuvchi ekanligini isbotlang.

s n—l
A T
o a"=n’:il4' 4.16 a,,=5r—c"—g—'1.
417 4 =|n(1+lJ S

=t . 418 0=
1

419 a,=—. k) g

J; i 3n+2

a" e Te———,
421 v

5-masala. Qatorning yaginlashishga tekshiring.

= sin’ n/n fl l)

L ; nin 52 Znim——~
cos? %

R i - iy

el n(n+1)(n & 2) 5.4 — ;ﬁ’_,, .
. 2 2+(~1)" 14 (~1)"
55 ) ———2o, , arclg n

; n-Inn 5.6 Z“””_‘T% et

nel n

3 "(2+cosn;r) arcsin 22—
5.7 pld. Sl il . &

; ) P, (S 5.8 Z-._J;__;, .

ne2 x‘/n ~3n
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5.9

5.11

5.13

5.15

5:17

5.19 z

5.21

6.1

6.3

6.5

6.7

Zsm n

e nil,

(=1)"-n
n+l
P n+2

= nlnn
it

nel 1 "3

» arccos

n=2

. N
w 1+8in—

Sln2+( ) .
T

*Clg —=.
J'

5.10

5.12

5.14

5.16

iln\/n’+3n
=
2 n+c0s’ n
,,Z., WS

»

n+3

Z————.
=ln (2 +sin 7”)

& n
y

el e B |

G-masala. Yaginlashishga tekshiring.

n

E {24 cos ’-~)\/l_1
3 o
QS
e In’ +5

2

S

-]

=~ 1 1
V} QArelg —pmmmes,
wa n=1 Un-1
o~ n 2

et ¥ 4 sln"’"

|
62 D0

6.4

6.6 Y

6.8
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1
g —p=.
net 1 g\/;

| 1
Z~——sm ~
n=l ‘/”

L) (n' +3)
ok % i In*n
i 2" +cosn
3" +sinn




< 1

69 2

“ n—cos® 6n

o 1 V4
611 2o .

n=l

6.13 i—i—sin—-———

R A e i
}/J'_l)

6.15 Zl F—n+ ( :

617 Yn "'c’&’ =

619 Y ’g o

=]

6.21 Z(l cos— ]

n=l

6.10

6.12

6.14

6.16

6.18

6.20

e sin—l—
;{/rwl w/;

i 1
s n’—lnn
I | - n+3

© n®+1
M
Z n+n+2

P

o* 1 .v-’;
> sin
ey n+2

7-masala. Yaqinlashishga tekshmng-

72 Z(”') §

+1
7.1 Zznn
x 2""-(n +l)
= (n+1)

Z(2n+2)'

In+s 2"

7.3

1:8

nel

@ urctgs
7 Z I

o

s s

N

n!

AL 2

7.4

7.8 2.

7.10

1.12
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L 2n2
- ]0"'2”!
=)

212

nel

Z("z;—



7.13

7.15

7.17

7.19

7.21

il~3-5-...-(2n—1).

n

3 (n+1)!
()
i (3" +1)-(2n)!
el
Y

;(n + 2)!~ TR

Ms

= n! 1
2(271)!4&5-"'

nel

L) 1
7.14 Zn'f_'. :

n=l

7.16 in!-sin—”;
n=l 2
o0 S" Y d'r_z

718 L

2.3.5.7....(2n+1)
120 X555 (nol)’

8-masala. Yaqinlashishga tekshiring.

=(2n+2) 3
8.2 Z(3n+l] (1),

n=l
E(4n-3 5
84 ;(5n+4) :

= V3
SN
narcsm ——.
8.6 Z 4n

n=l

2 n+2 i
8.8 ,,Z,:‘(BM—-I) }

CIRE P

s ;.(2,”1)“'

g2 2 e

n=l

1 )2'1

@ In—
8.14 ;"'(4“2
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8.15 g(ﬁ%;
8.17 Z(Sn l).’.

819 S arcig' T

- n=l
] n -
o S (i)

» n+2

n
8.16 ; (2,,: i 1)% ;

i Z(nﬂ) 21".

8.20 Yo' arcig” 4

n=l

9-masala. Yaginlashishga tekshiring.

@ ] .

9.1 ;nmz(snu)'
- 1

9.3 §(2n+3)|n’(2n+1)'
- I

9.5 ?:‘,‘(3n+4)ln:(5n+2)‘
- 1

9.7 E(n 2+1)in’ (n 3+42)

1
9.9 g(Zn ~1)In (2n)’

9.11 Z(3n—l Inn

n=2

9.13 Zlzn 3)ln (Bn+1)’
g iy
9.15 ,,25(11+3)ln13r;'

‘-\i-"_ i

9.17 &y (n-1)

9.2 an(znﬂ)

nel
3 L
9.4 = (3n -5)In* (4n~ 7)

’____—________._—-.
9.6 g(_z,,ﬂ)]n?(n 5+2)

- 1

9.8 Z;m 3)

9.10 ;(,mﬁn (2n)

9.12 ;(‘5;_7)‘,],7‘(7?71)'

9.14 grnj‘f’)},"’”’

016 X3 )
. !

9.18 %5’,‘,7;;,77,7_’7," '
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S 1

9.21 Z

9.20

Svaiiy I e
;(3"_1)'\/1“(76.

10-masala. Quyidagi tengliklarni isbotlang. Ko‘rsatma. Qator
yaginlashishining zaruriy shartidan foydalaning.

5 1
101 fim =<0,

n

"

10.3 lim s
(7n)

n—x

10.5 1m(~") !

nae "

!') n
10.7 lim (21)

= (2p — 1)1

i
lim——=0
10.9 n== (t)’ 1

(2m)1

10.11 lim3——=0,

10.13 |in|'r 0.

n=o |

|

10.15 1im 70!
lim 2=

10.17 lim 4
. n|<(")”'])!

 (n)’

9 lim
10.19 lir T
2n-1)1l
TR e
-~

0.

0

i Vs
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10.2 |

10.4

10.6

)

=0.

10.8 lim

10.10

10.12 |

10.14

10.16

10.18

10.20

it
n—m(2"_1)!

lim 20!
n—xn

lim _.L_2 i
s [(n i l)l]

|
{im (n+3)! it
n—==n "

lim ,____L'._._ L
nvs (2n+3)!

lim g2n +3)18
n-es '1

=0,




11-masala. Zla.
—(l—nsin—l-)a
11.1 a,= o
1 1
11.3 a,.=[arctg——ln(l+—):r_
n n
Ll i
11.5 a.=[e "—-l} .
s 1 o
11.7 a,,=[e" "—l——),
y n

1
a,=| cos—=—
11.9 4, ( /5 )

11.11 4, ="'Sin”(—l-—arc[glj_
n n

1 o
1.13 4, =(e2"’ -cosi] .
A n

Inn+ ln(sinl) :
n

a

,Mn22.

11.15 4,=

2

ln—-——--_~

-1 n-]

11.17 4=

gator o ning ganday giymatlarida yaginlash-
ishini aniglang.

$12 a=n" |:ln(n2 + 1)—21nn]..

114 a,= —
n
1 Sl
Blie %71 o7 =%
n-sin—
1 1Y
11.8 a,= In(arclg—)—ln(tg—)' 2
n \ n
11.10 4, ( +U

auoll
=)

11.16 4, :NF'QTJL \/n ;;J :

11.12 9% {l cos J
[
i

11.14 %

11.18 a,,=( ket
«/r—; n
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= ns'n—l--cos-l— ; T eos i )a
D G neny NG, -

11.21 a,=(Va+1-vn) -in jn2n+1

2n-1"

12-masala. Yaginlashishga tekshiring.

a1 2n+1 el "
4 g( 2 n-(n+1)’ 12.2 ;( 1) (2,”_1)
)m-l - ( ])
s Zln(n+l) 148 gn (Inlnn)-lnn’
=z (-])"~2n2 © ( 1)
< ;HA-":H' A ,,Z_;(nﬂ) Inn’
1)” ~ ( 1)1Ml
12.7 %"n ln(:Hl 12.8 ;n m
e l)”<sin---”~ 5 - T
5 R y—— 12.10 (1) woones
S Bn+l =i
& (- 1
-1 f—
a1 2y 12.12 Z‘( )'-1g
(-1)" y ("1)
12.13 );(””)37,, 12.14 .,..COSST. Vmvinn
el N L n
0 ( ”"‘
S — % ey
12.15 ﬁ(utl).(;) 12.16 ;(—1)' gk
' n+3) "_——(il"’_.
12.17 Z‘ ln rH4 3 12.18 ;(2n+l)-22 2
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o

» n+l

12.19 g(—l) o

12.21 ig‘)%

1220 3(-1)"- (m/—)

n=1

13-masala. Quyidagi qatorlarning absolut
yaqginlashuvchi ekanligini isbotlang.

Z(n+l)c052n

" +3n+4

13.3 g,nﬁ(,',{l) (l-wsJ;J

= arclg(-n)"

s .z.l:?‘ 2 +3n+1

l)nd

13.7 Z(

n=l

COS n-arci ~
13.9 Z g +2

13.11 Z (Zn)'

n=l

154k Z( l) n? (n+1)

rio=l n+l

= 1—(_n_¢_l) 2n
13.15 >.(-1) 2 *: .

nel

© 1 sinn
In| 1+— |-arcig—-
13.2 ZIZ n( %J =

. sin (Zn o %)
134 e 2 T

,.Z.,: n-in+2
n
cos =~

136 %, el (n+2),/ln’(n+3
13.8 Z(

el

&
-arcsin—,
4n

13.10 Zn’ sinn-e

nel

B2 Y ot oLl

m (n+1)

'

1
s e (VG |+ COS TN,
n

13.14 Z

n-sin
4 n

13.16 g('”')"(”"”},’:/‘—mmmj J
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- (=1)" -sin3n ) 1
-1 gn-nn(nn).w(“z)' 13.18 Z, "””g_

>[sinn . fsing S B
13.19 Z[f E Sm[_ifn_z)} 13.20 2.7 -cosne™".

n=l \ A/~ e

‘ 43 =1
1321 2 %—'ln[H(——n)-].

W V1 +4n

14-masala. Quyidagi qatorlarni yaginlashishga tekshiring.

aed) 1 . sinn
14.1 Z( 1) 142 Z}T,‘,“

14.3 Z‘i%fﬁ 14.4 Zlc—ij%ﬁ
2n COS(’I+"E‘)
it >-* l/]: 14.6 Z.T(—nfll)"
:n
14.7 \(;( ) m—j/,—r-". 14.8 Z( 1yt 3:_:

n=l

5 n{n-1) D "
149 (<)% -~ — '(H:) § e Z(

Nn+1 n ] Y+l
R | l)”” dnn < (‘1)"”'Inln("+2)
14.11 ), g 14.12 _l——' In(n+1) ;
nel v ne!
14.13 3 /K 14.14 Zcos( +7rn) sinl.
Pk ‘—J’H’)\/nﬂ n
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- N l1- V4 : = _1 nﬂ. 1 J
14.15 g( 1) (1 cosj/—;;] 14.16 §( ) T
= sin’ n

< . n+2 v 4
1417 2(-) e s ¥ —

n=1 n=l

S 3 2 41).
14.19 §\/;+Sinn. 14.20 Esm(n n )

i sin2n 1

14.21 ,..—mm(n+2) 2
15-masala. Quyidagi qatorlar ¢ ning qanday giymatlarida

a) absolut yaginlashuvchi,

b) shartli yaginlashuvchi bo‘lishini aniglang.

(- l) -sin®” gy 2ecos™

15.1 Z,: 15.2 ;( ) o
n=\

= sin2n-In*n i (_]) :

B3 2 54 SlUmeie () ]

. n-1)11 et
15.5 f\_:‘.'("y_l'[(z(zTBI' 15.6 Z,P/-TS(_),_)]"

=o(a-1)(a-2)-. [a— n-1) ] ; 1)
ol Zx nl e "Z"[nlnlw(-l)"]”
» Sll‘lﬁ ( )
B S nn 10 3=
15.11 Z( e Hol
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;(1)

15.1
3 ,,Z..n = 15.14 )
= (=) a-(a-l)(a 2)-...(@-2n)
15.15 2 o 15.16 ; @) -
) 2 e
15.17 Zln[ )] :| 15.18 2(—1)"[_’_'1_*'_"_‘.”_"117_*_],,
=) m=]
§_ Gy s TR
1519 — |:2n+(—l)"T 15.20 "-Z[nzlnn+(—1)"]
15 21 ZCOS"
=l )
16-masala.
Tengliklar isbotlansin.
s [ (]\7" papdic 2 2
1+ =] |=2 =
16.1 ]l[ 3 162 [157773

v ﬁ_ 2 = 2 —»-1-
16.3 l luns 3-”7 = *T 16.4 H[l_n.("+l)]—3'

oo : 1
165 [Jeos == 16.6 [[(+3")=7=5M<)
- 2 ne0
T2 2 e 2 3n : 3n =£!‘_
167 2°5 o \!21\/27.\5 “ 16.8 I;-II(Bn-l 3n+l) 343
T o 4n (Vallis -
16.9 - l ! 4n’ —1 formulasi) il H[ (2"+1) } ;
on ()2 o




Quyidagi cheksiz ko‘paytmalarning yaginlashuvchiligini isbotlang
va ularning giymatlarini toping.

o n?_4 (2n+1) (2n+7).
16.13 I,:‘,[n:—l' 1634 1,:,[(2n+3)(2n+5)
= 1 = (U
16.15 [,I_”,T(Z:r—z)} 16.16 ]2

Quyidagi cheksiz ko‘paytmalarni absolut va shartli
yaginlashishga tekshiring.

16.17 H 1+(_‘n ] 16.18 ﬁ[“ﬁ?— J
16.19 g————nf(;l)u 16.20 H[ (ln”
16.21 H' (,I,Z ]

i e

Namunaviy variant yechimi
1.21-masala, Ushbu

i 3
= n*~3n-2
gator yig‘indisini toping.

3 3 3 I 1

a, =— = = o - o i Sy
< 9’ -3n-2 9(n+1J(n—~2— (3n+1):(3n-2) 3n-2 3n+l
3 3
I 1k L O T 1 I !
=S, = L S0 P L PR —s—— P
.Z.."‘ .Z.'(Jk 2 3k+l) A e e R P

Demak, §:=limS, ~hm(l— < J:""
iy 3In+1

2.21-masala. Ushbu
Sn-2

=2 m_) ’
gator yig‘indisini toping.
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< Birinchi navbatda bu gatorning umumiy hadini noma’lum
koeffitsientlar usulidan foydalanib, sodda kasrlarga yoyamiz:

a, —__5"__2__; l___z_— L_l).g.z.(l.—;):b"-g-c",
(n=0)n(n+2) n-1 n n+2 \n b n' n+2

e
S, aq b, +¢, b+Yc A 1) (____)
-Sa=Sre)-SheTa-3 -1 i
s b Vg Lo | 1 1 1% l fan)i)e sl 1 ])
LETLINL Y S e Al el LML L oLl iy el 0 T O L PR
(' 32 373 ALy n)+2(2 T TAG S TR ne2
-1 +2(l+l_L__‘_ R B o e
n 2 3 n+l n+2) 3 n n+l n+2 G

3.21-masala. Quyidagi
ZSIH 2n4l S' 2n+l

nwl
qatorning gismiy yig'indisi S, va yig'indisi S ni toping.
4 Bu masalani yechishda
sinx-siny = %[cos(x—y)-cos(x-*'}’)] ;
formuladan l‘oyddlanamiz

sl Ja 1 a Sl
L“n r,h] r,hl =EZ(COS?_COS 2"")

k=l

] a @ a a a a z
. ((‘uf- -Ccosa + cosh,—cos--+cos———cos—2+...+cos = COS—
2\ 2 2 TR e aiy 2

n-sx

| o A I =t 31 >
cos— ~cosa |= S =lim$S =—(l—cosa)-sm =
.1 ; ?H n 2

4.21-masala. Koshi kriteriyasidan foydalanib, umumiy hadi
1

i —--.,r.r(nﬂ)

bo‘lgan 2% qatorning uzoglashuvchi ekanligini ishotlang.
" N olinganda ham

a4 Ma’lumki, 3g5(0 son topilsaki ,Vn, €
Gnzn, va butun p=0 sonlar mavjud bo‘lib,
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1
ia, 2¢
k=n

tengsizlik bajarilsa, unda Za, qator uzoglashuvchi bo‘ladi.
=l
Agar g=1 va p=n deb olsak, unda Vn,e N olinganda ham
3n>n, topiladiki va
s 1 1 1 1

ka-(lHl) B‘/n-(n+l) +J(n+l)-(n+2) +m+\/(n+p)(ﬂ+ p+l) 5

Iz

P TS =l_s ML *
J(n+p)(n+p+l) n+p+l 2n+p 2n+n 3  boladi :"Z_;"" 0

tor uzoglashuvchi.
(2 +Cos— i ) Jn
5.21-masala. Z 2

4af 7

el n' +5

gatorni yaginlashishga tek-

shiring.

(2+cos—”JJ- " =
2+)dn_ 3 ” =3 i
P =—3,=b, bo'lib, 25.=32%
Tes & S
4 & 5
qator yaginlashuvchi, chunki Z>l' Unda tagqoslash alomatiga ko‘ra
berilgan gator ham yaginlashuvchi. o

- ”‘
< 6.21-masala. Z(l-COS;J qatorni yaqinlashishga tekshiring.

ne=l
r o sl 1
a"=l—COS--=2-s|n2.__ £ — =D
s o Agar b, - desak, x, da a,=0"(b,)

bo‘ladi. Darhagiqat, M (M c R)

Zb B Z »? ~Yaginlashuvchi = tagqoslash alomatiga ko'ra

n=l

SR < n
24,= Z(l “:05‘;) qator ham yaqinlashuvchi. -

=i =l
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sl
7.21-masala. Z(Zn)' 5+ qatorni yaginlashishga tekshiring.

<« Dalamber alomatidan foydalanib, tekshiramiz.
n! 1
= — )
") Es
(n+1)! nk(n+1)

1
(2n+2) 857 5"*' RTINS g

Ay =

1

1 gF ol
=lim a4 = lim =—|im =0<1l=>
A= me2:(2n+]) gl 10m=2n+1

5"
Berilgan gator yaginlashuvchi. p

8.21-masala. | (x)-7,(x)|<& qatorni yaginlashishga tekshiring.
<Koshi alomatidan foydalanib, tekshiramiz:

1. (ol e LY @
—llnu'/J —'—llm =—lim| — =—llm(1+—) ==<1=
q ; 3 n-x (,Hj 3,,“( n ) 3 e n 3
Berilgan gator yaginlashuvchi. p

1
9.21-masala. Zm qatorni yaginlashishga tek-
shiring. e !
4 Bu gatorni yaginlachishga tagqoslash va Koshining integral
alomatlaridan 11))'dn|la|1ila, tckshiramif: 1

— ,___,\____________<-————b nz2.
(n+5)In* (n+1) (;H—l)ln’(n+l) n-ln“n

T dx - :

[ AnR f(x) bo'lgani uchun Koshining integral alomatiga
ko‘ra .\_;/’u gator yaginlashuvchi va tagqoslash alomatiga ko‘ra
berilgan ‘qator ham yaqginlashuvchi.

10.21-masala. Quyidagi

~1\1
i (2n nl).. o
nev ”
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tenglikni qator yaginlashishining zaruriy shartidan foydalanib, is-
botlang.

1) Z
<« Umumiy hadi a,=(2"—”l)il bo‘lgan Za,, gatorni yaginlash-
n n=l

ishga tekshiramiz. Bunda Dalamber alomatidan foydalanamiz:

d = lim 2241 = jim (2"“)!,’. o bt 8 Lt e S Y RPN, 5
amx g Amm ("+l)“ (2”_])!! amz| p+1 (].{--‘-) e
n

yaginlashuvchi = Qator yaginlashishining zaruriy sharti, ya’ni
. (2n-1)1
Im a, = lim -

n—»w n—w n

=0 tenglik bajariladi. 1

11.21-masala. 2.9 qator  ning ganday giymatlarida yagin-

n=|

lashishini aniglang.

a,=(Jn+1-JZ)“-|n§::':.

B Pas s o it o A ( 1)
< = S [ -
3n+l+3n 3n+l+«/;; ﬁ "

2n+1 i) | ] |
In =ln(1+ = '(— R .
2n-1 (o e 0 " =a,=0 o
\.7

y 2

| 5
Agar b”:_f:'i— deb belgilasak, Zb.. qator l+(~;—->l. ya'ni >0

n 2 e

bo‘lganda yaginlashadi, =>Z|ﬂ,, qator ham pe ) da yaginlashadi. o

o (~1)"1g-Z
12.21-masala. Z'———SQ__”_“I‘/; qatorni yaginlashishga tekshiring.

< Bu qator ishorasi almashinuvchi € i i
I, . gator bo‘lib, uning yaqgin-
lashishini Leybnis alomatidan foydalanib, ko‘rsatish mumkin.
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P
g = tln “deb belgilasak

"

w
b~
1

1) VneN uchun a,2a,, >0 , ya'ni 2 %(*)

n+l
n=1

V4
g——
4In 1
2) lima, =lim . =0.
) n=>e nvo T 4\/;,\/5’1_1 s
4n
boladi =» Leybnis alomatiga ko‘ra berilgan qator yaginlashuvchi.

13.21-masala. Quyidagi
Z /n +3 l[“_(—l)"}
n'+4n n
qatorning absolut yaginlashuvchi ekanligini isbotlang.

| n?+3 nl1 {(-1). R,
a = M T, | deb belgilaymiz. Unda quyidagi

munosabatlar o‘rinli bo‘ladi.

|a,| = \’i-fi -ln(l-&-l)< % +43"- --l-=}:=b..
n

n' +4n n n.n:

L/‘ \ﬂ “ qator yaqginlashuvehi = tagqoslash alomatiga ko‘ra

" I
x, € X yaginlashuvchi, ya'ni berilgan Za,, qator absolut yaginlashu-
vchi,
14.21-masala. Quyidagi
“ sin2n cosl
“~ln ln(n i 2) n
qatorni yaginlashishga tekshiring. : )
4Bu gatorning yaginlashishini Abel alomati yordamida ani-

| ~ sin2n ;
glaymiz: a, cos— va )"lhnln~(;:2—) deb belgilab, Abel teore-

masining shartlari bajarilishini tekshiramiz:

203




1) x, ketma-ketlik monoton (monoton o‘suvchi) va chegaralan-
gan 0<cos;1-<1 -

= > sin2n
2) 2.b, =§m gator Dirixle alomatiga ko‘ra yaginlashu-

vchi bo‘ladi. Darhagiqat, agar
4y =_———lnln(n+2) va b, =sin2n

deb belgilasak,
) }J' va Vi, e M (5+1)
b) B, Zb "ZS“‘ 2k = —% chegaralangan bo‘ladi
k=l k=l sm

(]B,,[s——,—): Dirixle alomatiga ko‘ra ZU..(X) qator yaginlashuvchi.
Shunday gilib, benlgan gator uchun Abel teoremasining shart-

lari bajarilar ekan ::Zab Z-sm—zn-msl qator yaginla-
n= nsi ln[ﬂ( ) n
shuvchi. :
Izoh. Bu misolni yechishda elementar matematika kursidan
ma’lum bo‘lgan ushbu
(n+)x . nx
in——=-sin—
S(x)= Zsmla———z——2~, x#2mnx, meZ
e sin-;-
formuladan foydalanildi.
15.21-masala. Ushbu

e
qator o ning qanday gqiymatlarida
a) absolut yaginlashuvchi,
b) shartli yaginlashuvchi bo‘lishini aniglang.
< Birinchi navbatda berilgan gator « ning ganday giymatlar-
ida yaqginlashuvchi bo‘lishini aniglaymiz. Bunda Dirixle alomatidan
foydalanarlniz. Agar

a, —”7 va b, =cosn deb belgilasak

1) & >0 bo'lganda { }l« va |lma ~I|mi~».-0.

n-sn p”
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1
Z” ___T_; va IBIS—F boladi. — Dirixle
sz Sll‘li

Z COSH

alomatiga ko‘ra Z a0, =

ne=l n=l
di. <0 bo‘lganda esa bu qator uzoglashadi, chunki o<0
bo‘lganda gator yaginlashishining zaruriy sharti bajarilmaydi.
cosn| 1

S va
nae BNt

qator >0 bo‘lganda yaginlasha-

Endi gatorni absolut yaginlashishga tekshiramiz.

=1 ¢
ZNT" umumlashgan garmonik gatorning ¢ >1 da yaginlashuvchi

> ]cosn]
bo‘lishidan «>1 da Z gatorning yaqginlashishini hosil qil-
amiz. o
Endi 0<@ =<1 bo‘lganda berilgan qatorning absolut yaginlashu-
2. |cosn|

vchi emasligini, ya’ni Z

nel

gatorning uzoglashishini ko‘rsatamiz.

\C()Sn‘ cos’n l+cos2n 1 cos2n
s
n® n“ 2n® 2n% i Long
o o Cos2n ¥ ; £ .
tengsizlik hamda 2_- 5% Gatorning Dirixle alomatiga ko‘ra yagin-
nel
lashuvehi bo‘lishi va x, qatorning uzoglashuvehi ekanligidan {S,. (‘)}
gatorning ham uzoglashuvchi ekanligini, tagqoslash alomatiga ko‘ra
S,(x)= gatorning uzoglashuvchiligini hosil gilamiz.

~ COSN
Shunday qilib, l - gator
nwl

4) a»1 da absolut yaginlashuvchi,
b) 0« =1 da shartli yaginlashuvchi bo‘lar ekan.p

16.21-masala. Quyidagi

e
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cheksiz ko‘paytmani absolut va shartli yaginlashishga tekshiring.

—l+(— )M_l_'_a = _( 1) 4 punktga ko‘ra berilgan

cheksiz ko* paytma absolut yaqmlashuvchl bo‘lishi uchun Z_;a qa-
torning absolut yaginlashuvchi bo‘lishi zarur va yetarli.

Sal= 30

Cheksiz ko‘paytmani shartli yaginlashishga tekshirishda 4° —
punktdagi 5-teoremadan foydalanamiz. !
Unga ko‘ra cheksiz ko‘paytma yaqmlashuvchn bo‘lishi uchun

Z“ﬂ qator yaginlashuvchi bo‘lgan holda Z qatorning yagin-
]ashuvchx bo‘lishi zarur va yetarli edi.

= 1 |[yaginlashuvchi, p>1,
o uzoglashuvchi, p<1.

=1

5: Z _1) gator p>0 bo‘lganda Leybnis alomatiga ko‘ra

n=l nel

vaginlashadi.
a,z0 qator esa P>— da yaqinlashadi, Z” X) da esa uzog-

n=l

lashadi.
Shunday qilib, berilgan

H[‘*-—]):’J

nel |, J
cheksiz ko‘paytma
a) p>1 da absolut va

1
b) S <p=l da shartli yaginlashadi.
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7-§. 6-MUSTAQIL ISH
Funksional ketma-ketliklar va gatorlar

Funksional ketma-ketlik tushunchasi.

Funksional ketma-ketliklarning yaqinlashishi va tekis
yaginlashishi.

Funksional qator tushunchasi.

Funksional gatorlarning yaqinlashishi va tekis yaginlashishi.
Funksional gator yig‘indisi va funksional ketma-ketlik
limitining xossalari.

Darajali qgatorlar. !
Teylor qatori. Elementar funksiyalarni Teylor qatoriga yoyish.
Darajali qatorlarning tatbiglari.

AL
Asosiy tushuncha va teoremalar L
1°. Funksional ketma-ketliklar, ularning yaginlashishi
va tekis yaginlashishi.

X « r to‘plam berilgan bo‘lib, unda
Si(x)s £ (x)safi(00)00 _
funksiyalar aniglangan bo‘lsin. Ana shu funksiyalardan tuzilgan ‘ket—‘
ma-ketlikka X to‘plamda berilgan funksional ketma-ketlik deyiladi
va u {/,(x)} kabi belgilanadi:
{4, ()} FACT AN 1 Ry )
/,(x) ga funksional ketma-ketlikning umumiy hadi deyiladi.
Ixtiyoriy x, € X nugta olib, ushbu
{10 (%0)} 2 7 (%) o (o sy (2 o @
sonli ketma-ketlikni qaraymiz. Agar bu sonli ketma-ketlik yaqin-
lashuvchi (uzoglashuvehi) Lo‘lsa, {/"(A)} funksional ketma-ketlik
x, nugtada yaqinlashuvchi (uzoglashuvchi) deyiladi, ¥, nuqta esa
funksional ketma-ketlikning yaqinlashish (uzoglashish) nuqtasi deb
ataladi
{/,(x)} funksional ketma-ketlikning barcha yaqinlashish nuqta-
laridan iborat M (M < R) to‘plam {f;,(x)} funksional ketma-l]:%t-
likning yaginlashish sohasi deyiladi. — VxeM uchun ushbu
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limf,(x)-3 bo‘ladi. Agar Wxel uchun unga mos Kkeluvchi
fim £,(x) ni mos go'ysak, ya'ni

sz fx—)‘l'lil;f,,(x) ;
bo‘lsa, unda M to‘plamda aniglangan f(x) funksiya I{osil. bo‘l?dl.
Bu f(x) funksiya {ﬁ.(X)} ketma-ketlikning limit funksiyasi deyila-
di. Demak,

limf,(x)= f(x) (xeM) 3)

Ta’rif. Agar V>0 son olinganda ham 3, =n,(g)e N:Vn>n,
va Vxe M uchun
[ (x)-£.(x)|<# @)
tengsizlik bajarilsa, {f,(x)} funksional ketma-ketlik M to‘flamda
f(x) limit funksiyaga tekis yaginlashadi deyiladi va £, (x) 2 /()
(xeM) kabi belgilandi. Aks holda, ya’ni 3z,>0 ¥neN olingan-
da ham Jm>p va 3x, e Mlar mavjud bo‘lsaki

'f(xo)"f.(xa)'zeo

tengsizlik bajarilsa, {f,(x)} funksional ketma-ketlik M to‘plamda
f(x) limit funksiyaga tekis yaginlashmaydi yoki notekis yagin-
lashadi deyiladi.

I-teorema. {f,(x)} funksional ketma-ketlikning M toplamda
S(x) ga tekis yaginlashishi uchun
lim Sup|f (x)~ £, (x)| =0 )

M

tenglikning bajarilishi zarur va yetarli. i
2-teorema. (Koshi kriteriyasi). {f,(x)} funksional ketma-ketlik-
ning M to'plamda f(x) ga tekis yaginlashishi uchun quyidagi
shartning bajarilishi zarur va yetarlidir: vg>0 uchun
3n,=ny()eN:¥Yn>n, va v butun p=0 sonlari hamda barcha

xe M lar uchun
[frop (2)= 7, ()| < ©
tengsizlik bajariladi.
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J-teorema. (Veyershtrass alomati). Agar 3{a,} sonlar ketma-
ketligi mavjud bo‘lib,

1) VneN uchun q,>0va lima,=0;
2) VxeM va barcha pe N lar uchun

IAMORAC K
bolsa, unda M to‘plamda f, 2 f(x) bo‘ladi.

2°. Funksional gatorlarning yaqinlashishi va tekis yaginlashishi.
Biror X c R to'plamda {u,(x)} funksional ketma-ketlik be-
rilgan bo‘lsin. Quyidagi
(%) + 2ty (%) oo 1, (X) + o
ifodaga funksional qator deyiladi va u Z;u,,(x) kabi belgilanadi.

Z” ("0)" (x)+ay(x )+...+u,,(x)+--- )

n=l

w (x).24, ()01, (x),... larga funksional gatorning hadlari, u,(x)
ga esa funksional gatorning umumiy hadi deyiladi.
Ixtiyoriy x,€X nuqta olib, ushbu

20 (5) = () 0 3 . (20) @
sonli gatorni ¢‘ii‘llil,\’ll)i7. Agar bu sonli gator yaqmlaslluvcm (uzog-
lashuvchi) bo‘lsa, Eu” ) funksional gator x, nugtada yaginla-
shuvchi (quql:lshlnl‘hi) deyiladi, x, nuqta esa funksional gatorn-
ing yaginlashish (uzoqlashish) nuqtasi deb ataladi.

2.4,(x) funksional gatorning barcha yaginlashish nuqtalarid‘an
iborat \, (M < R) to'plam bu funksional gatorning yaginlashish
sohasi deyiladi. = Vx,eM nugta olib, Z;""(x“) sonli gatorni
ko‘rsak, u yaqinlashuvchi bo‘ladi. Uning yig‘indisini S(x") deb
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belgilaymiz. Xuddi shunga o‘xshash vxeM olib, unga ) u, (x)
gatorning yig‘indisini mos go‘ysak, u holda M to‘plamda aniglan-
gan S(x) funksiya hosil bo‘ladi. Bu S(x) funksiya (7)-funksional
qatorning yig‘indisi dfyﬂadi:
8(x)= 2, (x)= ty (x) 10y (%) # o 10, (%) + o0
Ushbu 2

5,(5)=24() n=2..
yig‘indilarga (7)-funksional gatorning gismiy yig‘indilar deyiladi.
Shunday qilib, (7)-gatorga mos keluvchi

{S,, (x)} 28(x).8,(x), .. 5, (), 9)
funksional ketma-ketlikni hosil gildik va aksincha, (9)-qismiy
yig‘indilari ketma-ketligi berilgan holda har doim hadlari (7)-funk-
sional gatorning hadlariga teng bo‘lgan quyidagi

S (x)+[S,(x)—S, (1)]"---*‘[3"(")‘5,.-1 (x)]+
funksional qatorni hosil gilish mumkin. = Agar (9)-ketma-ketlik
x, nuqtada yaginlashuvchi (uzoglashuvchi) bo‘lsa, u holda (7)-gator
ham x, nuqtada yaginlashuvchi (uzoglashuvchi) bo‘ladi va
S(x)=1lim$S, (x)

tenglik bajariladi.

Demak, funksional qator yoki funksional ketma-ketlikdan bir-
ining xossalarini batafsil o‘rganish yetarlidir.

Ta’rif. Agar (7)-funksional gatorning gismiy yig'indilaridan tuz-
ilgan {S,(x)} funksional ketma-ketlik M to‘plamda gatorning
yig‘indisi S(x) ga tekis yaginlashsa, unda (7)-funksional gator M
to‘plamda tekis yaqinlashadi deyiladi.

r,(x)=58(x)-5,(x) =k_2; % (%) deb belgilaymiz.

I-teorema. (7)-funksional qatorning M to‘plamda tekis yagin-
lashuvchi bo‘lishi uchun
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fim Stpl, ()| =0 (10)
tenglikning bajarilishi zarur va yetarli.
2-teorema. (Koshi kriteriyasi). (7)-funksional gatorning M
to'plamda tekis yaginlashuvchi bo‘ishi uchun quyidagi shartning
bajarilishi zarur va yetarli: e>0 uchun 3n,=n,(€)e N:Vn=n,
va \/ butun p=0 hamda barcha xeM lar uchun

fw@%s (11)

ke=n

bo Tadi.

Natija. (Funksional gator yaginlashishining zaruriy sharti). Agar
(7)-funksional gator M to‘plamda tekis yaginlashsa, u holda shu
to'plamda u,(x) 2 0 bo'ladi.

3-teorema. (Veyershtrass alomati). Bizga ZI:“» (x) Junksional va

Ya. aal (12)

=]

sonli qator berilgan bolsin. Agar Y/xe M uchun
[",,(-\‘)ISH,,, n=12,..

tengsizlik bajarilsa va (12)-sonli qator yaginlashsa, unda Z"n (")

nel

funksional qator M to‘plamda absolut va tekis yaginlashadi.
Aytaylik, ushbu

3 a,(x)-b,(x) (13)

funksional gator berilgan bo'lsin.

4-teorema. (Dirixle alomati). Agar

1) har bir xe M uchun i"n(*)} monoton va M fo‘plamda a,(x)
0 ga tekis yaginlashsa;

2) B,(x)= 3 b (x) gismiy yig'indilar M toplamda birgalikda che-

garalangan ya I'r;zl' 9K VxeM IB,: ("')ISK bo'lsa,. wsholda -(13)-

qator M to‘plamda tekis yaginlashadi.
5-teorema. (Abel alomati). Agar
1) har bir xeM uchun {a, (x)} monoton va {a,(x)} ketma-
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ketlik M to‘plamda chegaralangan;
2) th (%) funksional gator M to‘plamda tekis yaginlashuvchi
bo'lsa, unda (13)-qator M to‘plamda tekis yaginlashadi.

3%, Tekis yaqginlashuvchi funksional ketma-ketlik
va qgatorlarning xossalari
Funksional qatorlarda (ketma-ketliklarda) shuni ta’kidlash lozimki,
ulaming har bir hadi uzluksiz bo‘lgan tagdirda ham qatorning yig‘indisi
(ketma-ketlikning limit funksiyasi) uzluksiz bo‘lishi shart emas.
n xl

Misol. g(l ol )" funksional gator berilgan bo‘lsin. Bu funk-

sional qatorda ¥, (x) s (—li;jt € C(-0,+») Berilgan qatorning
+x

yig‘indisi topamiz:

PR e e i e ,:{O.x=0. :
L (x) g(l«;—x’)’ xz[H_Hx‘+'"+(|+11)"}=S(X) lim S, (x) S
Bu tenglikdan ko‘rinadiki limS(x)=lim(x*+1)=1 va

S(O)=0=>S(x) funksiya x=0 nuqtada uzluksiz emas. Berilgan
gator uchun ushbu

» =
!,'E',Z"n (x) :lel_r.g u,(x)
munosabat o‘rinli. - iy Kl

Tabiily savol tug‘iladi: qanday shartlar bajarilganda funksional
gatorlarda hadlab limitga o‘tish, ularni hadlab differensiallash va
integrallash mumkin?

By savollarga quyidagi teoremalar javob beradi.

: Blzga M to‘pl_amda yaqginlashuvchi (7)-funksional gator berilgan
bo‘lib, bu gatorning yig‘indisi S(x) bo'lsin.

I-teorema. Agar yne N uchun u,(x)eC(M) bo'lib, (7)-qator
M to'plamda tekis yaginlashsa, S(x)eC(M) bo‘ladi, ya'ni
Vx, € M uchun

JL’PS(X)=,ILTZ u,(x)=3 limu, (x):inn (% )=5(x,)
'ﬂ-l e oy N
tenglik bajariladi. ; I
212




Agar M to‘plamda yaqinlashuvchi (1)-funksional ketma-ketlik
berilgan bo‘lib, f(x) funksiya uning limit funksiyasi bo‘lsa, unda
quyidagi teorema o‘rinli bo‘ladi.

2-teorema. Agar f,(x)eC(M), n=1,2,.bolib, M to‘plamda
1, (x)_ f(x) botsa, f (x)eC(M) boladi. ; 3

3-teorema. Agar (7)-funksional qator M to‘plamda tekis yagin-
lashuvchi va x, nugta M to Plamning limit nugtasi bolib,

limu, (x)=c,(n=1,2,..)
X=X,
bolsa, u holda

ZC,,, =0+ Cy ety
me=] &
qator ham yaginlashuvchi, uning yig‘indisi C esa S(x) ning x— x,
dagi limitiga teng bo‘ladi:
lim S(x) = lim Y" u,(x)= limu,(x)=>.¢,=C
X=X, X%, 4= ek ) Fay 5
Faraz gilaylik, [a.b] kesmada yaqinlashuvchi (7)-funksional gator
berilgan bo‘lib, uning yig‘indisi S(x) bo‘lsin. : : .
4-teorema. Agar (7)-qator [a,b] kesmada tekis y:?qml.ashuvchl
bo'lib, u,(x)eCla.b] (n=12,.) bo'lsa, u holda quyidagi

ifu, (x)dx+ ].u} (\) dx+...+ Iu,, (X)d’f

a

b
: i iotindisi  |S(x)dx
gator ham yaginlashuvchi va uning yig‘indisi ! (x) ga teng
bo‘ladi:

b M o w b
[ (x)dx = ﬂZu" (x)]dx = Z‘ le,, (x)dx
g al. n=l nel 4 i :
Izoh. 4-teoremadagi (7)-gatorning tekis ya’qiplas}’luvchtm;(ljl?l sah;};t_x
yetarli shart ho'lib, u zaruriy shart emas, ya’ni ba Z?r?k': yaq
lashmaydigan gatorlarni ham hadlab integrallash mumkin.
1

Misol. ‘2_,(*’ !*:"“"J (0=x<1) funksional gator berilgan
=]

bo‘lsin.
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i et Exe i 0,x=0,
S"(x)=§(xmt—xu—l)=-x+xw:S(x):}gxlsn(x)={l_x’0<x51:

5,(x) [0.1] da S(x) ga tekis yaginlashmaydi, lekin

IS(x)dx I(l —x)dx= —1- va i ]'u, (x)dx=

n=]

B a1 1) L8 1__1_)'_
‘Z;M*’""""')“"J",..n(m) 2,_,(; n+lJ_2'l'l-{?;(k k+1
=-’.ﬁm(l__l_)=.l..'
2ms\ n+l) 2

1 » | z
Demak, IS(x)dx=qu,(x)dx=-;—, lekin > u,(x) qator [0,1]
0 m=l o n=l

kesmada tekis yaqginlashmaydi.
5-teorema. Agar (7)-funksional qatorning har bir u, (x) hadi

[a.b] kesmada uzluksiz u, (x) hosilaga ega bolib,
Zu,, (x)-—-u, (x)+u: (x)+..+u, (x)+... (14)

n=l

funksional gator [a.b] da tekis yaginlashuvchi bo‘lsa, u holda berilgan
(7)-gatorning yig'indisi S(x) shu [a,b] da S'(x) hosilaga ega va

§'(x)= [z (x)_]' =3, (x)

nel

tenglik o‘rinli bo‘ladi. )
Izoh. Bu teoremada ham (14)-funksional gatorning tekis yaqin-
lashuvchanlik sharti yetarli shart bo‘lib, zaruriy shart emas.

4", Darajali qatorlar
I-ta’rif. Quyidagi

2.0.(2~ %) (15)

n=0

ko rinishdagi funksional gatorga darajali qator deyiladi. Bu yer-
da a.a,,...a,...,X, lar o‘zgarmas haqiqiy sonlar.
Agar (15) da &=x-x, deb belgilash Kkiritsak,
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>as" (16)
n=0 & T
darajali qatorga kelamiz. Demak (16)-ko‘rinishdagi darajali gator-
larni o‘rganish kifoyadir.
1-teorema. (Abelning birinchi teoremasi). Agar

o
2.a,x" =a,+ax+ax ot ax" +.. an

n=0
darajali qator x=x,#0 nuqgtada yaginlgshsa, u hoIde qator x ning
x| <|x,| tengsizlikni ganoatlantiruvchi barcha giymatiarida absolut ya-
ginlashuvchi boladi.

Natija. Agar (17)-qator x=zx, nuqtada uzoglashuvchi bo‘lsa, u

holda bu qator {|x|>|x,|} da ham uzoglashuvchi bo‘ladi.
2-ta’rif. Agar 2.4, darajali qator {x|<R} da yaginiashib,
n=0

{Ix> R} da uzoglashsa, u holda shu R=0 soniga darajali qutommg,"
vaginlashish radiusi, (-R, R) oraligga esa yaqinlashish intervali
deyiladi. s
2-teorema. Ixtivoriy darajali qatorning yaginlashish radiusi R
mavjud bolib, bu qator {I\; < R} da absolut va Vr < Ruchun {|x|5r}
da tekis yaginlashadi, :
Izoh. Darajali qator yaginlashish oralig‘.i“ing chegaraviy Y=i]]e
nugtalarida yaqginlashishi ham, "Z}:ulﬂ'af)l}':ﬂl](l)z]i’r?lm mumkin. Darajali
atorni b alarda ¢ ida tekshins e
g ;)‘.’Il‘lillilllil I:;:lx((l(‘):lnlilligl y:‘\]:il:xll(ishish radiusini quyidagi teoremalardan
foydalanib, topish mumkin.

n=olg

a
im|—"- i s holda
3-teorema. (Dalamber). Agar l"“l a, ll mavjud bo'lsa, u

(18)

bo‘ladi.

] i : holda
4-teorema. (Koshi). Agar limy la,| mavjud bo'lsa, u
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e
fim gfa.

(19)

bo ladi.
5-teorema. (Koshi-Adamar) Agar R soni (17)-darajali qatorning
yaginlashish radiusi bo%sa, u holda
1
R=——
limg/|a,| 20)

n=»z.

formula (Koshi-Adamar formulasi) o‘rinli bo‘ladi.
Darajali qatorlar quyidagi xossalarga ega.

6-teorema. Darajali qatorning yig‘indisi S(x) yaginlashish
oraligiiga tegishli bo‘lgan vy nugtada uzluksiz bo‘ladi.

7-teorema. (Abelning ikkinchi teoremasi). Agar (17)-qator
x=R (x=-R) nugtada yaginlashsa, unda bu gator [0;R] ([—R;O])
kesmada tekis yaginlashuvchi bo‘ladi.

Natija. Agar (17)-qator x=R (x=-R) nugtada yaginlashsa, u

holda S(x) yig'indi [0;R] ([-R:0]) kesmada uzluksiz bo‘ladi.

Endi Z(;a,,(x -x) ko'rinishidagi darajali gatorni ko‘ramiz. Bu

qatorning yaginlashish radiusi Nz.;a”"x” qatorning yaginlashish radi-

usini hisoblash formulalari yordamida topiladi, fagat bu yerda ya-

ginlashish oralig‘i {Ix—xo[<R}=(xa«R,x,,+l() interval bo‘ladi.
8-teorema. Agar R0 soni quyidagi

f(x)=3a,(x-x) @1
. 3 . L
darajali qatorning yaginlashish radiusi bo‘lsa, u holda
.]) J(x) funksiya (% =R, x,+ R) intervalda ixtiyoriy tartibli
hosilalarga ega bo'ladi va u hosilalar (21)-darajali qatorni hadlab
differensiallash yordamida topiladi;

2) bu qatorni V[a,b]c (x, - R, x, 4 R) oraligda hadlab integral-
lash mumkin.
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3) (?J)-darajali qatorni hadlab differensiallash yoki integrallash-
dan hosil bo‘lgan yangi qatorlarning yaginlashish radiuslari ham (21)-
qgatornning yaginlashish radiusi R ga teng bo ‘ladi.

Izoh. Agar f(x) funksiya (21)-tenglik yordamida ifodalanib,
R>0 bo‘lsa, u holda f(x) funksiya ¥, nuqtada (aniqrog‘i, x,
nuqtaning atrofida) analitik funksiya deyiladi. 8-teoremadan anali-
tik funksiyaning .cheksiz differensiallanuvchi ekanligi kelib chigadi.
Lekin, ixtiyoriy cheksiz differensiallanuvchi funksiya analitik bo‘lishi

1
shart emas. Bunga misol tarigasida J(x)=exp o funksiyani
olish mumkin.
9-teorema. Agar f (A) Junksiya x, nugtada analitik boIsa, ya’ni

(%)= a,(x~x)’
n=0
fenglik x, nugtaning biror atrofida o'‘rinli bo‘sa, u holda

n

(n)
o
a, =f——‘—l,n=0,l.2,..
bo ladi, ya'ni 4!

=

() f
F()=% Lor-x)

n=0 n!
tenglik ham x, nuqtaning o‘sha atrofida o‘rinli bo ‘ladi.

5. Teylor qatori. Elementar funksiyalarni
Teylor qatoriga yoyish
Ta’rif. Faraz qilaylik, f (,\-) funksiya x, nugtaning biror atrofida
aniglangan va shu nugtada ixtiyoriy tartibdagi hosilalarga ega bolsin.
U holda quyidagi

; /('v)\, 1
L : —;~”~(1‘~)«},) (22)
v 1 ’ e
gatorga /(x) funksiyaning x, nuqtadagi Teylor gator deyiladi.
Izoh. (22)-qgatorning vig‘indisi har doim ham f(x) bilan ust-
ma-ust tushavermaydi.
Masalan, Jf(x) cxp(— .71;) funksiya uchun barcha hosilalar
Ay
F"(0)=0 va (22) qatorning yig'indisi 0# f(x)
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Lekin ba’zi bir shartlar bajarilsa ular orasida tenglik o‘rnatish
mumkin.

Teorema. (Teylor). Faraz gilaylik (x,—h.x,+h) intervalda f (x)
funksiyaning 0Zi va barcha tartibdagi hosilalari birgalikda chegara-
langan bo'lsin, ya'ni 3M >0:Vxe (x,—hx,+h) uchun

fO(x)|sM, n=0123,.
tengsizlik bajarilsin. U’ holda (xo ~h, x,+h) oraligda /(x) funksi-
va Teylor gatoriga yoyiladi, ya’ni

f‘
()= zo
tenglik o‘rinli bo‘ladi. :
Agar Teylor gatorida x,=0 bo‘lsa, u holda hosil bo‘lgan qga-
targa Makloren qatori deyiladi.

- Endi asosiy elementar funksiyalarning Makloren gatoriga yoyil-
malarini keltiramiz.

0] <h, (23)

2

(a2 —nz_;;=l+x+7+;+.. (-0 <x<+>),
Z xen =x+ —-+-{5-+..A+——X—:"—d——+... (—o0 < x < +0).
" (2n+1)! 31 5! (2n+1)!
3 chx = 3 ._)'i.=1+fi+.x_+4__£.'_.,. (_{f)/‘_/_vh)
3 s (2n)! 2! 4! (2n)! e i
iy ( " el e (ﬁl)"_‘um!
4 sinx= Z‘ (2n+|)! "'_3?*'5?"""(7,7:1’)“ . (o <x<+m).
(=1) ** Y (-1)" x*
. Cosx= % (2;;)-’—: ——5?4'-;‘;+v.,4~»(—2»,;')7!-‘+,_, (..Art,//\’"ﬁn).
et X" i x' "
6. In(l+x)= Z( by —*"'2‘,*3‘!“" o ) "‘n”*-' (<1<xs1).
(l+x)"=l+i:{l el '(a 'H” =4 ax 41121':—1)\ 4
nej F4)
W2 (z-1)(a- 2) e, (a=1)-...(@a-n+1) ,
3 ov ~ X #u(-1<x<l).
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6°. Darajali qatorlarning tatbiglari

a) Darajali qatorlar yordamida differensial tenglamalarni yechish.
Aytaylik,

V'+p(x)y +q(x)y=f(x) (24)
differensial tenglamaning ushbu
.V(xo)=yo. y'(xo)=)’|, (25)

boshlang‘ich shartlarni qanoatlantiruvchi yechimini topish talab qi-
linsin.

Agar p(x), g¢(x), f(x) funksiyalami x, nuqtaning biror atrof-
ida shu funksiyalarga yaqginlashuvchi

ic,, (3 =2x,)"

ne=0
ko‘rinishida ifodalash mumkin bo‘lsa, unda yuqoridagi Koshi ma-
salasi yagona yechimga ega bo‘lib, uni

y(x)= ia” (x—xo)" (26)

n=0 A 3
ifodalash mumkin. (26)-qatordagi noma’lum a, koemt‘sw}'ltlarm
topish uchun (24)-tenglamadagi y, y', )", p, ¢, f lar o‘miga ul-
arning yoyilmalari olib borib go‘yiladi va noma’lum koeffitsientlar
usulidan foydaniladi.
Misol.
Y —xp=0 (27)
tenglamaning ushbu
yO)=1 yO)=0 0B
boshlang‘ich shartlarni ganoatlantiruvchi yechimini toping.
a (27)-tenglamaning yechimini
y= Za,,x" (29)

nel

ko‘rinishda qidiramiz. Unda

y" Xu(n— a,x"? ,2“2+Z(,,+2)(,;+1)a‘”2x",

ne? nel
7. . = "
Xy=x- ZU"X" = Za,,x"” = Zu"—lx,
i =0 n=0 nel i
bo'lib, (27)-tenglama quyidagi ko‘rinishga keladi:
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2a, +Z(n+l)(n+2)a",x = Za,,_.x

Bu tenglikdagi x mnz mos darajalari oldxdagx mos koeffitsient-

larni tenglash yordamida
a,=0, (n+1)(n+2)a,,=a,, neN (30)
rekkurent formulani hosil gilamiz. a,=0 bo‘lganligi sababli bu
rekkurent formuladan g, =0, g,=0 va umuman
a, =0, neN

ekanligini topamiz. Shu formuladan yana

" 23)(5-6)-.. [(3n-1)3n]

ot BN ET). [3,. Gn+D)]’
tengliklar o‘rinli bo‘lishi kelib chiqadi. (28)-shartlar va (29)-teng-

likdan = a, =14, =0. :
Demak, (27)-tenglamaning (28)-shartlarni ganoatlantiruvchi
yechimi quyidagi ko‘rinishga ega ekan:
o X x
y=l+ A ———— T
23 (23)(5-6) T (- 3)-(5-6)-..[(3n—1)-3n
b) Darajali qatorlar yordamida integrallarni hisoblash.
Integrallarni hisoblashda ham integral ostidagi funksiyani dara-
jali gatorga yoyish ko'p hollarda yaxshi natija beradi.
Misol. Ushbu

3n

e Iln(H r)

integral hisoblansin.
< Avvalgi punktdagi In(1+ x)ning Makloren qatoriga yoyilmasi-
dan foydalanamiz:

fin {142 bl oo X" i

( l)’lb] l ~ 2 Pl ”v]
=3 ———— ' R s o
= =] (Zn | T U P
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Izoh. Sonli qatorlarning yig‘indilarini hisoblashda ko‘p hollarda
quyidagi tengliklar katta yordam beradi.

o nl

Z(—L=ln2, 31)
=1 7z

g’ 32

,,2-12(211—1)2 e =)

3 (__EKI.-_-_{ (34)
o 2n-1 4

Yugqoridagi misolni yechishda (33) va (32)-tengliklardan foy-
dalanildi.

“C\!:."'J’lbw!\_)—

5.

)

1.
12.

]’)

14.

16

18,

Nazorat savollari

Funksional ketma-ketlik tushunchasi. e :
Funksional ketma-ketlikning limit funksiyasi tushunchasi.

. Funksional ketma-ketlikning tekis yaqinlqshlshl tzg’rlﬁ. { y
. Funksional ketma-ketlik tekis yaginlashishining zaruriy va yetarli sharti.
. Funksional qgator tushunchasi. :

. Funksional qatorning yaginlashishi tushunc’hgm.

. Funksional qator tekis yaginlashishining ta’rifi.

Funksional qator tekis vaqinlashishining zaruriy va yetarli sharti.
Funksional qgator tekis yaginlashishining zarurty sharti. s
. Funksional qatorning tekis yaginlashishi hagidagi Veyershtrass alomati.
Dirixle alomati.
Abel alomati. Ak PRI
. Funksional ketma-ketlik limit funksiyasining uzluksizligi.
Funksional qator yig'indisining uzluksizligi.
. Funksional qatorlarni hadlab imcgmllqsh.
Funksional qatorlarni hadlab differensiallash.
. Darajali qator tushunchasi.
Abelning birinchi teoremasi. 3
. Darajali gatorning yaqinlashish gadluﬁ
Darajali gator yaginlashish radiusini topish 1
. Darajali gator yaginlashish formulasini topl
Koshi-Adamar formulasi. ’
. Teylor qgatori va Teylor teoremasi.

i va yaginlashish oralig'i.
h uchun Dalamber formulasi,
sh uchun Koshi formulasi.

4. Elementar funksiyalarni Teylor qatoriga yoyish.

| tenglamalarni yechish.

arajali gatorlz amida differensia
. Darajali gatorlar yordamida i ‘hisoblashy

. Darajali qatorlar yordamida integrallam
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“B-
Maustagil yechish uchun misol va masalalar

1-masala. {f,(x)} funksional ketma-ketlikning A/ to‘plamdagi
limit funksiyasini toping.
11 £, (x)=x" -3¢ 425", M =[0;1].

nx’
1.2 f,,(x):—;m,M=[0;+oo) x

13 fi(x)= x’+—}:, M=R.

14 1,(2)=(x-1)arctge’, b = 05+].
15 f(x)=th+2", M=[0;2].

L6 f(x)-—-—M =R

L7 f,(x)=sin"x,M =[0;x].

In*n+x*
1.8 = — M =(0;4w).
1, (x) 2In*n+x* +xlnn ( )

19 f,(x)= M,M{o,ﬂ

110 f,(x)= Yeosx, M = [_..-_]

Z3
L11 f, (x)=n’x’ e™ M =[0;40).

1.2, fi(x)= n(‘/x’ +-}1-—XJ\,M =(0;4).

L13 f(x)= n(x’l’b —IJ,M =[13].
114 f,(x)= narctgnx®,M =(0;+c).
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1.15

1.16

1.17

1.18

1.19

1.20

1.21

2.1

2.3
2.5
2,7

29

2.11

2.13

215
7i(m)= n(xn —x2n ),M=(o;+m)‘
. xz n
f"(x)= all+x" 4+ 7 ,M:[O;m)_
sinn/x
) = 1M= £ =
Ju(x)= ln(n+1) [P
f(x)= arctg\/r; M =[0;+).
cosnx
. 1 ,M: M o
1.()= ( +J+_) [0540)
£, (%)= nt 'x'G'J';,M=[0;+oo).
g
Jo(x)= ln(3+, +eh],}\( [0 +0).
2-masala. Berilgan funksional ketma-ketlikni ko‘rsatilgan
oraligda tekis yaginlashishga tekshiring.
XX 1

(%) ;;Inl—l:()<.\'<l. 225k x)= X OSxS-—
Li(x)= e 1 cxel. 2.4 f(x)=x"-x""0<x<1.
L (%)= " 0<x<1. 2.6 f,(x)=x"0<sx<l.
1, (x) = xarcignx,0 < x < 4o, 2.8 f,(x)=x =y,

1
I, (x) = arctgnx;0 < x < 4+, 2.10 f,(x)= ——;0<x < +o0.

x+n
5 X
fy(x)=sin~i—o<x<4o0 212 o L e e, 0<x<l.
. X
/"(‘) IIIII\ 00 < X < A0, 2.14 f"'( )__7,05x5]_5’£>0
n
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2.15 f,(x)= "u"’" ]0““"‘1 2.16 f,(x)- 1-g<x<l+£6>0.
2.17 f,(x)= x’+——-oo<x<+oo 2.18 f(x)- ;2$x<+oo.
2.19 f(x)_ il<x<+m 220 f(x)— ,x2,05xsl

2.21 f,.(x)=m,a)05x<+oo,b)05x51.

3-masala. Veyershtrass alomatidan foydalanib, berilgan
funksional gatorlarni ko‘rsatilgan oraliglarda tekis
yagqinlashishini ko‘rsating.

3.1 Zarcrg & ,,|x|<+oo 3.2 2x2e'";0$x<+00_
n=]
3.3 Z'"(H )|’4<3 34 3 ] < on
" a1 nNn

icosnx lxl sinnx

= g 6 n-)J] n'+x!
e
3.7 “ZI”T;]ka. 18 Zf.(‘ +x )

=

=;|x| < +0.

3.5

> nx
3.9 ZW’I’v,(+w 3.10 Lf:;:: 0,
(-1) .
3.11 £ X < 40, o < X < 40D,
; 2n 3.12 Lr‘ : n/ o X $ ot
( ) ( |
3.13 0s : “ ). N
;“ Gl i 3.14 Z e cx<l,
- —l e lx:n,,
3 ——-——--— 3 LN L
15 ”Z . i~l<x<l. 3.16 ;{HZ” TEETET 0<x <4
224




2
3.17 len—arctg = 3osx<a 3,18 2'“(“‘2 = 2),-<>t><x<+<:o

n=l

nln(1+nx) ,2< X < +00,

S i<,
e z(3n+l 3" e R Z

n=l n=1

| ———0<x<2.
i "Z;n[ n-In? (n+l):| "

4-masala. Berilgan funksional gatorning ko ‘rsatilgan oraliqda
tekis yokl notekis yaginlashuvchiligini aniglang.

; Dsx=it
s z 1+x (1+2x) (14 nx) 4

e ;(H\)(HZ}.) (1+nx)’
1

,(.\' +n)(x+n+1)

;1€ x <400,

30 < x <00,

——————-0 X k
4.4 2“ I)HI:‘H,\H L

i 2(1 ~x)x"0sx <1

n=0

s n nel
4.5 L[ I ]:»—lz.\'s.

wat M IHI

X w x".
4.7 Y —i0<x <4, 48 2 —m-lsxsl

n=l

" r 2, sin nx
~sinnx o 3 sin 0<x <27,
4.9 : X ; 4.10 Z 1

el n

n

4.11 2 2"-sin 10 < x < 4o, 4.12 Z")’ 0<x <+

| 3" x wm X1
Sanr
" 08—
4.13 \ ( ) -0 x52r7 4.14 =i 0 <X <+,

P il A Z 2 2
~n+sinx e AN X
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b2 = x ’
415 2™ 0<x<T 4.16 ;m’(nH 2x2),0$x<+w.

n=1

4.17 Z( Iy "(1,.+)15x<"°° 4.18 i {3,05x<+w

bt —+nmx
= n\/" » >
4.19 Znn’f s1sx <o, 4.20 Z(Hm) ;

el n=l

0<x <+,

- n
4.21 Z:(1+2,.J)(1+4x) a+2md)
5_masala. Berilgan funksional gqatorning yaginlashish sohasini

: 1< x <400,

toping.
5.3 Z#m 5.4 ;’;’.(,-2_4“6)”_
55 Z 8% 5.6 ’ L:T::' 5 ‘"l?"f;";
g s = (274 +12x+2)
e ZHXA 58 Z%m;m)
oo SR £
I s,

s ZW 5.12 Z(E},{)
tns ZJ?I? 5.14 Z%—%}—}-‘J}
5.15 Z(n 2 5.16 Z:,n—(%;ﬁ

ne=l



say 3Gl
n=1 (X+n)

sae > 2L

e X1

o

5.21 Zi(’#m'(”"z +1)"

et 2"

5.18 Z‘”.

n-l

5.20 i%

n=1 1

6-masala. Berilgan funksional gatorning yaginlashish sohasini

6.1 Z—\

n=]

sm X+ 7!"1).

00t

63 > —x"

-cos(x +zn).
Sl

~3n

6.5 Z\/ﬁ

\—~5

-sin(3x+7n).

6.7 " cos(x +7n).
el \/1/1
: g X
6.9 \ AR e
o n
' e
o T s
6.11 :)_JZ‘ + X" +Sin=—,
n=l n

~ Susnige
6.13 93" . X I =,

bt
\'- 0 gy X

6.15 2.x '8
nel

S AL s aresina
6.17 2, 16" -x" -aresin I
el n
. 2x
6.19 > 2"-x"-arctg ;
s n+l

- , 3
6. 27" . x™" - aretg ———.
5.21 % : 2n+1

toping.

6.2 i%ﬂx"'-sin(Zx—ﬂn).

n=1

= (5 n 1 =

2| - —=x™cos(x—mn).

6.4 2(3) ¥ Sk
66 Z%x -sin(Sx = 7n).

n=1
6.8 i;—:’x:"-sin(h—ﬂn).

n=|

“ 2n il e
6.10 23' 9% -sm;.

n=l

6.12 23" .x -sin—%.

nel

- X
8"' ,:‘n"7 v
6.14 28" x e

nel

6.16 ZZ"'

n=l

in
-aresin—.
3n

XU rosin—=.
6.18 ;32 L \[’;

- n . s __x___‘
6.20 L2 4 AR

nel
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7-masala. Berilgan funksional gatorning
yaginlashish sohasini toping.

5 At 3 ln"(x+lJ
71 Y2rx=2-¢ 72yt
n=] n=l xX—e
7.3 i[1+_2_) s 74 Yrix-1e”
L n n=l
£ fsdi] oY
75 Y™, 7.6 Z(”;] B
n=l n=l
© -n’sm"i'l = !
71 25 e 7.8 Em( =
nx x 3 ___—]—————
7.9 ”Z;S arcrg————(x-l). 7.10 ,,Z,ln”(,x+2)>
——"7 < !
711 Z(H ) 7 U Yy s
= n’sxniﬁl = 7+l ’,‘,:,
7.13 D¢ £ 7.14 (1) " e
=l n=l
[ln(“ )+lnlnx ’ (—l')"“
n il v
7.15 Z i 7.16 Z o
x—e
zl: : Inn
b et v, ] = , g ninr
707 po x+1) e
e i SR
, ( ])ml v ~n'arotg ]
LS R Cayes.
n=i nel

7.21 Z::(—1)" )
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8-masala. Berilgan funksional gatorning
yaqinlashish sohasini toping.

P g i

. 2n+3

8.3 z(x .

nel

852

,,_, (x- 2)'".

n +1
8.7 Zw.(; T

2n=1

(x+5)'

5 ;'4".(2"-1)'

5 (.\'-—2)”

LS
8.11 2 (Bn+1)-2 ot

., yoesie]
8.13 2. (x+5) M8

N AN

815 2 n (x-1)”

8.17 o

¥ R 1

8.19 )_,(w <Rl
i (1)t 2

8.4

) -(==3)
Z, (n+1)-5"

IR )
n=1 ("+ l)5 .x2n

% (x ! 5)2n+l

8.6 Z 3n+8

8.12

8.14

8.16

8.18

8.20
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n=l

el (5;7—8)3 :
\/— n
2
Zsm _H(Y 2)

n=1

nel

n 2041
S (T ;
"Z;(,,+ 1)! (x -

. (x-5)"

n=l




9-masala Ta’rifdan foydalanib, berilgan funksional gatorning [0;1]
kesmada tekis yaginlashishini isbotlang 7,(£)—?. n ning ganday
giymatlarida qatorning goldigi Vxe[0,1] uchun 0,1 dan katta

bo‘imaydi?
9.1 ?;( Y 9.2 g(—
9.3 g( 1y’ 4n y 9.4 ;( 1y’ %/’_
9.5 ;( . 9.6 Z( s
9.7 Z( 1Y s 9.8 ;( 1y \/—
99 (1) 6" = 9.10 Z( 1)"\/7'%,

9.12 Z( 1y 77‘.

9.11 Z(

n=l

9.13 Z( )J_' yia Z“")"’z}’,‘;x

-1)" ; = | L0
9.15 ;( )8n = 9.16 Z( |
9.17 3(- 9.18 L( el s
n=| ¢ e
9.19 Z( 920 2.(-1)' 3
9.21 Z(

=)
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10-masala.Berilgan qator uchun uni majorirlovchi gatorni toping
va ko‘rsatilgan oraligda tekis yaginlashishini isbotlang.

Z/x+1-cosnx

10.1 0,2 10.2
P (| | [ ]
10.3 Zj;u [_2’2] 10.4
nel
TS 1 5
10.5 2;* . [ 2,2]. 10.6
. (r 3
=
107 (AT @ne): J;;—[ 4] 10.8
10.9 2}‘ O?-.[—Lﬂ. 10.10
I N e
10.11 7_4'( 2 (u+l) ln(n+l) [ ]10 2
STt e _l_}
10.13 :"_1(‘1” 3): ’ \//5'\/7,:' 10.14
1005 3 'ﬁﬂ” (73] e R0BE
e Y | 7
(=1)" y 43
N
1017 2 55 | 10.18
gy B 2" [; §l 10.20
1019 3(-1) S ]
R LR 2)”
S ke, 131
1021 20,7 [1.3]
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X"

I

n=1

3.3
22

]
J 24

[-1.6]

&
(i

2
(x-3)'
ni5H

5

n=1

n

n+l

—x)-cos’ nx, [0.7]

7
n=0

2;1'(\;: 3)" L

n=|

X"

:
:
2

b
~n-3"-Inn

. [-3.3)

xn—l

[-2.2}

2n+1

n=0

Z(\+5) [ 6—4]

n=1




11-masala. Berilgan funksiyani Makloren gatoriga yoying.

11.1 f(x)=(1+x)-e™

x —3x+1

11.3 f(x)‘——s'm-
l+x
115 f (x)—arctg]—_—x-

117 f(x)=arccos(1-2x).

11.9 f(x)=sin’x.
1
1111 f(x)z(—f-_x?'

1+ x

11.13 f(x)=In 1

_x'
11.15 f(x)=

3x-5

11.17 f(x)=m

11.19 f(*)=m:x7‘

1121 f(x)=In(x’+3x+2).

1
(x‘ + 2)z :

11.2 f(x)=sin’x-cos®x.

l—x
11.4 f(x)=arcig o

11.6 f(x)=arcsin\/1_z_;?.
11.8 f(x)=cos’x.
1.10 /(%)=

11.12 f(x)—\/l_—E;
11.14 1 (x )-——2—

X

11.16 f(x)=

9+x

1118 f(x)=¢* +2¢™.

12~-5x

ST T it L

6-5x~-x

12-masala. Berilgan funksiyani ko‘rsatilgan nuqta atrofida Teylor
qatoriga yoying va bu gatorning yaqinlashish sohasini toping.

12.1 f(x)=vx;x,=4.

12.3 f(x)=cosx;x, ==
|
. / xX)= ry 4 =
el
12.7 f(x):cos‘x;x,,:_.’zi‘
18 7(x)esbeiny =3
x=1

12.2 f(x)=e";x5=-2.

1
12.4 /(x): =% * 2
]
2y, =
57(4 (v

12.8 f(x)=sin‘xix, = /2r

12.6 f(x)=-

12.10 f(x):ez';x“ =],
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12.11 f(x)=sinx;x,=—
12.13 f(x):sinzx;xo:___.

12.15 f(x)=—

12.17 f(x)=sin’ x;x, =—
1
12.19 f(x)=]—_;;xo=—l.

12.21 f(x)=cos’x;x,=—

12.12 f(x) = ‘/;;xo =k
12.14 f(x) = cos” x;x, =%_

12.16 f(x)=3x;x,=8.
12.18 f(x)=c05’x;xo=%.
1220 f(x)=

2

]
e
(o

13-masala. Quyidagi qatorning yig‘indisini toping.

n

n
+In" x

13.1 L 7,,
3ﬁ('%rHl)

ne=0 n!

13.5 21/" e
nel

n

137 Y-

el H‘
13.9 2 (n+1)x".

13.11 Zn»(n +1)x"

’. ”'
o (7
13.13 27, 5y
dnel
13,05 3.
,H‘Hl
1317 20 )

13.2 2(2114- 1)x

n=0

@ "

x
AR Zn-(n+l)'

n=l

Iy sinnx
136 21

i )

© x:"
13.8 Z@m

=2.

3.0 S0 (@2n-1)2",

nel
ixdn—]
fddn-3
& 2n-1
13.14 ZT'

nel

13.12

"»M

1316 2 5

n=0

1318 x—d4x* +9x° —16x" +...
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.5

13.19 1-2x+2-3x*+3-4x’ +...  13.20

4-masala. Berilgan gatorning

z o =1 1 'l_) "-|' :

14.1 2(-1) (+" x 14.2
nl n+2

143 3(-1) (” n+2) B T

n=l

14.5 'Mx’”". 14.6
=~ 2n+l1
e, (1) 2

14.7 ;”.("_1). 14.8

z

14.9 Zm

n=l

14.10
% 242

X

s §(2n+1)(2n+2)' 14.12

m|

14.13 Z( )nln(.n+l) 14.14

n=l

” 201

¥
e Z2n~(2n—l)'

n=l

14.17 Z[ '*'(_Al)"‘ L" '

nalL n

14.16

14.18

])" rnﬂ
e ,,Za;(n+l)(n+ 2): 14.20
7 n+l

X
1421 25 Gy

=)
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1
*34-5

1
+.—_——
1-2:3. 2:3:4

yig‘indisini toping.

2n

2(211—3:;(211—-2)'

e (-1

ne=l

Z 2n+1

n=0

Z ]) .mZ
16" (2n+1)

ne)

£ a1 *Is YO8
2(-1) (L)

.

ey N

Z[( )"+ Hj‘

wed |

2 | {~ l)""~ y
) D e
Z, sin” x

S nt)

=

+ier



15-masala. Quyidagi qatorning yig‘indisini toping.

15.1 i(411:+9n+ Sp,

n=0

15.3 i(n: +n+ l)x"”,

ne=0

o

155 3 +5ms3)e

n=0

7

157 2(3712 +8n+ S)er'."

n=0

159 2(2/1: +7Tn+ 5).\'"".

n=0

15.11 Z”'(ZIHI)\-"”,

n=0

15.13 ‘_\,:(ZH:' -n ~|).\"’.

15.15 O (n* +7n+ 4",

15.17 (2" +2n+1)".

15.19 L_,(” + 2014 :)\.,,~

i \s

15.21 2. (n" +5n+ 4",

15.2 i(3n2 F A

n=0

o

15.4 Z(Zn: +4n+ 3),"-':‘

n=0

7

15.6 2(20° +5n+3p,

n=0

=

158 O (2n" +8n+5K".

n=0

15.10 i(Sn2 +Tn+ S,
n=0

15.12 S0 -n+1

n=0

15.14 i(:}llz +5n+ 4)_\.Ml :

n=0

15.16 2(2"2 —-n— 2)'\.::”'

n=0

15.18 ZK:("2 +2n - l)xlNI.

n=0

15.20 i("’_‘ +4n + 3),\‘”*' ]

n=0

16-masala. y :
Integral ostidagi funksiyani qatorga yoyish yordamida berilgan
integralni hisoblang,.
1 I \
16.1 J-hl! —dx. 16.2 Ilnx-h\(l—x)dx.
0 X s
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T xdx

g
163 [ 16.4 J;—;l
16.5 ]de.

0
Darajali qatorlar yordamida quyidagi differensial tenglamaning
berilgan boshlang‘ich shartlarni ganoatlantiruvchi yechimini toping.

16.6 y'—y=0, y(0)=1. 16.7 (1+x ))' -1=0, y(0)=0
16.8 '+ 2%y=0, y(0)=1, y(0)=4. 16.9 y-y=0, ¥(0)=1 »(0)=0.
16.10 (1-x')y"-x/=0, y(0)=0, y'(0)=1.

16.11 (1-x*)y"~5xy'~4y=0, y(0)=1, y'(0)=0.

16.12 y"-xy=0, y(0)=0, y'(0)=1.

Integral ostidagi funksiyani darajali qatorga yoyish usuli
yordamida berilgan integralni 0,001 aniglikda hisoblang.

'esin x g
16.13 dx. 16.14 x cos xdx.

0 - 0

i f I

s 2 ax

16.15 Ismx dx. 16.16 |77

o : \ﬁ by

Y VA arctgx
16.17 Je . 16.18 I

i . ( 3

T dx 19In{14 x*
16.19 |- o R A

f ) 16.20 j ——=ds.
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-D-
Namunaviy variant yechimi

y PR 5
1.21-masala. Ushbu fu(-")='ﬂ(3+"." :ez,J funksional ketma-

ketlikning M =[0;+) to‘plamdagi limit funksiyasini' toping.

2% 2%
‘”e,l =In3+lim In l+—-"‘e—h— =
e i N Py

af (x)= lim 7, (x) = lim ln[3 hee

=1In3 + lim
e n? e ,.-..3(,,4.“3—‘)

=In3+1:0=In3c.

2.21-masala. f,(¥)=———= e funksional ketma-ketlikni a)
n+x+ \/——

0<x<+mn b) 0<x<] oraliglarda tekis yaginlashishga tekshiring.
< Ikkala oraligda ham f,(x) ketma-ketlik yaqmlashuvchl bo‘lib,
[Ei
S{x)=1lim £, (x) = lim = lim 1=l
RN X aInx ""'l+-\‘ X

+ X

n n
bo‘ladi. Endi tekis yaginlashishga tekshirish uchun 0 -punktdagi
l-teoremadan foydalanamiz.
Jnx

r(x)=[ (%)= £,(x)]= naxnx|  nax+nx
deb belgilasak, 1-teoremaga ko‘ra {ﬂ("')} ketma-ketlik M to‘plamda
tekis yaginlashishi uchun ushbu
lim Supr, (\) =0;
NI xeM
munosabatning bajarilishi zarur va yetarli.

2) 0<x<+o bo'lsin.
r, (x): LK Ul 55 Sup r,(x)=

2\/_ (n+x4 nx) xe[0.4]
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n+x

1




e R e Sup r_(x)=-1-¢0=>f:»(x)=>l'
neniAnn 3 3 eadors ?

b) 0<x<1l bo‘lsin. Bu oraligda ,ﬂ'( x)zo bo‘lgani uchun

‘Jf—l . = ‘/;; =0 =
[}t = i?gﬂ(”)’—‘f.(‘km ot Sup i (x) = lim —=

= f,(x) funksional ketma-ketlik 1 ga tekis yaqinlashmaycfi.
Demak, berilgan funksional ketma-ketlik 0<x<-+o to‘plamda
notekis, 0<x<] to‘plamda esa tekis yaginlashar ekan.?>

3.21-masala.  Veyershtrass  alomatidan  foydalanib,

> - " g .
Zln[l +m} funksional qatorning (< r<2 oraligda tekis

yaginlashishini ko‘rsating.

n=}

u,(x)=In T T i < x<2 oraligda qu-
P ) n-lnz(n+l) Berilgan 0<x<2

yidagi tengsizliklar o‘rinli.

X x 1 x . 2
Inf1+ - =Inj 1+ < < e ], s
n[ n»ln'(n+l):u n[ n-ln‘(;Hl)J; nen®(n=1)" n-n (n+1)

}uq ( 1), =

2
o i inel] i shining integral alo-
(o n-n’(n+1) deb belgilasak, Koshining intcg

o “nn®(n+
bo‘ladi. Unda Veyershtras alomatiga ko‘ra berilgan funksional ga-
tor 0<x<2 oraligda tekis yaginlashuvchi. o
4.21-masala. Berilgan ushbu

”.

. ; | .
matiga ko‘ra Z”":z—_"‘_ﬁ sonli gator yaginlashuvchi

n

O (FE™ ¥ Fvr e pe vl
funksional qatorning | <y <o oraligda tekis yoki notekis yagin-
lashuvchiligini aniglang.

< Bu qatorning tekis yaqinlashishini tekshirish uchun 2°-punkt-
dagi 1-teoremadan, ya'ni (10)-tenglikdan foydalanamiz.
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u, (x)=( =

1+2x°) - (1+4x°) e (142m0%)
: 1 1
2x* {(I +23% ) (1+ 43 (142(n - l).\':) (l +2.\")(l+4x’)-,..'(l+2m':):l‘ i

va

X == -*l=> x="ux=—|— 1 =
i 2¢ (' l+2r") S0 ;‘() zf[] (1+zf)-(1+4€)-...-(1=2n€)}

4 1
=>Vxe [l,+co) uchun S(x)= ,l.lj)ls" (x)= o 1 (x)=8(x) =S, (x)=

‘(l +?_,\'3)-(l +4.\':)~...-(l +2n.\':) :>ail.ilijll;'(x)l=(l+2)(l+4)-...-(1+2n) =

= lim Sll[?)ll'ﬂ(.\')|=0:“ Berilgan qator [1,+oo) oraligda tekis ya-

s
ve[t 47

ginlashadi. .

n

)‘(25“2 '”) funksional gatorning ya-

o~ n
5.21-masal: 2
, masala. %211 _(”. +1
ginlashish sohasini toping.
4 Yaqinlashish sohasini Koshi alomatidan foydalanib, topamiz:

lim Q/ill,,i \'-jl = lim ,./:»l;—~-(25.\': + I)" = Lk <l;
”"\3”-/1' 2

! , i Ay sl

bo‘lsa, yaginlashadi, =X - 25 ”I"'|<§'">'\E(—g’§ ah.gapor. §a-
: 1 R " a9

ginlashadi. Chegaraviy x=1 3 nugtada esa 4, sl bo'lib,

2
1 L
limu, | £— |=lim »7-——=1¢0
nerw n nsrp” 41

qator yaginlashishining zaruriy sharti bajarilmaydi => yaqinlashish

L
sohasi ( ,)1;’J interval ckan.p
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6.21-masala. Ushbu
- 3x
i % el f
;27 > ang2n+3
funksional gatorning yaginlashish sohasini toping.
« Bu qatorning yaginlashish sohasini Dalamber alomatidan foy-
dalanib, topamiz:

3x
27" X" aretg -
timetC)_ i 20431 2 27)f - ""’['LTI-' G 3]= 27-hf <1
wvel o, (x) | e 27" . x* . arctg 3x e\ 2n+5  3-|a]
2n+3

1 11 2 i
bo‘lsa yaginlashadi. :M<§ yoki *€ —‘3‘1'3‘ da yaginlashadi.

Chegaraviy nugtalarda tekshiramiz.

ot ol e =g — —0'(—1-J Z—l—
& x-—}— bo'lain s Ty g2n+3 2n+3 ki <2n+3

1 :
uzoglashuvchi = berilgan gator X=3- nuqtada uzoglashadi.

2) wad bo‘lsi ="y (—’— =(=1)"" arctg - va
3 in .75 "In+3

~ nl ’ .
Z,:(_l) ”""32,,+3 qator Lebnis alomatiga ko‘ra yaginlashuvchi

A 1
=» berilgan gator x=~— nuqgtada yaginlashuvchi.
Demak, berilgan funksional gatorning yaginlashish sohasi

ol
[*?5} yarim interval.
7.21-masala. Berilgan
¥, winf 192 |
Z(_l)":; |r ")
=l
qatorning yaginlashish sohasini toping.
< Koshi alomatiga ko‘ra
~nln(l4 S

fm o (] = tim3 ™) <3 <1
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bo‘lsa, ya'ni x>0 bo‘lganda berilgan qator yaginlashadi. Chegaraviy

x=0 nugtada u,(0)=(~1)" bo'lib, Z(—l)" qator uzoqlashadi.

n=1
_ Demak, berilgan qatorning yaginlashish sohasi (0,+0) oraligda
iborat ekan. p

B 1
8.21- 5
: masile; ,.Z.l:(n+2)-ln(n+2)-(x—3)2"
Yaginlashish sohasini toping.
< Qo'yilgan masalani Dalamber alomatidan foydalanib, ye-
chamiz. Agar
IimI”’”' (.\')|= i (n+2)|n(n+2)-(.\'—3?' L 1
Uty (o) oy (n+3)In(n+3)-(x- 3 (s

bo‘lsa, wunda berilgan funksional gator yaginlashadi
= (x-3)° ,\,1:>|X_31>1:,xe(_w;z)u(4;+oo) to‘plamda berilgan
qator yaginlashadi. Chegaraviy x=2 va x=4 nuqtalarda

1

e (n+2)In(n+2)

funksional qatorning

sl

Il!:

: ] ¢
bo‘lib, L(””, ‘Sln(ﬁ) sonli qator Koshining integral alomatiga
Ko'ra uzoglashadi = Berilgan funksional gatorning yaqinlashish
sohasi (-:2)1(4;4) to'plamdan iborat. >
9.21-masala. Ta’rifdan foydalanib,
Ey w
ﬁ(" Tn-13" S
funksional qatorning [U. l] kesmada tekis yaginlashishini isbotlang
(,(£)~7). n ning qanday qiymatirida gatorning goldig'i Vxelo, 1]
uchun 0,1 dan katta bo‘lmaydi? .
1 Bu masalani vechish uchun Ve>0 olinganda ham
n, =n,(e)e N topishimiz kerakki, Vn>n, va barcha A‘G[O,l]
uchun |7, (x) ‘;:‘-,N,(Vl- ¢ tengsizlik bajarilishi lozim. Ve>0 son
olamiz va quyidagi baholashlarni amalga oshiramiz:
e S X
tl N e i | i
(=1 '7(7,,,—,),_13*( ) e 2)-13

e Ik AT
Ir (x) N (=S y A i i i
i !,",‘” Y 5 1:1! 75

!
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{aiz 1 Ll ' s
‘“) J""[m B (7n+1)-13 7(n+2)- 13] [7(n+3)—-13 7(n+4)—13J }l

<—Er——s : <s=7n-—l3>—=>7n>l+l3=>n>l[l+l3J=>v£>0;
Tn—13  Tn-13 & € 7\¢

olinganda ham (¢)= [ (~+13)] deb olsak, Yn>n, va Vxe[0,1]

u

lar uchun |Z"&(")‘<5 tengsizlik bajariladi. Bu esa Z( 1)’ =

funksional gator [0 l] kesmada tekis yaqmlashlshlm anglatad1
Masalaning ikkinchi gismini yechish uchun g=0,1 deyish ki-

23
foya = (5)"’[—(0_1“"3)] l: 7 ] 3= barcha ;>3 lar uchun

I, (x)]<0,1 bo'ladi. >

10.21-masala. Z(z,, 1)) 5 funksional qator uchun uni [1:3]
kesmada majorirlovehi qatorni toping va ko‘rsatilgan oraligda tekis
yaginlashishini isbotlang.

ol AT

a Vxe[lJ] uchun 1, (x)|= (2”_1) 7 *@n-1)2 bo‘lib,

v (2n- 1) v desak, Z 2(2” N sonli gator berilgan

sl
gator uchun uni majorirlovehi gator bo‘ladi. Z” gator yagin-
lashuvchl bo‘lgani uchun Veyershtrass alomaugl ko‘ra berilgan

(x-

2)’
KIW gatorning [l 3] kesmada tekis yaqinlashuvchi ekan-
ligini hosil gilamiz. p
11.21-masala. f(x)=In(x"+3x+2). funksiyani Makloren qa-
toriga yoying.
< Bu masalani yechish uchun

f(x)=In(x* +3x42).=n[(x +1)(x+2)] =

=In(l+x)+In(2+x)=In(1+x)+In2+ In(l + »{J;
deb olib, 5'-punktda keltirilgan $
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In(1+x)= i(—l)’”l J;—n,x e(-11];

tenglikdan foydalanamiz: sl

ln(x2 +3x+2).=ln2+ln(l+x)+ln(l+§)=

_]n2+Z( "“" Z( nm (g)

n=l n=|

ml
=In2+ Z ( : )x”. >
n

"
n=l 2

7
12.21-masala. f(x)=cos’x funksiyani ¥, e nuqta atrofida Teylor
qatoriga yoying va bu qatorning yaqginlashish sohasini toping.
< Avvalo cos’x= 5(1 +cos2x) ekanini e'tiborga olib,
f(x)=cos" x =(cos” .\'): = %(l +2c052x +cos” 2x) =
1

~| 1+2cos2x+
4\

2954—1)— 2+ lcost+ ! cos4x
8.2 8

T R PR 1 §i
bo'lishini topamiz. So‘ngra .\'=I+Z- almashtirishni bajaramiz:

e : ]
142 ) =24 Leos %144 ] 2t ——cos 4.
/(x) fl1+7 ’ = Emstlua—f +gcos(4r+7r) - shaeg

Endi ciny hamda cosy larning 5° punktda keltirilgan yoyilma-

laridan foydalanib, ushbu

( l) 7""¢l w0
sin 2t = % (2" = l)' ,

i-'("'l)" 4™ n
cos 4t "Zg (2n)!
tengliklarga egza bo‘lamiz. Natijada
1 \,.(; ])"z"ml / '<(£. 2n41 ( l)”4.u (‘-*l\- #
NG )

7(x)

8 gt (2;1)'
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e, e e

gatorni hosﬂ gilamiz. Bu qatorning yaginlashish sohasi (—o0,+0)
ekanligini ko‘rish giyin emas. >

13.21-masala. Quyidagi

S vere
qatorning yig‘indisini

o l 11+ , —1 atl l ( 1 )
=0 =
< Berilgan z:n (n+1) qator uchun n(n+|) n(n+]) s
taggoslash amlomatiga ko‘ra u absolut yaqmlshuvchl — Chekli
yig'indiga ega. s

Rl Sn(n+1)’
deb belgilaymiz.
Ushbu

bk Z:n(n-rl) (1)

yordamchi gatorni kiritamiz. Bu gator }x{sl da absolut va tekis
yaginlashadi. Abelning 2-teoremasiga ko‘ra (5° punktdagi 7-teore-
ma va uning natijasiga garang)

§= lim § (x);

bo‘ladi. S(x) funksiyani topish uchun (I)-tenglikni 2 marta diffe-

rensiallaymiz.
hY (A) Z~

i N

Sﬂ(_t):Zxﬂ-l =l x4+ +..= 'i"'l‘~l~"l’ fis
x

=l
1 = 1 "
=D S(x)—ln-l—_—;«&c, va S (()) =0 =
=6 =0=8(x)=(1-x)-In(l-x)+x4c, va §(0)=0=>c,=0;
Demak, S(x)=(1-x)-In(1-x)+x ekan =>8= lim §(x)=2In2-1.-

Zml

14.21-masala. Zzn (2n+l) qatorning yig‘indisini foping.

ne=l
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< Bu qatorning yaqinlashish sohasi [-1; 1] kesmadan iborat

bo‘lib, bu kesmaning ichki nuqtalarida qatorni hadlab, differensial-
lash mumkin:

2n+l

- x  u2n - X
Stx)=N—F L R A ) SRS =
(x) ;2”'(2”“) = 5'(x) Zznzbs (x) ”Z‘l:x o

n=l

xe(~11) S’(x):jﬁdxw‘=_%ln(1—x’)+q va §'(0)=0=¢=0=

S(x)= I,g"(,\-)dﬂcz & _% ﬁ“(‘ —x:)dx+cz =((bo‘laklab integral-
X 2Nl 1__ X
lash usulidan f‘oydalanamiz))='5|"(]‘X )+,\+-2-lnl+x+c: i
5(0)=0= ¢, =0.

2n4l

X

3 1 I-x x g9
S 2 ey Sn e S % Tlbrite-
ek = 2/1-(2n+]) \+2 nl+x 2 ( ) ekan. Teng

lik (~1: 1) intervalda o‘rinli.p

15.21-masala, (7’ *5”*‘4)""‘:' gatorning yig‘indisini toping.

n=0
< Berilgan gator (-1; 1) intervalda absolut va tekis yagin-

lashadi va shu intervaldagi v oraligda bu qatorni hadlab integral-
lash mumkin;

S(x)=3"(n"+5n4 4)x" = S(’H 1)(n+ 4)x"™? :"xn‘»'(.\')=2(’”'‘)("*“')-“’"1 =

el .

! jt S(x)dx =3 (n+1)x" 40, = \'"L\:(HH).\*"“}=~"4'S|(<")*‘"|

x=0 da §(0)=5(0)=0=>¢ =0
Demak, " o
[x-5(x)dx=x*-8(x) va Si(x)=D(n+1) = |8, (x)dx =
3 / =0
DL R w‘.-ﬁ‘rxﬁ"*c’: x=0 da S‘(0)=0::>c‘2=0.
o) ]

1

. | ’
S (x)dx =2 = 5 () =| -2~ | =——=. Bu tenglik va
Js.¢ [ i (x) (l~xJ (1-%)
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[r-5(x)dx=x"-5,(x) dan

e
___1;,’._(2_.._,;1_9 = 2x*- (2 x) '
(l—x)’ 5(x)= ———'—( 39

Shunday qilib,

= 2
o(n* +5n+4)x2 = _______Zx il
n=0 (l )
16.21-masala. Integral ostidagi funksiyani darajali qatorga yoyish
1
usuli yordamida [¢*ds integralni 0,001 aniglikda hisoblang.
< Agar 5"-puxtl)ktda ¢* uchun keltirilgan yoyilmadan foydalansak,
i (=) - 3
o -,S:; nl. °’

ekanligini, bu yerdan esa

xe(-1; 1).>

lfe'f}tr (l)'x"'de Z,( 1) B z( ) .5_. (-1)'

Ll ,,,,,,, n!(2n+ l) “nl(2n4 l)‘

bo‘lishini topamiz. Bu hosil bo‘igan gator Leybnis q.m)ri bo‘lib,
uning m-hadidan keyingi qoldig‘i

e ()

eny (2n+ l)

uchun

bl )

" (m+1)v(2m+3)°
bo‘lishi bizga ma’lum. |, |<0,001 bajarilishi uchun oxirgi tengsiz-
likdan m >4 bo'lishi kifoyaligini aniglaymiz. Demak,

1
fe'”dx~1-1+l-.-'—+—l-z0.747.x>

J 3°5 42 216
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8-§. 7-MUSTAQIL ISH
Xosmas va parametrga bog‘liq integrallar

I-tur xosmas integrallar va ularning yaginlashishi.

2-tur xosmas integrallar va ularning yaqinlashishi.

Xosmas integralning Koshi ma’nosidagi bosh qiymati.

Parametrga bog‘liq bo‘lgan xos integrallar va ularning funk-
sional xossalari.

Parametrga bog‘liq bo‘lgan xosmas integrallar va ularning tekis
Yaqinlashishi.

Parametrga bog‘liq bo‘lgan xosmas integrallar va ularning funk-
sional xossalari.

Eyler integrallari.

dAs
Asosiy tushuncha va teoremalar

Biz 1-kursda [/(x)ds anig integralni o‘rganish jarayonida unga
2 ta shart qu‘ydii;:

1) a va b lar chekli sonlar,

2) ]./_.’;] da berilgan f(x) funksiya shu kesmada chegaralangan.

Fndi biz aniq integralni quyidagi umumiyroq hollarda
o'rganamiz

I-hol. Oralig cheksiz, lekin funksiya chegaralangan,

2-hol. Oralig chekli, lekin funksiya chegaralanmagan.

I-holda hosil bo‘lgan integralga I-tur xosmas integral, 2-holda
hosil bo‘lgan integralga esa 1-tur xosmas integral deyiladi.

Birinchi va ikkinchi tur xosmas integrallar va ularning xossala-
rini alohida-alohida va batafsilroq o‘rganamiz.

19, Chegaralari cheksiz xosmas integrallar
(I-tur xosmas integrallar)

Integrallash oralig'i cheksiz bo‘lgan holni ko‘raylik. Bunda 3 ta
vazivat yuz berishi mumkin:
1) a2 x < +om;

2) ~m<xgb;
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Aniglik uchun I-vaziyatni to‘lig ko‘rib chigaylik.
Faraz qilaylik, f (x) funksiya [a,+0) nurda aniglangan bo‘lib,

VAzqa soni uchun If (x)@x mavjud bo‘lsin.

F(4)= If (x)ds; (1)

deb belgilaymiz.
1-ta’rif. Agar ushbu

A
Jim F(4)= fim [7 (s}
limit mavjud va chekli bo‘lsa, uni f(x) funksiyaning [a,+oo) ora-
ligdagi I-tur xosmas mtegmll deyiladi va u
I S (x)ax; @)

kabi belgilanadi hamda (2)-xasmas integral yaginlashuvchi, aks hol-
da esa uzoglashuvchi deb ataladi.
Shunday qilib,

If(x)dx = lim If(x)dx

Qolgan 2 ta vamyalda ham I-tur xosmas integral shunga o‘xshash
ta’riflanadi:

]’f(x)tit:‘-: lim 'j’f(,\')dx,

_"j(x)dx.-— lim I/(x)dx

Il-q:l

Agar If(x)dx va If(x)dx xosmas integrallar yaginlashsa, u

holda ff(x)d’f xosmas integral ham vaginlashadi va
J.f(x)dxr If(.x)dx+ If(x)(lr;

bo‘ladi.
248



Misol. _‘-7 (a>0 va A - VY haqgigiy son) xosmas integralni
yaqinlashishga tekshiring.
a4 Y A>a olamiz

4 = LT
F(4)=[Z 417 T
=
; Inx[=In4d-InaA=1.
1-2
A>1 bolsa lim F (A)=: l bolib, integral yaginlashadi. A <1

botsa lim F (A)= boYib, integral uzoglashadi.
Shunday gilib,

'Ji dx {yaqinlashadi, agar A>1 bo'lsa,

A

5 uzoqlashadi, agar A<1 bo'lsa.

I-teorema. (Koshi kriteriyasi). (2)-xosmas integralning yaqin-
lashuvchi bo‘lishi uchun quyidagi sharming bajarilishi zarur va yetar-
lidir: \tg >0 uchun dB>a:NV4,>B va 4,>B lar uchun

T ()

<&}

bo ladi

Ko'p hollarda  Koshi shartini tekshirish qiyin bo‘ladi. Shuning
uchun tekshirish oson bo Igan alomatlarni keltiramiz.
A

Bundan buyon biz har doim V¥4>a uchun If("')d'" mavjud

deb faraz gilamiz R
2-teorema. (Umumiy tagqoslash alomati). Faraz qilaylik, [@,+e0)

nurda
|7 (x)|<g(x)

bo'lib, [ 20) A% xosmas integral yaginlashsin. Unda I f(x)dx xos-

mas lnn"ym/ ham yaginlashadi. : ilavlik
3-teorema. (Xususiy taqqoslash alomati). Faraz gilayli

: 0 : .
0<azx<+m nurda ]_/(.\')}f}—;, ¢, A-const va A>1 bo'lsin. U
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holda _ff (x)dx  xosmas integral yaginlashadi. Agar 3c>0:
==

bo'lib, A1<1 bo'sa, If (’)d" xosmas integral uzoglashadi.

2-ta’rif. Agar ﬂf(x)lak yaginlashuvchi bo‘lsa, u holda

,( f(x)dx xosmas integral absolut yaginlashuvchi deyiladi.
% 2-teoremaga ko‘ra absolut yaginlashuvchi integral oddiy ma’noda
ham yaginlashuvchi bo‘ladi.

s-tarif. Agar [/ yagintaship  [|7(x)dx  uzoglashsa,

f S{%)dx xosmas integral shartli yaginlashuvchi deyiladi.

" 4-teorema. f(x) va g(A? Junksiyalar [a,+x) oraligda anig-
langan bo'lib, f(x)20 va g(x)=0 bo'sin.
Agar x—+m da

f(x)=0(g(x));
bo‘lsa, f.f(X)l/X va I&'(I)":" xosmas integrallar yoki bir vaqtda

vaginlashadi yoki uzoglashadi,
S-teorema. f(x) va g(x) funksivalar [a,40) oraligda anig-
langan bo'lib, ular guyidagi shartlarni bajarsin:

(Abel alomati) a) Jf (x)dx yaginlashuvchi,

b) g(x) funksiya [a,4+0) da monoton
va chegaralangan;
. )
(Dirixle alomati) a) 3K YA>a ’jf (-1')dx‘l:\ K,
b) g(x) funksiya [a,+0) da monoton
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va  lim g(x)=0.

U holda [/ (%) xosmas integral yaginlashuvchi bo‘ladi.

a

Misollar. 1) Imm dx xosmas integral yaginlashishga tek-
shirilsin.

j'sm,\ gy IASH]X —a’x deb olib, f(x)=xsinx’, g(x)=

1
.
deb bc]gxlaymw va Dirixle alomatmmg shartlarini tekshiramiz:

1) f(x)=xsinx’ eC[l,+) va F(x) =—%cosx' - chegaralangan;

2)&'(»\'):%‘?L va _‘li"j,_g(-“)=

= _[,/‘(x)g(x)dx: ,[Si“*":d"*yaqinlashuvchi.b
1

2) f\"l'l’:f\'t/‘ xosmas integralning shartli yaginlashuvchi ekanli-
gi k()‘rsl:lllivsm.

a Agar f(x)=sinx va g(.\‘)=l. desak, Dirixle alomatiga ko‘ra
yaginlashuvchi ekanligini hosil qilamiz.

Endi

\ll] \

J-Iﬁlll \l

xosmas integralning u/()ql I\huvchl Lkmhglm ko'rsatamiz.

Isin o = sin® | ~-cos2x
sin x| 2 sin’ x = ———
Unda w41 uchun
). . A A .
sinx ¢ 082K . ;
ﬂ in \’r/.\‘x | I!/} ..,l.J‘-—————d.\‘,
i x 2 i s o
bo'ladi. Ma’'lumki,
T k//’v [1/\ i ICOSZE—_ J‘E‘P_iz_{dx_
,',.”(',‘. Pt b uzoqlashuvchi va A_'__"},I % e
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Dirixle alomatiga ko‘ra yaginlashuvchi. Shularga asosan oxirga teng-

sinx : ;
| xosmas integralning

sizlikda 4 — +o0 da limitga o‘tib, I
1

uzoglashuvchiligini topamiz. = Is—':—fdx integral shartli yagin-
lashuvehi. :

Eslatma: Birinchi tur xosmas integrallarda ham ma’lum shart-
lar bajarilganda aniq integrallarni hisoblashda qo‘llaniladigan
o‘zgaruvchilarni almashtirish, Nyuton-Leybnis, bo‘laklab integral-
lash va shu kabi boshqa formulalar o'rinli bo‘ladi. Ularning shart-
larida va ifodalanishida printsipial farq bo‘lmaganligi sababli biz
ularga to‘xtalmaymiz.

2". Chegaralanmagan funksiyaning xosmas integrali
(I1-tur xosmas integral)

Faraz gilaylik, f(x) funksiya [a,b) yarim segmentda berilgan
bolsin. Agar =0 soni uchun f(x) funksiya [a,b-a)c|[a,b)
da chegaralangan bo'lib, [a,b) da chegaralanmagan bo‘lsa, u holda
b nugta f(x) funksiva uchun maxsus nugta deyiladi.

Aytaylik p nugta [a,b) oraligda berilgan f(x) funksiya uchun
maxsus nuqta bolib, f(x) funksiya [a, b-a] kesmada integral-
lanuvehi bo‘lsin.

L d
F(a)= [ (e
deb belgilaymiz. Bu funksiya (O,b‘Fa] yarim segmentda aniglan-
gan.
Ta’vif. Agar ushbu
bewr
lim F(er)= lim | f(x)ds;

limit maviud va chekli bo‘lsa, uning t;iyman'ga S(x) funksiyaning
[a.b) dagi IT tur xosmas integrali deyiladi va

b
f S(x)dx; 3)
kabi belgilanadi hamda (3)—x(;smas integral yaginlashuvchi , aks holda
esa uzoglashuvchi deb ataladi.
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Shunday qilib,

[ryie=tim | (s

Xuddi yuqoridagidek, a nugta f (x)a funksiyaning maxsus nuqtasi
bo‘lganda (a.b] oralig bo‘yicha xosmas integral, a va b nugtalar funk-
siyaning maxsus nugtalari bo‘landa (a,b) oraliq bo‘yicha ‘xosmas in-
tegrallar quyidagi tengliklar yordamida aniglanadi:

[ (sJav i, T 72,

b-p
ff(x)dx:: Jim J'f(x)dr'
a fas0ara
ey
Misol. J-””“_( b_\_)a dx (A>0) xosmas integral A<l bo‘lganda
yaginlashadi va 2>1 bo‘lganda uzoqlashadi.

Ikkinchi tur xosmas integrallar uchun ham birinchi tur xosmas in-
tegrallarda o‘rinli bo‘lgan ularni hisoblash usullari va yaqinlash@h alp-
matlari o‘rinli. Ularning hammasiga to‘xtalmay, asosiylarini keltlmm'lz.

I-teorema. (Koshi kriteriyasi). (3)-xosmas integralning yaqin-
lashuvchi bolishi uchun quyidagi sharming bajarilishi zarur va yetar-
lidir: /¢~ 0 uchun 35>0: 0<a"<q' <8 fengsizlikni ganoatlantiru-
vehi v o' va «" lar uchun

lu a’
T raf<e

o'

tengsizlik bajariladi. : oy
2-teorema. [f(x) va g(x) funksivalar [a.b) da berilgan bolib,
b shu funksiyalarning maxsus nuqgtasi bo'lsin. Agar Vxe[a,b) da
0< f(x)=g(x)s
b
T dx
bolsa, u holda ‘[-"7( VI integralning yaginlashuvehiligidan Jf (x)
. b
ning yaginlashuvchiligi; ‘[/ (x)dx integralning uzoqlashuvchiligidan

a
"

_[}!( X)dY  ning uzoglashuvchiligi kelib chigadi.
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Natija. Agar |f(x)|<c-(b-x)" bo'lib, 2<1 bo‘lsa (3)-xosmas

c

integral yaginlashadi. Agar J (x)za,_—x)—, ¢>0,bo'lib, 421
bo‘lsa, u holda (3)-xosmas integral uzoglashadi .

3-teorema. Agar x—b-0 da f(x)=0"(g(x)) bo'sa, unda
b b
[£(x)dx yq Ig (x)dx integrallar bir vagtda yaginlashadi yoki uzog-
lashadi. g ,
4-teorema. f(x) va g(x) funksiyalar [a.b) da berilgan bolib,
ular quyidagi shartlarni bajarsin:

b
(Abel alomati) a) If (x)dx integral yaginlashuvchi,

b g (X) Junksiya [a,b) da monoton va chegaralangan;
b5

I
(Dirixle alomat)) a) vg 5.0 || f(.r)dx,sx.

b) g(x) funksiva [a, b) da monoton va
A, sl7)=0,

b
U holda ff (x)dx xosmas integral yaginlashuvehi bo‘ladi.

3. Xosmas integralning bosh giymati

1-ta’rif. Aytaylik, f(x) funksiva —o < x <+ t0'g'ri chizigda anig-
fangan bo'lib, undagi v kesmada integrallanuvchi bo‘lsin. Agar ushbu

A
tim J ey,

limit mavjud va chekli bolsa, 4_/(1-) Sunksiya (~»,+0) oraligda
Koshi ma’nosida integrallanuvehi deyiladi. Bu limitming giymatiga
esu f(x) funksiva xosmas integralining Ke+hi ma’nosidagi bosh qi-
ymati deb ataladi va

V.p If(x)dx :
kabi belgilanadi. s
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Demak,
+7 A
V.p If(x)dx = ,4‘"1‘1 J.f(x)dx
= =1

Teorema. Agar f(x) funksiva tog bolsa, u holda u Koshi
ma’nosida integrallanuvchi va uning bosh giymati 0 ga teng bo‘ladi.

Agar [(x) funksiya juft bo‘lsa, u Koshi ma’nosida integrallanuvchi
bo lishi uchun

Tr@a,

0
xosmas integralning yaginlashuvchi bo'lishi zarur va yetarli.
2-ta’rif. Faraz gilaylik, f(x) funksiya [a.b] kesmaning s
%u<c <b) nugtasidan tashgari hamma nuqtalarida aniglangan bolib,
Au.c) va ((.h) ga gism bo'lgan vy kesmada integralanuvchi bo ‘Isin.
U holda, agar

lim I f(x)dx+ _[ f(a)dx:'
limit mavjud va chekli I)n ‘Isa, f(x) funksiya [a,b] kesmada Koshi
ma’nosida integrallanuvchi deyiladi va bu limitning qiymatiga inte-

gralning Koshi ma’nosidagi bosh q:wmm deb ataladi hamda u

v ,pjf (x)dx

kabi belgilanadi.

‘ ’
Misol. [ (x) ~ funksiya [1; 5] Jesmada xosmas na noda

integrallanuvehi emas, lekin Koshi ma’nosida integrallanuvehi ekanli-
gi ko ‘rsatilsin

< Xosmas ma'noda integrallanuvchi emasligi ravshan. Koshi
ma’nosida integrallanuvehi bo‘lishini ko' reatamiz.

o =i [ |58 - mlinbed sk -
P X -4

Jx @440 4 a4
! L +a”

lim (Iner +In3-Ina)=In3.»
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-teorema. Aytaylik f(x,y) funksiya
; Aygy={(x,}€)eyt)?2:xe[a{,b], yeled]}

to‘plomda aniglangan va
1) fiksirlangan yeE uchun f(x,y)eC[a,b]

2) £;(xy)-3 va eC(D)
bo'lsin. U holda [c,d] kesmada @'(y) mavjud va ushbu

()= [7:(5.7)dx o

tenglik o'rinli bo ‘ladi.
5-teorema. Agar f(x,y) funksiya 3-teorema shartlarini ganoot-

d
lantirsa, unda J‘d’(}’)d}' integral mavjud va

J{ ]f(x,y)dx}’y J'f(x,y)dder 4

munosabat o ‘rinlidir. g
Endi umumiy ko‘rinishda berilgan parametrga bog‘liq integral-

larni keltiramiz.
Faraz gilaylik, x=p(y),x=y(y) funksiyalar [c,d] da aniglan-

gan bo'lib, Yye[ec,d] uchun
azo(y)sy(y)sb; (8)
munosabat bajarilsin.
6-teorema. f (x, y) Junksiva ushbu
D={(xy)e R :xe[ab), ye[cd]
fo ‘plamda aniglangan bo lib,
1) f(xy)eC(D);
2 o(y), w(y) €Cle,d] bosin. U holda

wiy)

®(y)= [ f(xy)dx o)
o)

funksiya ham [c,d| oraligda uzluksiz boladi.
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7-teorema. (Leybnis formulasi). A4gar
) f(x.y)eC(D),

2) f;(xy)eC(D),

3) ¢'(y) va v'(y)eCle,d]

bo'lsa, u holda ®(y) funksiya ham [c,d] oraligda hosilaga ega va
v(y)

V()= [ fGr)d+w' () v ()r]-20)-le0)r] o)
oly
munosabat o’l)'inlidir.

6-teorema shartlari bajarilgan holda ®(y) funksiyaning [c,d]
oraligda integrallanuvchi ekanligi kelib chigadi va (9)-funksiya uchun
ham (7)-tenglik kabi tenglik o‘rinli bo‘ladi.

59 Parametrga bog‘liq xosmas integrallar va ularning
tekis yaqinlashishi
f(x,y) funksiya
D={(x,y)eR2:xe[a,+oo), yeEcR}
to‘plamda berilgan bo‘lib, v fiksirlangan yeE uchun

‘j-f(xv)’)d‘ (veE)

mavjud va chekli bolsin. ‘bu integral u ning qiymatiga bog ligdir.

1(y)= [/(xy)ax (11)
(11)-integralga parametrga bog‘laiq I-tur xosmas integral deyiladi.
Xuddi shu kabi
[7(xy)d va [/(xy)ds

parametrga bog'liG bo‘lé:m [-tur xosmas integrallarning ta’rifini berish
mumkKin,

Endi f(x,y) funksiya
D, T{(x,y)eRZ:xe[a,b), yeEcR}
to'plamda berilgan bo‘lib, v fiksirlangan yeE da x=b nuqta
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4

f{(»y) funksiyaning maxsus nugtasi bo‘lsin va bu funksiya [a,5]
oraligda integrallanuvchi, ya’ni

!f(r,y)dx (veE)
xosmas integral mavjud !;o‘lsin.‘ Unda

I, (J’)= If(xv)')Cﬁ' (12)

integralga parametrga bogliq bo‘lgan II-tur xosmas integral deyiladi
Xuddi shunga o‘xshash x=g nugta maxsus nugta bo‘lgan para-
metrga bog'lig bo‘lgan II-tur xosmas integralga ta’rif berish mum_km.
Umumiy holda, parametrga bog‘liq chegaralanmagan funksiya-
ning chegarasi cheksiz xosmas integrali tushunchasi ham yuqori-
dagidek kiritiladi. ;
Biz asosan, (11)-xosmas integralning xossalarini o‘rganish bilan
shug‘ullanamiz.
Aytaylik, f(x,y) funksiya D to‘plamda aniglangan bo‘lib, ¥
fiksirlangan ye £ uchun

:f S(x,y)dx-3
bo'lsin. = V[a,f]c[a,42) da
F(y)= :(f (x.y)d (13)
integral mavjud va 5
I(y)= ’]f(x,y)dx = lim F(1,y). (14)

(14)-tenglikdan ko‘rindiki /(y) funksiya F(1,y) funksiyaning
t— +oo dagi limit funksiyasi bo‘ladi.

1-t2’rif. Agar ¢— 10 da F(1,y) funksiva E to'plamda o'z limit
funksiyasi 1(y) ga tekis yaginlashsa u holda (11)-integral E to‘plamda
tekis yaginlashuvehi, notekis yaginlashganda esa notekis yaginla-
shuvchi deyiladi.

Shunday qilib, f S (x,p)dx integralning Ye fto‘plamda tekis ya-
ginlashuvchi. bo'lishi quyidagini anglatadi:
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1) YyeE uchun If (x,y)dx xosmas integral yaginlashuvchi;
2) Ve >0 uchun 36=5(g)>0:V¢>8 va VyeE uchun

o

<&.
3

tengsizlik bajariladi.

ff (x.y)dx integralning E to ‘plamda notekis yaginlashuvchi ekan-
ligi esa quyidagini anglatadi:

1) V5 & nichun J f(x,y)dx xosmas integral yaqinlashuvchi;

2)3g,>0, v§>0 olinganda ham 3y eE va 31,>5,
1, €[a,+») topiladiki,

250;

I J ()
bo‘ladi. :

Misol. 1(¥)= jye‘“‘dx parametrga bog‘lig integral a)

E=(0,40) va b) E =[2+0)cE oraliglarda tekis yaginlashishga
tekshirilsin.

«aa) F(ny) J‘y(' Yx :*--I('"’Vd(—.xy)=l—l-’—/y

(0<r<+w)=> Vye(0,40) uchun l(y)=,|_i{,“mF(”Y)=,l_i,'}l(l_eﬂ)=
|=1=>1(y) IW' "~ yaginlashuvchi.

Endi benigan integralni tekis yaginlashuvchanlikka tekshiramiz.

i
Ve F = (0,40) bo'lsin. Agar V>0 uchun & =36 >5 va Yo
deb olsak, u holda

0
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" . . .

‘ladi. integral E=(0,4+») da notekis yaquﬂash?dl. '
- l:;hE:;l integralni E,(=[2,+oo)c:E to‘plamda tekis yaginlashu-
vchanlikka tekshiramiz. Veg>0 olamiz.
N 1 .
Iye""b'=l—¢"°’l:- = ik =;17=((y>2,!>5))<-e—:-3-=5=6—51n5
dleb olsak, tekis yaginlashish ta’rifidagi shartlar bajarilar ekan.
=>l(y)=Ty="’¢r integral E =[2+4x) oraliqda tekis yaginlashadi. >
0

2-ta’rif. Agar Ye>0 uchun 36=6(g)>0: 1'>6, 1">5 ni
ganoatlantiruvchi Y¢' 1" va YyeE uchun

jf(xvy)df,“;

tengsizlik bajarilsa, unda (11)-xosmas integral Ye to‘plamda funda-
mental integral deyiladi.

1-teorema (Koshi). /(y)= If (x,y)dx integralning Ye to‘plamda

tekis yaginlashuvehi bolishi uchun uning Ye to'‘plamda fundamental
bolishi zarur va yetarlidir, .

Bu teorema nazariy ahamiyatga ega bo‘lib, undan amaliyotda
foydalanish ancha giyin, J

2-teorema (Veyershtrass). Agar 3p(x)20 (xc[a+)) funksi-
ya topilsaki

D vxela+o) va YyeE uchun |f(x,y)<o(x).

2 .{ o(x)dx yaginlashuvehi

bosa, unda 1 (}’)= I S (x,y)dx integral Ye to‘plamda tekis yagin-
lashuvchi boladi.
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3-teorema (Abel alomati). f(x,y) va g(xy) funksiyalar
D={(xy)eR*:xe[a, +w), yeE};
to ‘plamda berilgan bo Tib,
1)\ fiksirlangan yeE uchun g(x,y) funksiya [a,+@) da x
o‘zgaruvchi bo‘yicha monoton va u D toplamda chegaralangan,

2) _[f (x%,7)dx integral Ye da tekis yaginlashuvchi bosa, u holda

[7(xy)-g(%y)ax,
integral Ye to‘plamda tekis yaginlashuvchi bo ladi.
4-teorema (Dirixle alomati). f(x,y) va g(x,y) funksiyalar D
to ‘plamda berilgan bo lib,
1) Ytza va YyeE uchun

'lff (x,y)deSc (c=const),

2) v fiksirlangan ye€E uchun g(x,y) funksiya [a,+) da x
o0‘zgaruvchi bo'‘yicha monoton va x—+w da g(x,y) funksiya 0 ga
tekis yaginlashsa, u holda

‘]f (%) g(x.y)dx;

integral E to‘plamda tekis yaginlashuvehi bo‘ladi.

6°. Parametrga bog‘liq xosmas integrallarning
funksional xossalari
f(x,y) funksiya D= {(\',JI)ER’:xe[a, +), yeE} to‘plamda
berilgan bo'lib, y, nugta Ye to‘plamning limit nuqtasi bo‘lsin.
I-teorema. Agar
1) v fiksirlangan yeE uchun f (x y)GC[a,HD), :
2) y-y, da ¥ [a] (a<t<tw) kesmada f(xy) funksiya

o(x) ga teki yaginlashsa,

3) 1(») [/ (x.v)dx integral Ye to‘plamda tekis yaginlashuvchi
bo'lsa, u holda y-»y, da I( y) Junksiya limitga ega va
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limI(y)= mTf(x,y)¢= T[ lim £ (x, y)}ix = ?¢(x)dx

. x, a
2-teorema "ﬂ:;{(x,y’)' e R :xefa,+0), yele.d]}

to‘plamda berilgan bo b,
D f(x,y)eC(D),
21(y)= I S(xp)dx  integrai [e.d] da tekis yaginlashuvchi

bolsa, u holda I(y)eClc,d] boladi.

-teorema. r f(x,y) funksiya
; Ag;={(£,y})')eR’:x:[a,m), ye[c,d]}

to‘plamda berilgan bo'lib,
1) f(xy)ec(D), f;(xy)eC(D),

2y fiksirangan yeled) uchun 1(y)= [ f(x,)ds yaginlashuvchi,

) I S (x,y)dx integral [e.d] da tekis yaginlashuvchi bo‘lsa, 1

holda 1(y) funksiya [e.d] oraligda I'(y) hosilaga ega boladi va
r(y)= [ 1@ y)ds;

tfenglik bajariladi. A

4-teorema. Agar f(x,y) funksiya

D={(x,y)eR :xe[a,+m), yeled]|

1o ‘plamda berilgan bo'lib,

) f(xy)eC(D),

2) 1(y)= [f(xy)ds integral [c,d] da tekis yaginlashuvchi
bo‘lsa, u holda I(y) funksiya [c.d] da integrallanuvchi va

jf’ (y)dy=jﬁf (x.y)dx}ay - ﬂ j’/(x. y)d_v.

dx ;
bo‘ladi. -
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7°. Eyler integrallari
(Beta va Gamma funksiyalar)
a) Beta funksiya (1-tur Eyler integrali) va uning xossalari
1-ta’rif. Quyidagi

1
B(p.g)= [ -(1-x)" v (15)
integralga Beta funksiya yoki 0I-tur Eyler integrali deyiladi.

Beta funksiya quyidagi xossalarga ega.

1) (15)-integral M={(p,q)eR2: pe(0, +w), ge(o, +oo)}
to‘plamda yaqinlashuvchi, (p,>0,q,>0) to‘plamda esa tekis yaqin-
lashuvchi bo‘ladi.

2) B(p,q)eC(M).

3) B(p.q)=B(g.p)-

4+ -1

{
4) B(p,q)—j(] )p,,,dl
Natija. Agar g=1-p (0<p<l) bo'lsa,
e
1_
B(at-p)= '[l+l sin pzr’ (16)

tenglik o‘rinli bo‘ladi.
(16) dan = Il(l l)_— LA

’

NI
u‘

s N
sin —

5)Vp>0 va g>1 uchun

q-1
B(p,q)=
(r q) p+q-1

B(p.g-1) (17)

tenglik o‘rinli.
Natija. (n=1) (m 1)t

B(m n)= ————————l(m e

b) Gamma funksiya (2-tur Eyler integrali) va uning xossalari.

2-ta’rif. Quyidagi

0

I(p)= [x"e ds 18)

0
integralpa Gamma funksiya yoki 2-tur Eyler integrali deyiladi.
Gamma funksiva quyidagi xossalarga ega.
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1) r(1)=r(2)=1

2) (18)-integral (0,+e0) oraligda yaginlashuvchi, V[a,b]c (0,+%)
(0<a<b<+w) kesmada esa tekis yaginlashuvchi bo‘ladi.

3) I'(p)eC(0,+) va Vn=1,2,.. uchun

r(p)= Tx" 'e”(Inx)" dx € C(0,+)

4) I'(p+1)=pr(p) (19)

Natija. I'(n+1)=n! ;

Beta va Gamma funksiyalar orasidagi bog‘lanishni quyidagi te-
orema ifodalaydi.

Teorema. Yp>0, q>0 uchun

I'(p)-I'(q)
B(p,q)=——"— 20)
(n.g) I'(p+q) k
tenglik o ‘rinli.
Natija. Ype(0, 1) uchun
r'(p)-r(i-p)= (1)

sin pr

tenglik o‘rinli bo‘ladi.
1
Agar (21)-tenglikda P== desak
(i, @)
ra.,zj Jr

bo‘ladi.

Eyler integrallari yordamida ko'pgina xosmas integrallarni hisob-
lash ancha osonlashadi,
Misollar.

= fe"”dx- Eyler-Puasson integrali hisoblansin.

0
XBIQ ; .
"fe ( i ~~1‘j',7','/,,',j,:',.',/,,]/{.!J-,ﬁ_b
d”“”df Ry 24 3 \8) 2

= Xosmas integral hisoblansin.
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0

oo SORENALALN -

H

12
33

35

1 ) Sy
=tix=|--1
I+ x* ol (I )

g i
—=||x=0=>¢t=1 =-}Il‘-(l—l)*dl=

<3
x=+w=t=0;dx=—%(1—l) ‘dt
4\t

=;_'J,%-' (-1 ara ] B[L;z);g(L;I_L)zL._.”_:L,.,

4
Nazorat savollari

I-tur xosmas integral tushunchasi. 45
I-tur xosmas integralning yaginlashishi.

. Koshi kriteriyasi.

Umumiy taqgqoslash alomati.
Xususiy tagqoslash alomati.

. Absolut va shartli yaginlashuvchi 1-tur xosmas integrallar.

I-tur xosmas integrallar uchun Abel alomati.
I-tur xosmas integrallar uchun Dirixle alomati.
2-tur xosmas integral tushunchasi.

. 2-tur xosmas integralning yaqginlashishi. =~

. 2-tur xosmas integral uchun Koshi kriteriyasi.

. 2-tur xosmas integral taqqoslash alomatlari.

. 2-tur xosmas integral Abel alomati.

. 2-tur xosmas integral Dirixle alomati. ; ;
. Xosmas integralning Koshi ma’nosidagi bosh giymati.
. Parametrga bog‘liq xos integrallar.

Parametrga bog'liq xos integrallarning tekis yaginlashishi.

. Tekis yaginlashishning inkori.
. Koshi kriteriyasi. P
. Parametrga bog'liq xos integralning uzluksizligi.

Parametrga bog'liq xos integrallarni differensiallash.
Parametrga bog'liq xos inlc[z,mllﬂmlll integrallash.

Parametrga bog'liq xosmas integrallar. L : - e
Parametrga bog'liq xosmas integrallarning tekis yaqginlashishi.
Koshi kriteriyasi.

Veyershtrass alomati,

. Abel alomati.

Dirixle alomati. f i
Parametrga bog'liq xosmas intcgrallﬂm[ng,U'Ll“kslzﬂﬁé}l
Parametrga bog'liq xosmas integrallarni fjlﬂ‘ererl'f'mh ¢
Parametrga bog'lig xosmas integrallarni integra dZSE;lnri
Beta funksiya (I-tur Eyler integrali) va uning Xo8 67,
Gamma funksiya (2-tur Eyler integrali) va u‘nmg})]( 8
Beta va Gamma funksiyalari orasidagi bog‘lanish.
Eyler-Puasson integrali va uni hisoblash.
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iB-
Mustaqil yechish uchun misol va masalalar
1-masala. Quyidagi xosmas integrallar hisoblansin.

1.1 I7== 1.2 “"J__
i xz 0 e+
I} ) +l
1.3 ]—_—l 4 Ix =N
] & -~
s "I (F+o)r+9° 16 oj'e .

T - dx. N__dx_
L7 J(+x) e 18 [—==—.
7 s e
e q( 12+1+1)2. 1.10 !m

S
L11 !ﬁdx. R ?e'”-sin%xd,,

L13 ]"""’"dfﬂelv T e ==
S g 114 lmz
o ]’ & - T lnx dx

i '}(4" ST 1.18 tf(n

farag( §i x)

xln X

1.20 j ------ T e

”M_ dx
1.21 2 +X+'),.
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2-masala. Quyidagi II-tur xosmas integrallar hisoblansin.
A x
2.1 I(lncosx)~cos2nxdx,neN. 2.2 Ix-(lnsinx)a&.
0

0

T ] I+x dx
2.3 |Incosxdx. 2.4 | Ih—- §
I -jll I-x \1-x
Ix arcsmx 2!(xsinl-—’Ec;os—”—)dx
2.5 \/l—_x_ 2.6 ; g i .

x

el -'!.,/(l —xz)arccosx' 2.8 j\/tExdx
% —

2.9 I clgxdx. 2.10 i‘x. ';__::_dx’b>a.
5 a

“ dx xtdx
ag ..'[—\/a: oL .J:(l+x‘)- 1-x*
' dx 1 ar
2.13 I({'Ef.-). B 2.14 {m
2.15 ’[ & h
.1 s \/% ”\—rl 2.16 Jlnsmxdx.
dx i dy
2.17 ,,[(\, ¥ 2.18 (Im
0,25 |
2.19 [ \”;‘\ i 2.20 nxln’xdx.
; dx

/) >a.

2.21 ’,’[\/(‘ 2)(b x)‘

3-masala. Quyidagi II-tur xosmas integrallarni yaqinlashishga

tekshiring.
lhl(li\/x”’) 1 de
o K[ Jx -sin/x i % Ism(wsx Jx
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1 hx‘
33 f—x;"*-

5 2
3. T

3.7 'J'S-T—id"

x—2)dx
39 Ix’ 3 +4
*in
311 ,f 0%
] —cosx
3.13 dx.
5
1 2 2_ cosx
315 I___d,‘”*”
e (/s),,
==

1
3.19 fx“'ln"—dr.
J x

74
73

3.21 fsin" x-cos” xdr,

0

L d
3.4 ,!‘ln(l +x) :
3.6 T
M ] elmx l
e
) ey

% Inx
310 J==k
'\ dx
J[a.I'CCOSX‘
'/fE_"i"'_':_*/__‘_*TEidx.
i eos’x

(Rl+22)-xe”
1—cos” x

3.12
3.14

3.16

0

1
3.18 fx" .(]..x)”‘lnxdx.

1
320 [¢-(1-x) dx.

o

4-masala. Quyidagi xosmas integrallarni yaqginlashishga tekshiring.

lnrzlx
4.1 .

¥

dx
4.3 Ix In“ x‘

"Farcig2x

i

4.2 J"Inx



il Jl -sin’x

4.9 Tarctg
0

a1 Tde(wo).

0 x’ e x’
4

4.13 ,pz0.

'[x 741

0 o 2
415 [“5dx.

o X

In xdx

4.17 j—-———)m

X
4.19 |-marcig dx.
[ 244x

0 X

dx
4.21 j g

- Z(a>)

*n(1+x?)
s oj‘(JHo:)z
“”ln(1+x+x )
dx(a>0
4.10 oj e (@>0).
ey
4.12 ljx,.m,x
Todx
RV e
4.16 T(cos——l)dx
; he |
+n sin—
X dx.

b (x—(:oslr-)2
x

’T dx
e J14x?sin’ x

5-masala. Quyidagi xosmas integrallar absolut
va shartli yaginlashishga tekshirilsin.

5.1 T : u\s

ot 0 1\’ X \/\
2cos' (Inx

5.3 ( )dx.
s xinx

]

1

o n
1 .
5.5 J( x) sml /X

-

i s
52 )80 Ginx ) sin"x

0

[
5.4 _',[bml—x (l—xz)a'

o

1
¥
——sin— dx
56 = 15'

0f 7
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i in—dx. 58 |——adx
1 Ix’ﬂ » -y
3 e i ain ~—~
59 fco-(T-l);,— 510 | oy ds
« 1 . i )" l‘k
5.11 ! i 5.12 | sin—
*Ssinx T x“-sinx
—dx. dx.
5.13 ;‘{ 5.14 II 11
“t{x+1)" sinx *T cosxdx
) i -
5.15 2[ s 5.16 ;!x"+lnx
sin{In x) "cos\/—
- xdlx.
s 5.18 IX e
5.19 T.{.‘iﬂx&ﬁzo J’,\,ﬂ‘. ﬂ(ix
R v ; 5.20 : sinx”dx.
i
¢ dx
e
6-masala. Quyidagi xosmas integrallarning Koshi ma’nosidagi
bosh giymati topilin.
6.1 V.p.fsinxdx. V.p.
= -od i(x ‘3)
4
m .7
6.3 VvP-O[m. 6.4 V.p.ljcmxdr.
6.5 V.p. I”’“M- 6.6 V.p,jxlgxdx.
il "'P-lf - 6.8 Vp‘j’(’”’ﬂ* : _Ede.
2 3-5sinx e of 3 ol
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69ij'

o ---smx
2

1
6.11 Vp_[ 3+x

,

6.13 V.p.J(

6.15 V.p.T_dx_

o0

6.17 V.p.j
6.19 V.p.[Z.

o
6.21 Vp[ »

¥ -3x+2'

o 1-2sinx’

i
dx
6.10 V.p.|—.
p;‘s—x

4o b
Vi | et
6.12 p!x,+x_6

%
%
dx
6.14 V.p. j T
2 E—cosx

“Tdx
6.16 V.p. [—
23
10
dx
Vo fo
6.18 V-p !7—::

7
dx
i
R ey

7-masala. Quyidagi funksiyalarning berilgan to‘plamda limit
funksiyalarini toping va tekis yaqinlashishga tekshiring.

7.1 /(xy) /\ x|n~—~—~

{,\\)eR veR0<y<+oo} = oo,

1.2 f(x,n)=x*":D {(»“-.\’)(RZ:OSxSi,nEN} L

7.3 [/ (xm)=s —

nx®

7.4 f(x.n) L. x,"i, 'Sin-i\:;l):‘.{
4 n'x

={(xn)e R 1S x <+, neN} =,

(x,n)eR’:le<+°°, neN}, ny =<0,

7.5 f(x,n)=sin(ne [) {x,n)eR‘ |5x<+wneN} =0,
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7.6 f(X,")—=E,;?";D=‘{(&n)ER2 :l$x<+oo,neN},n,, =00,

7.7 f(x.")=ﬂ%(l“°ﬂ;n€);0={(x,n)eﬁ:05x<4oo, neN}, 1y =,
7.8 f("y)"?l"mf;D:{(X,y)ERz:0<x<l,0<y<+oo}, Vo =

7.9 f(x,y)=(x-l)adgx’;D={(x,y)eR::0<x<+oo,0<y<-m}, Yo =0
e 1

7.10 f(“"y)=1”'+7;';D={(17}’)6R':xeR,0<y<+oo}, Yo =40

7.11 f(x,y):x’;D:{(x.y)eR’:0<x$l,0<y51},y0=o_

7.12 f(x,n)=f7o"ﬁ/—5—”i-:r;0={(x,n)e R :0sx<+o,ne N},no =+,

7.13 f(x,n)=\/‘l+x';D={(x,n)eR2:OSxSZ.neN},nO=oo.
7.14 f(x,”)="a’¢lg";'l?;0={(x.n)ekz:OSx(«n,nc—N}_n,,=ua.
7.15 f(x,n)ansxze-ﬂ;b={(x,n)e R :0sx<+mneNjn, =
7.16 f(""”)=\/';’in;§::0={(x,n)ekz:Osx<+m,nr:' N},m, =,
7.17 f(X,n)sln(l+§;%_n—:v):Dz{(_x,n)€R! :0<x < 4o0,ne N} 1, =
Xy
7.18 f(%)’)"m;D:{(x.y)e R:0sx<l,yeR},y, =
7.19 f(x.y)=xsiny;D={(x.y)€ R:0sx<3,ye R}.y,, = :r

7.20 f(x,y)=sin-§-;D ={(X~,V)€ R :xeR0< y < 4{0},_‘5, = dth),
n

7.21 f(x,y)=x’siny;D={(x.y)eRZ 0£x<5,0<y< 7[}_}", = 3
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8-masala. Quyidagi funksiyalarning hosilalarini toping.

81 F(a)= [ an 82 F(a)= j‘“(““" .
bra .
83 Fla)= I%ﬁd"- 8.4 F(a)=_"f(x+a,x—a)dx.

ava

8.5 Fla Idx Ism (¥+7-&)d. 8.6 F(a)= fx+y)f(J')“3'

8.7 F(a ]' (x+y)f(»)dy, f ()~ differensiallanuvchi funksiya;
F"(x)-2?
88 F(a)= If(y)-|x—y|dy, a<b sa f(y)eC[a,b]:F'(x)-?

89 F(a)= [f()-(x-y)"dv, FO(x)=2 .10 F(a)=’je'*"’dy.

; =
8.11 F(a)=[e™dy. g2 FO)= [V ax

; cosy

: Yn(l+
8.13 F(») [ f(x+y,x~y)dx. .14 F(y)= J' (x xy)dx

7
Al

y
[ ",'1“ dr. 8.16 F(y)= [27ax.

14y »

8.17 F(v) j[fmn,w-':',}d\: 8.18 F()=[10)-(x-3) dF" (x)-

8.15 F(y)

819 F(y)= [7(y)Jx-rjdn.f(y)ecl2] F'(x)-?

8.20 F(y) '[(,, + ) f(y)dy, F*(x)=2, f(y)- differensiallanuvchi

funksiya;
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821 F (x-}')=T(x-w)f(2)«ﬁ»F;(x,y)-?, f(2)- differensialla-
nuvchi funkﬂya§
9-masala. Quyidagi integrallarni ko‘rsatilgan oraligda tekis

9.1 je"“sinxdx; Isa< 4o, 9.2 Ix"e"'dx;ZsaSB.
0 o

Tcosax T ax
W —_—; 0<a <+
o llu"#’ SRR I(x—a:)'+1

9.5 J’%ie"'dx;OSa<w. 9.6 Ide 0<p<I10.
0

9.7 fe‘" cosxdx_ Osa<+w. 98 f\/z.z—a'”‘;dx: Osa<+m.
0

9.9 f e ay 22a<3. 010 [ de ~w<a<im
Ic"" —c&‘,’:—{dx;o Sa<+m,
X

- (14,
9.11 fe () sin sinxdy, ~w<x<4n 912

i

=dx; (0 S n< 40,

9.13 f dx pz20. 9.14 J'\/_.‘

x“dx e dr; ,a,(__'
2

} U<, 9.16 \/(x l)(x 2)

9.15 [sin
/]

1S

1
X
smrn» 0sasl.

9.17 7‘/5'“"")&; Osa<+m. 9,18 I:/w" e
3 |*

oo
9.19 J'e i )oosydy: xeR. 9.20 f" In -~ (Ix p>

_,XGOSX
9.21 fe 5 dx 0sa<+m,p>0-fiksirlangan.
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10-masala.

TS :

10.1 Agar f(x)eC(0,4+) va v4>0 uchun j—?dx integral
A

mavjud bo‘lsa, unda ushbu

J-f(ax - f(bx) dx=f(0)-ln

Frullani formulasini isbotlang.

b (a>0, b>0).
a

102 I(a)= _fe"" de (@20) integraldan foydalanib, ushbu
0
,[ sin ,Bx
X

o
Dirixle formulasini isbotlang.

sxgnﬂ

Quyidagi integrallarni hisoblang.

*rsinax—si 5 Sty
10.3 I:“ly\—rqnhxd\' (a>06>0). 10.4 I“’—“gﬂx—m—:ﬂ (a>0,b>0).

0 5 0

- ad e v ar _ gl
105 [ (a>0,450). 105 JEETEREREIERT 200

in(1-a’x’) palt=et) S,
10.7 { W dx (]n‘:l). 10.8 J \/—’x— (l i )
win(a® + x°) 2 arctgax - arcig fx
109 [~ (/,1 s o g
s 0

o [0 AY) . oz It[ -JJJx(u>°)~

| q

Px

" e y 0 g 0 .
10.13 | s de(a>0,4>0). 10.14 Je cosbxdx(a>0)
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- : T : ;
1015 [x sinbux(a>0). 1016 | (smxaxJ o
] ; 0
= —ad &
P sin’ dx
10.17 I’—?—g-n&- 0.8 [——ax
] 0
1o J(2) T
0 44 ; x

11-masala. Quyidagi integrallarni hisoblang.

% .
111 jln(a’nn x+b’cos’ x)dx.  11.2 Iln(l—Zacosx+a’)dv.

N

o
[arctgx ( )x‘ -

11.3 4 |cos dx,a>0,b>0.
! \—/l -5 i ‘( x
Tl ‘ax-sm ﬂx e ‘j-msa,

f o
Txsinax 't cosax x.

1.7 !Hx’ ~ 1.8 of(l+x2).

119 Ism s 11.10 Isin(wrﬁ-huc)dx(a:ﬂ).

11.11 J'ﬁinxz'WZGde. 11.12 fwsx’-coﬂaxdx.

1.13 f;,"—"—i%dx. 11.14 _["'"”“’ dx.
o ¥, dx
1L.15 I dx(a>0,b>0). 11,16 [e" -sin(asinx)=.
X

0
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.17 j-e cosbx—:' -coslxdxdx (a,c>0).
0
+x s a‘_' 0 e/ A az
11.18 Ie*’ rcos—d. 11.19 Je"-sm?dx.
% I+acosx dx
11.20 jl 2R (la]<1).

—acosx COosx

b
11.21 jsin(lnl)-x i
. x) Inx
Ko‘rsatma. 10 va 11-masalalarni yechishda xosmas integrallarni

parametr bo‘yicha differensiallash yoki integrallash hamda Frullani
va Dirixle integrallaridan foydalanish yaxshi natija beradi.

dx,a>0,b>0.

12-masala. Eyler integrallaridan foydalanib, quyidagi
integrallarni hisoblang.

-1
Ly, l—xp

Tx" . Inx
X7 mnx d(a>0,4>0).
21 12.2 I G (a>0,5>0)
= oy B dx
12.3 ,(‘*, ——dx(0<a<l). 124 J(]+l,2)”
1 20 e il
12.5 {‘ —dx(0<ax<l). 12.6 "m.
v afs g
27 | - dx 8 JT a7
o (1+x) u(l+x)
1
dx
9 {éin* % che* m ——(n>1)
12.9 ;g n 0s" xdx 12.10 !di_xn
’ wxm-»l
12.11 ‘[rx "o dx(n-butun son) 12.12 J’--de(n>0)
' m- "® Ky
rox : ol —(a>0,b>0,n>0).
1213 Jo 12.14 !(umﬂ)
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Ak DRI A 2

12.15 IT—("”- 12.16 je""dr(n>0).

i
0
1 l P
12.19 Iilg'xdx. 12.20 J(ln-;) dx.
0
x-a)" -(b-x)"
O<a<bh, 0).
1221 J.( ( + )mn! ( a c> )
o
Namunaviy variant yechimi
1.21-masala. Quyidagi
T dx

..,(x2 +x+ 1)l .
xosmas integral hisoblansin.
1
b £ —2- =/ y
i A - 1 e i .
1 I G I =| | almashtirish | | = !-—-———,
-a(x’J-x*l) ‘[(l.o..l.)l,‘.l]’ Mfsronis .(,:‘}J
2 4 4
Bu integralni hisoblash uchun xosmas integralda bo‘laklab inte-
" usulidan foydalanib, quyidagi ishlarni bajaramiz.
1 ~2udt
U = e =5 At =

’f ) rclg72Ll"-2'=»2’-" dar__ T (—,—j—ﬂ; -
Ly F=Fr 10| :
4

4 ' vedv=y




dr ¢ di o ]3 G '4"*3 Bt 2
AR L 2y 2 el = A
3 -{ 2, 3 ¥ (l +4) (1 +4) 2 2 32 +4.{ 2 3’
(f +Z) el (l +Z) o (f +z)
ARG, Todr 167
| - = =3I .

—=—=-31,
3.5 343
tenglamaga keldik. Bu tenglamadan
- dx 4z

= | ———m——=— i-die R i
J; (x: o +l)3 3.3 ekanligini hosil gilamiz.

2.21-masala. Quyidagi

dx
J————-,b>a
Ne-a)o-)
Il-tur xosmas integral hisoblansin.
4 x=a vax-p nuqgtalar integral ostidagi funksiyaning maxsus
nugtalari bo‘ladi. Agar integralda
x=acos’ 1 +bsin’;
almashtirish bajarsak, berilgan xosmas integral oddiy xos aniq inte-
gralga kelib goladi. Darhagiqgat,

X=aq=>l ()i u:-‘h—a)sin’l

vas &
x=b=>t ’ l/r Xe (h-—u)cos"t

Bu ilndnl.nm berilgan integrallarga olib borib qo‘yib topamiz:

= dx = 2(b—a)sint costdl.

: 9
G RINSRECT
e
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3.21-masala. Quyidagi

?sin"x-cos’xdx.
0
integralni yaginlashishga tekshiring.

«Integral ostidagi funksiya uchun <0 bo‘lganda x=0 nuq-
ta, f<0 bo‘lganda esa X=’-;- nugta maxsus nuqgta bo‘ladi. Shu
sababli integrallash oralig'ini ikkiga ajratamiz:

x, '/ '/ ¥
I= Ilin'x-eon’xdxs ftin‘x-cos’xdxﬁ» IS"“X'COS xdx =1, + 1.

0

o

aln

x>0 da sin®x-cos” x=0(sin“ x)=0"(x), .x_,_;f da
; 3 e Y % % &
sin’ x-cos” x =0 (cos’ x) =0 ((3") J bo‘lganligi va _[x"dx I——-

'/( \f ? e
i AR -
integral ¢ >-1 da J - 7P integral g>-1 04
4 3 —2——XJ

yaqginlashishini e'tiborga olsak, tagqoslash alomatiga ko'ra 1, inte-
gral a>~1,/-V va I, integral fi>-1, a-¥ bo'lganda yaqin-
lashishini hosil gilamiz = Berilgan integral & > 1. f>~1 da ya-
qginlashadi, p.

4.21-masala. Quyidagi
'j- dx
“n’x
integraini yaqinlashishga tekslltring

<l) Faraz qilaylik a>1 bo‘lsin. =>&=a~1 deb belgilasak,
£>0 bo'ladi. Unda
| 1 1
S(x)= T S
( ) a ln‘x xlu— ln X x’" ]n/’ I,‘,:
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1 1
lim ————=¢ Jd4>2:Vx2 4 —‘———<l Qs
o P h =2 uchun x/z-ln"x bo‘ladi

1 oy
=Vx24 da f(x)STy-=w(x) bo‘ladi
o 2

T iy | dxx+T i =L+,
A

=il
$x* - Inx Jx*.In’x {x"-In’x
A
I =
e !x“ln”x

bo‘lgani uchun yaginlashuvchi.

integral oddiy uzluksiz funksiyaning integrali

I,= I ‘—“xa(li:ﬂx integral esa taqqgoslash alomatiga ko‘ra yaqin-
A

4+ 0 dx - t
lashuvchi, chunki I:p(x)dx B I;T:./j yaginlashuvchi.
: (B

dx
x“In’ x

Shunday qilib, | integral o >1 bo‘lganda ¥/ uchun

yaginlashuvchi.
2) Endi =1 bo‘sin. :
. i T 4 d(lnx)_ yaqinlashﬂdl, pB>1,
.( o ln i _[ Y e I n”x |uzoglashadi, <1
3) o<1 bo‘lsin. Bunda s=1-a deb belgilab, l)-hqlda bajf‘f‘
gan ishlarni bajarsak, berilgan integralning uzoglashuvchi ekanligi-
ya ishonch hosil gilamiz.
: Demak, lvcril(:*:m integral a>1 bo‘lganda V f va q=I
bo‘lganda, /7>1 lar uchun yaginlashadi. Qolgan barcha hollarda
esa uzoqglashadi, p
5.21-masala. Quyidagi

" dx
JSUI [Itx l=x
integral absolut va shartli yaginlashishga tekshirilsin.

4 Berilgan integralning yaginlashishini Dirixle alomatidan foy-
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dalanib, ko‘rsatamiz.
1

1655 v a1

deb belgilaymiz va Dirixle alomatining shartlarini tekshiramiz:
1) f(x)ec[0,]) va f(x) ning boshlang‘ich funksiyasi

O

i x)-chosmhmn;
2) g(x)=1~x funksiya [0,1) da | va lim g(x)=0-

3) g'(x)=-1eC[0,1).
Dirixle alomatining shartlari bajarilayapti =

= !f (x) g(x)dx= fsin(l—_—;)-l—'% yaginlashuvchi.

Berilgan integral absolut yaginlashuvchi emas. Bu tasdig
e T A .

l-x 1-x} 1-x 1-x

tengsizlikdan va

Faal 1Y

J'sm {l x) 1-x*
integralning uzoglashishidan kem) chiqdi. Oxirgi integralning uzoglash-
ishini 1°-punktda keltirilgan 2)-misoldan foydalanib, ko‘rsatish giyin
emas. Shunday qilib, berilgan integral shartli yaginlashuvchi. o

6.21-masala. Xosmas integralning Koshi ma’nosidagi bosh giy-
mati topilsin:

< V,DI

3x+2 ”I(, (x-2) /J'(x—l)(x»..)‘
o o,

s (x=1)(x-2) J‘(x 1)(x-2) ""“’L [(“])(X )
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2-p e 3 o
Ji= 2)} [f e 2)]

+lim

b Feyee
e iy o

ligidan  foydalanib, yuqoridagi limitlarni  hisoblasak,
& I 7 ar75 " ImZ tenglikni hosil gilamiz. >
7.21-masala. D={(x,y)eR’:05x55, 0<y<;r}, to‘plamda

e b3 e
berilgan f(x,y)=x"siny funksiyaning Yo 5 nuqtadagi limit funk-
siyasini toping va tekis yaginlashishga tekshiring.

a o ‘)‘ llm f(x y)= lim x* smy:l/z_-s-x - limit funksiya.

v—o—

S(x,) funksiya p(x) ga tel\ls yaginlashuvchi ekanligini 4°-punkt-
dagi 3-ta’rifdan foydalanib, ko‘rsatamiz. Ve>0 va quyidagi ayir-

mani olamiz.
’y y+77
3 <
2

=x* Zsm

|/('.|') 4/»(1)1 !\'\‘sin) ,,‘_/i‘

sin y —sm— =x!
3

<x*.2 ]‘;2_‘_/3:'\,‘ 5<256= 5:6——2—5

<0

& S
Demak, g0 olingarda ham 5=5§ deb olsak, ‘y 3

tengsizlikni ganoatlantiruvehi Vye(O,”) va VXE[O’S] lar uchun
s
|7(x ¥)-o(x)| <& tengsizlik bajariladi. Bu esa Y>3 da f(x)

funksiya ¢(x) ga tekis yaginlashuvchi ckanligini anglatadi.
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8.21-masala. Agar
F (x’7)=?(’~!')f (2)4= botib, 1 (z)-differensialianuvehi funk-

# "
siya bo‘lsa, F,, (xy) ni toping.
< Bu masalani 4’-punktdagi 7-teorema va (10)-tenglikdan foy-
dalanib, yechamiz. Teoremaning shartlari bajarilishi ko‘rinib't.unb-
di. (10)-formuladan ikki marta foydalanish natijasida talab gilingan
hosilani topamiz:

F,'(x,y)=?f(¢)¢+y'(x-y-v)f(v)—%-(x—y—%) f[g]-

I(2)dz+(-27) 1 ();

R We—

£ ()= Jodesn 1) (-2 |12 o (x-30°) )+
+({V~xy!‘),/'(-\7)-x= 1(2—3),2)/(1}-)4-;:2-](-;J+xfy(] -y )/ (w)-®

9.21-masala. Quyidagi
I e ———wjxdr;
i X
integralni 0<o <+, p>0-fiksirlangan bo‘lganda tekis yaqinlash-
ishga tckshiring.
« Berilgan integralning tekis yaginlashishini Abel alomatidan
(5°-punktdagi 3-teorema) foydalanib, ko‘rsatamiz. f(x,a)=¢™" va

P 4 e : ’
A G e e deb belgilab, Abel alomatining shartlarini tekshiramiz.

1) f{xa)=e funksiya har bir fiksirlangan rlc[ﬂ,—w') uchun
monoton va D:{(x,a)eR’:xe[l.m),ae[(),+m)} , to‘plamda che-
garalangan {f(x,a)|<1.
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Cosx 3 1 i
2) .'[ oY dx—integral Dirixle alomatiga ko‘ra 0<a<-+wo

to‘plamda tekis yaginlashuvchi. Abel teoremasining shartlari bajaril-
di. = berilgan intengral 0<qa <+ to‘plamda tekis yaginlashadi.>
10.21-masala. Quyidagi

I arcigox_

T 2

integral hisoblang.

arcrgax ; g 1
I d"~ deb belgilab olib, bu integralni para-
metr bo‘yicha dﬂTerensnaIlash amalidan foydalanib, hisoplaymi?. Bun-
ing uchun avval xosmas integrallarda parametr bo‘yicha dlﬂ‘ere:n-
siallash mumkinligi hagidagi 6°-punktda keltirilgan 3-teoremaning
shartlari bajarilishini ko‘rsatamiz.

arclgax t
f(xa)= '\/——-) = v D={(x,a)eR':l<x<+w,—oo<a<+co}
deb mlmldynnz.
]arclgaxl T

& —— )

lf(‘ )} \/;—_—1 2 \/—“’

1

> . < 5
‘,/,, (.x.ﬂf)l ,1‘(l+a’2X:) /xz_l X x:_lv

l dx integrallar yaqin-
x/xz—l

tengsizliklar va

R -
0

lashuvchi ekanligidan Veyershtrass alomatiga ko‘ra I.[f(x,a)dx 8

[ f, (xa)dx integrallaming —w<a<+o to‘plamda tekis yagin-
1 .

lashishini hosil gilamiz. Demak, berilgan integraldan parametr o
bo'yicha xosila olish mumkin:

3 d:
I'(x) [ = * Bu integralda x =cht almashtirish

‘_x(l:rz) ) \/x
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bajarib, F(¢)=§(l-7;’%7) bo'lishini topamiz. Bu tenglikdan
I(a) ni topamiz. o3>0 bo‘lganda
T a P -
2 e d ST P +c,az0
l(d) !;(l m) a+c Z(Q' )
I(O)=o=>c=%=>l(a)=—2'—(l+a—Jl+a3),a20.

Xuddi shu kabi @<0 bo‘lganda 1(a)=—§(1-a—Jl+a’)
ekanligini  topamiz. Ikkala javobni umumlashtirsak,
1(“)="2£(1+l¢1- 1+a |sgna, la|<® tenglikni hosil gilamiz.r

11.21-masala. Quyidagi

1 o
jsin(ml)“" ds, a>0, b>0,
5 x

Inx
integralni hisoblang.
s x.'x. y » z
< Bu integralni ushbu e =!X dy tenglik va parametrga

bog'lig integrallarni parametr bo‘yicha integrallash haqidagi teore-
madan foydalanib, hisoblaymiz:

fsi"{'" i)f s dx = : sin(lnl “,j'x‘dvqidr = ir‘ :”r' -sil){llr 2 ‘rlrﬂ‘dr=
i | ] .Y)H ,J. ,;_ | ‘JJ

x nx

UE X gl — \
:J‘{J'x'lv‘Sin(lnlex :((x» e =dx=~¢7dl J ”
alo ®) =] x=(=40x=]=dt=0

s P L
="J[ Ie -sinrdr ,1)' =

o 4

{ B
=l 7= [0
é( Ay I e -sintd integralda ikki marta bo‘laklab integralla-

9
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sak, 1 ga nisbatan chizigli tenglama hosil gilamiz va
1

T
(y+1) +1

o : © dy b
ekanligini topamiz | |= =arctg(y+1)| =arcig(b+1)-
s | =t o=+

b-a
—arcig(a+1)= arctgm- >

12.21-masala. Eyler integrallaridan foydalanib, quyidagi
b =) m > At N
T .[(L._a_)___(b_x)-dx(o<a<b,c>0);

(x+c)m+n4»2
integralni hisoblang.

< Berilgan integralni Eyler integraliga keltirish uchun shunday
almashtirish bajarishimiz kerakki, natijada [a,b] kesma [0.1] kes-

- b-a R oo
maga o‘tsin. Buning uchun 22 272t almashtirish bajarish
2 x+c b+c
kifoya.

Agar berilgan integralda shu almashtirishni bajarsak,

[ ,-‘.:;fi\"]m :(”‘”)m.;m_ (9:1] =(”—'—‘1) (1-1)" va
\x+c¢ b+c x+c a+c
ar et b-a
(.\'+(‘): (1‘4'(‘)'(‘“”")
bo‘lib, u quyidagi ko‘rinishga keladi va oson hisoblanadi:

4 m " mantl 1
x-=a) (b= - n Moty
Y L) L PN e 5 SR
< (x+¢) (h+c) '(a"'c) 0

(’7 u)mcml
) B(m+Ln+1).
mal ntl
(b+e)™ (a+c) 4
Natija. Agar berilgan integrallarda m va n lar natural sonlar
bo‘lsa, unda

mantl
(b-a) _,{"_'_”!T bo'ladi. >

e [—
(b4 c')'m v(a-H:)M (”'+n+l
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9-§. 8-MUSTAQIL ISH
Karrali va egri chizigli integrallar. Sirt integrallari va
maydonlar nazariyasi elementlari. Furye gatorlari

Ikki karrali integrallar va ularning asosiy xossalari.
Tkki karrali integrallarni hisoblash.

Ikki karrali integrallarda o‘zgaruvchilarni almashtirish.
Silindrik va sferik koordinatalar.

Ikki karrali integrallarning ba’zi tatbiglari.

1-tur egri chizigli integral va uni hisoblash.

2-tur egri chizigli integral va uni hisoblash.

Grin formulasi va uning tatbiglari.

I-tur sirt integrali va uni hisoblash.

2-tur sirt integrali va uni hisoblash.

Stoks va Gauss-Ostrogradskiy formulalari.
Maydonlar nazariyasi elementlari.

Furye gqatorlari.

oA~
Asosiy tushunsha va teoremalar

1°. Ikki karrali integralning ta’rifi va uning asosiy xossalari

Rimanning karrali integrallar nazariyasi R” fazodagi Jordan
o‘lchoviga asoslangan. Jordan bo‘yicha o‘Ichovli to‘plamlarning asosiy
xossalaridan biri, uning chegaralangan bo‘lishidir, To‘plam chegara-
sining Jordan o'Ichovi 0 ga teng bo'lishi zarur va etarlidir. R? (R?)
fazoda Jordan bo'yicha o‘ichovga ega bo‘lgan to‘plamga kvadrat-
lanuvchi (kublanuvchi) soha deyiladi. >3 bo'lganda karrali inte-
grallar nazariyasi ikki karrali integrallar nazariyasidan prinsipial ji-
hatdan farq qilmaganligi va ikki karrali integrallami tasavvur gilish
osonrog bo‘lganligi sababli biz asosan ikki karrali integrallar nazari-
yasini keltirish bilan kifoyalanamiz. Butun paragraf davomida biz
garalayotgan sohani kvadratlanuvchi deb faraz gilamiz.

Aytaylik Dc R* sohada f(x,y) funksiya aniglangan bo‘lsin.
D sohani v egri chiziglar to‘ri yordamida n ta D, D,....,D, soha-
chalarga bo‘lamiz, '

D, sohada V(,.n,) nuqta olib, f(&,,7,) ni hisoblaymiz ham-
da quyidagi
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o= f(&m)S: )
k-l . s o _» .
S(x,y) funksiyaning D soha uchun integral yig‘indisini tuzamiz.
Bu yerda S, - D, sohaning yuzasi.
Ta’rif. Agar (1)-integral yig‘indining l=¥:§§diam D, 0 ga in-

tilgandagi limiti mavjud bolib, u chekli songa teng bolsa hamda um.ng
giymati sohaning bo linish usuliga va (&,,n,) nugtalarning tanlanisl.nga
bog lig bo‘Imasa, u holda o'sha son £ (x,y) funksiyaning D so.ha bo yicha
ikki karrali integrali (Riman ma’nosidagi integrali) deyiladi va u

I= _[ff(x,y)ds yoki I= yf(x,y)dx@;

kabi belgilanadi. f(x,y) funksiva D sohada f’ntegrallanuvdl.i deyi-
ladi. Aks holda f(x.y) funksiya D sohada integrallanuvchi emas,
deyiladi.
Shunday qilib, s
1= [[f (oy)dsdy:=im D f (Eims) e a
: A trali thee integrallanuvehi funksiya chega-
l.ll:ifsf:ll:l' lif)l lrlrk]l)l: ':;:1;-% rf::farsuﬁ“lixl bizgtasdiqlaming sodda bo‘lishi

: : e

uchun paragral davomida imcgfallax.xuvchx funksiyalardan ularning

chegaralangan bo‘lishini talab qilamiz. 27 Dt i
Ikki karrali integralni ham bir o‘7gan1ychlh funksngz}:ls;llg "z:‘t};gk:n

tegralidagi kabi Darbu yig‘indilari yordamida ha'mfanq )(x y)eD}
Aytaylik, M, =Sp|{f(xy):(xy)eD} va m, =in {f(:;’y'.te,branishl.ﬁ

bo'lib, @, =M, ~m, - f(x,y) funksiyaning D, sohadagi

bo‘Isin. : o el
I-teorema. f(x,y) funksiya p sohada integrallanuvehi bo‘lishi

uchun
li 2"‘ o 0 (3)
A0

tenglikning bajarilishi zarur va etarlidir. g g o

2-ta’rif. Agar Ve>0 uchun E S i 0 flq”‘:;'”to}‘,;lf::rchak/af
vig'indisi ¢ dan kichik bo‘lgan sanogli san'dlag'ln m?"&g' Labes: #%ciont 0
bilan qoplash mumkin bo‘lsa, u holda E to’pla
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ga teng deyiladi. Agor E to'plamni yuzalarining yig‘indisi etarlicha
kichik bo‘lgan chekli sondagi to%gri to rtburchaklar bilan qoplash mum-
kin bo‘sa, unda E to‘plamning Jordan o‘lchovi 0 ga teng deyiladi.

Ta’rifdan ko'rinadiki, Jordan o‘lchovi 0 ga teng to‘plamning Lebeg
o‘ichovi ham 0 ga teng bo‘ladi. Teskarisi o‘rinli emas lekin Lebeg
olchovi 0 ga teng kompakt to‘plamning Jordan o‘lchovi ham 0 ga
teng bo‘ladi. Jordan o‘lchovi 0 ga teng bo‘lgan to‘plamlarning chek-
li sondagi yig'indisining Jordan o‘lchovi, Lebeg o‘Ichovi 0 ga teng
bo‘lgan to‘plamlarning sanogli sondagi yig‘indisining Lebeg o‘lchovi
0 ga teng bo‘ladi.

2-teorema. (Lebeg teoremasi). Agar f(x,y) funksiya o‘lchovga
ega bo'lgan yopiq D sohada chegaralangan va bu sohadagi Lebeg
olchovi O ga teng bo'lgan E sohada uzilishga ega bo'lib, golgan
barcha nugtalarda uzluksiz bo'lsa, u holda f(x,y) funksiya D so-
hada integrallanuvchi bo ladi.

Natija. Agar f(x,y) funksiya o‘lchovga ega bo‘lgan chegara-
langan yopiq D sohada uzluksiz bo‘lsa, u holda f(x,y) funksiya
D sohada integrallanuvchi bo‘ladi.

Ikki karrali integrallar ham oddiy bir o‘zgaruvchili funksiyaning
aniq integrali uchun o‘rinli bo‘lgan gator xossalarga cga. Biz ul-
arning barchasini takrorlamay, o‘rta giymat hagidagi teoremalarga
to‘xtalamiz, xolos,

J(x,y) funksiya D sohada aniglangan bo‘lib, shu sohada che-
garalangan bo‘lsin, ya'ni 3m va M sonlar: V(x,y)e D uchun

ms f(x,y)sM,;

bo‘ladi.
3-teorema. f(x,y) funksiva D sohada integrallanuvchi bolsa, u

holda 3 o‘garmas y (mspu<M) son mavjudki,
1= [[f(xy)dsdy = p-5:
D

bo‘ladi. Bu yerda § — D sohaning yuzasi.
_ Natija. Agar f(x,p)eC(D) bo'lib, D yopiq bo'lsa, unda
3(a,b)e D nugta topiladiki
1= [[7(xy)dsdy = f(a,b)-5 ;
bo‘ladi. -
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4-teorema. Agar g(x,y) funksiva D sohada integrallanuvchi
bo'lib, u shu sohada 0% ishorasini o*%gartirmasa va f(x,y)€C(D)
bo‘lsa, u holda 3(a,b)eD nugta topiladiki,
[ (e7) & (%.v)dxdy = 1 (a,b)- [[g (x.y)dxdy;
D

D

boladi.
2°. Tkki karrali integrallarni hisoblash

Ikki karrali integrallar amaliyotda takroriy integralga keltiris]3
yordamida hisoblanadi. Biz D soha to‘g'ri to‘rtburchakli va egri
chizigli trapetsiya bo‘lgan 2 ta holda ikki karrali iptegralni takroriy
integralga keltirish hagidagi teoremalarni keltiramiz.

1-teorema. f(x,y) funksiya D={(x,y)eR’:a$xsb, L‘SySd}
sohada berilgan va integrallanuvchi bo‘lsin. Agar har bir Jiksirlangan
xc—[u.b] da

163)= [ (50

integral mavjud bo‘lsa, u holda ushbu

]ﬁf ("-J’)d»’]dr;

takroriy integral mavjud bolib,

(17 (x,y)dsay = | j‘ e y)dy}lx; @

D a

tenglik orinli bo'‘ladi. ; hi bo'lib
2-teorema. f(x,y) funksiya D gohada integrallanuvchi bo'lib,
/ fiksirlangan y [('.u']du
b

I(x)= Jf(x,y)d}’;
ljﬁf(x,y)dx]d/y;

integral ham mavjud bo‘ladi va
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gf(mw= :({:If(x,y)dx}y ®)

tenglik bajariladi
Endi soha
D={(xy)eR*:asx<b, ¢(x)sy<o,(x)|
egri chizigli trapesiya ko‘rinishida berilgan bo‘lib, ¢ (x) va
;- (Qm ];?(‘l:;i Sfunksiya D sohada berilgan va integralla-
nuvchi bo‘lsin. Agar vy fiksirlangan xe[a,b) uchun

@lx)
I(x)= [ f(xy)ay
()
integral mavjud bo‘lsa, u lwlda“

[ T’f (x.y)ddex

al a(x)
mavjud bo‘ladi va

ﬂf(x.y)akdy j f(x.y)dyJ (6)

a| a(s)

tenglik bqiaﬂladi.
Agar D soha N
Dz{(x,y)ek’:w,(y)sty/J(y), csys<d;

ko‘rinishda bo'lib, y,(y) va v,(v)eC[c,d] bo'lsa, unda quyidagi
teorema o‘rinli bo‘ladi. =
4-teorema. f(x,y) funksiya D sohada integrallanuvchi bo‘lib,

v fiksirlangan ye[c,d] uchun

vily)

)= [ f(xy)dx;

v(y)

mavjud bo‘lsa, unda
d| wil»)
I f(x y)dx

el wil»)

mavjud va
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d [valy)
(17 (x.y)ddy = j[ f f(x,y)dx}rbf @
D ¢ L%
bo‘ladi. i

39, Jkki karrali integrallarda o‘zgaruvchilarni al.mashtirish.
Silindrik va sferik koordinatalar sistemasi

Dc R? soha berilgan bolib, f(x,y) funksiya D da integral-
lanuvchi bo‘Isin. :Hf(x,y)dxay—ﬂ
D
1= [[7 (xy) dedy ™
D

deb belgilaymiz. Bizdan (7) ni hisoblash talab qélinsm. Ravshanki,
Sf(x,y) funksiya hamda D soha murakkab bo‘lsa, (7)-integralni
hisoblash giyin bo‘ladi. t .

Ko'p hollarda x va u o‘zgaruvchilarni boshga o‘zgaruvchilarga
almashtirish natijasida funksiya ham, soha ham soddalashib, ikki
karrali integralni hisoblash osonlashadi. i

Aytaylik, 2 ta xOu va uOv tekisliklar berilgan~b0 l'sm: {rOu te'k-
isligida chegaralangan, chegarasi 0D sodda, bo lakli silliq ‘fh}é'
igdan iborat bo‘lgan D sohani anaylik.] Ikkinchi uov tekisligida
ham xuddi shunga o‘xshash A sohani olamiz. 3

@(u,v) va y(u,v) funksiyalar A da berilgan Sh“'l‘d:ly t:unksny)—
alar bo'lsinki, ular A sohadagi V(u,v) nuqtani D sohadagi (x,y
nuqtaga akslantirsin, ya’ni

[x=0(w)
[y=w(u)
funksiyalar A sohani D sohaga akslantir.adi. i L35
Faraz gilaylik, bu akslantirish quyidagi) shartlarni qanoatlantirsin:
1) (8)-akslant‘rish o‘zaro bir giymatli, : Sl
2) ¢(x.»),y(x,y)eC(D) bo'lib, bu funksnyalarga;] tcifa.ncl:i) lf:rn
funksiyalar "”;(ll.r).l//z(u,»)f.v(f(A) va ularning barcha birin

®)

, ; uksiz bolsin,

tibli xususiy hosilalari 3 bo‘lib, ular ham mos imhaldrg:]:fildan tuzilgan
3) (8)-sistemadagi funksiyalarning xususiy host

determinant (yakobian) uchun
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ox
D(xy) | o
Hun)=pe- & > e p:
ou oOv

Teorema. Faraz gilaylik, (8)-sistema yordamida aniglangan funk-

siyalar A sohani D sohaga akslantirsin va yugoridagi 1)-3)-shartlar-
ni ganoatlantirsin. U holda
1= [[£(x.y)dedy = [[[p(u.v)r (u.v) ] |1 (u, )| ductv (10)
D A
bo‘ladi. Fad
(10)-formulaga ikki karrali integrallarda o‘zgaruvchilarni almash-
tirish formulasi deyiladi. :
Uch karrali integrallarda o‘zgaruvchilarni almashtirish formula-
lari ham shu kabi bo‘ladi. Masalan,
x=p(u,v,w)
y=y(u,v,w)
z=g(u,v,w) .
funksiyalar Ac R’ sohani Dc R sohaga akslantirib, yugoridagi
1)-3) shartlarni qanoatlantirsin. Agar D sohada integrallanuvchi
S (x.5.2) funksiya berilgan bo'lsa, u holda
'Uff(x.y,z)dxd;dg w Iﬂ[ﬁ(u.v. w),y (u,v,w), z(u,v, w)]‘fl(u.\', w)t-dudvdw
D A

tenglik o‘rinli bo‘ladi. Bu yerda

o & x|
ou ov ow)|
Hurwye22rs) | > & ;?2',! !
D(”.V.W) ou ov ow|
xz & oz {

berilgan akslantirishning yakobiani.

Ikki karrali integrallarni hisoblashda qutb koordinatalar siste-
masiga otish (X=rcosp, y=rsing, 7=r), uch karrali integral-
larni hisoblashda esa silindrik yoki sferik koordinatalar sistemasiga
otish ko'p hollarda yaxshi natija beradi.

296



Silindrik koordinatalar sistemasida VifeR® nugta M(p,r,z)
kabi beriladi (10-chizma).

Sy M)
{
1
I
1

10-chizma.

Silindrik koordinatalar sistemasini Dekart koordinatalar siste-
masi bilan bog‘lovchi formulalar (11) va (12) tengliklarda keltirilgan.
X=rcosg (11)
y=rsing

2, 0<p<2r, 0Sr<+o
r= ,/x’ +y:

y (12)
¢ =arcig=

X

[

(11)-sistema uchun yakobian

D(x,,2)
D(q),r,z)
Sferik koordinatalar sistemasida VM e R nugta M(w’p"/’) kabi

[1(@.r,z)|=

=r

11-chizma.
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TR REES

-chizma). Sferik koordinatalar sistemnasini Dekart koordi-
mﬁim bilan bog‘lovehi formulalar (13)-tenglikda keltirilgan.

x=pcos@-siny

Y=PSng-siny o oo, 0sp<+n, 0Sysm (13)
z=peosy
(13)-sistema uchun yakobian
D(x,5,2) | 2
]1(4’.9#’)': D(¢,p.l//) =p-smy

4°. Ikki karrali integrallarning ba’zi bir tatbiglari

Jismning i - irt bilan,
a hajmi. g fazoda yugoridan z= f(x,y) sirt_bilar
yon tomonh.ﬁdan yasovchilari 0Z o‘giga parallel bo‘lgan silindrik
sit. hamda pastdan OXY tekisligidagi D soha bilan chegaralangan
(V) jismning hajmi ¥ ushbu

V= [[f(xy)dsdy (14)
b
formula yordamida hisoblanadi.
Misol. Ushbu
2 2 2
= +[-+£- <1;
¥ ¢

ellipsoidning hajmi topilsin. 4
< Agar {220} yarim fazodagi ellipsoid bo'lagining hajmini ¥,
desak, unda

V=2V = 2cj[ »—r———u—»dxdy
bo‘ladi. Bu verda

Dz{g_+b‘ S I}}

{xzarcow almashtirish bajaramiz, unda D soha
|y =brsing
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A= {(r,¢) 0<r<,0<p< 27:} to‘g‘ri to‘rtburchakka akslanadi va ya-
kobian

el

or 0p acosg,~arsing | i
I(r.0)= oy oy ¥ bsing,brcosp |

ar op

bo‘ladi. Unda
1 2 ! 47
V=2¢ H\h ~r* - abrdrdg = 2abc ][r\/l -r Id{p}lr =4zabe Irx/l—r’dr =—3-abc. >
A 0 0 i

b) Yassi shaklning yuzasi. : 2
Ikki karrali integralning ta’rifiga ko‘ra, D sohaning yuzasi

§ = [[axdy 15)
D

formula yordamida hisoblanadi. o
Xususan, soha D= {(x,y) eR*:asx<bh, 0sy< f(x)} egri chiz-
igli trapetsiya bo‘lsa, u holda

o -

a

bizga ma’lum bo‘lgan formulaga kelamiz. : e -
d) Sirtning yuzasi. Aytaylik, z=f(x,y)€C (D‘)l _b° l{g” ltl)(:]ldf:nl])(u

siyaning grafigi R° fazoda (S) sirtdan iborat bo‘lsin.

sirt yuzasi

§=|f \/ 14 i/ (% .»')T +[f_v' (x,}')]zdxd}' (16)

formula yordamida hisoblanadi. i : o
¢) Ikki karrali integrallir yordamida mexanikaga oid masal

larni yechish. 4 BV ol ten
Aytaylik, D = xOu tekisligida berilgan Zlfjmg'lfoﬁgx’ll};)larg::)‘reinﬁ

bo‘lgan bir jinsli plastinka bo‘lsin. Unda quyidagl

bo*ladi

M = [[p(x.y)dsdy a7
D

(17)-plastinkaning massasi.
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i uxﬂ ﬂy'p(x’y)dxdy’
M, = ﬁx-p(x,y)dxdy
(18)-plastinkaning 0X va 0Y o‘glariga nisbatan statik momentlari.

(18)

& 9)

(19)-plastinka og‘irlik markazining koordinatalari.
1= [[y*-p(x.y)ded:
D
1, = [[# p(x,y)dxdy
o

(20)-plastinkaning 0X va 0Y o‘glariga nisbatan inersiya mo-
mentlari.

(20)

L=1,+1,= [[(* + ) p(x, y)dsdy (21

b

(21)-plastinkaning koordinata boshiga nisbatan inersiya momenti.

Eslatma. Ikki karrali integral oddiy bir o‘zgaruvchili funksiya anig
integralining ganday umumlashmasi bo‘lsa, uch karrali integral ham
ikki karrali integralning shunday umumlashmasi bo'ladi va prinsipial
jihatdan undan farq qgilmaydi. Shu munosabat bilan uch karrali in-
tegralning ta'rifi, uni hisoblash usullari va ularning tatbiglarini 0‘gib,
o'rganib olishni o‘quvchining o'ziga havola gilamiz.

5° Birinchi tur egri chizigli integrallar va ularni hisoblash

Ushbu x=¢(r), y=w(t) funksiyalar [a,f] kesmada aniglan-
gan va uzluksiz bo‘lib, ular ¢ ning turli giymatlariga g* da turli
nugtalarni mos qo‘ysin. Bu holda [z, /] kesmaning

{x:w(l)
y=y(1)
funksiyalar yordamida R* da hosil bo‘ladigan aksi 7 ga sodda
egri chiziq deyiladi:
7={(x,y)e R? :xzw(l),yzy/([),{e[a,ﬁ]} g
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A=y(@) ga egri chizigning boshlang'ich nugtasi B=y(f) nug-
taga esa egri chizigning oxirgi nugqtasi deb ataladi. Biz qaralayo;—
gan egri chiziq to‘g‘rilanuvchi, ya’ni chekli uzunlikka ega bo‘lsin
deb faraz gilamiz. s ;

Aytaylik, xOy tekisligida biror sodda Aé egri_ clu.m.q yoyi va bu
yoyda f(x,y) funksiya berxlgan bo‘lsin. 4B egri chizigni 4 dan V
ga qarab A =4, 4, 4, =B nugtalar yordamida n ta 4,4,
(k=0,n—1) yoyga aJratamxz A4, yoyning uzunligini AS, va
A“}f‘,’"" AS, deb belgilaymiz. Endi V(&) € 44y (k=0n-1)
nuqtalar olamiz va quyidagi

n-l

o =Zf(§p'h)‘ASk;

k=0
yig‘indini tuzamiz.

Ta’rif. Agar limo~3 bolib, u chekli 1 soniga feng bo'lsa va I
ning giymati 4" ning bo'linish usuliga hamda (£.m,) nugtalarning
tanlanishiga bogiq bo‘lmasa, u holda shu I soniga [ (%) funksl-.
yaning AR egri chiziqg bo'yicha birinchi tur egri chizigli integrali
deb ataladi va u

j f(xy)ds
in
kabi belgilanadi.
Shunday qilib,
n=l
(_/ (x,y)ds = limo = lime(fn'?k)'AS* (22)
“I A0 ".’U‘.()

ekan.
‘o idagi alarga ega.
Birinchi tur egri chizigli integrallar quyidagi Xossalarga €g

1) [ f(x,y)ds j_[(.\',)!)rl.s'.

BA

2) AB= ACUCB = _[/(" Y.
b

3) [ f(x,y)ds=c: _[f(.r._v)rls(c=crmst).

AR

4) Hf (x,9)tg(xy)]ds= _[f x,y)ds* Ig(x’y)ds

Al
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5) Agar V(x,y)eAB da f(x,9)20 bo‘lsa, u holda
Jf(x,y)dszo.
s

6 l ‘!f (m)d+$ i}i(z’y)lds-

7) 3(c.c,)€AB nugta topiladiki, ﬂ[f(x’)’)ds':f(cncz)'s
bo*ladi. ot
Tzoh. Yugoridagi xossalarning hammasida f (x,y)e C(4B) deb

faraz gilinadi. 2
Teorema. Agar AB={(x.y)eR*:x=p(1).y=y/(1).1c [a.B)}

sodda egri chiziq va f(x)€C(4B) bo'lsa,

L/ 2 2
[7G)as= [1To@w(0)] [o' )T +[v' ()] ar 23)
bo‘l;:li. 5 .
Bu teoremadan quyidagi muhim natijalar kelib chigadi.
I-natija. Agar 23={(x.y)ek’:y=y(x),c$x5b} (y(u):/iy(b)=5)
bo'lib, y'(x)eC[a,p] bo'lsa, u holda

If(x,}‘)d-f = j’/[x.)’(x)]"/l - [y'(x)"-;—dx (24)

bo‘ladi. ;
2-natija. Agar AB={(r,p):r=r(p).p, sp<p,| bo'lib,
'(p)eClg.p,] bo'lsa, u holda
q M__‘—-;V,
ff(x.y)ds: J.f(rcow‘rsin¢)~\/r2 +[r(p)] do (25)
i &

bo‘ladi,
Eslatma. Agar 1-tur egri chizigli integralda f(x,y)=1 desak,

n-i
[ds=lim> A8, =¢ poriadi, yani
Al knt)
£= [ds (26)- 4B yoyning uzunligini hisoblash formulasi.
AB
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6°. Ikkinchi tur egri chizigli integrallar va ularni hisoblash

Tekislikda biror yopiq bo‘lmagan sodda 4B egri chiziq beril-
gan bo‘lib, f(x,y) funksiya shu chiziqda aniqlangan bo‘lsin. 43
egri  chizigni 4, (k=0,1) nuqtalar yordamida n ta
44, (k=0,n-1) bo‘lakka ajratamiz va V(¢,,7;)€ 4,4, nuqtalar
olib, quyidagi yig‘indini tuzamiz:

n=l
G=Zf(§ka7h)'Axk'
k=0
Bu yerda Ax, =x,,, -x, - A4, yoyning OX o‘qidagi proek-
x AS,. AS, - 4,4, ning uzunligi, deb belgilaymiz.

siyasi, 4= max.
Ta’rif. Agbr limo =1 mayjud va chekli bo'lib, I ning giymati
ABning bolinish usuliga va (&,.n,) nugtalarning tanlanishiga boglig
bo‘lmasa, u holda I soniga f(x,y) funksivadan 4f egri chiziq boyicha
olingan ikkinchi tur egri chizigli integral deb ataladi hamda u
I= j‘f(x,y)dx,
ib

kabi belgilanadi.
Shunday qilib,
n=l
1= [ £ (xy)de=limd S (Gm) A% @)

A
ekan

Xuddi shunga o‘xshash f(&,,n,) lami Ax,ga emas, Ay, larga
ko'paytirib,
n-l
I'= [ f(x,y)dy= ljm}:f(fufh )&y (28)
P -0 £~

ni hosil (pl:nnl/ : 3 lib hi adi
2-tur epri chizigli integral ta'rifidan quyidagi xossalar kelib chigadi.

"_/(,\_ y)dx va jf(x,Y)dy=— J'f(x,y)dy.
/ i Al ﬂA %

) Agar 43 yoy 0X o'qiga (0Y o'qiga) perpendikular bo‘lgan
to'g'ri chiziq kesmasidan iborat bo‘lsa, u holda

[7(x)e=0 ( [ /ey = o]

Al

1) i’ f{x,v)dx

bo‘ladi
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Endi faraz gilaylik, 4B egri chizigda 2 ta P(x.y) va O(%))
funksiyalar berilgan bo‘lib,
‘{P(x.y)«# on ‘];Q(x,y)dy;

2-tur egri chizigli integrallar mavjud bo‘lsin. Ushbu

[P(xy)ax+ ‘_EQ(x,y)dy;
AB
yig‘indi 2-tur egri chizigli integralning umumiy ko‘rinishi deb ata-
ladi va
f P(x,y)dx+Q(x,y)dy ;
P

kabi yoziladi. Demak,
[Pey)ds+ Qxy)dy= [P(xy)ds+ [O(x))d 29)
A AR Al

Avtaylik, 4B egri chizig, sodda yopiq egri chizig bo‘lsin, ya'ni
A va V nugtalar ustma-ust tushsin. Bu yopiq chizigni 7 deb belgi-
laymiz. Bu yopiq chizigda ikkita yo‘nalish bo‘ladi. Ularning birini
musbat (soat strelkasiga qarama-garshi yo‘nalganini), ikkinchisini
manfiy yo‘nalish deb gabul gilamiz.

Faraz qilaylik, 7 da f(x,y) funksiya berilgan bo‘lsin. Bu 7
chiziqgda 2 ta w45 p nuqtalar olamiz. Natijada 7 yopiq chiziq 2
a 4aB va ppy egri chiziglarga ajraladi (12-chizma).

Agar f/(xy)dx+ ff(x,y)dx integral mavjud bo‘lsa, u
f(xy) funkslyanmg 7 yopiq chiziq bo‘yicha 2-tur egri chizigli
integrali deb ataladi va [f/(x.y)dx kabi belgilanadi.

14




[jP () dx+ mQ("’J’)dy bo‘lgan umumiy hol ham xuddi shun-
ga o"xshash ta’riflanadi. :

Agar Zp egri chiziq fazoviy chiziq bolib, f(x,,z) funksiya
shu chizigda aniglangan bo‘lsa, u holda

J‘f(x,y,z)d.x‘, '[.f(x9y7z)dy’ _[f(x’y9z)dz’ lar va

AB AB

AB

J‘I’(.\-,_v,z)dr + Q(x,y,z)dy+R(x»y,Z)d2=

AB

= jp(_\-"‘h:)dx.f J.Q(x,y,z)dy+ jR(x,y,z)dz
AB AR ~ AB
lar ham yuqoridagidek aniglanadi. N 5

Endi ikkinchi tur egri chizigli integrallarni hisoblashni
o‘rganamiz. o

Faray gilaylik, ;“3___{(x‘y);x=q7(f),y='//(f)’le[a,ﬂ]} bo llb;
?().v/ (1) Cla. f(p(a) (@) =4 (p(A)w(B))=B  bo'lsin,
hamda t parametr ¢ dan J ga gqarab _0 zgarganda
(x,7)=(o(¢).w(¢)) nugta A dan V ga qarab o‘zgarsin. ;

I-teorema. Agar qa'(I)GF[a.ﬂ] bo'lib, j(x"v)eC(AB) g
u holda

L '
[_,/'( X, y)dx= I_/ ]ﬁ’(’)#’(’)}w (t)dl (30)

ho‘ladi : 2

2-teorema. Agar l//'(l}r;('[a,/"] bolib, f(x,y)eC(AB) G

u holda
r i
{ f{x.y)dy= J'f[(/;([),y/(l)}// (l)d’ (31)
bo ‘ladi, : i
T-natija. Arar :,,'(11),;//'(1)(:('[a./}} bo'lib,

P(x .")-{,)(.\'.y)u(,'()lB) bo'lsa, u holda
[ POx.v) e+ O(x,3)db /ﬂ /)((/v(/),l//(l))(p'(l)+Q(:p(l),l//(/))l//'(l))]d{ (2)

bo‘ladi
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2-natija. Agar AB={(xy):y=y(x).asx<b}, y'(x)eC[ab]
bo'lib, P(x,9).0(xy)eC(4B) bo'lsa, u holda

b

[ P(xy)ds+0(xy)dy=[[P(xr(x))+ Q(x.¥(x))- ¥ () . (33)
AB a
bo‘ladi.

Misol. Agar (4 egri chizig 0(0,0) va A(L1) nugtalarni tut-
ashtiruvchi

a) to‘g‘ri chiziq kesmasi.

b) ORA siniq chizig, P=?,0; nugta;

d) OQA siniq chizig, O=(0,1) nuqta bo‘lsa,

I=J(x-y’)a§:+213dy;
hisoblansin.
i
= k 5
< 2) OA:y=x,05xsl=l=![(x-x’)+2x']¢z=-6-

b) I=J(x-y’)dx+2:)dy-!(x-y’)dx+2xydy+ I(x-y"')drﬁ-bydyx

A

3
PA:x=108ysl=>dx=0 "JXdX#—;Zydy:E,
d) 7= [(x=y e+ 2oudy= [(x3")ds+ 2y + [(x-y')dds + 2xpcdy=
o0 i

op4

0Q:x=0,0sysl=>dr=0)) ' ' : g
K = [0dy+ [(x~1)dx = ~=.0
(.(QA:}‘=I.OSXSI=dy-0 !"-‘ !"f )ds ===

Izoh. Bu misoldan ko‘rinib turibdiki, 2-tur egri chizigli inte-
gralning qiymati umuman olganda, 4 va V nugtalarni tutashtiruv-
chi integrallash yo‘liga bog'liq ekan.

Qanday shartlar bajarilganda uning qgiymati integrallash yo‘liga
bog‘lig bo‘lmaydi, degan savolga keyingi punktda javob beramiz.

=((or:y-o,osxsl=’dy=on ' J

7°. Grin formulasi va uning ba’zi bir tatbiqlari

a) Grin formulasi.
1-teorema. (Grin). D c R® soha berilgan bo'lib, uning chegarasi
oD bo'lakli-sillig chizigdan iborat bolsin. Agar P(x.y) va Q(x,y)
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funksiyalar D da berilgan va P(x,y),0(xy),

oP(x, y) 80(x, y)
ox oy

00 orP
(17 (x.y)d+ O (x,y)dy = IJ{ g ) (34)
oD
tenglik o ‘rinli bo ladi.

(34)-formulaga Grin formulasi deyiladi.

Grin formulasidan D sohaning yuzasini hisoblash uchun ushbu

EC(D) bosa, u holda

B ‘E’@yd"’ (35)
§= [;ﬁxaﬁh va (36)
S= %[:ﬂxdy — ydx, (37

formulalar kelib chigadi. B
2-teorema. Agar P(x,y) va O(x,y) funksiyalar D sohada Grin
teoremasining shartlarini bajarsa, unda quyidagi 4 ta shart bir-biriga
ekvivalent bo‘ladi.
P 80 ok R
1) D da g (38) tenglik bajariladi.

oy

2) D sohadagi v yopig kontur » uchun Eﬁpfi"+Qd.V=

Vv
i
}) VA.Be D nugtalar va bu nuqtalarni tutashtiruvchi jp yoy
uchun

[ pdx+Qdy ;
Al

integralning qgiymati integrallash yo‘liga bog‘lig emas;
4) P(x,y'ux+ Q(x,y)dy ifoda to'liq differensial boladi, ya’ni
D sohada shunday (x,y) fonksiya topiladiki du=Pdx+Qdy teng-
lik bajariladi va unda
j Pdy + Qdy =u(B)~u(4) bo‘ladi.

AB
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St (LR Ty S

Agar du=Pdx+Qdy bo'lsa, unda u(x,y) funksiya ushbu
u(x,y)= JP(x,y)dx+ IQ(xo, y)dy+c (39)

o b
formula yordamida topiladi. Bu yerda (%,.),)€ D -ixtiyoriy nuqta.
Misol. Agar 7 chizig koordinata boshidan o‘tmaydigan va
yo‘nalishi musbat bo‘lgan v yopiq chiziq bo‘lsa,

‘j x2+ y g

integralni hisoblang.

« 7 chiziq bilan chegaralangan sohani D deb belgilaymiz.

I-hol. 0gD bo'lsin.

ST L N
P+ Pay o o (x:+y7)2

Grin formulasiga ko‘ra /=0.

2-hol. 0D bo'lsin. Bu holda Grin formulasidan foydalana
olmaymiz, chunki, P(x,y) va Q(x,y) funksiyalar 0(0,0) nugtada

aniglanmagan,
%
ol
o

13-chizma.

D sohaning ichida yotuvchi ¥ y, ={(x,y):x* +y' =r’| aylana
olamiz. Endi G soha sifatida y va y, chiziglari bilan chegaralangan

P

or
sohani olamiz. G da > - %? va 0¢G. Unda Grin formulasiga ko'ra
dP¢f+Q4V=0=0-[dex+Qdy+der+Qdy=Lfl’(i\' + Oy~ (f Pdx + Oy =
06 r 7" ¥
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— Ehaleh 2z
7o mxdy ydx [(x rcost,0<t<2xz,dx rsmtdr)]= Idt=27r.l>
0

gl 28 N y=rsint,dy=rcostdt

8°. Birinchi tur sirt integrallari va ularni hisoblash

Birinchi tur egri chizigli integrallar oddiy aniq integrallarning
ganday umumlashtirilishi bo‘lsa, birinchi fur sirt integrailari ham
ikki karrali integrallarining shunday tabiiy umumlashtirilishidir.

Bizga bo‘lakli silliq kontur bilan chegaralangan ikki tomonli
silli (yoki bolakli sillig) (S)c R’ sirt berilgan bo'lib, f(x,.2)
funksiya shu sirtda aniqlangan bo‘lsin. (S) sirtni v tarzda o‘tkazilgan
egri chiziglar to'ri yordamida (,).(S,)....(S,) qismlarga ajratamiz.
(S,) ning yuzasini S, deb belgilaymiz (k—l n) Har bir (S,) da
V(&.m,..¢,) nugta olib

UZZf(f(sﬂk’gk)SA;
k=1
integral yig'indini tuzamiz va /~=';1§i§d"’”’(st) deb belgilaymiz.
Ta’rif. Agar limo =1 mavjud va chekli bo'lib, I ning qiymati
(S) sirtning bo‘linish usuli hamda (_£A,m,§,,) nugtalarning tanlan-

ishiga bog'lig bo‘lmasa, u holda I ga f(x,y,Z) funksiyadan (S)
sirt bo‘vicha olingan 1-tur sirt integrali deyiladi va

U[(\ Y, :)ds;
(%)

kabi belgilanadi.

Teorema. Agar sirt ushbu (S)= {(x, nz)eR iz
ko‘rinishda beriigan bo‘lib, z(x.}'),~ X;)’) z, (x
f(x,y,2)e( :(\)I bo'lsa, u holda

=z(x,y)(*») e D}
(x)eC(D) va

——

” f(xv,2)dS = [[f[m22(x ] \/,:[’ (x2)] [, (% )')]zdxdy (40)

bo ladi.
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9°. Tkkinchi tur sirt integrallari va ularni hisoblash

Bizga ikki tomonli sillig (yoki bo‘lakli silliq) (S)c R® sirt ber-
ilgan bo'lib, f(x,y.z) funksiya shu sirtda aniglangan bo‘lsin. (5)
sirtni vy tarzda o‘tkazilgan egri chiziglar to‘ri yordamida

(s)(s), +(S,) aismlarga ajratamiz. (S, ) (k=1"n) ning OXY
kislikdagi D,, D, ning yuzasini esa S, deb belgi-

laymnz Har bir (5,) da ¥ ({,Jh,é) nugta olib quyidagi
0':;[(5&’”1:;4)51),;

yig‘indini tuzamiz va Z:mdiam(s ) deb belgilaymiz
Tarif. Agar imo =1 mavjud va chekli bo'lib, I ning giymati (S)
sirtning bo linish mulw hamda (£,.7,.£,) nugtalaming tanlanishiga
boglig bo‘lmasa, u holda I ga f(x.y.z) funksivadan (S) sirining tan-
langan tomoni boyicha olingan ikkinchi tur sirt integrali deyiladi va
ﬂ'f(xv}’vz)d‘dy;
%
kabi belgilanadi.
Shunday qilib,

7 =({)ff (Bn2VBb = im3 1 (¢,,0,,)S, (@)

Shuni aytib o‘tish kerakki, funksiyadan (S) sirtning bir tomoni
bo‘yicha olingan ikkinchi tur sirt integrali, funksiyadan shu sirtning
ikkinchi tomoni bo‘yicha olingan ikkinchi tur sirt integralidan fagat
ishorasi bilangina farq giladi.

Ushbu ﬁf(x,y.z)dydz va J-,U(X')"»*"sz‘/" ikkinchi tur sirt in-
(5) (%)

tegrallari ham yuqoridagidek ta’riflanadi.
Ikkinchi tur sirt integralining umumiy ko'rinishini keltiramiz.

Faraz qilaylik, (S) sirtda P(x.y.z), Q(x,y,z) va R(x,y,z) funksi-
yalar berilgan bo‘lib,
Ushbu
ﬂf’(x,y,z)dxdy H{)(x v, 2z)dydsz “R(x. ¥,z )dzdx
(*) ') ,
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integrallar mavjud bo‘lsa, u holda ularning yig‘indisi 2-tur sirt in-
tegralining umumiy ko‘rinishi deb ataladi va

”P(x,y,z)dxdy +0(x,y,z)dydz + R(x,y, z)dzdx ;

(5) :
kabi belgilanadi.

Endi g* fazoda biror (V) jism berilgan bo‘lsin. Bu jismni o‘rab
turgan yopiq sirt silliq sirt bo‘lib, uni (S) deylik. f (x,3:2) funk§1ya
(S) da berilgan bo‘lsin. 0XY tekislikka parallel bo‘lgan tekislik bilan
(V) ni 2 gismga ajratamiz: (¥)=(¥;)U(7,). Natijada, uni o‘rab tur-
gan (S) sirt (S,) va (S,) sirtlarga ajraladi. Ushbu

Uf(x.y,z)dxdy+ ﬂf(x,y,z)d\’dy 42)
(5) (%)
integral (agar u mavjud bo‘lsa) f(x.y,z) funksiyaning yopiq sirt
bo‘yicha 2-tur sirt integrali deb ataladi va

UUf(x,y,z)dxdy ;

" P s
kabi belgilanadi. Bu yerda (42)-munosabatdagi birinchl'mtfegral (S, )
sirtning ustki tomoni, ikkinchi integral esa (,) sirtning pastki
tomoni bo'yicha olingan. Xuddi shunga o‘xshash

{ﬁ_/(,\; y,z)dydz [j}ff (x,y,2)dzdx ;
(5) ot (]

hamda umumiy holda
?ﬂl'(-\'-,\'n:\)d\'d)‘“‘ Q(x_’,,.z)dydz+R(x,y,2)dzdx;
(%)
integrallar aniglanadi,
Teorema. Agar sirt ushbu
(8)={(x.1,2)e R :z=2(x.7):(®¥) € D}
ko rinishda erilgan bolib, :(x,y), z;(x,y), z;,(x,y)eC(D) o
f(xy.z2)eC] (\)] bo'lsa, u holda
”f(x, y, z)dxdy = Hf[x’)”z(xv-)’)]dxdy (43)
b

(5)

bo ‘ladi.
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manfiy bo'lib,
: =~ [[1[x5.2(x.»)]dxdy .

bo‘ladi.

Natija. Agar (S) sirt yasovchilari OZ o‘qgiga parallel bo‘lgan
silindrik sirt bo‘lsa, unda

(‘({f(m'z)drdwo;

tomoni qaralsa, unda barcha Sy, lar

bo‘ladi. :
Demak ikkinchi tur sirt integrallari ikki karrali Riman integral-
lariga keltirilib hisoblanar ekan.

Agar (5)-ikki tomonli sillig sirt bo‘lib, P(x.y.z), O(x.y.2)
R(x,y.z)eC[(8)] bo'lsa va (S) sin r~rmalining yo*naltiruvchi ko-
sinusilarini cosa, cosfl, cosy desak, u holda 1 va 2-tur sirt inte-
grallari orasida quyidagi munosabat o‘rinli.

[[P(x,.2)dvde + O(x. 3. 2) dzdix + R(x. y, =) dxdy =
i

> m_'l’(x,y,z)ma+Q(x,y,:)co§/j+ R(x, j'.:)CU.‘,}’}/S (44)

(5

1101; Agar (S) sit z=z(x.y) tenglama yordamida berilgan
bo‘lsa, sirtning (x,,¥,.2,) nuqtadagi normalining 0X, 0Y, OZ
o'qlarining musbat yo‘nalishiari bilan tashkil gilgan burchaklarini
mos ravishda a, f, y orqali belgilasak,

(45)
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lidiz oldida ma’lum bir ishorani tanlab olish bilan biz sirtning aniq
bir tomonini tanlab olgan bo‘lamiz. Masalan, ildiz uchun musbat ishora-
ni olsak, cosy >0, ya'ni normal OZ o'qi bilan ¥ o‘tkir burchak tashkil
etadi va bu holda (S) sirtning “yugori” tomonini tanlab olgan bo‘lamiz.

10°. Stoks va Gauss-Ostrogradskiy formulalari

(5)={(x.y.z)e R :2=2(x.y),(x,y)e D} bo'lib, B(S)-bo‘lakli sil-
lig egri chiziq va ()~ ning OXY tekisligiga proyeksiyasi oD bo‘lsin.

Faraz qilaylik, (S) sirtda uzluksiz P(x,y,z), Q(%..2) R(x,y.z)
funksiyalar aniglangan bo‘lib, bu funksiyalarning barcha birinchi
tartibli xususiy hosilalari (S) sirtda uzluksiz bo‘lsin.

1-teorema. (Stoks). Agar yugoridagi shartlar bajarilsa, u holda ushbu

, aQ op
' (_‘:,l (x,y,2)dx+ O(x,y,2)dy+ R(x,y.2)dz =(T[) -g——g;}dx@ i
SR 3 Ein iy
i ‘(;I~ ,fiQ-’,/_‘-([:J‘_JL,.Cnﬁ] zdXx. (46)
[Oy o Loz ox

Stoks jormulasi o‘rinli bo‘ladi.

Shunday gilib, Stoks formulasi (S) sirt bo‘yicha olingan 2-tur
sirt integrali bilan shu sirtning chegarasi bo‘yicha olingan egri chizigli
integralni bog‘lovchi formuladir.

Fndi Ostrogradskiy formulasini keltiramiz. R’ fazoda pastdan

¢, (x.y) tenglama bilin aniglangan silliq (S,) sirt bilan, yu-
qoridan z=g,(x,y) tenglama yordamida aniqlangan (S,) sirt t31-
lan, yon omondan esa yasovchilari OZ o‘giga parallel l?o‘lgan ?_'1'
indrik () sirt bilan chegaralangan (V) jismni qaraylik. Bu jis-
mning OYY  tekisligidagi proeksiyasini p deb belgilaymiz. lelraz
gilaylik, () da uzluksiz P(x,y,2), O(x,3,2), R(«";}’-'&') funksiya-

P 80 OR  .riN My
lar berilgar bo'lib, 5 oy oz €C ((V)] shartlar bajarilsin.
2-tcorena. (()s(mgradskiy). Agar yugoridagi shartlar bajarilsa,

u holda uslbu

m—‘( P 4 4 f e id.\'rlwz = [ﬂl’dy(lz + Qdlzdlx + Relxdy (29
" ltl\» ] 0z ) ¢ )

Gauss-Ostroradskiy formulasi o'rinli bo ‘ladi.
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11°. Maydonlar nazariyasi elementlari

Uch oflchovli Yevklid fazosi p* ni olib, undagi nugtalarni
(x, ». z), koordinata o‘glari bo‘ylab yo‘nalgan birlik vektorlarni esa
e, e, e kabi belgilaymiz. Aytaylik, Dc R’ sohadagi har bir
(x, y, z) nugtaga A(x, y, z) vektor mos go‘vilgan bo'lib, tanlan-
gan koordinatalar sistemasida u 4 (x, y, z), A4(x, y 2),
A(x, y, z) ko'rinishga ega bo‘lsin. U holda D sohada vektor funk-
siva aniglangan yoki D da vektorlar maydoni berilgan deyiladi. Agar
har bir 4,(x, y, z), k=1, 2, 3, funksiya uzluksiz, differensiallanuvchi
va hakozo bo‘lsa, unda 4 vektor maydon uzluksiz, differensialla-
nuvchi va hokazo deb ataladi. Agar D sohada U(x, y, z) funksiya
aniglangan bo‘lsa, u holda D da ¢/ skalyar maydon berilgan deyiladi.
Tanlangan koordinatalar sistemasida qaralayotgan skalyar va vektorlar
maydoni kerakli darajada sillig bo‘lsin deb faraz gilamiz.

Ushbu
: 3
gradU::(iq,—qy-,—aﬂ)=c,ai+ehéﬂﬂ:.,f;g:U—«)/.
ox oy oz & oy oz

operatorni (gradiyent) aniglaymiz. U bilan bir gatorda A vektorni
1/ skalyar maydonga akslantiruvchi
-(2'-"— + gfi+—a—A—’- AU
& o oz
operatorni (divergensiya) garaymiz. Vektor maydon veltor may-
donga quyidagi
6.4 ¢
2 9 9
roid = g -i; ;:};}.A*#ﬂ
A A A
formula yordamida aniglanadigan retor operatori yordamila akslanadi.
Agar simvolik nabla differensial operatorini (Gamiltm operatori)

d J 0
Ve 41;(-7;4 t.:};.w.j T
tenglik yordamida aniglasak, u holda
gradlU =V U,
rotA=VxA,
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divA=V -4

bo‘ladi.

Kiritilgan operatorlardan foydalanib, quyidagi tengliklarning o‘rinli
bo‘lishini ko‘rsatish giyin emas:

1) rotgradU=VxVU=0,

2) divrotd=V-(Vx 4)=0,

3) graddiva =V (V- A),

4) rotrotd=Vx(Vx A),

5) divgradU =V -VU

(44)-formuladan foydalangan holda Stoks formulasini quyidagi
ko‘rinishda yozish mumkin:

J‘ l’(x,y,z)dx-&Q(a\',y,z)al"+ R(x,y,z) &
o(5)
cosa cosf cosy

g gy
:(H e ds.
B, 0

Agar bu tenglikdagi P, @, R funksiyalar o‘rniga A vektor
maydonning komponentalarini olsak va dS =(dx,dy,dz) deb belgi-
lasak, tenglikning chap tomonidagi integralostidagi funksiyani A-dS
deb yozish mumkin. Agar n=(cosa, cosf, cosy)-birlik normal
vektor bo'lsa, tenglikning o‘ng tomonidagi integral ostidagi funksi-
yani rotd.n deb yozish raumkin bo‘lib, Stoks formulasining vektor
ko‘rinishi quyidagicha bo‘ladi:

| J' A-dS = ”IrrolAdS (48)
o(S) (%)

(48)-tenglik maydonlar nazariyasi tilida quyidagicha aytiladi: 4
vektor maydonnning sirtning chegarasi ho‘yicha olinga_m.sirkulyat-
siyasi ror4 maydonning (S) sirt ho‘yicha olingan ogimiga teng,

(44) formuladan foydalanib, Gauss-Ostrogradskiy formulasi vektor
ko‘rinishida quyidagicha oniL’ldii

'”/1 ndS = J] divAdV 3 (49)

bu yerda dV =dxdydz hajm elementi.
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(48) va (49) formulalar vektorlar maydonidagi rotor va divergensi-
ya operatorlarining invariant ekanligini ko‘rsatish imkoniyatini beradi.

1-ta’rif. Agar A vektor maydon uchun shunday skalyar U may-
don topilib, gradU=A tenglik bajarilsa, unda A vektor maydon
potensial maydon deyiladi. U/ funksiva esa A maydonning skalyar
potensiali deb ataladi. .

2-ta’rif. Agar A vektor maydon uchun shunday B vekfor maydon Wﬁb,
rotB=A tenglik bajarilsa, u holda A maydon solenoidal maydon deyiladi.
V vekior maydon esa A maydonning vektor potensiali deb ataladi.

Punktning oxirigacha biz maydonlar uch o‘Ichovli fazoda qara-
layapti, deb faraz gilamiz.

1-teorema. A maydon potensial maydon bo‘lishi uchun rotd=0
bolishi zarur va yetarli,

2-teorema. A maydon solenoidal bolishi uchun divA=0 bo lishi

zarur va yetarli. : 3
(48)-Stoks formulasidan va 1-teoremadan quyidagi tasdiq kelib
chigadi: Agar A potensial maydon bo‘lsa, u holda maydonning yopiq
egri chiziq bo‘yicha olingan sirkulyatsiyasi 0 ga teng bo‘ladi.
(49)-Gauss-Ostrogradskiy va 2-teoremadan quyidagi tasdig k'chb
chigadi: agar A solenoidal maydon bo‘lsa, u holda maydonning biror
jismni o‘rovehi yopiq sirt bo‘yicha olingan ogimi 0 ga teng bo‘ladi.
Shuni ta’kidlash lozimki, ixtivoriy vektor maydonni polcn.sm!l va
solenoidal maydonlarning yig‘indisi ko‘rinishida ifodalash mumkin.

11°. Furye qatorlari

I-ta’rif. f(x) funksiya [~x:7] kesmada absolut integrallanuvchi
bo sin. Koeffisientlari

[
a, == [ f(x)eosnxds, n=0,1, 2,.
” ”

l x
b w— i 2 1 1
T !,f(x)smnxdr n
formulalar yordamida aniglangan ushbu
/(x) ‘;£+ > (a, cosnx + b, sinnx) (50)
nel

trigonometrik qator f(x) funksivaning Furye qatori, a,, b, sonlar
esa-Furye koeffisientlari deyiladi,
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Absolut integrallanuvehi funksiyaning Furye koeffisientlari 7 — oo
da 0 ga intiladi. Agar funksiya juft bo‘lsa, Furye qgatori fagat kosi-
nuslarni, toq bo‘lsa fagat sinuslarni o‘z ichida saqlaydi.

1-teorema. (Rimanning lokallashtirish prinsipi). f(x) funksiya
Furye qatorining x, nugtada yaginlashishi, ixtiyoriy kichik &>0 soni
uchun f(x) funksiyaning [x,-&;x,+3| kesmadagi qiymatlarigagina
bog'lig bo'lib, bu kesmadan tashqaridagi giymatlariga bog'liq emas.

2-teorema. Agar f(x) funksiya [-7:7] kesmada bo‘lakli-uzluk-
siz bo‘lib, har x nuqgtada chekli bir tomonli

1) tim BRSO
Ax=>40 Ax
£~ -f—(i"%_i(i—g;

Ars-0

hosilalarga ega bo‘lsa, u holda f(x) funksiyaning Furye qatori har

e fx g 0)= fi(x=0)
bir x nuqtada yaginlashadi va uning yig'indisi —(——)—~

ga teng bo‘ladi. Xususan, funksiya uzluksiz bo‘lgan nuqt:_lda Furye
qatori funksiyaning shu nuqtadagi giymatiga Yﬂqi“l‘{Shad"
Yaginlashuvchi Furye qatorining yig‘indisi davri 2z ga teng
bo'lgan davriy funksiya bo‘ladi. B
3-teorema. Agar f(x) funksiya [—ﬂ:lr] kesmada kv‘fd':a_" b{"",’
integrallanuvchi funksiva bolsa, u holda quyidagi Bessel tengsizligi o'rinli:
Ly h,;)sl [ 7 (e (51)
4 el n n ¢ d
Agar funksiya |-z x| da uzluksiz va f("’)zf(”) HiNG pda
ushbu Parseval tengligi o‘rinli:

eI (s ! 5
2 ) e | f2(x)dr. (52)
(et )= [P
3 = . iq; b/
Agar  [(x) funksiya [a, I)] kesmada ?erllg”’lzo{;‘i”/;;;;d‘::;? [:;:'1
shartlarni qanoatlantirsa, unda uni umumiyroq S
-7+ 27

. ; i 11
gonometrik qatorga yoyish mumkin. Buning ucht b-a
a, b] kesmani [~ x] kesmaga akslanti-

akslantirish yordamida [
ramiz. Natijada,
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fprel)= j'(a AP a))
bo'lib, p(t) funksiya [-7; 7] kesmada aniglangan. ¢(r) funksiya
[-#: 7] kesmada Furye qatoriga yoyiladi va s o‘zgaruvchidan x
o‘zgaruvchiga qaytsak, f(x) funksiyaning [a, b] kesmadagi Furye
qatorini hosil gilamiz. Masalan, f(x) funksiya [-/; /] kesmada
2-teoremaning shartlarini ganoatlantirsa va u shu kesmada uzluksiz
bo‘lsa, u holda

x)=2, 3 a,ooslx—xd—b,sinfg .
s “ 1 i
nwl
tenglik o‘rinli bo‘lib,
1
a, =; | f(x)cos%dx. n=0, 1, 2,..,
=

Jit . nxx
b, =-l-._!'f(x)lm—l—dr, el 2

bo‘ladi.

Agar f(x) funksiya [0; 2/] oraligda berilgan holda ham yu-
goridagi tengliklar ofrinli bo‘ladi, fagat koeffitsientlarni hisoblashda
integrallarni [0; 2/] oralig bo‘yicha olish kerak.

Nazorat savollari

1. Ikki karrali integralning ta’rifi. 3
. Darbuning yuqori va quyi vig'indilari hamda ulaming xossalari.
. Lebeg teoremasi.
Ikki karrali integralning asosiy xossalari.
O‘rta givmat haqidagi teoremalar.
. Ikki karrali integrallarni hisoblash.
. 1kki karrali integrallarda o‘zgaruvchilarni almashtirish.
. Silindrik koordinatalar sistemasi.
. Sferik koordinatalar sistemasi.
10. Ikki karrali integral yordamida hajm hisoblash.
11. Tekis shaklning yuzasini hisoblash,
12. Sitr yuzasini hisoblash.
13. Ikki karrali integrallarning mexanika masalalariga tatbiglari.
14. 1-tur egri chizigli integral tushunchasi.
15. 1-tur egri chizigli integrallarning xossalari.
16. 1-tur egri chizigli integrallarni hisoblash.
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17. 2-tur egri chizigli integral tushunchasi.
18. 2-tur egri chizigli integrallarning xossalari.
19. 2-tur egri chizigli integrallarni hisoblash.
20. Grin formulasi.

21. Grin formulasining tatbiglari.

22. 1-tur sirt integrali tushunchasi.

23. I-tur sirt integralini hisoblash.

24. 2-tur sirt integrali tushunchasi.

25. 2-tur sirt integralini hisoblash.

26. Stoks formulasi,

27. Gauss-Ostrogradskiy formulasi.

28. Maydonlar nazariyasi elementlari.

29. Furye qatorining ta’rifi.

30. Rimanning lokallashtirish prinsipi.

31. Furye gatorining yaginlashishi.

32. Bessel tengsizligi.

33. Parseval tengligi.

-B-
Mustagil echish uchun misol va masalalar
I-masala. Berilgan egri chiziglar bilan chegaralangan D soha

uchun U/ (x.v)dxdy §pki Karrali integral takroriy integralga

keltirilsin va integrallash chegaralari ikki xil tartibda qo‘yilsin.

L1 y=0, y=3, y=x, p=x-6. L2y=l 2y=x 2y=8-x y=0.

13 y=xy=x+3,y=2xy=2x-3. 14 y=x’, x-y+2=0.

LS x*+y'224%, x*+y*s2ax. 16 .V=2x—x2’ ViEER

B 5 il 1.8 x=4, yZ%xZ, y<6.

19 y<9-x 332, 1.10 y=x y=4x xy24, y<8.
L11 y=x, y=4x, xy24, y%6.

112 y<2ax, x*+ y* 22ax, =0, x=2a, y=0.

1.14 y=—;~xz. wa=xt, 0sx<l.
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L15 xy=9, x+y=10, 1<y<3.

117 y>x* +4x,y=x+4.
L19 y 3yl Pase=il:
1.21 y2x* +2x, y=x+2.

1.16 3* +8x=16, y*> —24x=48.
118 y’>x"—4x, y<x, x21.
1.20 ) <6+3x ¥ <8—4x, [Ys+2.

2-masala. Integrallash tartibini o‘zgartiring.

il
21 [
=2 ~foey > B

S v
2.3 j’dyjfdx+ [dy !fdx_

2.5 _Idx }ﬁy-r fdx]fdy

2.7 _j’dy J' v+ ]‘ay f .
IR 7 | P
2.9 j!dx | Fv+ fax | fay.

2.1 ;fdx :ffdy+ ]dx }ﬁly

/4‘ win

213 % | s+ fdy f/dx.

N

215 [ Ifdx+fdy [fdx

€

2.17 J.ﬂ)’ffdu ]dy fdx.

~yf2-y

ﬂx+jdy’fdx

i ) V2 0
22 J& ; fds+ fdy [ fas

2=y

1 B 2. oy
2.4 [dy Ifdx+ J’dy J’ fidx.

2.6 jdy ffdx+ jdymf fds.
o /_/' 0

2.8 f‘lv ]'fdn j dy ’j .
0 -5 1 f

2.10 Idx j Sy + ],/, _ [ st

2.12 }d)’ j Sdx + ](/y f Jdx.

2.14 fldx I fdy + fr/r [ fdy

{2s

2.16 f’y I fx 4 j'dy J’ fds.
“f2<y

2.18 fdy]/du i f s
0 o ! 0
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5o jde:l_z Sy + Jz!dx_‘:{jfdy 2.20 :.id}’_(:! ')fd’t + ;[dylfdx

|

1 N
221 fax [fdy+ [ax [ sy,
0 0 1 0
3-masala. Ko‘rsatilgan D soha uchun _Uf (x.y)dxdy integralda

D
quth koordinatalariga (x=rcosg,y=rsing) o‘tib, integrallash
chegaralari ikki xil tartibda qo‘yilsin.
31 D= {(x,y):x: +y £2y}.

3.2 D={(>\-,y):u2 <x’ 4y sbz,a>0,b>0}.

33 D:{(x.y):(xz+y:)2 =a=(x3—y:),x50}.

3.4 D soha x=0, y=0, y=1-x chiziglar bilan chegaralangan.
3.5 D soha x’=ay, y=a (a>0) chiziglar bilan chegaralangan.
36 D ,-:(,\‘.Av):();xsl,x:Sny}.

37 D g( x,»):0= ySZ._vaS\/sy}.

38 D ‘l(.\.r):(): .\‘:’-2.05}1\/5.:}‘

3.9 D={(r,p):r :Zcos(p.rs4cos¢}.

310 D={(xy):x+y sdx+y22}.

31 D ’,(\.v)'\’4_\':;‘8.x2+}’254x}.

3.12 D={(x,y):x*+ \"I?;IS.x2+yz$6y}-

313 D={(x)): +y +4x20, + ' +8x<0}.

314 D={(xy):x2y x4 yﬁ(),yZO}.

3.15 D={(xy):x*4 _v'”f4x,iy|$|x|}.

3.16 D 'i(u’/') r L--Zsinw,rsSsinw.OS'PS%}'

321



3.17 D={(x.y):f+fsu,f+yzz4x}.

3.18 D={(r.p):r<2cos3p,r21(I va /V chorakdagi qismi).}.
3.19 D={(xy):¥ +y zxx+y <2x}.

3.20 D={(x,y):x’+y’$4x,x’+y‘22y},

321 D={(xy):0sx<12x<y<3x.

4-masala. Hisoblang.
a1 1277 #1682y )dsdy; p.x=y, y=r, y=—x.

42 }I(9ff+48r‘r‘)bdn Dix=ly=\x y=-x.
(62 ~96%'y)dsdy D:x=1, y=ifz, y=-+"
(182524328 5t D: 1,9 =2,y =~35.
fj(”‘zy’*“’a’”)‘t‘d” Dix=ly=xy=-x
ff(wx’y’ﬂzfy’)dxdy. D:x=1, y=¥x, y=-x".
ff(lsfyzﬂh’y’)dxdx Dix=ly=x, y=—/x.
48 fj27x2y2+4sfy’)¢my, Dix=l, y=x, y=-x.
49 fj4xy+BX’y’)dxdy. Dix=l, y=x', y=—x.
4.10 ﬂ(‘z"”*"" Jdsdy, Dix=ly=\[x, y=-x.
fj'8xy+9xy dudy, Dix=l,y=3x, y=-x.
ﬂ(zmnu’y’)dmy; D:x=l, y=x, y=-Yx.
ff(12w+2712y2)dxdy; Pael yur, y=ifs.
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4.5
4.6

4.7

4.11
4.12
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4.14 H 8xy+18x°y")dsdy, Dix=1, y=35, y=—r.
4.15 U( W+—xy)dxa)'; Dix=1, y=2, y=—x.
4.16 {J(gwwx'y )dxdy; D:x=l, y=ofks JEar
4.17 ff(24w—48x’y’)dx4y; Dix=lpyuit, panls
4.18 ﬂ (629+24xy)dxdy; D:x=1, y=of&, y=—2*.
4.19 ﬂ“xy+16x Jaxdy; D:x=1, y=3x, y=—x.
4.20 {f(4n'+l6fy’)dxdy; Dix=ly=x,y=-3x.
4.21 ﬂ(fy—‘bf’)")dxdy; D:x=1, y=x', y=—Jx.

! 5-masala. Hisoblang.
_va * dxdy, D:y=In2, y=In3, x=2 x=4.
D
2 . Xy %
5.2 U\ mn}%drdv; Dix=0, y=\/;, }'=E-
D o
53 j.‘._"t'lw.\'l'drd_\'; D:=y=§. y=n, x=1, x=2,
D

5.4 ”i"(' "d_r(]y' D:x=0, y= 2, y=
)

55 Jj":’i'] .\t"(l’.\‘{/_\“, D:y= E, y= n, X= 1, X=2.
D 4 2

SY BN

5.6 _“12\‘sinl‘\'w/.\‘dr; [);y:.;ﬁ_ y==, x=2, x=3,
) ) x

5.7 .”‘ cos 22 dedy, D:x=0, )’=\/—i» b AL

n 2 2 2
58 ”\.2’(‘fh_n-d,rdy; Dix=0, y=*/;: y=x

»

Jile

59 'U/l']ur /Ix(l):; l):y:ln3, y=|ﬂ4, x:—z-, x=1.
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5.10 Hyej‘letdr D:y=in2, y=In3, x=4, x=8,
5.11 H‘Y’MW D:x=0, y-\/: y=x.
5.12 [,Iw’mm D:x=0, y=\27, y=2x.
5.13 .‘UYWW D:y=€-. y=x, x=-;-, x=1.

5.4 [[2yeos2adidy; D”“%' y=§. x=1, x=2.
D

515 [y ¢ Vdudy, Dix=0, y=2, y=%.
]
5.16 H}'zt-%drdy; D:x=0, yz\/i, y=x.
P
5.17 HySinx)dxdy; D:y=z, y=1x, x=-;-, x=1.
D
5.18 ﬂ}"mmdvbﬁ D:x=0, yz‘/g'-, y=§,
5.19 ﬂsﬂ"’drdr D:y=In3, y=In4, x=
5.20 _[[3)’ lm——dxdyD x=0, yEF y==x
D 3 3
5.21 {IJ’W’WD:y-g,y.;;,,x__.%',:,‘

6-masala. Hisoblang.

_.%- -x-. Z is:]
6.1 (wl x y z) (V) Sy
+§+:_1-+§ x=0,y=0,z=0.

R ; Jr=x4y,x4y=1;
B R 8 it

yex,y=0x=1;
z=5(x2+y’).z=0‘
324

6.3 (ﬂ;f(”*“y}dxdwn (V):{



6.4 J]]'27x+54y Jasd; (). {y %y=0x=1;

\/52 =0.
%, EIRA
o ‘”’(1+ Iy 2 2)2 ("):{16"8 "3
16 8 3 x= 0,)' Oz 0.
6.6 Hf@" +y* ) dvdydez; ): {z 10y,x+ y=1,
0,y=0,z=0.
6.7 fﬂ(15Jr+30z)dxdydz "): {z =x*43)% z=0,
y=xy=0x=1.
y=x,y=0,x=1;
6.8 4+8~ dxdydz v
i <>{Z_ o

b o 36)-‘,)' Ox 15

6.9 ﬂf x’ )dxdyds; (V){ i

6.10 IU Ixzdxdydz; (l’) {J’ xy=0,x=2;

i x,z=0,
(i)\dva" f ), i
Sa N ) (,,){w 2iiai;
[ 10 8+} x=0,y=0,z=0.
6.12 ”{((»(H-l‘)()-)dujydh (V) y=xy=0x=1;
B z=x+y,2=0,

y=9x,y=0,x=1;
613 [ff| l:n : ;de(lydz; ) {z B

) »

6.14 j”(‘) +18z) dxdydz; (7):

)

{y=4x,y=0,x=l;

z=\/:\;,z=0.
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et -
6.15 (w(,,,; 24 t) (7): {: 5,: 60: :

=x,y=0,x=1;

e g,j(sy"’u’)m (y):{:=3f +2y*,2=0.

y=x,y=0,x=1;
x+ yz)dxdydz; (y).
6.17 i["';j( ) ( ){z=30x’+60y’,z=0-

e ] 5

618iw £ ¥ | (v): 6 il 16
] (“6”4"16) 0y, 2.%0.

6.19 myzdrdydr ¥): {’ =10(3x+y),x+y=1;

=0,y=0,z=0.
3z y=xy=0,x=1;
5"*")414}’42'. V):
o i["g( 2 ( ){z=x’+15y’,z=0.

. z.y
6.21 (I»{I(,,,s,,;' 2)' (V):{s 3

5 x=0,y=0,z=0.

+—=];

7-masala. Quyidagi chiziglar bilan chegaralangan shaklning
yuzasi hisoblansin.

3 x —— B
11 Py y=4¢'s y=3, y=4. 1.2 3. [36-), x 636
7.3 x1+y2272, 6y=-x’ (y$0)7.4 x:g,_'v;r‘ gy,

3 P! P
7-5 Y y=8e’ y=3! y=8. 7.6 y:.‘\._(ax,’ y= »,l,u x =16,
" 2 2x

y=5¢, y=2, y= Si

LS
.

1.7 x=5-y", x=-4y. 78 y=
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19 x4y" =12, ~oy=2* (y<0). 7.10 #+y=36, H2y=+ (y20).
3

11 y=2Vk, y=2, x=0. 712 y=3lE y=3, =4,
2 2x x

: D5%S, 5
7.13 y=sinx, y=cosx, x=0 (x>0). 7.14 y=7—x', Y‘-'X‘E-

2 :
715 y=20-x*, y=-8x 7.16 y=7, y=7¢' y=2, y=T7.
117 y=32-x, y=-4x. 718 x={T-y, 6x=)y. y=0 (y20).

7.19 y=sinx, y=cosx, x=0 (x<0). 7.20 y=8-x’, y=-2x.
7-21 y= 6_12, y=\/g— '6—1’2.

8-masala. Quyidagi chiziglar bilan chegaralangan
shaklning yuzasi topilsin-

8.1 V' -2y+x*=0; Y —4y+x* =0, y= J_ V= x.

82 x*_2x4 .V'A =0: _\':-]()_\'4-);3:0; y=0, y=\/5x.

y o &l » X
8.3 X" ~4x+y’=0; x*-8x+y*=0; y=0, }'=$'
8.4 ) -62y4x7 =0; y =10y +x*=0; y=% ¥=0.

) X -
85 YV ~6y+x’ =0; y'-8y+x"=0; @ A

8.6 X -2x+y" =0; x*-dx+y'=0; ,V:—‘/ﬁ, y=\/§,\’.

8.7 x*-2x4)'=0; ¥ ~dx+y =0 y=0, y=x
8.8 Y =2p4xt w0 yF ~4y4 X =0; yz\/jx, x=0,

y=Bx.

8.9 V' ~8y+x’=0; y* J0y+x* =0; y= ‘/“

8.10 ¥ =2x4y =0, ¥ ~6x+y =0; 'vz/\/i’ y=«/3x.
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8.11 ¥ -4x+y°=0; ¥ -8x+y*=0; y=0, y=x.
8.12 3 —4y+x*=0; y’ ~6y+x* =0; y=+3x, x=0.
8.13 y*—4y+x*=0; ' —6y+x*=0; y=x, x=0.

8.14 ¥ -2x+y =0, X -8x+y" =0, y=/J§’ }’=\/§x.
8.15 ¥ -2y+x’=0; y' -6y+5" =0; y=%/§, x=0.
8.16 ¥ —2x+y =0; X' —6x+y*=0; y=0, y=7ﬁ.
8.17 ¥ -2x4) =0, X ~dx+y*=0; y=0, y=%/§.
8.18 ¥V ~4y+x =0, Y ~10y+2° =0; y=/J3., Sy
8.19 ¥ -2+x' =0, y' ~10y+x* =0, y=yﬁ, y=x.
820 x*-2x+y'=0; ¥’ ~6x+y*=0; y=0, y=x.

821 ' -2y+x'=0; ' -4y+x*=0; y=x, x=0.

9-masala. Zichligi p=p(x,y) bo‘lgan va quyidagi tengsizliklar
yordamida berilgan ;) plastinkaning massasi topilsin.

9.1 D:x’+§sl; p=y,

2
9.2 D: f—4—+y’$l; x20; y20, p=6x-y’.

¥y 2
3 P i g I : = =,
93 D 59+4s2. y20; ySJr,p A

2
9.4 D:ls%—+y3525; xz0; yz-g;pz'—:-.
y

2 2
9.5 D: %4--;—’—5—5]; y20; p=x*-y.
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¥ 7 St
D:—+=—<; p=x7y".
9.6 o p=Xxy
e 75
7 D:—+—=<1; y20;, p=—.
3 D+ 35 = S WS

9.8 D:%+)’:Sl; x20; y20; p=5x.
9.9 D:ls%+yls4;y20;y2§x.p=8%,.
9.10 D:%-ryzsl; x20; y20; p=30x"y".
9.11 D:x%+y251; x20; p=Tx’.

9.12 D:ls%w%s?s;yzo;ys%x.p:%.
9.13 [):""%+y:£1;p=4y‘.

9.14 D:x" 4 ‘2; <Ly 20p=Tx'y.

S e
9.15 D:l: 3 4——9—_‘4..r20,)23x/2.p—4,-
9.16 D:x 4'\(;—::.11,1'20;p=35x‘y’.

x’ y

):]« ~S4:x20,y o =/
9.17 1 TR x20,y2x/2.p fl

9,18 D:—+=—=sl,p: X,

9.19 D:=+==<lx20;,y20,p=xy

2 \"‘ . y
):15x '9;'2's.=/»
920 D X 4 T y20,y<4x.p xz
x’ v“‘ X
D:18 —+4==225x20;) 2Ry
9.21 PR xz0y P y
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10-masala.

10.1 §—+¥£—=L y20. chiziglar bilan chegaralangan plastinka-
ning og‘irlik markazi topilsin (p=1).

10.2 ~*=a4’cos2p (o'ng yaproq) egri chizig bilan chegaralan-
gan plastinkaning og‘irlik markazi topilsin. (;3:1). :

10.3 x*4+)* =g 220,20 tengsizliklar bilan aniglangan plas-
tinka uchun 1,1, inersiya momentlari topilsin (p=1).

10.4 y*=4x+4 va y°=-2x+4 chiziglar bilan chegaralangan
plastinkaning og‘irlik markazi topilsin (p=1).

10.5 §-+3y72=l egri chiziq bilan chegaralangan plastinka uchun
1,.1, inersiya momentlari topilsin (p=1).

10.6 §+§=1, §+§=L y=0 chiziglar bilan chegaralangan
plastinka uchun 7,,/, lar topilsin(p=1).

10.7 x*+y*<16, x22./3 tengsizliklar bilan aniglangan plas-
tinkaning og‘irlik markazi topilsin (p=1).

10.8 xy=lxy=2y=2xx=2y chiziglar bilan chegaralangan
plastinka uchun /,,/, inersiya momentlari topilsin (p = 1).

10.9 Agar 1<+ )y’ <4 doiraviy halganing har bir nuqtasidagi
massa zichligi p=x'y* formula bilan aniglansa, uning massasi
topilsin.

10.10 Agar y=x’-4x; y=x chiziglar bilan chegaralangan plas-
tinkaning har bir nuqtasidagi massa zichligi o =x+y formula bilan
aniglangan bo‘lsa, shu plastinka og'irlik markazi topilsin.

3y I ,
10.11 xy =4, ,V=-2°Jr’. y=6 (,Ve-ix'j chiziglar bilan chegara-

langan plastinkaning og'irlik markazi topilsin (p=5x+3).
10.12 ) =3x44 va y* 44x=11 (y20) chiziglar bilan chega-
ralangan plastinka massasi topilsin (p = ).
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10.13 Ikkita @=0 va ¢=7 nurlar hamda r=ap (0<p<r)
Arximed spirali yoyi bilan chegaralangan plastinkaning og‘irlik
markazi topilsin (p=1).

10.14 y=»", x+y=2, x=0 chiziglar bilan chegaralangan plas-
tinkaning ogirlik markazi topilsin (p=1).

Quyidagi 10.15-10.19 misollarda plastinkaning chegarasini aniq-
lovshi chiziglar berilgan. Har bir plastinkaning og‘irlik markazi
topilsin (p=1).

10.15 x=a(r-sint), y=a(l-cost); 0st<27, y=0.

3750
10.16 x*+y*=d% §_+_)__2_=1; x=0, x20; y20.

a b
10.17 r=a(1+sing).

10.18 r=asin2p, 0<g@<

3r
<ps—.

10.19 r=+2, r=2sing, 2

10.20 ay=2ax-x* y=0 chiziglar bilan chegaralangan plas-
tinkaning /., /, inersiva momentlari topilsin (p=1)-

10.21 7 =a(l+cosp) Kardioda bilan chegaralangan plastinka-
ning Ox va Ou o‘qlariga nisbatan 1, 1, inersiya momentlari topilsin

(p=1).

sy N

11-masala. Quyida ko‘rsatilgan sirtlarning yuzalari topilsin.

1.1 y* 427 =x* sirtning xr,)g:,,?_silindr g
kisliklar bilan ajratilgan gismi.

11.2 z* =4x sintning y* =4x~
ajratilgan gismi.

silindr va x=1- tekisliklar bilan

113 (x*+y ) 4z =1 sitning z=0 (ekislik bilan ajratilgan gismi.

11.4 ¥ 4" =4ay silindrlarning X!.,Ly’”’:a’ shar ichidagi ql:Sml..

1LS (x4y) +22°= 94’ silindrik sirtning | -oktandagi gismi
(x20, yz0, z20, x”4y2+z:¢0).
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116 (x+y) z=x+y sirtning 1<x*+y* <4,x>0,y>0 sohadagi gismi.
11.7 az=xy giperbolik paraboloid sirtning (x* +y') =2d'%
silindr ichidagi gismi.

11.8 z*=2xy konus linnim \/E+J%<l, x20, y20, z=0,
¥ +y*#0 a>0,b>0 sohadagi gismi

119 3=2(xx+3/y) sirtaing x=0,y=0.5+y=1 tekislilr
orasidagi joylashgan gismi.

11.10 z=./x+)* konus sirtining x*+)”=2x silindr ichida
joylashgan gismi.

11.11 x*+y* =2az paraboloid sirtining (x+y) =2a’xy(a>0)

silindrik sirt ichida joylashgan gismi.
11.12 az=2xy giperbolik paraboloid sirtning x* +y* =a’(a>0)

silindr ichida joylashgan gismi.

2
. (-‘ Z) +==1 sirtning x=0,y=0,z=0 koordinata tek-

isliklari orasida )oyladmn qismi.
11.14 z*=2xy konus sirtning x+y=1x=0,y=0 tekisliklar

orasida joyluhgaln gismi.

11.15 z=5(.r’—y’) giperbolik  paraboloid  sirtining
(x*+y*) =x* )" silindr ichida joylashgan qismi.

11.16 z=/x*+y’ va x+2z=a sirtlar bilan chegaralangan jism-
ning to'la sirti (a>0)

1117 = E—+-'l(ﬂ,b ¢>0) sirtning 1-oktantdagi gismi.

1118 x*+y’+2° =R’ sfera sirtining (x* 4v} =R .(x* “yj)
silindr ichidagi gismi,

11.19 x4+ )" =6z sintning (x*+ y*)" =9-(x* - ") silindr ichi-
dagi gismi.

11.20 7' =4x sintning y* =4x,x=1 sirtlar bilan ajratilgan gismi.

11.21 y*+2* =" sitning x* =gy sirt bilan ajratilgan gismi.
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12-masala. Quyidagi sirtlar bilan chegaralangan jismning
hajmi hisoblansin.
X +y'=2y;
12.1 z=/—x1, Lt
x* +y =7x, x* +y* =10x, y=0 (y<0);
12.2

x+y,z =0

x! +y =y, ¥ +) =4y,
12.3

z=4x* +y z=0.

V

12.4 { z+y —64 o (220)

l +y —8\/_:(’
ns |

[\ 4 y —2‘,
12.6 \! ) _-._‘ L
12q ¥ 4) +ax=0

|z=8-)%, z=0.

[‘ +y? =3y, x*+y =6,
X l \/»\”:VH z=0

= 0

i‘ + y’ =6x x4y_9x;y~0 (yS)
W, .

J(" b y* = 642x;
12.10 \

1z= ¥ +y* =36, z=0 (220)'
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P +y =612y,
zu ,=f+y’-—36,z-—0 (z20).
*+y =22y,
.12, _p4)2-4 2=0 (z20).
2 +y =2y, X +y =4x,
12.13 ______f B nu o oL,
x’+y’=2y.>?+y’ 5y,
e x’+y’ 2=0.
x’+f=8: P+y =l1lx, y=0 (y<0);
12.16 by

xuyz»,z./iyw,
12.17 z=xt+y* -4, 2=0 (220).

Xz“l'yzz‘\/ixa
L8 1 it s y?=16, 320 (220).
X4y =4x, {xu,v":f‘y-
e P PR )
4y =-4y, Lay =1y,
12.21
i +y s 2=,

3-masala. Quyidagi sirtlar bilan chegaralangan jismning
hajmi hisoblansin.

{::2—]2(x’+y:), z=24(x* +y7)+ 1,
131 z=24x+2. 8.2 z=48x+1.
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2=10] (x=1)"+ 524,
13.3 { [( ) yJ
z=2]

-20x.

z=8(x2 +y2)+3,
13.
o z=16x+3.

jz =2—20[(x+l)z+yz},

13.7 l

13.9 {~

7 = . ==2 -1 2+y2 -1
13.11 -{’“28'[(”’)2”2]*3' Bz | [(x ) ]

l:zS(u‘#-S‘). z=4x-5,

.{:r- 32(.\‘3 +y:)+3, {z=—2(12+}’2)"l;
13.13 ’:‘ 3-64x. 13.14 z=dy-1,

[“ ] ()[>(,\'—l)z+y:], z=26[(x—l)2+y2]—2,
13.15 | wingde 13.16 b o,

|7=2-4(x 4 %) 43, 7=30(x"+y?)+1,
13.17 1 il 1318 1, _goys1

jr 22 {(‘ ,)' *'11’77!13. =—16[(x+l)2+}’2]_1,
13.19 .!: B = e =30x-33.

|2=2-18(x% 4 y?),
13.21 ] (x *})

Z=7) 36y.

Z=-40x-38.

4-14(x +y?)
=-34-28y

335
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13.6 {
z
13.8
13.10 {

o {z=2-18[(x-1) ],

=-36x-34
=-16(x*+ »)
=-32x-1:
=30[(Jc+1)2 +y2:I+l,
z2=~60x-61.

26(x + y
=-52x-2.




14-masala. Quyidagi sirtlar bilan chegaralangan jismning
hajmini uch karrali integral yordamida hisoblang. 3
14.1 (x’+y’)x’+z‘=a’m. 14.2 (r’+y’+zz)3=a"-(r'+)f) :

S |w

< GRAT iy
x 4 z
ST R
a b c

143 (P +y) +2'=a-(x-y). 14.4 (

P+ =l +y 42 =16, bt e |
14.5 {zﬁ-xu,é(xzo,yzo.zzo) 14.6 z=10(x* +)7) +1,z2 .

£ ¥ ey
14.7 -3-+-9—'=Iz-21=7+—9—- 14.82=24(x‘+y) +1,z=48x+1.

14.9 ¥ +y =3z,x+y=6. 14.10 :=2-20(x'+y*) .z=2-40y.

W1 seofTipsmtostert. W12 [+ [P0 fariroy-0:m

14.13 z=[64~x" =y’ z=1,x"+y* =60 (silindr tashgarisida).

2 3
14.14 2z=2¢ +-’;—,4f +%= 1,z=0.

14.15 z=12§ x’+y2.z='_21_,z__,.:,

1416 y'+2'=a’,y' +2° =X’ x=b(0<a<bh).

0 s T
14.17 Z="—-—X“—y'.2:=x‘ +y’.
9
2 ‘s Y2 2 2
Py -y i:
o e e | g | e e e LD
14.18 (az b Cz) (a: ¥ )ec
14.19 z=4—l4(x:+yz)2.zm=4-28,x.

1420 x+y+z=a,x+y+z=2ax+y=z,x4y=2z,y=xy=3x

& T
1421 X*+y’ +28 =2a,x* + y' = 2" x* + y* :52".
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15-masala. Egri chizigli integrallar hisoblansin.

15.1 [sinyd+sinxdy, y:4(0.7) va B(7,0) nugtalarni tutash-

» X A
tiruvcehi kesma.

dx +dy
15. —, A(l O,BO;I,C—I;O,D(O;I).
% ABCDA IAI"‘])I ) ( ) ( )
x+y)dx—(x-y)d 3
15.3 [ﬂ( L e L yixt+yi=d.

2 2
y X +y

15.4 I(Z" ')dx +xdy; y:x=a(t-sint), y=a(l-cost), 0S¢<2n.

2
15.5 {j](,x+_1')dx+(x—y)dyr, y:i—;+——=l.
Y
15.6 J(A\'? "'A":)d-\‘*'(-\':-)’:)(1}‘, 7;):=l—|l—xl, 0€x<2.

15.7 [(A - 2""')"'\."‘()’2_2X)")dy! 7;y=x1, -1gx<1.

xdx 4 \d) \:

=, :~+——_
\/I X5 4y ap

V3
15.9 j\’-i\ xdy, y:x=acos't, y=asin’l (05!5-2—)-

15.8 1, x20, y20.

vdx - xdy n
15.10 | &, y:x=acos't, y=asin't (05'55}
g

15.11 {jnw velx + sin xdy, y :uchlari (1 0), (G 2), wa (% 0)

nugtalarda bo‘lgan uchburchak konturi.
15.12 [f2xdx - (x+2y)dy,y: uchlari (5 ) (6 2) ¥2 (2 )
nugtalarda bo‘lgan uchburchak konturi.
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15.13 [(5* +3*)dx+2dy, 7:y=¢" chiziqning (0; 1) va (5 ¢)
nugtalari Jrasidagi yoyi.

15.14 I’“b" "*Z‘l to'g'ri chizigning (a; 0) va (0; b)
nugtalar ormdlti !mmlsl.

15.15 ;’Md" " (x’+y )2=az(x2+y:)-lcmniskata yoyi.

15.16 J(X%'U'%)"v 7'3’%*)’%:074‘ astroida.
r
15.17 !(x+y)dl. i onlp - lemniskata.

: 32
15.18 !fd:, y:x*+y'=d’, x20,

15.19 f}’d‘- v .V:=2", 7: parabolaning (0; 0) va (l;ﬁ)
nugtalari o;'asidagi yoy.

I
15.20 ]xz+yz+4d" 7% 9) va (I; 2) nuqtalarni tutash-
tiruvehi to‘g‘ri chizig kesmasi.
1521 [ods, 7:3d+ai=12, yzo0.
6
16-masala. Hisoblang.

23 (2)
16.1 f xdy + ydx, 16.2 J’ (x+ y)dx +(x~ y)dy.
(0.4)

(~1.2)

("z’ydx—xdy
16.3 o

X

“‘zlydx—xdy T
35— --0y o‘qini kesmaydigan chiziglar bo‘ylab.
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(1:3)
165 [ (4xy-158 e+ (26 -55+7)dy.
(02)

16.6 (bf) Xty
G m koordinata boshini kesib o‘tmaydigan chiz-

iglar bo‘ylab,
(1)
16.7 [ (x=y)-(dx-ay).
(l,-l)
(0.0)
16.8 J' (x“ + 4.xy’)dx+(6x2y’ —Sy‘)dy.
(-21)
(3.-4)
16.9 J' xdx + ydy.
(o)
ue xdy — ydx ] ; i
16.10 f ”("—T“ “YEX po'ghi chizigni kesmaydigan chiziglar
o= (x=y

bo ‘ylab.

(u.h)
16.11 { S (x+ y)-(dv+dy). f () = uzluksiz funksiya.

16.12 [ ¢ (cos ydx~sin ydy).
(0.0)
16.13-16.21 misollardagi ifodalarning biror F(x.y) funksiya-
ning to‘liq differensiali bo‘lishi yoki bo‘lmasligini aniglang. Agar u
toliq differensial bo‘lsa, I"(x,y) funksiyani toping.

16.13 (\ b 2x _\r")(/x o (.\‘: ~2xp "}':)dy.

' | 5y
12x%y 4 — tl\'+(4x ———]dy.
16.14 ( J ),_J 7
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P ~1"+ .\’,+y2
-
(» +2;y+5y‘)dt+(x’ -2xp+y)dy
(x+y) 3

16.16
16.17 Ex—;yfdxz—x;;?i’y?

16.18 ¢ -[e’(x—y+2)+y]dx+e’ -[e" (x-y)+ I]dy.
i

x* +4y*

Zx(l e’)dx

16.20 (I+x’) 1+

16.19

16.21 [7%;*’)**(7.37‘}‘"
17-masala. Quyidagi I-tur sirt integrallari hisoblansin.

17.1 [[Jx'+y'ds, (S)’-*‘;‘;"o 0<z<h konusning yon sirti

5
17.2 (g'xwy )ds. (5)=yshpu Jr¥' sy’ <z<1 jismni chega-
ralovchi sirt.
17.3 (S!(W*-"“‘y’)d’- (5)~ z=m konus sirtining
x* + y* =ax sirt bilan ajratilgan gismi.
17.4 ‘_!;"(x:)ry:)zds. ()= +y' +2'=d*, z50.

17.5 f“’" ($) = birinchi oktantdagi x+ y+z=1 tekislik bilan

ajratilgan tctmcdmmg to‘liq sirti.
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17.6 H(xz +y)ds, (S)=x*+y +2'=a
b

H(x+y+z)ds, (S)-ushbu 0<x<a0<y<a0<z<a
(5)
kubning to‘liq sirti.
17.8  [[(6x+4y+3z)ds, (S)-x+2y+32=6 tekislikning I-
)
oktantdagi gismi.
1.9 ([zds, (S)-z=116-x*-)? sirtning x20,p20,x+y<4
(%)
sohadagi gismi.
17.10 H(,\-z-fy:+z:)ds. (5)—x*+)* +4x=0, 25754 silindr-
(%)
ning to‘liq sirti
17.11 [[zds, (S)-z=xy sirtning ¥ 17 =4 silindr ichidagi qismi.
(%)
17.12 H-"‘l"'~ (S)—.\-=2_v:+l(y>0) sittning x=)" +2°,x=2,x=3
(%)

sirtlar orasidagi qismi.

17.13 ( (\/ v xids, (S)-x*+y =" konus sirtining x*-+ Wieat

silindr bilan m atilgan gismi.
% 5 o

\" z? ,‘_- L.:——-: h>c¢
17.14 TM’, Sty (8) = ST Uiiiep0)

pr ds (\') - x+y+zsl, x20, y20, 220
[ 3 " A .
17.15 WL yh)
tetraedrning chegarasi

17.16 ]J‘;Jr( vy + yz + 2x)ds, (.s-)._.zz,/x? +y0, ¥4y <2ax.
()
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17.17 [ff(x* +»*)ds, (5) - JF+)7 <z<1 jism chegarasi.
()

17.18 Eﬂ x’+f+z--§-)ds, (8) - 2z=2-¥-y, z20 P2
)
raboloid gismi
17.19 [ff(3x* +5y* 437 ~2)ds, (5)-y="¥'+=* konusning
y=0 va y~b tekisliklar orasidagi gismi.

17.20 H’J”d‘- (8) - =22, z20 konusning x +y'=d"
(5)
silindr ichidagi gismi.
17.21 mxyl!d& (§)-z=x"+)", sintning -1 tekislik bilan
ajratilgan di?mi.
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-D-
Namunaviy variant yechimi

1.21-masala. Ushbu y>x*+2y,y=x+2 chiziglar bilan chegara-
langan D soha uchun [[/(%¥)4dy iidd karrali integral takroriy in-
D
tegralga keltirilsin va integrallash chegaralari ikki xil tartibda qo‘yilsin.
< Birinchi navbatda y2x2+2x=(x+l)z-l va y=x+2 chiz-
iglarning kesishish nugtalari M, (-2;0), M,(1;3) lamni topamiz va
sohani chizmada tasvirlaymiz (14-chizma).

14-chizma.

14-chizmadan ko‘rinadiki, D sohani tengsizliklar yordamida qu-
vidagicha ifodalash mumkKin:
Del(xy):-25x2], 2’ +2rS ysx+ Z! = {(.\‘v\'):—l— ‘\'+|S.\‘$—|+J_)'+l:—-lS_VSO}U
Ui(xy)iy-2sx s‘-l+\l_|'+l:05y53}.
20-punktdagi 3 va 4-teoremalarga ko‘ra quyidagi

Bu yerdan 2
Liainl o i
I S y)dx v+ I S (xy)dx v
1 dioi o] 252

tengiklarni hosil gilamiz:

2.21-masala, Integrallash tartibini q‘zgartiring.
1 X Ji Ay
[/I\‘Iﬁ/yvi dx I Jdy.
0 1

0

[ 1 0

(17 (x.v)asa | |7 .),/r%,t\v- |

y Masala shartiga ko‘ra
D=}(x,y):0£x21, 0: y/,\'I;&J{(x‘)')tlﬁxsﬁ, 0<ys< 2—.\':}

D soha 15-chizmada tasvirlangan.
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15-chizma.
15-chizmada ko‘rinadiki, D sohani quyidagicha ham ifodalash
mumkKin:
L A £ a7 L EF
D={(x,1v):J;Sx$J2—y’. Os,vm}:jdx[ﬁf,w [ds [ sdy=[av lfdm

3.21-masala. D={(xy): 0sx<l, 2x<y<3x} soha uchun

Hf(x,y)d\'dy integralda quth, koordinatalariga x=rcosg,y=rsing

‘ub integrallash chegaralari ikki xil tartibda qo‘yilsin.
« Integrallash chegarasini go'yish uchun avval 0 sohani chiz-
mada tasvirlab olamiz (16-chizma).

T

16-chizma. :
Ikki karrali integralda o‘zgaruvchilarni almashtirish uchun bir-
inchi navbatda akslantirish yakobianini hisoblaymiz.

&
IaD(x,y), ar Op _Jeose ~rsing| .
D(rig) | & & | lsing rcosp|
or op



Undan so‘ng D sohani qutb koordinatalar sistemasida ifoda-

laymiz., ya’ni D sohaning akslantirish natijasidagi obrazi A ni
topamiz va (10)-formuladan foydalanamiz.

<AOC =arctg2. <BOC=arcig3. OA=+I*+2? =«/§, OB=\/IJ_E=JI_6: x=1=

=rcosp=l=r=

1
— NN B
cosp {(" (0) arclg2 < p < areig3 OSrSco }
= D,uD, = {(rp):arcig2 < p<aregd,0sr<5}U

u«{(r,ga):arclg%ﬂ(as:zrctgl \/S_SrS\/l_6}=>

artgd 5 V& anctgd
J_f,/'(.\‘.)')dme: J' do J'/j'(r'cosw.rsin(a)dr: jdr I 1f (rcosp.rsin @) dp +
b arctg? 0 0 aniy2
i e
+ Idr I 1f (reosg.rsinp)dg v
V5 gl

4.21-masala. Hisoblang.

J# _U(.\j\'-—4x':,v1)d\‘1l_\'; D:x=l, y=x', y=—~/;-

i D sohaning shaklini chizib olamiz (17-chi;n?a).va karrg]i
integralni takroriy integralga keltirib, uning giymatini hisoblaymiz:

17-chizma.

atedy = ((D:{(x.):05 x5 ~.f€‘-1'5-"'})}:|f“‘

v

I (x,\' —dx'y")dy =

[

1
‘l‘ ¢ ¢ ,‘/ ‘~ i ‘_‘.- 2 y 4‘_x .‘_u, .‘,\+"o] e
{ | 4 ~ e ey X Nl 8 | o e e ] MR
R e . 16 16 A

6 6
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5.21-masala. Hisoblang.

I=Hyeosxjdw.' Diy=z, y=3nx, x=E, =t
D

« Masala shartiga ko‘ra D={(x,y): %stl, lrSySBﬂ'}

soha to‘g‘ri to‘rtburchakdan iborat. Unda
3 iy e i

I='U,)’COSA7M= }h[ymwgljdyjycos;)d\‘: j[y-.)!y-sinxy) dy:
o Lo e | » %

I y ¥ I
=I(siny—sinijdy=(—cosy+2cos—i—J =0.t-

6.21-masala. Hisoblang.

W R
J"' v):

::],

wnin

I J' AN
ﬂ)(”:g,,z {8 3
- e S
< Masala shartidan ko‘rinadiki (V) jism uchburchakli piram-
ida bo‘ladi va uning shakli 18-chizmada tasvirlangan. (V) jismni
tengsizliklar yordamida quyidagicha yozish mumkin:
\ ( A\
V): {(x,yz): 0sx%8, 0= 53(1—:- P 0gscs||-=-218
") {(xy) ) \'"38 z,/i[

1x=0,y=0,z=0.

Berilgan uch karrali integralni takroriy integralga keltirish yo'li

bilan hisoblaymiz:
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(-
. lfﬂ-;“-‘ : l n( : D
= |dx — e iy A il dy =
'-'I. '-'[ (l+i+=‘l)’ * g ‘;[ 4(l+x+yJ‘ o
8 3 | 33 B
( 8
. Bl Es A 3 i) 2
= ] e e 2 | e e e N = &
& 32( 8)+ ( x)‘ e 32(Jr 16) ( x)’
4 1+ = 1+=
8 i g
:—3—1(8—4)-3+2=-3-3—3+2=1.>
B30 8 8 8 8

Izoh. Agar 6.21-misolda o‘zgaruvchilarni almashtirsak, ya’ni
Y= 8u, y= 3y, z=5w almashtirish bajarsak, integralni hisoblash an-

cha yengillashadi.

I‘(x._v.ﬂz

0
3 i (5 50 3
junda yakobian D(x,y,0)

8 0
0 0 =120 bo‘lib,
0.0
(V) jism ushbu (A)={(u, v, w): 0susl, 0sysl-u, 0<wsl-u-v}
jismga akslanadi va o‘zgaruvehilarni almashtirish formulasiga ko‘ra

quyidagilarga ega bo‘lamiz.
] L] I=p =¥
dw
1=120 [du [dv | e
do0 8 (lhutviw)
Bu integrami hisoblab, j=1 ekanligini tekshirish qiyin emas.

7.21-masala. Quyidagi
,\"'\@i;:‘”, y—;Jé-— '6-«‘2;
chiziglar bilan chegaralangan shaklning yuzasi topilsin.
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y= 6-f £ 3 . . " -
< y=s/3—s/-6_:x_2 sistemani echamiz va bu chiziglarni kes-
ishish nuqtalarini topamiz.
P = 3
6—:2 =Jg" 6—x2=:» x'=—73_5-; x2=-ﬁ'
Berilgan chiziglar bilan chegaralangan ;) sohaning shaklini
chizamiz (19-chizma) va bu sohaning yuzasini (15)-formula yor-
damida hisoblaymiz.

19-chizma.

g

}/ff \/;-_r!. 7!5 Voor /.//,( (R 5
5= [[asdy=" [ JL dy=2 [dx [ dy=2 [ (2/6=5 - 6 ) de=
» 1 JaJor ® B led o

7

- X (l: 2 \
ﬂ f\/uz - xdx= 5\/02 -x' 4 -E-tlrcsm-JE +¢, formuladan foydalananuzJJ =

(A a

)

=2( J6-x* +6arcsin7v6--— 6})5 -2
i

3
4 I:m'cain»\{,' - '%‘f} l:‘_’

(2.
(V2V2 25459
:2(21-:}5\/—3:)54”*3\/3 kv.birl. &

8.21-masala. Quyidagi
Y =2y+x' =0, y*-4y+x’ =0, y=x, x=0.
chiziglar bilan chegaralangan shakining yuzasi topilsin.
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YV =2y+x'=0 = P (y=1)' =y
YV —dy+x*=0 = x2+(y—2)2=4,

: Bu tengliklardan fgydalanib, berilgan chiziglar bilan chegara-
angan [) sohaning chizmasini osongina chizamiz (20-chizma).

Y
Y=X
4
|
|
1.7 T
20-chizma.

D sohani tengsizliklar yordamida yozib olamiz:
D= {(X»_l'): V2y-y' Sxsy; ls)'s'l}u[(x.y): 0 x<J4y-% 25_)'54}.
Bu munosabatdan foydalanib, D sohaning yuzasini hisoblaymiz:

4 Jiy-

8= [[dvay ]./y :( ‘z\-+[4r‘ Irdrz]'(_)'—\/2_)'—,\11)dy-fi”4y—y2 =
! | J},' . 2 1 2

0

f[y-\iG-1) },,,.4“(\/J.f(f-zy‘f,‘:[gﬂ;—'\/u-(y—u’-gummy-n)ﬁ
| ]

(1 .
}

2 P y =2 | X | g % Jo A
e 2) 4 2aresin 2 ||*=| 2~ =arcsin] |~ =+ 2arcsin| = =+=arcsinl =
(73 Jad=()=2)" +2arcsin > J[, [ zucnl 3 © 3+3

3(, #x) 3247
3 g | ‘ ) kv. birlik.»

X
9.21-masala. Zichligi £~ bo‘lgan

4

[ b Ty :
D=4(xy): 18=+—=5%5 x20;y22xr
[("") 16 %
plastinkaning massasi topilsin.
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. A

< Plastinkaning massasini (17)-formula, ya'ni M= {fp(x.-y)dxdy
formuladan foydalanib, topamiz. Bu integralni hisoblashni yengil-
lashtirish uchun umumlashgan qutb koordinatalar sistemasiga o‘tamiz:

x=2rcosg =M=D!x.y)___ 2cosp —2rsing

=8r;
y=4rsing D(r,p) | 4sing 4rcosg

n
y=2x 4rsing =4rcosgp p== g %
}n{bmp =¢ 4 = Bajarilgan almashtirishdan

n=

so‘ng berilgan D plastinkaga ushbu A={(r.¢):-§-5¢s’y; lSrSS}

x=0

plastinka akslanadi = M = Hp(x. y)dxdy =
b

L]
do=

1

b s L IRAE 2
= HSrp(.’Zrcosy. 4r|inw)drd¢=8/}dwfr- 2ro§>s¢dr =4 “-c_o_s_g =
% i { A4rsing 7 g 2

4

= 48In]sin¢ﬁ'4 = 48(Insin-’£ - Insin 1) - 48(-|n _.’,,,J =48-In/2 =24In2.0
% b 4 { v2

10.21-masala. r=a(1+cosp) kardioda bilan chegaralangan plas-
tinkaning Ox va Oy o‘glariga nisbatan /, va /, incrsiya moment-
lari topilsin. (p =1)

< Berilgan plastinkaning Ox va 0y o‘glariga nisbatan inersiya
momentiari (20)-formulalarga ko‘ra

1 = ﬂp-y:dvdy = Hy?dxdy va 1 = ﬂpx’du{'y : ” v'dxdy teng-
o 7 v »
liklar yordamida topiladi.
Bu formulalar qutb koordinatalar sistemasida quyidagi ko*rinishga
keladi:

I = _Ur’sin"wdrdm va 1, = Hr‘cm« pdrdp,
. A

bu yerda A={(r,¢): —%’s«:sm 05/'5a(_l+cosc/l)} (21-chizma).
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z
-0
2I-chizma.
a(l+cosp)
e Hr sin® pdrdyp = J'sm odp I rdr =324 Ism' 2. cos" %d¢=
4 2d:
sin—=:= p=2arcsinz = dp =
2 Jl -z 1
={p=0=z=0 =64a‘I:’-(l—z’)%d:=
p=x=z=1 i

(( 'I:*d::%f%dr]] ]’l l—r) dr=32a"- J'r- (1= 1) e
)=32,,~,r(;')'r(lz_l)_2ma‘_

T e o

32a' If[

r.:]a

m[

afl4cosg)

/, ”I" cos’ pdrdg = ”r‘drdw— I, = ]'d(/; I Pdr=1, =
A A -

oS
" = A
8a (U\:w' {/: ~dp=~1, = 8o ——Z 2 =] = 4ra ”

: r'(5) AIERSD

4
Demak, / nd', I =—na".p
emak, 1, ¢ 5

11.21-masala. Quyida ko‘rsatilgan sirtning yuzasi topilsin.
(§): " 42" =x" sictning x"=ay sirt bilan ajratilgan gismi.
4 Yuzasini topishimiz kerak bo‘lgan sirtning Oxy tekisligidagi
proyeksiyasi 22-chizmada tasvirlangan.
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22-chizma. 3

Sirtning yuzasini (16)-formuladan foydalanib, hisoblaymiz. Agar

D={(xy): 0sysa, ysx<ay| desak, unda s=4- ] 1+(2) +(2,) dedb
D

bo‘ladi, chunki, y*+2z°=x" konus sirtning Oxy tekislikka nisbatan
simmetrik joylashgan >0 va z<( tengsizliklar bilan tasvirlanadi-
gan gismlari bor, ham D soha (S) sirtning Oxy tekislikdagi proyek-
siyasining yarim bo‘lagi.

P e - T - -
o f”- - -
8= 4‘/—2— Idy Iﬁ =4JEI "‘; _yz']v/" d; = 4J5 j, ’qy - ,l’: ‘]'v =
o r X = oy » o

-~

a

a
% |d’ aY * Ly - 4 4 2 )ﬂu’
4\/2_! - (} 2) dv=42. ——2-2 Jay -y 4arcsin——£ | =—pe

2 b

unday i, STEhe
Shunday qilib, 72'kv. birl. »
12.21-masala. Quyidagi

e +y’=4y. x* *‘)’2“7)& Ve r—x,. 4‘-“)'?‘-. 7203
sirtlar bilan chegaralangan jismning hajmi hisoblansin.
< Jismning hajmini ikki karrali integral yordamida (14)-for-
muladan foydalanib, hisoblaymiz:

v [/ = ([
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¥ bu yerda D soha x*+)’=4y va
x* +y* =Ty aylanalar bilan chegaralan-
gan (23-chizma).
Hisoblashni yengillashtirish uchun
- qutb koordinatalar sistemasiga o‘tamiz:
X=rcosp, y=rsing.
Unda D soha ushbu
A= {(r,q)): 0<ps<rm, dsingsr s7sin«p}
sohaga akslanadi va hajm osongina

o

23-chizma.

hisoblanadi.

x Tsing % tsmp ‘V’,a Tsing %
V= [[rdrdg= [dp [ rdr=2- J’ dp [ rdr=2 j‘«‘ dp =186 fsin’gadgu:
a

0 dung 0 dsnp o 7 lasing 0

3 %

227 cos’ 2
=186 j(cos‘ p~1)d(cosp)= 186~( ‘p-—cosw) =186-2 =124,

3
H o

Demak, 17 =124 kub. birlik. >

13.21-masala. Quyidagi z=2-18(x*+)") va z=2-36p sirt-
lar bilan chegaralangan jismning hajmi hisoblansin. gyl

< Bu jismning hajmini ham (14)-formuladan foydalaqxb, hisob-
laymiz. Avval jismning Oxy tekisligidagi proyeksiyasi D ni topamiz:

{ 3
: ki 5 2-18(x* .‘1'-‘)_-.2--3(),\':3.\-!+y’—2y=0:>.\~’+(y—l)1=l:>
| 30y
f oo R
D={(x,y):x +(y=1) =1}.
Demak,
I fr' I8(x" 47)=(2 '”,))}/‘,/,, lx“(\‘d\"—~2y)(l\'([r=--lﬂj‘[[x:+(y_l)'—l1ti\zly=
2 b i

((x=rcospes|y|=r, A={(r.p):080p52m “5"i'}]]-.:_wzfdwlfr(r’—l)dr=

0 0

“» I=rsing

1 dp vI:'Zﬂ =97 kub. birlik. &
|

“Jo
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14.21-masala. Quyidagi
x‘+yf"4&§»"~»=2m, ¥+ =2, x2+y2=-;-lz

sirtlar bilan chegaralangan jismning hajmini uch karrali integral
4 lzlangan hajmni topish uchun avval (13)-formulalardan foy-
dalanib,
X=pcosg-siny,
y=psing siny,
z=pcosy.

akslantirish yordamida sferik koordinatalar sistemasiga o‘tamiz.
Bunda yakobian
D(x,y,z)

D(p,p.y)
bo'lib, (V) jism (A) jismga akslanadi. Izlangan hajmni hisoblash uchun
V= _mdxdydz = Mpz -sinydpdedy.

() )
formuladan foydalanamiz.

Bérilgan sirtlarning tenglamalarini sferik koordinatalarida yozamiz.
{x’ Y4zt =2az} = {p=2acosy},

=p* -siny.

[¥ 4y =z2}—>{lg’w:l} ﬁ{’u':}?n

M ey ! |
{x‘+y'=;z”}—+{lg7w=%l{.31yr ”—‘.

Demak, (V) jism quyidagicha bo‘ladi.

|

t
(A}-r*i(p.(p.w): 05952, -’égy/s-g—. 0% ps zflwu'//;r

Shunday qilib, izlangan hajmni osongina hisoblaymiz:

P
A laemy

%
: . 167a’ I -
;fsn-t//dw f » dﬂ=—-3~— ) cos’ y sinydy = 127 (kub.birl) .

6
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15.21-masala. Egri chizigli integral hisoblansin.
[xvds, 7:3]x|+4]y|=12, y=0.

 §
<4 7 yoy Oxy tekislikda ABS siniq chizigni beradi. (24-chizma).

(]
JE]
B A
-4 0 4 x
24-chizma.

3
AC:3x+4y=12,0€x<4; AC:.v=—EX+3,05xS4-

=
BC:-3x+4y=12,-4<x<0; BC:y=%X+3,—4SxSO-

Birinchi tur egri chizigli integralning giymatini (24)-formula-
dan foydalanib, hisoblaymiz:

o e o 3e0) o e o

i 7 s 0 Ve N4 3 Y
[‘{' 2% a3 l 5.1\'4 fx[—':\+ a) dA"—‘ '3:\—")"‘ +'5" 5"+§L i
It ) 4 i \4 41 2 8 4 2e4)

4'(:}4 m).":(m 24) =00

16.21-masala. Ushbu
1 s 1= 3 1% +{ 2 +a)dy
\ \/\‘ + \ \/; +y

funksiyaning to‘liq differensiali bo‘lishi yoki
r u toliq differensiali bo‘lsa, F(x,y)

ifodaning biror F(x,y)
bo‘imasligini aniglang. Aga

funksiyani luping y

)=ty va Q(1,)= ==
X) \/\’ 5 xl+y2
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deb belgilasak, Pdx+Qdy ifodaning to'lig differensiali bo‘lishi uchun
(38)-tenglik, ya'ni
i
==
munosabat bajarilishi kerak. Shuni tekshiramiz:

aP x xy o0
. eyl # 7+1=—== Berilgan ifoda
Z [wa } ey = ™=
biror F(x,y) funksiyaning to'liq differensiali. F(x,y) funksiyani
topish uchun (39)-formuladan foydalanamiz. Soddalik uchun
x,=0, y,=1 deb olamiz.

Flx.y)= :fl’(x.yM* ;fQ(M)dy- :{Vf—:?ﬂ'Jdr - ;fd)w c=yf +5 +p4e
Demak, F(x,y)=yx +)y* +xy+c.t

17.21-masala. Quyidagi I-tur sirt integrali hisoblansin.
mxyz]ziy, (8)z=x"+y, (8): z=x"+)* sinning z=1 tekis-
(5)
lik bilan ajratilgan gismi.
az=x'+y* paraboloid aylanma sirtdir, unda z20.
Demak, integral ostidagi funksiya
S(xy.2)=|0z|=z-|n]
ko‘rinishda yozilishi mumkin. To‘rtta oktantda olingan
M (x..2), My(=x.0.2), M,(=x,~y.z), M,(x,~y,z) nuqtalarda bu

funksiyaning qiymati o'zaro teng.
Shuning uchun integrallashni I-oktantda (unda f(x.y,z)=x%2)
olib boramiz va natijani 4 ga ko‘paytiramiz,

1=4-1 =4 ﬂ.\jvzdszti- H,\jr: V[;’ (:: ) ¢z )'A,/w_«lr,
50 v

bu yerda (5,) sirt (S) sirtning I-oktantdagi gismi, D esa (S,) ning
Oxu tekisligidagi proyeksiyasi (25-chizma).
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7

25-chizma.

x=rcosp = 0<r<l D

A4 L e : 2 AT x =
2. m2x; X, w2y 4‘[!.\:\(x’+y)\/l+4x + 4y dxdy [[y:rsinw = 054’5%
| % ! b |
=4f. (o jsin¢~ws¢d¢=2'fl~’- /_—_l""‘"l‘Si":("Iz dr=2[r* N1+dridr=
0 o ] i %
Vi+4r® =1, desak, r=0=>r=l, r’=%(,’-1) A i
]‘( ) t—rdz
1

r=l=t=45, rdr=:l‘-ldl

% 1
:LZ,J‘ r=22—0-(125~/§-l).l>
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