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Yemosun Cavdu Xocawosud
Cupoxndiunosiune EpKuN xomu-
pacuza Caruuiaauman.

CV3 BOUIH

Oamii ykye 1opraapy Tadabadapiinur kacd sraagamnia ypra-
Haanran jaacraabrn Ganaapian GHPH OJHIT MATEMATHKAAHD.

Oanii Matemartukannur pasndgacy ranadanapiull MaTeMaTHKa-
AaH  MabayMmoTaap  Mamsmyacd  Gmiad  TaHHIITHPHUIITHHA 3Mac,
Oajku Tajsabagapii ManTHKHID QHKpJanl, MaTeMaTHK VCV.JapHH
amajaiii Macadanaapun  eunwra kKyasaw, WVENHILCK, HKTHCOARI
MacagaNapuiur MateMaTHE  MOACTIApHI KYpiiura yprathmjaan
HOOPATAHP.

Adasp Tanabura acocan KoK XYXKaauTit oanit VKyB 10pTiapH
rTadabagapuui HKTICOANI MacadaJapuu cuHllda 3apyp 6yJaaauran
MATCMATHE annapat acocapu Onaan uyKyppor Tansiurupuil, xaux
XVAHRAJAUTH MACAIANAPHIHIT MATEMATHE MOJACTLIAPHHI KYPHIUHHHT
camapagop diyuaaapiinn gypeati,  myasauginnr (10 Coanxosn
Oiaan XaMropankia) «VRarysmis nawpuérn romonntan 1981 iinn-
aa von arnaran «Ouamnit MareMartika KHCKa Kypelr» Kurtobura sim-
rHYa HyKTau nasapiam Kapawmra sa Oy sca V3 nasbartia ywby
KVTAHMANHHE E3WTHITHG 010 Keaa.

Jlapeank KHUNIOK XViKajurny oJui VKYB IOPTJIapHHIND  OJIHE
MaTeMaTHKafan JAactypn acocnia €suarai 6yans, yiiaa TeKHCIHK-
la Ba (asofa AHATHTHK ICOMETPHUH, MaTeMaTHR anaaus, anpde-
PEHLHAJ TCHIAAMAJIAP, BCKTOPJIAP Ba YH3HKJINM aarebpa saeMent-
JapH, 3XTHMOJJIAD Ha3apHsCH Ba MATeMATHK CTAaTHCTHKa 3.JeMeHT-
Japu 6aén 3THATaH.

Ilynn Tapkianau J03HMKH, KATOOAATH MATOPHAIIAPHI HI0XKN
6opuya, KHULIOK XYzKalirira ol macajanap oirau 6oraab couna,
KHCKaua Gaén KHAHIIGG NapakaT KiViHmLH,

Maskyp kyasanmann Esmimza odi  MaTeMaTHKAAaH €3uaran
kuroGaapian, mymaanan T. Azaapos Ba NX. Maucyposuunr «Mare-
MaTHK anajns» KuroGulan, TowKent AaBaat arpap YHHBEPCHTETHIA
Kyn diWagap  pasoMBie VKHrain  Manpysagapumiay oiizanay-
AuM.

Yy aapciik rapyanji KHULIOK XVAatirn oanil VXKys Iopraa-
py Tanabanapura MV.Kaaaauran OVICa-1a, Viian  WyHINICACK,
TEXHHKa Ba HKTHCOAHET oaMil JKyB I10pTaapH Tanabanapn Xam
(doiitatannuIapr MyMKHH,

Kuro6 xyanésmacu Gunan tanuwud, s My.goxasanapund Oid-
AHpran Ba Mmacaaxaraap Gepraw XamkacGaapumra, xycycan Tou-
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KEeHT aBTOMOGHIL HYJAapH HHCTHTYTHHUHT OJHIT MaTeMaTHKa Ka-
deapacy myaupn, npopeccop M. V. Fodvpos, Camaprana KnuLiog
xyaaanrn HuetuTyTi OJaHil Matematnka Kadeipacu MYAHPH, 10-
uent K. I Kyamato xamaa Towsent aasaar arpap yYuupepcure-
ThHHHr Oanil matematiuka kadeapacu abizoaapira ¥3 MHHHATIOP-
yauraMen usxop srtaman. lyuunracs, doiiazaan macaaxariapu
6naan KuToOnH sixuuiraura karra ¢paay oepran Towkent papaat
YHUBEPCHTCTH  IOMCHTH, QH3HKI-AaTeMatikd  Qauaapi HoM3014
X. Maucyposra avKVpP MHHHATIOPUILIINE CHIANpEMan.

Maskyp aapcans afipuM  KaMOLUIKIapIan X0 6yaMacaiury
MyMKHH, By kamumaukaapun kVpeatnd, V3 doiaaan Gupaspuin
OHAAMpaaANray YVPTOK14pra NMyaniud o1ans1an V3 TeIaKKY PUHM
ouaaMpain.

Myaaaugp



I KHCM. AHAJIUTHK TEOMETPHS

I OB, TEKHCJAHKIA AHAJHTHK TEOMETPHSAHHHT
JACTJIABKH TYIIYHYAJIAPH

Aunamnmuk  reomeTpHa  oamii  marematHkapnar OV uMJIapHIaH
GupH. V reoMeTpik WAaKMLIaPHUHT (TYFPH UH3HEK, alliaia, TeKHCanK
Ba X. K.) XyCycHstiaapiihp aarebGpa yeyan (abiil TearaaManap €p-
pamujia) Ouaam yprauain.

1-§. Tyrpu Oypuakan HMekapr koopauuaraaap
cHCTEMACH

Xap Kanaail reoMeTpliK mlakg HYKTagap TVindasin Ongan anuk-
Aanaau. BunoGapuu, reomMerpux makaaapHi Vpramnig yuve yHH
TAWKH 9Tran HYKTAJAPHHHE TCRKHCAHKLAlT NOJATHHE 100U J10o-
3um  Oyaaan,  Texkueansia nykTaninur  XoJgaTinn  aHHKJIafiara-
yeya Mabaym O§ica, TEKHCIIKIAa KOOpAKHaTa ap cneremact Gepua-
ran geitmaaan. bus Kyiiia cotta, ailmg nairtia Kenwr kV.L1anaiu-
rap Jlekapt Koopannarasapy cHCTCMACHHH KeJTHPAMIS,

Termeankaa nKkHTa Y3apo NCPneHANKYASP TVEPH HH3HKHI 0aafi-
JHK. By TVrpu unsniaapauur GHpi ropH3onTaN, HKKIHMHCH 3¢a Bep-
THRaD Koiidamceny. TYrpH un3ngaapuunr kKecHiran nygracuun O
xaphu Guaan Gearnnab, yun xoopdunara towe 106 araitmus. To-
pusonTan T¥Fpu unsng Ox fru €xn adcyucca Gru aciinaaan. Bep-
THKad TYFpu wn3ng ca Oy Oxu Cxn opounara fru 1ed arasaas.
Ox pa Oy Vinapun xoopdurara yKiapu aeitnaan (1- uiama).®

Koopaunara Gommn Ox sa Oy yxaapunur xap GupHHI UKKM
KHCMPa — nkKi sipuy ¥Rxa asparau Spuy Viaapian Gupunn
MycoaT, nkKHHUNCHHE 3ca Mandii j1ed xucob.aaiiyvnz, Mycdar spim
Vkaap 1-unsmaza crpeaxaiap Gijaan Kypcariara,

Koopannara ¥inapn tekmcankin 4 1a ucsmra (wopaxka) amparanu
Yaap 2-unsvwaja KVpCaTiiIramiex HoMepaHal.

Aftraitmg, M — rekucankaarn 6npop Hykra 6V.cun. By nvirazan.
Ox Ba Oy Vknapra neprenankyspaap tyunipud, yaapuunr Ox sa Oy
YKaap Gunan xecumran nysrasapunn M, Ba M, jap Guaan Gearnaait-
MH3 (3- unama).

Yoy

0M, =x, oM, =1

* Ynamanap kiTo6 oXipHAa MACBA Tap3uia Cepiirail.



KecMaJapHHHr y3yuankaapun M uyktaHuer xoopdunamairapu ne6 ara-
namn. bByuga M, nykra O wyxranan Veraa woitnamca, OM, kecma
V3yHaurn myc6ar mwopa Guaad, yanjaa 6yvica, OM, mauduit uuopa Git-
Jaw o.HALM. }

Xy wyHra Vxwai, .\'Iy HyKTa O HYKTaJaH IOKOPHAA zKoftjaluca,
OM, mycar, nactiaa Koitnauica, Mauuii mIOpa GiIaH OJHHALH. X COM
M uygrammr OGupiiun koopAunaracu Oxku adcyuccacu, Yy con sca M
HVKTAHHHT HKKHHYH Koopjauuaraci €xu opduxamacu jedh atanair, M
HYKT4 KOOp/lMHATAJapH éplamuaa Kyitmiaruya ésuaanm: M(x; v).

IOKopuaa aiitiaranaapian KVpHHAAUK, TeRICTIKAr Xap 6up HyK-
Ta (X Y) MYPTKHT aHHKIaH 1.

DuaM, AKCHHYA HKKHTA X Ba y coiaapian udopar (% ¢) Kydriamk
Gepuaraw 6Vacun. Ox yiaa x comra Moc Kedaumran A, wykraun (arap
x mycGar con GVaca, Oy nykra O uykraiail Viria, x masdmii con 6V.1-
ca, O nykrajzau vanla skofiawirai OVJiali) tonamus. XvUli LIyHra
Yxwaw, Oy yxaa y conra moc kenamran A, uyiramt (arap y mycoar
coH Oyica, nykra O nykrazan oxopiaa, y Maudnii con 6yica, O HYK-
Tajan nactia soitdawran 6yaamn) tonamus. Cyur A, wykragan Ox VK-
Ka nepnetmkyasp, A, nyratan Oy yiga nepnesikyJsip unkapamiis.
Hamkaza Oy nepnenaukyJApaapHuir Kecuimin fykracura sra 0yJa-
MH3. XVUIM Uy HyKTaliMHr Koopauiatanapu x sa y Jap 6ysanu. [yu-
Aait Ko, (v y) Kypramk Tekucamiaa OuTTa HyKTanin wogasap KaH.

Jlevak, nyktaun reoverpuk oobekt cudariia Kapaiuran GVJICAK,
VHHHT anatdrik mdojaci MKKita comaan udopar xyhrauk GyJaui.

Mabaymku, koopunara Viaapi OyTyHn TeKHCIHKIH 4 Ta qOpakka
Gynann. Dy vopakaapiari HyKTagap KOOPIHATAJIAPHHKNIT MILOPATAPH
KYRMIars 7Kaasanta KVpeaTiara.

(X7 1) HYKTa KOOPAHHATAIADH HILOPACH
Yopagap
X (aGewwcea) ¥ (OpauHata)
1 x>0 u>0
Il x<<l u=>0
11 x<<0 u<<0
IV x>0 <<t

Macaias, yuoy A(2;3), B(—1;2), C(—3 —2) D(3; —1) nyk-
TAMAPHHHT TCOMETPIIK TACBHP.IapH 4- y3vaia u(po:mnanrau.
Jeaarsa Ox Ugaary Hygratapuuar oplusatation 0 ra rewr, Oy Vkzary

HYKT1apHERE adaniceaaapi 0 ra Tedr. Koopunara Gownanur koopaunaraaapu (U; 0)
OV aH.

6



XyJjoca Kum6 1yHH  afTHII  MYMKHHKH, AHAJHTHK TeoMeTpHsiia
M (x; y) nykta GepHaran jJerania yHHUHr KOOPAHHATAIApH X BA I COH-
Jaapaan tyauaran (x; ) KyQraMKHHRT GepIAranIurHH TYIIYHAMI3,

2-§. Hkku HyKTa opacHpard macoda

Texkucankaa ukknta A, Ba A, nyxranap Gepuaran Oyamd, yJapHuHr
KOOpPAHHATaMapH Moc pasmiia (xp: 1) Ba (va 1) oFacue A, (x5 yy),
Ay (x.. y,) (5-unama). By nykrazap opacuaary Macodann tonu 1a7ad
ITHICHI.

A (x 1y), As(xe: 1) nyKrazap opacijtarin Macodaun d  Guaan Ged-
raaiomk: | A, A, l=d

A, nykragan Ox Vika, A, pywragan Oy Vkka napaiaed TVPpH yil-
SHKJIAp YTKasaiumk. By TVrpH  unankaapHuir  Kecumran  nykraciin B
Ousan cenrmnaiiank. Hamwmaga A, A8 1irpn Ovpuakan yutypyak Xo-
cua 6yaaan. Pasuanki, 6y A AA,B minr 1,B Ba 1,B 1oMoiiapitnsr
V3VHIANKIAPH

| 4B | =xy—x,, |AB|=1y,—1,
oyaam. [Tugarop reopevaciian qoiizanannd ronaviis:
| A4, F=14,BF+ | ABE.
Hewax,
@ = (xs— x4+ (4 — ).
By tenrimkaan sca
d =V (6—x)+ U — ) (1.1)

6V kean6 unkatin. lemax, Gepuaran A, (x; 1), As (v ) HyK-
Tanap opacupard Macoda Oy HyKTanapuuinr OHp  XiJl o HCMI KOOPAHHA-
TAJAPH ARHPMAJAPH  KBAAPATIAPHHINT  HHFHHNCIHAI  oJuiral  KBaapar
WIBHHIT apHpMeTHK KHiiMaTiira Tenr.

Xycycan, koopauimara Goumt O (0; 0) nan A (x; y) nysraraya Gy.J-
rad macopa

|0A| =d =) (x—0F +(y —0) =} ¥+ 1

6yaa1m.

Mucoa. Yoy A (l; 2) sa B (4 6) uykrazap opaciiard Macoda
TONHJICHH.

Ewww. Papwanku, A nykrammr Koopausarazapn x, = 1, 1y, =2,
B nyiranusr xoopiunatadapu sca x, =4, y, =6 6laawm. (1.1) dop-
MyJajan goiaanrannsd Tonamis:

d= 'lh(xz_-\'l)", +{—0)r =] 4 — 1P 4-(6—2) =

=|9-; |6 ':lgzs

3-§. Kecmann Gepwiran nucbatiaa Oy M

Texkncamkaa A (v yy) epa B (v yo) Hywrasap Gepuaran 6Yamb,
yJapHH TyTamTHpu Hartizkacnza AB keema xocu kumiiran, AB kec-
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Maja wyufait C uygra tonumr kepakkd, AC kecmauuur CB kecmara
HucGati Gepuiran A coHra TeHr OVJICHH: '
5 %,
BC

Hsaaxaérran C Hygraumar Koopiusaraiapisi x 8a v aeitauk: C (x; y)
(6- unava).

A, B, C unygramapaan Ox Ba Oy roopuimara V7aapira napasien
TYFPH yn3ngadap Vrkasamis. By tyepn umsukaaphiir Ox sa Oy Vxaapu
Ouaas Kecullrad HyKralzapuu Moc pasmwia A,, By, C, s A,, 8,, C,
neitnax. Pasiaunku,

0.’11 = .\'} . OCl =X, OB}_ = .‘:2.

04, =1 0C; =uv, OB, =
6y .6,
ACi=x—x, CyB; =%, — 4,
Al =y —in, CB, =y, —u
Gynaju.
AACD xamna ACBE nap Vxmaur vydypuakiap OVaamu. Jlemak,
L ] (12)
CL BE CB
Arap

AD = A,C, = x—x,, CD=ACy=y—uy,,
CE =CiB, = x;—x, BE=C.B,=y,—y
OV HiMHEg  Xam/a

S Sy — ;u
CB
sKaditn 3vTidopra oacak, v Xoaaa (1.2) renraukiapaan:
- X - Y— U -
1 = b, #"__" ! = h
Np— X Yas— U
Gymuud Keaub wukat. i
X—Xy - Y=Y
s Y W —t=A
La—3X la— Y

TEHrJAaMa apuiHr Nap f)HPHHll AJTONH/[a- aT0NHId eqanifs:

O s —y =h(,— )X —y, = A, — AN F Ay =
Xg — X

= 7\'::-'(1'7&)——\'—'~7\‘==—r———x'.x‘h’
=1 = vV X Xy = Xy b i-{—k 5
=0 y—yy = Ay — )Y —th =M —hy=>y+ by =
== i+ Ay
=y, =yl =2 =y, + rpy=>y = F—=2
u Yyl =2) =i+ rty,=y T



Jlemax, AB kecmaun Gepuarae A micfatia Gyayeun C uwyKTaHHHr
X Ba y KOOPAHHATANAPH

p=litb L G My (1.3)

T A
thopmyaaaap Gitiad TomiLiati,

Xycycaw, C (x; y) nykra AB gecwamit Tesr Hxkura GV.IyBun HyKTa
ovaca (AB = CB), v xoa1a

AC
— =A== |
CB
6y/m6, C iviranir koopansaraiapi (1.3) GopMmyiara kypa
2 T = L s
2 : 2

Oynan.
Miucoa A(—22) sa B(6:4) nvirazapuwn tyrawrupysun AB
kecmanr A = 0,2 muedaria 6Vaaturag C () ¥) HVKTE TOIMH/ACHM.
Eunur € (x:y) nykramr soopausatatapudn  (1.3)  (opsyaatan
GQOIAATID TONAMI:

i B2 bty =2--02-6 —2-- 12 =03 :_g_'
{-i- 10,2 1.2 1,2 3
, Yyo- s - 02.4  2.-08 28 7
= 1-02 L2z 12 3

[ynaas kG, AB keemamir A = 0.2 ueGaria  GVAyBeM  HyKTa
0
C(—l: — | O¥aam.

7
K 3/

4-§. Vudypudx 103u

Mavaystar, Upra MakTad  MateMaiixa Kyponia Oandin OMp  TEKHC
(sicen) 1aRTIaD — VHOYPYAK, TPANMEwHs, 10Ipa Bl X. K. HHHr 3ra 3ra
OVAMLIN B4 VIAPIHAT JOATAPHIND TOM GIIai WY FYATAIran nu.

SHA YUOYPYARIAPINOLT 03T KOOPAUNATATAD yevar Oijan Tona-
Mil3.

Gapa gaailmg, resieangia A ABC Gepiiran 6Vacun. By yuByp-
yak yuaapit — A, B, € uyKrazapiiiir  KoopantHatalapit Moo pasuiia
(s )y (0 )y (g 1) OVacmi: A(vs 1), B vy, Cxg ).

Macaa yuoypuar 10ut Sy 44~ Wit Tomnuan ndopar (7- winma).

A, B, C nygranapjan Ox yryra nepruenyikyaap TVEpIt YH3NKIap
Tywmpaviz. By nepnennkyaapiuar Ox i Gi1an gecumrad HyKrTa-
Japian Ay, By, €, Jap opxaan 6eri iz,

Hoanwatrran A ABC wnr 1038 Sy 4, KkKitTa A ABD xavma A DBC
JApHENT 103TapI frinisera Tenr 6yvagi:

Saruc =Ssapo + Sipzc (1.4)

Papwanki, AABB,, B,BCC, sa ,ACC, makaiap Tpanewsaapiup.
A ABB, tpaneimaza: A, sa BBy, —acocaap, 1,8, sca Ganau k.
Wlywnur yuyvi Oy Tpansigismiiir 1031
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_ AA, - BB,

Saane, A,B,
6y .aau.

Arap AA, =y,, BB, =y, A,B, = x,—x; 3xkanum 3uT160pra
oJcaK, ynjua

SA.AHB, =4 _,- - (xa —x,) (1.5)

OV NI TOMAMIL3.
B,BCC, tpaneunsia: BB Ba C,C —acoesap, B,C, 3ca Gananamk.

Hlynnnr yuyn 6y tpanenusiiimr io3m

BB -CC

ByBCC, —

Oy .1a.
Arap BB = y,, C,C = y,, B,C, == x,— X, skanmritn  sbinbopra
0J1CaK, ynja

SBIHL'L‘. . ":—J& (-"':s = -\':) (] 6)

Gy auwmm Tonamis.
[Oxopunarira Vxwau, A, ACC, Tpanemstir 103
p. 1 1
My s g .
S acc,= —— (X3 —x;) (1.7)

i

Gymuumnn Tonuin Kuitnn sMac. Parianki,

SA/IHIJ T SAI-BL' == 5.4,.4 BB, T ‘Sn,m Cs S.’h.-il'(_'x

6yaaamn. (1.5), (1.6), (1.7) mynecataraapian (oiiatanid  TonamMns:

| ety 2 e oo gy =
Saasp T Sappe == W — ) =5 (X — Xo)

— ’_/_l‘_l:!'_ﬂ (x3—x) = Tl,‘l(.”x F ) (X, — Xy) 1+ (W 1 Yg) (g — X)) +

2 o (.’/1 -+ .’/:l) (~"a _-\'l)]-
I0kopuaarn (1.4) wsynocaGatiir svTdopra  oscax, vilia  Oepuiran
AABC wur 1311 yuyn
l ) \ 5
SA.»IBC =5 (v = o) (X — X3) T (Ha 1 #a) (X — 20 -+

=+ (1 + Yg) (X — Xy)] (1.8)
Gy nunt Kemo unKkazL. _ i
Mucoda. Yumapu A(l; 1), B(2;4), C(3:3) nygrarapia GyJrad
yuOypuaK 1034 TOMHICHH.
Eunw. Pasmanki, 0y Noia

%=1 5 =2, X5 =3,
=1, Ys =4, Uy =3
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oyaanu. (1.8) dopmyaanan doinanannd, yuOVPUAKHHHE I03HHI TOMAMH3:

Saanc=3 (1 +HC =D+ #+IE—+B + (1 —3)] =

= -—(o +7—8) = —1)- 4 =2 gB. OMPJIHK.

5-§. AHAIMTHK TEOMETPHSIHHHT ACOCHIT Macajasapu

Dapaz KHIAINK, TeKUCTKIa Kapasadrran HysTta VarapyBuan HyiK-
Ta Oyaciui. §luim, HyKraunir KOOPAMHATAIAPI X Ba Y Jap V3rapyBuu
6VAHG, yJapumitr Xap OupH TYPII KIAMATIApPHI KAyl KHJICHH.

Ky xoadapaa VarapyBuid HYKTamimr Koopitdatatapin Gupop

F(e, )y =0

TeHraaMatie  Katoataantupauran 6yaaut.  Dywaait  tenrjamanap sca
TEKNCAHKAD YMYMall wususku nponadtaiiur.  Macagan,  Tekuesamkia Oe-
piarat B(\(,. 1/,,) HYKRTAZAN OHp  Xid Macopaia Typainrau HyKraznap
TyaMies Kapaitngs. Yarapysun nykramt M (X v)  Oian oearnaaii-
JHK.

(1.1) opmyaara mysopix B (x5 #,) xamaa M (x; y) nygrasep
opacHaaric Macoha

d=V1(x—x) + (g —gy)°
Gy . Kefinrn TenriHKaH yea

(o — x0P - (y — yo)* = d* (1.9)
OV keaund unkaut. Jesak, B (xy 1y) HyKrazan Oapasap y3oKJHK-
Ad TYpPAAHran HYKTadap TYIAMHIMHT  Nap OHP  HVKTACHHHHT KOOPH-
Hataqapu x Ba 4 aap (1.9) rtenrgamamt xavoarnawtupagu. By (1 9)
Terraama Mapkaut B (xy: y,) nykrana, pawyen d ra tenr Gyarau ai-
aanatit (8-uisma) woranaia (kapaacnn, 1V 606, 1-§).

AUAJUTHR TEOMETPHAHMIT  ACOCHIT Macatacit reoMeTpHK o6beKT/aap,
Xycycai 4H3MKIAPIH, 10KOpiia ailiTuarainiex, renriamMatap ounnan ngdo-
Aanad, cyir OV TeNrJaMa’tapiil TeRIHPHII OIJaln Vira MOC ynsHKjIap-
HHUHE XyoveustTimn Vprauniuian néopat.

11 BOB. TYFPH YHU3UK BA YHHHI TEHTJIAMAJIAPH

Tyepu unsik  TYWYHYACH aUATHTIK  reOMeTPHsiitr  coala, aiiuu
[AlTAL MYXHM TVINVINAI4pHIan OHpH.

Texucank1a KK HYKTa oepn:xran ovacHd. Dy Hykraaapaan Gup
Xia Macodaza  Typran HYKTadep TVniaMi  (HYKTATaDHMHAT DEOMeTPHK
Vpri) Tg‘ pi uH3HK aed Kapadaiil.

Iyt TVFPH WHSHKMANE aua itk wpolarapini (reiraamanapiin)
TONaMu3 Ba yJaap éplamnia TVFPH MH3HKHIND  TEKHCTHK1Ari  BasusTia-
PUHIL VPraHaMis.



1-§. TyFpH YH3HKHHHT YMYMHIT TEHIJIAMacH

Bus toxopiia TekncaKkary TVEpH wusik depiaran ukkn By (xy: 1)
Xamaa B, (xy 1,) nyKtadapian Gapasap  VIORAMKAA  TYPYBYM HYKTajap
Tynaamuian noopat jed wapatms. TVrpu wnamiia  uxmuépuit M (x: y)
HYKTann (y3rapyeuit nyvirain) ogavus. Paswanwi, M (x: y) uvirandur
KOOPAHHATAMAPH X P If Jap TV KMIAMATIapHi Kaoy .1 KIIranga, TVF-
PH UHINKHUHT HYKTAapn xocia ovaaam. By M (x5 1) nvkta GinacH Ge-
puaran By (xq: 1) Navaa By (Xa0 ye) HyKTanap opaciilari Macogait (1.1)
opmyaanan Geizasannd Tonamis (9- wia),

BIM=V.x—x P+ y—p)P, BM=} (x—x)f -+ @y—p)
IOKopuaa aiftiaran waprra kypa
BVl =B\
6yaaau. Byuaan sca

Vix—=x)Ff ——mP =V E—xF Wy — )’
TEHIVIBK Keanb yukaut. Keitnnrr Tenrnian
(x— X1+ Y —P= (& =P + (y — )

OVamnmuy  tenmayus. DBy TenramKIa  Navva Naadapuit uain ToMonra
YTKasuO, cyur Kicka kVnaiinpum  gopyyaacizan  Goillatancar, KyiH-
Jaru

X2 =20y A= X3 =2ty Wl — 1 =28, + 4F -+
— 2y, 4+ 4N =0

TeHraama Xooi1 OVaaun Mizan

— 2xx, —+~ &] — Quy, 4 yi + 20, — X5+ 2y, — 5 =0,
SBHH

2(x, —x)x—2y—yy — OFf = —x;—13)=0
Gyamun keamo uikaur Arap

A=2(%,—x) B=20y,—ykh C=xi=ti—G—13

1e6 Gearnaacar, kil
Ax =+ By-+C =0 (2.1)

TeHrJaMara kedamitz. By x Ba y ra mcGaran Oupnidiy apasasn enr-
Jamajup.

Hemak, TVrpn unsingiarn uxtadpiii M (v p) nykamic x Ba Y
Koopamnatadapi (2.1) tenraava Ouran Gordanran O6Vaap ssan. Viw6y
Ax -+ By + C = 0 1enraaya myppu SUSUKHURS  JaYSUE  mEeNeaamec
1e6 aranajui.

Tyspn unanguinr yyvyuil venraavacn A, B, € conaapra  (kosg-
duunentaapra) Gorauy. by comgap typart KmiidMaviapra sra OGy.rasia
TYPAR TYIpH uiznkaap Nood OVaau. DunoGapun, TSepin umankHizir
TEKHCAMKAArH BazusaTit NaM 11y Kosd@uunentaapra Cormup.
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2.1-3caarma. Koopauuaranapu (2.1) Tedrjamali KaHOATJAHTHPYBYH HYKTa-
Jap Tynaami TYFPH 4H3HK GYaanu.

Mucoa. 2x -3y - 1=0 tenraama TVFPH YH3HKHUHT YMYMHIl TEHr-
Jamace O6V/muG, yHuHr TekncaMkiaard Basusti 10-uyu3Maia TacB HpJaHras.
Auau
Ax+By+C=0 2.1
TYFPH YH3HKHHHT TEKHCIMKIA TYTrad BasusiTHHI VpraHamus.
1°. (2.1) 1¥rpu umank renraamaciuaa C = 0 6Vacun. By Xoana (2.1)
TeHrJamMa yuby
Ax+By=0 (2.2)
Kypunuiura keaaan. By TVEpM  wi3nk  KoopauHara OGowwgad  (BHM,
O (0; 0) wygraman) Yraut. Yynaku O (0, 0) HyKTauuHr KoopAuHaTaJapH
(2.2) tenrnavaun kanoariantupa: A-0 -+ B-0 =0 (11-ynsma).
2°. (2.1) tVrpn unmsuk Tenraamacuza A =0 o¥acm. By xoama (2.1)
TEHrJ1ama yulby
By+C=0 (2.3)

KYypuuuira gesaau. (2.3) TeHrJaMazad TONMaMHs:
C
Hemak, TVFPH 9H3MKAAri VarapyBuM HYKTaHnHr OpJAWHATacH Xap
C ‘ . v
ROMM §f = — —- Ia TeHr. By xoaaa (2.3) tvrpu unang Ox yxura (a6e-

uucca yrura) napassen 6yvanu (12-unama).
3°. (2.1) Tyrpn wM3ng rteuraavacia B = 0 6Vacun. By (2.1) teHr-
Jiama yiby

Ax+C=0 (2.4)
Kypunuwra keJaau. (2.4) renrjavMajan Tonamus:

Jlemax, TVFpH uM3nKAard Y3rapyBud HYKTaHUHTr alcilccacH Xap J0HM
x=3— -% ra tenr. By xoana (2.4) t¥rpu unsnk Oy Vxura (opausara
VKura) napaagen 6yaaam (13- uusma).
4°. (2.1) tVrpu un3aug Tenrgamacuaa A =0, C =0, Bs£0 6Vicus.
By xoama (2.1) Tenrsama
By=0
KYPHHHUIra KeJaqu. YHAaH 3ca y =0 OVvmun xeamé uukagu. By Ox

VKHHHHT TeHrJIaMacHup.
5°. (2.1) TVrpu unsuk Tenrmamacmia B =0, C =0, As=0 6y/cus.
By xonpa (2.1) tenraama

| Ax=0

KypHHALIra KeJaiu. YHia 3ca

13



x=0

6y xean6 unkaan. By Oy Yxkunnur tenrsamacuanp.

2.2-scararwma. Arap TUFPH YH3HKHHHT YMyMHI TeHTJIamacH

Ax+ By C=0

Ja Gapua Kos(ppuumenTaap HOAMaH (apkan 6¥nca (A0, Bs%0, C=0), y xonna
Oy TYFPH YH3HK KOOpAMHATa GOWMAAN XaM VTMAaiiiH, KOOPAHHATA VKJapHra napannen
Xam Gyamaizn.

TYrpu YH3HKHHHr TEKHCAMKAArH Ba3UATHHH YPraHuuiga yHHHr Gou-
Ka KYPHHHILIATH TeHrJiamManapujan coiinasanum Kynait 6yaams. Wlynn
sbtH6opra o/m06, Ky#Hia TYFPH YH3MKHUHT TYP/A KYPMHMILAAril TeHre
JiaMaJlapUHH  KeJITHPAMH3.

2-§. Tyrpu un3HkHuur Gypyak kosppuukentsn reHraamacu

Texucankna Jlekapr koopausatajap cucremacura HucOatan Gupop
TYFpu un3uK Gepuiaran Oyacuu. By tyrpn unauk Oy Viunusr B (0; b)
HyKTach opkam Ytu6, Ox Vkunuar myc6ar iynammmn Ouaan o Gypuak
Tamkua tcud (14- unama).

By tyrpu umsukaa uxtnépuit M (x; y) uykramnm odamus. M (x: y)
Hykragan Ox Ykka nepnedankyasp Ttywupamus. [lepneniuxkyaspruur
acocunn M, Gunan Gearmaaiivus. Y Xoana

O‘M| =X, MM, — y

6Vaaau.

B nykranan Ox ykura napanien Oyarad TYFpH HH3HK YTKasamus.
Yuuur MM, nepnenpukynsp Ouian KecHiran HyKtacuun P nefiymk.
Hamnkana BMP yuGypuak Xocua 6Vaaan. ABMP —1yrpn  Gypuakau
yubypuakanp. By yubypuakaa

L MBP=a, BP=0M;=x, MP=MM,—PM,=y—b
6yanb,

MP  y—b

e=p ="

6ynagu. Kefinrd teHrJukaan sca
y—b=1g a-x, avun y=1g a-x-4-b
6yymmn kem6 wikann. Onatna, TYrpu wnankeaHr Ox YKu OuJiaH Tau-

KW 9Tran OypuarHHHHT TAHTEHCH TYFPH WYH3MKHHHT Oypuax Kosghghu-
yuernmu pe6 artanand, yHw k Gunan GesruiaHaju:

tg a==k.
Illynn sbtHGopra 0auO, KefiMHrH TEHrJHKHH Y6y
y=*k-x+b (2.5)

KYpHHHIIIA €3MII MYMKHH.

TVyrpu unsiguuur (2.5) KYPHHHLWZATH TEHIVIAMACH MUFPU HUSUKHUNS
bypax Ko uyuenmau meneaamacu 1e6 atanaju.
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By xoana tyrpu YHSHKHHHT TEKHCAHKAArH BasHATH k xamua b nap-
HHHT KHAMATAapH OHAaH TYJAHK aHHKJaHaM.

Mucoa. Ymby y=2x-+1 Teurama TYFpH YH3HKHHHr Gypuak
KOXXDHILHEHT/IH TEeHTJIaMacH.

Byuna k=2, b=1 6y/m6, y 15-uynamaja TacBHpJIaHraH.

2.3-scaatma. TyrpH unaukuunr ymymuit Tenrazavacn Ax -+ By+-C=0 (B=£0)

HE Xap aouM yunpr 6ypuyak KO3(DOHUHEHTIH TeHraMacHra Ke1THPHII MYMKHR Ba ak-
CHEYA.

Jlapxakukat, TYFPH YH3HKHHHT YMYMHH TeHrJamac

Ax 4By +C =0 (B+0) (2.1)
ra sra Gyaaiauk. Dy teHrsavand y ra nucOataH edaMmu3:
Ax+By+C=0=By =—Ax—C=y = -—%x—%.
Jemak, (2.1) tenrsama yuwby
; A c B 4 e
Y= B\ 5 kx +b(k = s b= B,B:#O)

KYPHHHIUTA KeJalu.
TVeprt unsukHuHr Oypyak KODHOHUMEHTIH TeHrsiamacH

y=~kx-+0b
ra sra O6yaaivmk. By teiirsamanu ywoy
Rx—y+b=
KYpHHHIIIA Eé3uur MyMkuH. By 3ca TVFpH uM3MKHHHr yMyMuii TeHrsiama-
cugnp (A =4k, B=—1, C=0).
3-§. TyFpH 4M3UKHHHr Kecmazap OYHH4Ya TeHrJamacH

Tekucaukra Gupop 1yrpr unsug Ox Ba Oy VkJapu Gwiaw moc pa-
Buga A Ba B nykranapaa KecuuicHH. TVFpH YH3HKHHHT KOOpAHHATA
VKJAapiaaH axpaTral KecMmaJsapH

OA=a, OB=1b

ra tedr 6Vacun (16-uymuawma).
By a Ba b kecmazap -€pAamHia TYFPH UH3MKHHHT TEKHC/JIMKAArH Ba-
uATHHE TVIHK anukJauw Mymkud. Illyna kypcatamms.
Tyrpu unankaa uxtuépuit M (x; y) uykranu onaivmk. M (x; y) Hyk-
;anau Ox VKHra TYLUMPWIraH NeprneHJHKYJIAPHAHT acocHun M, neimk.
Haa

oM, = x, MM, =y (2.6)
6ynanu. AOAB Ba A M{AM nap Yxmwaw yu6ypuakiap. Iy cabaGam
MMy _ My
0B 0A 2.7)
Gy.1amn. Arap
MA=0A—0OM; =a—x (2.8)



HH Ba lokopuaaru (2.6), (2.8) mynocaGatnapium swyiOopra oncak, (2.7)
TEHTJMKAH

y _a—x
b a
6y Keamb unkamu. By TeHraukH#
A e
b a'
SIBHH
e (2.9)
a b

Kypunuaa ésamus. by TVepu umsng rtenrsamacumup. Onaraa, Tyrpu un-
SHKHHHT (2.9) KVYPHHHIDJArH TEHrJaMmacHHi YHHMHT KecMmasjap G6yiinua
TeHrsamacy €6 aranaam.

X 4 “ -
Mucou. ;—:——;’- =] TeHrJama TVFpH YHM3UKHHHI KecManap Gyiu-

ya TeHrJamaci. Bynga a =3, h=4 OVm0, YHHHr TEKHCIHKAAry Ba-
auaTH 17-unamana TacBHpJAHTaH.

2.4-scaarma. Tyrpn unsukHuHr ymymuil Tenraamacu Ax -+ By -+
+C=0 (As£0, B5=0, C5%0) uu Xap AOMM YHWHI KecManap Gyim-
Ya TEHrJIaMacHra KeJTHPHII MyMKWH Ba akcHHya. XaKMKaTaH XaM,

— O A i By XY
Ax-.i—By-}-C—O#_C).-;-_Cy | 0=>_£+ 5 ] =
A B
x 0y ' C €
:}———?-—-= ((1:—'—, ._——_-—._’
a \ A B

i'+%= | = bx + ay = ab = bx + ay —ab = 0=>
a

= Ax+By+C=0 (A=b, B=a, C=—ah).

4-§. TYFpH HH3HKHHHT HOPMAJ TEHIJIAMACH

Texucamkaa Gupop TVrpit unauk Gepuaran G6yacud. Koopawnara Go-
IWHAAH TYFPH YH3HKKA TYLWMDWIraH NEPnenauKkyJAApPHHAT Y3VHIHIH p
Xamaa wy nepnesAukyaspuudr Ox Yxuuumnr mycGar iyuammmn Gunan
TAWKuA 31ral o Gypuak Mabaym Oyacns (18- uyusma).

Bepuaran 6y p Ba o Jap €paamuia TYFPH YH3HKHHHT TEKHCIMKAArH
BasHATH TYJMK aHMKJaHuum MyMKuH. TVrpn unsukaa uxtaépuii M (x; )
HyKTann osamus. DBy nykragan Ox yKura nepneHjMKyJsip TYIIHPaMus.
[Nepnenankyaspuunr acocusn M; Gunan Gearunaiimus. Pasiuanku,

oM, =x, MM,=uy.

Koopaunara Goum Gunan M wykrauu tyramrapamns. Hammxkaza OMM,
TVepu Oypuakan yubGypuak Xocua Gynamu. Arap £ MOM, = ¢ pecak,
yHaa : :
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x=0M;=0M cos ¢, y= MM, =0M sin ¢ (2.10) -
6Vnann.

Suan Tyrpu Gypuakan yubypuak OCM un xapaiinmk. By yuGypuak-
12 £ COM =a —q¢ Gyaanm.

co
Papankn, 5%, e cos (o— @).
Jewmax,
p=0M-cos (—¢). (2.11)
Mabaymkn, '
¢os (¢ — ¢) = cos « cos ¢ —+ sin @ sin @. (2.12)

(2.10), (2.11) Ba (2.12) mynocaGarnapiaH TOMaMH3:

p=0M(cos o cos ¢ sin o sin ¢) =

= O0M cos ¢ cos oo+ 0M sin ¢ sin a =

=X COS « -y sin «. 4
By rtenramkaan
X cos a+ysina—p=0 (2.13)

ra sra 6ynamus. (2.13) myrpu uusukHure Hopmaa meHzaamacu nein-
Jnanu.

IHAW TYFPH YH3HKHHHT YMYyMHIl TeHrjlamacli HOpMaJd KYpPHHHIZArs
TEHTJlaMara KeJTHPHAMUNHN KYPCaTaMus.

Bupop Tyrpn unany Gepuaran G6yano,

Ax-+By+C =0 (2.1)
YHHHT YMYMMHil TEHIJIAMacH,
’ x-cosa—+isineae—p=10 (2.13)

5ca 1y TYFPH YH3MKHHHr Hopman teHrdamach Oyacun. By (2.1) Ba
(2.13) Tenraamanap GutTa TVFPH UM3NKHH aHHKJarawauri cababmm, ynap-
HUHT KoxppruuenTaapu nponopunonan Gyvaamm. [lemak, (2.1) tenraa-
Mafnd GHpOp . COHra Kynaitupuiiian xocua Gyaran

uAx 4+ puBx +-nuC =0
tedrsava (2.13) Tenrsama Ounan Oup Xua GVJjaam:
pAx + pBy +pC = x cos @+ y sin a—p.
Bynaan sca Kyiiizarn
uA =cos o, pB=sin a, pC=—p

TenryiHkaapra sra Gyaamus. By rtenrsmxaapaan p Hu tonamus. ByHuar
yay pA = cos e, pB=sin o TEHNMKIAPHHHT XAP HKKH TOMOHWHH
KBajparra Kytapub, cVHr yJaphi Xaanal Kyiamus:

W2A? = cos® «, WB*= sin® «,
_.Eﬁfl‘-’. j—JﬁBﬁ =cos* ¢ +sin*a =1,

[ BMBAHOTLEde )y — 1.
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Keftmarn tenrankaau
el |
T
- Oyamum KesMG YHKAIM.
Myunait Kuanb, TVFpH YHHKHHHT YMYMHIl TEHrJIaMacHHi

l
1

= :_!:Tll’—*—b—;— (2.14)

Ta KYNafiTHPHIL HATHKACHAA TEHrVIAMA HOPMAT KVPHHHIAATH TeHr/ava-
ra kejap skan. Oparia p Hopmaraosdu Kgnadmysdu ne6 atTagaau.
Hopmanaopuu KynafityByHHHr HiopacH TteHrdaMagarn C 0301 XajHHHr
HILOpacHra Teckapd Kuanb oJiMHaIu.

Mucoda. S5x + 12y —26 =0 TVrpd UYHMKHHHT YMyMHil TeHrJama-
CH HOPMAJl TeHIVIaMara KeJTHPHJICHH.

Eyuu. [Okopuaaru (2.14) mynocabatian ¢oiitananid, HOPMAJIOB-
YH KYMafiTyBYHHH TOMAMH3:

1 ! 1 |

1
p___ E E e— T —

VA-B: V54122 ) o5-144 ) 169 13

1 - odp
Bepuaran tenrniamann p = 13 1@ K¥naiTHpamu3:

l%(s.v 4 12y —26) = 0.

Hamwkaga Gepwiran TVEpH 4H3HKHHHT yMyMuil TeHrJamacn 5y -+ 12y—
—26 =0 ywoby

5

el =
13 ¥

HOPMaJI KYPHHHILUra KeJaiq.

12

—y—2=0
137

111 BOB. TYFPH YH3HKKA OHI ACOCHA MACA JIAJI AP

Maskyp GoGna TYFpH 4M3UKKA OHJ acocuit ~MacaiaJapHH  KeJITHPHO,
yJaapra J0HD MHCO/VIAD eyaMi3.

1-§. Bepuaran wykrapau (Gepuarau fiyHaamw OGyiuua) yTyBYH TYFPH
YH3HK TeHrJaamacu

Texncmikta M(x,; y,) wykragan yrauran Xamna Ox YKUHHHT Myc-
Gar HyHamMumM GuJaH o Oypyak TAWKWI STAAUrAH  TYFPA  YH3HKHHHD
TEHIJIAMACHHH TOMHLUI TAJ40 3TH/ICHH.

Tonuwmmiug Jo3uM GY/Irad TYFPH YM3HK TeHVIAMACHHH Y = kx 4= b
(2.5) (2-606, 2-§, (2.5)) kypuuuma wazaimus. MojoMuku, TVFPH YH-
sk M(x;; y,) HykTanan Vyrap skad, yHAa Oy HYKTAHHHr X, Ba Y,
KOOp/IHHATANADH Y = kX -+ b TeHrjaMaHH KaHOATJAHTH PajH:

4y = kxy + b. (3.1)
18



IOxopuaarn (2.5) Tenrnamanan (3.1) Tenrnamann Xannab — aifmpnG
Yy—y, =kx+b—(kx,+b)
KyHnjaarn
Yy—t = k(x—x) (3.2
renraaMara xenamus. By Gepuaran M(x;: y;) wWyxtajad yTyBuH TYFpH
YH3HK TEHTJAMACHIHP.
Mucoa. M(3; 2) nykranan VTyBuH TVFPH YM3MK TEHIJIAMaCH To-
TTHJICHH.
Eunw. lOkopunarn (3.2) dopmyaara kypa M(3; 2) nykrapan
VTVBuM TVFPH YH3HK TeHrJamacH yuwby
y—2=~k(x—3)
KypuHnimaa 6yiaau. Yuu Kyiuaarnya
y=~k(x—3)+2

XaM €3uil MymKuH. Dy TYFpu un3Mk & umnr KuiiMatsiapura GOFmMK. R
HHHT TYpan wuimaraapuaa M(3: 2) wykragan VTyEYM TYPIH  TYFPH 4H-
sukaap Xocuan Gyaaam (19-unama).
2-§. UKkM HYKTanaH YTyBUH TYFPH YH3HK TeHIJaMacu
Texncankaa ukknra M(x,; y;) Xamaa N(xy y,) HyKTanap Gepuaras.
By nyKtanapaan VTYyBUH TVFPH YH3HK TEHIVIAMACHHHM  TONHIN  Tanab
STHJICHH.
Bus 1okopupa Gepuaran Gurra M(x,: y,) HykTazan { yTyBuM TYFpH
YM3MKHHHT TeHIVIAMACH
=y = k(x—x,) (3.2)
6ymmumun kVpank. By TVFpH unsug N(x, Y») MyKTazan Xxam YTCHH.
Yuna N(xg Y,) HYKTAHHHT KOODIAMHATANAPH X, Ba Y, Jap (3.2) TeHr-
JlaMaHy KaHoaT/aHTHPaH:
Yo — Uy = k(xy— xy).
By mynocabataan
p=22"h
Xg— X)
6yaumH Keaub unkaad. & naur tonmaran KuiMatian [(2.2) TeHrJamas
nar# k& HuHr YpHura Kyiicak, ynia

Ya—UYy,.. .
y—y==2""(x—x)
Xo — Xy
6yaaan. Bynpan sca
y—=h _pg—%u
Ya— Y1 Xg—4

(3.3)

6Ymum kesm6 unkaau. By renrsama Gepuaran mkkn M(x,; ;) Xamaa
N(xy; y,) uykranapian yTyBun TYFPH YH3HK TenrJamacH GyJaanu.
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Mucoa. Kyfmaarn M(2; 1) xavpa N(I; 2) wykrazapaan yrysau
TYFPH YH3HK TEHIVIAMACH TONMJCHH.

Eunm. Mrgu nykrazad Vrysun TVFpH uM3HK TeHraamacn (3.3) na-
TH Xy, Y, Xamaa Xs, Y, aap ypuura M(2; 1) sa N(l; 2) nyKranapauar
- KOOpAHHATAIAPHHA KVINHG TOMavis:
x—2 y—1I

1—2 2-—1

Yun
r — 2 —1 . I p
"-—:’/I €kH *+y—3 =0

Kypuuuiiza éamu Mymxiud. By uanavaérrad TVEpH  YM3MK  TEHIVIAMACH-
aup (20-unsma).

3-§. Hkxku TYrpH un3uk opacuparu Gypuak

Tekncaukaa ukkura tVepy yusig Gepiciran 6yacun. By  1Vepu um-
SHKJApP OpacHAarH Oypyakui TOnmHul Ta1a0 STHICHH.
Dapa3 KuAANIHK, TVEPH YM3HKAAPIaH OHDHHUMIT TeHrJaMacH

Y = Ryx =+ by,
HKKHHYHCHHHHT TEHIJaMach sca’

Y = Rox + by
Gyacun (21-yn3ma).

Mavaymku, k&, =1tgo, — 6upmwu TVEPH WiBHKHHEr  Oypuak KOd-
dbuuneH™™ , £y = tqa,—umumnm T\Fpl( Yi3MKHAHT  Oyp Yyak KO-
witertH. MKku TYFle YH3uK opacuaard OypuakHi ¢ Oujaad Oeqardnaiviuk.

21- yuamagan  KVpHHATMKH, o, = o, ¢ OGysaw. Dydpan 3ca
@ = o — 0y IKAHTMCH Keand unkaz. Pasuwank,

tg o = tg(z, —2,). (3.4)
Auan
tg oty —tg %,
i, — ) = 'SSL 83
|—tgz, -tg o2,
Ba tga, =k, tgu, =k, 65".1uzu'mu yuTHOOpra o/md, (3.4) TeHrJHKAaH

— kq
tge= —1_ e (3.5)

G6ymmumnn Tonamu3. DBy uxku TVFpH wusnk opacuiaars Gy puakHuWHr TaH-
rescunn udoxasosun gopsyaanmp. (3.5) dopmyaa €paamMHaa MKKH TYF-
PH WiH3HK opacuaarn § OypyaK TOMUJAIH.

Mucoa 2x—y—5=0, x—3y + 12 =0 tyrpu uH3uKIap Opa-
cHaard Oyp4aK TOMHIICHH.

Euun. Assano Gepuaran TYFpH  4H3HKJAPHUHT Oypuak  Kos(du-
uMeHT/IapuHH Tonamu3. Dymuur vuyit  TeHrnamanapuu ¥ ra  uucOatad
eqams:

U—y—5=0=>y=2x—

x—3y+12=0=>3y=x]+ 12=>y = -3lx+4.



Jlemax,

ki=2, @=%.
(3.5) ¢opmynara kypa
gl 8
L Al v et
3 3
Gysany, emak,
¢ =45’

(22- unawva.)

4-§. WkkH TYFPH UH3UKHHHT NApaJelJHK  Ba  NEPNEHAHKYIapIHK
ap TAAPH

TekuHcaMKIa MKKATA  TVFPH yn3nk Gepuarad 6YaHO, GHPHHHHT TeHr-
naMacH Y = kX - by, MKKHHUMCHHHHT TEHTJaMacH 3Ca Y = kyx - by
GyJICHH.

buz oKopnaa Oy TVFpH uM3NKJap opacpiarii  Oypyak  (OypyakHuHI
TAHTeHCH)

tu‘(‘ - .;:.l:_ic.
> I
e Lt
dopmysia GHJIaH aHUKJAHHILHHT KVPUIK.

1°. Aivraiomk, MKKn TVFPH Y3k opacizarn  Gypyak Hoara TeHr
6yacun: ¢ = 0°. PaBwaukn, Oy Xojza Oepiviran TVFPH uYH3MKJap yaa-
po napaanen Gyaaui:

5 hy—ky
(P;O#tg(}'*:tgo =0=>:F3:'|:= L '=0=>

1

i..'l.}(z

ﬂkl_kz o 0#)(" == k.z.
Jemax,
kl — kt_l'
TEHIVIHK HKKHM TV FPHUMBHKNNHT Napadiedlnk WaprTHanp.
2°. AWtaiamk, MKKH TVFpH umank opacizarin Oypuak  90° ra temr
6yacuu: ¢ = 90°. Papipanku, Oy xoaua Gepuarad TYFPH  YH3MKJAp y3a-
po nmepneHauKyasp OyJaiu.

¢ =90"=tgp =1g90° = oo=>tgtp=k—'_—k2= 00 =+
T Rykg
¢l+kl'k2=0=>/\’|'ko :_l$k1=—l (kn:_‘_‘-).
| 3 kz - kl
JHemax, :
| !
ne—ip (v

21



TEHMHK HKKH TYFPH YH3HKHHHD NepneHAHKyAAPJIHK
WapTHIHKP.

Mucoanap. |. y=>5x-+7 Ba y =5x— || Tyrpu umsugiap na-
pasienaup, YyHKH R, =5, ky =5 Ba, leMak, R, = k..

2. y=3x-+7 Ba y=— —;— x-+-1 TyFpu un3uKJap ¥3apo mep-

1 o
NEeHIHKVIAPAHDP, YYHKH R = 3, ks = — 15 6yimb, ky-ky = —1.
3. I-scaarma. TYrpH uM3NKIAPHAHr TEHIVIAMAJapH yMmyMiit K-
PHHHIIAA, TbHH KYHHAArHya
.41-\: "i' Bly + Cl = 0. .‘12.\' - Bgy "T- C2 == 0
Oyacun. By TVFpH uu3aMKJIAPHMHT Napassien Ba nepneHauKyasp GV
LWapTIapHHH TOMHUI YUV VJIapHH ¥ ra HiacOatan eyamus:

Ax+By+C,=0=>By=—Ax—C,=y =—§lx—

1
C 1
_B_:o (Bl¢0)'
A+ By +Cy = 0= Bgy:—A._.x—C,»y:—-‘%’ X — %’-(B,#O).
2

JHemak,
Ay
- B2 *

Yuma Aix + Byy+ C, =0 Ba Ayx+ By +Cy =0 7Tyrpu uu3uKIap-
HUHT Napa/uvIeVHK WapTit

A, e Ay
T
NEepreHNKYIAPAHK LAPTH
A, - BB, =0
G6ynau.

5-§. Bepuaran nykragan OepHaraH TYFpH 4H3MKKawa Oyaran macoga

Texkucmkaa M(x,; y,) Hykta Ba Oupop TVrpit un3uk Gepuwirad Gy.-

ci. TYFpH YH3NKHUHT TEHrJamacH
Ax+By+C=0

kypunnaa 6yacun. Bepuaran M(x,; y,) nyKTagan wy TYFPH YM3HKK2-
ya Gysran Macopanu Tomuuw Tasad stuichd. Ogataa M wykragan TVe-
PH YM3HKKA TYWHPHJraH NEPNeHUKYIAPHUHT  V3YHAMCH  HYKmadax
mijrpu 4usukKada 6jjrcan macogpa 1ed aranaiu (23- uusma).

by MM, nepnesAuKyJspHHHr Y3yHAMrHHH d Ouaan Oeruaaityivk.
M(xy; yy) nykragan Gepuaran Ax + By + C =0 TYrpi uM3NKKa napan-
e TYFPH un3nK YTKasamus. CYHr KeAHWHrH TVFPH UM3MKKA MepreHau-
Kya8p tyuwmpamus. DBy nepneankysspHsr  TVFpH uMsukaap  Gunan
Kecuiirad HyKrajapuuu B Ba B, Ounan Gearuaitmus.
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Papmaniu, uasanaérrad Macoda
d=MM, =0B—0B, (3.6)
6ynanu.
Bepuaran 1yrpn unsnk tenrgamaci Ax + By + C =0 Hu HOpManR
KYpHHHLITA KeJTHpavu3. DYHMHT yyyH yHH HOPMAI0BYH KYnaiTyBym
1

p—_—:' A - B2

ra KynaitHpamms:

LYy BT B | kY BB | iy AT B '

By Ttenranamann
xcosa + ysine — 0B, =0
6uaan commnurnpuo,

B 3
——"= COS, ———— = SIN X, '—C__ = '—OB‘
4+ A B2 ) A B2 4y A2 B
6Vsmiunan Tonamus. Jlemak,
@
0B, = 4y AT B (3.7)

Bepuaran Tyrpn uM3nkka mnapasiies TVFPH UM3HKHHHT HOPMaJ TeHrJa-
MacH KyiHuparuya

xcosa -+ ysina—O0B =0

6ynaau. By tyrpu uusng Oepitiran M(x,; y;) HyRTazaw VTrain yuym
M(x,; 1)) HYKTAHHHT KOOpAHHATAJApH Wy TVFPH 4M3MK  T€HIVIaMacHHB
KaHOAT/IaHTHPAIH:

Xy cosc + yysina— 0B = 0.
Byupau
OB = x,cos + Y, sina (3.8)
Oyann Keanb uHKaiu.
IOxopuparu (3.6), (3.7) Ba (3.8) mynocabar.iapian
d =0B —0B, = x,cost + y, sinoe — OB, =

. C
TR AT NG BT B T m AEB
_ Axy+ By +-C
- :lﬁ
6yaninan Tonamus. emak,
Axy—+ By +C
T = (39)

Mucoun. Bepuaran M(3; —4) nykranan 6x—8y -+ 31 =0 1yrpn
yu3uKKaya OYaran macoda TOMMJICHH.



Eunm. IOxopumars (3.9) dopmyaanas goiiganaiusd Tonamus:
d=83=8(—9+31_ 1843431 _ g,
/B (= 0 .

6-§. MKKH TYFpH YM3HKHHHT KECHIMII HYKTacH

Texnc/HKaa MKKHUTA TVEPH un3nk Oepuaran 6Yaul, yAAPUMHT TeHr-

JlamManapi MOC PaBHILAA

Ax+ By +C, =0, (3.10)
A Ax + By +Cy = (3.11)
Oyacue. By TVFpH 4H3MKIADHHHC KECHIUHUI HYKTACHHM TOmuul Tanad
ITHJICHH.

Kapanaérran TyFpH uH3MKJApHUHT KecHlHIU  HyKtacuun M (X, ¥)
Ounan Gearuwaaiiuak (24- ynama).

Monomuku, uananaérran Hykra Oup Bakria xaM (3.10) TyFpH uH3MK-
aa, xam (3.11) TVrpi un3nkaa érap skaH, VHHHI KOOPAMHATAMADH X EA
y nap (3.10) Ba (3.11) rtenrnava’zapus KawoarJantupais. BunoGapus,
Oy x Ba y Jap ywby

[ A+ By +Cy =0,
| Apx+ Boy +Cy =0
TEHr/IaMa/iap CHCTEMACHHHHT eyuMH OVJIaau.

JleMak, MKKH TVFDH UM3HKHHHI KEeCHIIMW HYKTACH HH TOMHIL YYYH
YJIADHHHT TeHr1aMajapiuH cuereMa Kiamd ey kepak. Cucrema eyumu-
AArd X HUHT KHAMATH KecHUMU! HYKTACHHUHC abclMccacH, y HHHE KHH-
Mat{ opAuHartach GViatil.

Mucoa 3x—2y—4=0, x +3y—5=0 TVFPH YUINKJIAPHHHT
KECHIUIHILI HYKTAcH TOIM/ICHH.

Eyuw. By TVrpH uM3dKJIAPHUHT KECHUIMII HYKTACHHMHE KOOpPAHHA-
TATAPUHI TOMHII YYYH VJAPHUHT TEHIIAMATADHHH CHCTEMA KHIHO eyaMmus:

3x—2y—4 =0, 3x—2y—4 =0,

{ x-(—3_u—5=0.:>{——3x—9y-,— 15=0""
3x =2y -+ 4, [3x =2y + 4,
="{—-1|y+11=o="[ Coy=17
[3x=2+4,  [x=2,
=>l‘ y=1 =>[y——-l.

Jemak, TVFpH YH3HKJIapHHHr Kecuiuuir Hykrack M (2; 1) 6yaanu.
Yuwiby GOOHHHT OXupHAA TVFPH 4M3MKJapra OMA OHp Heyra MHCOJI-
JAPHH KeJATHPHO, YAAPHHHT eUHJMULIAPHHN KVPCaTaMu3.
Mucoaaap. 1. Bepuwiran M(0: 5) nykranan Vrysyn Xamaa 3x —
*—2y —6=0 TyFpH WI3HKKA NEpPHeHIHKYJAp OVaAraw TYFPH YHIHK
TEHIVIAMACH  TOMMH/ICHH.
Egnw. Bepwiraw M(0; 5) Hykrazai VTyBYUH TYFpH UM3MK TeHr-
Jamacu (3.2) dopmysara Kypa

y—5=kix—0),
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STBHH
y=hkx+5 (3.12)
6Yysagu. Duau Gepuiarad TYFPH YH3MK TeHryiamacH 3x — 2y —6 =0 He
y ra uucGatad eyuO TOMAMH3:
3x—2y—6=0=>2y=3x—6=>y=%—x—s. (3.13)
Cyur (3.12) Ba (3.13) T¥rpit umsuimap V3apo neprneHAKyanp Oyaut
wapTHAAH

B —
2

o
Oymauum kel yukanu. Jlemak, k= — —; Tonuaras &k wuur Gy Kuii-
matubu (3.12) Temrsiamazaru k& uwur YpHura Kyiicak, yHaa

- 2
n!j=——:3—.1'~7-5

ra sra Gyiamis. By Gepuaranm myxranan yryBud Xamaa Oepuwiarau Tye-
PH YH3UKKA MEpPNeHANKYJAP OYJiraH TYFPH YH3HKHHHT TEHrJIAMAcHAHp.

2. Bepwtran M (—1; 3) uykraman Vyrysun Ba 4y —3x+4-8=0
TYFPH YM3HKKA mapajiies OVarad TYFpH YH3MKHAHT TEHr/amacH TOMHJ-
CHH.

E qww. Bepunaraw M(—1; 3) Hykrazau YTyBYH TYFPH WH3MKHHHD
TeHraamacyt (3.2) dopmyaara kypa

y—3=k(x—(—1),
ABHH
y=k(x+1)+3 (3.19)

Gymann.

Bepwiras TYrpu umaug teHraamact 4y — 3¢+ 8 =0 Hu y ra Huc-
Gatan eyavus: '

4y —Bx+8=0=>4y =3xr—8=y= -%x—?. (3.15)
(3.14) Ba (3.15) TVrpit wiBHKIAPHUHT V3apo mapaaiesn Oyaiuwd map-
THAAH

4

Oymaum keqm6 yukagu. Tomwarad & uukr Oy kuiivatuan  (3.14) Tewr-
JaMajard £ HMHr YpHura Kyficak, yHaa

3_ . 15
= —XxX-r —
g g

ra sra Gyzavus. By Gepwiran wykrajau yrysuit xawna Gepuaran TYFpH
yu3HKKA napasest Oyarad TYFPH YM3HKHUHE TeHrJamacHup.
Al
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IV 50D5. HKKHHYH TAPTHBJIH 3IPH YH3HKJIAP

Mabaymku, TeKHCIHKIAA TYFPH YH3MK X Ba y V3rapyBYmjapra HHC-

Gatan OupHHYH Japaxasu

Ax+By+C=0 (2.1)
TeHrzamMa Onaan anaiutik udopasanaan. Yaap 2 Ba 3-6o6iapaa Garad-
CHJT YpranuJny.

OHAM TEKMC/MKAA HKKHHYH TapTiOIH  SrpH  YH3HKJIAPHH (MabjayM
KYPHHHIUAATH STPH YH3HKJIADHH) aHaJNTHK Holanapiuun Tonub, yJjapHu
yprasamus.

Hkkunuu tapruGau srpu umMsukaap x Ba y VarapyBuwsapra aucGa-
TaH HKKHHYH Japaxanu TeHrjamanap Ouwaan  ubozananaaw. MkxkuHun
JapaxkaJi TeHIJIAMaHHHT YMyMHil KYPHHHILM Kyitmaaruga  Oyaaum:

Ax® + Bxy +Cy*+ Dx +— Ey + F=0. (4.1)
Opnaraa (4.1) TeHraamand uUKKUHYU MApMUOAU IepU YUSUKHUHS YMYMUL
mexaaamacu 16 aranaun.

Ywby Gobaa coana KYpHHHILZATH HKKHHYH TAapTHOIM  SrPH YH3MK-
Japlad ainaa, saaunc, runepbona Xamia napabonasapHu  KapaiMmHa.
By srpr ‘umsuksapuunr tenrJamasapuny tonuG, yaap €plampia reomer-
PHK XOCCaJapHHH YpraHamua.

1-§. Aiisana Ba yHMHI TEHrJaMacH

Tekucamukaa Gupop Ala; b) nvkra OGepnaran  Gyacun. Ala; b) Hyk-
Tajian GapaBap Y30KJAHKIA Typran HyKragap tynaamu (HyKTaJapHHHD
reoMeTpuk Vpuu) adaara 1e6 aranaaum (25- unama).

Aiinanana uxtnépuii Hykra oamb, yuu B(x; y) Ouaan  Gearunaiamk.

Auau aiiana tenraamacund tonamus. Afnana rtavpudura kvpa AB
macoda yarapmac. Yun R Ouian Gearnaaijimig:

AB =R,
Mkkn myxra opacuptarn Macodaun anuiosun (1.1) dopmyaara xypa
AB=V (x—af + (y —bF

6yaamn. Jlemak,

Vi{x—ap+(y—b* =R
By TeHrJMKHMHr Xap MKKH TOMOHMHM KBaaparra kVTapuO, Kyitaard
(x—a)*+(y—b)=R? (4.2)
tenrsiamara kesamu3. Jlemak, aimananaru VarapysBuu B(x; y) HyKTaHHHr
KoopAnHatanapn (4.2) tenrsamanu Kanoarnautupany. IOkopnnarn (4.2)
TEeHrJama ainana rtenriamacuun ndoaanaiinn. A (a; b) nykra aitnana map-
Kasu, R sca ainana paduycu jaeinnany.
Macanau, mapkasu A(l; 2) wykrana, pawtycn R =3 ra tenr Gya-
raH aiJlaHaHuHr TeHrJamacH KyHuwaaruya Gyjaim:

(x—1P+@—22 =28, mmn (x—I1P+(y—27=09.
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Arap (4.2) aftiaHa MapKasHHMHT KOOpAMHATANApUIaH OHPH €KH HK-
KajacH Hojra TeHr GyJ/ca, aisiaHa MapKasH KOODAHHATA YKJApHAa EKH
KoopAuHata Goimaa »Kofisamran Gyaaan:

1°. A#nananunr Maprasu A(a; 0) nykrana 6yacun. By xonma aitaa-
HA TEHrjavacH Kyiujary Kypuuuiuaa 6ymaazn (26-uusma):

(x—ap+y*=R. (4.3)

2°. Aitnana mapkasn A(0; b)) Hykraza O6yacui. By Xoama aiiiaua-
HHHT TeHrJaMacH Kyfmaard KypHuuiuja 6vVaamu (27- uusva):

X*4-(y—b*=R. (4.4)

3°. Airasa mapkasa O(0; 0) nykraza Oyacud. By xoama aitana
TeHrsamMacH Kyiuaaru kVpuuninia 6yaanu (28- uuama) :

21" = R (4.5)
Ajitaitink, Mapkasu A (a; b) nwykrana, paasycu R ra Tedr OyJran
(x—a)P+4(y—b? =R (4.2)

aiftlana TedraaMacura sra Gyaaiumk. By TeHraaMawuMHr yan TOMOHHra
KHCKAa KynaiTupuiu Qopmyaacuiu KVJgad tonavus:

x*—2ax+ a* + y* —2by +5* = R*.
YHu Kyfuaaraya €3uill MyMKHH:
x*—2ax - y* —2by +a* - b*—R: = 0.
Arap
—2 =D, —2b=E, &+ P—R*=F
ne6 osmica, yHad IOKOPHIArH Tenrjama yuoy
X4+yr+Dx+Ey+F=0

TeHrdamara Keaaad. By sca A=1, B=0, C=1 Gyarau Xoaaaru
MKKMHYH TapTHOM 3rpH YH3MK TeHrJamacH skanuud Omaaupanu. demak,
aillada  MKKHHYM TapTHOIHM 3rpH YH3MKAAaH udopar.

AkcuHua, MKKHHYM TapTHOaH 3rp uwsnk tedryavacu (4.1) ga x* Ba
y* nap oanunaarn Koappuientsiap Gnp-OGupura tedr Oyaub, x-y HHHC
onpuaars KoxppUUHEHT 3ca HOAra TeHr OV.ca, v Xoana OyHgail MKKHH-
yi tapTuOaH Srpu yK3nK aiiiana 6vaamn. Hlynw kypcatamus.

Mkkuuun taptu6aH 3rpH YM3HK TEHIVIaMacH

A +Byxy+Cy*+-Dx+Ey+F=0

1a A=C, B=0 Gyacun. By xonna teHriaMa KyHuaard KypHHHIIra
Kenajnu:

Ax* +-Dx 4+ Ay* + Ey+ F =0, (4.6)
Arap
. At DN a0, P D2 DY
Ax +D.\—.1(\x - = .\' A(.\ 2  Tadkarv M’)_
( D\ __ 4D% . L Dy Dt
—A(.‘x—f—??) —.44#_.4(\.;. =)~

Ba XYJUIM LIVHra yxuwau
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2 2 L EV_ &2
Ay +Ey—A(y+ S L
6y/mumnn spTHOOpra oJicak, yiaa (4.6) Tenrsama ywly KypHHALIHK
onann:

D\e D2
A+ gz =g +alv+ )~ +F=0.
OHAM KelMHrH TeHrIMKHUHC Xap ukkd Tomonuun A ra  Gyam6 To-
namus:

)
-

. D E'® E , F _
(\+§;‘-) 4.4" (J’l ‘—)—m“f';'—-o.

By rtenrsmknan sca

(v—-ﬂ‘:+ L —-—£—2—-E ! .E_F_
*ou) TWra) Tt 7 4.7)
Oyamim Keand yHKaH.
Kyimaary
D__, E__,
2 24
D, B F "
Yyl

GeJirnJanmapin KuJaiank. Yuaa (4.7) tenraaManuur KYpHHULIL
(x—a)+(y —bp =R*

6yaamn. By 3ca aiinasa tenrJamaciamp.
Mucoa. Mkkunun taptabam srpi uusnk  ywoy

X2+ P+ 20—4y—20=0 (4.8)

TeHrJaMa Ginian Gepuirad. YHuHr aijiaHa TeurJamMacH KaHunn  Kypca-
THO, allJaHAHNHr MapKasH Pa PaIuycH TOMHJCHH.

Eyuw. Bepuaran tenrsamaza x* Ba y* JapHHHr OJAMAarn  Kosd-
(rumenTaap Oup-OupHra TeHr XaMmia xy HUHI  OJJHAArH  KoxbdHiment
HoJra TeHr OyJaranauri cabalbiu 10KOpHaa aiitiiraHura Kypa y aiisiana-
HHHT TeHrJaMacH OYyJaju.

(4.8) Tenrsamanu Kyiuiaruya €3w0 onamms:

x4 20+, ° —4y —20 =0.
Pagmanxu,
LtU=x+2+]—1=kx++1PF—1,
P—Ay=9'—2:2+4—4=g—2—4
Yuna "
By —4y—20=(+1)P—1+(y—2*—4—
—20=x+1pP+@H—2*—25=0
6ym6, Gepwiran TeHrjama yudy
(x+1pP+(y—2P=25



Kypuiiay onann. Jemak, aitnamanmur mapkasu A (— 1 2) HyKraza
6ysmi6, paznycH R =5 ra rtenr Gyaaam.

Aitnana Gunan ymymuit 6utta M (x, y,) HyKrtara sra GyJiraH TYFpH
YH3NK ailjlaHara yTKaswirad ypunsa peé aranaam. x* -+ y* = R* aia-
Hauuur M (xg) ) HYKTacHAaH VTyBUH YPHHMa TEHIJaMacH Kyitugaruya 6y-
Janm:

XoX + Yy —R*=0. (4.9
Miucoa. x* 4 y* =8 aitnavanunr M (2; —2) Hykracuaad §TyBun
YPHHMACTI TOMHJICHH.

E unm, By ypunmauunr Tteuriamace foxopuzarn (4.9) dopmyaara
Kypa 2x + (—2) y—8 =0, apun x —y— 4 =0 6yaqn.

2-§. Jamnc Ba YHMHT TEHrJamacH

Tekucankaa ukkuta Hykra Oepuaran 6Yicun. Tekneankna wyHpgai
HyKTazap TVNJaMHHE Kapailaukki, Gy TYIJaMHHHr Xap OMp HyKTacHaaH
Gepuira MKKH HyKraraya OVaran Macodanap HHFHHIHCH Xap JouM GHp
xun Varapmac coura: teur OyJcud. Ojarja Oveaail HyKranap TVnJjaMe
(HYKTaJapHHHT TeOMeTpHK VPHH) 32aunc el aranajv.

Bepuirai mkkH HyKtanu Moc pasuwiga [, sa F, opRamr Gearuaii-
Mi3. SUUIMNCHUHT TEHIVIAMACHHH TY3HII YYYH TEKHC/HK[AA KOOpAMHATa-
Jiap cHCTeMacHHH Kyitnaarmua ojamvus: Gepuaran F, sa F, nykramapaau
VryBuil TVFpR uMaMkHu abenmeca Vi, F Fy kecManuir ypracHjaH yryB-
ui xamaa abeudcea YKHra nepneHaukyasap Oyarad TYFPH  YH3HKHH  Op-
auHata Vku jieé onamuz (29- lm:ma) Arap OF, =c¢ (¢ > 0) neiinmca,
VHA2 oKopuaa adrtwaranira kVpa F, = F, (—e; 0), Fo=F, (¢; 0){6y-
JaH.

aauncaa uxtHépuit HyKta oamnd, yuu M (x; y) Ownau Gearnaad-
MH3.

SHaN UMNC TeHrJaMacHHu Tomamu3. SaHnc tabpudura kypa FyM
Ba F,M macodanap firnuancn Varapmac 6Vaamn. Yuu 2a (a > 0) Guaan
GerHAANTHK:

F\M 4 F,M = 2a. (4.10)

Bepusirad MKk HyKTta opaciiard Macopanin uhoiasoBun opmyaanaH
doitaatannd Tonamus:

FM=V{x—(—opF+U—02=1v(x+ c)2 + y*,
FaM = v x—¢f + (y—07 = (x -—c)-
Yuma (4.10) renraux ymby
Va—of+y +vE+of+y* =2
Kypuruuira kesand. KelHHrd TeHrIMKHH Kyitiaaraya
VETFFF =2 G—F T
€36, CYHr YHMHT Xap MKKH TOMOHMHH KBAZPaTra KyTapamus:

(x+c)2+y2=4az_4a1/(x_c)2+y_g +(x—oP 4o




Bynpan sca
R+22x+E+ P —44a*—x2 42— —yt =
—— VG TS,
SBHH

»

dex—4at =—davV(x—cfF+y°
SKanJurn KeJu6 uukann. Keilunrn tenrsmkaan
@—cx=avV(x—clF+ & 4.11)
ra sra 6ynamu3. (4.11) TeHrMKHMHr Xap MKKH TOMOHHMHH KBaJpaTra Ky-
Tapub TONAMK3:
(@ —cxp=(ay (x—cf + y° F=
=a*—2a%x + ¢ =a* [(x—o)f + y*]l=>a'—2a% cx +
+ 4 =a* (x*—2cx + ¢+ y)=> a' —2a%cx + ¢ =0 —
— 2a%x + a*c® + @yt = @*F — X - eyt = at —att =
=x* (@* — %) + a*y* = a* (@* —c?).
Papmankn, F_M -+ F,M > FiF,. Jlemak, 2a > 2¢, awin a >¢. Bynjan

aca @*—¢* >0 6yamum keawb unkaau. Ilysn swrubopra onmb, KeAHHrH
TEHrJIMKHHHT Xap HKKH TOMOHHHH a* (@* —c¢®) ra OVaamu3:

x2 (a2 — (?) aﬂyl o a? (a! — [2)

a? (a2 —c2) a? (a% — c?) a? (a2 —¢?)

Hammxana ymby TeHIVIMKKA KeJaMu3:

Lot B P
az a—c?
Arap
at—ct=p* (4.12)
1e6 ‘6earnsacak, ynja
2 2
_";_2_ = %_ =] (4.13)

6Ynanu.

lynpait kuanb, samuncaary yarapysun M (xi y) HYKTaHHHT KOOp-
aunartanapu (4.13) Tenrnama Gunan Gorsauran skaH. Dy (4.13) teHrnama
SJMIICHHHT TeHrJamacHun nbonanaian. F, ra F, HyKTajap 3JJMICHHHL
¢okycaapu peimnanu. Paswankn, (okycaap opacuuarn macopa 2 ¢ ra
TEHT.

Auan yuby

x2 yl—. x? y‘_
_,'+'bT“"‘1v __"+_'—ls

x=0 y=0
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TefrJamManap cucreMacunn eqnG, samncuudr Oy xamaa Ox  koopauHata
yKaapu GHAAH KeCHIUHU HyKTalapHHH TONaMH3:

x2 )/
(S48t 0y
1 x=0

Hemak, samnc Oy 'Yxu Ouwnan A, (0; b) Ba A, (0: —b) uykranapaa

Kecnwanu (29- ynama).
LlynnHr ek,

3
=?—!b—;- = l:}!['z:b::}y:d:b.

SO
el STt TR . AT X2 a 2
a2 b2 =>___’__=I=$_—_l¢\"=a'#x=ia
y=0 a b @
6yaann.

Hewmak, samnc Ox Vku Gunan B, (—a: 0) Ba B, (a; 0) nykranapaa
kecuwaay (29-unama). Onataa @ MOCHUHT Kamma apusm gKu, b sca
Kuqurk apum gru n1ed arasamu.

Saaunc GokyeaapH opacHaard Macopa 2 ¢ HHHI yHHHr KaTTa VKM
yayuairit 2 @ ra HuchatH SIMNCHUHT IKCHeHmpucumemu Jefinaanm Ba
e Xapbu Ounan Gearusauand:

2¢ ¢
T o (4.14)
{4.12) rteHraMKaaH
e =a>—b

Gy ikl SBTHOOPra OJHO, SJVIMNCHUHT SKCIEHTPHCHTETH

) -az_b'l
a

ra TeHr GVJHIUHHH TOMaMH3.

DAAMMCHUHT  SKCHEHTPHCHTETH YHHHr  IUAKIHHW  XapakrepJaiaurad
MHKIOpHP. ;

Pasianku, ¢<<a OGVarawauri caGaGaw e Xap aoum | jaH KHYHK
Gynam: e< 1. .

Arap b opra Gopca, yiia e KHuukJawud Gopamit Ba 3/AJMMNC ILHAKAH
aitnana 1wakaura yxwait Gopanu. Arap a = b 6yaca, yuga e = () 6y/6,
qMne aitiaHagad ubopar GYanb Kosatd.

Mucoaanap. 1. Karra ygu 10 ra, sxcuentpucureru e =0,8 ra
TeHr GV/raH S/HMCHHHT TEHrJIaMacH TOMHJCHH.

E g, Macamanunr waprura kypa 2a = 10. Jlemak, a =5. (4.14)
¢dopmynatan doiigananud,

08="S=>c=508=4
J
G6ymaumau tonamu3. (4.12) ¢opmyaanan sca
P=ad—c=5—4=25—16=9,b=3

Oymiud ke uuKaaH.
Hewmak, (4.13) dopmyaara acocaH SJUTHMCHHHT TeHrJaMacH
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L all R s RSO
s Sk 5 £ = -t e 1
Kypunmunaa Gyaanm.
2. Bepnaran 4x* +-9y* = 16 Sa/MNCHHHr KaTTa Ba KHYHK SPHM VK-
JapH, (OKYCAapH XaMzia SKCUEHTPHCHTETH TONHJCHH.
Eunm. Bepuaran 4x* + 9y* = 16 TeHrJaMaHHHT Xap HKKH TOMOHMHH
. 16 ra 6ynamns. Harnxana

X, 9 x 2
X W N il
s Tl s " 16

4

TeHrJaMara xenamus. By sauminc tenrmamacuni (4.13) Guaan  conmmmry-

pud, )
=4=>a=2,
=Ly
9 3
6Vsmmwmsn Tonamz. (4.12) dopmysara acocat
BP=a—c=> t=a—b=> = 4—19—6=>
gy = $C=‘20 :2p5
Y 3 3
Gyaanu.
; (4.14) dopmyaazan doinananub, 3JIHNCHEET SKCUEHTPHCHTETH € RM
: TONAMH3:
=-£- =-——2'!g.‘ = ‘/g_
_ = 3 . 3
Ilynpait Kumo:
4 [ ayE 2V5
= = F == y F ’
a 2, b 3 ' 1 (\ 3 0) 2 ( 3 y 0),
o= 2 :’
6yaann.

3-§. IunepGosa Ba YHHHT TeHrJamacH

Tekucamkaa wKKHTa HykTa Gepuaran Gyschi. TekHcaMkAaa wynAadh
HyKTaJap TYMJaMHHi KapailMkku, Gy TYIJaMuHHr Xap GHP HyKTacHjaH
Gepuaran MKKM HyKTtaraya Oyuran macodanap aiupMach Xap xoum Oup
xua ysrapmac conra rtedr Oyaicun. Oparaa Oyapall HyKTazap TynJsamu
(HyKTAADHUHT TeOMeTPHK VpHH) 2unepGora 1e6 aranajM.

Bepuaran ukkn nykrani mMoc pasuiina F, sa Fy opkam Gesrnnaii-
JuK. I'unepOosiaHuHr TEHrJIAMacHHH TYSHII YUyH TEKHCJHKAA KOOpAHHA-
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Tanap cucreMacui Kyfmparwya onamus. Bepuwaran F, sa F, nyxranap-
Jan YTyBuM TYFPH uMsuKHH abcumcca yxku, FiF, wecmanmur Vprachpan
yTyBun Xamaa aGcumcca VKHra nepneHamkyJsp Gyaran TYFpH YHSHKHH
opauHata yku ne6 onamu3 (30-unama). Arap OF, =c¢ (¢ >0) xefmsica,
yHia loxopuaa aituaranura kypa F,=F, (—¢ 0), Fa=F, (¢ 0)
6ynann. &

I'unep6osaja mxTHépuii HyKta oamb, yan M (v, y) Guian Gesaru-
J1afiMH3.

Ouan runepGoJaHHHr TeHriamacun# tonamus. [nnepGona Tabpudwra
kypa F,M Ba FoM Mmacoanap afinpmacn Varapmac GViaau. Yuu 2a Gu-
JaH GenrunannKg:

FM—FM==2% (a>0). (4.15)

Mkku nykta opacunarn macodamn ndonatosun [(1.1) dopmynanan doi-
Jlanannb Tomamus:

FM=V{—(—F+U—0=V{x+o*+ 4,
F;M =v (x—¢f + (y—0F =+ (x— ) + 42 .
Vuga (4.15) tenrymk yuiby
Vet +y* —vVik—of+y* ==2a
kVpunninra xenaau. Kedmnrn tenranknn (F;M > FoM n1e6) Kyimparnua
VE—FFF =V G+ —2
€3u6, cYNr YHHHr Xap HKKH TOMOHHHM KBanpaTra KyTapamus:

(X— )+ 1P = (x +¢)* +1y*—4da vV (v+c) + 4 + da.
Bynaan 3ca
R—2x+c+yr=xF 2+ + 4 40> —

— 1V GT O,

SIBHH
—da* —dex=—4a V{x+of + ¢
skaH/mMry kem6 uukaan. Kefmury TeHrsmkian
a+ex=avV(x+oP+y° (4.16)

ra sra Gysamus.
(4.16) TEHrJMKHHHT Xdp MKKH TOMOHMHW KBAaJpatra KYyTapamus:

@+ cx)=(av(x+cf + 2 P=a* + 2a%x + 2 =a* (x2+
+ 2cx + ¢ + y¥) = a* + 2a%cx + ¥ =a*y? -} 2acx + a®c* + a*r =
=a' + A =a' -+ a*P 4 P = (@ — ) ¥+
+ a*y* =a* (a* —c?).

Papuianku, F,M — F.M < FiF,. Jemak, 2a < 2¢, awvin a*<c*. Byn-
nau aca @*—c* < 0 6ymnm keam6 unkau. Illyau sntHGopra osm6, 10Ko-
PHAArH TEHIJIMKHHHT Xap HKKH TOMOHMHH @* (a* — ¢®) ra Gyiamus:
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(a!_ cl) x2 a’yl e l

(a2 —c?) a® a® (a* —c?) T
Hamwkana ymGy
x B 1
a? at — ¢?
TeHIJHKKA KeJaMus.
Arap
at—ct=—0b (4.17)
ne6 Gesrunacak, veia
x2 2
e (4.18)

O6Vaanu.
Ulysaait kuanG, runepGosaxarn Yarapysun M (x; y) HyKraHHur Ko-
opauHaranapu (4.18) teurnama Ousan Goriadran skan. By (4.18) remr-

Java runepbosaHHar TeHryiamacHHi udopanaii.
F, ra F, nykranap runepboiauuur ¢hoxycaapu neiiwnaau. Pasianky,

tokycaap opacuparn macoda 2 ¢ ra Temr.

Suau yudy
l ® ¥ x_¥ _
a2 2 ’ a? b2 '
x="0; y=0

TeHrJamManap cicreMacuin euuG, runepGosaunur Oy sa Ox koopAuHATa
yKaapu Ouial KecHIHW HyKTazapuuu Tonamus. Yuby

- =1,

] a® h3

l.\:=0

[ )2 y!

y?

cHcrema eyuMra 3ra sMac (yyskn x =0 jga — e 1 6yam6, mauduit con

1 ra tenr Gyiamuran MabHocH3 Mymocabat Xocusa GY.sian).
Jlemak, runepGosa Oy VYku Guaan KecuiuMaign. Jwm

[ﬂ v -
a? b '
ly=0
CHCTEMAHH €YaMH3:
x2 y? 1 1
—_—— = 2 - ~
a2 b2 ___,,L__O_=1=¢i‘-=l=>x-=a-=>x=:ta.
a? b2 at
y=0

Iemax, runepona Ox Vku Gunau B, (—a; 0) Ba B, (a; 0) nykranapaa
kecuwagn (30- uuswva).
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Qx Vku runepGonanuur yaxuxutl yjxu, Oy 3ca masxym yjxu neb ara-
JANH.

IOKopuna KeaTHpuaraH runepOOJaHUHT TEHrJaMacHHH Y ra HucGaraH
eyl TONAaMu3:

2 2 2 2 2 2
el s [T [ B e B e ]
a* b2 b a? b2 a?
o , x2—aqa? B _riee——
=i =b = y== —Vxi—d. (4.19)

Keiinuri TeHrJHKJaH KYpHHaAMKH, runepGona alcumcca |VKura Huce
Gatal CHMMETPHK Koiijamran Gyaap skau.
IOxkopuparu (4.19) Tenr/mknn Kyfnjaarnua €3amus:

3 o 2
By tenramkpaan kYpHHamMKM, X €TapaM Japaxaja xarta Gyaranaa a—.-
X

2

aucbar 0 ra skun 6V/G, ‘/ 1 —a—z- aca | ra sxun Gynamu:
X

Yuna

6yaanu.
Jlemak, x erapim japakajpa xarra Gyuranja runep6osia HyKTaslapr-
HHHT OpAMHATaNapH

b
y=*x—x
J a

TUFPH YH3HKJAP HYKTAJaDHHHHT OpAMHATAJApHTa €Tapanua sKuH GyJape
au. by

LA

y==—x
a

TYFPH YH3MKJap runepGonanuur acumnmomanrapu ne6 aranamu (30- ums-

Mara Kapamr.)
linep6ona ¢okycaapn opacuaarn Macodpa 2 ¢ wunr 2a ra nuc6atd

runepGonauunr sxcyenmpucumemu ne6 atanagn Ba e Xapdu Gunan Gen-
THJaHaH:

2 ¢
g, (4.20)
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. (4.17) renranknau
¢ =a? + b
GYmimun sbTHOOPra 04H6, runepGOIAHHHT SKCUEHTPHCHTETH
_Y@IE
a

ra TeHr OV HMIIMHK TOMmamus.
Papwavku, ¢ >a OVaragaari cabaGau e xap Jjouw | jgas karra

G6yaamr: e > 1.
Mucoaaap: 1. Dokyeaapu opacuaarn macoda 2 £y 6ymb, Vau
M (9; —4) nyKrazan Vrapgurad runepOOJAHHHT TEHrIAMACH TOMMJICHH.

E ynm. Macasamyur maprira Gumoan 2¢ == 23 11 Gymamu. Jemax,
c=v 1l. (4.17) dopmynara kypa
a®+b =11
Gynanm.
IunepGosa M (9; —4) nykrapau yramu. BunoGapuu, Oy Hykrauusr
KOOpAMHATA/apH runepbo/a TeHriaMacH

X2 o
@ 0
HH KaHOATJaHTHPAH:
Keitarrs TeHraMK1aH TONamu3:
PP g BB
at b2 at )

=81 b* — 16 a* = a®b°.
Hamokaza a Ba b Japud tonuw yuyH ywly
a*+b* =11,
816* — 16a* = a*b*
cHcTemara sra Oyiamus. Duau Oy CHCTEMAHM €yaMHs:

g+ bt =11, (a®=11—0",
{81b=—16a2=a'=b'= 18162 —16 (11 —b%) = (11 —b?) B2~
[a* =11 —0b,
=\ 816*— 176 + 166* — 1162+ b4 =0
_[@=1=p P [ —02,
= | bt —866* — 176 =0 [biz=—43i,‘1’m=’

a* =11 —"p?, 2= 11—2=09,
=B =2, b2_—83=>{1ﬂ=2.



Jemak, a* =9, b* = 2. HMananaérran runepOOJAHHHT TeHIJIAMACH

6y 1aam.
2. 16x* — 25y = 400 runepGonanuur (OKYCJIApH, 3KCLUEHTPHCHTETH
TOHIIJIHG, ACHMTITOTACHHUHT TEHrJIaMacH TY3WICHH. q
Eunw. Bepuaran runepfoia TeHrJaMACHHHHI Xap HKKH TOMOHHHM

400 ra 6ynamns:
16x2 254 =

400 400
2 2
Haminkana runepGoja TeHriamacy — — % = 1 xVpunumra xesan.
20 ]
Jlemak,
a* =25, b* =16,
c=Va+b=v2+ 16 =v 4],
1. 21 . c 1 :}T
F,(—v4l,0), F, (v 41;0), e=;=T.
runep6ona acMNTOTACHHHHI TEHrJamacH Kyhujarnya OyJanm:
y=22 y= 22y
a ol

4-§. TlapaGosia Ba yHHHr TEHrJamacH

Texucankna TVrpu unzuk Ba 6y TYrpH uM3NKaa éTMaran Gupop HyKTa
Oepuitran 6yacui. TYFpH uM3dKzan Ba Oepuiarad Hykrajan GapaBap y30K-
JHKAA Typran HyKrtanap Tymiamu (HyKTaJapHWHT TeOMeTPHK YpPHH) napa-
6ora neb aranamu.

Bepuaran tyrpu umsuknn AB, Gepiuaran nykrtanu sca F Ounan  Ges-
THAaHMA3,

[NapaGonanuur TenrjaMacHHy TY3HIl YYyH TEKHCJHKJA KOOpAHHATa-
Jap cucTeMacHHW KyinJarnya onamus. Bepuaran mykragan yTyBuM XaM-
Ja Gepuaran AB TYrpH umM3NKKa nepnenankyasp OVarad TVFpH 4H3HKHH
abenucca yxu pe6 osamus. AB TVrpn unank Ba Gepuiaran F HyKkTa opa-
ciujarn Macoann udonanoBun kecMa ypracuuan Vrveudm Xamzaa Ox VKura
nepnenukyasp Gyaran TVepu ynsnknn Oy Vku 1e6 ojamus (31- unama).

[NapaGonana uxtnéprit nyxra omb, yuu M (x; y) Ounan Gearuaan-
MH3.

Bepuaran AB Tyrpu umsnkaan Gepuaran F nykrarava Gyaran maco-
dann p OGunan (p > 0) Gearmnaitank. Yuga F HyKranuur KOOpAHHATa-

J1apu ( 0) 6ynamu: F ( 0). 31- yuamaaan:
OM, = x, OM, = MM, =y, C (— 2. o) N (_‘j J)
6yamuunK Tonamus. Paswanky,
MN =x+ £, (4.21)
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Ouau napaGonauuur TtenrJamacuuu tonamus. [lapaGona tawmpudura
kypa MN Ba MF wmacodanap Gup- Gupura Tenr Oy/anu:

MN = MF. (4.22)
Hkku Hykra opacuaarn macodamn mpomarosun (1.1) dopmynasan boit-

Ranauud,
MF = \/ (=—5) +¢ (4.23)
HH XOCHT KHJaMH3.

(4.21), (4.22) Ba (4.23) myHocabatiapaan yuby

x+§ = l/(r——%)- +

TEH/MKKA KeJamu3. Dy _TeHrJMKHUMC Xap HMKKH TOMOHMHM KBajparra
KyTapub Tonamus:

=>x+2.2 \+-5’£-=(x—£)2+:/-=>\2 + px —£—=
=x—2 % ,\-}——’;—3 + 2= 4 px 4 ﬂ:—=,\-’—-m +—':—' + =
= y* = 2px.
Harukana Kyitugarn temraava Xocua Gyaamum:
y* = 2px. (4.24)

Iyupait kw6, napabonanarn yarapysun M (x; y) HyKTauusr Koop-
AuHaransapy (4.24) tenrnama Omsaad Goraatran skan. DBy (4.24) renrsiava
napabo/IaHHHT TeHrJ1aMacHiH HpoIaaiiu.

F uykra napaGonauuur gpoxycu, AB t{rpn um3ng napaGoaauuur ou-
pexmpucacy NeHanu.

Jemak, napaGoa AMPEKTPHCACHHUHI TeHrJaMacH x = — —, mnapa6o-

Rk

na Gokyct F uuur koopaunaranapu F (%; 0) GVaau.

[MapaGosa teursiamacu (4.24) na y ysrapysun xKydr Japawkaaa kar-
Hawaau. [emak, napaGona Ox ykura uuchATaH CHUMMETPHK HOMAAlIraH
6Vaanu. (4.24) TenriamajaH TONAMH3:

¥ =2px= y=+V2x, y=—v2px.
Jlemak, napaGOJaHHHT KOKOPH SIDHM TEKHCTHKJATH TEHr/Iamacu
y=+v2px, (4.25)
Kyl ADHM TeKHCIMKJArH TeHrJaMack 3ca y = — V2px Gyaam,

[NapaGonanuur 1OKOpH SPHM TEKHCIUKAArH KHCMHuM Kapa#auk. (Kyitn
APHM TEKHCJMKJAAarH KHCMH XyAAu wyHra yXwauwr 6ymaaju.)
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(4.25) x wanr Manduit KwiMaTapla y HUHr KHAMATJapH XakHKHA
6yamaiiau. Bynaan Oy Vkunuur yan tomonnga napaGosamuur GHTTa XaMm
HyKTach GysMacanru kesnb unkanm.

x =0 6yaranpa y =0 6ynamu. Jlemak, napaGosa koopinHata G6o-
mHaaH YTanu.

x (x> 0) maar guitvataapu opra Oopea, (4.25) TenrJamajzan KypH-
HAJIMKH, MOC ¥ HHHT KuiiMatiapu Xam opra Gopaau. Jlemak, napaGona-
narn yarapysun M (x; y) wykrta napaGona Gyiiiad Xam YHrra, Xam IOKO-
pura Kapab Ox yxuaan xam, Oy Vyxuaan Xam ysokjawa OGopap 3KaH.
By xommnu 31-ur3vazaru napabosia Taceupua XaM KVpHII MyMKHH.

Ymby y* = — 2px KYpuHHILZArd TeHrjaMa xaM napaGoaamn wubona-
Jaiau. YHHHr TacBMpH 32- um3Maza KypcaTuaran.
Yuiby
xE=2py, (4.26)
Xt =—2py (4.27)

TEeHrJlamManap, Xam napadosanapuu udonanaiinn. By napaGoaasap Oy yKku-
ra HucOatan cuMMeTprK OVaamu. (4.26) napabosanuur TacBupn 33-yu3-
Maja, (4.27) napabGojanunr TacBMpd 3ca 34-unamaza kypcatuiras.

Mucoanap. 1. INapadonannur gokycu (5; 0) nyxra Gyzca, wmy na-
pabosiaHiHr TeHrJIAMAcH TONHJICHH.

Eyuw. Macasaminr waprura kypa F (5; 0). emak, %=5. Byn-

Jan sca p = 10 6yamwm keanG unkaan. IOxkopuaarn (4.24) nau doiina-
Jannb, Hananaétran napaboJanuHr TeHrJaMacH

yr=2-10x=20x

GV/HMILIHHH TONAMH3.

2. Arap napaGosauunr (3; 5) nyKrtanan Vrumm Mabaym GVaca, yHHHD
TEHTVIAMACH TOTHJICHH.

Euwnw. Hlaprra kipa wanavaérran napabosa (3; 5) nykragan Vra-
In. BunoGapun, 6y HYKTaHHHT KCOpAMHATAJADH napa6o.na TEHIVIAMACHHH

Kanoatiantupaan: 5° = 2p-3. By Tenramkaan p= — GVJHIMHH TODA-
MH3.
Jlemak, napaGoJiauuHr 1eHrJaMach
25 95
& T 3
6Vnanu.

V B OB. ®A30JJATH AHAJIMTHK F'EOMETPHUS

dasoarn aHaTHTHK reoMeTpHsia TeKHCJHKAArH aHAJHTHK TeOMEeTpHs-
Jard CuHrapu (pasorHit LUAKJJAPHUHT (reoMeTpHK OOBEKT/IAPHHHT) XOccas
Japu asreCpa ycyJH €piamuja (AbHH TEHrJavajap €pAamuia) YpraHuJan.
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1-§. ®asona Tyrpu Gypuakau Jlexapr KOOpAH HATaAap
CHCTEMACH

Pazoaa §'3apo OHp- 6upu Ounan nepneHAuKyasap 6Varaw yurta TVrpH
YHIUKHH OJaiflyIiK. By TYFPH UMBHKJAPHHHT KecHIraH _HYKTaCHHH 0 xap-
i Gunan Gearnna®, yuu Koopdurama Gowu 1e0 ataiMus. 35-unsmaja
KYPCATH/ITAHHNCK, TYFPH UR3HKJApHUHT Gapuiin OX VKH €K abeyucca
gKu, ukknnaucund Oy YKu éxu opdunama fxu, yduuducuun sca 0z Yku
€KH annaukama yxu ned aranaau.

Koopaunara oouws Ox, Oy Ba Oz )lyldpa!HHlH‘ xap 6upmm HKKH
KHCMra — HKKH ADHM YKKa awparand. SIpum Vkiapaan Gupuun MycGar,
MKKHHYHCIHH MaHpuit Ae6 Kapaitvus. MycGat spuM VKJap 35- unamana
crpeskanap Onsan Kypcanmrau

Ox, Oy Ba Oz YKJap opKald YTram TeKHCTHKIAp (v/1ap KOOpAHHATA
TeKHC/HKIapH 1e0 ara.rxa,rm) (azonit 8 KucMmra apaTamu. Onaraa Gy
KHCMJAp OoKmanmaap 1eG ataiand. Yaap 36-uiaMaza  KypeatwAraHuiek
HOMEpJIaHa/H.

Alraiting, M — dasonarn Gupop nykra GVviacun. M mykragan y0z,
x0z, xOy KOOpAHHAT TEKHC/HK/JApHra NApasLies] TeKHCAHMKAAD YTKA3HO,
YJApHHHT MOC VKJap Gunan kecuuwiran yxrazapuiu M,, M, sa M, aap

Gunas Gearmwmaitvus. By M,, M, sa M, nyKrasapuu  AHMKAAUIHEHT
Hya- iypukapu 37- pacMaa Kypeatu.rad.
Ywby
oM, =x, oM, =y, oM, =z

KecMaJapHuHr y3ynaurn M uyKranuur xooplunamairapu neG araaajid.
x coH M HyKramuHr OGMPHHYH KoopauHaracu €k abcyuccacu, y coH M
HYKTaHHHI MKKHHYH KOOpAHHATacH €Ku opdumamacu, z cou sca M HyK-
TAHHHT YUHHYH KOOpAMHATACH €KH annauxamacu 1e6 aranagu. M nykra
KOOpAHHATaapn €pjamuia Kyimtarnua éswnan: M (x; y; 2).

(¥; ¥: 2) HYKTa KOOPAHHATAJADH HILOPAcH
OxTtantnap
x (aGcumceca) y (opamuara) l 2 (annaukara)
I x>0 y>10 z2>0
II x<< y>0 2>0
I x<<0 y<0 2>0
v x>0 y<<0 2>0
\'4 x>0 y >0 20
VI x<0 y>0 z2<<0
VII x<0 y<<0 z2<<0
VI x>0 y<<0 2<<0




IOkopraa affruaransapaan kypuHaguku, dasonarw Xap GHP HyKTa
(x; ¥, 2) YWIMKHH aHHKJAHIM.

Akcunua, yyra X; Y Ba z cOHJapian uoopar (X, ¥, 2) ywmk Gepui-
ran OyJca, ¢aszona yHra Moc OHTTa HYKTa TONHAA M.

Koopaunata Ttexucaukaapun Oyrtyd asoud 8 ta OKraurra Gyaw-
WARE a6 yrrad sauk. By okranTaapaarit HyKrasap KOOpAHHATANApH-
HHHr uiopajapn 40- Getjaru Kajsaiga KypeaTHirat.

Macanan, M (—3; 5; 1) Hykrauaur ¢azozars reOMETPHK TacBUDH
38- ynavana ugoaasanran.

2-§. daszonarn HKKH HYKTAa opacHaari macopa

®azona nkkn A Ba B nykra Gepwiran OVand, yJapHHHr KOOpAHHA-
Tanapu Moc pasHiuaa (X ¥yh 2y) Ba (Xo Yo 2a) OVacuu:  A(xy; vy 24),
B (xg Yar 23).
by Hyxtanap opacuzari Macopamy roniul tanad stuacHi. 39- quama-
Aa Gepuaran A(x;; #,: 2)) Ba Blxg: le: 25) HVKTATaDHUHT KOOpPAMHATAMA-
puHH 3bTHOOpra OAMG KYHHAATHIGDHH AHHKJIAHMI3:
0C,'=x%;, oD, = y,, AA, =z,
OC:_, — .\'2, OD-_n = !/'2. BBI = 22.

AA, Ba BB, Vaapo napaaiei. Yaap Oup tekucainkia eéragu. A, Ba
B, uyxranapuu tyrawtupamus. A nykraza A,B, ra napaanen AE kec-
Mann Yrtkazamus. Harmwkana ABE tyrpu Oypuakan yuGypyak Xocua Gy-
qaapu. [Tudarop reopemacuaan oiinanannd Tonamus:

AB® = AE* +IBE*. (.1)

A, nygranan Oy ¥xka napaaied A,E;  TVFPH  uH3MKHKH VTKa3uG,
A,B,E, yuGypuakur xocua1 Kuiamus. By yubypuak xam tvepu Oypuaxau
yuOypuak Gy.aaan. SIna [THparop Teopemacura acocau

A B} =A E; + BE;

ra sra OVJavis.
Suau AE_= A, B, skauuuit  3bTHOOPra 04M0, KOHHHICH  TeHIVIHKHK
Ky#iuaaruya €30 0JaMu3:

AE’= AE; + B, E; . 6.2)

(5.1) Ba (5.2) TeHrJHKJIapiau

1p? ¥ 2 3 2
4’13 =Al£l '*" BiEl +BE (5'3)

Gyamim Keaub uukaau. Paswauxu,
A\E, = D\D, = 0D, — 0D, = y,—y;,
B,E[ - Clcg =OC2—'0C1 =.\’2—.\’1.
BE = BBI C ol EBI — BBl —‘4Al — 2’—11.

41



Hemax,
AE, =y —y,, BiE, = xy—x,, BE =2, —2,.
Byaapuw (5.3) Tenrimkka KVinG Tonamms:
AB® = (g — g, + (xg — x1)* + (2. —2,)".
Hemak,

AB=V(xy— x,* + (4o — 11)* + (22— 2,)". (5.4)
By A(x;; yy: 2) Ba B(xy Yo 2,) wyKranap opacuiaru Macodann ugo-
JanoBun hopmy.iazip.
Mucoa. A(2; 5 0), B(5 1; 12) nykranap opaculard Macopa To-
THJICHH.
Euwnwm. By uykranap opacwaarn macodaun (5.4) dopmyaasan doii-
Janauub Tonamus:

AB=VB—2F +(I—bf +(12—0F =V 3+ (—4f + 12 =
=1V9+16 + 144 = 1169 = 13.

3-§. Kecmanu Gepuaran uucdataa 6yaMin

Qazona A(x;; y,; 2,) Ba B(xy Yo 2,) nykrajap Oepuiran G6YanG»
YJApHH TYTAWITHPHII HatHKacHia AB kecma xocown kwmnran., AB kees
Maza myspaii C nykrauu tonuin kepakku, AC xeemanunr CB  kecmara
nucbarn Gepuaran A comra TeHr GVJcHH:

A€ _a

CB
Hznanaérran C HyKTaHMHT KOOpAMMATANAPHHH X, Y Ba Z JeHMIK:
Clo u 2).

By Macananmr eymsmumm maskyp Kypchunr 1- 606, 3-§ upa kea-
THPHJraH (TeKHCJMKIAArd KecManu Ocpuarad uucbaraa  Oyamiin)  Macana-
HuHr eunsmm Kaouwaup. Illynu sbrubopra onmG, Guns  Kyilnga macana-
HHHT eYHMHHH KeJaTHpHIL Ouaan  KudosiiaHamis.

A -
AB xecmann Gepuiran A — E% HucGataa GVIyBUM HYKTAHHHT KOOp-
JMHATANapH KYiiHaari
Xy -+ Axa Yy -+ Ays 2+ A2

4 45 e W (55)

1+ A

X =

dopMynanap GuJaH TOMHJIAIIL.
Xycycan, C(x; y; 2) nykra AB xecmani Ttenr Hkkiara Gyaca (AC=
=CB), y xoma

AC
—=A=1
cB
6y/m6, uananaérran C HYKTaHMHT X, Y, Z KOOpAHHATa/lapH
L X X T Ya S B
R "

Gynanu.
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Mucoa. A(3; 7, 4) Ba B(8; 2, 3) HyKTasapHH TYTALITHPHLIIAH
xocua 6Varan AB kecmamu A = % nucbatga OVayBuw C  HykKra TO-

TTHJICHH.
Eaquw. H3ananaérran C uyKranmwur

KOOPJMHATAJIADHHH  HOKOpHJA
keatupuarau (5.5) dopmysanapnan doiiasanud Tonamus:
2
S iy
X+ A "3% 9L
X = —— 5 — — 5‘
P4 A 342
3
2
He—
y - Ay 03 :..l; 4:5’
L4+ A = 5
T3
i 2
2, + Aza 33 6 18
A —+ e e L~
T4 i 8. 5
3 3
Hewax, C|55 )
5
IV B ODBL., TEKHCJIHK BA YHHHT TEHI"JIAMAJIAPH.

®azona nkkn Hykra Oepuarad OYJICHH.
Macoana Typrad HykTagap  TVnjaamu
mexucaux eb Kapaaajiu.

DBy nykramapaas Gup Xua

(HYKTAJIAPHUHT TEOMeTPHK YPHH)

Kyitnaa TekMCIHKHHHT aBaIHTHK HpOJatapuuu (TeHraManapuHu) To-
namus Ba yJap €plamMuia TeKMCIMKHHHT XYCYCHSTJIaPHHM VpraHamus.

1-§, TeKHCAHKHHHT  yMyMHii

Bus woKopuia, rtekncaukuu - Gepuaran

TEHrJ1laMacH

ukki B, (v ¢y 2,) Xamza)

By(xy, ty: 2,) HyKTasapaan Gapasap y30KJIMKIA TYPYBYH HYKTanap Tyn-
Jamian nbopar Ae6 Kapaauk. duaM Tekueaukia nxtaépuit M(x; v, 2
HyKTaHu (Varapysuu Hykrtanu) oJaivmk. Papmauxku, M (x; y; 2) HyKTa-

HHHT KOOpAMHATAJApH X, Y Ra Z Jap TypPJu

KuitMatiapa  KabyJsr  Kui-

rasja, TeKHCJHKHHHP HYKTalapu Xocua Oyaamu. by M (x; v 2) nykra

Ounan Gepuaran B,(x,; vy 2,) Ba By(Xa) Yoy 25)

HYKTalap OpacHaard

macodani (5.1) dopmyaanan Qoitzanannd Tonamus (40- ynama):

BM=Vx—xF+{y—u)\

+—2z),

B:M =V (x —xo)* + (¥ — o)
Hlaprra kypa
BM = BM
(@ TTTENET

+(z—2)°
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ViEe—=xP+@G—y)fF-+(@—2z)P=
=V ) + (Y— ) + 2=z
TeHraMK KeamG umkaiu. Keimuru TeHramkian sca
x—=xP+W—u)+E—2)=C—x) +(y—y)* + (2—25)?
Gyauimnu TonaMu3. By TEHIVMKIA XaMMa XaiJapuHit yan TOMOHra V-

Kasub, cyHr Kucka kynaiituputn opmyaackiaad  oitlanancak Kyiuaars
TeHIJIaMa Xocwa OyJajm:

B—20x 42+ —29 + ¥} + 22 — 222+ 2] — (x* — 20,0 +
+R+P—20y+ Y3+ —222+2)=0.

Ynaan
— 20X+ X7 — 20y + Yi — 222 + 2] + 200 — X3 — 2,y —
—y;+22—23=0,
SBHH
Ax,— x)x 4 2y, — Y)Y+ 22— 202 + (33 + 4} +

+3——y—2)=0

Gy keam6G unkaau. Arap

A=2(x,—x1), B=2(y,—y), C=2(z2,—2),
D=xi+yi+a—x—py—2

Ae6 Gearmsacak, yHja

Ax+By+Cz+D=0 (6.1)

TeHrJamara keaamu3. DBy x, y Ba 2z ra uucGaran OupuHyM  JapaxKanu
TeHrAaMaup.

Jlemak, Tekuc/mkaaru uxrtuépuit M (x; 4 2) NyKTauMHr x, y Ba z
Koopaunarasapu (6.1) renrnama Guaan  Goraauran 6Vaap  skan. (6.1)
TEHIJIaMa MEKUCAUKHURR YMYMULL mereramacu 1e0 aranaiu.

Texkncomknuur ymymuit  tenrgamace A, B, C, D couaapra (koxp-
(uumentaapra) Goramk. Dy comaap typam wuimariapra tenr OGyaranza
TYPJHM TEKHCIHMKJAAp Xocua1 6Vaamn. bunobGapui, TekHcankuuur (pasoga-
rH BasnaTH XaMm Wy kospduumeHtaapra GOF MK NP,

Mucoa. x-+4y-+2—1=0 TeursaMa TEKHCIHKHHHT YMYMHi
TeHrJamMacH O6VauG, yuuur asogarn Basusith  4]-un3aMaja TacBHpJAHraH.

TexucauKHUHT YMYMHIt TEHrIAMACH

Ax +By+Cz+D=0 (6.2)
GepuJran Oyacun. By Tekucauknunr hasonaru BasuATHHH  VpraHamus.
IOKopuaa a6 VrranuMusnex, Tekucaukuunr Baswatw A, B, C, D
Koxpdunmentaapra GoranK 6Vaann.

. (6.1) Texucauk Tenraamacuia D =0 Gyacud. DBy xomma (6.1)
TeHrJama yuby

Ax+By+Cz=0 6.2)
44



!

Kypunmiura kegamn. By Tekueauk koopausara Goumpaax (swhx 0(0; 0; 0)
dykranad) yraau. Yynkn 0(0; 0; 0) wygranmur KoopauHaranapu (6.2)
TeHrJIaMaHH KaHOATJIAHTHPA/H:

A0+ B0+ C-0=0.

2°. (6.1) texucomk Tenraamaciga C =0 Oyacui. By xoama (6.1)
TeHrsgama yuoy

Ax+By+D=0 (6.3)
Kypunnwra keaaau. (6.3) renraama Oz Vkura napanie]  TeKHCIHKHH
upopadaiian (42- unama).

3°. (6.1) rexucomk  renraamacuia B =0 O6Vacun. By xomma (6.1)
TeHrJama yuoy
Av+Cz+D =0 (6.4)
Kypunniira Keaaan. (6.4) reursava Oy Viira napanien  TeKHCIHKHH
uoganai it (43- unama).
4°. (6.1) Tekmeamk Tenraamacuaa A =0 6Vacuu. By Xoama (6.1)
TeHrAama vy

By+Cz+D=0 (6.5)

Kypuuuira keqam. (6.5) renraama Ox Vkdra napadaea GVJran Texuc-
JHKHH ndogaaaiut (44- yuana).

5%, (6.1) rekncank Teuraavacuta C = D =0 63vicun. By Xosma
(6.1) teursava yuwby

Ax +By =0 (6.6)

Kypunnuira kedami. (6.6) tenrviama 0z Ykpaan  VTYBUH  TEKHCIHKHH
Hpoaanaii .

6°. (6.1) Tekieauk Tenraamacnaa B = D = 0 6yacuu. By xoana (6.1)
TeHraama yiby

Ax--Cz=0 (6.7)
Kypurulira keaaan. (6.7) tenrsava Oy Viuaaw  VTYBYH  TEKHCJMKHH
uonanaii.
7°. (6.1) tekucanr tenraamacwia A =D =0 6yacud. By Xxoaaa
(6.1) rerrnama ywoGy
By+4Cz=0 (6.8)
Kypuunuira keraau. (6.8) renraava Ox Viuaan VTVBYH  TeKHCTHKHH
HbogasauLiL.
8% (6.1) 7ekmeamk tenrnamvacuia A = B =0 OVacun. By xoana
(6.1) Tenrnama ywdy

Cz+D=0 (6.9)

Kypuuuwra ketayt. (6.9) Tenrnamanad TomaMiis:

i
=== (C0).



Hemaxk, (6.9) Tekucomkuunr Gapua nykrtanapu xOy KOOPAHHATA TeKHCAH-
rajan Gapaeap ysoksukaa Gyaamu. (6.9) renrsama xOz TeKucIMKKa na-
el GyJraH TeKHCJHKHH udonaaiian (45- yuama).
9°. (6.1) Tekucamk rtenraamacuaa B =C =0 GVacui. By xoana
(6.1) Tenrsam ywoy

Ax+D=0 (6.10)
Kypunuira xenaau. (6.10) tenrnamanan rtonamus:

e DT (A £ 0).

Hemak, (6.10) texncmuknunr Gapua nykragapu y0z KOOPAHHATA TeKHC-
muruaan Gapasap y3okamkza 6yaaan. (6.10) rtenrnama yOz Tekucaukka
napayyies1 GVJran TekucJHkHu ndozanaiin (46- yuama).

10°. (6.1) rexucamk rtenraamacuza A =C =0 Gyacun. By xompa
(6.1) Tenrnama vty

By-+-D =0 6.11)
KypunHira keaaau. (6.11) tenrmamanan tonamus:

__D
froeag (B#0)

Hemak, (6.11) tekucoukuunr Gapya nykrtasapy xOz KOOpAWHATA TEKHC-
Juruaan Gapasap Y3oKJaHKAa OVaami.

(6.11) renrnama xOz TEKHCIMKKA mnapajaies  OVJran  TeKHCJIMKHH
ndonanaiign (47- unsma).

11°. (6.1) TekucJHK TeHrJaMmach:

a) B=C=D=0 6Varanga Ax =0, swvhu x =0,

6) C=D=A=0 6yaranga By =0, sawuu y =0,

B) D=A=B=0 6yarauna Cz=0, svhin z=0 6ym6, (6.1)
TeHrsaMa Moc paBuiuza y0z, xOz Ba xOy KOOpAHHATA TeKHCIHKJIAPHHH
Hoaanan .

2-§. TekHCAHKHHHT KecMasap GyiiMua TeHraamacH

®asona Gupop Tekncauk Gepuwaran  G6VauG, y  KoopauHata  VKJapu
Ox, Oy Ba Oz nap Gunan moc pasuua M,, M,, M, HyKranapaa kecu-
wm6, ynapian axparrad KecMaJapH

OMI_ =.a, 0AM2 = b, O.‘Mn =C

ra Tenr Gyacun (48-unama).
By Gepuaran a, b Ba ¢ conaap (kecManap yY3yHJMKJApH) €pAamuaa
TEKHCJIMKHHHT (hasofiard BasusITHHH TYJHK aHHKJAUl MyMKHH,
Adiraiinuk, KapanaétraH TEKHCJWKHHHI TEHIJ/IaMacH

Ax+By+Cz+-D=0 (6.1)

6yacun. Mogomnku, Gy tekucauk M, (a; 0; 0), M, (0; b; 0) Ba M,(0;
0; ¢) nyKranapaau yrap 3KaH, femak, Oy HyKTaJapHHHr KOOpAHHATa-
Japu (6.1) TeHrsaMaHH KaHOAT/IaHTHPAM:
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A-a+B-0+C-0+4+D=0,
A0+B-b+C-0+D=0,
A0+B-0+C-c+D=0.
Jemak,
Aa+D=0,Bb+D=0, Cc+ D =0.
By renraukaapiau
4-_D D D

B — — —-’ LI —— —
a b ¢

Oyvmiun keaud wikaan. By tonwaran A, B, C aapuuur Kuimat/iapuau
(6.1) reurnamanarw A, B, C napusur Vpuura KVAMH3:

,4.H--B;/~:-Cz+l):0=>—ﬂx—lﬂy--[iz+D=0=>
a ‘] c

=>—D(i+",—'+i—l") =0=>=—+L 4+ ==
dad ] [ J

Harivkana

2o BB

|
a b c

(6.12)

TeHrJaMara kejamiua. By Tekucamknuur kecmanap GVitdua TeHrJaMacHaup .

3-§. TeKMCAHKHMHT HOpMaa TeHIrJaMacH

Pazona TEKHCIMKHHHT BasUATHHH GOIIKAYA XaM aHuk/Jal  MyMKHH.

dazona Jlekapt Koopaunatanap cucremacura uucGarad GHPOP TEKHC-
JHKHH Kapailsmk. Dy rtekucsmk 49-uusvaga  Taceupaanrasiek  GYJICHH.

Koopauuara Golmian TeKHCIHKKA TVIIHPHJITAH (epreHuKyIspHHHT
yaywanri p Ba wy nepnenaukyaapuunr Ox, Oy Ba Oz YKJIapHHHT Myc-
Gar itVeamiuapy Guian  Tawkua  strad Oypuakaaps MoOC  paBHiuga
a, P Ba y GVicun.

Bepuara p ea o, fi, ¥ Jap €pramuia TEKHCIMKHUHC (asofarn Ba-
SUATH TVIHK aHuKJanaan. TeKHCIMKHHHT TeHrJaMacH 3ca

xcosa -+ yeosP +zcosy—p = 1 (6.13)
6ym0, Gyuaa
cos*a + cos* B 4-cos*y =0

6Vaanu (TeKHCHKHUHT Oy TeHrJaMacHHH KeaTHpuO 4ikapuul TYFPH YH-
3UKHHHT HOPMAJ TeHrJaMacuuu KeatupuO wnkapuml kaGuamp). Ogataa,
(6.13) Tenraama meKuCAUKHUHZ HOpMAr meHzaamacu 1ed arajanu.
3HAH TEKHCJIHKHMHT YMYMHH TEHrJAMACHHH HOPMAT KYPHHHIIAACH
TEHrJaMara KeJATKPHIHIIMHH KYPCaTamus.
Qazona Oupop TeKHCHK Oepuiran GVaHO,

Ax+By+Cz+D=0 6.1)
YHHHI YMYyMHH TeHrJiamac,
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xcose + ycosP -+ zcosy—p =0 (6.13)

52 Wy TEKHCIHKHHAr HOPMas TeHrJamacH Gyacun. By renraamanap
GHTTa TEKHCIHKHH aHuKJaranaurd caGaGam, yJaapHuAr Kosddimentiaph
nponopuxonas 6Vaaz. Jemak,

nAx+pBy+pCz+pD=0
Tenraama (6.13) tenrnama Gunan Oup Xwa Gyaaau:
RAX+pBy +unCz+uD = xcosa + ycosP + zcosy — p.
Bynnan sca
pAx=cosu, puB=cosp, pC=cosy, pD=—p
TeHrymkaapra sra 6Vaamu3. Hatumana
WA+ B - 2 C? = cos* o + cos* P + cos*y = 1
6yaaan. Jlemak,
WA 0B 4 ptCr=1.

By tenrmmkaan sca

1
= VAT Bt

=

GyaHn Kesmb uMKaau.
Hlynpait KWanG, TEKHCIHKHHHT YMYMHI TeHrJaMmacH

Ax+By+Cz+D=0 6.1)
HH
1

W=

ra KynaitupHil BRaThAackla Oy TeHriama HOpMaa KVPUHHULIATH TeHrJa-
Mara KeJsap 3KaH.

B Hepmaaroeuu Kynadmyeduw aewnwO, viuur wuiopack (6.1) tenr-
Jgamazary D uMHP MIIOPAcHra TeCKapH KHIHO OJIMHAIM.

Mucoua. TexucaHKHUHPD VMyMuii TenraaMacH 4x--3y —7z + 15 =
= (0 Hu HOpMaJ KYPHHHIIZArH TEHrJaMard KeJTHPHWICHH.

Euuiu. ABBalo HOpMAJLIOBYM KYNaiiTYBUHHE TOMAMH3:

F T VETETG  —yErerem
s 1 e 1 )
T VWrer®m  yA
Bepuiran TeHrJaMaHuHr Xap HKKH TOMOHHHH ____712_ ra_kyna#trpuo,
yuiGy
s ,3__y+ L gl
VT V74 V74 V74



i

Tenrzamara kenamus. By Texucomknunr wopMan renriamacuaup. By epaa

4 3 5
COS0 = ———, COSPp=——r, COSY=—), p=—ou

74 Y 74 y 74 V74

6yann.

4-§. Bepuaran HyKTagaH YTyBUH TEKHCJIHK
TEHIJIAMaCK

®aszona Gupop M (x;: y,: z,) nykra Gepuaran GVacun. lly nykra-
Jan VTYBMH TEKHCJHK TEHIrJaMacHHd Tomuil T1atab THICHH.
Texucak tenrsamacunn yiby
Ax+By+Cz+D=0 (6.1)
kypunninaa nanaivud. Monomukn, 6y texneomk Gepuaran M (x,; yy: 2;)
HYKTaJan yrtap 9Kal, YHAa Wy HYKTAHMUT X, ¥, Ba Z, KOOpAHHATANApH
(6.1) TeHrsaMaHi KaHoaTJaHTHpaIn:
Ax, - By, + Cz, 4-D = 0. (6.14)
I0xopuparn (6.1) tenrnamazaun (6.14) renraamann xanna6 aimpuGs
Ax+By -+ Cz+ D —(Ax, +By,+ Cz; + D)= 0
Kyiinjarn
A@x—x)+Bly—y)+C (z—2z)=0 (6.15)
renraMara Kesamus. By Gepwaran M (x5 y,; z,) ByKTagan YTyBYH
TEKHCJMK TeHTJIaMacHinp.
Mucoua. M (2; 4; 6) nykrazan VTYBYM TEKHCJIMK TeHrJaMmacH TO-
NHJCHH.
Egwnu. IOkopunarn (6.15) gopmyaara kipa M (2; 4; 6) nykranan
VTVBYH TEKHCJHK TeHrJamacuH yuby
Ax—2)+B (y—4H+C((z—6)=0
kvpunmpa G6ynaau. By tenrmama A, B sa C japuuHr KuiMarjapura
Gor/MK. YnapHuHr Typam Kuivatadapuaa M (2; 4, 6) wykrazan yTyBun
TYPAH TEKHMCJMKJADP XOcHa Gyaaiu.

5-§. HKkki TekHcaHK opacHaard Gypuax

dasona MKkH Texucauk Oepuaran GVackit. By Texucamkaapaan xocun
GVJran MXTHEPHIT MKKH KVIUHM MKKH €xau Oypuak Oepuiral mexucaux-
aap opacudacu 6ypyax ne6 atanamn (50-uuama).

dapaz Kuiaimk, aiTHaral TeKHCAMKJapian OGuPHHHHT TEHrJiaMacu

Ax+By+Cgz+ D, =0,
HKKHHYMCHHHHT TEHTJIaMace 3ca

Asx4-Boy 4-Coz 4 Dy =0
Gyacun. By Tekucamkaap opacuiars Oypuak ¢ yuwly
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A, Az + ByBs+ C,C
Va+ B+ - VA+B+C

MyJia OHJIaH TOMHJANH.

4(6.16) dopwyaagan Goiiranannud MKKH TEKHCIUKHHHT napa/ijie] Xamaa
MEepPNeHAnKyIAp OV/MIIM UAPT/IPHEE  TONUI MYMKHH. Macanan, HKKH
TeKHC/MK opacuiard Oypuak ¢ = 90° 6Vacun. By Xoaaa rtekucaukaap
¥3apo nepreHaukyasp GVaand.

Papwatku, ¢ = 90°1a

cos (p =

(6.16)

AAy - BiBy+ C;Cy
cos p = g =
VA&+B+C:VA+B+C
AyAs+ ByBy+ CyCy
VELB+C VA+B+C
A Ay BB, C\C,y

= cos 90° =

= =0=
VA+B+C:VE+-B+C
=A,A; + B,B; + C,C; =0.
Jemak,
AAy+ BBy +C,C, =0 (6.17)

TEHIVIMK HKKH TEKHC/HKHHHI TMEePneHanKy/JIAPDJIHK apTiHp.
Mlysunraek, kypeatiil MYMKUHKH,

c R (6.18)
Ay By Gy
TEHIVIHK/IAD HKKH TEKHCIHKHUHT MapaLIeKk mapTiHy whogaiaiiu.
Mucoaanap. 1. 2v-—3y +5z2+7=0, 6x—9y+ 152421 =0
TEKHCIHK/IAP Y3apo napatieniup, uyyHkd vaap yave (6.18) wapr Gaxa-
punanu:

2. 2%+ y—>52+4=0, 3x+4y -+ 22— 1 =0 TeKucaHKIap y3apo
neprneHAnKyasp OVJiaa, uyviki yaap yvuyn (6.17) wapr Oakapiiaiu:
2.341-44-(—5)-2=0.
3. %+Yy+42+2=0, x+2y—2z-+ | =0 HKKH TEKHCJIHK oOpa-
cuaarn Gypyak TOIMHJICHH. .
IOkopuaa Keatupwirad ¢opmyJara KVpa HalaHaérran ¢ OypyakHMHT
KOCHHYCH

214 1.2 4(—1) 0
VEETEFI6 -y 1+ 441 y 126
b4
6ynanu. [Hemak, @ = 5
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6-§. Bepuaran HyKranax GepHIraH TeKHCJIHKKauya
Gyaran macoda

dasona M (x,; yy: 2;) HyKTa Ba 6upop TEKHCIMK Oepuiran  GYJicHH.
Kapasaérran TeKHCJHKHHHT HOPMAJ KVPHHHIIMAATH TEHrJaMacH
xcesa + yeosP + zcosy—p =0 (6.13)
ra sra Gyjaiiuk.
Arap Gepuaran HyKTajaH Wy Tekuc/aHkkaua Gyaran macopann d ne-
CaK, y KYHWAarus
d = x,c0s¢ + Y, cosfh 4+ z, cosy —p (6.19)
TeHIJIMKAAH TOMHJIAJH.
Arap TeKHMCHK YMYMHI TeHr.ama
Ax+By+Cz+D=0 (6.1)
Gunan Gepuaran GV.ica, apea1o Oy TeHr.avanu HOpPMaa KVPHHHLIMAArH
TEeHrJiaMara KeJTHPHJaaH. DyHHHr VYVH HOPMa/IOBYM KVYManTyBuH
1
+ VAT - B2+ C

uu TOMMO OMiHG, GEPHATan TeHTVaMaHH [HOpPMaJ [KVPHHHIUrA KeJTHpH-
JajH:

=

B (Ax +By+Cz +D) =0=
Ax+4- By -+ Cz+ D

=
=y 42 B--‘—C2

=0.

Cyur x, y Ba z aap Vpuura M (x,: y): z;) HYKTaHHHT KOOPAHHATANAPHHK
KVvamus. Hampxana

Ax, - By, Cz;+ D
VAL B+ C

d== (6.20)
6ya1anu.

Miucoa. Bepuaran M(3; 0: 1) nykrazan ymby x—2y + z— 1=0
TEeKHCJIHKKaya OyJirad mMacoda TOMWJICHH.

Eunm. Pasmwankn, 6v xonza A =1, B=—2, C=1, D=—1,
x=23, 4, =0, z, =1 Gyaaan. IOkopunarn (6.20) Q)opwvnara KVpa
g3t E=2-041-1—1_ 3 6
y1+4+1 V6 2
Gynanu.

VII BOB. UKKHHYHY TAPTHBJIH CHPTJIAP

Manbaymku, asosa TeKMCJMK X, ¥ Ba z Y3rapyBuusapra Huc6aTan
GuprHYH JapaKaJiu

Ax-+By+Cz+D=0
TeHrjiaMa GuJlaH aHaJMTHK WonaTaHAAH.
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IuaH (Pa30Aa MKKHHYK TapTHOAM CHPTJAPHHHT (MabJyM KYPUHHLIIATH
CHPTJIAPHHHT) aHATMTHK HDOAANAPHHH KeJTHPaMu3.

Mkkunun tapabau cHptiap x, ¥ Ba z VarapyBuuaapra uucOaraH uK-
KHHYH Japaxaid teHrjamanap Ounan whogaianaan. Mkkunum napakaau
TEHIVIAMAHHHT YMyMuit KVpHHviM Kviinaarnya oVaanm:

Ax® 4+ By* + C2* + Dxy -+ Exz 4 Fyz +
+Gx—Hy +Kz+T=0. (7.1)

Onarna (7.1) TeHrJaMa ukKusqw mapmubau cupmHune Ymymul mewe-
Aamacu 1e6 arasaiu.

Ywby 6061a colia KVPHHHIIAArH HKKHUYH TapTa6ad  cHpT.IapaaK
cepa, saamncous, runepborony XamIa napabo1omaTap  Xakujga  KHe-
Kaya MabJyMOTJIAPHH KEITHPAMH3.

1-§. Cepa Ba yHHHT TeHTJaMacH

®asoza 6upop A (a: # ¢) nykra Gepwaran 6Vacus. A (a; b ¢) nyk-
tajaH 0apaBap y30K/IMKAA TYPraH HyKrtatap tVmaaMd (HyKTajapauur re-
OMeTpHK VpHH) chepa 1eh aranaan (51-uusma). Chepata uxtuépinit Hyx-
Ta oAk, YHu B (x; 1) 2) Ounad GearnIaitmx.

Auau chepammir Tenraavacuir tonamias. Cpepa tanpadira kVpa
AB macopa Varapmac. Yuu R Ounan Gearpaaiimk: AB = R. Mkki nyx-
Ta opacugari Macopanu tomuur copmyaacit (5.1) ra k¥pa

AB =V (x—af +(y—0bF+ (z— o)

6Vnanu. ewvak,
V(x—ap +(y—bPF+(z—c) =R.
By TeHramMKHMHr Xap HKKI TOMOMMHM Kgaipartra KVrtapi0, Kyituiari
(x-—a) 4+ (y—bpP+(z—c)=R? (7.2)

TeHrgaMara Kesamu3. By cpepamuur tenrsavaci 6yaanu.

A (a; b; ¢) nygra chepa mapxkazu, R s:a chepa paduyeu Aefdaait.

Xycvean, chepa mapkadt koopauxara Gourt O (0; 0; 0) Hykraza
6ysca, YHHHr TeHrJaMaci yuby

.\'2 '_. y2 _!... 22 = R2 (73)

Kypuauwina Gyaamt.
Chepa Guaan TekHeaMK (arap yaap kecwuca) aitiana OYiMua KecH-
wagu. By ailiana rteurgamacu cdepa Gan TEKHCIMK TEHrJAMalapHHK

OGupraanKkaa eunuaa Nocua 6yJand.

Mucoa. Mapkasa A (1; 2; 3) nyxraia, paatycn R =2 GVarau
chepa TeHrsaMacH TOMHJICHH.

Euww. IOgopuaa xkearupuaran (7.2) dopmyaanad ¢oitaananus us-

JIAHaéTraH CEepaHHHr TEHTVIAMACHHH TOMAMHS:
(—1P+ =2+ (23 =2



2-§. daaunconn

DanunconuEr TeHraamac ywly

o -2

4L L2 (7.4)

a® he P

I

"~

Kyputnma GYom6, VHHHT reOMETPHK TacBMpH 52-uH3Maja KeJTHPWIraH.
a, b, ¢ aap saauncoudnuHe spus UKAapu JERRIALN.

(7.4) anmmncopnt Owaan A0y  TEKHCUKHNHI  KEeCHIIHIIMAAH XOCHJ
GVJaran uMsHKHH TOMHII YUVH 3JHACORA TeHrJaMacH

z2=0
napuit OMpramikia kapaimus:
LA RT L
l 2=0
Haruxana
Y (7.5)
us =
TeHrJamara Kenamu3. By sca spum YkJapu a Pa b 6GVaran 3JuncHu
nhosanaian.

Iynaait kumod, vOy Tekueaux sammconinn (7.5) 3amnc Gyimua
Kecap 3Kam.

Xvaau myHra Vxuwamr kVpeatnit MyMkuiki, x0z TeKHCJIHK SJUHA-
couann ymoby

X2 2
k=1
a= c*
samunc Oyimua, y0z TeKHCIMK 3¢a 3HNCOMANH KYHIIATH
N R PR
b2 c

saaunc Gyimya Kecaut.
3-§. I'unepdosonanap
I'unepGononanap mkkn Xua OVaazs. Y uby

2 i L ] (7.6)

a? L2 e

KYPHHHIIAATH  TeHrJaMa Cup naaiaau eunepioicudHuHe  IeHeaamacts
Gyaaxn. By runepGosiona 53-unamana TacBMpaanrad.
Kyimparn

4L _Zq1=0 (7.7)

a2 b2 ¢
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KUDHHHLIIATH TEHIVIAMA UKKU NAAMQAU 2unepboAouUdRUHZ mexzaamact
OYnamu. By runepGosona 54-uyu3mana TacBHpJAHraH.
Bup namnamm runepGOJOMA KOOPAHHATA TEKHCIMK/APHra Xamaa Koop-
Hdunara OomMra HucOataH CHMMeTpHK zKoitaaurad GVaamn (53- yuama).
Hkku nasnanm runepSoon] XaM KOOPAMHATA TEKHCTHK/APHra Xamia
xo;)p.uuuam Gonmra HucGaTaH CHMMETPHK Koiljamrad Oyaagu (54- yus-
Ma).

4- §. MNapaGoaouaaap
Yoty

X2 2
7= 4 £ (7.8)
a2 bt
KYPHHUIIZArY TEHIVIAMA 22UnmuKk napadoroudrure mexeaamacu Gyaanu.
By samntik mapaGosona 55- yuaMala TacBUPJAHTaH.
Kyimaaru

x2 u'.'-

z TS e —
a* b2
KYPUHULIIATH TEHr/aMa 2unepboIur napaboioudrune meneramacu 6vaa-
Ax. By runepbosmk napasoa011 56-uu3Maza TacBupJaHran.
IOkopuna kenrupuaran napabosonanap xOz xamza y0z TeKHCIMK.Ia-
pura HucOatal CHMMETPHK Koifsauiran Oy.Jaau.

\VIII BOB. YH3HKJIH BA BEKTOPJIAP AJI'EBPACHHUHI
BOWJTAHFUY TYLIYHYAJIAPH

1-§, Yn3uKau anreGpaHHHr ACOCHI TyLIyH4aAapH

Osmit MaTeMaTHKAHMHT KYNTHHA Macasgalapd 4 3HK/JIH  TeHrJaManap
CHCTEMACH Ba yJapHH euuur OuiaH Ooraauratup. MKk TYFPH YH3HKHUHT
KeCHILIMUI HYKTACHHH TOMHII YH3HK/IH TeHrJIaMaJap CHCTEeMACHHH euulura
KeJarausaurd OyHra JaJuJigup.

Bus Kyitnaa coija yM3MKIM TEHr/1aMasap CHCTeMAcH Ba yJIApHH eyHll
Ouan wyryananamus. Bynpail cucreManu eyuiuaa JeTepMHHAHTIAD TY-
myHyacy MyxuMm poas Vitmaiiau. Iy caGadmir aepsaio jaerepMuuadTt Ty-
LIyHYyacH OWvaH TAHHMILAMHS.

|. MkknuHuYK Ba yuyuHuyH Taprtubau gertepMHHaHTJIAD
Ba yJapHuHr Xoccagapu. Papas KWIANIMK, @y, @y, @a;, Qoa Xa-
KHKHit comiap Gepuiran OVacud. By consiap épaamuaa ywby @y, @, —
— 5@y, MHAKAOPHH Ty3aMi3. By com wukkuwuu mapmubau Oemepsu-
Hanm 1e6 aranaiu Ba Kyiimaaruua OeiruviaHanu:

Qyy Qe
Qg1 Agg |-
Jlemax,
Ay Qg
= Q) Osa — Q5 Aa. (8.1
@i Wi 1102 12 Aoy )
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Qyy, Qg Oy, Gsg COHIAP OEMEPMUHAHMHUKS SAEMEHMAGPU NEHNJANH.
@yy, Qyp—A€ TEPMUHAHTHAHT OUPUHYU CAMPU. Ggy, Qp—UKKUHYW CAMPU,
Qyy, Qpy—NCTEPMUHAHTHHHT GUPURYU YCMYHU, Qyq, (go—UKKUHYL YCMYHU
Jeinnany.

@y, (g (8.1) neTepvunanTHHHr GO dua@eoraau AeMWAATN, @9, dyy 3CA
UKKUHYL QuA2oHAAL JeNnIaiu.

Mucoaaap

23 \

I lg gl =2:8—63=16—18=2

2. |7 4‘=(—1)-(—8)—°-4=8—8=0

20 o —g 9 i
2 —7I )

3|, 3|=23—(D1=6+7=1s.

4 2 2i=o.4_o.3_—.3_6:9

N3 gl=24—2 2.

Auau Kyimaars conaap Gepusran GVVCHI: gy, @ygy Qyzy Qays oo, Cog,
Qyy, Ay, Qg YIOY

Ayy  Qgy
e gy

Qgp Qg Qg Qo
gy —dye T Q3

gy Qg A3y Qye

upona yuunuw mapmubaun Oemepmunanm 1e06 aranaqn Ba KyHuaaruya
éanaaim:

ay 4 Q)

Aoy Uy Qg
lag, @am ay

By nerepmunantHuHr caTpJaapH, YCTVHIAPH Ba AMaroHAVIAPH IOKOPHAArH-
Jexk anuigavaan. Mkkunyn tapmibam  JeTepMHHAHTHHHT KuMAMaTJapuaaH
dboinanann6, yunnyd TapTHOIH  JdetepmiuuanT yyyH yby dGopMyJaHH
XOCHJT KHJIAMA3:

Ay, Gy @
al alz am s Q9o Aoy " oy Qoq| gy Qoo

= — -+ ay; =
sl 23' " lag, Qg 12 gy Qg 13 | ag, Q3o
A3y Ugy gy i

=0y (Qge Ay — gy ge) — gz (Agy A3z — Ao Ayy) + Ay (Agy Ay — Qe Ay) =
== @y Qgg Uy + @y Aoy Ay T+ Qgy Ay Q13— Ayy Agy Ayy — Qg Ayg Ay —
320301
Jemax, yuanyd TaptuOat letepvuHadt 6 Tta Naazaw uGopar GyamG,
yJapuuHr 3 TacH «--» uwopa OuaaH; yuracH 3ca «—» Hiuopa Ouaan

onuHaau. XaaNapHHHr KauJail uuopa Ouaan oqMHHII cxemacH 56 a, G-
YyHu3Majsa KypcaTwirad.
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Jlemak, mycGar muopa Guan Goul QuaroHas Ba yHH KecuO yTyBUH Vy-
GypuaKkJapHHHT Y4JapPHIAATH S/eMeHTIap Kvnaumacmmur HHFHEZCH OJH-
Hau:

@)\ Qaallyy + (yallayl) —+ Ay geldy, -
Mauduit niropa Gulal HKKMHYM AMAroHas Ba yHH KecuO ytysud yubyp-
YAKJAPHHHT YYJIaPHIATH 3JEMEHTIApPY KYNaiT™MacH OJHHALM:

Qg1 (ool yg — Qa1 (yallyy — ) Ha5llys.
Mucoa Yuiby yunayn tapTaOam JSTePMIMHIHT XHCOOMAHCHIL
4 3 6
—3 2 -5
1 —1 7l
IOKopuaa keartHpairan Koizara Kypa JeTepMUHAHTHHHC KHIMATHHH
TONAMH3:
4 3 6
—3 2 —=35|=4-2T4+3:(—=5) | +(—3)(—1):6—
1 -1 7
—6:2:1—4(—5-(—1)—(—3):3-7T=56—15+18 — 12—
— 20463 = 90.

Scaarva. bus I0KOPHAE HKKHHYH BT VHMHGL TapTHOIH AeTepMUHANTAAD Ty-
wWyryacd OHaad TanminTis. Xy wyura vxwau, g- Tapraoan (n > 2) jgerenMHdant-
AP TYMIYHYACHHN KHPHTHIL MYyMKHH.

2. leTepMHHAHTHHHT XOCCaJapH

Jlerepyuuant Katop Xoccanapra sra. Kyitnaa yiapuu camnaG yramus.

1°. Jlemepmuranmuune campaapunu Moc ycmywaapu 6Guraw aa-
MQUUMUPUIL HamUIacuoa ()emep MUHAHMHUHR Kuimamu tjseapmadou.

2, ﬂemep,uunannmuue Gupop campu (éxku yemynu) Oacu Gapua
nemenmaap Horea mene Gyaca, demepmunanm Hoaea mene OGaadu.

3°. Hdemepsurianmuune uxku campunu (éku UKKu yemynunw,) §3apo
aaMa@uimupu Hamuxcacuda Yruxe abcorom Kulumamu facapmadou,
uwopacu sca mecxapucuea j3eapadu.

47, ,ZIemepmuuamrmune UKKW campu EéKu UKKW ycmynu Gup xua
6jaca éxu nponopyuonaa Oyjaca, O0emepMUHAHMHUHZ KudMamu HOa2a
menz Gyaaou.

5. [demepmunanmuune Gupop campudazu (éxu Gupop ycmynudazu)
Bapua saemenmaapu Gupop fjseapuac coHea Kgnadmupuaca, Oemepmu-
HAHMHUKE Kudmamu wy coHea Kjnasow.

By Xxoccanapaan aerepmuxadTIapHH XucobGaauia (oigataHuaani.

Mucoanap. Kyftuaarn aetepMHHAHTIAD XUCOOJAHCHH:

fl 3 5 I 3 5 135
912 18/=(3-34-36-3|=3(346|=3][1-4-14-3-6-2+
2 0 1 2 0 1 201

+3.0-5—5-4-2—6-0-1—3-3-1] =3 (4 +36+-0—40 —0—9) =
=3 (—9)=—27.
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2)1268 213224 1 34
134[(=|1 3 4 |=2|134|=2.0=0.
021 e 2 1 021

3. UHu3uKJAH TeHrJaaMaaap cucremacu. Yuidy

Ianlx+a|':!/ =by,
| @y + agatr = by

CHCTEMA UKKU HOMADAYM UKKUMAQ 4U3UKAL meHeraMa cucmemacu j1ed
aranaau, OyHAA @y, Qe sy, Oy COHJAP TEHIIAMANAD CHCTEMACHHHHT
Koppuyyuernmaapu by, b, connap sca 0300 xadaap neitunanu.

(8.2) Tenraamanap cHcTeMACHHMHT KoshdinuteHtaapugan yumoy

(8.2)

ay, Qs
A =)

(8.3)
Qyy Qg
aerepMiuHaHTHH Ty3awud. Cyur (8.3) aerepMuHanHTHHHUT OHPUHYM YCTYHH-
gard sqevedtapii (8.2) cucTeMaHHHr 0301 Xaljdapi OGHAaH  anMaluTH-
pu0, Kyitnaarn

b, ays

X

(8.4)

by @y

JeTepMHHaHTHH, HKKHHYH VCTVHHIArH 3JeMEHTADHA 0304 Xaajap [INEL
anvaurrHpud Kyiuaaru

A=

all bl
| (8.5)

gy Dy

JAETePMHHAHTHH XOCHT KIHJIAMH3.
8.1-teopema. 1) Acap A # 0 6yaca, uy yorda (8.2) menzrama-
AQp CUCINEMACU R20HA ewumea 3ea Gyaubd, Gy edumaap
.‘_" v Ay
X=—= y=—
2N
6yjaadu;
2) Aaap A =0 6gaus, A, +#0, A, #0 Gjaca, (8.2) cucmemanune
equmu masxcyd Gamaldou;
3) Azap A =0 Gyaus, A, =0, A, =0 Ogaca, Yy xoada (8.2) cuc-
mema 4eKcu3 Kgn edumea sea Gyaadu.
Mucoa. Ymby cHereMa eynJIcHH:
[3x—dy =1,
| 4x 4 3y = 11.
By cucrema yuyn toxopigart (8.3), (8.4) sa (8.5) AetepMuHAHT/IADHH
TY3aMH3:
3 -5

=R oA = ) — .
g 3\_33 (—5)-4=9+20=29;

a=|
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1 =5
A*=‘]l 3 =1:-3—11-(—5)=3 +55=58;
A 31—311 1'4=33—4=29
v la | ST
8.1- Teopemanan oitnanannd, Gepuirai CHCTEMAHMHT EYHMHHH TONA-
MH3:
=258 _o
A 29
A 2
Yuby

anX Qo + a2 = b,
Ay X 1 Aggl) + Agy2 = by (8.6)
Ay X + Qo) + AgyZ = by
CHCTEMA Y4 HOMADAYMAU YMMQ HU3UKAN meHeaama cucmemacu ne6 ara-
Jaau, Oynaa a,,, Qye, Qy3, Qgy, Qga, Opy, Qyy, Oy, Gzq COHJAP TEHTJIAMA-
Jlap CHCTEMACHHWHT Kospguyuenmaapu a,, by, by connap sca 03¢0 xao-
aapu neb arananm.
By rtenrmamanap cucremMacn xam IOKOpuAaruiek eumaaas. Assano
KyAHAArH yumnud 1apThOaM JeTepMHHanTAap TY3HJIaau:

Ay Uy Qg
A = gy ot (8.7)
gy yn Gy
by ayy ayy
A, = |b, Gy Ggyls (8.8)
by azy ayy
vay by ay |
Ay = gy b:_, og |v (89)

ayy by agy |

ayy a;p by
AE = |Gy any by
Ay, Qg by

1) Aeap A + 0 Gijaca, (8.6) meneaamarap cucmesacu 220Ha evumea
sea 6éa 6y evum

; (8.10)

= Ay — Ay - ~\z

| RR T T
6gaadu. 2) Arap A =0 6yaub, A, +0, A, +0, A, +0 Gjica, (8.6)
cucmemanune edumu maswyd Gyamsaidu. Aeap A =0 6jaub, A, =0,
A, =0, A, =0 Gijaca, y xoada (8.6) cucmema wexcus Kgn edumea sea

61jradu.
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Mucoa. Yuby crcreMa euw/icHH:
2x —3y + 2= —5,
x+2y—4z=—9,
S5x—4y +62=5

By cicrema yuyn oxopuaaru (8.7) —(8.10) nerepuuHaHTAAPHA TY-
3aMH3:

2 -3 1
A=|1 2 —4|=24—44+60—10—32+ 18 =56;
5—4 6
—5 —3 1
A,=|_9 9 _4|=—60+36--60—10—162+80=116—172=—56;
5—4 6
2—-5 |
A,=|1 —9 —4|=—108+100 +5-+454-304+40=220—108=112;
5 5 6
2 —3 —5
A,=|1 2 —9|=20+20+ 135+ 50+ 15—72=240—T72 = 168.
5—4 b
Bepuwiran TeHrJamanap CHCTEMACHHHHT euMMH Kyilujgaruya Gynaju:
A —5¢
===l
g = By 12 = 2
: A 56
z2= % = —"?—?— =3

2-§. Bextopaap aareGpacHHHHT acOCHiH TyuwlyHYAAapH

Onuit MareMaTHKana, ymyMma, (pan Ba TEXHHKAHMHC Xap Xwi coxa-
Japuaa TYPAH KarTagqukjap yupaiiad. Y .aapuunr Gav3uiapu  (akarrusa
COH KHitMar/iapi Guiail Xapakrepiasaii (Macala, V3VHIHK, 1033, XaKM,
Macca Ba X.K.), 68'b3ll.’lﬂpl1 Ica COH KHimariapu Gunan Oupra iyHa um
GUIHHTAH1arHHA Ty/1a MabayM XucoOJaHaaum (MacanaH, TeaIMK, Teaa-
HHLI, KYY Ba X.K.).

AiTailMK, KHCMHUAT GHPOP HYKTACHTa TALCHp KHIAETrad Kyy MHK-
popu 10 kr Gycun. DBy Kyuuuur BYHaaMimg Typauya GYJMILH MyMKHH.
BuuoGapuH, yHHHr TabCHPHAA MKHCMHWHE BasusaTH Typauya Oyuanu. [le-
MaK, KYYHHHD TVJa aHUKJaHMILH VYYH YHHHC COH KHAMATHHU GMJIMLLAAH
TALIKAPK, TAbCHP ITHHI HYHAMMUMHH XaMm Owamin Kepak 6yuamu. Cou
KHIMATH Ba IyHaaMum OW/aH aHHKJIAHYBYH KATTATMK BEKTOP KaTTAJIHK
EKku sexmop e aranajm.
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BekTop karraiMk Kuymk Xapd ycrtMra cTpesika Kydwiu Gunan €xm
KYioK Xapdp Ounan Oearuianat: a €xu a.

5

®apas unaiimk, a Bektop Gepuaran GVicun. By BekTOp KaTTaamk-
Ka MabiyM Maciitabja o/MHraH kecMauu Kapafiimk. CVur Oy kecmara
BeKTOp MyHaimmmnn Gepailimk. Hamwkana iiVnaaran kecma xocna 6Vaaam.
Y BEKTOPHHHI reoMeTpHK TacBupH OViamu. Macasad, JKHCMra TABCHP

aryBun F kyunu 57-uuavana vacBupsianranjex, A Hyxkra Ouwnan B Hyk-
TacCHHH TYTAIITHPYBUM Ba A HykTtajan B uyxrara Kapal ityHanran xecMa

ne6 xapamr Mymini: F =AB.
A HyKTa BEKTOPHHHI Gowu, B HyKTa 3ca BEKTOPHMHT oxupu JAeiin-
Ja]H. Bex-ropnuur COH KHIMATH YHHHT Yayrauew €xu modyau 1e6 arva-

Jaju Ba [AB[ Kabu GeJsiruianaiy.
Arap BEKTOPHUHI Y3VHIHTH HOMb GYVica, yHH HOAb  8eKmop Aeitn-

aaan. Mkkn a sa b Bektop Oepuaran OVacun. Arap Oy BeKTOpJapHEHC

y3YHJMKJapH Oup Xua GVan0, yaap Vaapo napaaiea Ba Oup TOMOHra
- —e

iyHaaran Gyaca, y Xonla a Ba b V3apo meHe eekmopaap Aeiwaanu

L I

Ba a = b xabu é3unanu.

—

-
58-unamana V3apo Tenr MKKM @ BA b BEKTOP TACBHpJaHraH.
Bynaaw pextopun Gup HyKTajaH MKKMHYM HyKTara V3- Vaura napan-

JieJl paBHiIia KVYHPHII MYMKBHJIHIH KeJauO YHKai.

— —

Ukkn a Ba b BekrtophuHr fynanuumiapn Gup XWa, y3yHAHKJApH 3ca
xap xua 6yacun. Macanan, a BEKTOPHHHT V3YHJUTH D BEKTOPHHHT Y3YH-
JHrHAan k Mapra kyn G6Vacun. Jlemak,

— —
lal =k|b]|.

Wynnait kG, Gepuiran BeKTOpHM £ CKasip coura Kynaithpui-
DaH sSHTM BeKTOpra Keavus. By Bextopuubr yaymwaurn Oepuaran Bek-
TOPHUHI Y3YWJHTHHH R coHra Kymaiirupuuiian xocua Oyaamr. R>0

- —_—

6Varanjaa a Ba b BekTopaap iiveaaumum Oup xua, <0 Gyaranja sca
Y HaHILN Kapasa- Kapiun GVvaaan. Yaynmeu Gupra _renr, 11V HAMILH

aca Gepusran u BeKTOPHUHT fiVHamuuy kabu 63.rau a,J BEKTOp Oupaux
eexmop neb arananm.

PaBmanku @ BexTOPHH OMPJMK BeKTOp OpKaJM Kyiuaarnya €suiw
MYMKHH:

- — =

a=|al-a,

1. Bextopaapuu g Vumuum Hkku u Ba E;Bexrop Gepuaran 6yJ-
cun (59- unama).

By Bexkropaapuunr Gowaapn A Ba B nu Oup Hykrara xeatapué,
tomonnapn |a| =|AB| Ba |b| =|CD| 6Varan napaanenorpamm sicaii-
mu3 (60- unama).

- 60



A uykragan E HyKrara i uyna:xrau Y3YHJIHIH 3ca AE HArOHANHIHE

y3yHJurura tedr 6yusran AE = BekTOp Gepu/ran amb BEKTOp.1p
HHFHEuCK Jie6 aTanajau Ba

Kabu ésianu. Jlemak,

Paswankit, a -+ b = E a.
Yoy
a+(—b

— e

BEKTOP a BEKTOPAaH b BeKMOpHUKe edupsacy 1e6 atasaam Ba @ — b
Kabu Oearnianam:
a—b=a+(—b)

a Ba b gexropsiap 61-ynavana tacBupaanran BekTopaap OGyJICHH.

By BEKTOPMAPHHHT VUIAPHHIl Oup HykTara xeartupamus (62- yusma).
Cyur b BeKrTopra KVpa i BEKTOPHI fCAiiMH3.

leopuna airtuaranapaan oitaiannd a + (—17) BeKTOPHH TONAa-
muz. By OA BEKTOpJLai nbopar OVaamu (63- yusma).

Arap 04, = BA skanmtii sbTHOOPra 0caK, HKKH a ea b BeKTopra
KYPH/IraH napaaiesiorpaMM Auaronasiapiuaat Gupu a B [ BEKTOPJIAp

FHFIHAMCHEN, WKKHHYHCH 3ca 1y BekTopJap ailupmaci a—>b m ndo-
AAMAHHA  TONAMH3:

e S 2

a+ b=0A-+ 0B =0C,
a—b =04 —0B=AB.

Mkkit @ Ba b sektop ¥3apo napaiaes GVica €k napaaies- TYFPH
YH3HKAPAA éTca, a va b Koaaureap sexmopaap 2ed arananu.

Yyra a, b Ba P BEKTOP | 6m'ra TeKHC TR €rca €Kk Oup TeKHc-
JHKKa napaaien Oy.ca, a, b Ba ¢ Ko, wHap Bexktopaap aed arana-
nu. — — —

Pamuaumt a Bd b BeKTOpaap HIFHHAHCH ¢ (¢ = xamza

4
b Ba d

a+b)
aitupmacu d =a—b Gurra TeKHCHKAA €1aam, sibHH @, c
Jlap KOMMJAHAP BEKTOP.ap 6Vanu.

Opataa, Mabaym AyHammura sra 6V.araw TVrpH wiBHk gk aeG ata-

aamu. Bupop [ VK 6epunrau OV JICHH. By VKHHHT  HVHATHIIHHH  AHHAK -

J0BqH GHPJHK BEKTOPHH [, MeH/MUK. @ BeKTOPHH Kapaiiiuk. By ekrop-
uunr Goum A HyKTajaH Ba oxwpn B HyKrazan [ YKKa nepneHaukyJAp
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7 g

TYLIHPAHJIHK. ﬂéﬁneﬂmympmmr VK OHJAH KecHUIraH HYKTaJapuHH
Moc pasumpa A,, B, Gunan Oearunaiauk (64-uuama). A nyxrapan [
yKKa mapaanes TYFPH YM3HK VTKasamu3. YHuHr BB, Ousan KecHlirad

— — -
Hykrach C 6Yacun. Mavaymku, A,8; = AC, A;B, BeKTOpHHHT HYHA/H-
WM KyHuparaua andkaanaaum. A jan B ra xapatwaran  fiynamm yi
—

Aynamm Guaan O6np Xua 6Vaca, A,B; BeKTOpPHMHr HYHaAMILH nJloc
—
uuopa Gunan, TecKapy GyJica MuRyC umopa 6 Ounan osmuamu. A8, Bek-

TOPHHHT Y3YHJIMTH |A B, | Gepuaran a = AB BEKTOPHHHT [ VK HyHa-
JHIIMFa npoexyuscu Nednaain ea

np, @
Kabn Gearwnananu. lemai,
| A1By| = np, @

BexTopuunr koopauuaraaapu. ®asona Oxyz lexapr ko-
opauHatajap cucreMachid ogamus. Koopaunarta VKJapHHHHT Xap Gupr
yuyH GHp/MK BekTop (opr.) Jap KHPHTAMH3. Ox, Oy Ba Oz VKaapuaarn

6GHPJHK BEKTOPJAPHH MOC paBHumijaa i, |, % Jap Ouaait  GearunanMus.
a sektopiunr Ox, Oy, Oz koopanhara VKJapuiard NpoeKkUMsIapu a,,
a, a, wy BeKTopmmr Koopousamaaapu NEHRIaNH Ba Z{a La,; a,}
KYPHHULIAA €3H1aJH. a BEKTOp V3 KOOp/MHATAJapH Ba acocHii oprJap
épramMmuaa KyWuaarnya €sunaiu:

a=a,i+a,j+a,k. (8.11)

Bynnarw a, i, a, j ®a @,k BekTOpJap @ BEKTOPHHHI  KOOpJHHATA
VKJIapuaarn KOMnoxesmaapu jJeWnnaju, yJap Terdunii KoopaWHata VK-
JIapUra KOJJIMHeAp BeKTOPJapAHp — JMaroHaid Bektopaan wubopar 6y.-
raH napame.nemmenﬂunr Kuppasiapi 6Vn6 XH3MAT KHJaJH (65- yiama).

(‘-lusmanaMA—az, MlB =a,j s MC=a, k aup). Bektop Va3

KOOpAHHATaNapH Ouian TyJja anm\_nanamx
BouwianFuy nykrach KoopauHatazap Golmmga Ba OXHPIH HYKTach

M(x, y, 2) na Gyaran r = OM Bextop M HYKTaHHHT paduyc- eexmo-
pu neimnanu (66- unama). By xomna (8.11) dopmyna
F=xi+yjt+zk
KYpHHHIIra KeJaan. Paanyc- BeKTOPHHHT Y3YHJIHIH
lrl=Va2+ P+ (8.12)

6y nanu.

Boumaﬂm nyKTacH M1 (s i Yy 2;) Ba OXHpr¥ HyKtacH M, (xg; Ya 2,)
6yaran a= M,M, = r2 — r, Bektopuuur (65- unama) Koopaunarana-
pH KyHHJArdua aHuKJaHaju:
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a{x,—x; Ys—Yyy 2—2}. (8.13).
Bynpau pasluanku,

a=(—x)i +W—y)j+@—2)k (8.14)

6yaanu.
Mkkn BeKkTOp HHFMHAMCH, aifMpMacH Ba BEKTOPHHHT COHra Kymair-
Maci yuyH Kyiujaruaap VpHHAHAHP:

(a+b){a,+b, a,+b, a, b}

Aa {Aa,, , ha,} (By epaa h—ckaasp mukiop) af{a,, a, a,} Bek-
TOPHUHT yayunum

a=lal=Valta+a 8.15)

tdopmy1a GHaH aHHKJAHALH.

MM, BexTopuuur yayHauru éku M, (x;; ¥y 2,) Ba M, (x5 Yss 25)
HYKTasap opacuaarid macoda

MM, = | MM, | =V (ta —2,)* + (Yo — ) + (22— 2,)? (8.16)
topmy.ia GVitnua XucoOJaHALH.

Mucoa. Bouwwsansuy nyxrachk M, (1; 2, 3) Ba OXHprH HYKTacH
M, (4; 2; — 1) 6yaran MM, BexTopHHHT opTapH OViiMya €HH/IMACHHH
E3uHr Ba V3YHHIHHY ‘gmo(imnr

(8.13) dopmynara kipa MIM BEKTOPHHHT KOOPAHHATAIAPHHH TONA-
MH3:

MM, {x;— x5 Yo—Yys 22— 21} = MTﬁ._. {3: 0, —4}.
(8.14) dopmyaara kipa \-I_,_\—'I’_, BEKTOPHUHT OpT/apu OVituya €#nama-
cn MM, = 3i —4k Gysanu.
Suan (8.16) éxn (8.17) dopmyaara kypa M;M, BeKTOpHHHr Y3yH-
JIHTHHH .\'_ncoﬁnaﬁmus‘
MM, =| MM, = VI & =125=5.

Bekrtopnuur iVuantupyBuu Kocuuycaapu. DBupop
— — —
af{a, a, a,} sektop Oepuaran Gyacus. Dy pekrop Ounam i, j, k
opraap opacuaarn Oypuakaapuu moc pasuiuia o, fi Ba y OGunan Geard-

naitmk (67-unsma). cos =, cos B, cos ¥ J1ap @ BeKtopHHHr dyjHarmu-
pYysuu KOCUHYCAapU JeHuIann.
BeKkTOpHHHT HYHAJITHPYBUM KOCHHYCJAPH oOpacHia

cos® & +cos* B+ cos® p=1 (8.17)
GOF/IaHMII MaBHKY L.
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B
Boumanrnq HyKTacH A (x3: ¥y 2,) Pa OXHPrH:-HYKTacH B (xy Yo 2,)
Gyaran AB BEKTOPHHHI' KOOpJHHATAa VKJapujard TPOEKUHANapH
npmAB =X,—X, TPy, AB = Yo—Uy» npOzAB =2,—z

6Van6, yHMHT AIVHANTHPYBYH KOCHHYCJApH 3ca
X3 — X1

COS o = — )
V(xe — 532+ (Ya— y1)* + (22— 23)*
e Ya— i
cos fp=— 8.18
' {Xa _41’2_(_/6_-/1)-—1 QZa——Z])’ * ( )
cosy = o
V (xg— 52+ (2 — y1)* + (23— ;)2

6y.nann
OM = r pajuiyc- BeKTOPHHET fIYHAITHPYBYH KOCHHYCJApH ca Kyin-
Jarpya  XucoOuianau:

X X
oS Ot =—— = ———,
lrl ' x‘.’-l_. yZ__zl
Y y
cos fp= = ——" :
17] | RN
< 4
cos e 8.19
R (8.19)

Mucoua. ;aemop Ox VK Ounan o =60°, Oy VK GOunan P =45°
6ypyak XOCHJ KHJaTH. Arap | a| =3 Gyaca, yHHHT KOOpAHHaTaapHHH

aHUKJIaHT .
a pekTopHuHr Oz VK Oujan XOCH1 Kuarai Oypuarduy TONMID Y4yH

(8.17) dopmyaanan Golinaranamis:
/—i. -L(——‘_)-_) +cos® y=1.

Jemaxk, ]
eos y=-7 ¥= 60°
o8
@ BEKTOPHHHI KOOpJHNATANapHHH aHuKjaul yuyH
— —_— —
=|a| cos @, a,=|a] cos P, a,=|a]| cos ¥

dopmynazan (oHAATAHAMIS:

3. . _3 L3
ax———:-;. ay——V,.2_, Z—Q
Jlemaxk,
=—.—L-—_—; —k e}ma_’; —
a=gitElTy {2 Ve 2



J—

-  —
U Kkkn BEKTOPHHHT cKaasp k¥ynaitrmacu. Ukku a, b sek-
topaap Gepuaran Gyacun. By Bekropaap V3YHIHKIapH Ounan yaap opa-
cujarn Gypuak KOCHHYCHHUHT xvnauwacu a ma b BEKTOPJIAPHUHT CKa-

aap KynaitMack Jiefinaann sa a-b éxn (a b) Kabu Eannanu.
Jlemak,

a-b=(a-b)=lal-1b| cos (a, b). (8.20)

BekTopaapiunr ckaasp kynaiivvacuniyn Kyimaarnua Xam ésdun Mym-
KHH:

- e ~omle — == -—= —
=(a-b)=\a| np, b=|b| np, a. (8.21)
Mkiin BekTopHunr ckaasap kynafitMacn Kyiujarn Xoccasapra sra:

—_— - =3 -

1°. a-b="b-a
(:;+F) L =aC - b-
3. (ra)- b- ha-b).
4. a Ba b pekTopaap y3apo nepneiKy.p _f)yllal_l;’lﬁ YJapHHUHT

CKaasip Kynmairvacu noJdra Tedr, Avhu a - b =0

< i, J, k opriapuuHr
CKaaap KynadMaaapu:

i-j=7i=0 Ti=1
T k=k-i=0 =1
Jok=k-]=0 kok=1
6Vaanu.
Arap a {a; aj; a}). b {b; b, b,} 6yaca,
a-b=a.b,+a,b,+a,b, (8.22)
CoS p = COs @ b) == P = ayhy - ayby - azb;

lallel Va2 a2+ a2V 63+ 6%+ B2
6ynanu.

o ot

MKKH BEKTOPHHHT BEKTOP Kj}nal'"rmaut a  BEKTOPHHHI
— =
b BekTOp OMaan BekTOp KVnaiitmach aed a > <b ¢k [a, O] 1waxaga

Gearnzianajurai WyHAdil ¢ pekTopra aittunaauki, Oy BEKTOPHHHT Y3YH-
JIury Ba Hynamnuu Ky#inaru HIapTAAPHI KAHOATIANTHPA/H:

1) c BEKTOPHHHT Y3YHJHIH @ Ba b BeKTOpJapra sicajiran  rapaJJie-
JIOTPAMMHHHI 103Hrd TEHr, sI'bHU

- i —

|e|=a-b sin (a, b).

£-—-2678 65



.
2) ¢ BexTop uy Mapa;ie/0rpaMM TEKHCHTHIA Mep e MKy IAPAD,
SABHH Y XaM a BEKTOpra, XaM b BeKTOpPra nepneHjHKy.Japaup:
a-c=0mB b-c=0.
3) ¢ BekTOp IYHAAit TOMOHra WMYHAAraHKH, YHHHT YYHAAH Kapa-

raija ¢ BeKTop arpopmaa a BekTopAaH b BexkTopra 3sra Keuuk Gyp-
yak OWJaH  aiiylaHMLI COAT CTPeJIKACH —alJaHHIIMra Kapama- Kapiuuaup

(68- unama).
Bektop KynaittManuHr acocuii Xoccanapu:
1°. [a-b]l=—b-al.

2°. [(a+b)-¢l=la-cl+1b-¢l.
. [(Aa)-b]=A[a-b].
4°. Arap a Ba b Bexktopaap koamneap 6y.aca, [a-b|=0, xycy-

cuit Xonna [a - —t;] =0 Oyaaaun. OprJapHHr BekTop KynaiTmanapu
Kyiunaraya Gyianu:

[0 Jl=—I7 i1k [i-il=0
[§-Rl=—1k-jl=d& [j-]1=0
[k-i)=—I1i -kR]l=j:, [k-R]=0

Arap Z{ax. a, a}, _l;{bx, b, b,} GVaca, ysapuuur BeKTOp K-
nanT™MacH:

la bl=la,b,—ab,]i —(a b,—a,b,) j + (a,b,—

—_ = =

LT Tk
—a,b)k=|a, a, a,
b, b, b,

6yn0, YHUHI MOAYJIH
[la-b]l=V(a,b, —abV+ (b, —a,b) +(a.b,—a,b)

copmysia Guan XucoGuanaju.
VYunapu A (x;, th, 2), B(xy, 4o, 22), C (x5 lys, 2;) nyxranapza
Gysiran yuGypyakHHHT 103K

Saanc= %“AB ’ A_é”

¢dopmyna Guaan XucoG/iaHajuu.
Mucoa a sa b Bekropaap opacuizri Oypuak ¢ =% ra Tenr Ba

o o — — e o —
lal =V2, |b] = 3 skansmrn MabayMm. ¢ =2a-+3 b PeKTOPHHHT
Y3YHJIUTHHH TOMMHT.
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° BEKTOPHHHT' YSYHJMTHHH TONHUI YUYH BEKTOPJAPHHHT CKAAD Ky~
naiitManapuaas (oiisasanamu3. a-a— a ne6 Gearnnab pa gt — lal’ HH
bTHOOpra 0/M6, GepH/raH BEKTOPHHHI Xap HKKH TOMOHWHH KBajJparra
Ky Tapamus:

*=(@Qat3bp=4a*+12a b+95
Bepuarannapra acocanu:

@ =|alf=2 B=]|b=09.
Jlemax,
3:4.2+ 12:34+9-9 = 125, Gynnan

i¢| =V 125 =5V5.



II. KHCM. MATEMATHK AHAJIH3

IX BOb. ®YHKUHS TYHIYHYACH

1-§. Jacraabku TyuiyHuaaap

Tgnaam TyuwryHyacH MareMAaTHKaHMHT OOUIIAHFHY Ba  aitHK  naiitaa
MyXHM TyllyHyanapuias Oupu. Tynnamuu Mucosnap €paamuia TyuryH-
pamu3. Macanan, wikadaarn KuroOaap TVnJaMH, Hatypaa cowiap Tyn-
JamH, GMPOP XYIKAJMKIArH KHULIOK XVKAJIHK MAUIMHAIAPH  TYIJIAMH,
OHp HyKTajaH YTyBUM TYFPH UH3MKJAD TYNJIAMH.

TYnaaMuu TAWKKA 3Trad HApCAJap YHUHT 3I2eMEHmAapu JedHaan.

Marematikaza tynuamaaphau Gour Xapdwviap Guaan (Macanau, A, B, . . .),
YHHHT 9JIEMEHTJIAPHHH 3ca KHuMK Xapdwiap Ouaan (macanaw, a, b, .. .)
Gearuaanajiu.

Arap A tynaamuunr snementd a O6yaca, yun a €A kabn éaunanu
Ba a sremenm A mynaamea meeuutaw ne6 Yuaaau. Arap a snemMent

A tynnamuuHr sviementH GVaiMaca, a€ A kaGu Eamnauu.

Yek/ conaard sieMeHT/Iapan TALKK Tonran TYJaaM «eKkauw myn-
aam ae6 aranaau. Macanan, OMPOp XVKAIMKAArH KHIIIOK XYXKAJIHK
MalllHHAJAPWIAH TAUKWJ TOMraH TYMJaM Yekqan tynjam Oyaamm. Yexsu
GysMaran TYnam wekcu3 mynaam jeimaagu. Macananm, narypas CoH-
Jap TVnaamMu yekcHs tymaam Oynaau. Onparaa Oy tynaamuw N Xaphu
6unau Genrmnanapn: N={1, 2, 3, ..., n, ...}

daeMeHTIapH XaKHKHMiT consapaan® wuGopar OyJaran Tyniam cosau
mynaam NeHnIanu.

Bapya xakukmii connap tVniamu R Xapu Ounan Gearwnanaau (R =
(— o00; + o).

Hkkuta a Ba b(a < b) xaxuxuit counap Gepuaran Gyacuu. Yoy

a<x<b

TEHrCH3IHKJAPHH KAHOATJAHTHPYBYH XAKHKHIl COHJapian wbopar Tyniam
ceemenm (énux opaaur) neb aranaau Ba [a; b] kabu Oearnnananu.
Jemak, [a; b] ={x € R:a< x<b}.
Y16y

a<x<b

*Vpra MakTa6 MATeMATHKa KypCHAA HATYpan coumap, GYTyH COHJap, palHOHAT
COHIAP Ba XaKHKHil COHap Vpramuwiran. MabayMmkH, pauuoHajs Ba HPPHIHOHANA COH-
Jap XaKHKHH COHJap Jeimnaan. Xap GHP XaKHKHH COHra TYFPH uM3HKAA (coHnap yxu-
2a) GHTTa HyKTa MoC Kenaau Ba akcumua. Iy caGaGau Xakukuit coHun HyKTa Jie6
Xam Kapananu (69- unama).
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TEHrCH3IMKIADHA KAaHOATNAHTHPYBYH XAKMKMIl COHJapnan uGopar Ty
gam unmepéar (o4ux oparux) ne6 aranaam Ba (@; b) xabu GesarujaHaiu.
Jlemaxk,

(@ b)={xER:a<x< b}
Yuiby
a<x<b, a<x<b

TEHTCH3MKJAPHH  KAHOATJAHTHPYBUM NAKHKHIT comnapian  ubopar Tyn-
Jamgaap apum usmepeaa 1ed aranzaiM Ba yaap Moc pasuuija [a, b)
Ba (a; b] xkabu Gesarnnanamn. Jlemak,

[a; D) ={xER:a<x< b}, (@ bl ={xER:a<x<b}.

By Tynaamaap Tyrpu uMsnkaa Kecmanapnum uoaanaitan  (70- unsma).
([a; b] cerment 6Y/aran XoJjla KeCMaHHHT YeTKH HYKTaJapH a Ba b Jap
my Kecmara terninam 6yaaam, (a; b) untepsan GViran Xo/1a KecMaHWHD
yeTKH HyKTanapn a Ba b sap kKecmara terminam  Gyomaiiaw, [a; b) Ba
(a; b] spum nuTepBasap GYJran Xoala 3ca KeCMaHHHI YeTKH HyKTaJja-
pusan OupH 11y KecMara Teruiwm 6y Mo, MkKHHYucH sca Ternum 6ya-
Mait ).

2-§. Connuur abcomor KHiMaTH

9.1-tabvpud. Mycbar connunr abcoaom Kudsmamu j1ed yiia COH-
HRHr Vaura afitwaaan. Mandmit connunr aGcoaom  xudmamu ned ity
COHra Kapama- kapiuu coura aitruiaad.  Hoab conmnnnr  afcoarom xud-
Mamu 1€ HOJNb COHHHMNEP V3U OJMHAIM.

Opnatpa x conumur abGecomor Kuitvati |x| kabu Gearmnanaam. [le-
Mak,

x; arap x>0 06¥yaca,
2] = |~ x, arap x<0 6Vaca,
0, arap x =0 OVaca.

Mucoa. |17|=17, | (—17) | =—(—17) = 1T.
Connnnr abcomor KmiMatd Taspuuian Geocuta yuiGy
x| >0, |x|=]—x|, x<|x|, —x<]|x]| (#)

MyHOcaGaraap Keaud ymiaau.
AGcomoT KHAMAT Kyiinaard Xoccadapra sra:
190 Vwby |x|<a Ba —a<x<ala>0) menecusausaap ijsapo
aKeusarenmoup.
2°. Hkku x 6a Yy coHaap durunducunuxe aGeoaom Kutdmamu 6y
CorAap abcorrom Kudmamaapu Qururducudan Kamma IMac:
Ix+yl<|x|+]yl
3°. HKkKku x 6a y comaap adupsacu yMyH
|x—gl>1x]—ly|
MeHecu3AuUK jpuran Giaadu.
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4°. Hixku x 6a y coxrap Kynadmmacu 6a GyAUHMAcCK YLYR

lxgl=1xl -1yl [£] =2 @0
y! lyl

menaaukaap tpurau Gijradu.

By xoccanapuuur wcGotH KuitHH svac. Yvapuuur GHpHHM, MacajaH,
2°- XoccaHHHT HCOGOTHHH KeJITHPAMH3.

2°-xoccaHuur Hc6oru. MKkH Xoauu kapaitimk:

a) x4+ y >0 6yacun. Y xoama tavpudpra Kypa

[x+yl=x+y

6ynamu. Arap (+) mynocabarra kypa x<|x|, y<|y| skawunu >bTH-
Gopra ouicak, yHja

[x+yl=x+y<|x|+|yl

GY/IMIIHHA TONAMH3,
6) x+y <0 6yacun. Y xoaaa

| x+y|=—C&+y=(—x)+(—y).

flua (*) mynocaGatian ¢oitaaiaund, (—x) +(—y) < |x|+|y| Ba ne-
MaK, |x+y|<|x|+ |y| 6¥amumnn Tonavus. [lemak, Xap JAouM
lx +yl<|x|+]y|

6yn1ap skaH.

Mucoda. |2x —3|<| TeHrcH3IMKHH KAHOAT/IAHT HPYBYH X HHHI
KHIHMAT/IapH TYNJIAMH TONHJICHH,

Euyuw. IOgopuaa kearspuirad 1°- xoccara kypa OGepuaraH TeHrcus-
gk — | < 2¢x— 3 < | TeHrcuaIMkIapra TeHr Kywid. DBy TeHrcHaiMk-
JapiaH sca

24, avin 1 <x L2

6yaHing Kesmub yHKa IH.

3-§. Varapysun Ba y3rapmac MHKAOpJIap

Tabuarza Typau Kuiimariaapuu KaOys1 KHaaaurad MHKI0pJapra Ayy
KeJgamua. Macasan, VKyBumaapra TtyprOypuak uHM3MIIHK aHTHICa, yJap-
HHHE TYpaH Xua TVprOypuakapi (ksaipar, pomb, napaj/iesorpamm,
TVEPH TYPTOYpuak BA X.K.) uu3diuMHM Kypamus. Pasuauku, Gy TypT-
OypyYdKJIAPHUHT MePUMETPJapH  (TOMOHJAp Y3YH/IHKJIAPHHHHT HHUFHHIUCH)
Xap xun 6ysaau. [lemak, TVpPTOypYaKk mnepuMeTpH TYpP/JAH KHAMATIApHH
KaOyal Kuaa onaguran Mukaop skan. Oparaa Oyuaail MHKLOpHH (3ea-
pysuu smuxdop ne6 arananu.

OHAM Xap XWJ  paaMycad  aiiaHasapiu Kapaimk. DBy  aisananai
Y3YHJIHKJIAPHHH MOC JiHaMeTpaapura HHeGATHHH Xap Joum OGurtra coxra —d
COHMra TeHr Oy/miuMHi anMkaafivu3. [lemak, Xap kauaar aiijaHa yays-
JHCHHH YHHHr JAuaMerpura nucGatiuu HOAAIoBYH MUKAOpP OHTTA KHii-
marra— st couura Tenr OVaasu. Byngait Mugaop gseapmac muxoop neb
aTananu.
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Kynunua yarapyBun MHKAOPJAp X, Y, 2, ... Xappuaapu Gunan Gen-
runanand. Arap VarapyBud MHKJOPHHHT KaOya Kuja ofaauraH Kuimar-
JapHAaH TaWKWI TonraH TymaaMm Mabiaym Oyaca, y xoaxa V3rapyBau
MHKZ0p Gepuiran Jaeiuaiu.

MaremaTuk aHasM3la 3J€MEHTIapH Xakukuii conjapaan ubopat GVJ-
ran tynaamaap kapajaau. buz Oynaan keiimn X tynaam geramga € cer-
MEHT, €KH WHTepBAJHH, €KH DM HHTEPBAJIHH — OPATMKHH TYIIYHAMHS,

Maremarnkaia aiipum cy3 €k nOopanap Tes-Te3 TakpopJanuG Typa-
. Onarpa, €3yBHM KMcKaprupuun Makcaamma Oy cV3 éxu  uGopanap
VpHHra MatemMatHk Oearwiap (ManTHKHil cumBosap) unwathaami. Ma-

casan, «HXTHEpHIT, GapyacH yuyH cyszapu Vpuura <+ » Oearm, ... Gya-
ca, ... O6yaanm» €xku «xemd uukaam» ubopacu ypuura yuiby = Gearn

nuathaaan. Mkkura gakr sxsuBasient GVica, yaap <> Oeqrucu OpKaIH
E3nTa M.

4-§. PyHKUHS TYLIYHYACH

Mkknra X Ba Y xakukiit comnap tynjamu Gepuwiran Gyucuu. x
VarapyBun X Ttynaamjua, y ysrapyeunm Y tVnjamia 3rapcHt.

9. 2-taspud. Arap X 1¥naamaarn xap Oup x coHra Gupop Kouja
€ku KoHyHra kypa Y Tymiavpan Gurta y con Moc Kyimaran Gy.aca, X
tyniamaa ¢ynkuus Gepusiran (aumkaanran) Ae6 aranaam Ba y

Y=
Kabu Oearujanajm.

By eppa X 1ynaam (GyHKuMAHUHr arukasaquwa coxacu, Y sca (yHk-
IMSHANT f3eapuu coxacu Jeinaan.

X 3pKAu y3eapyedu €xuM (PyHKYua apeymeHmu, Y 3ca 9pKcu3 j3ea-
pyeun €xn X fjseapyeuunure yrkyuqce 1ed aranani.

Jemak, ¢ynkuns Gepuaran 6Yaumum yyy:

1) X rynaam Gepuanum kepak (kVn Xoanapia ynu x Oujan y V3-
rapyBYHJIApHAHT GOFJAHHIINTA KYpa TOnWIaqH).

2) x VyarapyBumuunr X Tyniamaan oauHran Xap OHp KuiMaTHra
yHra moc Kyiuiaawran y yHH anukaalb Oepaadran Koula €KH KOHYH
Gepnaniy Kepak (tavpudaa yuu [ xaphu Ouaan Gesrunanras).

Muconanap. 1. [ X =(-— o + ) t¥naavra rternum GyJran
Xap Gup X cOHra YHHHr KBaJpaTHHH MOoC KVioBun Kouaa GyachH. By
xoma y = f(x) = x* dynkuua xocun 6Vaamu. By pynkums (—oo; - oo)
Jla aHUKJIanran.

2. f xap Gup x€[0; + o) coHra 1y conlan OJMHran Keai-
par wiu3 V x un moc k¥iican. By xoaaa xav (ynkumsra sra  Gyaa-
mu3: y= VY x. Yuunr anugaanu coxach X = [0; - o) Gynanu.

y = [(x) bynkuna X rtynaamaa amukgadran 6yacun. X Tyniamaan
6upop x, HykTauu oiub, nly HyKrara MOC KeJayBud Y V3rapyBUHHHHE
KHAMATHHH TOnamu3. YHH y, Ounan Gearnwnaiivus. By y, con y = f(x)
DYHKUMAHHHT X = X, HYKTajard xycycud xudyamu 1ed atanajd Ba yHH
f(xp) = Yo KaOn €3unanu. Macanan, y = [ (x) = 3x* + 2x — | pyHKumus-
HUHr X = | HykKrajarn Xycycuit xuitmath f(l)=3-1*42.1—1 =4
6vaamu. [emak, f(l1)=4.
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Mucoa Kyfiupard QyHKUMSAHHHT aHMKJAHHII COXACH TOMHJICHH:

— 1
y=]/rx—l i
] 2—x
Eunm. By muconna x apryMeHTHHHr Xap OMp Kuilvatdra Moc Ke-
Jajurad y HRHr KHAMATH XakHKHd OV/auum yuyw

{x——l =0,
12—x>0

Gymun Kepak. By TeHrcus/mkaap cucremacuuu eyud,
Il<x<2

Gysmiumi Tonamu3. Jlemak, Gepuiran (ynkimauiir aHHKJIAHKIL COXACH
x=[l; 2) apum wuurepsasian udopar Gy.amm.

5-§. Pyukuuanuur GepHaH yCyanapn

DyukuMa TabpudHIA KeATHPHAraH x  VarapyBuauimir Xap Odp Kuii-
MaTtHra Moc Kyiuiaauran y Hu  anukaalb  OepyBuM  Kouaa EKH KOHYH
Typanya Oynaau. BunoGapiy, GyHKumsiHunr Oepu it XaM Typauyaup.
Kyiinaa ¢pyHkumsunnr anamatik, xajasal Ba rpapu yev.iapia Gepuiiu-
IIHHKH KHeKaua 0aéd staMis.

. DYHKUMSAHHHT AHAAHTHK yey.aaa Gepuanuy. x V-
rapyBuMHUHT Xap Oup xuiiMartira kypa vira MOC KeJATHrauw Y HUuHr
KHﬁMaTH X yerHlla aHaJMTHK aMasjidpHuir ()Z])KHDH.T:(HI!! HaTHaKacHia,
SIBHU hopMytaap Epaamuza Gepuamint Myamiuit. Macasan,
y=xi+1, y= f—“—’l y = log, (x + 1).

OyukuMsHAir Oynait Gepuaniit  GUHKKUIHUKS  aHAAUMUK ycyada
Oepunwuu neiuaam,

2. DyuKuusAHAHT KagBag yeyauga Gepuanmuu. babzan
X Ba y YysrapyBuwjap opacuiard OOFJAHUWI, SBHH X V3rapyBUHHHHT
KHHMATHra MOC KeJajuraH y V3rapyBYHHHHT KHAMATHHH KypcaTuil (To-
NHIL) 2Kagsas 1akauaa Oepwadiid MyMmkui. Macanan, kysaTvin uarika-
CHAA, CyBHH (EnuK wauuiga) Kusaupuaranii P, Cocum  ocTHAa YHUHD
KaitHaur xapopatit f,, p, GocuM OcTHIAa YHWHr Kaiinail — Xxapopats [, Ba
X.K. OVvmuman ronaimk. Harmwkaga Kyimaard Kkaisaard Keaamus:

l Bocuwm, p I ‘ Pa | SN I Pn

Paswanku, 6y xoaaa p Gocum Oanan { Xapopar opacdaa OOF/IaHHI
6yam0, p apryment, ! dyukuus 6yaana. Osaraa dyukumsaur Gynnaii
GepuMiH QY HK LM AHH KagBadycyauagadepuanuy Jedunany.

3. Pyukuuauunur rpapuk ycyaunaa 6Gepuanmn. bavzan x
B4 Yy V3rapyBuuaap opacuiard OOIaHMII —TeKHCIHKAArH 4u3uk  (3rpu
UH3KK) épAamuida amanra ourdud MymkiH. Adraitmg, xOy TekucaMKaa

In

| Xapopar, ¢ 4L
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Gupop [ unsuk Gepwarau Gyucun (71-uusma). Ox YKuaa wyHpai x nyk-
TalapHH Kapailkku, Oy Hyktanapaan Oy Vkura napaaien TYFPH yH-
sHKJap VTKasparana yaap ! uusuknn Gurta nykrana keccud. Ox YKu-
ndarn Oyujain nykranap tynaavieu X opkann Gearwdaiivis.  Oumm | 6y
X tynaamaan Gupop x wykramt oaub, Oy mykrazan Ox VKura nepnes-
MEKYJSp unkapamus. [lepnesauxyaspuit [ uusuk Gusan  kecuuran A
HYKTaHHHTr OpAnHatacuun y Ouaan Oearwnab, oauHranm X ra wy Yy HM
moc kVamu3. Paswadki, Oviiail Mocank [ un3ng opkaad  Gaxapusiaiy.
Hamkana X tVnaamaan omuuran Xap Gup x ra kypcarwiral  Kowjara
KVpa y moc Kyimamo, dynxims Xocwn OVuam.  Pynkuusudar OGyHAai
Gepuaniiit QyaRyuIHure epadux ycyauda Gepurwuw JeinIaN.

6-§. Oyukuusuunr rpaduru

DVHRIHANMHE XYCYCHATIAPHHN TVIHKPOK TACABBYD  ITUILAA  VHHHT
rpaduriin OnaMin axamuaTmp. Arailamk, y == J(x)  ynakuua Gupop
X opamkaa Oepuaran OVamd x,€X 6Vacnd. By dbyskusstauar
X, HyKTazarn guiivaring tonamus: f(x,) = y,. Hamokana (x, 4,) Kydr-
JuK Xocit1 GVaann. Texuceomkna Jlekapt kKoopaiHara CHCTE@MACHHH O/aii-
ag. 1O0xopusarn (v y,) mydrawk texkuceankaa Gupop A nykrauu rac-
BupJaiia (72- yuama).

Dyt apryMentit X nudr X opamikiaan  oauirad  Xap Oup KHi-
Marira (PYHKUHAHUHT MOc Kuitvati f(x) — y 6¥acun.  Yaap  épaamuia
(i o) (y — [(x)) xybrakaap fxocna  O6Vaaau. By  ayprankaapun Te-
KHCJMKAA HyKTaNap cuathia Tacsupaaivuz. Yoy

[ y) x€X, y—[(x)]
HyKTaTap TViiamu Oepuaran y — f(x) dynxumannur epaguen  peb ara-
JIdIH.
y = f(x) pynxims X opamia Oepuaran GVacud. By QyHkuusHaup
rpaburd Kyinjarnya scaJiaiu:
1) QyHKUMAHUHT aHiKJaHHIT  coxacHAan OHp Heyta x|, X,,
X, KHiMariap oJuHain;

2) apryMeHTHHHr 1y KMitMaTiapura MOC (DYHKIUMSHHHP KHiIMaTJIapH
TONKJANN:

f(xl) =Yy f(xg) =Y vy f(xn) =Yy
3) ywby Kaasaauu Ty3uG OJHHAIM:

x Xy Xs X3 s

y = f(x) ’ Y Ya Xy I Yn

4) texucankaa A, = Ax; y), A, = A(xs ), ..., A=A (%
y,) HyKTajap sicasaiu.

by A,, A,, ..., A, HyKrazapuir ¥3apo TyTawTHpcak, Xocua Gyi-
ran unsdK y = f(x) Qynkumsipnnr rpapuruau [(takpuGan) TacBupaaiing.
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Mucoanap. 1. y = f(x) =2x+ 1 dyskuuauusr rpadmra  gusniI-
CHH.
E um . Pasmanku, 6y ¢ynkuus (— o, - o) Ja aHHKJaHraH,
x VysrapyBumuwir —3, —2, — 1, 0, 1, 2, 3 Kuitmatsiapuun  oamb,
QYHKUMSHHHT  yJapra voc  Kuivarjapuuu  tonamus:  f(—3) = —35,
[(—2)=—3, [(—1)=—1, (0=, f(1)=3, [(2)=35, [B)=T.

Hartwkana Kyinaard »KajsajJHn XOCHI KHJIAMH3:

—I1 0

3 \ —3 ’—2

1\2‘3

y=Fw \—> l—3 ‘-1‘ 1 ’ 3 ’ 5 ‘ 7

Cyur (—3; —5), (—2; —3), (— 1L —1), O 1), (I 3), (2 5),
(3; 7) mykranapun Tekucamkaa Oearnnal Ba ysaaphu V3apo TyTaluTHpHO,
Gepuiran (pyHKUMSHHHT rpagurunn sicaitmua (73- yuama).

2. y = [(x) = x* QYHKUMAHHHT rpadUry YH3NJICHH.

By ¢yukuua (— oo; - o) opammkaa Oepuiran. @PyHkuusi apry-
MEHTH X HHHr Oup Heura Kuiivatjapunu oau0, yJaapra Moc (DyHKIHS
KHHMaTJIAapHHH TOMaMM3 Ba Kaasaa tysamua. CYHr yukuus rpaduriaHu
yu3amu3 (74-uymama).

3. y=|x| dpysKuMsaHUHT rpadurH  YHIMACHH.

AGcomor KuiiMar TabpHdura Kypa

] _[ %, arap x =0 6yaca,
y=Ixl=1—y, arap x < 0 6yJca,

By ¢yukuusuunr rpapurs 75-unavaja KypcaTHarau.

4. ] 1, arap x > 0 6yuca,
Yy={ 0, arap x =0 6y.ca,
l—l, arap x < 0 Gyuca

$ynkunsuunr rpagury 76- yuamaja racBHpJAHraH.

7-§. OyHKUHSHHHT “erapajaHraHJMrq
y = f(x) pvakuus X opamukaa OGepuiran OVJICHH.
Arap wiynaait yarapmac M (M >0) conn Tonuacaku, Fx€X yuyn
[flx|<M

TeHrcuamk Oaxapwica, y xoada y = [(x) dyukuua X opamkiaa weea-
pasarear €0 arajajuu.

Macanau, y = f(x) = x* ¢yukuus X = (0, 1) opaimkaa yerapaiau-
rai GyJjamu, uynku Fx€(0,1) yuyn

[f)l<l M=1)
Oyaamu.
Yoy y = = by (0,1) opammkaa Gepuiran, ammo Oy ¢yHk-
X

UMsl Wy OpaJHK/Ja YerapajaHraH 3mac.
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8-§. XKydr Ba TOK hynkumsaap

y = [(x) dynkuna X opaimkia anwukaauran Gysmb, YFx€X yuyH
— x € X Oyacun. (Macanan, (— 1; 1), [—3; 3] opamugaap adiTHiaran
Xycycusitra sra Gyaanu.)

93-tabpud. Arap Y¥x€X yuyn

f(—x)=F(x)

TeHrauK Gaxapuica, y xoana f(x) sygm ¢ynkyus 1e6 aranaau.

Macanan, y—=x* y=|x|, y =cosx ¢ynkunasap xypr QyHk-
umsaap 6yaaam, uyynku (—x)* =% | —x| =|[x]|, cos(—x) = cosx.

Kyt dyuknusnunr rpadurd opaunara Yiura HucbataH CHMMETPHK
woHaamran 6Vaaau (77- unama).

94-tabvpud. Arap yx€X yuyn

fl(—x)=—F(x

TeHrJnK OGaxapuica, y xoana [(x) mox ¢hynxyusa ed arananu,

Macanan, y — x%, y = sinx ¢yukueaaap tox pynkunsnap 6yaanm,
yyHkH (—x)* = — a3, sin(—x) = —sinx.

Tok dyukunaiunr rpapurn Kooaunata Goumra wucbataH CHMMeT-
PHK Koiaauran 6Vaaan (78- uuama).

9.2-3caatva Pyukina xap Jdoum xvht ékun ToK Glaasepmaiian.  Macaaan,
YIOY ¢ = A% — x, g — sinx — ¢0s X pyHKUHAIAD KyDr XAM, TOK XAM 3Mac.

9-§. Monoton dynkumusaap

y = [(x) ¢pynxuma X opaaugaa Oepuaraii OVJICHH.

95-tabpud. Arap apryment x wunr X opaiHKAaH OJHHraH HX-
THEPHIT X, Ba X, KHAMATAapH yuyH X, < xp Oyumumnan [(x,) < f(xp)
TEHrCHIMK KesMO uukca, f(x) gyukums X opamkaa yeyeduw jned ara-
JajH.

Macanaun, f(x) == 2x + 1 ¢ynkunss X = (— o; -+ =) opaiugia
yeyBun GVaaau. Xakukarau XaM, Fx,, x,€X ommranaa xaMm, x; < X,
6yaraua,

Flx)=2x+1, flx),= 2%+ 1
6V 110,

Fl)—f(x) = @6+ 1) —@x, + 1) =2(x, —x,) >0

oyaaaun. lemak, x, < xo=>[(x,) <[(xs). )
96-tabpud. Arap apryment x uuHr X OpajJHKIaH OJHHraH HX-
THePHIl X; Ba X, KMIMaTJapu yuyn x,<x, OVamumzan [(x,) = f(xy)

TeHrcnaank Kemb umnkca, [(x) dyukuus X opanukia xamaosdu €6
aranaju.
Macanman, f(x) = —3x-+ 1 ¢yugunst X = (— oo; - o) ga Ka-

MaioBu Oyyajn. Nakukaran Xam, v/x,, X, € X oandranga Xam, x; < X,
GyJiranza
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6ym6 () ==—38x+1, f(x) =—38x,+ |

[ —[(x) =—3%+1—(—8+ 1) =—3x,—x,)<0

6ynamu. Ilemak, x, < x3=>[(x,) > [ (xy).

9.7-tabpud. YeyBun Ba KaMaloBuH (YHKUHANAD MOHOMOH by HK-
yusrap neb6 arananm.

Mucoa. [(x) = x* Qyukuus MOHOTONIHKKA TeKILHPHJICHH.

Eguw. By ¢ynkumn X = (—o0; - «) opammkia asukjanras.
By opanukaan uxtuépuit x,, X, HyKrajJapii ogaMu3. Yiap yuyh x,<x,
6yacun. Cynr f(x,) — f(x,) aiupmann Kapaivis:

F()—f (%) = 83— = (6, — %) (23 + x, %, + x3) =

I R
=(x._,—x,)(u ,\,-_,—,~‘.2~Tx._,.\, Fait =) =

i X (% B o
—_-(XA_,—.\‘1)(‘ X3+ 2-x, _;_I 4. (_JL’ + ) -
= (x| (%3 + b | >0

Jemak, f(x,) —/[(x,)>0, asun  [(v,) <[(vy). UWynzait xum6
- x, < X, Oyaranga f(x,) < f(x,) OVaap skan. Dy 3ca Gepwiran (ynk-
HHAHHHE (— oo; ~- o) ja YCVBYH SKaHHHH GHIAHPAIH.

10-§. Maspuit dyHkuus

F(x) pyuxuns X pa aumaauran Gyacui.

9.8 rawpud. Arap mynnait Varapmac T (T 5=0) con Tonwicaxu,
uxtHépuit x€X g2 x —T X, x -+ TEX 0Vim0,

fx—T)=fx)=f(x+T)
6yaca, y xonaa [(x) daspud ¢ynkyus, T conn dyiukumauuur daspu
JIeHHAANH.

Macanan, y =sinx, y =1gx naspuit dynkunsaap O6Vmo, y =
= Sin X QYHKUMAHHHT JaBpH 27 ra, y — {gx  (QyHKIMIUr  1aspn sca
st ta Tedr. Arap [(x) aaspuit dyuximst 6vomG, T (T 540) coun yuuup
naspu Oyusca, y Xoata nT (n=-=1, =2, ... ) Jap XaMm my ¢yHK-
LMSIHHAT JaBpu OVJ1aau.

11-§. Mypakkad (yHkuus

y = [(x) dynkunst X opammkaa auugaaurad OVackH.  ApryMment x
uuHr X opaiukiaan oauHran  xap Oup kuiiMatHaa QYHKIMAHHHT MOC
KHitMaTHHd TOMMG, Oy (YHKUMAHHHT KHiMatiapuian Y rynaamuan  Ty-
3aMH3.

Ouan my Y rynaavaa §3 nasdatuaa u—F (y) (yHKIMsS anukJaHran
6Vacad. Hamxana X rynaamaan oamuran xap Oup x conra Y rtVniam-
na 6urta y conu (y = Jf(x)) Ba Y rtynuamaan osmiran Oymiail y coHra
Outra u coun (u = F(y)) moc Kyiiunanu.
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Jemak, X tynaamaaH oaHHraH Xap Gup x coHra GHTTa &4 COHH MOC
Kyimaanu. By sca u vn X §3rapyBunHHHT (QyHKUMACH OYauumnu Guifu-
panu Ba Oynpjail OesirmjaHaju:

u=F(y)=F(f(x).

Opnartna Gyupaii GyHkuMst mypaxkab pyHkyua 1eb6 atanaju.

Macanan, ymby 1) u=Vx*—1; 2) u=sin2y 38) u=cos
¢ynxuuaIap Mypakkad (yHKUHsIap 6y.r1a,uu
) u=Vx2—1 dymxws u=Vy, y=x*—1 dynxunszap épna-

MHA4 XOCHJ Gyuiran. y = x*—1 ¢yskumst (— o ; - o) opamugia
AHMKJIAHTaH; u —Vy sca [0; -} ) opammkaa anukJadrad. Jlemak,
u=Vx*—1 dynkuus x*—1 >0 ga, svum x* > 1 6yaran Kuitmar-
Japjia aHuuKJaHraH 6yJaaH.

2) u —=sin2x Gyukuusa w =siny, y —=2x ¢yukumsIap épaamuia
xocus1 G6yaran. By ¢yskums (— oo} -F oo ) Ja aHMKJaHTaH.

3) u=cos*x QyHKIHA u = y*, y = cosx (yHKUHANAD épAamuia Xo-
cual 6Yaran. By (yHkumus (—oo; - o0) ja anumgnaHras.

12-§. Teckapu (yHKuHs

y = [ (x) pynkuua X opammkia anukjatran 6yamo, Y sca my ¢yHk-
iMA KHitMataapuiad noopar tynaam 6yacki: Y = [ f(x):x€ X |. Y 1¥yn-
Jamad Gupop Y, COHHM ofailik. Yuma X Tymaamua wynaai x,(x,eX)
COHM TOnuIamnkH, f(x,) = y, 6¥Jamu. y, COHra X, COHHH MOC KV SIMH3.
Hamwkana Y tynzaamaan osmuran xap OHp Yy ra oKOpHaa KVpcaTHJraH-
ek Outta x cont (x€X) moc KVitman6, pynkuus xocua Gyaagu. Opar-
Jaa OyHpait (ynkumst, Gepuaran y — f(x) dpynkuusara nucbatan meckapu
¢ynkyus 1e6 aranagn Ba x — [ ' (y) kabu Gearunanand.

Mucoa y=/f(@)=2x-+ 1 ynkisim X =[0; 1] opamkna Ka-
paitiuk. Pasiianku, Gy ¢yumum KHiiMaTapuian ubopatr Tymiaam Y =

5 p 1 .
= [I; 3] 6yaaau. Y =[1; 3] opammkna Gepuaran x —= ?(y— 1) ¢yuk-
uMs Kapasaérran (yukumara Hucbatan Teckapu (GyHkuus Oyaamu: x =

= |
=f"y) =—(g—1).

9.3-scnatma. bus oxopruna y = f(x) ¢ynkuwira uucGaraH Tec-
Kapu Oyaran x — [Yy) yukums Tymysyacu Ouian  tanduauk. By
TecKapH (QYHKUMAHAHT apryMentH y Gysmb, X sca YHUHT  (DYHKUHACH-
aup. Jemak, teckapu (YHKUMAHMHD rpadurind  sicamia abeicca YK
cudariaa Oy Ykuu, opauHara Yk cudarnaa Ox YKkHH ol Kepak G-
aapi. By xon mawaym nokyaaimkaap tyeampaan. Ilynusr yuyn Tec-
KapH (GYHKUHAHH, MacajaH

y=o

Kabn Oearuiamr Makcaara MyBODHKIMD.

[Okopuparn mucomna y = f(x) =2x + | dyukuuara teckapu gyHk-

| o

st Y = @ (x) = —(x— 1) 6yaaau. By dyHxkumanapasur rpapukaapu
79- yn3mana racsupnanraﬂ.
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Bepuaran y == f(x) gynkunsuunr rpapurura kypa 6y dyHxumsra
HHcGaTaH TecKapH Y = ¢ (x) QYHKUMAHHHT TPAapUTHHH aHMKJALl KHAHH
amac. y = f(x) dyukuma rpadpurunn  GHPHHYH Ba YYHHYH KOOpAHMHATA
Gypuakaapu OuccexTpucacura HucOaTaH CHMMETPHK KYYHPHIL HATHXKacuja
XOcHA GVYJaran uusHK TeckapH (GyHKuMAHUHT rpaduri 6Yaaan (80-uu3ma).

13-§. Copna (anementap) QyHKUHsAAP

MaremMaTHK aHaiu3ga acocaH aHaiMTHK - yeyJada  Gepuaran  (yHK-
uusaap Ounan wyryanannsam. Kyiwaa codda  ¢pyukyusaap  ne6 ara-

ayBuu pynkumsnapuu kearupamus. Bynnait gyukumaaap ykysuwra Vpra
 MakTab MareMaTHKa KYPCHIAH MabJyMIHD.

l. Unsukau Ba kBaapatHk GyHkuuaaap. Yoy
y = ax + b, y=ax*+bx-+c¢

KYpUHHLIZATH (DYHKIMAJIAD MOC PaBHILAA 4U3UKAU BA Keadpamuxk ¢hyk-
yusrap ne6 aranamu, Oynaa a, b ¢ — V3rapmac XakHkuit conap.

y = ax -+ b unsukan dyukums (— oo; + o) ga auukaanrau. By
¢dynkina a >0 aa Yeysun, a < 0 6Varania kamaioBuH yHKumst 6V.a-
JM. YHUHT rpaduri TEKHCJMKAA TYFPH UM3MKHH TacBupaaiau. lyvwimr
yuyH Xav y = ax -+ b Qynkunauu wusukau Gyrkqua  1e6 atanaan.

Macanan, y = 3x + |, ¥y = 2 —3x QYHKIMAIAD YHBMKIH  (DYHKIHS-
Japaup. Yaapuunr rpadgukaapu 81-a umamana tacBupaanran,

y = ax* + bx + ¢ xkpanpatug Qynkumsa (— oo -+ ) ga anuxaan-

/
rad. By ¢ynxuna x > — —2' (@a=0) TEHrcH3MMKHH KaHOATIAHTHPYBYH
a

v « b
HyKTanap Tyniamuia VeyBun, x < — ——(@#=(0) TeHrcH3TMKiM KaHoar-
2a

JIAHTHPYBYH HyKTasap Tymjavuia kamaioBun Gyviaam. Ksaapatvk ¢yHk-

UMAHMHT (KBAJIPATHK YYXAAHHHT) rpagurd TekucaHkaa napaGoaaud upo-

Aanaiian. [TapaGoaannur xoiatn @ KOpOHUHEHTHHHT Xamia JAMCKPHMH-

Haut d = b* — 4ac wuur wmopanapura Gormmk 6Vaaau (81-6 yusma),
2. lapaxaau pyuxkuua Ymby

g=x% (x>0)

Kypuuuiizarn GyHkuns daparcaau ynrkyus 1e6 aranaau.

Japaxaan QyHKUHAHHHT  aHHKJAHUII coXacH o coHra GOraMK G6Y-
Japu. Jlapaxaan GyHkuMaHanr rpadurn o > 0 OVAranaa TekHCIHKHHHT
(0; 0 ) Ba (I; 1) nykranapuaan yraam. 82-ymamaza y — x* QyHKuMs-
HHHT rpaduri TacBHpJaHrai.

3. Kypcarkuuau pynxuusa, Yoy

y=a (@>0, a#)

KYPHHHUIJATH (PYHKUMA KfjpcamKkutau (Pynakyus 1e6 atanaiu,
Kypeatkuuin yHKuua (—oo; 4 o) oOpamMkja anukjaxra. By
dynkmmst 0 < a <1 Gyarampa kamaioeun, a > | 6yuiranga  sca Yeysur
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3ym<mm O6ynamn. Kypcatkuyam QyHKUMSHHHT rpadurd  TEKHCIHKHHHD

X VKHJAAH IOKOPH TOMOHHMJA XXOHJalraH.
1 \x

P=2", Y= 7) (yHkumAnapuuHr  rpadukaapu  83-yu3avaza Tac-
BHpJIAHTAH.
4. Jlorapudpmuxk pyukuus. Ywby

y=log,x (@>0, as=1)

Kypuuumaary QGyHKUHS 202apupmur pyrkyus neé aranaau. Jlorapud-

MuK (ynkums (0; - o ) opammkaa anukaadrad. by gyskuma 0<a<ll

6Varanjaa Kamaiosud, a > 1 Gyaranna sca yeypuu Oysamu. Jlorapupmuak

(GYHKUHAHKMHT rpagurd Tekucyukaa Oy VKMHMHT VHI TOMOHHAA KOMJjani-

ran. y = log,x Ba y = logl X dyukuuasapuuar rpapukaaps  84-uuamaza
2

TACBHPJIAHTAH.

5. TpuronoMeTpuk GyHkuusgaap. Yoy
y =sinx, y =cosx, y=1gx, y=-ctgx

GYHKIMSIAD mpu2oHOMempur (hyHKyusiap jed atanaum.

y = sinx, Y = cosx GyHKuuaIap (— oo; - co) OpaaMKAd AHMKJAH-
ran. y = sinx 10K (Qyukuua. Jlemak, yuuur rpadurs Koopausara Go-
wmra uicbatan cuMMeTpuk GVviaan (85-umama). y — cosx Kydr GyHk-
wust. Yuuur rpajuri Oy Yiura nucOaran cuvverpuk Gyviann (86-uuama).

y = tgx pynxuma (— o, + o) HHHT X F= ‘%-(2k+ 1) (=0, =I,

F 2, ...) 6Varan uykragap TynaaMuia amikaanran. By QyHkuus
yuyn tg(—x)=—tgx O¥nann. Jemak, y—=1tgx 7ToK yHKUNA.
Yuuur rpapurd 87-unaMaja TacBHPJAHTAH.

y = clgx QyHKuMsi (— oo; 4 o) HuEr x#F=ka(k=0, =1, +2,
.. .) OVaran wykrazap tyniamuaa anvnanray. Pasuanku, Oy GyHKuMs
yuyd ctg(—x) = —ctgx OVaam. [emar, y-—=ctgx ¢yHkuua ToK
Gyukumsa. Yuuur rpaduru 88- uuamana TacBHpJAHTaH.

6. Teckapu TpuronoMeTpHK GpyHKuUHaaap. Yuoy

y —arcsinx, y = arccosx, y —arc tgx, y=arcctgx

QYHKUMSTIAD meckapu mpueoHoMempux pyrxyusaap ned aranaju.
y — arcsinx dynxuus y = sinx gyskunara nucbaran Teckapu (yHk-
wust 6ym6, X = [ —1; 1] cermentna auukaauran. y = arcsinx ¢yHk-

UHSHHHT KHiMaTaapuaan wbopar tymiaam Y = l—%; %J Oyaaaun. By

dyskunsHunr rpadurn 89-yu3avaza TacBHpJanrau.

y=arccosx GyHKUHA Yy =cosx (yHKuMara uucbaraH TECKapH
dyukuus 66, X =[—1; 1] cerMentaa amMkaaHran. y = arccosx
GyHKUMAHUHT KuiivaTaapupan ubopar tynaam Y = [0; ]  Gyaaam. By
dyukumsimar - rpagurn 90- uHaMana KeJaTHPHATaH.

y = arcig x dynxkuua y = tgx dyHkuusra Hucbatal TeckapH (yHK-
s 6yan6, X = (— o; - 00) opaiMK/ia auMkJaHrai. y=arctgx
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.

dyHKuHAHUHT KHiiMaTaapuian nGopar Tynaam Y = ( — %’. %) 6y.1a-

. By dyukumsnnnr rpagurn 91-unavana Gepuirad.

y=arccltgy dyvokuma gy —=ctgx dyukuuara nncbaran  Teckapu
yukuust 6§26, X = (— oc; 4 00 ) opaauxiaa anukaanran. y=arc ctg x
GynkunaHHAr Kpitvataapuaan wbopar Tynaay Y (0, ) OVaaam. By
dyukumsunnr rpagury 92- un3mana tacBupaairan,

X BOB. HATYPAJl APTYMEHT/IH @ YHKUMS
1-§. Connap KeTMa- KeTJHIH TylyHYACH

bus 1okopiia dyukima Tylyngach Guaan  tanuiuaMk. uam, Xyey-
CHI XOJIHH, SIBHI aHHKJIAHHIL cOXacH HaTypaa condap tvmiamy N 6VJ-
U (PYHKIUMSIAPHI Kapaiivus.

Airaiiang, [ (x) gyukust X = N 1¥naaviaa Gepuaran 6Vachi. Mo-
JOMHKH, Oy (DYHKHHANHHD apryMeHrd natypat cou 3ska, yuaa [ (x)
Jeitnir Vpunra [ (n) 1ed onavius,

.

By dyuxumsnpnr n = 1, 2, 3,. .. paru KHitMataapuiu
[fD=xy, [ Q=% f@) =% --0s f)=2x,

ne6 Gearnwnaitauk. Harmwkana [ (n) dvukims kuitvaraapuian talukua Ton-
ray yumoy

Ky Hgs Hgy ooy Xy o= *)

TynaaM Xocua OVaaau. By tVnaav comaap kemaa- Kemaueu je0 atanaam.
(*) consap Kerma- KeTJMrHHH TAlIKHA 3TTaH Xy, Xo Xgu ...y X,
connap (*) kerma- KeTJMKHHNIT Yadaapu jeimaain x, sca (*) KerMa- Ker-
JHKHAHT 7-yalu €xu ymymud xadu jeinaan. (7) conmap Kerma- KeT-
aurnan {x,} KaOu GearnjaHanu.

Connap Kerma- KeT/IMKJAPHra MHCOLIAD KeJATHPAMH3.
I 2w

1) x, = — O6Yscun. By connap kerva- Ketairy
n

1,

’ 9. e ey *

L
3

o | —

=

Gyaanu.
2) x, = n* Gyacun. By coniap kerMa- KeTMrHHHHT KYPHHHUIM KyiiH-

parnya OVaamu:
1, 4,.9; 16, «. o 8%
3) x, = (— 1)" 6yacun. By conaap Kerva- KenHrH XaaJapu OpKaiH
yiuby KYpHHHILAA €3H1a/H:
— 1, L =1 eh D e
Bupop {x,}: x), Xo, Xy, ..., X, ... KeTMa-kermK Ocpuaran Gya-

CHH. :
10.1-taspud. Aeap wyndai Gseapmac M con maexncyd Gjacaxu,
{x,} Kemma- kemauxnune xap 6up xadu wy condan Kamma Gijamaca,
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i

Avnu x, <M G6gaca, 6y Kemma- Kemaux toxopudan vezaparanearn 0e6

amaaaou.
Macanan, ymoy

0,—1,—2,—3, ..., —n, ...

K€TMa- KeT/IMK I0KOPHJaH Yerapajanrad, UyHKH KeTMa- KeTJHKHUHT Xap
Oup xaam 0 jgan Karra swac.

10.2-tabvpud. Acap wyndai jseapmac m cox saexwyd 6Giacaxu,
{x,} Kemma- kemauknune xap Gup xadu wy COHOGH Kuuxk Oyamaca,
AvHU X, = m Gjaca, Gy Kemma-Kemaux Kydudan 4ecapatanean 0e6
amaaadu.

Macanan, ywoy

1 1

11
I, = =v = v vos =
2" 4" 8 211

KeTMa- KeT/MK Kyilijaan yerapajanran, yyHKi KeTva- KeTMKHIHT Xap Gup
Xaan 0 Jan KHYMK 3Mac.
10.3-tanpud. Aeap {x,} xemuma-Kemaux xam Kynuoau, xam 10Ko-
pudan veeapaanean Gijaca, Y weeapaianean ded amaradu.
Macanan,
1 1 1
L gr grT g

KeTMa- KETVIHK verapajianral KeTMa- KeT THKHP.

2-§. CoHaap KeTma- KeTJHKJIApH YCTHAA
amaJnap

Hkknra Ket™a- KeTwHK Oepitirad OVJICHH:
Xir Bap o0 o By cormes Vollln Fp onee 0 Bin
Yoy
Xy T Y XoT Yo Xg Y ovo s Xy T Yy oot
ketma- ketamk {x,} Ba {y,} Kerva-kermkaap durunducu ned arananm

Ba {x, -+y,| xabu Gearwiananm.
Yiby

Y —Yhy Yo Yoo Xg— Uy - v XUy -

KeTMa- KeTmK | X, | Ba (¢, | KeTMa-KeTmkJap adupmacu 1e6 aranagu
Ba |x,—y,| KaGn Oe’runanazu.
Y by

'\.l-yl‘ .\’2'!]2, .(3‘£/:‘. “oee oy xn'!’n, Y

KeTMa- KeTJMK |X,| Ba |y, | KeT™Ma- KeTauKkaap Kgnadmsacu 1el aranajan
Ba |x,-y,| xabu Gearnnananm.
Yoy
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A8 5h R (y*0, k=1,2..)
N Y2 s Yn ’

KeT™Ma- KeTViMK {x,| Ba { ynl KeTMa- KeTJIHKJap Oyaunmacu ned arananu
Ba {-ﬁ'-} Kabu GearusaHajau.
Yn

3-§. Connap KeTMa- KeTJHIHHHHI JIHMHTH

ABBanio HyKrauuHr arpodu Tyurynyach Ouian tanmuamus. Bupop a
HyKTa (@ — XakuKHil coH) amaa MycOar & cOoHH Gepuirad GYJICHH.
104-Tanpud. Bepurcan a HyKmanu 43 uduea orea

(a—e, at+e)=x:a—e<x<a-te|
HHTEPBAJl @ HYKTaHHHT atpofH (@ HyKraHHHHr & atpopu) Ae6 aranaau.
HykTauuur atpop conaap VKHIa KecManH wpoaanaiiiM, KecMaHMHr

YeTKH HyKTaJapi 3ca 1y kecMara rtermiwan Oyamaiian. By xoawm 93-
YyH3MaJa YETKH HyKTaJapura crpeixanap Kyium OuiaaH H30XJauras.

Mucoaaap. l. a =0 HyKrauuur e = Y aTpopH KyAWAarH HHTep-

Bas Oynamn (94- unama):

)t <nd)

2. a=1 uygranuur €= 0,1 arpopu ywby unrepsangan uGopatiup
(95- ynama):

0,9, 1, I)=[x:09<x<1,1}.
Ilynu "anoxuza TabkMAdaliMu3ke, GHTTA @ HYKTAHMHT JKyAa Kyn
arpoduapu 6ynaam. Macanan, yuby

@—1, a+1), (a——_'), a—r%) (a__l_' gL

3 e e

3273

1 p
a——, a4 —
n n

HHTePBANJADHHHT Xap OWpH @ Hykrauwuur arpodu O6ysanu (96- unama).
! ,' - A
3. Yuby (x| e 1}'

L 239 &
"84 " Taty’
1

~ ’

KeTMa- KeTJIHKHH KapailyMK. @ = | HyKrauHar (l——- 1+ ) (0

%) (e =%) aTpou onMHca, yHJa Oepuiral KeTMa- KeTVIMKHIHT 4-Xaau-

Jan Gomnab keimurd Gapua Xajgiapu wy atpodra terwuwm G6yaanu (97-
YH3Ma).
4. Kyinparu
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RENRBis-. o o 5 Miwste

KeTMa- KeTJIMKHH Kapailymk. a = 5 HyKrammur (5—2, 54 2) = (3, 7)
atpopm (e = 2) o/mHca, YHJAa KeTMma- KeTVIMKHWHr 3 Ta Xxaau (4, 5, 6-
Xajnapn) ury arpodra ternunid 6yiaan (98- unama).

5. Ymby

=3 Iy =ds Iz =y e
1

1 1
KeTMa- KeTVIMKHH KapalMK. a = | HyKTanuHr (a—;, a +3) = (3’
; 2
—2-) atpojura GepuaraH KeTMa- KeTJMKHHHr Oab3n Xaajapu (Kypr Ho-
MepJM YpHHJA TypraH Xajjapu) ternuli, Gabad Xaasapu (TOK HOMepJIH
ypuHaa Typran XaanapH) rteruuni Gyamaian (99- uuama),

Bupop {x,}:

XeviXay Xgv & oa oy W o
COHJIAP KeTMa- KeTJMrH Xamja a HyKta (a — Nakukuit con) Gepuaran
Gyacun. By a nykranunr (@ —e, a +€) arpobusn (e > 0) onaitjuk.
1°. |x,] xerma- KeTimknunr Gupop Xaauaan GowaG Kefimurd Gapua
XaJaapH  (XycycaH, KeTMa- KeTJIMKHHMHr Gapua xaanapu) (@ —e, a --¢)
arpodra Ternuwig Oy/mnun Mymkud. Bynaait xoa Kyiiaarnua Xam aiTH-
Jaau: wyspait N oparypan con tonwaaiuku, n >N Gyaran Gapua Haty-
paja n counap yuyn x,€(a—e, a-+¢) 6yaam.

2°. |x,| kerma- kermukHuHr GMpop Xaauman Gowiab KeifMHrH X
Japuuunr Gabausapu (@—e, a - €) atpodra Termunn, OGab3uaapH 3ca
Ternim OYJIMac/aUri MyMKHH.

3% |x,| KeTMa- KeT/MKHUHI YeKH COHAarH XailapHruua (a—e, a--€)
atpora TerniM OVIHIIKM €KM KeTMa- KeTVIMKHHHr OGHpopTa Xaau 1y
arpora Teruiun GYIMac/Mri MYMKHH.

10.5-travpug. Aeap |x,):

.\'l, ."2, .\‘3, “oe ey .\-", “ e

Kemma- kemauxrune Gupop xadudaw Gowrab Keduweu bapya xadrapu a
HYyKmanune uxmuépud (a —e, a -+ €) ampopuea meawwru Gijaca, ynoa
a cor |x,| Kemma- kemauknune aumumu 06 amaiadu 6a limx, =a,

-y

éxu limx, = a, éxku x,—a Kabu Geacuranaou.
By xoapa {x,} xemma-xemaux a ea unmuaradu 1e6 XaM IOPUTHIAIM .
Aiitaitmk, Oupop {x,} Kerva- ketmk Gepuaran GVuG, YHHHT JIUMHTH
a 6Yacun: limy, —a. MOgopuiarn tanpudra kypa, Oepuwiran Kerma-
KETJHMKHUHT OMpop Xaauaan Gouiia® keitunri Gapya XaalapH a HyKra-
HUHr MXTHEpHH (@ —e, a —-¢) (8 >>0) arpopura rernuim Gyaaau. Bow-

Kaua a@Tranja, WwyHjiai watypad rn, COH TOMWIAMMKH, n >n, Gyaran
Gapya n HaTypaJ COHJAp Y4yH
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x,€(a—e, a+e)

G6yaanu. [lemak,
a—e<y,<a+te (n>ny).

Kedinnrs TeHrcHs MK aan sca

—e X, —a<e (10.1)
6y keau6b unkanu. By (10.1) renrcuaank sca yuby
lx,—a|<e (10.2)

TEHICH3HKKA 3KkBHBaIenT OVaamu (Kapancui: 1X 606, 2-§.).

By Xos1 ketMa- KeTJMK JIMMHTHEH KyiAWJIarnya Tabpudaml HMKOHHHK
oepaiu.

10.6-rabpud. Acap uxmuépuit mycbam e >0 con oaunzanda xam
wyrdal n, Hamypaa coH monuacasu, n >n, Gijrean Gapia n Hamy-
paa CoHaap Y4yw

|, —al<e

menecusauk Oaxcapuaca, a con {x,} Kemma- KemaukHuHe aumumu 0e6
amaaadu 6a roKopudacuder

limx,=a
n—s« \ﬂ
Kabu bereuranadu.
Mucoaaap. 1. Ywby
I 1 1
l, — — ..., —
2 3 n

KeTMa- KeTHKHuHr Jumutd 0 ra tenr Ovaaad. Ulynw ucGornafivmus. Hx-

Hom v 1 7% »

THépHIT Mychar € coHn# 01M0, yHra Kypa l—] HH TOnaMu3 Ba Oyiaai
' €

GeJrunainMus: n, = [i] - 1, y Xonna n > n, Gyaray OGapya Hatypa.l n
E

COHJIAp yuyH
Lo

1 ! 1 I
g—al=|T—0j=2<— <o =¢
n n ny 1

£
6yaanu. Jlumur tanpudura kypa

. 1
lim — =0
n—sx M

Gynaau.

* [d] Genrunaw d COHMHWHT yHAaH katta GyaMaran GYTYH KHCMHHE Hboja-
nafiau. Macaaan, [3, 5] = 3. Paswanks, [d] < d.
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2. Ymby
l' —l) l, '_‘l. e .
KeTMa- KeTJIMK JHMHTra 3ra 5Mac.
Bupop {a,}: 2y, o, o3, ..., @, ... CONIAD KeTMa- KeT/HrH Ge-
puaran GVJICHH.
10.7-tavpud. Aeap {z,} Kemma-rKemiuknume aumumu HOAZQ

mexe, aBHU
lima, =0

Nergy
Gjaca, y xoada {m,} 4excus ruduxk suxdop deG amasadu. Macanau,

| -
== — YEKCH3 KHYHK MHKAO0p 6)'.'13,’1".
n

Bupop {x,} xerma- ketamk Gepuiran GyJcHi.

10.1-teopema. {x,} Kemsa-kemaukrune a ausumea sea Gyauuw
YHYH %, = X, @ HeKCU3 KUMUK MUKOCp Gjauwu zapyp 6a emapad.

By Teopemannur HcGOTH I0KOPHAA KeJITHPHATAH KETMa- KeTJMK JHMHTH
Xam/ia YEKCH3 KHYHK MHKJOP TabpHIaphian Keaub uukam.

Jdevak, {x,} KeTMa- KeTJHKHHHF JuMHTH @ OY.aca, YHHHr yMyMHil
Naau X, HM X, = @ - o, KYpuHnwia €3uu Mymkud, OyHaa o YeKcHs
KHUHK MHKJ0p. Akcinua, {¥,} KeTMa- KeTMKHUHT YMyMMA Xamn X, ¥3-

rapMac ¢ COHM GHJIaH YeKCH3 KMUHK MHKAOPHHHT iMrHiiucuian nGopat,
STBIN

X

Xy T TR

6Vaca, v Xoaja a con {x,} KerMa- KeTIMKHMHT JHMHIH G¥aauu.

1 2 3 n
Mucoa. Ymby —, 303 Ty - - KeTMa- KeTIHKHH Kapaii-
& . n-r

p » n " -
JHK. YHHHr yMyMuil Xaam x, — — 7 ' KyiHIarya @i MyMKHH:
n--
n n—1—1 1

X = — — e ——

a1 n—1 n-1

! : x
Papmauky, o, = w-ry YeKCH3 KH4YuMK Muxiop. [lemak, Gepuiran KeTMa-
n - 2

KeTJHKHHHT umuTi | ra tenr:
. n
lim — =1,

B—yp N1

4-§. YekcH3 KHYHK XAMLA HYEKCH3 KaTTa MHKAOpJap
opacHaaru Gorjanui

ABBANO YEKCH3 KHYMK MHIJIOPJIAp NaKHId MKKMTA JieMMa KeJTHpa-
MH3,

10.1-aemMma. Hrku sekcus Kukurk sukdop Qurunoucd aHa 4eKcus
Kuyux muxdop Giradu.
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Hc6or. {a,} Ba {B,} uekcus xmuuk muxuopaap Gyucuu: lima,=0,
limB, = 0. Tawpudura xypa, “F e >0 ommHranga xam e/2 ra kypa
WyHAa" n, HaTypaJd COH TONHJAAHKH, n >n, Gyaran Gapya Harypa
n Jap yuyH

la, <=
6yaanu. Ilynunrnexk,
Bal <5
6Vnann. Hatwxkana ywby TenrcHaimkka sra GyJamus:
[y + Byl < i+ [ | < 5+ 5 =e.
By aca
lim (e, 4 p,} =0

Gyanwmuy Gunaupay. Jevak. {o, + P} — uekcus knunk muknop. Jlew-
Ma HCGOT OVJIaH.

Ywby snemMma Xam Xy 1yHra Vxiuaur veGorianau.

10.2-nemma. Yeeaparanean kemma- Kemauk OuUIaH HeKCU3 KUHUK
MUKOOp Kynadmmacu 4excus Kudux muxoop Giaadu.

Bupop {x,}:

Kyor Koy Ky o vy Fsi wn

KeTMa- KeT/IMK Gepuarad GYJICHH.
10.8-tavpud. Aeap xap Kawdatd mycbam M con oauneanda xam
wyHdald Hamypar n, COHU monuacaku, n >n, Ogrean Gapia Hamy-

paa noaap y4yu
x| >M
menecusaux ypunau 6yaca, {x,} uekcus kamma muxdop deb6 amaradu.
Macanan, {x,} = {n}:
i 285 wis 5 Wy oo

KEeTMa- KeTVIHK YeKCH3 KarTta MHK10p OyJiamM.

YekcH3 Karta MHKIOPHHHT JIHMHTH YeKcH3 Ae6 O/MHAIM Ba KyfiHaa-
riya Gesarwnanaam: limx, = oo.

IHIM YEKCH3 KHYMK XaM/la YeKcH3 KaTta MHKZopJap opacuaard Oor-
JIAHHILIHA KeJTHpPaMH3.

Aeap {x,} (x,#0, n=1,2,..) uekcus Kuuux muxdop 6jaca,
{i} weKkcus xamma Mmuxoop Gyaadu.
Xn

3 1
Aeap {x,} uexcus kamma muxdop Gjaca, {x—} HeKCU3 KUMUK MUK~
n

dop Gijaadu.
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5-§. SIKHHJAAWYBYH KeTMa- KeTJHKJIAPHHHT
xoccanapx

Bupop {x,} kerma-kermk Gepuwiran Gyiicun.

10.9- ravpud. Aeap {x,} kemma- kemaux wexru aumumea sea 6ya-
ca, y yoada {x,} AKuniauyeuu Kemma-Kemaux 0e6 amaradu. Azap
Kemma- KeMAUKHUHS Aumumu 4ekaw Gyamaca €Ku Kemma- Kemauk Au-
mumea sea Giamaca, YHU Y30KAQuUysuw Kemma- kemaux 0eG amasadu.

Macanan,

1 2 3 n
E‘E'—‘l—' . e oey ds l, ‘e a

KeTMa- KeT/MK SKHHJAIIYBYH KeTMa- KeT.MK OyJau,
Iv —l' l. —], oe by
b 2y B i vy Wy e
KeTMd- KeTJIHKJIAp 3¢a Y30KJAlyBYH KeTMa- KeTJuKJaap 6yaain.

DHAH AKHNJIAIIYBYH KEeTMA-KETVHKJIAPHHHT KATOP XOCCAJAPHHH KeJITH-
pavu3. Bynaait XoccasapHuur HcOOTH KeTMa- KeTJIMKHHHI JIHMHTH TabpH-
(bHra Xamja 1OKOpHAA KeJTHPHJraH JeMmManap Ba Teopemara (KapaJiCHH:
4, 5- § nap) acocaanazu. lynn swtuGopra oaus, Oy xoccanapHuur Gabad-

JAPHHH HCOOTIAlMH3,
1°. Aeap {x,} kemma-Kemaux axunrauyeuu Giaca, Yy 4eeaparanean

Gyjaadu.
2°. Aeap {x,} kemma-kemaux aKunaauwyequ Giaca, YHuxe AuMuMU

feoHa Gijaadu.
Aifiraivmk, ukkuta {x,} Ba {y,} Kerma- xeraukJap Gepuarad GYJICHH.

3°. Aeap |(x,} 6a {y,} Kemma-Kemaukraprune xap Oupu SKUHAQ-
wyeau 6ijaub,
x.=y,n=123..)
bijaca, y xoada
limx, = limy,

Gyradu.
4°. Aeap {x,} 6a {y,} kemua- Kemauxiap aKuniauyeuu Gijaub,

xnéy" (n == 1| 20 30 .. )
Oyaca, y xoada
limy, <limy,

Gyaadu.
5°. Aeap {x,} ea {y,} wremma-Kemauxiap saKunrauyeuu 6yaca,

Y xoada {x, -+ Y,} Kemma-Kemaux xam SKusaquiyetu G{jaus,
lim (x,+y,) =limx, +limy,
6yradu.
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'

5%xoccanunr ucboru. {x,;} Ba {y,} KerMa- KeTMKIAp sIKHH-
JauryByn 6V.u6,
limx, =a, limy,=b
6Vachd. Y xoaga 10.1-Teopemara kypa
Y, =a + L !/,, el AT ﬁn
Oysm0, «, Ba fi, yekcus kuuuk muknopaap Gyaaan. By Tenramkaapaan
TONAMM3:
X, + Y, =a+a,+ b+, =@ b+ («,+B)-
Hekens kuunk vukaopaap Nawuaaru 10.1-emvara acocan o, + B,
XaM YeKCH3 KHuMK Miti1op Oyaamm. Nuu v, opkaan GearwJailuk:
Vo =%y T ﬁn
Harmxana
x, +y,=(@t0b+1v,
6ynaau. Sua 10.1- reopemanan oitnanauud, |x, + Y, KerMa- KeTIHK
JuMHTra sra GVaMig Ba y @ — 0 ra TeHr OY/MUIHHH TONAMH3:
lim (x, +-y,) =a+b=limx, + limy,.
5°- xocca nebor 6V,
6°. Aeap |x,} ea {y,} Kemma-kemauxaap aKuwarauysuu Ogaca,
y yoada {x,—Yy,} Kemma-KemMaux xasm SKuraauyeuu 6yaud,
lim (x,—y,) =limx,— limy,
Gijradu.
7. Aeap {x,} 6a {y,} kemma- Kemauraap aKunaauyewu Gjaca, y xoa-
da {x,-y,} Kemua- Kemaux yasm AKuHaauysuu Oyaub,
lim (x,-y,) = limx, -limy,
6tjradu.
8. Aeap {x,} sa {y,} xemma-kemauxsap sxuniauiysqu 8a limy, +

0 6yaca, y xoada ‘l-*i} (y,#0, n=1,2, ...) Kemma- Kemaux xam
lin

aKunaauiyewu Grjaud,

lim 22 = 058 (jimy 2 0)
limy,

Yn
61j1a0u.
Mucoaaap.
2nt |
" __:qi 9
; 2n2 - - 2 o2 : n
1) lim AT - lim——1— = lim ————— =
Ny Sn2-t-n--1 nsp ont  n 1 n-x 1 {
S e T e il ol e
n* n n n n?



lim (2+—:) lim2-4- lim =

2 N = sz Nesy N ___2
i T ) o 1 3
lim (34-—+4 — lim 3-+ lim —--lim —
n—sx n n= n—xp R N p—sxpn?
o) tim YoEE gy VEED g L g
N nse (yn —1) (y n+1)  nos yn—l
o Vs Wa Y@ Y
3) lim ————— = 1im = = oo,
n-s l’f‘ Vll ¥ i Vn"' Hes 1 . ‘Q}_ L1
Vot Voo

6-§. MOHOTCH KeTMa- KeTJHK JHMHTHHHHI MaBXKYAJHIH
XaKMAQ TeopemaJap

KeT™a- KeTaiKk  JIMMHTHHIHHT MaBKyATHCH  XaKHaard Macajia  MyXHM
Macajanapian O6upu. By macanann Xaa xuamb GepyBuM TeopeMaJjiap Mas-
Ky BHPOK yaap MatemaTHK anaqMsiir HO3uK (akriapura acocaanuG
ucboT. 1anal.

Bua Kvitia JHMUTHHHE MABKYLTHIH XaKHAard TeopeMaiapiuu uc6or-
CH3 KeJATHpHT Gunan Kudosutanamis.

10.2-teopewa. Aczap {x,} Kemma- Kemauk feysdu Ogaub, woKopu-
dan wecaparanean Oraca, Kemma- Kemaux 4exau aumumea 32a (ABHU
AKuHAauyequ) Oyaaou.

10.3-Teopema. Aeap {x,} Kemma- Kemaux Kamarosdu 6iaub, Kydu-
dan weeaparanear Gijaca, Kemma- Kemaux wexaw aumumea sea (AvHU
sKurAauyeu) Giradu.

Oparaa KOpHad KeJTHPHIrall TeopeMasiapii MOHOMOH Kemma- Kem-
AUKHUHE Aumumu xaxudaeu meopemazap jied oputniaand. By Teopema-
napnan oiinasanud, 6aban GHP KeTMa- KeT/IMKJIapHUHT JuMuTra sra G-
JHIUWHHK KYPCATaMHu3.

7-§. e couu
Ywby Ketma- KeTVIMKHH KapaiiK:

(l +—:)‘.(|+-;-)2, (l +%‘)a. . ..,(l+l—)",

YHHHT yMyMuit Xaau
2 1\n
X (l + n)

Gyaann. Maican wy {x,} KeTMa- KeTMKHHAT YEKJAM JuMuUTra sra Gym-

umHM Kypeatuuiiad ubopar. By ketMa- kerauk Owsan Oupra Ky#uiard
KeTMa- KETJIHKHH XaM KapaiMiu3:
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(1 + :-)’ (1 +%)’, (l +%)‘. (1 +%)”+',

YHHHT YMyMHIT Xaju
1 \n+!
Yn= (l + 7)

6ysamu. By kerMa- KeTHMKHHHT Y, Y, ., XaAlapuii Kyiujaardua €sn6

0JIaMH3:
+1 \n+1
v, =(1 + .'_)"T - (1 +_‘)" .(| +_1). -
n n n] nt1
= (1 iy n (aipe,
" on n+1 n ) n-1'
1 \a+2 /p- ] |\ni2 0 2\n42
[ =1 =|—] = -] .
'/'H'l ( +n}- l) ( n-+1 ) (n -~l)
(n—'~ l)"*l n n-- 1\ 42
-+ 1 n n
y a —J&. 27 = = s
ke Ypr1 (1142 n+2 n+ 2 n—+1
n- l) n-1 }
=((n~}— 1) (n-- 1) \n+2 n __( (n4-1)2\n+2 n
n (n--2) 'n+l n(n—;~2)) n+1
__( n(n+2)--n412—n(n-2) )n+2 n .
n(n-2) n-1
2 L2n+ 1l —n2—2n\n4+2 n 1 n+?
-+
( ki n(n-+2) n-+1 +n (n-2) n-+1
Gynaau. Iemak,
'—y'l'f—‘(l tE | )n—,-’." I'l ‘
Ynil \ n(n+2) n-+-1
Beprnyaan tenrcusaurnaan® ¢oiianannt Tonamus:
+2 !
(1+ '—) g TR RRE . Sy QS
n (n-+-2) nin-2) n
Hamwkana
+2 -
i"—=(l+ 1 )n _n 2(1_:?__1). n _tn% l_ :'x =3
Ynil n(n-2) n-+1 n/n+1 n n-1

G6ynaau. By Tenrcuamkaan sca
Yn =Yy n=1,2 ..
o R RVES
Oyaummm kesmb uukanu. Jlemak, Yy, = (l -1——) KeTMa- KeTJIHK KaMa-
n

IOBYH KeTMa- KeT/HK 3KaH,

* (1 4-a)" > | 4 n-a Texrcuanuk BepHyaau meHecusaued 1el atanazu.
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Pasuanku, Gapya n qap (n=1, 2, ...) yuyH
1 n4-1
Y= (l + ;) >0.
By sca {y,} KeTMa-KeTMKHMHr KY#HJAH uerapaJaHraHJuruHH Guaau-
pazu.
u 1 nil1
lyunait kw6, {y,} = {(H— —) } KeTMa- KeT/IMK KaMaioBYH Ba
n
Kyfnnan verapaianran. Oxopuaarn 10.3-Teopemara kypa Oy kerma-
n
KeTJMK 4ekau Jumurra sra. Y xomja {x,} = {(l-}— L) }Kema- Kert-
n
JHK XaM yekJu JuMmuTra sra Oyaamm. XakukartaH Xam,
I\l 1\n 1 1
ey — — l — . l | S =¥ = —
Y (l+n) (.+n, (.Tn) ¥ (l+n)

6ysm0, yuilan 3ca
n

X, =Y,
n n n"f‘l

OVanum Kean6 unkaan. KeiluHrn TeHrJMKaan Tomamus;
lim x, =lim (y,- —2) =1lim g - lim —— —
i Yn l+n Yn l4-n

=lim y,-1=1lim y,.

Mozgomnku, {y,} KetMa- KeT/MK 4YeKam JuMutra sra skad, yupa {x,}

KeTMa- KeTVIMK XaM YeKJH JuMmuTra sra Gyaaam.
10.10-Taspud. Ywoy

=[]

Kemma- KemaukHune ausmumu e conu 0e6 amaraou.
lemak,
) 4 . ’ \ n
lim ( 1 4 —) =e.
N+ n
€ COHW WppalMonaJ cOH. YHuHr KuitMatH takpuban 2,71 ra rteur
(e~ 2,718281 ...) Acocu e OVaran JorapuhMm Hamypaa nrocapupm
Jae6 arananu.

X1 BOB. ®YHKUHS JIHMUTH
1-§. OyHKUHS JHMHTH TYWYHYACH

ABBanio Xakukiii conaap TVniaamMp X uuMHr (OpATHKHHHT) JIHMHT
HYKTacH TYUIyHYacH OMJaH TaHHILIAMMS.

Bupop X Xakukuit comnap rynaamu (opaiuk) Xamza a Hykra (@ —
XaKHKMiT con) Oepu/ran OVJCHH.

1. I-taspud. Aeap a Hygxmanuwe uxmuépui (a—e; a +€)
(e >0) ampopuda X mynaamnune 4ekcud Kyn Hysmasrapu O6jaca, a
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ny;gma X mygnaamnune aumum nsyxkmacu (KyoKianuw Hysmacu) Oe6

Mnco.u.nap 1. X =[0; 1] 1Vynaamuauur Xap Oup HyKTacH 1y
TYNJAMHHHT JHMHT HyKTacH GV.aau.

2. X =(0; 1) tynaamMuunr xap GHp HyKTacH Wy TYILIAMHHHT JM-
MHT HyKTacH OVaaau Ba sina x =0, x = | nykrasap xam X = (0; 1)
TYNJAMHHHT JIMMHT HyKTajapu GyJaju.

={l, 2, 3, ...} T¥naam JuMHT HyKTara sra 3Mac.

X Gupop conaap Tymiamu OVamb, a 3ca Wy TYIIAMHHHT JHMUT
HyKTach Oyuacun. ¥ xoama X TymiaM HyKTaJapulan @ ra WHIHMIYRYK
{x,} KeTMa-KeT/MK XOcHs1 Kuamin MymKkuH. DBynjait kerMa- ketsmkaap
Kyzaa kyn Gyaauu.

Macanan, X = [0; 1] Oyacun, Papwanku, a — 0 nykra wy TyniaM-
HHHP JUMHT Hyktacuamp. X = [0; 1] 1¥naaMm nykrasapuaan  Tamku
TONraH KyHHJArH KeTMa- KeTJMKJApHUHr Xap OHpuuuar JuMutH a@ = 0
6Vaanu:

1 | I
X =—: LL—y — iy —, o lim — =0
"op 2’ 3 n 1 i
1 | 1 1 % 1
= — by S5 Sy w2 o lim — =0,
Yn n? 4 9’ n? n*
| | | | I
2y = —=i ], —, ‘—: I — T IIIH——TO,
Vn } 2 3 } n n
1 1 | 1 | 1
u, = : e llm-————()
n-+2 3 4" 5 n-+-2 n-t 2

Aitraivmk 1wy X 1¥naamaa [(x) Qyukinus anukaanran OVacHH. @
ByKTa X tVnaaMumir Jumsmur  sykrach  OVaranomrs yuyn X tinaasm
HYKTaJIapHJla TalUKWJ TONraH LVHall

{x,): Ky Koy o Xy wnen (% €Xiti=1; 2, o .)
{y,): Yis Wy v w5 B o » (y,eX,n=1,2 ,..)
{z,): - AL N S (z,€X,n=1,2 ...)

KeTMa- KeTJIHKJIap GOpKH, VJApHHHT Xap OGHPHHHHT JIHMHTH XVUH 11y
a ra Tenr Gyjaan:

lim x,=a, limy,=a, limz, —a, ..

[(x) dynkuMAHMHT X =X, X =Y, X =2, ...

n? n

(n=1, 2, 3, ...) HyKTaJapaaru KuiiMaTjapH yuby KeTMa- KeT.Juk.Jaap-
HH XOCHJ KWJajH:

Gy Fe) ), .o, fl).
W)y ) F), ..., [,
{/ )} [(z), f(2) i k)

D )



Opnarna {f(x,)} xerma-kermk {x,} KeTMa-KETJMKKA MOC (YHKIHS
huumamapnnan uGopaT KeTMa- KeTJHK ae0 arasjanu.

Macanan, X =[0; 1] Tyn.namxa y=f(x) = x*-+ 1 DyHKuMsIny Kapaii-
auk. @ =0 nygra wy X TynaamuuHr JuMut Hykracd. lOkopuaarn a=
= (0 ra MHTHJIYBYH

d={=} =g e =[5} w={-

KeTMa- KeTiHkjaapra moc f(x) = x* 41 Q)ynhuua KHiIMaT/IapHiaH Tall-
KHJ TOMraH KeTMa- KeTVIMKJIAap Kyiuaardua Oyaaju:

(o = {1 140 gL L,
{i(y,,)}z{$+l}: 141, —__')-.+1,3'4+|, ,;';+1,
{f(z,,)}=={%+l}: l+l.%+1, 3'_+1, ,,,'_'+1'

ged={mmt ) gmtlamtl ot

(1+-2)2 (24-2)2 2)'-‘
I1.2-taspud. Aeap X mynaamaune Hy:\;mwlapudau myasunear,
a ea uHmuayewu xap Kawoat {x,} Kemma- Kemauk 0AuH2aHOa Xam Moc
{i (x,)} xemma-kemaux xap Odousm scona b ea unmuaca, wy b con

[(x) ¢pyrkyuanune a nysmadaeuw (éxu x —a daew) aumumu deb6 ama-
aadu 6a YHu

lim f(x) =

X -0
Kabu Oereuranadu.

Mucoaaap. 1. f(x) =C —const ¢yukuma xap AOMM JHMHTra
sra 6Y/n0,

lim f(x) =1im C -C

X-»a X—»a

ovaanu. by Q)ynxuuﬁ JHMHTH TabpHdulan GeBocHTa Kemmb YHMKaIH.
2. f(x) =x* 4+ x-+ 1 dpynkumsann X == [— |: 1] opaaukia KapailIuk.
by q)yummmmnr x— 0 Jarn JUMATHHA TOMAMH3,
= [—1; 1] r¥naam nykranapunan 0 ra watuaysun uxTaépuit {x }
Ke1Ma- KeTJMK oJailimk: x, — 0. DBepuaran (yHkuMsmuir x = x, Aard
KHilMaT/JapHaan HO0paT KeTMa- KeTJIHK

{f(x,)} = {«2 +x, + 1}
6Vaaau. x, —0 pa f(x,) HHHD JHMHTHHH TOMAMM3:
I|m[(\)—l|m(\-+t + 1) = lim x3 + hmr—i—llml—-l

“'n" Xp -0 Xp 0 Xp —0
Jlemak,
lim f(x) =1lim(x*+x+1)=1.
X0 x—0



—1
3. flx) = ':_” (xs= 1) dyukims x— | 1a anwvmurra sramu?

By ¢yskumsnn x— 1 ga jammarra sramu €ku AVKIHCHHH aHEKJaln
yuyH | ra unTHJaAMrad ywGy MKKHTA KeTMa- KETJHMKHH OJIaMH3:

=1+ d={1—-

Byuzaa
: o 1
nhrz x, = lim ‘\l +-;) =],
y . 1\
’122 y, = lim (l——:)= I;

Bepuaran ¢ynkumsHuur  KHiMataapuaan  nGopat  KeTMa- KeTJHKJap
Ky#ugarnya

{i(y,,)}-:-[ 1_.:._1 l__ ' _Tl,.

6ysmb6, Gynia
lim f(x,) = lim 1 =1,

lim f(y,) = lim (—1)=—1.

Mynpait kuau6, 1 ra wnrwaaauran uwkknra {x,} sa {y,} kerva-

KeTVMK oyMHranja Oepuiaran (GyHKIMAHHHT KuHMaTJapulad ubopar Ker-
Ma- KeTJIMKJap OMTTa COHra MHTHAMAIAM (VJIAPHHHD JHMHTJIAPH MOC pa-

pumaa | Ba— 1 ra tenr). [lemak [(x)

x—1
g = Gynkunsa  x—1 aa
JHMMHTra ra 3mac.
DyYHKUHA JHMHTHHE KyHnaarnya Xam Tabpudaanr MyMKHH.
11.3-tavpud. Aeap xap xandaid mycbam e coH OAUHZAHOA Xam
wyndat 8> 0 con monuacaku, x gyaeapyetunune |x—a|< O mene-
CUBAUKHU KaHoamaarnmupyequ Gapia Kubmamaapuda

[fx)—bl<e
menzcusauk Gaxcapuaca, b con f(x) ¢pynkyuanure a Hygkmadazu (x—a
dazu) aumumu 0e6 amaradu 6a 0KOpudaudex,
lim f(x)=0b

X-»a
Kxabu Gercuranaou.
Xx—>co fla QYHKUHA THMHTH. [(x) dynkuua (— oo; -+ o) 1a
aHuKJanrad OYJICHH.
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11.4-Taspud. Aeap ~ e >0 con oauneanda xam wyxdai &> 0
con monuacaku, |x|>8 menecusruknu Kaxoamararnmupyewu Gapua x
aapoa

[F)—b[<e
menecusauk Oaxcapuaca, y xoarda b con [(x) ¢PyakyuaHure x— oo
Oazu aumumu Oeduradu ea

lim f(x)=25

X
Kxabu €3uradu.

Bup romonau aumuraap. f(x) byukuua (@, ¢) aa aHMKJIaH-
rai GyJIcHH.

11.5-ravpud. Acap v € >0 oauneanda xam wyrdad 6 >0 con
monuacaku, x Hume a < x < a-+ 08 meHecusAuKHU KaHOAmMAQHMUpPYs4YU
bapua Kutmamaapuda

[f)—bl<e

Oijaca, y xoada b con [(x) ¢pyaxyusnure x =a Oaeu [jHe AuMuUMU
deduaadu 6a
lim f(x)=056 éxu lim f(x)=0b

x—+a+-0 X—a
x-a

Kabu Oeacunranaou.

11.6-taspug. Aeap & >0 con orunearnda xam wyndad 6 >0
COH monuacaku, x Hure ¢— &< x < € MeHeCU3AUKHU KaHoamaanmu-
pysuu bapia Kuldmamaapuda

|F)—0bl<e
byaca, y xoa0a b con [(x) ywkyusHune x=c daeuw 4an AuMUMU
detiunadu ea
lim f(x) =06 éu lim [(x)=0b

x—c—0 X
X<e

kabu Gereuranadu.
OyHRIMIAHUAT VHD Ba Yan JuMHTJapira VHHHT Oup momoHau au-
Mumaapu JeHnIaIu.

2-§. Jlumutra sra G6yaran QyHKUMAAAPHHAET XoccajapH

bBu3 oKopuaa QyHKIMA JHMHTHHE COHJAP KETMa- KeTIMIHHHHT JIHMH-
TH OpKa/IM Tabpupaaank. JIumurra sra 6yiral KeTMa- KeTVHKJIap (SKHH-
JAlYBYH KeTMa- KeTIHKJIAp) MabMyM XoccaJapra 3sra 34  (KapaJicuH,
X 606, 6-§). llynra yxmam Xoccamap Juvurra sra OViraH (yHKIHs-
Jap yuyH XaMm Vpunau OVaaiau. Yiapuu KeatHpuur OuwjaH Kujosiiana-
MH3.

Bupop X tynaam Gepwiran 6yqmb, @ HyKTa Wy TYNJAMHUHT JIHMHT
nyKrach Oysicun. By tynaamaa f(x) dynkuma anukaadran GyJcHH,

1°. Arap x—a aa f(x) dyskuus yexanm Jumurra sra Gy.aca:

lim f(x) = b,



Y XoiAja X V3rapyBUMHHHr @ HYKIaHMHI eTapiH KHYHK aTpopniad
[ (x) ¢pyskunsa yerapajanran Gyiaau.

2°. Arap x—a ja [(x) dynkuus uekaw JUMHTra sra 6VJca, y siro-
Ha 6y.nazm

X tynaamnaa f(x) ¢ynkuns Ganan Gupra g(x) dynkuma Nam aHuk-
Janran GYJICHH.

3°. Arap x—a na [(x) Ba g(x) dynkuuasap vekat JMMHTra sra
6yaca, y xoana f(x) + g(x) GyHKuMA XaM YeKIH JMMHTra 3ra pa

hm [f(x)+=g(x)] = hm f(x) = hm g (x)

Gynanm.
4°, Arap x—a 1a f(x) Ba g(x) dyukumarap uwekaw JanmuTra sra
6yica, y xonaa f(x) - g(x) pyHkuHs XaM uyekau JavHTra sra GyJmo,

lim [f(x) - g(x)] = lim [(x) - lim g(x)

X--Q X-—a

OVaam.
5°. Arap x—a 1a f(x) Ba g(x) dynkuuarap uekJd JuMmdrra sra

6Vaca, y XoJila L] ® (g (x)=~=0) QyHkis XaM veka Jumurra sra 6y-
g(x
JH0,

) lim f(x)

lim M2 =222 (lim g(x) =~ 0

x—a Z(x) lim g(x) x—a g( )71
X0

Gyaanm.
IOkopuaarn 4°- \oua,mn KyiHaarn namika Keanl yikaam.
Il.1-natuxa. Aeap x —a da [(x) pynkyua wekau aumumza sea
6yaca, y xorda k - f(.r) ¢pynrkyua (k— const) xan aumumea zea O(f-
aub,

hm [+ F(x)]) == k- lim [(x)

X .q
6yaann.
’ Oyl 32 c(Ove 3y L.
Mucoaaap. 1. lim = _.3" ;]imi‘___ﬁ__” =
X0 X x-0 X
R TN . ., . .
— lim — (26 — 3¢ + 1) = ~(lim 2¢*— lim 3+ lim 1) =
x—-aO 7 7 X0 X0 )
1
—-—(2 lim x* — 3 lim x -+ I)—-—(‘) 0—3-0+1)=—.
x-0 X0 [
o fini Vi+x—1 — i |'l~= x—N(y 1T - x ) _
x>0 X X0 Xy 1+x-+1)
e fitg LR, e Wbl | e A
x...ox(; I+x-+1) zw0x(y1-Fx+1) x=0 3y 1+ x+1 o
lim 1
_ x=0 e | - l
Clim (Y xRl 11 27
x-=0



3-§. Axoitu6 sumHTIAD
1. Yuwby

. sinx
lim — =]

x-0 X
mynocabar ypunamanp. llynn ucGoriaiivms.
v 9
Aspano x Vyarapysuunmur 0 < x < - TeHICH3HKJApHH —KaHOAT./aH-

THPYBYH KHiIMaT/1apHja
sin x< x<ig x (11.1)

TEHrCHATHKJIAPHHHT GaKapHTHILIMHH KYpcaTaMu3.
Bynnur yuyn tekncomkiaa mapkasw (0, 0) HykTaza, paamycH R ra
Tenr Gyaran jonpanu ojamu3 (kapaicun: 100-unama). By umswapan ky-

punaanky, A AOB nunr io3u S,z‘—l) R? sin x, AOB ceKTOpHMHI 103H
S, = i) R*x, AAOC nuur 1o3u S, = l) R?* tg x 6ynamu. Pasmanku,
8, 5By
Jlemak,

Tl)— R* sin x<—i~ R*x(—;- R? tg x.

1 o
By TenrcuamukJIapHuir NamMma TOMOHJapHHH 3 R* ra Gyam6 Tona-

MH3:
sin x<x<tg x.

x yarapyBunHHHT 0 < x<-g- 6yammmnn  spTHOGOpra oam6, (11.1)

TEeHICH3JMKJIAPHHHT XaMMa TOMOHMHH sin x ra OVaamu3. Hatwkana

X 1

o=
sin x Cos x
Gysann. Yum, aBBalo
153X cos x
X
KYpaHHuUIAa, cyHr
sin x

<l —cos x

0< | —

Kypuuuiuja €3u6 onamus. Arap

|—cos x=2 sin? =< 2sin ~<2 - = =x
2 2 2
MyHocaGaTHH 3bTHOOpra oJjcak, yHaa
7—2678 97



0<1_ﬁ3<x
TEHICH3JHKJapra Keslamu3. Papuiank, Oy TeHrcH3JIHKIAH

sin x l|<|x|

6yamnm Keaub YHKAAH.
% & >0 counn o/mb, yura kypa 8 >0 couud (yHH OJIHHraH & Ba

’-;— COHJIapAaH KMYMK KWub) oumuca, y Xoma |x—0[=[x| < 6Va-
ranjia
sin x —1 l <lx|<e
6ysamu. By aca
lim 2 — |
x-0 X

Oy/mMIIHHE GWJIAHPa/IH.
2. Bus 10-606, 7-§ na warypaa aprymeutrsu vuoy f(n) = (H— )

GyHKUHA n—> o0 Jla JHMHTTA 3ra SKAHHHH K{pcaTauK Ba Oy JHMHTHH
e neb atajuk:

lmfmznmp+lf:
n—> N n

Kypcatuin MyMKHHKH, HXTHEPHIT aprymentan ymby f(x) = (l + l—)x

GYHKIHESA XaM x—> oo Ja (x—0 na) aumurra sra 6Vaaau Ba Gy JuMUT

Xam xyn)m e ra teHr Gyaaam: f

lim (1+ ’—e@mu+o )

PN
sin ax sin-ax
sin ax ax "% a ax
Mucoaaap. 1. Lm = = lim ——— = lim —. =
x—+0 sin bx x-0 sin bx b x—0 b sin by
- bx
bx by
. sinax
lim
—8 . x00a _a 1_a
b . sinbx b 1 b
lim
X0 bx
2. lim Gi;j =i (L+”+'—-g = lim (14 "’Fu
X=® \X— X—® x— X x—1
x—1 x
; 2 \r .. 2 77
=lxm(1+—-)=hm[(l+—l—) . I+L =
Xa® x—1 @ x—1 x—1
2



g+ 2) () () -

2 2
= x|
: T S R T 130 .
=lfﬂ(l+x—l) .li.nl(]-lhf:l) ’x]ﬂ‘.l—*-n—l)—e'e_ez'
2 2

4-§. YekcH3 KHYHK Ba uekcH3 Karta QyHKuMsaap.
DYHKUMANAPHH COHLITHPHLL

Bupop Xaxkuxuit comnap tynaamu X Oepuaran GVanb, a nykra X
TYNAaMHUHT JuMUT HyKTach O6yacun. By tyniamaa o (x) Ba B(x) dysk-
uHAaap anukaanran GYJICHH.

11.7-taspnd. Aeap x —a da =(x) PpyHKGUIHUHS AUMUMU HOA2G
mene Oiaca:

lim a(x) =0,

X-»a

y xoada o (X) pyrKyua x—a da uexcus Kudux Gynkyus deb amaradu.
Macanan, «(x) = sin x, o(x) = x* pyHKIHAAapuUHT Xap GupH x—-0
Ja yexkcu3 Knunk (yuxkuusaap 6yaamm.
11.8-raspud. Aeap x—a da B(x) Pyrkyusanune sumumu 4ex-
cu3 Oyaca:
lim ﬁ(\) = o
X—a

y xoada P(x) ¢punkyus x—a Oa wexcus Kamma Gyrkyus 0e6 ama-
aadu.

1 .
Macanan, f(x)= — ¢pyskuns x—0 ga yekcus katrta QyHsuus Gy-
X
JajH.
Uekcus KHUMK Ba YeKCH3 KatTa (hyHKuwmsiap opacuia GoraaHmi
6op.
o 1
1°. Arap e (x) (o (x) 5= 0) ¢pynxuus yexcus knung GyJica, ! yex-
o (x,
cH3 Karra (pyHxuusg Oyaanu.
“ 1
2°. Arap f(x) ¢ynkuna yekcns xarra 6yjaca, — UEKCH3 KHYHK

P (x)
dyukuus 6yaann.
f(x) Ba g(x) pynkuusnap X tynaamaa Gepuaran 6§im6, a HyKra
X TYNJaMHUHP JUMHT HyKTacH GYJICHH.
11.9-tavpud. Aeap [(x) ea g(x) pyukyusrap yayn wyxOadk
gaeapmac C(C >0) con monuacaku, a nykmarune ampogudacu Gapua
X Aap Y4yH

[f)l<C-lgx]



menacusaux Gascapuarca, y xoa0a x —a da [(x) ¢pynxyus g(x) Pyux-
yusea nucbaman weeaparanzan 0e6 amaiadu ea

f(x) =0 (g (x)
Kabu Gerzuranadu.
Macanan, x— 0 na x* = 0(x) Gyaann.
1L10-taspud. Aeap [(x) 6a g(x) 4excus Kuwux eynxyussap
Yeyu
F(x) = a(x)-g(x)
6yaub, 6ynda lim o (x) =0 6jaca, y x010a x—a da [(x) ¢ynxyus
X—»a

g (¥) ynkyusea nucbamar wKopu mapmubau HeKkcu3 Kuqus (PyHKyus
de6 amanadu 6a
f(x) =o0(g(x)

Kabu Gerzuranadu.
Macanan, x— 0 1a 1 —cos x = o(x) GVaamy.

XII BOBE. ®YHKUHAHUHT Y3JIYKCH3JIUTH

1-§. PyHKUKA y3AYKCHIIHTH TabpHpaapH

DYRKIMAHAHT Y3JAYKCHIATH TYUIYHYACH (DYHKUMA JMMHTH TyLIyH-
YacH OPKAJIH KHPHTHJALU.

[ (x) dyukuusa Gapop X tynaavaa Gcpuaran 6Y/mG, x, (v, € X) nyk-
Ta Wy TYIVIAMHHHT JHMHT HYKTacH OyJICHH.

12. l-traspud. Aeap x—x, da [(x) puynrkyua uekru ausumea
sea 6jaub,
lim!f(x) =:F (%) (12.1)

XXy
6ijaca, f(x) ynkyua x, nyskmada ysayscus deduradu.

Mucoanap. 1. f(x)=x*+45x-4 6 dyukuuaun kapaitmk. Pas-
mwark#, 6y GyHKUMA (—oo, - o) aa auukjavran. By dyHkuMs uxTH-
epHit X, (X, € (— oo, -+ o)) HyKTaga ysnykcus O6Vsaau. XakuKartaH Xam,

limf(x) = lim (x* - 5x 4- 6) = x3 + 53, + 6

XX, XX,
Gysanu Ba arap X3 -+ 5xo+ 6= f(x) Oymummn swvHéopra ocax,
y Xoaza Gepwiran QyHKLHA y4yH

lim F(x) = [ (x,)

XX,

skanmraen Tomavn3. Jlemak, f(x) =x*+ 5x -6 dyukuua x, nykra-

Ja (xg€(—oo, -f-oc)) y3IYyKCH3.
IOkopuparn (12.1) smmur MyHocaGathi KyiiMjarHuya Xam Esur mywme

KHH:
lim [f(x) —f(xo)] = 0. (12.2)

X—Xg—+

Aitraimk, Kapanaérran Y = f(x) dyukunsuuur rpadurn 101- yu3va-
Jla TAacBHPJIAHraH SrpH yu3uK OVJICHH.
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X—xo W1 A x Ounan Gearmnaimg: x — xo = A x. Y Xoaaa x = x, +
+ Ax 6ynaan. Onatia Ax apeymenm x Huxe X, HyxKmadacu opmmup-
macu neb atanapm, x— X Aa A x Hoara untHaams: A x — 0. PaBmaHku

F(x) — Fxg) = (% + A x) — [ (xo) (12.3)
6ynaan. Yiuby
[ o+ Ax)— [ (x))

aimpma ¥ = f(x) dyHKUMAHUAT X, HyKTazard oprrupvacH e arajanu
Ba Ay éxu A f(x,) xabu Genruaananu:

Ay=Af(x)=F(x -+ Ax)—F(x). (12.4)
Hamwkana (12.2), (12.3) Ba (12.4) mynocabaraapaan doitaananuo,
lim [(x) = [ (x)
X— Xy
TEHIJIMKHH KyiHaar{ua XaMm €3uil MyMKHHJIHIHHM aHHKJaiMH3:

lim Ay=Ilim Af(x)=0.
Ax—0 Ax—0

By sca y = f(x) GVHKUMAHHHr Y3MYKCH3JIHrHra KyiHaarMya Xam Tab-
pud GepHil MYMKHHJIMIHHH KYpcaTaaH.

12.2-Trabvpud. Aeap apeymenm opmmupmacu A x HOre@ UHMUA-
2anda (pynkyus opmmupmace Ay xas HOA2Q UHMUACA, [BHU

lim Ay=0
Ax—0
Gyaca, y xo0a0a [(x) ¢pyuryua x, Hysmada yaarykcus deduradu.
Mucoanap
1. f(x) =C (C— y3rapmac con) ¢yukuuauu Kapaiank. By ¢yHkuns
(—oo; -+ o) na amuknanrad. Aprymedt x ra Ax oprrupma GepuOG,
GYHKUMAHUHT MOC OPTTHPMACHHH TOMaMH3:

Af=fx+Ax)—f(X)=c—c=0.
Yupa
lim Aj=0
Ax—0
6yaamm. Ilemak, f(x) = C dynkuust x€(—oo; --oo) HyKraga yaayKcH3
Gyanu.

2. f(x) = sinx ¢yukunann Kapaitmk. By Qyukiia (—oo; -+ o) ga
aHugJanrad. Apryment x ra Ax oprrupma OepuG, (yHKUHSHHHT OpPT-
THPMACHHH TONAMH3:

Af=Ff(x+Ax)—f(x)=sin(x+ Ax)—sinx.

ManbyMmKH,
sino—sinp = 2sin c‘——Eicos Ej—ﬁ :

< -

101



Yuna
Af=2sin EHOP X g SEBETE ool %icos (x+—A2—x-)

2 2
6ynagn. By tenrsmkza Ax—- 0 xa JumuTra yTamps:

lim Af=lim QSmA—COS(,t—}-——) =

Ax—0 Ax—0 2

—2[hm smA— hm cos (x+ A")] =
Ax—0 2

=24m%~m%x+3)=201mx=0

JHemax,
lim Af=0

Ax—+0
6ynamu. By sca f(x) =sinx ¢yHkuuauuar x€(—oo, +-o0) HyKraza
Y3JIYKCH3 3KaHHHH GHJIAHDA/H.

123-tabvpr . Aeap [ (x) Ppynryua X mynramnune xap Oup Hyk-
macuda yaaykcusd Gyaca, y xorda f(x) ¢pynkyus X mynaramda y2ayx-
cua 0e6 amasadu.

Bu3 wkopuaa f(x) =x*4+5x 46, f(x)=C, f(x)=sinx ¢yHxkuus-
JIAPHHHT MXTHEpHIT X (X€(— oo, - o)) HyKTaga yaayKkcus OYJHIIHHH
KypcaTraH 3juK.

By dyskumanap (—oo, - o) na yaaykcus 6ynanm.

IupoBapauaa GyHKUMA YTYKCHIMHCHHHHT fAHa OuTTa  TabpUdUHH
KeJITHPaMu3.

12. 4-tavpud. A2ap e >0 con yayn wyndad 6 >0 coH mo-
nuacaxku, QYHKYUS apeymesmu X Hune |x— x| <O menacusiuknu
Karoamaanmupyeuu bapya xudmamarapuda

IF () —Fx) <e

menzcusauk  Gaxcapuaca, f(x) Qyuakyua x, Hykmada ysaykcus 0eb
amaadu.

2-§. PyHKUHAHHHT Y3HIHLIH

125-taspud. Aeap
hm f(x) f(x0) (12.5)

mywnocabam Gawapuarmaca, Yy Jgonaa [(x) ¢ynkyus x, nykmada ysu-
awwmza sea (y3unadu) Oeb amaaraou.

Aupa (12.5) mynocabaruuur GaXKapHaMaiaHraH XOJIAPHHH aHHKJIAIL-
THPaMH3.

1) x=x, na f(x) Gyskuua uekan Jwvurra (v b peimk) sra
6y/m6, Oy JMMHT f(x,) ra TeHr smac:

lim () = b/ ().
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Pasuwanku, 6y xonpa (12.5) mynocabar Gaxapmimaiign. Jemak, f(x)
(DYHKUHS X, HYKTANa Y3HJAH.
Mucoan. Ywby

__[x®, arap x==0 Gy.ca
x — ’
[ {l, arap x =0 6y.ca
(ynRIMsHH Kapahauk. x—-0 na ¢yskunsauuar  aavuta 0 GVaagm:
Img [(x) =0. bupox, [(x) oynkumsaunur x=0 wuHyKTagarn KHilMaTH
X!

f(0) =1 Gyaranaurupan
Llf‘l' f(x)=0=](0)

6yaaxn. Kapazaérran f(x) ¢ymkuua x = 0 nykraza yaunaza (102- ums-
Ma).

2) x—>x, aa [(x) dyHKUMS JHMHTH MaBXKyJ 3Mac €Ki Yy UYEKCH3.
*By xoapa xam (12.5) mynocaGar Gaxapuimaiinn. Jemak, f(x) dysxuus
X, HYKTaza y3uJanu.

Mucoa. Yuwby
) = [L:;—-:—'ll, arap x+ | Gyaca,

[0, arap x =1 Gyaca

Gyukumann Kapaimk. By ¢ynknaa x—1 aa smwvurra sra smac. By
xoaza xam (12.5) wmymocabar OGaxapwimaiian. IHewax, [(x) dyskumua
xo= 1 nyxraga yauaamm (103- gusma).

3-§ Yaaykceus (ynkussaap ycruaa apudmerHk amasaap

[(x) Ba g(x) dynkuusaap X tynnampa Gepwiran GyJcum.

1°. Acap [(x) 6a g(x) ¢ynkyusrap x,(%,€X) wuysmada ysayx-
cus 6yaca, y xorda f(x) =+ g(x) pynkyus xam wy x, Hykmada y3-
aykcus Gijaradu.

2°. Aeap [(x) éa g(x) @ynxyusrap x,(x, €X) nyxmada yaayxcus
gy"xzc%, y xoa0a f(x) - g(x) Qynkyus xam wy x, HyKkmada Y3aykcus
jaaou.

3°. Aeap [(x) éa g (x) Qynryuarap x, (xy € X) nyskmada yaayxcus
6yaca, Yy xorda fg(—&’)(g (x) =~ 0) QynKyus xam wy x, Hyxmada y3-

aykcus Gjaadu.

By xoccanap copna ucGorsianamu. bus yaapnran Gupumn, Macana,
2°- XoccanHHr HCOOTHHH KeJITHPaMH3.

2°-xoccauuur uc6oru. Iaprra x¥Ypa [(x) Ba g(x) dyHKumua-
Jap HYKTaja y3JayKcH3. YHIA Y3AyKCH3IHK Tabpudura acocan

lim Af () = lim [f (¥ + A x) — f (x)] =0,
Ax—0 Ax—0
lim A g(x) = lim [g(x+Ax)—g (] =0 (12.6)
Gysaan. upn f(x)- g (x) dyHKUHSHHHT X, HYKTaaarH OpPTTHpMacH
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AT (%) g (o)1 = [F (%o + A x)- g (xo + A )] — [F (xo)- g ()]
HH oub, yHH KyiMaaruua €3u6 osiamus:

A (xo)- g (xo)] = [f (xg +Ax) — [ (x)]1 g (xo + Ax) +
+[g(x + Ax)—g(x)] [ (x,) = AF(x,)-g (o + Ax)+
+ A g (xo) - f (xo).
Haruxkana
m AL () () = Jim (g (¥ + A.)-A (59 + F(x)-A g (59)] =

li
Ax—»
=AE-T) [g(xo+ Ax)-Af(x)] +BT0 [f (x0)- A g (xo)]

6ynamu. IOkopunarn (12.6) mynocaGarsapui swTHGOpPra 0smG,
LETOA [/ (xo) - g (xo)] =0

6y/mmnn Tonamu3. By sca f(x)-g(x) GpyHKIMAHHHT X, HYKTaja yaniyK-
cu3 Oysmmmes GHiaupaH.

Mypakka6 QYHKUHAHHHT Y3JAYKCH3JIUTH. =@ (x)
¢yukums X tynaamaa Gepuaran 6yam6, w = f(y) dyukumst sca Y tyn-
Jamaa (Y = {@(x):x€ X}) Gepwiran Gy/icuu. Yjap €paamuia

u=f(p(x)

Mypakkal YHKUHA XOCHI KWIHHraH OYJICHH.

Acap y = @ (x) Pynkyus x, Hykmada ysaykcus, u=f(y) pynk-
yua aca moc Y, (Y = ¢ (x,)) Hykmada yaaykeus 6Gyaca, Yy xorda u=
= f(@ (x)) mypaxkasd ¢ynkyus x, rysmada ysaykcus Gyaradu.

Kearapunran Xoccanap €paamuaa KynruHa QyHKUMAJAPHHHT Y3JIYK-
cH3mMry Tomuaand. Macasau, f(x) =x, g(x) = sinx QyHKUHAIAPHHHT
(—o, 4 o) opammkaa yanykcus Oyymun kypcaruarad san.  IOkopuna-
r# 1°— 3° xoccanapra acocan ¥y = x +sinx, y =x—sinx, y =xsinx
GyHKUHATAD XaM (—oo, - oo) OpaaMKAAa Y3JIYKCH3.

4-§. Jnementap QyHKUHANAPHHHT Y3JTYKCH3JIHIH

Maskyp kypcuuar 9- 606, 13-§ una snementap pyHKuusAIapHH Kapab
yrran sauk. bapuya sinemenrap dyHkumanap Y3 auMkJaHHil coXacHia ys-
JIYKCH3 OyJ1anu.

Ywby 606uuur 1-§ uga y =sinx QYHKUATHHHET  Y3AYKCH3/HIH
Kypeatwim. ¥ =a* (@ |; a > 0) Qyuxipannur (—oo, + )
OpAJHMK/A Y3TyKCH3 OYJHIIMHH KYPCaTaMus.

Mavaymku, y-—=f(x)=a* (@a+#1, a>0) dyukuus (—oo, + =)
opanukaa auukianrad. [y oparukaan wuxTuépuit x, (x, €(— o, + o))
HyKTaHn om0, yura A x oprrupma Oepamus. Hatwkaza Gepwiran ¢y HK-
UM XaM OPTTHPMA OJajH:

AF(xe) = f (% + A x) —F (o) = @™ —a™.
YHu Kyiugaraya é3u6 osamH3:
Af(x) =™t —a"™ = d™a™ —a™ =a" @ —1).
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Oumn A x— 0 na Oy OpPTTHPMAHHHT JIHMHTHHH XHCOO/IaiMuU3:

lim A f(x) = lima® @ — 1) = a® - lim (@ — 1) =a™.0 = 0.
Ax—0 Ax—0 Ax—0

Jlemaxk,
lim Af(x,) =0.
Ax—0

DyHKUHS YITYKCHIIHIH TabpuQira Gunoan, Gepuaran y —a°  QyHKuMs
X, HyKTana yaaykcus G6Vaamu. Kapanaérran x, Hykra (—oo, -+ o0) opa-
JHKHMHT MXTHEPHI HyKTacH OViranaurujan y = a* ¢ynkumauuur (—oo,
—+o0) Na yaayKeH3 OVUMILH Keanb unkanu.

Bomika saementap (yHKUMAJAPHUAT V3 AHMKJAHMLI COXACHAA Y3IyK-
CH3 OVJIMIIM XyIH 1y KaGu KVpcaT.aiu.

5-§. PynkuHa y3ayKCH3IMrHaaH GoinanaHud MyXHM JHMHTJIADHH
XHcodsaw

Aiiraitamk, ¥ = [(x) ¢ynkuna X opaankaa aHMkJanrad Ba wy opa-
aukna yaaykens Oyacun. Mxruépuit x, € X mykrann omaimk. Yanyk-
CH3IMK Tabpudura acocau

lim [(x) = [ (xp)

XXy
Oyaanu. Pasmanku, lim x = x,. Jemak,
XX,
lim [(x) = [(limx). (12.7)
X-sX, XX,

By mynocabaraan QyHKIHA JHMHTIApHHM TOmMuIAR (oi1aNaHHIAAH.

. log, (1-+x)
Mucoaaap. 1. lim ——— (a1, a>0) Jumur xucobaan-
x-+0

X
CHH.
JlorapuhmMuk (DYHKUHAHHHT AHHKJAUI COXACHAA YIVYKCU3IHrHAAH Ba
(12.7) mynocabatiu 3bTHGOpra 016 TONAaMu3:
1
s s A s it 3
X0 X LI-T) x log, (1 4 x) .lrl-ft]) [loga(l +) ]_
X . *
= loga\ ling(l 4+ x) ‘] = log, e (Hynku limo(l +x)* =¢).
X Xwr

log, (1-- x)

Hewmak,
X log, (1 x)
= =logs.
Xycycan,
lim 20D g,
X0 x
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2. lim —‘f—;i (@1, a> 0) aumur XuCOGJAHCHH.
x-0

By smuvutan Xucobuawr yuyn a* — | =¢ ne6 Gearnmaitmus. Papuman-
Kn, x—>0 na {—0 Ba

d*—1=t=a"=1+t=>log,a" =log, (I +t)=
=xlog,a=log, (1 -#)=>x=1og, (I + ).
Hatuxana ylby TeHrMkka sra GyJamus:

: a* —1 ; t a 1
lim = lim = lim .
X0 x -0 log, (149 -0 log, (14-10)

¢
Arap 1 1 1
lim = = =Ina
t»0 108, (1-4-1) . log, (10  log, e
s Im=t=——C
4 t-0 t

Gyymumnn Xucobra oJcak, y xoaia
- p—

1
lim =Ina (as=1, a>0)

x—oo X

SKaHJINTHHH TOMaMHs.

. (1% —1
3. Ymoby llm(—L)-— JIUMHT TOIMHJICHH.
x-+0 X

IOKopuaarura yxwaw mynoxasa OGunan Oy JHMHTHH o ra Tenr GYyau-
HIHHH KYPCATHIL MYMKHH:

' a—
lim L o e .
x=+0 X
Oparna Gy ,
i og, (1 - x) s - x) ;
lim — " og e [l 2D l) :
x-»0 X x—0 X
im T=L —a @1, a>0),
x—0 X
4%
lim Lol wst =u
x-0 RY

JUMHTJIAD QoOqud aumumaap JeHHANN.

6-8. Y3uykcH3 (QyHKUMSIAPHHHT XOCCaJapH

Yanykcua ¢yHKumanap katop Xoccajapra sra. Kyimaa yaiykcns
QYHKUHANAPHUHT XOCCACHHH HM(OJANOBYH MKKHTA TeopeMaHu HcOOTCHZ
KeJITHPaMH3.

12. 1-Tteopema (boapnano-Komu Teopemacn). Aeap f(x)
Qynkyus |a, b] énux oparuxda (cezmenmada) aHUKAQH2AH 6a Y3AYKCU3
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6jaub, ceemeHmHuK2 YemKu HyKmarapuda mypau wwoparu Kudmam-
aapea sea Gyaca, y xorda wyndail ¢ (a < c< b) Hykma monuraduxu,
Yy HyKkmada Qyrkyus worea atiranadu: f(c) = 0.

By Teopema coana reoMeTpHK MabHora sra 6YJau6, y yaanykcus (yHK-
s (yanykens srp yusHk) Ox VKHHUHT OHP TOMOHHIAH HKKHHYH TO-
MoHHra Vruuiga, yHu anbarra kecu6 Vruimun ubomanaiinn (104- unsama).

12. 2-teopema (Befiepmrpace rteopemacu). Aeap f(x)
Gynryus [a, b] ceemenmoa anuKranear 6a yaayxkcus byaca, y wy cee-
Menmoa wezaparanean 6ijaadu.

7- §. PyHKUHSHHHT TEKHC Y3JYKCH3JHIH

f(x) dynkuns X t¥naamzaa asnkaanran Ba yanykcns GYJcHH.

12. 6-Ttabvpud. Acap e >0 con yayn wynoai & >0 con mo-
nuacarku, X mynaasuune |x, — x,! < & menecusiukHi KaHoamaasmu-
PYBLU UXMUEpUl X, 6a X, HYKmaaiapuoa

[F () — Flxp) <&

menecusaur Gascapuaca, f(x) ¢yuxyus X mgnaiamoa mexkuc Y3aykcus
Jetivaadu.

By tavpudpaan kypusaamku, arap f(x) ¢ynkuna X na TekHc y3nyK-
cu3 OVaca, y wy X jga y3aykcus Xam GyJanu.

Mucoamap. 1. f(x) =Vx ¢ymamaun x=[l, 2] cermenraa
Kapaitiuk. PaBuankn, Oy ¢ynkimsa x€[1, 2] na yanykceus, e>0
coH yuyH O =g Je0 oaufca, |[¥;— X/ <7 0 TEHrCH3MKHM KaHOAT/aH-
THPYBYM MXTHEpHIT Xy, X, €[], 2] yuyn

) — Gl = [V =V = ,"7" =S ENATES T ]

=vry ——
V X1ty X

|y — xq
S = — < |y —x < b=¢
| BE S S Y}

| Xy — Xy
lVa+vR
Oyaamn. [emak, v x;, Y, €[1, 2] yuyn
bey —xol < 8= (1) — F(xo)| < .
By sca f(x) =1 x oymkumamunr [1, 2] 12 TeKuc yanyKcH3 sKa-
HHHH GHaIMpai.
2. f(x)= l? dyuxuws X = (0, 1) wnrepranna yanykcus, Gupox Gy
dynxums wy (0,1) 1a TekHc yanykeus swmac.
Ky#naa GyHKIMARHAT TEKHC Y3IYKCHITHIHHH TabMHHJAIAHraH Teo-
pemani HCOOTCH3 KeJATHPAMH3.
12. 3-teopema (Kantop TeopemacH). Aeap f(x) ¢ynxyus

la, b] ceemenmia anuxararean 6a Ysayxeus Gyaca, Yy wy cezmenmoa
mexuc yaayxkeus Oyaadu.
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XI1II BO B. ®YHKUHAHHHI XOCHJIACH BA JHO®EPEHLMAJIH

QYHKIMAHUAT XOCHJIACH TYIIYHYAaCH MATeMATHK aHaJM3HWHI acOocHit
TylyHuanapuaad Gupn. Dy Tyurynua Ounan Gatad)cHsl TaHMIUMIIAAH aBBaJ
yHra o6 KeJajuradH OHTTa MacajlaHH KapaiiMus.

1-§. Te3nuk xakupaardH macajna

Momanit nykra TVrpu unsuk GViia€ S = f(f) kouyn OViimua xapa-
KaT KHJICHH.

Macana MoaaMit HyKTaHHHT f, maiTaaru Te3aHrHHu (OHMH Te3THrHHM)
TonuIuAaH noopar.

Mojumit  HyKTaHuHr f, BaKkT JaBomuaa Gocud Vrram iilom [ (f,),
to + At (Af>0) Bakr paBomuza Gocub Vrran jivam sca f(f, -~ Af) ra
TeHr 6ysnaan. Hamkana BakThuur f, naitaan f, -- Af naitrra Vmammaa
momumit nykta A S iiyann Goen6 Yraam (105- unama). By macoda

AS=f{t,+A0)—[(t)
ra Tenr. Jemax, moanuit Hykta Af Bakr muuza A S iiyann G6ocuG yra-
M. YHia

AS _ jlla+A0D—] (&)
At At

HHCOAT jpmaua mesaukHu udoianaitau. Ypraua tesmk Al ra Gorauk
Gyam0, y KaHyaJHK KHYHK Gyuica,

AS

At

ypraua TesMK MOAUHMIi HYKTAHHHr f, naiiTiard TesjHrara uIyHyaJnK
sKMH Kesanu. DBomkawa afitranjia, A¢ Hoara uutHaa Gopram capu

AS

At

MHKJOp OHM3 M3JaéTraH MOJAMI HYKTAHHWHT f, naiitaary TeaJurHun 1o6o-
pa aHMKpoK Hdosanaii Gopaju.

TaGuwiiku, yumoy ) )

lim 35 — jim LtA0—1()
Al—s0 At A0 At
JHMHT MOALMH HYKTaHHHT [, MAHTA4rd mesaued OYJajH.

Ilynnait Kb, usranaémean oHutl mesauknu monuw S=f (¢) pynx-
yus opmmupmacu AS Hu apeymenm opmmupmacu At ea 6jrcan Huc-
6amuUHUNS apeyMeHm OpmmUpMacy HOA2Qa UHMUAZAROQ2U AUMUMUKL
xucobaawiea Keaap 3kaH. YMyMaH, Kyjla Kyn MacaJlaapHHHI eYAMH
JOKOPHArura yXuail HHCOATHHH JHMHTHHH TONHI OGHJIaH XaJd KHIHHA-
u. ByHpait HMCOATHHHr JIMMHTH XOCHJA TYLIYHYAacHra oJMG KeJalH.

2-§. DyHKUHS XOCHAACHHHHI Tabpu(H

y = [ (x) dbynkuus (a, b) nurepsanna Gepuirau 6yanb, x, € (a, b) 6Va
cun. By x, nyKrara myuaait A x oprTHpma GepaiHkkH, X, -+ Ax€(a, b
6yacun (Ax=0). ¥ xoma ywoy
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Ay = Af(xg) = f(xo+ Ax) —f(x)
oprTHpMara sra GyJjamus.
13. I-Tabspud. d2ap Ax—0 da

A&_=Af(xo)= f(xo + A x) — [ (x0)
Ax Ax Ax

Hucbamuune aumumu masyxcyd ea 4ekau Ogaca, Oy aumum f(x) pynx-
yuanune X, nysmadaeu xocuracu de6 amaradu 6a f'(x,), éxku y,_ s

dy
éxu d_ rkabu Geacuranaou:
X

F () = lim 2100 _ jjpy Lo b 20— (k)
-0 Ax Ax—0 Ax
1-§ na xeatupuaran Macasaga S f(f) Kouyn OVitMua XapakatiaHa-
érral MOt HYKTaHHHr f, nmaitaarn oumuit Tesmurd f(f) QyHKudsHHHC
{, HyKTajard Xocujaculan mbopar GyJsap 3KaH.
13. I-scanarma. Arap Ax— 0 na

A!_{ =Af(xo)_____ f(xo+ A x) — f(xo)
Ax Ax Ax

HUHT JUMHTH MaBXKyx 6Ysmo, y - oo (éxn — oo) GVuiica, yuu xam f(x)
GYHKUHAHHHE X, HYKTajard Xocuaacu 1e6 atanain. Bysjait xocwia uek-
CH3 XOCHJA Jein/IajH.

Mucoaunap. 1. y=f(x) = C (C = const) pyHKumauuHr XocHIacH
TOMHJICHH.

Apryment x ra Ax oprrupva OGepub, (YHKUMSIHHHT OPTTHPMACHHH
TONaMH3:

Ay=Afx)=Ffx+Ax)—f(x)=C—C=0.
Cyur Oy oprTHpMaHd apryment oprrtHpmack A x ra Gysamus. Hatmkaga

Ay _AF_ 9O
Ax Ax A 0
6y, yHjaan
lim &% —1im &L 9

Ax—0 Ax  Ax-0 Ax
Oy oy Keand uukaam, demak, y =0
[lynaait Kuaud,
y=C o6yaca, y' =0 Gyaanu.
2. y=[(x) = x (YyHKUHIHHHT XOCHJACH TOMHJICHH.
Apryment x ra Ax oprrupma GepuG, (yHKINS OPTTHPMACHHH TOMa-

MH3;
Ay=Af=fx+Ax)—f(¥)=Kk+Ax)—x=Ax.
Cyur Oy oprTHpMaHH apryment oprrupMacH A x ra Gyiamus. Harmxana
Ay _ Af _ Ax _

Ax Ax Ax
66, yHjau
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lim ¥
Ax—0 Ax

6y keau6 uukamu. Jemak, y’ = 1. Wlynjai KuimG,

y = x 6yaca, y' = 1 G6yaamm.

r
3. y= g (x5 0) QYHKUMAHHHT XOCHJACH TOMIVICHH.
Apryment x ra Ax oprriupma GepnO, QYHKUHA OPTTHPMaCHHH TOMa-

MH3:

. 1 —(x+ A — A

Ay= Y S e L ] U Ax
x+Ax ¥ x(x-+Ax) x(x+ Ax)

By Ay uu A x ra 6Vaavus. Hartnxaza

—Ax

Ay  x(x+Ax) Ax I . 1

Ax Ax x(x-4+Ax) Ax x(x+4Ax)

Ay
SHIIH Ax—0 Ja z—l HHCOATHHHT JIHMMTHHH TONAaMM3:
X

X Ay 3 [ 1 \ 1
lim —==lim [——— | =— — x5 0).
Ax—0 A X  Ax-0 (\ x(x-+2\x) X2 ( 7 )
Jlemak,
.
g
- 3 p 1 o
Iynaait K6, y el oyaca, y = —— OGyJaaam.
X p

4. y = sinx QYHKUHSHHHT XOCHJIACH TOIHJICHH.
By ¢ynkuua yuyn
Ay=sin(x -~ Ax)—sinx

Gyaanu. MabaymkH,

s . o -+
sinoe—sinf = 2sin — B cos 2kl

2 2

By ¢dopmysnanan doiiganancak, yuga Ay yuyn

. N . xLAx— 4 :
Ay = sin(x -+ Ax) —sinx = 2sin =—=—= cos T2 \2"“"’" -
::QSinL‘i-cos(x-}»A—x)
2 C 2
6ymummEE Tonamu3. Y Xon/a
o X . AZ . Ax
A 25mT-cos X sin—~ -
= =—g— - oos
e = -cos (x+ —].
Ax Ax A \ + 2)
9



Byunan

sin 2%
. Ay 5 2 Ax
lim == =lim - C (x —) =
Ax—0 AX  Ax—0 Ax o8| % 2
X

6ymmum keamG unkaau. Arap
Ax

sin
lim 2 . sine
= | (q HKH lim =
Ax->0 Ax Y e ’
2

. A .
lim cos (x+——£) = cos [hm (x + A2 < cosx
Ax—0 \ 2 Ax—0 \ 2

6y miumHn 3bTHOOpra oJcaK, y Xodaa

. At
lim =% = 1.cosx
Ax-»0 A X

TenrMKKa sra Oyuamua. Hemak, y' = cosx. Ilynpait kw6, y=sinx
6yaca, y' = cosx Gyianm.

13.3-scnarma. Xap kannail yaaykens (pyHKUMS XaM XOcdJjara sra
Gynasepmaiian. Macanau, ywby y = f(x) = x| dynkus x =0 nykrana
Xocuaara sra GyaMaiiau.

Xakukaran Xam, x =0 uykrara Ax oprriupma OepiO, (QyHKUHAHUHD
OPTTHPMACHHH TOMAMH3:

Ay=Af@0)=F0+Ax)—f(0)=10+Ax]—|[0] =|Ax].
Yuna
Ay

6yaaau. bupok A x—0 aa Gy mucGaTnuer JUMHTH MaBKya sMac. Jlemak,
y=[(x) =|x| pyskums x =0 HyKTaja XocHJara sra sMac.

3- § XOCHJAHHHI TEOMETPHK MabHOCH

Ajrraiinuk, f(x) ¢yskuns (a, b) wurepBanjia Gepwiran Ba Y3JyKCH3
6yacun. By ¢yskuusinunr rpapurn 106-unsmana xypeariaran AB srpu
YHIUKHH TACBHPJIACHH.

AB uuzugaa M, (xo, f(xp)) Hykra Gunan Gupra ymoly .

M(xg+ Ax, f(xo+ Ax)
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HYKTaHH cym6, yaap opKaJm'MoM KecyBunHH YTkasamu3. DBy kecynum-
HuHr Ox YKkuHunr mycGar #iyHaauiun Ouaan TalIKua 3TraH GypuakHH @
Gunan Gesarunaimus.

13. 2-Tavpud. MM xecysuunune M wnysma AB sepu wusux

6ydaab M, ea unmuaearOaeu aumum xoramu AB sepu wusuxka M,
HYyKmada fjmxasurcan ypurnma 0e6 amasadu.

Ypunamanunr Ox VKuuuur MycGat fdyHaanimm Oulad TalLiKWia  3Traf
OypuakHH o JeiiJIHK.

106- yu3ma Ba tavpudaan Ax—0 1a M nykra M, ra sHTHIMIUHHKA
Kypamus. Jemak, Ax—0 na ¢-»a O6yaaau.

Kapanaérran [(x) dyukuns x, nykraza f*(x,) Xocuaara sra GVJCHH.
Tavpudra kypa -

() = lim Lt 80— 1) _ ) Ay
Ax—0 Ax Ax—0 Ax
AMMP nan:
N MP Af [t Ax)—f(x)
tigp=tep(Ay) = —=2L DT X"/ %
8¢ ge(dy MyP Ax Ax

6yaaan. By TenraukaaH sca
Flxy -+ Ax)—[(xa)
Ax
6yammn Keamb unkaan. uan Ax—0 aa aumurra YTHO TOnamus:

. " Xo+FAX)—f(x
lim @ = lim arctg Mot 80—,

¢ = arctg

Ax—0 Ax -0 Ax
o g A x)—f(xg) cr
= arctg |lim = arct Xg).
= | Ax—=0 Ax J cig] ( 0)

Jemax, o —-AlimO ¢ = arctg [’ (x,). Bynnan sca
X

f ¢ (xo) = tga
6ymin Kesnb 4HKaIu.

Hemax, f(x) pynkunauunr x, Hykragaru [*(x,) XocdaacH wmy ¢yHk-
uns rpadurura M, HyKTaja YTKasuaran ypunMmaHunr Oypuax Kospdu-
uHeHTHAAH nbopar 3KaH.

YpuHMaA Ba HOPMAJHHHT TeHrJdaMacH. ¥ = f(x) ¢yukuus-
HUHT X, HYKTajard XOCH/AcH ['(x,) ypuumanunr Gypuyak KoxhHILHEHTH
Gyaamn. Ynna f(x) dynkuus rpadurura M, (xo, f(x,)) mnykrazan yra-
SHATaH YPHHMAHHHT TeHIVIaMacH

Yy = flxg) + F'(xg) - (x — x,)
Gyaanu.

Kyn xonnapaa srpu umsugka M, (x,, f(x,)) HyKTacHaa YTkasuiran
HOPMAJIHHHT TEHIJIaMacHiu Xam Owiuw kepak Oysann. Mawaymki, srpu
unsnkka M, (xy, f(xo) HyKTana §rTkaswiran HOpMAJT LY HYKTajarw
ypHHMAra neprienuky/sap Gyaap sau. Jlemax, HOPMaJHHHI TeHrJamack
ywby kypunHwaa Gyjamu:

y = flx)— f«i—.,,"‘ —x0)  (F (xo)50).
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4-§. OynKuMsHUAT y3aykcH3 GyammmM GHaaH yHMHr Xocuaara sra 6y-
JMIIH opacHaard GOFJaHHI

Afiraiiimk, y = f(x) dyukuns (a, b) na Gepuaran 6VH6, x,(xE(a, b))
HyKTaja f(xo) YeKJH Xocuaara sra GyichH. YHaa Xocuaa Tabpupura
Gunoan

' = - —A_!I‘ - - é_!i._ r A —
[(e) =lim 8% 6y, lim L\x f(.\o)] 0

6ynaau. Yméy 2% f(x%,) = (Ax) Gearniamn Kuiamus. Byuna, pas-
wankH, Ax—0 na o (A x)— 0 6yamb,

Ay =["(xp) - Ax + o (A x)-Ax (13.1)
6yJ1aH.

Opnatpa, (13.1) dopmyna gyukyus opmmupmacurure dmpuy/:acu Jefn-
Jaan. By copmyaanan lim Ay = 0 6yaunmm keau6 uukaan. By asca f(x)
Av-s0

(YHKUMSHHAT X, HYKTaJa yaJIyKcH3 OV/MuIMHE GHIAHpAaH.
lynnain kw6, f(x) dyuxkuus x, HykTaga uekan f'(v,) Xocusara
sra 6V.jca, (GyHKUMSI 11y HYKTaja yajaykcus Gyaaau.

13. 4-3caaTma. YaiykeHa GyHKIHANap XaMm JIOMM XocHiara sra Gysanepmaii-
. Macaaan, f(x) = | x) pyskuns x =0 HyKTana y3JyKch3, GHpoK Gy GyHKIHA
wy HYKTaga XOCHJara sra smac.

5-§. Teckapu (yHKUMSHHHT XOCHJIACH

y = f(x) pyukuus (a, b) na Gepuaran 6y;mO, yHra TeCKapH x =
= () bynkuns masxyjn Oy.iacHu.

Aeap y=[(x) ¢ YHKYUA x(x,€(a, b)) nysmada ['(x,) xocuraea
sea 6Gaub ['(x,) % 0 6gaca, y xorda 6y pynkyusea meckapu Gyrean
x = @ly) Pynxyusa y, = f(x,) Hykmada xocuraea sea 6yradu ea

¢ (o) = (13.2)

1
i’ (%)
meneaux fpunau Gyjaadu.

Yo HyKrara Ay oprrupma Gepaitamk. Ynua x = @(y) ¢yHkuma xam
Ax oprrupmara 3ra Oyuaau. duan
Ax _ 1 (Ays£0=-Axs20)
Ay Ay
Ax

teurankaa Ay — 0 aa sumurra yti6 (Ay—0 aa Ax xam HoJra HHTH-
JIaii) TONAMM3:

Ax 1 1
lim =5 = lim —=—.
Ay—0 Ay Ax—0 9_11 i Y

Ax Ax—0Ax

8—2678 113



Arap

lim 2% = ¢'(4), hm —f(xo)

Ay—0 A
SKaHHHH 3‘bm60pr a 0JiCak, Y X0Jila I0KOpHJarH TEeHIVIHKAdH

(P(yo)_,(x)

Oy keam6 yukaau. ILlynu wcGornamr kKepak SaH.

Mucoa. y=arcsinx (— 1 <x<1) QyHKUHAHHHI XOCHJaCH TO-
TIHJICHH.

PaBiianky, y =arcsinx ¢ynkuna x =siny ¢ynkuusra uucbataH

Teckapn dynkunsanup. (13.2) opmyaara kypa y, =:l7' 6V najau:

, 1 1 1
Y= mm s =l S =

xy (sing)’ cos y
=—l=>y' =— .
V1—sinty V1i—x

Hemak, y = arcsinx Gyaca, y' =

—
VT—2x
6-§. Mypakka® (yHKUHSIHHHT XOCHJACH

y = @(x) dyukuns X tymaamaa, w=f(y) ¢yskuua sca Y (Y =
=|@(x):x€X|) Ttynnravpa Gepuiran GY.mG,

u=f(p(x)

Mypakka6 Qynkuuara sra OyiaiiuK.
Azap y = @(x) ¢pynryua x, Hyxkmada ¢'(x,) xocuraea sea Gijrca,
u = [(y) pynxyus Y, (Y = 9(xo)) Hyxmada f (4,) Xocuraea sea Gyaca,

y xoa0a u = f(p(x)) mypakkab ynkyus xam x, HyKkmada xocuraza
sea Gyjradu ea yuby

(F (@ (D], = T (50) - 9" (xg) = ['(@lxp)) -9 (x;)

dopmyra jpunau Gijaadu.
x ra Ax oprTHpM™Ma 6epa'm43 Yuna y = ¢ (x) dyukuua A@ oprrup-
Mara, u = f(y) pynkimsa sca ¥3 nasbatuia Au OpTTHpMArd Sra 6y1anu.
®yukuust oprripmaci dopmyazcd (13.1) ra kypa

Au = f'(yo)-A¢ + .- Ag

" 6ynamu. By TeHr/MKHHHT ).;ap HKKH TOMOHHMHH Ar ra Gynamus:
A
== [(fo)* (p +a
By tenramkaa Ax ->0 Jla JIHMHTTa ym6 TONAMH3:

. Jl
lemog f'(y)- llm +llm o —=f"(¢5) - 9" (xp).
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Wlynnait Kumo,
[F (@ ()liey,= F (@)@ (x,)

MucoJ. u=sin®x QYHKUMAHHAT XOCHJACH TOIMHJICHH.
Arap u = y®, y = sin x geiinsaca, ysaa (13.2) ¢opmysara kypa

u' = (yP) - (sinx)’ = 3y*-cosx = 3-sin%x-cos X.

7-§. [Xocuna xucoGaawmjarn copia Koupagaap

J(x) Ba g(x) dynkunanap (a, b) cpamixna Gepuaran GyJcHH.

1°, Aeap f(x) 6a g(x) ¢yukyusaap [ (x) ea g'(x) xocurarapea
sea 6ijaca, y xor0a f(x) == g(x) ¢ynkyus xam xocuraea 3ea 6Gyaub,

[F):g@)'=F(xxg ()

6ynanu.

2°. Aeap [(x) sa g(x) ¢ynxyusarap f'(x) ea g'(x) yocurarapea sea
6yaca, y xoa0a [(x)-g(x) ¢pynkyua xam xocuraea sea 6{jaub,

[F (x)-g ()" = [ (x)- g (x) + [ (x)-g" (x)

6yradu.

3°. Aeap [(x) 6a g(x) (g(x)=0) pynxuusaap ['(x) 6a g'(x) yocu-
aanapea sea Ogaca, y xoarda —/2—‘;— (pynKyus yam xocuraca sea Gyaud,

g(x

[rM ] _ e —F (')
2 | ()

Gljaadu.

By racmuknapinn ucGorsiamn KuitMH sMac. YJapjan GHPHHH, Macasad,
2°- TaCMKHUHT HCOOTHHH KeJTHPaMH3.

2°-racankKuuur nc6oTH. x aprymentra Ax oprrupma Gepamus.
Yuna f(x), g(x) Ba f(x)-g(x) dpyukumsanap xam yuby
Af)=Fx+A9—flv),  Ag)=gl+Ax)—g®),
Alf(x)-g] =JFlx+ Ax)-g(x+ Ax)—f(x) g(x)

oprrHpMaiapra sra 6yaaau. f(x) Ba g(x) dynkuusaap f'(x), g’ (x) xocu-
Janapra sra. Jlemak,

[ (x) = lim Aftx) g'(x) = lim 249
Ar-0 Ax Ax—0 Ax
12- 6o6nunr 3-§ uaa keatnpuiran (+) mMyHocaGar KaGu
Alf()g)] =Af(x)-glx+Ax)+-Agx)-f(x)

Gynamd. Dy tenraukuuur Xap Mkkana tomommun [Ax ra GyqmG, cyurpa
Ax— (0 pa JuMuTr2 Y1aMH3:

Alfg (] _ _Af()-glxt A+ Apl)-f(x)
Ax Ax
Af (%)

_ At
=000 (e 4 An) + [ () £,



Ax—0 AX Ax_;o
nmA""’ lim g(x-{—A,\)-l- lim f(x)-lim ‘-‘g—‘i’

Ax-0
—f (x)- g(x)+f(x) -8 (A)-

Arap

lim ALUDZO)
Ax—0 Ax

=[f(x)-g ()1
9KaHHHH BTHOOPra OJICAK, YHAA IOKOPHAArH TEHrVIHKIAH

[Fx)-g) =F (x)-g(x) + fx)-g" (x)
Gymim KeqnG yuKamu.
Xycycan, g(x) = C — const 6y./ca, y xoa1a

[C-F() =['(x)-C +[x)-(C) =F (x)C+[(x)-0=C-}" (x)
-+ 6Yaanu. emak,
(C-f() =C-f (x).

8-§. AnemenTap (QYHKUHANAPHHHT XOCHJAJapH

Kyiinna snementap (GyHKUHANAPHHHT XOCHJIANADHHH  XHCOO/IaiMH3,

1. Japaxanaun QYyHKUHAHHHT Xocuaacu. y=1x" (x>0)
YHKUMAHMHT XOCHJIACHHM TOMHUI YYyH X aprymentra Ax OpTTHpMA
6epub, (DyHKUMSA OPTTHPMACHHH XHCOO/1aiMH3:

n
Ay=(x+Ax)" —x"=Ay =" M =
).

o 2t :{\,‘-‘u_ n__n PG A ——
el 5] ekl sl

Sumu 6y Ay uu Ax ra 6V/m6, Ax— 0 ja JuMHTra VTamus:
[ Ax\B Ax \#
ml(14+-=) —1 =] —1
g, x[(ll. % ]_ u-:,v,(wx) B

s =X
Ax Ax Ax
(1_1 Ax \# I
_xu—l A‘) ,
Ax
x
Ax \u
. Ay < u—1 (14-7) =it
lim ==lm| ¥ ¢+ 20— ——|=
Ac—+0AX  Avs0 Ax
X
"
.
e g X R 1o |
# }slTo Ax SSETA
X
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!

(qymm, hm@i= ) Hemax, y' = p-£*"". Hlyngaf  Kum6,

y=x" 6y/:ca y xo10a y' = p-x""" 6Gyaadu.

2. KypcaTknuuau GyHKUHSAHHHT XOCHJAacH. y=a" (@a>
>0, as= 1) kypcatknuiH GYHKIUMAHHHT XOCHJACHHH TOMHII YYyH X
aprymentra Ax oprtHpma GepnO, (yHKUMA OPTTHPMACHHM  XHcoO/iaiMHS:

Ay=d™ —g" = g5 0™ —a" = a* (¥ — ).
Ouan yun Ax ra 6yym6, Ax— 0 jaa Jumurra yTamus:

Ay _ a* @ =1

Ax Ax
" A L x ¢ Ax __ Ax
lim -—y=hm Ll):a“ lim g _l —=a-lna
Ax—0 AX  Axeyp Ax Axo0 DX

. a%—1
yyHkn lim ——=1Ina |.
-0 22 /

Jlemak, y = a*-Ina. Ulynpait kum6, y —a" Gjaca, y =d - Ina
6ijradu.

3. JlorapupMuK QYHKUHSHUHT XocuaacH. y=logx(@>
>0, as= 1, x> 0) JorapupMHK QYHKUHS aprymMenTtd x ra Ax OpTTHp-
Ma OGepu0, (hyHKIHMS OPTTHPMACHHH TOMAMMS:

Ay = log, (x + A x) — log, x.
By oprTHpManH Kyiimjaarnua €sHil MyMKHH:

= log, (1+ 7).
\ X

Ay = log, =

DynkumMst OpTTHPMacH Ay HH aprymeHT opTTHpMacH Ax ra 6Yau0, cyHr-
pa Ax— 0 aa Jumutra yTHO TOnNAMM3:

Ax)
l<>ga(l-l~7'r )

&y "\ x| by Axy 1 1 Ax) _
Ax Ax T Ax log,,(l ) x Ax IOg"(IT x)
X
! Ay L Ax o
=_|_[A_i.logu(l--, x)] —logs (1+ )
* X
1
lim 2% =lim [-L-log, (1 +22)* ]| =-L 1im log, (1 +
Ax—0 Ax Ax-.O[ ga‘ ,r, ] . X Ax—l g"
1 |
Ax\x | e | Az \F I
+ =) =g, [ Jim (14 2] J='Tlogue

ln—-

(ayuxn lim(1 +a)a=e. kapaacu, X 606, 8- §).
a—0
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Hemak, y' = -—lx-log, e. Ulynnait Kuw6,

y = log,x 6yaca, y'= —:—log,e Gyiaau.
Xycycan,
Yy =Inx 6gaca, y' = -:— log,e = —::— Gyradu.
4. Tpuronomerpuk GYHKUHSJAPHUHT XOcHJaJgapHh.

bBus 2-§ na y = sinx GyHKUMAHUAr XOCHJIACHHH TONraH 3AMK: Y = sinx
6yaca, y' = cosx 6jaadu. Xyann yuma i#ya Ouaad y = cosx (yHKIUHs-

HHHI XOcHaacH Tonwiaan: Oy Xocwia y' = (cosx)’ =-—sinx ra Teur
6yaanu. Jemaxk,
Y =cosx Oyaca, Y = —sinx Gyaadu.
Auan y = tgx QyHKuMAHHEr XOocHacHHH Xucobmaiivua.  MabayMkH,
inx
tox =205,
= Cos X

Hemak,

' sin x\’
¥ = (tg ) =( )
CoOs x
Hrki dynkuua 6V IMHMAaCHHHHT XOCHJAcH XaKHaard KOWAalaH oiiaa-
JIaHAMH3:

(sin x\" _ (sinx)" cos x —sin x-(cos x)"
cos .r) cost x

€05 Xx-Cosx —sinx(—siny)  cos?x--sin*x 1

cos? x cos? x costx
Jemak,

= v ! = ‘)’ — _]_. 7
y=1gx 6yaca, Yy’ = (tgx) by 6jaadu.
Xyaau wynra yxwa,

y = ctgx Gjaca, y' = (ctgx) = — ﬁdr];wuzu Kijpcamuradu.
sin

9-§. Teckap TPHrOHOMETPHK (DYHKUHSNIAPHHHT XOCHJIANAPH

Bus 5-§ na y = arcsin x QYHKUMAHHHD XOCHJACHHH TOMraH 3AHK.
YHAa KYPAHKKH,
1

y =arcsinx 6yaca, Y = (arcsinx) = ——
pl—a

6yjradu.
Duau Yy =arccosx, y =arctgy, y=arcctgx oynkuuarapuuup
Xocuanapuin Xucobmaiivu3.
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PaBwanku, y = arccosx (GyHKIHA X = COSY ¢ynmmﬂra nucbartan
teckapu yskuusaup. (13.2) dopmysara kypa y, = —,.

X

v
Y xonna
1 n 1 1
p—— (arc cosx)l= - —— i = e— = = — — —
(cos y) —siny siny J1—costy
1
T V=
Jemak,
i R
y = arccosx Gjaca, Y’ = (arccosx) = — = Gijradu.
—x

Auan y = arcigx ynkunann Kapaiiink. By y =arcigxy dyukuua
x = tgy dynkumsra nucbaran Teckapn ¢yukuus 6yaamu. (13.2) dopmy-
J1ara Kj?pa
1 I g cos?y
= (erC tg \) = m = COsS™ Y = _—cosﬂy—:— sty =
cos?y

1 !

1 tg2y 1+ x2

Jevaxk,
y = arctgx Gyaca, y' = (arctgx) = b Gyjaadu.
14 a2
Xyaau wynra yximaur,

y = arcctg x 6gaca, y" = (arcctgx)’

14 x2
6yauuu Kgpeamuradu.

10-§. Xocuaanap KansajH

IOKopuaa keatupuiram sieMentap (yHKUMAJAPHHHT  XOCHJIAJapHHA
XKamaal, KyHuJarn XOCHJaJap yKaJBaTHEH Ty3aMu3:

1° y =C = const Gyaca, y' = (C)' =0 Gynaan.
2°, y=x"(x>0), v = (") ="
P y=a*@>0, a#l), ¥=")=0acIng

£. y=logxa>0, a 1), §' = (logs2)' = Llog,e.
5°. y=Inx(x>0), ¥ = (nx)'= %

6°. y=sinx, ¥ = (sinx)’ = cosx.
7°. Yy =cosx, y' = (cosx) =—sinx.

8. y=tgx, v = (g = —— (x;e%+;m),
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- : (x = kn).
sin2x

V—ILT (—1<x<]).
1

9°. y=clgx, y = (ctgx) = —

10°. y=arcsinx, y' = (arcsinx)'=

o o = S, L
11°. y=arccosx, Yy = (arccosx) = i (—I<x<).
12°, y =arctgx, y' = (arctgx) = -
14 x2
13°. y=arccigx, y' = (arcctgx) = — .,
14 x2

11-§. Pynkunasunr aH@OepeHUHANIAHYBYHIHTH TYIYHYACH

Y = [(x) dynkuus (@, b) wnrepanna auukaanran O6yaub, x, € (a, b)
6y JicuH.
By dynkuusunur x, HyKragaru opTTHpMACH

Ay = Af(x)) = [ (xo + A x) — [ (xo)

Ax ra Gorang Gyaami. Macanan, y=f(x) =x*+ x4+ 1 dyukuuaauur
X, = | HyKTazaru oprTHpMacH:

Ay=Af()=f(1 +Ax)—f)=[(1+Ax*+(1+Ax)+1]—
—(I*+141)=143Ax+3Ax+A¥®*+Ax+2—3=
= A x® 4+ 3Ax* 4 4Ax.
: Ymymau, ¢yHkunsg oprriupmacH Ay Gujan apryMeHT OpTTHpMacH Ax
opacuzaru GOFJaHULl eTap/ Japax<aaa Mypakka® OV HIIH MyMKHH.

13.3- raspud. Acap y = [(x) pynxyuanune x, nyxmadaeu opm-
mupmacu Ay Hu ywby
Ay =A-Ax + aAx (13.3)

Kjpurwuoda upodarauw mymkur 6ijaca, y xor0a y = f(x) pynkyua x,
HyKmaoa Oupgepenyuarranysiu deb amaradu. bynda A Ax ea Goraug
6yjamazan gseapmac, o 3ca Ax ea O0FauK 6a Y HOA2Q UAMUAQOU.
13.1-teopema. Aeap y = [(x) pynkyua x, Hygmaoa wexau ['(x,)
xocunaza sea Gyaca, y xoada Oy ¢pynkyua x, Hykmada Oupgepen-
yuarranyewu 6iradu.
Hc6or. f(x) dynkuusa x, Hykrana yekau f'(x,) Xocunara sra 6yJ-
cud. Xocuaa Tabpudura GuHOaH
F(x,) = lim 4%
Av—0Ax

6yaianu. Byngan
Ay=F(x)Ax+aAx
TEHIVIHK KeJHO YuKaju.
y = f(x) pyHkuMaHuHr X, HyKTajard oprtupmacH (13.3) kypuuuiga

ubonananpu. emak, y=f(x) QyHKuMs X, HyKTaga audxpepeHuuan-
JIaHYBYH,
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13. 2-Te opema. Aeap y = f(x) Pynxyus x, nyskmada ougppepen-
yuarranyeu 6jaca, y xoada 6y Pynkyus x, Hykmada uexau [ (xo)
xocunraza s2a Gyradu.

Hcbor. f(x) dyskunsa x, nykraza audxpeperunanianysyn GyJICHH.
Y xonna tawpubra kypa f(x) dynkumsunr x, Hykragard Ay = Af (x,)

OPTTHPMAacH y4yH
i s Ay = Af(xg) = A-Ax + a-Ax
Oynaau. By Tenrsmkiaan sca
’ Ay AAx+ aAx
Ax Ax

O6ysmum kean6 yukanu. Kefmurn tedraukaa Ax—-0 na Jmmutra yrcak,
yuaa

=A+a

lim 2% — lim(A +a) = lim A+ lime = A +0=0
Ax—0 Ax -0

Ax—0 Ax Ax—0

Oyauinay Tonamus. JleMmdk,

Yy =F(x)=A.
By sca f(x) ¢pynkumsuunr x, HyKTaaa wekau f'(x,) Xocuaara sra GYJH-
sy Ouaaupanu. Teopema ucbotr 6yJiaH.

[ynpait kumo, y = f(x) @uakyuanune x, Hysmada Juggpepen-
yuarranysiu Ofgauuu yuyn yrunz wy rykmada dexkauw [’ (xp) yocusaza
sea Oyrwuw 3apyp eéa emapau dKaH.

[ynuur yuyH XaM (QYHKUMSHHHT XOCHJIACHHH  TOMHINHH  yHH Qugh-
¢gepernyuartaur 1ed OPUTHIAH.

IOkopuaaru Teopemanan KYpHHALMKH, aeap y=[(x) pynxyusn x, HYyK-
mada Oupeperyuarranysdu Oyaca, yauHe madspupudaen A yszapmac
[ (x) 2a mene Gjaadu:

A= ["(x,).

12-§. ®ynkuuanunr audepeHuHasd TabpHpH

y = f(x) pyukuus (a, b) warepsanna Gepuaran 6§smb, x, HyKTajga
(%, € (a, b)) nubdepenuHamianynyn OYJICHH. YHIa (YHKIHAHHHT X, HYK-
TAanard OpPTTHPMAacH

Ay=Af(xp)=["(x)-Ax+o-Ax (13.4)

6yaami. Bynaa Ax—0 na f'(x,)-Ax Ba o-Ax Japuunr Xap GHpH HOJ-
ra uHTHICa-Aa, o-Ax xan ['(x,)-Ax ra Kaparawaa Tespox HOJra HMHTH-
Jlaju.

13. 4-ranpud. Oxopudazu (13.4) meneruxdazu ' (x,)-Ax xad f(x)
PYHKYQUSHURE X, HyKkmadaeuw Oupgeperyuaru Oeduradu 6a dy éxu
df(x,) xabu Gereuranadu:

dy = df (xg) = ['(xg)-Ax=y"-Ax. (13.5)
Arap y=x Oyaranna dy=x"-Ax=Ax, seaH dx = Ax G6Y-
JMUMHEH - 3bTHOOpra o0JcaK, YHAa QYHKUMAHHHT  AuddepeHuHaTHHE
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dy = y'dx én df (x)) = [ (xp)-dx (13.6)
ne6 osna oNaMu3.
y=[ (x) dyskumsunar rpagurn 107-uyn3avaja TacBHpJaHraH sSrpu

YH3UKHH HpoaaacHH.
3-§ na (yHKIMS XOCHJACHHHHT reOMETPHK MabHOCH AB srpu wisuk-

Ka M, HyKtana yTkaswiran ypuHMaHHHr Oypuax kosdxpuumentiian uGo-
par sKkauunu Kypran sauk. [emaxk, ' (x)) =tgx. -~ M.CD nan Tona-
MH3:
cD
MyD
Arap M,D = A x 3Kanuuu 31=m6opra 0JICAK, YHJA IOKOPHAATH TeHrJIHK-
JaH

= tg .

CD=MD-tga=1tga -Ax
6y kesm6 uukanu. Jlemak,
CD=1{go-Ax=[" (x)-Ax=dy.
Bynpan ¢ynkuma auddepennmaamuunr yiby reoMeTpHK MabHOCH Kesnb

gyHKaau: ¥ = [ (x) dyHKuMsauHr X, HyKTaftaru Oy Judxpepenimiani (hyHk-
uAa rpagpurura M, HyKTaza VTKasHJIraH ypHHMa OpPTTHPMAcHAaH nGopar

6ynanu.
Mucoaanap. Ywby dyHkuussapiunr JudxpepeniHaiiap TONHICHH:

Dy=x*+2x+1; 2) y=¢ -sin2x.

OyukuusHEHr AndxpepeHurany QyHKIAA XOCHIACHHHHT apryMenT and-
(epennnannra KynaittMacuzan uGopar skanuiad oiigananub, GepuaraH
GyHKuBANApHHAT AHdDEPEHIHATTADHIA TONAMH3.

Ddy=ydx=(x*+2x41) dcx=2 (x+1) dx.

2) dy = y'dx = (¢" -+ sin2x)’ = (¢" -+ 2cos2x) dx.

13-§. Muddepenumnannap Kansaan

Oumm 10-§ aa KeaTwpuaran XocuJajap Kajagaanaan (oiitananuo,
vieMenTap (GYHKUMSAIAPHHHT .un¢<pepeuuuan NapH 2Ka/IBATHHH KeJTHPAMH3:
1°. y=C =const, dy-=

2°. y=x" dy=nx"" dx (x>0).
. y=d,dy=a"Inadx (@a>0, a+1).
8. y= log,x, dy = % loggedy (@>0, a+1,x>0).

5°. y=Inx, dy=% dx (x> 0).

6°. y = sinx, dy = cosxdx.
7. y=cosx, dy=— <intdr

dx( %—*kn)

8. y =tgx, dy=
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9°. y=dgxt dy = — —

g dx (x # kn).
10°. y = arcsiny, dy = ——— dx (—1<x<1).’
Yyi—2x
11°. y = arccosy, dy = ————dx(— 1 <x<1).
[—x2

o . o I}
12°. y = arctgx, dy = e dx.

. 1
13°. y arccigx, dy = R

14-§. ®Pyukuus AHPOEPEHUHATHHHHT COAAA
KOHJANapH

Auam auddeperunaAITALIHIHT CONNA KOWIATAPHHE KeJITHPaMHU3,

Aitraivmk, f(x) Ba g(x) dyakuuanap (a, b) na OGepuwaran Gy/m6,
x (x€(a,b)) nykraza nudpepenuanianyBun 6yiacun. ¥ xoina f (x)=g (x),
f (x)-g (x) xamna L{:—:: (g (x) # 0) dynkuustap xam AuppepeHimnaia-
HyBui 6yn0, '

a) d If (x) =g (v)] = df (x) = dg (x);

6) d (if (,Q-g (xLlfT)df m g,(.\(-) )4; f(('f) dg (x);
d (.\']: X) g(x)—Ff (x)dg (x £0
V¢ rw 2 () €®+0
6yaanu. Byaapuunur GnpopracHuu, MacanaH, a) XOJHH HcGOT/aitMus.
a) XoaHuHT tc6oTHu. HOkopunaru (13.6) dopwynaman oitnana-
HUO TOmaMua:

dlf()xg=0F®=g ) de=[}] (x)=g (9] dx=
=[" (x) dx =g (x) dx = df (x) = dg (¥).

Hemaxk,
d [f (x) =g ()] =df (x) £dg (x).

y=@ (x), u=f (y) 6yam6, yaap épramuaa u = [ (¢ (x)) Mmypaxkkab
GyHKuMS Tyawaran 6yucuH. Mypakka® (yHKIMAHHHT XOCH/IAacHHH XHCOO-
Jai Konjaacuaan ¢oifananub Tonamus:

du=d [f (@ ()] =[] (@ (V)] dx=
=[ (¢ ()N-¢" (x) dx=[ (y)-y'dx=[ (y)dy.

Jlemak,
dfl@=F (@) do=] (y) dy. (13.7)
(13.6), (13.7) hopmyaasnapud conuuTpud, Kyiuaard XyJocara KeJaaMus:
Dyukuua Mypakkab Oyaran xoaaa xaMm @uusyua duppeperyuaru
Pynryua xocuracu [* (y) Ouran apeysenm y = @ (x) Hune duppepen-
yuarw dy xynadmmacuea mene 6ynap skan (Oy Xoaaa dy SpkaH OpT-
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TupMa GVamacian, Gaaku y x y3rapyBumbMHr (yHKuMsicn GyJaim).
(13.6), (13.7) dopmynanapuunr kypunuimm Gup xwi. Omataa Gyuu Ough-
eperyuar KijpuURUUURUHE UHBAPUGHMAURY NeTiMiiaJiN.

15-§. HOkopn TapTH6am XocHaa Ba aH(ipepeHuHasap

bBus Xxocuna TywyHyacu Guian TaHMmranZa Ba sJeMeHTap (pyHK-
UHAVIAPHUHT XOCHJAJIapHHH XHcoGJaranaa KVPAMKKH, (YHKUHA XocHaa-
CHHHHr V3 siHa X Y3rapyBuuHuHT QYHKIMSCH OVJMIIM MYMKHH 3KaH.
Jlemak, QyHKUMS XOCHJACHHHHT XOCHJIAci TYIIYHYaCHHH Kapaul MyMm-
KuH. Yy = [ (x) ¢yukuus (@, b) na Gepuaran GVJcuH.

13.5-Tabpud. Pyakyus xocuracunurne xocuracu wwy GyHKQU-
HUH2 UKKur4u mapmubau xocuracu 0ed amaradu 8a y” éxu [ (x) Kabu
bereuranadu:

Y'=), I"®=(F ().
Macanan, y = siny QYHKURSHHHT MKKHHYH TapTHOIH XOCHaacH
y' = (sinx)" = cosx, y” = (y')’ = (cosx)’ = — sinx.
(sinx)” = — sinx

6yn1anu.
QOYHKIHAHUHT YUuHYUM, TYPTHHYM Ra X. K. TaptuGaarn Xocuaajapu
IOKopHaaruiex TabpHdJanajin:

" v "
y”= (y”)" y = (.l/ )'v oo
Ymyman, gynkunsuunr - taptuban Xocuaacn (n — 1)- Taptuban xocu-
JIACHHHHT X OCH/IaCHMD:
(n)

yo =1y
Mucouaaap. Ywly GyHKIHSIAPHHAT HKKHHYH TaPTHGIM XOCHIaaaph
TOMMACHH: a) ¥ =ax* +bx+¢; 6) y=2"" B) y — arctgx.
a) ¥y = (ax* + bx+ ¢)’ =2ax+ b,
Y'=() = Qax + b)’ = 2a.
6) ¥’ = (™) = 2"™.In2-cosx,
Y = () = (In2-2°™ .cosx)’ = In2- (2™ -cosx)’ =
= In2 [(2"™) -cosx + 2°™. (cosx)’] = In2 [2°™-In2-cosx-cosx -+
4 2% (—sinx)] = In2.2"™ (cos%x - In2 — sinv).

('l—-’))l

1
. Y —
B) y' = (arcigx) =y
" — (1Y — 1 '=: (])’.“_}_xn)_].”,;,xz)' =
=) (l+x*) (14 x2)2
_ 04y —2 2%
T (a2 (1+x2)2

124



13.6-ravpud. y = f(x) Pyuxyun Oupgepenyuare dy Hunz dugp-
epenyuaru bGepurean QyHKYuUAHUHE UKKURYL mapmubau Ougpepenyua-
au de6 amaradu 6a d*y éxu d*f(x) kabu Gercuraradu :

d*y =d (dy) éxu d*f (x) = d (df (x)).

Xymu mydra yxwant, (QYHKUMSHHHT YY4HYH, TYPTHHYM Ba X. K.
TapTHO/IH Jndxhepenunaniapu TabpugyiaHaan.

YMyMaH, QyHKUHSHHHT n- TapTHOan Audxpepenimann yuuur (n— 1)«
Tapruban Andpepennvamunnir audpepennuanian HoopaTHp:

d'y=d @y, d"fx)=d @ " ).

Mabaymks, QYHKUHSHUHT AudxpepeHisasi YHHHr XOCH/JacH OpKaJH
yuwby dy = y'-dx ¢opmyna Ouaan upojpananap sau. Byuna dx apryment
x nuHr Audpepernmann 6yau6, y Ax ra rtenr. Iy rtenranknan doina-
Jannb Tonavmus:

d*y=d (dy) = d (y'dx) = dx-d (y') = dx-(y') -dx = y"dx>.
JleMak, (pyHKyUAHUHS UKKUHYW mapmubau dupgeperyuart ¢pyrK-
YUAHUHZ UKKUHYW mapmubau Xocuracuruxe apeymenm oudgepenyuaiu
Keadpamuea Kynadmamacuea mexe.
Miucoan. y = sin2x dyukuusHuEr HKKIHHgH Taptuban gudrpeperuna-
JH Kviuaarnga O6yaaiu:

dy = y'dx = 2 cos 2x dx; d*y = d (dy) = — 4sin 2xdx®.

16- §. MduddepeHumnan XHCOOHUHT ACOCHH
TeopemMaJapH

Judxpepeniinan XucoOHHHT aCOCHil TeopeMaJlapHHH KeJITHPHILAAH aBe
BaJ Gab3u OUp TYIIYHYA Ba TACAMKHH 3CJATHO VYTaMH3.

y=F[ (x) pynkuus X opaaukia Gepuwiaran OVicuu. Arap X opaaugia
HIyHAAN X, HYKTa (HYKH HYKTA) TOMHJICAKH,

Y xEX (x#Ex) yuyH [ ()< [ (x) (F (x) = [ (xp)
6yaca, v xoana f(x) pyukuna X opamMKHUHT HYKH HYKTAacH X, Aa y3u-

HHHT 3He Kamma (3He Kuwuk) Kudsmamuea aputuadu 1e6 aranajum.

Aeap [ (x) ¢ynryus [a, b] ceemenmoa yaryxcus Gyaca, y xorda
PyHKYUR Wy ceemenmoa [jaunuKe 3He kamma (9He Kusux) Kudmamuea
apuwadu, avru wyHoad c, nyskma (¢, rykma) (@< ¢p < b, a < ¢, < b)
monuaaouKu,

VxeX yayn f()<flc) (F>TF ()

6yaadu (By y3aykcu3 GyHKUnsHUHD XoccacHnu ndoaanosun Beitepurrpace
TeopeMacHiHp).

13.3-teopema (Pepma Teopemacu). Aeap [ (x) ¢yuryus X
OPAAUKHUKR WMKU HYKmacu x, 0a yauxune 3xe kamma (IHe Kuuuk)
Kulimamuea spuwica xamoa wy x, Hysmada wexau xocuraea sza Ggaca,
Y xon0a YHKYUA XOCUAQCUHUHZ X, HYyKmadaeu Kudmamu Hoa2a meHa
Oyradu:

[ (%) =0.
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Hcb6or. [ (x) dynkuusi x, HyKTajga V3UHWHT SHr KaTTa KuiMaTHra
SPHIICHH Ba 11y HyKTajaa 4ekau [’ (x,) Xocuaara sra GyJsicux. [lemak,

VXEX (x#x) yuyn [ (x) <[ ().

X, HyKTara myujaii Ax oprrupma GepaMu3ku, X, + Ax€X O6yvcun.
IOkopuparu ajiTuiaranra Kypa, Xap AoHM

f (xp+AX)Zf (xo)-
6uHOGapHH,

Ay=Af(x)=F (xp+Ax)—Ff (x) <O
Gyaagn. ¥ xoaja:
a) Ax>0 6yaranna

A . A
~dz0pa lim Lo,
Ax Ax—0 Ax

6) Ax << 0 6yaranna

-A—y>0 pa lim 3¢
Ax

=0
Ax—0 Ax e

GYIMIIMHA aHHKJAW Kuitin sMac, Arap

v A :
lim =2 = f’ (x,)
Ax-0 42X

SKaHJMrHHK 3bTHOOpra odcak, [ (x) < 0, [ (xo) = 0 6ysm6, yuaan
[ (=0
Gy Keamb uHKaju.

Xyaau wyHra yxians, x, HyKiapa (yHKUMS 3Hr KHYHK KuiiMaTra
sra 6yarauaa xam [ (xp) =0 6ysmum ucGoraauaau. By sca Teopevann
ucGorIaiiiu.

Teopema cofjla reoMeTpuk Mabhora ara: i = f (x) ¢yukuua rpagu-
rura M, (xg [ (x,) HykTajza Yrkaswarad ypunMa Ox yKkura napaniien
Gyaann (108-uu3ma).

134-teopema (Ponab Teopemach). ¥= [ (x) ¢pynxyua [a, b}
ceemenmoa Gepuarean Gjacun. Aeap

1) f () ¢pynryua la, b] da ysaykcus;

9) [ (x) ¢pynxyus xew Gyamacanda (a, b) unmepearda wexau f' (x)
xocuagea sea;

3) [a, b] ceemenmuune wemxu a éa b nyxkmarapuda f (@)= f (b)
6yjaca, y xoa0a a ea b HyKkmasrap opacuda wyrdai ¢ (a < c<b) Hyx-
ma monuaaduxu,

['©)=0
6ijaaou.

HUc6Gor. Haprra x¥pa f (x) dyukuus [a, b] cermentna yanykcus.
YHaa, 10Kopuaa aiitmaranura acocan QyHkuua [a, b] cermentaa V3uHHHT
SHF KATTa BA SHr KWUMK KuiiMaTura spumafu. AfTaiiank, QpyHKUMSHEHE
SHr KaTia KuiiMaTH M, SHr KHUMK KHMAMATH 3ca m GYJCHH.

Arap m =M O6yaca, y xoaaa f (x) dyskuus [a, b] cermentaa ¥s-
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rapmac Oyaamm: f(x) = const. Ilynmur yuysw unxtuépuit x Hykrajza
[' (x) =0 6yaanu.

Suan m#= M, avan m <M 6yaran XOJHH KapaiHk.

By xoana f (a) = [ (b) 6yaransmrn cababan QYHKUMS V3HHHHT SHC
KaTta Ba SHI KHYHK KHAMaT/iapuuuHr Xey Oysimaranza Oupuuu a Ba b
HyKTanap opacuaard 6upop ¢ (a < ¢ <b) mykragza kKabyn gunaau. Iy
HyKrala Pepma Teopemacnra Kypa

['()=0
6ysaan. Teopema ucGor Gyiau.

13.5-Teopema (Jlarpanx teopemacH). y=7Ff(x) Pynkyus
la, b] ceemenmoa Oepusrean 6yacun. Azap

1) [ (x) pynxyus [a, bl Oa yzaykcus,

2) [ (x) ¢yrryus xed Gjamacarda (a, b) unmepsarda wekauw [ (x)
xocuraea 32a Ofaca, y xoada a eéa b Hyxkmasap opacuda wyrOau
¢ (a<< c < b) nykma monuraduxu,

b—
6ijaadu.
McGoT. Teopemann ncborian Makcaauia yuby
F)=f—f@—10=0 (13.8)

épaamun (pyHKUMARN Kuputamus. By €paamun dyskuus:

1) [a, b] cermentaa aunkianran Ba yaaykens. Yyuxn (13.8) Temr-
JHKHUHP VHT TOMOHWAArn Xap Oup Xaa [a, b] cermentaa ysaykcus, F (x)
sca OyHAal yaaykcHs (yHKuMsiap Hurnuancnaan (aitupmacuian) uGopar-
JHP;

2) F' (x) xocuaara sra Ba y

F =1 »—I10=0 (13.9)

ra TeHT,

39 F@=f@—f @—L2=LE @—a =,

FO)=f®—f@—2=L0 ¢ —g—f0)—f@—
—[f () —F @]

Ba, NeMak,
F (a) = F (b).

Jlemak, F (x) dynkuns [a, b] na Pomab teopemacuunHr Gapuya IuaptJia-
pHHH KaHoaTJaHTHpap skaH. YHaa Posab TeopeMacura Kypa a Ba b opa-
cuta wynaai ¢ (a<<c<b) HyKTa TOMWJIaAHKH,

Fr (@)=
6yaagu. IOkopuaarn (13.9) Tenrmikun sbTHGopra o.m6,
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F@=F@-18=10 o

—a
O6ysmumnn Tonamn3. KefiMHrH TEHrJMKAAH 3ca
b)— ’

b—a h

6y kean6 unkazu. Teopema ncGor GYanH.

By Teopema coana reomerpuk mabHora sra. ¥ = f (x) (yHKUMSHHHT
rpapurn 109-unsmana raceupaianran srpu uusukHiI npoaanacun. AB srpn
yHsHKaa urynaait M mnykra (ynunr koopaunaraaapu (c, f (c)) 6Vaaam)
MaBXKy/nKkH, Oy HyKragaru ypunManuur Oypuak kosdduunentu [ (c) ra,
AB xecyBunnutr Gypuak KO(XpHIHEHTH M ra TeHr, sAbHH

-—a
ypuHMa Guian KecyByH mnapasjen GyJaaim.

X1V BOB. JH®®EPEHLIMAJI XHCOEHUHT TATBHKJIAPH

Ymby 606aa QyHKUMSHHHT XOcHJalapuaa doiitananné ynunr Vara-
pHILl XapakTepuu GaéH 3TaMu3.

1-§. PYHKUHSHHHT YCYBYH BA KAMalOBYH
GyJHLLIH

14.1-teopewma. Aeap [ (x) ¢pynkyusa (a, b) da anuxranean 6a ex-
au [ (x) xocuraea sea 6ijaub, < x€(a, b) yuyn

f)=0

6yaca, y xoada [ (x) Ppynkyus (a; b) da vcyewu Gijaadu.
14.2-teopema. Acap [ (x) ¢ynkyus (a, b) da anHuxraHean 6a “ek-
au ' (x) yocusaea sea Ojaubd, 7 x€(a, b) yayn
ffx)<0
6yaca, y xoa0a [ (x) ¢pynryus (a, b) da Kamawoswu Gjaadu.

By keatupusiran Teopemajap GMD XWJ MyJ0Xa3a HOPUTHAHIIH OuJaH
ucCorianagu. Illyuunr yuyn yaapuunr Gupunu ucGotaamn Guian yerapa-
JIAaHAMH3.

14.1-teopemanunr ucbGoru. llaprra kypa [ (¥) dynkuus
(a, b) na yeksm [’ (x) xocuaara sra Ba [' (x) >0. (@, b) opaimgira ux-
THEPHH X, Ba X, (x; < X,) HyKTaJapuu olaitik. YHaa [x,, x,] < (a, b)
6ymb, [x,, x,] Aa f (x) dynkuma Jlarpawx TeopeMmacuHunr Gapua mapr-
JapUHH KauoaTJaHTHpajW. Jlarpamk Teopemacura MyBOHK, X, Ba Xg
HyKTajap opacuia mynaait ¢ (x, < ¢<x,) HYKTa TONHJIAAHKH,

flxd—1T (xy)

X2—x

= (e),
SIBHU

[ &) —F ) =T (0)(xg—x)
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6ynamu. Arap x, < x, Ba ' (¢) > 0 Gyamuuns >vTHOOPra oJcak, yHAA
KEeHHHIH TeHIJIHKAaH
[ (x—F (x;) >0

Gyamunnn Tonamus. Jlemax, f (x) <[ (xp). Iynaaii kxuan6

1 <Xg=[ () < (xy)
6yaann. By 3ca [ (x) dyukunanwnr (a, b) na VeyBunl 3KaHWBEH Guaau-
paau. Teopema ucGor GyJaH.

14.1-naTuxa. [ (x) ¢ynxyus (a, b) da wekau ' (x) xocuraea sea

Giacun. ¥ xor0a

") >06af (x)<0
merecusAuKAapru equb, Gepuirean (PYHKUUSHUHE jcyeuu xamda Kamas
1064u 6jaaduear opaauxrapu monuaaou.

Macanan, ymby f(¥) = —— ¢yskunsnn xapaiimk. By (ynKuHA-

[ x2
HHHI XOCHJIACH
,I (x)_"( 2x ’ B 2 “‘%‘X’)—Ql‘-?x __2“—12)
l—é—.\ﬂ) (! -+ a2)2 (14 x2)2

6yaaan. duan 2073 ) renrcuamikmg evamia:
(1 + 2
20=2) - s | — 2 3 0= (1—2) (1 +%) > 0=
(1 -+ 22 ' ' o
{l—x}O, {]——.\'éO, (x< 1, [x>1,
Fl14x>0 14+x<0 7 lrz—1 2 |lxg—17
x 1,
= S—l<xL ],
x=>—1

Jlemak, Gepuaran f (x) ¢ynkuus [—1, 1] opamikaa yeysun Gyaamam.
Pasmanks,

2(1—x) B —<xg—]1,

0 op <0=1—1r<0=> i o oo
Jlemak, Gepuaran [ (x) ¢ynkumsi (— o; —1] Ba [l; + =) opaauk-
Japja KamaloBuu OVJaajn.

2-§. DyHKUMSHHHT 3KCTPeMyMJAapH

Airraiimk, [ (x) dynkums (a, b) za Gepuaran 6yaub, x, € (a, b) 6ya-
CHH.
14.1-Tabp nd. Aeap x, ryxkmarure wyndad (x,— 06, x,+ 8
< (a, b) (6> 0) ampcgu monuacaxu, * x€(x,— 0, x, -+ 0) yuyn

F)<7ix)

meHecuaaux gpunau 6yaca, y xorda f (x) pynxyus x, HyKmada maxcu-
Mymea spuwalu Oequradu. bynla X, HYKMa (QYHKYUALG MAKCUMYAM
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Kutimam Oepaduean nykma, [ (x,) sca Quukyusanune maxcumym Kut-
Mamu OQediuradu.
DYHKIHAHHAT MAKCHMYM KWAMATH Kyiugaruya GejirusiaHaju:

f (xg) = max {f ().

14.2- raspud. Acap x, Hysmanune wyxdad (x, — 6, x, + o) <
< (a, b) (6 = 0) ampogu monuncaku, ~+ x€(x,— 0, x, -+ 0) yayn

f (x)=Ff (xq)

menecusauk ypurau Gijaca, y Xoarda f[(x) pynkyus x, HyKmada muHu-
Mmymea spuwadu deduradu. SyHda x, PyHKyuUIea MUHUMYM Kudmam
Gepaduean Hykma, [(x,) 3ca @PYHKQuAHUHE MUHUMYM Kudmamu Oelu-
Aadu.

DYHKUHSHHHT MHHIMYM KHMaTH Ky#naaruya Oearuianagm:
[ (xp) = min {](x)}.
X

OYHKIMAHHHT MAKCHMYM B4 MHHUMYM KHAMAT/Iapn yMyMuit HoM Ou-
JaH YHHUHT kcmpemym Kudmamaapu ned aranauu.

IOkopuaa keatupuirad Tabpudviapiad  KYpHHAIHKH, (yHKUMAHUHD
MAKCHMYM Ba MHHMMYM KHilMaTaapu, yuuur (xo—398, x, -~ 0) maru siur
KaTTa Ba 3HT KHYMK KHIMaT/iapu Oy.Jaiu.

Mucoa. f (x) =x* pyukunaun Kapaiumk. Dy dyukuua x =0 nyx-
Tafa MHHHMyMra spuilafn. Xakukatan Xam, x =0 uygrauuur (0 — 9,
048 =(—24, 0 (6>0) atpopugaru Gapya x HyKTasap yuyH

[ (x) =F (0), sivin x* =0

Gynama:  x€(—39, 8= (x) > [ (0)

3-§. DyHKUHA IKCTPEMYMHHHHT 3apypHil WLAPTH

[ (x) dyukuns (a; b) na Gepwiran Gyiacuu. by pynkyus: 1) x, (x, €
€(a: b)) Hyskmada markcumymea (MURUMYMSQ) IPULICUH; 2) X4 HYKmada
wexau [’ (xo) xocuraea sea Gijacun. ¥ xorda

[ () =0
6yjraodu.
[lynu ncbornaiiMus. Bupunumpan, f (x) dyHkumus x, vyKraga Mak-
cuMyMra (MHHHMYyMra) 3pHIIraauri caGabuu wy x, HyKrawuur (xo— O,
X + 8) arpodbumarn Gapya x HyKTazap yuyH

F)<T (%) (F (x) = F (x0))

O6Vaanu. [lemak, f (x) dyskuus (x,— 0, x,+ 8) aa y3unuur sur karra
(3Hr KMuHMK) KuAMatH [ (x,) ra spuinagu.

Hkknnan tomongau, f (x) gpyskuust x, Hykraga uekan [ (x,) Xocu-
Jara sra. Yuaa ®epma teopemacura kypa [° (xp) =0 Gyaaau.

BHpoK (yHKUMAHHHT XOcHJIacH HoJra TeHr Oyarad HykTaga Oepui-
rai VHKUHS Xap JOHM XaM 3KCTpeMyMra spuuiasepMaitau. Macasan,
F (x) = x® dynkuusanunr Xocuaack ' (x) = 3x* 6yum6, y x =0 HyKTaja
Hoara TeHr: [’ (0) =3:0=0. Jlekun Gy pynxuus x =0 HyKTaga 3Kc-
Tpemymra spumMaiin (aysku [ (x) = 3x* > 0 6§26, y ycyBumaup).
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Ilynnait Kuan6, GyHKUMS XOCHAACHHHHI HOATA aiaHMIuE QYHKIMS
SKCTPEMYMra SPHIUIHIIHHKHT 3apypHil 1UapTH SKaH.

Opatna yHKIHs XOCHJAcHHH HOJAra ainanTHpajnral HyKkTta (QyRK-
LUMAHUHT CMayuonap Hyxmacu Aeiinaanm.

14 2-9caarma. Dynkuus xocHaara sra GYAMAraH HYKTaAad XaM SKCTpeMmyMra
sra Gyanmm Mymken. Macaran, f(x)= |¥| ¢yukuus x= 0 nyKTajza Xocuaara sra
SMac . BHPOK, 6y ¢yuxuua x=0 HYKTaJla MIHHMYMIa SPHILGIH.

f (x) dynkums (a, b) na Gepuaran 6yam6, y ury opasmkaa f° (x) xo-
cuiara sra GYJcHH Ba X, € (a, b) nyKTajaa sketpeMymra spuuicHH. ®yHK-
uusHuar rpadpurura (x,, f (xy)) aa Vrkaswaraw ypunma Ox yKura na-
pannen 6ynaan (110-un3ama).

4- §. PyHKUHA IKCTPEMYMHHHHI €TAPJH ILAPTAAPH

f (x) dpynkums (a; b) na Gepuaran Ba y3aykeus 6Vicui. By ¢yHkums
wy opaankaa [ (x) xocuaara sra 6V/m6, x, (x,€(a, b)) nykrajga noara
absaicnn: ' (x,) = 0.

Macana [ (x) ysKuMs x, HYKTaJa SKCTpeMyMra 3SpHIIAJNMH E€KH
HYKMH, arap 3KCTPeMyMra spHuica, V X, HYKTaja MaKCHMyMra 3pulla-
JIMMH €KM MHHHMYMTa SPHINAJIMMH, WYHH auHKJawaan w6opar. By maca-
JIaHH XaJl KMJMLI YYYH aBBAJlO X, HYKTaHHHT (x,— 8, x, -+ 0) aTpodmun
onaimuk, ((x,— 6, x, + 8) = (a, b)).

1) v x€(x,— 96, x) yuyn [’ (x) >0 6gacun. By xorda 14.2- meo-
pemaza Kijpa Gepurean ynryua (xo— 0, xo) 0a yeyeuu Gjradu:

FO<[f(x) (% x€E(x—38, xp)). (14.1)

2) W X€(xg, xo + ) vuyn [ (x) < 0 6yacun. By xo010a 14.3- meope-
Mmaza Kypa Gepurean ynkyus (x,, x, - 0) du Kamawewu 6jradu:

f(x) =F () (¥ x€E(x x,+ 0)). (14.2)
(14.1) Ba (14.2) mynocabatnapaan 3+ x € (xo— 6, x,+ 6) yuyn
F ) <[ (x)

6ysmmunn Tonamus. Jlemak, [ (x) yHKIMA X = X, HYKTaZa MaKCHMyMra

spumazn (111-unama).
Oumn 1) W x€(xg— 6, xo) yuyn [ (x) <0 Gijacun. By xoada 14.3-
meopesaza Kypa Gepuiean ynxyus (x,— 98, x,) Oa xamarosuu Gijradu:
F ) >F (x) (W x€(xp— 38, x). (14.3)

2) ¥ x€(xy X0+ 0) yuyn [’ (x) >0 Gyacun. By xoa0a 14.2- meo-
pemaza Kijpa Gepurcan (ynryus (x,, X, 6) da geysuu Gjradu:

f ) <F () (% x€(x, %+ 9). (14.4)
(14.3) Ba (14.4) mynocaGaraapaan % x € (xo— 6, x, + 8) yuyn
[ x) =] (x)

6yminmun Tonamus. Jemax, f (x) QynkuMa x = X, HYKTaga MHHHMyMra
spumann (112-uuama).

[ynnai kw6, GyHKUHA SKCTPEMYMAUH aHMKJall yuyH KyHuaard
Kouzara (GMpHHYM KOMJAra) KeJaMmu3:
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1) Gepuaran f (x) yukumsiumur Xocuaack f' () e TomuG,
=0
TedriaMatu evamus. Aitaitimk, 6y TeHrJaMaHuHr euyuMJapuaan Oupu x,
6yJicHH;
2) 6y x, uygtauuur (x,— 6, x, -+ 8) (6 >0) arpopuuu onamus;
3) arap '
Y x€(xo— 8, xo) yuyn [ (x) >0;
A XE(xy, Xp+0) yuyn [ (x) <0
6yaca, abvu [ (x) xocuaa x, HyKTanm Yruiga y3 vinopacunn «--» aau
«—» ra yaraprupca, y Xoama [ (x) ¢yukums x, HyKTtaga MakcHMyMmra
spuaa. DYHKUMSHHHT MakcuMyM KuiMath [ (x,) OViaam;

4) arap
¥ XE(xg— 9, *,) yuyi [ (x) <0,
¥ XE(xy, X+ 0) yuyn [ (x) >0
6yaca, spHu [’ (X) Xocuaa x, HyKTau# YTHILAA V3 HIIOPACHHH «—» JaH

«-» ra ysraprapca, y xosma [ (x) dyHkuust X, HyKTaga MuHHMyMra
spuuagd, PYHKUHAHUHT MHHHMYM KHitMatit [ (x,) GVaanu;

5) arap
¥ XE(xg— 8, xp) yuyu [ (x) >0,
A ¥ XE(xg, X+ 0) yuyn [ (x) >0 (14.5)
eKH
¥ X€E(xg— 08, xp) yuyn [ (x) <0,
¥ XE(xq, X+ 0) yuyn f' (x) <0 (14.6)

6yaca, siphn [ (x) XocHaa X, HYKTauW YTHwAa V3 MIIOPACHHH Y3rapTHp-
Mmaca, yHAa [ (x) GyHKUMS X, HYKTafa 3KCTpeMyMra SpHIIMaitin.

Mucoa. [ (x)=2x"—9x* 4 12x — 2 QyHKUMAHHHT IKCTPEMYMJIAPH
TOMUJICHH.

AsBanio Gepuarad (GYHKIMAHMHT XOCHJIACHHH XHCOOIaiMu3:

FO=2x—9+12x—2) =62 — 18x+-12=6(x* —3 x+2).
Cyurpa

F(x)=0, sipitt 6 (x* —3x+2)=0
TEHrJIaMaHH eyaMH3:
6(x*—3x+2)=0=2>x*—3x+2=0=>x,=1, x,=2.

Hemak, x, =1, x=2 nykrajap OGepwarau QyHKUMAHUHT CTALHOHAD HYK-
Tajapu GyJaau.
Ouan pyHKUMA XOCHJIACHHH Kyitnjaarnya €3u0 oJamus:
F@)=6x—18x+12=6(x—1)(x—2).
x=1, x=2 craudonap HyKrajapHuur atpodapiuui oaub, yHaa (pyHK-
M xocuaacH f(x) HHHP MIIOPACHHH TEeKIIHPAMHS.

x =] nygranuur (1 —46, 1+ 9) (0 <6< —;—) aTpoHHU OJIAMJHK.
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Yupa ¢ x(1 —8, 1) yuyn [’ (x) =6 (x— 1) (x — 2) > 0 6Vaanm, 9ynka
Gyinait x nyKtanap yuyn x — 1 <0, x—2< 0 6yaam.

wx€(1,1 +8) yuyn ['(x) =6 (x — 1) (x—2) << 0 O6ys1aau, YyHKH
Gynnait X wykranap yuyn x—1>0, x —2< 0 6Ynaam.

Mynnait kxnam6, ['(x) xocwaa x, = 1 uykramn yrumaa ¥3 wuwopa-
CHHH «-}» pan «—>» ra Varaprupamn. Jlemak, Gepuaran ¢ynxuus x = 1
HYKTaJla MakCHMyMra SpHIIaan Ba (DYHKUMSHHHT MAKCHMYM KHiMarTH

max {f ()} =f(1)=2-1—9-1* - 12.1—2 =3.
x =2 nyKiaunnr (2—98, 2+ 9) (0 <6< —l,] atpoduiu  ONGIINK.

Ynuja
Yx€E(R2—9, 2) yuvn f'(x)=6(x—1)(x—2)<0
6yaaam, uynkn Oywjaaii x nykragzap yuyn x—1>0, x—2<0 6yna-
an.
Wx€E(2, 24-08) yuyn f(x)=6(x—1)(x—2)>0
6Vaanu, uynkn Gynpait x nHykranap yuyn x—1>0, x—2>0 6yna-
JH.
[Mynpait xuan6, [ (x) xocuna x, = 2 nykrann YTHIIA V3 MIIOpacH-
HH ¢—» NaH «-+>» ra ysraptupaan. Jemaxk, Gepuiran (yHKUHS Xy, = 2
HYKTa/la MUHUMYMTa SpHILajn Ba (PYHKUMSHUHT MHHHMYM KHAMATH:

"min{f(x)} =f(2) =2-22—9.22 4 12.2 -2 =24

Gynkuns MKKUHYH TapTHOIM Xocuaara sra  Gyaca, yHaa Gepuarad
DYHKUHAHKHT SKCTPEMYMIHH Tonuil GupMyHYa ocon GVJiazu.

f(x) gpynkuns (a, b) na [ (x) Xocunara sra 6yamb, x,(x,<(a, b))
HYKTasla noJra aijaHncuu:

F (x) =0.

Aeap [ (x) pynkyuanune x, Hysmada uxkuxdu mapmubau xocuaa-

cu maeacyd 6ijaub,
' [ (x) <0

6gaca, y xoa0a f(x) pynkyua x, nHysmada Maxcusmymea 3putuadu.

Aeap [(x) pynkyua yayn

[ (x0) =0, " (x) >0

6yaca, y Xoa0a [(x) ¢pyukyua x= x, HyKmada MUHUMYMSQ 3puiia-
ou.

lynpait xuan6, GyHKUKA IKCTPEMYMHHH aHMKAAL YYYH KyHBAArd
KoHlara (MKKHHY N KOHJATa) KeJAMH3:

1) Bepuaran [(x) ¢yuxkuwsnunr xocuaacu [ (x) uu Tonmo,

I'(x)=0

TeHrJaMany eyamu3. Afitailimk, 6y TEHIJIaMaHWHr eunMJapujaan GupH X,
6yaicuH.

2) f(x) dpyskuMsHUHT MKKHBuUM TapTHOaM xocuaacu [ (x) v Tonmo,
VHHHP X, WYKTajard KuiMaTHHH xucoGuadimua. Arap:
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a) " (x)) <0 6yaca, y xonaa f(x) dyskums x = x, HyKTaga Mak-
ra,
6) ["(xp) >0 6ynca, y xoaaa f(x) GpyHKuMA X = X, HYKTAAA MHHH-
MyMra 3SpHILAH.
Mucoa. f(x) =x5—5x"+4 5% 4 | PyHKUMAHHHT 3IKCTPeMyMIapH
TOMHJ/ICHH.

ABBasio Gepuarad QYHKUHMAHHHT XOCHIACHHH XHCOOIaUMM3:
)=k —5x*+4+5x41) =5x*—20x*+4 151t =
=5x(x*—4x-+3).
Cyurpa
[ (x) =0, sapun S5x*(x* —4x+4-3)=0

TeHrJaMaHu eyamu3. By Tenraamanuur eyumaapu x, =0, xg=1, x3=23
O6yaaan. Jlemak, x, =0, xp, =1, x; 3 nygranap Oepuiran yuxuus-
HHHP CTALHOHAP HYKTAJapHIHP.

Auau GYHKUMIHHHT HKKHHYM TapTHOAM XOCHJAJAPHHH TOMAMH3:

FO={x)=02*—20x*+ 15x*)" =20x>*—60x*+ 30x =
= 10x(2x*—6 x4 3).
x, =0 nykrapa [’ (0)=10-0(2:0—6-0+ 3)=0,
xp=1 nykraga f’(1)=10-1(2-1*—6-14+3)=—10<0,
x;=3 Hykraga [’ (3) =10-3(2:3*—6:3+3)=90>0

O6yaanu. [demak, Oepuiran GpyHkuus x, = | HyKTaja MakcumMymra, xs =
HyKTaja MuuuMmymra spuwagn Ba max{f(x)} = f(1) =2, min{f(x)} =
= f(2) = —26 Gynaau.

5-§. PYHKUMAHHHI 3HI KATTA Ba IHI KHYHK KHAMATAapH

f(x) pynxuus [a, b] cermedtaa auMkIanrait Ba Y3IYKCH3 OYJCHH.
Y xoana 12.2- reopevara Kypa ¢GyHKUMA 1Yy CErMEHTAA Y3HMHHHI 3Hr
KaTTa Ba 3HI KHYHK KHAMATJapura Xam spuiuaad. Y4 Kyiujgaraya
TOMWJIA/H:

1) dynkumanunr (a, b) garn Gapya MakCHMyM Ba MHHMMYM KHitMar-
JIAPH TOIMJIA/H;

2) dyukunsuunr [@, b] cerMedTHMHr 4eTKH @ Ba b HyKTaJapHaaru
Kufivataapu [ (a) Ba f(b) Tonuaaau.

Cynrpa ¢yskumanuur O6apya MakCHMyM Ba MHHHMYM KHiiMaT/iapu
Guaan [(a) Ba f(b) KuitMatap OMPra/MKIa KapaJjai Ba TAKKOCJAHAH.
By kuiiMatsiap opacuaa sur katrac f(x) pyukumsnuur [a, b] cermenr-
JArH 9HI KaTta KuiiMatd, 3SHr KHYMrH sca f(x) dyukuusuuuar [a, b]
CerMeHTAar# Hr KHYHK KuitMati GYaanu.

Mucoua. [Ilepamerpu 2p (p>0) Oyarad TiFpu TYpTOYpUaKap
opacujia SHr KarTa io3ra sra OyJarau TYepu TYPTOYpYAK TOMM/CHH.

Afiraitiik, Gyuaait TVFpu TYpTOypuYaknHur acocu x Oyacud. Yuaa
TYEpU TYPTOYpPUaKHUHr Oasatjluri p— X ra, 1034 sca
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S=8Sx)=xp—x) (0<x<p)
ra Tear 6ynamn. By (QyHKUMAHHHT XOCHJACHHH TOMAMH3:
SW=(x(p—2) =kp—x*) =p—2x,
S =p—2x=0=x=

= |=,

Jemak, x = Gepuaran S (x) PYHKUMSHHHT CTAIMOHAP HYKTACH.

ofs

§"()=(p—2x) =—2, S (.%) =—2<0.

Hemak, S(x) dpynkims x =

s

HYKT2/la MAKCHMyMra SpHIIaJn Ba (pyHK-

HHUAHUHT MaKCHMYM K.Hl"'lMaTM

max {S ()} = S (%) =

|

D4 .
2

. )— P
6Vaanm.
Jlemak, sur xarra io3ra sra Oyaran TVrpn TYPTOYpYAK TOMOHM

ra tenr GyJaran keajapataan nbopar 3KaH.

=

0=

- 6-§. JrpH UHIHKHHHI KABAPHKJHIH Ba GOTHKJMIH
Byknanw (3ruanui) HyKTacH

f(x) dynkums (a, b) wnreppanma Gepwarainr G6Yau6, y 1wy HuaTeppa-
Aa [’ (x) xocunara sra GVicun. Yuma Oy ¢yukumsi rpadurunn  whpopa-
XOBYH IrPH MM3MKHHNE Xap Oup NyKTacujia ypuHMa MapXyj OVaanw.

F(x) dpynkuna rpapurn 6yaran srpu unsnkHn  (DYHKUHS rpadmryiy)

.—1\3 Gunan Genrnaaiing.
14.3-ravpud. Aeap (a, b) unmepsarwune Gapia HyKmarapuoa
N N

AB sepu wusux xap doum ypummaban nacmda OGgaca, y xoada AB
sepu wusux (a, b) da Kasapux 0e6 amaaadu (113-unszma).
144-ravpud. Aeap (a, b) unwmepsarnune OGapya HYKmaiapuoa

AB zepu vusux xap Ooum ypunmadan 1oKopuda Gijaca, 1y xoada AB
sepu wusux (a, b) da Gomux Oe6 amaaadu (114-un3ma).

14.5-ravpud. Aeap x, Hyskmanune (x,—95, x,+0) ((xo— 8,
Xo+8) =(a b), 6>0) ampepu oauncanda (x,—9, x,) da sepu
wusuK Kaeapuk, (x,, x, -+ 6) da sepu wusux Gomux éxu (x,— 96, x,) Oa
sepu uusux OOTHK, (X, X, O) ma srpu unsnk Kasapuk GV.Jca, y Xouna
SrPH UM3WK X, HYKTaja OyKmiaam (srinaun) ae6 aramaj. ’9rpu UH3HK-
HHHT (Xg, f(Xp)) HyKTach sca yuunr Gykuaunn (3ruawun) HyKTacH Aefiu-
aaau (115-uusma).

Qynknua XocHaanapu €paaMuAa YHHAr rpaduriHuHr KaBapHKJIATHHH,
GOTHKJMIHAN \aMAAQ STHJHII HYKTaJapHHH aHuKJall MyMKHH.

144-teopema. y=[(x) QPynryus (a; b) da anuxranean 6ya-
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cun. Azap pynxyua (a; b) da uxkkunu mapmubau " (x) xo:u/:aaa
sea Gyaub, “x€(a; b) yayn
<0

6yaca y xoada sepu wusuk (¢pynxyus epagueu) (a; b) da Kasapux
6y2a0

Hc6 OT. Y= f(x) dyuxuna (a; b) na wkkuian  tapruGau [ (x) xo-
cuaara sra 6yub, [’ (x)<< 0 OVvacuu. (a; b) Aai x, HyKTa oo, f(x)
Qyukuusa rpadurura (x, f(x,)) Hykrara ypuuma VTrasamuz (ll()- 4u3ma).
DBy ypuuMaHuHr Tenriamacu

Y —f(xg) = F (%) - (x — x,)
SBHN
Y = f(xo) + [ () - (x — xp)
6ynanu.
Srpu uH3MK HyKTaTapuuuur opAuHatatapu y(y — f(x)) Gunan ypuu-
Ma HygTajgapuauur opauuatasapu Y (Y = f(x) + [ (x,) (x — X)) opacu-
Jarn aiiupva y—Y Hur KapaiiMu3. :

Y=Y =F)—[f(x) +f () (x—x)] = .,
= [(X) —F (x0) — F (xo) (x —x,). (14.8)
3uau [x, x,] cermeutnu omaik. Pasuianku, [x; x,) = (a,-b). By [x,

%ol cermentaa f(x) ¢ynxkuus yuyd Jlarpank Teopemacuummur Gapya
waprrapu Gamapuaaau. Yuaa Jlarpanwk reopemacura Kypa

(x) — f(xq
fx) fxg) = Fte),

ABHH
F)—F(x0) =F () (x—x0)  (c€(x; xp)).
[Oxopuaarn (14.8) aitupma Kyitnaard KVpHHALIrA KeJalu:
y—Y = () (x—x) — [ (x) (¢ —x0) =[F" () —F ()] (x —xp).
Slua Jlarpawk Teopamacuaid (oigIaHHG TOMAMMUS:
Fe) —F (x)) =" (e1) (¢ — x).
Haruwxana
y—Y =F"(c)):(x —xp) (c — x;). (14.9)

(a; b) nurepBagHUHr X, B4 X HYKTAJZapura nucGara HKKM Xoa OV-
JHUIA MYMKHH:
a) x < x, 6yacu. byuna x ¢ <e¢, < x, 6yau0,

X—%< 0, 6—xp<0
Gyaanu.

Arap (a, b) ma f"(x) <O 6yamumun 3vTbopra oncak, yuaa (14.9)
MyHocabaTaan )
y—Y <0 (14.10)

GYMIIHHE TONAMMUE,
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- 6) x, < x Oyacun. Byuga x, <c¢, < ¢ < x 6yam6,
x—x, >0, ¢c—x>0
6ynapu. Yuaa (14.9) nan
y—Y <0 (14.11)

Oy Keand yHKaLn.
(14.10) Ba (14.11) mynocabaraapaan Oapua x Jaap (x€(a; b)) yuyu

y—Y L0, avtit ¥ >y

6Vauumen Tonamu3. By sca srpn uM3MK ypuHMazan Xap JAcHMM macTaa
Oyammun Guaanpaan. Jlemak, srpu umsuk Kasapuk OVJaamu.

Teopema ucGor GyJaau.

14.5-teopema. [(x) pynkyua (a; b) da anukranean OYACUN.

Aeap ynryusa (a; b) da  urnkunaw mapmuGau ' (x) xocuraea s2a
Ogaub, ¥ x€(a; b) yuyn

f'(x) >0
bijaca, y xoada sepu qusux (pyuxyus epaguen) (a; b) da Gomuk 6-
Aa0u.
By Teopema iokopuaa Keartupwiran reopeMa kKaGu HCOOTaHANM.
®apaz  kuaaitmk, y == f(x) ¢yukuun (@ b) opaamkaa  Gepuiarad
O6yamb, y 1wy opaankiaa MKkHHuH TtapteOam f7(x) Xocuaara sra OYJICHH:
Xy HyKTauuur (x,€(a; b)) arpopu (x; — 8, x, + 8)((x,—06, x+8) =
= (a, b)) un Kapaitmus.
Afiraiinuk,
W XE(xy—0, x,) vuyr [’ (x) <0,
W X€(xy, Xp+0) vuyn f'(x) >0
EKH
W XE(xy— 0, x) yuyn [ (x) >0,
W XE(xg, X+ 0) yuyn ["(x) <0
Gyacun, Atk f7(¥) HKKHHYH TapTHOM Xocmaa X, HyKTaHd YTHuga y3
HILOpAcHiit Y3rapTHpcii, YHAa, loKopuiard Teopemanapra kypa f(x)
dyukuus rpapurn (x, — 0, x,) 1a Kasapug (Gotuk), (¥, X, -+ 6) Aa G6o-
THK (KaBapuk) 6Ysaau.
Hemak, x, Hykraga yukius rpaguri sriiaiu.
14.3-HaTuKa. Jepu HUIUKHUKS UM HYKMACURU PYHKYUS UK-
Kurdu mapmubau [ (x) yocuranu Hoaea airaHmupaduear Hyxmaiap
opacuda monuaaod.
Mucoua. f(x)=x'—6x* 45 dyHKiMANN KaBapuKJIHKKa Ba GOTHK-
"JIMKKA TeKILHPHANG, 3TN HYKTACH TOMWJICHH,

Asgano Gepwiran (yHKIMSHUHT GHPUHYR B2 HKKHHYH TapTuOan Xo-
cHAANapAii  XHCOO aHMH3:

F(x)=(x*—6x>+5)=4x*—12x,
[/ (x) = @x3—12x) = 1222 — 12 = 12(x* — ).
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Monomuku, Gepuiran ¢ynkums Gapua HykTajapaa OupuHum TapTHOam
XOCHJara sra 3KaW, yHaa (yHKuMs rpapurinuur xap Oup HyKTachaa
YPHHMA MaBXKyJl.

SHAN QYHKUHSHHIT HKKHHYH TapTHOIM  XOCHJIACHHM HOara TeHrJal,
TONaMH3:

F@=120*—N=12(x—1)(x+ 1)=0,
x|;’—l, .Yzf].

Xy =—1 Ba x, = | nykrazapuuur arpoduiapuun oand, yeia (yHK-
UM MKKMHYH TapTHGan XocuazcH f7(x) HHHP NUIOPACHHH TeKIINpaMK3.

x; =— 1 nygraunnr (—1 —8, — 1 -+ 6) arpodunn (0 <6<L —;—)

onailJnK. Ynia

Vx€(—1—06, —1) yuyn ["(x) = 12(x — 1) (x+ 1) >0 6Vaanu,
yyHkH Oynpaait x Jap yuyn x — 1< 0, x+ |1 <0 6yaanm.

¥ xe(—I1, —1-406) yuyn ["(x) =12(x — 1) (x+ 1)< 0 6ynaam,
yyHKH Oynpail x aap yuyn x— 1< 0, x 4+ 1 >0 6Vaaum.

X, =1 myxranunr (1 — 86, 14 9) (0<86<LZ —g—) aTpOpHHN ONaHMMK.

Yuna
v xe(l—9, 1) yayn ["(x) = 12(x — 1) (x + 1) < 0 Gya1anm, wuyn-
Kkn Oynpai x nap yuyn x— 1 <0, x -+ 1>0 6yaaan.

¥ x€(1,1 +6) yuyn ["(x) = 12(x — 1)(x < 1) >0 6yaaan, uynku
6ynaain x aap yuyd x— 1 >0, x-+ 1 >0 6yaann.

Wlynpait ka6, Gepuiran (yukumsuunr rpapurd (— oo, — 1) opa-
mikaa 6omik, (— 1, 1) opaankaa xasapug, (1, + co) opaakna 60THK
6Ynamu. x = — 1 Ba x = | nyKTasap 3rujui HyKTaJapH Oyaai.

7-§. IrpH UH3HKHHHI ACHMNTOTAJapH

Y= [(x) pynkuusnn Kapaiank. Yuuur rpapurin GHPOP 3rpH UM3HK-
HH TacBupJacu. Daban Xoanapaa gynkius rpagird — srpu UM3MK LIYH-
nAaf GYJaankW, X V3rapyBuW -f- oo (éKn —eoo) ra nutHaa Gopramja,
y Gupop TYyrpH uuddkka ToGopa sikuHaama OGopaan. Opartaa Gympais
TYFPH YM3HK KapalaérraH SrpH YM3NKHHHT acumnmomacu Aeinnajn.

14.5-rabvpud. Aeap

lim [f(x) — (kx4 0)] =0
X— 4+ ™0
6iaca, y xor0a Y = kx -+ b myrpu wusux [(x) pynkyus epagueunune
acumnmomacu (orma acumnmomacu) deduaadu (117-yu3ama).
14.6-taspud. Aeap

lim [f(x) —b] =0,

X—p +00

6yaca, y xoa0a y=b myrpu wusux [(x) pyHKkyua epaghpueurune eopu-
80Hmaa acumnmomacu 0e6 amaaadu (118-unama).
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14.7-ravpud. Aaap
lim i(x) =00
6yaca, y xoada x —=a myrpu wusux [ (x) ¢yukyus epagueununz gep-
mukaa acumnmomacu 0e6 amasadu (119-unama)
Kyituaaru Teopemann HcOOTCH3 KeJITHPaMH3.

14.6-teopema. f(x) pynkyus epaguen y = kx + b orma acumn-
momaza sea Ofauun Yayu

lim L2k lim [f() —kx] =b
X 4w

X—r-f-x X

aumumaapaune punau Gyauu sapyp sa emapau.
[
Mucoamap. L. f(x)=-— ¢yHkuus rpapurn BepTHKAT acHMMNTO-

tara sra Gyaaau. By acmmTora x=0 Tyrpu uusnknau (Oy yKupax)
ubopataup, uyuku (120- ynama)

lim f()=lim —— =o0.
X

Xetw X+
2. f(x) =arctgx dynkuuammr rpadkTH ropu3oHTa acHMOTOTA4p-
ra sra Gyaaau. By acumnrorazap y = —ii, y= —% TYFPH  YH3HK-
aapaau uwbopataup, 4yHKH ) )
lim f(x) = lim arctgy = — llm f(x) = lim arctgx = — —
oot s 2 e Xor— 2
(121- uuama).

3. f() =2V X +4  ¢yuxkuus rpapurHHHHT  ACHMIITOTACH TOMHJI-

CHH.
Mansiymks, QyHKiMst rpadursiuHr  acuMnTotacH Y = kx + b tyrpu

yuankaan ubopar GVano,
k=lim “"‘.) , b=1im [f(x) —- kx]

X-»w X Xopot=

G6yaap s, Iy dopmy.aanapaan golizanannd, Tonamua:

2, x2 14

p=lim L&) _ jim — 2lim l+—=2,
T X X-vq X X
b=1lim(f(x) —kx] =1lim[2V x*+4 —2x] =
X+ X~
: 4 — Xt 44x o (- g) — x8
= 2lim (X NV ATHED iy SEER
X-+xn p o244 4x - )y X244 x

i 4
= 2.lim ———— =0
X—o ) X244 4-x

[yupait guauG, OGepwiran QyHKiHA rpapura acumnrorara (orMa
acumnrTorara) sra Ba Oy acuMmnTora § = 2x TYFPH 4H3HKAAH ubopart.
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8-§. PyHKUHSHH TEKIWHPHILHHHT yuymn‘i cXemacH

Qyukuna xakuja ypranwiran Mabaymoraap Oepwiaran y €xu Gy
(YHKIMAHH TYJIHKPOK TacaBRyp STHIIra WMKOH Oepaau. YhHi Kyiinja
KeJTHpHJAaAuran cxeMa OViHYAa TEKUIMPHILHN TABCHA STAMH3:

1) OyHKUMAHHHT AHUKJAHKIT COXACHHI TOIMHUL

2) DyHKUMAHN YIIYKCHATHKKA TEKIIHPHII Ba Y3WIMIL HYKTAJAPHHH
TOMMILL;

3) PynkumsinuHr KyPT, TOK Ba JAaBPHHIMCHHN aHIKJALL,

4) OyHKUHAHH MOHOTOHJIHIKKA TEKLIHPHILE;

5) DyHKUHAHH KCTPeMYMTa TEKILHPHLL,

6) DyukuHA rpaUrHHHAT  KaBapuk NaMaa GOTHIIITHHE  anuKaaul,
STHJHLLI HYKTAJapHHI TOITHLL,

7) OyHKuMS rpapUrHHUHE ACHMIITOTAIAPHHH TOMHILL,

8) DYHKUMAHHHT  XaKHKHIT WIAM3IapUHl — KOOPAHHATA  YKJApHHH
KecHO yTHIn HyKTacHuu Tonum (arap yaap maexya OVica).

Mucoan, f(x)= & GyHKUMS TVIMK  TEKIHPHIICHH.

Bepuaran ¢yHkims (—oo; oo) HHTepBaija aHUKIAHral Ba YIYKCH3.

By [(x)=e " ¢ynkuus yuyn
i(_‘ .\_) = e-—(—x,x - e—_u = ,(.\')

6yaaan. Hemax, f(x) ®ydr dyukums. Yuunr rpapurn Oy Ykura Huc-
Garan cummerpuk OV.iaau.

QyHKuMARUUT OHPHHYH Ba HKKHHYM TAPTHOIM  NOCHIAJAPHHM  TONaE-
MH3:

:

F@=€")y =" (—2x)=—2xe",
Fre)=(—2x") =—2[" +x " (—2x)] =
=27 (1—2x) =212 — 1)e ™.

Bupurun TaptnGam Xocuaauy Hoara Tenragab (yVHKUMSHHHT  CTaumoMap
HYKTacHHH TOMaMu3:

Fx)=—2xe" =0=>x=0.

Jemak, x = 0 (GyHKUHAHHHT CTAIHOHAP HYKTACH.
Arap

F0)=2020—1)e"=—2<0

6yamuunn 3pTHOOpra oacak, ynga Gepwiran ¢ynkiusug x = 0 nykra-
Ja MakcHMyMmra 3ra OV/HuIHHE auukaaivis. lemak,

max {f (x)} = max{e ¥} =~ = .
PaBiuanky,
VX< 0 yuy f(x) = —2xe ¥ >0,
Vx>0 yayr [ (x) = —2x ¥ <0
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6yaamu. Jemak, (—oo; 0) aa dyukuus Veysuu, (0; +) Aa Kamaios-
4.
DyHKUNAHHHT HKKAHYH TapTuO/IM XOCHJIacHHM Hoara TeHrsab Toma-
MH3: '
=208 —1)e™ =022 —1=0=>x=+ '/'2_,

'V' .\'E (—oo, — _l.‘)=) VUVH fv (\) = 2(2‘:3_ l)e_,n - 0'
v 2
V"E‘ —1-,1 —)=j vayi [ (x)=22x2 —1)e™ <0,
2 y 2
v '\‘E(' IT y oo yuyn f'(x)=22x*— 1)e™ >0.
\ ' -
Jlemak, Gepuiran pyHKIHSHHHT  rpadury (l—m = '2_) Ba( lz ’
¥ 74

1
2

-+ oo) opaanigapia OOTHK, [— " ._j opamuKaa Kasapug OV-

)
1 1
ABQU. X = ——>= Bd X = —= uyKTaqdp (GYUKUHA rpadUrHHHAHT  3rH-
Ve )=
Juur Hygradapi. Cynrpa

lim f(x) =lim ¢ =0.
X— ' > X— = on
Hemax, y =0 1Vrpu unaug (Ox yKu) 6epu1mu dvHKUMA  rpadUrHHUHR

rOpH30HTAT acuMmnrortacH GVaaian. f(x) =e™ ~ pyukuus rpajpurn  122-
YyM3aMala TACBHPJAHTAH.

9-§. Auukmacaukaapiy oui. JlonHtans Koupanapu

f(x) Ba g(x) dyuxkunsnap (a, b) aa Gepuaran GyJcHH.
Arap

lim f(x) =0

X—a

lim g (x) =

X—0i

" 0 i
6ysica, y Xoa4a x —-a Ja “—”) Hicbar (I—J) KiipuHwudaey aruxkmac-
g (x

auk neb ataaaiu.
Arap

lim f(x) =oc, lim g(x) =

X—»a X-a

6yaca, y xoaia x—a 1a ;‘(—"’) Hucbar (3-) Kypuruwdaey anusmac-
X 0

Auk 1e6 arajanu.

' 141



Arap
lim f(x) =0, lim g(x)= oo
X--+a X-»a
6yaca, y xonza x—a aa f(x) g(x) xynaiitma (0-00) Kijpunuwdaeu

aHukmacaux neb aranaum.
Arap

lim f(x) = = oo lim g(x) = F oo

X-»a X-»a

6yaca, y xoana x—a aa f(x) + g(x) finrnnau (oo — oo) Kypunuuda-
2u aHuxkmacauxk 1e6 atagnaiu.
14.3-3caarma. (0-00) Ba (00 — 00) KYPHHHUIAArH AHHKMACAMKIap

0\ . o\ o
(T) €KH (—’ Kypmuuu}laru AHHKMACOHKAapra KeJiaju, Maca.nan,
m ’

F)-g () =L &xn f () @) = £

g(x) I (x)

= [0 .
26 ompnm Guaan (0. ©0) KVPHHHILAATH aHHKMACJIHK (7) €XH (2)

KVPHHHIIJIArH AHHKMACTHKKA KeJajH.

Bepuaran ¢yskumsnap xocuaanapra sra 6yaca, yJaapaan ¢oipana-
HHO, aHMKMACAHKAapHH OuMul MyMKHH. By iy Guaan annkmacikaapuu
ouniu Jonumane Koudarapu JeiinNand.

14.7-Teopema. f(x) Ba g(x) ¢pynxyusrap (a, b) Oa anukraHzan
6a yaryxcus 6jaub, yaap Kyuudaeu wWapmiGpRU KAHOAMAGHMUDPCUH:

1) lim f(x) =0, lim g (x) = 0,

X—a

2) z;,a b)laa wekau [’ (x) 6a g'(x) yocurarapea sea 6a g’ (x) 5 0;

3) lim — (x.) =k (k 4eKau éxu wexcu3s).
x—»a £ (x
¥ xo10a
lim L2 = im L9
xaa g£(x) x—a 8 (x)
6yjaadu.

tfgx—zx

Mucoua. lim JMMHT XHCOGJaHCHH.

x—+0 X—sin x
IOKopuaary Teopemazan doiipananub TONamMus:
1

’ _——l
A tgex—=x % tgx —x . cos? x
lim —g—_zhm —(g—,—)—,—=hm———=
x50 X—sinx x50 (x—siny) %50 1 —cosx
] — cos? x " 1 — cos x) (1 4 cos x . l4co
= iin —r— 0 Bt Y+ o) il beosx
x-0 cos2x(l —cosx) x.0 cosdx(] —cosx) x-0 cos?x

Baban xomnapaa Jlonuranb KOHAACHHH KV/Jall HaTHXKAacHaa X—-a
Ja

’
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HHCOATHHHT V3H XaM (—8—) KVPHHHIIZATH aHHKMACTHK GYumb Kosamu.

Arap f'(x) Ba g’ (x) 10KOpHAATH TEOPEMAHMHT ILAPTJIAPHHM KaHOAT/IaH-
THpCa, yHJa

lim — =lim ’" )
x—=a g (x) x—sa " (X)
6yaann.
. x—sinx
Miucoa. lim JUMHT XHcoGnancud. Jlonnuraids KOMJACHHH

x-+0 X2
MKKH MapTa KeTMa- KeT KV.11a0 Tomavus:

. x—sinx % (x —sin x)’ .l —cosx
lim = lim — = lim ——— =
x40 X2 X0 (x*) x0 2x

. (1 —cosx) . sinx
—lim =588 fim =i,
xes) (2x) x-0 2

XV B OB, AHHKMAC HHTETPAJI

MabaymkH, Xapakat KOHYHNTa KVpa XapakaT[ari »KHCMHHHT Te3lH-
THHH TOMHII MAcalacH XOCHJIA TYLIYHUACHTd OHG KeJILH.

Xapakaraaru RHCMHHHT TeTurira KYpa Xapakar KOHYHHHMHT V3HHU
TOMMIL MACAJIACH 3CAa IOKOPHAA aiiTHaral Macasara HucOaTaH TeckapH
macana 6Vinb, v aHMKMac HHTETrpaa Tyniyngacura oMb Kesaau.

1- §. Bowmnanruy QyHkUMs BA aHMKMac MHTErpaj

f(x) dyukuus (a; b) na Gepwirauw 6Vaub, F(x) sca wy opaaugia
nuddepernannanyBun GyHKuns GYJICHH.

15. I-taspud. Aeap F(x) ¢pynkyuanune xocuracu F'(x) Gepua-
2an f(x) @ynkyusea mene Gyaca,
) F' (1) = [ ()
éxu

dF (x) = [ (x) dx

6iyaca, y xoada F (x) ¢ynryua [ (x) Qynxyuanune Gowranrue Gynx-
yuacu 0eb6 amaraou.

Mucoanap. 1. f(x) =x* 6yacun. Dby dynkuusuuir GOUIAHF HY

pyukuuscu F (x) = —;—-.\" 6y1ai, YyHKH

w3t =yt =7F(x)

F' (x) = (% x’)' = %

2. f(x)=cosx Oyacun. By dyHKuusHuar GOULIAHFAY (PYHKUHACH
F (x) = sinx 6yiaan, yyHKH
F' (x) = (sinx)’ = cos x = f (x).

Aeap [ (x) pynryus (a; b) Oa ysaykcus Gyaca, y xorda 6y pyHk-
yus wy opasuxda Gowranrud pynkyusea sea Gyjradu.

143



f(x) dynkuns (a; b) na Gepuwiran 6yamb, y uly opaaMkaa HMKKHTA
F(x) Ba ®(x) Gowranruu dyukuusiapra sra 6yacnn. Tabpugra Gunoan,

Fx)=f@kx), @K =Ffx)

F' (x) =@ (x).

Y Xxospma 10KopnAa KeJATHPHAraH HatHKara kvpa F(x) sa @D (x) cpynk-
uusasaap Gup- GupHian VarapMac codra (apk Kilaam:

DOx)=F(x)+C (C — const).
Jlemak, Gepuaran f(x) ¢pyHKuusHuHr OGouwtanriy  (GyHKIHAJIAPH YeKCH3
KVn Gyau6, yaap Gup- 6upniaan Varapmac conra ¢apk kuaaan. Arap F(x)
dyskums f(x) dynkuuauudr Gouwaneud  Qynkumsacn 6Vaca, ysaa f(x)
HUHr HCTagral OGountanFHy (yHKUHSACH

F(x)+4C (C —-const)

6ynaau. Ilemak,

Kypunnmaa 6yaann.
15.2-rabvpud. Yuwby ugpoda

F(x)+C (C — const)

wy f(x) pyrkyuanune aruxmac unmeepaiu Oeé amaradu éa | f(x)dx
kabu Geseuranadu: '
[f(x)dx=F (x) +C,

Gynna j‘ uxmeepaa 6Gereucu, f(x) unmeepar ocmudaeu pyuryus, f(x)dx

uxmeepar ocmudasu ugpoda neinnann. Jlemax, Gepuiran f(x) dynkims-
HHHT QHMKMAc HHTErpaJuHH TOMHLI yYyH YHuHr OGolmianFHy (yHKuuA-
aapufan Onpn F(x) uu tomu6, F (x) + C HM aHuKJan eTapan sKaH.

Mucoaaap. 1. f X%dx awmwKMac HHTErpanl TOnmWJIcHH. Pasmanku,

F(x) = —;-x" GyHKINsA yuyH
F @)= (—;xa)' = % .

Hemar,
[y =F () +C=—2+C.

2. f €OS xdx WHTErpajl TOMHJICHH.
Xocunacn cos x ra Tedr Oyaran ¢yHKuHg Sin X SKaHHHH ILTHGOP-
ra oau6, F(x) = sin x Oyaumun anukaaimu3. Jlemak,

[ cos xdx =sin x +C.
2-§. AHHKMAC MHTETPaJHHHI XocCaJapH

Kyinaa anuKMac HHTErpajHHHT XOCCAJapHHH KeJITHpPaMH3.

1°. f(x) dymkmms anukMac wnterpanm | f(x)dx mmHr  andxpepeH-
mnam f(x)dx ra Tenr GyJanu:

144



]
;
|
|

df F(0) dxl = [ (x)dx.

2°, QOynkuna AudpepeHiHaIHHHAT AHHKMAc WHTErpain my (yHk-
1Hst’ GUIan y3rapMac cOH HHFHHJIHCHTa TeHT:

[dF(x)=Fl+cC.
3°. Ymby copmyaa VpHHIH:
( kf(xydx =k [ f(x)dx (k— const, k==0).
4°. Ywby ¢opmyaa VprEIH:
1) = g@dx = [ f(x)dr = | g(x)dx.

By xoccanapnunr nc6ot GeBOcHTa anuKMac WHTerpaJ TabpupHAaH
KeanO ynkanu. bus ynapaan Oupunn, Macanan, 2°- Xoccanmnr HcGOTHEM
KeJTHPaMh3.

2°-xoccanunr ucboru. F(x) pyskina f(x) (yHKunsHunr Ou-
pop Gouwnanrny ¢ynxunncy Gvacun. Taspudra xypa

F'(x) = f(x) (%)
6V.J110, g
[f@dx=F@)+C (+#)
6Vsianu. IOxkopuaarn (#) TeHraukAan (oiifanannGé TonaMmua:
[fx)ydx= [ F (x)dx = [ d F(x). (+44)

Harwxana (»+) Ba (s*s) Mynocabatiapian
{dF(x)=F@x)+C
Oyanum kea6 unkanu. By aca 2°- xoccann wcGoTnainy.

3-8§. Acocuit HHTErpaJJap Kajasajn

l.Conna pyHkunaNapHUHT aHHKMAac HHTerpaJnaapu.
ABBano copna (yHKUMSIIAPHHUAT AHHKMAC WHTErpaJJIapHHH Tonamus. Byn-
Ja OowianFny QYHKIHA TabPHQHAAH XaMja XOcwjantap KajBaJiijlaH
(oiinaaHaMn3.

1) f(x) = x* GVacun (x>0, a— XakuKHil COH, as=—]).

Yuna
J‘a.-}-l

“ - — < —
TF@)de = [x=dx =

6ya1aaH, UYyHKH

xa-}-l C'._ I X% B
(G5 +¢) =+ =
1) f(x) =% 6yacun (x==0), ynza
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Ifu=m|u+c

Gynanu.
2) f(x) =a* OYacuu (as=1, a>0). ¥ xoina
[ f(x)dx = | a* dx = il

In a

Gynanau, 4YyHKH

a.l’ ’ l
( -{LC)=—a’r In @ = a* .
Ina Ina

Xycycan, f(x) =e* 6¥.ca,
[ fx)dx = [ exdx =e* + C.

3) f(x) = sin x GVacuH. YHaa
[ fx)dx = | sin x dx = —cos x +C

6Yaanu, 4yHKH
(—cos x +C) = —(—sin x) =sin «x.

4) f(x) =cos x Gyacun. Y xoana
I f(x)dx= [ cos x dx—=sin x4 C

Gyaafu, YVHKH
(sin x +C)" = cos x.

[ 6Vicui. YHaa

cos? x
r i
jide=5mU¢u=@x+C

Gynanu, uyHKH
g x+6) =—
cos? x

5) f(x) =

6) f(v) :si_nl’T GvacuH. Y xoana

[ F)dx = fsinl!x dy=—ctg x+C

6Ynaau, YyHKH
(1 _
(—gcig ¥+ Q= ( sin? x ) sin? x

1
= 0 Ly
7) [(x) = GyJICHH Xo71a

ff(x)dx=j l—{l-x= dx =arctg x +C

Gynapu, yyHKH
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1
14 22

(arctg x +C)' =

1
e

HMM=j

GVnaan, aynkn

8) [(x)=

6yacue. YHaa

1

- dx = arc sin x+C
V1 —ax2 i

2 o e 1
(arc sin x + C) = ———..
V¥ 1—a2

2. Unterpaanap kaasaan. lOkopuaa kearupuirad ¢opMmyna-
Japay Kamaal ywlby uHTerpasiap JKaaBaJMHM XOCH] KHJIAaMH3:

5 +1
1o, [ odr=2""04 C (ase—1)
-1
2% 5idx=-— In |x|+C (x5#0).
X

. [ a*dx= h‘]i“+c @>0, a 1),
| exdx=e +C.

4. [ sin xdx = — cos x+C.

5° | cos xdx = sin x + C.

6°.f J dx = —ctg x +C.

sin? x

7°.y ' dy=1g x +C.

cos? x

8°. le_'T dx = arc sin x + C.
— X

1
O. e > C.
9 j o dx = arc tg x

Mucoannap. 1. f xV'x dx UHTErpasl XHcoOGJaHCHH.
ABBasio MHTErpaJ OCTHAATH (QYHKUMSHW KyiMaarsua €su6 oJaMms:

|-

3
xVx=xx’=x.
JKanpannaru 1°- popmynanan Goiiaananut Tonamus:
r TH s
fo;dx=_fx"’dx='; +C==x24C.
;+ 1

oo

5
Jlemak, | xV/ % dx =% X +C.
2. [ (¥ 1)* dx unrerpan XucoGnacuu.
147



Pasuanky,
(4 1) =1+ 2L 1.

Yuaa
fe4+1pde= [ (B +22+ D)dx = | Adx+2 [ x%dx +
4+ [ ldx= —5—1—%,\"‘-&—.\'—%—6'
6ynanu. [lemak,
[+ 1)y = -') & —§ BLx4C.

3. | tg® xdx unrerpaa xucobaancHH.

.\.tge,\’d.\'=5‘\”-‘d _jl—cm?xd.\_:j‘l 1 ——l]dx:
cos cos? x cos? x
d,\—\ drx =tg x—x+C.

\ cos% x

W

Hemak,
| tg® xdx =tg x—x+C.
4. j‘(L——) dx wuTerpa1 XucoOJIaHCHH.
S (t_l‘ ——) dy =) (x™ —xYdy=[ xtdx— | xdx=
R L

X |
= =t N S . LA BTV JRPL S W
— 441 — 5+ 3 4 + 4t 3¢ *

3. ‘S (cos x—2e* L

)d\ HHTETPas] XHCOOJaHCHEL,
sin® x

)dx = |c0s\dm—~2\e‘dx—!—3\ -

sin? x

sin? x

g(cos X — 2e* +-
=sin x—2¢* —3 ctg x +C.

o

4- §. Unrerpasnauw ycyanapu

1°. V3rapysunaapiu aiMawiTHpuG MHTErpajaul yeyam

Y6y | f(x)dx narerpanuu xucobnaimn tana6 sruicud. Bavsan x ara-
pyBunHi Golka Varapysudra aaMalITHPHII HaTHRacua Gepuirar HHTer-
pall cOMNApoK, XHcoOJall yuyH KYJaHpOK WHTerpaira KeJsaji.

Airraituk,

U fdy=Fx+C (15.1)

6yacun. By muterpanaa x = @ (f) aavawrupu i 6axapaitink. (f(y), @ (f)
Ba @ (f) nap yaaykcud dhyHKUusIAP).
Yuna

[ @) e (ydt =F (@ @) +C (15.2)
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N

Gynaan. Xaxukaran xaMm, F'(x)= f(x) O6ysmwukn svTHGOpra OaraH
xoJza

(Fle®)+Cl'=F @) =F (@) 9 () =f@y-o ()
GVanumnn Tonamus. By sca (15.2) mynocaGatuunr TVFpHaHTHEE GHILH-

paju.
(15.1), (15.2) Tenramkaapaa Tonmamms:

Fiwde= T flo) e Odt  (x=q0).

Mucoanap. 1. | (2 + 3x)° dx HHTErpas XicobJaHchH,
By wunterpasna 2 + 3x = ¢ anmawrypuiunn Gaxkapamns. YHja

t—2 1
2 :;.Ttﬂ_'::——:-' ¢ =—=dl.
+ 3x X = dx 3d

Hamkana Gepuaran uurerpas yily muTerpaira Kedaju:
: i el i
2 XPdy = \ P —dt = — | P dt.
| (2+ 3xPdx ‘ : 5 d
By unTterpan sca Te3 NucobaaHamt
7 1 1 !
2 43P dx=—\ Bdl=—1°}-C=— (2 + 3x)® +C.
@+ 300 dv= o { rat= = (2430
2. [cos? x sin x dx HHTEerpas XHCOOJAHCHH.

By mnterpanna cos x =1 1e6 aamawmrnpmuny Gaykapamins.
YHaa

cos* x sin x dx=>cos* x(—d(cos x))=>—1 dl

6Y110,
fcost x sinxde=— (dt = -2 4+C= =°°s;x+C
9
Oynanu.

3. | e dx mmrerpan XicobaaHcHH.
By muterpanna ax =1t ne6 onamus. Ynaa

% dx => ¢f d(i)=>-'- e di

“ a

6ynob,

z o

( c""d-\'=lj' el = ¢t 440 wsel e 1 C
a a

6yaann.
'oxtdx ) ;
4. \ : HUTerpas XHCOO/IaHCHH.
J sin? x4

By unverpanpa x*=1¢ aefimus. Ynna

xddx dxd dt
sin? x4 4sin2x? 4sin2 ¢

6yanb,
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j‘.‘i‘i:l & =-4'—(—ctg t)+C=—%ctg *+C

sin? x* 4 sin2 ¢
Oyaaau.
5. _fx V x —5 dx uurerpan XucobJaHCHH.
By unterpaina V'x —5 —={ jeitmn3. Yuza
XV x—5 dx=>(* + 5)td (* -+ 5) = (2 + 5) - Addt =
= (264 + 102) dt
6yauo,

[ xVi=sde=] @+ 108 &t =2% +10% +C =

)

(Vx—B5P+ %(y’x 5 4-C.

U‘IIV

2°. Byaakaa6 uHterpaanaw ycyau. u=u(x), v=o(x)
GyHKuHAnap yaaykcHs u’ (x) Ba v’ (x) Xocuaazapra sra Oyacun. Mab-
JYMKH,

d(u-v) = udv -+ vdu.
By TeHrJMKHH HHTEerpanaad Tonamus:
| d(uv) = | udv+ | vdu.
Pasuiankn, J' d(uv) = u-v. Yuaa
wv= [ udo+ [ vdu
G6ynaau. Hamwxana ymdy dopmyaara kesamua:
| udo =u-v— | vdu. (15.3)
Oparaa 6y dopmyaa Gjaakaab unmezparrau Gopsyracu NEHAHIANH.

(15.3) dopmyaa | udv nu xucoGaammu | vdu Wi XucoGaamra KeaTH-
paau. )

Mucoaaap. 1. | xe* dx xucodnaucuu. Murerpan ozrunaru xe* dx
uposann udv KYpHHHUIMAA €316 ommiimi3 kepak. Arap u=x, dv =e*dx
Aeitaca, yuaa xe* dx = udv 6yaaad. (15.3) dopmyaagan  Qoitgasanuu
yuyH du Ba v JApHH TOMHIIAMH3 Kepak OV.iaau:

u=x=>du=dx,
dv=e*dx=> | dv= | e*dx=>0v=¢"
6ynagu. (15.3) dopmyaanan doinasannd Tonamus;
[ xe*dx =xe* — | e*dx =xe* —e* +C = et (x— 1) +C.
15.1-3caatma. Arap | xe® de murerpaaun (15.3) dopmvaagan goiinananuG xu-
]

X N
cobnawaa, u = ¢ , xdx = dv neiunrania, viaa du=c*dx, v= — Cyaug,
- X2 " x2
I [Pt S e
) xeXdx 5 ° J X dx
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i
6yaap san. Hatmwana Gepuaran HuTerpaidiiy XucoGnam ynaan MypakxaGpok HHTer-
panuu xucoGaamra onnG kenamn. Hlynunr yuyn uurerpax octupars moaann u Ba dv
JapRBHT KVnafiTvach cudaThaa €3W6 OJMHHMIUKNA AM0XMAA aXamHsaT GepHil Kepak. \

2. | Inxdx, x>0 unTErpad XHCOGJAHCHH.
By unrerpanpa u = Inx, dv=dx 1e6 oaamus. Yuaa du = l—d.x.

v=x 6GYynaan. Ilemax, (15.3) ¢opmyaara kypa
[ Inxdx = x In x — j.x- Ldx—xinx—{ de=
X
=xIhx—x+C=x(n x—1)4C.

3. | e* sin xdx wmterpan xuccGaancun. By wunterpanja u=é*,

dv= sin xdx ne6 onamud. Ynpa du—=e*dx, v=-—cos x 6ymb,
(15.3) ¢opmynara kypa Gepuaran unTerpan Kyiuiaarnua Gyaamu:
| ex sin xdx = — e* cos x+ | e cos xdx.

By Tenrukumnr yur Tomommaarn unterpan | ¥ cos xdx ra sma 6y-
Jakaab mnTerpannaul GopMyJacHHN Kyagdaimuz: u = e* | dv= cos xdx
Je6 osamus. Ynaa du = e* dx, v =sin x OVaHO,

| e* cos xdx=e* sin x— | e* sin xdx
6yaann. Hamokana, ymby TeHrIHKKa KeJamus:
| e¥ sin xdx= — ¢* cos x+¢* sin x— | e* sin xdx.
By renramkaan sca
2 [ ¥ sin xdx= —¢* cos x+ €' sin x,
SBHH

j‘ € sin xdx = —') (e* sin x —¢* cos x)+C=
= g (sin x —cos x)+C

Oy I Keanb uMKALM.
15.3-3caarma. Ywby kVpuuuiipard uurerpaanap 6yaaxnab nu-

Terpajail ycyJn €piamula XucoGJaHaau:
1°. | x™ sin xdx, | x™ cos xdx, [ x™e*dx.
By unrerpasnapna

t-==3", dv = sin xdx,
dv = cos xdx,
dv = e* dx

ae6 oami Kyaaiiaup.
2°, | x™ In xdx, | x™ arc sin xdx, | x™arc cos xdx, Gy wunter-

paiaapaa
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u=lInx, dv=x"dx,
u = arc sin x, dv=x"dx,
= ar¢ cos x, dv = x™ dx
2e6 oavin KyJaHaup.
3. [ e sin bx dx, [ e cos bx dx.
By wunrerpaniapaa
u= e%, dv = sin bx dx,
dv = cos bx dx
Re6 OaHII KYJAHAMD.

‘ dx
Mycom [, = \ =LF =1 9 8 ...3 a — const) wuaTer-
J (x4 a?)?
pas Xucobaancuu. By unrerpasjia
I
U=—— du=dx
(x2+4-a?)"

Je6 onamus. Yuaa

= ((2_)“) de=((x*+a*)™") de=—n(x*+a®)~"! 2xdx=
x2+-q2
- 2nx
A (x24-a2)+! a

dy=dx=>9=2x
6Ynamu. Bynaxna6 uurerpaanaur dopumyaack (15.3) ra kypa TONAMH3:

b dx | 2 2nk= " -
W= ) e ey e (_ (et at)" T )dx_

= (x-»~ T + 2n \ T MH dx. (15.4)
By teurankuuur yur tomoumaars
. o
T
j (x2 - a=)'“‘ {
HHTErpajHH KyHuaaruya €3ub o/aMus:
ﬂ‘ 'x2 o \x- {- a® — a? r=5‘ dx o
J (X'-' ! Ty ,,n i ’ (,t""a')n
" 1 5
—a J Wd.\ = In —a In+
Yupa Gepuaran (15.4) imrerpan ymoy
l” =W+‘)/l I —Qna'l a4l

KypuHumra kesamu. Keituurn Tenrankgan sca In.l HH TOMAMI3;

ona*l, = ——+ol —I,=—"—+@n—1)I,

(x24-a2)" SR (x+a)
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x 2n—1
Tui = 2na? (x2+a?)" 2oz 1 (155
By pekyppent dopmynanan oiigananns, /, Hu Guaran xoapa OGupHH-
KeTud [y, [,, ... napuu Tonuw Mymkud. PaBwanxu, n =1 Gyarauaa
x .
e i d(? 1 x
L= =—j =—arc tg—-+C
a A ( X\ a a

6ynamu. Macanan, (15.5) dopmynagan ¢oiinananuo,

y - 5' &
(x2 4 a®)*

HHTerpaa Kyinjaruya xuco61aua1m'

- X -
2a% (x2 - a?) >a’ 2a2 (x- - a?)

+——arctg +C

ly=

5-§. Copna kacp Ba yaapHu XxHcoOaauu
Y w6y
A ' A ‘ Bx--C ) Bx—+ C (m>|)
r—a (x—a)™ X2 px-i-q (x2-+px--g)™

KYPHHHLLAArH Kacphap codda kacpaap ned aranaju. Byﬁna A, B, C
a, p, ¢—y3rapmMac XakKWKuil COHJAp, m — HaTypad coH, Xx* 4 px-
-+ ¢ — KBaapaT yuXaj (XaKHKuH HIZH3Tapra sra 3mac).

o COIA KACPHHUHI AHWKMAC HWHTerpaJHu .‘gucoﬁqaﬁm{s:
X—a '
A " d.
_f .\'-——AJ f = 1{‘”*—_Amlx—a|+c.
xX—a x—a J x—a
iof : g = (m>1) conta KacpumHr aHmuKMac HHTErpasuMHu XucoG-
x—a)
JlauMu3;
j p— de=A Y " Aj‘(x —a)y " d(x—a)=
(x—a)~ ™" l A
= A = .
—m+- 1 (1 — m) (x — @)™ T,
33 BX - C
A TS coana KACPHHHI  aHHKMac HllTel"paﬂHHH xﬂco&nﬂm
x4 px-+-gq

yuyH appasio Oy KacpHHHr Maxpamuaa Typran x* - px ¢ Ksaipar
yuXaiuu y3raptapub €3ud onamus:

Atprtg=x+2- Sxt( )
et feoe-t)
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Yy XoJzna
j‘ Bx-C dxzj'( Bx—i‘-C %

A+ pxtq 2 2 2
x| 2) + a
Gynapn. Keimnry nurerpasia yarapysunuu Kyiuaruya ajgMaliTipamus:
-
X + -..—2 =
Pasmanxmy,
dx =df, x=1t— -’;—-
B(l—— pedl o C
Hamwxana j Bt dx:j e dx:f ) dt =
x4 px-+¢q (x ‘ £)2 ” 12 g2
= 2 =3
m+c——8
1dt ' di
= di =B — =
12 a2 \ F(_C )j 2| g2
' t
__B_ d“"i'ﬂ’)_}_(c__B_P _l " d(:) __ln|l2+a2'+
-le’—{—a’ 2) a 2

+( —Ep)—arctu—-{-c—wln (x* 4+ px +q) +

Bp 1 '

— L) ———arc tg —
+( 2"/ _7 °V e
=4 =

& Bx-+ C
Co(arppxtg)”
x* + px+ ¢ xBappar yuxaaun 3°- Xoagaruaex €3u0, cVnr x -+ % =1

(m > 1) coasa xacpuunr nHTErpajanHn XucobJalwaa

aJMamTHpHIINY Gaxkapamiis.

, B (: - ﬂ) +C
Bx+4C Bx+ C P 2 B
__m — j m d" = j __x— =
(x24-px+q) p p? - a2V
( _7 *.*q“‘ 4_]
- 1t Bp dt___ B rd@eta) | (~
B S (124 m (C 2 ) j (2 +ay)™ 2 J 2+ ay)™ * (

_@) dr _B 1 + ( Bp)j‘ dt
2. j(tu- ™ 2 (1—m)@r+ et} (12 ay™
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‘;
By TeHrJuMKAaru 5 “‘_‘:_—'a.)"—, unTerpan 4-§ a KeATHpHATAH peKyp-
penr dopmyaa épamuaa XucoOJaHaIH.

6-§. Paunonan QyHKuMsaapuu HHTErpassaut
Yiuby
' P ()=ay+ax+axr+...+ax"
OyTyn paiuoHa] (yHKIHAHHHT HHTErpajH OcoH XHcoOJaHaLu:
[P (x)dx=[[a,+ax+ax>+ ... +a"]de=

=a&r+a,'52i+az%,+...+ xﬂ'-{—C
Kacp paumonan ¢ynxuus
Pp(x) @yt ayx-asx?+- . .. 4 apxn
Qu (¥)  bo-+ byx - bax®+ . . .~ bpyam
HY MHTerpasail GupMyHya Mypakkab® OV./1aau.
Arap Q"‘X)) HOTYFpH Kacp (n > m) 6yaca, yHuHr OyTyH KHCMH ax-

patHaHG GyTyH palMOHad (yHKIMA Ba TYIPH Kacp JMFMHAMCH KYPHHH-
KA S3uTa0H;

Pt\)h_P() Pn(x)‘
Qumix) Qmlx)
Y xoana
P e\ B ‘
Q) = j o+ Q,,,
P_(x) P, alx)

6yaaan. demak, 0KOpHAaru —— HH HHTerpajiail TYEpu Kacp
Qi x) Qmlx)

HH HHTerpasiamra kesaau. TYFpH Kacpuu HHTerpajjaul y4qyH, aBBajlo
Oy Kacp/apuu cojUla Kacpjap iurHHaMcH cHdartHia €3nb oNMHAJH, CYHT
V/JAPHHHT HHTErpPaiapi TOMHIa/H.
I-mucoa. KyHAunarn uurerpas XucoOJaHcHu:
\‘ xdx
(x—1) (x—2)%"

By HuTerpaIHu TOMHIN yYyH HHTErpasJ oCTHAArH TYFPH KACPHM coxaa
KAaCp/IapHHHr PHFHHAMCH IIAKAMAA €310 OJaMu3:
x A B e D
— —

= —_— =

i

- =T .
(x—1)(x—2)* x—1 r—2  (x=2p2 (x—2)%

By Teuranknu KanoaTJaHTHPYBUH KOS(XpHIHEHTIADHH TONHII y4yH TEHr-
JHKHUHT HKKH TOMOHMHH (x — 1)-(x —2)® ra kVnaiitupamus:

Ax—2P +Bx—N)(x—2P+Clx—1Nx—2)+D(x—1)=x.
Yunan
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A(x® — Gx’ 12¢ — 8) + B (x*—5x* +8x—4) +C(x*—3x+ 2) +
4D(x—1=x

TeHIJlamara sra 6leaMH3 OHM x HUHr OHp XM Japakaiapu OJIMIATH

KOpOHIUHEHTAAPHHY TeHTAaTHPHO, KyHHAarn TeHrJaMajap cucteMmachra

sra Gynamua:

A+ B=0,

C—64—58=0,

11244+85—3C+ D=1,
2C —D —8A—4B=0.

By cucremann eunt

, A=—1,B=1,C=—1 ga D=2 napun
Tonamu3. Jlemak,
X —1 |\ I 2
(x—1)(x—2)" ox—1 +x—2 —(t—")'-' +(x-——")"'
xdx * dx dx
Harmiw P SR —
h 5(.v—l':(x—2;3 j x— l+ \ x—2 \ (x—2 ;~+
| 1
2 =—In|x—1]|+4+In|x—2|+ — ok
3 3( —2) | ! ! |+ x—2  (x=2)2
—In G
x—1 x—2 (x—2p2 ¥
6yaaH.

2-mucoa. Kyitnaarn niurerpan Tonuacin

> dx
j (a2 1)x24-4)°

Hnuterpan octigary paiionan xacp coaza kacpra Kyiinparnua €in-
Ja i

1 ) A\v~ Dx—+ E
(x24-1)(x2 4)

x2--4

x2 41
Bynaan

(Ax + B)(x* +4) + (Dx + E)(x* + 1) = |

(A+D)P+B+Ex*+(4A+D)x+ (4B+E) =1

By Tenrsmkaarn x uuHr OHp XWa japamalapn OJJHAArH  KOGXPHIMEHT-
JIADHHH TEHTJIaITHPHO

A+D=0,
44 +D =0,
B+E=0,
4B+ E=1

cucremara sra Gysamu3. By cucremapan sca A=0, D=0, B

1
8"
E= e kean6 uukaau. Ilynpa xuand
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dx ___l_(’dx_l_" ay .
(21244 2 g .;

1 | X
= arctg x — —6—-arctg7 +C.

7-§. Bab3u uppauHoHan (yHKUHANAPHH HHTErpaanaus

Yuwby
‘\'R(x. £ AP ... ) dx

KYPHHMIIZATH  WHTerpaasapuu  Kapaitvus. Bynma R(x, x¥, 2 e )

dynkuus x, x*, ¥, ... napumur pamonan ¢ynkunscu. By epaa a =
my ”12 o

==, == . paunonan cousiap 6yaub, k yJapHHHr ymymuii Max-
ny n:

paxu Gyaca, y Xoaga x = {* aavawrnpuin  €plamMuia  IOKOPHAArH HH-
Terpan paitoHan (GYAKIHSHH HHTErpajaira Keaaiu.

Y6y ( R(x, (ax + b)% (ax+b)°, ... )adrx,

SRl Gl - Jee

HHTErpasiap sca

ax-+b _ {
ex-d
anMalTHpHILIap €paaMiaa paiuoHas  (GYHKIMSHN HHTErpajaiamura Ke-

Jaju.
l-mucoa. Kyimiaru nmerpamap TOHH'ICHI[‘

dx . "A [x=2
ke s

3) 5 . NP ‘ s i/z—xdx;
Vaxr—=3+1 JE—elV 2+«
5) " x“dx_

J Var+2

1) x =% anmawrnpuw Gaxapamus. By xoaga dx = 6i%dt Gynanm.
Jemak,

dx & 615dt S 41—
= =6 di= 6| ——————tf e
f(xﬂm V= j (1 4 )t j l*ﬁ Gj 241 a

-—65( )dt - =6(t—arctgf) +C=

=6 ( )/x—arctgl/xl +C.
2). th= aamamTHpuiuni  Gaxkapamus. By xomma x miees Tl

4t dt g i
= Oynagu. Jlemak,
= yaanu. J1

ax + b=1*,
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[L ’-2dx f—(l—ﬁ)z z),au=2fl’7"’:;=

_25'"“"”% 2‘ 2§d1=m '—ﬂl—zz-:-c:

I Vx—l—lx—’ Ql/x—h_c

[x—]x—°

3) £ = 2x — 3 aamawrtupninn Gaxapamus. Y Xoaaa x — -%(t"—l—S)
Ba dx = —2 2dt 6yaaan. Jemaxk,

3
—12dt
2

IV:ex—ix:";-H =J‘t—f-l S’w :%jt_l'*-l_)dt:

=—3—5:dz—-z—jdz+j’t%:

r;lw

o t+Injt+1|+4+C =

ﬂ“#hﬁ
qu

«w
ll-}

=3 -3 — 23 +m|VE3+1|+C

3 l"_
4) Hwrerpan ocrtuaarn ndoaa x Ba l/',—+"; ra nucbaran pauno-
| -
Han ¢ynkuusanp. ynuur yuyn 2 = ;—x aJMALITHPHIIHY GaykapaMus.
-+ x
Byupan

6ynanu. Ilemak,

201 41321282,
j(?—x)* "+xd' “—f 16-75(1 -F- £9)2 dt =

=—‘2‘5¢T=47+C=%f/(§ii)a+c-

5) £# = x*+ 2 anmawTnpuiuny Gaxkapamus. Y Xoaga x*={*—2
Ba xdx=1d! 6yananu. Jemak,

[y = [ = (e —2dt=|pat—2fdt =

=% —2A+C=2V@FP -2V FF2+C.

8-§. TpuronomeTpuxk (YHKUHSANAPHH HHTErpajiaiu

fR(smx cos x) dx KYPHHHMILJAArH MHTErpajHH Kapaiauk, Oy epaa
R(sm X, €OSx) upoja sinx Ba COSX JIAPHHHT PAIlHOHAT (PYHKLUHACH
1) arap COSX HHHI HMIIOpacH ysrapuw Ou/aH R (sinx, COSX) HMHP
WIIopack yarapca, yHja ¢ = Silx aaMalrTHpHI épramna R (sinx, cosx)
GysKknus { HAND pauuonan QYHKUHACHTA KesajH.
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2) arap sinx HuHr WiopacH yarapuind Guian R (sinx, cosx) dyHk-
HHSHWHT  WIDOpacH  V3rapca, yHAa {=cOSX aJMalITHPHLI OPKaJIH
R (sinx, cosx) ¢yHKuus { HUHr PAaIHOHA] (DYHKUMACHTA KeJaJH.

3) arap sinx, cosx JapHHHr Mwopasapu Oup BakKTAa Yarapraujaa
R (sinx, cosx) QYHKIHAHWHT WuIopacH yarapmaca, ! = {g x aJaMaumrTupuin
éppavuaa R(sinx, cosx) dyHKUMS { HHHr pannoHaa (yHKUMACHra Ke-
JIa JIu.

X 4 s e
4) = lgT) aaMawrtupuus  épramuga  R(sinx, cosx) dyuxuma ¢
HUHE PAIHOHAT (hYHKIHACHTA KeJalu.
o2 s 2 2
1. [sin®xdyx, [cos™ xdx, [ sin® x-cos™xdx
KVPUHHLLAATH HHTErpajiapHi TOMHIIA

cos*x = —(')—(l +cos2x), sin*x= %’(l —-¢0s 2x),

) (A
sin x cos x= —- sin 2x

dopmyaasap €paamuia HHTErpaj ocTHAArd (YHKIHAHUHC JapaXkacH na-
cairupu® Gopuialn Ba OXHPH sinkx Ba oskx QYHKUMAMAPHHHT TOK
JIapaXacHra KeJATHPHJIALH.

III. ftg xdx, Sctg xdx Kypuxmmgaru uurerpaniap f=tgx Ba

= ctg ¥ aamawrrupriLIap epnammd TONMHAATH.
IV. (sinaxcosbxdx, ( sinaxsinbxdy, (cosaxcosbxdx KypHHHII-

Jlard nHTerpasiap
sinaxcos bx = ;— [sin (a - b)x - sin (@ — b) x],
sinax-sinbx = —l) [cos(a — b)x — cos (a -+ b)x],

cos axcos bx = —;- [cos(a -+ b) x -+ cos (a — b)x]

dopmysaiap épaamuia TOMKIALN.
V. V& 4+ x* whonanap karHanira HHTErpajHH TOMMUIAA MOC pa-
Bumga x =atgt, x =asint kabu Gearnaaumian goiifasanui Kyaafaup .
l-mucoa. Kyiuaars unTerpaniapui TOMHHT.

1) f sin® xdx; 5) { sin® x cos® xdx;

2) | sintxcos xdx; 6) {sin3xsin 4xdx;

3) f cost xdx; 7) _{ cos% x-cos 3 xdx;
4) |tg’xdx, 8) [Vi—xtdx.

1) [sin®xdx waterpan I Typaard WHTErpaJHMHr MKKHHUH XHJIH
O6yarauu yuyH aBBasl Gepu/raH HHTerpa/iHu

j sin®xdx= {sin* xsin x dx= [ (1 — cos® x)*sin xdx
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KYpHHHIIAA €346 016, KefiuH f = cosx €6 Geiruiacak, Gepuiram wp-
Terpa
[sin®xdx = — (1 —£)%dt = — [(1 — 26 4 14) gt

kypunmnra xenamu. Jlemak,
[sin®xdx = — [dt + 2 [*dt — t‘at——t+—i"

10— sl S e ] :
S 5t C = —cosx 3cos.xc—?cos”x—f—c

GyJap 3KaH.

2) [ sin®x cos xdx MHTErpaJHH TONMHII VYyH { = sinx aMalITHPHIIHKA
Gaxapamu3. By xonza df = cos xdx Gyarann yuyn

fsin®xcos xdx = [#*dt =T’°+C=—Isin‘x—,’—c
0 5

6ya1anu.
3) j‘ cos* xdx wurerpannu tonmu yuyyH Il Kownpanu Kyananu6, KYiH-

jarura sra GyJaamus:
_|" cos? xdx = .(' (cos’x)*dx = Ti J(l -+ cos 2x)%dx =
=% [ [dx ~+ [ cos2xd (2x) + [ cos®2xdx].

By wnterpassiapaan GHpHHYM MKKHTACH JKAABAJJard HHTErpajJapamup,
YUHHYHMCH 3Ca fiHa ]l KOHAaaaH cpoxmanaunﬁ TONHIEH:

_[cosz2xdx = f(l -+ cos4x) dx = — fdr-{- jcos 4xd(4x)=

~ 5

= ?+ ?sm4x+ C:
By nbonann joxopuaard TeHraukka KYHuO, Kyfuaarura sra  Gynamua:
jcos‘xdx - —;((x-i— sin2s + = + —sin 4x) +C=
= ix+ —'sin2x+ L,sin4x+c.:

4) (tg’xdx wmrerpaann TomMuI yqu Ill KOWAaHH KVJJanamus. Y
Xonga ¢ = tgx, x =arccig? Ba dx —r 6yaamn. emak,

it _fu+m—1 N B
jtgxdx fﬁ I+ j 1+ fdt Lm -
=f—arctgt+C =tgx —x+C

6yJiap 3KaH.
5) [sin®xcos®dx = [[sin’« cos’x cos x dx = {sin® x(1 — sin®x) cos xdx

Anpu ¢ = sinx aaMamTHpHIREK Ga)Kapu6 TOMaMmua:
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p Al 4 B A i Sk R
‘ B <

| {sin®xcos® xdx = (1 —*)dt = [ Pdt — [P dt =
g U2 Gl I A L s o
—41 6t+C 4sm.vc 6smx-i-C.
6) |sin3xsin4xdx warerpasun 1V Kouaa €ppammaa Tomuaaju:
{sin3xsin4xdx = —l-j‘[cos (3 —4)x —cos (3 -+ 4) x] dx =

= —-5cosxdx— —5cos7xdx Tsnnx—l—LSIn7x+C

7) j‘cos—3— xcos 3x dx nurerpan xam IV Kowaa épaamuna Tonwaaau:

~fcos%xccssxabc: %‘Hc (" ) (— —3) ]dx=

13 5 | 3
=— COS— X+ cos— x | dx = — - —sn—x
” 3 + 3 ] > 13 +

3

l 3 5 3 13 5
— . —sin— x+C = —sin— x + —sin—x +C.
-rz s St -+ m 3 +10 S -+

8) [V 4 —x*dx wuterpasnn tomum yuyn x = 2sin’* aamamTapuim-
Hn Gaxkapamus. Y Xoaja dx = 4sintcositdt Ba { = arcsin vl/ %- 6yn1a=
au. Jlemak,
j‘V 4 — x¥dx = jV4 —4sin*t-4sinfcostdl =

.—--Sj V'l—singx-sintcosidt-*:Sycosztsintdt &
-_-_——8‘Yz'ldz = —iz" +C = —%cos"x+C =
=—-% os(arcsm] )-i—C—-——(

3
- ) +C
XVI B OB. AHHK HHTErPAJI

Aupg unTerpan MaTeMaTHKaHWHT MYXHM TylwyHyazapuaan Gupu. By
TymiyHyanu Ga€H STHUIaH aBBaJ, yHra oJu0 Kesajauran Macasajapiad
GHPHHHU KeJTHPaMH3.

1-§. Yruaran iya Xakuparn macaaa

Moumit nykra TYrpu un3uk GViviab v =o(f) Teamk Onaad xapa-
KaT KWICHH. YHHUHr {, MoMenTAan 7' MomeHTraua KerraH BakTAa GocuG
yrran iyaunn Tonuir tanad 3THICHH.

Mabaymkn, Te3mMK v yarapmac Gyaranpa, YTuarad iya

s=o(T —1,)
6ynamn. Teannk y3rapyruu Oyarauna, sieHM y  BaKTHHHr  (yHKUHSCKH
6yaranna (v = o(f)) Oy dopmysaa Guian momanit nykranuur [f; 7] Bagr
opasuruaa Gocub yTraH iyJuHM aHuK Xpco6aab  GyaMaiimn. Y Tuarad
HYJHH aHuKpOK XWcoOaai Maxkcaaupa [fy; 7] BakT opanurHHu
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b Ly i Sty s (s SR RS = T)
HyKTazap épaamuga n ta Oynakka Gysnamus. Harwkana [f,; T'] cerment
ymoéy
B b By bly oo o o By iy 8]=1, 5 T

6yaaknapra axparuiaau. Xap 6up [f; 4, (k=0,1,2, ..., n—1)
Gynakpa &, mykra onmG, cyur my [f; 1, ,] Aa HyKTAHHHT Te3aMrH ¥3-
rapvac v(E,) Oyusicun 1e6 yruaran iiyaun  o(§) (4, —1,) =v(E) AL,
Gymamnnn Tonamus. By anbatta, [f; f,,,] BakT opanurnia yruaran
iyanu Takpnban mj)ouanai‘mu Yupa (¢, T] BakT opaaurufia VYTHJIraH
uy.n sz () Al +v(E) AL ... FuE)ALA ... U, ) AL =

—2 v(§)AL, 6ynamu. Byuma ¥ iiwrennau  (cymma) Gearucu. uam

[tk; tk+,] (k=0,1,2, ..., n—1) cermentaap yayuiukaapu Af, =
= gy — b HHHT 3HI KaTTACHHH A(A=max | Al At,, ..., At,_,])

Jeitymk. YHga A noara unrtuaranna (awum [£; 7] cermenrinir 6yakaap-
n—1

ra GYJHHHIUH COHH 7 YeKCH3ra HHTHIraHja) Ev(&k) Af, iFnmEan Mox-
fe=0

auii nykrauuHr [f; T] BakT opasmruia GocuG Yrraw #iyauun udonanai-
n—1

nu. Jemak, Yruaran s itya A—0 na Ev(&k)l\lk HMPHHNEHIT THMHTH-
=0

JaH uGopar O6yJap skaH. YMyMaH, KV MacaJaJapHHHT  €YUMH JOKOpH-

Jard UHFMHAWJIAPHHHT JIHMHUTHHE TOmMur Ounan XaJ KuauHaiu. By anug

HHTErpajl TyUIyHYacHra oJIHO KeJaju.

2-§. Uuterpan iHFHHAH

[(x) ¢pynkums [a; b] cermentna Oepuaran 6yacuu. By [a; b] cer-
MEHTHH

Xop Xpp Xy o225 X, (a=x< X%, <x,< ... <x,=1b)
HyKTazap épiamuia n ta O6yaakka OyJjamus:
EARANES x.]. cons [ Xy %y
Xap 6up [ x5 x| (k=0, 1,2, ..., n—1) G6fnakyaza uxTuépii
Ee (&€ % X +,“ HYKTaHH OJIaMH3. Cynr (GYHKIMAHHHT 1LY HyKTaja-
i kuiimati f(§) un Ax, = x| —x, ra kynaiitupuG, Kyiuparn fiarim-

JHHH TY3aMH3:
n—1

B H(EIAX, = [EJAY, + fE)AX, + ... +F(E)Ax, +

k=0

+ + f( n—l) Ax
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1_

Byllﬁumuml f(x) nune [a; b] ceemenm Gijduda unmezpar UurunOuCw
Jeinnaan Ba 0 opkanH GesruaHaju:

n—1
0= z f (Ek)Axpr
k=0

Macanan, f(x) = x* ¢ynkunsnnnr [a; b] cerMenTaarH MHTErpaj HHFHH-
JucH (loxopuaary Gyamnuuira Hucbaran)

n—1 n—1
o= Y[ (E)Ax, = E BAx,
k=0 k=0

6yaanu.
3-§. AuMK HHTerpan TabpHdH

f(x) dynxkuns [a; b] cermentna aHMKJauraH Ba y3aykcu3 GYJCHH.
By ¢yHKUMAHUHT RNHTErpan inFHHINCH

n—1

o= ¥ fE)Ax,
k=0
HH Ty3amu3. Macana A—0 na ury HAuFHHAWHHHT JIHMHTHHH TOMHILAGH
nbopar.
f(x) pynkuna [a; b] cermentia Befiepuutpace Teopemacira acocaH
yerapasanran 6yaanu, sbHu

m<fx)<M (x€la, b)).

[a; b] cermentan xy, X, ..., X, (@=x< < ... <x,=0b)
HYKTaJap eépiiamuia n ta GyJakka 6y.na.m13. Yuaa f(x) c¢bynkuus xap
6up [x,; x,.,] cermentaa (k =0, I 2 .., n—1) Xam wuerapanan-

ran Gynanu. ,LIeMah,
=inf [ f(x) ] x€lx x40

Mk=sup [ Fo)* x€lvg x, .

Mamxya 6yaann. Pasuanky,
m<M, (k=012 ...,n—1).
By m, Ba M, (k=0, 1,2, ..., n—1) épramuga Kyiugaru JjuruH-
JAWJIapHH TY3aMH3:
Sy,=mAxg+mAx, + ... +mAx,+ ... +m,_Ax, =

n—1
n—1

=
= ¥ mAx,,

k=0

*sup (F(x)) — ([(x)] Tynuam JOKOPH YerapaiapuHHHC SHT KHUHTH.
inf {f(x)) — {f(x)) TVnaam KyilH uerapacHHHHC 3HI KATTacH.
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S, =MAx+MAx, + ... + MAG+ ... +M,_Ax,_, =
n—1

= E MAx,.
k=0

Pasiuanku,
5<S,

. €Elx, x, sl yuyn m< f (&) < M, 6ynanu. By renrcusnukaapun Ax,
ra Kynautapub, xocua GYiraH TEHrcHaIMKJAApHH k HuHr Oapua KuiMar-

Japu (k=0,1,2, ..., n—1) 6Vitnya &3mu6, cyur yJaapuu Xajnia6
Kymnb Tonamus:
n—1 n—1 —1
N mAx, < 2 fEAX, < \‘ M,Ax,.
k=0 k =0
Hemax, ~
S, <0<9p

K¥pcarnur MyMKHHKH,
m-(b—a)<s, <S§, <M-(b—a)

Sn>8n+|>sn+,‘,> f:x<_11+l gfnf—;’g

6Ymamn. Jlemak, S, KeTMa-KeT/HK uyerapajaHraH Ba KaMaioBuM, S, KeT-
Ma-KeTJIMK 3ca uerapajaHrad Ba ycysum Oyaamu. Mouoron kerma-ker-

JMKHHHT JIHMHTH MaBXKYJJHIH XaKuiard Teopemara Mysodug S, Ba
S, KeTMa-KeTJIHK/AP YeK/IH JuMHTra sra Gysiaau. bus yaapuu moc pa-

Bumza / Ba | opkaau Gearmnaiiiu:

limS,=17, lims, = .

»—0 T

Auan 6y / Ba [ connapuuur tenrsmrunn kypcatamus. Ily makcan-
Ba [ — 1 aitnpmann KapaiMua., YHH Kyiuaaruua €3uil MyMKHI:

n—1

I—1=1imS, —lims, = lim >, M,Ax, —
- A0 3.—00' A0 k —0

n—1 -1

—lim ¥ mkAxk = hm \ 2, M, —m,) Ax,.
7&-00 =0

Jlemak,

B n—1

I—Ja limE(Mk — my)Ax,. (16.1)

- A0

f(x) dynkuns [a, b] cermentaa yaaykcus. Kautop Teopemacura kypa,
y LIy CerMeHTAa TeKHC Y3IyKcus Gysaau. YHaa e >0 coH osmHranpa
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Ty

x;n! wynaait 8 > 0 tonunaaukn, A << & 6Varan [a; b] opaiMKHHHT Xap
6up [x,; x,,,] 6ynarnga M, —m, < e Gysmumman ronamns. Ynja

n—1

n—1 n—1
3 (M, —mAx, < Y edx, =& ¥ Ax, = e(b—a)
k=0 k=0 k=0

6ymb,
n-1 y
ggg;My—MMﬂzﬂ (16.2)
6ynann. (16.1) Ba 16.2) mynocaGatiapian
I=1

Gy kean6 wnkanu. Yaapui | Guian Gearmaaimk: [ =17 = 1.
Mlynnait Kuanb, -

limS, = lim s, = /.
A0 A0 —

Xap aoum

5,<0<S5,
6yarann yuyn unrterpan inenmHan ¢ Xam A—-0 jga my / coHra WHTH-
Jaam:

limo = 1.
A—0
Hewmak, f(x) ¢ynkuna [a, b] cermentia aHHKJaHraH Ba  Y3JyKCH3
6yuica, y xonna 6y YHKUHSHHHT WHTErpaJ HHFHHJHCH
n—1
Q!
0= }_‘[(Ek)Axk
k=0
A—0 na yekm [/ coHra MHTHIAP 3Kal:
limo == [.
A-0

16.1-Tavpnd. A—0 da [(x) ¢yuxyus unmezpar Qurunducu o
HUHE HeKAu aumumu wy f(x) pyHKyuanune anur unmezpaau detiuradu 8a

(fedx (16.3)

Kabu Oereuranadu. lemar,
b n—1
a\ f(x)dx = li_T)o = !x.nz) f\:"of (E)Ax,.

by xoa0a f (x) ¢pynxyusa |a, b) 0a unmeeparsanyeuu deduradu. a—urme-
2parnuHe Kydu 4eeapact, b—unmeepaitune oKkopu weeapacu, f(x) unme-
2pan ocmudaeu ynkyus, f(x) dx unmezpaa ocmudazu ugeda Odeturadu.
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ry

1
Mucou. l="xdx MHTErpajl TOMH/ICHH.

0
By wunterpan octumaru f(x) = x q:ylﬂxuua [0; 1] cermentaa yaayk-
cus. [lemak, yskuustuuir wnterpain [xdx masxya. Tavpupra xypa
0

1 n

—1
" xdx = lim Zi(Ek) Ax, (f(x) = x)
) 7.—00k=0
6ynanu. FOkopuaarn mHTerpasn HUFMHAMHH KyHujaruya Ty3aMH3:
1) [0; 1] cermeHTHH
Ol L’ '_2_' -i' LA L D ,—1
n n n n

HyKTasap épjamuia n Ta TeHr OVJaakka OYaamus;

A N

By xomma Ax, = k:—l—%——- —,ll— 6y,
2) Xap OGup [i; ’il] (k=0,1,2, ..., n—1) 6ynakma §,
n n
k41 k41

HyKTa cudaruua HU OJIaMH3. (Ek = ) Bepuaran f(x) =x

n
GyHKUMAHUHT Oy HyKTajarn KMAMaTH

n

f(E,,)='% k=0,1,2 ...,0—1)

G6yaanu.
f(x) = x dyskumusnuar [0; 1] marn uurerpan fueHHAMCH Ky#ularuya
OY/IMIIMHE TONAMHU3;

n—1 n—lk—l-l 1 { ,,_%1
S -3 2 -
) k=0 frmr)
= _ 1 a1 1 0
_;(l+2+3+...+n)_n: - 2(1+n)
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i
16.1-acanatma. f (x) dynkumsi [a; b] cermentaa aHukaanran GYJme,
y Ly cerMeHTaa HHTerpasnanyBuu GysicuH. Yuzua

b a a
5 f (x) dx = —y f (%) dx, 5 fx)de=0 (16.4)
a b Qa .

ne6 KapanMmu3.
16.2-3cnarma. Arap [ (x) pynkums [a; b] cerMeHTHHHr YEKJIH COH-
Jlard HyKTazapujaa ysuwaniira (cakpaiira) sra 6ysm6, xosrad Oapua HyK-
TajJapujia y3nykcus Gyuca, ¢ynkuns [a; b] cerMenTia MHTerpaJaHyBYH
6yaann.
4-§. AHHK MHTErpajHHHr XoCcalapH

[ (x) dyskumst [a; b] cerMenTtaa aHMKJAHraH Ba Y3/JyKch3 OYJCHH.
b

YHHHT anBK WMHTErpanu j [ (x) dx xap noum Maxkya. Yoy

b b
1°. 5 cf (x)dx=c S [ (x) dx (c = const) ¢opmyaa VpuHIH.

a

Hco6or. Taspudra kypa
b n—1
) dy=1lim N f () Ax,.
S‘i(x) v = lim :of(*) X

C'f (.\’) (l)yHKlllml‘lHHI‘ HHTErpaJ HHFHHJIHCH
n—1

N o ) Ax,

k=0
6ynaau. PaBianku,
n—1 n—I|
Y )
}_‘ of &) Ax,=c N[ E) Ax,.
k=0 k=0
By rtenrmikaa A—0 za aumntra ymio,
b b

j ef (x)dx=c j [ (x) dx

Oy mIIMHN TONAMKU3.
2°. Arap [ (x) Ouman Gupra g (x) ¢pyskuma Xam [a; b] cerMenTAa
y3Jykcn3 6yJjca, y Xojza

b b b
JU@=g@ide=[f) de [ g () dx

6yaanu.
Hc6or. Tavpudra kypa

b n—1
ajf (x) dx = lim gi &) Ax,
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b n—1
§g(x) dx = lim gog E) Ax,

6ynanu. f (x) = g (x) dynxkuusvusr [a@; b] cerMeHTAard MHTErpas HHFHH-
JUHCH

n—1
Y [ Gy =g ) Ax,

k=0

n-1 n—I|

B0 =g E) Ax,= ¥ (&) Ax,= Y g (&) Ax,.
k=0 k=0

By Tenrf#faa A—0 1a JuMuTra yTHO TOmaMus:

b b b
S @=g@lde= @ dex{ g dr

 Aumg HHTErpPaJIHHHr KeHHHrH OMp HeyTa XoccacHHd HCGOTCH3 KesTH-
H3.

3° Arap [a; b] cerment ukkura [a; ¢] Ba [c; b] (@a<c<b) cer-

MeHTapAan ubopar GV.ica, y Xxoaaa

b c b
S f (x) dx = ‘f f (x) dx + g f (¥) dx
Gy1anu.

4. Arap [ (x) dyukuma yayn  x€[a; b] ma [ (x) >0 6yica,
y Xonja

b
Si(x)dx>0

6y1anu.
5°. Arap f (x) Ba g (x) dynxuwinap yuyn v x€[a; b] 2a f (9<g (9
6yJica, y XoJaa

b b
[T de<( g @adx (16.5)

6ys1anu.

6°. Ypra kuitmat xakunaru reopema. Aeap [ (x) ¢pynkyus
[a; b) ceemenmia Gepunrean 6a yzayscus Oiaca, Y xoada a ea b opa-
cuda wynoad & (a < &< b) Hykma monuraduxu,

b
[ F@dx=f@® (b—a) (16.6)

6yjaadu.
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Hc6oTt. Teopemauunr maprunan f (x) pynkuusaunr [a; b] cermenTaa
YyerapaJaHraH/Iurd KeJqHO 4ukaau:

m<f)<M (3 x€la b)).

AHUK MHTErpaJHHHr IOKOPHJA KeJATHPWIraH XoccasapuiaH (oiizanraHub
TONaMH 3:

b b l.l b
m<f(x)<M= g mdx < S f(x) dx<5 Mdx=»m f dx <

a a

b b b
< gf(.\») dx< M S dx=>m (b~a)<_\‘f(x) dx <M (b—a)

a

b n—l| n—|
(qym\'u, g = lim 2 -Ax,=lim ¥ Ax,=lim (b—a)= (b—a))

20 A0 k:

Jlemaxk,
mb—a) < f f)dx< M (b—a).

By rtenrcuammkaapuu b—a ra 6yacax, yuaa ywby

b
[ F 0 dx
m<* <M
b—a
TEHICH3IHK XocHa Oyaaau. $na f (x) dyukuusuuar [a; b] cermenTtAa
yaiyKens Gyarananriuian, a Ba b opacuaa wynnai & (@ << §<<b) Tonu-
JNaJIHKH,

b
{7 () ax
'aT =f

b
6ysanu. By Tenrsmkgan sca

b
[F@de=f@® (0—a

Oyanum Keanb unKamu.
7°. [ (x) ¢yukuns [a; b] cermentna GepuiraH Ba y3nykcu3 OYJICHH.
Pasianku, 6y dyuxuus [a, x] (a<x<b) na xam yaaykceus 6yaagu. Jlemax,

j f () dt

X

magkyaA. Arap [a; b] cermentaan oauHran Xap Gup x raf f () dt nm
a

Moc Kyiicak:
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X
Fix—> 5 [ (@) dt
yHAa dyskuma Xocua Gynaau. Yuu F (x) opkaan Gearusaiink:
X
F(n=5fa)m. (16.7)

By F (x) Q)ynxunmmnr Xocumacn Gepuaran f (x) ra tenr 6yaaam: F' (x)=
= [ (x). Ilynu k¥pcatamu3. Apryment x ra A x oprrupma Gepu6, F (x)
(YHKIHSHUHT MOC OPTTHPMACHHH TONAMMH3:
x+Ax x
F(x+Ax)—F (x)= j (1) dt — { [ (t) at
AHuK uHTerpajHuHr 3°- XoccacHra Kypa
x{Ax X x4A x
5fmm=§;mm+ j;mm

o a X

Gyaamu. Yuaa )
x X4+Ax X
Fu+Aﬁ—Fm=jfmm+ S/mm—J/mm=

[4)
x+Ax

= [ foda
G6yaann. Jlemak, : "
F(x+Ax)—F (x)= 5[@#

X
xX+A x
By TenrsmkuuHr Vor Tomonmaaru j [ (¢) dt nuterpanra ypra Kuii-
: X
MaT XaKHJard TeopeMaHH KVJlacak,
x+Ax

[ FOd=F® c+Ax—n=]@® Ax

(E€(x, x+ Ax)) 6yaaan Ba nHatwxkaga F (x) (hyHKIHS OPTTHPMACH YUy H
yuGy
Fx+Ax)—Fx)=F¢ Ax (E€(x, x+Ax)

TeHrJMKKa Kenamus. Dy TeHr/mkaan sca

F(x+Ax)—F (x) =i (16.8)

Ax
Oy Keanb unkamu. Mavaymkn, Ax—-0 na
Fx+Ax)—F (x)
Ax
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HrcGatiuir JuMutd F' (x) 691aan (Xocuaa TabpuHHN SCAaHr):
lim F (x+Ax)—F (x) = (x)
A x-0 Ax
Ax—0 na E€(x, x+ Ax) Gyaranaurn ca6a6am E— x. Bepumumira
KVpa [ (x) dyukuna yaaykceus. [lemak, E—x aa :
FE—F (x).
Oxopuaaru (16.8) tenrammkaa Ax—0 1a smmurra Y6,

lini F(x+Ax)—F (x) = i f(E)
A x—0 Ax A X0

ywby
F' (x)=[ )

TeHTrJIHKKa Keaamu3. [lemak,

F)=\Ffad

(DYHKUHAHUHT XOCHJIACH HHTerpajl ocTHAar# (YHKUMAHHHT X HyKTalard
Kuiivati [ (x) ra TeHr 6ysap sKak:

Fm=(ffmﬂ)=ﬂﬂ

By yanykcus gyHkuusasiap yuyH Xap aouM GoumiaHFHy (yHKUMS MaBXyA
OV IHLIMHH OHJIHPAJH.

5-§. AHHK HHTerpaJsapHu xucobaaul

1°. AuHK uHTerpaJuu Tabpudpra kypa Xucobuaam.
Manaymku,

n—1

b
Sf(x) de=1im N [ (&) Ax,.
3 A0 ,:)

Hdemak, A—0 (A= mix {Ax,)) na

n—1
0= 2 f (Ek) Axk
k=0

HHFHHANHUAT JHMHTHHH TOnmHIm Guaan Gepusran [ (x) QyHKUHSHHHT aHHK

b
HHTErpaJu S [ (x) dx un Xucobaaur MyMKiH.
a

b

Mucoua. S sinxdx uurerpai XucoOGiaaHcHH. By wunrerpasn yuyH uH-
a
Terpas HHFHHAM O HH Ty3amu3. [a; b] cermenThn yiuby
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Pt < 0 RETTY we SASM i N3
5 \

T e e e — =

a, a+ b:a.a+2 b—na. el = = b—na....

a4nd=2% -3

n

HyKTasnap épaamuiaa n ta Tenr Gyiakka Gysmb, xap Gup
[a+k 0—8. gi-(b-£1) ”“‘] (k=0,1,2, ...,n—1)

n n

6ynakaa &, HyKraHu

E=a+ @+ 1)2=2 (x=0,1,2, ... n=10

n

2e6 onamu3. Bepuiran GyHKUMSHHHT HHTerpas HUFMHINCHHN TY3aMu3:

n—1
= 2 fE) Ax,=
k=0
n—I

=E sin [a+(k+ 1)”:“] ”:“:”:“g sin la-f—(k-f—l) ’nl"]

k=0

Mavaymkn,
2sina sinf = cos (o — P) — cos (z -+ ).

By &opmyaagan ¢oiipanann6é Ttonmamus: sin |a -+ (k1) h—a] =

n

3 — . b—a
= ' 2sin 4 2.sin a+(k-+1) =
., b—a 2 n
2sin
2n

=—ﬁ {cos [a+(k+i2) b:a]—cos [a-}-(k-{—g.) h:a}}.

2 sin

Y xoana

o=b:an2_lsin [a-}-(k—%—l)b:"]_—.

k=0
-8 e b S
= n
- O e e = L G A
2n
—cos (a-l-ib a)—i—cos(a-i—%b:a)—cos(a-{— b—a)+

3
2
=+...7cos (a—!—-(n——%) b:a)—cos (a-}-(n-i-%) :



', b—a
R e (a-{-l bha)—cos (b-!-l b—a]
. b—a 2 n 2 n
sin
2n

- b— -
6yianu. By tenrimkaa A= Z—% 50 na aumuitra YTHG TOMAMHS:
n
b—a

. 5 2n

limo = lim

A0 A0 |, b—a
sSin——

2n

[cos(a—i—% b:a)~cos (b-{-—;- b‘“)]:

n

=c0sa—cosh

(6yﬂna lim 222 = | Ba y = cosx (yHKUHSHHHT YATYKCH3THTUAAH o~
o—0 2

nanaunnx). Jlemak,
b
S sinx dx = cosa — cosb.
a

2°. Heioron —Jleii6uun dopmyaacu. f(x) ¢yakuus [a, b]
cermenTaa Gepuirad Ba ysaykcns Oyuickd. Bywpait f (x) dynxkuua ymby
GoLlanFHY

Fy=[1od

dyukumsra sra. Mabaymgd, [ (x) GyHKUMSHUHT MXTHEPHIT GOLIAHFHY
O (x) ¢ynkumacy Oepuaran Oouwtansuy F (x) ¢yskumapas  ysrapmac
KYuwnayByura ¢apg Kuaap 3au (kapasicut, 15- 6006, 1-§)

@ (x)=F (x)+ C (C — y3rapmac con).
Hemaxk,

fD(x)=§f(t)d1+C.
By Teuramukaa, x=a aa ’
D (a) = § ft)di+C=C, (16.9)
x=2"b na )

b

D (b) = j f@d+cC (16.10)

Gysmunn Tonamud. Hatwkana (16.9) Ba (16.10) tenramknapaan
b
5 f (%) de=® (b)) — D (a) (16.11)
a

6ysmim Keamb unkaau. By Hewomon—Jledbruy opmyracu peimnany.
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b
(16.11) Teurmmkuunr yur tomonupan @ (b) —@ (a) afimpmann @ (x)|
a

KaOu ésunapn. Jlemax,
b
j;mm:mmmm@=mm

a

b
Q-

b
Hetoron — JleitGuui opmystac €paamuia 5 [ (x) dx anuk wurerpasnap

Ky#uaaruya xucobsanam:
ABBano [ (x) GYHKUHAHMHT aHHKMAac HHTErpaJu

{F (x) dx
Tonunaan. Afiraiank, Oy uurerpan tonuam6, @ (v) ra Tenr GyJcuH:
'ff (x) dx =D (x).

Cyur 6y QyHKUMAHUHT @ Ba b MyKTasapaarn KuiMaijaapH XucobGuanub,
D (b)) —D (a) a}";upma ronuaamu. by kuitmar Heioton — JleiiGuui ¢op-

MyJachra Kypa S [ (x) dx wnrerpaanunr xuitmati Gyaaam.
a

/2
Mucoaaap. 1. f cosx dx unTerpas XucoOJaHCHH.
0
ABBanio Gy [ (X)=cosx (YHKUHAHHHP aHHKMac HHTerpajJnHu Xucol-
JIaiMH3:

j’cos xdx = sinx + C.

Jlemak,
@ (x) = sinx.

Heioron — JlefiGuni dopmysacura Kypa

an ; w2 . T :
cosxdx=sinx| = sin ] —sin0= 1.
0

o

6
d
2: S—V_;—-i—--: MHTErpaJl XHcOOJaHCHH.
1
f

By f (x) = (DYHKUMAHHHT aHWKMAc MHTErpajH
v
1 = ,L +1
T2 B8 °
& =5@+n d@+9)="T—""+C=
V3 +x == ?2_ =
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1

‘3+"’ +C=2V3Fx+C

2
Gys1anu. Hetoron — Jlefibuun dopmyaacupan doiifananub tonamus:

6
H 6
5 % 2. V3Fz| =2 W3TFE6—ViFD)=

¥V 3—E‘x 1
=2@B3—2)=
q»’s“ "
X
3.5 e HHTErpas XHcoOJaHCHH.
a
Pasiangs,
¢(3)
‘Y a’dx - dx = Al a 2=_' arctg X +C
e (+(F)) )
Yuaa
a V3 a V3
" S arclg = = (arctq ¥ — arctg )=
a? -- x2 a a lag a
! 3 o [ BY B
=;(arctg V3 ——arctgl)—- = (3 4) 5
6)7'01a,11u.I

4. g xe~ ¥ dx HHTErpaJs XucoOJaHCHH,
0
By unrerpan Kyiiugarnya xucobiaHanu:
[ 1
s. xe ™ dx= ‘ e -(— L)) d(—x)= —l)j e d(—x)=
" 2

&

L, - =L (1= L (1)

6-§. AHMK HMHTErpajHH XucoGJaul ycyJiapH

1°. Bynakaa6 unrterpaanam ycyau. A#Taiiuk, u=u (x)
BA V=10 (x) dynkumsinap [a; b] cermentaa anukaauras, y3aykens u’ (x)
Ba v (x) Xocwianapra sra 6yacuu. Pasumanku,

@) v @' = () v (@) +u @ ¥

Hemak, u (x) v (x) pynkums @' (x) v (x) + u (x) v’ (x) byHKUHAHHHD
Gouwtanrny yHkumscu. Hoioton — JlefiGuuu dopmyaacura Guroan
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b
§ 1 () 00 +ul) v () de = ( (x) v (1)}

G6ynanu. Arap
b

b b
(‘ [w (x) v (X)+u(x) 2 (x)] dx = y 0() u (¥)dr+| u () ¢ () dx=

b b
= 5 v (x) du (x) +5 u (x) dv (x)

Gysminun 3bTHGOPra oJcaK, y Xouaa
f v (x) du (x) + f u (x) do (x) = [u (x) v (X))
6y116, 6yHJL:H 3ca )
f u (x) do (x)=[u (x) v (x))° — '\b v (x) du (x) (16.12)
GYammH xe.rm(; yukaau. By TeHramk anux umZeepamu byraxaalb un-
mezpaanaul qbopmy/zac} JleHHIan.

Mucoua. Yoy s xInxdx wurterpaa XucoGaancun.

By mnnrterpanun *qucoﬁ.nauma (16.12) (popwynancm (oitnananamus.

u =Inx, dv= xdx ned Tonamus: du~—I dx, v= '. Yumga (16.12)
popmyaara kypa )
o o
jxlnxdx=£lnx jf- 1 dx —* Inx ’ ——l—Sxdx:
2 2 2.
e e
=X [e“lne- e’lne—i"]:—l[Qe’—ez—i‘—kﬁ]:
2 2 L 2 2 2
= @e—1e

Gysaan. emax,

e!
Y xlnxdx = 4—1 (3e* — 1) €.

£

2°. Varapysunaapuu aaMamrupui yeyan. f (x) dpynkuusa
[a; b] cermentna Gepuaran Ba yanykcus Oyacuu. ¥Yiuby

b
j'f(x) dx
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WHTErpasnu Xucobnam Tana sruacun. By wurerpania x = ¢ (f) neitvus.
@ (f) dyskuma KyHujard mapiapad KaHoaTJaHTHPCHH:

1) @ (f) dyskuust [e; ff] cerMeHTAa aHMKJIaHraH Ba Y3JIyKCH3;

2) ¢ (@)=a, ¢ B)=0b

3) ¢ (t) pynkumsa [a; B] cermentaa yanykcus @ (f) Xocunara sra 6ya-
cHH. Y XxoJja

b B
(1) de= 7@ o at

Gy1aziu.
Mucoa. Y6y unterpal XucoOJaHCHH:
/3
5‘ c_osx dx.
sin® x
w2
By unterpanga sinx =1{ ne6 onamus. Hatwxkajna cosxdx —df wu Ba
s /3
- 1 V3 - * o cosx
¢ yarapysum|—-, —- | Aa YSrapuLIHHH TONAMH3. Hewmax, ‘ e dx =
& . n<x
n/2
& V2 auy ViR Vip
l - S
=S %:f t-"dt:ls!ll =—.‘)t‘l" =
i ir2 BT R
1 (4 ] —8 4
ST (--_.4 e
2\3 2 3 3

7-§. AuMK HHTerpajJapHu TakpHOWi XHcoGaaiu

f (x) dynguns mypakkab Gysca (taGuuitkv, yuunr Gounlanpuy ¢yHK-
UMACHHH TOMHII KWinH OYiann), yuaa Oepwiaran (YHKIMSHHHT HHTEr-
panunu TakpuOHit XHcobaalra TYFPH Keaaju.

1°°. Tyrpurypréoypuakaap bopmyaacu. f(x) pyukuns [a; b)
cerMenTaa Gepwiran Ba yaaykens 6yacu. By (yHKUMAHHHT aHHK HHTer-
pasn

b

S [ (x) dx

a

Hi TaKprOHit ndoaanosun hopMyIaHH KeJaTHpaMmns,
[a; b] cermenTHH

Yp=a<5H<N<...<X,_,;<x,=b
Hykrazap €paamuaa 71 ta Tenr OYysakka Gynamus, Paruwanku, Oy xoaja
(o=0,1,:2, sx 5 n)

b—a b—a
A-‘k:-‘nl—"‘k: = y X, =a-t+k -

6yaanu. Bepnaran [ (x) ¢pynkumsnadr x, wykrajara Kuhmami f (x,) B
Xnco6aa6, [ (x) wunr [x,; x,,,] cerMent Gyiuua annK MHTerpaauHu Kyiin-
Jlarnya
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Xpy|
b—a

j f () demf(x) Ax, =T (x)
*p
TakpuOuit uboranaitvus. Byunait TakpuGuit opmyani Xap 6up [x; x, ]
(=0, 1,2,... n—1) cermenrra uucOGaran &€ub, CYHr yJapHd Xai-
Ja6 KYnmb Tonamus:

n

j F ) de = F (xp)

a

b—a

n

yf () dx & f (x) 2=°,
n

j F ) deaf (x) ”:",

----------

b—a
n

b
j [ (x) deaf (x, )

*n—1
Xy Xy X3 b
.\’ f (%) dx + 5‘ f(x) dx—l—S f (%) dx+...+5‘ f(x)dx=
a Xy X Xn—1

A28 (F )+ F ) FF ) e ()]

n

Jemak,

b
F) dx="=2[f (9 +F () +F () +.. .+ (5, — DI =

n—|
b—a
- F(x,). (16.13)
" kE=0 '

By (16.13) dopmyaa mgrpu mypmbypuaraap gopmyaacu Rednnain.

2. Tpaneuusaap popmyaacu. [a b] cerMeHTHH IOKOpHAArH-
Jek n Ta TeHr Gysakka 6y.ub, [ (x) dyHkumAmusr [x, X, 1] cerMeHt
GyHuYa O/MHraH aHuK MHTerpaJHH{ Kyiuiaruya

fkﬂf(x) dx =~ [ Ga)+T Capr) Ax,= f(Xk)+f2(xk+l) b—a
n

Xk
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@nGuﬁ uponanait mus. Bynnaii TakpuGuii dopmysanu Xap GHp [x: X, ]
(k=0,1, 2, ..., n—1) cermentra nuc6atan €u6, CVHr yJapHH Xajl-
Jn1a6 lgj’mmG TOnaMH3:

b
3 f(x) dx+ yf(x)+ff(x)dv+ A+ [Fe)dxm

a Xy X3

b

*n—1

+(F (x)) + [ (x)) + (F (xg) + [ (x5)) +

A (F () +F o1 ="=2 1] (x) +2F (x) +2F (xa)+
et 9f (x,,_,) +F (&)

Jemak,

b
ff () dx ~ 2=° xo) + 2f (%)) + 2f (o) +

d o 2 () L. (16.14)

By (16.14) dopmyna mpaneyusarap ¢hopsyaacu pe6 atanauu.
3° IlapaGoanaaap (Cumncon) dopmyaacH. f(x) dyHkuua
[a; b] cermenTna Gepuaran Ba y3Jaykcuz OyJcuH. [a; b] cerMeHTHH

%=a< <6< . . <X, <X, <X, =b

HyKTanap €plamuja 2n Ta tedr OVaakka Oyaamu3. [ (x) (yHKUMAHHHD
[Xp0 ¥5y,) cerment GYiiMya aumK MHTErpajHHH Kyitniarnya

*2h4-2

P b—a i .

3 [ (x) dx z—-ﬁ—- [f (-\’zk) +4f (-‘:k+l)+/ (x’.’k~$~2)]

Xak
TakpuOnit  nponanaitvuz. Bynpait  Takpnbunit ¢opmyaanapus  Xap Gup
Xy Xppiq) (R=0,1,2, ..., n—1) cermentra nucGatan &3u6, cyHr
yJaapii Xaagab Kyimb Tonamus:

‘rf (x) dx + S. f(x) dx -+ S. [ (x) dx+. f’n (x) dx =~
28 [ (x) 4+ 4F (x) T () F (F (%) +4F () + F (x9) +
= (i () 4F (%) + [ (xe)) . oo (F (o) +4F (%5 ) +

+ F (= 1 )+ F () +4 () +F () + (x9) +

Foeo A F () + 2 (F (k) 7 () +F (%) +
+. o f ()]
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JHemaxk,

b
[7 0 dvm 2 1 @)+ 7 () +4 G (@) +F )+

+F (Xgpy)) +2 (F (xa) +F (% + . . . 4+ F (x9,_5))]. (16.16)
By (16.15) q)o?.\qyna napaboaarap (Cumncon) gopmyracu neiinnaiu.

Mucoua. ( e~ dx anuK uHTerpa; TaKpHOHil XHCOGIAHCHH.

[0; 1] CerM‘:EHTHH yuwiby x,=0, x, =0,2, x, =04, x,=0,6, x,=0,8,
x;= 1,0 Hykranap épmamuga 5 Tta TeHr Oyaakka G6yaamus. CyHr
f (x)= e (YHKUHAHHAT 10y HYKTATApAArH KHAMaTIapAHd X HeoOIaiMu3:

[ (x0) = [ (0) = € = 1,00000,
F(x) = [ (0,2) &~ 0,96079,
I (xo) = f (0,4) = 0,85214,
f (x3) =F (0,6) ~ 0,69768,
[ (x4 = [ (0,8) =~ 0,52729,
[ (xs)=TF (1) &~ 0,36788.

Bepuaran \ e™ dx HHTErpaaHn  TYrpd 1yprOéypyax/ap, Tpaneius
0

Xamaa Cummncon dopmyJanapi 6yiinya TakpuOHit XucobuiaiMus.
a) TVrpu TYpTOYpUaK/ap dopmyacu. 6yiinya

1
[ e dem 2211 O +7 0D+ O+ 06)+F O8] =
0

(1,00000 -+ 0,96079 + 0,85214 -+ 0,69768 -+ 0,52729) =
— L (4,03790) = 0,80758

2
5

6ynamu. Jlemax, 1
{ e dx ~0,80758;
6!
6) ;rpaneuuﬂnap (opmyacu 6yitnua

f e dx=—=2 [f (0) +2f (0,2) + 2 (0,4)+ 2} (0,6) +

2.5
0
+ 2 (0,8) + f (1)] = l‘—o [1,00000 +- 2-0,96079 +- 2.0,85214 -
+92.0,69768 - 0,52729] = 0,74805

1
6ymamu. Jlevak, 5 e~ dx =0,74805;
0
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l) Cumncon ¢opmyaacn 6yiua
1
f ¢ dx ~0,74682

0
6ynaau.

XVII BOB. AHHK HHTErPAJIHUHT' BAB3H TATBUKJIAPH

1-§. TekHc WAKJIHHHT 103H BAa YHHHT AHHK HHTErpaJ
OPKaJH HpoaasanHiH

Texncamkaa Gupop €nuk uusuk Owian yerapananran (D) maka Ge-
puaran 6yacun (123-unama). Bynaait mwakanuur 1034 TyuryHyacH Gusad
tanuwamu3. By Tymynya ypra Mak1ab® MaTeMaTHKa KYPCHAAH MabayM
6yaran (paktaap — KYnOypuakJapHHHT lo3ra 3ra OVJHIIN Ba  YJIAPHHHT
IO3UHMHT XHcobjanummra acocnarran. Bepuwaran (D) IakAHHHT HumMra
(A) kynGypuak ynsamuz. By kynOypuaknunr wo3m A Gyicun. Bynpai
KkynOypuakaap toanapuian n6opat tvnaam {A} 6yicun.

Xyaun wynra Yxmwam, (D) makaan 3 wuura oarad (B) kynGypuyak-
HY (TAluKH uu3wirad KynOGypyakHu) un3aMu3. YHuHr 1osu B -OyJcuH.
Bynnait kynbypuak oanapujaan uGopar tynaam {B} GyicuH.

Harnxana {A} Ba {B} — myc6ar connap Tynaamaapu Xocua 6yaamu.
{A} tynnam lokopuaan, {B} Tynaam sca Kydinjaan uerapajanran GyJa-
an. Yupa {A} rynaamumur anuk lokopu uerapacu sup {A}, {B} Tyn-
JaMHUHT aHWK KyHH yerapacn inf {B} mamxya.

17.1-Traspud. Aeap

sup {4} = inf {B}
6yaca, y xoa0a (D) waka wzea 3ea deG amasadu 6a
D = sup {A} = ini {B}

mukdop (D) wakainune wau deduradu.

y=[ (x) dyukuus [a; b] cermenTa anuKJaHran Ba y3aykcuad Gy-
anb, % x€la, b] na [ (x) >0 6Yacuu.

(D) waka lokopupan f (x) ¢yukuus rpadurn, €n TOMONJApAaH X=a,
x=0b TVYrpn unaukgap, nactiaan Ox Vkn OwjaH yerapajaHrad INaKa—
ABCE srpu unaukan Tpanenusitan nbéopat 6yacun (124-uyusma).

Illy ABCE srpu yusuk/u Tpaneuns iosra sra. [a; b] CerMeHTHH X,

Xpy Xgi o von Xy gy o009 %00 =%< [ <5<, .. <.\'k<xk+]<
< ...<x,=0b) nykranap Ownan n ta Gyjakka Gyaamus. Depuiran
[ (x) dynkumsmunr [x,; X, ] Aard sHr katra Kuiivath M, SHr KHYHK
KuiiMa1y sca my, Gyacwn. PaBmaunkn. &, €[x,; x,. ] yuyn
m,<J E)<M, (17.1)
Gyaanu.
Xos X1y Xay « ooy Xy Xpiys + » oy X, HyKTQJapAan Oy YKura napasiest
yusHKJIAp YTKa3uO, yaapuu [ (x) ¢ynkuus rpaduru Ouian KecHIUryH4a
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nasom stripamus. Hatwkana ABCD srpH uH3HKJ/H '-rbanenuﬂ Srpu 4u-
SUKAW Tpanenusasapra axkpanaau (124-uyuaMara Kapawr).
Xap 6up Gynakuana acocu [ X, Gananamkiaapu sca my, Ba M,
6yaran TYFpH TYpTOypuaKkaap scaiMus.
Bananasmkaapu m, 6yaran tyepu 1Ypréypuakaap (D) makn—ABCE
SrpH YM3HKJH Tpanelnss Muura guswirad kynbypyak 6Y.aub, YHHHr 103H
n—1
s= 3 mAx, (Ax,=x,,,—x) (17.2)
k=0
6ynanu. Bananaauknapn M, 6Gyarau Gapua TVrpu TYpr6ypuakaap ABCE

STPH YH3HKJH TpaneluusaHH V3 uyura odrad KynOypuak OyJjagu. YHHHP

034 3Ca
\ n—1

$=Y MAx (17.3)

k=0

ra teur. fOkopuaaru (17.1), (17.2) Ba (17.3) mynocabataapaau
n—1
s< V) Ax<S
k=0
6y Keaub 4yHKaau.

Arap [a; b] cerMeHTHHHr Typau ycyaaap 6Gunan n Tta Gyaakka 6Y-
JUHHILIADH OJMHCA, YHAA IOKOpWAArHiek Moc s Ba § iHHFHHAMJIAPHH
Ty3HIl MYMKHH Ba yJapAan {s} Ba {S} TyniamaapHu XOCHN KHJMLI
MyMkHH. By tynaamaap yuyn

sup {s}, inf {S}
MaBKya GYJIanu.
Kypcarui MyMKHHKH,
inf {S} = sup {s}
6y.116,

‘b'f(x)dx: inf {S} = sup {s}

6ynanu.
Hemak, (D) waka — ABCE 3rp# 4H3MK/IH TPAMELHAHHHT I03M

D= ‘qf(x) dx (17.4)

6Y.1a1u.

Mucoa. IOkopuaan y — x* napaGona, én Tomonaappan x = 1, x=3
BEPTHKa/ TYFPH uM3uKJap Ba nactaan Ox YKu Oujal yerapajaHrad
IIAKJTHHHT 1030 TomuiackHH (125- yuama).

I0xopuna kearupuaran (17.4) gopmyaazan goiitanann® Tonamus:

3
> x313 33 ] | 2

=t dr=2 "= .= =9 — — =8= KkB. GupauK.
D S.de 3 : 3 3 3 3 P

1
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‘Iexncmaxnam (D) maka — joxopunan fy(x) ¢yskuMs rpacpmry, €n
TOMOHJIApAAH X =a, X =b TYrpu uuskkJap GuJan, nacTaan f, (x) pyHK-
uns rpadurn Gunan werapasanran mwaka 6yacun. Bynpa f(x) Ba f,(x)
dbyukumsnap [a; b] cerMenTAa Y3NyKCH3 Ba ¥ X € [a; b] yuyn [, (x) =0,
fo(x) =0, fi(x)<[,(x) (126-un3ma). DBynnait maxanuur o3u ymby
(opmysia Guiian TOMHAALH:

b b b
D= {hWds—[f(de= [0 —H0Nde.  (17.5)

Mucou. Tactaan f,(x) =x® ¢yskuus rpadurn, éH ToMOHJapAaH
x=—1, x=1 BepTKa] TYFpH YH3HKJAp, IOKOPHJaH f,(x) = x* (yHK~
1A rpadury OWjaH yerapajaHrad IMAKJIHUHT 1030 Tonuiackn (127-yua-
Ma).

By makanunr jo3n (17.5) dopmyaara k¥pa

1
D= j(x'-' —x%) dx
-
6yaaan. HMurerpannn xucoGaafimus:

1
D= S‘(’f'—fs)dx=§x2dx—— \"x”dv—— Sl A o
-—.l <1 =1 —1 4 g
= ;l —(—%) — (—— %——;—) =% KB. OMpJIHK.

2-§. Eii yaynimrn Ba yHMHr aHMK MHTErpas opkaaH HQonananHiuH

Bupop y= f(x) pyukuusa [a; b] cermentia Oepuiran Ba Y3JYKCH3
6yacun. By ¢ynkuns rpapurn 128- unamana rtacsupaanran AB 3rpu un-
3UK — €iinn  ndopanacun. rpu UMUK Y3YHJMTH TyllyHYacH Gusra Mab-
JayM 6yaran (akTiap — CHHHK YH3HKHHHI Y3YHJHMKKa (nepuMmeTpra) sra
Gyyiuid Xamaa yHW XHcoGaaii OJIMHHIIMra acocJaHajH.

[a; O] CRrMeRTHI Xy Hjy Jpy oo o 5 Xy (@=X<{H<HK 000 &
< x, =b) nykranap Gunan n ta Oynakka Oyuamus. By nykranapna

Oy Yxura napasien yu3ukaap yrkasub, yaapuu AB srpu unanurn Guna
KecHuirynya jasoM srtHpamu3. Kecuunun nygrasapu A, (=0, 1,2, ...,
n—l1, n; Ay=A, A, = B) 6Yacun. Papmianku, 6y HyKTaJapHHHT KOOp=

aunatanaph (x,, f(x,) 6Vaam: A, (x, f(x)). AB Emnarn Gy nykra-
JapHu Oup- GupH Guaan TYFPH UM3MK  Kecmanapn é€plamuia OupaaluTe-

pamu3. Hatwxana AB @itura yM3wiaran CHHHK uW4MK XocHa GyJaju.
Magskyp kypeuunr 1-600, 2-§ waa KeaTHpwiraH MKKH HyKTa opacuja-
ru mMacoganu tonuim Qopmyaacuaan  Qoiinasannl CHHHK YH3MK TepH-
METPHHH XHCOOJIAHMH3:
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L=V (x,—x)* + (F(x) — F (x)® + V (xa—x,)* + (F (xo) — f (x)* +
e IR V(xg+| —xk)z +(f ().’H_') _f(xk))z . L
+V (e — 2%, "+ () — (e, )P =

n—I|

= NV (s — 20 + Flo ) —F ).

Jemax, AB @iiira ynsuiraH CHHHK YH3HK NEpPHMETPH

n—l1

L=V, —0+Fl) — @l (n=a x,=0b

k=0
6yaanu. AsBasjaruaex A = max {Ax,} neiimus.
k

17.2-ravpud. AB élea wusurean CUHUK HU3UK nepumempu
n—l

L= 4\-: V(xk-i'l —xk)z +(f (xk-}-l) —f(Xk))?‘

k=0

A—0 Oa vekau aumumea sea Gyaca, AB éid ysywaukka sea deduradu
ea Oy aumum
n—

!
lim L=1lim ¥ V(& —x) + () —F) =1 (17.7)
0

A0 -0 k

AB éinune ysyHaueu Oeduradu.

IOKkopuaa aittuaran f(x) dyukuns [a; b] cermentaa yaaykcus [’ (x)
Xocuaara sra Gyscud. Yuaa xap 6up [x,, x,,,] cermentia f(x) dyHk-
umst Jlarpanx TeopeMAacHHHHT LIAPTJIAPHHH KAaHOATJIAHTHPAIH.

Jlarpaix Tteopemacura kypa

f(xk.H) '—f(xk) = f’ ('lk) (.‘Ck_H = .\’k) (.’Ck <n< xk_*_])
6ynann.

Harmxana AB @itra yuawiran CHHHK YH3HK DepPHMETPH KyHuaard
KYPHHHLITA KeJaH:

n—I|
L= 2 V(xk+l O ) — TS =
k=0

n—I|

= YVl — 5 F ) (g — 5 =
k=0

n—1 n—1 o
=SVt — P U0 = JVTFFEM) (G —%) =
k=0 k=0
n—l1
=Y VT+77 () Ax,. (17.8)
k=0
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Kapanaérran f(x) dynkumsa [a; b] cermenraa ysnykeus [’ (xr) xocmnara
sra Gysranaury cababan ymby
VI+7(k)

dbyskunst Xam yanykens 6yaamu. Wlymunr yuyn V14 f2(x) dysxuus-
HHHT HHTErpaj HHFHHIHCH

n—1

Y VT2, Ax,
k=0
A—0 na
b A ————
[VT+F*() dx
ra HHTHAAAW:

n—1 b
m N VI+7E0my) Ax, = {V! + [ (x) dx. (17.9)
= k=| t‘l

Hamwxana (17.7), (17.8) Ba (17.9) mynocaGarsiapaau
b
I=SV 1+ f2(x) dx

O6yamun keam6 unkaau. Jlemak, AB @iHMHr y3yHJAMTH aHHK MHTErpas
épramnjga Kysiuaars gopmyna OuaaH TOMWAALH:

b
[ = le FFE(x) dx. (17.10)

a

Mucon. f(x)=e* (0<x < 1) dpyuxuus rpadpuri TacBupJaHraH e
Y3YHJMIH TOITHJICHH.
IOkopunaru (17.10) dopMysara kypa usnaHaérrad € y3yHJHrd

1
= \ed
oj x

6yaanau. By wuurerpantu Xucob1ab Tomamua:
1
1
b= "e"dx=e‘ l =c—|I.
8 0

XVIII 5 OB. XOCMAC HHTErPAJIIAP

1-§. Yerapanapu 4ekcH3 X0OCMAC MHTerpajjap

f(x) dynkums [a; + o) opamkaa Gepuiras Ba y3aykcu3 GyJIcHH.
By diyukuusinunr [@; + o) opaqMKHHHr HcTadraH weki [a; y] (@<
<y < + ) KueMHAard
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g
[ Fx) dx

HHTerpan y ra Gorsmk OVaamm:
¥
F(y) = | f(x) dx.
a

IMynnait  xuan6, Gepuaran f(x) dyukuua épravmaa F(y) dpynxuns
xocus Oyaanu.

18.1-tabvpud. deap y— -+ o~ oda F(y) pynxkyusnune aumumu
Mmascyd Gyaca, 6y aumum f(x) ¢pynkyuanune [a; + ) oparuxdacu
xocmac unmezparu 0eG amaaadu éa

Tf (x)-dx
Kkabu Gercuranadu:
+o y
S f(x)dx=lim F(y)=lim ",‘(x)dx.
P y-ri® Yt

+o
Byupnaii j' [(x) dx uuterpan wecapacu wexkcus xocmac uxmezpar ned

a
XaM aiiTHaazu.
y
Aeap y— -+ = da F(y) = \ [ (x) dx ¢pynryusanune aumumu naexyo

a

+a
6a wexau Gyaca, y .yo.rzdaj‘ [ (x) dx xocmac unmeepar aKuHaauyedu dedu-
a

Aadu.
Aeap y— -+ oo da F(x) (pynkyuanune ausmumu dexcus Giaca, Yy
+

w
x040a S [ (x) dx xocmac unmeepar ysoxaauyeu deG amairadu.

a
Ajrraimk, [(x) ¢yskuua (— oo; a] éku (— o0; + co0) opasmkia
Gepusiran Ba y3nykcus Gyacun. By ¢yskuusuunr (— oo; a] Ba (— oo
-+ o0) opaimnkaap GViinua XocMac MHTerpasiapi XaM  IOKopuaaru xaow

TabpH(IaHaNH:
5. f(x) dx :,,“T “'f(.\') dx (— oo < y < a);
y

-0

+ !
S f(x) dx =y1im_ j flx)dx (—oo < y<t< + o).
- x::a: y

T ®
Mucoaaap. 1. j e~** dx xocMac MHTErpas XHCOGJAHCHH.
0
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i
Yerapacn yekcHs xocmac uHTerpaa TabpuduiaH doiizananué Toma-

Mu3:
o ¥ —1] ¥
e dx = lim s'e-g‘a'x=lim —fe—'-"d(—2x)=
6 y-.+o°6 Y-+ 2 0
. v .
=L lime2 ['=—1L lim e w—e=—L0—1)=L.
y->tw i0 2 gyt B 2

Jemax, Gepusran XxocMac HHTErpas sIKHHJALIYBU Ba
+o 1
Y e*¥dx = —.
L 2
0
to
x -
2. I= S = (>0, a>0) uurerpan XucobJaHCHH.

+ v
o d A x
Arap o> 1 Gyaca, v xoaaa S —:— = lim j x—%dx =
X y-++®
0 a
—a+l \y -
= lim (x ) = lim —— (y'—*—a'—2) = =L gt=
y=»+2\—atl/; yoateol—a —a
o
“ X
6ynanu. DBy sca S‘ —a XOCMac HHTErpaHUHr SKHHAIYBUKIHHHN Gua-
a
JAHpaH.
Arap a <1 6yaca, y xoana
T - !
j — =lim | x*dx= lim (y'~*—a'-%) — =+ o
X y—++= Y-»+o0 l—a

a

Gynaan. XocMmac HHTerpaa ysokaauryBud. Arap o =1 Gyuca, y Xoana

+o

v
: ©d 4
§£‘=nm L — lim (Iny—In a) = + oo
b 1 y-++*, X Yrtm
a a

6ysanu. DBy mnterpan ysoxJauryBuH.
“+m

Illynna#t kuau6, Gepuaran Y f‘—xa (>0, a>0) xocmac HHTErpas
X

o> | Gyaranaa sxudaawyByd, o< | Oyaranaa y3ok/ialuryBudn OyJafu.

2-§. SIKHHJAAWyBYH XOCMAC HHTErPaJHHHI XOCCAJApH

Xocmac umTerpa/viap XaM aHHK HHTerpaJJapra yxXwam XoccaJjapra
sra. Bus yaapHun HcOOTCH3 KeTHpaMH3.
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e 4

+o :
1°. Aeap [(x) ¢pynxyusnune [(x) dx xocmac unmeepasu sKum-

+o
aaquyeiu Gijaca, 6y GYHKYUAHUHS 5 f(x) dx (@< b< + o) xocmac

b
uHmezparu xam [KuHAQuyeuu Gyaadu 6a axcunda. Bynoa
+o b + o
S f(x)dx = jf(x) dx -+ Y f(x)dx
a a ]

6yaadu.
+=
2°, Aeap S [(x) dx axunarauyewu ea k gseapmac con Gyaca, ynoa
a

+o
Rf (x) dx xam saxkunarawyedu Gjradu ea

(k/(\)dx k \ fx)d

+ao
3°. Aeap Y f(x)dx ea f g (x) dx unmeeparsap axunrawyequ 6ya-
a a
+o

ca, Y xor0a S [f(x) = g (x)] dx unmeepar xam aKunrauiyswu Gijradu 6a

+ e
g [f(x) = g(x)]dx =

m/(x) dx + f g (x) dx.

a

ng,-+

+
4°. Aeap 5 f(x) dx saxuraauyeww Gijaub, ¢ x € [a, + o) yayn

f(x) > 0 6yaca, y x041da
+x
[ fxdx>0
a
Gy1azu.
+ ed
5°. Aeap ¥ x € la; -+ o0) yuyn f(x) < g(x) 6yaub, { f(v)dx ea

“+ o
g(x) dx unmeeparrap axunrauyewu GOiaca, y xoada

a
)

j [(x)dx < ‘ g(x)d
Gijaadu.
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f (x) Ba g(x) dyukumusanap [a; + oo) opanukaa Gepuiarad Ba y3ayk-
cus 66, ¥ x € [a, +o0) yuyn f(x) >0, g(x) >0 Ba f(x)<g(x)

Oyscui. Y Xoaaa s g (¥) dx wnTerpaJHHHr SIKHHJIAUIYBYH GY/IMIIHAAH

e
" f(x) dx nurerpaaHuHr SKMHJIAUIyBun OY/uLIM KeaHO YuKaju.
a

+o
Mucoua. g e—*" dx xocMac MHTErpai AKMILIAUIYBYHJIHKKA TeKLIH-

o

PHJICHH.
Wxtuépnit x > | 6Yaranaa
e L
X2
GVaamu. Paiiankn,
+ o
dx
Jooa?
1
UHTErpas SKHHJAUyBUK. YHJa toKopuia afituiaranura Kypa
T
| e* dx

i
XocMac MHTErpadl XaM SIKMHJamyBun GyJiaim.
ManbaymgH,
I
Se—"' dx
0

WHTerpa] MaBKyJd. YHAa uuTerpamuuur 1°- Xoccacuaan doiigananuo,

“+ e 1 +wo
e r=\e% adx e—* dx
(et dxm [t a4 | et
0 0 1
Ky#hnaary
+ o
I= S e—*" dx

{OCMAC MHTEerpaqHHHr SKHHJIauyBYH 6)0'4'1HLUHHH TONAaMH3.

3-§. YerapananmaraH (QyHKUHSIHHHT XOCMAac HHTErpaiapu

f(x) dyukums [a; b) sapum nHTepBanja OGepu/rail Ba yaaykcu3 6yau6,
(f; b) na (a<{t<b) uerapanaumaran 6yJicud. By dyukuusauunr [a; b) HHHr
t

uctadran [a; f] kuemuaarn (@ <t << b) S [(x) dx nuterpasm £ ra GopauK

GyJ1a au:
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m(t) = ( f(x) dx.

182-tavpud. deap t— b— 0 da (D(t) GYHKUHAHHHT  Aumumu
Mmaexncyd Ogaca, 6y aumum wecapararmazan [(x) pynkyusnune |a; b)
opaauxdazu xocmac urmeeparu 0e6 amaaradu 6a

b
Si(x) dx

kabu Gerzuranadu:

b t
aff(x) dx =,l’lfo®(’) i'b'.’? ajf(x) dx.

1
Acap t—>b—0 da D) = Si(x) dx HuHe aumumu maexyd ea 4dexauw
a

b
6ijaca, y xoada 5 [(x) dx xoemac unmeepar sKkunaauysiu Oeduradu.

a
Aeap t—b—0 da ©(f) pynKkyusHuxe aumumu 4eKcus Ggaca, y
b

xo010a Sf(x)dx X0CMac uMmeepaa YsoKaauyedu deduradu.

a
Yerapananmarau [ (x) dynkuusanuur (a; b] (€xu (a; b)) opaank Gyiin-
Yya XOCMAC MHTErpaji XaM IOKOPHAAruAeK TabpH(iaHaiu:
b

b
Sf(x) dx = lim 5 f(x) dx (@<t < by,
3 l—oa»f—D‘

b
(Sf t)dr—llm ‘f(‘c)dx) (@a<t<y<h).

y-+b—0
t—a-+0 t

1
dx
Mucoaaap. 1. Ywby ‘Y == HHTErpaj  SIKHHJAUIYBYHIHKKE
y i—X

TEKIIHPHJICHH.
1
x =1 nykra arpopuna f(x)= = (yHKIHSA  yerapaJaHMaras.
=

JHemak, Gepuiran MHTerpan uerapajanMmaran (YHKIHSHHHT XOCMac HH-
terpann. Tawpudra kypa

1 t
dx * dx
- = lim 5
yl—x " t=l—0 vVi1—
0 0

Gynaju. Arap
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e
vs

1 =il

"dx s ll —2dl =, (1—y) 2 £
6"'-l_x——b§‘( —x) ( —X)——[?]'):

|
=—2[(1 =% —(1 —0)*)=2—2) 1 —¢

6yVanuHn ybTH6Opra oJicak, yHja

= lim @--2V1—1)=2

{—1—0 1 l —_—X t—1—0
0

6Y.0,

St
—il s

sKawaurudd ronamus. Jlemak, Gepuwiran XocMac WHTErpaj siKMHJALIYBYH
Ba y 2 ra Teur.
1

dx o
2. | — uHTerpaJHu Kapaiiuk.
J %

0
=0 Hygra [(x) =1 (YHKUHAHUHT Maxcyc HyKracH. XocMac HH-
X

Terpaj TavpHpura Kypa

| |
2 _Jim (Lax=limnl—Inf]=+o
X tet0 x {40

Oyiann. Jlemak, GepujraH XocMac HHTErpasl y3OKJalllyByH.
3. Yoy

b b

' dx

HHTErpaji1ap SIKHHJIALIYBYUHINKKA TeKIITHPHICHH.
By uerapananmaran QyHKIHAJAPHHHT XOCMAC HHTErpa’iIapuiup.
a) a= 1 6yJcHH. By XoJ1/1a

b
= -_— . " _ —a d - -
\ = a)fl t—oa—O (x — a)a Il-itl;r—]i--o (\ a) (X a)
a t
—a+l b
= lim [(1—-a) ‘a J lim —— [(b — a)'~% — (¢ —a)'—2]
tvat0 | —a+1 J tsato l—2

6yau6, Oy qumur o< | GYaranaa yekau, o > 1 OGyaranjaa sca yekcH3
Gya1anu.
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o = lim
x—a t-sat+0J x—a
i

b
6) @ = 1 6yacun. By xoama j‘
a

b
= b
= lim f"‘—‘i’ = lim [In (t—a)| =oo
t—a+0 s Fo=0 t—a+0 t

6yaann. Jlemak,

b
dx
A =j' a>0
o @>0
a
uHTerpan o< | 6yaranjaa skuHaamyBud, o > | Gyaranfia 3ca y3oKJa-
wyBud Gynanu.
Xyann mydra yxmam,
: d
b— 2" (e >0)
a
XocMmac uuterpant o< 1 Gyaranja sikunaawysyd, o > | Gyaranga sca
y30KJalyByn Gy/uiny KypcaTtuiaiu.
Yerapananmaran (yHKUHS XOCMac HHTerpaiapH Xam ymoy GoOHHHD
I, 2-§ na Gaéu sTHaran yerapajapu YEKCH3 XOcMac MHTErpaslJlapHHHT
Xoccasapu kabH Xxoccasapra sra GyJauu.

XIX BODB. HKKH API'YMEHTJIH & YHKUHWSJIAP
1-§. Ukku aprymeHTaH (yHKUMS TyuwlyH4YacH

Maskyp kypcuunr 9 — 19-Gobmapuaa y = [(x) QyHKUNA, YHHHD
anddepennnan Ba uuterpan xucobu Vypranuwaau. By dynkuna 6urra x
aprymentraruda Goramk 3au. Ojataa Gyuaait ¢ynkumsgaap Gup  apry-
MEHTIN (pyHKUMAIAD Aednaanu.

TaGnarpa, dan TapvoxJapuia yupaianran KYmuwiik (yHKImsaap
Gurta aprymentra Gorymk GyaMail, Oanku Kyn aprymentiapra GOFRIHK
6ynamu. Mucos Kapaiiinx.

Mucoan. Tovonnapn x Ba y (x >0, y = 0) ra tenr Gyaran TVrpu
TYPTOYPUAKHHHT 103H

S=xy (19.1)

Gynanu. Paswanku, S 103 x Ba y VarapyBunaapra Gormnk. By x Ba y
HHHr Typ/au KuiiMataapura kvpa (19.1) ¢opmyaa éppamupa yaapra moc
S HuHr KuiMariapi TONWJIaau.

IMlynra yxwaw Mucoanapun kynaad kearupuir mymxud. Mkku apry-
MeHTaH QyHKuuAgapHH Vprauumun R* tynaam Ba yHuHr Gan3d Gup
KHCM TYIJIaMJlapH TYLIYHYAJapHHH KeJTHPHILAAH Gouniaimus.

Bapuya xaxkukuit conmap t¥naamp R uu omaiimk. By tynaamaan
HXTHEPHH MKKH X Ba y couyapuu ooub, yJjap épramuia (x, y) Kypr-
JHKHU Ty3amu3. Bapya wrynpait xyprmxaap TYnJIaMHHH, SBHH
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!,_ S v, y: x€ER, yER)
Tynnamin R* opkaam Gearmnaiimus: R*={(x; y): xER, Y ER}.

R* TynnaMHHHT 3JeMEHTH (KY(TIHKHH) Wy TYNJAAMHHHT Hyxmacu
ne6 arajaju.

Ajiraitnuk, (X ¥y) € R%, (xo Yo) ER® GYNCHH. Arap X, =Xy, ¥ =Y,
6ysica, y xonna R?* TVnaaMHuBr (X ¥;) Ba (Xy y,) HyKTajapu GHp- GH-
pura Tedr neG atananm: (x5 ¥;) = (Yo ).

Texucaukna TVrpH Gypuakan Oxy JlekapT KoOpAWHATasiap CHCTEMas
cuin oanb, Ox VKu GVitnua x VsrapyBYwnmHr Kufimataapunn (x € R),
Oy Vku OVitmya y VarapyBuUMHMHT KuiMatiapunn (y € R) xkofinamrupa-
Mu3. Yuaa (v y) ((x; y) € R®) xyprmk Tekncmxaa 6urta M = M (x; g)
HyKTaun annkaanan (129- ynama). Bynaa x — M RyKTaHuer Gupusqu
Koopdunamacu (abcyuccacu), y— M HYKTaHUHT UKKUHYU KOOpOUHaGma-
cu (opdunamacu) GVnaau.

IOxopuaa afituarasnapin Xamaa yméy KypeHHHr <«AHaJMTHK reo-
mMeTpusi» €6 HoMJanraH GYJEMMAarH MabJyMOTJapHi 3bTHOOpPra oJmG,
R® Ttynnam reoMeTpuK HYKTal HazaplaH TEKHCMKHH HoaajawmHi naf-
KalM#3.

R* tynaavnunr wxTHEpHIT mKKM (¥ ¥;) Ba (Xp Y,) HYKTaJapuHH
osnaivk. Mawsaymkn, ymoy

V( Xo—X;)* + (Ya—Y,)*

MHKIOP (Xy; #,) Ba (X4 ¥,) HYKTajJap opacHaard sacogha neiingap SAM.
Vuu d ((xy; 1), (X3 Vo)) Kabu GearunaiMus.

d (x5 #h)s (%35 Y) =V (32— %)) + (4o — 1)?

(kapanr, 1-606, 2-§). Macoga yuyn Kyfmjarn xoccanap VpUHAMAWP.
1 d ((x: 1), X2t yo)) >0 Ba
d ((x; ), (¥ar ¥2)) =0 & (x3; 41) = (x5 ¥a),
2. d((xs ¥y, (o y))=d (x5 ¥a), (x5 1)),
o d (e 1), (%5 Ug) < @ (v 1), (%95 Yo)) +d (x5 9a)y (%30 Y))
(x5 ys) € R?).
Auan R? tynaamuuHr 6ab3u OMp KHCM TYNJamJapHra MHCOJJEp KeNTH
aMH3.
d Texucamkuuur, sbHH K* T¥naamupsr (@; b) nykTaciuu Xamaa r >0
COHHH OJIaHJIHK. ;
1. Texmcamguuur wy wpail (x; y) HYKTaJZapn TYNJaMHHH KapafiMHSKH,

YJapPHUHT X Ba Y KOOpIHHATAJNapH
(x—aP+(y—bp<rt

TeHTCHJIMKHA KanoaTJantupceni. Bynzait nykranap tynaamn énux doupa
1eb atananu Ba

{(x, Y ER: (x—a)*+ (y—b)<r?} (19.2)

Kabu Genrmnanaan (130-wumama). Bywaa (a; b) wykra doupa mapkasu,
r xa paduys ne6 aTtanand.
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2. TeKHCAMKHHHT mIyRait (¥ §) MyKTalapi TYTIAMHHN KApAMTHK-

KH, YJIapHHHT X Ba y KOOpPAHHATAJIAPH
x—aP+@—br<r
TEHrCHHKHN KaHoataauTupeud. Dynjait nygrasap 1Vnaamu owus doupa
e araranu Ba
{(x, YER*: (x—a)*+ (y—bl*<r?} (19.3)

Kabu GesruiaHaju.

3. Yoy

{( YER*: (x—al+(y—b)=r}

Tynaam Mapkasu (a; b) HyKraja, paamycH r ra TeHr Oyaran adiaxa
ne6 atananu (kapaur, 4-606, 1-§). By aitnawa (19.2) sa (19.3) nomnpa-

JIapHHHT yerapacu Gy/aau.
4. Texuc/MKHUHT WWyHAAH (X; y) HYKTalapu TYNJAMHHE KapalIHKKH,

YJapHHHT X Ba Y KOOpAMHATAJAPH
a<i<b c<<y<d, (a, b, ¢, d— XakMKHi COHJIap), TEHrCH3THK-
JapHH KanoaTiautupeun. Bysjait myxranap t¥naamu énurx mgrpu mipm-
b6ypuax neb arasiaid Ba
{x: WER*:a<x<b, c<y<d}
Kabr Gearunanamu (131- unama).
5. TexucaukHUHr wWyHAAN (v; y) HYKTATADH TYMVIAMHHA KApailTUKKH,
YJAAPHHHT X Ba Y KOOPJAWHATAJADH
a<x<b c<y<d
TEHICUS/MKIapHH  KauoarJautupeut. DBymgait nykranap tynaamu oqus
mygrpu mypmobypuax ne6 aranaau Ba
{5 9 ER:a<<x<h, c<y<d}

kabu GesrusiaHaju.

2-§. TexkHCaHMK HYKTaJapuaaH HOOpPAT KeTMa- KeTAHK
BA YHHHI JIHMHTH

Xap Gup Hatypaa n coHra Tekucaukia Ourra (X, y,) HyKTaHu Moc
KyioBui Komuaara sra OYaaitiik. Illy xoupara Guuoaw:
(5 91)s (%2 %)y (X5 Yg)y - ooy (i Hp)s - o
Tynaamra kenamus. By tVnaam mexucaux nyxmarapudan ubopam xem-

ma-kemaux fe6 arazagw Ba {(x,; y,} xabu Oearuiauasu. Xap Gup

(x; v,) (n=1,2, 3, ...) HyKra KeTMa-KeTIHKHMHr XaAu Ae0 ara-
Jazu.
. L by (L L S §
Mucoaaap. 1. (I; 1), (2. 2), (3. 3), . (n. "). .

2. (1), (159, (3, ...,(,n), ...
3. (L 1), (=L —=1,, 01D, ...
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Timcmm pyKTenzpuian rCepar Grpop {(x; )} (¥ #y), (x; ),

Ok ) ), ... KeTMa-KeTMMK Xamaa 6upop (a; b) mykra
Gepuaran GyJc u.

19.1-Tabpu . Arap ¥ >0 con osuHrania xaMm IIyHAal HaTy-
paa n, conu TOnuJcaku, Gapya n > n, y4yH

d((xy ), (@ b)) <e (19.4)

TEHrcHaNMK Gaxapuaca, (a; b) nykra {(x, y,)} KeT™Ma- KeTMKHHHT AU~
Mmumu neb arananu Ba

linl (X5 y,) = (@ b)

Kabu €suaann.
By tavpupmarn (19.4) tenrcusmuknn Kyiuaarsua

VX, —af+ @y, — b <e

XaM €3ulll MyMKHH.

Lo g, (LoLy (L L

Mucoa. Yuwby {(”. n)} (I; 1), (2 :) (3, 3), -

o l), .« . KeTMa- keTviMkHuHr  Jumutn (0; 0) Oyaaau. Xakukartan
n n

XaM _ ¥ € > 0 coura kypa n,= [ % ] -+ 1 neiinaca, ywaa ¥ n>n,

yuyH ’

dmﬁwwmm=46;5)(

- ]/(—",—o)“+(%—0f= | +l3='n—"<ﬁ =

e
o:

S—
I

G6ynamu. By sca Gepuaran Kerma- Ket/mknuHr aumutd (0, 0) skannum
G anpan: ]irg (%, kS = (0, 0).

n— n
Adraiiimg, {(x; ¥} : (55 9y (% 9o)s (%3 93) - - oy (X Yohs « -
KeTMa+ KeTJIMKHUHT JHMHTH (@; b) OyucuH:

,.'irﬂ (g Y,) = (@ b).
KerMa-keTauk JUMHTH TabpHdHra kypa * &>0 coH OJHMHranma XxaM
wysAafi naTypan n, CONH TonHAamuku, Gapua n>n, ydyH
d((xs y,) (a, b)) <e, swvum V(x, —al+ (y,—b) <e
Gynaan. Paswankn, Oy TeHrcHS/MKAaH KyHMard
lx, —a|<e, |y,—bl<e
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TEHrCHIMKIp kel uukagu. By sca 10-606, 3-§ na kearupuiran
COHJIAD KeTMa- KeTVIHPHHHHT JUMHTH Tabpudura Onaoau
lim x,=a, limy,=0b

T n-swx n—sx
6ymauny Guaaupany. '

Hlynnait knaub, TeKHeaHK HyKradapuman uGopar {(x,; y,)} kerva-
KeTJIMKHHHE JIHMATH (@, b) 6Yica, y Xomga 6y KeTMa- KeTVIMKHUHT KO-
opiuHatanapuian nGopar {x,} Ba {y,} connap KeTMa- KeT/MrH XaM JiH-
MuTra 3ra OVaaau. YJapHHHr JMMHTH (@; b) HYKTAHHHr MOC KOOP/H-
HaTasapura TeHr GYJaaim:

lim x, =a,
Tim (5,5 ) = (@ )= Yiot y, =b,. (19.5)
n—+x

Suau TekHCIMK HyKTadapuiad ubopat {(x,: y,)} Ketma- keTmk Gepus-
ran Oyum0, yHuHr koopAunaranapuiai tysuwarad {x.} Ba {y,} coniap
KeTMa- KeTJIHKJIApH MOC paBiilijia a Ba b JuMutiapra sra Oyacui:

lim x, =a, lim y, =b.

n—-x n—sax
Consap KeTMa-KewIril JUMHTH Tabpudura kypa % & >0 con ommuran-
Ja XaM Inyujail HaTypasa n, COH TOMWIAXHKH, 1> n, y4yH Ixn—af<
g -
< -1—/—2= 6Vaanu.
[lymanraek, 4 € >0 con onuHrania XaM uryiAait Hatypaa n, cod

. E ~ ’
TOMWIauKH, n>n, yuyn |y, —b| < —= Gyaamu. Arap ny Ba n; Ha-
¥V 4
Typas COHJIAPHWHT KATTACHHH n, Jeitwica, yHma Gapua n>n; yuyH
Gup #yaa

e ST . =
I’\n al<]2—! lyn b]<‘§
TeHrcHamKAap Gakapuiaau. By renrcuamikiapiae  doiizananiu6 tona-
MH3:
: — (e ¥, (& ¥_1 9.2
Ve~ + -0 <V (5+(55 = V2 <=-

/

Jemax,

d (5 9, (@ B) =V, —aF + 1, —F <e.
Byngas, jumur tappupura Gumoan lim (v y,) = (a, b) G6yauum Ke-

JH6 uuKaau.
Ilyupait kuaub, TeKHCTUK HyKrajapuaan wGopar {(x,; y,)} keT™a-
KeTVIMKHHHT KOOpAuHaTajapuian Ttysuwiran {r,} Ba {y } connap xerma-

KeT/IMKJIAPHHAHT JHMATH (@; b) HYKTaHHHT MOC KOODAMHATANAPHra TEHT
6yaca, y xomnaa {(x, ¥,)} KeT™Ma-KeT/HKHHHT JuMutH (@, b) Oyraam:
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] % y ’
: . limx,=a

"]-];; g =b = Ln; (x ¥,) = (a b). (19.6)
19.1-naTHxa. IOxopuaaru (19.5) Ba (19.6) mynocaGaraapaan
lim x, =a,
lim (55 4) =@ b) @i, —p

Oy keomb unKaau.

By Xonar ‘Tekucamk HyKralapuian Tyswiran {(x,; y,)} xerma-ker-
JHK JIIMHTHHH YPraHulHH YHUHT KOOpPAHHATaJapuian wuGopat {x, } Ba
{y,} connap KeTMa-KeTAMKJIAPHHHHT JHMHTHHH VPrauuiira KeJHIUHHH

Kypcataau. Bua consap keima- ketaukaapununr anmutaan 10-606, 3-§
la Garadena ypranrad UK.

3-§. HUkxn aprymeHT/M (yHKUMSI Ba YHHHI JHMHTH

Texkncmkaa 6npop M 1ynaam Gepuaran Gyacun (132- unama).

192-rabpud. Arap M 1¥naamzan oamnran Xap Gep (X; ¥) HyK-
Tara Oupop Konia €ku KOHyHra KVpa GWTTa XaKUKuil 2 cOHM MOc KYHHJ-
ran G6yaca, y xonna M t¥naamMpa ukku apeysmenmau GyHKkyus Gepui-
ran ae6 aranamn. Yuu

z=[(x y)

Kabn €3annapu. Opataa M 1ynaaM  QYyHKUMAHHHT QHUKAQHULL CoXQOW
Ae6 arasapu. x Ba y (3pkau  V3rapyBuwiap) pyHKyus apeysmedmaapu,
Z 3ca ¥ Ba Yy WMHT QhyHKyuscu NeNHIaam.

Muconaap. 1. Tekucamkaarn xap Gup (x; y) HyKTara 1Ly HyKTa
KOOpJANHATAJIAPH X Ba y HUHr Kynaitmacunu Moc KVy#aauran xomaa Ge-
puaran GYJICHH.

Harmixana
= f(xv y) =xY

dypkumnara sra 6yaamus.

2. Kyiuparn QyHKuMsiap MKKH apryMenTyin QyHKIMsJIapra MHCOJ-
Iup:
1

Z=X2+y2, Z=]/l —.Vg-—yz. 2 = =,
) l—x‘-‘—-y2

Texkncamkparn M t¥naampa 6upop 2= f(x, y) ¢yHKLIES Ocpuaran
6yacnn. M tynaamaan (x, y,) nyktanm onami3. PyekumEa wmy (X Yo)
HyKTAra OnTTa 2, connn moc Kysaum. DBy z, con z=[(x, y) dynkuus-
HHHT (Xg Yo) nyKTajarn xuimamu ne6 atalaan Ba z,= f(X,, Y,) Kabn
é3uaan.

Koopannaranapu X, Yy, 2, O¥aran (v, ¥y 2,) HyKTa (azomars HyK-
Tani nojananau (Kapaur 5- 600, 1-§).

bapua (x, y, z) nykranappan (6ynpa (x; y)EM, z=/[(x, y) wn6o-
par TynaaMm z = f(x, y) ¢pyHkuusHuHr epaguen neb atanajn.
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Mucoanap. 1. z=x*4+y* Qyakuaa R TYNIaMAa aHMKJIaHras
. 6yau6, ynunr rpapmru |33-un3maza tacBupiaHTaH.
2 z=V1—x—¢ pyukuuaan Kapaiink. By yuxuusHunr
AHHK/IAHAW COXACHHA TOMAMH3:
== > 0=t I r < 12
JHemax, G62puaran Qyuxuus Mapxasd (0, 0) nykrana, paauycu | ra Teur
€nuK 1oupana aHukaadrad. YHuer rpapurn 134-yuavana racBupsaurad.
z2=F[(x, y) dyukuus M tyniamaa Gepuiaran GyimG, x Ba y Vara-

pyBYwIapHuHr Xap Gupi (=, f§) marepsaana Gz2puarad dyHkuuamap 6ya-
CHH:

X = (p (t)v
y=v(@ (e, p).
Bysna ¢ yarapysuu (=, ) opardkai y3rapraHga Mo: x Ba ¥ JapAad
Tysaarad (x; y) Kypraugaap M rtynnamra rernurta 6yacun. Harwka-
Aa yuGy ’
z=f(x, y=F@@), $)
Gyakuuara sra 6yaamus. By Xxonaa z V3rapysuu { V3rapyBunuuHr my-
pakxab @yrkyuscu 126 arataiu.
19.3-Taspud. Mapkasn (x, ,) Hykraaa, paguyed e(4e> 0) ra
TeHr GVarad ouuy RoApa (X, Y,) wyKranuur ampogpu (doupasud ampo-
¢u) ne6 aranapu Ba U, ((xy Y,)) Kabu Gen ruiaHajnu:

U ((xg y))={(x, YER*:(x —xo)* + (y — 1)* < &%}

Arap (x5 y,) HyKranuur Xap Oup arpopuna M rynaamumur (X, )
HyKTajaH (apgad kamuaa Ourra HykracH Oyica, y Xoaga (X ) Hys-
ta M TYNJIaMHUHT Aumum Hygmacu 1ed aranand.

Mucoaaap. 1. M={(x, yER*:x* 4 y* < |} Tynaamuuur xap
GHp HyKTacH Iy TVYIVIAMHHHD JHMAT HyKTacH Oyaaau.

2. P={(x; y)ER*:x*+ y* < 1} tynaavnu Kapaitmuk. By Tynaam-
HEHr Gapua Hygradapu Xamaa {(x. ¥)ER*:x* 4 y* = 1} rTynaamuuur
Xam Gapua Hykranapu Gepairad P TyJAaMHHNT JHMUT HyKTasgapu Oy.ja-

Arap (x5 Yo) Hykta M TYNIAMHHHT JUMHT HyKTacu Oyaca, y Xou-

1) (x5 Yo) HyKTaHuur Xap O6up arpbrpuna M TVIIAMHMHT yekcH3
Kyn Hykrazapn Oyaanu,

2) M TynaaMHHHr HyKTadapuaaH (X, Yo) HyKTara HHTHIYBYH {(x";
y)} ((x,; y,)EM xerMa-KeTMKIap n = 1, 2, 3, ...) axparmu MmMym-
KHH:

lim (x; 4,) = (X0 Yo)-

X

Texkucaukaa Gupop M rtynaam OGepuiran 6yaub, (¥, y,) Hykra M
TynaaMurdr mavar dykracd 6yacas. [y tynaavaa z = f(x, y) ¢ynx-
LA AHUKJIaHraH.
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- 194-tavpud. Arap M TYNJaMBHHT HYKTAJapHAIH TY3Waran (Xe
Yo) Ta wHTMAYBUM Xap Kanpait {(x,; ¥ )} KeTMa-KemMK OJMHranua XaM
moc {f(x,; y,)} kerMa-keTmk Xap nomm Gutra A comra wntniaca, Oy A
cor f(x, y) dyHKuUMAHMHT (X, Yo) HYKTajaaru Aumumu je6 ataiajad Ba

lim f(x, y) = A (19.7)

X=X,y
Y-l

Kabn é3unau. :
Dyukung JUMHTHHH Kyijarnya tawpridaca Xam GVaanu.
19.5-Tabpud. Arap 4 £ >0 con ommHraga xam wyHuait § >0
con tonwicakn, d((x; ¥), (xg Yp) < O TEHrCH3TMKHM KaHOATJaHTHPYB-
gy Gapua (x, y) € M uyKrajap yuyH

IFix, v) —AI<e

6Vaca, v xonna A con f(x, y) GynKmsHEHT (Xg Y,) HYKTajarw Aumis
mu ne6 atajsaaun Ba iokopusaru (19.7) kaGu Gearnaanaan.

Mucon. f(x, y) = x*+ y* dpyskumsunsr (0; 0) nyKragars JHMHTH
TOIHJICHH,

(0; 0) wnyxrara wutmayBun {(x; y,)} KeTMa-KeTIMKHH OJaMH3:

lim (x; y,)=(0; 0). IOxopuna afitwaranura kVpa, 6y xonja
N o

limx, =0, limy,=0

] N=%cp
6yann.
Bepuaran ¢gyrkunsupsr (v y,) nary KuiiMatiapuian TySWIraH Kert-
Ma-KeTJIHK

(x4} =L+ 3}
6yan6, x,—0, y,—0 xa f(x, y,)=x>-+y>—0 6yaram. [emax,
lim f(x, y) = lim (x*+4 y*) = 0.
x—0 x-0
y—0 y-0

Jlumutra 3ra GVJaran (yHKIMAJap KaTop Xoccalapra sra.

1°. Aeap lim f(x, y) aumum maexyd ea wexauw 6Gijaca, y xos0a
XX,

Y=Y,
f(x, y) Pynxyus (x, Y,) HysKmanune emapauna Kuwux ampoguda 4eea
paranean Oyaadu.
2° Aeap lim f[(x, y) =A, lim g(x, y) =B aumumaap maéxuyd

]
X—»Xq X-2Xg
) Y=Y Y=ty s
Gyaca, y xoa0a f(x, y) = g (x, y) pyakyuaruxe xasm AUMUMU MABHYO
ea

lim [f(r, 4) =g (x, )] =A=B
X=X,
Y=Y

6ijradu.
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3°. Aeap Ll_l;l:l' f(x, y) =A4, liglxg(x, y) =B aumumaap maswyo

s 1) e L)
6yaca, y .yoxzag fy (x, ¥)-gx v) vdlynm;uﬂuune xam aumumu Mmasxcyd
6a

lim [f(x,"y)- g (v, 9)] =A-B

XX,
Y—ily
6yaadu.
4°. Aeap lim f(x, y) = A4, lim g(x, y) =B aumumaap masxyo
PR per
6yaub, lim g (x, y) %0 Gjaca, y xoada f;—zg)—- pyHkyua xam au-
XXy X, U
Yrie 5
sumea seq 6a lim 169 A Gijaadu.
XXy g(.\', y) B

Y=

4- §. Ukku aprymeHTaH QyHKUMAHHHT Y3JyKCH3HIH

z2=f(x, y) ¢ynkuua M rtynaamia Gepwirauw 6VanG, (X, ¥ ((x,,
Yo) EM) Hykta 1wy M TYNJAAMHHHC JUMAT HyKTacH GYJ/ICHH.
196-Taspud. Aeap

lim f(x, ¥) = F(x, %) (19.8)
v-o

6yaca, v xo111 f(x, y) pyusyus (vy v,) K75 mada yaaykcus neG ata-
JIafi. '

DyHKUHA TUMATH TabPUDIHA IBTHOOPra 0au0, dyH KuMAHuHr (X5 Yp)
HYKTafgard y3/JayKCH3/IMrdHA KYHHIArdHda Tabpadiall My MKUH.

19.7-traspud. Arap W& >0 cod oradranaa xam wyuaai 8 >0
cor Tommacakd, d((x: ), (x, y,)) <O TeHrCH3TMKHH KaHOAT1AHTHpYB-
ud Gapua (v, y) €M uyKramap yayH

. F (e, 9) —F (v, vo)| < e
Oyaca, y xoafi f(v, y) dyukuaa (x, y,) HyKTana y3aykcus pneb ara-
Janu.

DyHKUHAA YIMYKCHITAPH YHAHD OPTTHPMICT EpAaMufa XaM Tabphb-
JIAHHIIH MYMKHH.

M tynaamaa (v y,) HygTa Gaman Gapra (v, +A x; Y, +Ay) nyk-
ranu ((x, ~Ax; 4, +Ay)EM) omb, Oy HyKranipy ars GpyHKUHAHAHE
Kaitmataapu f(x,, y), f(% +Ax, y,+ Ay) vy tona mus. Yoy

Af(xy Yo) =[(X%+Ax, ¥+ Ay) —F(x, %)

aitupma J(x, y) QyHKUMAHARr (¥, Y,) Hy{ranacun mjausg  opmmupmacu
Jeb ataniajiH.
19.8-rabvpud. Arap aprymzar oprripvi1ips Ax  Ba Ay Hoara
HHTHATAHAA QYHKUMAHAHE TVIHK  oprrapvacd Af(v,, ¥,) XaM Hoara
HHTHJICA, ﬂanAlin(l) (A7f(x y)=0 ‘
X b
Ay-+0
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L.n , y xoana f(x, y) dyskuua (x,; y,) HyKrana yaayxcus pe6 ara-
Jlaau.

Arap f(x, y) dyuakuna M tynaamausr Xap GHp HyKracuia y3JIyKCH3
6yaca, y xoafa dyukuns wy M tynaamaa ysayxcus 1e6 aranaiu.

Mucoa. f(x, y) = x* 4 y* pyHkuuAnd Kapaiank.

Uxtudpuit (x,, y,) € R* uykranu xamaa (x, + A x; y, + A y) uu om6,
GOYHKUHAHMHT TYJHK OPTTHPMAcHH# XHcoG/1adMi3:
Af(xy, Yo)=[(+Ax, Y+ AYy)—F(Xp Yo) = (% + A X)*+ (9o +
+ Ay)i‘—(.\'g -}—_u;'; =.\';‘ +2x,Ax+ Ax® —f—y;'; + 2y, Ay +AYt—

— X~ =%+ ANAX+ 2y +AyAyY.
Bynaan sca
lim Afx(xy y)=lim[2x, +AX)Ax+ 2y, +AyAy]=0
Av—i)

Ax—l)
Ay-.0 Ay-+0

Gymaunii tonamus. Jemak, f(x, y) =" -y dyakaua R®  tynaamaa
Y3AYKCH3,

19.1-acaatma. Arap ogopiiars (19.8) wmydocaGar Gaxkapuimaca, y Xoaaa
flx, u) dvnsuust (xy yo) HYKTAZA vauaduira sra ae6 arataid. M tymiamaa Gepur -

raf f(x, ) byHKuHA TVIIAMHEHC OHPOP HVKTACKIA €Ki TViamiars GHpop 4H3HKAA
Y3RAMIUC 3Ta GVAHIIN MYMKHH.

Miucoa.
Flx, §) = (x* - y?, arap (x, y)==(0, 0) 6y.ca,
i { 1, arap (x, ¥)=(0, 0) 6Vaca
dyaguna (0, 0) nykraza ysuinimra sra 6Vaaan. Xakukartan Xam
lmﬂnm=myf+W=o

x—el)
u—9 y-+0

6yam6, Oy aumut Oepuiaran  dyuxkumauunr (0; 0) nyKragary KuiMaTH
F(0, 0)=1 ra Tenr 3mac:

lim f(x, y¥)5=[(0, 0).

ol

SHAH MKKH apryMeHTIn V31yKen3 dyHkuuatapuunr 6as3u Gup Xoc-
CanapuHK KeJITHPAMINE.

flx, v) Ba g(x, y) dynxumasap M rtynisamza Oepuaranw  Gyau6,
(xgs o) EM OVaCHH.

19, Aeap [(x, y) 6a g(x, y) Qpynkyusraprune xap oupw (X4 Yy)
Hykmada v3aykcus Ogaca, Yy xoada f(x, y)+ g(x, y) Pyukyus xam
wy (xg: Y) HyKmada ysayxcus Gjaadu,

2°. Aeap [(x, y) 6a g(x, y) Qyuryuaraprune xap Gupu (%g Yp)
Hysmada y3aykcus Giaca, Y xoada f(x, y)-g(x, y) dynkyus xam wy
(%o, Yo) MuKkmada ysayscus Oyradu.

3°. Aeap [(x, y) 6a g(x, y) Quukyusiopriune xap Gupd (x,, Yo)
HyKkmada yaaykcus G6gaub, g(xy, Y,) =0 Gyaca, y xorda g—((:—:) phyrk-
yua (g(x), y #0) xam wy (x,: y,) HyKmada ysryrcus 6g/zaa'u.
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4°. Azap [(x, y) ¢pynxuyus weeaparanean énuxk M mgnaamda ys-
AyKcus Ogaca, y xoida Gynkyua wy mygniamoa wecaparavzar Gijaa-

z=f(x, y) dynkuns M tynaampa Gepuiran GyJcuH.
19.9-taspud. Arap % €>0 con oamsrasna Xam wynaai 6 >0
cOH Tommicakd, M TYnaaMHuHr
d(lxs ¥'), ("5 y"N< b
TEHICHS/INKHH KaHOATJIaHTHPYBun uxtuépitit (¢, y°) ra (x”, y”) uykra-
JiapH yqyH
'f (.\", .1/‘) —'f('\-”v ,{/”’l < €
6yuica, f(x, y) dyukuua M rtynaavaa mexuc Ysayscus yHxyus neb
arajiaa.
PaBmankn, f(x, ¥) ¢pyskuna M t¥naamia teknc yaaykcns G6yica,
y 1y Tynjamaa ysaykeus 6Vaaim.
19.1-teopema (Kantop teopemacu). Aeap f(x, 1) pynk-
yus weeaparanean énux, M mignaamda Gepuirean 6a  ysayxcus Ogaca,
Y Xor0a ynkyua wy mignaamda mexuc yaaykcus Gyaadu.

5-§. Ukku aprymMeHTIH (QyHKUMSHHHT XOCHJACH Ba
nvpdepenunaniap
1. PyHKUHAHHHT XYCYCHI XOCHJIANApH

z=[(x, y) dyukunas M (M < R?) t¥naavaa Gepuaran Gyacun. By
M rynnampa (x,; y,) nykKra Gmaan Oupra (x, -+ Ax: y,) nviTanu onub
6y HyKTazsaplla (YHKUMAHHHT KuiiMataapunu Xucolfvaiwmnd. Cyur ywby

[(xo+Ax, o) — f(xor Yo)

afiupmann Kapaiivus. Ogjataa Oy afiupMa f(x, y) QYHKHBAHENT (X5 1)
HyKmaodazu x yseapyequ (apryment) 6ijduda xycycul opmmupmacu Jeliv-
Jamn Ba Ae [(x,, y,) xabu OGenrmiHami:

Axf(-\'u- Yo) = f(-\'o + Ax, Yo) —F (x5 Yo)-
Xyaau inyHra yxuwani,
' Ayi (-"0' !’0) == f(xov Yo + AU' = f(r\'m y.,)

afiupma [(x, y) GyHKuusinuHr (Xo Y,) Hysmadacu y apeysmenm Oyluva
Xycycud opmmupmacu JeHnIaan.
Mucoaaap. 1. f(x, y)=xy QYHKUMAHHHT X Ba Y &pryMeHT/]apH
Gyitnua xycycuit oprrepmatapu A f(x, y), A, f(x, y) an TONMICHH.
Tavpngra kiypa
A;f('t’ y) :‘f(\ + A.\', y) —f(-\'v !/).
A, Y=F@, y+Ay)—i(x y)
6ynapn. By mynocabaraapaan doiigasanub Tonamus:
Af, )=Ffx+Ax, y)—[& PY=Ex+Ax)y—
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. —xy=xy+yAx—xy=yAx,
A ) =F gAY —fx Y =x(y+Ay) —xy=
=xy+xAy—xy=xAy.
Hewax, )
A flx, ) =yAx,
Ayf(x, y)=x4y.

2. f(x, y)=x*+y* pyngunaunnr A f, A, f xycycuit opTTHpMaapH
Af=@x+AR+y— 2+ =2xAx+ A,
Af=x+y+ AW —+y)=29Ay+ Ay

6yaaau
z=f(», ) pynkuna M tVnaamaa Gepuwiran Gyacud. M Tynaamaa
(x0: o) HyxTa Guian Gupra (x, -+ Ax; y,) Ba (x5 Y, + Ay) HyKranap-

Hi xam xapaizmk. Cyur Oepuaran GpYHKUMAHIHT (Yo Y,) HyKTagard Xy-
CYCHIl OPTTHPMANAPHHHK TOMAMI3:

Axf(-"m Yo) = [ (X + A x, Yo) — [ (X Uo),
A, [ (Xoy Yo) = [ (%o, Yo+ AY) —[(xa, Yo)-
19.10-Taspud. Arap Ax—0 na
Ay f (Xov #o)
Ax

HUCOATHHHT JTHMHTH MaBiKyd OVica, Oy Jmvur f(x, ¥) DYHKUHAHUHT
(X0, Yo) HuKmadazu x apeymenmu Ogiuda xycycud xocuracu * Ae6 ara-

Jajy Ba ‘”—';ﬂ—yi)- €kt [ (Xp Yy) (KHCKaya %’— éku f) Kabu Gearuia-
ox &

Haan:

af (X to) £ : A, (%0 Yo)

2 = (v YY) =lim = TTITV

().t x ()) Kisd A%
— 1im [ (xy A x, yg) — [ (xqs 1o)
Ax—0 Ax ’

Xy wrydra yxwamr arap Ay—0 1a
_:‘-y_l (%0» ¥a)
Ax

HUCOATHUHT JIHMHTH MaBkya OVaca, Oy aumut f(x, y) Pynkyus-
HuHe (X, U,) HyKmadaeu Yy apeymenmu Oyfduva xycycud xocuracu Jeb

i = . of . ’
atanaaM Ba QN—;"—M €xit [, (xo, ¥y) (KHcKaua o—f ékn f,)) kaOu Gearu-
Y Y
J1a Hajn:
Of (X0, Yo) ' . A, [(xo, Yo)
——====F (X0» = limp Z¢A0EE
ay fy( ] yO) Aait 7Y v
= lim { (xos 1o+ By) — [ (xg, Yo) )
Ay—0 Ay
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Kearnpnaran tavpudaan kypusaguky, 2= [f(x, y) QynkuMsHunr x
aprymentn Oyiinua Xycycuit Xocuaacunu XucoOmamaa 6y  (yHKuMSHunr
Y aprymeHTHHH Y3rapmac, y aprymeHTH Oyinua Xycychit Xochnacuuu xu-
cobramaa sca X apryMentTHu Varapmac Ae6 Kapair Kepak skan. Jlemak,
2= f(x, y) QYHKUMAHHHT XyCYCHH XOCHJAJAapHHH XHCOOJAlINa MAsKyp
KypcHudr 13- 600, 7 — 10-§ Aarm yHKIMA XOCHJAacH XKaasaam Xamia
XOCHJIa XHCOOMALIArH MasKyp Kouiarapiai (ofiiaiauuil MyMKiH,

Mucoanap. 1. f(x, y) =x* - y* dyrkIpSHUET  Xycvenit  Xocuaa-
JapH Kyiujarnda OV.Jaim:

folx, )=+ 4, =2x,
(5 9) =+ y%), = 2y.

2. f(x, y) =x" (x> 0) GyHKUMAHIHE XyCVCHii XOCHIatap

d —1 of
Y = gy I i
ax ady
6yaazn.
X “
3. z=arctg —- dyvrkuMgHUAr Xycycuil Xocwaaaapu
y
oz 1 e 1y
dx | ( X )‘-’ Y xR Y x2 - y?
Y
dz 1 X ) i x X
o0y {x \2 ( i* X2 -y X2 - y®
ot —) 3
7] iy

" 6yaanm.
6-§. PyHKUMSHHHT TYJAHK OpTTHpMack (opmyaack

z=f(x, y) pynkuns M r¥naamga Gepuaran O6Vacus. M Tynaamaa-

ru (xo; Yo) HyKtauuur Gupop atpodmia % Ba ;l; XycycHit  Xochiaaaap

MaBXyA Gymmb, yaap (v, ¥,) HyKTaja _\'3.1)'KC;13 oyacin.  Bepuaran

z = f(x, Y) QyHkuMaHUHT (Xo5 Yp) BYKTaRarn oprrupmacH A f(xg, Yo) HH
Ky#ugarnya €3n6 osamns:

Af(xo, o) =If(xo+ A%, Yo+ AY)—[(xo 1+ Ay +
+ [[(xoy Yo+ AY) —[(xer Yo)]- (19.9)
Jlarpamx TeopeMaciian (oiifaganiG TonaMua:
Fxo+Ax, yo+AY)—[ (% vot+AY) =[x+ 0Ax, 4o+ Ay)Ax,
f(xor Yo 8Y)—[(xe Yo) = [, (Yo, o+ 0 AY)AY
(0< 6, 8,<1). Hatmkana (19.9) tenrauk ymby kVpuHHIra Kejain:
Af(xg Yo) =/, (xo+0AX, tf+Ay)Ax—+
+F, 0 Yo+ 0,Ay)Ay. (19.10)



Miaprra k¥pa QyHKIHSHAHT f: Ba f, Xycycuit Xocunanapu (o ¥g) HyK-
Tajga ysaykcus. Jlemaxk, ~
LiFoi‘; (g +0Ax, y+Ay = f,; (Xor Yoy

Ay--»0
lim f, (0, 4o+ 61 A4) = [y (Xor Yo)-
Ay—0

[Myuaait Kimo,
fo(xo+0Ax, yo+ Ay) = [, (%, ¥o) + .
fy Ko Yo+ 0y AY) =, (X, Yo) + B (19.11)
ne6 éamn mymkud, Bynaa @ Ba § smap Ax Ba Ay ra Goramk Xamaa

Ax—0, Ay—0 n1a «a—0, f—0. (19.10) Ba (19.11) mynocabaraap-
nan

Aoy Yo) = If (X, o) -] Ax+ [iy (X0, Yo) +PIA Y =
= [y (Xo» Y)Ax+ [ (% o)Ay +aAx+PAyY
Oy keand unkaan. demak,
Af(xgs Ug) = [ (Xor Y)AX+ [, (%, y)Ay+aAx+pAy. (19.12)

By ¢yrryua opmmupsacurune gopyyracu jed arataiu.
19.2-nwarumxa. Arap f(x, y) dyukunsa (x, Y,) HyKTaja . y3TyKCH3

fw [, Xycycuit Xocnaanapra sra Gyvca, y xonna dyukmus my (Xo, ¥o)

HyKTada yatykens 6yaamm. Xaxukaran xam (19.12) dopmynazan  doii-

nandnio,

limOAf(xo. Yo) = I\)i‘m0 e (xor W) Ax+F,(xo0 Yo) Ay +

AX—s
Ay—- Ay—0

+alAx+pAy]=0

6yaumuii Tonavna. By aca f(x, y) dyukumannur (x,; y,) nyKraga ys-
JYKCH3 3KAHHHK GHAZHpaan.

7-§. Ukkn aprymentan (GyHkussuuur auddepenunann

z="7F(x, y) pyukuns M 1ynnramaa Gepuaran OYacun. By M tynm-
Jamaa (vg Y,) Ba (x, = Ax; yy -+ Ay) Hykramapuu omd, PyHKUHA OPT-
THPMACHHH TONAaMMU3:

Af(xo o) = fxo+Ax, Yo+ AY)— (X0, Yo)-

[9.11-tabpud. Arap [(x, y) dyukuwnauunr (v,; y,) HyKTajaard

opTrHpmaci yiuby
Af(xg, Y)=AAXx+BAy+aAx+PAy

KypuHuinaa upofasnaHca, y Xoama dyHkuua (¢ y,) Hykraga Ooup-
¢epenyuarranysqu ne6 atanaau, 6ynna A, B — ysrapmac, o Ba f 3ca
Ax Ba Ay ra Gormuk Xamia Ax—0, Ay—0 aa o Ba f§ map XaM
HOJTA MHTHIAAH.
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Mucoa. f(x, y)=xy ¢pynsunsnn xapaimk. By dynkupsaunr (x,;
Yo) HYKTaZlarn OpTTHpPMAcH

A f(xor Yo) = (Xo+ AxX) (Yo + Ax)— Xolfy
Oyaamu. Ynu Kyfujarnya €3 MyMKHH:

A f(xXo, Yo) = (xg+ A x) (Yo + A Y) — Xy = XoYfp +
FYAX+ XAy + AxAYy—Xollg =Y Ax+ XAy +
+AxAy=AAx+BAy+alAx+BAy,

6y epaa
A=y, B=x, a=Ay, p=0.
~ Hemax, Gepuaran Qynxums (¥, ,) HykTaza Audxpepeninannanysyu

f(x, y) bynkuma (x5 y,) nykraia uddepeHusasianyByn GyJcHH .
Tabpugra xypa

Af(xe Yo) =AAx+-BAy+aAx+BAy (19.13)
6Yaamu. By Tenrimkza Ax=:0, Ay =0 1e6 Tonamus;
A f(xp Y)=AAx+a-Ax.
Kefiunri TeHraukHUHT Xap HKKM TOMoOHuHH Ax ra 6yauG,

A | (x0, o) =A4a
Ax ’

TEHrVIMKKa KeJamu3, Bynzau sca

lim Ax f (xgs Yo)
Ax—0 Ax

6yamum xean6 uukanu. lemak,
fe (Xos Yo) = A.
Xyaan wynra yxwaw, (19.13) renrankaa Ax =0, Ay==0 ne6
A, f(xe, ) =BAy-+pAy,

Ayf(xo- Yo) —B
S A o

—lim A+a)=A4
Ax—0

TEHIVIHKJapHH, cyHrpa

lim Ay f (xo 1/q)
Ay—0 Ay

—lim (B+§) =B,
Ay—0

fy ('\‘0! !/o) =B

GYIHLIMAN  TONAMH3.

Ilynpai kb, Kyingarn Xyaocara kedamus. Arap f(x, y) dynk-
wist (Yo Yo) HyKTaga Audxpepenunainanysun Gyiica, y Xoama (yHkuus
my HyKraaa f, Ba f", XycycHil Xocusiazapra sra Gyaamin. Qyukuus opr-

, THpMacu 3ca ymly xypuHuwra sra 6yiaju:

Af(xo Yo) =T, (X0, Y) DX+, (%, Y)Ay+aAx+BAy.



4 !
. Arap f(x, y) dynkuua (x5 y)) Hyxramanr atpoduma f.(x, ¥),
f;(x. y) Xycycuit Xocuaanapra sra O6yamb, Oy Xycycuit xocuaazaap
(%o, ¥,) HyKTala yaaykeus Gyaca, y Xoaza f(x, y) oyuxuma (xo, Yo)
HyKTaga AuddepennnasnanyByn Oyaaaum. XakHKaTaH Xam 10KOpHAAri
mapraapaa f(x, y) dyskunauuur TVank oprrupmac yuyn (19.13) ¢op-
MyJaa Ypuran Gyaaau. Yuaau sca (yHKuusHunr udrbepent HaaiaHyBy U
Oyanin Keaub yuKaau,

®apa3 gkuaaiauk, z = f(x, y) dynkuns (x5 ) nykraaa auddepen-
umasianysyn Gyacun. Y xXoaaa

N %A.\'—*— Z,', Ay+oaAx+pAy
6ynaan. By ndopasarn '
28 Awid A Ay
ox dy

imeunan f(x, ¥) QyHKUEsSHAHD (X Yo) HyKTazarn Qucppepenyuaru  neb
atanaau Ba y df (%, Yp) €ku dz xabyu GearniaHaiu:

df (x,, Xy
df (%, §g) —de =G0 b p .y Il G p
ox dy
Hemak, ¢y anddepenunann GyHkius oprrupvacuuuir Ax sa A y
ra uucOata umsnigm Gomr Kuemu, Arap Ax =dx, A y=dy 6yanuuau
spTHOOpra oacak, y Xoaja Qynkuus Audxpepenimani ywly KYpPHHHIRHK

!

onapu: dz =df = %f dx -+ % dy.
X 1y

Mucos: 2z =xy Qynkuusuuir auddeperinan
lé} y
dz = % dx 4. 55 dy =ydx -+ xdy
dx dy

6y1a1u.
f(x, ¥) Ba g(x, y) dyukunaaap M Tyniamaa Gepuaraw Gyauo,
(xo: Yo) HyKTaga audxpepenumanianysyn GyJcnd. Y xosja
f(x, ) +=g(x y),
[(x, y)-g(x, y),
flx, u)
0 ud [ 3 X, 0
s 1) (g (x, ¥)50)
yHKLHATAp XaM Wy (X Yo) HyKTaaa AndpepednvanianyByd Ba ymby
¢dopmyaaiap ypunau Oyaanu:
dlf(x, y) = g(x, Y =df(x, y) = dg(x, y),
dif(x, vh- &(x, Y1=[(x, ¥) - dg(x, y) +g(x, ) df(x, y),
fx y)] _ & ydf(x, y)—Fx y)dg(x, 4)
(*x, v) g (x. 1) '

Wyuusraex:
) dlcf(x, Y] =cdf(x, y) (c—const)
6ynq‘n,u.
‘ 207
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8-§. Hkxkn aprymentan (GyHKUHSHHHT 0KOpH TapTHGam
XyCycHii XOoCHJaaapH Ba nlld!bepeuuuamapu

z2=f(x, y) dbynkuns M t¥naamaa Gepuaran Ba y (x; ¥)EM nyk-
Taja AupdepenunannanyByys  GyacuH. Pablanku, 6epu.nran (pynKIHS
(% y) nykraza [, (x, ¥), f,(x, ¥) Xxycycmit Xocunanapra sra Gyuiamu.
By xycycuit xocunanap V3 nap6atuja x Ba y V3rapvBUMJIAPHHHT (hVHK-
msicH Gyamm MymkiH. Macasan, f(x, y) = x%y® QyHKUuSHMHT Xycy-
cHit Xocuaanapi

fole, ) =2x7 f,(x, y)=2x%
6yvmb, yaap x pa y VsrapyBU#IapHuHD (YHKUHSCHANP.
19.12-Tabpud. 2= [(x, y) dyukuus xycyenit xocuaanapu [, (x, y)
Ba f; (x, y)HuHr Xycyenit xocnnanapn Gepiniral QYHKUNSHUHT UKKUHYU
mapmubau xycycui xocuaarapu Jeiuiany Ba

e e 0% RF ef
Fess Fegr Tys €K

oxt’  ox ay " ay?
Kabu Gearnsanam. Jle\aal\'

. o @9
= ac = (b W= o (55 )
3 0 daf
f’” - ()xd (f , J” 7; ( ax )
. _ 2 _ o (ot
[9‘ T dudx (/ % ), = ax ( dy )’
- B o ey =9 (9F
f”' T (fy (% 9)), = dy (dy )
of a=f

19.2-3cnartma. Ozataa —.— XVCVCHI! XOCHIanap apasaui Xocura-

Ba
oxdy  Oyox
aap jie6 aranazn. By aparam xocmaarap (x; y) nykraaa yaayxkeus 6Gyaca, 6up-Gupura
Tenr Gyaain.

Xy 10Kopraaruiex, 2z == f (¥, y) QYHKUBAHUHT YYHHYH, TYPTHHYH
Ba XOKa30 TapTHOMmi wcycxm XocHaazapi TanpudIIanaay.

Mucoa. f(x, y) = x>+ y* + x%? (hYHKUMSHHIT HKKHHYIY TapTHOAH
Xycycuii XOCHJIAJapH TOMHJICHH.,

AsBano Gepiaran (pyHKuumer XyCyCHIit XOCHIAJapHHH TONAMNS:

gi (\- + ¥ + Xy + 2x 4+ 22,
gf_=_0__ 2 2 21/2) — 9 2
o (x* + 4° + x%*) = 2y + 2%y,

DyHKUMAHUHT MKKUHYH TapTHOMM Xycycuii Xocwianapu Kyimjarnga G6y-
Jiaju:

o2 d of ad P

axfi ox ((?x) = ox Q@x+2x) =2+ 24 =2 (1+ 47,
, 0 gL — _g_ 9 -2 — ot 2 - — 2

:J” —ay (ay) - (29 +2x%) =24+ 2¢*=2 (1 + x?),

R S (_"L)

o ox

~9 2) —
T =% (2x + 2xy?) = 4xy.
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xanaﬁ.mu( z=f (x, ¥) bynkuna M TynJaamaa 6epn.m~an 6y-
Jm6 (x. y)EM uykraza andpepenunainanysun OyJacHH.  Mabnymky,
(VEKUMARRAT  AndxbepeHiina/m

df (x, y) = dx—l- ‘)” dy (19.14)

(ENUR

19.13-Tabpud. z =7 (x, §) GyHKunAnMAr (X; y) HyKTafard Rucg-
deperunam df (x, y) wunr anddpepenunany Gepuira qavukmmﬂmlr ux-
Kuntu mapmubau ougdepenyuaru 1e6 atanaaw Ba d* [ (x, y) kaOu
Gearnjaananm.

Jemax,

d&f (x, y) =d (df (x, y)).
Suan [ (x, y) yskuns  auddepentmammimr  (19.14) ‘ndogacanan

doitnanann6, f (¢, y) QYHKUHSHUHT NKKHHYN TapTHOM Iudxpepenumanm
HHORACHHN  TONAMH3:

& (x, y) = d (df (x, y) —d (-d’—( dx + g{/— dy) =

=d (5) de+a (S a.

ay
Arap
daf 0 af | da [af af a2f
d(——)=—— == ——)d: =— dx-+ —- di
ax dx (\ dx ) o ay ‘ ox y oa? = axdy 4y,
MY\ _ @ [ ' af anf a2f
d(‘_.:__ dx +-~ ——)d:z———dx L
dy ox ( \ Oy ) ay ( ay y dyox + dy? dy
Ba
o

oxdy  dydx

G6Vauumni sbTHéopra oJcaK, y 30a1a

& f(x, y) = (ﬂ ds + ﬂ - dy) dx + (—”L dx+ 21 dy) dy =

0x
— _‘?_i_ 21 g [ f 0* f
- dx* - 20y dxdy - dtd_/—{— dy*
L 6f 2
o dx*+ 2 —— d d_/+ d_/

Oyaaan. Jemak,
=& an o P e
d*f (x, y) =3 dx* 42 Sop dxdy -+ i dy®.
Xyanu iogopunaruiex, 2 = f (¥, y) QYyHKUMAHHHD YHHYH, TYPTHHUH Ba:

XOKa30 TapThOm au(depenuHanapy TabpugViaHaan Ba yJapHHHT Hpo-
Janapn TOMWIAH,

14—]"2678 209
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Hram apryuemvm cbymamn yaYH XaM TeMop q)opnyuacm &3uin
uymum Kyituna Gyunait dopmysann kearapuinr GuaaH ruHa xn:po;maﬂa-

z=1[ (v, y) dyakuus (xq y,) HyKTaHUHT
Uo ((x0s Yo) = {(x, WER*:d ((x, y), (X4, o)) < 8}

atpobuna Gepuwaran 6Yaud, yHAa cbvnmum OGMpUHYM, MKKHHYM Ba XOKa-
30 (n -+ 1)-TapmHOmt yanyKeH3 Xycycuit Xocwaazapra 3ra OyJacHH. Y

xoma | (%, y) = f (Xo ¥o) + ﬂ‘-—”—) fe—=x) g"%—;"‘" (—y) +
Yy
1 a2f (xg, yy) .. A8 P2f (Xg. Uo) -
2 -~ [Tzﬂ_; (v —x)*+ 2 e (x —xo) (y —u,) +
S0 1 a7 (x
A 0% (xo, Uo) (y _yo)al O 4, l 1T (Xg. Yo) L= Xo)” 4
ay? n! dx”
A" (xg, Yo) f— 0" (%o, )
1 27 Yoo Yo) (o NI () g1 Xo, Yn)
2 i a— g Rl Ml e e (v—4o) ]
1 g+ f (-\'n"“e (x — xy), Yo ';"')-_' (¥ — tn)) 3 _\ntl
(n+1)! l,— o (r =) -
-+1)! ox"
T I "+ (x4 0y (xal-/-:.;). o == 0s (4 — 1)) W —y,)" ;-l]

0<h, 6,<1
65'11311" By ¢opmyna uxku apeysenmau ynsyuanure Tedaop ¢opuy-
Aacu ne6 aranajau.
9-8. Ukkn aprymeHTaH (QYHKUHSHHHT 3KCTPEeMyMm
KHiMaT/iapu
z2=7(x, y) dyukuus M r¥naamaa Gepuarain 6V, (Xp Yo €M

Gyacun.
19.14-tavpud. Arap (xp #) Hygraumur M tVnaaMmra Teruurid

Ly Aait
_ Uy (o Y ={x, Y)ER™: d ((x, ¥), (%o o) < B}
arpopn Tomwacak, ¥ (x, ¥) €U, (x4, ¥y) yuyH
F x4 <7 (o Yo

TEHICHATHK VPHHAH GVaca, y Xoaaa [ (x, ¥) GyHKUHa (X, Y,) HyKTala
MAKCUMYM lgud.uamea spuniady  neinnam. (Xp Yo) HyKTa (QYHKUHATA
Maxcumym Kuimam Oepaduean Hyxkma, [ (X, Y,) 3ca PyHKYUIHUNHS MAK-

cumym Kudmamu feiftnaagn. Yuu
max {f (x, )} ((x, ¥) EU ((Xo ¥o)))

. Kabn GesarwaaHaiu.
JeMmak,

[ (o) 4o) = max {F (x, )}.

)



19. 15-'ra'bpu¢ Arap (%o o) HyKTammar M 'rynnama TErHUIE
Gyaran wynnai

Uy (X 40)) = {(x, D) ERE:d ((x, ¥), (xo, yo)) < 6}
atpodu Tonnacak, ¥ (x, y) €Uy ((xq, ¥y)) yuyn

[ y) =7 (X ¥
TEHrCH3JAHMK VPHHAR GVaca, v xoaaa [ (x, y) QuHryus (x,, Y,) HUKMa-~
Oa munumysm Kudsmamea apuwadu ae6 atanain. (X Y,) Hysma @Gysx-
yusea Munumym xudmam Oepaduean HYyKma, [ (X, Uo) 3ca PyrEyua-
HUME MUHUMYM Kutismamu Jeiuaann. Y Hu
min {f (x, )} ((x, ¥) €U (x4, 1))
kabu Gearmnanaau. lemak,

[ (X0 Yo) = min {f (x, y)}.
DYHKUMAHNMAT MAKCHMYM Ba MHHHMYMH YMVMIil HOM OHJaH YHUHT 8K
cmpesmymu aeinaain.

10~ §. PyHKUHA 3KCTPEMYMHHHHI 32pYypPHH
apTH

z=7F (x, y) pyukuua M tynaamaa Gepuwaran GVaub, (¥, ¥o) HYK-~
Taja IKCTPEMYMra, aiTailJiK MakCHMyMra SpHLICHH. YHJIA (Xg Yo) HYK~
Tauuur Uy ((Xo, Y,)) aTpopunars nxTuépuit (x; y) HyKTanap yuyH f (x, ¥)<
<[ (Xo ¥o) OVnamu. JKymmanam, (x; Yo €U, ((xo, ¥o)) YUyH XaM
f(x, o) <[ (x5, ¥y) 6ynamn. By xoa1 Gup aprymentan f (x, y,) dynk-
e (GyBla X apryMenT) X, HyKTajla V3HHHHI 3HI KaTra KHAMaTHra
spuummued Guaaupann. Arap f (v, y) ¢yukuna (X, ¥,) HYKTaga X ap-
rymentn Gyitmya f, Xxycycuit Xocuaara sra Gyaca, y xoaga Pepma Teo-
pemacura Kypa f. (%, o) == 0 Gynamu.

IOkopunarnek, (x5 ¥, nyktanuur U (¥, ¥o)) aTpodmaarn nxrué
puit HyKTaja, xymaaaas, (xo, ¥) €Uy ((xe, Yo) yuyn

F (xoo )< T (X0 Yo)

oVaamu. By sca Gup aprymentan f (x,, ¥) ¢pvakunaun (6yHaa y apry-
MEHT) I, HYKTafla V3UHHHI 3HI KarTa KWAMaTHra SPHIIHIIAHN GHAM-
pagi. Arap [ (x, y) dysguns (x,: ¥,) HyKrazna y aprymeHt Gyiuua f;
Xycycnii xocuaara sra Oyaca, y xoana sina @epma TeopeMacHra Kypa
Iy (X0, Yg) = 0 Gymmamm.

=f (x, ¥) dynkuna (vq ¥,) HYKTaZa MHHMMyMra 3pHLITaHZa XaM
XyAau nry xoJ o3 Gepai.

19.3-scaarma. | (x, y) =xy (DYHKUHSHH KapaiavK. By dyuknus
fo (% ¥) =y, f (x, y) = x Xycycnit xocunanapra sra Ba Oy Xycycuit
xocuaanap (0; 0) HyKTaZa HOJra TeHr:

f. 0, 00=0, f, (0,00=0
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' Bupoq 6y [ (x, ) =1y bymkips (0: 0) HyKTaja SKCTpeMyMra Spui-

Illynnaﬁ KHIHG, z = [ (X, y) yrkuna (Yo Yo) €M HyKTajla 3KCTpe-
MyMra SpHilica Ba Wy HyKraia QyHkuus f., f, Xycycuit xocianapra

sra Gysca, y xoana
fo 6y 1) =0, f, (x, ) =0

6Vaagn. By ¢yukyuanunz scempesmymen IpuuiiiuHuRe sapypuil wap-
munu whogaaaim.

DyHKMA XYCYCHil XOCHIaJapUHHHT  HOJra amamnpamiraﬂ HYKTa-
Jap YHUHT cmayuosap (mypryd) Hykmaaapu Jeiuianu.

11-§. PyHKuMS KCTPEMYMHHHHT eTapianJHK
LapTH

Aumu z = [ (¥, y) QYHKIWHAHHHT CTAIMOHAD HYKTAJa 3KCTpeMyMra
SPULIALIMHI TABMHNIARLNTAH WAPTIAPIN TOMHUI GWIAH  UyPy/IAHAM K3,

z=Ff (x, y) dyukuns M TVnaamaa Oepuaran GyacHH. (X ) € M
uHykramunr Uy ((xo, Yo) atpobu my M t¥nviamra ternnmm 63/cHH.

Arap (v; Y) €U, (X5 Yo)) HyKTANa Xap JoHM
F o, ) —F (X %) >0

6yaca, yuaa f (v, ¥) GyHKUMs (X5 ¥,) HYKTada MUHUMYMra 3SpHiIani.
Arap (v; ¥) €U, ((xy; Yo)) HYKTaZa Nap A0OHM
8
F o, ) —F (F (%o, 4) <0
Oyaca, yuaa f (x, ¥) dyukuna (\u. Yy) HYKTaA2 MAKCUMYMra 3SpHUIAIH.
lleua;c 6u3 (Y, Yo) ByKranuar U s (X0, Yp)) aTpoduaaru (x; y) HyKTa-
Jiapaa
F (5 1) —F (X Yo) (19.15)
afiupManuir Xap fouM myceGat €ku Mandui GVIMIIMHA  AHNKIALIMHU3
Kepak skaH. By macaianmn Xan xwmmaa [ (x, y) dyHKuusra MabIym
amapriap Kyimiaam. z = f (v, ¥) dysius:

1) (xo y,) nyxrammur U, ((x, ¥,)) atpoduia X Ba ¥ aprymentiapu
Gyfiuua Gupuuun [, Ba f, Xamaa uxkumyn 1aptuban o, fo. fo. Xyey-
-cuil Xocuaagapra sra OVanG, yaap yaaykeus GFJICHH;

2) (Xgi Yo) HyKTa f (¥, Y) QYHKUAAHHHT CTalHOHap HyKTacH OFa-
cuti: f, (%o, Yo) =0, [, (X, 4o) =0.

Teittop dopmyaacuiaan doiaatanub Tonamus:

1 : (""0' ,0) . (] f]‘ ’ _l))
f(x 9)=F (xo 9) + Of—ox"_ (x —Xo)+ ,—(Jg;—l— (y — yo) +

+5 [oF c—xt 25 =) G—s)+ 5 W—u],

OyHla MKKHHYH TapTuOan Xycycuii Xocwdanap (Xo+ 0, (x —xp), vy, -+
+0, (y —y,) nykraza xucobmawran (0<0,, 0,<1).
Arap (xq Y,) HUHT CTAUMOHAD HYKTA 3KAHHHH 3bm6opra 0/ICaK, yHAa
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FOIY=F (ol u) L ["” (x— %) +
+g- (x —xy) (y—yo)+#(y—yo)2]

axdy

Oy Keaub uuKas.
Amau f (x, y) GYHKHHSHUET HKKHEYN TapTuOan XycycHil Xocuiasna-
PHHHHT (X4 #y) HYKTaZard KuilMaTapuun Kyitinarnya Oeruailiiuk:

0% (X_u-_y_:_»)_ G2 [ (X0, o)) s

,:I ('Ylh !/n) = = allv f;y (-\'ns .’/(l) =

dx? dxdy
. ] ()_"o-_!i'pl =q
dydx i
" i [ (X, )
fy: (-\(n Jn) = ——, LI L8 == Qgs.
dy*

laprra kypa Gepuaran nkkaiun TapTlan Xyeycewit xocnwaaaap (Xg Yol
HyKTala yanykceus. Hlynu semGopra oom6 tonamus:

Fo o+ 0y (x—x0), Yo+ 0y (f — b)) = [ia (Xo Yo) + 211 = ‘11‘1+‘111r
f;y (X + 0y (x—x0), Yo+ 0, (¥ —y) = f,ry (Xoy o) + %2 = @yat0Olygs
Foo (o0 (x—Xg), Yo+ 0 (y—20)) = /,Ja (Xoy Yo) + gy = Gag+Clay.

Bynaa x —x,— 0, y —y,— 0 1a oy, %y, %, HUHP Xap OHPH HOJra
HHTHIa 8.
Hamwkana (19.15) afmpma yuiey

[ o ) —F (x, Jo)—‘ = lay (F — X P 1 20y (x —x,) (¥ — o) +
+ gy () — Yo’ + = ['111 (¥ — ) -+ 24y (x — Xa) (¥ — yo) +

+ oy (U — o))
Kypunuira Keaaau. Jlemak,
F e o) —F (X, Yo)
AHMPMAHHHT HIIOpacH Kyiuaar
Ay (¢ —Xo)* + 2015 (x —X,) (Y — Uy) + sy (y — Yo)*
KBajpaTHik (popManuHr minopacira Gorank GV.1amu.
I°. Arap a,,-a,,—aj, >0 Ba a;; >0 GVaca, y xoa3a
[ x, 4)—F (%o, %) >0
6ym0b, [ (¥, y) QyHKums (Xg y) HyKTaza MHHHMYMra 3piiuaj.
2. Arap a,,-ay —0},>0 Ba a,;, <0 Gyaca, v xoma f (x, y)— .

— [ (g o) <O 6§76, [ (x, y) GyHKUMS (Xg; Y,) HYKTafla MaKCHMyMra
SpHIAH.
3°. Arap a,,a,, —aj, < 0 Gyaca, y xonza

f (x' y)—f ('\‘01 !/o)
213
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(e 'm Hiziopa eaxnauam By xona f(x. gt R yK -
. Taja sKcTpeMyMra spumuawm
4°. Arap ay,8, —a}, =0 6yaca, y Xoi1a

¥ f(x, 9) —F (x, %)
¢ aiMpMa MycOar XaM, MaH(Hil XaM OVaHIIM MYMKuH, sbui Gy Xonaa
L F (x5 ) dynkius (xy: Yp) HVKTAZA MUHHMYMra €KH MAKCHMyMra SpHIUH-
i MM MyMKHH. YHH KVIIHMYA TEKUMPHI EPaMia aHHKIaHALHN.
L[Iywxan KWIH0, HMKKH APryMeHTIH [ (x, y) (YHKUMSAHHHC SKCTpe-
A ﬂtyMu Ky#ujarn Koujgara KVpa TOmmaaju:
D F (v, y) dyscumsnuar Xyeyewit  Xocuaazapu f. (x, ), f (v, &

TOMH/AMN;
A 2) By xycycuit Xocunagapen Hoara Tenr/aad, yudy cucreMa XOCHN
L KHAMHATH:
[ [, (x, ) =
lf (x, 1) = (19.16)
3) (19.16) cucremaiit eqnd, Gepuaran QYHKUMAHHHC CTAUMONAD HYK-
g Tanapu Tonunaau. Aitraiiank, [ (X, ¥) QYHKUHAHUHT CTAUMOHAp HyKTa-
¢ Japuian oupu (xq y,) O%acus (7, (x,, y,) =0, f (X, Yo) = 0);
4) f (x, ) OVHKUHSHUHT HKKHOYI ‘rapme Faad(%519)s [xy (x, ¥),
: .f' (¥, y) XycycHil XocWianapH TONMH.1aau;
(it 5) [ (x, 9), fx,, (x, y), fy, (r x/) HUHT CTAllHOHAP HYKTajarn K-
. Mamiapu ay, = fos- {%ys Yol Gyy = Fey oy Y0)y @aa == fla (X, Uy) Xucobna-
Haau,
6) alla"" ap ’/x: ‘\n _/n) f (\Ov 0) = (i;g ("’0' yo”2 H(poilal"ﬂ!f‘
KHHMATH TOMWIAN,
7) Hanukana:
a) a,,a, —aj, >0 Ba a;, >0 o6yarauga [ (x, y) Qyukunsa (x,, Y)
' HyKTaza MEHHMYMra SpULIHUIHHLY,
0) a,,a,, —aj, >0 Ba a,, <0 CYarauga, [ (x, y) pyskuns (x,, Y,)
HYKTaJa MAKCHMYMra 3pHILHIIHHI;
B ayy00 — a3, <0 OVaca, f(x, y) dyusuns (X, y,) HyKTaza sKc-
| TpeMyMmra SpHIUIMACTHTHHH TOMIIALH.
%y Mucoa. z=x*—2xy+ 2y* —4x + 6y -+ 10 pyukuuAHUHT SKCTpe-
. MyMd TOMHJICHH.
oy Bepuaran dyukuusaunnr .\'ycycuﬁ xocu:xanapmm TOMAMH3:
ﬁ'——"x—Q./—tl — = —2+4y + 6.
ox dy
. By xycycnit xocuaanapnu Hoara Tenrsab, yuiby
A

([ 2x—2y—4=0,
| —-2x4+4y+6=0
| CHCTEMaHil eqaMu3.
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{ ‘x—2y—4-—'-0. j ¥—=y—2=0, [9+1=0 y==I1,
o L AL =0" |—x 2+ F=0" =T % =1

Hemak, (1, — 1) nykTa 6epuaran GyBKUUANHHT CTALHOHAP HYKTAcH.
DyHKUMAIMHT HKKHHYM T2pTHOIH  Xycyenii - Xocwaanapran  Tonub,
yaapuuir crannonap (1, — 1) nyxkrazarn rgni’x;\aamapmm XHcoOIaiMA3:

22

(? - —a- |)\ — )J'—‘“

gx? dx

922 ,

(. ——-—(—‘7‘*411—6).-4
gyt dy

2z 0 .
L (2x—2y —4)—=—2
dxdy ay

IleMak, @y =2, Q= —2, Gy = 4.

DuaN 8y, — af, HIL XHCOOJANMES:
011022 ’_d:;: = 2'4 — ('—' 2): — 8— 4 — 4.

Llemm ayy -Gy —a3, ==4>0 Ba a;;, = 2>0. IOxopuaa alitwirasura
Kiypa Oepuiran (byumum (I, — 1) HykTaga MuHEMYMra SpHILain. <Dym(-
WHSHHET MMHHMYM KHiMaTil 3ca

minz = min (x* —2xy + 2y* —4x -+ 6y + 10) =5
ra TeHr,

XX BOB. HKKH API'YMEHTJIH @ YHKUHSHHHT
HHTETPAJIH

Ymlby 6061a WMKKH apryMeHTin (QyHKIMS HHTErpadu TYLIYHYACHHH
Vpranamus.

HMrkn aprymentan GyHKUNSHUET HHTErpasil anik HuTerpaira yXiuau
Gynam. Illynw spmhGopra oauG, KyHula HKKI apryMeHTIH (yHKUMS
MHTErpalapy TYWIYHYACHHNI KHPHTHO, YJap NakularH acocHit akTiapHi
HcboTCH3 KeATHpHIL OWian KuposaanaMms.

1-§. MkkH kappaau uuTerpaa

1. Ukxkn kappaau uuTerpan tabpudu Ba VHMHr MmaBkyagurn. Te-
KHCTKAa Gupop werapananrad €nnk (S) coxa Gepwiran 6yan6, yHHHP
1030 S ra rtenr oyacuu (135-unsma).

By (S) coxana z = (x, ¢) ¢pynxura anngaanran Oyacud. (S) co-
XaHit unanknap épaamuaa n 1a (§,), (S.). ..., (S,) coxalapra axpa-
TaMHB. YJapHHET 1037api MOC paeRwia Sy, Sy, ..., S, 6Vicnn. (S))
(k=1, 2, ..., n) coxana nxtuépuit M, (x,, y,) nykta omb, Oy HyK.
Taja Gepwiran (yHKILUSHHHT KupiivaTHRn XucoGaaiyms: [ (x,, y,). Cysr
yuit (S,) coxanmmur 03u S, ra xynaitipu6, xyitniarn

| o= F (10 4)-5, (20.1)
k=0
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FHEA RN tyaamu3. By (20.1) #wenngu [ (x, y) yskunsuuar (S) 6Vitu-
YA unmezpas GUFUHOUCL Ae6 atanaju.
Opnaraarnzaek, (S,) (k£ =1, n) coxanap AuaMeTp/JapHHHHr 3HT KaTTa-
CHHH A 1e6 ouiamus.
20.1-tabpud. Arap A—0 xga (20.1) nurerpan WHFMHAM YeKTH
JuMHTTa 3ra Oyaca, y xoiaa f (x, y) ¢ynkyus (S) coxa 6jduda unmee-
parranyedu peinaub, Oy aumut sca [ (v, y) Pynkyuanuwe (S) coxa
Oyliuna ukku Kappaiuw unmeepaau Aed atanaau. Y HH
([ F(x, 1) dS (20.2)
(3)
Kabu Gesaruianaiu.
Jemax, .
n
* B BT Y A
(\ f(x.y) dS )]LTA‘E‘I f (X ) S,

)

Arap z = (x, y) dyHxkuns verapanasran énug (S) coxama Gepua-
TaH Ba y3aykcus Oyica, y Xonla '\' | [ (x, y) dS unterpan MasKya
(S)
Oynanu.

- 2. MKKH KappaaH HHTerpajHHHr Xoccajapu. 2 = [ (x, y) ¢yuxiua
(8) coxana Gepuaran Ba ya1ykcus Gyacuit.
1°. Arap (S) = (Sy) U (S,) Gyaca, v xoaza
[{F @, 9 dS=T(f(x,»dS+[)[(x, v dS
(S) S0 (sh)
Gynanu.
2°. Ky#naarn teuraik Vpuuan 6yaanu:
[ [ &F (e, ) dS=Rk([ [ (v, y) dS (k = const).
S (s)
3. [ (x, y) dyukuust Gitan Gupra g (x, y) pyEkuna xam (S) aa y3-
Jykcus G6yacun. Y xoaaa
[ yxgxyldS=(|f(x y dS=[|g(x v) dS.
8 (8) (S)
4°. Arap (S) aa f (x, y) =0 Gyaca, y xoaza
' [{7(xy dS=0
S)
Oynamu.
5°. Arap f (x, y) < g (x, y) Gyaca, v xoaaa
JIH, ) dS<|([glx y dS
(S) (S)
6ynaau.
6°. |f (v, y)| pyuxuns xam (S) Aa nurerpasaanysyn Gynuo,
1§ F G 0) dSI< ([ I (x, 5)] dS
(s) (s)
Gyaanu.
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7° (S) coxana mynzaft (§, ) HyKTa TOMMJIALHKIL,
fff (v, ) dS=f (E n) S.

(S — (S) nuur 103n) 6y.nazm.
3. Ukxu kappaiu HHTerpasaapiu xucobaaw. Tekucmkaarn (S) coxa
yuy
(S)={x, ) =R* a<x<b, c<y<d}

Tyepu TYprOypuak coxagan nGopar GYacun (136-umama), z=f (x, y)
byuxkuua wy (S) coxaza Gepuarad Ba yvatykens Ofucun. ¥ xoaaa
dbyukumnsunar (S) coxa 6Vitnua rkku x\appdm HHTErpaH

Hf(\ y) dS = Sl\flx ydtde,

)

an y)dS—\“f(\ Y dy) de (20.3)

)
6y namn.

Jemax, ukku aprymentau f (v, y) dyHkuuaauur kypcatuwiaran (S)
coxa GVitMua WKKW Kappaau HHTerpajd, apBaal Oup aprymentH GViiu-
Ya, CYHr HKKHHYH apryMenT# OViluya OJHHraH HHTerpa/iapiu XucoOsai
Gitnant waoGnaHap KA.

Mucoa. j ‘ — dS wnrerpan xucoGaaucuy, GyHaa

S)
(S)={(x, YER*:3<x<H, I K<y<?2}
TYFpH TYPTOYpYAK.
(20.3) dopmyaagan doitgataHamMua:

ffz as- _Ig" [3‘5'.3 4] o

5

Asgan ’ ~ dx uurerpaani XncoGaaiMiu3. Yuga y yuu VarapMac neb
Jou

Kapaimu3:

5

"

ke (5- _32)__

f-f/-dsz

o

Hamkana

5
L \ xdx = i
Y y 2
3

‘Q

g2 §

(2o f[f 2] er- {2 - -om -

(S)
=8 (In2 —Inl) = 8In2
Gy@ma. Jlemak,
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TR 3 L] .1 b 1 I AT Tab T L LR A=, o
3 e / ~ ‘” 7-4\' LY. < o L e B AR L
& o'y x

fj" i dS = 8In2.

!

Ouau (S) coxa 10KopHAaH Y = @, (X) yHKuUMA rpadurd, nacTaaH y =
= @, (X) dbyskuws rpapury, €1 TOMOWJApHAaH X =a, X =) BepTHKaJd
YH3nKAap Gunan verapananran coxa O6Vacun (137-unsma).

z2=:f (x, y) dyukuns wy (S) coxama Gepuaran Ba yaaykcns 6ymob,
9, (x) Ba @, (¥) pynxumanap [a; b] na yaaykews Gyacun. Y xoana
z=1f (x, y) ¢pyskuuauannr (S) coxa GVitMua HKKHM Kappajiu MHTerpaiu
MaBxKyan 6yamo,

([ Fx pas= (H ,(.\», y) dy| dx (20.4)
(), a T
Gyaanm.
Muacoa. ([ (x-+y) dS wnrerpan xucoGaanci, Gynia
s)

(S)={(x, YER*:0<x< ], x<y<2—x%.

Bepuaran unterpaiun xmucoGaam yuyyH a2sBago (S) coxanit aHuknab
onami3. By (S) coxa lokopuaan y = 2— x* napaosia, nactian Y = x
TYFPH YH3UK, €H TOMOHJapHlaH 3ca x — (0, x = | BepTHKa]1 yYn3uKjap
Ousian yerapananran coxan ugoganaiau (138-yusma).

IOxopuaarn (20.4) dopmyaara kVpa

1 22
H (x - y) dS = H [ +» dy‘ dx
(S) 0 x
6yaann. Paemankuy,
2'-.:' .;—x= 2—x2 2—x? 2—x®
| Gtpdy={ xdy+{ wty=x[ dy+§ uwdy=
x x p X x
2—x3* 42 2.x? 1
= Xy +T .\(‘7—\‘—.\')“"‘?((2—\)—'l.‘l’—
x = X N
=2 —x3— %+ 2—2x* 4 -1)- \‘—-l) $¥ax
T x4+ 2x 42
2 2
¥ xonpa
1
” (x4 ) dS = 5 [' - .\-'-'+2.\-+2] dy =
) 3 o
1 1 1 s il 1
1 x* x4 7 x3 X2
| o I - IR +2x|-—
: 2°5 | 4 Io 23 L 2l )
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RS _':T——-l. 1 +2_——— 6Yaanu. [lemak,

lOl
ff t+oas =2
S
Mkkn kappann HHTerpaJHuHT TATOMK JOHPAacH KeHraup. YJap ép-
NaMHAd TEKHC ILNAKJIHWHI HO3WHH, MACCAHH, CTATHCTHK MOMEHTHHH TOMHMI
MYMKHH.

2-§. 3rpH YM3UKJIH HMHTErpamiap

1. BapHHYH TYp 3rpH YH3IHKIH Hurerpan. TexkucnkAa Gupop srpu
yu3uK (&) Gepuaran OVJcHH. YHu AB éxu () ©Ounan OGearujaakimMus
(139- au3va).

By 5rpd umsuk y3yH.IMKKA 3ra Ba YHUHT Y3YHAHTH [ GYJICHH. IIIy AB
Irpu yu3uKaa z = f (x, y) dyukuus Gepuaran (Oyuaa (x, y)e(l)) AB 3rpu
ansakin A, = A, A,, As, . . ., A, A, = B uysranap éppamuga n Ta
Oynakka GV.uG, xap Oup .4:4,“_1 Oyaakuaza uxruépnit (5., m,) ((§, nJE
EA:h +1) HyKTa onamus. By uykraia f (x, y) QyHKuMAmaHr xuivari

S .
F (&, m,) uit Xucobaab, yuu moc A,A4, ., 6Vaakyanuur ysywmiru A S, ra
KynaiitupaMn3 Ba HUXOAT

n—1
- t\_:(‘]f (5o M) AS,

AvFHHHE Ty3aMu3. By Xav wusmmeepar durundu pefinnagu. Yuuer Ju-
MuTH Xyaad 16- 600, 2-§ na kearupuiarad HHFHHAMIAPHHHE JAMATH KaGH
TabpPUNTAHA M.

20.2-tabpud. Arap }.=m':'n( {AS,}--0 na o iupnEAH yexIH

Jumuatra sra 6yaca, y xoada [ (x, y) ¢ynsyus AB sepu wusux Gfjdu-
4a  unmezpartanyequ RednnG, Oy JmuMut sca [ (x, y) QyHKUMSHUED
AB srpu uusug OVitnua Oupunuu myp 32pu «<u3uUKAUL UHMEPal Aein-
JagH.

Yun

Lf (x, y) dS

AB

Kabu Oearuaanamd. Jdemax,
n—1
\ f(x, y) dS = hmo—- hm V f & M) AS,.
iB i =
1°. (AB) srpu uusug ywoy
x=q (¢))
y=v @) @<I<P
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cucteMa  Guaan Gepuairan 6.6, 6yuna [ (t) Ba ) (t) (hyHKUMSII AP

[, P] na y3nyxens xemna ysaykeus ¢ (), $° () (¢ (@) = A, ¢ (§)=B)
Xocuaanapra sra OVacun. f (x, y) (ynkuMs sca ury srpH 4nsnkia Gepu-
ras Ba yaaykcnd 6yacud. Y xoma

f(x, y) dS
§'1§
SIPH UYHSHKJM MHTErpa. namu 6Vano,

(£ ) as = (iw O, YO VETOFVI @ dt  (205)

A
tSS'.na)m.v

2°. AB srpn uusug ymoy

y=uy(x (@<x<b)

TeHrnaMa Gunan Gepuaran OVamG, y (a) = A, y (b) =B 6V e, y= =y (x)
¢dyukuna sca [a, b] cermMenTaa yaayKcM3 Xamaa Vaaykcu3d 4’ () XOCH-
Jara sra. -

Arap f (v, y) dyskums AB srpu uusikia Oepuwarail Ba  y3JIYKCH3
6yuica, y xonpa 6v dyukuusunnr AB srpn unaug 6VitHua srpm unsukiu
HHTerpai MaBkya OV.no,

b
g [ (x, y) dS = g Fe, y(x) VI+y?(x) dx (20.6)

AB a

6ysiaau.

IOkopuaa xeatnpuaran daktiaap [ (¥, y) GVHKUHS SrpH YH3KEKIH HH-
TErpajJMHHHT MaBXKyHTHHI npogaaabrida Koamail, Gaaku yun XmucoO6-
Jian MMKOHUHM Xam Gepai.

(20.5) Ba (20.6) chopmyaasiap KVpcaTaius, rpH YH3HKIH HHTErpaJ-
Jap aHMK MHTerpajra Keatupimaamn. AHHK uHTerpaain  Xucobnampu
aca XVI 606, 6-§ na Garaena Vprakran 31MK.

Mucoa. Kyimgaru

Y V+y* dS

AB
GHpHHUM TYP SrpH WN3MK/IH HHTErpa’ XmcoGaaHchi, Gynia AB — MapKa-
au (0, 0) nyxrapa, pamycn r =2 Oyaran aisananpnr OHPHHYM KRa-
JAPaHTAarn KHCMMAaH HOOpaT.

AHa/MTHK reoMeTpusaH MabJIyMKH, Mapkasn (0, 0) wykTaja, pamu-
yCH r =2 OyaraH alJaHaHHUHT TEHTVIaMacH

X4 yr=22=4
6ynamu. DBy afinasaunir OupHHYH KBaJpaHTAArH KHCMH
y=Vi-2 (0<x<?)
6yaann. (20.6) gopmyaanan goiaananné Tonamus.
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Srpu¥unauKan [HHTerpassap XaM amuK HHTerpan XoccanapH KaGH
xoccanapra sra. Yaapuunr Ganbsu Gupiapiin KeatHpui Ouaad  Kugos-
JlaHaMK3.

AB srpu uusngaa z = f(x, y) dynxkuus Gepuarad Ba yanykcus Eya-
CHH.
1°. Arap AB =AC - CB 6yJaca, v xoa1a
{ fee, vpds = § fer, was + [7(x, v)as
AB ic B
Gyanu.
. \kf(r y)dS = k \ flx, )dS  (k — const).
AB AB
3. AB SrpH uM3MK1a g(x, ¥) dyekims Xam OGepuirad Ba ysnyxcus
G6Vaci. Y Xxouaaa
[ 17, 9) = glx, y)1dS = {7 (e, 5)dS = \glx, y)dS
AB AB AB
Oyaaau.

2. UKKHHYH Typ SrpH YH3MKJH WHTerpaanap. TexucauKaa AB 3rpu
ynauk, Gepuaran GYvmG, Oy srpu unsuiia 2 = f(x, y) QyHKUus aHuK-
nauran O6Vacun (140- ynsma).

AB srpu unsukmn Ay A, Ay .., A, (A=A, B, =B) wnykra-

Jnap épramuaa n Ta Gyaakka G6Vaub, xap Oup :477!,, a(k=0,1,2,
., n) 6Vaakyaga uxtuépuit (5, m,) nykra onamus. By Hykramarun

¢dyukunauuer  Kuivard [ (§, m,) HH AA wAy., Ciuduer Ox  Yxuaa-
ru npoexupsacn Ax, ra, cyur Oy ykuaarn npoexwisich Ay, ra kynaii-
Tupu®, ywoly HUFHHAWIAPHH Ty3aMu3:
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n—1 n—1

U= 2 I (§k, NAx,, 0, =E f (E.v n,,)Ay,,. (20.7)
k=0 k=0

(20.7) xam ummeepar durundurap ne6 aranan.
- 20.3- Tavpud. Arap A =max|Ax,|—0 na o, ituruunn, A, =
=max | Ay, | >0 | Aa 0, AHFHHIM YeKJH JuMuTra sra Gyica, y xonaa

f(x, ¥) ysayxcuz AB sepu wusux Ggauda urmezpairanysdu neiianaim,
Oy JuMHTIIAp 3Ca f(x, Y) GUHKYUAHUHZ UKKUHYU myp 3epi HuSUKAU
Urmezparrapu Neiusany.

Yaap Moc paBuwia Kyitnaaruya

5' f(x, y) dx, j‘ f(x, v)dy
AB AB

xkabu Gearunanany.

n—1

S

Jlemax, ii (x, y)dx = }imool = }im0 ;0/"(;. NJAX,,

Ay
AB
n—1

[ 16x, v)dy = limo, = lim /&, n)Ay,.
AB k=0
Y6y

e, g)dx+ | glx, ) dy

AB AB
AHFHHIN UKKURMU MYP 32PU HUSUKAL URMEZPAAHUNZ YMYMUL KpUuHU-
wy pennnann Ba

§ i gyax+ g, vyay
AB

Kabu OGearuaananu:

§ 1, e+ glx, y)dy = it s+ g x, g)dy.
AB AB AB

Mkkunuy Typ SrpH UH3NKJIH MHTErpajiIaDHHHT MaBKYAJIACH, YJapHH
XucoGnam, GyHAAH 3rpH YH3NKJIH MHTErpaapHHHr XOccaJapn iOKOpHAa
KeATHpHAraH OHpHHYH TYD SrpH YH3HKJH HATerpasjap Kabu Gyniaan.

3- § Mapamerpaapra GOFIHK HHTerpajaap

1. NMapamerpra GOFIHK (GyHKUHA TYIIYHYAaCH BA YHHHI XOCCanapH.

- 2= f(x, y) ¢ynkuma TexucaukAaru TYFpH TYpTOypuak coxa (D)=

= yER:a<x<b c<y<d)|na anuKnanrad Ba y3iykcn3 6y.-

cun. Bepuiaran f(x, y) dyHkuusuunr y apryments [¢; d] cpaimkpa ys-
ra :

paél:mx W\ opajuKaarit Gupop Ta#uH Y, KuiMaTHu oaHOG, f(x, y) HM

- Kapaiimns. Papmranks, f(x, ¥o) daxar x raruna Goramk. [emax, f(x, yo)
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HKUAA [a; b] na yaaykeua dynkuns 6Vaanu. Y [a; b] ma mmterpan-
UH, ADHH

b
I, = | f(x, yo)dx _ (20.8)

MaBKYA.
Auan f(x, y) Gyukuus y aprymentunuir [c; d] opaaukaarn GowkKa
Oup Taitme y, Kuimarhun oand, f(x, y,,) ui Kapaitmu3. by xam x rarusa
60qu§ 636, x ynuur [a; b] garn yaaykens dynkuuscn 6yaaan. Jlemax,
F(x, yy) xam [a; b] opaauxia wHTerpaaanyBuM, SbHH
b

L= fx, g)dx (20.9)

Mmasxyl. (20.8) sa (20.9) unrerpawuplmnr KMHMAT/IADH  yMyMaH aMT-

ragja Typauuya GVyJaju.
Mucoa. Yuby f(x, y) = xy pynkumnaun (D)= [(v, y) ER?:0 < x<
<1, 0<y<1| na kapaimk. By ¢yukuns (D) na ysnykeus. Bepua-

I
rai pyHKuMs Yo = — aa f(x, yo) = x- — G626, yHHHr uHTErpanH

b 1

= Ly
10—6}.\ 2dz :

"
0 4

lvl'—‘
2 wl’,‘-,

6yaaan. Kapanaérran @QyHKuua Yy, = TE[O; 1] na f(x, y,) = x- _:_

6VHG, YHHHT HHTerpas

1
1

|
‘:::
10

- -
i

gl e L AR A
ol LT - ™ 8
0
oOyaanm.
IOKopiaa aliTuiransapaan XaMaa KeATHPHIral MHCOJAAH KYPHHALHKH,

z = f(x, y) dyukuusuunr [a, b] opammk 6Vitnya uuterpatu

b
Vi(x, y) dx

Yy VarapyBuHHHHT [¢; d] opanuiaan osmHral KuitMatura GoraHK Gynamu:
b
Iy) = | (x, y) dx. (20.10)

(20.10) unTerpan MKKn aprymedtan f(x, y) GyHKUMAHH X apryMeHTH
Gyitiya [a: b] opasmkaary anuk unrerpaanaup. Jlemax, f(x, y) ¢yHk-
wuspunr (20.10) KYpHHHIIZArH HMHTerpaIuHi Kapamja y H4 V3rapMac
ae6 xucobnanany. Ilynunr yuyn Xxam yun napasemp Aeitnam6, (20.10)
MHTErpa’Hi 5ca napamempea Ooraux uxmezpar  peiiananu.  Bepusran
z = f{x, y) dyukumsara xk¥pa (20.10) mynocaGar épAamuna saurd [ (y)
(hyHKIHSE XOCHa 6YaaH.

l'Iapa.\xeTpra Gop/iMK WMHTErpaiiapia VpraHuJajurad acocuii Macaja
f(x, y) dynkuusuuHr Xoccanapura GutoaH /(y) yHKUMSHMHr XOccasda-

l 223
i



d

AT G | PR ULV R E ks A SN TS 2R U 7T
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gnmr 'n;ns nGopataup. Kyimza mry xmpnm!r Gab3unappnn

I°. F(x, 9) pyskmma (D) = [(v, y) ER*:a<x<b, c<y<d) co-
Xafla Gepuarad Ba yanykcH3 GVJciH. ¥ Xosaa

v

b
I(y) = g f(x, y)dx

¢yukuua xam [¢; d] opanukaa yaaykcus GVaaim.

2. f(x,y) yHKUHA (D) coxana Gepuwiran pa y3nyKkeus  6ymi6, y
Iy coxafa ysaykcus f,(x, y) xycycuit Xocmnara sra OYvicun. Y xoama
I (y) dysxuna xam [c; d) 1a Xocunara sra 6YJm6,

b
I'(y) =) [, (x, yldx

6Vnaam. ;
3% f(x, y) dynxkuns (D) coXaza Gepuaran Ba yaaykcus 6yacun, Y
xonga /(y) dynxuns [c; d] opammkaa mHTerpasianyBun 63.me,

d

d b b d
{1 dy =J[[7 0 gax]dy=[[[7(x, p)dy]

¢ a
6y naam.

2. Napamerpaapra GOFAMK Xocmac MuTerpaaiap. Jitiep MuTerpad-
aapu. Bns maskyp xypchunr XVIII GoGuna wverapanapu yexcuz Xamaa
gerapajanMaran (DYHKUMAHHHT XOCMac HHTerpajiapu Oujan TeHHiurad
saux. Ilapamerpra GOF/IMK XOCMac HHTErpaiJapH# XaM Kapall MyMKHH.
Macanan, f(x, y) dyukia ywmoy '

{(r, ER:a<x< + 0, c<y<d]|

coxajaa Gepuaran GyauG, y Vsrapyrumnur [c; d] opamkmas  oaunran
Xap Oup Taifinn KHAMaTHIa x aprymeHTn GViimua [a; 4 co) opamiza
MHTerpa/sianyBun GyJcnn. YHjaa

-.LQ

! F(x, y)dx

uHTerpai napamerpra Gopamy GYuranm XocMac (derapack ‘uexcws) mum-
Terpai 6yaany.

Xyanu wynra yxmam napamerpra GOFJIHK uerapasianmaran (hyHKIHS
XOCMAC HMHTErpaii TYIIYHYacH KHDHTHJIAMH.

TNapametpra GOrHK XocMac MHTErpaijiapla XaM IOKOpHAArnzaex, Ge-
Xuaras f(x, y) GyHKUMSHHHr XoccaJapura Kypa napamerpra GormK
poCMac MHTErpa/IJapHHHT MOC XoccaslapH YpraHujam.

VYaap MateMaTHK ABAJMSHHHT HO3MK TYIIYHYaJapura acoc/aHamu.

Bus Kyiiuia napametpra GOF/uK XOCMAC MHTErpajapHHHT  MaXcyc
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Typxmu—smlep WHTErPalapHHH KapaiiMu3 Ba YJApHHHT XOCCaJapHHH
KeJTupamns. Yuby

1
B(x, y)= [ £ (1 -ty dt. (20.11)
0

-+-00
rw=|{ r'e'd (20.12)
0

unrerpaiiap Juaep uwmezparrapu aeimnamu. (20.11) wunrerpan Bema-
¢pynryus, (20.12) unrerpan lamma-pynxyus ned atananm.

Iemak, Bera- Ba lamma-bynkumsiap napamerpra Goramk —XocMac
HHTerpaIapanp.

Bera-thynkims

1
B(x, y)= [ )

X Ba Y V3rapyBuYWJIAPHHHT X >0 y>0 Oyaran  KuilMariapuwaa aHuk-
Janran (MaBxya G6yaanu).

Famma-yHKims

-+
= 'ea
0
sca X y3rapyBuuHuHr x >0 Oyaran KuiiMaTaapuia aHukJjaHrad (Mas-
AKya 6Vaann).
B(x, y) Ba I'(x) pynxuuasap GHp Katop MyxHM Xoccajiapra 3ra.
1°. Bapua (x, y) (x >0, y >0) yuyu

B(.\', !/) =B(!/. X)

OVaanu.
2°. B(x, y) ¢pynkuusng Kyfnaarnga xam €suin MYMKHH:
+00 ;
* ’I—
Sl i

3°. Bapua (x, y) yuyn (x>0, y> 1)

——— y_ I p. J—
B(x, y) x—f—y—lB('\’ y—1)

Gynanu

4, Arap y = 1 —x (0<x< 1) 6yaca, y xoaaa

-+ 1
= n
B(x,y) =B(x, 1 — _OsA 14-¢ dt:sinnx

Gyaanu.

Xycycan, x = l?, y= -%- Gy.sranjia

|
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B 1 1 ELd
(‘2" ‘2‘)" 1 (20.13)
sin—2-n :
Oynanu.
5°. Bapua x >0 yuyH
F'x4-1)=1T(x)
6ynanu.
6°. Bapua x >0, y > yuyn
; I (x)-I'(y)
B(x, y) = ——=
&9 =T, (20.14)
Oy nanu.
20.1-natuxka. (20.13) Ba (20.14) mynocabataapaan 0 << x <1 yuyn
F-r(l—x=—
sin iy
Oyamum Kequb uuKamu.
Xycycat, x = —; GyJrasaa
| 1 T
Prg =)=
sin ? 14
€KH
1 \\2
(F(z)) ==
6y.116
rt3)-vs
Gyazny.
XXI B OB. KATOPJIAP
1-§. Conan Katopaap
Bupop
O BBy v s 5 Bgi=si
COHJIap KeTMa-KeTjurH Oepuirad GYsmb, yHuHr €paamuia ymoy
N o T SR o AR SR (21.1)
uposann xocua Kuaunran. Oparaa 6y (21.1) npona uekcns Karop (Kuc-
Kaya Karop) Ae6 artanaau. a,(n=1,2, 3, ...) COHJADP KATOPHHHP
Xapnapu (a, —OHPHHYH XaiH, @, — HKKHHYH Xaa, ... a,—n-Xal,

€kH ymyMmuil Xamu, ...) peimaagn. (21.1) xaropuu KHcKaua MHFHHAH

@
Gearucd opkain M) a, KaGu Esuianu:

n=]

(=]

Al

Zan=a,+az+a3+ R o o
n=1



PUATAH KATOP XAAM4pH €pAaMmia Kyiiuaard
Sl =, -
SB =a, + a,, N
Sy =a, +a;+ay, 1

S, =aj+a,+a+ ... +a,
(21.2)
AuFMHANAapHN Tysamu3. By #wrnnauaap (21.1) xartopuunr xucMui fu-
FUHANJApH 1e6 atanaau. DBy iturunannap
S S50 S s 5w 58 4 v

KeTMa-KeTJIMKHH XOcW1 Kunaan. YHu | S, | kabu Gearnaaivus.

[lyunait kuano, (21.1) xatop Gepwiaran Gyica, xap aoum Gy Karop-
HMHT KHCMUI FiFHHaMAapuaan nbopar | S, | KeTMa-KeTMKHH XOCHT KH-
JHII MYMKHH.

2l.1-tabvpud. Arap n— oo aa (21.1) Karopuuur KucMul HHFHH-
aunapuian uGopar (S,) cOHJAp KETMA-KETINIH YEKJl JHUMHTra 5ra

lim§, =S

n—»oo

6ysca, v Xoaza (21.1) katop sikunzainyBuy, S 3ca  KATOPHUHT {iHFHH-
JUCH JIeHHIaIN:

o0
8= a,=ai+ato+ ... +a+ ...
n=1
21.2-tabpud. Arap n— oo aa (21.1) Karopuunr KucMuil HHFHH-
aunapunan ubopar | S, | COHAAD KETMa-KETJIMIHHHHT JIMMHTH YeKCH3
6yaca éxku Oy JuMuT MaBKyaA Gyamaca, y xomma (21.1) karop y30K-
JlalyRuM Jleiingaiu.

1 1 1 |
Mucoaaap. |. —+—-4+— — L
P l-2+2-3+3-4+ n(n—+-1)

. 1

KapaiimMu3. Dy gatopuunr OGupunum Xaau a, S HKKHHYH  XaJH
1

y=g7, YR XM G;= = Ba X.K., n-Xaau a e

2. "= B+ )
Ba X.K. KapanaéTran KaTOpHMHT KHCMMI HHFHHANJADHHM TONAMH3:

~+ ... Karop H{



S"=TI2'+§-_I3'+$+ B +n(nli-l)=(l_l?)+(_;-_';_)=
o) e )=t

n n+1

n+1"
IMyunait ka6, Gepuaran KaTOPHHHT KHCMHI HuFHHAHJapuAaH HGo-
par (S, | ketMa-KeTIHK Kyiniarnua Gysaju:

[ty fomeisle, Jrats . Risss

2 3 4 n—+1
By KeTMa-KeTJIMKHHHI JIHMHTH N
ms—m@— =1
n-+% n—% n+ 1/

ra tedr. Jlemak, Gepuaran katop SKMHJALIYBYK Ba YHHHT  HUFHHAHCH
1 ra Teur:

1 1 1
E+EE+§+ R -

nin--1)

+ =]

1 1 1 »
2. 1+7? +-‘—,?—-+ e +',—;+ ... K4TODHH KapaiMus.
YHUHT KHCMEH HHFHHIHIADH
Sl = l:
1
Se=1+ 73
1 1
Ss e ] + ]/ ;)— + ]v_-st

§optgdoa op b
n 'r§' i ! —

6y2u6, Oy x\ucmii'i iupunaniapaan. ubopar | S, | kerma-kermk 1, 1+

1 1 1 1 1
— 1 “ s +‘—-_ T - 0w 1o S
+Y'2 +V2+ > 1 '/2+V3r- +Vn
- 6y.nann Arap n>l Gyaranza
I 1 1 I !
— - T e —_——
S, 1+V2+3+"+V> n'Vn+lfn+ +Vn
=n-: Vl_—l/n 6ymummnl 3bTHOOPra odicak, y xoaaa lim §, = + oo
n n—so
SKaH/amuruad Tonamu3. Jlemak, Gepuirad lgarop Y30KJ/I1allyBYH,
3. 1—14+1—14 ... +(=1)""4+ ... Kkaropun Kapaitmus.
By KaropruHr KHCMHIl ﬁurmlmurapu
1.7 4y
S’ - 1 e l = O'

Si=1—14+1—1=0,
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1 :
i a1 _ [ 1, arap n— ToK Gyica,

S, =1—141—1+ ... +(=IyF {0' drap n— wpbr OV
6ym6, Gy Kucvwi iimrnnaniapaan nbopar (S, xerma-xenmk 1, 0,
I,o 1, 0, ... 6yanu.

PaBianku, 6y KeTMa-Ke1JHK JuMntra 3ra smac. Jlemak, Gepuiran
KaTOp Y30KJallyByH.

4. a+ag+ar+ ... +ag"'+ ... xatopun xapaitvus. By
KATOPHHHI XaAJapH reoMeTpHK mnperpeccusi Tamwkua Kuiaan. Iyaunr
YUyH YHH T€OMETPHK KAaTOp Jerniaiu. YHHHT KHCMWH  HHFHHIHJADH
1)
aqg—a
q—1’

—a+ag =92
2 = g—1"
ag*—a

S;=a-+aq+ag* = i—1"

Sl — W

S,=a-rag+ag*+ ... +ag =——

Oyanb, yJjapaaH Ty3WIraH KeTMa- KeTJHK

15,1 ={ =)

6yaaau. By KerMa-KeTVIMKHHHT JUMATH ¢ ra Goramk  GyJaaam.
a) |g| < 1 6Yacuu. Pagwankn, limg" = 0.

n—-w
Yuaa limS§, = lim o —a :Iim(i——a—q") =lim ——
n— @ ns% g—1 n-® \ l—q I—g n-»® l—q
——limg" =2
l—qn—-.m I—q

6ynanu. Jlemak, Oy XoJJa reoMeTpuk Kartop skuHaawysyn 6Yim6,
YHHHT HHFHHAHCH S = IL 6ynaau.
—4q
6) g > 1 6yacun. By xonna
limS, = lim ( SO q"):oo
noow " paw\l—g 1—g

Oyaaau. Iemak, ¢ > 1 Oyaranjga reoMeTpHk KaTop Y3OKJAlllyBYH.
B) g=1 Gyacun. By xomma S,=a-+a-+a+ ... +a=na

6.6,

limS ={+ oo, arap a >0 6yuca,
ns0 " — oo, arap a< 0 6yica

6yaaan. Jemak, ¢ = | GYurania Kartop y3oKJairyBuH.
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r) g< —1 Gyncnn. By Xoafa |8, ) KeTMa-KeTIMKHHHT JIMMHTH
MaBKyA Oyamaitay.

Hlynuuraex, ¢ = — 1 6yaranga Xam (S, | KeTMa-KeTIHKHHIHT JHMH-
TH MaBxkyA svac. Uynkn Oy xoama | S, | kerma-ketmk yw6y a, 0, a,

0, ... kypunuura sra G6yau6, y aumutra sra sMac (a@5=0). Jlemax,
g< — | GYarauaa Katop ysokjaawyBuu Gy.1aau.
Mlyupait Kuau6,

atagtag+ ... +agd" '+ ...
recMeTpuk Karop |¢| < I O6yaravjaa auHIamyBud | HHFHHIHCH S =

a o s
=-—— ra TeHl‘). |g| =1 oVaranna y3okaawyeyu Gyaanu.

2-§. SIKMHJawyBYH KATOPAAPHHHT XoCCaJapH

Bus Kyiluga SKHHJIALIYBYH KATOPJAPHHHr 0ab3d  XOCCaJapHHH KeJ-
THPAMH3.
1°. Arap

o0
3
Ya =a,+a,+a,+ ... +a,+ ... (21.1)

Katop AKHHJamysyn Oyanb, yHuur iuwrmpaucH S ra  Tenr Gyica, y
XoJ/1z1a

oK
Ne-a,=ca,+ca,+eag+ ... cap+ ... (21.3)
n=I|
Karop XaMm siKuniatysyu O6yanG, yHuHr durungucH c-S ra TeHr Gyua-
au, Gynpa ¢ — y3srapmac COH.
Hc6or. Llaprra kypa (21.1) kaTop sIKHHIAUIYBYH BA YHUHT HHFHH-
aucH S ra teur. Jlemak,

lim §, =lim (a; +a,+ ... +a,)=S.

n—»x N—x
(21.3) karopuuHr KpcMuit fuFMHIHCHHM S, Onian Gern/aiiMus:
S,=ca;+cag+caz+ ... +ca,
Pagauku,

S, =ca,+cag+caz+ ... +ca,=

=c(@;+a+a+ ... +a)=cS,
Harmxana

lim S, =lim ¢S, =clim§, =¢-S

L) R n—sx

6y/mimay Tonamu3. Jemak, (21.3) KaTOPHHHr KHCMHI HHFMHAWJApHAAH
uGopar {S;} ker™a-keTuk ¢S aumutra sra skan. By aca (21.3) Ka-
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9

'g})‘pmmr SKHHJAIIYBYH BA VHUHT FHFMHAHCH ¢S ra TEHr SKaHIHTHHE
a1

9°. MikknTa Katop Gepuaran GVJcHH:

o

zan=al+a,+a3+...+an+..., (21.1)
n=1
ibn.——b,+b._.+b3+...+bn+... (21.4)
n=1

Yuby
(@+b)+@+b)+@+b)+ ... +(@,+b)+ ...

ox
KaTop GepHJran KaTopJjap HuFMHAMCH Neiiuiain Ba 21 (a,+b,) xabu
n=

GesirnIaHanu:

S (@, + ) = (@ + b)) + (@ + b)) + (@ + by) +

n=1
sl B b v
Yoy
(al —b‘)+(az— bﬂ)+(03_b3)+ .o + (an_b")+ -
Karop Oepwiran KartopJap aiupMacH Jeinjaau &a
‘\:. (@,—b,)

Kabu Gearuyanand, SbHH

S @, 6) = (@ — ) + @ — b)) + (@ — bo) +

n=I1

b ) i (- g 1 K AN

Arap (21.1) Ba (21.4) Kartopsap skuHJamyByu OFsHO, yJapHHHD HAHFHH-
ancH Moc papuija S ra 8” GVaca, y xomna

i(an+bn)=(al+b,)+(a3+b,)+ o @ +b)+ ... (215)

n=1

KaTop XaM SIKHHJallyBuW Ba yHuHr iurunaucn S’ 4 S” ra Tenr 6y-
naju.

Hcb6or. (21.1) Ba (21.4) KaTopJapHHHT KACMHI HHFHHAHJAPHHH
1oc pauinfia S, Ba S OunaH Gearnjaiink:

S,=aq,+a+a+ ... +a,
S;=bl+b.+b3+ « o +bl'l'



Y xomna
lim§, =8, limS,=8§"
n—sx nN—wo
6ynaznu. o
(21.5) xatopuuHr Kucmuit HuruHucH S, GyicuH:

S, =(a+b)+(@+b)+ ... +(@a,+b).
PaBmanky,
S,=(@+b)+@+b)+ ... +(@+b)=
=(@+a+...+a)+ b +b+ ... +b)=8 +S.
Hatuxkana
lim S, ——llm(S”—}-S) llmS +1limS, =8+ §”

n—»cn nsx
6yaanu. Jlemak, (21.5) katop m\.xumamyaqn Ba YHMHD  [HFHHIHCH
S’ 4 8" ra renr.
3°. Arap

@
QY |
}_ a,=a+ay+ay,+ ... +a,+
n=1
KaTop fIKuHjalyByn OyJjca, y XoJ4a n—- oo jaa Oy KATOPHHUHT yMyMHi
Xamu a, voira waTwaaan: lim a, = 0.

nN—»c

Hc6or. Bepuaran Katop sakuuaamypuu Gyaub, yHHHr AHFHHIHCH
S ra tedr Gysicud. Tavpudra Gunoan lim S, = S, Oyuaa
Nn=»o

Sn=a,+az+03+ PSP +an.

Papwanky, S, |, =a,+a,+a;,+ ... +a, , 6yu6, a, =S, —S§,_
Oynaau. Keitunru Tenr.mmna n— 0o Ja JuMHTra YTHO TOMamu3:
lim a, = lim (S, —S,,_ l)—th—thn g=8—8=0.
- N n—x
By sca 3°-xoccann ncGoraiiay.
2l.1-3caaTma. DBupop KaTOPHMHT yMyMHil Xaiu 7 — 00 Ja HOJ-
ra MHTHIHLIMAAH KATOPHHHT SIKMHJIAUIyBYH OVJIMIIM Xap JOHM XaM Ke-
Ju6 yHKaBepMaHu.
Macanan, yuwoy

KATOPHHHI yMyMUil \anu a,=1/v'n 6ym6, n—oco na woira Hu
naju: lnma = lim — =0.
Nn—sw ] n
Anmo Oy KATOPHHHI Y30KJallyRud GYJIMILIHHH KYprad sjuk.
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L |
}
. Jlemak, IOKOpHJa KeNTHPHAraH 3°-Xocca KaTop AKHHJIALIMUIMHHHE

3apypuil 1apTHHH udonasaiIy.

3-§. KaTtopaapHuHr SIKHHJALIYBYHIHTH

Bupop
Za',:a|+ag+a:|+.-.+an+... (21-1)
n=1
Kaiop Gepniaran GVanG, yuuur Xap Oup Xaan Maudmit GYJIMacHH, SBHH
a,=>0 (¥ neN) (21.6)

6yacun (onataa Oyuaait Katopaapui mycGar XaJiM KaTtopiap AeHHaa-
IH).

21.1-teopema. Arap (21.1) KatopHHHI KHCMHIT {iHFMHIHJAPHAAH
ibopar {S,} KeT™a-KeT/MK I0KOpPHAaH uerapajianran G6yJca, y Xoaaa
(21.1) xatop sikuHJamyBuu Gyaanu.

Hc6or. Bepwaran (21.1) Karopuuir KHCMHiT  AHPHE IHIapHAAH n6o-
patr {S,} KeTMa-KeTaHKHH Onamu3. Dy KkeTMa- KeTJHK 10KOopHJaH uera-
panauran OVJCHH, ABHH

S, <M (¥ neN).

Hkkniun Tomouaan, Gepuaran katopuuir Xaanapu (21.6)} maprau
KaHOAT/AaHTHPHILINHKN 3BTHOOPra OJHO TOMamu3:

Sy=at+ata+ . Y +at+ae,,=S,+ae,> Spe

Hemax, ¥ n€N yuyn S, <S, ., 6Vaaan. By {S,} kerma- kerux-
uuur Yeyeun sxkannun Onaaupaan. Hynaait kuan6, {S,} ket™a- KeTauk
yeyBuM Ba Yy 1OKOpHAaH werapastanrad. Y xoata 6y {S,} kerma- keTimk
yekan Jumutra sra Gyaaam: lim S, = S.

T

Jlemak, GepuJrai KaTop mg;;mamyaqn. Teopema ucGor 6V.iau.

21.2-3cnatma. Arap (21.1) Kartop sakunjawyBud GyJca, YHHHD
KHoMitit ftneniauaapnaan nbopar {S,} KeTMa- KeThK I0KOpHIaH verapa-
nauran GyJaau.

Xakugatan Xam, (21.1) Katop AKuHjIamypun Gysca, YHHHT KHCMHH
kupianaapaian néopar {S,} KeTMa- KeTMK Yekam Jumurra sra Gyua-
. MabayMkH, YeKJIH JHMHTra sra OiraH KeTMa- KeTIMK uerapaJiaH-
ram, *)KyMJIajaH OKOpHIaH uerapajadrad Gyaanu.

-

2l.1-HaTHxka. Arap Z a, (@,>0, n=1,2, 3,...) Karop-

n=1

HUBT KHCMuil fuFnpauapugan u6opat {S,} KeTMa- KeTIHK I0OKOpHAaH
yerapaianmaran Gyuca, y Xxosja 2 a, Katop ysokJauryByn GyJafu.
Ywmby !
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Ly ﬁ | :» T s “:'.A_‘-"'. A -, AP
l ad "o NS :

Ean=al+a,+a,+ R, o AT S

n=1

Eb,,=b1+bz+b3+ +bn+

n=1

Katopaap Gepuaran 6yw6, @,>0, b, >0 (n=1, 2, .. ) 6¥cun.
21.2-treopema. Arap
a<b (n=1,2 3, ... (21.7)

el €0
|\ v ; ‘ s
6§16, 2 b, K'TOp SIKHHIAWYBYH Gyica, y xoaga N a, Katop XaM
n=1 n=1]

SIKHHAauyByn 6Ys1aau.

Arap a,<b, (n=1, 2,3, ...) 6Ym6, ¥ a, xarop ysoxmauys-
n=1

i’ L
yy 6yuica, y xoajia z b, Katop Xam ysoxaalyBun Gyaaau.

n=]

HUcbor. z a, Ba 2 b, Katopiap Xaauapu opacuaa (21.7) mymo-
n=1] n=1

cabar ypunan 6yvicnn. Y Xoana Oy KaTtopJapHuHr KHCMMIT HUFHHAWIADH
S;=al+a2+ﬂ3—‘}'...+an. S,’;:bl+b2+b3+"'.{—bn

yayH —_
SR8 m=l, 28, ) (21.8)

o0

6yaanu. Ilaprra kypa ‘\_: b, xatop sikunaauryBun. Y xoaaa Gy Katop-
n=1

HUHP KucMuil finFnaannapuian wGopat {S)} KeTMa- KeIMK 10KOpHAaH

yerapananran Gynamm S, <M (n=1, 2, 3, ...) ¥Ynaa (21.8) mynoca-

3
Garaan coiinanann6 tonamns: S, < M. Jlemak, ‘\_: @, KaTOPHHHI KHC-
‘ n=1]
MBft fiFuBAMIApHAaH noopat {S)} KerMa- KeTHK IOKOPHJaH uyerapajiaH-
rad. 21.1-Teopevara Kypa Katop SKHHJawyeyd 6¥iaan.

Xyaaun wydra yxwani, (21.7) mynocabar Ypunan Gyaranja 2: a,
n=:1
KaTOPHHHI y30KJalyByd Oyauinuaan E b, KaTOPHHHI XaM y30KJaiulyB
n=1
i 6ysmmm kean6G unkuiun ncboraanaau. Teopema ncGor Gyaau.
21. 3-teopema (Kourn anomartn). Ywby

da=atatat ... +a,+ ...

n=1



)

| (@,>0,n=1,2 8/0)
Karop GepuJran GVJICHH.
Arap

Va,<q

6yam6, g < | 6¥aca, y xoaaa ‘\_‘. a, Katop AKHHIawyBun Gyaaau.
n=1

Arap o
n/
V a,=>1

o3
Gynca, y xoazna E a, KaTop y30KJaulyByH Oyaaan.

n=1

o nr—
Mcb6ort. Bepuaran ‘\_‘. a, karop yuyn y a,<gq Oyacuu. Keiiun-
n=1

IH TEHTCH3JTHKHUHT Xap MKKH TOMOHHHM 71- Aapaxara KyTapuG Tomamus:
a,<q" (n=1, 2,8 .., (21.9)

oL
Bepuaran Y @, katop Ouaanm Gupra sxuujainysud GYaran reomer-
-~ ;

n=I1

PHK KaTop Zq” ai Kapaiiuran 6yuicak, ynaa (21.9) mynocaGaTin 9bTH-

n=1

T
Gopra oaran xoaga 21.2-Teopemanan oiinatanud, E @, KaTOPHHHT

n=1
AKHHAALYBYH 65"'.1“[1]“"“ TOMmaMH3s.

Suau
o
Voa,>1

Gyicun. By TEHrCH3TMKHHMHT Xap MKKIf TOMOHHMHH n- Aapaara KyTap-
caK, yHaa

aGy>1 (n=1,23,..) (21.10)

E

- '

6ynamu. Bepuiran a, Karop OunaH Oupra y30KJalIyByH
Al -
n=1

21:l+l+l+...

n=l

1Topin Kapaiiguran Gy.cak, ynaa (21.10) mynocabarin 3vTHGOpra oJraH

o©
ana, 12.2-reopemanan (oiifanannd, 2 @, KATODHHHT Y30K/aIlyBYH
=1

n
mimuen Tonamus. Teopema wucbor Gyaau.



lim Van=k

N+

> 1 Gyuca, katop ysokaawysuu Gyaaan. Bymnaan suconsaphm eymm-
Jla KeHr (oitlanaHniam,
Mucoa. Ywby

1

1 1 1
PrRSE Ao In"(n+ 1) cl

1 >,
T T 6§16,

nT T
l/ In® (n+1)

Katophu Kapaiivns. By Katopuunr n-xaan a, =

8T =

¥

. @D
6yaanu. Bynnan
! lim /' a, =lim —— =

R n-l»,, V n nl-l-»n: In(n-1)

- 6Ymmminn Tonamus. Jlemak, GepuiraH Katop sIKMHJALIYBYH.
- 2l4-tecopema (lanam6Gep anomartn). Ywbdy

zan=a,+ag+a,+ ceeFa,+ .
n=1

(@,>0, n=1,2,..)) (21.1)
Gepuran Gyacun.

Sl oo =198 ..J

n

W, g <1 6yaca, y xonna 2 @, KaTtop AKHHJAuUIyBun GyJaau.
‘?

n=1

an-l-l
a, = :



A

By reopemanutr uc6OTH I0KOPHIA KEeITHPHIraH TEOPEMAHHHT HCGOTH
Kabunup. Teopemanuur ucGOTHHH YKYBYHra XaBosia 3TaMu3.

21 4-teopemanunr (JdanamGep anomaTHHHHT) Kyiuia
iponananafuran JIMMHT KYPUHHIIHAAH KYNCHHA MHCOJIADHH  equuIia
¢oiitanannIaau.

Arap

Y '
Zan——-al-g—a,—{-aa—}-

<o PP we (@, 30, 1=1,2,3, .33
n=1
KaTop/a

jim Sl

n—s an

n=1
d > 1 6Vaca, Katop y3okaairysyu Gyaami.

Mucoa. Ywbdy KatopHn KapaiiMmu3.

@
6yaub, d < 1 6V.aca, y xoa1a 2 a, Katop sIKHHJIauryBud GysanH,

\\ n! 21 3 n!
L I I N B L LS
nn l ] ca + 3.] | J + "n+
an 2
by xaropza
_nl ___(n+D!
a" - _”_n \ an+| o (n—r |)n—‘_—l
6)741“6,
Apiy (n+-1)! n! (n--1)! P
3, (a4 ) pm @415 Al
_ 1.2:3. ... n:(n+ 1).n" =(@n+1)- n" S
(n+1)"h1.2.3. ... wn (n+ H*H!

n " n )" 1
T ("“7‘1 (l-l"

‘agd. JIumutra Y16 TOnaMna:

- - =T¢
n s (|+l)n lim (1+i)"
n X n

N

1
‘JAHKH, T< 1. Jlemax, Oepuaran Katop_ sIKHHJALIYBYH.
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4-§. XaanapuHHHP MINOpaJapH aaMaliMHKG KeJajMraH Katopaap.
Jleibuu1 Teopemacu

Yuby
al_ag"*—as—a_"{_ " e +(_l)nan+ . » (2]1‘)

Karop GOynaa a, >0 (n =1, 2, 3, ...) XaAnapuHUHr MIIOPaJapH al-
MamuHuG Kenaaurad Karopsaap AeHuJaiu.
Macanan, yuby

SENE S5V S 1
Jspk e e« T

A

1 1 T, n—1
1—2—'-*"5'-—?7'4-(—1) .

KATop/1ap XaJJapHHHHI HMUIOPAJIAPH AAMALIMHHO KeJajuran KaTopaapamp.
21.5-teopema. (JleGuniy Teopemach). Yiuby
@ —@+ag—a,+ ... +(=1)""a 4+ ... @>0
KATOp XaAJIapHHHHT HIIOpaJapH aIMalMHub KejJaauran Katop OVJICHH,
Arap Oy KaTOpHHHT XaJJdapH YYyH
‘ Day>a>a> ... >a,> ...
Ba
2) lim a, =
) n— i

Gyaca, y xouna (21.11) -karop sikunaauyByn G6yaanm.
Hc6ort. Bepuaran (21.11) karopuuur Kyingars KuceMuil fHFaHIH-
JIapHHH  €3aMH3:

1

n
1

n!

82 = al— azv
Si=a,—a,+a;—a,=(a,—ay) + (a3— a,),
Se=0a,—a,+a,—a,+a— 0= (a; — a,) + (a3 — ay) + (a5 — a),

Sgk=al—03+[13—a,l+ S8 +03k_l—02k=

Iaprra kVpa,
G >R >0> >8>
Hemak,
a—ay >0, a3—a; >0, ...,08y —a, >0, ...

YHJa, paBlUaHKH, KaTOPHWHr KHCMHil fiMFunAMIapuiaH wubopar S
Sg -« -y Sy - . . KetMa-KeTank YcyBum Gyuaz:

~no



Sﬁ.;.g =(@—a)+(@—a)+ ... +(ay_—ay) +

F Qg — oprg) == Sop + (e — o)) > Sy
Ukkunun TOMOHIAH, \
Sp=a—a;+a;—a,+ ... +ay, —a,=0a—(a,—a)—

-

—(@g—a) — ... —(Gy_o—ay 1) — 85
6V110,
ag—a; >0, a,—a; >0, ..., a, ,—ay ;>0
Gyaranaury caGaban S, < a, 6ynamm. Jlemak, {S,) KeTMa-KeT/IHK
IOKOPH/IaH YerapaJjaHraH.
Wynnat kuaub, {S,,} KeT™a-KeTJuK YCyBuM Ba 10OKOpMAAH yerapa-
Janran. [lemak, Oy {S,,} KeT™Ma- KeTMK Yexk/i JiuMuTra ra Gyaamu:

lim §,,=S§.

R—x

Auan Gepuaran (21.11) karopuuur ymby
S, =ay,
S;=a,—ay+ a3 = (@, —a,) +a,,
S; = a, —ay + ay—a, + a5 = (a, — a,) + (a3 —ay) +as,

=(ay—a) +(ag—a)+ ... +(ay_;—ay) +ay,

KueMHi itueninaapuaen Sy, Sy, S5, ...y Sy - o . KETMA- KETVIMKHH

XOCHJT KH/1aMH3. PaBLlJaHKH.
Sppi1 = Sap + Iy - 21.12)

Arap TeopeMaHHHr HWKKHHYH LUAPTH klim Ay, y = 0 Gyanmay swTHOOPra
~>20
oaub, (21.12) TeHraukaa JauMATra YTCaK,
lim 8, = im(S,, +ay ) =lim Sy, +limay, =S
ks k [ ks 5

g -]

OV I KeMG 4HKaIH.
lyiaai Kuanb, Gepu.iraH KATOPHUHT KHCMHH HuFHHIuJIapugaH w6o-
pat {S,} KeTMa-KeTJHK YeKAH JuMHTra 3ra Oyummmd xypcatwimu. By

)a (21.11) KaTopHHHr AKUNJAIWYBYH 3KaHIUrHHM Ouaanpaan. Teopema
icGor 6yaH.
Mucoa. IOKopnaa Keatupuiran

1 1 1 n-1 |
l— gt o=t =)
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Karop y4yH
DI>->—>. . >4>.
n

9) lim — = 0.

n—+e N

Hemak, JleiiGuuu Teopemacra Kypa, 6y KaTtop sIKHHJaIlyBuu GyJaaan.

5- §. Uxtuépuii xapam kKatop. KatopuuHr aGcoustor
SIKHHJIALLY BYHITHTH

Bupop
zan:al+a2+a3+ T
n=1

Karop Gepuiran Oyacun. Kuemuit inennannapaan {S,}:
Ops: Nne gy vmivis gy swrs
KerMa- KeT/Kk Ty3amu3. Mavaymku, arap n—oo 1a {S,} kerma- ket-

X
u W
JIMK YeKJH JuMuTra sra 6yaca, y xoujaa }_‘ @, Karop SIKHHJIAlyBYH
n=1
aefimnap 3au. Jlemak, OepuiaraH KaTOPHMHI SKMHJAIIYyBup  GVJuLIH-
HH KypcaTHll YHWHT KHCMMit #WFHHAwIapuaan noopar {S,} kerMa-
KeTAHKHUHT YeKJW Jumutra 3ra  Oyamumun  Kypcaruunan  uGopar.

o
2 @, KATOPHUHT SKMHJAUIYBYWIMTH XaKkuia ymby TeopeMara Ke/laMH3:
n=1
21.6-teopema. Arap ¥ >0 coH olMHranja XaMm IyHAail Hatypana
n, coH Tonuiacaku, Gapua n >n, Ba m =1, 2, 3, ... Jap yuyn

Isn+nt T Snl - |an+l + an+2+ A + an+1n| < & (2] ]3)

@
TeHrcHaauk Oaxapiica, y xo/1a 2 a, Karop SIKUHJALYBYH Gyaaau
n=1
r

21.3-3caarma. Arap E a,=a,+a+a;+ ... +a +.

n=1
Karop sKuHaamysud Oyaca, y xomaa e >0 con oauHranaa x
mIyHAal HaTypaa f, COH TOMWIAAMKH, n>ny, m=1,2 3, ... yt

@yt o+ ...+, 1<e
Gynaau.
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Bupop
20,.=01+02+a3+---+0,.+--- 21.1)
n=1

Katop Gepuiran Oyacun. By katopuunr abcomor KuiiMataapuian yumly
KATOPHH TY3aMH3:

Dlal=lal+lal+ ... +a )+ ... (21.14)

n=1

IOKopugarn MyJoxasanapjad (oiijaanannd Kyinjlarn TeopeMaHH He-
Gorialll KUHHH 3Mac.

21.7-teopema. Arap (21.14) katop sikuuaamysun Gyuca, y Xoaaa
(21.1) Katop Xam sIKMHJamyBYH GV/1a1H.
21.4-3caarma. Ymby

x

A \
‘\_'an-—-al—i-az—%-aa-}- e Fa ...
n=1

KATOPHUHT SIKUHJIAIIyBun Gy i aan

Elan\———]a,l-}—:agl-}— cos it .o

n=1

KATOPHMHT AKWHJAWYBYM OV/IMIIN Xap JOMM XaM KeanG uHKaBepMaiju.
21.3-tabpud. Arap

im=w+w+m+w+”

n=1

Katop sfKudaamysui 6yaca, y xoaaa
x
zan=a1+ag—}- ceeta+ .

Katop abcomoTr SIKHHJAlyBYH Katop ae0 aranaiu.

Arap \ a, Karop AKuHjIauryByu 6Y.1u0, 2‘ la,| xaTop ysoxaamrys-

n= l n=1
w A
i 6)’.’]C3, y XoJsja ‘\,‘ a, Karop IIapT/iH sAKUHJAAalIyBYH KaTop neiin-

n=1
najaH.

6-§. Pynkuuonan Kartopaap
Y6y

S E=hO+HO+ L@+ ... 0+ ... @L15)
n=1

op (yHKIHOHAN KaTop ne6 araiaji.
2678 241
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Macanan,
o
sl S SRR s (21.16)
n=1
(yHKIHOHAA KaTop GyJanu.
(21.15) xatopuuur xap Gup Xaaw X na aHukJaHran OYJICHH.
X rynaamna x, vykranu oau6, (21.15) ¢yHKuWoHaa katop Xajida-
PHHUHT LY HYKTanard KulMariapuui XucobaaiiMus. Hartixkana (21.15)
(yHKIHOHAT KaTop yby

2.’ Fa(%0) = F1 (xg) + Fa (%) + . . . + o (%0) + .
n=1

COHJIM KaTopra aijaHajy.
Macanan, rokopuia keatupwiran (21.16) ¢gyuxkumonan Kartop

X s ALY Ja KyHujard COHJIM Karopra ailjiaHamu:
51 I ! ! |
2n-—lzl+?+§+"'+2n—l+'
n=1

oo 2D
Arap 2 [, (Xy) cosm Karop sKuTayBun Gyca, y Xoa4a Efn (x)
n=1 n=|
(YHKUMOHA KAaToOp X, HyKTaja SKHHIALIYBUH Aeftn/iau.

el o0
Arap 2 [ (o) coHnu KaTop y3okaauryBun Gyiica, y .\;onnaE [ (%)
n=1\ n=1
(YHKLUHOHAJ KaTop X, HYKTaja y30KJallyBuH AeHHJIalH.

an(x) ¢yukunonan Katop X TymaamHMHr Xap Oup HyKracHaa
n=1

siKHHaamyByn 6yaca, y Xoaga Gepwiran ¢yHKuMoHan kKarop X rtynJam-
Ja (coxama) sSIKMHJALLYBYH JeHH/aaH.
Bupop

2 O =F) + a0+ oo +F 0+ ..
n=1

¢dynguHoHan Karop Gepuaran 6ym6, y X tinaamaa (coxaza) sIKHHJ
yBYH GYJICHH.
YHuna
lim [[i(x) +fa(x) 4 ... + [ ()]

n—sx

JMMHT OAMHraH x ra Gormik. YHu S(x) Guaan Gearw/aiiux:

lim [f (%) +fa () + .o+, (0] =S,

n—sm

By S(x) Gepwiran (yHKUHOHAT KATOPHHHT {IMFHHAHCH JAefHaajiu.
Consn Karopaiapiarura yxmaw, yimby

242



]

$, (%) = (»),
Sp(¥) = i (x) + [ (x),

S, () =F)+fa ()4 ... + I, (0,

p 'S 5
ERURE ) [, (x) GbyHKuMOHAT KATOPHHHT  KHCMHIT  HHFMHAHJApH

n=1

aefimaaan. lOkopuaa Kearwpuwaransapaan KVpHHAJAMKH, KaTtop  iHFuH-

JHCH
S)=Ilim §, (x)

n—»
6ya1ap 3IKau.
Mucoanap. 1. Ymby dynkimuonan karopuu Kapaiimus:

o0
U s | a n—1
X =l4x+x2+ ...+ 4+ ..
Sl +x+ +
N=

By xatopuuur xucmuii finrnHaugapi (x <= 1)
S, () =1,
Si=1rg= (=D _1—st
1 —x ] —x
0+ x+42)(1l—x) 1—2x8

S;()=14+x+x2= - .

l—=x l—x

......................

6Yanm.
PaBmanky, x=1 ga S,(x)=1+4+1+4 ... 4+ 1=n.
Hewmak,

1—o" arap x| GVaca
Sn (\) =l = ’ 4
n, arap x =1 6yaca

oyanaan.
Airraiimk, x€(— 1; 1) 6Vacun. By xonaa

lim S, (x) =lim '=%" —lim ( ' ~L)=

n-»x Nesp —X N l—x | —x

o n 1

— lim
1—x n-ro 1l—x l—x
L ]

GVnaau.
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IIIyunaﬁ' k0, Oepuiran ynkiumonan katop X =(—1, 1) na
AKUHAAIYBYH OYu0, YHUHT AMPHHAHCH

S = ——
l—x
ra Teur.
2. Ywby (pyHKIIHOHAI KATOPHH KapaiiMus.
[/ 1 _ ! , 1 N

-d X (Tx+])  EEDE+2 | G2 @+I)

n=
1

(x-+n(x+n+1

By ¢yHKuHOHAT KATOPHHHT KHCMHI HUFHHAHCHHH TONAMHU3:

1 1
S, (x) = -+
n{ (x+ ) (x+2) (x+2)(x+43) ® o

+ . ailxge—n, n=1,2,..))

1 Y R 5, W
(x4+n)(x+n+1) (x—{—l x+2,)‘(x+2 x-{—3)+

{ ( 1 o 1 \ 1 o
—r,x—{—n x+n+1 ) x-+-1 x+n-1
Yuaa
. T L 1 1
}.‘_TWS"('\) nl_l.T(x—{-l x+n+1 \ x4 1
Oy1aau.

Iemak, Gepuaran ¢ynkunonan katop X =R\ {1, 2,73, ... ... }
TYnJaMAa SIKHHJAIYBYM, YHUHT #BERnucH 3ca S (x) = xfi—l ra TeHr
Bupop

S E@=hO+RO+ . L@+ @LI)

n=1
dynkunonan Karop Gepuaran 6yacun. By katop X tynaamaa sakusia-
wyByn 6ysn6, yHuur Hurnngucn S(x) Oyvcun. Yuaa
lim §,(x) =S (x)
N=*ur
O6ynanu. Jlumur Tanpudrra kypa, ¥ & >0 con oauHrasja XaMm IyHAaai
HATYpaa n, COH TONWJAAuKH, Gapya n > n, yuyh

1S, () —Sx)I<e

TEHrCHaIMK Oarkapuiaaju. _
Pasmanku, X Tyniamaad oauHran x HuHr Kuiimatira kapa6b {S,(x)

KeTMa- KeTIMK TypJauya Gyaaau. Bunobapun, toxopuia 3scaatnb yTuara
JMMHT TabpPU(UAATH 72, HATYPaJ COH OJIMHraH x ra xaM GOraHK Gynam
Arap Gopau-1o Tavpudaard n, Hatypaa cod dakar & ra GOrJMK Gy
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Kapaaaerraﬂ X HyKTara 60mmg 6yamaca, y xoama {S. (x)} dyHkumo-
Hal Kerma-Kewmk X Tynnamaa S(x) ra TeKHC SIKHHJALIYBUM JeitMJa-
i

21.4-tavpud. Arap ¥ € >0 con oamHraHza XaMm uIyHaaii narty-
pan n, cOH Tonujicaku, Gapua n>n, Ba MXTHEDHIt X HyKTajap yuayH
Gup BaKila

IS, (x)—S()|<e
2
TeHrcHaInk Oaxkapuica, y XoJaja z f,(x) ynkunonan karop X Tym-
n=|
Jamaa S(x) ra TeKHc AKHHIAAAN AEHHIALH.

Texue sIKHHAAMMII TYUIYHYacH (YHKIMOHAT KAaTOpJap HasapusicHia
MyXuM poab Vitnaiian. Kyiiuaa (yHkuoHad KaTOPJIapHHHT TeKHC SKHH-
JalMIINHY aHHKJaga Huwtathaaguran Befiepiurpace asomarttinn ucGoT-
CH3 KeNTHPaMH3.

Beitepuurpace asomatn. Arap

E] fn(x):’,l(x)'{"/g(x)'f" w5 LA e
¢yskunonaa Katopuunr Xap G6up [, (x) Xaan X 1ynaampa ywoy
Ifn(\)l C (n" 2) 3v -'-)

TEHTCH3JIHKHH KaHO4TJIaHTHPCA Ba

NV el e e B e s
> 2

n
n=|

€L
- o i % |
COHJIH KaTop SIKMHJalyByn GVJca, y Xoala z [, (x) bynkunonan xa-
n=1
top X TVnsamaa teknc sKnHJawyByn Gyaajam.
Mucoa. Ymby

- ]

= o
cos nx _ Cos x _}_cos 2x +c053x s . o . COs nx
n2 12 o2 31 "one
n=|\
¢dyHkuHoHan Kartop X = (— 00, - 00) ja Texkuc AKHHJIalyBun 6Yaanu,

YYHKH

cos nx 1

|fa(x)] = <—

"2
6y.110,

11, |
EH’T=1—2T;+...+;+...

n=|

COHJIH KATOp SAKHHJALIYBYH.
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7-§. Texuc

3

AKHHJAWYBYH QYHKUAOHAN KATOPHHHI XOCCAJaapH

Texnc axunnamyByn (YHKIHOHAT KATOPJAPHHHT XOoccalapuHH HcGoT-
cH3 Kearupamus. bBupop

D L@O=R@+HE+ o HH@ A+

n=|
¢yskumonan karcp Gepuaran Gyacui. By gatop X tynaamaa axuuia-
wyBud 6Yiu6, yHuHr #urdnaucn S (x) GVJICHH.

1°. Arap E f,(x) dynkunonan katopuuur xap OGup f,(x) Xxaau
n=|
(n=1, 2, 3,...) X t¥naamaa yaaykcus 6Y1u6, 6y (yHKIUHOHAT Ka-
Top X Tyniamaa Tekuc sKHHJamyBud Gyaca, y X0a1a KaTOPHHHT
finrrnaucn S (x) xam X 1¥naamaa yaaykcens Oyaanu.

7
2°. Arap ‘\_: f,(x) ®yukunosan katopuuHr Xap Oup [, (x) Xaau
n=1
(n=1, 2, 3, ...) [a b] cermentaa yanykcu3 Gyumub, 6y (yHKUHOHAT
Karop Iy CerMeHTia TeKMC sKHHaawmyBun G6yJjca, y Xoaaa Karop Xai-
JIAPUHHHT MHTErpa/iapujal Ty3Wira
b

.g‘ f.(x)dx

a

R

b b b
fhmw+fgmm+.”+ynmm+“.=

i

-

1

KaTop SIKMHJALYBYH OViad, YHHHT HHFHHAHCH 3ca

-
| S(x)dx
ra TeHr Gyuanu:
3°. Arap ‘\_: f, (x) dysxumonan karopuuur Xap 6up [ (x) (n=1, 2, 3,

n=|
...) Xanu [a, b] cermentaa yaaykcus f,(¥) Xocuaara sra 6y.mb, Gy

XOCHJaMapAaH Ty3WIrau

P AC T AT RS AT RS 40 S

n=I

dyskunonan karop [a, b] na Tekuc skHHIawyBuu Oyica, y Xoaaa
¢yHKuHOHa Katop furunaucH S (x) wy [a, b] cermentaa S’ (x) xocu-
Jlara sra Ba

Sw=Y i
n=I
Gymaau.
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8-§. Mapaxam xaropaap

Ywmby
w‘
N e =a,+axtapd+ ... +ax ... (21.16)
n=0
KYPHHHULIJAATH KaTOp Aapaxaiy Karop Ae6 aranaan, Oyuia a,, a,, a,,
.s @,, ... Jiap y3rapmac conjap Gyaub, yjap jJapaxaan KaTOPHHHD

KOXpHLHeHTIapH AeHnaaiH.

Jevak, Japaxkaau Katopaap (GyHKUHOHAN KaropJapHHHr XycCycHi
XoJwaan ubopar.

Mucoaaap. Yuwby

l))“Jr =1+ Z 424 4R @=1)
n! ni

n=0

°°~‘ n—

dl nln(n-l-l)

KaTopaap Japakain KaTopJapip.
Xap Kaujaii jpapaxaan katop x — 0 HyKraja sKHHJamyBun GyJa-
au, yynku Oy xoana (21.17) xatop yuwby

(NS =7 R L PR B RS - ARy PR
ABHH
a+0+0+ ... +0+F ...
KVPHHHILJAATH COHJM Karopra aillanajiu Ba
,,“"l Sn(0)=nlinl (@ +0+0+ ... +0)=1limaqy=gq,

fl—x

6yaanu.
21.8-teopema (AGeab Teopemacu). Arap
Mo =a+axtax+ ... +ax"+ ... (21.17)
n=(0)

Japaxkaan KAaTop X HHHT X = X, (X, 0) KuiiMatHaa sikunaawyeun Gyi-
ca, X HHHT

X1 <| % | (21.18)

TEHICHATHKHA KanoaTJanTHpyBun Gapua Kuitvatyiapuaa (21.17) napaxa-
Jn Katop abcoMmoT SIKHHJAIIYByH OyJaanu.

Hcb6or. Bepuaran (21.17) papaxamu katop x =X, Jda SIKHHJa-
wysyn 6yvicud. By sca ymby

e
\ " e 2. 1 n
2'a"x(,—-ao-i—a,.\ro.az,x0 oo s TBE v

n=0
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COHJIH KATOPHHHT SIKHHJAAwyByn Gysmmmnd Gusaupann. Mabaymku, coH-
JM KaTop SIKHHJAmYBYM GY/ica, VHHHT YMyMHIt XaaH n—- 0o Aa Hojra
HHTHJIAD S[H:

1 n ——
nlirg a,xp=0.
Hemax, {a,x]} connap KerMa- KeTJUrH SIKUHJAWyBun. YHga Oy ketMa-
KEeTVIHK yerapaJaHrai, sbHH
la, 3] <M (n=0, 1, 2, .. .) (21.19)

(M — V3rapmac cou) Gysaan.
Ouau Gepwiran KATOPHM Kyiiuaaruya
X x\2 x \n
G +a X - —+axg- (—) ol (~) + ...
Xo Xp Xo
€3u6, YHHHr XaaJapuHuHr abcouoT Kuitmaraapuian ymby

[ 5 2 ; x |n
|a0|+|a,x0|-lf-‘+|a2x5[- Zf o el | 2+
[ ol 0
KaTopHH Ty3amu3. Yuwby katop
MAM-|Zl-m|EF+ . +m|E+ ... @120
Xo | Xo Xo

reoMeTpHk Katop OV.H0, Ii < 1 6yarammrn cababmi, y sKHHIa-

Xo
LIYBYHIMD.
l X [r x |t o
la,xgl-|—| <M- l—' Oy IranHrHAan COMUILTHPHLI TeOopeMacH-
| Xp Xo
ypa lag| +|a x| - | = |+ . .. +la,xn)-| =" +
ra k¥pa |ay|+|a; x;| - . ..o +la, x| - s . .. Karop
) “~0

sKunaamyBun 6Vaanu. Jlemak, Gepuaran xatop x Huur |x|<|x,| TeHr
CH3/IMKHH KaHoaTaHTHpYBuH Gapya KuiiMat/apuja abeouoT SIKHHJIALIYR-
yi Gynanu. Teopema nc6or GV/IIH.

2l.1-uatuxa. Ywby

x
Zanx"=ao+alx+a._,x’-’+ R i LIS
=)

Japaxkaau Katop a = X, HyKTaja y3okJawyByu GVJcHH. Y Xoada Kartop
X HUHT | x| >|x;| TEHrCH3THKHH KaHOaTIaHTHpYBuH Oapuya KHiAMaT/apH-
Aa ysokJjautyBun Gyiiaiu.

Alitaiiuk,

M

e
Naxt=a+axtax+ ... +axt+ ...
=0

Jlapaxaiu Katop x = X, (X,7= 0) JAa AKMHJAIlYyByH, X = X; Jla 3ca Y30K-
Jawysyn GOyacun. PaBwauku, |x,|<|x,| 6yaaau. Ynaa rokopuia
aliTuaransapra kypa x HMHr |x | <|X,| TEHrCH3HKHH KaHOAT/JaHTHPYB-
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L KMAMAT/Iapuia SIKUHJayBun, |xi>|x,| TeHrcusiukHu Kamnoatiam-
THPYBUM KuiMaT/iapuia ysoxaaiunyBuu Gyaanm (129- unama).

(21.17) napaxanu KaTOPHHHr SIKMHJALIAAMraH HyKTajapiad uGopat
tynaam {x} 6yscnn (awuu wy {x} TVnJamuauHr Xap Gup HyKracuaa
(21.17) gartop sxunaauiysun). By {x} TVniam loKopuaan yerapananran
O6Vnamn. ¥ xoana {x} TYNJIaMHHHT anHK IOKOPH YerapacH MaBxkyj. YHH
K Gunan Gearunaitimk:

R = sup {x}.

K{pcatii MyMKHHKH, X HUHr yumoy |x| < R TeHrcHsaukH# KaHoaTJaH-
THPYBUH KuiiMaTaapuaa (21.17) katop akuuiamysud, x Huar | x| >R
TEHrcH3IMKHH KaHoaTJAHTHPYBYK KuitMatnapuaa (21.17) katop ysokaa-
wyByn OVaanu.

Yuwby (—R, R) wnrepsaa (21.17) napakaan KaTOPHHHT SKHHJA-
LML MHTEpBaAH, R 3ca SKHHJALMI paguycu 1e6 aTasiaau.

Arap papamann karop x = 0 Hykraga sKungamysun 6Van®, Gowka
Gapua HyKTajapia ysokjaiiysud GV.ca, v Xol11a AKHHJAALINII PagHycH
R =0 ne6 omuaau. Arap A2pamann Katop 6Gapya HyKTajdapaa sIKHH-
JaulyByn Gy.ca, R =: - co 1eb onuHan.

21.5-scanarma. [lapakanm karop x = — R, ¥ =R HyKTalapaa
SKNIAAYBYH OYIHIIM  XaM MYMKHH, V30KJamysuu OV/IALIM XaM MyM-
KHH.

Vuby

Naxr=g tax+art+t ... +ax+ ... (21.17)

n=I0

napakann Karop Gepuaran 6Vacun. DBy napamanun Katop XaanapuHuHT
a6.oMI0T KUAMATIAPHAAH Ty3uaran ymby Katopai Kapaiink:

&%
}:[an.\"‘] =|a,|+lax|+la |+ ... +lax"| + ...
n=>0

JanamGep anomatunn Kya1ab Tonamus:

~’-l‘ n-+1

5 |a 5 a, ., X . 9
lim —t! . = lim | = 'ﬁ = lim | 22| . | x| =
n-soe |0,, x| n-s=« a, x n-= a,
B (N |
=|x{- lim . (a,#0)
Nes
Aiiraiiik, yuby

. By

lim | —=| =1 (a, 0)

n—sx an

JuMHT Maskya Oyacun. Yuaa (21.17) warop |x| [ <1, asnn |x|<
<—:— O6yarauja sAKAHJawysyd, |x|-[> 1, sbHH |X)| >Tl Gysiranaa
y3oK1atysyn Gyaann.
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lllemx. GepuJiran napanca.rm KATOPHHHT  SIKHHJJALUMII  MHTEPBaJH

'(—— l). panuycH sca R = l 6yaann.

l 1
Mlynpait kuau6, (21.17) napa;xa.nu KAaTOPHHHT SKMHJAUINLI PafHyCH-
HH TOMHII yuyH Ky#Huaaru copmysara sra Oyaamus:

Bk = Ty | 2 I @21.21)
I n—® 1 Qp
Mucoaanap. 1. yw6y5:x"=l +x+x24F L. a4,
n=0

Jlapax(a:m KaTOpHHHF m\;mmammu pamiycu Ba mguu;laumm nHTepBa.nn
TONMWJICHH.
‘~ l.

IOKopuaarn dopmyaara xt p1
Jlemax, OGepuiran JapakaJu KaTOPHHHI SIKHHJAlUMI pafuycn R = 1,
SIKUHJAIMIL HaTepsaan (— 1, 1) 6yaaum.

n—s>

By mapaxamm katop R = —1, R=1 nykranapaa ysoKJamysun-
mm(qynxul—&l—%—l-{— Al Bal—]l41=14+ .. . 4+
(— ="+ ... conan haTopnap \'301gyuamysqu)

3
2.1 —1-]—2 i iz—i— Et— -+ . + — - ... Jlapamamu  KaTOpHUHT

AKHHJALIHII PajJnycH Ba mgmmammu umepuanu TOIMHJICHH.
(21.21) pepmyaanan doitaanannbé Tonamus:

. a ) 2 : 1 + 12
R=lim | 22| = lim |-2—| = lim [= . © ),=
Nees® a"':-l n—s> | n—s% n? |
(n-+1)2

. y 2 1
= lim (l—;~——‘r—)= 1
n—= n n?

* Jlemak, Aapaxcanu KaTOPHHHT sIKMHJAWmi paaunycn R = 1, skunaauwmim

- muTepeasu 3ca (— 1, 1) 6yaaan. Bepuaran papaxann xarop R —= —1,
R == 1 nykranapaa axunaamysuu O6yaanu (uyHkn 1 -+ ll_ -+ —1 ! Jl =2
+---+—[+ .Bal———}—_—._+ (—l)"IT'...

n? o 92

COHJH KaTopJaap mgnnnamynqnnnp).
Jlemak, Oepuiran jAapaxaju KaTOPHMHT AKMHJaumi coxacn [— 1; 1]
CerMenTaaH u60paT IKaH,

§. /lapaxasu KaTOpPHHHr XoccaJapH
1°. Arap 2 @,X" Napakalu KaTOPHHHT SIKHHJaluu paanycn R (R>

> 0) Gyaca, napam:m Katop [—a, o] cermentaa (0 <o < R) Tekuc
SIKHHJanyBuy Gyaau.
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1 =
. 2°. Arap }: @, x" [ap1KamM KATOPHMHT  SIKHHJIAUMII  PajHyCcH
n=0
R(R > 0) 6yaca, papaxanu Katopuunr imeunaucH S (x):
S(x) = 2‘ a,x"

n=0

(— R, R) unrepBania yanykcua GVJiau.
o
3°. Arap ‘\_: a, X" japamaid  KATOPHHHT  AKWUHJALIMII PaguycH
n=0
R(R > 0) 6yau6, irni e

S(x) = ,\_x‘ a3 =g A X8 8 v o F G s
i =
n=0

6Vaca, y xoana Gy karopun [a, b]=(—R, R) na xaanal, uurerpad-
Jiall MYMKHH, SIBHH

> b
de =N | a,x"dx J
— *

n=>0 a

b b
[SMdi=[[Ya,x
a @ a=0
6yaann.
*x
o \ " P . ’ >
47 Arap ‘\_‘ @, X" Japaxaii  KaTOPHIHr  SKHHJAIIHIT  PaJHYCH

n=A>

R (R > 0) 6yaub, itnrungncu
S(x)= 2 a,

n=0

o . sl G 2 1 ' n
At =aytax+a, X TR % g R

Gyica, y xonna Oy karopuu (—R, R) aa xanmab audxbepeHumasiaul
MYMKHH, SI'BHH

S"(x) = (2 a, x" ) = E (a,x*) =a,+2a,x+3a;x*+ ... +
n=0 n=>0

+na, x4 ...
6Vaan,

10-§. PyHKUMsIIAPHH Aapakaan Katopaapra €ivus

1. MakJiopeH KaTopu

y = [(x) Qydkuua (—06, 8) (6 >0) opaaukaa Gepuaran 6Ym6, y
umy opajqMKAa ucrajrad Taprubaard Xocuaara sra GyacuH. Yoy

PO ., PO, {0
HOY+ I o T i ol n!

Aapaxajii KaTopuu Kapaiiuk. By napamanu KatopHuur KosdduuHeHT-
Japit f(x) GpyHKUMA BA yHNAr XOCHJAJapuHuHr x = 0 HyKTajarn KuHMAat-
Jlapu opkaau udonanavras.
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Auan f(x) ¢pynkunanuar Makaopen (opMmyaaciiu €3amus;
@ =70+ Qx4 EOy L 0 g, (2129

Gyuaa r,(x) koauuk Xan. Ulynn swruGopra ommmn kepakkm, (21.22) xa-

TOPHHAT Kox(xpuumentiapn Guaan (21.23) dopmyaagarn  koadhuunent-
Jap 6up Xua Gyaaiu.
(21.22) napakaan KaTOPHHHI KHMCMHIT HHFHHANCH

(n) (0
8,0 =10+ 0 x LOey 4 20
6yaca, ynaa (21.23) (popmynd yuGy
fx)=38,x)+r,(x) (21.29)

KYPHHHLITA KeJalH.
(21.22) papaxann Katop (— R, R) skunaamysun Gyacun. Yuna

lim S, () =[() (v x€(R, R)

6yam6, (21.24) mynocabatnan
lim [f(x)—S8,(x)] = lim r (x)=0
n-»% N-s &

O6yanmn Keanb ynKagu.
Axcniya, 4 x €(—R, R) na lim r (x) =0 Gyaca, sibun (2].24)

myHnoca6ar aan -
lim S (x) ==f(x)
n—s>

O6yanmmm, nemak, (— R, R) aa (21.22) papaxaan Karop SIKWHJALLYBYH,

~ yHUHr fnFaaaucH f(x) ra tenr Gyamum Keanb ynkau:

= srr i(n)
Flx)=F(0)+ ll#x—%— ’%0),\-'-'+ O e (91.25)

n!

Mlynnait kw6, (21.25) mynocabatunur Ypuuan GYINILN yuyH A X € (—

—R, R) na
lim r, (x) =0

GV/IHLIN 3apyp -Ba €TapJH JKaH.

Arap [(x) dynkuna yuyn (21.25) mynocabGar ypunan 6y.aca, f(x)
¢dynkuus Makaopen karopura €iiwiran el artajaan.

Arap r,(x) erapau napaaja Kuuuk Gyaca, y Xoaaa 10KOpHaari

(21.25) mynocabataan ymby
’ sre (n) {
fxf+ 2 x  DOey 4 DO (21.26)

n!
TakpuOuii ¢opmynara sra Gyaavua. /
Sum

f(x)=¢
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Jﬂxnﬂﬁnu Maxksopen Karopura éamns. Mawaymks, f(x) = e* dyHKuus
wxTuépuit [—r, r] (r>0) cermentaa HcraaraH TapTHOXarH Xocujara

sra OyJub,
fm(x) =¢* =12, 3 . ..)
6yaanu. Paemank,
F(0) =1 (=12, 8= i)

By d¢ynxkunanuar Makaopen dopmyaaci

=1+ 45 4 454
Gyaaan. Koaauk xan r, (x) sca Jlarpawk xypuummmia Kyiuaariua G-
Janu:

e""(0<0<\)

r,(x) =
Arap ¥ x €[—r, r] yuyH

(n

Ux Mo 4] rn+l
[ACIESE [< e
(n+ 1)! (n- 1)
BAa n— 00 Ja
n-1
lim —Z =0
n—* (ﬂ—‘}‘l)'

Oyauuin abTHOOpra osicak, ymaa

g e B el | o2l
1o n!
O6Vanmuan tonamus. By f(x) = e* ¢ynxkumuanuur Maxsaopen karopuaup.
Xyasu wy #ya Ounan f(x) =sin x, f(x) =cos x, f(x)==In (I 4+ x),
f(x) = (1 4+ x)* dyukuuanapupnr Makaopen Karopaapu tonunann. Kyiiu-
Ja yJapHH KeaTHpHUI Ounan KuposIaHaMmis.

i -_‘ﬁ ﬁ_“i s —lﬂ_t_
sin x =x—= +5! ey 4+ oo (=1 eI
P (O TG Iy X
o8 =] 2! +4! 6! F ame D (‘7)1
In (l—l—x)=x—-'%+%—-%+...+(~—l)"— 2 i
e D n:
I+ap=1+Zx4 28Dy 4

+a(a—- D(et—2),..(az—n-+
n!
By kearupuaran ¢ynxupsaap yuyd (21.26) rakpuGuit hopmyaa Kyiinaas
ruga Gyaaam:
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——ras

exz1+—‘-+§:—+ R,

s xs x5 x‘l "Il—l
sin x&~x——4+=——=— — ]yt 1
o =X X e
el i ke oL (7,,,.

2 3
In (l“t‘x) Y—L+L—_+ .%_(_”n—lL.
3 n
(l+r)“~l-1—l— +a———mf“—“ 2 I
a(ahlb{cc—Q)._.(a_,,.;“v"
n! e

XXI1 BOB. AHOPEPEHUHAJ TEHTVTAMAJIAP

1-§. Mudpepenunan TeHrnama TyiyH4acH

OpKau y3rapyBun X, HOMabayM (yHKuus y = y(x) Ba Oy (bvuhmm-
HUHT XOCHJajapiuH GOFJIOBUN TeHriiaMa dudpghepernyuan menerana neiin-
Jaju.

Bynpait Tenrnama ymymuit Xoaaa Kyiuaarn kypusnuimia 6yaann:

F% Yo s ss: 3 P)=0. (22.1)

(22.1) TenrsamMaja KaTHalraH HOMABJYM (GYHKUHA XOCHIATAPHHUHT
IHr I0KOPH TapTHOH AudxpepeHunas TeHrJaMaHuHr mapmubu neinaaim,
Jemak, (22.1) renrnama n-taprubau Auddpepeninan TeHraamMamup.

Arap y = ¢ (x) (yHKuMS Ba YHHHT XOcHaanapuuu (22. l) TeHrJ1amara
Kyiuaranfa yuu afiqustra ailantupea, sibHH

Flx, p(x), ¢"(x), ... ¢M(x)]=0

Gyaca, yuna y = @ (x) dysxuus (22.1) TeHriamManHHr equmu Jeiinaanu.
Iluqu)epeuunan TEHIVIAMAHHHI eYHMM uYekcH3 Kyn Oyaamu. Bapqa

. eUMMJIADHH Y3 MuATA OraH eunM AndypepeHunan TeHrJaMaHuHr yMyMmuii

eynMH JeHnsIan.
Mucoan. Ymby

y'—x=0 (22.2)
TeHrJaMand Kapaimk. DBy 2- taprubau  andxpeperuman Tenraamazamp.
@ (x) =%x3+x (dyHKLHS YHUHT eyumu Oyaaan. XakukKaTtan Xawm,

W= (besf = b, vr=(be1 ] -

6yam6, @7 (x) un (22 2) TeHrJamara Kyiicak, Oy TeHrJama anHusTra
alnanann:
¢’ (X)—x=x—x=0.



L (e Y

‘ (22.2) TeHrjaMaHHHT YMyMHH eqrMH
f) =2 +Cix+Cy

6ynamu, 6yuna C,, C,— uxtuépuit yarapmac counap. (Xycycan, C, =
=1, Cy =0 Oyaranga, yMyMdid e4uMAaH IOKOPHAArH €YuM Keub 4u-
KajH).

2-§. Bupunun taprudan auddepenuman TeHrnamanap

Buputuu Tapruban auddepeHiHan TeHrJaMaHHHT yMyMHil KYPUHALLIN
Ky#tuarnya GyJau:
F(‘\‘" yv y’) — 0.
Arap Gy Tenrama y’ ra uucGarau eyuaguran G¥uca, ynaa
"= ) (22.3)
reirsamara kegamus. Oparpa, (22.3) rtedrnama yocuaeea Hucbamaw
equrean Ougppeperyuar menerama AeHHIaIH.
Suan (22.3) TeHrsaMaHHHr XycycHit XOLIAPHHH KapaiMu3.
1°. (22.3) tenrsaMaHuHr YHr ToMoHH dakat x Yy3rapysyura GOF/HK
Gy 1cHH:
Y =Fx). (22.9)
By TtenrMkHu nHTErpaniab Tomamma:
y=|f(x)dx+C (C — Varapmac coH).
Jlemak, (22.4) TeHraMaHHHT YMyMHIT eqyuMu
y= | f(x)dx+C (22.5)
[EER TR

Mucoda. ¥ = 2x* TeHrJaManu eyuHr.

Eupw. Tenrmamauunr eunmunn (22.5) dopmynazad  doiiganannt
TOMAMH3;

y——-.i'2x'-'dx+C-=-2§x3+C.

2°. (22.3) reuraavanudr VHr ToMoHu ($akaT y 'Vsrapysunra GOFJIHK
GVJICHH:

Y =f(y)
dy

AsBano, y' = 1 dKauuHu sbTHOOpra onamu3. Cyurpa 6y TeHrjamaza
X

Y HU 3PKJH Y3rapyByd, X HH 322 y HUHT (YHKUMACH OVJICHH HeiMH3.
Yuna
dy dx |
= =f(y)=>— = —
= =1 = e

6ymb, tokopugarn 1°- Xora kesamus. KeiiMdrd TeHrJaMaHWHT €YHMH
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Gyaanu.
Mucoa. ¥ ==7y* TeHrnamann euusr.
Eunw. By tenrnamanu ymGy xypunuiuga €3u6 onamus:

de _ 1
dy Ty )
By tenramkaan sca
: s s Bl
7 2
6y Keaub unKaau. Yuu uuterpansab Tonamis:
Gah) | —
g = B —gj— e X R s, N B0 8
JT oy 7y
1
=——+4C.
= -+
Hemaxk,
NN
7 C—x

3°. (22.3) TenrsaMaHuHr VHr TOMOHM (baKaT X Y3rapyBUYMHHHI Xamja
dakar y y3rapyBumHMHr (DYyHKUMANAPH KynaiTMacuaad ubopar GVJicuH:

Yy =Fx-g.
By tenrnamanu yseapyeturapu axcparaduean Ouggeperyuar menerama
aeitnaagu. Sua ' ~Z IKaHAurHHN IbTHOOpPra oacak, y Xoajaa

P IOR0)

O6ynanu. By TeHrVIMKHHHI HKKaJa TOMOHMHM dX ra Kynaitupub Ba g (y)
ra 6ysm6, ymby TEeHrJIMKKA KeJaMu3:

=[(

g (JJ
Yuu unTerpaab Tonamus:

j(—)“‘”(")d\'*‘c

By uurerpasnap xucoGnannb, cyHr y Hu X opKaanm wudogataé Gepuarax
TEHrJIAMAHHHT €UHMHIa KeJaMH3.

Mucoa. y =xy+x—+y-+4 | Tenraamanu eyunr.

Euum. By tenrnaManuur yHr TOMOHH y4yH

xytx+y+l=x@+D+@+D=x+Dy+1
Gynaaun. [lemak,

Y+ )@+
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BY TeHrJMKMMHT MKKala TOMOMMEM dx ra kymafitpcak Ba y -+ 1 ra
~ Gyicak, ynaa

y"i = (x--1)dx

TEHrJIHKKA KeJiaMH3. HH'rerpamaG TONaMu3:
f =((x+Ndx+hc,
P

1
m@+)=L2E e, £ 2
M_I_)’
y=Ce*® —1.
3-§. BHp XMHCJH TeHrJamajap
Hkkn yarapysunan f(x, y) dynkuus yuyn nxruépuii ¢ na
fltx, ty) =1f(x, ¥)

Tenrauk Gaxapwica, yuaa f(x, y) Oup owuncau (aNMKPOFH, HONWHYH
TAPTHEAN GHP HHHCIH) (QyHKYUA Nelnaaau.
Arap

y'=Ffx 1y (22.6)
aiddepenunan TenraaMaHuEr YHr TOMOHMAarn f(x, y) upoaa GHp MMHC-
JH (QYHKLHA 6ynca. y xonma (22.6) Tenrnama Gup oscurcau Oughpepen-
yuaa menzaama IeHHIaiN.

f(x, y) Onp xuucan dynkuma O6yaca, v xonza uxtuépuit ¢ yuyn

[ (tx, ty) = [ (x, y)
6ynaan. Xycycat, fa 6Varanaa
X

F(L £) =it 9)
\ X
© 6ynamn ra.Cy xonaa (22.6) Tenrsmama Kyiuaary Kypunslura KesJamm:

v =il L) =e() (22.7)

w \ /

!/ »
By Tenramann eunw yuyn -~ = u 1e6 o’amus. Ynza
X

y=ux, Yy =wx) =ux+ux'=uvx+u
Gynapn. Eynapun (22.7) Tenromkka xyinG Tonamms:
Wx+u=q().
u'x = @ (u)—u, x-j—:=(p(u)——u.
Hammkajia ysrapysunaapy axpagaaurad yuwly TeHramara KeJaMus:
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Qlu)—u

‘yw—u)_—u-=f%+ln G 5;(“‘;"—_u =Inx+In Cj

In Cx = j—df‘—
¢ (u)—u
Yy

Mucoua. Yuby ¢ g TEHrJAaMalH eYHHT.
Yy

Eunw. By tenrnamaunur yur tomomnaarn f(x, y) = —L— (pyHK=-

SR x4y
"R ;msl GHp AHHCTH qaym(umx Xaxmgarau xawm,

A‘ ".

ty y
[x, { = =2 .
s )= +ly tety)  xty

2 Y.
’ y X X
‘=.—.-—=_= 22.8
i Rk (22.8)
} X x
;‘M cyHr
! l=u
x

¢ . u Yy — Rl ==l ut
2 u'x+u e 8 I+a T
xd._u-.—_-——u’—', b lﬂdu
dx 14u u* x

14 u o 113 \
5(— - )du-s_‘-l-lnc
%—-lnu=ln x+InC, x=yInCy
ww kenn6 unkand. By sca Gepuiram TeHraamamuur ymymuit equ-

/ o on ."": ‘..‘.'1'_‘-41"
m‘“"“""‘“ﬂ '-a“‘“mmmum—: S b



4-§. Bupunun TapTHGaM uM3HKIH audxpepenuman Tenraamanap
Homabnym ¢yHKIHSA Ba YHHHT XOCHJaJapura HucOaTaH YH3MKJIH
6yaran ymby
Y+pK)-y+q()=0 (22.9)
KYPUHHIIAATH TeHrjaMa OupHHY4H TapTHOM YH3MKJH AuddepeHIHan

TeHrJama aeimyamd, 6ynaa p(x) Ba ¢(x) ysaykcus dyHkumsaap.
(22.9) TeHrmamMaHuHr €YHMHHH

Yy=u(x)o@x) =uwv

KYpUHHIAA hanaiiMu3: ¥ =uv Ba y' = (u-v)’ =uw'v-+uv' Japnn Temr-
Jamara Kyimub Tonamua:

Wo+uv' +p(x)uv+g(x)=0
wWo+u@+p-v)+q=0. (22.10)
Ouau v BY WyHAAR TaHAaMN3KK, o'+ p-v =0 6YacHH, ABHA

dv

dv
d_x_*.p.v_o_ ; _—p(x)dx,

In v=— [ p(x)dx.
v P ax

6yscun. By ronmaran v uu (22.10) Tenrsamara Kyamu3 Ba Xocun 6Yae
raH TEeHIJIAManH €YaMH3:

> y d
wee=ITpmar g, Z‘:__._qe.fpdx'
u=—qgx) el P=dx4C.

Hatuxana
y =u-v=2epx(C— [qelvix gy),
Jemak, Gepuaran (22.9) Tenrsamanunr yMyMuil eyumn Gynjait Gynafm:
y = e 19ix(C — [ gel #éx ). (22.11)

Mucoa. Yuby y' -+ xy — x* =0 TenrsiaMaHu euyr.

Eunw. By Gupunun Taptubian uusukau AudpepeHiHasn TeHriaMas
nup. Yuunr eunmunn (22.11) ¢opmynagan doiranannG Tonamus (GyH-
Aa p(x) =X, q(x) =—2x%:

y=e=lats(C [ () rtsdiyme 2 (C+ [ dr)=

X X3 x3 X2

=e *(C+xe’ —-2e-2—)=Ce— ;+x2—2.

g



5-§. WIKKHHaH TApTHOAM wH3nKan auddepentuan ie}ir;lauanap
Yumby
Y +p®) Y +q@)y =[x (22.12)

KYPHHHILIATH TeHIVIAMA UKKuHWU mapmubau wudukau  dupgepentyuan
menerama Aeiwnanu, Oyuaa p(x), q(x) sa f(x) — yanykcus ¢yuxins-
Jiap.

Arap (22.12) na f(x) =0 Gyaca, yuna (22.12) Tenrsama Kyiiuaru
KYPHHHILTA KeJaji:

y' Py 4 g0y =0, | (22:13)

By tenrnama ukkunwu mapmubau Oup HUHCAU HUSUKAL MEH2AAMa
AeHHaann.

(22.12) Ba (22.13) mudppeperinan TeHrIaManapHi €YHIIHK YPraHuii-
AaH aBBaJ YH3HKJH GOFIHK XaMAa YH3NKJIH SPKIH (DYHKUMAIAp TyLWyH-

QacHHH KeJITHPAMHS.
Yy (x) Ba y,(x) dyukumsaap [a; b] cermenrtna Gepuwiran GYJICHH.

Arap mynjait yarapmac o, Ba o, COHJAp TOMWICAKH, yJapiaH Xeq
O6yamaranfa GurracH HoslaH (apkad O6yaranaa

oy Yy (%) + oy, (x) =0 (22.14)

afiHuAT Vpuran 6Yica, y xoaa y,(v) Ba i, (Y) (QyHKIMAAAD HU3UKAUL
6oraux yrrkyusrap jenuaamu. Arap (22.14) afinusr gakar o, = o, =
= () GVarangarusa Ypunan Gyuca, y Xouna v, (x) Ba g, (x) dyskuus-
JIap “U3UKAU IPKAU PYRKYUAAAp Neifniann.

Mucoa. Yuwby y,(x) =1, y,(x) =x (yuKuHAIap YHINKIX 3PKIH

dyskumsaaap 6yaaau, yyHKH
oyl - x=0

akEuAT daxar o, = «, = 0 Gyar ugaruda ypuuan Oyaam.
Arap y,(x) ra Y, (x) DyHKUHATAD YHHKIH SPKAH DyHKuusiap GVJI-
ca, ysnapaan xeu Oupu aitHan Houra Ttedr OF. Maiau.
Hau (22.12) Ba (22.13) audxpepentman Tenrsamvanapun ewnn Guia
myry/sianamMu3. ABBajio,

Y +p®)y +q)y=0 (22.13)

HKKHHYH TapTnGiam OGup KUHCAH WH3HKAHW AudxpepeHumMan TeHriaMaHu
Kapaimu3.

22.1-teopema. Arap y,(x) Ba y,(x) dynkuusiap (22.13) tenrza-
MAHHHI YH3HKJM 3PKJH  Xycycuit eummuaapun Oyica, y xoama (22.13)

TEHTJIAMaHHHT YMYMHil €UHMH

yx)=Cyth (0) +Coy, (%) (22.14)
6yaaau, Gyupa C;, C, — nxTuépuit y3rapmac conaap.
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1 HicGor. Monosuxe, 4, (x) 58 gy (¥) (22.13) teurnamanunr 2ycycuft

eyumapy ‘skan, yhaa Oy dynkumagap (22.13) Tenrsamanu Kanoatsan-

THpaaM: \

Y )+ p () gy(0) + g (%) -y, () = 0. (22.15)
Yo(x) 4 p (x) -1, (x) 4 g (¥) w,(x) = 0.

-

Kyitnaarn
Ciyy (%) + Caty (x)

dynkuna xam (22.13) tenrnamanunr ewumn Oysaan.  Xakukatad — Xaw,
Oy (ynkuus XamMjaa YHHHT XOCHJalaph

[ €, 4,(x) + C,y,(9)]" = C, y,(x) + C, 5, (x),
[C 9, () +Coy, (9] = C¥{(x) +C, 05 ()
yuyH
C,y(x) +Coy; (x) +p () [ Cryy () + Gy, (%) |+ ¢ () |C yy(x) +
+ C JO(X) l == C] !/|(‘7) = p(\’)Cl J| () + ‘”‘)C U (x) + C Y, 2 (%) +
+ p()C, 45 () +q (x) Cy 5, (x) = C, | 4 (x) + p(x) (%) + q(r)J.(x)]
+G, | yzt\)+p(A)Jg(Y) +q(x) y, ()]
6yan6, (22.15) myHocabarra kypa
[C, 4, (%) + CzJa (1" =+ p (%) IC,y, (x) + Coyz(V)] + g (x) [Coy (¥) +
+ Caa¥)] =
6ynazu. By aca
Cyy\(x) + Caya (x)
auHr (22.13) TeHrJaMaHUHT €YHMH SKauunu  Onaanpaiu.
Kypcatum mymnuxu, ¥ (x) = Cyy, (x) + Csifp (x) eynm  Oepuaran
Y'+p@)y +9x)y=0
TeHrJaManuir ymMymuit eynmu GyJaanm.
HMxunuy Taptuban
Y+ py + gy = [(x) (22.12)

TeHrJaMaHuir YMyMHii eynMn Xaxnaa ymoby Tecpema VpHHJIH.

22. 2-Teopema. (22.12) TenrnaManuHr YMYMHA €YHMH LIy TEHr-
Jama xycycuil eunmu Guaan (22.13) rTenrsamManpHr yMyMmuil euuMn Hu-
FHHAMCHTA Tenr GYJaju.

6-§. Varapmac KoaPHUHEHTIH HKKHHYH TapTHOAH OHP KMHCIHM
YH3HKAH TeHrJamanap

22.1-tavpud. Yaecapmac kosgduyuenmau Gup xuncau Sugipe-
peryuar menerama ned

Yy +py +qy=0 (22.16)
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Ars 4 : W )
4'.'- ¥ <

gvgmnmaaru'reurmmraaﬁmnw Gymm p Ba g— ysrapmc XaKH=
COHJIAp
IOxopuaaru Teopemasnapra acocan Gy TeHrJlaMasHuHr yuynmﬁ YHMHHH
TONMMII YYYH VHHHT MKKHTA YH3HK/IH 3DKJAH XYCYCHH €YHMHHH TOMHII
€TapJIHp.

TenrsaManu eyuir y4yH y =" 1e6 thapa3 kuinamu3, Oy epma k2 —
Hosra TeHr 6YsMaraH YsrapMac COH.

XOCH/IaTapHH TOMTaMK3:

y =k, y =Ke*
Bynapuu (22.16) Tenrsiamara keatupub Kysmua:

k%< - pkeks + get* = 0. (22.17)
et =£ () Gyaranu yuye (22.17) Teuriamajiau
R4+-pk+q¢=0 (22.18)

xocun G6yaamm. [lemak, £ (22.18) TeHrsiamawH KaHoaT/autupca, e**
TEHrJaMaHuur euuMu Oyiaau. (22.18) tenrvdama (22.16) tenrnamasunr
xapakmepucmur mexeramacy jpedunaand. (22.18) tenrsiama umKkura Hi-
Au3ra sra Gynaju, y.rxapﬂn ky Ba ky Gunan OGearnaaimMus:

h=—tt ) Tg, b=—5—) 2

By epaa Kyitunaru xoanap OV/JHIIH MyMKHH:

1) k, Ba k, Xakukuii Ba Oup-OupHra TeHr smac (R, k.);

2) ky Ba ky Xakukuii Ba Oup-OupHra TeHr (k, = ky);

3) ky Ba k, KOMIJIEKC COHJIap.

Xap 6Hp XO/IHH aJ0XW/a-aJ0xuAa KYpHO 4HKaMmu3.

a) XapakTepucTHK TeHrJaMaHHHI HJAJIM3AAPH XaKH-
KHH Ba Xap Xua (k5% ky).

By xonna

Y= ek'x- Yo = ¢
dyHKuHANap Xycycuit eyumap 6YanG, TeHrJaMaHHHr YMyMHIt equMu

y=Ce" +Ce™ (22.19)

Kypuuuinaa 6yaaju.
Xakukatan XaM, ¥’ Ba y” HH TOMAMH3:

Y =C k" +C, k™, y =Ck; " +C,k; e
Gynapuu (22.16) TeHrsamara KysMus:
C, K. € +C, k) & + p(C, k€™ + C, k™) +
+9(Cie"* + ™) = 0.
Yan ToMoHAarH KaBeaapuu oyul, rypyxJaaiMus:
(C) £ € + pC k€™ + 4C\€"*) + C, k; € +pCokre™ + qC2€"") =0
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€xn

C,e" (& + pky+q) +C, e""‘(k‘+pk+q)—0 (22.20)
ky Ba ky, nap (22.18) TeHraMauuMHr WAAM3IapH OyJAranJaWrd  y4yH,
(22.20) HuHAr "wan TOMOHMJArH KaBCc Hyuaard ndojasap Hoara Teur Ba
yMyMaH 6an TOMOHH XaM HOAra TeHr 6yaann. Jlemak, y—=Ce"™ +

+Cye ha¥ (pynkuns Gepuwiran audxpepenuuan TeHrJIaMaHHHT YMyMHi equ-

MHA Gysanu:
Mucoa. y’—8y -+ 15y = 0 TenrsamaHunr XapakTePHCTHK TEHIJa-

MmacH k*— 8k+-15 = 0 6Yamb, v k=5, ky,=3 naausznapra sra. Jlemak,
TEeHIVIaMaH HHT YMYMHIl eynMu Kyﬁnnarnqa 6y JIaJIH:

y = Cye™ + Cye™*.

6) XapakTepHCTHK TEHrJaMaHHWHT HJAAH3JapH XaKH-
KHH Ba Tenr (k,=ky).

By xomna ky =k, =—-2- 6yam6, 2k, —=—p éu 2%, +p=0
6yaanm.

burra xycycnu eunM g == €™ Mavaymanp. Mkxunun XyCyCHH €yHM-
HH Yy = u(x)e™* Kypunumiga nanaiivus. By epaa u(x) = u  anuknaun-
Wy Kepak Gyaran noManayM QyHKUMs. @ (x) HH aHMKJall yyyH y, Ba
Y, HIl TONAMM3:

y, = u &+ ukj e =& (u' +uk,),
y, = u &+ wke + uk e + uk] & =
=" (u' + 2, u + uk] )
Bynapun (22.16) Tenraamara Kysmns:
[ (u + 2% + & u) + pe™ (4 + k) +g-ue™] =0
éxu '
e""[u"+ (26, +p)u + (& +kp+q)u]l=0

k xapamepncmx TEHIJaMallir Kappaan wiansn Ba 2k +p=0
O6yarann  yuyn € u =0 ékn u =0 OyaHIIN  Kepak.
YHH unTerpaiab,
u(x)=Ax+B
nu Tomamu3. Xycycwit xomma B =0, A =1 pe6 oncak, u(x)=x
Gynaau.
Ilynpait Knamb, MKKHHYM Xycycuil equM Kabu

k
Yg=2x%



Gjnanu. Bynapuu HasapAa TYTCAK, yMyMHil equMiH
y == C]ek.x + Cztek“ = eklx (Cl + C,JC)
KYPHHHIIAA @3l MyMKHH,
Mucoa. 4y — 12y + 9y =0 TeHrJaMaHWHr X3PaKTEPUCTHK TeHT-

Jlamacu
4 — 12k 4+9=0

3
Oy/mu0, YHHHr WAAH3AapH &, =k, = Aup. Jlemak, TeHrJaMaHHHD

YMyMuit eunmu:
3
,TX
y=(Cy+Cx)e” .
B) XapakTEepPHCTHK TEHrJaMaHHHT HJIJH3JIAapH KOMM-
JIeKC COHJIap OyJraH Xo.J.
HMnpusnap by =a - ip, ky =a—if kypunnmza 6yacuu.
Y xoaza aupepeHiuan TEHrIAMAHHHT XYCYCHH €4HM/IapH

gy= e(a+tﬁ)x T e(a-tﬁ)x
Kypuuuwaa 6ymanu. y, Ba Y, Jdap (22.16) tenraaMand KauoaTJaHTHPAIH.
bBua gyitnaars Hatwkagan (oilfanaHaMu3: arap XakHKHi  Koahhu-
LHEHT/IH OHp KUHC/H YH3HKJIH TEHIVIAMAHHHI XYCYCHH eYuMH KOMIJIEKC
cOHMapfad nOopatr Oy./ca, y X043 YHUHT XaKHKHIT Ba MaBXyM KHCMJa-
PH XaM 11y TeHrJaMaHuHr eyumu OyJagu.
BuroGapuu, Xycycuit eunm

eOTPE — 0™ o5 Bx + 1e™ sin Px

Gyaranu yuyn €™ cosPr, e*Sinfr map xam (22.16) Tesraamanuur
equmu 6yiaau. Ulynpait xumb, (22.16) audbeperuuan redrnamMaH uHr
YMYMUH eqHMH '
y = €™ (C,cosPx + C, sin p)

Kypunuuiga Gyanu.

Mucoa. y"—4y + Ty =0 TeHrIaMaHuHr XapaKTEPHCTHK TeHIJia-
Mach £ — 4k +7 =0 6yaud, yuuur wigusmapi k, =2 +-iV3, ky=
=2— )3 nan uGopar. Tenraamanuur ymMyMmuit euuMu Kyitngarnaa
Gy nanu:

y=e*(Ccos)/3x+C,sin)/ 3x).

4. Varapmac Ko3hPHUHEHTIH OHP MHHCAMMAC YH3MK/IM TEHraaMaaap
Ounu '
Y -+ py +qy = f(x) (22.21)

KYpHHEILAary Audbepeniyuan TeHrIaMaHnir eqiMuny Tonnm Oujan wy-
Fy/naHavu3, Oy epia p, ¢ Xakukuit coHjap. f(x) ¢yHKuMAHUHT Gepu-
JuiuMra Kapab Kyfinard Xo/UtapHH KYpHO 4YHKaMHs:
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1) (22.21) TeHr1AMAHHKT YHr TOMONH KYpeaTKuuan Qynkuua Outan
Kynxan kynafitvacuias nbopar:
[(x) = Pp(x)e™,
Gy epaa P, (x) — m-papaxann KYnxag, AbHH
Pa(x) =apx™ 4+apx™ 14+ ... +ay

(22.21) TedriaMaHMHr YMyMHil eMHMMHH TOMHIUAA Ky#dugard QakTaan
¢oit ananamus:

y' -+py +qy=Ff(x)
reursnama Gepuaran Oyacun. Arap
' +py +qy=0

Oup KUHCAH AudxpepeHinan TeHrJaMannir yMyMmuit eunmu y  6yaub, u
(22.21) terraamanuur uxTHEpHit Xycycuit eynmu GVaca, y xomma (22.21)
HHHT YMYMUH eduMH ,

y=y-+u

Kypunnwia 6yaaau.
Bua Oup Kuucau AndxpepeHiian 1eHrIaManiur yMyMui equmi k-
+ kp + g — 0 XapakTepHCTHK TeHrJaMaunur WifHaaapu Owitan 6oraad

TonuwKH OitamMins. Xycycuit equMHHH 3ca Kyiuaari Xoauapra MyBOGHK
TONAMH3;

a) @ coun R +pk+9=0 XapakTepHCTHK TeHrmama-
HUHT naausu 6Vamaran xoa. DBy xonga Ous Xycycuit eyuMHH

u=(Ax"+ A"+ ... +A)* =Q, ()  (22.29)

Kypuanaa wataiivua, By epaa Q,, (v) — m- fapa:kaau Kynxap.
(22.22) pan u', U’ uin TOMAMMS:

W= (Agmx" " Am— " L+ A, )+
F AT F A . A @Y
u = LAgn(m—1) x" " + Am — 1) (m—2) ! g SIS X

+ A, o™+ Am™ ™ = A — 1" L+
+ A,y e + | A4 my" A Am— )" L+
+ A, | AR+ AT L A, et

bBynapun (22.2]1) renriamara KVsAMH3 Ba TeHIVIaMaHW  CoadajaliTH-
pu0, HaTHAALa KYAHAArH TeHrIaMaHH XOCHA KWJIaMu3:

Q.0 + (2« + p)Q,, (x) + (@ + pa + ¢) Q,,(x) = P, (x), (22.23)
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2 e
Oy epaa Q,, (x) — (m—2)-papaxamn xynxaz, Q, (x)— (m— 1)-aapa-
HKaan Kynxan.

(22.23) TenrJamMaHmHr yan Ba VHI TOMOHJIADH mi- lapakanu Kynxan-
Japaan nbopar. Bup Xua papaxann x Jap oaauaarn  KoxixpuimeHTIap-
HH Oup-Oupura Ttewrnab, mnomawvaym Ag, A, ..., A, xoxppuunent-
JIapHH TONaMH3;

6) @ couu K*-+pk+g=0 XapakTepHCTHK TeHrJaaMa-
HHHr HAAH3H 6Varan Xoa. By Xoaaa xycyewit eynmun  (22.22)
TEHr/IaMa KYpHHHIINAA oaub OVamaiian, uynkn (22.23) TenrJaManHHr
yan ToMouuaa (m—- l)- napaxann kynxai xocma Kuaudran O6Van6, YHr
TOMOHM /m-fapaxkaau kynxamuup. A, A, ... A, Hu TOmmuga m Ho-
MabayMau (m— 1) Ta TeHrsaama cucTeMacH XOCHI  Kuaupran  6yan6,
yaapuu Tonumr Kuitunaup., Ilynuer yuyn 6y Xoaza Xycycuil eunm u =
= xQ,, (x) ™ xkypunmuna usnauamy;

B)ot COHH XapaK1ePHCTHK TEHTJAMAHNHT HKKH Kappa-
An uaausu 6yaran xoua By xonaa xycyciil eunmny 10KOp1ia Gaén

KHJIHHPAHH IeK My.10Xa3a OpHTHO, Kyiiularuya nanaiMns: u—x Q,,,( x)e “‘4
l-mucon. y" —T7y + 12y = x Tenrnamann eumur.
Eunw. Assan Gup xunceiw y” —--7y" -+ 12y = 0 1enrnemann eva-
Mi3. XapakTepHCTHK TeHrdaMa k*—- Tk -+ 12 — 0 GVn6, yHuur wiams-
Jaapu: k, = 3, k, = 4. Depwaran TenrJaMaupHr VHr TOMOHHAATH (PYHK-

musEn P, (x) e = xe™* 1e6 xapacak, o =0 6Yim0, k =%k, Lllysnar
YUYH YHHHT XYCYCHil €YHMHHH

u=(Apx+ A)*=Ax + A,
Kypunnuaa usnaiimus, «' Ba ¢’ wi tonud, ypuura Kyamus:
—T7A, + 124+ 124, =x
By epnan A,, A, un Tonamms:

124, =1 A=, —TA+124, =0 A=,

JHewmax, Xycycuii eunm

KYPHHHIUAA, YMYMHI €dnMi 3ca

1

» | T
y=Ce& +Ce'* + —x+ —
Y=l ™ e 12 144
Kypunnmwaa Gyaaau.

2-mucoa. Yy’ — 5y + 6y = 3e*~.
Eunm. Bup XHHCIH TEHrJAMAHHHT XapaKTEPHCTHK TEHIJIaMacH Wi-
AManapu R, = 3, ky = 2. By epaa o XapakTepHCTHK TEHI/IamMa WJAM3Ia-

m '
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nan Gupura Tenr: o = 2. [lywunr yuys, Gepairan TeHrIaMAHHHT Xy-
CYCHiT eqUMUAH

u=x-4,e*
Kypunuiuga uznaiiMus. «’ Ba «” uu TOnMG, TeHrJamara KysaMu3:

24,6** + 24, + 4A,xe** — 5A4,6** — 104, xe*" +
+ G Axe = 3¢,

ConasialuTHpaMus:
— A, = 3e*.
By eppan: A, = — 3. [lemak, ymymuit eynm
y = (C** + C,e**) — 3xe*®
éxn
§ =C* + (Cs — 3x)e**
Oyaanu.

3-mucoa. Yy —4y + 4y = 3e*".

Eunw. Bup IKHHCAH TeHrAaManwHr XapakTepHeTHK —TEHrJiaMacH
Ry = ky = 2 waananapra sra Oyau6, o HHHr KHiAMaTtura TeHraup (@ =
= 2); B) Xoamra Kypa Xycycuil eynmuu u = x*A,e** Kypunumpa wanai-
mu3. Cynrpa:

u' = 2xAye** - A 2x%3,
U’ = A% + 4 Agxet* + 4 Ater,
Byaapnit terraamara Kyamus:
2 Age™* + 4 Apxe®* + 4 Apxe®* 4 4A,x%e* — 8 Agxe* —
— 84,x%¢2" + 4A,x%e** == 3e*",
2 Age®™ = 3e* 6yan6, A, = ra tenranp. By epnan Xycycuit eunm:

D

u= i.\' gst,
2
Ymymuit eyiim: g = (C; + C,x) > +- —z' X% €xku
3 o) s
Y= (C, +C2.\'+T.\'-)e-‘.

2) Yur Tomon f(x) = P(x)e* cos Px + Q(¥)e* sinpx  kypuummzma
Gepujiran Gyacun, Oy epaa P(x) Ba Q(x) kynxaanap.

Ky#itaarn ugkki Xoa OV IHIIN MyMKHH:

arap o -+ i COH XapakTepuCTHK TeHrJaMmaHuur wiausu OyJamaca, y
Xoina (22.18) TenriaMaHHHr XyCyCHH eYHMiHH '

u = M(x)e™* cosPx + N (x) ¢*" sinpx
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; , nsnaiims 6y epra ‘M(k) Ba N (x) aapaacit P(x) Ba Q(x)
TIXAANAPHHID ST IOKOPH Aapakacira TeHr GVJaran Kynxaanapanp;

- 6) arap o - ip COH XapaKTepPHCTHK TeHrJaMauuHr umamsu Oyaca, y
XOJIia XyCYCHIl eqHMIn

u = x[ M (x)e™ cospx -+ N (x)e*" sin px]

x?punmuna HanaimMua.

IOkopuna aittuaran myaoxazanap P(x) == 0 éxu Q(x) == 0 Gyaran
Xonnap yuyh XaM TVFpHAMp, AbHH Yur Tomon P (x)e™ cosPx  éxu
Q(x)e*“sin Px snappan Gupontack Gyaranaa xaMm YpuLTIIHD.

3) ¥Vur tomou f(x) = acosPx + bsinPx xypunumaa Gepiaran 6ya- .
cuH, Oy epaa a, b— Varapmac comnap. lOgopuaaruiaex, 6y epaa Xam
HKKH AOJ1 GYJIHUIN MYyMKIHH:

a) (P COH XapakTepHCTHK TeHrJaMauuur maauau OVamaran xoa. By
X0nAa Xycycuii eunMin u = Acosx - Bsinx kVpuHHLILA H3Maill Kepak.
A Ba B counapuui 10K0pHaa KVYpcaTwiaran annkMac  Koxphuuientaap
yeyam Ousian Tonusain;

6) iP con xapakTtepucTHK TeHrJaManmnr waanan  6Varan xoa, Oy
Xoafa Xycycuit eunMun u = x(Acospx - BsinPx) xipunniiza usnaw

Kepax.
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1T KMCM. 3XTHMOJIJIAP HASAPHSICH BA MATEMATHK
CTATUCTHKA

XXI11 5O B. 3XTHAMOJIJIAP HA3APUSACH
1-§. OXTHMOAIAP HA3APHACHHHUHT ACOCHI TYWIYHYAJAPH.

Kyuaaank Xaéraa Ttypam Xoaucanapra ay4  Keadamn3., Yaapra
Macaa, KYEUIHUHT YnKHIn Ba GOTHUI XOAHCACH, Naro V3rapub, €Mrup
éku Kop Erui xoaucacH Mucoa Gyaanu.

AnGatra, XOAUCATAD MabJAVM  IHAPT- (APOUTIAD (LIAPTJIAP MaXKMYH),
Gaxkapinur éxi Gupop Taxkpuba (cumann) Vrkasuil Hatwxacmaa pyit Ge-
paan. Macanap, Gup aoua TYIMK MArdsId YHrHTHH €Tapiai  Xapopatra,
HAMIHKKaZ 3ra OVJaran TYNPOKKA eTapin YyKYpJIHKKA (I1apriap Maxmya-
CH) 3KKanIa yHHO uMKHII €KH YUKMAcJAHK Xoaucajapuian Oupu pyit
GepuLi MYMKHIL.

Taxpuba uwatikacuia Gupop mwapmiap Maxmyd OaKapuaranjaa an-
Gatta pyit Gepaauran Xoauca mysappap xoouca Jeiniajiu.

Taxpnba HaTHKacHla WAPTIAP MamMyH OGaapuarasja MyT1IaKo
pyit Gepmaituran Xomuca Mmymxu Gijamacan (myxappap Gyamaran) Xo-
auca  feitiiaan. AMMO aMaiuéraa HaTIDKAcHHM TYJa  MioHy  GuiraH
Gatopar KIaMin MyMKut GVaMaran taxpuGaiap (cudobiap) Ouviad M
Kypuuira TVFPH Keaaau. Macanan, Tauranu Taumiamiaan wOopar TaXKpu-
Gaja y €xku Oy TOMOHMHHM TYIIMUIMHH TYJa HUIOHY OWaaH O/JAHHAAH
afiTHI MYMKIH 3Mac @KH 3KWIraH YHCHT YPYFUHH YHUOG 4HKHII L EKH
YHKMACTHIHHE alTHUD Kuineanp., Dydra Vxmranr Gapua xosjapia Tax-
pubaniHr HaTHAKacuul Tacoandra OGoraui Jged XucoOnaiiMH3 Ba  VHH
Tacoandmnit xoiuca cudartnia Kapaimus.

[lynaalt kw6 tacoauduil Xoaucara, Kyiuaarnya tabpud Oepuiu
MYMKHH.

Tampuba HatwKacuia (Gupop wapTiap MaxMyn Gaxapuaranja) pyi
Gepuii Xas, pyil GepMacaurn XaMm MyMKHH Gyaran xoauca maccudpud
Xo0uca mab artananu. Macanan, Takra Tamwiamr Taxpubacuia € repGiam
TOMOH TYLUIHIUH, EKH PaKaMJii TOMOH TYIIMILM XOAHcacH Tacolnuduit Xo-
auca GVaamu. Tacomuduit xomucansap Jatun  aiadasuthunkr  Gour Xapd-
napu A, B, C, D ... OGunan GearwiaHanm.

Myxappap xoaucaun U xapbu Ousan, MyMKun Oyiamarad XORHCAHH
sca V Napdu Ounan Gesrusaiivu3. Bupop taxpnba yTkasunaérran 6ya-
curi. By tampubanunr Xap Oup natkacuii HdojasioByH  Xoruca sae-
Mmenmap xoOuca neb atanaam Ba o (oMera) OGuian Oenrudanamd. Oe-
MeHTtap Xoaucadap Tymiamu € OGunan Gearunanaju, e Q= (o).
Jiementap XOAHWcalapra ampaTHIl MyMKuH Oyuran Xoauca mypaxkad
xoduca peb atanaju.

Kynunua avaauéraa Oup Xus1 1wapriap maxuyd Gaxapuarana Kym
Mapra Wsanummu MyMKHH = OyJiraH Xoawucanap, fbHH oMMaeuii OHp
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HKHHCAM XOAucanap OuJaH uur Kypumra TyrpH Kedatw. SxTuMosnap
HA3aPHACH eTapauya, Kyn COHAarH GHP JKuHCAM TacoMudmil Xoancanap
OViicyHaanral KOHYHHATIAPHH aHMKJAl GUAaH 1IyFyJIaHaH.

Jlemak, 3XTHMOJIap HA3apHACH TNPeJIMETH OMMaBHil GNP JKMHCIH

. Tacoaumil XOAHCAJIAPHHHT SXTHMOJIHH KOHYHHATJIADHHW VPranysun (as-

Mucoaanap. 1. Tasrann Gup mapra Tamaaman uGopar TaxpuGa-
HH Kapaiank. By TaxpuGa natimkacH MKKHTA 37€MeHTap  XOAWCANaH:
@©, — TanranuHr rep6aH ToMOHW TymmiM Xoaucachn (/) Ba @, — Ttanra-
HHHT PaKaMJIH TOMOHH TYIUMIUH Xoaucacuaan (P) nbopar 6yaami. [e-
Mak, Oy xoajaa sjaeMentap Xoaucasap tymaamn Q= |@,, 0,| = [T, P|
GVaanu.

2. Tanrauu MKKH Mapra Tamwiamaan w6opat TaKpubauil Kapaiiuk.
By taxpuba matuxanapn Kyitmgarnya Oynajn:

'’ — yKkn Mapra XaM TaHrahuur repéian TOMOHH TYLIHILR XOMIH-
cacH,

I'P — Gupurun Mapra repl/H, HKKMHYM MapTa pakaMJH TOMOHM Ty-
HIHI XO/IHCACH;

PI' — GupuHuH MapTa pakaMJiH, MKKHHYH MapTa 3ca rep6ii TOMOHM
TYLIHIIH XOJHCACH,

PP — yikku Mapra XaM TaHTaHWHI PakaMJy TOMOHMH TYIUMINH  XOAH-
CacH.
By xonma snementap xomucadasp I'I', I'P, PI', PP 6yaub, yhapuuer
twynaamn Q = (', I'P, P, PP| Gyaanu.

2-§. Tacoaudmit xopucanap ycTHaa amaaaap

Bupop Taxpuba yrtkasuaran G6YanG, yuunr marmikacuaa A Ba B
Xomucanap pyi Gepran Gyscus. Kynruna xoanapaa sXTHMOJHE  XHCOG-
Jiall JKapaéHuja VpraHuaa€rraH Xoaucanap opacuiari  GOraaHMmHK
anukaam aosnM Gyaamm. Ly maxkcaana xyiuaa XoAucaaap TEHIVIHTH,
HHFUHANCH Ba KYNMaHTMacH TYIUYHYaJapH Guaan TaHulIaMK3.

23.1-tabpud. Arap taxpuba natmxacuna A Xoamuca pvii GepraH-
ZJa xamMma BaxT B Xxoanca Xam pyit Gepca, A xoduca B Hu speaumu-
padu ne6 aranagm Ba A < B kabu é3unaan.

Macanan, TaxpnbGa 3 JoHa SHTM HAaB YPYFHHM 3kHiugan ubopar GyJ-
cun. By raxpu6a Harmkacniad Ky#uaard XOAHCAJApHH Ty3aMu3:

A, — Gupopra Xam ypyr YHHO UHKMATaHJMIM XOJHCACH,

A, — 1 nona ypyrFHHHr YHHO YMKHUI XOJHMCACH,

A, — MKKH JIOHA YPYFHHHT yHKO YHKHI XOAHCACH,

A — ynn6 uuKKaHn ypyrJap COHM MKKHTAllaH OPTHK OViMaranjimk
xoaucacu. Papwanku, 6y xonpa A, < A, A, A, 4, A Gynaan.

23.2-trabvpud. Arap A Xoamca B XonucaHd 3prauiTHpca Ba V3
naBGatuna B xoauca A Xoaucanu spramrrupea, y Xonga A sa B mene kyy-
Ay XcOucarap neimnaan Ba A = B kabn €3unaju.

23.3-tabpud. Taxpuba natmmacusa € A xomuca, €ku B Xoamuca,
éku Xam A, xam B xozucanap pyit Gepuinupan nbopar xoauca A Ba B
Xoaucanapuunr durunducu ne6 atanaaum Ba A -+ B kaGn Gesrunasazy.

23.4-rabpud. Taxpuba nammkacuza Xxam A Xomuca, Xam B Xo-
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Lcalmar (OGup Bak1jta) Guprasmkaa pyit Gepuunizad wuGopar Xoauca A
Ba B Xoaucamap kynadmmacu jpe6 aranaaum Ba AB Kabu OearnjaHand.
- 235-tanpud. Arap A Ba B xouucanap Gup naiitaa pyit Gepuiun
MyMKuH GY.imaran Xoaucanap, awsin A-B =V 6Vica, y Xomaa A sa B
bupearurda Gijamaean xcOucasap pefinaaan. Akc Xoaaa Gupeasuxda
Xolucarap neWuAanM.

Macasan, Tauraun Tauwiam HathaKacuiaa Oup BakTaa repGam Ba pa-
KaMJIi TOMONJAp TYLIMII XOAucanapu Gupraikia GViMaraH Xojwcaaap
6yaaan. 3

23.6-tabvpud. Arap A Ba B xomncanap HUFMHIHCH MyKappap Xo-
JMca, KynafitMacH 3ca MyMKHH GVJiMaran Xoxuca, STbHH

A+B=U, A-B=V
Oynca, y xoana A Ba B xoaucanap y3apo Kapama-gapuu  xoducarap
JIeHu.1a 1. -
Opnaraa A xomucara KapaMa-Kapuni Xoaucara A KaGu GesruiaHafn.
JleMak, B
A+A,=U, AA=V.
23.7-tavpud. Tampuba uatmkacuaa A Xoaucanur pyi Gepuur
nad, B xoaucamwur sca pyit Gepmacamrupan uGopat Xomuca A Ba B
xoaucanap adupmacu je6 artanaau Ba A— B kabu Gesrusanas.

23.1-scanatma. Ay, As, .~ ., A, XoaucanapHHEr JEFHHJAMCH  Ba KVnafiTma-
CH IOKOPHAATHACK TabpHd.tanaum.
A, A, ..., A, Xonucanapuu Kapaiiimk. Arap Gy Xoaucanap iiu-
FHHAMCH MVKappap Xoamca GVicd, ABHH
A+d+ ... 4+A4,=U
6yaca, y xoana A, A,, ..., A, Xomucanap xyoducarapruxe myaa

epynnacunu mawukua smadu peinwaaau. Arap A, A,, ..., A, xoauca-
Jiap y4yH

1% Ay +HA, 4+ . GA=U

2. AA =V, i#j i, j=12...,n

Gysica, siviu ucranran ukknra A; Ba A (is= ) (i, j =1, n) xonucanap
6Mp Baktha pyi Gepuumi MymkuH Gyamaca, y xoama A, Ay, ...,
A, Xonucanap owygpm-acydpmu 6uran Gupearuxda Giyamacan xoduca-
AGPRUH2 mjaa epynnacuny TAKHA STaau Jeitniau.

Arapza Gup wewa A, A,, ..., A, Xomucanrapaan Mctanarad GupH.
HH CHHAll HaTWKacuiaa pyit Gepuum GolIKasapira KaparaHjaa KaTTapok
HMKOHMATra (KyJaiJukKa) sra Jeimiura acoc 6y.aMaca, Oynaait Xoaucas
Jap MeHe UMKOHUSMAU xooucaaap AEHUNALH.

3-§. Xoauca sXTHMONHHMHr TabpHWIapH

SXTHMONIAP HASAPHSACHHUHT ACOCHH TyuUIyHYacH OVaran Tacomudmit
XOAHCAHHHT SXTHMOJIH TYIIYHYACHHH KeJITHpaMi3.
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XOUCAHHHT SXTHMOMH MABHOCHHH aHr.jail yyyH GHTTa COAMA MHCON

Butra sumkna 10 aona 6up xua wap 6Vaub, yJapHHHr HWKKHTACH
KH3u panrau, 8 tacu sca KYK pauram Oyacwn. Slumkaarn 6y wapaap-
HH sAXmnnab apanarupub, cyur Oy AWmMKaaH KapamacaaH TaBakKanwra
map oauwl TaxpuGacnnu VTKasainmk. PaBluanku, ANMKIAH OJHHraH
IIAPHHHT KYK panran OVJMII MMKOHHATH KH3WJ paHran  OVJMIUM HMKO-
HHUSITHra Kaparanjia kynpok OViaju.

Onartna mMKOHMATIApPHH congap Onaan  Xapaktepaal, VvJap coaMii-
THpuaagu. Hatwkana KV HMKOHMSITIIH, KaM HMKOHHSITJIM VMYMaH, Mab-
JYM MHKIOPAArd HMKOHHATAH Kalu XOAHCANAPHMHT COHJH  V.140B/IApH
TYFPHCHAA Tanmupuill MyMKHH OVjaaw.

By xoaucanuur sxtumomi TyirvHuaciura oamb kKeaajau.

l. Xoauca sXTUMOJHHHHT KJaaccuk Tabvpudu. DBupop

TaXpHOa HATHMHACHAA YEKTH COHAArH €, €, ... , €, IemMenTap Xoau-
caJsiapaan Onpopraci pyit Gepmwn MyMKHH GVachn.
By e, e, ..., ¢, s1eMentap Xoaucanap Kyiujard 1apTJapHM

KaHOATJJARTHPCHH:
1) xomncanap Kydr-kydrti Ouian Onpraaukia smac, SbHU HCTaA-
raH MKKWTa €; Ba e (i ==]) xoluca Gupranmkia pyit OGepmaiiin:
2) e, e, ..., e, xonmcanrapaan Gupoprach anbatra pyii Gepaaw;
3) e, €, ... e, XOIHCAJAD TEHr HMKOHWATJI.
Bupop A Xoauca e, €, ..., €, eMeHTap XOAHCANAD WYMAAH €, ,

€hr - - v € AP pyit Gepranaa pVit Gepenn. By xonna Chpr s v 0

saeMenTap Xoaucagap (sawHn A Xomucacuuuur pyi Gepuwnra onnb Ke-
Jianauran Xoaucanap) A Xoaucara kyaadaux myrdupaduean xooucairap
Jeltnaany.

Macanan, TaHrann MKKH Mapra Tauuiall TakKpHOacHHN  Kapalmix.
By taxpuba natukacupa I'T, TP, PT', PP snementap xoaucanap pyi
Gepan.

A Xxoauca TaHraHM HKKM MapTa Talliaraslia MKkala Xonfa  XaM
rep6au Tomonn Tymmmm Xoaucacu (IT xoaucacw) Gyacun. By Xonja
A Xxommscara KyJailyivK TYFAMpaguran saementap Xoauca (aar OutTa
6Yaams (I'T xozmca).

Dapa3 KpJailsik, N Ta €y, €y, . .., €, EMENTap Xoaucalapjan m
Tach A Xomucauunr pyii Gepuumra KyJalJdMK TYFAUPCHH.

23.8-trabvpud. Ywby IL con A yoducanunz sxmumory 16 atanami
n
pa yun P (A) kabn ésnnamm:
P A==,
n

Jemak, A xoaucauuur sxtumoan A Xoaucauuur pyit Gepuumara Ky-
NaliJiMK TYFUPYBYH XOAHCAJAP COHMHHHP TEHI HMKOHMATIM Oapya 3sje-
MeHTap XOAucajap coHura HucGaTHra TeHr.

Mucoanap. 1. Smukaa sxumaab apajawtapuarad 25 Ta Gup Xua
wap 6Ysm6, ynapaan 5 rtacH Ky, 11 Tacu xusua Ba 9 TacH oK 1wap

272



6Yacun. FhnwkAan TaBakKaaura GuTTa 1Map OJWHTAHJA YHHHD KVK 1uap
6y, Kn3ua map 6Yauion Ba ox map GYJaMim SXTHMOAApH TOMHA-
CHH.

PaBiankm, MKaMH 3JeMenTap Xo/wcaaap coun n = 25 (5 + 114-9=25)
6ynann. Anraiamk, A, B Ba C Moc paBHlIINa KVK, KH3HWJI Ba OK Iuap
UMKHIIKHAan ueopaT XOJHcaJapHn WOJaNaCHH. m,, M, Ba my; 3ca MOC
paBumaa 6y XoAMCalapra KyJalauK TYFAMPYBYH 3JeMeHTap XOAucaJjap
coln Gyacun. Y Xoaaa Macana laprtira kypa m, =5, my = 11, my=9
6ynanu.

IXTHMOAHKHT KJACCHK Tabpudura kypa

P (4) = 7 — 0.2, P (B)— % 0,44,

P (C) = :’_ —0,36

6Vaaan. Jlemak, TaBakKaaura OJMHraH IMapiiHr kKVK wap GV.mm 3XTi-
moau 0,2 ra, Ku3ua map 6Vamm sxtumomi 3ca 0,44 ra Ba ok map 6Gy-
anin sxTmoamn 0,36 ra Tenr.

2. Vrkasunaétran Taxpuba, cusmmempux, Oup HMUHCAU TAHTAHH Y4
Mapta Tammawaan néopar 6Vacun. Taxpuba natwxacuaa 2 mapra rep6-
JH TOMOHH TYLWHII XOAHCACHHHHT 3XTHMOJH TOMWJCHH.

Tanranu yu Mapra Tauwiawia pyii Gepumm MyminH Gyaran Gapya
37eMenTap XOAHCalap TYMJIAMHHHM Ty3aMus;

Q = {¢; = (I'TT), e, = (ITP), ¢; = (TPP), e, = (PPP),
e, = (PTP), ¢, = (PPT), e, — (TPI), e; = (PIT)}

6VanG, 6y TYNJAAM 3/eMEeHTIapHIHHT COHM n = 8.

Aftaitmg, A Xoauca TaWraHum yu MapTa Tauniaranjia 2 Maprta repOm
TOMOHH TYUIHIIH XOaucacH OVJICHH.

Anementap XoaMcanap tynaamm 2 nan KVpamusku, Gapua sJeMed-
Tap MMKOHMsT/Iap conn n==2% =8, yiapran A Xxoaucara KyJaiaMk
TYFAHPYBUY 3JEMEHTAp XOaucadap COHH m = 3 GyJiaau.

Xouca sxTHMONHHMHT Tabpudura kVpa kapanaérran A XoaucaHunr
INTIMOIH

P (A) = —z- = 0,375
6V.1anm.

Xonmca SXTHMON WHWET Tarpuduaan Gesocwia KyitMaard Xoccasap.

Keamb yHKaaH.
1°. Xap xandatd A xoducanume sxmumoru

P(A)>=0m PALI,

awHu 0 < P (A)< 1 Gijaadu. .

2°. Myxappap xoducamune sxmumoau 1 ea mene Ojaradu, SBHU
P (Q)=1.

3% Mymrun Gijamaean xo0ucarune sxmumoaw xorea mexe Gyradu:
P (V)=0. .

2. Xonuca 3XTHMOJHHHHT TeOMETPHK Ba CTAaTHCTHK
Taspupaapn. bus loKopruaa Yprauray SXTHMOJHHHI KJACCHK TabpH-
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¢upan ynna Gaén stuaran Gapua 37eMEHTAp UMKOHHMAT/IAP © COHM YeKJH
6yaran Xosgarnna oigataHuil MyMKHH, akc Xoaaa Oy ‘rabpudan
dpoitganannd Gyamainu.

Bynpait Xonza xoauca sxtumosura Gourkaya tabpud Oepuiura Tyg-
pi kenaan. Kyitnaa xoaca 3XTHMOJHHHHT FEOMETPHK Ba CTATHCTHK Tab-
PHIAPHHH KeJTHPaAMH3. .

Xonauca 3XTHMOJHHHHT reoMeTpHK Tawpudu. Papas
KWJaHIHK, TeKHCIuKAa Gupop Q coxa Gepuiran 6ysu6, Oy Q coxa Goui-
Ka 6up G coxaun y3 wyura oqcui: G = Q. Q coxara TaBakkaa KWIHO
HyKTa Taumasnaau. By nykramuur G coXara TylMUm 3XTHMOJIHHH Tab-

" pudaitvus. By epaa Gapua siementap Xoaucanap Tynaams Q coxajau

ubopar Gysanu. Pasuianku, Q — vekcus tynaam. Bunobapun, 6y Xosaa
SXTHMOJIHHHT KJacCHK Tabpupuaan doiatannbd Gyumaiin. @ coxara
“TaWaHrad HyKTa 11y CONAHHHI MCTATraH KHCMUra TYLIHIIM MyMKHH Ba
HyKTauuHr Q coxauuur Gupop G wucmura Tymmir 3XTEMoaH G HHHC
yagosiira nponopyuonaar 6ymd, y G nudr makaura Xxam, G uuar Q co-
xauémr Kaepura oitnaumunra XaMm 6ormg 6yamacuu. Lly wapraapna
yuoy

__ mesG

mes @

MHKIOP KapasaéTran YOOUCAQHUHZ 2eOMEMPUK 3SXMUMHAU [eS atanamu.
Bynaa mes —Q Ba G coxanapuusr Va4oBiuHd Ou/aupan.

Mucoa. L y3aynmukka sra GyJaral KecMara TaBakkal KWIHO HyK-
Ta Tauvtanran Gyacui. Tauiiadrad HYKTaHWHD KecMa YPTacuAaH V3OFH
Gunan [ macodaga (2( << L) €ruuni XOgHCACHHHHE 3XTHMOJH TOMHJCHH.,

Euunw. YMyMailukka 30€H KeaTHPMACAAH KECMAHMHr YPTacHHH ca-
HoK Gowm ne6 Kapahiuk (141-un3ama).

Macananuir  WapTHHH KaHOATJIaHTHPAJHraH HyKTajap TVIJIaMH
{—1 ) cermentaau uGopar 6yiaau. By cerMenTHuHr y3ywaurn 2/ ra Temr.
IOkopuaarn Tabpudra KVpa Kapada€rraH XOJHCAHHHT 3XTHMOJIM

Pt
L
Ta TeHr GyJaau.

Xozauca 3XTHMOJHHUHT CcTAaTHCTHK Tabpndu. IOkopuia
aiiTH6 VTraHuMH3IeK, XOHUCA IXTHMOJHHHHI KJACCHK TabpupH Taxpuba
‘HaTHKAcHAA pyi GepaanraH 37eMeHTAp XOAHCATAPHHHT TEHT HMKOHHSATIH
OYanImra acocaanuranup.

Kyn Xoanapaa snemventap XOAMCAJAPHHHT TEHr HMKOHHATAH GYJu-
mmHe kypcata oamaivus. Iy ca6aban Xam Xoauca 3XTHMOJHHHHT aMall-
Ja Kyaait 6yarad TabpuHHH KEATHPHUI 3apypusard  Tyrumaiu. DBynjait
TabpHdIapaan GHPH Xoauca SXTUMOMHHHHT CTATHCTHK Tabpubuaup. DBy

“TAbPH(HH KeJATHPHLIJAH aBBaal HHcOMI yacTota Tyurynyacu Owjad Ta-

HHIIAMH3.
Tabuataa, Texsukaza Kynm Mapra Takpop/aHajuraH Boxeajiapra Jyd
Kesamu3. By taxpuba naraxacuna Gupop A Xoduca pyit Gepuim Xam
‘MyMKAH, py# Gepmacaurs Xam MymkuH. Ajrraiiak, N mapra Tampnba
yrxasuarain 6yaub, ynma A Xoauca w Maprta pyii Geprau GyJcuH.
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nucbar xoducanune rucbuil wacmomacu neb aranaum,

Jemak, A xomucanuur HucOuit yactotacH wy Xoauca pyii Gepram
Taxpubanap COHMHM VTKasuaran amu Taxpubanap couura GyJran nuc-
Garura Tenr.

Kyn xysarumuiap wyHn xypeataauki, OHp XWJa 1wapT- LAPOHTAA Ky
MdpTa TakpopJiaHaJuraH Taxkpnba yTkaswiarania HHcOHH vactota Gupop
varapmac con arpobuna Tebpauubé Typaan (olataa OyHH HucOud wacmo-
manuHe myprynaueu nefinaamy). Macanau, Taura Tauniaur TaxpHOaCHEE
KVN MapTa TakpopJaraHja, TaHraHumur repbiy TOMOHWHMHT TYLIHII YacTo-
TacH KyHuwaarnya 6yiras.;

TFepGun Tomonn Guaan

YL COMM (ir) HucOrit yactota Wy

TampuGanap cour (W)

4040 2048 0,5080
12000 6019 0,5016
24000 12012 0,5005

Bynaan nucbnit uacrorasuar 0,5 coun atpoduaa TeGpaHuG TypH-
WHHKH Kypamus. TaxpuGanap comunu anaja oprripa Gopranja HucOHi
yactora (0,5 conura Gopran capi fKiiH KeJABepajy.

[Ilynpain kuaub, Xoaucanuur unc6Hil wacToTacH Takpubanap CcoHH
opra Gopran capu Outra Varapmac con arpopuza Gyaap skan. Opartna
UTy COH XOJAMC2HHHI 3NTHMOJM Jefiunann. Xoauca 3XTHMOJHra Gepuaran
Oy TABPUD IXMUMOAHUHZ CMamUcmuK madpugu Jeiniaim.

Mucon. kuiran 30 Tyn oaMa kVuarupan xearycH fiwan 25 Tynm
kVKkapran 6yJica, SKMIraH oaMa KyyaTHHHHT KYkapuiu (N) XOAHCaCHHMHI
HHCOMH YaCTOTACH TONMHJCHH.

Eunm. Ixtumoanunr cratHetik Tanpudira acocan N = 30, p 4 =25.

Bynaan W (A) :—’I . éz 0,83.

4-§. IXTHMOMIAPHH KYWIMII TeopemasiapH

Bus XXIII 606, 1-§ na Gupranuxaa Gyaran Ba Oupraaukaa GyaMa-
rai XOAMcANap XaMJa WMKKH XOJHCa HHFHHJAMCH TyllyHyaJiapd OGujia
tandmauk. Kyitnpa Gvijait Xoaucanap HHFHHAHCHra JIOMpP TeOpeMaJsapHH

KeJITHPaMH3.

Mapasz kuaaiuk, A Ba B Xxoaucanap Oupramuxia Oyimarad XOHH-
canap Gyam6, P (A) pa P (B) mMoc pasuijia YJapHHHT 3XTHMOJLIADH 6le-
CHH.

23.1-reopema. Hxkuma 6upearuxda Oyamacan A eéa B xoauca-
20D UUFUHOUCURUKZ SXMUMOAL Wy Xo0uCaiap 3XMmuMoANGpPUHUNE G-
Fun@ucuea mene:

‘I

{

1

P (A+B)=P (A)+P (B).
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Hcb6or. By Teopemany Xoauca SXTHMOJHHWHI KJACCHK TaBpPHHIaH
oiinananu6 ncGoTIANMHS.

Aiiraitiik, TaXpuba HAaTHKACH N TAa 37€MeHTap XOoaucanap 6Vauo,
Gyaapaan m, tacu A Xoaucara, m, Tach a B Xoaucara KyJaailauk
TYFAHPCIH.

Y xoapa

P(A)==t, P(B)="2 (23.1)

n

‘Gynanu.

~ llaprra x¥pa A sa B Oupraauxia G6Yamaran xoawucanap. Ilynupr
yuyn € A xonuca, éku B xoauca pVit Gepuunra KyJaitiuk TyriupyBus
Xoxucasnap COHH m, +m, ra teur GVaagu. Jdemax, A -+ B Xxoaucamiir
9XTHMOJH

P(A+B)=Tatms |

Oynaan.
Arap

n n ; n
OYaummpn 3pTHGOPra oacax, yuaa (23.1) mysocabatiaau ¢oiigananas,
P(A+B)=P(4A)+P (B)
ra sra 6Vaamu3. Teopema ucGoTIaHAM.

23.1-naruxka. A xyeducaea Kapama-sapuwu A xooucanuwe 3xmu-
Mmoau

P(A)=1—P(A)
2a men2 6Gijaadu. B
Hco6or. Xakukaran xav, A Ba A KapaMma- Kapiuu Oyaranauruiad
{(2-§ ra xapanur)
PA+A)=P (U)=1. (23.2)

IOxopuna kerrupuaran OGupraapkia Oyavaran XOZucazap yyyH 3XTH-
MOJNIAPHU KVILUHIL TeopeMacHra acocaH

P(A+A) =P (A)+P(A). (23.3)
(23.2), (23.3) myHocaGar.1apaa aca
P(A)=1—P(A)

Oyanmu Kemmb ynKaan.

Mucoa. fumxaz 30 ra wap Gop, yaapaan 10 Tacw ku3ma, 5 tack
KYK Ba |5 mac ox. Tapakkanura OJMHraH MIAPHUHT paHrai GYJMLI 5X-
THMOJIH TOMH/ICHH.

Eunm. Pauran map yukuim ferasia € KH3w1 wiap, €ku KyK wwap
YHKHIIMHA TymyHavus. OJHHraH WAPHUAT KH3WJ Wap 4MKMILK XojaHca-
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c%u A, KYK mwap unKmm XofucacHnd B jefmk. Yija sXTHMOAHEAT
KJacCcHK Tabpwhura Kypa :
1N 5 1
P (A) MR P (B) =
6yaaan. Pasmanku, A--B onuHran WAapHUHT PaHraH 1Uap YHKHIDHAGH
nGopat Gyarai xoanca. A Ba B xomucanapn Oupraankaa smac. Ilyuuur

yuyH tokopuaarn teopemara kypa P (A -+ B) = P (A) 4- P (B) 6yaanu.
Jemax, nananaérran 3XTHMOT:

Dapas kpaaiomk, A,, A, ..., A, xXoancanap Kydr- Kypru Gunan
Ouprasinkaa Oyamaran xoaucanap 6vicud. IOwnopuaarn xabn kVpcariul
MYMKHHKH, Oy Xoafa xam P (A, + A, + ...+ 4,) = P (A,) + P (A)+
+...+ P (A4, 6ynranm.

Xycyean, 6y A,, Ay, ..., A, Xo€icanap XoaucaJapHuHr TVaa rpyn-
nacuun Tawkma srca (A, + A, =+ ...+ A, =U), y xonna

PA)+PA)+...+P(4)=1

Gysanu.

S Ouprasukja OVaraw xomicanap yuyH KVIUMII  TeOpeMacHHH
KeJATHpaMH3. }

MabayMku, Tampuba HaTizKacuaa pyil Oepagirad HKKHTa XOAW(A-
Aan Oupunpnr pyit Gepuiuy HKKHHYHCHHUHT Py GepHIMHH MHKOp 3T-
Maca, Oy Xomucadaap oupecauxda Ogacan Xcoucaaap AedMNann.

23.2-reopema. Hrkuma Gupeaiuxda Gijrcan A 6a B xoducadan
xe4 Oyamacarda Oupunure pyl Gepuwt axmumoaw 6y xcducarap sxmu-
Morrapu Gurunducudan yaapHune Gupeaiuxda pil depuut xcoucacu sx-
MUMOAURUKE auupsacuea mene Gijaadu:

P (A+B) =P (A)+ P (B)—P (AB).
HMc6or. Mlaprra xipa A -sa B OGupraiukia Oyarad Xoaucanap.
Paswauxn, AB, AB Ba AB Xoancanap V3apo Onprajmkja smac Ba
A+B=AB+AB+AB
6Vaaan. Yuna 23.1- reopemara kypa
~ P(A4-B)= P (AB)+ P (AB)-- P (AB) (23.4)
yaagi. '

A xomica xampa B Xonucanunr pyit Gepuum yuyn AB Xampa AB
Xomucasaapaan Girtack pyi OGepuin kepak. flua 23.1- Teopemara kypa,
LIYHBUTACK

P (A) = P (AB) -+ P (AB), (23.5)
P (B) = P (AB) - P (AB) (23.6)
Gyaaau. (23.5), (23.6) mynocaGaraapaan
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P (4B) = P ()— P (4B)
P (AB) =P (B)— P (AB)

' 6y kem6 unanu. Harwkana (22.4) renraukaarn P (AB) Ba
P (AB) nuHr ypHura yJIapHHHT TOMWIraH KHAMAT/IapHHH KYicak,

P(A+B)=P (A)—P (AB)+ P (B)—P (AB) + P (AB) =
=P (A)+ P (B)—P (AB)

Xocua Oyaau.

Hemak, P (A -+ B) =P (A) + P (B) — P (AB). Teopema ucGoraanm.

Mucosn. Hkkn mepran OGurrazan VK y3au. Dupunyu meprauuuur
Huionra Tekkusui (A xoauca) sxrumonn 0,8 ra, nKkuHYHCHENKH (B Xo-
auca) 0,9 ra 1eur GVuica, Meprangapaad akaui Ourracuuuur (C xomu-
€a) HHIIOHra TEKKH3raH/JMCH 3XTHMOJIH TOMHJICHH.

Egwuur. Macana waprura acocau P (A)==0,8, P (B)=0,9, C=A-+B
Gyaranaurn yqyn Oupragnxaa Oyaran Xoaucastap yuyH 3XTHMOJLIApHH
. KVIIMUI TeopeMmacHra acocai

P(C)=P(A+B)=P(A)+P(B)—P (A):-P(B)=
=0,8+4+09—08.0,9 =1,7—0,72 =0,98.

5-§. 3xruuoz/mapuu KVNa#THPHUW TeopemaaapH

Arap ukkura A Ba B xomucanapaan OupHHMHC Vil GepuiuM HKKHH-
GHCHHHHT pyA Oepuir éxu pyil Gepmacaurdra Gornug Gyamaca, y Xouaaa
Oy Xoaucaiap spxau xoducarap jeiimaanu. IOkopumard MyJoxasaiapu-
MU3JAH paBIUaHKH, Oy MaB3yaa ¢ikaTruna OGupraiukia Oyaran Xoduca-
aap Xakuaa GHKp lopuTuaamd, uyHkH Oupraaukaa Oyamaran Xoawca-

JapHuHr Ouprasmkga pyi Oepuil (KYnaiTMacHH#u) 3XTHMOJIH HOATA TEHT.
' A Ba B xoaucamap spkau Xoaucadap 6yau6, P (A) Ba P (B) yaap-
HHHI MOC 3XTHMOJJIapH GVuicHH.

23.3-teopema. Mrxkuma spkau A ea B xoducanune 6upea mhaa
pya Gepuw 3xmumoru wy xo0UCGAGPHUKE IXMUMOALAPU  Knaumma=
cuza mexe:

P (AB) - P (A)-P (B).

Hc6or. Uaprra kypa A Ba B spkan xomucanap. Tampuba nartu-
- JKacuja 1 Ta 3neMeHtap Xoaucara sra Oyaaivmk. Dynapaanw n, Tacu
A Xomucara KyJailJMK TYEAHPCHH.
Tampnba HaTipKackaa m Ta 1ementap Xopucara sra 6ynaiaunk. By-
Japaan m, tach B Xoaucara KyJamiIdK TYPAHPCHH.
Pasuanku,
PA)=2t, PpB)="1. (23.7)
n m
Tampubanap narwxacuga pyit Gepaguran Gapya 3jemexrap XoJca-
Jap coun nm ta Gyaaau. DByaappaw nym, tach A Ba B Xoaucanap-
HHHr Oupranukaa pyit Gepuumra KyJalauk TYFAMpaiM.
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Jlemax,

P (AB)=2T1
nm
6ysaan. Bynnan sca, oxopunark (23.7) mynocaGatin suTHOOpra oamG,
PA-B)=10.11 . p (4).P (B)
n m

OVanNIg TonaMus.
222-natnxa. Ay, A, ..., A, Gupeaiuxda Goraux Gyimazan xcOu-

carap Gyacun. Y xoada
P(AA,...A)=PA)P(A)...P(A)

611000,

Mucon. Mkku smmkiuur Xap 6npnaa 10 tagan jgeraas Gop. Bu-
PHHUM siwMKAa 8 Ta, MKKHHYM flMKAZ 7 Ta cranpapr Jerajn Gop. Xap
6up sumknan TaBakkaaura GnTTajaH jetadb oiuHajM. OamiraH WKKana
AETATHHHT CTAHAApT OVJIHIL 3XTHMOJH TOMMWJICHH.

Eunur. Bupnnun sunmkian osmuran jeranb CTaHjapr jgerais 6y-
JUHILH  XOAMCACHHM A, WKKHHYN SIIHKIAaH OJHHFAHW CTaHlapT JeTalb

OV i xoaucacunu B peitmk. Ynpa P (A) ——~l—: ==0,8, P (B)=—l:’5=

= 0,7 6Yaaan. PaBluanky, oJNHraH HMkKaga AETaJHHHT CTanfapr je-
Tagab Gyimnn XoaucacH sca AB Xxoawuca GVJaum.

A, B Gupramkaa 6yamaran xoaucanapaup. Hymunr yyyn 22.3-1eo-
pemara kypa P (AB) = P (A)-P (B) 6yaanu. Ilemax,

P (AB) = P (A)-P (B) = 0,8-0,7 = 0,56
6ynann.

Borang xoamcanap sXTHMOIAPHHH KYNaiTHPHIL TEOPEMacHHH KeJi-
THPHIIJIAN aBBAJI XOAMCAHMHT LIAPTIH 3XTHMOJH TYylyHyacH GHJIaH Tanmu-
LIaMu3.

bBupop A xommca Oepuaran OVacun. Onartna Oy Xoauca Mabaym
wapTaap maxmyn S Gakapuaranja pyii Gepaan. Arap A Xoaucatmup
axtumoan P (A) un xucobaarania S mapriaap MaxkMynian Golka Xey
Kaujail wapr Tanab kuannMaca, OyHaaH 3NTHMOJ wapmcu3 3XTHMOJ
Jefinaaan. Kyn xoanapaa A xonucamnnr sxrumosnud 6upop B xoauca
(P (B) > 0) pyit Gepran sgeran wiaptia xucoGaaiira TYFPH KeJaau.

A xoaucanunr Oymaail 3NTHMOJH wapmaw IXmumoa Aeiwaalil Ba
P (A/B) xabn Gearuaanany.

Mucoan. Tanranu 3 mapra Taingaur TaxpuGacuun Kapaivink. Tamx-
puba narmxacnja pyit Gepajiran saeMenTap Xoaucanap TYmJaMmil Kyiius
dargya OVaaam:

Q= ([TT, ITP, IPI', PIT, PFP, PPI', PIP, [PP}.

By nynnam 8 Ta snementaan uGopatiup.

Tauraunnr rep6an Tomoun (axar Oup Mapra TYIHII XoaucacH A
Ba Kamuja OMp Mapra repGan TOMOHH Tylmi XoAucacH B Gyaca, y Xod-
la $XTHMOJIHMHI KJACCHK TabpH(pHra acocah:

|

|

!



PA=<. PB—

6yaagu. P (A/B) wapran 3xtumon sca
P (A1B) — =

ra Tedr Oysanu.

Auau GOFIHK XOAMCATap SXTHMOLIADHHH KYNAHTHDHIL TEOpeMacHiH
KEJTHPaMH3.

23.4-teopema. Hxxkuma Ooraux xoducanuwe Gupearukda pyd Ge-
PUlL 3xmumoa yaapoar OUpuHUHE SXMUMOMLHIL WYy xoduca puld Gepou
decar papasda XucobAAHAH UKKUHYIL XOOUCAHUHE WAPMAL IXMUMOAU-
20 Kynadmmacuza mewe:

P (AB) =P (A) P (B/A).

Hcbot. A Ba B Goraug xoaucanap OVacku. Aifraimk, Ttampuba
HATHXKACHIA 7 TAa 37eMeHTap Xoducara sra Oyaailauk. Bysmapmau n, Tacu
A xoaucauuur pyit Oepuinira KyJaaiik Tyraupend. Paswanku, Oy
Xo/1aa

P (et (23.8)
1
Gynanu.

A xonuca pyit Gepam geran waptia B xoauca pyit Oepuumra Ky-
JAHIHK TYFAMPraH sjemMeHTap XoAucajap couu m Ta OVacuu. By m Ta
Xon Taxpuba marwkacuia AB Xoauca pyit GepHilHra KyJAaiiuk Tye-
aupau. [lemax,

P@AB ==L (23.9)
n
A xoauca pyit Gepau neran maptia B xoaucauuur pyi OGepnur sx-
TEMOJIH (LUAPT/IH INTHMO/IH)

P (B/A) ==
ny
ra TeHr. Suau

P@AB =L =2 T

n nomn

Gyauumnu sbTHGopra oaub, iokopuaari (23.8) sa (23.9) mymocaGat-
Japaad ¢oifanannb ronamis:

P (AB)=P (4) P (B/A)
Teopema ucGoraanau.
Mucoa flumkaa 5 ta ok, 4 Ta Kopa wap 6op. Swmknan Kaitra-
pub xoiimra KyiMacaad, Gurranal wap oadi tampubacH yTkaswia€érra

OVacut. Bupunum ranga ox 1map, MKKHHYM ranja Kopa ap 4HKHM
INTHMOJIH TOMHJICHH.

Eguin. Bupuuui ramga ok wap ynkuul Xoaucacuuy A, HKKHHYH
ranja Kopa wap udkHul xoaucacunu B ned onaimk. Dy Xoawucazap
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B4 iRk £
j 604gnu§ xonucanap 6yaame. Xoauca sxtumonH Tabpudura kypa P (A) =
=5/9.
Bupuryn ranja oK Iap YHKKaH Xo/1a, HKKHHYM Taaja Kopa wiap
YHKHIIH 3XTUMOMH (wapran sxtamoau) P (B/A) = 4/9 6yaanu. '
Pasuanku, GUPHHYH rajjga OK Wap, MKKWHYH rajja Kopa uwiap uu-
Kumm xoaucacn A— B 6Ynaan. By XoaucawuHr SXTHMONMHK 10OKOpHAA
KeJaTHpu/Irai TeopeMaia (oitfasanub Tomamus:
2 = il—4~ — -:B
P (AB) = P (A) P (B/A) = =
23.2-3cnatma. Arap A, B, C Gormik Xoaucanap Gynca, y Xoaaa
P (ABC) =P (A) P (B/A) P (C/AB)

MyHOCaGaTHHHT YPHHIH GVAHIINHH KYPCATHIL MYMKIH.
Ymyman, Ay, Ay, .. .. A, GorauK Xozucanap yuyn Kydugard Gop-
Myaa ypuiai 6Vaann:
P(AA, ...A4)=P(A) P (4/A4)X

XP (AfAA) ... P(AJAA, ... A,_).

6-§. Tyna axtumoa opmyaacu.
Baiiec dopmynacu

Bupop A xoauca n ta mypr-kypra O6uran OGupraankaa Oyamarad
Hy, H,, ... H, Xo;ucaaapuuur (runoresanapuunr) OHTTacH Ba (akar

Gurracu Guaaurnua pyit Gepumwmt Mymxun 6¥acui. [lemax, Gupunumian
A=AH,+AH,+ ...+ AH,,
HKKMIYuaan sca
AHNAH, =V (i # )
Gyanan.
IXTHMOIAPHK KVIIKII TeopeMacHAa ¢oifiataiud TonaMmus:

P(A)=P(AH,+AH,+ ...+ AH) =
=P (AH,) + P (AH,) + . . . + P (AH).

Arap
P (AH,) =P (H,) P (A/H,),

P (AHy) = P (H,) P (A/H,),

GyamuMui sbTHGOPra 01CaK, v Xoaaa yuwly TeHrIHKKA KeqaMus:
P(-‘q) = P (Hl) P ‘.'1/H]) +P (Hg) P (.‘1/’”2) + “ee +

+P (H,) P (AH) =N P (H) P (A/H).

k=1
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- Jlemax, - =
P (A) = }; P (H) P (A/H). (23.10)
k=1

Onarna (23.10) dopmyana mgaa sxmumor gopmyracu 1ed arasanu.
: TVaa sxramos gopMyackaan Mypakkal XOAHCAJAPHHHT 3XTHMOJIAPHHK
'\ xucobaamaa oiaanaHiIanm. _
Mucoa. Om6opra 360 ta maxcysnor kearupuaan. Byaapaasn:
300 Tacu Oup KkopXonaia Taiépaanran GVanb, 250 Tacu ApoKJH
MaxcyJior,
40 Tacm 2-xopxonaza Ttaiiépaanran 6YanG, 30 Tacu fApoxkax Max-
cyJor,
20 TacH 3- KopxoHana Ttai€paanran G6yanb, 10 Tacu spoxan Max-
CYJIOT.
OmGop/ian TaBaKKAJIHra OJMHHraH MAaXCYJOTHUHT SIPOKJH Oysuin 3xX-
THMOJIH TONWJICHI.
Eunm. TaBakkasaura osmnran MaxcyJoT YuyH KyHuaars runoresa-
Jap ypusan Gynanm:
H, — maxcyaorhunr 1-kopxonaza rafi€paanran Gyauim,
H, — maxcyaoruuir 2- kopxoHaja Taiiépaanran Gy.smnm,
Hj — MaxcyJoTHHHT 3- KOPXOHAAa Tai€paanran OVuiIm.
YIapHHHT 3XTHMOJIJIAPH MOC paBHIlla Kyinaaruya GyJaali:

300 5 0 |
P (Hl) == —‘3(;0 == E; P (Hc_.) = —3—6—0— - ;;
20 1
P (Hy) = o =L

Arap osmuran Maxcv.aOTHHHT sipokan Gyaumnnn A Xoauca ne6 GeJ-
THJACaK, Y Xoaaa Oy NOJMCAHMHT TYPJH THNOTEe3ajap IapTJapH OCTH-
Jary sXTHMOJVIapH Kyinaariua 6yJaju:

5 3
P (A/H,) = ;’ P (AlHy) = = P (A/H) = %

IOkopuaa Tonuarangapui tVaa sxTiMoa Qopayvaack (23.10) ra kyamus:
P (A)=P (H,) P (A/H,)+ P (Hy) P (A/H,) + P (Hy) P (A/Hy) =
_55,13, 1.1 2

6 6 9 4 ' 18 2 36
Adiraitnuk, Oupraamkaa Gyamaraw Hy, H,, ..., H, Xoaucansapuunr
Tyaa rpynnacu Gepuwiran GVamG, TaxkpuGann yTkasumra Kajap yJzap-
HUHr Xap Oupuuunr P (M), {=1,n 3xtumonnapu Taitnn Kuitmarra
sra Gyscun. TaxpuGa narwiacuaa A Xonuca pyii Gepan jeran iapr
octuaa  H; (i == 1,n) Xoaucasapuuur 3SXTHMOMIAPH Takpubapan cyur
. Kaupait Gysmmanry Kyiimpariua tomuanaw: H; Ba A Xoawcasapuuur
Kynaiitmacn yuyn viuby

P (AH) =P (A) P (H/A) = P (H,) P (A/H))
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(bopmysanan .
| P (Hy P (A/Hy)

P (A)

MyHocabatra sra Oynamus. By myuocabarra Ty/1a 3XTuMO/ GOpMYAACHHH
KY/AnaHu0, KYHAHAAarHHK TOMaMH3:

P(H/A) =

P (Hy P (AlHy
P(H)P(A/H) 4 ... P (Hn)P(AIHy)
P (H‘) P(A/H[)

P (H/A) =

n
N Py PAH)
=1

By dopmyaa Baiec gopsuyracu peitnaany.

Muc o IOkopuaars MHCONIA TaBAKKAINTa OJHHTAH Ma)gcy.noruuar
SIPOKJIM 3KaHJMrH Mabiym OVica, yHuHr OMPHHYH KOpXOHaJa TaiépJau-
rai Gyl SXTHMOJHHH TOIMMHT.

Eunw, Macanaga P (H/A) wapran 3XTHMOHE TOMHIM TaKad KH-
Juumoxda. By axtumonnu Baitec gopmyaacnian ¢oiianannb tonamus:

P (H,) P(A/ h'1

. ERAy= P (A)
Oumau P (A) = —, P(H,) =~ Ba P (A/H,) = —2— Oy ArasaMriian
T1anal KuinHaérrax 3k_THMOJlﬂHK K__wuudrnra TEHT:
55
/ R [
P (HI/A) - P (H,;;:Avﬁl) - !)296 :_22%

36

7-§. Vsapo Goramk Gyamara Taxpubasap keTma- KETAHTH.
Bepuyaan dopmyaacu

AMasuit MacasanapHi Xaq 3THmga TaxpnGanap ogataa Gup Hewa
Gop Takpopaanaan. DyuuHr HammKacula TaxkpuOGanap KeTMa- KeTJHrH
Xocun Oysan. Macasa, siHTH naxra HaRM SPaTHITAHJIMCHHH MabJayM
Kadosar Ounad TacAMKJall yyyd 1y HaB Ouian Gup weda WM TaXKpH-
Ganap yTkaswaub, yJaap acocufa SIHCH HABHHHT VYpTaya XOCHJIAOPJIHTH,
TOJIA YHKHULLIACH, Te3 IHIIAPAUrH, CcApatamanrn kabn myxum Oeard-
JIApH aBBA/ITH HABJIAPra Kaparauia I0KOPH SKAHIHTH KYpCaTHJIAlM.

Mamymm TaXpHOanap YTKa3HIHILN HaTIKacHla Tacoiupuit Xo-
Aucajiap pyu Gepau. Arap TampuGa HartmKacuaa Oupop Taconmpun X0~
JHca pyit Gepu SXTHMO/IH Goirka Taxpuba HaTHKACHAA KaHJa Taco-
audrit Xoauca pyi Oepranura OGoramk Gysmaca, Gyraait TacpuGanap
KeTMa- KeT/IHrH yaapo Ooraux 6ymaean maxcpudbarap Nennaann.

| -

|
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Aiiralmk, n Ta taxpuba yrkasuaran 6yamG, yaap kyfuiard wapr-
JIapHH KaBOATJIAHTHPCHH: ‘

1) TampuGanap V3apo Gorank Gyamacun;

2) xap Oup Taxpuba Hatmkacnaa € A xoxuca, €ku yHra Kapama-
Kapum A xonucanappan Gupu pyi Gepcun;

3) xap' Oup Tawpubagza A Noaucanwnr pyit Gepuiim SXTHMOIH Y3+
rapmac 6yqn6, y P (A)=p ra teur G6yicun. ¥ xoana A XOAHCAHHHT
pyit GepMacauK 3XTHMOM, STBHH KapaMma- Kapum XOoaHCAHUHT pVii Gepuil
sxtumost P (A) =g = 1 — p GVnaxn.

Byupait, seun Xap Oup Goramkmac TaxpuGa HaTKacuaa tyaa rpyn-
ma Talkwa Kuaaguran nkknra A sa A Xoawcanapaan daxar OGurracH
anbatra pyit Gepaau 1e6 Kapasauran Taxpubanap kerma-kernru Bep-
HYJINH CXeMacH Jeinaai.

PaBmanku,

P(A)=q=1-—p.
Jemak, xap Gup TaxpuGa natnmacuia A xoaucauuur pyit Gepui
sxtuMonn P (A) = p, yura kapama-kapum A Nomicanuur pyii Gepuu
axtumonn P (A) = g Gyacun. Acocuit Macaga n Ta spkan taxpu6ana A

XOAMCACHHMHT poca k Mapra pyii Gepuiuy SXTHMOJHHH TOnMMUlaH 1Go-

pat. By sxmumonnu P, (k) Onaan Gearunaiiuk.
23.5-Teopema. n Tta 3pkan taxpubasa A Xoaucanuur pcca k mMap-

Ta pyh Gepwn 3XTHMOIH Kyinaars gopsy.aa Guaan XucoGaanaum:
Bk n—k
Py (k) =Cnp ¢, (23.11)
6ynna
!
Ct=—=__ a!=1:23...1
kR (n—&)!

By Teopema Kyiinaarnya mysoxasa Ouaan neGoT1aHaiu:

Boramk 6yamaran n Ta taxpubanunr Xap Oupuia kysatiiaérran A
XOAHCAHUHT pYil Oepuil sxTHMOMH p, PpVit GepMacsnk (A-—XoanucaHuHr
pyit Gepmn) sxtumoan ¢ (g = 1 — p) 6yuaci.

Aiitaitiik, n ta taxpnGaza A xoluca Gupop Mmapra Xam pyii Gep-
macun. Jlemak, OGupunun TtaxpuGaja A Xomnca, HKKHHYUM Taxpubaja
Xam A Xoauca, Ba XOKa3o, n-rtampubana Xam A xoxuca pyii Gepran. Ha-
TIKANA ymoy B -

AA ... A

nia

Mypakkab Xoaucara sra GVJamu3. YHUHr 3XTHMOJH 3DKJAH  XOAMcanap
YUYH SXTHMOMIApHH KYNaiTHPHII TEOpeMacura acoca:

PAA... A)=PA)PA) ... PA)=qq...9=4"
nTa n:m _n:ra~

By xompa, abhau n Ta Takprbaga A xoaucanuur OGHpOp Mapra XaM

pyH GepMacauK 3XTHMOJH
284




P, (0)=q"

Gﬁann.
Aitraitiuk, n ta tampubana A Xomuca dakar Gup mapra pyit Gep-
ran Gyacun. Bywaa Kyitmaarn n ta Mypakka® Xoaucara sra Oysamus:

A-A-A...A (oupunun TampuGana A pyit Gepaw),

AAA ... A (ugxunun TawprGaza A pyit Gepau) ‘
AAAA ... A (yuunun rtakpuGaza A pyit Gepawu),
nTa

AA ... AA (n-raxpuGaza A pyit Gepau).

By mypakka6 spkan XOAHCATAPHHHT IXTHMOJLTAPHH KYNAHTHDPHUI TeO-
pemacira acocan

P@AA... AA)=P@A)PA) ...P{A) P(A) =p"".

n Ta taxpubana A Xoaucauuur Oup Mapra pVyit Gepuil 3XTHMOIH
Oupra/mukaa OyaMarad XoAucanap YuyH SXTHMOVIADHH KVIUMII Teope-
macHra acocat

P()=P(AAA...A+AAA.. . A+-A2AA... A+
+...+AA...A)=PAA .. A)+P(AAA ... )+
+...+P AA .. A =p" " p" T . p =

n—1

= npg"" = Capg™™

Syaanu. Jlemak,
Py (1) =Capg™".

Aitraiink, n ta Taxpubata A XogucacH HKKi Mapta pyit GepcuH.
By xonna gyituaarn
AAA ... A AAAA ... A, ..., A4 ...3A4
MypakkaO Xoaucanapiaad Gupu pyi Oepau. YaapHHUT COHi X
nn—1 C;‘:

= ==

2

616, Xap Gupmumur sxtuvoau p ¢" - ra Tenr O6Yaagu. IOKopumaru-
JeK, n ta Tampubaga A Xomucauusr 2 Mapra pVit Gepuil 3XTHMOJH

P, (k) =Chp‘q"™ (23.11)

ra TeHr GY/HIIM KypcaTHIajd.
(28.11) dopmyaa,bepuysm dopmynaci 1e6 atanamu.
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n Ta Tampubana A xcauca pyii GepMacauru MymkuH, Gup wmapra,
WKKH Map®a Ba X.K., n Mapra py# Gepunm mymxun. Bynnaii xomucanap
HurnHaHen anbatra Mykappap Xoauca Oyaaau. Ilynuur yuyn yaapuunr
sxtaMoaiapn Finpunanck | ra tenr 6Yaaan. Jlemak,

n
P,O)+P,(N+P,Q+...+Py(n)=1, o> P, ())=1.
k=0
Mucoa. Xap 6up neraanunr spokin 6yumun (A Xoguca) 3XTHMOJH
0,8 ra Tenr. Tahépaanran 5 aeranfan 3 TaCHHMHT APOKJIH GYvMw 3X-

THMOJIH TOMHJICHH.
Eunm. Macana maprura Gunoan

n=>5 k=3 P(A)=p=08 PA =qg=1—p=0_2
6yanumnEn annkaaiivns. Yina (23.11) Bepuyamm dopmynacura xypa |

—C.0.8-(1—08)2=—2 _.08%.0.9 —
P;(3)=C;-0,8-(1—0,8) T 6—5 0,8%-0,2* = 0,2048.
23.3-3cnaTMa. JHIH PKHH TaKpHGanap KeTMma- KeTJnriyjla Xoau-
caHuHr pyi Gepuul coumHd p Guaan Oearwnab, KyHuAarH XoAaucanapHu
KHDHTaMH3 Ba YJApPHHHT 3XTHMOJAPHHH €3aMH3:
1) Xoancamuur k£ jaan KaMm Maprta pyit Gepum Xomucacuun {0 <p <
< k— 1} pecak, YHHHT 3XTIMOJIH
k—1
P {0<p<k— l}=—->:Pn (m)
m=Q
6yaann,
2) xoaMcaHWHT R nan Kyn Mapra pyit 6epum Xoaucacuun {k+ 1<
< | < n} Jlecak, YHHHT 3XTHMOJH

n
P {k+l<p<gn|= E P, (m)
6y nany.
3) XomucanuHr Kamuja k Mapra pyit Gepuin xoaucacu {k<pu<n} nuur
SXTEMOJH

P, {k<pn<n} =>:‘ P, (m)
m=k

‘Gynann.
4) Xomucauunr xynu Ounan k Mapra pyii Gepum SXTHMOH

_ B
P,{0<u<i}=Y P, (m
m=0

Gyaanu; i -
5) Xomucauunr Kamu Ousan k; Mapra, Kynu Ounan k, mapra pyii
Gepui xomucacunu {ky < p < k,} fecak, yHHHT sagmﬁnu
: £

2 2 3



by
Py ks <p<ht}= Y P,(m)

m=k|

6ynanu.
Mucoaaap. 1) warurnunr ynysuauanru 10% GVaca, sxwarad 4 ta

YHPHTAAH: &) yuracHHuHr YHWG udknimg; 6) Xeu GYJMaranid HKKHTAcH-

HHET YHHO YHKHII SXTHMOJMHM TOITHHT.
Euuu. a) maprra xypa n =4, k=3, p =0,8, ¢ =0,2. Bepuyam

¢opmynacura kypa
P, (3) = C3 (0,8)*-0,2 == 0,4096;

6) A xoauca skuiaran 4 Ta UMrHTAAH Xey Gy IMAranja MKKMTACHHHHD
YHHO WHKHLINHH, sibHH 2 TacW, €ku 3 Tach, €ku 4 TtacH yHuG uHKH-
HHn GHJHPCHH. DXTHMOMIAPHH KYIIHII TeopeMacura Kypa:

P (A) =P, {ékn 2, éxu 3, &n 4} = P, (2)+ P, (3) + P, (4).

P, (3) sxtumon a) Gaumua xucobaanraw;
P,(2) = C; (0,8)°(0,2)° = 0,1536;
P,(4) =C, (0,8)*:(0,2)° - 0,4096.
Iemak, P(A) = 0,9728.
Buau (23.11) Bepuyam dopmyaacuaunr taxaman Guman myrynha-

HAMH3. ;
Pagiranku, Gepuiran Taitid n Ba p Ja

P(k)=Ck ptq"* (k=0,1,2 ..., n)

HHHE KuiiMaTi £ ra GOFJMK, sibHM R Huiir QyHkiuscd Gynagu. Bynna

k yarapypunHuur k=0, k=1, k=2, ..., =n Kufimatiapuaa
P, (k) dyukunsuunr Kuimaraapn ywoy

P, (0), P(1), P(2), ..., P,(n) (23.12)

COHJIap KerMma-Keraurufan wbopar Oyaaau. By u(23.l2) Jiard CoHJapaan

TalfHH/IaHTaH 7 yayH Kadick Oupw sur Karta Gyaaam, awmuu A Xoguca

N Ta 3PKJM cHHAla pyi Gepuiviap COHHMHHHT Kaujaii KHHMaTiapuja

P (k) sur karta sxtumosra sra OyJajiu, 1eraH caBo/ira »asob Gepuiun

MacajacHiM yprauaMu 3.

Iy maxcagna ymby Palt 21 ycGarim Kapaimus. PaBuwanku,

n

e ! o
Po®)=Cp p"0" ™" = a1 ="
k4l Rl n—k—1 n! e k=1
RE+1=C"p g D D1 (I—p)
Y xoana
Potk+1) _ np*tl—plkin—ky n—k o

Puk) (k4 Oin—k—Dinlg® (I—p)**

Gyanu.
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Arap
Puplk+1)
PN L e 4 ]'
P (k) -
'ﬂ‘bHH
n—k p_
b1l =g L (23.13)

Gyaca, y xonna P (k-+1)> P (k) Gynaam.
k nwmr Kanpait xuiMataapupa Po(k+1)> P (k) 6yaummng Guwum
yuyH (23.13) Tenrcuaanknu k£ ra uncGatan eyamms:
—k
B S i (e — k) p> (k4 1) (1 —p)=>np —kp > k(1 —p) +

k+1 1=p
F(1—p)=>—kp—k(1—p) > (1—p)—np=>—k>(1—p)—np=

=k np—(1—p).
Hemak, k<np—(1—p) 6yaranna P,(k+ 1) > P, (k) 6¥aann.
Wlynnait kKuau6, k& Varapysusuunr Kuiimataapy np — (1 —p) con-
Aan xwuMK Gyaranpa P, (k) sxtumon VeuG Gopaw (amhu P (k) dyuxums
yeysun Gynaam).
Xyaan wynra yxwaw, &>np—(1—p) GVaranga P,(k+ 1)<
< P,(k) G6yanunun KYpcaTHl MYMKHH.

Ilynnait xuan6, k VsrapyBuununr Knimatiapu np— (1 —p) con-
Aan xarra 6yauG Gopramwpa P (k) sXtumosn KuumkjamnG Gopamu (sbHH
P, (k) dynkuusi xamarosun GVaaaw). k YarapyBuMHMHr KHHMati k=np—
—(1—p) 6yaranpa sca P (k- 1)== P, (k) 6Yramm.

Ilynpait k6, & yarapyeun 0, 1, 2, ... , n KuiMaTaapun kabya
Kuaa 6opub, yuunr Kuiimati np — (1 —p) coura errynua P (k) HuHr
~ KmitMan Yca Gopaam, k wunr Kuimati np— (1 —p) conpan  omranna

sca P,(k) sxrumon Kamas Gopaan. By xoanm ywama Ouian TacBupJaln

MyMkuH  (142-a, unama).

~ Oupu n ta Takpubaza A Xoamca pyv OEpHLUHHHHD 3HT KaTTa SXTH-
MOJIH COHMHH Tonamua. Afitainnk, Oy SHr KarTa SXTHMOJ R ysrapys-
YHHHHT R, KuiMarsga GVJachi, Yuja IoKopuia aiTHiAraHaapra xypa,

6Hp TOMOHJAH,
P, (ky+ 1) < P,(ky), (23.13)

HKKHHYH TOMOHaaH 3ca
P (ky—1) < P, (k) (23.14)

6ysanu.
(23.13) mynocabar ky > np— (1 —p), (23.14) myHocabar sca k,—

— 1< np— (1 —p) Gyaranaa GaxkapuJIHIIHHKE IOKOPHAATHAEK KypcaTHIl
MYMKHH.
Jlemak, sHr KaTTa SXTHMOJLTH K, COH ymOy
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I np—(1—p) <k, <np+p (23.15)
TEHICH3/IMKJIAPHH KAHOAT/IAHTHPAp 3KaH. By TEeHrcHaIukuu KaHoaTtnaH-
Tupanuran 6yTyn counap np —(1—p) coura Gormg Oynanu:

1) Arap np — (1 —p) xacp cou 6yaca, y xomma (23.15) Tenrcus-
JIHKHH KaHOaTJIAHTHpaauran k, con Gurra Gynaan (142-6, unama).

2) arap np— (1 —p) 6yryn con Gyaca, y xoaaa (23.15) renrcus-
JIMKJAPHH KaHOATJaHTHpaJAuran conaap ukkuta OVaaam. Jlemak, 6y
XO/la 3HT KaTTa 3XTHMOMIH COH MKKHTA OVyaaau.

I-mucoun. Texuuk nazopar 6ysmmu 24 ta Jjeraagan  wubopar ry-
pyXHu TekummpMokaa. Jletaanuur spokan cranaaprra  MyBoduK GYumin
sxtamosn 0,6 ra Teur. SIpokan Ae6 TaH oOaMHAAHTaH JIETAJHWHT  3HD
KaTTa 3XTHMOJJIH COHH TOMHJICHH.

Euwnw. Wlaprra xypa n =24, p =06 6Ynaau. Yuua
np—(1—p)=24-06— (1 —0,6) = 14,4 —0,4 = 14,
np-+p=24-06-+06=144-+0,6 =15
6yaub, ur karra sxTuMonaM R, con (23.15) mynocaGatra kypa 14<<
< ky < 15 TenrcuanMkaapun KanoatsautHpuiun Kepak. J[lemak, 6y My-

HocabaTaan KVPHHALNKH, 3HI KaTTa 3XTHMOMLIH cOH MKKATa GYnaau:
k0=l4, k"‘*‘l; ]5.

8-§. lNyaccon Teopemacu

bn3z 1okopuaa ypranran Bepnynan cxemacuja 72 Ta 3pKJM TamphGa-
aa A xoaucanunr k£ mapra pyit Geputimt sxtmosn Bepnyanu dopmyaa-
cu Ounan XucoGnanummnan kVpauk. Bepruyaau dopmynacunn keatHpué
yukapuiiga A XoAncauuur xap Oup Tampubana pyit Gepuin 3XTHMOJH
y3rapmac Ba y p ra Tenr oyacun ae6 omunan (0< p<I].

Kynrina macananapia XoAucawuur pyi Oepuin 3XTHMOAH P TaXpH-
Ganap coun n ra GorHK Oyuaub, n Huur optHO Gopuinn OwiaaH p HHHP
KaMainnO Gopuimra Oornanran Gyaaan. Dywaait Xompa Bepuyanau cxe-
MacH yuyH Kydujlarn teopema VpPHHIH OVaaau.

23.6-treopema. ([lyaccon Teopemacu). Aeap Bepnyarau cxemacuda
n—oo na p—>0 Ba np—A(A>0) 6Vaca, y xonna n— oo aa ymby
myHocabar Ypunan Gynanm:

k
PR~ e P~ (23.16)

By takpubuit dopmyaann Ilyaccon dopmymacu aeitmaann.
Hcbor. Mabnymkn, n Ta y3apo spkan taxpubaga A  XOAHCAHHHP
k mapra pyit Gepuur sxtumonn P (k) = C: pk(l —p)** 6yaann, Oynaa

n! . " w
. Keitunry Tenramkuu xyiingarnua €3u6 oaMu3:

":k!(n—k)!
o n! 123 ... (n=R)(n—k41) ... n
L Rli(n— k)! 1123 ... (n—R)
(1= L)a(i=2). .. afs=E=1)
__n(n—l)...(n—ic{-l)__""~ n n‘ n) " n 21
o ] o k!

=i'i<1—L)(1—l) (1—";').

k! n n n

192678 289
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By renrauknan sca
FG=(—7)-2) .- (-)  en

Oyummn Kenub uuKamu.
Ouan 0<a, <1 (I<k<n, n>1) connap yuyn ypuuan Gjaraun

yuby
(1—a)(l—a) ... (1—a)>1—(a,+a,+ ... +a)

cofna TeHrcu3MKAan (oiigananub tonamus.
(1=D)(=2) - (=) 24 Ay

n n n n n n
Pagmanku,

LI R L SRR BT L E IR N
n n n n

L (k=1 k(k—1)
n 2 on

Jemaxk,
e Bl [ aci - R0
(1 n)(l n)“'(l = )>l —. (2318
Harmikana (23.17), (23.18) mywocaGaraapiau
ip _ kKE—1)
nk ol 2n

X k!
6y kean6 uukaau. Arap TC: < | skauauruen 3sTHGOPra OJIcaK,
n

y Xonza

k(k—1) k! &
| ————'<—Cu
2n < n* Ca !

OVTHILIMHHA, ABHU

k - k&
n* (l _k(k 1) < Ck <n
k! 2n L k!

n—k

L3 o _u
6yamuann Tonamus. By renrcusmmkuu p- (1 —p) ra Kynaftupcak,

yHAa KYHUJarH TEeHrcH3JHKaap Xocua1 Gyiamu:

- k 5
(=57 ) Ao —pt < F - <
n k!
n—k

n* &
<P (l—p)
Hemaxk,

_ME=1\nt ket ¥ ki
(1 o )k:”(' PSP B < p (1= (23.19)
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!. 3
OHH WY TEHICH3MHKAA KaTHAUIYBYH —';:!-p"(l L udojann  Kyiiu-
Aarnya €3aMus:
k *
=t =" — (1 —p) =

Oyt 2] 0 (1 —22) ]

LoD, (1 —p) 1 (p>0) 5a

Arap n—> o0 pa np—»A, 1—

n

(np)® —k __np —np ARy
(=) T

O6ysmimnEn 3bTHGOpra oscak, yuaa (23.19) myuocabGarjan
k
Pn(k) = C: pk (] —P)’l—k—* %e—h
G6ysmmman tonamus. Teopema wcGoraanai.

ITyaccon Qopmyach Taxpubanap conu erapanya karra O6yau6, Xap
Oup TaxpuGaaa XojucaHuHr pyH Gepuil 3XTHMOAH p  erapinya KHYHK
6yaranna P,(k) 3xTHMonHH TakpuOWii XucoGaalira HWMKOH Gepaju.

Mucoua. Japcank 200000 nycxaga 6ocu6 uynkapuaran. Jlapeamk-
HUHT sipokeu3 (Opak) OYamiu sxtumosm  0,00005 ra Tenr. By thpaxkpa
poca Gewira SIPOKCH3 KHTOO GYJIMII 3XTHMOJH TOMHJICHH.

E unw. Hlaprra xypa n = 200000, p = 0,00005, k£=5. ¥ xoaaa
np = 200000-0,00005 = 10 6Ym6, (23.16) dopmynara acocau

R
P (k) ~ 2 ¢ = 1 =1 10,0375
k! !

6yaamm. Jlemak, nsianaérran aXTHMON Pyyggg (9) = 0,0375 Gynanm.

9-§. Myasp — JlanzacHHHT J0Kaa Ba MHTErpaJ TeopemaJapH

Bepryann cxemacuna P (k) sxtumonuu Tonuur yyyw ymby P, (k) =

= Cf, p'(1 — p)"™ opmynara sra 6yaran suuk. By Qopmysa comta
6Vaca Xam ynjaas, ainukca, taxpubanap cond xarra Gyaranjaa goiiga-
Januin anya Kuitun 6ysaan. Harkana Oy wbonann  yaura Kaparawja
CO/UIApPOK Ba aiftnu maiiTaa Xucobaaur yuyn ocoH Oyaran ugonaa Ousax
TaKpubnit nponana macanacn tyrunaan. By macana Gawbsu xoasnap yuyH
Myaep — JlansiacHHHr JOKaJ Ba HUTerpaj TeopeMacH €pramuia
Xaa stinaan. Kyiiuna ynapuu vcGOTCH3 KeaTHpaMu3,

23.7-treopema. (Myasp — Jlangacuunr Jokan TeopemacH). Arap
Bepuynan cxemacuaa n erapiuya Karra Oyamb, xap Oup cunawga A
xomucanuur pyi Gepum  sxtumoan p(0<p<1) ysrapmac Gyica, y
xomza P (k) sxramoa yuyn ymby
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1w
_ (k—np)*
1 2np(1—p)
> ——l
V 2anp(1—p)

TaKpubuit opmyna Ypunan Cyaand.
Arap

Pk ~ (23.20)

- k—np
Vnp(1—p)
(k — np)? o x2
2np(1 —p) T2
6Vau6, foxopuaard (23.20) gopmyaa Kyitugars Kypuuuiira keaam.

X3 X3

Aeituaca, y xoaaa

1 * | 1 B
P (k) ~ e = i—
2anp(1—p) Vaup(l—p) Vin

1 e
=€ 2 Gearnaaur KHPHTCAK, Yy XoJjja

Y6y @ (x) =

-
t
-

P, (k) ~ = (x). (23.21)

I
Vap(T—p)
By epaa @(x) xypr dynkuns 6yamb, ynuHr uitMariapu yuyH KaJpaJ-
aap tysuaran (HMaosanarn 1-kaaean).

Mucoun. Xap Gup 3kuiran uuruthu yuuG uukumr (A Xoauca) xTH-
Moam yarapmac 6yan0d, P(A) =p = 0,8 ra tenr Gyaca, skuaran 100 ta
YurHTAaH yHHO YHKKaHsaap conu 85 Ta GYJIHUI 3XTHMOIHHH TOMHHT.

E unm. Macana mapriura kypa n =100, p —= P(A) =08, ¢ =1 —
—p=0,2, k=_85.

Papuiatky, 1ana0 Kuwindran Py, (85) sxrumonuu Bepuysaam dopmy-
Jack Guan Py(85) = 85")“ (0,8)%%-(0,2)"® aumg xucobaar (n-— karta
6yaran Xosla) xyaa kuitnd, Oymfait Xoana p — yarapmac (0<p<1)
6yarauna Myasp — Jlansacuuur srokan teopemacuian (oHIasaHUIT MaK-
cagra Mysodukaup. bBusun mucosnna 6y takpuOuit opmyaaau doitna-
JIaHUII YYYH aBBAJIO Kyinjaaru MHUKAOPHH XHCOOJIAHMN3:

k—np_ 85—10008 8—80 5 o
Vapg V1000.80,2 V16 4 R
Myagp — JlanniacHHHr JIOKaJ Teopemacura acocat
Pyo(85) & —————(1,25) = — ¢ (1,25)
¥V 100-0,8:0,2 4

MnoBaparu xaasaagan ¢ (1,25) =~ 0,1826 skawmrunan, Tanatb K-
JHHTAH SXTHMOMIHK Py (85) ~ %-0,1826 — 0,0456 6yaau.

Maskyp GoGuuur 7-§ na n ta spkau  raxpubaga A xoaHcaHHHT
KaMi Ousad R, Mapra Ba Kynu Ownan k, Mapra pyit Oepuii  XoxucacH
{ky <pu <k, | HUHT IXTHMONH GYJIHIIMHH KYpraH SjHK.
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ks -
P,I[k,<p<k2]=2=kPn(m)

Myasp — JlanniachuHr MHTErpas TeopeMacH n erapaumya Katra GyJ-
ranga P, (k) < p <k, | oXTHMOHH TaKpuOHii wdolasoBun  (opMyaanu
oepaan.

23.8-Teopema. Bepnyam cxemacnia Jlokasq  reopeMa [LapTJapH
Pl ky<p<k,| sxtnmon yuyn ymoy

Ky—npn Xe

V np(1—p) 2
P{k,gpskq,z_}_j' R (23.22)
" . V 2n
Ry —np
Vap(T—p)
TaKpuOnit opmyaa ypunan 6yaamu, 6y epra 0 < p < l.
Y6y

x i

L f et dt (23.23)

D (x) = T
0

Jlangac ¢yHkunsict ToK (ynkiusg 6yamo, x HEHr  TYpJM KuiiMaTsiapura -
HHTETPAJIHHHT MOC KuiiMataapu »kaasaiu tysuaran (Maopa, 2->kansan).
HMc6or. Xaknkatan XaMm, aHHK MHTErpajJHHHT XOccacHra Kypa
x¥ 0 x

Pollysu<h)=[e™Pat+ (e™Pat+ [ dr =
v 6

" X
R X

= S gy S e "R dt
1]

-

6yaanu. By epaa
' kl_ﬂp \::/ e ’\'g'—"”p
Vip(—p' Vap(l—p)
(23.23) nn xucobra oacax,
j' e P dt = (x") — D (x") (23.24)

x’

SKAHJIHTH Kesmb uHKaau.

Hnosanaru 2-xansanga M(x) Jlanaac ¢yskumscuuuur  KufiMatiapy
0 < x<5 yuyn Oepuiaran 6yaca, M(x) uunr KuilMatnpy  takpuban 0,5
Je0 onuul MyMKHH.

Muco.a. Tasakkanmra OJHHraH TMHJIJAHHHT SIPOKCH3 YHKHII 3XTHMO-
au 0,2 ra renr. Tacomupan osmuran 400 ta muanagzan 70 Ttamad 130
Taraya sIPOKCH3 OYJHIN SXTHMOJH TOMHJCHH.

Eunwm. laprra kypa n = 400, &, =70, k=130, p=0,2, ¢ =
= l‘-— p = 0,8 6Ynaan. Papiuanky,

293



—— T P T———m e YT T

v = 70 — 400.0,2 10

T Vapli—=p) V4000,21—0,2(1—0,2) 8
=—1,25; ¥ =6,25.

IOKopuna xkemrupuaran (23.24) hopmyaara MyBobHK H3naHadrrad 3X-
THMOJI TAXMHHaH

P k'<Sp<hy)=Pg|70<p< 130 | xD(6,25)—0(—1,25)

6ynanu. YKaapaanan Xamaa D (x) HuHr TOK (YHKUMAIHCHHM 3bTHGOPra
o6 KyHHIArHJIapHH TOMAMM3:

O (—1,25) = —0,39435, ©(6,25) = 0,5
(2-mmoBara KapaJiicus), y XxoJsja
Py | T0< n < 130 20,5 —(— 0,39435) = 0,89435
6ynagu. emaxk, M31aHaéTran 3XTHMOJIHK
Py | 70 < p < 130] = 0,89435.

dapa3 KuaaiaHk, n Ta 3pKaM TakpuOana A Xxoauca p mapra pyi
Gepcu. Xap Gup Taxpubaza A XOAHCAHMHT PYit Gepuil  3XTHMOJIH

pl0<p<]1) 6yacun. Mabaymku, .3 MuKA0p A XoaucauuHr nucOMit wac-
n

ToTacH Gysanu.
Okopuna kentupwiran Myasp—JlanaacHUHT MHTErpasl TeopeMacHiaH

doitnananub, HucOHit yacrora 2 dunr y3rapMac IXTHMOJI p Jad yerJia-
n

HHILI SXTHMOJIHHH TOMHII MYMKHH!
e >0 o/muraiaa xam yudy l—— —pl <& TEeHrCH3IHK OpKAJH

H(OAANAHAANTAH XONHCAHHHT SXTHMOMM YUyH
2
n _ 1/ n
P{ -n——p|<e}~2¢)(e ] p(l—p))

TaKpuOHit opmyna YpuHIH GYIMLIHHKH KYpcaramus.
Pasmamm,

p|<m—a<——p<a¢>~e] s <

k.. . l/m%p_i <

p(l—p) p(l— p)

e <e"/ L=
Vonp(1—p) p(l—p)

Tn w—np
}_P{"eVpu—m< Y np(l—p) <

< Vst (23.95)

u—np

JHemax,
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‘Myasp—/JlansiacHusr unTerpan Teopemacuiad QoiiiananuG Tonamus:
p— np
P{_ Vp(l—p)< 1/mv(l—m<8

EV p(lip)

n ~ ; 5‘ —x3/2 1
<VP(|—P)} V2n . F = Via %
—e

n
V iy

P(1—p)
X 2.5' e P dx = 20 (8 V ,,“—n—_p))

0

By xonna (23.25) wmynocaGaraau

A VD)

6y keanb unkanu. By dopmynazan e, n Ba 3XTHMON KHHAMAaTJapH-
HH TONHII MYMKHH.

Mucoa. A—ranrasn Tawsam taxpubaciia TanraHuHr repban TOMO-
HH Omian Ty xoaucacn 6yacud. Tanraun 400 wmapra rauuiaHrasnja
A xomnca nucOuii yactorach 4{;—0 Hunr 0,5 3xTumosian abcomorT  Kui-
mar 6yinua wernamnum 0,08 foH kuuuk GYAHII SXTHMOJIHHH TOMHHT.

Eunw. Ilaprra kypa n =400, p=0,5 &=0,08. ¥ xonza
(23.26) ¢opmyanara acocan:

P{| 5—o 5| <08} ~20(008 )/ 50}~ 20(3,)
JKazxpanpan @ (3,2) = 0, 49931 HH OJICaK,
— ~ 2
p{ o0 5|< 0,08 | 0,986
6yaaan.
XXIV BOB. TACONH®HH MHKZOPJIAP

1-§. Tacopudmit MHKIOpAAp Typaapu

Ta6uaraarn Xoaucasiapun KysaTin Kapaéumuaa (€ku Takpuba HaTH-
JKAJapHHN  Ky3aTHIja) TypJn XapakTepJard MHKAOpJapra Ay4 Kesa-
mHu3. Macanan, Gurra Fy3a Tynuaarn Kycak/Jap CcOHH, MyJpKajara Kapa6
OTHATaH VKHHHT MyJKaaJaHrad HyKTalad y3OKJalmil MHKAOPH Ba X.K.
Illynra yxuraimn MHKAOPJAPHH XKyAa KVNJIa0 KeJATHpHI MYMKHH.

Macanan, Camapkana waxpuaa 1995 iimanunr Mail oiuaa Tyrulain-
rai yrwi Gojanap cOHWHM aBBasijaH afithG  GyuiMaiinw, Oy COH Typau
Tacopuguit xonaranapra Gorimk GYau6, y aBBanjaH aHuK ailthG GyJmaii-
JHran ManjyM 6up KHiiMaTiiapial OHpHHH KabyJa KHJaju.

Hemak, mwynjait Mukaopaap 6yJap 3kaHkW, YJapHHHT KHHMATJapu
TYp/IH Tacoanduil Xosnariap Tabcupuaa Gysm6, yJapHH aBBaJlaH KauAail
KuiiMaTra Tenr GYJHIIMHH aHuMK aiTHG GYsMac SKaH.
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Bepuaran mapr-mapoutapaa Tacoaupuit Xosarra GOFIMK pasuuiza
y €ku Oy COH KuiMat/iapiaH GHPHHH KaGys KuiaauraH Y3rapyBuH MHKIOP
macodupuit muxdop NeRnnanu.

Onarna Tacoandmit muxaopaap & (€xku n) (€xku X, Y, Z, ...) xappu
Ounan GeJrunaHau.

Mucoaaap. 1. Vimn cokkacuum Tamuiani TaXPHGACHHH KapailuK.
By taxpuba wuatmkacuaa cokkauuur 1, 2, 3, 4, 5, 6 pakamau (ouko-
Ji) TOMOHJIapH TyWHIIM MymkuH. Dynma uyukaguran é€xgap (ouxkodap)
COHMHH aBBaJan aiTuG Gyamaiu. JleMmak, OYKOJap COHM  Tacomu(uit
MHKAOpJap Gyaaan. Yuu & Ounan Genarwnaiimk. By & Ttacoaudmit MuK-
JIOPHHHI MYMKHH Oyvrad kuiimataapu 1, 2, 3, 4, 5 Ba 6 counapu 6y-
Janu.

2. Tynpan orhiarad cHapsiHHHC yuuO YTrad MacojacHuH Kapailauk.
By macoda 6up KaHua xoJariapra: HHUIOHra OJyBYH acGOGHHHT ypHATH-
JIMIIArA, IIYHHHCAK, aBBaJIAaH TYJa-TYKHC XHcobra oauG GysMaiiaurad
Oup KaHga Gounka caGabsiapra (LAMOHHHP Ky4uH Ba HYHAJMILM, Xapopar
Ba Gowkanapra) Gormuk 6yaaan. Ly caGaban xam Gy macopanu assas-
Jlan aita6é OYaMaiiau, y Tacoaudmit MHKAOp Gy.iani.

By & tacomuduit MHKIOPHHHP MYMKHH OyJraH KuiiMar/apu 4YeKCH3
6ysu6, ynap Oupop (a: b) opanukaa xoiiawran 6Vaaau (143- ynama).

Ueknn €K CaHOKJH COHAArH KuiMataapHu KaGysa Kulagurad Taco-
Rucuit Mukaop duckperm macodupud muxdop AeinnanH.

Macanat, 10KOpH/AA KEJTHPHJITAH MHCO/UIGPHHHT OHPHHYHCHAArH Ta-
cOmudUit MUKAOP AHMCKpeT Tacomubuit MHK10p OVaaan.

Jlemak, AMCKpeT TacoAupuil MHKAOPHHHT KaGyJa KHIHIIH MYMKHH
6ysiraH KuiiMar/iap COHH ueKJu Gku caHoksau Gyaaau. Oparaa rtacoiu-
Ghuit MHKAOPHHHT KabyJa Kwiaauran kuitMatiaapu Oynjait GearnnaHauu:

Bilie By ve v o Xy (OR. KKy Kor: vid o 3 X5

Bupop opamukaary Gapya KuiiMataapHu KaGy,1 KH/IHUIM MyMKHH GY.1-
rai MHKJOpP Y3JyKCH3 Tacoaudui Mukaop aAeiuaagu. Macanau oKopH-
Ja KEeJTHPWIraH  MHCOJIADAAH HWKKHHYHCHAATM  TacOAMDHA MHKIOP
y3nyKcu3 tacoquduit Mukaop 6yaanu. (Y3nykcus racoauduit MuKaopJap-
HHHT aHUK TAabPUDUHH KeiHHPOK KeaTHpaMu3.)

2- §. Tacoaudmit MHKAOP 3XTHMOJJIAPHHHHI TAKCHMOT KOHYHH

IOkopuza KVpaukku, TacoaMbaii MUKJAOPHH  VPraHuil y4dyH aBBajio
6y MHKIAOPHUHT KaGyJ KHIHIIM MYMKHH OY/rad KuiiMarJapuid Gu/ui
ao03uM. Brpok Oy KuiiMaraapHuriada Ouanin TacoAHpHit MHKIOPHH TyJa
taBeudiaG Gepmaitan. Kyiinna racomupuit Mukaopin tVia tascudiiaiiiu-
rag TylyHya GuuiaH TaHKHUuIamus.

1. Jluckper racomuuii MUKAO0P SXTHMOMIAPHHHHT TAKCHMOT KOHYHH.

E auckper Tacomuduit Muka0p OV.MO, yHuHr KaOyi KWAHUIM MyMKHH
Gysran  KuiiMaTiapu x,, X, ... , X, GYJCHH.

Arap & rtacoaudmit MUKIODHMHT KaGya KHIMIIH MYMKHH Gy./rau
KHIMAT/IAPUHHHT 3XTHMOJIApH Mabaym GYaca, £ duckpem macodugpud
MuKdoprure marxcumomu Gepuszan JeHAIANH.
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- Avrraitznk, & quckper Tacomndmit MHKAOP Xy, X, ... , X, Kuiivar-
JIapHH MOC PaBMIUAA Py, Py, ... , P, 3XTHMOJJAD OHIaH Kalya KHJICHH:

PE=x)=p, PE=x)=p,, ..., PE=x)=p,.

By masaymoraapaan doiipananub Kyitnaard rKajaBajHH TY3aMH3:

uve

Xn

Xy ‘ Xa

(24.1)
P(E = xp)

P l I’2|~-- l Pn

By kaasaauunr Gupuuun catpuia & Tacoaudmit MUKIOPHHHT KaGyJ
KHJHIIH MYMKHH GVarad KuiMaT/iapd, MKKHHYH caTpHia 3ca yJjapra Moc
IXTUMOJIJIADH €3HraH.

Papianku: .
[B=5) (E=% ) oens [B=2,]

xoucaaap Gup-OGupura Gorauk OYaMarad xomucanap G6Yan6, Ttacopudui
MHKI0p, anbarra GMTTa KHiMAaTHH KaOy/l KWJHIIM Kepak OGyJjraHd y4yH

(E=x)U(E=x]U ... U[E=x,)=U

6yaamn (U — MyKappap Xojwca).
KVumin reopemacnian (oiilanauud Tonamus:

P(E=x)+P|lt=x|+ ... +P{E=x,|=P[U}.

n
Harwxana p, +p,+ ... +p,=1, abuu E p, =1 TeHrukka Ke-
k=1
aamu3. By sca & tacopudmit MHKZOpHHHT Kabys KWJIHIIM MyMKHH G-
ran Gapua KHitMarJapH 3XTHMOJIIAPHHHHT HuruHucH | ra Tedr GYJIHIIM-
HH Guanpai.

JIHckper Ttacoauduit MUKAOP V4yH KuputHaran toxopugars (24.1)
JKajaBasa tacoubmit Mukaopin TVaa Tascupaad Gepagu. LyHunr yuyH
xam (24.1) xanBan & juckper macedupui  MUKGOP IXMUMOARAPURUHS
maxcustom KoHyHu 1e6 atanajuu.

Juckper Tacoauduit MHKAOPHHHT 0ab3H MyXHM TaKCHMOT KOHYHJA-
PHHH KeJITHPAMH3.

n Ta y3apo spkuH TaKpuba Vrkasuarad 6y.m6, xap Gup TaxpuGaza A
XOAuCaHUHT pyit Gepuur sXTHMOMM V3rapmac p ra Tenr GVacuu. Bynnai
Taxpubana A xoaucanuur k Mapra pyi  OGepmu  sxtumomu P, (k) =
= C'; p"'(l —-p)""‘ ra tedr sau: By Xoana auckper Ttaconuduit MHKAOP
E uuur Kabys Kuadind MyMmkun Oyaran wuimaraapy & 0, 1, 2, ...,
n 6yaanu: PaBwanku, Tacoauduit Muknop Oy KuiMaT/apHH MoC paBHILfa
ywoy
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P()=PE=k=CLp(1—p"" k=0,n

n

SXTHMOJINap Ouaan KaGy/Jl Kujagd Xxamjaa EP,, B=@p+g"=1.
k=0

Hamwxana ymbGy

T [ [T
P, (k ]
34 p" gg)_ k)l (l—p)”) capi—p)*~NIe2 pra—py*—? p "(l—p)"‘“, ‘ o

XKapsanra sra Gynamu3. Onataa 6y kaasan Ouwomuan makcusom 1e6
aranany.

M ucoa. 3kuaran Xap OHp YHIHTHUHT YHHG uukuin 3XTHMosH 0,8
ra teur Oy.ica, skuiraH 3 Ta yMruTAaH YHHO YMKKAH UYMTHTJIAD COHH-
HHHT KOHYHH TY3HJICHH.

Eunm. Sxuaran xap 6Gup uurnt ynu6 uumkuimm XaMm, yunb uukmac-
JHrH XaM MYMKHH. JKWJIraH 3 Ta YMCHTJaH VHHO YHKHILIAp COHM Ta-
copumit mMukaop 6yam6, y 0, 1, 2, 3 kuitMatnapun KaOysa KHIHILHA
MymkuH. By KuiMataapan kaOyan kuaumn sxrumonn DBeprysuim  opmy-

JlacH épnamma TONHIEAH: _
P, (=0 = cg P (1—p)® = (0,8)°(0,2) = 0,008,

Py E=1)=C! p (1—p)*=3-(0,8):(0,2)* = 0,096,
Py (§=2)=C2 p* (1—p)=3:(0,8)*-(0,2) = 0,384,
Py E=3)=C? p* (1 —p)° = (0,8)(0,2)° = 0,512.

Jemak, skuaraH 3 Ta UMrHTAAH YHHOG YMKHILIAp COHM & Tacomudil
MHKJOPHHHT TaKCHMOT KOHYHH KyitHaaruua Gyziajau:

R SR S S W
| e | 0,008 0,096 0,384 i 0,512 |

PaBmanku, Gy sxTuMOIap HUFMHIICH:
0,008 +- 0,096 -+ 0,384 + 0,512 = 1.

-

24.1-scnarma. & Tacoaudmii mugaop 0, 1, 2, 3, . .. KuiiMaraapua
yuGy
k=

PE=H=""

(k=0,1,2,...)

SXTHMOJIIAp OuylaH KabyJa KHJICHH.
Hammwxkana Kyinjary TakcuMoTr »KajiBajau XocHa Gyaaan.
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PE=4k ‘ e Ae—? Mmoo,

By xaapan [MTyaccorn maxcusmomu ne6 atanaau. By epaa

% LN ke R
>.4 Fo (B = 2& TR i
k=0 k=0 k=0

L JT R
YYHKH KATOPJap HA3apUsICHIAH:

YA
D
k=0

SKAHJIHIH MabayM.

3-§. ¥Y3anykcu3 Tacopudmit MHKpOpJaap.
TakKcuMOT (hyHKUMSICH.

bBua 1oKopuaa AHCKper TAcOAM(pHIA MHUKAOD BA YHHHI TAKCHMOT KO-
HYHUHH Vpranank. Arap Tacoamdpuii MHKIOp yanykcn3d Gyuca, Oy Taco-
auUil MHKIAOPHHHT KaGya KHauimu Mymsui O6Varan xuiMataapu Gupop
(a, b) opanukuu Tawkua staad. BunobGapun 6y xosma TaconupHit MHK-
JIOPHHHT TAKCHMOT KOHYHWHH IOKOPHIATH YXUrail XKajsas Ak é3u6
Gyamaian.

®dapa3z Kuiaiumk, & uxtuépuit Tacoaupuit MuKaop, x sca Gupop Xa-
KuKuit con OVaicux. Kapanmaérran racoaudmit Maknop yuyd ymby {E<x}
Xojucann Kapaisnk. Dy takpnOa HaTHmacuaa pyit 6epral MHKJOPHHHT
X COHJaH KMYMK Oy/Mul XoAucacHuu Oujgupam. DHAH LIy XOAHCAHHHT
SXTHMOJTH

P {E< x|
HH Kapailiuk. PaBmiauku, 6y 3XTHMON OMMHTaH X XaKHKHA COHra GOF-
JMK, STBHE X Huur ¢yskumsicn 6yaamm. Ogxataa P {E << x} 3xTumon 6u-

JaH aHuKjaHrad Qyskuust & Tacoauduil MHKIOPHHHT MaKcumom GynK-
yuscu neb aranaam Ba F (x) xabu Gearumananu:

F(x)=P{E<x}. {24.2)

Mucoa. Ywby xaapan Gunan Gepuarad & AMCKpeT TacOAHHA MHK=
JIOP TAKCHMOT KOHYHHHHMHI TaKCHMOT (DYHKUUACH TOIMHJICHH:

3 |—1 0 2 |2,5
Ple<d | 02

02| 0,3 0,4| 0,1
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JKansannan xifpunannm 13 Tacomid)uﬁ MHKIOPHHHT Kabys Kuanum
MyMKHH Gyaran guiiMataapy — 1, 0, 2, 2,5 6ysnagu. By connapun con
?unna sicaliMu3.

—1,01%2 25
Adrraiinug, x < — 1 6Vacun. Yuza {€<x| Xomucacu mymkun Gyama-
rain xoauca 6ymamn. {E< x} =V. UYynkn Oy xoaaa racomuduii MHK-
goprunr &< X TEHICH3AHKHN KaHOATIAHTHPYBuHM GMTTAa Xam KuiMaTh

HyK. [lewak,
F()=P{E<3=P ¥)=0
6yaaan. i —1 < x < 0 6Yacnn. By xomaa {E < v} xomucacn {E<x}=
= {& = — 1} 6ysaau. Byngan sca
F)=P{E<x}=P{E=—1}=02

KeJub unKagu.
Auan 0 < x <2 GyacHu.
- By xoapa {€<< x} xoamucacu

E<xy={E=—1UE=0)
6Y.m0,

F(x)=P [E<x|=P{E=—1}+P |E=0} =
=02-+03=0,5

Gynanu.
Papa3 Kuaaiiauk, 2< x < 2,5 6§acun. By Xoana xoamca

E<={E=1U{E=0]U{E=2}
6116,
FX)=PE<}=P{E=—1]4+P{E=0}4+
+P{t=2}=02+03-+04=0,9
Gyaanm.
Ba, mmuxosr, x> 2,5 Gyaranga {€<x} Xomucacu MyKappap Xoawuca
Gynuo,
Fi{)=PE<)=P{U] =1
6ynanm.
Iynnait kum6, Kapanaérran TacoAnduit MHKAOPHHHT TAKCHMOT (hyHK=
LHACH

arap x<—1 6Vuica,
arap —1 <x<0 6Yyaca,
arap 0<x<2 G6YJca,
arap 2<x<2,5 6yaca,
, arap x>2,5 6y.aca

- -

0
|02
F(x)=!0,5
\09

1

6ynamu. Ynuur rpadurn 144-ynamaza TacBHpJAHTaH.



4-§. TakcuMOT (hyHKUMSICHHHHT XOCCaJapH

Ymby naparpadaa TacoJupui MHKA0P TAKCHMOT (hYHKIHACHHHHT XOC~
CaJapUHH KeJTHPaMH3.

dapas Kunaimk, &— raconuduit Mukaop Gepuaran 6yamu6, F (x) sca
YHHHT TAKCHMOT (DynHKUMACH GYJICHH.

1°. Taxcumom ¢pyurkyuacu F (x) yuyn ywby mynocabam ypuraw
Gijradu:

O<F (@<l (24.3)

By Xocca TakCHMOT (DYHKUMSCH TabpuHAaH XaMmAa XOAHuca 3IXTH-
sosmuuir 0 Onian | opacuaa Gyauimaan GeBocHTa Kean® YnKaiu:
F@x) =P {E<x) ;
S =20<F ()< 1.
0<P(i<n) =] )
2°. Takcusom ¢yuxyuscu F (x) geyeuu ¢yuxyus Gijradu.
HUc6or. UxTnépuit nkkura X, Ba X, cound ovaimk. By coumap

yuyn x, < Xy 6Yiacun:
Paswankn, {&€<<x,} xomucacn {E<x;} Ba {x <E&<x,} Xoaucanap
HHFHHJIHCHTA TEHT:

{E<x} — [E<x U <E< ).
K{umi Teopemacura acocan
PE<x}=P{E<x}+P{xn<i<x) (24.9)
Mawbaymgn, P {E<x} = F (%), P E<x,| =F (v)). Yuna (24.4)
MyHocabaTian
Fi{x)=Fi(x)+P {5} (24.5)
GyaniH Keanb yukaad.

Arap P |x, <E<x,| =0 sxananriun 3bTHOOpPra oOJICak, yHjaa cyHr-
ru tenrauknan F (xp) = F (x,) 6Vanmumnn Tonamus. Jlemak,
X Xiy Koy X Xg=>F (%)< F ().
By 3ca takcumor ¢yukuust F (X) HHHr YeyBuH SKaHHHH GHIIIMPANH.
24.1-uaruxka. TaccOupuil Mukdoprune [X,; X,) OparUKKa My
IXMUMOAU
P {x, <E<x}=F (x)—F (xy)
6ijaadu.
By Tenrauk tokopuaaru (24.5) mynocabGariaan keqm6 uukagu. Tak-
CHMOT (pYHKUMSCHHHHT HaBOATAArH XOccaJapuii MCOOTCH3 KeJTHDAMH3.
3° Aeap I (x) maxcumom ¢pyuryuscu 6iaca, y xo0a0a
lim F(x)=1, lim F (x)=0
x—»+z X—b—ip
6yaadu.
4°. Aeap x, Hykma & macoougpui MuxKOOpHUHZ MaKCUMOmM QYHK=
yuscu F (x) Hune ysayxcusaux Hygmacu Gyaca, y xoroa
Plt=x}=0
6ijaub,
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Py <E<x) =P {n<Ei<x),
P <E<x) =F (x)—F (x)) (24.6)
6yradu.

OHAH y3TYKCH3 TacoAudHil MHKIOPHHHT TaKCHMMOT)(DYHKIMsACH GHIan
GOFAHK GY/IraH 3XTHMOJI 3HYJIHTH TYLIYHYACHHH KEJTHPaMH3.

Arap & racoaudmuit MukaopuuHr Takeumor dynkiuach F (x) "andpe-
penunasnanyBun GpyHkuus Oy/ca, YHHHr XOCHIACH Tacomuduii MHKAOp-
HHHT 3XTHMOJ 3H4jurd  (audxpepenuuan ¢ysxkumuscu) aeé aranaiu Ba
p (x) Kabu OGenrunanaju:

P (x) =F"(x). (24.7)

SuaH p (x) HHAD XOCCAJAPHHH KEJTHPaMM3:

1°. % x yayn p (x) >0 6§aud,

Plx<E<x}={ p(x dx
Xy
6yjradu.
Hc6or. Tavpudra kypa

p)=F @

6ynamu. F (x) takcumor ynknmsicn yeyBuu (YHKUMS OV/rauaurd ca-
Ga6su
F(x)=0
6ynaau. Jlemak, p (x) = 0.
I0xopuzary (24.6) xamna Huioron—/JleiiGuiin (opmy.iacuaan doiinas
Jianub TOnaMHs:

P{u<E<x)=F () —F (x) F(n)—F ()= F () de=>
Xy
=P (5, <E< x| = 3 F' (x) dx=>P {x, < E< %} =j p (x) dx.
2°. Aeap p (x) macodugpuit muxOoprune sxmuson 3uauzu Giaca,
y xo010a

o
\ p(x)dx = |

e -

Gyjradu.
Hc6or. Xocmac uHTerpan tabpupura Kypa
4o u
{ p@de=lim {p () d (24.8)
U—s+R
=00 v—s—o Y

Gyanu.
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| Arap 3
Sp(x) dx =F (u)—F (0)

Xampa lim F (u)=1, lim F (v)=0 G6yammumnn 3sTHOOpPra OJCaK,

U—rton U=>—on

yHja (24 8) MyHocabaraan

‘ punu—nm Spuun_nm[Fwy—F@n=
+ o

U—s-te0
r—y v—s—0
= lim F(u)—lnm Fvy=1—0=1
U420
Oyauim Keanb unkazd. Jlemax,
+®
prM=L

_—

3°. Aeap macodugpuii muxdopruue maxcumom Gyukyuscuw F (x),
axmumon audaueu sca p (x) byaca, y xorda

F={p@d

byjaadu.
Hco6or. Xocmac HHTErpasn Tabpupmura Kypa
X x
jpmwxmgpmw
— Vb, 6

6yaaan. HOkopuaa ucbor sruaran 1°-Xoccanan oiizananu6,
SPUMﬂ=FQ%—FM
v

GyanmMud Tonamus. Jlemak,
X

S p (f) di = lim xp(t)dt=]im [F (x) —F (v)] =

Vet — Usb—cp
= “ o

=F (x)—lim F (v).
V——d—rp
Arap lim F (v) = 0 Gyamumnu swTuGopra ofcak, y Xoaaa
U—p—sp
X

jp@ﬂ:Fm (24.9)

ra sra Gyaamus. By sca 3° xoccann ucGotsaiinu. By Xocca Tacomudmuit
MHKIOP TaKCHMOT (DYHKIHSICH OHJIaH YHHHD SXTHMOJ SHYJIHIH OpacH-
Jari OOFJIaHHIUHKH Hpodaiai H.



M ucoun. Taconuduit MHKIOPHHHT 3XTHMOJI 3MUIHTH
1
X)) =
Pre==y Ty
Gyaca, wy Tacoauduil MHKJAOPHHHT TaKCHMOT (DYHKUMSACH TOMHJICHH.
Eunm. IOkopnaa kenrtupuaran (24.9) ¢opmynanan doiaananié ro-
namu3:

X X l l o
= ) dt — d B
F (x) Y p(t) d s‘ =y dt = — arclgt [

j) - arctgy 4 —l.
kd 2

5-§. Tekuc TakcHMOT

Bupop & Tacomuduit Mukaop Gepuaran Gyacuu. Arap Gy Tacoaudmit
MHEKJAOPHHHT p (X) 3XTHMOJ 3udaurd Oupop opaaukia Varapmac ¢yHk-
una 6yaub, opanMkiaH Taiukaphia sca noara tenr Gyaca, y Xosaja Ta-
conduit MUKAOpP 11y OpajIHKAa MEKUC MAaKcumaaHean jeh atananm.

Jemak, & tacoaudiii MHKIOP TeKHC TakCHMaaHran OVica, YHHHD
3XTHMOJ 3HYJHIH

) 5 : —, arap a<x<b 6yaca,
p&)=40—
0, arzp x<a Ba x> b 6yaca,

6yaamu (145- unama).
XaKuKaraH Xam,

};wp (x) dx = f p(x) dx 4 (: p (x) dx+ -j{:“p (x) dx = f 0-dx +
o b -

—w - & ®

¢ T 1 P !
+§ — d.{-l-; O-dx=b—_—;~x ] - (b—a) =1
a

6y/1u6, yHAaH [OKOpHaard 2°- XoccanuHr VpHHIH OYJIHIIH KeInO 4uKam.
Arap a< x< b 6Yaca, y xonia

F (x)=§ P (x) dx—:_s‘3 p (%) dx—i—fp(x) dx ==

OynanH.



b ,

laArap x>b 6yaca, y xonma F (x) =.f p (x) dy= f p (x) dx +

b X a x
+§p(x) dx+§p(x) dx=j O-dx-{-j‘ﬁdx-{-JO-dx:

—x

(b—a)=1

6ynaan.
[ynpait Kuamb, 10OKOpHAarn TeKHC TaKCHMJAHraH Tacoiupuii MHK-
JNOPHUHT TAKCHMOT (DYHKILHSACH

] 0, arap x<a 6yaca,

F(x)=12==, arap a< x< b Gyca,
-

l I, arap x>0 6y.ica
Gyaaau. Yuunr rpapurn 146- unsmana TacBupaavran.
6-§. Hopmaa rtakcumor

Arap § y3nykcus TacoAupuii MHKAOPHHHT 3XTHMOJ 3HYaurH p (X)
yuby
(x—a)*
2.0t

p (x) = (24.10y

0V2n

KypuHuiaa 6yaca (6ynaa a Ba o yarapmac conaap, ¢ >0), y xonja
Tacoqunit MHKIOP Hopmar maxcumaanear jaed atajiaam.
Oparpa Kyinaaru

¢ (x) = (24.11)

1
— €
V2:t
Gearunamt xuputuaaad. By Gearunaur épaavuja tacoaudmii MHKAOPHHHD
IXTHMOJI 3HYJIHTH YOy
X—a
p(x)=— (p( )
KYpHHHIIAA €3W1a]H.

(24.11) popmyaana keatnpuaran ¢ (x) GyHKIUMAHHHT KHiMaT/IapH XKajl-
Ba/aapu Tyawiran (kutol oXWpuaarn wiosara Kapavsicun). By (yHKmus-
HuHr rpadurn 147-ynsmana Taceupaanran.

Ui I0KOPHAArH HOPMaJa KOHYH Oujan TakcHMJiaHrad Tacoauduil

MHKJOPHHHT TAKCHMOT (DYHKIHMACHHH Tomamu3. DyHHHT yuyH KyHHAar#
Ge/Irnsialiig KHAaMH3:

O(x) = f Q) dt . (24.12)
20—2678 305.



L8

Papmianky, @ (x) dysxuus ¢ (x) ra Gorank Gyaagm. (24.12) myHoca-
Oar Gunan amukganrad @ (x) ¢yHKUMA Ky#AuJard Xoccajapra sra G6y-

naju.
1) @ (x) dyskuust ToK pyukuusa 6yaagm: @ (—x) = — @ (x).
X
Xakukatan XaMm, tabpupra kypa @ (— x) =j' @ (f) dt 6Vnamu. By
0

HHTErpajja { = — Y aAMAlITHPHIL KHpHTAMH3. Y HAa
—X X X
[o@d={o(—nd—y=—[o(—yndy=—0(
0 0 0
G6ynamu. Arap ¢ (—y) =@ (y) 6Vamwmay svTrGopra oJcak, yHaa
—_ X

foe®d=—[o@dy
0 0
6ympnn Tonamus. Harwkana

®(—0)=—{0@d=— .
0

2. Ywlby jaumut MyHocabar ypuHian 6yaanm:
lim @ (x) =~

X—»-t b4

XakuKaran XaM, ' i
lim @ (x)=lim (@) di= f @ (f) dif =
Xt —‘-'-"i‘ané 0
+o

IOkopuna afirunranaapaan Goigananus, HOPMasa TakcHMJaHrad Ta-
COAMDHI MHUKIOPHHHT TAKCHMOT (DYHKUHACHHH TONAMM3:

F(x)—-:jf p(x)dx_——f—(l’-rp (1:—a)dx=

X xX—a

=j° rp(t)dt-——f0 ‘p(t)dt+jo v maz=g§”m (0 dt +
— s 0 -

ro (552)- o (52),
a 2 o
[lynpait Kuanb, Hopmasn KOHyH OYAHYA TaKcHM/aHran TacoAupuit
MHKJIOPHHHT TAaKCHMOT (hYHKIIHACH
F (x) - +®(X—-n)

g

6yanu.
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\ XXV BOB. TACOAWGHA MHKIAOPHHHT COHJIH
XAPAKTEPHCTHKAJIAPH

Tacoanpuit MHKIOP TAKCHMOT KOHYHHHWHT GEPHJIHILM 1y TacoAH(Hi
MHKJIOp XaKuia TYJMK Mabaymor Gepaan. AMMmo Gabau XoJuiapaa Taco-
AndHit MAKAOP TYFPHCHAA afipHM, HHFMa MabJyMOT/JIapHH GHJIHMIL JI03HM
G6ysnanu. Bynna Ttacoauduii MHKJIOPHHHT COHJM XapaKTepHCTHKasJapH —
TaCOAM(HI MHKAOPHHHI MaTeMaTHK KYTHJHMIUH Ba JHCNEPCHSICH TYIIyH-
yajapH MyxuMm pou Vitnaiiau. Bus xy#uaa wy tymynyanap Guiax taHu-
ILaMH3.

1-§. TacopHdmii MUKJIOPHHHI MaTeMaTHK

KY THJIHLIH

Bupop & anckper Tacoaudpmuit Mukaop Oepuiran GYamb, y X, X, . . .,
X, KHAMATJapHiH MOC PaBHIIAA Py, Pg, - - - .y P, IXTHMO/LIAP OWiIaH Ka-
6yl KWJICHH:

24.1-tavpud. Yuby
n
P+ Xape+ ... +xp, = 2 X, P
k=1
fimpunan & auckper macodugpul. mukOopHuHe samemamuxk Kymuauuil
ne6 aranaaun Ba M E kabu Oesrumnanajm:

Mgé_tlpl+x.gpz+...+.vnﬂ =kapk. (25.1)

Jlemak, AucCKpeT TacOAM(HHA MHKAOPHHHT MaTeMaTHK KYTHHIIM Oy
TacoAM(pMit MHUKAOPHUHT Kabys KWIHIIM MyMKHH GViraH Gapya Kuiimar-
JIApHHK YJAPHHAD MOC 3XTHMOJJIApHra KynaHTManapy HHFHHAHCHAAH HO0-
par.

Tacoauduit MHKIOP MaTeMAaTHK KYTHANIIMHHHT MabHOCHHH aHIJIALl
yuyH GurTa MacajaHH KapanMus.

®apa3 Kunaiauk, n Ta Taxpuba Vrkasuaran 6yanG, 6ynma § Taco-
JHPHA MHKAOP Xy, Xg, . . ., X, KHHMAT/IApHH MOC paBMILAA m,, My, . .
m, Maprajan Kabya kuarad OyJicud. Papwaunxw, m,+mg+ . . . +m,=n.

Kapanaérran & tacopudpuit Mukaop Kabysn KuiraH KuiiMaTJapHHHHT
ypra apudmeTnk KuiimMati (yuu x Ouian Gesiruaailjink)

XMy - XM == . . . - Xpmtp

n
ra teur OVuamu. By MuKaopuu Kyiiuaaruua €3um MyMKHH:

XMy - Xafig <. . . == xpmip my

X =

s mny <
— .\1' p— +.\2
n

mp
e S .
n n n

m;
Arap — (i=1, 2, ..., k) mt {E=x;| xoaucanmir mucGuii yacro-
n
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CRURETRAAE 70 s T 5 (RaB7_0 2 1 A ) S WISHR iy o
tacu W, skanunu Xamja Oy nucGuit wactora {§ = x;| Xoaucacuuuur 95;-
THMOJH pi {PE=x}=p) poet Ak (apK Kumimnn (W’i & p;) 3bTH
Gopra oacak, yHjaa

x=xl-%+x,%+. e % oWy + Wy +. .. +x,W, =
=Xp+ XPp+ .. .4 x,p, = ME

9KaHWHU Tomamus. Jlemak, x = ME.

By mynocabar § racomuduii MHKJIODHUHT MaTeMATHK KYTH/MIIN 11y
TacOAMpHA MHUKIOp Kys3ariaa€rran KuiiMaT/apuuuir ypra apudMeTHK
KuiMarnra Taxgpu6au TEHI 3KAHHHH Kypcara:m (mymmr yuyn Xam M§E
HH KymuHYa § Tacoauduit MUK IOPHHET Jpmava Kudmsami 16 10pUTHAAH).

Muconnap. 1. bunomuan KouyH GHTaH TaKCHMJIAHTAH TacoAuduit
MHKAOPHHHI MATEMATHK KYTHJIHIIH TOMUICHH.

Euum. By xonma, mawvaymxu, § auckper rtacogudmit muxaop 0, 1,
2, ... k, ..., n KHAMATIaPHH MOC paBHLLA

Cop(l—p)™ Cop(l—p)" Y, ..., CEpE(l—pp=F ...,
Gt (l—p) Cop® (1—p)
sxTHMO/IIAp Guian KalyJs1 Kuaaum.
E auckper TacoqudMit MHKIOPHHHT MATEMAaTHK KYTH/HIIM TabpHpra
OHHO2H
ME=0-Cpy (1 —p)"°+1-Cop (1 —p)" 2 +4...+
+kCkpE (1 —p)"* 4. ..+ nCp" (1 —p)"" =

n n
: i —k
= N kCip* (1 —p)"~* = ¥ kChP* (1 —p)"
k=0 k=|
G6yaanu.
Auau 6y TEHrVMKHHHT YHr TOMOHHAArH HHFHHAHHM XucoGaaiiMH3.
n

Eka k p)""'k 2 k! (n—k)! p (I— )"—k:

k=1

o Y np (n—1)! k_l —\—k
E(k—-l)' (n—k)! p (1—p) E(k D! (n— /~)! (1=7)

o '_‘1 (n—-l)'
“"”L(k—w n—sy ”

(25.2) Tenramkaa £ —1 Hu m Gunan anvawTHpamus. YHAa

! (1l =p)*™, (25.2)

n

(n—1)! k=lcy _ \n—k
X(k—l)! (n—k)! p—(1=p)
R=

FMFMHAH Ky#fuzard KYPHHUILTA KeJalu:
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(n—1)! k=1 n—k
E(k—n'(n U

o ﬂ (n—1)! m 1 __pyn—l—m __
o ’._gm! (n—m--1)! P (1=p)
= 1 1 1
=Y CL g (A —p) " =+ (1= p) =1""=1 253)
m=0

(25.2) Ba (25.3) mynocaGataapaan 2 KCS pk (1 —p)"_k = n-p 6y~
k=1
Hy Tonammn3. Harwxkana

ME = VkC,,p(l p)" = np
=

Keand 4MKauu.
Jlemak, OnHOMMAJ KOHYH OWJlaH TaKCHMJIaHTaH § JUCKPeT TacoAnbHiH
MHKJIOPHHHIY MaTeMAaTHK KyTHJlHUXH

ME=np

ra Tenr GyJsanu.
2. Ilyaccon KOHyHH 6yuma TAKCHMJIaHTaH Tacoaupuit MHKJIOPHHUHT
MaTeMaTHK KYTHJMILIH TOMWJICHH.
Eunm. By Xonpa, Mabaymkn, E, 'raconmpun mugzaop 0, 1, 2,
— y (e
M, ... KHiMATGDHR MOC PaBHUIIA —— € e & e Ma—E L :-»g—
n:
THMOJIIAp OHan KaGya KHJaiH. Maremaﬂm KYTHIHII Tabpudura Kypa
2] =% = AR
ME-—O(Fe A—}-lﬂ e ,—}‘2—)'— e ’++n-—'e R"]"
£ n.

Gysaau. YHu Kyhuaaruya

2 ok ; % k . k—
Mg - 1 k'—A— e—l. —'—"L’—}' ‘ _}-__ - e—l.;"' A‘ 1
24 k! ;4] (k— 1)! kzl (b — 1)

k=1
€3u6 onamu3. Karopsap Hasapusicuan, MabJayMKH,
Y Ak R
(k—1)!
k=]
Harmkana
~ e N Akt o
E= = et =M\ 25.4
3 pIrary (25.4)
6y n1au.
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OHAH Y3IYKCH3 TAcOAMpHI MHKIODHHHT MATEMATHK KyTWJHIUH Ty-
IyHyacH OMJIaH TaHHLIAMHS.

@apas KumaitamK, § y3nykcu3s tacofupuii MHKIOPHHHT 3XTHMON 3HY-
Juru p (x) 6yacun.

25.1-tabpud. Ywby

+ o
ME= { xp (x) dx (25.5)

=

MUKIOP & Y3/IyKCH3 TAcOAM DUt MUKAOPAMHr MareMartdx KyTtuauws M
neb arananu

Jlemak, y3iykcu3 TacoAMbHH MHKAOPHHHI MATEMATHK KYTHIHIIH MaB-
KyA 6yammm yuyn (25.5) Xocmac uurerpan abcooT sIKHHAAUIYBYH G-
JIMIIH Kepak.

Mucoaaap. 1. Tekuc TaKcumnaurad TacoAMpHI MHKAOPHMHI Ma-
TEeMAaTHK KYTHIHLIH TOMHJICHH.

Eunw. Tekuc Ttakcumaawran & racomuduil MHKAOPHHHT 3XTHMOJ

auuurd  udoaacuuu (5-§ ra kapaHr) MaTeMaTHK KyTHJaaul udogacu

+x
ME = ‘ xp (x) dx ra KVim6, Xucodaaimus:

+o a b )
ME= | xp(0dx= | xp(¥)dx+ | xp(x)dx+ | xp(x)dx =
—= > a b
a _.b | += "b
= Sx < 0-dx + j b_axd.\'-,— 5 x-0-de= b_a‘! xdx =
o - a b a
=l ﬁb:._l_(bz_ag)zb-l-a
b—a?2la 2(b—a) 2

Jlemak, TeKuc TakcHMJiaHraH § Ttacoguduit MHKIOPHHHT MaTeMaTHK
at-b

Kyt M = o

2. Hopman KonyH OYiiHua TakcHMIaHral TacoAHpHH MHKIOPHHHT
MATEMATHK KYTWIHUIH TOMHJICHH.

Euum. Hopvan kouyn Gyitwua Ttakcumianrad & Ttacoauduit Muk-
JOPHHHT 3XTHMOJ 3uusuri uhoAacuuu (6- § ra Kapaur) MareMaTHK Ky-
TH/HL udogacura KViicak,

+ o

ME = j‘ X %—(p(x—a)dx

g

-~ ~ '—a
Oyyann. Juau Oy uurerpajsnu Xucobmaimus. ¢ = 50— anaMatutipui Ga-

| JKapamus.
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[ j.x.l.q;
g

("';‘)dx= f @t +a)ot)dt = ( oto@)dt+
B +o - +e 'E:ao_
+ [ apdt=o | toWdt+a| o)ar.
Jlemak,
ME=o ?mt(p Odt+al ¢)d.
Arap
+o 1 + _t_: +o | + —'2-’_
an(z)dt :‘,_E_J: e Ydt =1, —ittp(t)dt= = E e % df=

i

0 —_ e
1 2 g
= — te °dt te—tldt | =
ta =5 by =
1 K e e Ty
= —_——| — te = dt fe ~dl|= 0
¥ Qn[ 0\ ki 68 ]
Gyauuunn  3bTHOOpra oncak, yupa ME=o0-0-4a-1=a GyMmmHHR
TONMAMH3,

[lynnait kum6, nopman Kouyn Oyitnua TakcnMaanran § tacomudmit
MHKJOPHHHI MareMatHk KyTuauum ME =a GYaanm.

Xyaoca KuanG Gynjait aiiTuin MyMKHH: TacOAuguii MHUKAODHHHT Ma-
TEMaTHK KYTHJIHLIM LIyHAall coHnM udoaanaiauku, Gy con Tacomudui
MHKJIOp KHHMaTJiapunuur ypra apu¢mernrn 6§au0, yHunr atpopuia Ta-
coanduit MHKIOPHMHr KaGyJ KuJWIIH MyMKWH GVyaran KuiMaT/iapH
ouaauran GyJianu.

Ouan Tacomndmit MMKAOP MaTeMaTHK KYTWIHIUIMHWHT XOCCaJapHHH
KeJITHpamus:

1°. Aeap C gseapmac con Gyaca, MC = C Gijaadu.

2°. & macoduguit mukdop, C — jseapmac con 6Gjaca, y xoada
M (CE) = CME 6yaradu.

3°. & Ba m macodugpuii muxdopaap Gepurean OyaACuH.

YHoa
ME = 1) = ME = My
Oyaradu.
4°. Aeap a 6a b gaeapmac comaap Gyaca, y xoada
| M (a§ +b) = aME + b
Gyradu.

5% Aeap & ea w ysapo Goraux Ggavacan macodugpud muxdopaap

6yaca, y xoada
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M(Em) = ME-My

6jjaadu.

OHAH KeJATHPHATAaH XoccanapiaH afpPHMJIaPHHHHT MCOOTHHH KeJaTHpa-
MH3:
2°- xoccaunur wucborn. & Tacomuduit MHKAOPHHUHT Kalya Kujaau-
rai KHiMatiapu x;, X,, ..., X, Ba VJ4DHHHI SXTHMOJJIApPH MOC pa-
BHIAA Py, Poy - .., P, OVaCHH. Y xoama CE racomuduii MHUKJIOPHHHT
Kabya kunaauran KuiiMataapu Cx, Cx,, ..., Cx, Ba CE wuuur mym-
KHH Oyaras KuiiMaTJapuiuHr SXTHMO/MVIApH § HHHI MyMKuH OyJiraH Te-
PHIDIH  KHAMATJIAPHHUHT SXTHMOJIAPHra TEHIVIMMHHK XucoOra oJIcak,
CE HUHT TAKCHMOT KOHYHH Ky#ularuya GY.iaau:

ce Cx, Cxs l Cx

p Py P2 } Pn

MareMaTHK KYTHAHIIHHHT TabpHdHra kypa
M(CE) =Cx;:P; +Cxy:Py,+ ... +Cx P, =
=C(xPy+ %P+ ... +xP)=CME

nn

6ynamu. Jlemak, M (CE) = CME 6yaun6, 2°- xocca ncbor Gyaau.

3°-xoccanuur ucb6oru. § Ba 1) TacOAHpHIT MHKAOPJAPHHHT TaK-
CHMOT KOHyHJapit Gepuiran GYJacHH (COANAMMK y4yH yJap HKKHTalaH
KHiMaTiap KabyJ/1 KWICHH):

£
S Xy

X2 n i , Y2

P2 . q 91

Plpl

§ 4 m Tacoauduit MUKAOPHHHT Kalys KwJiagurad KuiMaTJapuiu Ty-
samu3. § HHHr KaOy/a Kuiaauran KuiMartJapuid 1) HHHC KaGyJa Kiiaiu-
rai KuitMataapura gyum6, § -0 tacogupmit MuKIOPHMHr KabyJa Kuia-
Jurad Ku#MaT/apu

X+, XtYs XY Xat Y

HH XOCHJT KHJIaMH3. YJIapHUHT 3XTHMOJWIADHHH MOC PaBHILAA Py, Pias
Paiy Pas Kabu OesiTHNACAK, MATEMATHK KYTHIHIIHHHT Tabpudura acocad

M E + ) = (x, + 4) pu + (%, F Ya) pra + (X3 = 41) pay + (X2 + Ys) Pag

6ynanu. Arap pyy -+ pie= P Part Pae=Pa Put P =G Pat
-+ Pos = @ SKAHINUTHHH XHCOOra OJICaK,

M E + ) = %, (pry + Pro) + X2 (P21 + Paa) + 41 (P11 + Par) +
+ Yo (Prg + Pag) = (x1py + Xopy) + (1191 + Yago).
Bynaan sca
M(E+n) =M§ 4+ My
SKAHJMCH XOCHJa GyJraju.
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L(ﬁ—n)=M§—Mﬂ HM XaM Xyaau my #iya Guaan wcGoraatm
MYMKHH

£-xoccanuur uc6oTn 1° — 3°- xocccanapaan kenub UMK a JH.
Xakukatan XaM,
M (a + b) = M (ak) + M (b) = aME + b.

5-xoccaHuHTr HCOOTHHY KeaTupuuda Ou3 Kyiduzard MyJaoxa-
sajad oiitatanavus: § Ba v ¥3apo Go=muK Gyamaran Taconudpuit MHK-
JopaapHuHr Kynaitrmacu ne0, mryuaaii §-n Tacoiuduit Mukaopra aiTa-
MH3KH, YHHHD MYMKHH OV/raH KuitMatiapu § HHHr MyMKuH Oyarad Xap
OGHp KUIMATHHH 1) HHHr MYMKHH Oyjarad xap Oup KuiimMatdra kynafrti-
pHJIraHura Teur, &§-1 KYnmauTMaHuHr MyMKuH GyJraH KuiiMaTsIapHHAHT
SXTHMOJLTAPH KYNaiTyBYNIAPHHHT MyMKHH Oy/Irad KuiMATIapHHUHT 3XTH-
Moasapi KymaifitMacura TeHr. Y xoaaa §-n KVmaiiTMAHHHC TaKCHMOT
KOHYHH Ky#naarnya GV.aaau:

‘ E-m X1t Xoly ’ X142 Xalfa

P Py Psfy | P192 Pafa

MaremaTHK KyTHAHIIHHAT TabpHdura Kypa
ME-m) = X9, P1y + XUy oGy + X1l Prqa + XalYa - Pafa =
= U1y (X, Py + XoPg) -+ Yoo (X1, + Xopp) =
= (X105 + XaPa) (4191 + Yaga) = ME-Mn).
Hemak, M (§-m) = ME-Mn.

2-§. Tacopuuit MHKIOPHHHT JAHCNEPCHSCH

Taconuduii MHKAOPHHHT  AMCTIEPSHACH YHHHT KaOyJl KHIHUIA MyM-
KHH GYaran KuiMariapuuuar ypraua KHAMAT arpopuia  TapKOK/IAHHUI
(eynsni) JlaparkacHHH XapakTepJioBuH COH GV.1alM.

£ tacopudmit Mukaop Gepuiaran GV/CHH.

25.3-tabvpud. M(E—ME? mugiop & Taconuduit MHUKIOPHHHP
Qucnepcuscu 1e6 atanaan Ba D3 xabu GearuiaHaiu:

D = M[E—ME)P.
IOxopuaa kearnpuaran Tacomuduil MUKIOPHHHT MATEMATHK KYTHAHUIA=
HHUHI Xoccanapuian ¢oitfananud, DI yuyH Gomka uhoaa Tonamus:
Dt = M[E— M@ = M[E—28M @ + (M@ = ME)—
—2M @M §) + (M) =M (E°) —2(M (§))* + (M (§))® =
= M(E)— (M @)

Dt — ME® — (ME). (25.6)

Mucoanap. 1. bunovuan kouyn OyiiMya TakKcHM/IaHraH TacoqH-
it MHKZOPHHHT JHCIEPCHSICH TOMHJICHH.

Jlemar,

313



TATE R AN A e T B S TR T

Egum. Mabaymkn, Gy 'raco.undmﬁ MHKI0p 0 1, 2, S nguﬁ-
MaTiapHd  MOC  paBHIIja C p° (1 — p)»=o, C p(l— )"—’ Th T 0N
C; p* (1 — p)*—" sxtumonnap Gunan KaGysn KuJajd, YHHHT MaTeMaTik

Kytusmmm ME = np.
IOKopuaarn (25. 6) ¢dopmyaagan oitnanannin Makcaguga ME® nm
Tonamus. Tabpudra xypa

ME = ©C,p* (1—pyr—
=0

Gynaau. By TenrmmknMur YHr TOMOHMJArin AHFMHAMHH XHCOGJANMU3:

n!

n n
2 _ 2k gk (1 —py—* = N £2. n—k__
3 E)k " PE(1—p) 2 F ma g
= it i)}
. nin—1) .pk=1. pn—l—(k=1) _
Ew—uun—l—(k—mspp 9
k=1
Y [(k— D)+ 1] (n— 1)
Wl = n— ! o5 o o e B [V
npkzl(k—l)!l(n-—l)—(k-l)]! P—q

n
(k—" Din—1)(n— ay k=2, an—2— (k—2)
=n =

pkE(k—l)!~[(n—2,)—(k ‘2)]'p Pq =

n
(a1 k=1, gn—l— (k—1) —
n . . —
+ p;(k~l)!|m—n—(fc_1,\g P

=n(—1)p*(p+qr=2+np(p+ g =
= n*p*—np*-+np = np (1 — p) + n*p?,
(ayskn (p+q)"2 =1, (p+g"~' = 1.
Hemax,
ME? = np (1 — p) + n*p?.
(25.6) mynocabarnan (oiigananud Tonamus:
DE = ME*— (ME)* = np (1 —p) +n’p* — (np)* = np (1 — p).

-

Jemak, GHHOMHA/ KOHYH OWJIaH TAKCHMJaHran § TacoAuduii MHKIOP-
HHHT JIHCTIEPCHSICH

Dg =np(1—p)

Gyanany.
2. IMyaccon Konynu Gyiinua TakcHMJaHraH § Tacoau(uil MHKAOPHHHT
JHMCTIEPCUSICH TOINHJICHH.
E gnm. Mavaymku, Gynjait Tacoiudui MHKAOPHHHI MaTteMaThk Ky-
TH/IHLLHA
Mg=A
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ra teHr. £ Tacoaupuil MHKAODHHHI MATEMATHK KYTHJIMIUHHH TONAMH3:

M§2=2k8£e—1=2k M e —e—h.) M .(k—
k! ' (k—1)! (k—1)!

k=0 k=1

1 )= le—’-[kz(“—. ‘j(: ‘_- ret (hek + et ) =

=A(A41)=2A>+A.
(25.6) dopmynara Gutoan

DE = ME* — (ME)* =M+ A —A2=A

Gynanu.

Jlemak, ITyaccon koHynu OViimua Takcumiauradn § tacoaubpmit MuK-
JOpHUHT aucnepcusick D = A ra TeHr.

Aiiraitink, § ysaykcus Tacoaubmit MHKAOP, p(x) 3ca YHHHT SXTH-
MOJl 3HYJIHTH GYJICHH.

25.4-tabvpud. Yuby

Dg = ( (x—ME)* p(x)dx (25.7)

o

MuKA0p & Tacomuduit MHKIOPHHHT AMCHepcHsicH Ae6 aranand.
by mpo,uami OolKaya Xam €3MIl MYMKHH:

Dt = 5(x—M5)p<r)dx j(v-—2\M§+(Ma>p(x)dx—

@

+
Sx (r)dx—?Mgf .xp (x) dx + (ME)? g p(x)dx——

- +o
S p(x)dx — 2(ME)* + (ME)* = j xX*p(x)dx — (ME)*.

-

Jlemaxk,

+w
5 X2 p (x) dx — (ME)®. (25.8)

-0

Kyn xonnapaa & racoaudmit MUKAOPHHHT AucnepcHsicuHn (25.8) dopmy-
Jia épaamMHaa TOIMHJIANM.
Mucoua. Hopman kouyn G6VitMua takcumaanran § rtacoguduit Mux-
JIOPHHHT JMCTEPCHACH TOIMHJICHH.
Euunm. By racomuduit Mukaopuunr aucrnepeuscuuu (25.8) dopmyaa
épramina ronamus. Pasmankun, 6y Xosaa
(x—a)*

x—a) 1 20t

= — €
0y 2n

px) = ——m(
6yaué, ME = a ra renr Gyaaau.
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(25.8) dopmy-iara kypa
+o : < 1 “+ = -
D = 5 X2 p (x)dx— (ME) =0'/,§; ;L xte dx— a*

_(x—a)*

By renrsmknaarn mn‘erpa.:mu \nco6.nam YYyH aBBAJO Y3rapyeuumnu Kyiu-
Jaruua aJMairTHpaMus; { — —o— Yuna x =ot +a, dx = odf 6y 6,

(x—-a)' i [ o

e iy Lo =T
5 x’e 2 dr—j (ct-}—a) 'odt:of(ot-l-a)'le “dif =
+ _g R o —{.’
__a“-ft- ‘dt—r?oaj te *dt +oa® \ e *dt =
+e =B : +x £
= 5 fe *di42u0*0 +a V2 =0 | e “di+a0) 2
(25.9)
6ynamu. Kefiuurn unrerpanun 6ynaknab uHTerpaniaimus:
2 o s 2
St-e fdt=—te *| +[e Pdt =y 2x. (25.10)

Hlynaait kuauG, (25.9) Ba (25.10) myHocabataapra Kypa

g (x—a)* (4
l ‘T:’.:r. a9 - 20% ) 1 T a —L;- 2 o
iNE. = _5 xXe dx —a? — (0® ( t*e °di+a*oy 27)—
-y 2n [ gy 2 g
Bt (©*V2a+V2na%0)—a* =0 +a*—a® = ¢
oy .2:1
6yann.

Jlemak, Hopman KOHYH OYifhua TaKcHMJanran ¢ Tacoandumit MHKIOp-
HHHT Aucnepeusich DE = ¢* ra tenr Gyaauu.

OHAH TACOAMPHH MHKOP AHCMIEPCHACHHHHT XOCCANAPHHH KEJATHPAMH3.

1°. Aeap C yseapmac con Gyaca, D (C) = 0 6jaaou.

R macoaw;bud Mmuxdop, C gseapmac con Ojaca, y xoada

D (Ct) =C*D ({-,) Oyaadu.
3°. Aeap § ea n ysapo OGoraux Giyamaear macodugput muxdopaap

6yaca, y xor0a
D (§ + 1) = DE + Dy

Gyaadu.
4°. Aeap a 6a b yaeapmac conaap Gijaca, y xorda

D (a& + b) = a*D5
6yjradu.
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: 3-§. IXTHMOIAD HA3APHSICHHHHT JHMHT TeopeMajapu

bu3 sxTHMOAsIAD HA3APHACHHMHT  ACOCHIT  TYIIYHYACH — TACOAHDMH
MHKAOp Guaan Tanuiank. Mabaymku, racoauduii  MHKZOPHHHT KaGy.
KHJIAQurain KHiiMaTHHA aBBaijad aitib Oyamaiian. Yynku Oy KuitMaTHM
Kabys1 KMaMIl ounjaH aiitu6 GyamMaiiiuran Typau Ttacoaudmit Xonar-
aapra Gorauk. Afinu naiitaa erapimua kynm  Tacoandmit  MHKAOpAAp
AHFHEHCH TaCOAUUMIIMK  XycycHaTHHH HYKOTHO, Yy MabJayM Aapaxajaa
yarapmac 6Vammn Xonarura yra Gopaau. Kyiimza wry Xosnathu ypraua-
mu3. Bydaa tacoiugpuit MHKJAOPHHHT MateMaTHK KYyTHJMIOH Ba JiHCHep-
CHSACH MYXHM pOJb ViiHaizu.

YeO6umen TeHTrcH3AHTH. MabayMkH, TACOAH(DHI MHUKIOPHHHT
MaTeMaTHK KYTHIMIM V3arapmac con 6yaanu. Tacoandpmuii MHKAOPHMHT Ka-
OyJ1 KH/IHI MYMKHH GyaraH KHiMATJApDHHH YHHHT MATEMAaTHK KyTHJH=
i arpoduaa OVaMIM JapakacHHH KViluJard TeopeMa KypcaTaud.

Teopema. Yexau ducnepcusza sea Gyrcan uxmuépud macodugpud
mukdop ea uxmuépud mycbam e cOn ydyn Yuby mMEHeCUSAUK (JpUHAL
Gyradu:

P{lE—Mz|>e| <.

o

Hcoor. By Teopemann & — y3aykceua Tacoampmii MUKAOp OVJran
X041 yuyn wucGoruaiivms. Adraimk, & yanykews Ttacoaudmuit Mukaop,
p(X) 3ca YHHHT 3XTHMOJ 3HYJHCH OYJICHH.

Paswanku, {|&—ME|>¢} U {|E—ME|<e} mykappap xoauca
Gynanm. Jlemak,

P{lE—ME| >e} +P{IE—ME|<e} =1

6ynanu. Bynjan

P{|E—Mg|>e}=1—P{|E—ME|<e} (25.11)
Gyamum kean6 unkan. Arap
1= { pode
B4
P{lE—ME|<e}=P{—e<E—ME<e}=
Mi+e
= P{ME —e <E<ME+e}= | p(yax
Mj:—e

Gyammmnn 9bTHOOpPra ojcak, y xoaza (25.11) 1enrauk ywuby KYpHHHII-
ra_xenaju:

+o Mi+e
P{lE—ME|>e}= | pdr— [ p(dr.
- Mi—e
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s
L
Pabanky;
Mg—e Mi+e
PIS—ME|>e)~ | pedt | p(dst [ pde—
MEi—e

— ME+s

Mite Mg—e )
- E p(x)dx = ;‘ pd+ [ p(xdx. (25.12)
ME—¢ —-® Mi+e
ME—se
Suan " p (x)dx wnrerpannu Kapaitmk. Bynaa — oo < x < ME —
—e 6er;mmru cababimm x — Mg < —e& 6yanHG,
(=287 >

€

6ynaan. Harwxkana KyHnnarn TEHICH3JIMKKA KeJaMH3:
MEi—e ME—e

jp:(x)dx< f ( Mg)p(v)d\ (25.13)

Xyamu myHra yxuwau,
+o + -
p(x)dx < j (";e”—b) p(x)dx (25.14)
Mi+e MEte
6yaanu.
(25.12), (25.13) Ba (25.14) myHocaGatiapaan Xavaa

Mite

| (=) rwd>o

Mi—e

Oyaniumnan (hoiaasannG Tonamus:
MEi—¢

P{lg—ml>s}<§ (’i:sﬁ)'"'p(x)dﬁ

k-

T Mg x— Mg
+M5‘H( p(t)d\ _j; (T) p(x)dx +
_LM +e(x ME\2 (i i j’“( - ME\2 (e
Mg—e Mite )

(x : ) p(t)dx—'—f (x — ME) p (x) dx.
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6ynanu. Arap

+o
P{IE—ME|>e) <o | (x—MEFp()dx

+o
j (x — ME)? p (v)dx = DE

3SKAHJIUIHHH XHcoOra oJicak, KeAHHIH TeHIrCH3JIHKAaH
D!
P{|§-ME|>§}<8—: (25.15)

G6yaumm Kenub unkaan. Teopema nc6OT KHIAHHIH.

Tacomuduit MuKI0Op auckper Gysrad xonza Xam (25.15) myHocaGar-
HHHT TYFPUJIMTH I0KOPHJAruaeKk ucOoTiaHalu.

Oparna (25.15) Yebuues menecusaueu neb aranaiu.

Ye6umen teopemacn. Iuan YUeGuuien teHrcusmurugan goia-
Jiannb, KyHuJarn teopeMaHu ucOOTIaiMus.

Teopema (Yebuwen rteopemacu). Azap

g[! ‘S-gv 4 Rreca E"; A (25.16)

gsapo Goraux Gyamazan macodugpuii mukdopaap Kemma- Kemaueu 4eK-
au ducnepeusiea s2a Ogaub, yaap Gumma yseapmac con Guian wesapa-
AQH2aH, ABHU

D <C; DELC ... DELC, iu.
6yaca, y xoa0a
Ye>0 yuyn

n n
% 1 I
Jm p{| S = B
k=1 k=1
oyami.

Hc6or. Monomuku, (25.16) V3apo Gormk Gysmaran Tacopudpmui
MHKIOpJap 3KaH, YHAA AMCTEPCHAHHMHr XoccanapulaH ¢oinananut

| Y T Vs
D5 &)= 0%
k=1 k=1
6ymmmnn Tonamus. Teopemanuur maprura kypa DE, <C, (k=1, 2,

8, e )
Jemaxk,

o ys)<aYe-gamt o

6ynanu. Pasiankw,

<e}=1
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2 %gek—%§M§|<e}=l—

_p{|_:l§§k——:7§M§ki>e}. (25.18)

YeGuies TeHrcH3IMrHra MyBODHK,

(=8

‘ n l n n k' . ‘l
L — = g
P{ln EE" nEMg“|>s} e
k=1 k=1
6ynaan. IOxkopuaaru (25.17) TeHrcHsaukHu 3bTHOOpra O/cak, yHAa

n

ot )

= 2L
e2 ne2
6y.ub,
LW LW (5 < & o
P{ n )‘ = n L‘”gk >EPS ne2 (-5'19)
k=1 k=1
6ysiann.

Harwxana (25.18), (25.19) mynocabariapaan

l n . l n )

= — Y ME

Z1E5 T Y
k=l

k=1

(4

ne2

<E}.1_

6y Kenub unkanu. By myuocaGaraan sca n—- oo Ja

) l n I n .
el b= ik

GysmiMEM TonamMu3. BHPOK XoAucanmHr 3XTHMOH Xap JouM GupaaH
KaTTa Gyna oamacauru cababuu

. IR |
_2: __s“,w
L:mP{, . & . it

<8}>l

6ynamu. By sca Teopemann ncGOTJIANIH.

Oparaa sXTHMOMH Oupra siKnH  OGVJaran  XOAHCauu JeApiH MyKappap
xomuca aed kapanaau. IOxopuaa mcGoT STHAraH TEOpEMA /L HHHr eTap-
JIHYa KarTa KuiMatjapuaa ymoy

1‘"1 I\,
RS g'__EMt, <e
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'reuﬁcuamﬂ(nnnr GaOKAPHIHLIN JIeSPAH MyKappap XOAHCAJIHIHHH KVpeara-
an. By xoa Kyiunarn takpuGrit hopmynara om6 Keaamm:

1 1 P
>l B~ — Z ME,. (25.20)

Hewmak, Hebuures teopemacn n HHHT eTapiMya KarTa KuiiMatiapuia
(‘75 20) Takpuﬁuu hopMysa etapau aHHKJIHKAA TEHT 6y1mumm TacAHK-
Jaitad, ALHH YPranuiran TacoAubuil MHKAOPJApHHHT VpTa apuMETHrH
Jeapan V3rapmac MUKAOpra Tenr GyJap sKam.

Mapxasnit auMuT Teopema. Papaz Kuaaiimk,

v Box = oo 5 By s o (24.21)
¥3apo Gorank Gyavaran Ttacomudmuii MHKAOPAAP KeTMa- KeTaHrH 6Yuaub,
xap Oup §,(k==1, 2, 3, ...) Tacoauduil MHMKAOP HYEKJH MaTeMaTHK

kyriamm Mg, ra ea wekam aucnepens DE, ra sra GVicuH.

Kapanaérran racoanduit MHKIOpJap épaavuaa ywlby tacoauduit MuK-
AOPJIAPHH XOCHJ KHJIAMH3:

n
i . I Y
Qk T \ /”Ek =
O O & e
\ b(Xe) Y o( 25 =
I.wl

=l

p— L &, — ME).
Ve ®
k=

Aiitaitang, v, Tacoauduil MHKAOPAAPHHHT TAKCHMOT (YHKUHACH

LI

Vode '

6Vacuu. Kyilnaa keatupunaauran Tteopema £, Tacoauduit MHKA0pP/ap
MdbJyM LIAPTHH KAHOATJAHTHPraunia IOKOPHAArH TAKCHMOT (hyHKUHACH
HOpMA/T KOHYH GViiHya TaKkcHMJIAHTaH TacoAu(Hil MHKAOPHHHT TaKCHMOT
GyHKUHACHrAa HHTHIHILHHY KVpcataad. Bus Oy Teopemaui ucOGOTCH3 Kea-
THPAMI3.

Teopema. Aeap i3apo Goraux Gyamacan maccouguil muxdopaap
kemma- kemaueu &, &, ..., E, ... Ydyn

n

n
(X DEe)"s %5
k=1

lim

n--s»cx

M‘Ek = A1§k 'a =

Gijaca, y x010a
21 —2678 321



P&

n L
llnzap{'_l——_n_ X(Ek—-Mgk)<x}= EW je 2dt
4 ‘/D(Egk) =1 ' e

k=]

Gyaadu.

By Teopema YeGuuieB TeopeMacuHi KEHTPOK TAJKHH 3Tajurad Teo-
pemaaup. Onarna yuum 3SXTHMOJIAD HA3APHSCHHMHT MApPRASUL  AUMUM
meopemacu 1e6 10pHTHIALH.

XXVI 606. MATEMATHK CTATHCTHKA 3JIEMEHTJIAPH

Bus maskyp xurobunur XXIIT — XXV 6o6aapuia raconnduit xoanca,
TacoAuuil XOAHCAHHHT 3XTHMOJH, Tacoquduil MHKIOPJAp Ba yJIapHUHP
COHJIH XapakTePHCTHKAMapH, TacOAMMMA MHKIOPHHHI TaKCHMOT KOHYHH,
TAKCHMOT (DYHKIHACH Xawja 3XTuMoJ suyanrd (nddepenumat dynxums-
cH) Kabu rtywyHyajap Omian tanuwiauk. By rtymynuyanap acocnaa ava-
Juéraa yupaiauran Xa@ruii MacananapHi eumiiHH Vprasauk. dXTHMosap
Ha3apUsICHHUHT MyXHM TVIIyHYazapuiad Oupn  racomguii  MHKAOpP FRa
YHHHT TaKCHMOT (DYHKIHsCH TyuryHuyaaapuaup. busra mavaymxm, Taco-
JAudHil MHKAOPJAap Y3NapHHHHT TaKCHMOT (yHKUMsicH Ouaan TV.ia@ anuk-
Jaanani. Tacoaupuil MHKJAOPHHHT TAKCHMOT (yHKUMACHHN OnjaraH xosaa
O6u3 y MuKA0p Onjan OOrnaHraH kapaénuu TVsa Vprasuil HMKOHHSITHTA
sra Gyaamu3. AMMo amannéraa Ou3nM Ku3HKTHpaérran Ttacoanguii Muk-
JIOPHHHT TaKCHMOT (DYHKILHSICH HOMABJAYM €KH TaKCHMOT (DYHKIHAHIHT
KYPHHHIIN MabjayM, YHHHT napamerpaapi HoMabaym Oyaain.  Bywnait
Xo/1ap/ia TacoAnbuit MHKIAOPHHHT TAKCHMOT (DYHKUHSCHHIL €K YHUHD
AHpUM COHJIM XapakTepHcTHKaJapuHH (takpuban) Gaxonalwl 3apypuati Ty-
runagu. Dy kabn Macananaphu oamit  MareMarHKaHuHr - GVamMaapmaas
GuUpH—MATEMATHK CTaTHCTHKA (aHH TampuOa (KysaTnii) épaamuia TaxJm
Kuauil #yan Ounan Vpranajuu.

Ymymuit Kuan6 afitranja, MareéMaTHK CTATHCTHKAZA CTaTHCTHK Mab-
Jaymoraap Ba 6y MabayMOTJapHH TAXJW/ KHaul Ouaan wiMupil Ba ama-
JIHA XyJI0casap YHKapHIIHHHT MareMmartuk yeyanapu Vpranmaazu. Hlyunait
KHIMG, MateMarik CTaTHCTHKA KYHHIarn MKKH acoCHil Basudanu Xam Ku-

Janun:
1. Bapua cratuctik MabaymoTsiapuu TYnaauw, Josum 6¥.ca, rypyx-

Jiaui.
2. Tynaanran MabayMOT/JApHH Makcaara MyBOQHK Kuanb TaxJma Ku-
JIHIL.
1-§. Tannanma ycya

Alfraiimik, Gupop KOpPXOHA KaTTa COHJA Maxcy.qoT Huwiab uymukapras
6yam6, 6y MaxcysoTHH cHpar éku con Gerunapu Gyitua TeKIHPHANILH
Tanad 1uicHH. Muwiad yukapuiaran MaxcyJIOTHHHT COHM Kyaa Kym, Ou-
HoGapuH, yJapHHHr Xap OHpHHM aiiTuiran Oenrnm OViimua Texkumpuu
Kuitue 6ysaau. Bynjail Xoiaa Kyinjarnuya uin TyTHaaan: Gapua maxcy-

' JIOTJIAapAdH TaBaKKaJl KHJXHd MabJyM COHJArHCH O/JHHAAH, YJApHH 1€eK-

wnpn6, KOpXoHanwHr Gapua MaxcyJOT/Iapu TYFPHCHAA XyJ0ca YHKApH-
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Jamu. Texkmmpununr Gyuaait yeyam marnaanma yeya neimnaan. Kyiuna
Oy ;cymm GatadcuIpoK ypranamus.

pranusmiy Jo3uM Gyaran Gapya obnextiiap Tynuamu Oow minaasm
neb arananu.

Bowr rynaamaan Ttacoandmit papminia Ttauaab onmHran o0beKTiap
TYNJAMH manianma mgnaam €KW, Kuckaya, maxranma 1eb aranaim.
Bynpait TVnsiamaarn o6beKTIap COHM 1y TYNJAaMHHHT Xaxmu Je6 ara-
Jgagd. Bow tVnaamuuur Xaxmu N, TapgasMa TVNAaMHUHT XaKMu n Gu-
Jlan GesruiaHaiu.

Macanan, kopxonaja muad yukapuaran 10000 maxcynoraan 100 tack
TEKIIMPHII yuyH oaunran 6Vaca, y Xoaga 6o TYNJAMHHHD  XaXKMH
N = 10000, ranaanma TVIVIaMHHHT Xammu 3ca n = 100 Gynaau.

Domr TynaaMaan TeKUMpPHIL YYYH TABAKKaJura GHTTA J1eMeHT, KelnuH
UKKHHYH 3JIEMEHT a)KpaTnG oJMHaan Ba 11y sKapaéHHW JaBom 3STTHPHO,
CYHr apaTnG OJMHraH 3JeMeHTJapian TaniauMa Ty3uald.

Arap raunanva snemenigapunn G6our Tyniamra kaitapmaciad, YHHHT
snementTapu Ooul TVnaavian axparuica, OvHiail TanaauMma makpopmac
maniauma 1ed aranaim.

Arap TannanManuir sneMentaapn (6om TYNJamjaaH TaHJaHrad sge-
MenTHH aHa) OGowr TVnJamra kaitrapuil iygam Ounan axpartwica, OyHpaii
TauJauMa makpop manaaxsa 1ed atananu.

Mojomuky, Macaga Gour TYnaaM 3JeMeHTJIapHHHHT COH €Ku cudar
Oearuc TYFPHCHAA Kepak/JH MabJayMOTJapHu Ousnmaan ubopar  skaH,
yHaH Vprauuiin yqyH @kparuiaran tannanMa (YHHHT 3J€MeHTJIapH) Bako-
Jgaran Oyt Josum. Al Tanganva tynaaMm 6o TynJaamiaH mnryHaan
AKPATHIMILN JIO3UMKH, HATHXKAJA @KpaThiran Ttawjauma tynaam Gom
TYNJaMHH TY@ XapakTepJaaiaurat, Gowkaya airranjia Gowl TynJaMHHHD
MyXHM XyCYCHATJApHHHM V3uja cakjaran Oyamum kepak. Dynn ojaraa
TaHJaHMANHHT penpesenmamusiuzu Jeﬁnna;lu.

2-§. TaHJaHMaHHHT CTATHCTHK TaKCHMOTH

Ajiraitzimk, Gom Tynaam cudarnia kopxonajaa tailépaanran Onp Xua
UMIMHAPHK JleTanaap oauHrad Gyacun. DBy Jjerainap JnamerpiapuHuHT
yayHmrian Xucobaawl 1anab stwicun. Pasmanks, typan unoGartra onnb
GyJaMaiidran Xo.arJiap TabCHPHAA JIETalaap AHaMeTpJapHHHHT Y3YHIIHK-
JapuHu YuMaul natwKanapu Typauya O6Ysiaad. By Jeramiap Jmaverp-
HuHr y3yHaurann § rtacoauduii MuKaop ae6 kapawr Mymxun. Bynaa xap
Gup JETaTHHHT JHaMeTpu auuk con 6yaub, y & rtacoauduii MHKIOPHHHE
aHHK Kuivat GyJaanu.

Kopxonana Ttaiiépaanran Gapya Jerananap tynjamuud Gomr TYniaM
aeiymk. Yuuur Xamvu N 6yacun. Bowr tynaamzan xaxmu n 6Yaras
TanjauMa TynJaavup axparamMu3. Harwkana tannanva tyniam  szeMeHT-
JapH LWJIHHAPHK JeTa/JIAPHHHT JHAMETPJApHHH H(ONANOBYH Xy, X, . . .
X, Comnap Xocua Gysaau. Macana, my conaap €paaMuia ioKopuaa ai-
tuarad & Tacoanduii MHKNOPHHM (TaXxmuHau OyJca Xam) TaBcHdaaiiaH,
ABHH TACOAU(DHI MHKJAOPHHHT TAKCHMOT KOHYHM, TaKCHMOT (YHKIHACHHH
GOLIKA COHJIH XAPaKTePHCTHKAJapuHW Oaxojall Ba yaap €paammjaa My-
XMM aMajnil XyJiocanap YHKapHiuiad ubopar GyJaaam.
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Ymymuit X044a Xam Mur mryera Vxwant 6yJaanm.

Dapa3 kuaaiauk, Gour TYNJaMHu YPrauuil yqyyH XaxMH n ra Teur
TanJaHMa TynJjaMm onuuran Gyacun. Bywja x, KufiMar n, Mapta, X, KHii-
Mar n, Mapra Ba XOKaso, X, KuiiMar n, Mapra Kysartuaran O6yacuu. Pas-
INaHKH, My -+ Ny + ... 4N, =n.

Onarpa xysatuiran x; KuiiMaraap eapuanmarap, Ky3aTHULIAD COHM
n; Jap sca wacmomarap neinnaan. Bapuawrtanapuunr Veub Gopuur rtap-
THOHAA €3uaTal KeTMa- KeTJIHK sapuayuon kamop Aeitnnaan. Bapuaumon
K4TOp Ba YJApHHHT MOC YacToTajzapuiu yiuby Kaasasl OpKaau €3uur Ky-
Jait 6yanu:

E | X l Xa l RER l Xp

n I ny | ns ‘ s ’ 1

Macanan, mMabaym Oup maxrta Maiijonuaan Tacoaudmit pasuwza 100
Tyn £y3a osMHuG, U1y OJMHrAH FY3aJapHMBr Map OMp Tynujaa ouu/ra
YaHOKJ/Iap cOHMHM XHcoOaaimk. Bynza Gapua ry3a tynuapu couu n==100
TaHJaHMa Xakmu Oyaub, BapuaHrta KuitmMatH X, — 0 3ca ouwaran yaHok-
snap cond 0 rta 6yaran rysann Ba wmyngaid rysasapaan 100 tvn wunaa
Heyra GyJica, yJapHuur cond uyactora Gyjamd, XyAan WyHAall, BapHaHTta
KuiMaty x, == | ounsran yanorn 1 ta GVarau rV3ann Ba yJapHuHT COHH
n, yacrora Gysaau Ba XOKaso.

n'
Ymby i ((=1,2,... k) mugiop rucbud wacmomasap pe6 ara-
n

nagu Ba W; kabu Genruaanaiu:
i
Wi=— (E=1,2 ... 8
n
Hatwxkane x,, o, ..., x, Bapuantanapra moc W,, W, ..., W, nuc-
6uit yactToraszapra sra GViamus.
Bapuanrtanap Ba yaapra Moc HucOMil yacroTagapian Ty3uarad

: | Xy \ Xa I §a b | Xp

W, ’ we | w | ] Wy

WKalgal cmamucmuk €Ku amnupurk maxcumom (Kansas) AeHHIaau.
Bynzna nucGuit yacroranap #uruuauck Gupra Tedr GVaanu:

W|+W2+..-+Wk:l.

Xakukarad XaMm, HHCOMIl yacrotauuur taspuduaan dQoitasanué To-
namus:

W1+W2+...+Wk=-’:_:.+%-+-.+—'i-f‘-=
. m+n,+...+nk =£=1
" n ;
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FEtiaual e e BT (AU
wc o, Tannanva vactoranap TaKCHMOTH KYPHHAIUINZA Gephirai:
S 7 12

moo |2 5 3

Huc6uit yactorasap TaKCHMOTH (CTATHCTHK TAKCHMOT) TOMHJICHH.
Eyum. Tannanmanuur Xakmn n = 2 -+ 53 == 10. Xap 6up uac-
TOTAHW TaHJAaHMAaHUHHT XaKmura 6Yaud, HucGHi uyacToTaNapHH TOMAMH3:
2 5 3
W =—=02 W,=—=0,5 W =—=0,3.
T o LT
Jemak, uHcOHIl YacTOTaJap CTATHCTHK TAKCMMOTH Kyiwaaraua Oy-
Jaau:

x | s | 7 |

w; | 02 ' 05 | 03

DBz 10KOpHIary MHCOMA TAHJIAHMA XaKMH KHUMK OyJranjaa  yHUHC
CTATUCTHK TAKCHMOTHHH TY3HIIHM KYPUO uMKAHK. Arap VypraHnjiaérrau
Gesard yaayKken3 Varapyeuu Bapnantanan nGopat GViica €ku auckper G6y-
aub KabyJa Kuaaauran xuitvataapun comn xyn 6yaca, Oynjaail xonjaa cra-
THCTHK TAKCHMOTHMHT MHTEPBAIN (rypyXJapra apaTiiarad) BapHalMoH
KATOPHHKM TY3HII Makcajra myeouk GVaaan. Bom tynaamuunr oGeek-
THB CTATHCTHK KOHYHHATHHH OUHIIA TauJlaHMa TYNJAMHH & T4 HHTEp-
Banra (rypyxra) 6yammmn Crepax takaud  Kuaran yuby gopmyaa 6Viin-
ya TANJWA KHJUIT MYMKHH:

k=14 3,322 Inn, n— tannanMa Xammu.

Arap Oy epaa k mMHr KuiMaTtH Kacp coH Gyuica, y AXJauTIa0 0aM-
nami. Poitnasannmra Kyaai 6Vanmm yuyn Crepx (opMmysacHia TaH-
JanMa Xakmura OOFJIHK paBHIUAA AHHKJIAHYBYH MHTEPBANIAD COHHHHHI
AKanBaJ MK KeJTHPAMH3:

Tauaanma xamy (n) O ”"""'“z_r;":’“ n(x/ier)epuamap
25—40 5—6
40—60 6—8
6—100 7—10
100—200 8—12
200— 10—15

HnrepBaanap ysywaurd (rypyxaap xeuwrauru) h nu TonmMmija
§ia ¥max ~ *min
k
dopyyaanail oiaanannm MyMkud, 6y €p1a Xy, Ngq DAPHALHOH Ka-
TOPHHIIT MOC PaBHULIA SHT KarTa Ba 3HT KHUKK KuitMaraapuaup. ¥ Xoa-
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Ja ysyammapn h Gym'an aarepna.rmap (rypyxnap) KeTMa- KeTJIHTHHH
Kyiuaard Taprubia oMl MyMKHH:

h, h 6
[xmm_;, min T 5 | — GupHHuK MuTepBan,
[
['\min + ;

, 3h, . _
[xmm g R -2—] — VYHMHYH HHTEPBA7T Ba XOKaso.
AnGarta, uHTepBaisapHH Xap Oup Bapuanta axar OHTTAa HMHTEpPaara
TErHIIn GV 1auran Kujuh OJTHII JIO3HM.

Mucoua. INaxra maiyionuaan Tacoauduil pasuiiia oauuran n = 50
TYN FY3aHHHT Xap GupuAaH TepnO OJMHraH naxta XOCHJHWHHHE OFHPJIHTH
(rpamMm XucoOmaa) Kyimaarnya OVaan:

. 3h )
i Xpin T | — MKKHHYH HHTEpBaJ,

38,0 51,5 48,3 33,2 40,2 49,2 34,6 32,0 27,5 30,0
41.3 432 42,0 303 48,0 43,0 366 29.6 28,2 56,0
474 53.8 456 332 38.2 39.0 35,0 405 45,0 44,4
30,0 35.7 43.5 42,1 420 37.7 42.8 50,3 44,6 46,3
59.0 46.0 37,8 450 36,1 44.3 517 445 48,5 36,4

Iy tannanMa TYNJaMHHHT CTATHCTHK TAKCHMOTH TY3MHJICHH.

Eyum. Tanaanma Xamwu n =50, Crepx ¢Qopmysacura acoca
HHTepBaiap (rypyxJap) COHHHH TONAMH3:

k=1-+3,3221g50 =1 4 3,322 1g10 + 3,322 Ig5 = 1 4- 3,322 +

-+ 3,322-0,699 = 6,64 (uynku Igl0 = 1, 1g5 = 0,699).

Jemax, HHTepBajiap (rypyxJap) COHuHH Op1iFd OuIaH axanTiat k=7 neb
omamus. Tanmnanma Tynjam Kuitvaraapu skaasatuiadn x .o =275 Ba
Xmax = D9 GYarau/Mrafan unaTepBaiap (rypyxaap) V3yHJIurd Kyiuaa-
ruya OyJianu:

h— *max ™ ¥min ____59—27,5 . 31,5 1.74
k 6,64 6,64
By muconma yaymauru ‘h = 4,47 Gyaran mutepsaniap Kyimparuua Gy-
JIaaH:
[26,50 — 31,24], 131,24 — 35,98|, [35,98—40,72], [40,72—15,46], [45,46—50,20],
[50,20 — 54,94], [54,94 — 59,68]. '
OuAx Xap Gup WMHTEpBaIra TYIUYBYM BapHaHTatap (COHWHH) YacToTa-
Jaapunu tonamu3. Macanan, [26,50 —31,24] Gupunun HHTEpEATa 3 Ta
Bapuanta termuwm, yaap 27,5; 30,0; 30,3 6yau6, mnepaa.rumur ypraua

guitvatn 28,27 ra Tenr, nucOuit yacrorach W, =— —0 06. Xyaau uyn-

Jaif, ukkuHun ueTeppan [31,24 —35,98] ra Ternum BapHauTanap COHH
(vacroracu) 6 Ta, avuu yaap 34,6; 33,2; 32,0; 33,2, 35,0; 35,7. Uurep-
BaJHUHT ypraya Kuiivaty 33,6 6Ysu0, uHTEpBANra TYIYEYH BapHaHTasIap

HHCOMit yactotacn W, = -5% = 0,12 Ba Xoxkaso.
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JAIIAAPrA ACOCAH TAHMZHMA TYMJAMHHRT Tyarai

opuari Xicod

H Karopu Kyiimnarnua Gysiaam:
Hnureppanra Teruman sapu-| Iurtepman | HucGnil uac-
RAfRSITA RETCPRALLDHI(F) amanpapcouu (wactotacu), n;| ypracu Tora (W)
26,50—31,24 3 28,87 0,06
31,24—35,98 6 33,61 0,12
35,98—40,72 12 38,35 0,24
40,72—45 46 15 43,09 0,30
45,46—50,20 8 47,83 0,16
50,20—54 94 N 52,57 0,08
54,91—59,68 2 57,31 0,04

[lynaait kuan6, Oy xanean Gepuiran 50 Ta MabJIYMOTHHHI CTATHC-
THK TAKCHMOTH GV.1ajaH.

3-§. OMOHUPHK TAKCHMOT (DYHKUHSICH

-

.

Bour t¥naamun yprauum makcaamaa yHaaH XamkMH 7 ra TeHD TaH-
Jauma ‘amparwarad 63.ub, YHMHT yacToTasap TAKCHMOTH Kyiujaaruua
6yncu:

i l Xy ‘ Xa \ A I Xp

n; l ny l s \ ‘.. I np

(96.1)

Mxmnépuit x xakukuit connu onaimk. Pasmaukn, (26.1) aaru xap
6up x; (6 =1,2, ... k) Bapuanra € v nan warra Gysaau, € x jau K-
yuk OYysanu, €xkn wmy x ra tedr oyaaan. OmuuraH X JaH KHYHAK GYJ-
ram, AbHH X; < X TEHTCH3MKHH KaHOAT/IANTHPAIWraH BapHaHTajap Co-
HUHY n (Y) OGuaan Gearwnaiimk. Mecanan, TaunaHMa HaTHAKASH Kyiina-
ruya Gyacun: —2, 1, 3, 5, 7, 7. Arap x = 3,5 onunran 6y.ica, yHia
wy X JaH kuyuk Gy.arad sapuwantanap 3 ta (—2, 1, 4 3) Gynamu. [de-
mak, Gy xoaaa n (3,5) = 3.

Arap x =0 oauuran 6ynca, yunpa n (0) =1,

arap x == 10 osmuran 6yaca, yuma n (10) == 6,

arap x == —3 oaudran 6yaca, yaaa n (—3) =0 6yaann.

[yuaait kuamb, lokopuaa afituarad iy Guaan n (x) pyHKuusHE
XOCHJT KHJTHHAJIH.

Yuby aty) (GYHKUHA MAHAQHMAHUKE maKcusmom (PYHKyuscy Exu

n
aMnUpUK maxcusmom Gynkyuacy 1e6 aranaam Ba F, (x) xabu Gearusa-
HaH:
n (x) )

F,(x)=

Jlemak, TauJanMaHHHT SMMHPHK TakcumoT dynkumsacH {§ < x} xomu-
CACHHMHT yYacToTacHAaH HGOpAr.

Mucon. Taunanvanuur ymby TakcHMotd Oyiinua, YHHHT SMIHPHK
TAKCHMOT (DYHKLHSICH TOMHJICHH:
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s Eunw. Tanrauvannnr Xammu n = |+ 34 2+4 = 10 6yaanm.
1"V DHr kuunk Bapuanta 2 ra teur. Wlynnur yuyn x < 2 6Yaranna F, (x)=

th = 0 6yaaau. x <5 Kuimar, AbHH X, == 2 guitmar 2 (5) = | mapra xy-
“ saTadiraH, gemak, 2 < x< 5 oOyarauna F, (x) = % =0,1.
i = x < 7 Kuiimarjap, YyHOHUH X, = 2, X, = 5 Kuitmarnap n (7) =1+

1 +3=4 wmapra kysaruaray, jgemay, 5<x<7 GVarasaa F,_ (x)
b £

i

= (0,4 6yaaau. x < 8 KuitMariap, uyHOHYN X, = 2, X, == 5, Xy =

.t 10
« =T guiivaraap n (8) = | + 3+ 2 =6 mapra gysarniran, aemax, 7 <<
B < x < 8 GVaranna
AR
0 . 6

F, (6)=15="00
.. 6yaanm. '
by X, = 8 3ur karra Bapuanra OyJrawanrn cabadmi x> 8 GVaranja
. F,(x)=1 6yaanu.
¢ JTemax, u3nadaérrail MIHPHK TAKCHMOT (YHKIMACH Ky.njaaruua 6y-
‘ P y ) y
.. Jamm
& 0, arap x <2 6y,
1 \O.I. arap 2 < x < 5 6yaca,

F, (x)}=0,4, arap 5 < x <7 G6V.ca,

‘ 0,6, arap 7 < x < 8 6V.ca,

I arap x> 8 6y.ca.

Yuuur rpagury 148- unamana tacsupaadrat.
s & racomucmit Muxaopuanr Takeumor dynkumac F (x) yuoy {E < x]
xomucanunr sxtumonn P {E<C x| Ouaan tabpudaasap M. IMAHPHK
- takenmor dynkumst F(x) sca n ta Gorauk OVavaran Ttaxpubana iy
XOAHCAHHHT HHCOMI yacToTacuui udoanaiiiu.
Xoaucanuur HucOMI YacTOTacH LIy XOAHCAHMHT SNTHMOJHra TakpH-
i GaH TEHrJMruHH BTHOOPra OJicak, yHIa SMIHPHK TaKCUMOT (BYHKIMS
- F (x) su rakpnGan ndonanaumnn Kypamns.

v

i\ 4-§. NMoiuron Ba rucTorpamma

.";'» CraiicTHK TAKCHMOTHHHT rpapuriid GHIHUI YHUHT XapakTepHHH K-
. KOApoK TacasByp stHiia Kya kejaau. Buz Kyfuaa Takcumor rpapu-
. THHH sicaul yCyJuiapiu@H NMOJHIGH BA FHCTOTPAMMAHH fCAUIHH  KelTHpa-
o Mms.

AN Xammu n Oyaray TaHjianMa CTATHCTHK TakcHMOT Guiad Gepuirax

- GYacun:
. s




R :,
! % Xy Xo . ' Xk
n \ ny ng I l np
| w v, | w | ... | w,

Oy epaa x; — Bapuantanap, n; —moc yacroranap, W;— moc nucGuit uac-
Totanap, [ = |, k.

(xy, ny), (xa, 1y), ..., (X, n,) HYKTanapuu TYTAWTHPYBYH CHHHK YH-
3HK TEKIHCJAHKAA Yacmomanap noaucoHu ned araiaju.

(x;, W), (xg, W), ..., (x,, W,) nyKrazapuu TyTaurTupyBYH CHHHK
YH3HK HucOud wacmomanap noau2odu 1e6 aranaiu.

By unsukjapuunr rpapukJapHun sicaiml yuyn BapuaHTanap KuiMar-
Japu abcuuccanap YKWra, yactoranap KuiMmatiapu OpAaunarasap YKHra
KVilnaam.

CratucTHK TakCHMOTHHHI THCTOrpaMMacHii sicami yuyH asBan Gapua
KY3aTiiran KMAMATIADHH Y3YHJHCH A GYJIraH ketvma- KeT KHCMHIT HHTep-

Ba/siapra (rypyxJapra) GysimHaan Ba Xap Oup wmuTeppajgra TyWIran Baph-
AlTaNapHUHr yacToranapyd TOnmHIa1H.

s
Acocaapu h ysywmkaarn wnieppaniap, GananAaukaapH ’—'Huc6a1'ra
1

TeHr OVaran TYrpu TYpTOYpuaKkaapiaan nGopar noronaspit urypa 4ac-

A
momaaap eucmoepasmacu 16 aranam. By epia —,' HucGar  wacmoma
1

3udauew JeHHIaaH.

W,
Acocnapu h ya2ynamkjarn unTepraaep, Ganauiiukaaph ’—‘ HucGar-
1

ra Tenr Oyaran TVrpu TYprOypuak.sapian uGopar noroHasuit ¢purypa Huc-
Ouw wacmomaaap ucmoepasmact 1e6 aiTiand.

Uacroranap rucTOrpaMMACHHHHT 1031 TauJanMa XamMu m: ra, aucOuil
YacToTaap THCTOTPAMMACHHHHI 1031 3¢a Gupra Tedr OVJZjn.

l-mucoa, Tanaanmanuur Kyiinaa Gepuaran takenmorn GVitnua yac-
TOTAJAP NOJIMFOHHHH SICaHT:

) x,-|2|3|5\6

mo| 0] s | 5| 2

% x,-|12[|7|22|1u\30\34,38

m| 2| s | 9 |12]| 8| 8] 4

Eunw. 1) a6eunccanap yxupa 2, 3, 5, 6 counapuuu, opauHaranap
yKuaa sca yaapra moc 10, 15, 5, 20 consapunn Gearunaiivus, ABbHH
Koopmuuaranapu (2; 10), (3; 15), (5; 5), (6; 20) Gyaran nyKranapau sca6,
YJapHH CHHHK YH3HKJap Ounad tyrawrupamu3 (149- unamara xapanr).

2) 1Oxopuparn Mucon KaGH eunaag.
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9-MucoO. )nyopu NOHHAN 100 AOHA OJMHIM Ba YJapHHHT Xap

' GupHHN TOPTHO KYPHO, KyHHIAArH CTATHCTHK TAKCHMOT OJHHJH:

HKyxopu ommpamkrapn  0,1—0,3 [0,3—0,5 [0,5—0,7 lo.7—0,9

JK¥xopuaap conn l 18 52 l 18 | 12

Ily TaKCUMOTHHHT THCTOrPAMMACHHH TY3HHT.
Eunm. Hnrepeannap ysywaurn h=-0,2ra teur O6\iiranu yuyH
TYEpH TYprOypuaKk OatauayMKJapuHUHr HucGATH MOC paBHiUAa KyHHaa-

ruya GVaagu:

2 . nty . Na=~__
= 5 2 = 90; lhi.l 260, T ;= 60.
HurepBannapun aGeuwccanap Vkuaa, Ganauaank.JIapHin OpaHHaTasap VKH-
Jla KVitn6 noroHaBuit TVEpH TYPTOYpuaxaap xocua1 KuieMu3 (150- un3vara
Kapaur).

3-mucoa. Tannasmanunr Kyinaa GepuaraH TakcumorH Gyituua Huc-
Guii yactotasnap rucrorpammaciii sicaur. By epaa n = 20.

— Yactoranap
i ftHFRHHCH
10—15 | 2
15—20 B
20—25 8
25—30 4
30—35 2

Euunw. HucGuii yactorasapun tonamus:
2 4
W, = i 0,1; W, = e 0,2 W;=04 W,;=02 W;=0,1.

&

Huc6uit wactoranap 3uuJHIEHM TONAMH3:
W 0 1 Wa W

— = =0,02; = 0,04; I—‘ =0,08;
h 1

h 3

£ 0,04 = = 0,02.
Ix
A6cunccanap Vkuaa Gepuaran KMcMuil mHTepeasiaapin Gearnaaiimus. Huc-
Ouit yacToTasap 3MYAMKJIAPHIM OpAuHartanap Ykuia Gearnsaiivus Ba Xap
GHp HHTEpPBAJ yCTHAA KecMmanap VTkasavus, macatad, (10, 15) wuxrepan
yetiaa abeumccanap Yiura napanaen Ba yuaan 0,02 Macopajza €ratura
KecMa yTkasaMu3 Ba Xokas3o (151-umsvara kapaur).

5- §. TakCHMOT napamMeTpAapHHHHT CTaTHCTHK
6axonapn

IOKopuaa aitThG YTraHuMH3JeK, MareMarHk CTATHCTHKAHHWHI acOCHH
Macanaci GOII TYNJAMHM VPramuii, sibHH YHHHD O@JIPHCH TaKCHMOT KO-

HYHUHH TOIHIL 1HD.
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firaitmk, Oupop Wy Gunad GyHuall TAKCHMOT KOHYHHM TONHJTaH
O6Vacun (macanad, y GuHoMuan Kouynu €xu [lyaccon xoHyHu €xku HOp-
Majf KOHYH OyJcuH). ¥ X0Ja YHHHT HOMabJyM NapaMeTpJapHHUAP CTa-
THCTHK GaXosapuHu KYpuIll Macanacy io3ara Kesand. (Macanan, HopMan
KoHyn GVsiramaa a Ba o uu, Ilyaccon Komysu GY.iranga A HH aHHKJaL).
Ba axkcunya, napaverpsaap MabayMm 6yica YHHHP TaKCHMOT KOHYHHHH
aHuKaalr Jo3uM. YMymuit Xonaa Oy Mkkaja Basnpa xam HoOMabaym Gy-
JIHIIH MYMKHH.

YMyMaH TaKCHMOT KOHYHMHHHT HOMAbJAYM NapaMeTpiapHH# €Kd 3M-
MHPHK TAKCMMOT KOHYHHHM KY34aTHLIIAP HATHAKAcHIaH, ABHH Gowr Tym-
Jamjad akparuiral TadjganMaian (oiijanaHnbé Tomuur Jo3uM Gyaand.
Houabaym napameTpiapiu aHMK/jaiiga TYPJAH XaTosHK/apra (CTaTHCTHK
Xatonapra) AyY KeJamu3. ABBATO LIYHH AWTHII Kepakkd, GO TymnJjam-
JAH OJMHraH TYPJH TaHaauMazap OViiuua TOnmwiraH napamerpliapHHHD
KnitMaTapi yMymas afitranaa, tvpanuya 6Vaaau.

Oparaa Gouwr TynaamMaaH TawjainMa TVNJaM 31eMEHTJIAPHHH TacoH-
Guit Tausam yeyau Gunan axparma XocHa OGYaram TaHgaHma TVnjamaa
PenpeseHTaTHBINK AXIIH CaK/JIaHaLH.

MabayMku, Tanaauma tVnaavm Goui tVngamHuHr Oupop KucMu. DBm-
HOOapuH, TauJaHMa TynjaMm TYFpHcHAArH (uxpaap Gour TYNJIAMHH TYIHK
XapakTepJjaMaca, Oy XO.1 CTATHCTHK Xarora 0JM0 Keaaau.

Papiianky, TanJaHMa TynJamaard KysaTtHuiiap coud Xam Gowr Tym-
Jamui Xapaktepaamra Gorank. TaHgaHMa TYNAAMHHHT TalUKWI ITrad
37IeMeHT/Iap COHH KaHuya Kym OVyiica, CTATHCTHK Xarto 1IyHYa Kam GyJiaju.

Jlemak, TanaanMajad (oiiiananub TaKCHMOT KOHYHHHHHI MapaMerp-
Japiiy  InyHaail aHuKgam Jo3MMKH, OYHAa CTAaTHCTHK XaroJap HMKOH
Ooprya KaMm OVJICHH.

Dupop TakcuMOT KOHYHHHMHT napaverpu O Hi Ttaxpuba acocuaa To-
miirad Xy, Xg, . .., X, COAJAP, ABHH TAHJIAaHMA MabJayMOTIAp €paamuia

X021 KuauHran 0 Guian Gaxonascuu. Ogarza O wi O yuyn 6axo nefiu-
Jan.

Papiuanky, 6ynaa 0 6axo X, Xa, - - - X, Japra GOraHK GyJaau:
0=0 (xy, Xg, ..., X,).
MonoMHKH, X, X5, ..., X, A3D Tacoqubuil Mmuxaop skad, ysza 6

XaM Tacoindmit MUKIOp Gyianu. N
Arap__ 0 Gaxonuur mareMatdk Kyruaaury O ra rewr, avin MO = 0
GVaca, 0 mu cuaxcumadouean Gaxo Aeilnnanu.
. Arap ¥ a>0 yuyn
lim P {|6—6/>a} =0
N—ren
6yaa, y Xomia 0 6axo 0 mimr acocau_faxocu jeinaann.
®apas kunaitiuk, 0 napaverp ydyH 0, Ba 0, Gaxonap GYJICHH.
Arap
MO, —0*<M (6, —0)

6yaca, 0, Gaxo 0, Gaxora Kaparauna sgpexmuspox Gaxo neituian.
a21
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Cra'mcnm 'ral(cmor xouynmpmm TnapavMeTpaapHiu daxonamzm yaap-
HHHT CWKMMaiauran, acocan Xamiaa sdpektus 6axo Gyimum KaGn Xy-

 CYCHSITIapra Srajuri Tanab KHInHaaM.

6-§. Tauaanma ypraya KMiiMaT Ba TaHJaHMa
AMCHepcHst

@apa3 Kuaaiauk, & TeKHC TakcHMJaHran Tacoaudmii MuKI0p GVJICH::,
YHUHF HOMabJAYM napameTpaaph — Matematnk Kytwamin ME, icnep-
cusicu sca DE GYacun.

Bepusran & Tacoauduit MHKIOPHH Ky3aTHi HATH/KachJa

Bra - Kas: woon T = wivs Ky (26.2)

KuiiMatiapra sra OyJaiiuk. Pasmanku, Oy Kysatiaran KHiMarjapHunr
Yanapu Xam Ttacoauduit MuKjaop 6Vamb, v I Tacomudmit MUKAOP Kawjail

KufiMaTaapau Kaly.a Kuaca. 1y KuiMargapian Oupnam KaOya Kuaasiu.

Hewmak,
Mxy=M§, Dy, =DE(k=1,2,...,n)

6Vaann. duau (26.2) kysatmwaap HatiKacHian (oitlananud, yuoy

n
— XXyt X |
x == P —— X
n n

k=1

KHAMATAaPHH XOcua Kuaamu3s., Yuu § rtaconuduil MHIIOPHHHT MaTema-
THK KyTuauum (Ypra kuivarin )M E wunr rakpnbuit upopacu  cucetuaa
Kabys1 KH/I1aMu3:

tax. (26.3)

“x mn (26.3) tannanva GVitmua jpmava Kudsamu €KW SMAUPUK  {p-
mada Kudymamu Jeinaani.
Kyi#tuzari

Y. (%, — )2

n—1 d
k=1

Mugaopun & tacoudmit MukAopuuHT JwmcnepeuacH DE HUHT CTATHCTHK
CH/DKHMAran ctaticTHK Gaxocu cudatnia kabys KHaaMmms:

Dt=g. (26.4)

Onarpa s* uu (26.4) ranaanma Gyiimua ducnepcus €kn ImMnupux duc-
nepcusi neNUnain.

By ME= x, DE~s* myHocabaraapaarn & Ba s* Jap & Tacoaubuit
MHUKAOPHHHr napaverpiaapy ME Ba DE gap vuyn wyxmasuid 6Gaxoaap
Jeftnnany.

Tacoanduit MHKJAOPHHHT MATEMATHK KYTHJIHIIA Ba JUCTIEPCHSCH Y4YH
KeaTupuiran 0axonap cuwiKHMaiauras, acocau Xamaa sipdextns Gaxo-

- aap 6ynann. Ilynapuu kypcaramus.
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1. (26.3), (26.4) GaxoapHHHT CHKUMAHAMTaH 6aX0aap SKAHIUFHHH
we GoTAal YUyH

Mx = ME, (26.5)
Ms*=D¢g (26.6)
GV MMl Kypeatuin kKepak 6y.au.
Xakukaran xawm,

s e i |

n
=L (M, +Msy+.. . +Mx) =L ME-n=ME
n n

6yau6, 6y (26.5) myHocabatHHHr TVFPILVTHIHEM HCGOTIAM AN,
D (26.6) teuryauknn ueboTaAaiMUI:

\ (x, — %)% = S’ M (x,—x)".

n—1 z—l
|

Jucnepensing - xucobaar (popMynau-t Dy=M n‘-’—(M n)* nam Toma-
MH3:

A/Is'.! -

Mw =Dy -+ (Mn)*.
Mlyura kypa
M (x,— %) =D (x,—x) + [M (x, — ) J*
6Vanaau. Harwxana ywoy

n

4 1 = NG
Ms"= n— 1 2 D (X —X) + M (x,— HF}=
k=|
i WL I LB (e
n_.ED“k W+ \lt(x ]

TEHIVIHKKA KeJlaMmi3.
Suan

D (x,—x) = D[,\-k —% Xy - %+ . .-4—,\-“)] =

=D [xk—-l— fy— (g R g o Ay e .+xn)]=

n
=D[(|——),\k—-— \1 J ( ’_11)2 ka-‘}-%,.Eka‘-
i=l, ;ak =l %

Gymiummg 3sTHOOpPra 046, TOmaMmu3



> d P (a0 L
] e, - n) k+ ';;;il=l. ‘;‘k =
\Y ([ p=lpel o
L[y peeFt o
"—1»21: (n:l\)e'i'":l] —=DE-n- —l- ":"(n — L D)=DE.

, Ms® == DE. DBy sca (26.6) tenranknuur tVrpuanriid  HcGoTaai-
Hlynpait kuanG, s* wpur DE yuyn cunkpMaitauran 6axo skanm kyp-
.

IOlgopnna KeJATHPHATAH

?=l(x,+.\',+ %) -—l-
n n

! 5 A
| == : E ('\k x)
ap moc pasuurza ME Ba DE yuyn acocan Gaxoaap GyJamn.
- Bynunr yuyn % a >0 1a ywby anMutT MypocaGariapHunr  VpHHaH
JIHIIMHA KYPCATHII KEpaK.

lim P {{ME—x|>a} =0, lim P{Dt—s}>a)=0

“h

s

=
I'.
-

mpnaﬂ ﬁnpummr neGoTHHH l\@JITllpa\llla

Arap Mx = ME Gyauumnn suTHGOpra OJcak, yiia
P {{Mi—x|1>a| =P {Ix— Mx|>a}
dHY TonaMu3. Maskyp kypehnnr 24-6o6naa keatupuaran YeGnues

ruaan ¢oiiaanann6, Kyimaarn P {|x — Mx| > a| <L2—‘:- TONT-
kKKa sra Oynamua. Jlemax,

P IME=T]> A<t

1N L) N RN _'
o[z Bn)w ion—s Joe-

k=

PIME—X|<a}<—>

Ey.O 5 , ? AL Ty 3,>‘.._‘: .“
e T Lae =2y .—g‘w&:'. Vo R -;‘j-r'*—'};&?‘ga‘_&;)&‘&ifﬁg



TeH '_ u3IMKKa Kesamus. Bynja sca n— o Ja aﬂz%—»o Gyaraunnrn cas

Gab lim P {IME—x|>a| =0 6fmuum kenu6 unkamn. By sex x

6axo ME yuyH acocnid Gaxo KanHHH GHJHPALH.
Tacomudui MHKI0p MabJayMm LIapTJapHH Kanoaraautuprania s* 6axo
D§E yuyn acocan 6axo, sibHHM
limP ||DE—s*|>a} =0

n— g

6VaHIIN KYpCaTHaAIN.

7-§. BaxOHHHT AHHKJAHTH, HUIOHYIHJIHK 3XTHMOJH,
HUIOHWIHIMK HHTEPBaJH

Aitraitymk, Goul TVNJAMHHHE X COH GesrHeil MabJyM TaKCHMOTra sra
6yvicu. By TaKCUMOTHHHI HOMABJIYM MapaveTpiapuild TanjaHvMa Xammu
KHYuK Gyaranja nykraenit Gaxonap épaavuaa Gaxoqanl Kynos XaToJHK=
Japra om0 KeJWIIH MYMKHH.

Bynpait xos1a unrepszasn Gaxoian goiaaianuil Makcaara MyBOpHK
6yuiapn. Mkxkura con — uutepBasiHuHr OXHpaapH GuiaH annkJavrad 6axo
unmepsaiau 6axo 1e6 aranaj.

0 — nomabaym napaverp, 0 3ca TeHmaHMa MansayMmortaaph 6Vitnya To-
NHJITAH CTATHCTHK Xapak TepucTHKA, AbHM O nuur Gaxocin GYJCHH.

Papmanky, |0— 0] ganya knuuk 6Vaca, swun | 0—0| << 1waptaa
6 kanua kuymk Gyuca, 0 Gaxo wyHuz anuk GViaiu. Bywaa & con 6 6Ga-
XOHUHT QHUKAUW JAEHHIAIH.

[0 —0|<<d TenrcuaaMKHMHT amaiara ouwm Y IXTHMoaH O Gaxo-

Huur 0 OVitnua wuontauauen (WUoHwAuAuUR axmuseau) 1e6 aitrunanu,
ABHHA
P{0o—0]|<& =y.

Homabaym napamerpun Gepuiran y MIIOHYJIMIMK Giilan KonJaiauran
(68— 96, 0--0) unrepsan wwonuAUIUK unmepsasn e0 aiiTuaany.

Mucon TapuKacHaa HopMasl TAKCHMOTHHHT napamMeTpJiapuiatl GHpH—TaK-
CHMOTHHHT JHCTEPCHACH G MabJayM GYJaraH Xosaa HOMabiyM MaTeMaTHK
KYTHIMLI Y9y HIIOHYTH HHTEPRAJIHH TONaMi3.

Papaz Kuwiailumk, § Tacoauduil MUKJA0P HOpMAT TAKCHMJAUTaH, YHHHE
aucnepeusicn D € = o* ManayMm Gyiicun, ME = a HOMabayM MareMmarTHk
Kyrumuum 6vacun. Kapanaérran tacoauduii MUKJAOPHM Ky3aTHIl HATH=
Kacuja

X Xy va o (26.7)

n
ra sra Gynaitimk. By x,, x5, ..., X, Jap xam Tacomuduit Muknop Gy-
Jn6, yJaap yuyH Xam
Mx;=a, Dx;=0% i=1,2, ..,n

6yaaju.

~h



"Mmmop 6Y/IH0, YHUHT napameTpJapu
Mx=a, Dx=

‘tenr. By Tacoauduit MMKIOPHHUT TaKCHMOT (hyHKIHSCH
F(x)=%+tb(":“ n_) (26.8)

P{lx—al<&}=1v (26.9)
JIHKaH ol rananamns.

Pllx—al<8| =P {—b8<x—a< 8| =
=P{a—b6<x<a+8 =F (a+6)— F (a—& (26.10)

¥ '(26.10) Mynbcaﬁamau oiinananué Tonavus:

.F(a+6)—F(a—6)——+o ( “V_) —;-{-a)(%v"—) -

i =2m(61:n—)-
: Hevak, 2@ (5 {: ) =y, avhn @ (%) = l; Y.

@ (x) pysxkuusnunr Xycycusatd xamaa y yuyn 0 <y <1 6yauiusu
Oopra ouiub, wiyHaail & MaBKyAJIMIHHH KYPCATHII MYMKHHKH, YHIA

O @=7 7

a. Oparpa o kBautHa 1e6 arasann. (o vu @ (x) dysxkumus yuyn
raH »Kajasa/ijaH TONWJIAIH.)

5Vn_6
T

§o=—a &

Va

lysnait kuwmb, o = yiu6, yHIau
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i

skananrn kean6 unkann. Hamwkana P {a — 6 < x < a+ 8} =y myno-
cabat ywby KYPHHHIIHH OJa/u:

Pla— -2 T G — a}=v.
L Va Va

Ilyuzaait KuanG, HOPMAa TAKCHMOTHHHI HOMabJAyM @ napaMeTpu (Ma-
TEeNATHK KYTHJNIIN) KViHAAara HITOHWIHANK WHTEepBaan GWian KormJaHaau:

(?— £ a.?-{— ﬂ_a\.
: n

n

a o
Bynaa Gaxonuur amskanrn § = —— o ra Tenr 6yJaam.
n

Tannanma anukmirnan Gaxosama Kyitmaarn yd Xosa GYaHIIM MyM-
KHH:

1) Gaxounnr anngmurn & Gepunaan, P {|x —a|< 8} sxtumoann
Tonui Kepak Gy.J1aau;

2) P ||x—al|<0| sxtumon Gepuaaiu, O HU TOMHIUI Kepak Gyjamu;

3) Gaxouunr aungauru 8 Ba P {|x—a|< 8} sxramonu Gepuaran
6ya0, TanJanMa XaMH 7 WM TOnMUI Kepak Gy.saau.

Hopvaa rakcumaanran § Muki1opuit GearuHnir ¢ ypraua KBajapaTHK
YeTJIAHHIINN, § My3amuiead madiauma gpmada Keadpamuxk 4emaa-
Hw™ OYitnua y muoHuaranK Ougan Gaxosanl yuyn Kyiiulari MIUOHYINK
uHTepBaIapyuaan Qoiiaasannaan:

s(1—9<o<ls (l+49 @<,
0<o<Zs(1+q (@>1),
Oy epaa ¢ nn wnosajarn 4-xansanja Oepuaran n Ba y GViinya Ttonu-
MESUD ,
I-mucou. Hopvan takenmnairan § Gearnnunr Vpraya KBaapatuk
YeTannI 0 = 2, TAHJaHMa Ypraua KuitMatn ¥ = 5,4 Ba TansanMa Xax-

MH n = 10. Yuuur HOMabAyM @ MaTeMaTHK KyTHIHum yuyH y = 0,95
MIIOHY/IMANK OHJIAH HIIOHY/H HHTePBATHHH TY3aMH3.

Eunm. Assan 2@ (f) = 0,95 renrsmkaan @ (f) = 0,475 un xocua
Knaavius, Knto6 oxuphaarn 2- :aasamuan f) o. = 1,96 nu Tonavus. Juau

to
Gaxounnr anuaurn & mu & — —- dopmynazan Tonavus:
/ n

962
Bz '——l_- ~ 1,94,

Humonyanauk unrepsani r— 124 <a<x+1,24 éku54—1,24<
<a<54-+ 1,24, avun 4,16 < a < 6,64 6ynann.
Jemak, 95 % wwony Gunan (4,16, 6,64) wOHYIHINK MHTEpRATN

* Vprava ksagratik uerdammm ie6, aMchefcuman OSINFAN KBAAPaT HAAM3TA
aiitwarawm: 0=y DE.
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HOMabJIyM a napaMeTpHH TyJa Konvaitau ne6 afituur MyMkuH. Baxomusur
anuksmry 6 = 1,24,

2-mucoa. Ikuaran kawomuad 100 Tynm Tamrab onuHub, mosiapu-
HHHT Y3YHJMK/APHHH  XHC00s1a0 uYMKHIranaa Kyiuaars MabayMoTjap
OJIMHAN (CM):

Bapuantanap, x; | 45 I 55 | 65 | 75 | 8 , 95 [105 | 115

Yactoraap, n; RN ERERRE | 7]

Bowr tynaam ypraya KuitMati yuyH HIIOHYJIHIHK HHTEPBAIMHH TO-
muer (y = 0,95).

Eyuuw. ABBan CTATHCTHK XapakTEPHCTHKAHKH Xic oOnaitvu3. Bymuur
yuyH XHcoOJall KaABATHHH KyHHAArHYa Ty3aMH3;

1) Gupuuuu ycTyHAa BapHaHTalapHH;

2) MKKHHYH YCTYH/AA 4acTOTaNapHH,

3) yuuH4H ycTynjia yactoranzap Onsian BapHaHTanap KynafTMACHHE;

4) TYPTHHUM VCTVH/ld BapHaHTaJap KBa/paT/iapHHH,

5) GelMHYM YCTYHJA BApHAHTAJAD KBA/APATJAPHHHHI MOC 4YacToTa-
Japra KynaiTMacHHH JKOMJIALITHPAMKS;

6) KamBaa OCTHrd MOC YCTYHJAPAArd paKam/ap HUFHHAHCHHM €3aMu3,

Xi n; X;n; x; l xf ng
45 I 45 2025 2025
55 5 275 3025 15125
65 11 315 4225 46475
75 26 1950 5625 146250
85 33 2805 7225 238425
95 16 1520 9025 144400

105 7 735 11025 77125
115 1 115 13225 13225
b | 100 | 8160 | - | 683100

7) Taunanma ypraya KHHMATHHH
— 1 Y
X = - .\"' 'l‘»
|

(opmysia opkanx xucoGaaiimus. JKaieaigarn kuitMaTaphiu yprura KyHuo
XHCOO1AHMHU3:
=20 _g16 x=816.
100

8) AucnepcHsHH

n n
5 \1 n;x; — (L \‘ X; /ll-)-
N e N a—d

=1 =l
dopmysnazan (oiitasannd xucobaaiivus. JKansanjard KuiMaT/JIapHH Kysi-
MH3:
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D = 6831 — (81,60)* = 180,44;
9) ¥pra KBaApaTHK YETJAHHLIHH TONAMH3:

oc=VD =V180,44 ~ 13,4;
10) Baphanms KOXPPHIMEHTHHH TOMAMH3:

]
V= Z.100% = 2.100% = 16,3%:
X 8l ,6
11) Tannanma ypraya KuiMarHHUHT aGcoMOT XatocH Kyiuaarnda:
a 13, 4
0= ——== = 1,34;
Va 10

12) Gow Tynaam ypraya KHBMATHHHHT HIIOHWINIMK MHTEPBAJIHHH TO-
namus. Byujaa
x—816;, vy=095 n=100; o=134.
Hionuamank  mHTepBaiuim

= a = a
Xx—1, — a .\?+t —
y e <a<xtt,o= (26.11)
TEHICH3JIHK/ldH TONaMH3.

nu 3-kaasanaa Gepuaran n Ba y  Gyimua Tonamu3: (n = 100,
¥ =095)¢, = 1,984. By xuiivarnapuu (26.11) Tenrcusamkka Kysmna:

”.4_<a<81 641,984 234 789 <0< 84,3,

Vio V10
3-mucou. Tauranmanudr WyHAAR MHHEMAaJ XaAMHHH  TOMHHIKH,
HOpMAJI TaKCHMJIaHran 6ol TYnJjaM MareMaTHK KyTHIHIIHHMHT TaHJaHMa
Vprava xuitmati OVitnya Gaxocuuusr avukaurn 0,925 uwonuanank Guaan
0,2 ra tenr Gyacun. Dow TynaavHuHr Ypra KBaAPaTHK YeTJAHHIIH Mab-
Jaym: o = 1,5,
Euuwm. Mucon mapruaa xyiimaarnaap Gepusiran:

vy=0925 o=1,5 ©6=0,2 20(x)=0,925.
Bynapaan doiipasanné @ (x) vu ronumus

O(x) = 222 _ 0,4625.

81,6—1,984-

Hnosaparn 2-xaasanja (D(x) = 0,4625 ra x nunr x = 1,78 Kuiiva-
TH MOC KeJlajH.
Bowr tynsaM MaremMaTHk KYTHWIHILHHHHT TanjanMa Vpraya Kuimar

» " 3 G
GVitnuya GaXOCHHHHT AHHUKJMTHHM Hpojanaiauran O = x- e (hopmy-
n
Janan ¢oHaananamMus;
n=2L &y n= xe
) &t

Ey epaa x, 0, 0 HHHr KHBMaTJapHHH KYAMH3:
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_ (1L,78)2-00,52 SRR
n Y V7 =T,
4-mucoa. Bowr tynaamuunr £ con GeArHcH HOPMan TaKCHMJaHraH
N XaKMIH TaHjanMa Oyiiuua TysaTWIraH ypraya KBaAPaTHK YeTJaHHll o
Tonuarad. Arap a) n = 10, s =5,1; 6) n =50, s = 14 6yaca, ¢ yprava
KBanpatHk gervianuiunu 0,999 muonwmAnk GuaaH KOnJiaiaurad HIOHY-
JIHJIHK WHTEPBAJHHH TOMMHT.
“Eugnm. a) y=0,999 Ba n = 10 6yiiuua wuiaosagaru 4-xaneanian
g = 1,80 Hu TOmamus.
MabayMKH, HIIOHWIH/INK HHTEDBATHHH TOMMII YYyH KyAHAArH (opmy-
Jajav (oliananuianu:

s(l—g)<o<s(l+¢) (arap <1 6uca)

0<o<s(l +¢q) (arap ¢ > 1 GVaca).
g = 1,80 > 1 Gyaranu yyyn ukkuHun dopmysanan o jaiaHamus;
0<0o<5,1 (1+1,8) ékn 0<< o< 14,28,
6) Unosanarn 4-xkansangan ¢ = 0,43 nu tomamus. ¢ << | Gysrauu
yuyH
s(l —g)<o<s(l+9)

dhopmysagan doitrananamus:

14-(1 —0,43) < o< 14(1 4 0,43) éku 7,98 < 0 < 20,02.

S5-mucoua. 10000 rexkrap maiénonaa taunab onuw #yau Gunan 500
FeKTap OJMHraH Ba YHJArH SKHHHHHT XOCHJJAOPJIHIH VJ/IYaHrauja Kyduaa-
IH MabJyMOT CJHHTaH (TaKpopjaHMaraH Tacofuduil TaH/j2HMma):

18-—20| )Kauu_
35 I n=>500

10—12
37

12—14/14—16(16—18
79 | 165 126

| ra aar# XOCHAAOPJIMIH, I |8-—l0
Tektap cOHH I 8

Takcumorun HopMan fe6 ¢apas KuJmo:

1) 6yTyH Maiponaard XOCHWJAOPJIHKHHHT TaHJab OJMHraH Y4acTKacH-
nard ypraya Xocuaaopiukaas 0,2 1 ra oprMaciMK 3XTHMOJIHHH TOIMHHT,

2) Vpraua XocuanopaHK uerapacu (nuTepBasu)ui 0,95 sxTHmon G-
JIaH TOIHHT.

Euuw. a) Aspan TannauMa yprava KuAMAatTHHH X =a -+

c A\ /[ %y —a
-+ Va \I( = )-n‘- ¢opmysa opkanu Tonamus. Dymumr yuym Xu-
cobnaul KaApanuHi Ty3amu3 (TaujgaHma Vypra KuiiMaTHHM IOKOpHZA Xam
xucobaaran 3auK). Popmysaana 0= 15; ¢ =2 ned osamus.
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! T e A T e

"y 8 | ar| 79 |1es | 126 | &5 | 500
i 29 i Y ML BSOS BT e g S0 vl (et
c
e 3
("‘ ") 9 il e ol KRS I B (o H 0 SR
c
=5
("‘c )n, —o7|—ml|-79 | 0 |16 |70 | 119
—a\2 '
(“c“)-"i 72| 48| 79| o |126 |30 | 765

x=15+ 5%0-119 = 15,676. Tannanma JuCTIepCHSICHHH TONHIIAA ymGy
¢opmyananan ¢oitananavus:

c X —a) = 4 2
ot =2 (-_c_) n; — (¥ — a)? = oo - 765—(15,676—15)25,66.

uan P||x—a|< 8| sxtuMoaHn TOMMIIMMM3 Kepak, Gy epia O —
= (),2 TanjaHMa TakpopJaHMaHIuraH GYJraHu yuyyH SXTHMOJIHH TOMMILJAA

Pllx—al<?$) =‘D(6‘/_;g_(l’:_—%))

(dopmyaanan ¢oiinananamus, 6yHga a— 060l TYNJAMHMHT  YpTava KHii-
MaTH.

n=>500, N == 10000 Ba o} HoManayM Gyjraun yuyH YHHHT VpHura
o® HH OJ1aMH3:

/ 50
P{|x—a|<02)=® 0'2]/5661 500\ |=@(0,2-V92,3)=
' (_10()00)

={(1,92).
Wnosamarn 2-xkapsangan  M(1,92) =0,4726 un  Ttonamus. [lemak,

P||x—a|<0,2] = 0,4726 6yaanu;
6) aBBa;n O HHM TONMIU Y4YH B

§=1 '/ ag(l—%j
n

¢dopvyaanan goiinananamus. Bynuur yuyn ¢ nn 20 (f) = 0,95 TeHrIMK-
JaH Tomamua. 2-ykajaeanian [ = 1,96 n4 anukIaivpa;

" 5'66("1;(())::0)
a=19% 1/ —_19% 09
500

341



Jlemak, MIIONYIHIHK WHTEpBATH X — 0 < a < x 4 6 dopmyaara kypa
15,676 — 0,2 < a < 15,676 + 0,2 éxu
15,476 < a < 15,876 6yaaau.

8-§. Taunsauma ypraya KHAMAT BA TAHJAHMA JMHCIEPCHSHH
XHCOONALWHHHT KynafiTmanap ycyJH

I. Teur ysokaamwrad sapuanranap. Bapuauranapuunr ka-
6yJ1 KHJIaauraH Ku#MatJapd Karra consap 6V.arania, TanjamatndHr iue-
Ma XapakTepHCTHKAJIapHHH Kyinlard KynaitManap ycyaw OujaH XHceob-
Jiau KyJanaup.

h afiupmann apupMEeTHK MPOrpeccHs TAIIKWI  3TafAMraH BapHaHTa/ap
meHe y3oKaukdazu eapuanmanrap e aranauu.

Yy

Xy —€ 4. XY
u; = ‘h (i=1,k)
TEHTIMK OHJIAH aHHKJaHaHraln BapHaHTanap Wapt/iM Rapuantaiap 1e6 ara-
nagn, Gy epaa ¢— coXTa HOMb (W Karrta yactorara sra GyJran papu-
auTa), h— MKKH BapHanTa opacuaard Mmacopa (GHPJHK).

Tannamvauuir fiMFMa  XapakTePHCTHKAJIAPHHH  XHCOOJAIUAA  IMMHPHK
MomerTapaaH hoAnananuil KyJeHAup. IOMMHPHK MOMEHT/ap Ky3aTHil
MabayMOT/IapH 6Vitdua Xucob.1aHaqn:

M, = LZ ny(x;—c)* npoga k-mapmubau 000ud smnupur mo-
n

I
Menm feitmnanu, Gy epaa ¢ —coXTa HOb, 7 = ¥'n; — TalaHMa XaxK-
MH, M;— 4acToTa.

1 “
M,=— n; x§ uhona k-mapmubau GowraHFUL IMAUPUK MOMEHIM
N
k
- - (0.~ =y
peinnagu. k= | 6yaca, M, =— X n; x; = x Oyaaqu.
n i
=13 %) a k-mapmubaun smapkasuld 3MRUpUK Mo-
mk—T‘._,n,- x; —x| wubona pmuGa map P
t \

Menm Oedturadu.
Xycycuit Xonaa k = 2 6yarania

OMIHPHK KHAMATJIAPHH XHCOO/1AlAA OCOHJHK YUY UIAPTIH SMITHPIK
MOMEHT/IapaH (HoHLaIaHHIIT MYMKHH:
. \ (A x; —c\k
Mk=-l— 1n‘.u:f=—-\ ni( : )
N " h

13




uq;o k-mapmuﬁxnu wapmau amnupux momenm neimnamn. Xycyca,
k=
. l l I ‘ ‘ l sy
Ml:T[T ; nix"_‘cT b ni]:T(x—c)‘

t
By epaan x ui TOnavus: X= M; -h ¢ ¢opmyna Taujsanma ypraya
wutivaran o dopmy.aacuanp, D— | M, — (M, )*|-h® rannanva mmc-
nepcuAcHHH Xucobaalll Gopmyach.
x Ba D un xucobaaiiza Kynaiit™asap ycyanaan (oijanaHui yuyH
XHcobsanl JKajBaJMHA TY3HLI Kyaait Oyaanu.
1) »anBaaHHHT OMPMHYH VCTYHMra BapHanTanapin optHO Gopuin Tap-

THOHAA €3naanH;
2) MKKHHYH YCTYHId BapHauTaJapHuHr MOC 4YacToTansapH €3usanu.

Yeryn Tarura vacroranap fHFHHINCH €3W71a1H;
X —¢C

3) YUHHYM YCTYHTa WIApT/H BapHanTanap u; = —'T— €3un1anm;

4) TYPTHHYM YCTYHI@ YACTOTAJAPHH LUAPTJH BapHaHTajapra Kynair-
ManapH €3una/i. YCTYH Tarura yJapHunr AueHHaNcH €3uiajim;

5) Gewmuun yCTyHra HacToTasaphi 1apTiM BapHanTanap Keaaparia-
pHra KynaiiT™anapu €3wiaiM, YCTYH TArHra yJAapuHHr  fupunaucH €su-
Jiajiu;

6) oaTHHYH YCTYHra YacTOTAJapHHHT Xap Kalicucunn OWTTa OpTTH-
pHAran Wapr.an BAPHANTAJAPHHHT KBAAPAT/IApHIa Kynaiitvanapn €3unaian
Ba YCTYH Tarura M1, (& + l)- AHFHHANCH €310d/1.

1
By yeryn xontpos yeryn aeiwnam. Arap N vn- (4 + 1)? #n-
FHHAH S‘rz u; +‘7\‘ n; W; +n HAFMHAMIA  TEHr éyma y Xosza Xucob-

Jaiap 'ryrpu Gmxapmrau xucobnanany. Kaasaa TYJIAHpHATaHAAH

Kennn
. I Y . 1 s \ 2
IH] = T\ n; u;, \/1_, == o n; u;

1APTJH MOMEHT.Iap TOl’lH.IlallH. cyurpa x Ba D \nco6.nauanu
1-muco.a. Tanjawvasnir Gepuaran TakcHMOTH GYiHYA TaHaaHMa KHii-
MaTHHH Ba TanJjanMa JHCNepcHscHHM Kynaiitvanap ycy/ad OGuiaH TONHHT.

X I 18,6 ‘ 19 I 19 .4 ’ 19.8 20,2 20,6
n; | 4 | 6 ‘ 30 | 40 18 2

xX; . 65 ’ 70 \ 75 | 80 85

n; l 2 l 5 ‘ 25 l 15 3




Eunm. a) Xucobnam »ansamns  Ty3amus.

1 3 4 5 6
x; n; u; n; ug n; u;’? n; (!l“ _}. ])2
18,6 —3 —I12 36 16
19 —2 —12 2 0
19,4 30 —1 —30 30 0
19,8 40 0 0 0 40
20,2 18 1 18 18 72
20,6 2 4 8 18
N\ < AN 0 N+ 1) =
2‘ n =100 ‘\_n,-u,-z—-32 :_n[ u;=116 _"‘::1“152

Xucobauwiapis TeKILHPHIL YYVH
Y 2. Q) 2 1
2 (1) =nuf+ 2304 +n
aftuuATaan  Qoiiananamns:
}:ni(u[ + 1P = 116 — 64 + 100 = 152.
Kourpos fiurusnaapuuur GHp Xua 3Kawaurd Xucobsawaap TVep

Gaxkapusiranjan ganonar Oepafd. IJuau, OHPHHUM Ba MKKHHYM TApTHOM
LIAPTJIH MOMEHTJIApHH XHCoOaiiMu3:

/1’1.1 = Lv 'l‘- u" = ‘—3_2 — _'0'32v
N 109
. | Rl 116
A car= 18 _ 118
M_. n\llllul 100 6

Bepuaran mucoina h = 19— 18,6 =0,4; ¢ =198 skauuun
oJIcak:

xucobra

x=M, h+c=—0,32:04+ 19,8 = 19,672,
D =M, —(M; )2]n* = [ 1,16 — (0,32)2]-0,4* = 0,1692.

6) By mMuconna xam, OCOMJHK Y4yH, XHCOOJAIU MKANBATHHH Ty3aMH3.
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1 2 3 4 5 6
X; n; uj n; u; n; uf ng(u; =+ 1?2
65 2 —2 —4 8 2
70 5 —1 —5 5 0




1 2 3 4 5 6
75 25 0 ' —9 0 25
S —— —
80 15 l 15 15 60
85 3 2 6 12 27
—
:‘_ 50 12 40 114

Koutpom: N n; (u; + 1)* = 114,
Nnui+28nu+n =40+ 24 + 50 = 114.
Jewmaxk, Xucobnaur TVrpu. Iuau M' Ba .H:, 1K XHcoOMaitMH3 :

M; :—\ n; u; —(')) = 0,24,

n
Bepnnran miconna h=70—65=5; C= 70 skauanruun xucobra oJcak:

X=M; h+C = 0,24—5+75=762
D=[M, — (M )|n =[08+4(024)]-25 = 18,56.

2. Teur yaogkaukaa 6yaMaran Bapuauntajap. Kysaruuw
HATIKAIAPHIA BapHAHTAIAD XaMMa BakT NaM TeHr Y30KJHKAA zKofiatl-
rai Oysaeepmaiian. NJapnu TeHr Y30K/IHKArH BapHaHTANapra KeJTHpHIL
yuyH GeJrHHHHT Kysaiunaérrad XaMma KHiiMATapH KHprad HHTepBajJIHH
Gup 1eua TEHr KHCMMIT WHTepBasiiapra OVJHHAAM, CYHIpa KHCMHIT HHTEp-
BAJIADHAHT VPTanapi Tonunaan. Xap OMp SIHCH  HMHTEpBaa YacToTacH
YUyH 1y MHTePBAIJArH yacToTanap HHFMHIMCH OJHHAZM.

2-muco. n =50 XaKMIH TAHIAHMAHHHT TEHT Y30KJHKAA GYJamarau
BApHAHTAIaPH TakCUMOTH OVilMua TaH/iauma Vpraya KMHMar Ba TaHjanMa
JAUCTIEPCHARH KVnaitTManap ycyau OWJIaH TOMHHT:

X; 6 15,5 23,5

8 17,5 l 20

ng I 1 ‘ 9 I 6 l 8
Eunwm. 6 —26 nureppannn ysywaurn h =4 6yaran 5 1a KHCMuit
HHTepBajra GyJaaMus:

ll|13

"4.5‘ 26

6 6 1
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6—10, 10—14, 14—18, 18—22, 22—26.
Kuemnit nureppannapuusr Ypranapuun snr y; Bapuantanap cudaruja
O/IH6, TEeHr Y30KJHKAArH BApHAHTANapHH XOCH/ KHJIAMIls:
n=28 y=12 y=16, y, =20, y,=24.
Xap Onp HMHTEPBAJHHHI YacToTalapn Kvimjaariya GyJjaan:
n=1+9=10,na=6-+-6=12, ny=4 -+ 6 = 10,
n,=8, n;=5+44+1=10.
Jlemak, Tenr ysokJHMKA4arH BapHaHTanap TaKCHMOTH:

u; ‘ 8 ) 12 ' 16 l 20 ’ 24

10 10

Kynaiitmanap yeymauaan dgoiizananamns, GYHHHT yuyH XpcoGaail JKausa-
JIHHH Ty3aMH3:

Yi n; u; n; up n; u';3 ng (u; + 1)?
8 10 —1 —10 10 0

12 12 0 I~ —10 ] ) 12

16 10 1 10 10 40

20 8 2 16 32 72

24 10 3 30 90 160

T ._'
A 50 46 142 284
—

Kontpom: Nin; (u; + 1)* = 284,
i

Eni u} +22,"i”1 ~+n = 142 4+ 92 4 50 = 284.

i i
Jewmak, xucobnauiap TVFpu Gakapuarad. Juau w, Ba M; HII  XHCOD-~
JAaNMH3:

. 1 Y 46
=— N nu = — ==0,92
Ml n ‘_‘ £ 50
i
. I N 142
y = n u’? — PR — 2v84
W_ n H. Be

Bepunarau Mucoana h =4, ¢ = 12 6yarain yuyH:
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y=M, -h+c=092-4+ 12 = 15,68,

D =M, —(M; )']n* =[2,84—(0,92)°] - 16 = 32.

Taunnakma AMCNEPCHAHH XHcOOG/alla rpynnajialll HATHXKACHAA BYXKYyAra

KeJiraH XaToHu Kamaittupuin makcaauna [lleddapn Tysarmack kupHTHIA-
N, V KYHHIArura Temur:

’ |
D'=D——h.
12
D Ba h HuHr KuilMaTJapHHH VpHHra KYSMu3:

D= 32— "—_)-4‘2 =32—1,3=307.

XXVII b0 B. KOPPEJISIUUS HA3APHSACH.
1-§. Yu3nukau Koppeasimus

MaremaTtikaza Ba TeXHHKaad (pyHKUHOHAT GOFJAHMII —TYLIYHYACHHH
Kyn yupatau; MymknH. Macanan, fompa to3u paanychra Goramk (S =
= nR*, ra3 GOCHMH XaXXM Pa TeMmnepaTypacHra OOFIHK (p= R- it-
p —ra3 Gocumu, t—Temneparypa, V — xamwm, R — y3rapmac Kodgxpu-
Hent) Ba Xokaso. PyHKUHOHAT GOFJIaHHl Tacoanbuit MHKAOpJAp opa-
cHaa Xxam OVJHIIH MYMKHH,

Cmamucmur Goraaruue 1e6 WyHAall GOFJaHnUIra alTHIAAUKH, YHIAQ
MUK AOpJapAaH GHPHHHUHT V3rapHIM MKKHHYHCH TAKCHMOTHHHHI V3rapHiii-
ra oub Kejamu. XycycaH, CTATHCTHK OOFIHKJAMK MHKIOpJapaaH Gupu-
HUHT V3rapuiid MKKHHYMCHHUHT VpTaya KMiMaTHHM V3rapuiiuiaa KypuHa-
au; 6y X041a CTaTHCTHK GOFJIAHHII KOPpeJsiltioH GOFaHuul 1ed atanajiu.

Macanau, Maitnoud OMp X 6YJrad ep yuwacTkanapura OHp XuJa
MHKJAOp1d YFHT COTHHCA XaM Xap XW1 XOcH1 oguHanu. Jlekun yprava
XOCH/IIOP/HK COMHHraH VFMT MHKAopura Gorauy Gysaau. DBy epaa xo-
CHAIOPJHKHMHT YpTaua KuiMatH OuaaH YFUT MHKJOPH OpacHaa Koppeus-
LHOH GOFJaHHII MaBKYy Ae6 Kapail MyMKHH.

X pa Y OGearunap Gepusran GYJICHH.

Ulapmau ypmawa uimam y, ne6 Y wunr X = x KwiiMatra Moc
KHiIMAT/apHHUHT VPTaya apudMeTHK KuHMaTHra aiTtuiaiu.

Y uuer X ra KoppensitMoH GOFJHKINCH Je0, -yx IwapTad yprada
KUIMATHHHD X ra (YHKUHOHA] GOFJIMKJHIHIa aHTHJIaAM:

¥, = f(x). (27.1)

(27.1) tenraama Y wunr X ra perpeccusi TeHrjiamacu JeduJanm;
[(x) dyukuust Y uuur X ra perpeccusicd, yuuur rpapurn sca Y
Hupr X ra perpeccHs YH3MFH JeHHIann.

Yiuby

X, =¢(y (27.2)
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TenrnaMa X HuHr Y ra perpeccusi TeHrJiamacu Aefimsiam.

Koppessiunon GOFMMKAMK MKKH Xua1 GYJajM: YH3HKJAM Ba STpH un-
3HKJH.

Koppeasiunon GOFIMKAMK 4H3HKAH 6VJranja perpeccHsi TeHrJaMacH

Y, =ax +b (273)
KypuHumaa 6y.aanu.
By tenrnavanaru a Tansanvanunr perpeccusi KoxpuunenTi Aeinnany.
(26.3) naru @ Ba b WM SHr KHUMK KBagpataap ycyam épaamuia
KyiHlary HopMas 'reur.1ama.'fap CHCTEMACH/AH TOMAMHS:
n

]
O o
b \ + a z V= __, Yi {
1=1 1=l i=1 _
(27.4)
3
bn +a E X; =5 Ny
=l f—l
Y nuur X ra perpeccusi TYFPH UMBHFHHHHT TaHJaHMa TeHT/aMach
- -— Oy -
Y=Y =T (x—x) (27.5)

Kypunnwina 6yaaan, 6y epia Yy, — WIApTad ypraye Kuiivar, x Ba Yy Tex-
whpuaaérran X Ba Y GearnJapHHHr Taunanma Vpraua uiivarsapy, o,
oy—TaH.narma S"praqa KBAJpaTHK YeTJaHHULIApH, 7 . Tanjanma Koppe-

JSLHS KOGXpHIMEHTH KYiinaari (JOpMyJia OPKAIH TOMH.1aH:
Ve XY —nXY
noy Oy :

rr = (27.6)

Yusukan Koppeasunon GOFNaHuil 3HYAHrHHN 6GaxoJaul VuyH ana umy
Ta HJaHMa Koppeasins Kos(duimentu rp  Xuamar wwiaam, |ro| Oupra
KaHya sIKMH Oyaca, OOoriaHMil lyHYa Kywi Gyaain.

XucobaliapHi COAAANAMTHPHLL YYYH XHCOOAAN! »KaliBalHHI TY3HII
Kynaait. Arap X Ba Y Genruaap ycTHIA Kys3aTHI! MabJyMOTJIapH TeHr
Y30K/MKAry BapHAHTAIH KOPPeJAUMOH KajBatH KVpuHHIIBAA Gepuaran
GyJsca, y XonjJa KyWHAArd 1UapT/iv BapHAHTAJapHH KHPHTAMMH3:

xi—{:l. V= Yj— €2
hl he

Gy epaa ¢y, C,— MOC paBHIIAa «coXTta» Hoazap, h,, h, — Moc paBmaa
KazamJap.
Iapran BapHautanap OpKa/JH TaHJIaHM? Koppeasauns Kox(pdiimenty
Kylinaarnya Tonuaaum:
v =
ot — v
PR 2l Lokt L4l (27.7)
no,oy
6y epaaru ¥ /,u4-U HI XACOGIALIHE KEITYCHAA MHCOJ OPKaln TyLuy He

THPaMH3. %
= > Ny = anv =
u=—'_", V= ='T_’0u___l,u_ (u)",
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o, =} v*—(v)?

ubonanap KymaiitMasap ycyJH OpKamH TOnMJaaW. YJapH Tonramjad
CYHT perpeccHsi TeHriaMmachjars upojanapHu Kyiuariua Tonamus:

; :.1-&’11 + Cl' Z/ 2= ;h2 —*—- (:2' O'X = Gu-hv
Uy = hv'h:.

I-mucoa. Depuiaran Mmaiaonja VFHTHHHT XOCHJLOP/HKKA TabCHPH-
HH Vprauuin Makcaauaa YTkasuarad 10 ta Tampuba HaTHAKacH Kyiuaa-
riya 6Vaau:

Glll‘ll|7|8|l()(l‘2

X

G\IOIQ

33 30 30 33

34 l 29

31‘32

Oy epla x Xap OGup rexrtap epra coJMHran VFHT MHKJIOpH (TOHHA), Y Xap
OHp rexkTap epjaH OJMHraH XOCH/AOPJHK. Y nunr X ra TVFPH UH3HKJIH
perpeccHsi TaHJaHMa TEHrJAMACHHH TOMHMHI Ba VHHM KY3aTHUI HaTHxKaJja-
pu GHIaH TAKKOCJIAHT.

Eupu. YrHT MAUKAOPHHHHT OIMPHANIIH OijiaH  XOCHIAOPIHK OpPTH-

iy Kypamus. By HKkkH MRKA0P V3apo  TVFpH  uu3MKan  GOrJaHuiLra
Ira aed KapaiiMH3:

Yy, =ax+b.
By epaari @ Ba b napamerpaapHit TONMMUI YuyH XucoOsjatl Kajsa-

auii Ty3amu3 (1- xkansan).
a Ba b napaverpiapHu Tonuur yuyu (27.4) dopmynazan doitaaniana-

MH3:
905+ 852a — 2831, |
10b+90a =310 |

l-xkaasaan

e [ w | | 4 [ uw
1 27 6 6 162
9 32 1 121 352
3 33 1 121 363
4 30 7 19 210
5 30 8 64 oo - 240
6 33 10 10077047 330
7 34 12 14457 408
8 08 6 I Ko 168
9 31 10 100 810
10 32 9 81 288

n=10 | 310 I 90 | 852 [ 283l

T
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Hkkunyn Tenrnamann 9 ra  kynaitpu6, GHpPMHYH TeHTJlamMajaH
aiinpaMu3:

41

42a =41, a=E-
po 310=%0a o9 5
10 14

Y xonna Tasa6 KHJMHraH perpeccHs TeHrJamac

41 5
b= ¥+ 247 (25.8)

Kypunnmaa Gynanm. ) y

Suan GHp XuJ MHKJAOpAArH YFuT conmuranaa (25.8) Tenramk Gyin-
ua ;x KYTHJIaAuTaH XOCHJIIOPJIHK — KHiTMATJApUHHHT Y/; TaHJaHMa KuiiMa-
TH MuKAopJaapuaan orummnn 0,01 aunkaukaa Tonamus:

2-xaaBan
5 | Yi Yx Yx—Yi
6 37 28,06 1,06
1 32 32,96 0,96
11 33 32,96 —0,04
7 30 29 04 —0,96
8 30 30,02 0,02
10 33 31,98 —1,02
12 34 33,94 —0,06
6 28 28,05 0,06
10 31 31,98 0,98
9 2 31 —1,00

Yy — Y; KHAMATNApHAaH KYPHHALHKH KYTHJAIHTaH XOCHJIAOPJHK VFHT
MHIJI0pHra Kyjla GOFIHK 3KaH.

Kysarmunap conu karta Gyaranja x KuAMaThHuer Y3 n, Mapra, Y
KHAMAaTHUHT Y30 1, Mapra, COH KypTH (x, y) HuHr V3u n. Mapra yu-
paumn MymkuH. [y caGabiu  Ky3aTHIl MabAyMOTJIApH  TpynnajaHaiu,
SBHH N, N, N, YACTOTAJAp XHCOG/AHAAM Ba KalBaJl KYPHHHIUHIAA €3i-

Jdapd. Bynpalt xonaraa Kyiiuaarn MHCOJNHH eyl cXemacuaad (oiiaa-
JIdHTaH MabKYyJI.

2-mucoda. bupop Yenmwumk orupaurgsuer  (GyTyH VCHMIHK OFMp-
JMTH X TpamMM XHCOOHMA) 3KHIraH VYpyF OFHpAHIH (Y rpamm Xucobuaa)
6yHHua TaKCHMOTH JKajaBaJ ycyauaa Gepuira.
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3-xaaman
* 3] 18| 23| 28 33| 38| 43| 48|53 |58 | 63|68 ny
uy
{
2% | 3| 2 5
35 6 | 4 11
45 1 |13 | 5 19
56 1l 2| 4| 8|1 . 16
65 1 ¢ [ 4|2 i
75 2| 6|61 15
85 | L5 6
an | 6
105 ’ o 4| 1| 1] 8
15 l I 2
125 | 1|
|
ny | 3|10 20|9|14ln’9 TIB 6| 1| 31100

Eunw. By epaa ycuMaIMk OFHPJMTH Ba YPYF OFHPJAHKJIAPH CHHGp-
Japra axpatuaran 6y.au6, Oy cuHpaapuuir Ypragapu x —25, 35 .. .
y—13, 18 ... 1e6 oamunrad. 3 couu — ymMyMmuit orupaurs 25 r xamaa
ypyr orupaury 13 r gan 6yaran y4 Yeumauk Gopauruiy kVpcaraiu Ba
XOKa30. CYHITH yCTYHIa YMYMHI OFMPJIHKKA MOC YCHMMKJAP 4acTotach
woitnaurran. 100 Yeumaukaan 5 tacHHHHT yMyMmuil oFupanri 25 rpamu,
11 racuuuur orupanru 35 r Ba Xokaso. CyHrru carpia ypyr orupai-
THFa MOC VCHMJMK YacTOTaJapH 71, XKoijamran. JHAn Koppesius Kosd-
duumentit Y nunr X ra perpeccHst TVFPH UHANFHHHHT TaHJaiMa  TeHI-
JIAMaCHHK TY3aMH3.

x Kuitmaraapu Varapmac aitupmacit 10 ra, v wudévaraapu sca  y3rap-
Mac aHMpMacH D ra Tenr SKaHWra IHKKATHH :Kand »tud, 1waprau  Bapu-

atrajapii KMpUTaMui. X VpHura u =

MHKJIOpHH Ba // VpHHra

_y—=38 ) )
="+ 5 MHKIOPHH KHPHTaMH3.

By xomna x uuwr 25, 35, 45, 55, 65, 75, 85, 95, 105, 115, 125
KHIMAT/IPH MOC paBHija

u==1,23,4,5, 6,7, 8 9, 10, 1l guiimarnap Ginan, y uuur
y:13, 18, 23, 28, 33, 38, 43, 48, 53, 58, 63, 68 knitvarnapu sca
U HHHT

v=1,2 3, 4,5 6,7, 8 9, 10, 11, 12 guitmataapu Ouian an-
Maluazm.
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Hamwkana sinrn wapran Baphanrtanap Gyiiuya Kyinjars KoppeJsion
MaBajHH XOCHA KHiaamu3 (4- kansad).

4-Kanmsan

12 | ng

X

_.
X
w
-
:.n
o
~i
@
©
=

S - O
—Ma-‘-
LAl

r o= OO
o+
[
—
— 50 =

—_ 0 W N ULE WK -
)
-—
e d

—

R

=
)

Slll 20 9‘14‘11'9’8\6 GIISIOO

PR —

@, U JapHW Xpcobiaml yuyH TVPT MaitloH ycyauaad (oiinanannb
5~ JKajBaHH TY3aMu3.

Xap 6up karak VHraard I0KOpH Ba nacTKH uyan Oypyaknaru pakam-
JIapHH MOC PaBHIIIA U BA & LAPTJIM BapHAHTANAD KHUMAT/IAPHHMHT yacToTa-
cHra KynalTtupuin Ounan Xocua kKuaumnaau. By jokopn Vur (nactkw wam)
6ypyakaarn pakamaapuu carp (yeryn) Oyiinua iinrnG OXHpri  aBBaiirH
yerynra (catpra) €3amus.

Macanan, TypTHHYH catp Ba OemmHum ycrynaars Oy pakawiap -
FHHANCH KYHHJIaru4a TOMHIaLH:

70=1-2+4+23+44+4+85+16=2+6+16+40+6
64 =4-84+4-54+6-2=32+20+ 12.

[Mactkn wan Oypuakjard COHJAP YacTOTaHW u ra KynaiTHpuliaH
XOHJI KHJIHHALH.

Oxupry yetyH (catp) karakmapura «-v (v-u) KHAMaTJapH JKoitiaul-
THPHJING, OXHPHIA yJap HHFMHIMCH €3WJaju.

By xaasannan Qoitiasanné Kyiunard XucoGnaiunapiu Gaxapamis:
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U= Zhut = BN,
n n 100
7= Zee M sas

Suau Kyiunaru épavun xaisasiapin tysamus (5, 6, 7, 8, 9-kansan-
Jiap).

G-aaman 7-xkansan
' u ny nytt nyte® v Ny nv n, vt
I 5 5 5 I 3 3 3
9 1 22 44 2 10 20 40
3 19 57 171 3 20 60 180
4 16 64 256 4 9 36 144
5 1 55 275 5 14 70 350
6 15 90 540 6 11 66 396
7 6 42 294 7 9 63 441
8 6 48 384 8 8 64 512
9 8 72 648 9 6 54 486
10 2 20 200 10 6 GO 400
11 1 11 121 11 | 11 121
12 3 36 432
B 100 486 2938 D 100 543 3705
Z nyut 5 2938
02 = —*— ——u”————(486"=-5,76 4.
e Ui ) 0
o,= 15,7604 — 2,400.
b
b o g 2 Y 370' Lo d
0f = T ()t == — 29,4849 = 7,565;
n 0
=V/7,5651 = 2,750.
duau r, Hu xuco6;1au.xm3.
rT___Enu.uv—n_‘ {-_ | (En,,_..u-u -——u jd)___
noy o, 0, 0. n

1 3,257 % 6,1802
- ( T o 4,86-543) =%
242,75 100 ) 6,000
Mavaymku, r, nisr guitvaty (= 1) ra gagui ygkca, OM3 X B3 y MHK-
JlopJap opacHaard OOrJAHMUIHK YH3HKN GOFIannil 1e0 KApalmvns MyM-

KHH.
X Ba Y yuyH KYiHAarmiapii E3uuiMu3 MYMKHH:

= 0,936.

k=uh+c; y=0vhy+c5 0, =0,h;a

y = 0y hs.
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x=10 u+5=6350; o, = 10-0, = 24,00;
y=5v-48=235,15; o, =5-0,= 13,75;
€, =50-C,, = 50 (22 7.5 — 50.-6,1802 — 309,01
xy n

Kean6b unKamu.
Perpeccusi Tesraamacunn KeJaTHpHG YnMKapuill YuyH perpeccusi Koad-

(PHUHEHTHHH xucoénarmua-
13,75
Py =T —=> 0936-—4— = 0,536.

or
y muur x ra perpeccust TeHrJamacH Jx y=p, « —X) ra acocan
y=35,15+0,536 (x —63,50) éku y, = 0.536). + 1,11 6§naun.
OHAH X YPHHra YHHHT TYpau Kuiimaraapuun Kyiub, y, xuitmatna-
PHMHH TONAMH3:

Yy =0,536-25 4+ 1,11 = 14,51 = 14,5
s =0,536-35+ 1,11 = 19,9 Ba x0Ka30.
Kyinaarn sxansaann tysamn3 (8-:kansan).

8-kansan

s | w | e | wew| x| % | w | b
2 45 | 150 [ —0,5 | 7 | 4,3 [400] 1,3
3% 199 | 226 | —2,7 | & | 467 |472] —05
45 | 25,2 | 21, 1,1 95 | 52,0 |53,0[ —1,0
55 | 30,6 | 20,9 0,7 | 105 | 57,4 |[54,6] —1,2
65 | 33,0 | 35,3 07 | 15 | 62,8 [63,0 —0,2

125 | es,1 |68,0| 0,

JKansannan KypHHaaukH, Xycycuil Vprauya XakHkHii ypraya kuiimarra
eTapiHya SIKHH 3KaH.
25.1-3caraTMa. Yuunyn ycrynjaarn y, HUHC Xycycuit ypraua Kuii-

Martyiapi Kyitngariaya TOmH/IaNu: §

¢ l3'3+ 18'2 == ‘
"= TR0 a
= 18-6 —]— 23-4-4-48-1 _ 92.6
2 6-+4-41

Ba XO0Kaso.
3-mucoa. TynpogHuur HucGatan Havaurd (x) Ba €nnukoxaury (y)

TYFPHCHA aHHKJIAHTAH MabJyMOTJIap Kyiiujaraya:
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£(%): 19,9 209 26,1 294 30,5 40,3 44,8
476 6.6 583 64.5 75.6

y (/e 00 06 0,0 1,1 1,7 1,7 2,6 3.4
4.2 195,8 6.3 7.3
n=la«.

Magwsymoraapruir Koppeasunsi KODOHIHEHTHHH BAa PErpeccHs Yu-
SHFUHHHT TAaHJAHMA TEHIVIAMACHHH TY3UHT.
Eunm. Xucobiawm kaaBaiuHu TVEPHAAH- TVFPH TY3aMu3:

9-maanana
X (%) | Y (y) I x? ‘ ut ‘ xy
1 19,9 0,0 396,01 0,00 0,00
2 0,9 0,6 436,81 0,36 12,54
3 26,1 1,1 681,21 1,21 28,71
4 29 4 1,2 864,36 1,44 | 35,28
5 20,5 1:7 930,25 2,89 | 51,8
6 10,3 1,7 1624 ,09 2,89 | 68,51
7 44,8 2,6 2007,64 6,76 | 116,48
8 47 .8 3,4 2284 84 11,66 | 162,52
9 55,6 4,2 3091,36 17,64 | 233,52
10 58,3 5,8 3398 ,89 33,64 | 338,14
11 64,5 6,3 4160,25 39,69 | 406,35
12 76,6 7.3 5867 ,56 53,29 | 559,18

S S.=514,7 35,9 25742 67 171,37 2013,08J

X Ba y KuiMataapH OMp MaprajgaH TakpopsaHraud YYyH TYFpHAaH-
TVEpH (hopMmyJianapaan phoiranaHaMHs:

F=2X T 4089 ¥—42,89%.

n 12
T==24 59 999 § =299 r/em.
n 12
1 |\ A3 | 2 ~ 2] ‘ -
= L (x—x) —[L.\ —(l,\z!. 12=
— | 25742,67 — (514,7)° ]: 12 - 3666,33;

a 2: —7r= [\? y‘:—-(EyV]: 12 = 171,37_(35,9)2}: 12-63,97
n o :

3 2: (x —%) (y—g) —[2013,08 —514,7-35,9]: 12 = 473,27.

n

Suau TanaaHMa Koppeasuust KoxhDHIHEHTHHH XHCOOMAIMN3:
Na—xw—n 473,27

fv == = =— = 7 = (,977.
V S e—xp Dy —yr V3666,33-63,97




Perpeccusi kosdxpuimenTh:

a 7 V63,97

—— _y —— _— / 2_
Py r’o,, 0,9 7'/,3666'33 0,13 r/em

Jlevmak, perpeccusi TEHriaMmach:
Y, —y =0, (X—x)
éxu
Y, =299 40,13 (x —42,89) = 0,13x— 2,58,
Y,=0,13x—2,38.
2-§. 3rpn YM3HKIH KOppesiliHs

Arap perpeccusi rpapury srpu yusMkau Gyaca, xoppeasiuion Gopsa-
HHIL 22pu wu3uKau Koppeaayus Jeitmaaan. Mkxunum taptubau napaGo-
JIMK Koppejsiusi 6yaran xonia Y uunr X ra perpeccHsicHHHHT TaujaH-
Ma TeHrJamacH

Y, =ax+bx+c (27.9)

Kypunuiuia 6yaaau (Mkkudun Taptubau  napaGosnik  Koppeasiuds), a, b
Ba ¢ napaMeTpJiapHH 3HI KMYHMK KBaapartuap ycy.uaan doiirananud kyiu-
Jlary HOpMasl TeHrJiavajap CHcTeMacHiaH TOIMHJIAH:
ayxt+ 634N xP= :.\*Ex.
a3+ b2+ cNx= Yxy,
laEx-’ +6Xx+en=y..

(27.9')

By X Ba Y muknopaap takpopaanmaii kearan AO1IHD.
Arap X pa Y Mmukjopaap takpopaanut kesica, sibui 2, Ba 1, ac-

ToTanapra sra Gysca, MabJIyMOTJIap KOppeJsillion Kaasan opkanad Ge-
puaran Gyau6, HOpMan TeHraama KYpHHHIIM Kyiingarnua GYaa:

(Sn,x)a+Sn )b+ (Tn x)c=3n, g_/x 25
(BnMNa+(Sn, Ao+ (In.)ec=nyx,
(Zn.MNa+(Xn.x)bo+nc=3ny,..

Bynga a, b Ba ¢ napaverpaap tonuau6, (27. 9) tenrnamara KViti-

JidH.
Xyuu my #iya Gunan Y nunr X ra perpeccsicHuunr Tannanva

TEHTIaMacH
£, =6+ by +c (27.10)

cdopmysa €paamMuia TONMAANN.
Y munr X ra koppeasiuMACHHUHT 3puamruen Gaxonam yuyn yw6y

O x
: (27.11)

Oy
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TaHJaHMa Koppesasiuuod HucGar Tonmaans, by epaa

o _]/ ‘"\—"‘"_ (27.12)
= /—"y(!/x_!’_)s
) : , (27.13)
X wunr Y ra KOppeasilMOH 3HYJHTHHH TOMMUI YYYH 3¢a
. o
Wy Bt (27.14)

TONMHJA/H.
I-mucoa. Tampuba HatwKacuia Kyituaarn MabayMOT/Iap OJHHIAH:

y

X Ba Yy Jjap Y = ax® - bx - ¢ KYpHHHIIAary TeHrgama GuiaH GOraaH-
rad 1e6, a, b Ba ¢ HH 3HT KHYMK KBaapariap ycy.u GujaH TOMHHT.

Eunm. Xucobnamaapun coajanatitpuir yuyyH Kyitwaard kajsas-
HH TY3aMH3:

x 2 4 6 8 10 x = 30

y 9 6 5,5 6,5 1 Y, =38
Xy 18 24 33 52 o | ¥, =287
X 4 16 36 64 210 | §,.=22
X2y 36 9% 198 416 100 | T,s, = 1846
P 8 64 216 512 1000 | §,.= 1800
xt 16 256 1296 | 4096 10000 | S = 15664

Tonuaran KuitMaTaapHH HOpMasa TeHrjamara KysaMH3:
15664 a + 1800 b -+ 220c = 1846,
1800a 42206 -+ 30 ¢ = 237,
220 a +- 30 b + 5c = 38.

Suau 6y cucremanu a@, b, ¢ ra uucGataH edamu3. YUHHUH TEHIVIAMaHH
44 ra kynaitupuG, GHPHHYH TeHrJamajian aiupamus:

156644 + 18006 + 220 ¢ = 1846
9680 a -+ 1320 b + 220 = 1672

5984 a - 480b = 174




Yuunuy Tenrjamand 6 ra kynaiTHpHO, HKKMHUM TEHr/JaMajaH afHpamus:

__1800a + 220b + 30¢ = 237
1320 + 180b + 30 ¢ = 228

480a+40b=9
IWlynnait Kuau6, Kyiiaarn CHCTEMaHH XOCHI KHJIaMH3:

(5984 a -+ 480 b = 174,
| 480a-+40b=9.

By cucremann @ Ba b ra nuc6ataH eycak:

33 (
= —=0,3; b=—— ~—3,
ST 0 290 g
Keaub yukamu. Bynapaan doiaanann6 ¢ uu Tonamu3: ¢ &~ 14,5. x Ba
Y opacupari GorJanuiin Kypearysud (27.9) ynkumus

Yr=0,3x*—33x+ 14,5
KVpunmuaa 6yaanu.

2-mucoa. Kyinparn koppeasiunon #aipania GepuJran MébJaymoT-
Jap OpPKamM Y, == ay* -+ bx + ¢ TaHnaHMa perpeccHs TEHTaMacHHH Ba
KOPpPEJISILHOH HHCOATHH TOMHHT:

x
2 3 5 y
Y
25 20 - —_ 20
45 - 30 | 31
110 —_ 1 48 49
My 20 31 49 n= 100

Eunw. INapaverpaapuu Tonum yuyn Kyiuaarn xucoOnaml  kajBa-
JIHHH TV3aMu3 (3KaaBasilarH Kacp convap axXJadiaanran):

x ne | ve | nex [nex®|nex® | next| newe | neyex | ngyex?
2 [ 20| 25 | 40 80| 160 | 320 500 1000 2000
3 | 31 | 47,1f 93 | 279 | &37 | 2511 | 1460 4380 | 13141
5 | 49 | 108,7| 245 | 1225 [ 6125 [30625 | 5325 26624 | 133121
N 100 378 | 1584 | 7122 J 33456 | 7285 32004 | 148262

Y, HH TONHIU YCYJMHH TYIYHTHPAMH3:

- 2025
Yy = 55— =25,
i 30.453-:- 00 _ 471
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!-/' = 1-45-- 48-110 —108,7.

. 49
JKaneanparn tonuaran Kuivataapua (27.9°) ¢opmyaara Kysmusz:
33456 a + 7122 b -+ 1584 ¢ = 148262,
7122a + 1584 b + 878 ¢ = 32004,
1584 a + 378 b +- 100 ¢ = 7285.

By cucrevann eunt KyHHAArdjiapHH TONamHs:
a=294; b=727 ¢c=—1,25.

IMynaait Kuanb, n3nana€tran perpeccust TEHrJaMac yuoy
Y, =294 + 7,27x — 1,25

KYPHHULITA 3ra 3KaH.

By terirnama GVitnua xucobnasrad wapran Vpraya Kuiimariaap XHcoO-
Jall JKaABajiHaard 1wapram Vpraya  kuitvaraapaan can  (apk  KHJAHIH
MyMKHH, Macanan x =2 Jia xajnsaa OViiMya y, — 25, tenraama Oyitnua
sca

Yo = 2,94-4 + 7,27-2 — 1,25 = 25,05.

lle.wax, TONHJATdH TeHrJdaMa Kys3aTHil Mab/ilayMoT/apH Onaan Kyna
MOC KeJalli.

Suan Koppeasunon wucOatiu Tonavus. ByHuHr yuyH apsaa ymymuil
ypraya KHHMaTHH TONAMH3:

En).-y 20-25 - 31-45--49.100

y==""= T ='72,35.
Cynrpa ymymuii KBaJparHKk YeTJAHHIIHH TOMAaMu3:
N VN
0'.‘, = xS 2 g

n
o ]/20&25—72,35)27;-31(45—72.35;3——49(I10—72,35# -
. 100 e

37,3.

[pynnanapapo ypraua kBaapaTHK HYeTJAHHLIHH TOMAMH3:

G = l/‘\_:nxl?/—;)'-' o
by n -

=V (25(25 — 72,35)°+45 - (47,0—72,35) +110(107—72,35)] : 100 =
= 35,9.

Jlemak, KoppeasuHos HucGaT TakpHbaH KyiHHaarura TeHr:

Ye 35,9
M, = o, — 373 = 0:96.
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0,3989 | 3989 | 3989 | 3988 | 3986 | 3984 | 3982 | 3980 | 3977 | 3973
3970 | 3965 | 3961 | 3956 | 3951 | 3945 | - 939 | 3932 | 3925 | 3918
3910 | 3602 | 3894 | 3885 | 3876 | 3867 7 | 3847 | 3836 | 3825
3814 | 3802 1 3790 | 3778 | 3765 | 3752 | 3739 | 3726 | 3712 | 3697
3683 | 3668 | 36562 | 3637 [ 3621 | 3€05 [ 3589 | 3572 | 3555 | 3538
3521 | 3503 | 3485 | 3467 | 3448 | 3429 | 3410 | 3391 | 3372 | 3352
3332 | 3312 | 3292 [ 3271 | 3251 | 3230 | 3203 | 31&7 | 3166 | 3144
3123 | 3101 | 3079 | 3056 [ 2034 [ 3011 | 2989 | 2666 | 2943 | 2920
Z807 | 2874 | 2850 | 2827 | 2803 | 2780 | 2756 § L1732 | 2709 | 2€85
661 | 2637 | 2613 | 2589 | 2665 | 2641 | 2516 | 2492 | 2468 | 2444

0,240 | 2396 | 2371 | 2343 | 2323 | 2299 | 2275 | 2251 | 222 2203
2179 | 2155 | 2131 | 2107 | £083 | =059 | 2036 | <012 | 1989 | 1965
1942 | 1919 | 1895 | 1872 | 1849 | 1826 | 1804 | 1781 | 1758 | 1736
1714 | 1691 | 1669 | 1647 | 1626 | 1601 | 1582 | 1561 | 1539 | 1518
1497 | 1476 | 1456 | 1435 | 1415 | 1394 | 1374 | 1354 | 1334 | 1315
1205 | 1276 1257 | 1238 | 1219 | 1200 | 1182 | 1163 | 1145 | 1127
1103 | 1092 | 1074 ° 1057 | 1040 | 1023 | 1006 [ 0989 | 0973 | 0957
09540 | 0325 | 0909 * 0893 | 0878 | 0863 | 0848 | 0833 | 0818 | 0804
0790 | 0775 | 0761 |, 0748 | 0734 | 0721 | 0707 | 0694 | 0681 | 0669
0656 | 0644 | 0632 | 0620 | 0608 | 0596 | 0584 | 0573 | 0562 | 0551

0,0540 | 0529 | 0519 | 0508 | 0498 | 0488 | 0478 | 0468 | 0459 | 0449
0440 | 0431 | 0422 | 0413 | 0404 ' 0396 | 0387 | 0379 | 0371 | 0363
0355 | 0347 | 0339 | 0332 | 0325 [ 0317 | 0310 | 0303 | 0297 | 0290
0283 | 0277 | 0270 | 0264 | 0258 | 0252 [ 0246 | 0241 | 0235 | 0229
0224 | 0219 | 0213 | 0208 | 0203 | 0198 | 0194 | 0189 | 0184 | 0180
0175 [ OI71 [ OIG7 | 0163 | 0158 | 0154 [ 0151 | 0147 | 0143 | 0139
0131 | 0132 1 0129 [ 0126 [ 0122 ) O119 | O116 | 0113 ) O110 | 0107
0104 | 0101 | €039 ! 0096 | 0093 | 0091 | 0088 | 0086 | 0084 | 0081
0079 | 0077 | 0075 | 0073 | 0071 ; 0069 | 0067 | 0065 | 00G3 | 0061
0060 | 0038 | 0056 0035 | 0053 | 0051 | 0050 | 0048 | Q047 | 0046
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0 1 2 3 3 5 6 7 8 9
3,0 0,0044 [_0043 | 0042 | 0040 | 0039 | 0038 [ 0037 | 0036 | 0035 | 0034
3,1 0033 | 0032 | 0031 | 0030 | 0029 [ 0028 | 0027 | 0026 | 0025 | 005
3,2 0024 | 0023 | 0022 | 0022 [ 0021 | 0020 | 000 | 0019 | 0018 [ 018
3.3 0017 | 0017 | 0016 | 0016 | 0015 [ Q0I5 | 0014 [ 0014 | 0013 | 1013
3,4 0012 | 0012 [ 0012 [ 0011 | 0011 | 0010 [ 0010 | 0010 [ 0009 | 000G
3,5 0003 | 0008 [ 0008 | 0008 | 0008 | 0007 | 0007 | 0007 | 0007 | OO0
3,6 0006 | 0006 | 0006 | 0005 [ 0105 [ 0005 | 0005 | 0005 | 0005 | 0001
3,7 0004 | 0004 | 0004 | 0004 | 0004 | 0004 | 0003 | 0003 | 0003 | 0003
3.8 0003 | 0003 | 0003 | 0003 | 0003 | 0002 [ 0002 | 0002 | 0002 | 0002
3,9 0002 | 0002 | 0002 | 0002 | 0002 | 0002 | 0002 | 0002 | 0001 | 0001
2-kansan
p
D (x) = _5 e 7 dz (yHKuMs KHAMaTIAPHHHHT KadBaju
V:no
l |
x D (x) 1| X O | x D (x) ] > D (x)
; |
[
0,00 | 0,0007 | 0,32 | 0,1255 0,64 0,2389 0,96 ,3315
0,01 | 0,0040 || 0,33 0,1293 0,65 0,2422 0,97 0,3340
0,02 | 0,0080 | 0,34 0,133] 0,66 0,2454 0,98 0,3365
0,03 | 0,0120 0,35 0,1368 0,67 0,2486 0,99 1,3389
0,04 | 0,0160 | 0,36 0,1405 0,68 0,2517 1,00 0,3413
0,05 | 0,0199 0,37 0,1443 0,69 0,2549 1,01 0,3438
0,06 | 0,0239 0,38 0,1480 0,70 0,2580 1,02 0,345
0,07 0,0279 | 0,39 0,1517 0,71 0,2611 1,03 01,3485
0.08 | 0,0319 | 030 [ 001554 | 072 | 0,2642 | 1lo4 | 03308
0,09 0,0359 0,41 0,1591] 1‘ 0,73 (,2673 1,05 00,3531
0,10 0,0398 0,42 0,1628 | 0,74 0,2703 1,05 01,3754
0,11 | 0,0438 0,43 0,1664 0,75 0,2734 1,07 0,3577
0,12 | 0,0478 0,44 0,1700 0,76 0,2764 1,08 0,3599
0,13 | 0,0517 0,45 0,1736 0,77 0,2794 1,09 0,3621
0,14 | 0,0557 0,46 0,1772 0,78 0,2823 1,10 0,3643
0,15 0,0596 0,47 0,1808 0,79 0,2852 1,11 0,3665
0,16 0,0636 0,48 0,1844 0,80 0,2881 1,12 1, 3686
0,17 | 0,0675 0,49 0,1879 0,81 0,2910 1,13 0,3708
0,18 | 0,0714 0,50 0,1915 0,82 0,2939 1,14 11,2729
0,19 | 0,0753 | 0,51 0,1950 | 0,83 | 0,2967 1,15 0,3749
0,20 [ 0,0793 | 0,52 0,1985 | 0,84 0,2995 1,16 0,3770
0,21 | 0,0832 0,53 0,2019 0,85 0,3023 1,17 0,3790
0,22 | 0,0871 0,54 0,2054 0,86 0,3051 1,18 0,3810
0,23 | 0,0910 | 0,55 | 0,2088 | 0,87 | 0,3078 1,19 | 0,3830
0,24 | 0,0048 0,56 0,2123 0,88 0,3106 1,20 0,3849
0,25 | 0,0987 0,57 0,2157 0,89 0,3133 1,21 0,3869
0,26 | 0,1026 0,58 0,2190 0,90 0,3159 1,22 0,3883
0,27 | 0,1064 0,59 0,2224 0,91 0,3186 1,23 0,397
0,28 | 0,1103 0,60 0,2257 0,92 0,3212 1,24 0,3925
0,29 | 0,1141 0,61 0,2291 0,93 0,3238 1,25 00,3944
9,30 [ 0,1179 | 0,62 | 0,2324 | 0,94 0,3264
0,31 0,1217 0,63 0,2357 0,95 0,2389
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2-KaABAMNHHHT JABOMHU

X D (x) X @ (x) x @ (x) x D (x)
1,26 | 0,3962 1,59 0,4441 1,92 0,4726 2,50 | 0,4938
1,27 0,3980 1,60 0,4452 1,93 0,4732 2,52 | 0,4941
1,28 0,3997 1,61 0,4463 1,94 0,4738 2,54 0,4945
1,29 0,4015 1,62 0,4474 1,95 0.4744 2,56 | 0,4948
1,30 | 0,4032 1,63 0,4484 1,9 0,4750 | 2,58 | 0,4951
1,31 0,4049 1,64 0,4495 1,97 0,4756 2,60 | 0,4953
i,32 0,4066 1,65 0,4505 1,98 0,3761 2 62 0,4956
1,33 | 0,4082 1,66 0,4515 1,99 0,4767 2 64 04959
1,34 00,4099 1,67 01,4525 2,00 0.,4772 2,66 0,4961
1,35 0,4115 1,68 00,4535 2,02 0,4783 2 68 0,4963
1,36 | 0,4131 1,69 | 04545 | 2,04 | 04793 | 2,70 | 0,4965
1,37 0,4147 1,70 00,4554 2,06 04803 2,72 0,4967
1,38 | 0,4162 1,71 0,4564 2,08 0,4812 2,74 | 0,4969
1,35 0,4177 1,72 0,4573 2,10 0.4821 2,76 | 0,4971
1,40 0,4192 1,73 0 ,4582 2,12 0.4820 2,78 | 0,4973
1,41 0,407 1,74 0,4591 2,14 0,4838 2,80 | 0,4974
1,42 0,4222 1,75 0,4599 2,16 0,4846 2,82 | 0,4976
1,43 00,4236 1,76 0,4608 2,18 0,4754 2,84 0,4977
1,44 0,4251 1,77 0,4616 2,20 0,4861 2,86 | 0,4979
1.45 | 0,4265 1,78 01,4625 2,22 | 0,4868 2.88 | 0,4980
1,46 0,4279 1,79 7,4633 2,24 0,4875 2,90 0,4981
1,47 0,4292 1,80 0,4641 2,26 0,4881 2,92 0,4982
1,48 0,4206 1,81 0,4649 2,28 0,4887 2,94 |0,4984
1,49 0,4319 1,82 0,4656 2,30 0,1893 2,96 | 0,4985
1,560 0,433 1,83 0,4564 2,32 0,4898 2,98 | 0,4986
1,51 0,4345 1,84 (:,4671 2.34 0,4904 3,00 | 0,49865
1,52 0,4357 1,85 0,4678 2,36 0,4909 3,20 | 0,49931
1,53 0,4370 1,86 0,4686 2,38 0,4913 3,40 | 0,49966
1,54 0,4382 1,87 0,4693 2,40 0,4918 3,60 | 0,499841
1,55 0,4394 1,88 0,4699 2. 0,4922 3,80 0,499928
1,56 0,4406 1,89 0,4706 2.4 0,4927 4,00 | 0,499968
1,57 0,4418 1,90 0,4713 2,46 0,4931 4 50 | 0,499997
1,58 0,4429 1,91 0,4719 2,48 0,4934 5,00 0,499997
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ty = (y, n) KHAMaTIap XKajaBaau

3-xkaamaa
Nl 0,95 l 0,99 ‘ 0,999 X 0,95 ’ 0,99 I
’ y » » . 0.999
n n
5 2,78 4,60 8,61 20 2,093 | 2,861 | 3,883
6 2,57 4,03 6,86 25 2,064 | 2,797 | 3.745
7 2,45 3,71 5,96 30 2,045 | 2,756 | 3.659
8 2,37 3,50 5,41 35 2,032 | 2,770 | 3,600
9 2,31 2,36 5,04 10 2,023 | 2,708 | 3558
10 2026 | 325 | 4,78 35 | 2,006 | 2,602 | 3527
I 2,23 3,17 4,59 50 2,009 | 2,679 | 3502
12 2,20 | 3,11 1,44 60 | 2,000 | 2662 | 3464
13 2,18 3,06 4,32 70 1,996 [ 2,649 | 3 439
14 2,16 3,01 4,22 80 1,000 | 2,640 | 3 418
15 2,15 2,98 4,14 90 1,987 | 2,633 | 3 403
16 2,13 295 4,07 100 1,981 2,627 | 3 392
17 2,12 2,92 1,02 120 1,980 | 2617 | 3374
18 2,11 2,90 | 3,97 1,960 | 2576 | 3 991
19 2,10 2,88 3,92 1,960 ¥
i
g — g(y, n) Kuiimataap xaasaju
4-Kaasan
N 095 | 099 | 09% | V| o095 | 099 | 0999
5 1,37 2,67 5,64 20 0,37 | 0,58 0,88
6 1,09 2,01 3,88 25 0,32 | 0,49 0,73
7 0,92 1,62 298 [ 20 0,28 | 0,43 0,63
8 0,80 1,38 2,42 35 0,26 | 0,38 0,56
9 0,71 1,20 2,06 40 0,24 0,35 0,50
10 0,65 1,08 1,80 45 0,22 0,32 0,46
11 0,59 0,98 1,60 50 0,21 0,30 0,43
12 0,55 0,90 1,45 60 0,1¢8 | 0,269 | 0,38
13 0,52 0,83 1,33 70 0,174 | 0,245 | 0,34
14 0,48 0,78 1,23 80 0,161 | 0,226 | 0,31
15 0,46 0,73 1,15 90 0,151 | 0,211 | 0,29
16 0,44 0,70 1,07 100 0,143 | 0,198 | 0,27
17 0,42 0,66 1,01 150 0,115 | 0,160 | 0,211
18 0,40 0,63 0,96 200 0,099 | 0,136 | 0,185
19 0,39 0,60 0,92 250 0,089 | 0,120 | 0,162
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