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C 3THM (OJIbLIOE BHHMaHHE YIieJIeHO Y3JIOBHIM MOMEHTaM TEOpHH,
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INPEOUCJ/IOBUE

Hacrosimee mocoGxe mo Martemartnke (anreGpa H TPHFOHOMETPHS)
NpejHasHayaeTcsl AJIsl [OCTYMAIOUUX B BBICHIHE TeXHHUECKHEe yueOHble
3aBejieHdsi. B COOTBETCTBHH C 3THM DACIOJIOXKEHHE MaTtepuajia OTVId-
YaeTcsi OT OGUIEMPHHATOrO B IIKOJLHBIX yueOHHKaXx.

B cBsish co crnemudHKOH BCTYNMHTENBHBIX 3K3aMEHOB B BY3BI
GosbIoe BHEMAHHE Y/IeJEHO Y3JIOBHIM MOMEHTaM TeOpHH ((pyHKUHO-
HaJlbHasi SaBHCHMOCTb, HCCJIeJioBaHHe (YHKUHH, PpaBHOCHJIBLHOCTB
ypaBHEeHHi, HEpaBEHCTB H CHCTEM), H3JIaraloTcsi HeKOTOphle BOIPOCHI,
He BXOAsllMe B LIKOJLHBIH Kypc (Tecpema bBesy u apyrue).

B nocoGHH yKasbiBAlOTCSI METOABI M IPHEMBI PeIleHHS MHOTHX
MPHMEPOB M 3a1ay IOBBLILIEHHOH TPYAHOCTH (ypaBHEHHSI H HepaBeH-
CTBA BBLICIUMX CTElNEHeH, ypaBHeHHs] H HepaBEHCTBAa C NapaMeTpam,
nocrpoenue rpadukoB GyHkuuit). B KoHle KaxIoH r/aBbl JaloTcst
yIpaxKHEeHHsT JJIsE CaMOCTOSITeJIbHOH paGoThl, CHaGXKeHHbIE OTBETaMH
H TOSICHEHHSIMH.

Pelienne 3ajay M BHIMOJHEHHE CJOMXHBLIX MaTeMaTHYECKHX IIpe-
06pa30oBaHHii [acT BO3MOMHOCTb AaGHTYPHEHTY NOBTOPHTb KypC K
XOpOIIO NOATOTOBHThCS K 3K3aMeHy H yueGe B Byse.

BoJbIIHHCTBO 3ajay ¥ NPHMEPOB, NOMELIEHHBIX B MOCOOHM, Mpej-
Narajioch B pasHble FOAbl Ha BCTYNMHTENIbHbIX 3K3aMeHaX B JIEHHH-
rpajckux HHCTHTYyTax: IlonmTexnuueckoM, DNEKTPOTEXHHYECKOM HM.
B. U. Yabsuosa (Jlennna) u KopaGnecTpouTtennbHOM.

Tnaswl 1, 11 manucanst IT. A. CoGoseseim; 111 — H. C. CpeGpsau-
ckum; IV —H. B. Tpasuubiy; V—TII. B. I'puropeesbiy,
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FTTABAI
YHUCJIA

§ 1. MHOXECTBA

ITonsiTHe MHOKECTBA B HacToOsillee BpeMs SIBJISIETCS OJHHM H3
OCHOBHBIX MaTeMaTHUeCKHX NOHsATHIl. EMy Hesb3si naTh TOYHOrO oOnpe-
JieleHHsl, M TO3TOMY OFpaHHYHMCS TOJBKO ero omucaHuem. Mnooice-
Crmeom Ha3bIBAeTCs COBOKYMHOCTb, COGpaHHE KaKHX-HHOYAb MpeiMe-
TOB. OTH NPeIMETH Ha3bIBAIOTCS dAeMEHMAMU MHOMKECTBa (HampHMep,
MHOKECTBO CTOPOH TPeYroNbHHKA @, b, ¢; MHOXKECTBO KOpHEil JaHHOIO
anre0paHyeckoro ypaBHEHHs W T. 1.). MHOXecTBo 3ajaeTcsi INpH
TNOMOIM YKa3aHHsl NPaBHJA, COrVIACHO KOTOPOMY MOXHO OTNpejeliiTh
erc anemenThl. BosbMeM MHOKecTBO M BEpIUMH IIECTHYTOJbLHHKA
ABCDEF, oHO 3amuchiBaeTcsl Tak

M = {ABCDEF}.

BooGuie, ecau x ectb ajeMeHT MHoxectBa A, To 310 0003Ha-
yaetest x & A.

Ecan ke x e BXomuT B A, numyr: x € A.

Ecou Besikuit anemedT MHuOXectBa A SBJSETCS 9JIEMEHTOM MHO-
JKecTBa B, TO roBOpAT, yTO A €CTh 4acmo (HJIH NOOMHONCECHB0) MHO-
xectBa B u sanucwiBator: A C B. Hanpuwmep:

A={3, 4,5, B={1, 2 3, 4, 5, 0 ACB.

MHOXeCTBO HA3BIBAETCS KOHEHHbIM, €CIH KOJIHUECTBO €ro 3JeMeH-
TOB MOMET ObiTh BLIPAXKEHO HEKOTOPHIM YHCJIOM; B MPOTHBHOM CJIy-
yae OHO HA3bIBAETCS GeCKOWedHoiM. IIPHMEPH! KOHEUHBIX MHOXKECTB:
MHOKECTBO KOpHell KBaJpaTHOTO ypaBHEeHHs, YHCJEHHOCTb HACEJEeHHA
B JlAHHOH cTpaHe; GeCKOHEUHBIX: MHOMKECTBO TOYEK IPSMOIi, MHOMKe-
CTBO NPAMBIX, NEpeceKalolHXcs B OJHON TOYKe.

MHOXeCTBO HA3BIBA€TCS NYCMbiA, €CH OHO He CONEPXKHT HH Of-
HOTO 3JIeMeHTa (HampHMep, MHOMECTBO AeHCTBHTENIbHBIX KOpHEil ypas-
HeHus x*+-4=0),
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ITycts A u B npa muoxectsa. MHOKecTBO S, cocTosllee H3 BCeX
a/eMeHTOB 060X MHOKecTB A M B H He colepkalliee HHKAKHX Ipy-
THX 3JIEMEHTOB, HA3BIBAETCS CYMMOL WIH COeJHHeHHeM MHoxecTs A
i B u ofo3navaercs tak: S=A- B.

IMopoGHEIM 1K€ 06pasom oOmpeesseTcs CyMMa CKOJIbKHX YrOJiHO
mMHOecTB. IlycTh

A={1;2,"3, 4}
B=1{3, 4, 5, 6}.
Toraa
A4B={l, 2, 8, 4, 5, 6}.

MuoxecTBO P, cocrosiliee M3 BCEX 3JEMEHTOB, MpHHAIJEKALLNX
kaKk A, Tak M B, HasblBaeTcs nepecederues WM obueil yacteio A
B, ero oGoznauenue: P = AB. Hanpumep, eciu

A={1,2, 3, 4 u B={3, 4, 5, 6}, 0 AB=13, 4}.

AHaJIOTHYHO OMNpeJieIsIeTCs] NPOU3BEIeHHEe CKOJBKHX YIOAHO MHO-
JKECTB.

Pasnoctbio 1ByX MHOXecTB A H B HasbiBaeTCsi COBOKYMHOCTD
Tex sJeMenToB H3 A, KOTophle He cofieparcs B B, H ona o6o3ua-
yaeTcs Tak: A — B. Hanpumep, ecan

A={1, 2, 3, 4 u B={3, 4, 5, 6},
TO
A—B={l, 2}.

ToBopsIT, 4TO MexIy 3JeMeHTaMH MHOXKecTB A H B ycTaHOBJIEHO
63aUMHO 00HO3HQYHOE COOMBeMcmeue, eClii KaKIoMy 3JEeMEeHTY H3 MHO-
;KecTBa A 1O HEKOTOpPOMY MpaBHJy MO-

CTaBJIeH B COOTBETCTBHE OIHH H TOJbLKO 8
OIMH 3JIEeMEHT M3 MHOXKecTBa B H ecan P
NPl 3TOM KaxKAOMY 3JEMEHTY H3 MHOXKe-

cTBa B OKaXercsl INOCTABJEHHLIM B COOT-
BETCTBHE OIAHH H TOJNbKO OAHH 3JIEMEHT
nz muoxecrsa A. B atoMm ciyuae MHO-
ectBa A M B HasblBAlOTCS 2KBUBANCH- R 4
MHOLML W 9TO 3amuckiBaercs Tax: A~ B.

Sleno, uto ecni A u B — KoHeunbie
MHOKECTBA M OHH 3KBHBAJICHTHLI, TO B HHX
COZIepKUTCS OJMHAKOBOE UHCIO JeMeHTOB. Tak, MHOXKeCTBO TO-
yeK THMOTEHy3bl M MHOMKECTBO TOYEK KareTa SKBHBAJICHTHbI, TaK KaK
KaXOHl TouKe P THIOTEHY3bl COOTBETCTBYET TOJALKO Ofia Touka Q
KaTeTa — OCHOBAHHE MEpNeHAUKYJspa, OMyWEHHOro H3 Touku P Ha
kareT (puc. l). E

Puc. 1.



§ 2. HATYPAJIbHBIE YHCJIA

TlepBEIMH uHC/laMH, KOTOPHIMH TPH CyeTe TPEAMETOB MOJbL30Ba-
J0Ch YeJIOBEYeCTBO, ObIH LeJble MOJOKHTeNbHEe yHcaa. OHH Hasbl-
BAIOTCS HamypaabHoimu yucaanmu, a psn 1, 2, 3, 4, ..., n, ... Haswl-
BaeTcsl pAdoM HamypaabHely ducen. YIMeeTcst HaUMEHblee HATYpasbHOe
uHeao 1, Ho Her HauGoJbLIErO HATypaJbHOrO YHCNa, TaK Kak 3a
KaX/IbIM HaTypaJIbHbIM YHCJIOM CJIefiyeT ewe Gosbliee HATypasbHOE
uncno. CrefoBaTesbHo, MHOXKECTBO HATYPAJIbHBIX YHCEJ — €CTb MHO-
eCTBO GecKoHeuHoe.

Cymma 1 mponsBefieHHe HECKONbKHX HATypasbHBIX WYHCeJ ecTb
TaKke HaTypasibHEle yHcaIa. B 9TOM ciyyae roBopsAT, 4TO MHOXKECTBO
HaTYDAJIBHEIX UHCEN 3aMKHYTO OTHOCHTEJILHO CJIOXKEHHSI H YMHOXKEHHS.

HanomuuM ocHOBHEIE 3aKOHBI, K KOTODBIM NMPHBOZSATCH CJIOXKEHHE
H YMHOXEHHe.

l. a--b n ab— ects HaTypasbHBIE UHCTA.

2. Cymma a--b u mponsseseHne ab — ofHO3HAYHEL.

3. Coueratenbhbli 3aKon: (a-Fb)+c=a--(b-1c) n (ab)c=
=a (bc).

4. TlepemectutenbHblii 3akoH: a-+b=0b-Fa u ab=ba.

5. 3akoH MoHOTOHHOCTH: ecnd a=b, T0 ¢ -}-a=c-}-b u ac=0Uc;
e a >b, 10 at¢>b-Fc u ac>be.

6. Pacnpenenntenbubli 3aKOH YMHOMKEHHST OTHOCHTENBHO —CJIOXKe-
nus, 1. e. a(b-tc)=ab--ac.

Hartypanbnoe uHeno HasbisaeTcst MPOCTBIM, €CJH OHO JAEJHTCS
TOMIBKO CcaMO Ha cebfl M Ha eAHHHILY; €CJH e OHO AeJHTCA M Ha
ZpYTHe 4icna, To OHO HasbiBaeTcsl COCTaBHEIM. OTMETHM, YTO eHHHLA
He SBJSETCSl HH MPOCTBIM, HH COCTABHBIM YHCJIOM. [TepBEIMH IPOCTHIMH
UHCJAMH B TOpPsSAKe Bo3pacTamms sasiotes: 2, 3, 5, 7, 11, 13,
17, 19, ... MoxHO nokasaTb, uTO CywWeCTByeT GeCKOHEYHO MHOTO
TIPOCTEIX YHCEJI.

BosbMem, wampumep, cocrasroe uHcio 84 H pasjenEM ero Ha
HauMeHbIHH mpoctoil Jemutens 2. IToayunm: 84:2=42. Ymucno
42 TaKxKe pasjeNnM HAa HaUMeHbIIMil JenuTesp 2. [Momyunm: 42:2=
=21 u 1. a. PacnonoxuM 5TH BBIYHCJEHHS] IO creAylolmen cxeme:

84
42
21

7

N W o N

Uncno 84 mpegcraBiMO B BlAE NPOH3BEXEHHS MPOCTHIX COMHOMKH-
Teneil: 84=2.2.3.7=2%.3.7. 310 npeacrasjeHye uncia 84 B Buie
NPOCTBIX COMHOXKHTEJeH MOXKHO CHeJaTh eJHHCTBEHHBIM 06pason,
€CJIH He NPHHHMATh BO BHHMaHHe NOPSJOK CJEAOBAHHSI COMHOXKHTE-
seil. Tak MOXHO IOCTYNHTb ¢ KaXZbIM COCTABHBIM YHCJIOM.
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Ilyctb mveioTes gBa maTypanibHBIX uHcaa n u m. Obuwum Hau-
Gorowium Oeaumensem unces n W m HasbiBaeTcsi HauOoJblUee YHCIO,
Ha KOTOpOE jensiTcst sTu umcia, W oGosnauaercst OHI (n, m).

Haiigem OHJI nnst umcen 84 u 72. JList 5TOrO pasioxuM HX Ha
NpoCThle MHOMHTeNH: 84 — 922.3.7; 72=2%.3% Ilycrs d=OH (84,
72). Yucna 84 w 72 gensatcs Ha d, M TO3TOMY B DAa3JIOKEHHH
yncaa d Ha mpocThle MHOKHTENH MOTYT BXOIHMTH TOJILKO Te MPO-
CTHIE UHCJA, KoTopele BXOAAT B 00a pasioxenHs uncen 84
U 72, npHueM c ofmumM HaHGoJbLIHM nokasateseM. CrefoBaTesbHO,
d =2£ & 3 = 12

HHCa m W n HA3HIBAIOTCS B3AUMHO NPOCMbIMU, €CIH HX o0t
HauGosbumil enurens papen 1. Hampumep, uncia 15 16 Oyayt
B3aHMHO npocteiMu, Tak Kak OHIL (15, 16)=1.

Obugum Haumenvuum Kpamubis YHCeN m M n HA3bIBAeTCS TaKoe
HAHMEHBIEE WHCJO, KOTOPOE MEIHTCS HA YHCJA m M n H 0003HA-
yaercs OHK (m, n).

ITyerb Q=OHK (84, 72). Q — HauMeHblUee YHCJO, KOTOpoe
JOIKHO JenuThes na 84 m 72. Ilostomy pasyoxmenne uucaa Q Ha
NPOCTEIe MHOXKHTEJH JOJKHO COZEpKaTth Te NpPOCThle YHCsa, KOTOpble
BXOJAT B pasjioeHne umces 84 W 72, mpuueM ¢ HaHGOJBLUIHM MOKa-
sateseM. Crnepoparenpno, Q=2%-3%.7=28-9.7=504.

3aMeTHM, 4TO

mn
OHK (m, ’z):_—'oHﬂ )

§ 3. PAHMOHAJIbHBIE YHCJIA

B apudmerHke clokeHHe H YMHOXEHHG HA3bIBAIOTCS NPAMbIMIL
JeiiCTBUSIMH, a BLIYHTAHME H JAEJEHHE — 00pamHoimu  JeCTBUSIMH.

Ecin B pesysibTaTe CJOKEHHS H YMHOXEHMsI HECKOJIbKHIX HaTy-
pasibHBIX YMCEJI MOJIyyaloTcsl BCerja TaKxe HaTypalbHple 4YHCIa, TO
9TOTO HeNb3si cKasaTh 00 OGPaTHLIX AEHCTBHSX — BbIUHTAHHH H JeJe-
nun. Hanpumep, 5 —3=2, 12:4=3, 4—6=—2, 12:5=2%.
Ynena —2 u 2%/; He GyAyT HATypajbHbBIMH YHCJIAMH.

Yro6bl BbluMTaHHE OBLJIO BCErJa BO3MOMKHO, NPUCOEAMHHM K MHO-
JKECTBY HATYpAaJbHLIX ynces uHcao 0 H LeJble OTpHLATeNIbHbIE THC/IA
—1, —2, —3, ... Harypanbubie unucna, 0 u LeJble OTpHUIATe/bHbIC
uncaa obpasyiom mHodcecmeo uyenolx ducer G

G s 3 ieos v 0 o RN S

OueBHAHO, MHOXKECTBO HATypajibHbIX uHcea N ecTb YacTb MHO-
JkectBa ueasix yucea C, 1. e. N CC.

O6parum Buuvanue Ha uyncno 0. Yucsno O ne siBisieTCst HH MOJIO-
JKHTEBHBIM, HH OTpHUATe/bHBIM uHcioM, Ha uucio 0 Heab3st AeJHTh;
TaK Kak eciu Gbl a:0=b, 1o npu a0 umemu 6o a=0-b=0,
yr0 nporusopeunsio Gbl ycJuosHiOo @ 7 0.



Ecan croxenne, ymMHOXeHHe H BHUHTAaHHE HA MHOMKECTBO LEJIBIX
unicen C Bcerja BO3MOXKHO, TO 9TOIO Heb3sl CKasaTh OTHOCHTEILHO
JelictBust penennsi. Hampumep, (—8):2=—4, 16:(—8)=—2,
1o 15:4=23",, uncno 3%, me sBisercst UeaniM umcsioM. CrenoBa-
TeJIbHO, MHOMECTBO LEJBIX YHCEJ 3aMKHYTO OTHOCHTENBHO CJIOMEHHS,
YMHOXEHHSI H BBIYHTAHHS H He 3aMKHYTO OTHOCHTEJIbHO JelCTBHS
JieTIeHHS1.

Pacumpum Tenepb MHOMXECTBO LeJbIX YHCEN, MPHCOEAHHSS K HHM
ApobHble ynena. JpoGbio HasbIBaeTCsl YacTHOE OT JeJNeHHs ABYX Le-
JBIX uucen. Kcropuuecku ApOOH BO3HHKJH B Ipolecce H3MepeHHs
BenunH, IlpeanosioxumM, yTo HyKHO H3MepHTb oTpesok CD (puc. 2).
Ilyets AB ormnoxutcst na CD posHo 4 pasa. Torza juMHa OTpeska
CD OGyner Bhipaxathcs uncioM 4, T. e. CD=4 (eg. an.). Ecan
AB na CD He yknagpiBaeTcsi LieJioe YHCJIO pas, To GepeM, HalpuMep,

g D 4 V/j
A ———a B A ; B
Puc, 2. Puc, 3.

]
—+ u4actb orpeska AB u oHa Ha CD yknajwiBaeTcst poBHO 3 pasa
3

(puc. 3). Torpa ganna CD:E (en. mn.), T. e. BblpaxkaeTcst APOOHBIM
YHCJIOM.

Uncna nenvle, XpoBHbIE (MOJOKHTENbHBIE H  OTpHLATEJbHBIE)
H HyJb Ha3bIBAIOTCS PAYUOHANBHOIMU HUCAQMUL, KOTOpHIE 0GpasyloT
MHOMECTBO PallHOHAJIbHBIX uHcesa R.
Karxpoe pampoHasbHoe YHCJIO MOXKHO TIPEICTABHTb B BHLE OTHO-

m
1LIeHHs S e m — 1eJjioe YHCJO H fl — LieJIOe MOJIOKHTEJbHOE YHCJIO.

Takoe mpeacraBienne (npu m = 0) — eIHHCTBEHHOE, €CJH YHCJIa
|m| u n Bsaumuo npoctee, 1. e. OHI (|m|, n)=1.

JInsl CNOKEHHsI M YMHOXKEHHsi pPalHOHAJBHLIX HYHCEJ OCTaloTCst
B CHJIe Te K€ OCHOBHBIE 3aKOHbI (33 HCKJIOYEHHEM 3aKOHa MOHOTOH-
HOCTH JJIS YMHOXEHHST), KOTOpble HMEIOT MeCTO ISl HaTypajbHhiX
yHCcel.

B 3akoHe MOHOTOHHOCTH HMEETCsl OTKJIOHEHHe: ecaH a >b, To
Gyner ac>bc, ac=bc, ac<bc COOTBETCTBEHHO NpPH YCJOBHSX:
a>08c—0c<i0:

Ipu cnokernuy, BLIYHTAHHH, YMHOMKEHHH H jeJieHHH (KpoMe ZeJe-
HHSl Ha HyJb) PalHOHAMbHLIX YHCEJ NMOJYYalOTCS ONATh palliOHAJb-
Hble YHCJIA, T. € MHOXECTBO DallHOHAJbHbIX YHCEJ 3aMKHYTO OTHO-
CHTEJIbHO JIfICTBHII: CNOXEHHS, BBIUHTAHHS, YMHOXEHHS M JeJeHHs
(kpome JZieNeHHst Ha HYJIb).

MHOMeCTBO palHOHAMBHBIX uHcesq R o6Jajaer BaXKHBIM CBOHCT-
BoM IJIOTHOCTH. [lof naomrocmelo MHOMecTBa R NOHHMAIOT TaKoe
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CBOMCTBO, YTO MexAy ABYMs JIOGHIMH PAUMOHAJIBHEIMH UHCAMK
BCerla MOXHO BCTAaBHTb HOBOE DallHOHAJbHOE YHCJIO.

IgaCCMQTpHM ofpaienre OGLIKHOBEHHOH Jpo0H B JECATHYHYIO
JpO6l.

. m -
Hecatuunolt npo6bio HaswiBaercst ApoGhb —» Y KOTOpOil 3HaMeHa-
Tenb uMeer Buy 10%, rpe k£ — matypanbHoe uncao. Hanpumep, *fin=

121
=0,3; 355 =1,21. Ilns Toro uroGLl 0GpaTHTH OGBIKHOBEHHYIO APOCH

3
B ﬂeCﬂTHllHyIO, Hy)K}lO YUCJIUTEJb paaﬂenﬂ‘rb Ha 3HaMeHaTeJb (—8*—‘——"
=0,375>.

OGbikHOBeHHast HecOKpaTHMash IPOGh L:— oGpaTHTCSl B KOHEYHYIO
TECATHYHYIO IpoGb, €CJH NMPH DPasJOMEHHH 3HAMEHATel]s n Ha MHpo-
CTHIe MHOXHTeJH OYIyT TOJABKO BXONHTb MPOCTHe uncia 2 u 5. [leii-
CTBHTEJIBHO, 31eCh JOJIKHO OBITh PaBEHCTBO '7'l'~= 11(;" 10% = 2% . b,
Hanpumep,

I T 7ot el 1250 5015

80 9.5 —921.5.5° — 10° 10000 =0,0875.

lgaCCMoTpHM Tenepb Kakylo-HHGYAb GECKOHEUHYI0 JeCATHUHYIO
ZpaGb

Qa0 et i

rle @ — leJN0e YHCIO, a @, Qg, @3y «.., A, ... O3HaYaloT uupps 0,
1,2, 8,4,5,6,7,8, 9.

Jlpo6b cunTaeTcsi 3ajaHHOM, €CJaM YKa3aHO IPaBHJIO, MO KOTO-
pOMy MOXHO HasBaThb WH(py, CTOSILYIO HA JIOGOM MecTe mocJe
3ansToH.

BeckoHeynasi gecsitnunasi ApoGb HA3BIBAETCA nepuoduuecroll, eciu
HEKOTOpasi COBOKYMHOCTh (P HEH3MEHHO MNOBTOPSETC B OJHOH M
TOIl JKe IOCJIefIOBaTeJbHOCTH. ITa COBOKYMHOCTb LH(pP HA3bIBACTCS
nepuodom xpo6u. Hampumep, 0,4363636... 3nech nepuoaoM siBJiseTcs
uncsio 36. Jra npobb Kparko samuckiBaercss Tak: 0,4 (36). Ecau ne-
PHOZL HAYHHAETCS Cpasy MocJje 3amsToif, To Apo0b HA3LIBACTCS «UCMOLE
nepuoduseckoti apobbio. Hampumep, 2, (35). Ecau xe Mexay sansroit
I TMEepHOIOM eCTh HeCKOJbKO LH(DP, TO APoOb HA3bIBACTCS CMEUAHHOL
nepuoduyeckoii apo6blo, Hampumep, 2,53 (78).

IMycth umeeTcsl OOLIKHOBEHHasi HecokpaTthmast ApoGb ’% Ecnu B
PA3NOXKEHHH 3HAMEHATeNs 1 Ha IPOCThble MHOMXHTENH BXOAAT NPOCTHIE
yHCJa, OTJIHYHBE OT 2 H 5, To Apobb L,':- obpaiiaercss B OeckoHey-
HYIO J€CATHYHYIO TIePHOAHUECKYIO Apolb. Iloxamem 310 Ha mpuMepe.
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Bynem penuits 6 na 7
(S
60 0,857142857142...
56
40
35
50
49
10
7
30
28
20
14
60

JIerko ycMOTpETb, YTO MOJYYAlOTCS OCTATKH, NPHYEM KaxK/blil
ocTaToKk MeHbiwe 7. CrefoBaTeNbHO, NPH AENEHHH MOXKeT ObITh camoe
Gosbiee 6 ocratkos: 1, 2, 3, 4, 5, 6, nmostoMy He Gosee uem mocJe
LIECTH IIArOB JEJNEHUS OCTAaTOK MNOJUKEH MOBTOPHUTHCS, a CJeNOoBa-
TeJIbHO, M HM(PHl B YAaCTHOM NPH Ja/bHeHleM jeJeHHH GyAyT NMOBTO-
PATbCA, T. €. NOJYYuTcs GECKOHEYHasl JecATHYHAsh NepHOAUuYecKast
Zpo6b. MokHO noKasaTh, YTO TNEPHOA AOJKEH OHIThb OT/HYeH oT 9

3aMeTHM, uTO KOHEYHYIO AECATHYHYIO APOOb MOXKHO paccMaTpH-
BaTh KaK OECKOHEUHYIO HECSITHYHYIO TMEPHOAHYECKYIO APOOh C NepHo-
zom 0. Hampumep, 2,38=2,38000... Takum o6pa3soM, J060e paiuo-
HaJIbHOE YHCJIO MOXKHO TNPEACTAaBHTb B BHAE GECKOHEUHOH AecsTHY-
HOH mepHojHyecKoif ApoGH, mepHoj KoTopoli oTiHyeH or 9. MoXKHO
J0Kas3aTb H oOpaTHOe yTBEpXKAeHHe, 4TO Jobas GecKoHeyHast Jecs-
THYHAS NMepHOAHYecKasi APoOb SIBJSETCS paLHOHAJIBHBLIM yHc/IoM. [Tpu-
BEJIeM MpaBHJa.

paBuno 1. UToGel 06paTuTh YHCTYIO AECSTHYHYIO NEPHOAHYECKYIO
Zpo0b B OOBIKHOBEHHYIO, HYXKHO B YHCJHTEJE HAmHCcaTb MNepHox,
a B 3HaMeHaTele IIOCTaBHTb CTOJIbKO JEBAITOK, CKOJIbKO HMEETCS
1upp B neproge. Hampumep:

47 3 1 13
0,(#7)=15; 0.B)=75=+; 2,(13)=25.

MpaBhno 2. Yro6bl o6paTiTh CMEWIAHHYIO NECSITHUHYIO IepHOIH-
4ecKylo Apobb B OOBIKHOBEHHYIO, HYXKHO B YHCJIMTEJ]E OT YMCJIa, CTO-
SIIEro MocJie 3amsiToii A0 BTOPOro NEpHOJA, OTHATH YHCJO, CTOSIIEe
noc/ie 3amsToH N0 NEpBOro nepHoja, a B 3HaMeHaTese HamucaTb
CTOJIBKO JIEBATOK, CKONBKO UH(P B MEpHOZE, H CTOJLKO HYJIEll,
CKOJIbKO LH()P HAXOAHTCS MEXAY 3amsToil H IEpPBBIM NMEPHOJOM

) __453—45__ 408 _ 34
0,45333,, =25 - 4 _ 48



BospMem Teneps kaxyio-uu6yap apo6b ¢ nepuogom 9. Hampumep,
0,39999... Igﬁpumeﬂum K neit npasuio 2. IToayuum: 0,39999...=

3allacb paBHOIi KoueuHoil pecsithunoii apoou 0,4. ITostomy apoGb
0,4 MOXKHO paccMaTpuBaTh KaK GeCKOHEUHYIO MEPHOAHYECKYIO ApoGb
0,4000... c nepuonom 0 ¥ Kak GeCKOHEUHYIO AECSTHUHYIO NMEPHO.N-
yeckylo 1po6s 0,39999... ¢ mepuogom 9, T. e. 0,4=0,400...; 0,4=
=0,3999...

3aMeTHM, uTO ISl TOrO YTOGHI KOHEUHYIO XHECATHUHYIO APO6hb
NPEACTaBHTh B BHAE GECKOHEYHOil JeCSTHYHOI INEepPHOAHYECKOil APoCH
C nepHonoM 9, HyxKHO MOCJENHIO LU(PY YMEHBLIHTb HA €IUHHILY,
a 3aTeM Hanmcartb AeBsATKH (2,6=2,59999...).

Onnako naist TOro, uToGH MeAy palHOHAJIbLHBIMH uucjamMu i Gec-
KOHEUHbIMH JIeCSITHYHBIME JpOGSIMH MMeJoch Obl B3aHMHO OJHO3HAu-
HOE COOTBETCTBHE, CYKTAIOT, YTO KOHEUHas JecsTHyHas APOOb npen-
cTaBJisercsl 6eCKOHEYHOI! AeCATHYHON NepHoANYecKOil APOObIO C MepHo-
JIOM HYJb, a HE JEBSATh.

§ 4. JEACTBUTEJBHBIE YHCIIA

Paccmorpum Tenepn jeiicTBHe BO3BeJEHHS] B CTENmeHb M 0OpaTHOE
ZeficTBiie — H3BJieuenue KopHs. [10 OnpenesieHtio CTene  a"=a-a-...
...-a. CrenoBatesibHo, @", rae n — HaTypajlbHOE YHCJO, €CTh YACTHBIH
cayyail YMHOMKEHHSI, KOrJa BCE COMHOXKHTENH PaBHBI MeX<Ay co06oif.
OueBngHO, €caM @ panHOHAJNbHOE YHCJIO, TO H @ ecTh TOXE palHo-
HaJIbHOE YHCJIO.

o Jipe=s
OGpartHoe neiicteue 3/a (@ — pauHOHaJbHOE YHCJIO) He BCeraa
JlaeT paunonasHoe uneno. ITokaskem sto Ha npumepe /2. Byzem noka-
m m

3blBaTb OT IPOTHBHOrO. Hpe}anJIOX(HM, 4To V2= D rjae e

HecokpaThnmasi Apo6b (m u n— uenbie). Ilo onpeneJeHHio KOpHsi:
m\?
(——) =2 uau

n

m?=2n% (1,1)

Cnpasa crouT uerHoe umcso. CiaexoBaTenbHo, fm® M m GymyT
TaK)Ke YETHBIMH yHcaamu. Ilycets m =2k, rae £ — 1eJioe unucJo, noi-
cTaBuM €ro sHauenue B Bhipaxenue (1,1), monyumm: 4k*=2n® wau
k=i

Tak xak 2k* — ueTHoe uyHCJIO, TO H n?, a ClIeOBATeNbHO, H N —

m
uernbie uncaa. JIpoGh —- MOXHO COKpAaTHTb Ha 2, a 3TO IPOTHBOPE-

m / =
YHT TIPEATIOJIOMKEHHIO, UTO APOGh —- — HecoKparumas. Suaunt, } 2
He GyAeT paLHOHAJbHLIM YHCJIOM.

11



ﬂpnmeuum K V§ NPaBUN0 U3BJEUCHHA KBaJapaTHOro KOpH#A
V2 =1,41421...
1

24 100
4 96
281 7400
1 281
2824 11900
4 11296
28282 60400
2 56564
3836

[Tpouecc usBneueHust He MONKeT GbITh 3aKOHUEH, TAK KaK TOrAA
TIONyyHH Obl panuoHanbHOe 4Hc0. ClefoBaTenbHO, V2 6yner 6ec"-
KOHeuHol jecsitnynoil Jpooplo. OHa He OyZeT H mepHOAHUYECKOll

(BCAKYIO IepUHOJHYECKYI0 ApOOb MOXKHO 06pa-
D “ TUTh B OOBIKHOBEHHYIO Apo6b). Takum oGpasom,
/2 MoXHO 3anucaTh B BHJe GeCKOHEUHO! AC-
CATHYHOIH HemepHONHYeCKOll XPOGH.

A L [TokaeM, 4TO H3MEpEHHE OTpEe3KOB MHOIAA
¢ TAK)XXe TNPHEOAUT K GECKOHEUHOH JecATHYHOI -
N HeneprHoanueckoil Apodu. s 310ro HanoMHHM
\ HEKOTOpbIe CEEEHHA M3 FeOMETpHIL.
i Orpesok AB mHaseiBaetcst obwjeti  mepol
Puc. 4. orpeskoB CD u MN, ecin OH yKJajblBaercst

LeJoe YHCJIO pa3 HA KaKIOM H3 3THX OTpe3-
koB. [pa oTpeska, mmeiomue o6uiyio Mepy, HA3BIBAIOTCA COUBMEDL-
MbIMIL, @ HE HMeIOIHe OCUIeH Mepbl — HECOUBMEePUMBIMUL,

Teopema. [Juazonars keadpama Hecousmepuma c ezo CMopoHoil.

HoxasatenbcTBo (or mpotusHoro). Ilyers pmuaromans AC
conamepnMa co cropoHoit AB (puc. 4). Toraa cymecTByer o6mas
Mepa st orpeskoB AC u AB — orpesok MN. Ortpesok MN ykra-
ZbiBaeTcst Ha orpeske AC m pas, a Ha oTpeske AB—n pas. Ecuu
MN npunste sa epunnny aamee, 10 AC=m (en. A), AB=
=n (ex. an.).

Ha puaronamu AC nocrpony keagpar ACLK, Torma Sycix=
=23,mcp- g-Io Sacik=m?, a S pcg=n?, cienopaTenbHo, m® = 2n°.

m m o
Orciona (71 =I5 71:1/2, a 310, Kak paHblle OBUIO TOKA-

3aHo, Hepoamoxuo. Cnexosareasso, orpesku AC u AB Hecomsme-
PHMBL.
Teopema. Ecau ompesox CD cousmepus ¢ edunuyeti dauner AB,
Mo €20 OAUHA GOIPANCAEMCR PALUOHANLHOIM YUCAOM.
Hokasateabcrso. Cymecrsyer otpesok MN, KOTOpHIl yK.1a-
awiBaercs Ha AC u AB uenoe uncio pas. [lycts Ha AC on ykaa-

AbiBaetest m pas, a na AB—n pas. Ho Torza - — YacTb orpeska

122




m
AB na CD — ynoxuTC POBHO /1t pas, MOSTOMY CD== (e an),
T. €. JmuHa CD BhlpamxaeTcs pallHOHAJbHBEIM YHCJIOM.

Teopesma. Ecau ompesox CD wecousmepus c edunuyel Orunst AB,
Mo e20 dauna He BbIPAYNCAENICS PAYUOHANLHbIM HUCAOM.

HoxasareancTso (or mporusuoro). Ilyers CD =% (en. am.).

Torpa 71? uacTh oTpeska AB yJoxuTcs m pa3 Ha oTpeske CD, T. e.
— vactb orpeska AB Gyger ofmeii Mepoit orpeskoB CD u AB.
ChrepopatensHo, OHM GyAyT COM3MEPHMbI, YTO IPOTHBOPEUHT YCJIOBHIO.

[Npennonoxum Ttenepp, uto orTpe3ok CD HECOM3MEPHM C eJHHH-
ueit nnuasl AB (puc. 5).

Oroxum orpesok AB na CD BO3MOXKHOe 4HCJIO pas (2 pasa).
Tonyuutcss ocratox C;D, kotophiii MeHbite AB. MoxHO cKa3aTh,
uto anuHa CD npubimKenHo (¢ He-
Joctatkom) paBHa 2 (ex.). Bo3sb-
meM 1/10 wacte orpe3ka AB u Oy- G 7

C.

ey ce OTRJIAAbIBATH Ha oTpeske CiD. 5 %
ITycrs ona yaoxures na C,D 5 pas,
u eue nosgyuutes ocratok C,D,
Kotopulit Gyger MeHble 1/10 AB.
Torga sa npuGaukenHoe 3HaueHHe (C HEJOCTATKOM) aauubl CD
MO0 B3aATh uMcao 2,5. Temepn 1/10 uwacte AB paspeanM Ha
10 paBHpIX uacreil M BO3bMEM OJHY TaKylo uacth, T.e. 1/100 yactb
AB. Bynem ee otkiaagbiBaTh Ha CoD. [lomycTHM, OHa OTJIOXKHTCS
3 pasa u eume ocranercs ocratok CzD, KOTOpbI Oyner MeHbIUe
1/100 AB. 3a npubmmxennyio iy orpeska CD (c HeIOCTaTKOM)
MOXHO NpPHHATH YHCIO 2,53.

ror npouece OyAeT NPOJOJKATECA OGECKOHEUHO, B MPOTHBHOM
ciyyae juuHa orpeska CD Bbipasuiach Gbl PallMOHAJIbHBIM YHCJIOM,
YTO HEBO3MOKHO. ECTeCTBEHHO CUMTAaTh, YTO AJHMHA OTpe3Ka BhIpa-
2kaeTcsi GeCKOHEUHOIl JecsATHYHOH xpobblo: 2,5634...

dra 1po0b He OyJeT NepHOAHYECKOll, TaK KaKk INepHOAHYEeCKYIO
2po6b MOXKHO 0OpaTHTb B OGBIKHOBEHHYIO ApoOb. Mrak, ecim orpe-
30K HECOM3MEpPHM C EIHHHLEH JJIHHBE, TO €ro JUIHHA BHIpaXaeTcs
GecKOHeyHOll HEeCATHYHOII HenepHOXHMYecKOH APOGKIO.

Tpumepsl ¢ V2 1 ¢ HamepeHHeM OTPe3Ka NOKA3HIBAIOT, UTO MHO-
JKECTBO PALMOHAJIBHBIX YHCEN HYXHO PacUIMpPHTh H BBECTH TaK Ha-
3bIBAGMble HPPAUNOHAJbHbIE YHCJIA.

HppayuoHarohols 4uciosm Ha3bIBAETCA YHCJO, KOTOPOE MOMCHO
NIPEACTaBHTL B BHJAE GeCKOHEYHO! NeCATHUHON HenepuoaAHUecKoii 1podi.

Ternepb MOXKHO CKa3aTh, YTO €CJIH OTPE30K HECOMBMEPHM C eJu-
HHIEH JUIHHEI, TO €ro JJIHHA BbIpaxKaeTcs MPPALMOHAJIBHBIM UHMCIIOM.
MppaunonanpHbMH  YHCIaMH  GyayT VA2 /A3 i, il 2 T e
poobme lgN, rme N = 10" (n— moGoe palHOHAbHOE YHCJO).
Taxxe GYZyT SBIATBCA HPPAHOHAJBHBIME YHCJIAMH 3HAYEHHSI TpH-

Puc. 5.
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TOHOMETPHUECKHX (DYHKIHA MHOTHX YIVIOB, HampuMep: sin 5°, cos 12°,
tg 37° u 1. 1.

CoBOKYNHOCTb palMOHABHEIX H HPPALHOHAJIBHBIX YHCEN HAa3bl-
BaeTCst MHodicecmeon Oeticmeumenvrolx quce. JIns ranbHEHIIEro H3y-
UeHHsl JeHCTBHTE/NbHBIX YHCEe] BBEJEM MOHATHe a6COMOTHOH BEJH-
YHHEl YHCJA,

Ab6coaomHorl eeauqunodl uucna A HashiBaeTcsi CaMoO 3TO YHCJO,
eC/H YHCN0 A TOJMOKHTENbHOE HIH HYJb, B — A, eciu uyncio A —
OTpHuaTe/bHOe, AGCOMOTHYIO BeJqMyuHy umcaa A o6o3HayaioT
mak: |A|. Hanmpumep: |5|=5; |0|=0; |3,5|=3,5. W3 omnpene-
JenHst abcomorHoif BenmuMHbl caeayer, uro —|A|<A<|A| #
| =4 =4l

Bynem cuntate, uTo JefiCTBUTeJNbHBIE UHC/IA TNpPEACTABJEHE! B BH-
He OECKOHeUHLIX MecATHUHBIX Hpobeil. [IBa MONOMKHTENbHBIX AEHCT-
BUTG/IbHBIX UHC/IA HA3BIBAIOTCS pABHbLMU, €CIH BCE UX COOTBETCTBY-

IomHe JecATHYHble 3HAKH OJMHA-
8 & 4 KOBblE.
e e ]

[Tycts mmeercst aBa TOJOXKI-

TEJIbHBIX JeHCTBHTEJBHBIX UYHCIA:

S AT T R e

Puc. 6. 0=a, A10203...,
B=0b, b1bab;...
Hneno o Gyner Gonble unena B, ecnu a>>b; mpu a==b HMeeT
MeCTO a; >by; npu a=0 H a;=~5; JOMKHO GBITH a >by u 1. A

37,128...>>37,126...; 0,4582...>>0,4549. ..

JlBa orpHUATeNBHBIX YHC/MA 0 M B HASHIBAIOTCH PABHBIMH, €CIH
|a|=|8]. M3 mBYX OTpHUATENBHBIX UYHCEJ GOJBUIHM CUHTAETCS
T0, alCOMOTHASL BeJHYHHA KOTOPOro MeHsmie (— 2,1589...>
>—5,9287.. ).

Cuuraior, uT0 JMOGOE NOJOKHTENbHOE YHCJO GOMbINe HYyJS H JIO-
GOro OTpHUATENLHOrO uHcaa. UHCH0 Hysb GoJblie JIOGOr0 OTpHLA-
TeJbHOro  yHeaa  (2,1589...°>0;  2,1589...>-—1,3581...; 0>
> —4,2837...).

M3aobpasum peficTBuTeNbHOE 4HCIO o (npH o >>0) Ha YHCIOBOI
ocu, Or ToykH orcyeTa 0 OTJIOKHM B CTOPOHY HAmNpaBJeHHS OCH
OTPe30K, JJIHHA KOTOpOro paBHa o (pHC. 6).

Touka A, sBasOMAsCA KOHILOM 3TOrO oTpe3ka, H 6yner m3o6pa-
2KEHHEM YHCJa o.

UroObl H306pasHTh OTPHUATEJbHOE WYHCAO f, HYKHO OT TOUKH
orcyera 0 OTVIOXHTL B INPOTHBOINOJIONKHYIO CTOPOHY HampaBJeHHs OCH
OTPe30K, JnHHa KoToporo paBHa |B|. Touka B Gyner H306pakeHHEM
ugesa 3. Yueno Hysns nsobpaxkaercss Toukoit 0. OueBHpHO, HBYM
HePABHBIM 4HCJIaM OGyIyT COOTBETCTBOBATh JBE pa3/IHYHBIE TOUKH.
Ecmn o>>83, 1o Touka A Gyzer HaXoguTecs mpaBee ToukH B. Kax-
JIOMy JAEHCTBHTE/IbHOMY YHC/IY Ha YHC/IOBOH OCH COOTBETCTBYET eHH-
CTBEHHAsi TOYKa.
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[TokaxkeM ofpaTHOe yTBepKAEHHE, UTO KaKAas TOYKa Ha YHCJO-
BOH OCH siBiIsieTcsl 06pa3oM TOJBKO OAHOro JAeHCTBHTEJbHOTO YHCJIa.
HeficTBuTenpHo, nycts M — Jiobasi Toyka Ha 4ucJoBoH ocH. Ona
Gyner u306paKkarh IOJOXKHTENLHOE YHCJIO, PaBHOE HIHHE oTpe3ka 0M,
ecad M naxonutcs npaBee ToukH O, H OTpHIUaTesbHOE YHCJO, aGco-
JIOTHAsi BeJIMYHHA KoToporo Gyner paBHa AuuHe orpe3ka OM, ecin
Touka M Oypner HaxoguThbesl JieBee TOUKH 0.

CrenoBaTesibHO, MHOMKECTBO ECeX JEeHCTBHTEJNbHBIX YHCEJT H MHO-
JKECTBO BCEX TOYEK Ha YHCJIOBOH OCH HAXOHSTCS BO B3aHMHO OJHO-
8HAYHOM COOTBETCTBHH, T. €. OHH 3KBHBAJEHTHBI. DTO CBOMCTBO MHO-
JKECTBa JIEHCTBHTEJLHBIX YHCEJ HA3bIBACTCSI CBOLCMBOM HenpepbléHo-

cmu.
IMokaxkeM, uro JoGoe JEHCTBHTENLHOE WYHCJIO MOXKHO 3aMEHHThb

PallHOHAJILHEIM YHCJIOM C JIIOGOH TOYHOCTBIO.
I pubauscernuem ¢ Hedocmamkom K JeHCTBHTENBHOMY YHCHAY o G

TOYHOCTBHIO [0 717 HasbIBAETCSl TaKOe palHOHaJ/JIbHOe YHCJIO r, KOrja
r<so, HO r+%>a. Oco6eHHO YIOOHBI JeCATHYHbIE MPHOIHMNKEe-

Hus. Jecamuynoim npubauscerues YHCIA ¢ C HEJOCTATKOM C TOYHO-
1
CTBIO JO {7 HasblBaeTCs JeCATHUHAs ApoGb r ¢ k uucaoMm wHP

nocJje sanmoﬁ M Takas, uro’ r<<a, HO r+W>°"
1
Uncno ’er‘f—W Ha3bIBAETCS JECATHYHBIM npubiudceruem H4ucs
1
4G ¢ u30bIMKOM C TOYHOCTBIO LIO o -
Bo3nmeM NOJIOKHTENbHOE JEHCTBHUTENIbHOE YHCJIO

0=4a, 1QQ3...Ap0p,1...
PannonasnbHoe YHCHIO r=a, Q1 Q2 Qy...q; OyAeT NpHOIHIKEHHBIM
BHAYECHHEM YHCJIA 0. C HEAOCTATKOM C TOYHOCTBIO JIO 757 @ YHCIO =

1 =
=r—+—1—0—,,—np146nmxenubm 3HAayeHHeM YHCJa o ¢ H3OBITKOM C TOY-
1
HOCTBIO JIO 157, TaK Kak r<<e, HO r'>a.
Hanpuwmep, ans uucnia V2=1,41421... HMeeM:

MpuGamkennoe 3HayeHne ¢ He-
O CTATK OMY S, vttty Has sty 1,4 1,41 1,414 1,4142...
IpnGamixenHoe 3HAYEHHE C M-
OBUTHOM A R R e s o 2 135 1,42 1,415 1,4143...
TOUHOCTRS s st are s o lamdo e 1 0,1 0,01 0,001 0,0001 ...

Ecan  umcsno o MppanyoHanbHOe, To o Oyxer GoJiblie Jo6oro
CBOEr0 JECSITHYHOIrO NpHOJHMKEHHST C HEJOCTATKOM, HO MeHblle JIio-
GOro CBOEro JecsTHYHOro NMPHOJHKEHHS ¢ H3OGLITKOM, T. €. r<_ a< r'.

ITepeiineM Tenepb K JEHCTBHAM C JAEHCTBHTENLHBIMH YHCJIAMH.
ITycTb HYIKHO CJOXKHTH ABA NOJIOXKHTENbHBIX AEHCTBHTENBHBIX YHCJIA
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