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Yemozum Cavdu Xacaroeud
Cupoxuddunosnune EPKUN Xomu-
pacuea Garuwaradman.

C¥V3 BOUIH

Ouanii yKyB 1op1aapy TadabaaapiHuur Kacd sraaaaiinaa ypra-
Hajuran aacraabkn gaunaapiay OHpH OJHIL MareMaTHKaaHp.

Quuit Martemartnkannur sazudacn rtanadanapin  MareMaTHKa-
JaH  MabayMoTJap  Ma:kmyacd OmiaH  TaHHWTHPHIUTHHA 3Mac,
Oaaku Tajabagapiin MAnTHKHI QUKpJaaul, MaTeMaTHK VCV.JIapHH
amasiil Macadagapin  eunwmra xyJagan,  IVENHPAEK, MKTHCOAMI
MaCaJalapHHHT MATEeMaTHK  MOICAIApPHUN KYpHIUra ypratHuigan
Hoopatanp.

Hasp Tanabura acocan KHIIJIOK XYKaaHTiH 01HiT VKYB 10pTJaapH
ragabasapHin HETHCOM Macatajapin cunliia 3apyp GyJaaanran
MATCMATHK annapar acoc apy 0mian uyKyppos TaluuiTipiu, xauay
XVIRAJAHTH MacaJaJapunitic MaTeMaTHK MOJCLIAPHHH KYPHIIHHHT
camapaaop iyaiaapnmn kipeatuu,  myasauguunr (11 Coanxon
Onan xamxopaiiaa) «VKHTysuwi» pawphérn romonntan 1981 iina-
aa uvon aruaran «Oumit MaremMaTiika KHcka Kypci» KitoGura siH-
rHYa HyKTan Hasapipan kapawra sa Gy sca ¥3 wasbGaruia ywby
KVITAHMAHUHT E3WAHIINTE CaH0 KeaaH.

Japeank KHUNIOK XY2RadHry oJdHit VKYB I0PTJapHHIIT  OJHIY
MaTteMaTHKafan Aactypi acocuga éswaran Gyanod, veaa TEKHCIHK-
da Ba (asojda aHATHTHK ICOMETpHs, MaTeMartux aunaJjans, anpdge-
peHlHa TCHIVIAMAJdap, BCKTOPJAAp Ba YH3AKIH aarebpa 3jeMenT-
JidpH, 3XTHMOJJIAD HAa3apHSICIl Ba MATeMATHK CTaTHCTHKA 3JEMCHT-
JapH 6aéH 3THITaH.

Hlynn TabkuAdau J03HMKH, KHTOOAATH Mateplualiapu HJA0KH
OopHua, KHILIOK XYMKa1HMrira ouj macajanap 6itaan 6oraab conua,
KHCKaua 6aén KHJIHINra Xapakar KHJHHIH.

Maskyp kyaaanmann &sHutga oamii  MaTeMaTHKagLaH é3marai
kurobaapaaH, mymaanan T. Azaapos Ba X. Maucyposuunr «Mare-
MaTHK anaaus» kitobuian, TOWKeHT AaBaaT arpap YHHBEPCHTETHIA
KVn  diMAgap  aaBoMHia VKHran o mabpysadapnmian oiinanag-
ANM.

Ymby jgapcaiik rapyani KHULIOK XVaKa1nrnm oanit YKyB 10priaa-
pu Tajabanapira myamxadadaaurain Ov.ca-la, yulan IyHHHLAEK,
TeXHHKA Ba HKTHCOUHET OJHI JKYB IopTiapH TaJgabajiapu XaMm
(doiigananuunapy MyMKHH.

Kuto6 kynésmacu Ounan tauuwnG, V3 Mysaoxasanrapunu Omna-
AMprad Ba macjaaxartaap Oepran XamkacOaapumra, xycycan Tou-
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KeHT aBTOMOOHJL H{VJaapH HHCTHTVTHHHMHL OJHIT MaTeMaTHKa Ka-
¢eapacy MyaHpH, npodeccop M. V. Fodypos, Camapgans KHULIOK
xymaaurn Huerutytn Ouauil Martematisa Kadeiapacy MyAnpi, ao-
et K. . Kyamatos xamaa Toukenrt 1asiar arpap vVHUBepcHTe-
THHUHr Oanit Maremarinka xadeapacH absoaapira ¥3 MHHHATIOP-
YHAHTHMER H3xop aTtamal. Myvuunriack, doivtaan macaaxariapH
6usnan KutoOun sAXmmIamra karra ¢pias Gepran Towkent aasaar
YHHBEPCHTCTH  IOUCHTH, QUBHKI-MateMatika Qana1apn HOM301H
X. Mancyposra 4yKyp MUHHATIOPUILINE GHALPaMaH,

Maskyp aapciaur aiipuM  KaM@LuikIapian Xoan O6yaMacaIiur
MyMKHH. By Kamuintakaapun kypcatid, V3 doilianr Gukpaapuiy
oMaaHpaanran Vprokiapra mMyaiand oaangian §¥3 TOWAKKYPHHH
OHagKpany.

Myaaraug



I KHCM. AHAJIUTHK TEOMETPHS

I 5OB. TEKHCIIHKIA AHAJAUTUHK TEOMETPHSAHHHT
JAACTJIABKH TYWIYHYAJIAPH

Anamnmux  reoMmeTpis  0al{l  MareMaTHKaHNur OV.anMIapHIaH
Gupi. ¥V reoMeTpHK WAaKILIaPHUHT (TYFPH YH3NEK, ail1aia, TeKHCAHK
Ba X. K.) Xycycustaapunn aareGpa yeyan (abHi Teuraamanap ép-
pamiaa) ouaan yprauain,

1-§. Tyrpu Oypuakau ekapr koopaunaraaap
cHCTeMacH

Xap Kasjail TeoMeTPHK HaKk’1 HYKTaqgap TVniaaMmin OHI2d anng-
JAanain. BimnoGapun, reoMerpux mak/aIapHit Vprauiiinl YYve yHH
TAWKHI 9TTran HYKTAJaPHHUT TCKHCJINKAAT XOJaTiHT T0MHm J0-
3uM  Oyuaan,  Texucankia HyKTanlur XoJaartiill  aHHKJIaiauran
ycya Mabaym 6yaca, TEKHCINKAA KOopANHaTa ap cueremact Gepui-
ran Jefinaaan. bus gyiinzaa coata, afibn naivia Keur sVoganain-
rap JICKapT KOOpARUATa apy CHCTCMACHIH KeJTHPA M3,

Texucsnxaa nxkura y3apo nepnengukyasip TVFpH un3HKHI oaal-
JHK. By TYFpu unsukgapauur GHpi ropu3onTad, HKKIHTICH 3¢a Bep-
THRAJ JRoifaamcit, TYFpH uH3NKIapHUHT KecHuran nykracuun O
xaphu Ounan Gearunab, yuir koopdunara oowtn 106 ataiinuz. To-
pusontaa Tyrpu unsuk Ox fru €xn adcyucca jiku aciinaaan. Bep-
THKaa TYFpu wn3Hg sca Oy Oxu ¢xu opdunara Gxu 100 atanai.
Ox Ba Oy yxaapuu koopdunara jKaapu acimaain (1- uinzma).*

Koopaunara Gomn Ox sa Oy yxaapunur xap OHDHHH HKKH
KHCMPA — NKKH spiaM YRKa ampatatt. SIpus Viaapian Oupuau
mycoar, nKKHHUMCHEN 3ca Manduit 1e6 xucob.aaiivinz, Mychar spuam
VKaap 1-unamaza crpeikanap Oiaan Kypcartiarad,

Koopmnnara Yxaapn rekueausin 4 ta xuemra  (yopakka) axpartanu
Yaap 2-unsvajia KVPCATILIIAHILIEK HOMEDIAHA L.

Afitaiimk, M — tekncankaarit 6upop yxra oVJaenn. By nviratan.
Ox Ba Oy Yxnapra neprenaukydapaap Tyumipis, vaapuuir Ox sa Oy
VKJap GHAAH Keculuran HyKTAJapHiu M, Ba M, aap Guaan Gearmaaii-
MH3 (3- ui3ma).

¥ty

0M, =x, OM, =y

* Yu3amanap kutolf OXHPHAA HI0BA Tap3uaa fepilirai.



KecMaapHuur y3yHaukaapy M wyKrauuHr xoopdunamanrapu ne6 ara-
qamn. Byupa M, uykra O uykranan Vuraa koitnamca, OM, kecma
V3yHIHrH MycOaT uiuiopa Giaad, vanja 6y.aca, OM, mauduit mmopa G-
JaH oauHazi.

Xy uyHra VXuan, M, unyxta O HyKTajaH 10KOpHAa #oiiiatica,
OM,, mycGar, nactia woiiaica, Mauduii Hiopa GiIaH OJMHALK. X COM
M wmyKraunur Oupiiyn koopluHarac eku adcyuccacu, y cou sca M
HYKTAHHHT HKKHHYH Koopauuaract €km opduxamacu j1ed atanaiin. M
HYKTa KOOp/MHATATapH €plamuaa Kyitwdarmua éamaamns: M(x, y)

IOKopuna aiiriaransapian KYpuHaZNKI, TEKHCTHKAr Xap 6up HyK-
Ta (X7 Y) KYPTIHKHIT aHHKIARLH,

DU, aKCHHYA HKKHTA X Ba y coMaapian noopar (xi y) mKyQPriauk
Gepuaran 6V.achi. Oy ¥kaa x codra Moc kedaluran A, Hyxtauu (arap
x MmycGar con GVaca, Oy nykra O uykratad Virila, x maddit con 6V
ca, O uykrajau yania skoiJdilran OVJaym) Tonamis. Xvld IiyHra
Yxwauw, Oy Viia y coura moc xenamran A, nyirame (arap y myc6ar
coH G¥.ca, nykra O myKralan roxopiaa, y Maugnii con 6yqca, O Hyk-
Tadan nactia skoitaurrad 6yvanm) tonamus. Cyur A, vygragan Ox VK-
Ka nepnetkyanp, A, nygratan Oy yiKka nepnesmiKyJsp YnKapamis.
Harmikata Oy nepnenauky spaapiuir KecHUMil HyKrtacura 3ra OyJa-
mu3. Xy 1y HyKTaHir Koopauuaraapi x Ba y Jap Gyaamt. [ys-
Aait Km0, (v, y) Kypramk Texdcamiaa Onrra HyKraHi wpoganap vKa.

Jlevak, nykraun reoMetpuk o0bekt cudariia Kapaiymran GVJCaK,
YHHHT anaguTik npogacH HKKHTa cotgan noopar xKyhrak OYJiajii.

Mavavmky, koopumara Vkaapi OyTyH TekHCIMKIHM 4 TA HOpAKKA
Gyaamt. by vopakiapiard HyKTtadap KOOPUMHATAJTAPHHANC HILOPATADH
KYRMJAry Kaasaiia Kypeartiiarat,

(&3 ) HYKTa KOODAHHATATAPH HIIOPACH
Yopaxaap
X (aGeuwucea) y (OpauHara)
1 x>0 u=>0
11 x<<V y=>0
I11 x<<0 << 0
A% x>0 w<<0

Macatan, yuoy A(2:3), B(—1,2), C(—3; —2) D(3; —1) nyk-
TAanapHHUT reoMeTpiK Tacsipaapi 4-uyusmata ubolasatrad.
Acaarma. Oy Vgaern nygratapuuur opiuHatatapd 0 ra rewr, Oy VKzaru

nyratapuenr adeinceatapin 0 ra tedr. Koopauuara Gouiuir koopauuaraaapu (0; 0)
Oy aaju.
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XyJoca KuanG IyHI ATl MYMKHHKH, aHAJHTHK reoMeTpHsija
M (x; y) nykra Gepiran Jeranjla yHNHNr KOOPAHHATA1APH X BA I COH-
Japaan Tyawaran (x; y) ARyQTIMKHHAT GePHATaHIHTHHE TYIIYHaMIL3.

2-§. Ukku HyKTa opacuaard macoda

Tekncomkaa nkkura -, Ba A, nykranap cepuaran GVano, yoapHHHT
KoopHHaTasiapi Moc pasminia (x: 1) Ba (xy ¢p) Gyaci: A, (x; yy),
A, (xo0 y,) (5-umama). By nvkranap opacuaari Macodand Tonmul Tanad
ITHIICHH.

A, (x yy). A (v i15) uyKtasap opacnaarn Macoganu d  Oudan Gea-
riciaivmk: | A, A, | =d

A, nykragan Ox Vkka, A, nyxragan Oy VKKa napaiaea TVFpH yH-
SHKIAp YTKasailinik. By TVrpH  ulsmKaapHuir  kecuiiran nyKracuin B
Gunan cenrwnaiank. Hamwana A, A, B8 1Vrpi Oypuakain yuOypuak Xo-
cua 6yaamu. Pasiankit, 6y A A, A,B nunr A,B Ba A,B toMonaapinnsr
V3YHIMKIaPH

| B =xs— %, |A:B|=t—u
6ysaan. Thiparop teopevachian (oHaaIaHnO TOMAMIIS:
[ A AP =1A,BP+ | B
Jewvar,
d* = (x;— x5, 4 (Yo — 1)
By renrmmkaan sca

d=V0—x)P+ W —un)f (1.1)

oy Kesm6 uukann. Jlemax, Gepwaran A, (x5 4,), Ao (X0 ¥.) HYK-
Tanap opacujpard Macopa Oy HyKransapuuiar OHP Xil  HCMII KOOpAHHA-
TANAPH AMPMAJAPH  KBAPATJAPHHUNT  HUFHIICILIAN  OJMIran  KBajpar
HUBHHHT apupMeTHK KifiMarira Tenr.

Xycycan, koopansara comm O (0; 0) san A (x; y) nykraraya GyJ-
rai macoda

|OA| =d =V (x—0F +(y —0F =V ¥+ 4

Gyaann.

Mucoa. Ymoy A (1; 2) sa B (4 6) nykrasap opaciiarH Macoda
TONIJICHH.

E unm. Paswauku, A nykrananr Koopaunatanapn X, = I,
B nyikrannir xoopiunata’api sca X, =4, y, = 6 6laaum. (1. l) (bop-
MyJatan Qoipanannd Tonamims:

d=V—xf~—uF =1 E—IF+6—2) =
=)9+16=)25=5.

. Kecmann Gepuaran nucbatna Oyauuw

Texmeonkpa A (x5 y,) ra B (v y,) Hystazap Gepwaran GYam6,
yJapHi TyTawTHpi Hatizkachza AB kecva xocm kuamiiran. AB kec-
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Majga wyrlai C uykra tonuur kepakku, AC kecmauuur CB kecmara
HucOaty Oepuiaran A COHra TeHr OVJICHH: :

AC

BC

Hznauaérran C Hygraumsr KoopauHaraiapusi x sa y geitauk: C (x; )
(6- unzva).

A;:B; € nyrazapian Ox Ba Oy koopimiata VK7apura napa/iien
TYEDH 4H3MKJIAp VTKasamus. By tVepu wusiaapuiur Ox sa Oy Yx/1apu
OH/IaH KecHIUTaH HVKTalapuu Moc pasmwia ., By, C, Ba A,, B, C,
neitmx. Pasmanku,

0Ay=x, 0G=x, 0B =n,

04, = 1, 0C, =u, 0B, =y,
6ym6,
‘A{ICI =X —'.\.1, Cle = .\'1 . x,
ACy =y —1n, CB.=u,—y
6yaanu. ‘
AACD xavpa ACBE nap Vxwaur yybypuariap O63aamu. [levak,
AD _CD _ AC 5
— = (1.2)
CE  BL CB
Arap
'1D 4 C — Xy, CD = .42(:3 i !" _yl!
CE=0(CB, =x—u, BE =C,B,=uy,—y
OV IHILIHEE  Xam/ad
2C %
CB
3KaHuHEK bTHOOpra oscak, v Xoada (l1.2) rteHraukjapaas:
=%t =3, d—dv %
Xy —X Ya—u
Gyauus KeaG ynkatt. DM
..k‘ — .\.! - ;." !0’ S ’l’l I i‘
Xa—-X Ya—
TEHrAaMaJapuuir Xap GHPIHIT aT0XH1a- 70XH4a eyanifs:
70 sy —x, = (e — )= — = My — Ax=>x + Ar =
Xy — X
- + A Xy -} Axs
=X —hn=>x(+RA)=x+Ai,=>x = ——7TF,
L k= (1A = x o+ =3
Yy—uyy _ - . o L g i 8 2]
—= =A=>y—lh=Alh—NFY—h=M—dy=>yt+ Ay =
ba—Y Y
.- .o - Iy 1= Al
=y, = rfh=y(l =N =y, +rjy=>y = =,
Yy M= YL+ A) = + Ay =1 =y



Jemak, AB kecmaun Gepuarag h micGaria GVayeun C HyKTaHHHD
X Ba y KOOpAHHATAJIAPH

vy - Axs iy — hifa
Xm——= =7 1.3
I A ‘ L—A 9
hopMyIaaap GHJAH TOMLIAZN.
Xyeyeau, C (x5 y) nykra AB recmaimi Terr HKRMra OVJYBUH HYKTA
ovaca (AB = CB), v xo11a

AC .
— =A== |
CB
6yimi6, C iyvKranur koopaunaratapi (1.5) fopMyiara kUpa
. & ‘-\'—:. P Sl
Bl - Bl

Oyat.
Miucoa A(—22) sa B(6;4) nvirazapui tyrawmrapysan AB
keemainr A == 0,2 pucdaria 6Vaagiran C (X y) HVETE TOMHICHH.
Egnue C(x; ) wysramur gooplusaralapudn  (1.3) dopMyatau
hoftanatd  Tonasis:

Xyl K —2.-02:6_ _—2—-12 —08 = 2
YT T Ti—e2 T T2 12 8
o] Aoy  2+-0G2-4  2-08 28 7_

‘ oo R 10,2 tid 1,2 3

Wyt guaud,  AB keemams L= 0.2 wiedatia OVaysud  HyKTa
) -
e (-— = —| otaaur.
o 5 W
4-§. Vudypuak 1o3u

Mavayurn, Ypra Makrad MATeMdiHRa KypeiLla 0ab3it OHp  TeKHC
(sicen) 1aRTIap — yuObypuak, TPAmewst, 1oupd Bd N. K. HHHC 03ra 3ra
OV it \VIAPHIHE JOSTAPHINE TOMI GILIA YT VURIAIIITa 304,

S YHOYPYARIAPHINET (03T KOOPAaTatap yevamt Ouaad Tona-
Mii3,

Dapay iaiig, Tesieaikia A ABC Gepiniran oVacnu. By yuGyp-
yak yuaapi — A, B, € nyKratapuiir  KoopanHatatapii Moc  pasHuiia
(xy: .’/l)- (v 1)y eyl 1) 6.\;-"”“: A i), B(\'::‘.’/:)v C__{.\'_-,Z ihy).

Macara yuoypuak 1out S, 4~ Wt TOmndan noopar (7- yiMa).

A, B, C nvgrazapan Ox Viira  neprneln yikyaap TVEpH  YM3HK.Tap
rywupamics. By nepnemwmkyasapruuar Ox ®xit Gi1an Kecwmrad Hykrta-
Aapuwit Ay, By, C, Jap opxami Oearnaaitanis.

Fiznmwatrran A ABC winir 10310 S 4 5 nkxitra A ABD xavaa A DBC
JapHAIr 103Tapin frinLgcnra Tenr oVaa i

Saasc =Ssapp T Sipsce (1.4)

Paswauxi, A, ABB,, B{BCC, sa 1,ACC, wakajap Tpanenusaapinp.
A ABB, tpanewnsita: Ad, sa BB, —acocaap, 1,8, sca Ganan k.
Wlyunnr yuyt OV TpANSUHANMHT 1031
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AA, — BB, |
3.4,.4;-;.:_:. T A,B,
Oy ..
Arap AA, =y,, BB, =y, B, =x,—x, skamun 3bTi60pra
0JICaK, yHjaa

o By==ifay .
S/l.ﬂlfB, o 9 Xp — '1'1) (|5)

6y ronamis.
B,BCC, rpaneunsiza: BB sa C,C —acocnap, B,C; 3ca Gananimk.
Wlymunr yyyn 6y tpanenusiniir 03

BB - C,C S
S.U,/xr:(:, = PS — B,C,

Oy .1aut.
Arap BB = y,, C\C = y;, B,Cy == x,— X, 3SKauirimy 3bu1mbopra
oJcaK, ynia

Slx,b’r,‘«;, -2 % 4 (x5 — Xa) (1.6)

GY/IHUINHI TONAMII3.
I0xkopuaarnra Vxwaw, A, ACC, Tpanewnsuir 103i

Saace, = 1 (x —xy) (1.7)

Gymuimnn Tonmin Ky sMac. Paptuanki,
SAABI) RS Saznsc o S.-!,AHB, T 52,;4.(:, N 5.-1,.4: Cy
Gyaaan. (1.5), (1.6), (1.7) mynecaGaraapaan (oiiiataninG  TonamMns:

! Y sy o BRI G ey
Sansy T Sappe = == —X) =¥ Xz)

T () = (0 - ) (% — ) (W Y (Y — )+

= (W1 1+ Y3) (x5 — X))

I0kopuaarn (1.4) mynocadarun swrndopra ogcak, Vijia Gepuiran
AABC mir o3t yuyn

N - %‘”.‘/1 T .’/2) (-\.: o -\'1) e (/o =+ .”:c‘) (-\':; — "-':) T

AABC

+ (1 = Yy) (x5 —x;)] (1.8)
Gy nunt Kemd ynkamt. ) )
Mucoa. Yumapu A(l; 1), B(24), C(3;3) nykranapaa Gyara
yuOvpuaK 1034 TOMIICHH.
Eunm. Pasmaugu, 0y xo11a

% =2, Xy =3,

'Yl == I‘
=1 Yo =4, Ys =3
10



6ymaan. (1.8) dopmyrazan oinasannd, yuOypPUAKHUHT I03HHIT TOMAMH3:

Sugc:%l(l +H2—D)+@+)B =2 +B + N1 =] =

@+7—8) = =2 KB. OHPJIHK.

|
N_-I_-

5-§. AHAJIMTHK TEOMETPHSHHHI ACOCHH Macanaaapu

Gapaz KILIAIHIK, TeKHCTHKIA Kapatadtran nyxTa VarapyBuan HyK-
Ta OVacii. bR, NYKTaHUIr KOOpIHHATATAPI X Ba Y Jiap y3rapyBuu
OVaHD, yIapuHirT Xap OHpH TYPIN KHIMATIApHI KaOy. T KHIICHIL

Kyn xoaiapaa VarapyByi HVKTAHIHT KOOpUiHatagapit Gupop

F(x, Yy =0

TeHrAaMalii  Katoataantupaumrain 6yaaut.  Dyuiait tenrgamasap sca
TERHCAHKAA VMVMal wususnu ndonataiur.  Macasan, tekucankpa Ge-
purait B(u,. 1/,,) HVKTA®an Oup  Xu1 Macopana Typaiurai Hykraiap
TynaaMi sapaitung, Y arapysuit uykrams M (x; y) OGuaan Gearmaii-
JHK.

(L.1) ¢popmyaara mysopiuic B (x50 #y) xamaa M (x; y) nygranap
opacuaarit Macoda

= V(¥ —x)* + (¥ — yo)*

6V e Teurimk @ sca

(x =X (y— ) =d* (1.9)
ovanwi keans unkaut. Jlemak, B (x,; 1) HVKragan Gapasap y30KJHK-
Ja Typaauran nykragap TVIMIAMHIHHE  Nap OHD  HVKTACHHIHT KOOpIH-
Hatadapu & Ba ¢ Jap (1.9) tenrsavamyt kanoarsautupagu. By (1.9)
TeHraama Mapkazu B (x,; y,) uvkraza, pagiven d ra teHr GyJrad a-
Jauatit (3-yiava) notanaivm (kapaaci, 1V 6oo, 1-§).

ABATHTHE TEOMETPUSIHHIIT  aCOCHIT  Macalacl reoMeTpHK oGBeKTaap,
XYCyCat YHBHKTAPIH, I0KOPHIa alTHATaHIACK, TeliraMatap ounan nho-
Aanad, cyur Oy TeHrJamMatapuu TexmumpiHil Oujga yira MoC Yi3HKJap-
HHHT XYCYCHATHHN Vprannuian nbopar.

11 BOB. TYFPH YM3HK BA YHHHI TEHTJIAMAJIAPH

TYrpi uM3NK  TYWYHYACH dUATHTIK reoMeTPHAHIIT cofla, aiiuu
naitTaa MVYXHM TYIIVHYagapuian oupi.

Tekucamwaa ukkH HyKta Gepuiran OVJcid. Dy nykragapian Gup
XA mMacodaza ryprait HYKTadap TVIIaMi (HYKTATAPHHHT PeoMeTpHK
ypHH) TYFPH 4H3NK 1e0 KapaJail.

Kyitaa TVFPH MHSHKIANT 8HATHTHK 1ihOTatapini (TenriaMaapii)
TOMAaMi3 Ba V.Jap €plamivia TYFpH YHHKHHHT  TEeKHCAHKIAril  BasusiTia-
PHHIT VPraHaMis,



1-§. TyFpH 4H3HKHKHT YMYMHIT TEHIJaMacH

bus woxopuia Tekncankarn TVEpH wisi Oepwaran ukkin By (v 1)
Xamaa B, (x5 v,) nyKtansapian GapaBap  Y3OKJMKAA  TYPYBUH HyKTalap
Tynaampiian ntopart jaed wapanuk. TYepu wnonkia  uxrnépuii M (v y)
HYKTaun (y3rapyeuit uykraiiny) odavus. Pasmansi, M (x; y) Hvxranuir
KOOp/HHATanapi x ea f Jap TVpan Kuiivariapiit kady.l Kiniranja, Tve-
PH YH3MKHHHT HYyKTasapn xocint ovaau. by M (v v) nvkta GuasH Ge-
puaran By (xy; ¢y) Nayaa B, (x.: y.) nysraiap opacitari Macogami (1.1)
dopmyaanan Qoiigasannd Tonamiz (9-unsma).

BM=V.(x—x )+ (y—u)E BM=1} (x—x.)° + (1 — ya)*.
OKopuaa afimiviran aprra kipa
B,V = B,M
6ysaan. Bynaan sca

V(x —xy)° (R o=V (x— ) (i — s
TEHrAHK keanb uinalin. Nefunri tenrmiian
(Xx— X))+ (Y —thF =(x =57+ () —¥)

GVaMmmun  temamis. Dy Tenraniia  Xayva  Naapiing uain ToMOHra
VTKasub, cyur Kicka K\mailiupiun opyyaacician  Goiilaaancar, Kyiu-
Jlaru

B—ux; +aF + =204, + ¢ — {0 —2xx; a3 —
— 2y, + 13) =0
TeHrsama Xocit1 OVaaut. Niiau
— 2xx; &7 — 2y, L 47+ 20x, — X5 + 2, — 45 =0,
ABHH
2 (%, — X)) ¥ 2y — )y 6 U —25 —143) =0
6yauin Kesmd uitkait. Arap
A=21x,—x), B=20p—) € =5+l —3—13
1e6 Gesarnaacak, Kvilltarit
Ax+By+C=0 (2.1)
TeHrJIamMara kedamiiz. By x Ba ¥ ra mcOaran Oupiigy 14apasaiq tenr-
JlaMaaup.

Hemak, TVrpn unsuiiar uxtaépuit M (v ) nyskramgmr x Ba y
Koopfmnatadapi (2.1) tenraava Guran Corganran OyJaap skan. N6y
Ax =+ By -+ C = 0 tenraaMa myFpu HUSUKHUHE  UNMYMUL  mMeHEaMacu
1e6 atajajl.

Tyrpn unsuinnr Yuvani tenraavact A, B, € condapria (ikosg-
¢uunentaapra) Goran. by comdap Typart KmivMatiapra sra GVaranja
TYPAM TYIPH wiznkaap zocnd Ovaaau. DuncGapun, TSrpi unsmkHiEr
TEKHCNKAATH BazusTl XaM 1y Kosdguumentaapra Coramimp.
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2.1-3¢aarma. Koopamsatasapy (2.1) TeHriamaHd KaHOATJIAHTHPYBYM HYKTa-
aap Tinaami TYEPH MHSHK GVaand.

Mucoa. 2x+-3y-+ 1=0 TeHraava TVFpH YH3MKHUHT yMYMHil TEHTr-
Jamacu OV/HG, VHMHT TeKMcaHKiard Basusti 10-uu3vaja TacB HpJIaHraH.

Auan

Ax+By+C=0 2.1
TYFPH YH3HKHHHT TEKHC/MKJA TYTraH BasusiTHHM VpraHamns.
1°. (2.1) 1Vrpu umsng tenraaMacnga C = 0 6vicun. By Xomaa (2.1)
TeHrJama yuiby
Ax+By=0 (2.2)

Kypunuitra keaagu. Dy tVepu  unank  KoopauHara GowmpaH (SbHH,
O (0; 0) nyxranan) Yramt. Yynku O (0, 0) HyKTaHuHr KOOpAuHATaJapH
(2.2) rtenraavann Kanoaryiantupagn: A-0 -+ B-0 =0 (l1-yuama).

2°. (2.1) rVrpu um3nk Tenrsamacuaa A =0 6Vacuu. By xomma (2.1)
TeHrJama yuby

By+C=0 (2.3)
Kypuuuiura kesaan. (2.3) TenrJaMagaH TONAMH3:
y=—%. (B+0).
Jlemak, T_V'r:pu YH3MKAATH  Y3rapyBuH  HYKTAHHHT  OpPAWHATACH Xap
JOHM I = —% ra tenr. By xoaza (2.3) tyrpu ynsug Ox ykura (a6e-
uucea yxura) napanies 6yaanu (12-ynsma).

3%, (2.1) Tyrpu umauk rteuraamaciia B = 0 oyvicns. By (2.1) TeHr-
Jama yuiby

Ax+C=0 _ ' (2.4)
Kypunuira keaaa. (2.4) rteHriaMalaH TONaMus:

g :

r=— (A£0)

Jlemak, TVFpH UM3NKAATH V3rapyBuM HYKTAHUHT aOCIHCCACH Xap JOHM
C - =

T ra tenr. By xonma (2.4) tVrpu unsuk Oy Vxura (opauHata

VKura) napaaien Gyaau (13- unama).

4°. (2.1) tyrpu umusuk TeHraamacuaa A =0, C =0, Bs=0 Gy/cus.
By xoana (2.1) Tenriama

By =0
KypHHHIUra Kesad. YHAaH 3ca y =0 Oymuun keamd uukagu. By Ox

VKHHUHT TEHrJIaMacH/up.
5°. (2.1) Tyrpu um3nk Terryamacuza B =0, C =0, A= 0 6Yacun.
By xospa (2.1) tedraama

I ., Ax=0
)
KYpHHHUIra KeJafH. YHIa 3ca

13



x=0

6yauum xemm6 wukaan. By Oy Ykuuunr renrsamacuaup.

2.2-3cnarTma. Arap TYFPH UH3HKHHHT YMYMHI TeHTJIaMacH

Ax--By+C=0

Za Gapua KosdHumentiap noanan Gapian 6yaca (A+#£0, B5£0, C0), y xonna
Gy TYFPH WM3HK KOOpAHHATa GOWMAAH XaMm VTMaiial, KOOPAHHATA VKJapHra napannen
Xam GyJsmaiinn.

TYrpH YH3HKHHHT TEKHCJMKAArH BA3WSTHHH VpraHuwga yHHHr Goii-
Ka KYPUHHIWJArH TeHrviaManapuaad goitnananum Kyaai 6yaam. Ulynn
sbTHGopra 06, KyiHla TYFPH YH3MKHUHT TYPAH KYPHHMLIAryi TeHrs
JIaMaJIapHHH  KeJTHPaMH3.

2-§. TyFpH 4H3IHKHHHT Gypuyak ko3(PpDHUMEHTIH TeHriamacH

Tekncmmkna Jlekapr koopaunaranap cucreMacnra HucOatan Gupop
TVFpH uuauK Oepuiran GyJicuu. By tyrpn umsuk Oy Viuuunr B (0; b)
HyKTtach opkaau ytu6, Ox VKuHuHr Myc6art itVnaauumm Omian o Gypuak
Tamkua 3tcun (14- unsma).

‘By TVrpu umsuxna nxtuépuit M (x; y) wygrann odamus. M (x; y)
nyktajad Ox VKKa nepnenjnkyasp Ttywmpamus. [lepnenankyaspuunr
acocuin M, Gunan Gearuwaaiivus. Y Xosna

oM, =x, MM, =y
6ynamu.

B nykragan Ox yxkura napanien Gyarad TYFPH YH3HK VTKa3aMM3.
YHur MM, nepnenpukyqsp Onjian Kecwuiran HyKTacuun P jaeisuk.
Hammxana BMP yuGypuak Xocua1 GVaazu. ABMP — 1yrpn Gypuakin
yubypuakmnp. By yubypuakna

L MBP=a, BP=0M;=x, MP=MM,—PM;=y—b
6yamo,

i = BP X
6ynanu. KefimHrd TeHr/MKaaH 3ca
y—b=1g a-x, aenu y =1g a-x-4-b
6ymmn kean6 unkann. Osarna, TVrpu unsukHadr Ox YU OuiaH Tall-

KW 3TraH OypuYarHHMHT TaHTeHCH TYFPH YH3HKHHHT Oypuax Kosghepu-
yuenmu 1e6 aranajau, yin k Ounad GesruiaHaju:

tg a =k
[llysu svruGopra 0aMb, KefMHrH TEHrJHKHH YOy
y=rkx+b (2.5)
KypHHHILIZA €311 MyMKMH.
Tyrpu unsukHuHr (2.5) KYPUHMWJATH TEHIVIAMACH MUJFPU HUSUKHUNZ
GypHak Kodpuyuenmau meneaamacy Je6 atanaji.
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By xoaza TYFpH YHSHKHHHI TeKHCJHKAArH BasHATH kR Xampa b jap-
HUHT KHAMATJapH OMaaH TY/HK AHHKJIAHAIH.

Mucoa. Ywmby y=2x-1 teuriaMa TYFpH YH3HKHHHT OGypyak
KODHIHEHT/IH TEHIVIAMACH.
Byhna k=2, b=1 6ym6, y 15-uusvaja TacBupiaHras.
2.3-scaatma. TYepH un3uKHHHC ymymuit Tenrazavacn Ax 4 By+C=0(B0)

HH Xap 20HM YHUAT Gypuak KOI(DOHUMEHTIH TeHrjaMacHra KeITHPHIU MYMKHR Ba ak.
cHEvYA.

Jlapxakukat, TYFPH YH3HKHHHI YMYMHH TeHrJaMacH

Ax +By+C=0 (B50) 2.1
ra sra Gyaaivmk. By tenrsavanud y ra nucOaTtaH edaMmus:
Ax +By+C=0=>By =—Ax—C=>y=— %x—%.
JHemak, (2.1) tenrsava ywmoy
QLR S TS S W
Yy = B'\ = kx bk = B'b B,B:,EO)

KYPHHAWra KeJalu.
TVrprt uusukHUHr Oypyaxk KODHHIHEHTIH TeHrJamacH

Y=kx-+0b
ra sra Gynaivmk. By renrsamanu ymoby
kx—y+b=0

KYPHHHILZA 63ulr MyMKHH. By 3ca TYFpH uM3HKHHHT yMyMitil TeHrsiama-
cugnp (A =k, B=—1, C=0).

3-§. TyFpH 4M3HKHHMHr Kecmanap OyHH4Ya TeHrJamacu

Tekucanka Gupop 1yrpu unsuk Ox Ba Oy VKaapu OwmaH Moc pa-
Buwiza A Ba B Hykranapaa kecuucwH. TYFpH  uMSHKHHHC KOOpAHHATA
VYKJapHaaH axpaTrad KecMaJapu

OA=a, OB=0b

ra teur O6Vacun (16-uuama).

By a Ba b kecmanap -€paamuia TYFPH UMBMKHHHI TEeKHC/HKAArH Ba-
uiATHHE TY/HK auukJaw Mymkud. Illymru kypearamms.

Tyrpu unsukaa uxtuépuit M (x; y) nykrann onaimk. M (x; y) Hyk-

Tagan Ox VKHra TYLIMpWIraH nepreHAHKYJIAPHAHT acocuu M, ReiVHK.
Yuna

oM, = x, MM, =y (2.6)
6yaanu. AOAB Ba A M\AM nap yxmaw yuGypuakiap. Ly caGaGam
MMy _ My
0B 0A (27)
6yaanu. Arap
MA=0A—0OM, =a—x (2.8)



Hi Ba 1okopunarn (2.6), (2.8) mynocaGatiapum setnGopra ouacak, (2.7)
TEHIJMKAaH

y __a—x
b a
6ymum keam6 unkani. By teHriMKHRM
Y x
T
STBHH
x I

KypuHuwaa ésamus. by TVrpit unsug rtenrsamacuaup. Onaraa, TVFpu un-
SHKHHHr (2.9) KVDHHHIDJArH TeHrJIaMacHHI YHHHT KecMmasap GViHua
TeHrJamacu ae6 aranaam.

X , U . o
Mucou. ke | TeHrsama TVYFpH UM3HKHHHT Kecmanap GyHAH-

ya TeHrsamacH. Bbynaa a =3, b=4 O6V/m6, VHHHI TeKHCIHKAATH Ba-
suaTH 17-unaMana TacBHpJIAHTaH.

2.4-scaarma. TVrpu unsukHHHT ymMymui Tenriamacu Ax + By 4
+C=0 (As£0, B5%0, C0) nn Xap JAOHM YHHHr KecMajap Gyiin-
Ya TEHIJIaMacHra KeJTHPHII MyMKHH Ba akchHYa. XaKuKataH xam,

Ax—‘i-By—}—C—0=>_Cx—r—_Cy | 0=>_£+ c ] =
A B
ALY [ W Ay — A
5.‘.;_%:]=>b,-c+a_1/=ab=>bx-;'—ay—-ab:0=>
a

=2 Ax+ By+C=0 (4=0b, B=a, C=—ab).

4-§. TyrpH 4M3HKHHHT HOPMAJ TEHIJIAMACH

Texkncomkna Gupop TVFpi uu3uk Oepuaran Gyacuu. Koopaunara Go-
IHAGH TYFPH YHM3HKKA TYIUMPHJraH MNepneHAHKYAPHHAT Y3VHIMTH P
Xamaa Wy nepnenAukyaapuuur Ox Yxuuunr MmycOGar fiysammmn 6unan
TaWKuUA 3tral o Oypuak Mabaym Oyacus (18- unsma).

Bepuaran 6y p Ba o Jap €piamuia TYFPH YH3HKHHHT TEKHCIMKAArd
BASHATH TYJMK aHMKJanuim MyMkun. TVrpn unsukiaa uxtuépnii M (x; )
HyKTanu onamu3. By nykrapan Ox yKura nepneHuukyJsp TYLIHPaMu3.
[Nepnenankyaspuunr acocusn M, 6unan Genrunaiimns. Pasianku,

oM, =x, MM,=y.

Koopauusara Goum Guaan M nykranu tyrawrupamus. Hatmxkaga OMM,
Tyrpu OGypuakau yubypuak Xocun Gynaaum. Arap £ MOM, = ¢ pecak,
yHIa : .
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x=0M;=0M cos ¢, y= MM, =0M sin ¢ (2.10)
GVaann. '

Suau 1yrpu 6ypuakam yubypuak OCM mn xapaiinmmk. By yu6ypuak-
Ja £ COM = a — ¢ 6yaann.

PaBlankn, —— = &= cos (oz— q).
oM OM
Jlemax,
p=0M:cos (z—¢). 2.11)
Mabaymku, '
cos (¢ — ¢) = cos @ cos ¢ -+ sin « sin . (2.12)

(2.10), (2.11) Ba (2.12) MyHocaGarJapAaH TOMAMH3:

p=O0M(cos o cos ¢ -+ sin o sin ¢) =

= OM cos ¢ cos o -+ 0M sin ¢ sin o =

=X COS «+ ¥y Sin w.
By Ttenramxkaan
xcosa+ysina—p=0 (2.13)

ra sra 6ynamus. (2.13) myrpu wusuxHure Hopmaa meHaaamacu nenn-
Janu.

SDHAW TYFPH UMBHKHHHT YMyMHIl TeHrsiaMacH HOpPMaJ KYypPHHHIILArd
TEHIJIAMara KeJTHPHJHIIHHH KYPCaTamus.

Bupop Tyrpn unsuk Gepuaran 6§umb,

Ax+ By+C =0 (2.1)
VHUHT YMYMHIl TEHIJIaMacH,
’ x-cos o+ sina—p=>0 (2.13)

3ca 1y TYFPH YH3MKHHHT HopMman tenrjamach Gyacux. DBy (2.1) Ba
(2.13) Tenrsamanap GutTa TVFPH YM3HKHH aHHKJaraHaurd cababmi, yaap-
HHHT KOXppHLMEeHTNapH nponopunonal Gyuiaau. [lemak, (2.1) Tenraa-
Mand GHpPOp . coHra KynanTupuiian Xocua GViran

udx + puBx +~nuC =0
teiraama (2.13) Tenrzama Ousan OGup Xua GyJazu:
pAx + pBy +nC =x cos o+ y sin a—p.
Byhnan sca xyiuaaru
pA =cos a, pB=sin a, pnC=—p

TeurJukaapra sra Gysamus. By rteursmkaapaan p nu Tonamus. ByHusr
yayH pA =cos @, pB =sin o TEHNHKJAPHHAT Xap HKKH TOMOHHWHH
KBajgparra KYtapub, cyHr yJaaphu Xannab Kymamus:

n2A? = cos® «, WB®=sin® a,
pA? + u?B* = cos® o +-sin® a = 1.
DR, & < eimatiand) ——"

Hemar, [ B.Vll”}/kl'l.()'} i;;rz((Aerz):l.
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Keiiusrs TeHrMKAaH
1

W=Evare
. Oyammn Keqmb uHKaLu.

Mynpait Kuanb, TYFPH UHBMKHHHT YMYMHIT TEHrJaMaCHHK
1

il—:ﬁ’— (2.14)

pl =
Ta KYNalTHPHII HATHAKACHAA TEHTJIaMa HOPMAa KYPAHHILAATH TeHrJawa-
ra Kesmap skan. Ojatia p Hopmaarrosau Kynaumysdiw ped ataianu.
Hopmanaosuu kynafityBuuHunr uiuopacu teHraamagard C 0301 XaJHuHT
HILOpacHra TeCKapu KWianG OJIMHATH.
Mucoa. 5x 4 12y —26 = 0 TVrpu YHBHKHHHT wymm TEeHrJIama-
CH HOPMAJ TEHI/IaMara KeJITHPHJICHH.
Euywnwm. [Okopuaaru (2.14) mynocabartian ¢oiinananud, HOPMA JIOB-
YH KYNMaiTyBYHMHH TOMAMH3:

l | l !

}= = — == =

1
VArBT Va1 ) %Liad  J 169 13

1 e
Bepuaran reHrJamann p = 13 1@ KVnaiTipamis:

1
(Bl —96) =
l3(o.\ 12y —26) = 0.

Harwkaga Gepwiiran TVFPH 4MBHKHHHT yMyMuil TeHrjamacn 5x -+ 12y—
—26 =0 ywoby

5 4 12 9—-0

—x+ —y—2=

13 I3J

HOPMaJl KYPHHHILTA KeJajH.

111 BOB. TYFPH YH3HKKA OHJ ACOCHH MACAJIAJIAP

Maskyp GoGxa TYFPH YH3HKKA OHJ acOcHil _MAacalaJapHH  KeJITHPHO,
yJaapra JIOHP MHCOJLIAD e4aMs.

1-§. Bepuaran nykranan (Oepuaran WyHaauw Gyiu4a) yTyBYH TYFpH
YHM3HK TeHTaamacH

Texkucomkaa M(x,; y,) wyKragan Yraauran Xamna Ox YKHHUHT Myc-
Gar HyHamuuy OuaaH oo Oypyak TAWKWI 3STAAUrad  TYFPA  YM3HKHUHD
TEHrJIAMACHHH TOIHIL TaJad ITHJICHH.

Tomumuig Jo3uM GYJral TYFPH YHM3HK TEHMVIAMACHHH Y = kx -+ b
(2.5) (2-6006, 2-§, (2.5)) kypunmmia u3naivMu3. MojoMuk, TVFpPH YH-
suk M(x,; y,) HyKrajan yrap skad, yHAa Oy HYKTAHHHC X, Ba Y,
KOOD/MHATAIADH Y = kX -+ b TeHrJaMaH{ KaHOATJIAHTH PajH:

Yy =kxy + b. (3.1)
8



IOxkoprparn (2.5) tenrnamanan (3.1) Tenrsamanu Xannab  afiupuG
Yy—y, =kx+b—(kx, 4+ b)
Ky#Hujaru
Yy—4 = k(x—xy) (3.2)

teHraamara Kenamus. By Gepuaran M(x;: y,) nykrazan VryBunm Tyepn
YH3HK TEHTrJIAMacHup.

Mucoa. M(3; 2) nykranan VYTyBuH TYFPH YM3MK TEHrJaMacH To-
TUJICHH.

Eunw. IOkopuaarn (3.2) dopmyaara xypa M (3; 2) Hyktazan
VTYBUH TYFPH YH3HK TeHrJamacu yuwoy

y—2=k(x—3)
KypuHuMAa Oyaamu. YHu Kyinjarnya
y=k(x—3)42
XaMm €3uil MyMKnH. By TVFpH uuM3MK k HMHC KpiivMatsiapura GOFIHK. k
HHHT TYpam Kuiimataapuaa M(3; 2) Hykranau YTYEUM TYPJAH TVEPH 4H-
auKgap Xocna Gyaaau (19-uusma). .
2-§. UKkM HYKTalaH YTYBUH TYFPH YH3HK TeHrJaMacH

Tekncankna nkkura M(x,; y;) xamzaa N(xy y,) HyKtajap Gepuaras.
By syKrasapaan YTyBUM TVFPH UM3MK TEHIVJJAMACHHM  TONHII  Tajab
3THJICHH.

Bus iokopupa Gepuaran Ourra M(x,: y,) Hykrazad f yTyBum TYEpH
YMSHKHHHT TeHTJIaMacH

' ' .

Y=y = k(x—x) (3.2)
6yammmun Kypauk. By tVFpn unsug N(xy Ya) nykrazan xaMm YTCHH.
VHna N(xg; y,) HYKTAaHHHT KOOpJHHATATapH X, Ba Y, Jap (3.2) renr-
JiaMaHu KaHoaTJIaHTHPaJH:

Yo — Uy = k(xg— xy).

By wmynocabatnan
="
Xp—. X
6YanmK kenmb unmkaad. k& nuur tommaran KuiiMatiin f(2.2) TeHrsiamas
nar# k HUHr YpHHra KyHcak, ywja

Yo— Y
y—"y, = ——_J Hx—xy)
Xe— X3

6Vaamu. Bynpan sca
U= _gr—n
Yo=Y XX @3.3)
6yaum kesm6 unkazu. By renrnama Gepuaran ukku M(x,; ;) Xavaa
N(xy; yp) HyKTanapan yTyBuUH TYFPH YH3HK Tenrjamacu Gyzan.
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Mucoa Kyfmaarn M(2; 1) xamaa N(l; 2) nykranapaan yrysuu
TYFPH YH3HK TEHIJIAMACH TOMMJICHH.
Eunm. Hrku uykranad yrysun TYFpH 4M3HK TeHraamacn (3.3) na-
TH Xy, Y, Xamaa X,, Y, sap ypudra M(2; 1) sa N(l; 2) uyKrasapauar
KOOpHHaTATApHHI KVHHG TOmamia:
x—2 y—I

=9 @

Yuu
x—2 y—1 . i #
—l:" — ek x+y—3=0
g 1

KypuHuiiza €3um Mymxud. By uztavaérran TYFPH  YH3MK  TEHIVIAMACH-
aup (20-unama).

3-§. Ukku TYFpH uM3MK OpacHpard Oypuak

Texkncamkaa ukkura tiepy unsuk Gepitiran 6yacud. By  tVepu um-
3HKJIAD OpacHJdrH OypyakHH TOMHW Ta.1ad ITHICHH.
Dapaz Kuaai/HK, TVFPH YH3HKJAPIAH GHPHHHIT TeHrJaMacH

Y =kx + by,
HMKKHHUHCHHHHT TeHrJaMaci sca’
Y = Rex -+ by

6Vacnu (21-yn3ma).

Mabaymku, gy = tgo, — Oupurun TVFpit w3MKHHHT  Oypyak Kosd-
(GHUACHTH, Ry = 1€ o, — MKKHUHYH TVFPH  YM3MKHAHT  Oypuak  Ko(du-
uientr. Mkku 1VFpin wiaug opacuzard Oypyakuin ¢ Guaan GeJrunaiiuk.

21- ynamajaH KYpHHATHKH, o, =, — ¢ Oyiaaq. DyHpan sca
@ = @ — Oy KAHTHUTH Kesmd yukaxn. Paewanku,

tg g = tg(z; —aa). (3.9)
Suau
A tga; —tg 2.
tg(oy —atg) = ———
| —tgw, -tg o,
Ba tga, =k, tga, =k, OVamumHE swTHOOpra oMb, (3.4) TeHrAHKIAH

Ry — ks
8= ke (3.5)

O6y/mumnn Tonamu3. by Mkku TVFpH uH3MK opacuiard Gy pPUAKHWHT TaH-
rescunn ngoaasosun gopyyaaaup. (3.5) dopmyiaa épaamuia HKKH TYF-
PH uM3MK opacuiari ¢ Oypy4aK TOMMIAIH.

Mucoa. 2x—y—5=0, x—3y + 12 =0 Tyrpu uu3ukIap opa-
cugard OypyaK TOMHIICHH.

Euuw. Assajo Gepuaran TYFpu YH3HKJApHUHT Oypyak  ko3ddu-
UMeHT/IapuHK Tomamu3. DByHuMr yuyn reHraamanapun y ra HucOataH
eyamus3:

W —y—5=0=>y=2¢x—>5,

x—3y+ 12 =0=3y=x]+ 12=>y =?lx+4.



Jemaxk,

1
=0 i
ki=2, ky =
(3.5) ¢opmynara xypa
1 5
by 2
ks 142 ..é.

Gyaann, Jemax,

(22- unava.)

4-§. Wkxku TYFPH YH3HKHHHT NapaiielJMK B2  NEPNeHJHKYJIapIHK
AP TAAPH

Tekneaukna HKKHTA  TYFPH 4H3MK Ocpuarav GYaH6, OMPHHMHI TeHr-
naMacH Y = kX -+ by, HKKHHUHCHHHHI TEHTJamacH 3ca Y = Ryx -+ by
GYJICHH.

bu3 1oKopnia Oy TVpi uKsiKaap opaciiarit  Oypyak  (GYPYaKHMHI
TAHTeHCH)

By — ki
togp = 21—
=4 L= Ryfey
opmysia GHIIAH AHUKJIAHHIIHN KVPIHIK.

1°. Aitrailomk, ukkn TVFpH  upank  opacigiari  6vpyak Hoara TeHr
6yacun: ¢ = 0°. PaBwauku, Oy xoiza Gepiiiran TYFPH 4YH3MKJap y3a-
po mapanaen Gyaajuu:

3 fy— ky
¢ =0=>tgg =tg(0° =0 =>Igfp=—"—_‘: =0=
T RiRe
= ki—ky = 0= k) = k.
Jemax,
ky = ky

TEHIVIHK HKKH TV FPHUN3HKIHHT napaJaelauk WapTHARP.

- 2°. AWtaitauk, MKKH TVFpH um3nk  opaciiarn Gypuak  90° ra Tenr
6yacun: ¢ = 90°. Papiuanku, 6y xoaaa GepiviraH TVFPH YH3HKJap Vaa-
PO mepneHAuKyJasp OVJaiH.

@ =90°=>tg g —1g90° = so > tgp = L — o =
, I+kyks
1 ol by = Ot By = e g e (knz—l).
Hemax, ’
1 [ 1
h=—g  (k=—g)
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TEHMMK HKKH TYFPH YH3HKHHHT NepneHAMKyAAPIHK
mWapTHAHKP.

Mucoanap. 1. y=>5x+7 Ba y =5x— 11 1yrpu uusngmap na-
panesIHp, YyHKH &, =5, ky = 5 Ba, neMak, kR, = k.

2. y=3x-+7Ba y=— —;— x--1 TYrpu uusuKJap y3apo mnep-

NEHAUKYJIAPAUD, YVHKH Ry = 3, ks = — % 6y/mb, ky-ky = —1.

3. lI-scamatma. TYrpH uYH3NKIAPHHHT TeHryIaMagapn ymymuil K-
PHHHLILA, ABHH KyHHgaruya

Ax+By+C =0, Ax+ Byy+Cya=0

O6yacun. By TVFpM YM3MKJAPHMHT napajie] Ba MepneHaMKyaap GV
LWAPTJAPHHH TOMHII YYYH YJApHH § ra HHCOATAH eyaMH3:

Ax—+By+C,=0=>By=—Ax—C, =y ————;—‘x—
1
C :
_B—lv (BI#O).

1

Ayt + By + Cy = 0=> By =—Ape — Cy = y=— 2 x — (B, #0).
2

Jewmax,

Yuga Ajx + By + C, =0 Ba Agx + Byy -+ Cy =0 TYrpu  4u3uKJap-
HHHI Mapa/Ie/IHK ILapTi

A4

By By

]

NEePreHNKYIAPJIMK UAPTH
‘4‘1‘;12 + Ble —_ 0
6y naau.

5-§. Bepuaran HyKTagaw OepHaraH TYFpH 4YH3HKKa4Ya Oyaran macoda

Texkncmikna M(x,; y,) Hykra Ba Oupop TVFpi un3ug Gepusran G6y.-
cut. TYFpH YM3HKHMHT TEHrJamacH

Ax+By+C=0

kypunuiuaa 6ysicun. Bepuaran M(x;; y,) uyKTanau wy TYFPH UHM3HKKA-
ya Gyaran Macodanu Tonuul Ttanabd stuicud. Oparaa M wykragan TyF-
PH UM3MKKA TYWHPHJraH NEPNeHIHKYJIAPHHHT  V3YHAHCH  HYyKmadan
mgFpu wu3ukKada Gyacan macopa ned aranann (23- unsma).

By MM, nepnenMKyJSAPHHHT Y3YHJHCHHH d Ouian Gearujaityivk.
M(x,; y,) nykragan Oepuarad Ax + By + C =0 Tyrpu un3uKka napan-
‘e TYFpH uM3MK VTKazamu3. CYHr KeHHHTH TYFPH 4YM3WKKA mepneHau-

Kyaap tymmpavus. Dy nepneHnukyjspuuHr TYEpU uMsukaap Gusa
Kecuiliral HyKTajapuuu B Ba B, Ounad Gearu/aiMus.
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Pasianiu; n3nanaérrad Macoda
d=MM,=0B—0B, (3.6)
Gynanu.
Bepuaran tyrpu umsuk tenrgamaci Ax + By + C= 0 HH HOpMan
KYPHHHIITA KeJTHpamu3. DyHMHT yuyH yHM HODPMa/IOBYUH KYmaiTyBum
1

ra KVnanTHpaMu3:
=/ A+ B2 dy A BT &y A2+ B

By Ttenrsamann
xcosa + ysina— 0B, =0
6GHsiaH  cosTHIITHPHO,

A B :
———— = (0S5, —-—— =sinw, —C==——-OB,
+ A2 1 Bt 4y A2 B2 +y A2-f Bt
6Vominnn Tonamus. Jlemak,
C
OBI == 3 :45_':7_. (37)

Bepuaran Tyrpn uMsnkka napajies TVFPH UMSHKHHHT HOPMaJsl TeHrJia-
MacH Ky#ujarnua

xcosa + ysine—OB =0

6ynaau. By t1yrpu unsnk Oepiaran M(x,; v,) HyRTazan VTrasn yuyH
M(x,; ¥,) HYKTaHHHT KOOpJAMHATaJaph Iy TVFPH YH3HK  TeHIVIaMacHH|
KaHOAT/IAaHTHPAIH:

Xy cose—+ y, sina— 0B = 0.
Bynaau
OB = x,cosa + Y, sina (3.8)
6yanun keanb yHKajaH.
IOxopuparn (3.6), (3.7) Ba (3.8) mynocabar.iapiau

d =0B —0B, = x,cosa + ¥y, sina — 0B, =

=X _._14—~ =t B o T c —
\ e AT B L B B %y AL B
_ Axy— By, - C
T 4y AL B2
6yamwnnn tonamns. Jlemak,
Axy -+ Bl 1 + C
T o (39)

Mucoua. Bepuaran M(3; —4) Hykragan 6x—8y -+ 31 =0 1yrpn
yu3ukKaya O6ysran Macoda TONMJICHH.
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Euum. [Okopunarun (3.9) dopmysanas doirananud Tonamus:
_6:3—8(—9+31_18+32+31_ o,
4y 624 (— 8T 10 "

6-§. UKKH TYFpH YM3HKHHHT KECHUMLI HYKTACH

Texucsmkaa ukkura TVFpH quzuk Oepuaran 6Yau0, yAAPHUHT TeHT-
JiamManiapd MOC pPaBHILAA

Aix+ By +C, =0, (3.10)
A Axx+ By +Co =0 (3.11)
O6yacun. By TYFPH YM3MIIADHHHT  KECHIUMII HYKTACHHH TOMMUI Ta/al
ITHJICHH.

Kapamaérran tyepu uwisugJapHur kecuindir  Hykrtacumn M (x; ¥)
Outa GeruaaiimK (24- ynava).

Monomuky, nataHaérran HykTa Oep Bakria XaM (3.10) TyFpi ymH3mK-
Aa, xam (3.11) TVFpit uusikaa €rap skaH, YHHHD KOOPAHHATANApH ¥ Ba
y nap (3.10) Ba (3.11) Tenrnavanapui Kawoarnautupanu. BunoGapus,
Oy x Ba y aap yuwbdy

[ . l,\-rBz/—r—C, =),
l q x ‘L Bn'/ C e 0
TEHI/IaMa/ap CHCTEMACHHHHT eyumu OyJatu.

Jlemak, HKKH TYFPH YH3HKHHHT KECHUIMUI HYKTAaCH HM TOMHII YYYH
YJIAPHHHT TeHrvaMatapiui cucreMa Kuanb eyuin kepak. CucreMma equmu-
Jard X HHHC KHAMATH KeCHIUHW HYKTACHHWHD alcuMceacH, y HUHT KUi-
MATH OpAHHaTtacu O¥aiil.

Miuicoam 3x—2y—4=0, x - 3y—5=0 TYFPH YHINKJIAPHHHT
KECHILIMII HYKTAcH TOMMJICHH.

Eynw. By TVFpH uM3dKJaDHUHT KeCHUMMI HYKTACHHUHT KOOPAHHA-
TAaMapPHHI TONUL YYYH VJAPHHHT TEHrJaMaTapiHi cHcTeMa KUanG euamus:

3x—2y —4 =0, :__>{ 3x—2y—4=0,
x+3y—5= —.3\-9_1/—15—0

3x =2y + 4, [3x =2y + 4,
=”{—11y-:-11_0=”l_ y=1 =
- [3x= 274,=>Jx=2.
Ly=1 ly =

Jlemak, TYFpH UM3HKJapHHUHC Kecuiumur Hykrach M (2; 1) 6yaanu.

Yuiby GOGHHHr OXHMpPHAA TYFPH UM3HKJApra OWQ Oup Heura MHCOJ-
JIADHU KeJTHPHO, YJAPHHHT eYHJHULIAPDHHH KypcaTtamus.

Mucoaaap. |. Bepuwaran M(0; 5) nykragan VryBuM Xamaa 3x —
*—2y—6=0 TyrpH un3MKKA MepneHIMKYJAp OVJran TYFDH YH3HK
TEHI/IAMACH TOIHJICHH.

Euum. Bepurran M(0; 5) uykrazau VTyBYM TYFPH YH3MK TEHr-
Jiamacu (3.2) dopmyaara kypa

y—szk(x—o)v
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SIBHH
y=hi+5 | (3.12)

6Vagu. Duau OGepuwirad TYFpPH YH3MK TeHrsaMacH 3x —2y-—6 =0 uu
y ra uucOataH eyud TOMAMHS:

3x—2—6=0=2=3x—6=>y=—x—3. (313

Cyur (3.12) Ba (3.13) 1VFpu unsukJap V3apo nepneHAUKyAsp Oyauim
AP TH/AH

s =]
2 .
Oymum kem6 uukanu. [lemak, k= — —L; Tonwaran & wuur Gy Kuit-

matubu (3.12) TeHrmamagarm £ HuHr ypHura KViicak, yHaa

v 2
Ty =——x+5

ra sra Gy1amus. By Gepuiran HykrajaH yTyBud Xamja 6¢p1«nrau TYF-
PH 4YHM3MKKA NEpHeHIHKy/ap OVy/araH TYFPH UYH3HKHHHT TeHrJaMacHIup. |
2. Bepwiran M(—1; 3) Hykragaw Vrtysun Ba 4y —3x+4-8=0
TYFPH 4M3IKKA mapasiies OVaran TYFpY YH3HKHUHT TEHrJaMacH TOMHJ-
CHH.
E ywur Bepuwaran M(—1; 3) Hykranan yTyBud TYFPH UHM3HKHHHL
_TeHraamacy (3.2) dopmyaara kypa
y—3=k(x—(—1),
SIBHH
y=k(x+1)4+3 (3.14)

6y1amn.
Bepwarad TVrpu wusuy TeHrJ1avact 4y —3¢+8 =0 uu y ra Hiuc-
Gatan eyamus;

dy—3x+8 =0=>4y = 3x—8=>y= %x—?.. (3.15)

(3.14) Ba (3.15) TVipit wi3MKJAPHHHT V3apo mapajvies Gyamuy (ap-
THAAH

A

/’—_‘i
4

Oy kean6 uukagu. Tonwaraw k uaur Oy  Kufivatad  (3.14) Tewr-
JaM3JArd /2 HUHC YpHHMra Kyicak, yHiaa

y='_3_x-l- ls.

ra sra Gyzavus. By Oepiaras HyKTalaH yTysuit Xamaa Gepuarau Tyepu
YUSHKKA napa.nneﬂ Oy/aran TYFpH UHBMKHUHT TEHNJIAMACHAMP. :
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IV B OB. HKKHHYH TAPTHUBJIH 3TPH YH3HKJIAP

Mabaymkn, TekucaMkaa TVFDH 4H3MK X Ba Y V3rapyBYMJapra HHC-

Gatan GupuHuM Japaxasu

Ax+By+C=0 (2.1)
TeHrJama Onnan anaiutiHk nbopanasaad. Yaap 2 Ba 3-Gobaapia Gatad-
CHJI YpraHwiu.

OHIM TEKHCIMKAA WKKHHYH TapruGad  3rpH  YM3UKJApHH (MabjayMm
KYPHHHILAArH 3rPH YM3HKJIAPHH) aHaanTHK udoianapuad Tonub, yaapHH
yprasamus.

Mkknnun taptuban srpu uusukaap x Ba y VarapyBumaapra aucGa-
TaH MKKHHYH Japaxanu TeHrJamanap Ouwsian  udonananaan. HMKxuHuM
JapaxkaJu TeHrJJAMaHHHT YMYMHH KYPHHHIIM Kyiinaarnya —Oyaamu:

 Ax*+ Bxy+Cy*+Dx+—Ey+ F=0. (4.1)
Opatpa (4.1) TeHriaMand UKKUHYW MAPMUOAN I2PU YUSUKHUHS YMYMUL
menaaamacu 1ed atanajii.

Ymby 60o6aa coana KVpHHHIIZArH HKKHHYH TapTHOIM  3rpH Yu3HK-
Japjan ainama, saaunc, runepfona Xamjaa napabosasiapHH  KapaiMH3.
By srpu ‘uMaMKJapHMHT TeHrJaMasapHHu TOnHG, yJaap €pjaMpia reoMer-
PHK XOCCaJIapHHH Ypranamus.

1-§. Aiiiana Ba YHMHI TeHrJaMacH

Tekucankaa Gupop Af(a; b) wnvkra Gepuaran 6Vacuu. Ala; b) Hyk-
TajaH GapaBap Y30KJIHMKAA TypraH HyKtagap Ttyngamu (HyKTalapHAHT
reoMeTpuK Ypuu) adaana 1e6 aranaau (25- unsma).

Aianana uxtuépuii nykra oomb, yuu B(x; y) Owaan  Geqrniaiymk.

Ouau aiiana TeHrJamacuud tonamus. Afnana Ttavpudura kypa AB
macoda yarapmac. Yuu R Ouaad GesrnJaiiing:

AB=R.
Mkku nyxra opackiarn Macodanu anmuisosun (1.1) dopmysara kypa
AB=V&—af + G —0bF

6yaann.. Jlemax,

Vx—aP+(y—0b* =R.
By TeHramknuHr Xap MKKM TOMOHHHH KBajpatra kVTapuO, Kyiiuaard

(x —a)* +(y —b)* =R* (4.2)
TeHrJiamara kenamu3. Ilemak, aizanazarn yarapyBunm B(y; y) HYKTaHHHD
KoopAuHatanapH (4.2) Tenryamann Kawoarsantipaau. IOxopinarn (4.2)
TeHrJIamMa aillana tenrJamacuin udonanaian. A (a; b) nyxra ainasa map-
Kasu, R 3ca aiinana paduycu jaefinnany.

Macanan, mapkasu A (l; 2) nykraaa, pamyen R =3 ra teur G6yJ-
rai aiylaHaHMBr TeHrJlavacH KyHujaruua GyJaju:
x—1)P+(y—2*=3%, avan (x— 1)*+(y —-,2)'-' =G,
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Arap (4.2) afiiaHa MapKa3WHHHT KOOpAMHATANApHAaH OHPH E€KH HK-
KajiacH Hojira TeHr 6yJca, aiiaHa MapKasH KOOPAMHATA YKJApuaa €Kd
KoopauHata Golmmaa »Ko#jamrad Gyaau:

1°. Aénanauuur maprasun A(a; 0) mykraaa 6yacud. By xonpa aiina-
Ha TEHrsamMacH Kyimujary KypuHuiuga 6yaain (26-uusma):

(x—a)l+y* =R (4.3)
2°. Aitnaua mapkasn A(0; b) wykraza Oyacui. By xomma aiinana-
HUHD TEeHrJaMacH Kyiuaars kypHuuiua ovaaau (27- ynama):
X (y —b)* = R2, (4.4)
3°. Aitnana mapkasu O (0; 0) nykraza Ovacun. DBy xompa  aitrama
TeHrjaMacu Kyiuaarn kypuxuuiia 6ygaau (28- yuama) :

i+t =R (4.5)
Aiitaitnk, Mapkasu A (a; b) nykraza, paauycdk R ra TeHr OyJaraH
(x—a)P+(y—bF =R (4.2)

aitnana Tedrjavacura sra OyJaaitimk. By TeHriamanwHr yam TOMOHHra
KHCKa Kymnaitupuiu QopMyJacuiu KVJ1al Tonamus;

x2—2ax + a* + y* — 2by +b* = R2.
Yuu Kyfugaraya €3Hi MyMKHH:
X2 —2ax -y —2y+a*+0*—R* =0
Arap
—2a=D, —2b=E, a*+b—R*=F
1e6 oaukca, YHAA IOKOPHIArH TeHrjama yuoy
B2+ +Dx+Ey+F=0

TeHrJamara Kejaau. By sca A=1, B=0, C=1 Gyaran xoaaaru
MKKMHYW TapTHO/M STPH YH3MK TEHrJiaMacH skanuuu Omagupanu. demak,
aiaHa UKKHHYH TApPTHOJH 3TPH YH3HKIAH ubopar.

AkcuHua, UKKMHYM TapTHOJH 3rpu uusuk Ttedraavack (4.1) ma x* Ba
y* nap onmunaru rosdpuumentap Oup-GupHra tenr OyauO, X-y HHHD
onauaary Koxdxpuiment 3ca Hosra TeHr Gyica, v Xouana OyHAaail MKKHH-
yd taptulin Srpu umank aitnana 6Vaanu. Ilyau kypcaramus.

Mkkuuus taptbam srpu YM3HK TEHr/aMac

Ax*+ Bxy+ Cy* 4 Dx+ Ey + F =0

ga A=C, B=0 6yacun. Dy xoaza TteHrjaMa KyHHgar# KypHHHIUra
KeJaau:

Ax*+Dx+Ay*+ Ey + F=0. (49
Arap
(a2, D 2,9, D, D Dt
2 c=A(+ —x)|=A(P+ 2 —x +——— | =
Ax* 4 Dx A(X e "} A("‘ SEY YT 4A=)
D \2 D: . D\ Dt
_A(x+i)—) —A‘l;—A(\"TH) A

Ba XYM iUYHra yxiuauu
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Ay + Ey = Ay + ﬁ—)z—g

Gysmmman spTHOOpra ovicax, ynaa (4.6) Tenrviama ymly KypuHALIHH
oJlajin; :

(x—}-“)— ‘I‘A{J"‘ )— > L F=0.

SHAM KelMHTH TEeHrVIMKHHHT Xap MKKH ToMouunu A ra  Gyam6 ToO-
naMHu3s:
D = s pe F
X - — - - — =0.
( + 24 } 4A2 {J 2/1) 4A2+ A

By rtenrmmkaan sca

o D Ey_ D Bt F
(" T o) +(JT2A Taar 1A A (4.7)
6yaumm Kkeamb unKa .
Kyiinpary

== —, £ =—h,

24 2.4
D2 EF2

+———=R?

4A* T 442 _-1

Gearnaanwiapii Kuiaiank. Yuja (4.7) tTenraavManunr KypHHiuL
(x—a)P+ (y —b)* = R*

G6ymann. By 3ca aiinasa tenrsamacimip.
Mucoua. Mkkinun taptidam srpi uHsug  ywoy

R+t 2%—4y—20=0 (4.8)

TeHrsamMa Oitian Gepu.irad. YHuHr aiilaHa TeHrJamacH sKaHubn  Kypca-
THO, aiilaHaHUHr MapKasH Ba PajnycH TOMHJCHH.

Eyum. Bepuiran tenrsavaga x* Ba y* JapHHHT OJAHAArn Koap-
¢unHenTaap Oup-Oupura TeHr Xamaa xy HMHT  OJAMJArd  Kodduumest
Hosra TeHr OyJraniiri caGabau 10KopHaa aiitiiirauura Kypa y aiinasa-
HHHT TeHrJIaMach OYyJaiu.

(4.8) Tenrnamanu Kyimiarnua €30 oaammua:

P 2o+ —dy—20=0.
Pasmanku,

P+ =+ 2+ —1=x4+1)2—1,
P—Ay=y—2:2+4—4=—P—4%
Yopa
R+ U+ yr—4y—20=x+101—-14+@UH—2°—4—
—20=(x+ )2+ (y—2°—25 =0
6ysm6, Gepmirad TeHriama yuuoy
(x+1P+(y—2F=25
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Kypusiay onaan. Jlemak, aitnamanusr Mapkasd A (—I; .2) Hykraza
6V/m6, pazuycH R =5 ra TeHr Gyzanu.

Aitnana Gunan ymymuii 6utra M (x, y,) HyKTtara sra GyJrad TYFpH
un3nyK aitviajara YTKaswiaraw ypuusma ne6 aranaad. x® -4 y* = R*® aina-
Haruur M (xg: o) HYKTACHAAH VTYBUH YPHHMA TEHIJIaMacH KyiHgaruya 6y-
Janu:

YoX+ Yy —R*=0. (4.9)

Mucoa. x* -4 y* =8 aitnananuur M (2; —2) uHykracuflan §TyBUH
YPHHMACIHT TOMHJICHH.

Eunm. By ypunmanunr TenraamacH toxopuiarn (4.9) ¢opmyaara
Kypa 2x +(—2) y—8 =0, apuu x —y—4 =0 O6yaan.

2-§. daaMnc Ba YHHHT TEHrJIamMacH

Tekucankaa ukkuta Hykrta Gepuaran Gyiacud. Tekueankga wyngad
HyKTaJap TYIJIAMHHE KApalanKkH, Oy TYNJaMHHHT Xap Oup HyKTacHAaH
Gepu/irad HKKH HyKTarada Gyaran Macodanap HUFHHAMCH Xap HouM GHP
xus Varapmac coura- Teur 6yacun. Ojarga OyHaail Hykrtanap TynjiamH
(HyKTaJapHHHT TeOMeTPHK VPHH) 32aunc 1€l aranaju.

DBepnaran MKKH HyKTaHu Moc pasiupa [, Ba F, opkamn OGesrimnait-
MH3. SVIIHNCHHHT TEHTVIAMACHHM TY3HII YUyH TEKHC/MKAA KOOpaHHATa-
JIAp CHCTEMACHHH KYitnjarnya onavus: Gepisrai Fy, sa F, HyKTa/apian
VryBYn TYFpH YH3HKHH abeimeca Vi, £y F, KecmaHuir ypracujaH yTyB-
gy xamaa abencca YKHra NepneHjukydasp OViarai TYFPH YMSHKHH  Op-
quHaTta Viu jie6 onamuz (29- umsma). Arap OF, =c (¢ > 0) neimnca,
VHIa oxopuga afranranura kypa I, = F, (—e: 0), Fo=F, (¢; 0) {6y-
JIaH. :

Saauncaa uxthépuit Hykta omd, yum M (x; y) Ownan Gearnaaii-
MH3,

Suan VMNC TeHryiamacHuu Tonamus. daaunc tabpupura kypa FiM
Ba F,M wmacodanap iurnugici y3rapvac OVaamu. Yuu 2a (a > 0) 6uaan
GerHIaiIHK:

F\M + FuM = 2a. (4.10)

Bepusirai MKKH HyKT4 Opaculary Macoq)am{ uhojasoBun  opmysianaH
cpounaJaHuo TONAMH3:

=V~ P+ =0 =vVE+f+4,
fM—'W%%HwM“ﬂh—d~y
Yeza (4.10) tenrsmk ymoy

Vie—P+9* +v(x+of+~4y* =2
KypHrHilra kejany. KelnHry TeHrIMKHH Kyiiiaarnya
VE+oi+y =2a—vVx—cf+ 4°
€3u6, CYHr YHHHT Xap HKKH TOMOHHHH KBAZpatra KVTapamu3:
(o +y=4a—da VE—F + 47 +(x—o+ 4"



Bynpan sca
X+ 2x+E+ PP —4a*—x* - 20— —y =
=—davVx—cfF+ 47,
ABHU
dex—4a =—4da vV (x—cF + y°
SKaHAurn Keam6 uukaan. KeilnHrn TenryMkjaaH
@—cx=avV@Ex—cP+y (4.11)
ra sra Gynamu3. (4.11) TeHr/MKHMHT Xap MKKH TOMOHMHH KBaJpaTra Ky-
Tapub TONMaMu3:
(@ —cxf=(aV (x—cFr ¢ =
=a'—2a%x+ P =a* [(x—c¢) + y*l=>a'—2a% cx +
+ i =a® (x*—2cx + ¢ + y) = a® — 2a%cx + AP =a*xP—
— 2a%x + a’c* + a*y* = a*x* — NP + a*yt = ot — aPc =
=x? (a*— %) + a*y* = a® (@*—c?).
Papmankn, F;M + F,M > FiF,. Jlemak, 2a > 2c, avhun a >¢. bynjan

3ca @*—¢* >0 6ymuum keawb unkaan. Ilyxn 3prHGopra onmb, KefAnHrH
TEHIVIHKHHHT Xap MKKH TOMOHHHH a® (a* —c®) ra 6ysamus:

x2 (a2 — ¢?) 02!/2 o a? (a? — c2?)

a? (a? — c2) a? (a2 — ¢?) a? (a2 —¢?)

Hamoxana ymby TeHrJMKKa KeJamus:

> ®__1
a2 a?—c? ’
Arap
ad—ct=0 (4.12)
ne6 ‘Gearnsacax, yHja
x2 2
‘a—z‘ s T 1 (4.13)

GyJanu.

Mlynpaii kuanb, samincaark ysrapyBun M (x, y) HYKTaHHHT KOOp-
auHaTanapu (4.13) tenrsiava Gunan Goraanran skaH. Dy (4.13) teHrnama
SJUIMNCHUHr TeHryiaMacui uponanafinn. F, pa F, HyKTaJap 3JJMICHHHT
¢oxycaapu neiimnanu. Pasmanky, (okycnap opacuparn Macopa 2 ¢ ra
TEHT.

Summ ymby
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TenrJamasap cucremacuin eun6, saumncuur Oy xamia Ox  KoopauHata
yiapy OHJIaH KeCHIH HYKTATADHHH TONAMH3:

at b
x=0 :
Hemak, samnc Oy 'yxu Ounan A, (0; b) Ba A, (0; —b) nykranapaa
Kecutagu (29- unama).

X3 ¥ 0 u? 2 ‘ot
[_a? 52 =152 + L = l:% =|l=m>pr=0P=>y=xb.

Iyuuurjex,
[i + £ = L e 0 x2 o
a* b® >—Ft—=lz>—=|l==a"=>x==xgq
y=0 at b a :
OVaan.

Iewmak, samnc Ox Vku Guaan B, (—a; 0) Ba B, (a; 0) nyKrasapaa
kecuwiank (29-unama). Onatna @ 3WMNOCHUHT Kamma apusm e, b 3ca
Kuiux apum gKku ned aranaau.

Aamunc ¢okycaapu opacuaarit Macopa 2 ¢ HMHT YHHHr KAtTa VKM
yayuauri 2 a ra HucOaTH SVIMICHHHD IKCyeHmpucumemu Aefiniagm Ba
e Xaphu Ounan Gearusananu:

2¢ ¢
B e (4.149)
{4.12) TeHraukpaH
2 =a>—b
6y auunHi bTHOOPra 0/1H0, SJIHICHHHT SKCUEHTPHCHTEeTH

Y “az—pb2
a

ra TeHr OVJIMIIHHH TOMaMHs3.

DUAHMCHUHT  3KCUEHTPHCHTETH VHIHr IUAKJIHHH  XapakrepJaiIuraH
MHKAOPIUP. '

Pasianku, ¢<a Oyarauadrd caGabait e Xap jaoum | jmaH KHYHK
Gynann: e< 1. y

Arap b opra Gopca, yiia e kKHuHkJawuG Gopamt Ba 3/MJMNC ILAKJIH
aitnana 1uakaura yxwait Gopawm. Arap a = b 6y1ca, ynga e = 0 6yJ46,
JIHNC aiylaHajad ubopar GY/MO KoJatH.

Mucoaaap. 1. Karra yku 10 ra, skcuedrpucurern e =0,8 ra
TeHr GV/raH SJJHICHHHT TEHrJIAMAcH TOMHJCHH.

E yum. Macananuir waprira kypa 2a = 10. Jlemak, a =5. (4.14)
dopmyanan doitnananud,

08=Z=>c=5:08=4
9
6ymaumen Tonamu3. (4.12) dopmymaagan sca

P=a—c=5"—4#=25—16=9, b=3

6ymiue Keamub YuKaaM.
Jlemak, (4.13) dopmyaara acocad 3/ATUNCHAHT TEHIJIAMACH
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ot s oY i
B Mg g g =

KypunHaa Gynanu.

2. Bepnaran 4x* +-9y* = 16 MIMNCHHHr KaTTa Ba KMYHK SpiM VK-
JapH, (OKycaapH XaMjia SKCIEHTPHCHTETH TOMHJICHH.

Eynwm. Bepuaran 4x* + 9y* = 16 TeHrJaMaHHHT Xap HKKH TOMOHMHY
16 ra Gynamm3. Hamixana

x2 9y*
—+—==1=
4 + 16

TeHrJiaMara kenamu3. By ssumnc tenrnamacnun (4.13) Ouian  comamri-
pub,

E=4=>a=2,
50 16 4
P=—=b=—

9 3

6yomwunn Tonam3. (4.12) dopmyJsara acocau

B=a—c*=> *f=a"—b= c2=4—-'9_6=>
2 20 25
=>C2=—=>c=¢ — AR
9 3 3

6yanu.
(4.14) dopmysazan Goizanannb, SHICHHHT SKCLUEHTPHCHTETH € RA

TONMaMH3:

lllyHnaﬁ KHG:
ae=9 e _;_ F, (_?/_5; O), F, (21/5; 0)'
\

6yaann.
3-§. Tunepfosa Ba YHHHT TEHrJaMacH

Texkucamkaa MKKHTa HyKTa Gepuiran GyicHH. TeKkHCIHKAA WyHAadk
HyKTazap TYMJIaMHHH KapaiyMkki, Oy TynJamuunr xap GHp HyKTacHjaH
GepuJaran MKKH HyKTaraya OysraH macodanap aiipMaci Xap JouM Oup
Xun yarapmac coura teHr Oyacun. Oparaa OyHpait HyKTanap Tyniamu
(MyKTalapHHHT reoMeTpHK VpHu) eunepboaa ne6 ataliajd.

Bepuiiran wkkn HyKTtaHu Moc pauinna F, sa F, opkaau Gearunaii-
JuKk. I'unepOoJiannHr TEHrJAMacHHHM TY3WIU YYYH TEKHC/MKAA KOOpAMHA-

32



Tanap CHCTEMacHHH Kyiuaarnua onamus. Bepuwaran F, Ba F, nykranap-
Jan yTyBYM TYFPH uH3HKHH abcimcca Yxu, FyF, kecMaHMHr Vpracipan
VTyBuH Xamaa abcumcca YKHra nepneHgukyssp Oyaran TYFPH YMSHKHH
opauHata yku 1e6 onamus (30-unama). Arap OF, =c¢ (¢ >0) nefiuaca,
yHIa lokopuaa aituarasura kypa F,=F, (—¢ 0), F,=F, (¢; 0)
6ynanu. & -

[unep6onana uxtHépnii nykta omb, vin M (v y) Guaan Gearu-

JaiMy3.
Ouau runepGOJaHKHr TeHrJamachii Tonamus. [nnepGosa Tabpudura

kypa F:M Ba F,M macodanap aiinpmacn Varapmac 6ViamH. Yuu 2a Gu-
JaH GenrunainivK:

FM—FM==2% (a>0). (4.15)

Mkxu nyxta opacuaari macodann udonatosun [(1.1) dopmyiaran ¢oi-
NaJaHnG TOmAaMK3: ’

FM=yV(x—(—))P+y—02=v(x+o3*+4*,
F;M =v (x—c)* + (y—0P =V (x—c)* + 4* .
Viuza (4.15) tenrauk viby
Vix+eof+1 —vVx—elt+y2 ==
kypuumra xenamn. Kedmnrn tenrmmknn (FyM > FoM ne6) Kyiinnarnua
Va—F+ P =VE+o+F —2

€316, CYHr YHHHI' Xap HKKH TOMOHMHM KBajpaTra KYTapaMus:

(X—e) + 1y = (x+0)* + i —4a vV (x+c) + y* + 4a°.
Bynaan 3ca
X —2x+cF+yr=x+ 2cx+ &+ y* + 4a* —
—daV (x + o + o7,
SBHH
—40*—dex=—4aVx+ P+t

SKaHIMrH Kemi6 wnkaau. KefimHri TeHraukaaH
@ +ex=av(x+o)P+y? (4.16)

ra sra Gyaamus.
(4.16) TEHrJIMKHHHT Xdp HKKH TOMOHMHH KBajpaTra KyTapaMu3:

@+ cxp=@vVx+ )P+ P=>a+2a%x -+ =a* (x2+
+ 2cx + ¢* + y*) = a* + 2a%cx + Ax* =a*y® 4+ 2aPcx + a®c® + a*yr =
=0t 2 = a2 - 0%+ P = (@B —¢?) AP
+ a2 =a® (@ — ).

Pasmiankn, F,M —i:,M < FyF,. Jlemak, 2a<2¢, awvin a* <c¢®. Byn-
nan aca a*—c* < 0 6ymum xesm6 unkaiu. Ilynn swruGopra osmb, 10Ko-
PHAArH TEHIVIMKHHHT Xap HKKH TOMOHHHH a* (a® — ¢®) ra Gyuamua:
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(a® — c?) x2 aty® dag

(a® — ¢2?) at a (a® —c?) o
Harwxana ywoy
x [ ]
a? at — 2
TEHIJIHKKA KeJIaMH3.
Arap
@—ct=—p (4.17)
ne6 Gearunacak, veaa
X2 2
;—%= (4.18)

6y aanu.

Wyuaait kuaub, runepGosazaru yarapysun M (r; y) HYKTaHMHT KO-
opauHatanapu (4.18) Tenrsama Ounan Gornanran skau. By (4.18) renr-
JlaMa runepOoJIaHHHT TeHrJiaMacHHu ndoanaiiin.

F, Ba F, nygranap runepGoiauuur ¢hokycrapu neinnaau. Pasiianky,

tokycaap opacuparn mMacoda 2 ¢ ra Tenr.

Suan ymbdy
a_v_ [ n__»
l a? b2 ' a? b2 '
x=10; y=0

TeHrJIaMaszap cucremacunn euu0, runepSonannnr Oy Ba Ox KoopAuHATa
yKAapu Ouja KeCHIIHU HYKTAJapuHu Tomamus. ¥ dy

cHcTeMa eunMra 5ra sMac (yHku x = 0 1a — Z— = 1 6§m6, Mandumii ‘con

1 ra tenr GVsajurad MabHOcH3 MyHocabar Xocua Gy.siamu).
Jemak, runepboia Oy Yxu Guiad KecuiuMaiim. Omau

Ixs !IB —l
a* b '
ly=0
CHCTEMAHH €eYyaMHu3:
i ¥ =] 2
= 2 = & ! "
a? b2 =>-"——i= =X =l=a>=a=>x==a
a? b2 a?
y=0

Jlemak, runepona Ox yxu GOunar B, (—a; 0) Ba B, (a; 0) nykrazapia
kecuwagu (30- uusma).
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Qx Yxku runepGonanunr xaxuxud yxu, Oy sca masxym yxu neb ara-
JIanH.
IOKopupa Keartupu/arad runepboOJaHWHT TEHrVIAaMacHHH Y ra HucbaraH

eynd TOnamus:
2 2 2 23 23 2
_x_._y_.=1=>_y —-—]_.it_._-_}-"—x
a? b b2 a? b2 a?

x2—q?

> g = B2 Sy== % VE—a. (4.19)

Keiimnrn TeHr/MKAaH KYpHHaZMKH, runepGona aficiuicca 'VKura Huce
GataH CHMMETPHMK Koiijamran GyJap skaH.
IOkopuparn (4.19) TeHraHKnM Kyinjarnya €samus:

by gy ==x2L l//x‘~‘ (I—a;z) =y =

y==

o, - al
By TEHTJIMKAAH KYPHHAIHKH, X €TapJH Jdpawaja KarTa 6y.nramla T
x

. a® o
nucbar 0 ra axun 6YmO, ‘/ 1 —— >3ca | ra skun Gyaamm:

¥
Yuna

6y1anu.
Jlemak, x erapiu japaxkaja karra Oyaranja runep6osa HyKTanapH-
HHHI OpAMHATaNapy

b
J=— 3%
J a

TVFPH YM3NKJAD HYKTAJADHHHHI OpAMHATAJIapura erapauya sikuH GyJape
au. by

a

TYFPH 4H3UKJAap runepGonauuur acumnmomarapu ne6 aranagu (30- ums-

Mara KapaHr.)
l'unep6ona okycnapn opacuiarn Macoda 2 ¢ HuHr 2a ra Huc6aTH

runepbosianunr skcyenmpucumemu Je6 aranajgi Ba e Xapdu Onnan Gen-
THJAHAJM:

2c c
e = E!- = :. (420)
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(4.17) TeHrsmknan
¢t =a*+ b
6ymumun 3bTHGOPra 04u6, runepGoaHHHT 3KCLEHTPHUCHTETH

/ a2 b2
g LT
a

ra TeHr OV/MIIHHM TOMamus.
PaBwauku, ¢ >a Oyaranauru caGaGiau e xap jgowyq | maw karra

6ynam: e > 1. -
Mucoaaap: 1. ®oxyenapi opacugarit macopa 2 v 11 6yamb, Vau
M (9; —4) nygragan yraaurad runepOOJAHHHT TEHTrJaMacH TOMHJICHH.

Eynm. Macanaunur maprura Gunoan 2¢ == 2y 11 6yaamu. Jevak,
c=v 11. (4.17) dopmynara kypa
a*+ 6 =11
Gynaau.
Tunep6osia M (9; —4) nykranau yraau. bunoGapus, Oy HykrauuHr
KOOpAMHATa/IapH runepbo/ia TeHr/1aMacH

x» oyt _
a2 b2
HH KaHOATJIaHTHPA:
92 (—4)2 1
a? 2 ’
Keftasry TeHrJHKIaH TOMaMHa:
92 (—4)2 81 16
le b:" a2 2

=81 > — 16 a* = a®b*.
Hamipkana a Ba b Jsiapuu tonuin yyys ywdy
at+ b =11,
816* — 16a* = a*b*
cuctemara sra Oysamus. SHau Oy cuCTEMaHH eyaMH3:

a* b =11, [@*=11—b,
{81b'=— 16a2 = a2 — | 816 —16 (11 — %) = (11 — %) 62~
(a* =11 —b?
= 18102 — 176 + 166> — 1B + b4 =0~
(@ = 11—, 2= 1 —82

b —865 — 176 =0~ |5, = — 43+ 1819 + 176

@ =11—"b, (@@=11—2=09,
=>{b"{=2, B=—837| b =2.



Hemak, a* =9, b* = 2. HMananaérran runepGoONaHHHr TEHTr/IaMacH
x2 y! o ]
9 2
6V s1aan.
2. 16x* — 254* = 400 runepGosanuHr (OKYCJApH, 3KCUEHTPHCHTETH
TOMING, ACHMNITOTACHHUHT TEHrJAMACH TY3HJICHH.
Eunm. Bepuiran runepbosa TeHTJIAMACHHHHT Xap HKKH TOMOHMHH

400 ra 6ynamma:

lﬁ.t‘-‘_ 2512
400 400
2 2
Hamixana runep6osa Tenraamach :— — % =1 x{puHuira xenamu.
25 ¢]
Jemak,
=95, b* =16,

c=Va+rP=v2+ 16 =1y 4],

l

Fy(—vL, 0), F, 03T;0), e=< =121,

a

£

(1]

runep6osa acMNTOTACHHUHI TEHrjamacH Kyhujarnua Gyaaiu:

4
u—:i:i X === X
a v

4-§. Tapabosia Ba YHHHT TeHIrJamacH

Texucankna TVFpu uH3MK Ba Oy TYFPH uM3MKJa éTMarad Gupop HyKTa
Gepuaran 6yacun. TVrpu uMsukaan ra OGepuirad nykrajan 6apaBap y30K-
JHKJa Typran HyKrtasap Tynjaamu (HyKTasJapHRHT T€OMETPHK VPHH) napa-
6osra neb arananu.

Bepuaran Tyrpu umsukhu AB, Gepuaran nykranu sca F Ounan Ges-
THIaHMH3.

[TapabGonanuur TeHrJaMacMiy TYsHII YUyH TEKHCJMKZA KOOpAHHAaTa-
Jap cucTeMacuHu KyHujaarnua onamus. Bepuaran HykKTtagaH YTVBYUI XaM-
Ja Gepuaran AB TYrpH umM3NKKa neprnenaukyasp OYaraH TVFpH 4H3MKHH
abcumucca yku Aeb onamus. AB TVrpu umsnk Ba OGepuwiran F HyKTa opa-
cujarn Macodann HPOAAIOBYH KecMa ypracHian YtyBudm Xamzaa Ox VKura
nepnenukynap oyaran TVrpu ynsukhn Oy yku 1ed ojamus (31- ynama).

[TapaGosana uxthéprit nykra oamb, ynu M (x; y) Oumnan Gearujan-
MH3.

Bepuaran AB TVrpu umsnkaan Gepuaran F nykrarasa Gyaran Maco-
dann p Ouaan (p > 0) Gearmnaiiiuk. Yujga F HyKrauunur KoOpAHHaTa-

JapH (f; O) G6ynamu: F (%; 0). 31- yuamanan:

OM, = x, OMy = MM, =y, C (_ Z.o). N (

Iu,h

6yamiuHd Tonamus. Pasinanku,

MN=x+ L2 4.21)

2°
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Auau napaGonauuur TenrJamacwuu tomamu3. [lapaGona tabpudura
kypa MN Ba MF macodanap Gup-Gupura Tenr Gy/amu:

MN = MF. (4.22)
Hkku uykra opacunaru macodanu upomanonun (1.1) dopmynaman doii-

Janauud,
MF = ‘/(x— {})2 +y (4.23)
HH XOCH/T KHJ/IAMH3.

(4.21), (4.22) Ba (4.23) myHocaGaraapaan ymby

x—{»—% = l/(r—-%): + 4

TEeHr/IMKKA KeJamu3. Dy _TeHrJMKHHHr Xap HKKH TOMOHHHW KBajparra
KYTapu0 TOnamus:

o=V e e e g =V (5 )

=>x 2.2 x4 %:(x—%)s—{-y?::’x* +px+%'-=

p* 2 -2 o s : i 2
% + y*=>x* 4 px 4 —4-—.\ — pX +T + y =
= y* = 2px.
Harmxana xyituaarn rtexriava xocua 6Vaaam:
y* = 2px. (4.24)

[ynpait kK6, napabonanaru ysrapysun M (X; y) HyKTaHuHr Koop-
Aunartanapu (4.24) tedryama Ousiad GorsaHraH skad. By (4.24) tenrsiava
napabo/IaHHHT TEeHr/IaMacHHH HhOIATARIH.

F uykra napabonanuur ¢pokycu, AB Tyrpn uuzuyK napaGonauuur ou-
pekmpucacu JNeHHaaau.

Hemak, napa0osa AHPEKTPHCACHHUHT TEHIVIAMACH X = — g, napa6o-

na ¢okyc F uuHr koopaunaranapu F (%; O) 6y1aau.

[Mapa6osa renriamacu (4.24) ga y )"lsr;pysim Kydr mapamasa Kar-
Hamanu. [lemak, nmapaGona Ox Ykura HuchATaH CHMMETPUK KOinauirad
O6ymanu. (4.24) TedrsiaMajaH TOMAMH3:

*=2px=> y=+V2px, y=—v2px.
Jemak, napaGoJaHiHr FOKOPH SIDUM TEKHC/MKJArH TeHrJiaMack
y=+v2px), (4.25)
Kyfu SpHM TEKMC/IMKJArH TeHrjamacH sca y = — V2px 6yanu.

[NapaGosanuHr 10KOpH SPHM TEKHCIMKAATH KHCMHHH Kapa#auk. (Kyin
APHM TEKHUCJMKAArH KHCMH XYM LIyHra yXmaw 6ysajgH.)
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(4.25) x muar Mandwuit KuiMaTiapaa y HHHT KHAMATJIapH XakuKHA
Ooyamaitan. Bypaan Oy VKuHHHT yan TomMOHHJAa napaosanuur GMTTa XaM
HyKTtach GyJiMaciuri KeJnb 4HKalu.

x =0 6yaranga y =0 6ynaan. Jlemak, napabosa koopiuHata G6o-
WnjaH YTanu.

x (x> 0) maur xKuitvataapu opra Oopca, (4.25) Tenrsamazan Kypu-
HajJMKY, MOC Y HHHT KHiMaTJapH Xam oprta Gopaau. Jlemak, napa6Gona-
parn yarapyeun M (x; y) nykrta napaGona Gyitab Xam yHrra, Xam IOKO-
pura Kapab Ox yxuaan xam, Oy Vykunaan xam ysokJawa Oopap 3Ka.
By xouanu 31-uramazarn napaGosa TacBupHAA XaM KVYpPHI MyMKHH.

Yuby y* = — 2px KYPHHHILAArTH TeHrJama Xam napabojann upoaa-
JaHaH. YHHHT TAcBHPH 32- unaMajia KypcaTuiran.
Yuiby .
x*=2py, (4.26)
Xt =—2py (4.27)

TeHrJamMaznap. xaMm napaboJasapnn ugoaanaiian. by napaGoaaaap Oy Vku-
ra uuc6ataH cuMmmeTpux Gynamn. (4.26) napaGonammur TacBHpH 33-4mu3-
Maja, (4.27) napabGoaanuur TtacBMpu sca 34-uyu3Mazaa KVpcaTHJraH.

Mucoannap. 1. Ilapabonanunr ¢okych (5; 0) nykra Gy.ca, wy na-
paGoJIaHUHT TEHIJIAMACH TOTHJICHH.

E unm. Macananuur mwaprura kypa F (5; 0). emak,

nan sca p = 10 6yauuwm xeam6 unkaan. IOkopuaarn (4.24) nau ¢oiina-
Jankb, uananaérran napaboJaniHr TeHrJamac

y? = 2-10x = 20x

2|

= 5. byn-

GV/IHILNHH TONAMH3.

2. Arap napaGosanunr (3; 5) HyKrajan VT MabayMm 6yJica, YHHHT
TEHTJIAMacH TONWJICHH.

Euww. llaprra kypa uananaérran napabona (3; 5) mykraman yra-
In. bBunoGapun, 6y HYKTaHWHI KOOpAHHATaJapH napa,éo.na TeHIIAMaCHHH

KaHoarsianTHpagu: 5° = 2p-3. By Tenrimkaan p= “F OVJIHIIMHE TONa-

MH3.
Jlemak, napaGosaHuHr TeHTJIaMacH
25 25
Rz 95 52 o A9
! 2 X=X
y 6 3
6ynanu.

V B OB. ®A30JJATH AHAJIUTHK TEOMETPHS

dazonarn anaTMTHK reoMeTpusila TEKHCHKIATH aHAJHTHK TeOMeTpHs-
Aarn cHHrapn (asoeuit WAakKJJApHHHT (reoMeTpHK OOGBeKTJAPHHHT) Xocca-
Jiapu asre6pa ycyad €piamuja (SbHH TeHrJaMasap €pAaMu/a) YpraHuJan.
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1-§. Pasona 1yrpu Gypuakau Jlexkapr KoOpaH HAaTasap
CHCTeMacH

®asona yzapo Gup-Oupu OnnaH neprneHAuKyasp 6Yaram yura TVepu
YH3UKHA OMaiMK. By TYrpn uMsuksapuuur Kecmiirad Hykracuuu O xap-
&u Ouan Gearunalb, yHu Koopdunama Gowwu 1e6 ataiiMu3. 35- uusmana
KYPCATH/ITAHU/EK, TYFPH Un3MKJIapHHHr Gupuiun Ox VK €rkn abcyucca
gk, ukkungucund Oy Vku €xu opdunama fKu, yunnuucuun sca 0z VKu
€KH annauxkama yxu aed atanaju.

Koopaunata Gour Ox, Oy Ba Oz YKJAaDAHHHT Xap OMPHHH HKKH
KHCMra — HKKH SIpHM VKKa axpartaau. JpuM Viigapaan Gupusu mycOar,
HKKHHYHCHHH MaHpuit ne6 kapaitvus. Mycbar sapuv Vkaap 35- unamana
cTpeskanap OwjiaH KypcaTHJraH. ‘

Ox, Oy Ba Oz yKJap opkaqu VrTraH Tekducaukaap (yJaap KoopauwHata
TeKHC/MK/IapH el arananu) asount 8 Kuemra amxparagm. Oparaa Gy
KHCMJAp okmanmaap 1ed aranamu. YJaap 36-uisvana KypcatHarauuiex
HOMepJIaHa/lu.

Afraiiik, M — dasonaru Gupop uykra Gyacus. M uykraman y0z,
x0z, xOy KOOpAHHAT TEKHCJMKJAPHra Napasjes TEeKHCIHKJIAp YTKasuo,
YJapHHHT MOc YKJap Ouian Kecuurraw ykrazapunw M., M, sa M, aap

Guias Gearwnaiivus, By M, M, Ba M, HyKTajapHd auHKJAWHHHT
HyJ1- iypukaapu 37- pacMaa Kypcartuiras.
Ywby

OM, = x, oM, =y, oM, =z

KeCMaJIapHUHT y3yHaurn M HyKraHuHr koopduramairapu [eG aranajd.
x coH M HyKTaHuHr OMPHHYH KoopjuHaTacH €xkH abcyuccacu, y con M
HYKTaHHHI MKKMHYH KOOpJAHHATacH €Ki opduramacu, z coH 3ca M HyK-
TAHHHT YVYHHYH KOOpAMHATAcH €K annaukamacu 1eb6 atanagu. M mwykra
KOOpAHHATA/ApH €pAavuia Kyiuaaruya éumamn: M (x; y; 2).

(¥; ¥: 2) HYKT3 KOOPAHHATANADH HIWIOpaCk
Oxtantiap
x (abenueca) y (opannara) 2 (annaukata)

I x>0 y=>0 z2>0
IT 220 y>0 z2>0
III x<<0 y<<0 z>0
v x>0 y<0 2>0
\% x>0 y >0 2<<0
VI r<20 >0 z2<<0
VIl ¥ <0 y<0 2<0
VIII x>0 y<0 2<0
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[Okopiaa afituaransapaan kypuHaausd, dasozaru Xap OHp HyKTa
(x; vy 2) yWIMKHH aHUKJIAHIY.

Akcuuya, yyra X; Y Ba 2z COHJapAaH ugopar (x. Y, 2) yuauk Gepui-
ran Oy/ca, (aszofa yHra MOc OMTTA HYKTa TOMM/IANH.

Koopaunara Texucaukaapn Oyryd ¢asoun 8 ta OKrautra Oyau-
WK ailTné yrrad 31K, By oxranTaapaari HyKTaJap KOOpAMHATAlapH-
HHHr Huwopasapu 40- 6eriari Kajsanga KVpcaTh/ras.

Macanan, M (—3: 5; 1) sykraumunur cazojgars reoOMETPHK TacBHPH
38- ynavaga udoaananran.

2-§. dasonarn HMKKH HYKTa opacHaard macopa

®azona ukku A Ba B nykra Gepuiaran 6VanG, yJapHUHr KOOpAHMHA-
Tanapu Moc pasHiuga (x;: ¥y, 2y) Ba (Yo, Ya 25) OVacHu:  A(xy g 24),
B(xg Uu 22).
by Hykranap opacuiaru mMacodatu rtonuul Tasad sruiacuu. 39- yuama-
aa Oepuaran A(xy; ¥43 2,) B2 Blxs Ys 25) HYKTAJAPHHHT KOOp/AMHATAAA-
punn 3bTHOOpra OJHG KYyHHAArHIapHH aHHKJaiMu3:
OC;'=xy; 0D, =y,, AA, =2,
0C, = x,, 0D, = y,, BB, =z,.

AA, Ba BB, Vsapo napaaien. Yaap Oup tekucaiukia éragu. A, Ba
B, uygranapuu tyrawrupamus. A uykraga A,B, ra napaanen AE Kec-
Maui Yrrazamu3. Harwxana ABE 1yrpu Oypuakian yubypuak Xocusa Gy-
aapu. [ludarop Teopemacuian Qoiigananns Tonavs:

AB* = AE* +IBE*. G.1)

A, nygragan Oy Vkka napaiaea A E;  tVepu UHIHKHH YTKA3HO,
A,B,E, yuOypuakuy Xocii Kuiamus. By yubypuak xav tVrpu Gypuakmu
yuOypuak Oyaaut. $luwa [Tugarop Teopemacira acoca

2 2
A B} = A E} + BE;

ra sra Oyaamus.
Suau AE_=A,B, IKAHUHN  IbTHOODPra OO, KOHMHMH  TeHrIHKHH
Ky#duaarnga €n6 oJaMus:

AE® = AE] + B, E; . 5.2)

(5.1) Ba (5.2) TeHraMKJIapiaH
AB’ = A E} + B, E; + BE® 6.3
Gy Keaud uukanu. Pasiiank,
A\E, = D,D, = 0D, — 0D, = y, — y,,
B,E; = C,Cs == 0C, — OC,; = xy — %4,
BE = BB, —EB, = BB, — A4, =z, —z,.
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Hewmax,
AE, =Yy —th, BiE, = x3—x,, BE=2,—2,
Byaapun (5.3) Tenrimkka KVim6 tonamus:
AB? = (yy—y\)’ + (2 — x,)* + (22 —2,)".
JTlemak,

AB=V (x3— x,)* + (9 — 11)* + (22— 2))°. (5.4)
By A (x); yy; z)) Ba B(xy Yo 2,) HyKTasap opacupard Macodanu upo-
JlaJIoBYH (hopmyIanup.
Mucoun. A2 5 0), B(5; I; 12) uykranap opacuiard macopa To-
IHJICHH.
Eynm. By nykranap opacuaarn macodami (5.4) dopmyaanan ¢oii-
Jananub Tonamms:

AB=V(5—22+ (1 =52 2-(12—0pF =V 3+ (—4F + 12 =
=1V 9+16 + 144 = J/169 = 13.

3-§. Kecmaun Gepuiiran nucdataa 6yamiu

Dazona A(x;; y,: z,) Ba B(xy ys: 2,) Hyktagap Oepuiaran 6yauG,
yJapHH TYTAIUTHPUII Hatwkacuia AB kecma xoouan kuambran. AB kee-
Mmazia mynpaii C nykrtauu Tonui Kepakku, AC xecmanunr CB  Kecmara
HucbatH Oepuaran A coura TteHr GVJcHmH:

Ac

CB
Hznanaérrai C HyKTauMHT KOOPAMMATAJIApHHM X, i Ba 2z Jeiamk:
C(x y 2).

By macananunr eynsmmn wmaskyp Kypenunr 1- 6006, 3-§ waa ken-
THPHJIraH (TeKHCJHMKArH KecMaHu Oepuirad HucbGaria Oyumin)  Macana-
HuHr ey Kabuaup. lymu sbvrubopra omb, Gus Kyiaa Macana-
HHHP CYHMHHH KeJATHPHIU Onian KudosilaHamis.

a AC o “
AB xecmanu Gepujiran A = cp ‘cata OV.1yBUH HYKTAHUHD KOOp-

JIMHaTaNapi Kyinjiard

X1+ Axg Uy -+ Ays 2y + Az

S 1—;—7»-’ y= tva * °° L2 (5.5)
dopMyaanap GuJaH TOMHIANH.
Xycycan, C(x; y; 2) nykra AB kecvanu tedr ukkura Gyaca (AC =
=CB), y xoma

AC

—=A=1
CB
6y/u6, uananaérran C HYKTAHWHT X, Y, Z KOOpAHHATa/lapH
. X1+ Xy Ny 22
X= -—l.—, !j = —T- . K= _L?_.

6ynann.
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Mucon. A(3; 7, 4) Ba B(8; 2, 3) HyKranapHu TyTalUTHPHLIIAH
xocun 6Vsiran AB kecmamm A = —i— nucbarga Oyaysun C  uykra TO-
THJICHH .

Eaum. HMananaérran C HyKTaHWHr KOOD/JMHATAJIADHHH IOKOPHJA
keatupuiarad (5.5) gopmysanapian doiantauud Tonamma:

2
34+ —.8 i
Xy lxz 3 9-l lb
S e —= =15,
14+ A s, 342
b3
2
700, e
gotdgs T 8 _ Bl4d
J‘~ g 5) — - --Sv
L4+ A 14— 9
T3
2
T
_adhy 19 6 m
o 5 5
R 3
18

Jemax, C{ 5 5 —|.

IV B O L. TEKHCJIHK BA YHHHI TEHI‘JIAMAJIAPH.

®asona mkku Hykra Oepuarad Oysacud. Dy Hykranappaw Oup Xuu
macoapa Typran HykTajsap TVniaMd  (HYKTAJApHHHT FeOMETPHK YPHH)
mexucaux eb Kapaiaju.

Ky#tuaa TeKHCIMKHUHT aHATUTHK HDOaIapuid (TeHrJaMa/lapHHi) TO-
namu3 Ba yJap €plamMuia TeKHCIMKHHHT XYCYCHATIAPHHH VpraHaMus.

1-§, TeKHCAHKHHHr YMyMHii TeHrJaMacH

Bus okopuaa, texucaukHn Oepwaran  MKkH B, (x; vy 2)) Xamzaa)
By(xy; 1y 2,) HyKTanapaasn OapaBap V30K/JAHKAA TYPYBYH HYKTajap Tym-
Jamujpat uoopar 1e6 Kapaaux. uaM Tekucymkaa uxtuépuit M(x; y; z
HyKTaHu (V3rapyBud Hyktanu) ojaiymk. Pamimanku, M (x; y; 2z) HyKra-
HUHT KOOPJMHATAJADH X, Y Bd Z Jiap TYpJu KuiiMartjaapud Kalya Kui-
raHjia, TeKMCJHKHHHI HYKTalapw Xocwa OVzaam. By M (x; y; 2) HyKTa
Ounan Gepuiiran B, (x,; yy; 2z,) Ba By(xs: Yo 2,) HyKTaZap opacuiar
macodasi (5.1) dopmynasan goiiganannd tonamus (40- ynama):

BM :l"r(«"—xl)‘l +—anF + (z—:-zx)—'-"
BM =} (x —xo)* + (¥ — o) + (2 —2,)".

Mlaprra kypa
B.M = B,.M
6y iuNan
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VEe—=xP+@—yP+—2z)P=
=V (@—x) + (y—vo)* + (z2—2))*
TEHrJHK Kesub uukajau. KeluHru TeHrMKIaH sca
(x—xP+G—un)+@E—2z2)=E—x)+y—u)+@2—2z)
GyamiukHK Tonamu3. By TeHIVMKAa XaMma XaajapiHu  yarn TOMOHra V-

Kasub, CYHr KHcKa Kynafitupuin dopmyJacijial  ¢oiilantancak Kyiuaarn
TeHIVIaMa Xocua GyJiam:

B—=20x4 5+ —2y+y +22—2224 i —(* —20x +
+ 54 PF—2y+ vk 22 —22 +23) =0,

Ynaan
— 2% + X} — 29,y + Y] — 222 + 27 - 2 x — 23— 2,y —

— iy 2z—25=10,

SI'BHH

2x,— X)X 2y, — Y)Yy T A2, — 22 + (G + Y] +

+—— s — ) =10

Gysmn KeanG unkaau. Arap

A=2(x,—x), B=2(y,—y), C=2(2,—2),
D=+ yi+2—g—i—2

Je6 Gearmyacak, yHjia

Ax+By+Cz+D=0 (6.1)

TeHrvIaMara keJamu3. By x, y Ba z ra mucGaran OGupuHyM  Japaxanu
TeHr1aMaziup.

Jlemak, Tekucamkparu uxrtuépuit M (x; 4 z) HyKTAHMHT X, Y Ba 2
Koopaunaranapu (6.1) tenrgava Guaan  Gorjanran Gyaap  skan. (6.1)
TEHIJVIAMA MEKUCAUKHUHE YMymul meneaamacu G aranaju.

Tekucomknuur ymymuit tenraamach A, B, C, D counnapra (kosg-
unmentaapra) Gorumk. By couaap tvpau kuiiMariapra temr GyJarasua
TYPJM TEKHCAMKJAp Xocua Gyaamu. bunoGapun, TekMcaukuuHr (asopa-
IH BazuATH XaMm 1y KosdbuuueHTaapra  GOFIMIIHD.

Mucoan. x-+y-+2z—1=0 rTenraaMa TEKHCHKHHHT YMYMHi
TeHrJaMacu OViuG, yuuHr (asogaru Basusit 4 |-yy3aMajga TACBHPJIAHTAH.

TexucMKHHHT YMYMHUil TeHrJamacH

Ax +By+Cz +D=0 (6.2)

Gepuaran OyscuH. By Texkucaukuunr (pasorard PasiaTHHH  YpraHamus.
IOKopuaa ani6 VrranuMusnex, Tekucaukuuur Baswath A, B, C, D
xoxpbuunentaapra 6oraMK OVianu.

1°. (6.1) Tekncomk Tenrgamacuaa D =0 Gyacun. DBy xonma (6.1)
TeHrJama yuby

Ax+By+Cz=0 6.2)
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Kypunmura keaaan. DBy Tekucauk koopausara Goumpaax (avau 0(0; 0; 0)
dykragas) yraau. Yyukn O(0; 0; 0) mygramwur Koopaunaranapu (6.2)
TeHrJaMalH KaHOaTJaHTHpaIn:

A0+B:0+4C-0=0.
2°. (6.1) texucouk Tenraamacipa C =0 OVacus. By xomma (6.1)
TeHrvIama yuioy
Ax+ By +D =0 (6.3)
kypummwra keaaan. (6.3) rtenraava Oz Veura napaiviesl  TEKHCIMKHH
uonamaiian (42- ynama).
3°. (6.1) tekncamk renraamaciia B =0 6Vacuu. By xoana (6.1)
TeHrJama yuoy
Ax+Cz+4+D =0 (6.4)
Kypurnuira keaagu. (6.4) renrsama Oy Vigira  mapajien  TEKHCTHKHH
uboganaiyi (43- unama).
4°. (6.1) Tekmeamk rtenraamacuia A =0 6Vacuu. By Xoama (6.1)
TeHrJaama yiuoy
By+Cz+D=( (6.5)

Kypunuira xeaatu, (6.5) reuraama Ox Vigira napaicaen OYJaraH Tekuc-
JHKHH ndoaanaian (44- uuava).
5%, (6.1) rekmcauk  Ttenraamacuiga C — D =0 6ivcns. By Xoama
(6.1) Tenraava yiudy
Ax +By =0 (6.6)
Kkypunnuira kedaan. (6.6) rtenrgama Oz  Vk#lan  VTYBUM  TeKHCJTHKHH
Hposanaiai.
6°. (6.1) Tekneaux Tenraamacuga B =D = 0 6yacun. By xoana (6.1)
TeHrjgava yiudy
Ax+Cz=0 (6.7)
Kypuruwra keaaav. (6.7) tenraama Oy VKuaaw VTyBYH — TEKHCIHKHH
upoanaii.

7°. (6.1) texncank rtenraamacuia A =D =0 6Vacud. By xoaaa
(6.1) Tenrnava ywoy

By+Cz=0 (6.8)
Kypuuiuira keram. (6.8) tewrmava Ox Vkuaad VTYBUH  TEKHC/HMKHH
HbogaaHIiL.
8%, (6.1) 7tekmcank rtenrnavacuia A = B =0 OVacun. By xomna
(6.1) Tenrsaama ymdy
Cz+D=0 (6.9)

Kypuunwra ketamt. (6.9) Tenrsamanan Tonmamis:
D
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Jemak, (6.9) Tekucsmkuuur Gapya nykrtanapu xOy KOOPAHHATA TeKUC/H-
rijan Gapapap ysok/aukaa Gyvzam. (6.9) tenrsama xOz TeKHCIHKKa na-
pasiien GyaraH TeKHCIHKHH udonasaiinn (45- yuama).

9°. (6.1) Tekncomk Tenraamacuaa B =C =0 6Vacun. By xomaa
(6.1) Tenrsnam ywo6y

Ax+D =0 (6.10)
Kypunuwira Kesaau. (6.10) tenriamazan Ttonamus:

x=— 2 (A0,

Hemak, (6.10) rexncsmkuuur Gapya nykragapu yOz KOOpAMHATA TEKHC-
Juruaan Gapasap ysokimknaa 6Vaaan. (6.10) tenrsama yOz TekucaMKKa
napajyies1 GyJjran TeKHCJIHKHH ndopanainm (46- ynama).

10°. (6.1) Texucamk rtenraamacuza A = C =0 Gyacun. By xonna
(6.1) Tenrsmama yiuby

By+-D = (6.11)
Kypunura kesaau. (6.11) tenrnamagan tonamua:

D
7 = (B+#0)

Hemax, (6.11) Texucaukuunr Gapya Hykragapn xOz KOOpAMHATA TEKHC-
Jurkan Gapasap y3okJaukAa GVJaam.

(6.11) renrnama xOz TekucamMkka napaasen OyJjran  TEKHCIMKHH
uponanaiimn (47- uuama).

11°. (6.1) TEKHMCJIHK TeHIJaMacH:

a) B=C=D=0 6yaranga Ax =0, abui x =0,

6) C=D=A=0 6yaranga By =0, sabuu y =0,

B) D=A=B=0 6yaranna Cz=0, sbin z=0 6ym6, (6.1)
TeHrJlama Moc pasuiuaa yOz, xOz Ba xQy KOOpaHHATA TEKHCJIHKJIAPHHH
Hpoaanaiau.

2-§. TekHcaukHHHT KecMasap Gyimua TeHraamacu

Qaszona Gupop TekucMK Gepuaran Gyamb, y KOOpAuHATA  VKJapu
Ox, Oy Ba Oz nap Gunan moc pasumga M,, M,, M, nyKranapaa Kecu-
mm6, ynapAaH axKpaTraH KecMaJapH

O.M]_ =a, OM?’ = b. OIM:, =

ra Tenr GyJicuH (48-unusma).
By Gepuaran a, b Ba ¢ conaap (kecMajap y3yHJHMKJapH) €pAamuia
TEKHCJMKHUHT (pA30/lard BasHATHHH TYJHK AHHKJAUl MYMKHH.
Airaliyiik, KapanaértraH TEeKHCIMKHHHI TEHIJIAMacH

Ax+By+Cz+ D=0 (6.1)

6Yacun. Mopomuku, Gy tekncuk M, (a; 0; 0), M, (0; &; 0) Ba M,(0;
0; ¢) nyKranapian ytap 3Kad, jeMak, Oy HYKTaJapHUHr KOOpAMHATa-
Japu (6.1) TenrsamMaHu KanoaTJaHTHpaaM:
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A-a+B-04-C-04+D=0,
A-0+4+B-b+C-0+D=0,
A0+B-0+C:c+D=0.
Jemak,
Aa+ D=0, Bb+D=0, Cc4-D=0.
By renraukaapiau
Al Baead Gmensl
a b ¢
Oyvmun keam6 unkamu. By tomwaran A, B, C napuusr K_uﬁmamapuﬂ{{
(6.1) teuraamanari A, B, C napumur Vphura KyaMu3:

Ax+By+CL+D=0a—nﬂp—?y—~2r+0=0¢
a 3 c

a b ¢ / a b c

Hartiukana

=t =l 6.12)

[24 c

TeHrsiamara kejamus. By tekacanknunr kecmanap GVitnua TeHrJaMacHaup .

3-§. TexHCAHKHMHI HOpMAa TeHIJIaMacH

Mazona TEKHCIMKHHHT BasHATHHH GOLIKAYa XaM aHHK/Al  MYMKHH.

®azona Jlekapr KoopAuHaTaNap cHeremacura HucOatan GHPOpP TEKHC-
JMKHH Kapaiymk. Dy rtexucsmk 49-uuamaja  TacBupaanraHjex  OyJICHH.

Koopaunara Golmmaan TeKHCIHKKA TYWHPHIrdH [epreHaKyJIAapHHET
yaywaury p Ba wy nepnesaukyaspiunr Ox, Oy Ba Oz YKJapuHHD Myc-
Gar HVHaMILIapH OWiaH  TAlKWJ 3Trad  OypyakJiapd MOC  paBHIUZA
a, P Ba y GVcun,

Bepuarau p Ba o, P, ¥ Jap €paamuia TeKHCIMKHHHC (asojarn Ba-
SUATH TVVHMK aHiKJaHaa. TekHCJIHMKHHHT TeHrJiaMacH 3ca

xcoso 4 yeosP +zcosy—p =1 (6.13)
6ymo, Oyuga
cos® o - cos*f +4-cos*y =0

O6ysanu (TeKuc/MKHUHT Oy TeHrVIaMacHHH KeJTHPHO YHKapuul TYFPH YH-
SUKHHHT HOPMAJT TEHrJaMacHHu KeaTHpHO yukapuil kabumup). Opartaa,
(6.13) Tenrnama mexkucAuKHUHE HOpMaa meneaamacu 1ed atasianu.
HAH TEKHCJIHKHUHD YMYMHH TEHrJaMacMHH HOPMal KYPHHHIIAArH
TEeHrJaMara KeJTKPH/HLIHHH KYpcaTamus.
®asona Oupop TekHcMK Oepuiran GYauo,

Ax+By+Cz+D=0 6.1)
YHHHI YMyMHH TeHIJIaMacH,
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xcose -+ ycosP -+ zcosy—p =0 (6.13)

3ca Wy TEKHCIMKHHHT HOPMAn TeHrJamach GVacuH. By rtenraamanap
GHTTa TEKHCIMKHH aHMKJaranaurd caGaGiu, yJapHUHr KOS(xbHIMEHTIapH
nponopuxonas 6yaaw. emak,

wAx+pBy+pnCz+pD=0

Tenrnama (6.13) Tenrsama Ouaan Oup Xua GVJamu:
pAx 4+ pBy+uCz+uD=xcoset + ycos P + zcosy — p.
Bynpan sca
pAx =cosw, mwB==cosp, pC=cosy, pD=—p
TeHrJMKJapra sra 6Vsamus. Hartwixaga
pEA® 4+ p?B? - 2 C? = cos* o + cos*P + cos*y = 1
6yaaau. emak,
WA 2B 4 utC = .
By renrmikpaan sca
1
+ VA B O

W=

OYMILN KeMO YHKaaH.
Mlynpait KWaHO, TEKHUCAHKHHHT YMYMHil TeHrJamacH

Ax+By+Cz+D=0 (6.1)

HHU
1

=y BB

'l —

ra KynaWTuphil Hatizaciia Gy TeHrjaMma HopMasa KVPHHHULIArH TeHrJa-
Mara Kesap 3IKaH.

B Hepmaarosuu Kynadmyedw aednmO, viunr wimopack (6.1) tenr-
JAamanard D uuHr MUIOpacHra TecKapd KHIHO OJIHHALM.

Mucoua. Tekucaukuudr yMymuii tenrjamacH 4x -3y —7z + 15 =
= () HM HOPMaJ KYPHUHHUIAATH TEHrJamara KeJTHPUJICHH.

Eynw. ABBato HOPMANIOBYH KYNailTyBYHHH TOMAMH3:

1 1

B o= S =

LY RFFLC  —y 8RR
= ! = N
n — V164949 B V74
Bepusiran TeHrsiaManuir Xap MKKH TOMOHHHH P = —%4 ra_KynanTrpuo,
yuiy
- 4_x—— i_y—!— 7_2— 1_5_=0
V74 V74 V74 V74
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:

Tenraamara keaamu3s. By Texkmc/mknuHr HopMan tenriamacuaup. By epna

4 3
coso =-———, CO8f=——— cosy= .p=%—
y 74 y 74 y 74 V7
6ynanu.

4- §. Bepuaran HyKTapaH YTyBUH TEKHCJHK
TEHrJIaMacK

dazona 6upop M (x,: y,: z,) nykra Oepwiran 6Viacun. Iy nykra-
Jlah YTYBYH TEKHCIHK TEHrJaMacHHH Tonuui tajalb THICHH.
Texkncmk Tenrsamacunu yiuby
Ax+ By +Cz+D=0 (6.1)
kypuHumaa nanaiimus. Mogomuki, Oy Ttexucmk Gepuwiran M (x,; yy: 2y)
HVKTajaH yT1ap 3Kal, VHAQ Wy HYKTAHWIT Xy, ¥, Ba Z; KOODAHHATAJApH
(6.1) TenrsaMaHil KaHoaTJaHTHPAIH:
Ax, + By, +Cz, +- D = 0. (6.14)
I0xkcpunarn (6.1) tenrnamazan (6.14) renraamann xaanab afupuGs
Ax+By +Cz+ D —(Ax, +-By, + Cz;, + D) =0
Kyinaarn
A@x—x)+Bly—y)+C (z—z)=0 (6.15)
tenrsavara Kenamus. By Gepwiran M (x; y,: z,) HyKTajad YTyBuH
TEKHC/IUK TeHTJIaMacuup.
Mucoa. M (2, 4, 6) nykTagan VTYyBYUM TEKHCIMK TEHrJaMacu To-
THJICHH.
Eguur. lOkopuaarn (6.15) ¢opmyaara kypa M (2; 4; 6) nykranan
VYTVBUH TEKHCJHK TeHrJaMacu yuby
Ax—2+B (y—4)+C(z—6)=0
kvpumuwaa 6yzazu. By tenrsama A, B Ba C napuuHr KuiMarjapura
GOr/MK. YJapHuHr TYpau KuitMatiapuza M (2; 4; 6) wykrazan YTyBuR
TYPJAH TEKHCJMKJAP XOcHT GyJaiu.

5-§. Ukkn TekHcaHK opacHaard Oypuak

daszona MKKH TekucsmK Gepuaran GVackn. By Texucsauknapaan XocHa
GV/iraH MXTHEPHIT MKKH KVIUHM MKKM €xaH Oypuak OepuiraH meKucaux-
aap opacudacu 6ypuax ne6 araiaan (50-yuama).

dapa3 KuIaHaMK, aHTHIraH TEKHC/MK Aapian OMPHHHHT TEHrJaMacH

Ax+By+Cz-+ D=0,
HKKHHUMCHHHHT TEHrJamack 3ca

Agx+-Byy 4-Co2 + Dy =0
GVacun. By Tekucamkaap opacuaarw Oypuak ¢ yuwGy
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cos (p e A1A2+ 8182+ C;C’ (6 16)

VA&+B+¢ - VA+LB+C

topmyiia GuIaH TOMHIAMH.

4(6.16) dopmynazan ¢oiifanannb MKKH TEKHCTUKHHHT Napas/ies Xamaa
NEPneHHKyIap OV MM 1UAPT/JIapUHH  TOMHIT MyMKHH. Macanan, HKKH
TeKHC/MK opacuaari Oypuak ¢ = 90° OViacun. By Xoama tekucukaap
V3apo neprieHaukyasp OVaad.

Pasuanku, ¢ = 90°1a

Wik BByt CiCi
VAL B+ G Va&+8B+cl
At BBy 1G:C5
VALB+a.VELBE+C
A -)-:- B Bﬂ =) 2
= s By = Cil =0=
VA+B+c-Va&+B+q
= A,A, + BBy +€,Cy=0.

cosp =

= ¢0s 90° =

Jemak,
AA,+-BB, +C,C, =0 (6.17)

TEHIVIHK HKKH TEKHCJIUKHHHT TEPneHANKYIAPJIHK HapTHAUD.
[ysnuraexk, kypeatuil MyMKHHKH,

A B Cr (6.18)
A, B: Ca
TEHIVIHK/IaD MKKH TEeKHCIHKHUHD MapaIeLIHK (LApTHIY HpogaTaiiu.
Mucoaanap. 1. 2¢-—3y +5z2+7=0, 6x—9y + 152421 =0
TEKHCJHKJIAD V3apo napastieiup, 4yHkH vaap vayi (6.18) wapr Gawxa-
pusIaji:

2. 2%+y—52+4=0, 3x+4y + 22— | =0 TEKHC/AHK/IAD ¥3apO
nepneHAuKyagp OVJaau, uyHki yaap vuyh (6.17) wapr OGamapwiagu:
2.3+1-44(—5)-2=0.
3. % +y+42+2=0, x+ 2y —2z-+ 1 =0 HUKKH TEKHCHK oOpa-
cugard Gypyak TOMHJICHH.
IOKopuza KeaTupwirad opMmyJara Kypa HiiaHaérran ¢ OypyakHHHT
KOCHHYCH

2.1 4 1:24 4(—1 0
cosp = ok e . S 1

VEaFTF16 -y 1+ 441 V12

(=2}

n
6ynanu. Iemak, ¢ = i

' 50 ko o



6-§. Bepuaran HyKTajaH GepHiraH TeKHCIHKKaya
Gyaran macoa

®azona M (xy; yy: 2;) HyKTa Ba GMpOp Tekuc/uKk Gepuaran Gyuichn.
Kapasaérran TeKHCJHKHHHT HOPMAJ KYPHHHIUHAATH TEHIVIaMacu
xcesa + ycosP + zcosy—p=0 (6.13)
ra sra Gynaimk.
Arap Gepuaran HyKTajaH Uly TekucJHKKauya Oyaran Macogann d ne-
caK, v KyWuaaru
d = xycos0 + Y, cosP -+ 2, cosy—p (6.19)
TEHIVIMKAAH TOMUIAIH.
Arap TeKMCJHK YMyMHii TeHrJ1ama
Ax+By—+Cz+D =0 (6.1)
Gunan Gepuaran GV.ica, aBeano Oy TeHr.iaMaHd HOPMaJ KYPHHHILIMIArH
TeHrJiaMara KeJTHpHJaaH. ByHHHr yuyH HOpPMa/IOBYH KYnanTyBuM
1

L=
: + VA - B C?

uu TONMG O/MPNG, GEpHIraH TeHIVIaMaHH [HOpPMAJ [KYPHHHIUrA KeJITHpH-
Jianu:

p (Ax + By +-Cz ++D) = 0=
Ax-- By -+ Cz+ D
e

+ /At + B2 C*

Cyur x, y Ba z aap Vpuura M (x;; y;: z;) HYKTaHHHT KOOPAHHATANIApHER
Kvsimu3. Hampxana

¥y -1 Bpy - Gl
d== Aot Byt Ca+D (6.20)
VAL BT C?

6yaanu.
Mucoa. Bepuaran M(3; 0: 1) nygranan vmby x —2y + z— 1=0
TeKHCIMKKaua GyJrad Macoda TOMMJICHH.

Eunw. Papmankn, 6y xomua A =1, B=—2, C=1, D=—1,
=3, 4, =0, 2, =1 Oyaaan. IOkopunaru (6.20) dopmyaara kypa
d=y&ufmn+14~1=:L=1F
Y 14+4+1 V6 2
GyJaapu.

VII BOB. UKKHHYH TAPTHBJIH CHPTJIAP

Mabaymku, (asosa TEKHCIHK X, Y Ba 2 YyarapyBuuJsapra Huc6aran
GuprHYH JapaXkaiin

Ax-+By-+Cz+D=0
TeHrsiama GuJaH aHaJMTHK HhOAaTaHafH.
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OHaH (Pa301a HKKHHYH TapTHOAM CHPTJAPHHHr (MabJayM KYPUHHUIZACH
‘CHPTVIAPHHHT) aHAMMTHK HDOJANApHHH KeJITHPaMi3,

Hkgunyn taptuGai cHpTaap ¥, ¥ Ba z VarapyBuWjapra HucOAaTaH HK-
KMHYH jJapaxaiu Tedrjamanap Guman mpotasanamu. Mkkunuu papaxasn
TeHIJIAMAHHHT YMYMHIl KVPHHUILM Kyiinarua O6yaanu:

Ax* + By* +Cz* + Dxy + Exz + Fyz +
+Gx -+~ Hy+Kz+T = 0. (7.1)

Oparaa (7.1) TeHrsaMa uKKUHYW MapmuiAl CUpMAURE YMYMuil 1meqe-
Aamacu 1e6 artanaid.

Yoy 6o6la colla KVPHHHILIATH HKKHHYH TAPTHOIM CHPT.IApaaH
chepa, samncona, runepfo10ia Xavia napabo1olIap - Xakuaa  KHc-
Kaya MabJIVMOTJAPHH KEJITHPaMII3.

1-§. Cepa Ba YHMHT TeHrJIaMacH

®asona Gupop A (a; b; ¢) uvkra Gepwiran oVacuu. A (a; b ¢) nyk-
Tajad GapaBap y30KMMK1A TYPraH HyxKtazap TVmiaaMa (HyKTajapHuHr re-
OMeTpHK VpHH) cpepa 1ed aranazu (51-uusma). Chepana uxtuépuii Hyx-
Ta odaiymk. YHH B (x; 1, 2) Ownad Gearuiailimk.

Auan chepauunr Teuraavacunn tonasias. Cpzpa rtawpupira  KVpa
AB macopa Varapmac. Yuu R Ouaman Geamenaimk: AB = R. Mkki uyk-
Ta opacuaard Macopanu rtomuur dopmyaacH (5.1) ra kVpa

AB =V (x—aP + (y—0bp + (z— ¢’
6yaanu. Jlevak,

V (x—ay +(y—bPF+(z—c) =R
By TeHrMMKHMHr Xap KKl TOMOWMHM Ksaipartra kVTapi0, Kyitdiari
(x—a)» +(y—b?*+(z—c) =R? (7.2
TeHrIaMara Keslamu3. By cpepamiir Tenraamacy O6Ymand.
A (a; b; ¢) nygra chepa mapxkazw, R sca chepa padujcw Aidatu.
Xycyean, cdepa mapkasis koopauxara Gourt O (0; 0; 0) Hyxraza
6y/ica, YHUHT TeHrJaMacy yuby

Byt =R (7.3)

Kypunumzaa 6y.Jati.
Chepa Ouman TexucaMK (arap yJap Kecwiuca) aitada Oyiuya KecH-
wany. By aitnasa rteurgamvacn cgepa OWJan TeKHC/MK TeHrJavalapaHu

OuprauKaa eyuiga oo OViiam.

Mucoa. Mapkasa A (l; 2; 3) Hyxkraia, pamdyeu R =2 Oyaran
cdepa TeHrsIaMacH TOMHJICHH.

Euww. IOxkopuga xearupiaran (7.2) dopmysiazan ¢oiaananut wus-
JaHaéTraH CcepaHuHr TeHVIAMACHHH TOMAaMH3:

(e— 1+ (g —2 + (— 3 =22
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2-§. aauncoun

DANMACOMAHAHT TEHrJaaMacH yuwby
X2 y: oz
= L+ = (7.4)

o 0

g A2 2

5]

"“

Kypunninaa 6ysm6, YHMHr reOMETPHK TacBupi 52-yusMala KeJTHPHJIraH.
a, b, ¢ nap aaauncoudHnune spust UKAQPU JEHNTAIN.

(7.4) snauncoup Onaan AQy  TEKHCIMKHMHI  KECHIOHIIMAAGH — XOCHJb
OVaTan uMaMKHU TOMHUI YYVH 3JHICON TeHrIAMacH

z2=0
Jnaphil Onpramikia xapaimus:
oad L =
a2 b= c?
z2=1.
Haruxana
E 4] (7.5)
ut b*
TeHr1amMara Kenamu3. By sca spum Ykaapn @ pa b 6Varad a.a/mincHH
nhoaasanian.

Hlynpait kuaud, xOy Texueanx simmnconann (7.5) samne Oyiinya
Kecap 3Kai.

Xy mydra Vxuiain kVpeatiis MyMkuiki, xO0z TeKMCJHK  SVIIHM~
couann ymby

X2 oo

=1

u? c?

saminc Oyimuya, yOz TEKHCAHK 3ca 3JUMICOMANH KyHilard

22 +2

= <*

ST |
!

o (2
saaunc Gyitmua Kecamur.
3-§. TI'unepGoaounnap
I'mnepGonouanap mkku X1 Givaau. Y by

g A (7.6)

2 a

a L2 c?

KYPHHHIIAAIA  TeHrJaMa Cup naaiaan eunepooicudHune  imeHaamacie
Gynamu. By runepGonoua 53-4i3Maja TACBHP.JIAHTaH.
Kyimparn

L r LT 41=0 (7.7)

-+
a b2 2

53



KVDHHHIIJATH TeHIVIAMA UKKU NAAaau 2unepboroudHune menzaamacu
6ynagu. By runepGosons 54-uu3mana TacBHpJAHraH.
Bup namnamn runepbovIoH] KOOPAMHATA TEKHC/IHKJ/APHra Xamja Koop-
Junara OomHra HHcOataH CHMMeTPHK Koiaurrad Oyaaan (53- unsma).
Hkkn naanamt ranepGoJoMa XaM KOOPAMHATA TEKHC/MKJAPHUra Xamzaa
xo?pnuuafa Gonmra HucOaTaH CUMMETPHK Ko#jaurran Oyaau (54- yus-
Ma).

4- §. TNapaGoaounaap
Yty

S (7.8)

KYPHHUIUZATH TEHTJIAMa JA2UnmuK napadoroudiune mex2aamacu OVaanu.
By samantuk mapaGoiona 55- yuamaia TacBHpJaHraH.
Ky#uaaru

KYPHHALLLIATH TEHrJaMa 2unepboauk napaboioudHure meneramacu 6yaa-
au. By runepboik napa’so.1o 1 56-un3mana TACBHPJAHTAHN.

IOkopuna kenrupuaran napabogonpiap xOz xamza y0z TeKHCIHKIa-
pura nycOaran CHMMETPHK JKOiJaurad Oyau.

\VIII BO B, YH3UKJIH BA BEKTOPJIAP AJI'EBPACHHUHI
BOIJIAHFMY TYLIYHYAJIAPH

1-§, Ynsukau aareSpaHHHr acCOCHA TyLIyHYAJAapH

Osmii MaTeMaTHKaHHHI KYMrHHA Macanajapd YH3HKJM TeHrJamanap
CHCTEMACH Ba yJapHe euuut OuiaH OorjaHratup. MKKu TYFpH YH3HKHUHT
KECHILHII HYKTACHHH TOMHII YH3NKIM TeHriaMasap CHCTeMacHHM euwira
KeJiraHyurd OyHra Jaiuviiup.

Bu3 Kyiinaa cojja YMsHKIM TEHrJIavasap CHCTEMACH Ba YJapHH eyulu
OunaH yry/vianavMus. Byuaait cicremans euuinla JleTepMUHAHTIAD Ty-
myHyacH MyxuMm pous Vitmaitan. Iy caGadmir apsBano jaerepmMunant Ty-
LIyHYacH OWJaH TaHUIIAMH3.

|. UkkuHYK Ba yyHHYH TapTuHbOIH JeTepMUHAHTJIAP
Ba yaapHuHr Xoccaaapu. dapas KWIAIHK, a,,, @5, 0y, Qs Xa-
KHKHil couviap Gepwiaran OVicud. By couiap é€paammaa ywly a,,ds, —
— @y, s, MAKJIOPHH Ty3aMu3. Dy com wukkuwuu mapmubau demepmu-
Hanm 71e6 arazaau Ba Kyiuaaruya Oesru/iaHai:

ayy Ay
Qg Qag |-
Jemaxk,
Qyy Ay
= Q,; Qs — Q19 Aay.- (8.1
s 114 12 )




i
|

Qyy, Qpg, Gy, Qs COHJAD OEMEPMUHAHMHUHE SACMEHMAQPU NEHNJaNH.
@yy, Qo—N€ TEPMUHAHTHHHT OUPUHYU CampU. Qyy, Qo—UKKUHYW campy,
@y, Q(p—/ACTEPMHHAHTHHHT GUPUHHU YCMYHU, g, Qoo—UKKUHYL YOMYHU
Jefinnam.

ay;, Qe (8.1) meTepMuUHAHTHUHT Gout Oua@oHaau JEHWIAMM, Ay, dgy 3CA
UKKUHYL OUQROHAAL JeiNIaTH.,

Mucoaaap

l. 2‘8\:2-8—6-3—46—18=Q.

o |7 4‘:-(—1)-(—8)—9-4:8—8:0
2l 5 g 2 ;
2 —7I ) o
3. g|=23—=DN1=6+7=13.

g 17 2|="-4—9-3=8~—6=‘>
Ny 4|=24—2 2,

Suau Kyiuaard consap Gepuaran GVVICHH: @y, @ypy @iy, Qays Aoy Qag,
Qyy, Uaay Oyy. Y1IOY

Aoy Aoy Aoy Ay

ayy

Uye Ay

gy 3o

npona yuunuw mapmubau demepmunanm 1ed artajaan Ba KyHuaardya
é3ua1aju:

|
Ay 4y Ay

{Qoy  Uyy Uy
‘aax Qg Qg

By nerepmunantHuHr carpaapi, YCTYHJAPH Ba AHArOHAIAPH IOKOPHAArH-
aex anukjavaan. Mkkunum taprinban aetepMHHaHTHHHT KHHMaTJapuaaH
¢doiinananmb, yunnun TapTHOIM detepMHHANT YuyH ylby QopMmyJani
XOCHJ KHJaMH3:

a a a

a” an " a Qgp Qg i Aoy Qoy| Apy Qo

21 Ugg Gog | = Ay, —Aapp Ty =
(32 Qzg 37 Qg Ay Qo

Ay Qyp Gyy

=y gy 33 — Qy3 Ago) — Qyp (A gy — Qa3 A1) + A1y (A Agp — Age 05)) =
= @1y Qgg gy + @y Gog Ay T Qyy Ugg Q5 Ay Age Ay — Qgy Q19 Qg3 —
T Qge Qa3 Qyy-
Jemak, yuunyn Taptubmi detepmunant 6 Tta Xamian ndopar Gyamub,
yJapHuHr 3 TacH «-» uwopa OWaaH; yutacH 3ca «—» umopa Ouaan

oJMHAAM. XaANApHHHT Kaujaal numopa Owiad oaMHuMin cxemacH 56 a, 6-
yp3aMajza KypcaTwiras.
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Jemak, mycOar uiiopa Gunan Gowr NHaroHasn Ba yHH Kecu® YTyBuUH yy-
OyPUaK/JIADHUHT YYJADHIAATH S7EMEHTAp KYMAATMACHHHHT HUFHHIHCH OJH-
Hajau: d

Q) Aaggy = Qyolasllyy = Agylgellyy -
Manduii uiropa GuiaH HKKHHYH AHATOHAT Ba yHM KecHO ytysud yubyp-
YAK/JIADHHHT YYJIAPHAACH 3JEMEHTJIApY KYynaiTMacH O/MHaHM:

Q5109003 — U @10y — Ay Ag3lys.
Mucoua Yy yuusan tapTHOIM AETEPMUHAHT XMCOOAAHCHIL:
4 3 6
—3 2 —5
=1 Tl
IOKopiia KeatHpu/iran Kouzara Kypa AeTepMUHAHTHHHC KHiTMATHHH
TONMaMH3:
4 3 6
—3 2 —5|=4-2.T4+3:(—5)-1l +(—3)-(—1)-6—
1 =1 7
—6:2.1—4(—5)(—1)—(—3):3-7T=56—15+18 — 12—
— 20 +63 = 90.

Scaatma. Bus og0puia MKKHIMH BY VYRS TAPTHOAH geTepMUHAUTIAD Ty-
wynvacH Gunan TaHHuMs. Xy~ wynra vxwau, n- Tapruoa (n > 2) aerepMHHanT-
JIap TYWIVHYACHHH KAPHTHUL MYMKHH.

2. JleTepMHHAHTHUHT XO0CcadapHu

Herepmunanr Katop xoccanapra sra. Kyituaa yiapuu camaG yramus.

1°. [demepmunanmuune campaapunu soc ycmysaapu OGuiaH aa-
Mawumupu Hamuxcacuoa 0emepyMUHAHMHUNHE Kudsamu faeapmaliou.

2°. demepmunanmuune 6upop campu (éxku yemynu) dacu Gapua
nemenmaap Horea mexe Giyaca, 0emepmuHanm Hoa2a meue 6yaadu.

3°. Hemepmunanmuune ukku campunu (Exku UKKu yemyHunw,) (jzapo
aamaumupu  Hamuxcacuda Yrude abcorom Kudmamu acapmatiou,
uwopacu 3ca meckapucuea [j3eapaou.

4°. [lemepmuranmuune ukKu campu éxu ukKu yemyuu 6up xua
Ogaca éku nponopyuonaa Gjjaca, OemepMuUHAHMHUHS KUUMAMU HOASQ
mene Gyaadu.

57, Hdemepmunanmnurne Oupop campudazu (éxu 6upop ycmynudaeu)
Bapua saemenmaapu Gupop (j3eapsac coHea Kynadmupuaca, Oemepmu-
HAHMHUKE Kudmamu Wy coxea Konaaou.

by Xoccanapaan nerepmunantiapHi XucobGaauiaa (oiganaHuian.

Mucounnap. Kyfinaaru aetepMHHaHTIap XHCOO/JIAHCHH:

Dl 3 5 I 3 5 135
912 18|=[3-34.36.3|=3[346|=3[1-4.143-6-2+
2 0 1 2 0 | 20 1
3:0-5—5-4-2—6-0-1—3-3-1] =3 (4 +36+-0—40 —0—9)=
3 (—9)=—27.

Il +
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21268 21 3-2 2-4 134
134|=|1 3 4 |=2]|134]=20=0.
021 0 2 1 021

3. UusuKJaH TeHraaMmaaap cucremacu, Yuwody

[anx + a0y = by,
| @y X 1= Agalf = by

CHCTEMA UKKW HOMADAYM UKKUMQ 4U3UKAL meHerama cucmemacu jed
atananu, OVHIA @Q,;, Q;e, Qsy, sy COHJAD TEHIJAMAJAP CHCTEMACHHHHT
Koappuyuenmaapu by, b, connap sca 0300 xadaap neHnaaLH.

(8.2) TeHriavanmap cucreMacHHUHr KoshdiineHtaapuian ywmoy

ay, Q.

(8.2)

A=

(8.3)

Uy Qay

perepMuHanTH Ty3awus. Cyur (8.3) AerepMuHaHTHHHUT OUPUHYH YCTYHH-
Jark saevedt/apHu (8.2) cucremanudr 0301 XaiJapit Ouaad  aaMaruTH-
pub, Kyitmgarn

by ay
by @y

JeTepMHHAHTHH, HKKHHYH YCTYHHAATH JIeMEeHTIApHA 0304 Xaasiap Ouiad
anMatTHpuld Kyiuaar

X

(8.4)

A, =

a, b
1 1| (8.5)

gy by

JETepPMHHAHTHH XOCHT KHIaMU3.
8.1-teopema. 1) Aeap A # 0 6yaca, y xorda (8.2) menzrama-
AQp CUCMEeMacu feoHa ewumea sea Oyaud, Gy equmaap
Ay .+ Ay
xX== y=—=
A B4
6rjaadu;
2) Aeap A =0 6jaus, A, #0, A, =0 Gjaca, (8.2) cucmemanune
equmu masxcyo Gyamaddu;
3) Azap A =0 6yaus, A, =0, A, =0 Gyaca, y xorda (8.2) cuc-
mema 4ekcu3 Kign edumea sea 0Oyradu.
Mucoa. Ymby cHereMa euJICHH:
[3x—dy =1,
| 4x 4- 3y = 11.
By cucrema yuys tokopijark (8.3), (8.4) Ba (8.5) JerepMuHAHTIAPHK
TY3aMH3:
3 ~5

, 3|=33—(—5-4=9+2=2

-
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A =

X

|-
l“ 4 =1.3—11:(—5)=3-55=58;

|3 I
A =

v (411

8.1- Teopemanan (oiiaanannd, GepHaral CHCTEMAHMHT €YHUMHHHM TOMNa-

|=3-l]—l-4=33—4=29.

MH3: .
g=Bn 2B 2;
A 29
0
A 29
Yuby

anX + @yl +a,52 = b,
A X = Qgolf + U2 = by
Ay X ~+ QyeY 1 Agy2 = by

CHCTEMA Y4 HOMADAYMAU Y4Ma HU3UKAL meHeaama cucmemaci 1e6 ara-
Japu, 6ynaa a,,, Qys, Qy4, Qy, Qos, a3, Qyy, Quo, Qyy COHJIAD TEHrJiaMa-
Jlap cHCTeMacHHuur kospuyuenmaapu a,, by, b, connap sca 03¢0 xao-
Aapu 1e6 arananu.

By rtenrsamanap cucreMac XaM  IOKOpHAArujiek eumJiajiH.
KYHHAArH YuMHUM TapTHOJM IeTePMHHAHTIAD TV3HJIAIH:

(8.6)

Assano

Qyy Uy

0o Qag |»
o (g

Ay

8.7)

2 (yy

5 (8.8)
by

Qg

A, = |ay
Uz

i (8.9)

Qyy Qg

2 gy Qpp
gy Qg

1) Aeap A # 0 6yaca, (8.6) meneramarap cucmemacu 220Ha euUmea
sea 6éa Oy enum

A (8.10)

xzi\i, z/=_‘\_", 3=t

A Al A A
6y4adu. 2) Arap A =0 Ggaus, A, #0, A, 0, A,+0 Gyaca, (8.6)
cucmemanune edumu maexyo Ojasatdu. Aeap A =0 Gyaub, A, =0,
A,=0, A,=0 Gyaca, y x0ada (8.6) cucmema wexcus Kyn ewumea sea

61jaadu.
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Mucoa. Ywly cHCTeMa eyH/ICHH:
2x—3y +2z=—15,

x+2y—4z=—9,
5x — 4y + 6z = 5.

By cucrema yuyn tokopuaaru (8.7) —(8.10) nerepMHHAHT/IAPHA TY-
3aMHM3:

2 —3 1
A=|1 2 —4|=94—4460—10—32+ 18 = 56;
5—4 6
—5 —8
A,=|_—9o 9 _4|=—60+36--60—10—162-+80=116—172=—56;
5—4 6
9 —5 1
A, =[] —9 —4|=— 108+ 100 +5-+454304-40=220—108=112;
5 5 6
2 —3 —5
A, =1 2 —9|=20+20+ 135+ 50+15—72=240—T72 = 168.
5 —4 5]

Bepu/iran TeHrsiamMa/iap CHCTEMACHHMHT eunMu Kyiujaarnua Oynajd:

.t:‘i's:__:)‘:‘ T”_lv
A o6
Ay 2
U=_—3 — u—_ = 2,
h A o6
A H&
A 56

2-§. Bekrtopaap aarefpacHHHHT aCOCHH TylWyH4aAapw

Oumit mMarematnkafa, ymyman, an Ba TeXHHKAHHHT Xap XWi cOXa-
Japuia TYPJM KaTTaquKJap yupailad. Y aapuunr Oab3uiapu  (axarrasa
COH KuiiMaT/iapn OuJau XapakrepiaHdaau (Macatad, YV3YyHJHK, 103a, XamM,
Macca Ba X.K.), Oab3wiapu sca coH KuiMaraapy OuiaH Gupra iyHa/IMIIH
OMTMHraHJardHa TyJa MabJayM Xucobuaanaau (MacanaH, TesqMK, Te3qa-
HHLI, KYY Ba X.K.).

AifraitmK, KHCMHUHT OMPOP HYKTacHra Tabep KHIaérradH Kyy MHK-
popu 10 kr Oyuicku. Dy xkyunuur fiyHaguud Typauya OVJIHIIM MYMKHH.
BunoGaput, yHHHr TABCHPHAA JKHCMHHHL BasuaTH Typanua Oyaanu. [le-
MaK, KYYHHHD TYyJa aHMKJaHMINH YYVH VHHHC COH KHAMATHHU OHJIMILIAH
TAlKAPH, TABCHP STHII HYHAMMUIMHM XaM OwaHil Kepak GyJaau. Cow
KHilMATH Ba HYHAJIMIIM OWJIaH aHHK/JANYyBYH KATTAJIHK BEKTOP KaTTAJHK
éku sexkmop 1eb arananu.
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BekTop kartasMK KHuMkK Xapd ycTHra cTpeska Kydwiu Gunan €xu
KYIOK Xapd Ousan OGenruzanazu: a €xku a.

Papa3s Kuaaimg, @ Bektop Gepuirad Oyicuu. By Bektop karranmk-
Ka MabJyM Maciitabia oqMHraH kecManu Kapahauk. Cyur Oy kecmara
BeKTOp HyHaiuumuu Gepaitmk. Hamwkana itynanran kecma xocia 6Vnaau.
Y BEKTOPHHHT reoMeTpHK TacBupH OViamd. MacasaH, >KHCMra TabCHP
ben o
aryBud F xyunu 57-uuavana vacupaanranjek, - uykra Ounan B Hyk-
TaCHHH TYTAIITHPYBuM Ba A Hykrajan B nygrara Kapab iyHaaran xecMa
— —_—

ae6 kapaw My™mkuu: F =AB.
A HyKTa BeKTOPHMHT Gowiu, B HyKTa 3ca BEeKTOPHHHTr OXupu nelin-
Janu. BekTopuuHr cOH KHiMATH YHUHT Y3yHaueu €k modyau jel ara-

L
JagH Ba | AB | xabu Gearusianajiu.
Arap BEKTOPHHHT Y3VHJHMIH HOJb OVJca, YHH HOab 6eKkmop jein-
- -

namu. Mkkn a Ba b sektop Gepuaran OVicut. Arap Oy BeKTOPJapHHHD
y3YHIHKAapy Gup Xua 6Van0b, yaap Vaapo mnapaaies Ba Oup TOMOHra
iyHasran GyJca, y Xoala a Ba b V3apo mene 6eKmopaap Aeiuaand

— - -
Ba a = b kabu ésunanu.

” — -

58-uyuamana V3apo Tenr MKKW @ BAa b BEKTOpP TACBHPJAHTAH.

Bynpan' BekTopuu Onp HyKTajgaw HKKMHUM HYKTara ya- Vaura mnapan-
JieJ1 paBHIIA KYYHPHII MYMKHHJIHIH Keub YHKal.

- —

Wkkn a Ba b BekTOpHUHr HVHAJHUIIAPH OHP XWJ, Y3YHJMKJAPH 3ca
Xap Xua 6YacuH. Macanad, a BeKTOPHHHT Y3YHJIHTH b BeKTOPHMNT Y3YH-
Jurujal k Mapra kyn 6v.icun. Jlemak,

— —
la]l|=k|b|.

lynpait kuanb, Gepuiran BeKTOpHH k CKalsip coHra KynaiTnpui-

JaH SIHTH BeKTOpra Kesamu3. By BekTOpHHHr y3yHJaurd Oepuirad Bek-

TOPHWHI Y3YWJHIHHH & coHra Kynaitupuiiian xocwi Oyaamr. k>0
— —

6yaranaa a Ba b Bekropsaap iveammmm 6up xwa, k<0 OGyaranja sca
HYHa/MIUH  KapaMma- Kapi OVaamu. Vayuarn Oupra TeHr,  1YHAJMIIK
— —

aca GepusraH - BEKTODHMHT IyHammun Kabu OV.rad a, BeKTOp Oupaux
sexmop ne6 aranaju.

PaBlmankn a BexTOpPHM OMPJIHK BEKTOP OpHATH KyiiHaarnya €sdiu
MYMKHH:

- — —
a=|al-a,.

1. Bextopaapuu g Vmuu. HMkku « B2 I;Bemop Gepuaran 6ya-
cii (59- unama). :

By Bektopaapuunr Gomwsiapn A Ba B nn Oup Hyktara xeatnpiuo,
Tomouapu |a| =|AB| Ba |b| =|CD| 6Varan napa/esorpamMm sicafi-
mu3 (60- unama).
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A wykragan E wykrara iiynairau, ysysadard sca AE Iuarosansusr

y3yuavrura tedr Oyaran AE = ¢ Bektop Gepwirai a Ba b BeKtopaap
HuFHEAMCH Je0 atanaau Ba

a-t+b
Kabu ésutanu. Jlemak,
c=a-t+b
Paswanku, a-+- b = b + a.
Yoy
a+(—0b)

- -

BEKTOP @ BeKTOplau b sekmopHune cdupmacu 1e6 atanafun Ba @ — b
Kabu Oesruianau:

a—b=a-+(—b).
- - —
a Ba b sektopiap 61-unavana tacBupaanrai sektopaap OfJicHH.
By Bexrtopiapuunr yujapuun Oup Hyxrtara xeatupavus (62- yusma).
Cysr b Bektopra Kypa — b BeKTODHA scaiiMus.
IOxopuaa airrusrangapaan goinaianud a + (— b)) BekTopHu TOMa-
musz. By OA,; Bextoppan ubopar Oynanu (63-urava).
— - — —
Arap OA, = BA skanuni sbTHOOpPra 01cak, MKKH @ pa b Bekropra
— -
KYPH/IraH TapaaiesiorpaMM Auarosaniapiuiad oupu @ va b Bexktopaap
— —

HMFMHEAMCHEN, MKKHHYMCH 3ca 1V BeKTopJap aiiwpmacH @ — b uu wuo-
AAMAUKHE TONAMH3:

—

@< b=0A4+ 0B =0C,
a—b=0A—0B=4B.

Il

Mkkn a Ba b pextop V3apo napawtes O6¥ica €kd mnapaanes TVEpH
gu3uKIapaa €rca, @ Ba b Koaaureap eexmopaap e arananu.
Yyta a, b Ba ¢ BekTOp GuTTa TeKHUCIHKIA érca E€xku OMp TeKwHc-

— —-

JuKKa napamien Gyaca, a, b Ba ¢ komnaaxap Bextopiap ne6 arana-
M.
— — — —- —_—

Parwanki, a Ba b pekropaap iuruuguck ¢ (¢ = a -+ b) xamaa

- - — — — —— — —
aimpmac d = a — b Ourra Tekuc/MkAa €ramu, swHM a, b, ¢ Ba d
Jap KOMrJaHap Bektopsap GyJaauu.

Opataa, MawayMm HyHaauira sra OVJarad TVrpH uisHg 1K 1e0 ata-
qaamu. bupop [ YK Gepuaran 6§'.1cxm._>5y VKHHHT  HYHAJIMIUMHH  QHUK -
JIoByM OMPJIHK BEKTOPHH [, DEHIHK. @ BeKTOPHH Kapailiuk. By Bekrtop-
uuar Goum A HyKTajaH Ba OXWpH B HyKrazad [ YKka nepneHAuKyJsAp
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/

/

TYLUHPAHJIHK. Héﬁneumympnuur VK OHJaH KecHIIraH HYKTAJapHHH
Moc pasuuiaa A,, B, OGunan Oearunaiiimk (64-unama). A nHykragan [
VyKKa napajsiesl TVFPH UM3HK VTKasaMu3. YHHHr BB, Ousan Kecullirad

— _— -
Hykrach C G6yacun. Mavaymku, A,B, = AC, A;B; BeKTOpHHHT HYHa/H-
WM KyHuparAua auMkJasaad. A jam B ora xapatuaran  fiVHamuw Vi
—_—

AyHammum Ounan 6np Xua OVaca, A,B; BeKTOPHHHT HYHaIMLI TJoc
—
uulopa Guaai, Teckaph | Oy./ica MuHyC uwopa 6 6uaan ommuagu. A,B; pek-

TOPHHHT Y 3YHJIMTH [A B, | Gepuaran a = AB BeKTOPHHHT [ VK HyHa-
JHLMra npoexyuscu JeluIaan ea

np, a
Kabn Gearunauanu. lemak,
| A,B,| = np, a

Bexrtopuuur koopaunatanapu. Pazona Oxyz lexapr ko-
opauHaTaJap cHctemachHi ogamu3s. Koopaunara VKJapUHHHT Xap Gupn
yuyyH OMp/MK Bektop (opr.) Jap KHPHTAMH3. Ox, Oy Ba Oz VKnapuaarn

OHpJIMK BEKTOpJAPHH MOC paBumiaa i, j, k Jap Oujan  GearunaiMus.
a sektopiunr Ox, Oy, Oz koopauHata VKJapuiard NpoeKLMAapy a,,
a, a, wy BeKTOlelHI‘ KoopOuxamaiapy NEeHnIaan Ba Z{a a,;a,}
KYPHHUIIAA €3h1aJH. a BEKTOD V3 KOOpJAMHATAJapH Ba AacoCHii OprJap
épraMpaa KyHupaarmya €aunau:

a=ai+a,j+a,k. 8.11)

Byunaru a, i, a, J Ba @,k BEKTOpJap @ BEKTOPHHHI  KOOpAMHATA
VKJIapuaary KOMnosexmAapu Jewnaanu, yJap TEerHuuvi Koopjaunarta VK-

JIApUra KOJIMHeap BEeKTOPJApIup — JMaroHaiu BektopAan wuGopar 6y.a-
ra mapasie/enneinHir Kuppasaph oVnG XH3MAT KA (65- ynama).
—_—

(Unsmana MA—az MB =a,jra MC=a, s aup). Bekrtop Va3

KOOp/iMHATAJIAPH 6u.naﬂ Tya1a aﬂm\nanamx
BomwanFuy HyKTacH KOOpAuHATanap Gommza Ba OXHPIH HYKTACH

M (x, y, z) na Gyaran r=0M BekTOp M HyKTAaHMHT paduyc- 6exmo-
pu neimnanu (66- unama). By xomma (8.11) popmyna
T=xi+yj+zk
KYPHHHIIra KeJaan. Paanyc- BeKTODHHHT y3yHJHIH
lrl=V2+$#+2 (8.12)

Gyanu.
Boumaurmx HYKTHCH M1 (%13 5 Yo 2,) Ba OXHpr¥ HyKTacH M, (xy; Y 2,)

6yaran a= MIM == r2 ry Bektopunar (65- ynama) Koopaunarana-
P¥ KyFAuJardua aHuKJiaHauu:
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a{ty—xi Yo — 4y 2—2)}. (8.13).
Bynnan pasiiasku,

A=t —x)i +W—y)]+@—2)k (8.14)

6yaanu.
Mgk BekTop HHFHHAMCH, afiMpMacH Ba BeKTOPHMHr COHra Kymair-
MacH yuyH Kyfuaarusiap VpuH/IHIup:

(a+b){ a,+b, a,=b)}.

a, b, ===y
Aa{ra,, ha, ra,} (Oy epaa A—ckansp mukiop) af{a,, a, a,} Bek-
TOPHHHT Y3YHJIUTH
2 R T B
a=lal=Va;+a;+a; (8.15)

dopmya Ouad aHUKJaHATH.

MM, Bextopuunr yaynauru éku M, (x;; vy 2)) Ba M, (X Yo 23)
HyKTasap opacujard macoda

MM, = | MM, | =V (xo —x,)* + (Ya— 4y)* + (25— 2,)? (8.16)
dopmyaa GVitnya XHcOOGIAHALH.

Mucoa. DBomwmanruy uykracu M, (I; 20 3) Ba OXMprH HyKTacH
M, (4; 2; — 1) 6yairan M; M, Bexrtopuutr opriapu Oyitvya €Hu/IMacHHH
G3HHr BA Y3YHJHTHHU \moéuanr

(8.13) dopmyaara kipa M, M BEKTOPHUHT KOOPAHHATANAPHHH TOMA-
MH3:

/”_1;1; {o—xi h— Yy —2} = Wﬁz {3, 0, —4}.
(8.14) dopmyaara kipa \Tl_\—/l’g BEKTOPHUHT OpT/IapH Oyituya €iuimMa-
cu MM, = 3i — 4k Gyaanu.
Juau (8.16) éxu (8.17) dopmyaara k¥pa M;M, BekTOpPHHHr y3yH-
JIMTHHH XHCOOJIAHMHU3:
MM, =|MM|, = V344 =Y B =5

Bextopuunr #VmaantupyBuw KocHHycaapu. DBupop
— = > —;)- —-b —
af{a, a, a,} Bektop Gepuiran Gyacuw. Dy pekrop Gwnam i, j, k
oprJiap opacujari Oypuak/JaphHu Moc pasuiuza o, B Ba y OwiaH Gesrd-

naimmk (67-uusma). cos o, cos f, cos y Jap @ BeKTOPHHHr dijHasmu-
pYysdu Kocuryciapu Jernsiann.
BexTophuHT {iyHANTHPYBYH KOCHHYCJApPH opachia

cos® o +cos? fp+4cos® y=1 (8.17)

GOFMaHuIL MaBKY.



3
Bemnanrny wykracu A (x;; vy: 2,) Ba OXHprH-HYKTacH B (xy; Yo 2,)
Gyaran AB BeKTOPHHHT KOODAMHATa VKJapuJarH TNPOEKIHANapH
Mpoy AB = x, —x,, 1p,, AB=y,—y,, np,,AB=2z,—z

6Vsmb, yHuHT IYHAJATHPYBUH KOCHHYCJAapH 3ca

X2 — X
COS o = — - —— =
V (Xa — 292 4+ (Yo — y1)*+ (22— 21)®
Yo — |
cos p=— A : (8.18)
Vo — xR+ (o — )2+ (22— 21)*
H—

Cos Yy = =
V (xo — x12+ (s — 112+ (2a— 29)2

GYaamu.
== = o o o
OM = r pamuyc- BEKTOPHHHT HYHaJATHPYBYH KOCHHYCJIapH 3Ca KyHu-
Jargya XucoOJaHaH:

€S @ = —— = =
|7 V x2+ y2 22
Y Y
s p=—— = —F——,
P 7l Vefete
< z

. I R 8.19
o rl  Vet+ge+2 6.19)

Mucoa. ;Bexrop Ox VK Gunan o =60°, Oy yK Ounan P =45
Gypuak Xocwa1 Kuaami. Arap |_a’| = 3 GVsca, YHHHT KOOpAHHATaNapHBH
AHUKJIAHT .

—5 pektopunHr Oz YK OHiaH XOCHT KHJrat OypuarHHy TONMII YYyH
(8.17) dopmynanan (oiinaianamua:

(—I i’ +( 32__)' +cos® y= 1.

2] "y

Jlemax,
@ BOKTOPHMHI KOODUHATANADHHH aHWKJALI Y4yH
—_ - —_—
a,=la| cos @, a,=|al cos f, a,= la| cos vy

dopmyJazan (oiaasaHaMu3:

Jlemak,



—_ —
U KKH BeKTOPHHHT cKkaasp kynaiirmacu. Ukku a, b Bek-
topaiap Gepuaran Gyacun. By Bekropaap V3YH/HKPH Ounan yaap opa-

cujarn GypyaK KOCHHYCHHHHT Kvnaumacu a ma b BEKTOPJIAPHHHT CKa-

Jagp Kynaiitvacu jeiinaain sa a-b éxn (a
Jlemaxk,

b) Kabu G3nnanu.
a-b=(a-b)=|a| 1| cos (a, b). (8.20)

Bekropaapnuur ckaasp Kynafitmacuun Kyinadariua Xam €3dun Mym-
KHH:

—_— = —_— — — — — —
a-b=(a-b)=\|a| np, b=|b| np, a. (8.21)
MKkt BEKTOPHUHT cKaasap Kynaiit™MacH KyHwaarn xoccasapra sra:
—_ > —
1°. a+b-= b
(u+b) e=a-¢ 4+ b- c.
— - e
3. (Aa)-b=n(a-b).
g — &
4. ¢ Ba b sexkropaap ¥3apo nepnedaukyaap OVJaranja  yJapHHHD
—_— = —_— = =

cKaasp KynaitMacH nojra renr, v a - b—=0- i,
cKaJap Kynairvaziapi:

j, R opriapHHHD

- >

[ };}’T:O 7-77;1
T k=k-i=0 T i=1
Tk=k-7=0 Kok
Gyaanm.
Arap a {a; a; a,}. b {b,; by: b,} 6yaca,
a-b=ab,+a,b,+ab, (8.22)
cos ¢ = cos (:; —b’) a-b a, hl -+ ayby - azh;

|1Hbl th ~~u ~(l V/) 1—1 bg
6yaam.

>

MKKH BEKTOPHHHT BEKTODP KynaiiTMacH. @ BeKTOPHHHT
- . . — i - - >
b BexkTOp Ouaail Bextop KynaiitMacu ae6 ax b ¢ku [a, b] mwaxaza

Gesrn/iaHajuran 1ynjait ¢ pekropra afiTuaaanky, Oy BEKTOPHHHT Y3yH-
JIUrH Ba i’iyuannum KyHHaaru WAPTAAPHH KAHOATAANTHPAAH:

1) c BEKTOPHIHT Y3YHJHIH a Bd b BEKTOpJapra sicalran napaJjJes
JIOTPAMMHHHT 103Ura TeHr, s'bHU
— i - A=
|c|=a-b sin (a, b).
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-—
2) e BEKTOp Iily Mapa/wie;orpamM TEKHCIHTHIA Mep NeH MKy APAHD,
—
SABHH Y XaM a BEKTOpra, XaM b BEKTOpPra nepneHiHKy/JIApAHp:
o — —
a-c=08Ba b:-c=0.
—_—
3) ¢ BeKTOp IlyHJAH TOMOHra HYHAIraHKH, YHHHI yYHIaH Kapa-

raijia ¢ BeKTOp artpoduia a BekTOpAaH b BekTopra 3ra Kkuuk Oyp-
yak OusiaH ailyiaHHIl COAT CTPEJIKACH —aillaHMIIMra  Kapama- Kapiuimaap

(68- un3ma).
Bekrtop KynmaiitMauHHr acocuii Xoccalapu:
1°. [@a-b]l=—1b-al.

2. (@+78)-cl=[a-c]+(b-cl
3. [(Ka) bjf}»[a b]
4°, Arap a Ba b BEeKTOpJap Kosmueap Oy.ica, [a b] =0, Xycy-

cHit Xousiaa [a a] =( Oyaann. Optiapuutr BekTop KYnafiT™Majaapu
Kyiuaaruya GyJaju:

(- F1=—17 i1 & [i-i1=0;
(7 El=—(k-T1=6 (7 1=0
[k 1]~——[i kRl=j,; [k-k]=0

— -
Arap afa, a, a}, b{b, b, b,} GYyaca, yJapHHHT BEKTOp K-
nafT™Macu:

la bl=la,b,—ab,1i—(a.b,—ab,)j +(a, b, —

i j k
—a,b)k=|a, a, a,
b, 1)_” b,

O6ymb, yHHHr MOJYJIH
[{a-B11=V(@,b, —a.by T+ (ab, —a,b) + (@b, —a,b)

dopmyJia Gunan XucoOIaHAAH.
Yunapu A (x,, th, 2,), B(xs, ¥, 22), C (x3, My, 2z;) wykranapaa
6yaran yuOypyaKHHHT 103H

SAABC: ’;‘“AB ' A—EH

(dopmysia Guaan XHcoOaaHaLH.
— v as n
Mucoa. aq sa b Bekropiap opacuperu Oypuak ¢ = 7y ra TeHr Ba

- — - —_ —_
la| =V2, |bl=3 skanmrn Mabaym. ¢ =2a+3 b  BeKTOpHHHT
Y3yH/JIHIHHH TOTHHT.
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e BEKTOPHHHr Y3YHJHTHHN TOMMII YUYH BEKTOPJAPHAHI CKAlsp Ky-

naiiTmanapaian ofilaianavu3. @ - q — a* zie6 Gearnnab ea a*=[a®
sbTHOOpra osmb, GepuiraH BEKTOPHHHT Xap MKKH TOMOHHHH KBajparra
KYyTapamus:

Jlemak,
G =4.2412:3+9.9 = 125, Gynan
| =V 1% =5V5.



II. KUCM. MATEMATHK AHAJIM3

IX bOB. ®YHKUUSA TYHIYHYACH

1-§. Jlactaabku TyumiyHuanap

Tynaam TymyHyacH MaTteMaTHKaHMHT OOUMIAHFMY Ba aiiHM  naiTaa
MyXHM TylyHyanapuian Oupu. Tynuamuu mucosnap €paammaa tyurye-
THpamu3. Macazan, wkadrard KuroOaap TYNJAMH, HATYPal COHJAp TYyn-
JiaMH, OGHpOP XVMKaJIMKIArH KHULIOK XVKAJIHK MallMHaJapH  TYIJIaMy,
OHp HyKTaZaH VTYBUM TYFPH YM3MKJAP TYMJaMu.

TVynaamMuu TalKWI 3Trad Hapcaap YHUHT IACMEHMAApU JeHUIAIH.

Marematukana Tynjamiaapuu 6o xapduiap Ouaan (Macanan, A, B, . . .),
VHHHT 3JIEMEHT/apUHH 3ca KHYMK Xapdwap Ouaan (macanad, a, b, .. .)
GeJruJiaHaiu.

Arap A rynaamuunr snementd a Oyaca, yuu a €A kabu é3unanu
Ba a saemenm A mynaamea meewwiruw ned Viuaaau. Arap a snement

A tynaamuuHr saementd GVimaca, a€ A kabu éamnanu.

Yek/H COHZArH 3JeMeHTIapAal TALKWI TONram TYIaAaM “ekau myn-
aam 1eb aranaau. MacanaH, OHpPoOp XVIKAIMKAArH KHILIOK XYXKAJIHK
MAllMHA/JApUAaH TAIIKWJ TONraH TYNJaM dekqan tymiaam Oyaamm. Yexun
OGysMaran TYmJaM 4Yexcu3 mynaam jeifingaau. Macasan, Hatypas COH-
Jap TVIiaMH yekcu3 Tynuam Oyaamu. Opataa Oy tymaamuu N xapdwu
6unan Genrwnanann: N = {1, 2, 3, AT

3JIEM€HTJIde XaKHKHIT Lomap,mau* uéopaT 6wmm TYIIAM  COHAU
mynaiam JeHIanu.

Bapua Xakukuit consap Tymiamu R Xappu Ownan Oearunananu (R =
(—o0; + «)).

Hkkura a Ba b (a < b) Xakuguii consap Oepuaran Oyvcuu. Yiudy

a<x<b

TEHTCH3/MK/IAPHH KaHOAT/IAHTHPYBYM XaKHKMil COHJApAaH ubopar Tymiam
ceemerm (Enux opaaux) ne6 aranaau Ba [a; b] kabu Oearunanan.
Hemaxk, [a; b] ={x€ER:a<x<b}.
Y1uby

a<x<b

*Vpra MakTaG MaTeMaTHKa KypCHAA HATypan cowiap, GYTyH COHJsiap, palHoHat
COHJIAap Ba xangmguu COHZap Yprauiray. MabtymKki, paUHOHAT Ba HPPHIHOHAN COH-
Jap XaKkHKHi COHaap Aeftunand. Xap GHD XAKHKHI COHra TYFDH yH3HKAA (comnap yKH-
@) GHTTa HYKTa MoC Keaag Ba akchuua, Illy caGaGuH XakHkuit COHHH HYKTa Jie6
Xam KapanaaH (69- unsma).
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TEHrCH3NMKJAPHH KAHOAT/JAHTHDPYBUM XAKWKHIT COHMapnam uGopar Tym-
aam unmepéaar (oqux opaarux) pe6 arananu Ba (a; b) kabu GesrniaHaau.
Jlemax,

(@ b)={x€ER:a<x<b).
Yuby
ag<x<b, a<x<b

TEHTCH3IMKJAPHH  KaHOATJIAHTHPYBUM  NAKHKHMIT couiapaan wOopar Tyn-
Jamaap apum  usmmepeaar 1ed arajaqn Ba yaap moc pasuuiia [a, b)
Ba (a; b] kabu OGesrwnanaau. Jlemak,

[a; ) ={xER:a<x<b}, (@ bl ={x€ER:a<x<b}.

By tVnaamnap TYrpu uMankaa kecmadapuu upoaasaiian  (70- unama).
([@; b] cerment 6yJraH XoJjja KeCMaHHHI YeTKH HyKTaJapu a Ba b Jap
1y KecMara TerHun 6yaamm, (a; b) unrepsas OViran Xoi1a KeCMaHHHD
yeTKH HyKTanapn a Ba b Jsap kecmara Tterminad Gyavaiiav, [a; b) Ba
(a; b] sapum wnTepBa/wiap GYJraH XoJla 3ca KECMAHMHT YeTKH HyKTaJja-
punan GupH 1y KecMmara TerHinm GY/ud, MKKHHYHCH sca Ternmm 6yi-
Mmaiinm).

2-§. ConnMHr abcomoT KnitmaTtH

9.1-rabvpud. Mycbar conunnr abcoaom Kudmamu ned Viia coH-
HuHr Vaura aituaaad. Manduit  connunr  aOcomom  Kudmamu ned ury
COHra Kapama- Kapiui coura aiimuiaagu. Houb conmnunr  adcoaom rud-
smarmu 16 HOJb COHHHMHT V3H OJIMHAMN.

Oparpa x conpunr abcomor KuiMati [x| kabum Genrmianamu. le-
Max,

x; arap x>0 O6yaca,

x| = |—x, arap x< 0 6Vca,
0, arap x =0 G6Vaca.
Mucoa. [17]=17, | (—17) | =—(—17)=1T7.
Connunr abcomor kHWMaTH tTabphdujan Gesocuta yiuby
2] 20, lx|=I—%l x<|x]|, —x<]|x) (%)

MyHocabaTaap Kesnd uHKaiu.

AGcomoT KHIMAT Kyinaard XoccaJjapra 3sra:

1°. Yuby |x|<<a Ba —a<x<a(a>0) menecusiusiap zapo
IKeusareHmMOUp.

2°. HkKku x 6a Yy COHAQP UWUFUHOUCUHUHZ abcoaom  Kutdmamu 6y
CoHAQp QBCOAIOM KUMamaapu GuruHoucudan Kamma IMac:

lx+yl<|x|+]|yl
3°. HKKu X 6a Y Comaap aqupmacu Yuyw
[x—yl=>1x|—]yl
mexecusAuK jpuran Gyaradu.
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4°. Hkku x ea y conaap Kynadmmacu eéa Gyaunmacu yays

[x-yl=\x|-lyl i|='—"—' (y#0)
y ly|

meneaukaap ypunau 6yjradu.

By Xoccanapuunr wcGorH KuitHH 3Mac. Y. apuuur GHpHHM, MacasaH,
2°- XoccaHuHr MCOOTHHH KeJTHPaMH3.

2°-xoccaHHHT HcO6OTH. MKKH XONHH Kapaiimk:

a) x +y >0 6yacun. Y Xoaza tabpudra Kypa

Ix+yl=x+y

6ynamu. Arap (¥) mynocaGatra kypa x<|x|, y<|y| 3kamunH 3bTH-
Gopra ouicak, yHia

[x+yl=x+y<|x|+|y]

GY/IHUIMHH TOMaMH3.
6) x4y <0 6yacun. Y xoaz1a

lx+yl=—E&+9=(—x+(—y).
$lua (%) mynocaGataan ¢oitnanamud, (—x) +-(—y) < |x|+|y| Ba ne-
Mak, |x+y|<|x|+ |y| 6Vamumun Tonavus. emak, Xap AOHM
lx +yl<|x|+|y|

6y1ap sKaH.

MucoJa. |2x —3|<| TEHrCH3IHKHH KAHOATJIAHT HPYBYH X HHHI
KHHMATJIAPH TYMJIAMH TOMWJICHH.

Egum. IOgopuaa xearupuarad 1°- xoccara Kypa Oepwirad TEHrcus-
gk — | < 2x— 3 < | TeHrcusaMKJaapra TeHr Kydyau. By TeHrcHsiMk-
JaplaH sca

2 %<4, apn 1 < x<2
6yminM Kesmub yMKaIH.

3-§. Varapysun Ba y3rapmMac MHKAOpJap

Tabuarna Typau KuiiMatiapux KaOy.1 KHIaguras MHKAOpJapra Ay4
Kejgamu3. Macasiad, VKyBumjaapra TYpTOypuaK YHM3WILHH aHTHICA, yJap-
HUHT TYpJaM Xua TVprOypuakjapHu (kBaapar, pom0, napajjiesorpamum,
TVFpH TYPTOYpUYaK BA X.K.) YH3HIUMHM Kypamu3. Pasuiaukw, Oy TypT-
OypyaKk/JIapHUHT MepUMeTp]apH (TOMOHJIAD Y3YHJHKJIAPHHHHT HHFHHIHUCH)
xap xua O6yiagu. [lemak, TVPTOYpYaK NEpUMETPH TYPJIH KHAMATIAPHH
KaOy.1 Kuaa onaaurad Mukaop skan. Ogaraa Oyupait MHKAOPHM (j52a-
pysuu mukdop ned arananu.

OHaM Xap XWwi paauMycau  ailiaHasapin  Kapaiivimk. DBy ainananan
Y3YHJIHKJIAPHHH MOC JAMaMeTpapura HucOaTHHH Xap JouM Ourra coHra —d
coHHra TeHr OV/miuMHM anukaaiivus. Jlemax, Xap Kaujaarl aiiyiasa y3syH-
JMCHHH YHHHT JMaMerpura uucoatiuu M(poaasoByH MHKAOP OMTTA KHIi-
Marra — s couura Tenr OVuaau. Dyngait Mukaop gseapmac muxdop neb
aTanaam.
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Kynunuya ysrapyBup MHKIAOpJap X, Y, 2, ... Xapduapu Ounan Gen-
ruzianaau. Arap yarapyBun MHKJOPHHHr KaOys KuJa ofajurad Kuimar-
JapHlaH TAlIKWJ TONTaH TynjaMm Mabaym 6Vica, y XoJama Y3rapyBuH
MuKJA0p Oepuiran Jeituiany.

Marematuk aHasiM3fla 3JeMeHTJIapH XAKHKHE comnaapian ubopar G-
rai tynaamaap Kapasaau. buz Oyuaan keiimn X rtynoam geranpa € cer-
MEHT, €KH WHTepBaJHH, €KH SPHM HHTEPBAJHH — ODAJMKHH TVIIYHAMH3.

Maremartnkaia aiipum cy3 €xu nbopasap Tes-Te3 TakpopJaHuG Typa-
au. Oparpa, €3yBHH KHCKApPTHPHIL Makcaamaa Oy cya ékm ubGopanap
VpHHra marematHk Geirunap (ManTHKHIT cuMBO/Iap) Humiatuiaain. Ma-
cajaH, «uXTHEpHil, 6apuach yuyH cyajsapu VpHura «v» Gearu, ... 6Va-
ca, ... 6ynaam» éku «xkeamd yukaau» uGopacn Ypuura ymdy => Gearn
nniatuaany. Mkkura gaxkr sxsuBagsent Gyaca, yJiap <> OearucH OpKaJad
é3unanu.

4-§. ®yHKUMs TywIyHYaCH

Hkknra X Ba Y Xakukvit connap rtVyniamu OGepuarau GYuichH. x
VarapyBun X tynjampa, y Varapyeuum Y TVngamaa yarapcHu.

9. 2-raspud. Arap X tynaamaarn xap Gup x codra Gupop Kowza
éku KoHyHra xVpa Y Ttyniavpan Gurta y cod Moc Kyimiaran 6yica, X
Tynaamaa ¢ynkuus Gepuaran (amukaanras) ge6 arajaam Ba y

Y= [
kKabu Gearujanaiu.

By epna X tynaam GyHKUMSHMHT aHukaaruut coxacu, Y sca (yHK-
LWHSIHHHT  (j32apuid cOXacu JeHnaa.

X IpKAU §32apyeuu €KW (PYHKYUS apeymermu, Y 3ca 3pKcu3 rjsea-
pysuu €Kn X zeapyeurure ynkyuacy 1ed arananm. :

Jemak, ¢pynkuusi Oepuaran OYJHIIN yuyH:

1) X rynaam Gepuanum kepak (Kyn xoanapaa yuu x Oudan y V3-
rapyBUMJAPHAHT OOFJAHMIINTA KYpPa TONMHUJIANH).

2) x yarapyBunnuur X TynjaMjan oqawHraH Xap Oup KuiiMartdra
yHra Moc Kyiusgaapran y ynH anukJaG Gepaauran Kouna €KH KOHYH
Gepuaniiy kepak (tabpudaa yuu f Xaphu OGunan Gesruianras).

Mucoananap. 1. | X =(-—o; -+ ) t¥naavwra rteruim GyJran
Xap OMp X COHra YHHHT KBAJpaTHHH MOC KVIOBYM Kouzaa OyJcuH. By
xompa y = f(x) = x* dyukuns xocua 6Vaam. By gyukims (—oo; + o)
Jla aHWKJIaHTan.

2. f xap Gup x€[0; + o) conra 1wy CcoHMaH OJMHraH KBaj-
par wywm3 V x un Moc Kyitcun. By xoana xam (Qyukuusara sra  Gyia-
mu3: y= V x. Yuuur anukgannm coxach X = [0; - o) 6yaanm.

y = [(x) bynkuust X tynaamaa anukaanran 6yacun. X tynaamaan
6upop x, HyKTaHH om0, 11y HyKTara MOC KeJyBYM Y Y3rapyBUHHHHE
KHHMATHHH TOnaMu3. YHu Yy, Ounan Genrwnaitmus. By y, con y = [(x)
QYHKUMSHHHT X = X, HYKTaJard xycycud sudmamu 1ed atanajy Ba yHH
f (xo) = Y, Kabu é€3unaan. Macanan, y = [ (x) == 3x* + 2x — | pyHKUHSA-
HHUHT X = | HyKrajaru Xycycuit Kuitvatn [(1)=3-1"+4+2:-1—1=4
6yuaan. Iemak, f(l) = 4.
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Mucoa Kyiumarst hyHKUMSHUHT aHHKJAHHUI COXACH TOMHJICHH:
y=Vi—1+—

[ I
Y 2—X

Eunm. By muconza x aprymeHTHHHr Xap Oup KuiiMatura Moc Ke-
JIaJHrad y HHHr KHiMaT™d Xakukuid OYamunr yuyn

{x—l =0,
2—x>0

6y/mum Kepak. By TeHrcusiuk/Jap cucreMacHuu eyno,
1L %<2

6ymwman Tonamus. Jevax, Gepuiran (yukuusinir aHiKJIaHKII COXACH
x=[l; 2) apum uurepsaiian udopar OV.aau.

5-§. ®yHKuusHHHT GepHJHI yCyaIapH

DyukuHa TabpudHIA KeATHPHAraH X V3rapyBuituHr  Xap Oup Kuii-
MaTHra Moc KyduJajaurad y HH aHuKJa0 OepyBud KOMAA EKH KOHYH
Typanya O6ysaau. BunoGapuu, (yHKUuMsHHHT OepuIULH XaM TyPJIHYaaup.
Kyitnaa oynkumsnmur avaTiTik, xajisajl Ba rpapuk yeyaiapiaa Gepuiu-
IIHHH KHcKaua Oaéd 3Tamis.

l. DyHKUMSAHMHT AaHATHTHK Yoy aaa Gepuaninu. x V-
FapyBUMHHHT Xap Oup kuiiMariara kKypa VyHra MOC KeJAIHraH Yy HHHD
KHAMAaTH X yCTHJAA aHa/MTHK aMawIapHunr OaKapu/adilt  HaTwXKacHaa,
SbHH (opMyatap €plamuia Gepuamint mymiui. Macanau,

x4

5 |

DyHKuuAHMHr Oynait GepuaHi  QUHKYUAHUKS  aHaAumMUK ycyada
Oepuruuu Jeiuaau.

2. DyukuugsHAHT KagBaa veyauga Gepnanwu. bBabau
X Ba y y3rapyBuwsiap opacuiarit OOFJIAHHII, SBHH X Y3rapyBUHHHHD
KHHMaTtHra MOc Kesjajural y VY3rapyBUHHMHr KUAMATHHM KypcaTuiu (To-
ML) Kaasas Lakgauaa Oepuintiy MyMmkuin. Macanau, kysatvin wartixa-
CHAA, CyBHH (€muK Mauuiza) Kusaupuaranii P, Cocum  octuaa yHHHP
KaifHaur Xxapopartu f,, p, OoCUM OCTHIA YHWHI KaiiHalll Xapopath f, Ba
X.K. OVqmumnu ronaiiuk. Hamwkaza Kyfiwaarn okajpaira Keslamu3:

y=x41, y=2EL  y—log (x4 1).

Bocuwm, p P1 ‘ P2 l - ‘ In

' Xapopar, ¢ 4 | s l

Pasurauku, 6y xo/1a p Gocum Ganan { xapopar opacuja OorJaHui
6yam6, p apryment, ¢ dyukuas 6yaana. Omaraa  dyukuusuuaur Oyuai
GepryMi QY HKILHAH I JKaABaJdycyaugadepuauiln Aeinaanm.

3. DyukuuaHuur rpapik ycyauna 6epuanmu. babzan x
Ba y V3rapyBuwjap opacujard OOrIaHWII TEKHCIHKAATH 4M3uK  (3rpu
yM3MK) épAamuia aManra o MyMmkad. Aftraiimk, xOy TeKHeIMKAA
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6upop [ umsnk Gepuarau Gyacun (71-unsma). Ox ykuaa wiynjail x nyk-
TanapHH Kapaiyimkku, 6y Hykranapian Oy Vkura napajiesn TYFPH YH-
3uKAAp VTKasuirauaa yiap ! uMsHknu Gurra nykrana keccud. Ox YKu-
Jarn Oyupait Hykranap tymiavunn X opkaau Gearnaaiivas. umu | Oy
X tynaamaan Gupop x nykranu oaud, Oy nykrajgan Ox yKura nepres-
JMEKVasp unkapamu3, [lepnenukyaspuit [ uusus Owian  Kecuimran A
HYKTAHHHT OpJnHaTtacHin y Ouian OGearnjal, osmuran x ra my § HH
Moc Kysamu3, PaBmanki, Gyiaail Mocank [ uusnk opkaan  Gaxapuiau.
Hamkana X tVmoamian oguiirain Xap Oup x ra Kypcartwiaral  Koujara
K¥pa y mMoc KVimm6, gyHkims Xocwa OVvagn.  Pynkousuuar OyHaai
GepuIHILLL PYHKIWUIHURS epaguk yeyauda Gepurtu LeRWIaNI.

6-§. ®yukuusunur rpaduru

DyHKIMSTHIHT XYCYCHATIADUA TVHKPOK TACaBBYP  STHIULAA  VHHHT
rpadurian Onamur axamuaTaaup. Adtraitank, g == [(x)  dynkuus Gupop
X opammkiaa  Oepuaran  Oyomd  x,€X  Glvienn. By dynkuHaauHr
X, HyKTazarn gaitvarams tonamua: f(x,) = y,. Harmwkana (x, yo) xKydr-
Juk Xocitl OVaanu. Texncamiaa Jlexapr koopiHarta CiHCTeMACHHH OJlai-
ank. YOxkopunaru (X, y,) xKyvhrou Texncankia Gupop A uykranu rac-
BupJaiiu (72- yuama).

Dyuking aprymenti x nuur X opamikian  oauHrad  xap Oup KHP-
MartHra (PYHKUMSHHHT Moc Kuitvatu f(x) — gy O¥acun.  Voap  épramuia
(v; y) (y = J(x)) xyprankaap [xoenwsn  OVaanu. By  KydrimkiaapHu Te-
KHCJHKJA HYKTaJap cudariia tacsupaaiivus.  Yiuby

{6 y): x€X, y=[(x)]
HYKTATap TVIaMu Gepuaran y — f(x) Qynkumsnaur epagueu  ped ara-
JAJH.

y = [ (x) pynxius X opamigia Gepuaran Gyvcud. By dyHkuMAHHHD
rpadurk Kyiijgarnya sicaJianu:

1) GyHKUMAHKHT aHHKJaHHI  coxacuan Oup Heyra X, X,, ...
X, KHAMATIaD OJIHHALH,

2) apryMeHTHHHr U1y KHiiMatiapura MOC (DYHKUMSHHHP KHAMATJ/Iapu
TOMHJIA/H:

f(xl) o y]' f(x-]) o ygv bl AR | f(xn) :yn;
3) ywby KaaBajiHu Ty3uG OJMHAMLM:

X Xn

X Xa I X3 ‘ §iaie

X3 Un

y = f(x) ‘!/1 Ya

4) texuciukaa A, = A\(x; y), 4, =A(x; v,), ..., A=A, (x,
Y,) HyKTajap scasajiu.

by A, A,, ..., A, nyKrazapuu y3apo TyTamiTHpcak, Xocua Oy.-
ran unsuK y = [(x) ynxkumsanar rpapurnau [(takpubau) TacBUpJIainf.
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Mucoanap. 1. y = f(x) =2x+ | dyskuusHuar rpadurd  yusuiI-
CHH.
Eunw. Pasmanku, Oy Gyskuus (— o ; - o) Jla aHHKJAHraH,
x VsrapyBumuuir —3, —2, — 1, 0, 1, 2, 3 Kuiimatiapuun om0,
(OYHKUMSHHHT yJapra voc  Kuitvarjapunn  Tonammus: f(—3) = —35,
I(—2)=—3, f[(—1)=—1I, (0=], [(I)=38, [(2)=35, [@)=T.

Harwkaza Kyiiuaarn sKaiaBagud XOCHT KHJIAMH3:
—1 l 0 ‘ 1 l 2 l 3
—3 ‘ —1 l 1 ‘ 3 ‘ 5 ' 7

Cynr (—3; —5), (—2; —3), (—L —1), (O 1), (I;3), (2 5),
(3; 7) nykranapuu TekHcaMKaa Oenrnaab Ba yJapHH Y3apo TyTaluiTHpHO,
Gepuiiran (pyHKUMAHHHT rpadburunu sicaiiMmua (73- unama).

2. y = [(x) = x* QYHKUMAHUHT rpadurH YH3HJICHH.

By ¢yukuua (— oo, + o) opammkia Oepuirad. @yHkuus apry-
MEHTH X HHHr Oup Heuta KuiiMarjapunu oaud, yJapra Moc (DyHKIHA
KHHMATJIapHHK TONaMM3 Ba »Kaisaia Tysamu3. CYHr yHkuMs rpaduriin
yuzamu3 (74- uuama).

3. y=|x| QpyHKIMAHUHT TPaurd  YH3HJICHH,

AGcomor KuiiMar Tabpudura Kypa

el = { X, arap x =0 6yaca,
=\ e arap x < 0 6yJca,

By ¢yskumsuunr rpapuri 75-yu3Maja KypcaTHiara.

] 1, arap x > 0 Gyuca,
0, arap x =0 Gyuca,
l—l, arap x <0 6y.ca

dynrunanuHr rpadgury 76- yuamaza racBHpJaHraH.

X

—3 ‘_2

Y= ’ —5

4.
y:.

7-§. OyHKUMSHHHT YerapajaHraH/HMrq
y = f(x) pyuruus X opanukna Oepuiran OVJICHH.
Arap wynaait ysrapmac M (M >0) conn Tonuicaku, Y/x€X yuyn
[flx|<M

TeHrcHanuk OGaxapwica, y Xoaaa y = [ (x) dynkuma X opammkaa weea-
pararean €0 atanaju.

Macanan, y = [(x) = x* ¢yukuna X = (0, 1) opamkaa werapajan-
rau GyJjamu, uynku x€(0,1) yuyn

)<l M=1)
Gyau.
Ywby y . dynkuus (0,1) opamugaa Gepuirad, ammo Oy (ynk-
X

LMsl Wy OpaJHKJA yerapaJaHraH 3Mac.
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8-§. XKydr Ba ToK (yHKumsaap

y = [(x) dynkuua X opanukna auukaauran G6yam6, Yfx€X yuyH
—x€X 6yncun. (Macanan, (—I; 1), [—3; 3] opamkaap aiTHaran
Xycycustra sra 6yaanu.)

9.3-tavpud. Arap YYx€X yuyn

f(—=x)=F(x)
TeHrJIMK Gaxkapuica, v X012 f (/\) ofcyd)m pynkyus 1e6 aranaau.
Macanau, y—=x* y—=|x|, y—=cosx d¢yHkumanap Kypr PyHk-
uuanap 6yaaaM, uyHku (—x)* = 1- | —x] =|x], cos(—x)=cosx.

JKydr QYHKIHAHHHT Tpaturd opaunara VKHra HucOataH CHUMMETPHK
Koiaamran 6Vaanu (77- uuama).
94-tabvpud. Arap Y/x€X yuyH

fF(—x)=—f(x)
TEHTVINK ()a:hapumd v Xomta [(x) mox gynkyusg aed aranai.
Macanau, y _/ = sinx dynkurgaaap tok QyHkuusaap 6yaan,
YyyHKH (— x)* = — , sin(—x) = —sinx.

Tox q)_vnkuummur rpapurd KooaMHata oOounira HUcOATAH CHMMET-
PHK xoilauran 6Viaan (78- unsma).

9.2-3caatma. Dyukuua xap JdouM KVHT ¢ku Tok GVaasepMaidad.  Macanan,
yIGy ¢ = x2— x, y = sinnxy — €Os X PYHKUHATAD KYPT XaM, TOK XaM IMac.

9-§. Monoton dyHkuusaap

y = [(x) pyuxuus X opanugia Oepuiran OV/ICHH.

95-tabpud. Arap apryment x wanr X OpaiHKAaH OJHHraH HX-
THEPHIT X, BAa X, KMHMaTIapu yuyH x, < X, OV/mumgan [(x,) < f(xp)
TEHrCHIHK Keanb unkca, f(x) dyukuus X opammkiaa  jeysqu ped ara-
JIajH.

Macaaan, f(x) =2x + | ¢yskiua X = (— co; -+ o) opatHkia
yeyBuu OVaaau. Xawkukaran XaM, Y/x,, x,€X omranaa xam, x; < X,
6y.ranja,

f(x) =2x,+ 1, f(xg),= 2%+ |
WIGR

[ () —f(x) = 2, + 1) —Cx, + 1) = 2(x,—x,) >0

6yaanun. Ilemak, x, < xy=> [ (x;) < f(xy).

96-Tabpud. Arap apryment x HuHr X OpajJHKIaH OJMHraH WX-
THEPHIT X; BAa X, KMIAMATJapH yuyH x,< X, Ovamumaan [(x,) > [ (xy)
TEHTCH3IMK KeauO umkca, [(x) ¢pynxkuma X opanmkaa Kamarosdu  1e6
aranaju.

Macaman, f(x) =—3x+ 1 d¢ynkungs X = (— oo; -+ o) Ja Ka-
MaioBuM OyJiagu. Xakukatan XaMm, ¥ X;, X, €X oauHranga xam, x; < x,
6yuiranza
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656 fx)=—=3%+1, f(x) =—38x+1

[ —Fx) =—3%+1—(—38x+ 1) =—3(xg—x,) <0

6ynamu. Ilemax, x; < xp=-[(x,) > [(xy).

9.7-rabpud. YcyBun Ba KaMaoBYH (DYHKUHAIAD MOHOMOH by HK-
yuaarap jpe6 arananu.

Mucoa. f(x) = x* Qynkuus MOHOTOHIHKKA TEKILHPHICKHH.

Eunum. By ¢yukumn X =(—o0; |- o) opamukia anukjanras.
By opanukaan uXTHEPHIT X;, X, HyKTaJapinm oiamu3. Yaap yuyd x,<x,
oyacun. Cynr f(x,) — [(x,) aitupmann Kapaiivus;

) —fx) =23 —a = (6, —x) (G + 2, %, + x3) =

\

L
= (x, —x)( x2 4 9. L x + xi4- 2t e , =
2 1 2 9 271 1 % & M

a a9

s (x,_,—.\',)(' X2 42:x =+ tl |+ T’ xj )=

= (x,—x)) l ( X1 % ’ + T‘!\x I > 0.

Hemak, [(x,)) —/[(x,)>0, awun  [(x,) <[(x,). UWUlyngait xum6
x, < X, Oyaranpa [(x,) < f(x,) 6Vaap skan. Dy sca Oepwiran dyHk-
IHAHHHD (— oo0; -1~ oo) Ja VCYBYM 3SKauuHH OWJIAMPaH.

10-§. JlaBpuii (pyHkuusi

F(x) dyukuma X ja aumkaauran GyJacui.

9.8-tabvpud. Arap wmynnaii Vrapwac 7' (7 #0) con TonuIcaxH,
uxTuépuiit x€X ma x —T€X, x -+ TEX 6Vauo,

fx=T)=fx)=fx+T)
6yaca, y xoaaa [(x) daspud ¢yuxkyus, T connw Qynguusuunr  daspu
JIeHHIA/H.

Macanan, y=sinx, y =1tgx naspuit dyukuusaap OVMO, y =
= sinx (QYHKUMAHMHT AaBpu 27 ra, y — {gx  (QYHKUMSHHHT  JaBpH 3ca
a ra tedr. Arap [(x) aaspuit dynkuma 6Yom6, T (T 5=0) CcOHM yHHHT
naspu Gysca, y xoapa nT (n=-1, =2, ... ) Jap XaMm 11y (pyHK-
LUHAHHHT Jaspu OyJiajm.

11-§. Mypaxkkad dynkuus

y = [(x) ¢yuxumst X opammkaa anukaanran  OVICHH.  ApryMent x
puHr X opasmiaan  oauuran  xap Oup  kuiiMatHaa  QYHKIHAHHHD MOC
KHiMaTHHH TOMHO, Oy (YHKUMAHMHT Kuivartiapuian Y rtVnoamun  Ty-
3aMH3.

Ouau wy Y rynaamaa §3 waBbatuaa w—=F (y) QyHKiMs aHuKJaHran
oyacun. Harmwkana X ryniamaan oamuran xap Oup x conra Y rtynuam-
na Ourra y comu (y = f(x)) Ba Y tynuiamaan osmnran OyHjaii y coura
Outra u coun (u = F(y)) moc KyiiMnaau.
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Iemak, X TtynsiamjaH oJuHran Xap Gup x coHra OMTTA &4 COHH MOC
Kyimnanu. By sca u v x y3rapyBudHHHT (QyHKUMACH OY/MiIMHE OHiItH-
panu Ba OyHjait GeJrmyiaHaj:

u=F(y) = F(f(x).
Opnarpa Gyupait GyHKuHS mypakkab pyHkyua 1ed atanaiu.

Macanan, ymby 1) u =V x*—1; 2) wu=sin2% 3) u=-cos’x
dyukumsap Mypakka® ¢yHKuusiap Gyaanw.

) u=Vxr—1 by u=Vy, y=x*—1 dynkuuanap épra-
MHJ4 XOocHa OyaradH. y = x* — 1 dynkunst (— oo ; - o) opamHgia
anuKaaHran; u =) y aca [0; -+ o~ ) opamukila anukjaHrad. Jlemak,
u=Vx*—1 ¢yukuusa x*—1 >0 ga, avhu x* > 1 Gyaran xuitmar-
Japia aHHKJaHraH GyJajaH.

2) u —=sin2x ¢Gyaxuua u =siny, y -—=2x dQyukousIap €épaamuia
xocu1 6yaraH. By dynkumus (— oo; - o) ga auMkJaHras.

3) u=cos*x QyHKUMA U = y*, y = cosx (pyHKUHANAD €pAammuaa Xo-
cun 6yaran. Dy dyukuust (—oo: - o0) jga anHugJdaHran.

12-§. Teckapu (yHKuHs

y = [ (x) dyngums X opaiukia anugjatran 6y/mo, Y sca wy yHk-
M KHHMataapuaan ubopar rynaam Gyuachn: Y = | f(x):x€X |. Y 1yn-
Jamaan Gupop Y, COHHH oJaivmk. Yuua X Tymaamaa wmyHaai xo(x,eX)
COHH TONMWJIAMMKH, [(X,) = Yy, OVJaau. y, coHra X, COHHH MoC KVSIMH3.
Harmwkana Y rtyniaamaan osuuran Xap Gup y ra 1oKopuJa KVpcaTwiraH-
Jek Ourta x con (x € X) moc Kyimmmb, ¢ynkums xocun Oyaaau. Opar-
na Oywpait dyukums, Gepuaran y — f(x) ¢yuxuuara HucOaran meckapu
¢yrkyus 1ed6 aranaan Ba x = [ ' (y) kabu Oesruianaju.

Mucoa. y—=f(x) =2x -+ | dynkumsaun X = [0; 1] opanukaa ka-
paitmik. Papmanku, 6y dyukuus KuiiMaraapugan ubopat Tymiaam Y =

a3 e > 1
= [1; 3] 6ynam. Y=[1; 3] opamkpa Gepuaran x — -2—(y— 1) ¢yuk-
uMs Kapasaérran ¢yukuusara miacbatan Teckapd (yHkuuA Oyaamm: x =

" I
= fiy) = — (y—1).

9.3-scrarma. bus okopuna y = f(x) ¢ynkuusira umcéaTaH Tec-
Kapu Oyuran x = [ Yy) dyukuus rtymynyacu Ouian  randmwpuk. By
TecKapH YHKUMAHAHT aprymentH y 6yimb, X 3ca VHHHT  (DYHKIUACH-
aup. Jemak, teckapu ¢ynkuusnuHr rpaduriuu  sicamia  aGeumeca YKH
cubaruaa Oy yxuu, opauHata YkH cudaruia Ox YKHH OJMIT Kepak Oy-
Japd. By xoa mawaym nokynafsmkaap rtyeaupaau. Iyaunr yuyn tec-
KapH (pyHKUHAHH, MacajaH

Y=o

Kabn Oenrunair MaKcagra MyBODUKIHP.

IOxopuaaru muconza y = f(x) = 2x -+ 1 dynkumsara Teckapu dyHk-

1 o

st Y = @ (x) = T(X_ 1) 6yaanu. By dyHkmanapuunr rpaduk/iapu
79- yu3mana TacBUpPJAHraH.
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Bepuaran y == f(x) ¢ynkunaaunr rpapurura kypa 6y dyHkumsra
HucOaTaH TecKapH Y = ¢ (x) OYHKUMAHMHr TrpPadUrHHH  AHHKJAI KHIHH
sMac. y = f(x) ynxkumsa rpapuruin  OHPHHYM Ba YYMHYH KOOpAMHATA
OypuakJsiapu OuccekTpucacnra HHcOaTaH CHMMETPHK KYUYMPHII HaTHKacuia
XocHa GyJaraH yu3HK TeckapH GyHKUMAHYHr rpaduri OVaaan (80-un3sma).

13-§. Conna (3zementap) GyHKuUHsIIAp

MaremaTHk aWanu3na acocaH aHalMTHK — yeyaga  Gepuiran  pyHK-
musaap Gunan wyryananwaand. Kyimaa codda ¢ynkyuarap ne6 ara-
JayBud QynKkisinapun keartupavius. Bynaalt dynkuusaap ykyBuwra Vpra
‘Maktab MareMaTHKa KYPCHAaH MabJayM/Hp.

l. Unsukau Ba KkBaapaTuk GpyHkuuaaap. Ymoy

y=ax-+b, y=ax*+bx-+c

KYPUHHLIZATH (DYHKIMAJIAD MOC PABHILIA 4U3UKAU BA K6aOpamuxk ¢hywK-
yusaap pe6 aranaau, Oynnaa a, b ¢ — y3rapmac Xakukuii consap.

y = ax -+ b unsukan ynkuust (— oo -+ oo ) Ja auukJaHrad. By
dyukimsa a >0 aa Yeysun, a< 0 Oyirania kamaioBun ¢yHKumusi 6V.a-
JU. YHUHr rpadurd TEKHCJMKAA TYFPH YM3HKHH TacBupaaiau. [ywumr
yUyH Xaum y = ax -+ b QyHKuMaHH qusukau yskyua  1e6 atanaan.

Macanan, y = 3x + 1, y = 2—3x QyHKUMAIAD YH3MKIH  DyHKIHS-
Japaup. YaapHuur rpapmkaapu 81-a uusMana tacBHpJaHran,

y = ax® + bx + ¢ keaapatuk Qynkuma (— oco; - ) ga anukaan-

!
rad. By ¢yukuna x > — 2—'(a #0) TeurcHsIMKHH  KaHOa1JaHTHPYBYH
a

. 5 b
Hykranap tyniamuia yeysun, x < — ——(a@<0) TeHICH3IMKHH KaHOAT-
a

4

JIAHTHPYBYH HyKTanap TVnJjavuaa KamaioByn Gyvaan. KsaapaTik ¢yHK-

UMARKHT (KBAZPATHK YUXaAHHHT) rpadMru TeKHeaIHKaa napabosand Hdo-

Jananan. [TapaGonanuur xomat a KO (xpMIHEHTHHHT Xamja AMCKPUMH-

Haut d = b* — 4ac mwuur wmopadapura Gormuy 6Viaan (81-6 ynsma).
2. Napaxaaun pyuxkuusa. Yuby

y=x* (x>0)

Kypunminzarn GyHkuma dapaxaau ynkyug 1e0 atanajiu.

Japakand GyHKUHAHHHT  AHHKJAHUI COXAacH o COHra OOF/HK 6V-
aapu. Jdapaxam ynkuuauunr rpapurn o > 0 OViranga TekHCIHKHHHT
(0; 0 ) Ba (I; 1) nykranapunan yraam. 82-umamaza y — x* (yHKUMA-
HHHT rpaguru TacBHp/IaHram.

3. Kypcarknuau pyngunsn. Yoy

y=a (@>0, as)

KYpuHHWIAArH GYHKUHS Kijpcamkudau (ynkyua €6 aranani.
Kypcarknuin  pyHKuMst (—oo; + oo ) oOpamkna auuggadrad. By
pynkmus 0 < a <1 Gyarampa kamaioeyn, a > | Gyaranga  sca yeysui
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yakiust 6ynamu. Kypcatkuwin QyHKUMAHHHT rpadurd  TeKHCJIHKHHHD
X VKHAAH IOKODH TOMOHHJA JKOHJAIraH.
1 \»

y=2 y= | Gynkuusaapuudr rpaguksiapn  83-uusvaja Tac-

BHpJIaHTaH.
4. Jlorapupmuk pynkuus. Ywby

y = log,x (>0, as=1)

Kypunuinaary GyHkuMs ao0eapugpmur pyrsyus ne6 arasapu. Jlorapud-
mHK (yHKuus (0; - oo ) opamikaa aunkaadran. by dyukuma 0<a<<l
6yaranja kamaiosud, a > 1 Oyarauna sca Veypuu OVianu. Jlorapupmux
(YRKUMAHHHT rpaduri Tekucaukaa Oy VKMHHHD VHT TOMOHMJA KOMJaii-
rai. y = log,x Ba y = Iogl x ynkumasapuuar rpadukiaps  84-unamaza

2

TaCBHPJIAHTAH.

5 TpuroHoMeTpHK pynkuusgaap. Ywoy
Yy =sinx, y=cosx, y=1tgx, y=-ctgx

dyHKuHANAp mpueonoMempur pynkyusrap ped artananu.

Yy = sinx, Y = cosx (GpyHKUHAIAP (— oco; -~ oo) OpaJMKAA AHHKJAH=
rai. Y = sinx ToK (pyHkumus. Jlemak, yHMHT rpapurd KoopauHarta 60-
mwmra nucGaran cuMMeTpuk Oyaanu (85-umama). y = cosx Kydr (DyHK-
uns. Yuunr rpapurn Oy Vkura nucbaran cummerpuk 6yiamm (86-unama).

y = tg x (yHKums (— oo, - oo) HHHI X F= %—(Qk +1) k=0, =+lI,

F 2, ...) Oaran uykragap Tynaamiiaa anukaaHrad. By - QyHxuus
yuyh tg(—x) = —tgx o6Vaaam. Jlemak, y—=1tgx TtoK ¢yHKUHA.
Yuuur rpadurd 87-uM3mana TacBHUPJAHTAH.

y = clgx pynruMsa (— oo; + ) HuHr xs=kn(k=0, =1, +2,
.. .) OVaran Hykramap rtynjaMmuaa anuiaanrad. Pasuanku, Oy (GyHKUMs
yuyh ctg(—x) = —ctgx OYyaamu. J[emax, y-=ctgx dQynxkuua ToK
¢dynkuma. Younur rpadurn 88- yHaMana TACBHPJAHTAH.

6. Teckapu TpUroHoMeTPHK pyHKUKAaap. Yiuby

y —arcsinx, y = arccosx, y =arc tgx, y=arcctgx

dyHKUMAIAD mecKkapu mpueoHoMempux pyxrkyusaiap ned arananu.
y = arcsinx GbyHKuua y = sin x ¢ynkumsara mucbaran TeckapH (yHk-
unst 6Vam6, X = [ —1; 1] cermenrna anmkaanrad. y = arcsinx ¢yHk-

“ o r T 7 o
LWHMAHHHT KHiMaTaapiaan ubopar tynaam Y = l —— TJ Oyaanu. By

<

GynxumsuuHr rpadgurd 89-unsMaza TaceHpJanras.

y=arccosxy (QyHKUIMA ¢ = cosx (yHKuusra nucbataH TeckapH
¢yukuna 66, X =[—1; 1] cermentaa amMKIaHraH. Y = arccosx
(YHKUMAHHHT Kuitvaraapiian wbopar tymiam Y = [0; ] Gysamm. By
dynxumsaiunr - rpagury 90- ynsMana KeJTHPH/ITaH.

y = arcigx dyukuus y = tgx dyHkuuara HucbaraH TeckapH (yHK-
st 6yau6, X = (— oo; - 00) opammKia aHHKJaHraH. y=arctgx
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GYyHKUMAHUHT KuiAMaTJapuian ubopar 1yniam Y = ( — %; 17) 6y.Ja-

au. By dynkuwmsnmar rpagurn 91-unsvana Gepuaran.

y=arcctgx dyvakuua  y—=ctgx dynkumsira nucbataH Teckapu
¢yuxuusa 6yam0, X = (— oc; - oo ) opasmyjaa aHuKaanran. y=arc ctg x
GyHKUHAHUHT Knitvataapuian wbopar tynaav Y = (0; @) OVaamm. By
Gynxunaunnr rpagmry 92- ynavmana racBupJIalrai.

X BOB. HATYPAJl APTYMEHTJ/IH @ yYHKUHS
1-§. Connap KeTMa- KeTJHrH TylyHYacH

bus tokopiia dynkuus Tywynsacu Guaan  TanMiauk. UL, Xycy-
cHil XOJHH, SBLHH aHHKJAHMIL coXach narypan comap tyniavu N 6V.-
FHH QYHKIMSIAPHE KAPaiivMu3,

Airraitmg, [ (x) ¢yukuns X — N r¥nomaviaa Gepuaran Oyacki, Mo-
JAOMHKH, Oy (YHKIHMSNHHE aPryMEHTH Hatypal con ska, yuaa [ (x)
Jeitnur Vpuaura [ (n) 1e6 onavius.

By ¢ynkumsuwar no— 1, 2, 3,. .. gard guitvMarapuiu

F(D)=x,, @ =x5 @) =Xy ..., flR)=x,

ne6 Gearwnaitink. Harwxana [ (n) hvikivs kuiivataapujaan talukHa Ton-
ran yuoy

Ky K. By s ey = v (*)
TYnaam Xocua Gyaamm. By tymiav conaap semma- kemauew e atanam.
(*) consap KerMa- KeTMIHHH TALIKHA STraH Xy, Xy Xg ..o Xp, o ..

cousap (¥) Ker™a- KeTJIMKHUHT Xadaapu Jeinnaim x, aa (*) kerMa- ker-
JHKHHHT n-yadu éxu ymymud xadu jeimaaau. (7) conndp Kerma- KeT-
Jurnen {x,} KaGu Oesrujataiu.

Conslap KeTMa- KeT/IMK/Japiura MHCOJIAp KeJATHPAMH3.
|

1) x, = — O6yucun. By conaap kerva- ketary
n
11
lo ‘—20 3‘1 LY | ;’
Gyaanu.

2) x,=n* 6yacun. Dy conzap kerva- KeTJMIHHHHT KYPHHHIIM Kyiiu-

jaaruya Oyaanu:
l; 4,9 16; . <5 7
— e 1\ 6% - o — .
» 3) x,=(—1) "6).;1cm|. By connap kerMa- KetaHri XajaJapu OpKauaH
yiuby KypHHHIIAA €31H7a/lH:
n
=y Dy =y cvon o vs
Bupop {x.}: Xy, X3, X3 ... X, ... KeTMa-keTmK Oepuaran Gyu-

CHH. )
10.1-taspud. Aeap wyndad Gaeapmac M con masxncyd Gijacaku,
{x,} xemma- kemauknune xap 6up xadu wy condan Kamma Gjamaca,
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!
fAvhu X, <M 6yaca, 6y Kemma- Kemaux toxopudan deeaparanear 0e6
amaaaou.

Macanan, ymby

0, —1,—2,—3, ..., —n, ...

KeTMa- KeTJIMK IOKOPMJdH Yerapajiairad, UyHKH KeTMa- KeTJHKHHHT Xap
O6up xaaw 0 jad Karra 3wac.

10.2-rabpud. Aeap wyndal yseapmac m Ccorn masxwyd 6lacaxu,
{x,} Kemma- kemauxknune xap Gup xadu wy COHOaH Kuuuxk Oyamaca,
AvHU X, = m Ojaca, Oy Kemma- Kemaux Kydudax  vecapaianean  0e6
amaaadu.

Macanan, yuoy
1 1

b

1
4! 8 o soey 2"—1'

1
ks o
2

KeTMa- KeTIMK KYiHlaH Yerapajianran, uylKkH KeTMa- KeTIMKHIHT Xap Gup
Xaau 0 aan KHYMK 3Mac.

10.3-tabvpud. Aeap {x,} remya-Kkemiuxk xam Kyaudad, Xam r0Ko-
pudarn wecaparanean Giaca, Yy ecapaianean 0ed amaradu.
Macanan,

I 1
]' T R PR B '
2" 3
KeTMa- KeTJIHK yYerapajanral KeTMa- KeT THKIHP.

2-§. CoHsiap KeTMa- KeTJHKJApH yCTHAA
amaanap

Mkknra Kerma- KeTyiMK Gepiiran GYJICHH:

Xiy Xoy oo o .\'n, 2 a8 !/1. !/2. 5 Fia ¥ !/Il’

Yoy
X1 Yis X T Yoo Xg T Yan ove 0 Xz T Yy v

kerMa- etk {x,} Ba {y,} KerMa- kermk7dap durunducu Jed aranand
Ba {x, - y,| Kabu GearuiaHanu.
Yinby
Xy—lhy XUy Xg— Uy o s Xpg—lYpy -+
KeTMa- KeTiMK (x| pa |y, | uema-:x\'e'rmu\'.mp adupmacy 1eb aranagu
Ba |x,—y, | kabu GearuiaHamu.
Ymby

XUy XaYsy gy ooy Xl oo

KeTMa- KK [x,| Ba [y,| KeT™Ma- Ketimkaap Kygnadmmacu 7e6 aranamm
Ba (x,-y,| xabun Gearnianaju.
Ymoy
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X X Xy X,
2,22 0L, (9, %0, k=1,2,..)
Y1 Ya Y3 Un
KeTMa- KeTsMK (x| Ba | Y,l KerMa- KeTyMKJIap Oyaunmacu ne6 arananu

Ba {ﬂ} Kabu OesiruaHaiy.
Yn

3-§. Connap Kerma- KeTJMIHHHHI JIMMHTH

ABBan0 HyKTaHHHT aTpodu TyuryHyacH GujaH tanuiamus. Bupop a
KTa (@ — Xakukuit coH) xamaa MycOar & coHH GepuiraH OYJICHH.
10.4-tavpud. Bepurean a Hykmanu 3 uduca oseau

(@a—e, a+e)=(x:a—e<x<a-+e|

MHTEPBAJl @ HYKTaHMHT atpodu (@ HyKTauuuHHr € arpobw) Ae6 arajaim.
Hykrauuur atpodu conjap ykHaa kKecMaud Hpoianaiiim, KecMaHuHr

YeTKH HyKTaJapi 3ca Wy KecMara tersunim Oyamaiian. DBy xoamm 93-

YyH3Maja 4YEeTKH HyKTajapura cTpejkanap KViiuir OujaH H30XJaHuram.

Mucoaaap. 1. a =0 nyKrauuur e = & aTpogu KyAuaard uerep-
Bas Oynaau (94- uusma):
11 e 3 1
2. a=1 uykrauuur € =0,] arpobu ywby unrepsasngai uGopataup

(95- uusama):
0,9, 1, )=[x:09<x<1,1].

Ilynu "anoxuaa rtabKHANaiMuske, OMTTA @ HYKTAHMHI JKyjaa Kym
arpodiapu Gysaau. Macanaun, ywoy

[ 1 R I 1
— 1, ‘T‘l. a——, a+ —)|, _— 4=, .
(a by & )( 2 2) (a 3 8 3)

(a ik gl i)

n n

HHTEpBa/IapHHHT Xap OMpH a Hykrauuur atpodu Gyaam (96- uuama).
3. Yuiby (x,) :ll : }:

n

R e
II‘—,‘l

3 ( 4 4 |
KeTMa- KeTJIHKHH KapailiK. @ = | HyKTaHHHr (l = 1+ 7) = ( =,
o] ]
9 4 . )
G atpou ONMHCA, YHAA Oepu/iran KeTtMa- KeTJIMKHHHT 4-Xaau-

5
Jan Gomiab keimird Gapua Xajuapu wry arpodra Ternuwm Oyaamu (97-

9H3Ma).
4. Kyimzaaru
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| RE SR DR | A

KeTMa- KeTJHKHH KapaliMkK. a@ =5 HyKrawuur (5—2, 5+ 2)=(3, 7)
atpopH (e = 2) oaMHca, YHAA KeTMa- KeTIMKHWHr 3 T1a Xxamu (4, 5, 6-
Xanaap#) ury arpobra teruund 6yaaan (98- unama).

5. Yumby

—], l, _], ]y_]v

“ 1 1 1
KeTMa- KeTVIMKHH KApailiik. @ = | HyKTaHuHr (a ey e —2-) — (3,

3
—2-) atpojura GepuiraH KeTMa- KeTJMKHMHr Oab3n Xaadapu (kKydr HO-

MepJiM YPHHJA TypraH Xajjapi) teruuiyd, Gab3d XaadapH (TOK HOMEpJH
ypuHJa Typran XamaapH) reruunu 6VaMaian (99- uusma).

Bupop {x,|:

X], x2. .ta, ECY xn,
COHJIAp KeTMa- KeTJIMrH XamjJa a HykKta (a — Xakukuil coH) OepuiraH
6Vacun. By a nykranusr (@ —e, a -+ €) arpobunn (e > 0) osaimk.
1°. |x,] kerma- kersmkHunr Gupop Xxaauaan GomaG Kefmurd Gapua
NajIapu (Xycycad, KeTMa- KeTJIMKHHHT fapya xajanapu) (@ —e, a &)
atpodra Terni Oysmimm MyMkuH. Bynpait aos KyliMaaruua XaMm aiTH-
Jagu: wyHaail N ouarypaa con tonuaaauku, n >N 6yaran Gapya HaTy-
pan n counap yuyw x,€(a—e, a -+¢€) 6yaaam.

2% {x,] keiMa- ker/MKHUHT GHPOp Xaauzan Gouwvia® KeiuHrH Xai-
JapuHuHr Gabaunapu (@ —e, a - ¢€) atpodra Tternii, OGab3waapu 3ca
TEeruiui OYJIMacuru MYyMKHH.

3°. {x,| KeTMa- KeTJIMKHMHI YeKJIH COHJArH XajlapuruHa (a—e, a-+t-e)
atpodra ternni GVMINM €KM  KeTMa- KeTIHKHHHT OHpopra Xaid 1y
arpodra rernnm 6YIMacaUrH MYMKHH.

105-tabvpud. Aeap |(x,):

Xy, Xay Xgy o ouy Xy,
Kemma- Kemaukrune Oupop xaOudan Gowtiab Keduweu 6apia xadaapu a
HYKmanune uxmuéputd (a —e, a + €) ampopuea meauwru Gijaca, yHoa
a cou |x,| xemma- Kemauknune aumumu 0e6 amasadu éa limx, =a,

n—x

éku limx, = a, éxu x,—a Kabu Geacuranadu.
By xomna {x,} xemma-kemaux a ea unmuradu 1e6 XaM IOPHTHIAN .
Aiiraitimk, 6upop {x,} Kerva- ketmk Gepuaran GVaM0, YHHHT JIHMHTH
a 6yacun: limyx, = a. lOxopuaaru Ttanpudra kiypa, Oepwiran Kerma-
KEeT/MKHHHT OHpop Xaauaan Gouina® keitunrn Gapya Xaanapn a HyKra-
HUHT HXTHEDHIT (@ —e, a +-¢€) (2> 0) artpodura rernuum 6Yanm. Bom-

Kaya a#Tranjia, WyHAad HaTypal n, COH TOMWJIAAHKH, n >n, GyJjran
Gapua n HaTypasq COHJAp YYyH
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x,€la—e, a+e)

6yaanu. [emak,
a—e<x,<a-te (n>ny).

KelHHrH TeHrCH3IMKAAH 3ca

—eL X, —a<e (10.1)
6y keau6 unkanu. By (10.1) tenrcuammk sca ywGy
[x,—al|<e (10.2)

TEHICH3JIHKKA 3KBUMBaJeHT Oyianu (Kapasicun: 1X 606, 2-§.).
By Xoa1 Ketma- KeTVMK JIMMUTHHH KyHHZaruya tabpuduanr HMKOHHHH

Gepaju.
10.6-tawpud. Aeap uxmuépuid smycbam e >0 con oaunzanda xam
wyndald n, Hamypaa cow monuacaku, n > n, Oyrcan Gapia n Hamy-

pax CoHAap YyH
%, —a]<e

menecusauk Gaxcapuaca, a con {x,} Kemma- KemAaukHunz aumumu 0e6
amaaadu 6a toKopudazudex

lim X, =a
n-s=
xabu Oearzcuranaol.
Mucoaaap. 1. Yuby
1 1 |
L, — = .oy —
2 3 *

KeTMa- KeTyiHKHuHT Mt O ra tenr 6Vaamu. Hlynw ucGornaiivma. Mx-
P g 1 7* :
THEpHIT MycOar & conud oau0b, yHra Kypa l—] HH TOnaMu3 Ba Oyunail
- - N €
I
GearnnaiiMus: n, = [—] — 1, v Xoana n > n, 6yaran Gapya Harypasa n
£
COHJIAD Y4yH
I . 1 o 1
el =L —pf-lot gL
n n N |
£

6ysanu. Jlumur rtabpudura kypa

Gyaaau.

* [d] Gearwnaw d COHHHMHT YHIAaH Katra GysiMaran OYTyH KHCMHHH Hdoaa-
nafiqn. Macanan, [3, 5] = 3. Paswankn, [d] < d.
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2. Ymby

1, —1,1,—1, ...
KeTMa- KeTJIMK JIHMHTra 3ra 3Mac.
Bupop {a,}:ot;, @, o3, ..., @, ... COHIAD KeTMa- KeTJHrH Ge-

puaran GYVICHH.
10.7-tavpud. Aeap {x,} Kemma-rKemiuknune aumumu HorZQ
meHe, QoHU
lima, =0
n—sp

aca, y xoada {o,} uekcus Kudux muxdop OeG amaisadu. Macana,

ay

] s
¢ = — { MHK A,
X = — UEKCH3 KHYHK MHKIOD Gynau

Bupop {r,} kerma- kermk Oepuiran GyvcH.

10.1-teopewma. {x,} Kemma-kemauknune a ausumea sea Gyauuu
YUYH %, = X, — @ YeKCU3 KUMUK MUKOCD Gauuu zapyp 6a emapau.

By rteopemanuir McOOTH I0KOPHAA KeJTHPHJIral KeTMa- KeTJMK JHMHTH
XaMJla YEKCH3 KHYHK MHKJAOD TABPH(IAPHIAH Keand uMKajM.

Jdewak, {x,} KeTMa- KETIHKHHHT JHMHTH a O6Y.ca, VHHHT yMyMHi
Najn X, HM X, = @ - o, KYpHHHWAA €3uu MymkuH, OyHua o, UeKcHs
KHYMK MHKJA0P. Akcuiua, {X,} KeTMa- KeTJHKHUHT yMymuil Xaam x, ¥3-
rapMac @ COHH OWJAH HeKCH3 KHUMK MMEAOPHMHT fHrHujucHian uGopar,
A'bHN

X, =@+ &
6Vaca, v Xoaja @ con {x,} KeTMa- KETIHKHHHT JHMHTH OYaauH.

1 2 3 n .
Mucoa. Ymby —, A g e v KT KeTJHKHH Kapak-
< . n-

, o n o .-
JMK. YHMHT yMyMmuii Xaam x, — — i Kyiinzariua & MyMKiH:
n-r

X, = == =] ——

n

PaBinanky, o, —
a n-+

KeTJUKHAHT JHMHTH | ra Tenr:

YeKCH3 KHYMK Muidop. [lemak, Gepu.iran keTtMa-

lim —’l = 1.

Nesy N—

4-§. YexkcH3 KHYHK XamJa HeKCH3 KatTa MHKAopJaap
opacHaaru GorJianuL

ABBa/IO YEKCH3 KHUMK MHKJODPJApP NAKHId HKKHTA JieMMa KeJ1Hpa-
MH3.

10.1-nemMma. Hrku uekcus Kuvurk mMukdop GuruHOUCU AHQ HEKCU3
Kuiux mukdop Oyaadu.
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Hc6or. {a,) Ba {B,} vekcns kuumk mugnopaap Gyucuu: limea,=0,
limp, = 0. Tavpudura xypa, ¥ e>0 ommHranza Xxam e/2 ra kypa
HmIyHAAa" n, HAaTypaJ COH TONMHJAAMKH, n >n, Gyaran Gapya HaTypat
n Jap y4yH

€
| x, | < 2
6yaaau. Hlyuunruex,
14
[Ba1 <3
6ynaau. Hatwkana ywby TeHrcusiMKka sra OyJamus:
o+ Bol <l + (Bl <=+ 5 =
By sca

lim (z, 4+ p,} =0
6yammmny 6unmpann. Jlemak. {z, + B} — uekcus kuunk Mukaop. Jlem-

Ma ucor 6V./au.
Y6y Jemma Xam XyAaH lryHra yXuwamr HcGoraaHaju.
10.2-nemma. Yeeaparanean kemma- kemauk OUIGH HOKCU3  KUYUK
MUKOOp Kgnatimmacu 4ekcus Kudux muxdop Gaadu.
Bupop {x,}:

KivKas Bagy e ow Kpp v

KeTMa- KeT/IMK Oepuiirad GYJicHH.

10.8-tabvpud. Aeap xap xaundad mycoam M con oauneanda xam
wyndall wamypaa n, CoHuw monuacaku, n >n, Oyrean Gapta Hamy-
paz noaap yuyu

|x, | >M
menecusauk jpunau byaca, {x,} excuz kamma muxdop 0eb6 amairadu.
Macanan, {x,} = {n}:
1, 2,3 ...,n, ...

KEeTMa- KeTVIHK YeKCH3 KarTa MHKA0p Oy.Jamu.
YekcH3 Karta MHKJOPHHHT JIHMHTH YekcH3 Je6 OJHHAAW Ba KyHuja-
raya Gearunananu: limx, = oo.

OHAM YEKCH3 KHYMK XaMJla YeKCH3 KaTTa MHKAopJap opacuiard Gor-
JAHHULTHK KeJTHPAMH3.
Aeap {x,} (x,#0, n=1,2,...) uexcus Kuuurx muxdop Oyaca,

{L} weKcus Kamma muxoop Gyaadu.
Xn

Aeap {x,} wexcus kamma mukdop Oyaca, {l} YeKCU3 KUYUK MUK-
Xn
dop Gijaadu.
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5-§. SIKHHJAWYBYH KETMA- KETJIHKJAPHHHT
Xoccasaph

Bupop {x,} kerma- kemvmk Gepwiran GyJCHH.

10.9-ravpud. Aeap {x,} kemma- kemaux wexau aumumea sea Gja-
ca, y xoada {x,} fKuniauyeuw Kemma-Kemaux 0Oe6 amaiadu. Aeap
Kemma- KeMAUKHUHS AUMUMU Yekaw Gjamaca E€xu Kemma- Kemauxk Au-
mumea sea Gijamaca, YHU Y30KAQUYBHL Kemma- Kemaux 0ed amairadd.

Macaunan,

2 3 n
?a Tr e vvy
KeTMa- KeTJIMK SKHHJAIYBYH KeTMa- KeTviMk OV.Jiaju,
lq ~]g l, —'1. a Ay
Iy 25080 i
KeTMa- KeTJIHKJAp 3ca Y30KJalIyBUH KeTMa- KeTjukJap GVaanu.

AN AKHHJIALIYBYH KETMa-KeTJHKJIAPHHHT KATOP XOCCaJlapHHH KeJTH-
pavu3. Bynjait xoccanapuuur mcGOTH KeTMA- KeTVIHKHMHT JIMMHTH TabpH-
(ura xamaa 1OKOpHaa KeJTHPHJraH JemMalap Ba Teopemara (KapaJcHH:
4, 5-§ nap) acocaanaan. lyun suTHGopra o/mo, Gy XoccantapHHHT Gab3u-

JIAPHHH HCOOTIaiMH3,
1°. Aeap {x,} kemma-xemaux arunrauyeu Gjaca, Yy Heeaparanean

Ojradu.
2°. Aeap {x,} xemma-Kemaux aKuxsawyequ Gyaca, YHure aumumu

seona Oyaaou.
Aiitaiimk, ukkuta {x,} Ba {y,} KerMa- keTsMKJap Gepuiran GYJiCHH.

3°. Aeap (x,} ea {y,} remma-Kemaukiaprure xap Oupu AKUHAG-
wyeau 6ryaub,

1
2’ n--1""""

=y, =123, ..)
6yaca, y xoada
limx, = limy,

6yradu.
4°. Aeap {x,} 6a {y,} kemua-kemauxiap axuniauyeuu Gijaub,

x.<y (=123, ...))
6yaca, Yy xoarda
limx, <limy,

6ijradu.
5°. Aeap {x,} ea {y,} remma-rkemauxkaap aKunrawysuu Oijaca,
Y xon0a {x -t Y} Kemma-Kemauxk xam Axunaauiyedu 6jaub,

lim (x,+y,) =limx, +limy,
Oyaadu.
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]

5%-xoccanunr wc6oru. {x,} Ba [y,} KeTMa-KeTMKNAp sKHH-
JauryBuu 6Y.m6,
limx, =a, limy,=»b
6Vacuu, Y xoaga 10.1- reopemara kypa
X, =@ £3 Ly Y= b+ Bn
6yamb, o, Ba fi, yekcHs kKuyuk muknopaap Oyaamu. By Ttenrsmxaappan
TOMAMH3:
ot yg=ato,+04+p =@ @, + b))
Yekcns kuuik Muk1opaap Xauaark 10.1-emvara acocan o, + B,
XaM YeKcu3 KHMUMK MiiJ0p Oyiamm. Nuu y, opKaam Gearuiailyiuk:
“l‘u o CZn, -;_ ﬁn'
Harikana
Xy T Yp=@=0) v,
6ysanu. $na 10.1- Teopemanan oiigananud, |x, +y,] KeT™a- KeTJIHK
JumuTra sra Oyauum Ba y @ --b ra TeHr OV/MIUMHH TONAMH3:
lim (x, +y,) =a-+b=limx,+ limy,.
5°- xocca HeboT GV.1MH.
6°. Adeap |x,} e6a {y,} Kemma-Kemauxiap aKumsauiyewu Ogaca,
y xo0a0a {x,—y,} Kemma-KeMAUK Xas AKUHA@uYyedu 6§aub,
lim (x,—y,) =limx,—limy,
6yjradu.
7°. Aeap {x} ea {y,} Kemma- kemaukiap aKunrauyeuu bijaca, y xon-
da {x,-y,} Kemma- Kemauk xasm aKuriauysiu Ojaud,
lim (x,-y,) = limx, -limy,
6ijaadu.
8. Aeap {x,} 6a {y,} renmima-kemauksap agunsauiyseu 6a limy,
s 0 6yaca, y xoada ‘Lﬂ} (¥, #0, n=1,2, ...) Kemma- Kemaux xam
Y

n
AKunaauyeqn Gjaud,

oo Xn limy
lim Tima, (limy, + 0)

Yn
61jaadu.
Mucoaaap.
2n2 1
2n2 - n_’:_nl “r
. U wll £ . - .
) lim —/—% = |im —/—— =lim ————— =
N—se N+ n—+ 1 n-syp SN2 n 1 Iiveo I |
ik L = 34— —
n* n® n® n n?



lim (2—{—-::) lim2-4 lim L

% n-»x n—x Ny N __2_
i T , 1 -
lim (3-:-—+ 7) Hin 8 i =4 fims
n— n n= Nz N> N n-ss n®
. -1 . n - .
9) lim X" — lim __(' L ”_ = lim _T'_ —0;
- n— | n—x (; n—1)G ntl) now gy oa—Il
Va Ve
; Vo Vne . ¥V ¥V
S lint e =, T e = 8,

N+ l’:*‘ '/TVIT; N—suc 1 X ,/;r

yar Vi

6-§. MOHOTCH KeTMa- KeTIMK JHMHTHHHHI MaBXYJLJHIH
XaKHaa Teopemagap

KeT™a- KEeT/IHK JMMHTHHIHT MaBKyATHCH  XaKMIard Macaja  MyXHM
macazanapian O6upu. Dy macanaum Xan guimb OepyBuH TeopeMajiap MaB-
AyA. BHPOK yaap MatemMaTHK ananu3iinr HO3HK (axriapura acocs1ann 6
HcboT. IdHa .

Bus Kyiinaa JHMHTHHHE MABKYATHIH XAKIAArH TeopeMasapi Hc6or-
cH3 KeaTHpuir Guian Kudosaanamus.

10.2-teopema. Aezap {x,} xemma- kemauk tjeysiu 6jaud, 1oKopu-
dan weeaparaean Oraca, Kemma- KemAauk 4exau aumumea 3ea (AvHU
sKuHAQULYGY) Ojaaou.

10.3-Tteopema. Aeap {x,} Kemma- Kemaux Kamarosdu 64aub, Kydu-

dan 4eeaparanean Gijaca, Kemma- Kemaux dexkaw aumumea sea (ABHU
sKuHAauys4u) Oiaaou.

Oparga 10KOpHAa KeJTHPH/Irall TeopeMaslapii MOHOMOH Kemma- Kem-
AUKHUHE aumumu xakudaeu meopemarap jed oputniau. By reopema-
napian Qoiinasanud, 6aban GUP KeTMa- KeT/IMK/JIAPHUHT JuMdTra sra GY-
JHIIMHY KYPCaTaMH3.

7-§. e conn
Yiby ketMa- KeT/HKHH Kapai/nk:

(A (45 02

YHHHE yMyMuit Xaau
| \n
.\n = (l + ;)

Gyaamn. Makcan ury {x,} KeTMa- KeTJHKHHHT YEKJIM JHMMTra sra Oyim-

umnd Kypeatuuiiad ubopar. By ketMa- Ketauk OusaH Oupra KyHuaard
KeTMa- KETJIMKHY XaM KapaiimMHs:
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(4 (o O (2

YHHHD yMyMRI XaJu
_ (l +_|)n+1
n

Gynaau. By KkeTva- KeTIMKHHHT Y,, Y,., XaLJapui Kyiujaardya @su6

OJIaAMH 3!
1\at1 1 \n+1 1 n
=(14+= j et (1+— et
Yn ( o n) ( n) n) n+1
n+2  n [n-+ 1\n+2 n
| ) = ) . :
( T n+l \ n n--1
\n+-2 n-t1-+- 1\n42 n-- 2\n42
Ynt1 = ( + 1) _( n-+1 ) “(Il'f‘l) '
( ) n-- 1\ n42
-1 n n
Y xomma —n — L =, T
P Ynp (x—2n+- n—+ 2 n--1
n»}-l) n-1
=((n+ 1) (n I-I))"-I-'-’ n __((rz-{—l)?‘"'*'? noo
n(n--2) n ;L~l— n(n+2)) n+1
_( nn+2)4n4-12—n(n-42) )HH noo_
n(n--2) n-1
24-2n+ 1—n2—2n\n+2 1 n+2 n
| 42T ) . :(1 ) .
( + n(n--2) n-1 +n (n42) n-+1

6ynanu. Jemak,

Yn (1 3 1 )rwz n
Yni . n(nt+2 n-k 1

Bepnyann tenrcusauruian® oiinananué Tonamms:

(l + —’—)"+2> f @t sl

n(n-+2) n{n--2) n

Harmwxkana

+2 -1
ﬂ-=(l+ 1 ‘)n : n >(]+_l_)‘ B gl I’l e}
Ynt1 n(n-4-2) n--1 n)n+1 n n-1

G6ynapu. By Tenrcuammkaan sca
Y2 Ynsi (R=1; 2 s «)

S 1 \n+1
Gy keml unkaau. Jlemak, Yy, = (1 —I——) KeTMa- KeT/IHK KaMa-
n

I0OBYH Ke€TMa- KeTJ/IHK 3KdH.

* (14a)® > | 4 n-o Tenrcuaauk BepHyaauw mcHecusaueu nel atanaz.
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PaBmwanku, Gapya n jap (n=1, 2, ...) yuyH
1 n+l
gy={14=] >0
By sca {y,} KeTMa- KeTVMKHHMHr Ky#HJaH uverapaJaHraHIMrHHH Ouiau-
H.
g 1 n+t1
Mynpait kuwo, {y,} = {(H— -) } KETMa- KeTVIMK KaMaloBYH Ba
n )
Kyfuaan yerapaianrad. !Oxkopuaarn 10.3-teopemara kypa Oy kerma-
n
KeTJMK 4eKJau Jumurtra sra. Y xoaga {x,} ={(l+ l—) }Kema- KeT-
n
JHK XaM YeKJIM JuMuTra sra Oysaaau. XakHkataH XaM,
1 \n+l! 1\n | 1Y !
— — - l —_— . l—:—.— =X -
In (1+n) (+n) ‘ 'n) n (l+n)

6ym0, yHIaH 3ca

Oyauum Keanb uukanau. KeinHrd TeHrMKAaH TONaMus:
s . ‘ 7 . v n
lim x_ = lim ( 7 —] =lim y - lim — =
n \J" 1+ n, Yn 14+ n

=lim y,-1 =1lim y,.

Mopovuku, {y,} KeT™a- KeTIMK 4YeKJM JuMuTra sra skad, yHpa {x,}

KeTMa- KETJIMK XaM UeKJH JHMHTra 3ra Gy.Jaju.
10.10-Tabpud. Yoy

=12

Kemma- KemAUKHUHe aumMumu e coru 0e6 amaradu.
Jlemak,
. : , 1\n
lim (l =g,
N \ n)
€ COHH HppauMoHas coH. YuuHr Kuiimard Ttakpuban 2,71 ra TteHr
(ex~2,71828] ...) Acocu e OGVaran Jorapubm Hamypanr aozapupm
neb arananu.

XI BOB. ®YHKUHS JIMMUTH
1-§. PyHKUHS JTHMHTH TyWyHYacH

ABBanio Xakukit coniap TVnaamg X HMHr (OPaTMKHHHI) JIHMHT
HYKTACH TylIyHYacH GH/IaH TaHHLIAMH3.

Bupop X Xakukuit connap tyniamu (opanuk) Xamaa @ Hykra (@ —
XaKHKHI cou) GepuJran OVVICHH.

11. I-raspud. Aeap a Hygmanuxe uxmuépuid (a—e; a +¢)
(e >0) ampopuda X mgnaramnune 4ekcud Kyn Hykmasrapu Ofaca, a

91



nyxma X myniamnune aumum nyxkmacu (KyroKianuw HyKkmacu) deb
amasadu.

Mucoaanap. 1. X =[0; 1] Ttynaamuusr Xap OHp HyKTacu 11y
TYIVIAMHHHT JIHMHT HyKTacH GYyJaju.

2. X =(0; 1) t¥naaMuunr xap OHp HyKTacH w1y TYIJIAMHHHT JH-
MHT HyKTacH Oyaaau Ba siHa x =0, x = | nygrazap xam X = (0; 1)
TYMJIAMHHHT JHMHT HyKTaJapxH GyJauu.

3. X={1, 2, 3, ...} Tynaam JUMHT HyKTara 3ra 3Mac.

X Oupop cousap TymiaMH 6YamG, a 3ca 1y TVIJIAMHHHE JTHMHT
HyKtacH OyacuH. ¥ xoaga X TynjaaM HyKTaJapuldaH @ ra HHIHIYRUM
{x,} xeT™a- KeTJMK XOCW.T KuaHuI MyMKMH. Dynjaii kerva- KeTsmk.iap
Kyza kyn Gyaanm.

Macanan, X = [0; 1] Gyacun, Pasmankn, a = 0 nykra my tyniaM-
HHHr JUMHT HyKrachamp. X =[0; 1] Tynaam HyKrajsapuiad TallKuI
TONraH KyHHAarH KeTMa- KeTIHKJapHHHr Xap Oupunnur Juvutd a = 0
6V1au:

| 1 1 I . l
X, =—: o o v ma v = 2 0 lim — =0,
n 2 3 n n
| | 1 | i 1
= — I, — — ..., = ... lim — =0,
Yn n? 4 g9 nt ne
zn~—l:: l,—l—_,—l:, .—l_—...,: lim-—l—_r(),
Vn y2 )3 } n n
1 1 | 1 . ]
u, = : - =, i—....,——,...: lim — =0.
n-+2 3 45 n- 2 n-2

Airaiik 1wy X rynaamaa f(x) Qynkuus amikaanran GVacHH. @
Hykta X TtVnaamuuHr JMMuT  Hykrach OVaranaurn yuyn X ringam
HyKTaJlapujJa TallKW TONTaH 1y HAal

{x.}): Ko gy gy  wos (e B X n=1,12 s » <)
{y,}: Y Yis s w05 Gy s (y,€X, n=1,2 ...)
n

{z,}: Zis By con s s # e . €X,n=1,.2, ...)

KeTMa- KeTJIHKJ1ap OOPKH, VJApHHHT Xap OHPHHHHT JIHIMHTH XYM 11y
a ra TeHr 6Vsauu:

lim x,=a, limy, =a, limz —a, ..

f(x) GynKuMAHMHLT X =X, X =Y, X—=2,, ...

n* - n

(n=1, 2, 3, ...) HyKraazapaarn KuiiMatiapn yiuby KeTMma- KeTJHKJap-
HH XOCHJI KHJaJH:

{f(x,)}: ) 160 e v FEEK = «s

) ) T voe s FO) <o

{f)) [ f@) ..., f(2), ...



Oparna {f(x,)} xerma-ketmk {x,} KeTMa- KETJMKKa MOC (pyHKUHS
Kuﬁmamapunaﬂ HOOpaT KeTMa- KeT.IHK Je6 artajaju.

Macanan, X =[0; 1] Tynnaxvma y= [ (x) = x*41 QyHKuMSAHH Kapaii-
k. @ =0 nykra wy X TYynJamMHMHr JuMHT HyKtacH. IOxopuaarn a=
= (0 ra MHTHJIYBYH

{xn}:{%}- {yn}:{"} ke }_ll } t }d{n% 2}

KeTMa- KeTaHkaapra Moc f(x) = x* 4- 1 ¢yHkuus KufiMaTJapuaad Tau-
KHJ TOMraH KeTMa- KeTJHKJap KVyiiuaarnya Oyaaiu:

{f(x,,)};{r:—z—l—ll: 141, —+1, :_-_*_1' ’_'2_{_1’

{f(.t/,,)}r——{—'+l} 141, %4—1,3—'4-;-1. L,
{f(z)}~{ ] R RN A
1l [ 1 E

{f (u )}—{ i el Al o i,

[1.2-taspud. Aeap X mynarasmnune Hysmarapudan mysurean,
a ea uxmuayewu xap Kauoad {X,} Kemma- Kemauk 0AuHeanO@ Xam MOC
{f (x,)} xemma-kemaux xap Ooum seona b ea unmuaca, wy b con
f(x) ¢pyrryuanune a rykmadaeu (éxu x —a daew) aumumu deb ama-
aadu 6a YHU
lim [f(x)=
X—a
Kabu Gereuranaou.
Mucoamap. 1. f(x) =C —const ¢yukuus Xxap AOMM JHMHTra
sra 6YJu0,
lim f(x) =1im C =C

X-»a X-—»a

oynamu. Dy dynkuug JuMuTH Tabpuduan GeBocHTa Kemmd YHKaAH.

2. f(x) =x* 4+ x-+ 1 dynkumsun X == [— |: || opanukaa Kapaiiuk.
Dy ¢yukuusuanr x— 0 Jard JHMHTHHH TONAMM3.

X = [—1; 1} r¥naam nykranapunan 0 ra muTHayBud HXTHépHit {x,}
Ke1Ma- KeTJMK oJaiimk: x, — 0. DBepwiran (QyHKuMsHEHr X = X, JAard
KuilMaTyiapuan MbopaT KeTMa- KeTJIHK

{f )} =0 +x,+ 1}
Oynamu. x, —0 na f(x,) HHHT JHMHTHHH TONAMH3:

hmf(\)-llm(x x—y—l)—llmx+hmx+hml—l

Xn —0 Xpn —0 -0 xp —0
Jemak,

lin[} fx) = lin; @P4+x+1D=1



oL tx) = |§__11| (x5~ 1) ¢dyskuust x — 1 na JMmMuTra Sramu?

By ¢yukumsnn x— 1 aa aumutra sramm €kM HYKJIMCHHH aHMKJaln
yuyd | ra uuTHIagMrad yumby MKKHTA KeTMa- KETVIMKHH OJIaMH3:

wy={1+-) a={1—21
Byuna
lim x, = lim (l +%) =,

n-s g

lim y, = lim (l—i) = 1.

n—»x
Bepunran ¢ynkuManunr  KuiiMataapugan  n6opaT  KeTMa- KETJHKJIAp
Kyliuaarnya

[E=a
el !

lim f(x,)=lim 1 =1,
lim f(y,) = lim (—1)=—1.

6ysm6, Gynia

IMMynpait kuaud, | ra wntwaaauran wkknra {x,} sa {y,} kerma-

KeTJIHK OJMHranja Oepuirad QyHKUMAHMHP KHiiMatiapuiad udopar ker-
Ma- KeTJIHKJAp OMTTa COHra HHTHIMaiAM (VJAPHHHT JIMMHTJIApPH MOC pa-

puaa | Ba— 1 ra tenr). [lemak [ (x) —=

£l gynkuusg x— 1 ga
Jx—1] 77
JIIMHTIA 3Ta 3Mac.
DyYHKUHA JHUMHTHHH KyHHJardya XaM rabprpuans MyMKHH.
11.3-tabvpud. Aeap xap xandai mycbam & COH OAUHEAHOQ XaM
wyndat 6> 0 con monuacaxu, x yaeapystunune |x—a|<< O mene-
CUBAUKHU KaHoamaanmupysuu Gapia Kutdmamaapuda

f—obl<e
menacusauk Gascapuaca, b con f(x) yuxyuanune a Hyxmadaeu (x—a
Oazu) aumumu 0e6 amaradu 8a 1wKopudacudex,
lim f(x)=0b

X—a
Kabu Geacuranadu.
x—>oc0 Aa QYHKINHA JUMHTH. [(x) PyHKuua (— o) + o) aa
aHuKJIanrad OyJICHH.
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11.4-tabvpud. Aeap e >0 con varuneanda xam wynoai &> 0
coH monuacaku, |x|>08 menecusruknu Karnoamaanmupysuu Gapua x
aapoa

lF)—b|<e
menecusaur Gaxcapuaca, y xorda b con [(x) yHkyuaruHz x— oo
Jazu aumumu Oeturadu 6a

lim f(x)=05

X2
kabu é3uradu.

bup romMounau aumuraap. f(x) cdyskuua (@ ¢) ma aHMKJIaH-
ran OVJICHH.

11.5-rabpud. Aeap v € >0 oauneanda xam wyndad 6 >0 con
monuacaku, x Hune a < x < a--0 MeHecusAUKHU KaHOamAaQHmupys4u
bapia Kutimamaapuoa

|7 —b[<e

6gaca, y xor0a b con [(x) yukyuanure x=a Oaew GH2e AuMUMU
deduradu 6a
lim f(x)=0 éku lim f(x)=0b

x—a--0 X—»
x>-a

Kabu Oeaeuranadu.

I11.6-taspud. Aeap e >0 con oauneanda xam wyndai & >0
COH monuacaku, x HuHe ¢— 6 < x < € MmeHeCU3AUKHU KanoamaaHmu-
pyeuu Oapia Kutimamaapuda

[f)—0b|<e
byaca, y xoada b con f[(x) Qyukyuanune x-=c daeu 4an AUMUMU
Oetiunadu ea
lim f(x) =b éku lim f(x) =0

x—sc—0) Xt
x<e

Kabu Geacuranaou.
DyHKIMAHMAT YHC Ba Yan JuMHTJIapHra YHUHT Oup MOMOHAU Au-
Mumaapu JeHHIaLN.

2-§. Jlumutra sra 6yaran (GyHKUMSIAPHHHT XocCcaJapH

bBu3 1oxopuaa (QyHKIMA JHMHTHHH COHJaD KeTMd- KeTVIMPHHHHT JIHMH-
TH OpKa/H Tabpudiaauk. Jlumurra sra 6yiraH KeTMa- KeTVIMKJap (SKHH-
JIALYBYH KeTMa- KeTVIMKJap) MablyM Xoccalapra 3ra 314 (KapaJicHH,
X 600, 6-§). Lynra yxwawm Xoccasap Jmmuarra sra Oyirad (yHKLusA-
Jiap yuyH XaMm VpHHIH OyJaau. YJIapHu KeJTHpHuI OWjaH Kudos/aHa-
MH3.

Bupop X tyniam Gepuiran 6ysmd, @ HyKTa Y TYMJIAMHHHT JIHMHT
HyKTtacH Oysicud. By tynuamaa f(x) dyskina anukiaadrad GYJICHH.

1°. Arap x—a na f(x) dyHkuns yekanm Jumutra sra Gy.ca:

lim f(x) = b,
X—a
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y Xoaga x V3rapyBUMHHHr @ HYKTAHHHP e€Tapii KHYHK artpojuia
| (x) ¢pynxuma werapasianran Gyaanu.

2°. Arap x—a Ja [(x) ¢pynkuus uexau Jumutra sra-Gvica, y siro-
Ha ﬁynann

X tynaamaa f(x) ¢ynkuus Ganaw Oupra g(x) (ynkuus xam aHuk-
JiaHraH GVJICHH.

3°. Arap x—a na f(x) Ba g(x) Qynkuuazap €ekJaH JMMHTra sra
6yaca, y xoana f(x) + g(x) GyHKUMSA XaM YEKIH JUMHTra 3ra Ba

lm [f(x) :=g(x)] = hm J(x) + hm g(x)
6ysan.
4°. Arap x—a aa f(x) Ba g(x) dyukuusiap uekaw JHMHTra sra
GyJca, y xoaaa f(x) - g(x) pyskuus Xam yexan Juvurra sra GVauo,
lim [f(x) - g()] = lim [(x) - lim g(x)
X-=a X—a X
6ynamu.
5°. Arap x—a :m [(x) Ba g(x) dyukuusgmap uyexk.IM JIuMHTTa Ira

r
Gyaca, y xouaa — (g(\)s&O) GYHKIMSA XaM yekJ  JusuTra sra 6y-
g(x

JH0,
¢ lim [ (x)
lim £ — 22 (lim g(x)=£0)
X ’(\) lim g(x) r—a
X—a
Gynanu.

IOgopuaarn 4°- xoccajan Kvimaarn nativka ke dinia .

11.1-natuxa. Aeap x —a da [(x) ynryus vekaw aumumaa ea
6yaca, y x020a k- [(x) ¢pynxyua (k — const) yau ausumea sea 0y-
aub,

lim [k ()] = k- lim f(x)

Gyaanm.
¢ D — 3yv2 Ly c (248 — 3 -
Mucoaaap. 1. lim =——=— "= S [y S = Seballl,
X0 7x X0 Tx
: 1 >
= lim — (2 ~—3\+])——(hm x> —1lim 3\+11m )=
x—»0 7 x—0
1 . . 1
=—Qhmﬂ—ﬂhmx+nwi00—&0+n=—.
7 x=0 x—0 7 7
i EE A = i, P
2. lim Vi+-x—1 = Ti (b 1-+-x—1)( i l)
x50 X x—0 Xy l‘j‘ x--1)
T x)2— ]2 I A
T R F et Y S 1. ol N B
x-0 x(y I—L,\—Ll) x-0 X(y 1-Fx+ 1) x—-s0 } ]-Lt'—rl
lim 1
. x=0 |

1
llm(y TFxtl) 1+1 2



3-§. Axoin6 JuMATIAD
1. Yuby
fim sin x 1
x-0 X
myHocabar ypuuauaup. Llynn ncGotiaiivms.
AsBazio x VyarapyByununr 0 < x < Tn TEHTCH3/MKJAPHH  KaHoaTJiaH-

TUPYBYH KHiiMaTJapHa
sin x< x<1ig x (11.1)

TEHTCH3JIHK/IADHHHT GaKaph/IHIIHEKE KYpcaTaMus.
Bynunr yuyn tekucamkaa mapkasu (0, 0) nykraza, pamuycH R ra
TeHr GyJaran joupanu onamu3 (kapajicun: 100-uyusama). By umamapan xy-

putagukn, A AOB uuur 103u S,-————; R* sin x, AOB CeKTOpHMHT 1031
S, = l) R*x, AAOC uunr 1w3n S; = l) R* tg x 6ysnamu. PaBmank,
$, <8< S

Jlemak,

% R* sin x<_—]) R2X<_—; R? tg x.

1 o
By TeHrcuaIMKJIapHnHr XamMMa TOMOHJApHHH T R* ra 6yam6 Tona-
MH3:
sin x<x<tg x.
o T o
X Y3rapyBYHHHHT 0<x<7> Oyanmunn - 3pTHGopra  oamb, (11.1)
TeHTCH3/MKJIAPDHHHT XaMMa TOMOHMHM sSin x ra Oynamu3. Hatwxkana

X 1

<

sin x cos x

Gynaan. YuH, aBBasio

sin x
1> > cos x
X
KYpHHHLIAA, CYHT
sin x
0<1—=- <l —cos x
X

Kypuunija €3u6 onamus. Arap
] —cos x =2 sin?'—;<2 sin %’<2-§=x
MmyHocaGaTiu sBTHOOpra OJcaK, yHza

7—2678 97



sin x
<l—<<Kx
X
TEHICH3/THKJApra KeJamu3. Pasurank, Oy TeHrcH3JIHKIaH

smx ll<|x|

6y/mum kel YHKaJH.
% € >0 counn o/mb, yHra kypa 6 >0 conud (yHM OJIMHraH & Ba

%co&mapnaﬂ KHYMK KWimG) osmmca, y xompa |x—O0[=|x|<d 6Va-
ranja
sm X

—1|<Ixi<e
6ynamu. By sca

6y mMIMHE GW/IHpajH.
2. bus 10-606, 7-§ na warypaa aprymentau vy f(n) = (H— )

GYHKUHS 11— oo Jia JHUMHTrA 5ra SKAHHHH KypcaTauk Ba Oy JIHMHTHH
e neb artajuk:

llm f(n) = lim (l + -:T)n =e.

R
Kypcaruin MyMKHHKH, HXTHEPHIT aprymentan ywiby f(x) = (1 + }-)x
GyHKIWS XaM x— oo Ja (x—0 na) qumurra sra 6yaagu Ba Oy JUMHT

Xam XyAzu e ra TeHr Oyaamm: 1

lim 1+ ) (hm (1 +x);=e).

X% | x—0
sin ax sin-ax
sin ax ax o a ax
Muconaap. 1. Iim = lim ——— = lim —. - =
x—0 Sin bx  x.0 sin bx b x—0 b sin bx
. bx s
bx bx
. sinax
lim
=8 x»0 0 __a 1 _a
b .. sinbx b 1 b’
lim
x=0 bx
1 (1.
2. lim (£+_) sl (1+"+'—1) =lim (14 ' *“) =
Xxa® \X— X—® x—1 x—® x—1
x—!
=hm(l+—-)=lnm[(l+—l—)“ ( K.
X% X — x5 X— x—1
2



- [(H'xll)z '(Hxll) '(l+xi )=

2 2
2= £l
= flte )" ol vyl BTl
2 2

4-§. YexkcH3 KHYHK Ba ueKcH3 Karta (yHKUHsaap.
DyHKUMANAPHH COHLUTHPHLI

Bupop xakuxuit consap tyniaamu X OGepuaran 6yamb, a nykra X
TYNJAMHHHT JHMHT HyKTacH Oyacun. By rtynaamuaa «(x) Ba B(x) dyHk-
LHAJap anukJaauran GyJ/cHH.

11.7-tavpud. Aeap x—a da o.(x) pyHKYUIHUHEe auMuUMU HOA2G
mene Oyaca:

lim a(v) =0,
X—-»a
y x020a o (x) hyHkyus x—a 0a wexcus Kuduk ynxyus Oeb amaradd.
Macanan, o(x) = sin x, «(x) = x* pynkunsaapuuar Xap 6upu x—-0
Jla 4yeKkcH3 Knuuk (ynxkuusiaap 6yaand.

11.8-raspud. Aeap x—a oa p(x) Pyrukyuanune sumumu 4ex-
cu3 Ogaca:

lim ﬁ(x) = ™

y xonrda P(x) ¢pynkyus x—a Oa wexcuz Kamma ¢ynKkyus e6 ama-
aa0u.

1 >
Macanan, B (x)= — ¢ynkung x— 0 fga uyexcus xarra QpyHkuus G6y-
X

Jaju.
UekcHa KHUMK Ba YeKcH3 KarTa (yHKinMsiap opackfa OCorJaHuLl
60p.

1°. Arap o (x) (2 (x)==0) ¢ynkunsa yexcu3 knynk Gyica, L(—) yex-
a(x
cv3 Karra GyHkuns 6yaaam.

o |
2°. Arap P (x) ¢ynkums yekcu3 karra GyJca, —— UEKCH3 KHYHK

P (x)
bynkuus 6yaaau.
f(x) Ba g(x) pynkunusimap X tynsamaa Gepuaran Gyimb, a HyKra
X TYNJGMHUHT JUMHT HyKTac GVJcuH.
11.9-ravpud. Aeap [(x) 6a g(x) pyukyusrap yeyn wyndar
yaeapmac C(C >0) con monuacaxu, a Hykmanuxe ampogudacu Gap4a
X aap Y4y
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menacusaux Gasxcapuarca, y xorda x —a da f(x) ¢pynkyus g(x) Pynx-
yusea nucbamarn weeapararear 0e6 amaradu ea

f(x) = 0(g(x)
Kabu Gercuranadu.
Macanan, x— 0 na x*= 0(x) 6yranm.
11.10-taspud. Acap [(x) 6a g(x) wekcus xuwux yuxyussap

YUy
Fx) = a(x)-g(x)
6yaub, 6ynda lim o (x) =0 6jaca, y xor0a x—a da [(x) ¢Pynxyus
x—a

g (x) pynkyusza Hucbamar rKopu mapmubau HeKcus Kuquxk pyHKyus
deb6 amaradu 6a
f(x) =0(g(x)

Kabu Geaeuranaoll.
Macanan, x— 0 ga 1 —cos x = o(x) 6ymagu.

XII BOB. ®YHKUUAHUHT Y3JYKCH3/THIH

1-§. Pynkuus y3aykcusaurd Tabpudaapu

DyHKIMAHHAT Y3IYKCHIUTH TYLIYHYAcH (YHKIMA JHMHTH TYLIyH-
YACH OPKA/IM KHPHTHJIAJA.

f(x) dynkuua Gupop X Tynnampa Gepuaran Gyamo, x,(x,€X) HyK-
Ta 1y TYIVIAMHHHT JIIMHT HYKTacH OVJICHH.

12. l-taspud. Aeap x—x, Oa [(x) Qynkyus wekru aumumea
sea 6yaub,

lim £ (x) =  (x,) (12.1)
x—x,
6yaca, f(x) pynkyus x, Hyxmada ysayscus deduradu,

Mucoaaap. 1. f(x)=x*+5x -+ 6 dynkuuann Kapaiiuk. Pas-
wanky, 6y QyHKUMA (—oo, - oo) na auukaaHran. By ¢yHkuus uxTH-
épHil X (X, € (— oo, -+ o)) HyKTaza yanykcuz O6Vaagn. XakuKartan Xaw,

limf(x) = lim (x* + 5x 4 6) = x3 + 5x, + 6
X=Xy X=X,
Gysazu Ba arap XJ -+ 5xp+ 6= f(x) Oymumms swvTHGopra ouacax,
y Xo/aza Gepuirad QyHKUHS YYyH
lim f(x) =} (x,)
X-»X,
skanmuruan tomavus. Jlemak, f(x) =+ 5x - 6 ¢yHkuua x, Hykra-
Ja (x€(—oo, - oc)) yamykcus.

IOxopuparu (12.1) smmur MynocaGathH Kyiiiarnya Xam €suir Mym=
KHH:

lim [f (x) — f (x)] = 0. (12.2)
X—x,—0

Aiitaiymk, xapanaérran y = f(x) dyukuusuuar rpadurn 101- gusva-

Jl@a TacBHPJIAHTaH SrPH YH3HK OYJICHH.
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X— Xo Hu A x OGunan Gearwnaimmg: x — xo = A x. Y Xonza x = x, -+
-+ Ax 6ynapn. Opataa Ax apeymenm x HuHe X, Hyxmadacu opmmup-
macu e atananu. X — X, 1a A x Hosra uHTHIagM: A x — (. PaBanku

F(x)— [ (xg) = f (xg + A x)— [ (xo) (12.3)
G6ynanu. Ywby

[ -+ Ax)—F (x))

aipMa ¥ = f(x) GyHKIMSAHUAT X, HYKTazard opTTHpvaci aed arajaiu
Ba Ay éxn A [(x,) kabn Gearwianauu:

Ay=AF(re) = Flry+Ax)—f(x). (12.4)
Hamkaga (12.2), (12.3) Ba (12.4) mynocaGataapaan ¢oiiaananuo,
lim f(x) = (x,)
X-3X,
TEHIVIMKHH KyHHJdriua Xam €3ui MYMKHHJIHTHHH aHMKJIaiMH3:

lim Ay=Ilim Af(x)=0.

Ax—0 Ax—0

By 3ca y = f(x) (GYHKUHSHHHr Y3IYKCH3AHIHra Kyiiarnya Xam Tab-
pud GepHin MYMKHHJIHIHHH KYpcaTaam.

12.2-Travpud. Aeap apeymenm opmmupsacu Ax HOr2a UHMUA-
eanoa (pynkyus opmmupmacu Ay xasm HOAQ UHMUACA, ABHU

Iim Ay=0
Ax—0
6yaca, y xoada f(x) ¢pyrryua x, Hysmada yaaykcus deduradu.
Mucoananap
1. f(x) =C (C— y3rapmac con) dbyukuuanu Kapaiiank. By ¢yHKuns
(—oo; -+ o) na anuknawrad. Apryment x ra Ax oprrupva Oepu6,
GYHKUMAHAHT MOC OPTTHPMACHHH TOMaMH3:

Af=fx+Ax)—f(x)=c—c=0.
Yupa

lim Af=0
Ax—0

G6ynamn. Ilemak, f(x) = C dynkuua x€(—eoo; --o0) HyKraga ya3ayKcH3
Gyaiaau.

2. f(x) = sinx dyukumann Kapaimk. DBy dyukiua (—oo; + o) 1a
anuKJaHrad. AprymeHt x ra Ax oprrapma Oepub, (yHKUMSAHHHT OpPT-
THPMACHHH TONAMH3:

Af=Ff(x+Ax)—f(x)=sin(x + Ax)—sinx.
MabiymKH,

a—B o+ B
= :

sina —sinf = 2sin cos —,
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YHna
Af=2sin

x+Ax—x o x+Ax+4x
2 2
6ysagn. By rtenrmmkza Ax—- 0 xa JuMHTra yTamus:

lim Af = lim 2sin2% cos (.\-+ﬂ) —
Ax—0 Ax—0 2 2

3 . A : 4
=2 [hm sin == . lim cos (x —i—h)] =
Ax—0 2 Axs0

- 5 - Ax
— SI — ce—
2sin e cos(x-i— 2)

2
.. 0 0
=2-sm?-cos(x-{—?):.?-o-cosx:o.

Jemaxk,

lim Af=0
Ax-»0
6ynamu. By sca f(x) =sinx ¢ynkuuaHMHr X€(— o0, -+-o0) HyKTasa
Y3JIYKCH3 SKaHWHH OWJIMpajiu.
123-Tabvpr . Aeap [ (x) pynrkyus X myniamnune xap 6up Hyx-
macuda yaaykcus Gyaca, y xoarda [(x) ¢ynkyus X miygnaramda yzayk-
cus de6 amanradu.
bus wkopupa f(x) =x*+5x46, f(x) =C, f(x)-=sinx QpyHkuus-
JIAPHUHT MXTHEPHIT X (XE(— oo, --o0)) HyKTaga y3ayKcH3 OYIHLIMHH
KYypcaTran 3jHK.
By ¢ynkuuanap (—oo, - o) ga yanyxcus Gymanm.
[MupoBapauaa GyHKUMA Y3TyKCH3MMCHHHHT $HA OMTTa  TabpUpHHH
KeJITHpPaMH3.
12. 4-tappud. Aeap e >0 con yayn wyndad 6> 0 con mo-
nuacaku, QYHKYUS apeymesmu X HuHe |x— x| <O menecusauknu
Kanoamaanmupyedu Gapya xuimamaapuoa

If (x) —F(xo)l <&
menzcuszauk  Gaxcapuaca, f(x) Qyukyus x, Hykmada ysaykcus 0ed
amaiaou.

2-§. PyHKUHAHHHT Y3HJIHLIH

125-Taspud. Aeap
lig}‘ f(x) = [ (x) (12.5)

mynocabam OGawapuamaca, y xo20a f(x) ¢ynxyus x, Hyxmada y3u-
awwza sea (ysuradu) Oeb6 amaraou.

Auau (12.5) mysocabathuur GaKapHaMailuraH XO/IIAPHHH aHHKJIAIL-
THPAMH3.

1) x—>x, pa f(¥) dyskuusa gexkaw sumurra (yHu b geiymk) sra
6y/m0, Oy JUMHT f(x,) ra TeHr swmac:

lim [() = b [ (o).
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PaBwanku, 6y xoaza (12.5) mynocaGar Gaxapunmaiign. emak, f(x)
(pyHKUMS X, HYKTala Y3uJajH.
Mucoa. Ywby

X%, arap x V
flg= 7> 2 70 Cyaca,
, arap x=0 G6y.ca
qurmuuﬂml Kapahauk. x—-0 pa ¢yskupasusr  anvuta 0 GVaaau:
lmg f(x) =0. bupox, j(x) oynkumsnnir x=0 wuyKragard KuiiMaTH
X—s

f(0) =1 Gyaranauruaan
lim /()= 0/ ()

6yaaan. Kapanaérran f(x) ¢ynkumsa x =0 nykraza yawnaaa (102- yus-
Ma).

2) x—x, pa j(x) OyHKUMS JHMHTH MaBKyJ 3Mac €KH y YEKCH3.
*By xompa xam (12.5) mynocaGar Gaxapuamaiigu. [emak, f(x) dyHkuus
X, HYKTaja y3wJanu.

Mucoa. Ywby

[E———lll, arap x== | Gyuca,

(x) = Y =
! IO, arap x = 1 0Oyuca
dyukunsnd Kapaivmik. By ¢ynkuma x—-1 na sumurra sra svac. By

xonga xam (12.5) mynocabar OGaxapwivaiian. [levax, f(x) bdyukums
Xo =1 nyxraga yauaaau (103- yusma).

3-§ Yaaykch3 ¢yHxkuHanap ycruaa apudmernk amassap

[(x) Ba g(x) dynkuuanap X rtynnampa Gepusiran GyJcHH.

1°. Aeap [(x) 6a g(x) ¢ynkyusrap x,(x,€X) Hykmada yaryk-
cu3 Gijaca, y xoada f(x)+ g (x) Pyusyua xam wy x, Hyxmada y3-
aykcud 6garadu.

2°. Aeap f(x) 6a g(x) @ynkyusiap x,(x,€X) nysmada yaaykcus
(651].40[3, y xoa0a f(x) - g (x) Qynkyus xan wy x, Hyxmada ysayxcus
jaaou.

3°. Aeap | (x) 6a g (x) ynryusrap xo (xo € X) nyskmada y3ayxcus
6yaca, y xorda ;—(%(g (x) = O) Gynkyua xam wy x, HYyKmada ya-
AYykcua Gijaadu.

By xoccanap coana ucGorranamn. bus yaappan Gupnud, Macanad,
2°- XoccanHHT HCOOTHHM KeJITHPaMH3.

2°-xoccauunr ucb6oru. Ilaprra xVpa f(x) Ba g(x) dynkuus-
Jap HyKTajla y3JyKCH3. YHJAA Y3JyKCH3JIMK TabpHbura acoca

lim A f(xo) = lim [} (x, + A x) —f ()] =0,
lim A g (x)) = lim [g(x, +A9)—g(x)] =0 (12.6)
Gysaan. dupn f(x)- g (x) GYyHKUMSHHHT X, HyKTajarH OpPTTHpPMAcH
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AT (xo) - g (xo)] = [F (%o + A x)-g (xo + A X)] — [[ (x5)- g ()]
HH om0, yHH Kyiugarnua €3u0 oJiamMus:

Af (%) - g (xg)] = [ (xp + A x) — [ (x5)] & (% + A x) +
+[g (% + Ax)—g(x)] f(x) = Af(x)-g(x + Ax)+
+ A g (xo) - f (xo). *
Harmuxkana
Ali.n}oA [f (x) - g (x0)] =Aljin0 [g(xo+ Ax)-Af(x)) + fxo)-A g (x)] =

= lim [g (x, + A x)-A f(x,)] + lim [f (x)- A g (xo)]
Ax—0 Ax—0

6ynamu. IOxopunaru. (12.6) mynocabariapui 3brHGOpPra osMe,
lim AIf (v0)-g (x0)) = 0

6ymnunan Tonamu3. By sca f(x)-g(x) GyHKIMAHHHT X, HYKTaza yanyK-
cH3 GYHIIMHN OMJIIMpau.

Mypakka6 (GYHKUHAHHHT Y3JYKCH3JIUIH. Y =q(x)
¢yukuua X tyninamaa Gepwiran G6yam6, u =: f(y) dynkuus sca Y tyn-
Jamaa (Y = {@(x):x€ X}) Gepunran 6y/icun. YJaap €paamuja

u=f(p(x)

Mypakkal (YHKUMA XOCHT KHIHHraw GYJICcHH,

Aeap y = @ (x) pynkyus x, vykmada ysaykcus, u=f(y) pyHk-
yus sca moc Y, (Y, = ¢ (x,)) Ryskmada ysrykeus 6Gyaca, y xorda u =
= f(@ (x)) mypakkab pyunkyus x, Hykmada yaayxcus Gijaradu.

Kearupwiran xoccanap €paamMuaa KynruHa QyHKUMAJaPHHHT Y3JyK-
cusmurd ronunaad. Macanan, f(x) =x, g(x) =sinx QyHKOHANAPHHHT
(—o0, 4 o0) opamkga yanykcus Oymmm kypcatuarad sau. IOxopuna-
r# 1°—3°- xoccanapra acocan y = x +sinx, y =x—sinx, y=xsinx
GYHKUHATAP XaM (—oo, -~ o) OpaIMKAA Y3/IyKCH3.

4-§. duementap QyHKUMSJAPHHHT Y3JYKCH3JIHIH

Maskyp kypcuuur 9- 606, 13-§ una siemenrap GyHKIMAIaPHH Kapal
yrraH sauk. bapua smemenrap dyHkumanap Y3 auMKJIaHHLI cOXacHAA y3-
JyKcu3 Oyuianu.

Ywby 606uuur 1-§ waa y =sinx QYHKUATHEHED  Y3MyKCH3JHIH
Kypcatwi. duan ¥y =a* (a% |; a>0) dyHxuusaauar (—oo, -+ o)
OpATHKAA Y3MyKCH3 OYJHIIMHH KYpcaTaMus.

Mavaymku, y-=f(x)=a* (@a+# 1, a>0) dyukuusa (—oo, 4 o)
opamukaa anukaanran. [y opanugaan wuxTHépHit X, ()€ (— o, + o))
HyKTauu om6, ynra A x oprrupva Gepamus. Harmwkaza Gepuaran ¢y Hk-
LML XaM OPTTHPMA OJIajH:

A f(xo) = [ (xo + A x) —f (xo) = a® ot —a*,
Yuu Kyiiagarnya €346 osiaMus:
Af(x) = ™t —a®™ = g™ ¢** —a™ =a™ (a** — ).
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Ouan A x— 0 na Gy OPTTHPMAHHHT JIHMHTHHH XHcOG/aiMu3:
lim A f (x,) = lima™ (@® — 1) =a™ - lim (&™* — 1) =a™.0 = 0.
Ax—0 Ax—0 Ax—0

Jlemak,
lim Af(x,) =0.

Ax—0
DynkuKs yIYKCH3MMIH Tawvpudiira Gunoan, Gepuiran y —a*  QyHKuns
X, HyKTana ysaykcus 6Vuanu. Kapanaérram x, HyKra (—oo, -+ o0) opa-
JHKHUHT MXTHEPHIT HyKTacH GYJranauruaan y = a* QyHKUMsHHHT (— oo,
o) Ja y3JayKCH3 OYJMIIH Keanb unkamm.
Bouika snementap (yHKIMAJAPHHAT V3 AHWKJAHMII COXAaCHAA Y3IyK-
CH3 OVaMumM Xyaau 1y Kabu Kypcatiiaiu.

5-§. PyHkuMs y3ayKCH3AHTHAAH (OHAANAHHD MYXHM JIHMHTJAPHH
XHcobaaiu

Aiitaitmk, ¥ = f(x) ¢ynkuma X opaaukjaa aHHKJaHraH Ba wy opa-
aukna ysaykens Oyicun. VIxtuépuit v, € X Hykranu onaiiimk. Yanyk-
CH3JIMK TabpupHra acocat

Jim () = f (xo

6yaagn, PaBmauku, lim x = x,. Jlemak,

XX,y
lim f(x) = f(limx). (12.7)
X=Xy X=X,
by mynocabargan (yHKIHMA JHMHTJIAPHHK TONMIIAA (ol 1aTaHHIA M.
log, (1-+-x)

Mucoaaap. 1. lim
x—0

(@as=1, a>0) qumur XHcobaaH-

CHH.

Jlorapubmuk (QyHKIHAHUAT AHHKJALI COXACHAA Y3JYKCH3IMCHAAH Ba
(12.7) mynocaGatu 3bTHOOpPra 016 TOMAMH3:

1

fiy O R v Lot 0 =i [ (1 ) T
x—0 X o xl.T)T Oga TH= x].i?] [ Oga +x) ] 5
1 R
= loga1 limo(l + ) "] = log, e (Yyukn lim (1 + x) * =e).
X Xwl
Hewvak,
. log, (1+x)
lim ——— =log, e
x—0 X
Xycyca,
lim 24D e,
x-0 X
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2. lim L iomd 8 (@s= 1, a> 0) anvur XucoGaanCHH.
x-0 X

By ammuTHR XucoGjaw yuyn @ — | =1¢ ne6 Gearmiaitmus. Papman-
Ku, x—>0 na {—0 Ba

a*—1=t=>a"=1+t=log a" =log,(l +1)=
=xlog,a =log, (1 +-#)=>x=1log, (I + ).

Hatmxkana ymoby TeHr/HKka sra Gyavus:

: a* —i1 : t . 1
lim = lim — = ]im , .
X0 X -0 log, (1-+ ) -0 log, (141

4
Amp | 1 |
lim , = — =Ina
10 108, (1-+1) . log, (119 log, e
_— £y it el ¢
¢ -0 ;

6ymumnn Xucobra oJgcak, y Xoaja
X

1
lim =Ina (@=1, a>0)
x—0 X

SKAHJIMTHHH TONAaMH3.

. (1 2)%—1
3. Ymby imEE2 =1 g ronmacnn.
x—-0 X

IOKopunarura yxwam myJaoxasa Gunan Oy JHMHTHH o ra Tenr Gyau-
HIHHH KYPCaTHII MYMKHH:

0% —
lim L il l—=a.
x=»0 X
Opatna Gy ;
: og, (1-- x) e X
. NV SR (L 2 1) :
x—-0 X X0 x j
fim T=line skl g,
x>0 X
Lo®
lim {207 =1
x—0 X

JUMHTJIAD QoHcodud aumumaap JeAHIaN.

6-8. ¥Yaaykcu3 QyHKUHSJAPHHHT XOccaJapH

Yanykeu3 GyHKumssap Katop Xoccajapra sra. Kyimaa yaiykcus
QYHKUHANAPHHHT XOCCACHHM M(DONAJNOBYH HKKHTA TeOpeMaHu HeOOTCH3
KeJITHPaMH3.

12. 1-teopema (boabuano-Kourn reopemacwu). Aeap f(x)
Gynkyus [a, b] énux oparuxda (ceemenmda) aHuxraHean éa Y3aykcus
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61jaub, ceeMeHMHUH2 YemKU HYyKmairapuda mypau uwopasu xudmam-
Aapea sea 6yaca, Yy xorda wyndal ¢ (a << c<b) Hyxkma monuraduxu,
Yy Hykmada pyxkyus Horea adranadu: f(c) = 0.

By Teopema copna reomeTpuk MabHora sra 6ysm6, y yanyKcH3 (yHK-
uust (yanykens srpH yusHK) Ox YKHHMHr OGHP TOMOHHIAH HKKHHYH TO=
MOHHra yTuuia, yHu anbarra kecu6 Vruimud upopanaitan (104- yusma).

12. 2-teopema (Befiepmrpace Tteopewmacu). Aeap [(x)
pyurkyus [a, b] ceemenmoa aHuxkaaHean 6a Yysaykcus Oyaca, y wy cee-
Mermoa wezapararear Gijaadu.

7- §. OyHKUHMSHHHI TEKHC Y3JYKCH3JHIH

F(x) dyukuns X Tynaampa aHukJaHrad Ba yaayKcH3 GYJICHH.

12. 6-tabpud. Aecap e >0 con yuyn wyndald 6 >0 con mo-
nuacaku, X minaasuune |x; — x,! < 8 meHecusiuknu ranoamaadmu-
PYeHlL uxmuéputt x, 6a x, HYKmaasapuoa

If () —Flxp) < e

menecusaur Gasapuaca, [(x) ¢ynryua X myniamda mexuc Ysaykcus
deduradu.

By tavprpnan kypuHaauku, arap f(x) ¢ysHkums X xa TekHc y3NyK-
cu3 Oyica, y wy X JAa y3IykcH3 XaM GyJiand.

Mucoanap. 1. f(x)= V'x  ¢ymcumsmin x =[l, 2] cermenraa
Kapaitiuk. PaBmanxn, Oy ¢ynkuua x€[1, 2] na yanykeus, ¥e>0
COH yuyyH O =g jeb oaHHCA, [{;— Xo| <~ O TEHrCH3IMKHH KaHOAT/IaH-
THPYBUYM MXTHEpHIT X,, X, €[], 2] yuyH

aasse Fo= Nl ol e

If(xl) __)'(\2), - ’] X —V x5l = (Vx,—vx) (Vx5 + v %)

— =
VX1V Xa

| *1—% |xy

— Xy
< — — < |y —x|<b=e

VX1 Y X

Ir’ﬂ 43 X
oyaaan. [demak, ¥ xy, x€[1, 2] yuyn
bty — xo| < 8= F(xy) — ) <e.

By sca | )=Vx dynkuuanuar [1, 2] ga TekHe y3nyKcHM3 3Ka-
HUHH OHJIIHpali.

2. fx)= lT dynxmna X = (0, 1) wutepsanna ysnykcus, Gupox Gy
dynkuna ury (0,1) 1a TekHc y3nykcH3 smac.

Ky#uaa ¢pyHKIMAHAHAT TEKHC V3JIYKCH3HIHHE TabMHH/AHAHTAH TEO-
peMati McOOTCH3 KeJTHPAMM3.

12. 3-treopema (Kantop Teopemacwu). Acap f(x) ¢ynryus

la, b] ceemenmOa anukraHean 8a Yyarykcus Ggaca, Y wy cezmenmoa
meKuc ysaykcus Gyaadu.
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XIII BO B. ®YHKUHAHHHT XOCWJIACH BA JHOPEPEHLUHAJIIH

QYHKIMAHUAT XOCHJIACH TYIIYHYaCH MATEMATHK aAHAJM3HHHT acOCHl
TyllyHyaszapuaan Gupu. Dy Tymynya 6unan GaTadcH TaHHIUMILAAH aBBaj
yHra o6 KeJjajuraH OHTTa MacajaHH KapaiMH3.

1-§. Te3auk xakuparH macaga

Monnnit nykra TVrpu uynsug Oyigaat S = f(f) konyn Gyiimua xapa-
KaT KHJICHH.

Macana mopmit HyKTaHuHr f, naitaaru Te3IHrHHH (OHMIl Te3THrHHH)
TonHIUAaH HOopar.

Mommit  HyKTaHuHr #, BakT JaBoMuaa Gocud Yrran iiyom [ (¢,),
t, + At (At >0) Bakr paBomuaa GocuO Vrrau jivam sca f(f, + Af) ra
TeHr 6Ynanu. Hatwkana Baktnuur f, naiitgan f, - Af naiitra Vruiumaa
mopmit HyKta A S iiyuimn 6ocn6 yraau (105- unama). By macoda

AS=f{t,+At)—[(f)
ra Tenr. Jemak, moanuit Hykta Af BakT nmumza A S #iyann GocuG Yra-
. Yuna

AS _ jlta+AD—](t)

At At

HHCGAT ijpmaua me3aukHu wpoiataiiiy. VYpraua teanmk Al ra  GOFJMK
6yamb, y KaHuaJuK KH4HK GYuca,

AS

At

VYpraua Te3NMK MOAIHH HYKTAHHHT f, naftjard Te3JHrkra IyHyaInk
SIKHH Kesaau. Domkaua aiitrasja, A¢ Hosra mutiaa Gopran capu

AS
At

MHKJOp OHM3 M3/1aéTraH MOJAMH HYKTaHWHT f, maifitaard TesauruHi 1o0o-
pa aHMKpoK Hdofanaii 6opajH.

TaGuuiiku, ymoy o

lim A5 — jim LA —1®)
A0 At At—0 At
JHMHT MOAIHH HYKTaHHHT f, maiTiard mesaueu OYJajM.

Ilynnait KuanG, usranaémearn okud mesaurknu monuu S=f (¢) dynx-
yus opmmupmacu AS Hu apeymenm opmmupmacu At ea Gjrean Huc-
6amUHUK2 apeyMeHm OpmmupMacu HOeQ UHMUAZAHOG2U AUMUMUHU
xucobaawiea Keaap 8Kkan. YMyMaH, Kyja KyI MacajaJapHHHT €YHMH
JOKOpHJArura yXmam HHCOATHMHr JIMMHTHHH TONMIN GHJIaH Xal KWIHHa-
Ju. ByHpaii HHCOGAaTHHHT JIMMHTH XOCHJA TYLIyHYachra OJM0 KeJajH.

2-§. PyHKUHS XOCHJIACHHHHT TabpPH(H

y = [ (x) dynkuus (a, b) nurepBanga Gepuaran 6yaub, x, € (a, b) 6y
cun. By x, nykrara mynnaii A x oprTHpMa GepaiiMkkH, X, + Ax€ (a, b
6yacu (Ax=0). Y xoaza ymby
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Ay=Af(x)=F[(x+ Ax) —f(x)
opTTHpMara sra GyJamus.
13. I-taspud. A2ap Ax—0 da
Ay _ Af(xo) _ [lxo+ A% —F(xo)
Ax Ax Ax
HucbamHure aumumu masxcyd ea dekau Giaca, 6y rumum f(x) dyuk-

yuanure x, Hysmaoaeu xocuracu 9e6 amaradu ea f'(x,), éku Y, _,

” d
éxu d—y Kabu Gereuraradu:
X

F (o) = lim 200 _ iy [Gob 29— Flx)
Ax—0 Ax Ax—0 Ax
1-§ na xeqtupuaran Macanaza S f(f) KonyH GyiMua XapakarJaHa-
érran MOAIMIT HYKTAHHHT 7, nalTiaard ounid teamwrd f(f) OyHKUUSHHHD
{, HyKTajaru Xocujaculan ubopar Gysap sKaH.
13. 1-acaarma. Arap Ax—0 na

Ay _Af(x) __ flxo+Ax)— Flx)
Ax Ax Ax
HHHT JIUMHTH MaB&KyJ 6YaMG, y -- oo (ékn — oo) GVaica, yuu xaMm f(x)

GDYHKUHAHHAT X, HYKTaJar XocuJacu j1e6 atanaau. DyHpaai Xocuia gek-
CH3 XOcHaa AeHuJIalu.

Mucoanap. 1. y=f(x)=C (C = const) GpyHKuMAHHHT XOCH/JACH
TOIMHJICHH.

Apryment x ra Ax oprrupma Oepub, (GYHKUMSAHHHT OPTTHPMACHHH
TOMaMH3:

Ay=Afx)=fx+Ax)—f(x)=C—C=0.
Cyur Oy oprTHpMaHH aprymeHt oprtupMacH A x ra 6ynamus. Hartmkana
Ay _Af_ 0

Ax Ax Ax
6yaub, ynjaaH

lim A% —1im &L — ¢

Ax-0 Ax  Ax—0 Ax

Oy Keauo unkamn. Jdemak, y' =0
[lynpait Kuamo,

y=C Gyaca, y' =0 Gyaaau.

2. y=[(x) = x QYHKUNAHUHT XOCHJACH TOMHJICHH.
ApryMent x ra Ax oprrupma GepuO, (YHKLHA OPTTHPMACHHH TOMa-

MH3:
Ay=Af=fx+A)—f)=@k+Ax)—x=Aux
Cyur Gy opTTHPMaHH aprymeHnT oprripMacH A x ra Gysamus. Harmxana

6ysu6, yHAaH



Ax—0 Ax
6ysmum Keu6 unkann. Jemak, y' = |. Iynjain kumo,

y = x Gyaca, y = 1 Gyznazm.
3. y= i— (x5 0) dYHKUHAHHHT XOCHJIACH TOMHJICHH.

Apryment x ra Ax oprrupma GepuG, GyHKUHS OPTTHPMACHHHM TOMA-

MH3:
Ay: 1 __i”:x~u+Ax)= —Ax
x+Ax x x(x+Ax) x(x-+ Ax)
By Ay nu A x ra 6Yaamu3. Hatukaza
—Ax
Ay _ x(x+Ax) Ax _l__ 1
Ax Ax x(x-+Ax) Ax x(x+-Ax)
SHAH Ax—0 Ja M HHCOATHHHT JIHMMTHHH TONAMM3:
. A ; ) 1 ' 1
lim 24 =lim [————— | =——  (x%0).
Ax—0 AXx  Azx-0 \  x(x+AXx)) x2
Jlemak,
. 1
Yy =——
%2
- 1 - ; ] %
Mlynaait kum6, y =— Giuca, y' = —— OGy1amm.
X x?

4. y = sinx (QYHKUHAHHAT XOCHJIACH TOIHJCHH.
By ¢yukuua yuyn
Ay=sin(x -+ Ax)—sinx

6ynamu. Mabaymu,

sino—sinp = 2sin a: £ €08 —
By dopmynazan doiifasancak, ynaa Ay yuyH

Ay=sin(x+Ax)—sinx=2sin TTAE % cos XHAX T

2 2
= 2sin A)i - COS (x - —\)—x)
6yuutHeE TOnaMK3. Y X0//a
. Ax Ax . Ax
Ay 25m—2—-c05(.t+—2—) sin—— .
B‘= o =— -cos(x—l——)




bByunan

o A2,
3 . . Ax
lim A% — lim - -cos(x-i-?) -
X

Ax—0 AX  Ax-0 Ax
2
A
i sin —2‘
= |lm ] .
im cos |x + —
Ax—0 Ax Ax—s0 ( )

Oy kKeam6 ynkanu. Arap

. Ax
i fiit—== .
1m 2 1 ( . sina
—_— = yyHKH lim =]
Ax0 " 4 \ y A ).

2
3 Ax . Ax
lim cos (x-{— =cos |lim (x4 —|| =cosx
Ax—0 2 Ax—0 \ 2

Gy /miunHAe 3bTHOOpra oJIcak, y Xoa4a

lim AY o cosx

Ax-»0 A X
TenrJukka sra Oyuamus. emak, y’ = cosx. Ilynaait kw6, y=sinx
6yaca, y' = cosx GyJanu.

13.3- scamarma. Xap Kaujait yanykens QyHKuua Xam XocHJjara sra
Gy.1asepmaiian. Macanan, yuby y = f(x) = |x| dynkuma x =0 nykraga
Xocuaara sra GyaMaiiu.

Xakukaran Xam, x =0 nygrara Ax oprriupma Gepu0, (yHKUHAHHHT
OPTTHPMACHHH TONaMH3:

Ay=AfO)=FO+Ax)—F(0)=10+4Ax|—[0] =|Ax|.
Yuna
Ay AFO) 1A x|

6Vaanu. Bupok A x —0 ga 6y mucOaTnuHr JUMHTH MaBKya sMac. [lemak,
y=7[(x) =|x| dynkumsa x = 0 HyKTaja XOcHJara sra 3Mac.

3- §. XOCHIAHHHT reOMETPHK MabHOCH

Afiraiik, f(x) dyskuust (@, b) unteppasiga GepwiraH Ba Y3/JyKCH3
6Yacut. By dynkuusHunr rpapurn 106-unsmana xypcarwiran AB srpu
YH3WKHH TaCBHPJIACHH.

AB uusugaa M, (x,, f(x)) Hykra Ounan Gupra ymoly .

M (%o + Ax, [(xo + Ax)
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HYKTaHH q.rmﬁ, yaap opkamm MM xecyBunnu YTkasamu3. DBy kecynuu-
uuHr Ox YKuHuHr MycOar #yHa uM OuaaH TalIKuA 3TraH GypyakHu @
Ouaan GesrnsaiMus.

13. 2-Tabpud. MM xecyeuunune M nHyxkma AB sepu wusux

6yinrab M, ea unmuneandaeu aumum xoramu AB  sepu wususka M,
HyKmada fjmkasuran ypunma 0e6 amaradu.

Ypumwammxj Ox yguuuar MycOat dyHaaumm OulaH TalIKWI  3Tra
OypyakHu o JAeiiIHK.

3 106- ynava Ba tavpudan Ax—0 na M nyxra M, ra uHTHARIIUEA

Kypamu3. emak, Ax—0 na ¢->ao 6yaaau.

Kapanaérran [(x) dynxuns x, Hykraga [’ (x,) Xocuaara sra GVJICHH.
Tavpupra kypa

f (x)) = lim Lot 40— T(x) _ i, By
Ax—0 Ax Ax—0 Ax
A MMP nan:
B __ MP Af _ flxo+ Ax)—[(xp)
teo = tep(Ax) = ==L =l Tt %
ge =129 (Ax) MP  Ax Ax

Gynamu. By tenrankaan sca
Flxg -+ A x) — [ (xq)
Ax
6y Keam6 unkaau. uam Ax—-0 aa qmvurra YTHO TOnamus:

lim @ = lim arctg Foo+AD—F(x) _

¢ = arctg

Ax—0 Ax—0 Ax
4 o [ -
— arctg [lim [etA0 '“")J — arctg [’ (x,).
Ax—0 Ax

Hemak, o »-Alim0 ¢ = arctg [’ (x,). Bynnan aca
X

[’ (x) = tgu
GysmuH KeInb yMKau.

Jlemak, f(x) GyHKUMAHHHT X, HyKTagarn [*(x,) XocuaacH ury ¢yHk-
uusa rpadurura M, HykTaja YTKaswarad ypuHMaHuHr Oypuak koxpdu-
upeHTHAaH HOOpaT 3KaH. ’

YpuHMa Ba HOPMAJHHHT TeHrJgamacH. y = f(x) ¢pynxums-
HHMHT X, HyKTajgard XocHuacH f'(x,) ypuuManuur Oypuak Kox(pdHuHeHTH
6ysamn. Yuna f(x) dynkuus rpagurura M, (x,, [(xy)) wHykTazan Vrka-
SHATaH YPHHMAHHHI TeHIJIaMacH

y = f(xg) + [ (x0) - (x — x,)
Gyau.

Kyn xommapaa srpu umsukka M, (x,, f(x,)) HyKrachia VTkasuirau
HOPMaJ/IHHHT TeHIJIaMacHHH XaMm Owinir xepak GYJamt. MabayMmku, srpu
unsukka M, (%, [(¥,)) HyKTaza VTKaswiran HoOpMaa Wy HyKTajard
ypHHMara mneprieHAMKyJsp Gyaap sju. Jlemak, HOpMaHWHT TeHrIaMACK
yby Kypunuuiga Gyjajun:

y = fx)— ,,(l—o)oc —x0) (' (%)%= 0).

112



4-§. PyHKUHAHUHT y3ayKcH3 Gyammm GHaaH yHMHr Xocuaara sra 6y-
JHMIIH opacHaard GOFiaHHu

Airaiimk, y = f(x) ¢yukuns (a, b) na Gepuaran 6VHG, x,(xE(a, b))
Hykraja ['(x,) uekam Xocusiara sra GyJcHH. YHaa Xocuaa Tabprura
Gnnoan

’ . Ay o » A!] o f .
(%) = lan— 6yano, hm [—-——f (.\O)J =0

Ax

6ynaan. Ymby ——f (x) =@ (Ax) Gearnnawr kunamus. Bynpa, pas-
wanki, Ax—0 gpa o (A x)— 0 6yaub,

Ay =["-(x) Ax 4 o (A x)-Ax (13.1)
6yaau.

Opatpa, (13.1) dopmyna ¢yukyus opmmupmacuruse dmpiuy/zacu nein-
aauu. By dopmysnanan lnmﬂAy = 0 6yanum kean6 yukamu. By sca f(x)

GOYHKUHAHHHD X, HYKTajla y3JyKcu3 OVJHIMHH GHIAWpain.
Hlynnait kum6, f(x) dyakums x, Hvktaga uekau ['(x,) Xocuuara
gra 6Vaca, GyHKUMA 1y HYKTala Y3JayKcH3 GyJaju.

13. 4-3cmaTma. YaniykcH3 (GyHKIHAJAp XaM JOMM Xocwaara sra GyJsasepmaii-
au. Macaaan, [ (x) = | x) dyukuus x = 0 HyKTaza y3iykcu3, GHpoK Oy GYHKIHS
Wy HYKTaad XOchjara sra smac.

5-§. Teckapu (yHKUHSHHHI XOCHJAcH

y = f(x) ¢yukuua (a, b) na Gepuaran 6y/mb, yHra TecKapu x =
= () dyHxuus MaBxkyjx Oy.cHH.

Aeap y = [ (x) ¢pynryus x,(x, € (a, b)) nykmada ['(x,) xocuraea
sea 6iaub ['(x,) %= 0 6gaca, y xorda 6y Qynkyusea meckapu Gijrean
x = @ly) pyuryusa y, = [(x,) Hykmada xocuraeca sea 6jradu ea

l
P (4o) = oo (13.2)

meHeauk tpurau Gyjaadu.,

Yo Hyktara Ay oprrupMa Gepaitimk. YHia x = @(y) ¢yHKuHA Xam
Ax oprrupmara sra OVuiamu. duun

ax (Ay = 0=+ Ax =£0)

1
Ay Ay
Ax

tenrsmkaa Ay — 0 pa aumurra Y6 (Ay—0 n1a Ax Xam HOJra MHTH-
JlaM) TONAMM3:
. Ax . | 1
lim —= lim _='——A—
ay-0 Ay ax>0 Ay BY
Ax Ax—0Ax
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Arap

Ax _ i By o
}Slr_n'0 e ' (%), li’fo A f' (%)

SKaHWHM 3bTHOOpra OJicaK, y Xouja wzgopunaru TEHIVIHKAAH

@'(4o) = f (xo)
Oysmum kemu6 uyukaau. Ly ucGornalmr kepak 37H.

Mucoa. y=arcsinx (— | <x <) QyHKUHAHHHr XOCHJIACH TO-
TIHJICHH.

PaBuianku, y =arcsinx ¢yskuust x = siny q)]yukunﬂra HucbaTaH
Teckapn ¢yskuusaup. (13.2) popmysara kypa Y, ey 6y .1aau:
’ l ’ ] ’ ] ’
Vo=l Sl =
Xy, (siny) cos y

1
—— =y = :
V1—=sinzy Yi—x

JIemak, y = arcsinx GyJca, y' =

1
YT —2x
6-§. Mypakka®G (QYHKUHSIHHHT XOCHJACH
= @(x) pynkunst X tynaamua, u=f(y) ¢ynkuna sca Y =
= { q)(x) x€X|) tVnnavpa Gepunran 6YJG,
u=f(p(x)

Mypakka6 dynkumsra sra OyJIaiiHK.
Aeap y = @(x) pyukyus x, nysmada @' (x,) yocuraea sea 6jaca,
u = f(y) pynkyus Yy, (4, = @(x,)) nyxkmaoa [’ (y,) Xocuraza sea byaca,

y xoada u = (¢ (x)) mypakkab ynkuyus xam x, HyxKmada xocuiraza
sea Gyjradu 6a yubdy

[F (@ (g, = ' (W0) - 9" (xg) = (@) - 9 ()
¢op»i_1}xza ypurau 6yradu.
x ra Ax oprTHpma 6epaMH3 Yuna y = ¢ (x) dyukuuss A oprrHp-

Mara, u=f(y) oynxkuus sca y3 nasbarnia Au OpTTHPMAra sra 6ynanu.
(DyHKuHﬂ oprripmacH gopmyazcu (13.1) ra xypa

Au=f'(yo)-Ag + - A

" 6ynamu. By TeHIVMKHMHI Xap HKKH TOMOHHHH Ax ra GyJsiamus:
A4 _ vy AR 6 B0
Ax F'(%) Ax+a Ax’

By Tenramkaa Ax —0 ja mumutra Y6 TONaMm3:

lim ——f(y) lim —“’+nm o ——f "(40) 9" (xo)-
Ax— 0

Ax—0 Ax
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Mynnaii kKm0,
[F (@ (N, = F (@0) @ ().
MucoJ. u=sin’x QyHKUMAHHHT XOCHJACH TOMHJICHH.
Arap u =y, y = sin x pefimica, yuga (13.2) dopmysara kypa
u' = () -(sinx)’ = 3y*-cosx = 3 -sin’x-cos x.

7-§. [Xocuna XucoGaamjard coana Kowpajap

f(x) Ba g(x) dynkumanap (a, b) cpamixna Gepuiaran GyJcHH.

1°. Aeap [(x) 6a g(x) ¢pynxyusrap ['(x) éa g'(x) xocurarapea
sea 6yaca, y xoa0a f(x) = g(x) ¢ynkyus xam xocuraea 3sea 6yaub,

F)Eg@)'=Fx)+g ()

6Vaann.

2°. Aeap [(x) ea g(x) ¢ynxyusrap f'(x) ea g'(x) xocurarapea sea
6yaca, y xoa0a [(x)-g(x) pynkyua xam xocuraea sea 6jaub,

[F(x)-g()" = (x)-g () + [ (x)-g" (x)

6ijaadu.

3°. Aeap [(x) ea g(x) (g(x)== 0) Gynxuuaaap ['(x) 6a g'(x) yocu-
aarapea ea Ogaca, y xoa0a /—((% pynkyua xam xocuraea sea 6yaub,

g(x

[mﬁyzfvmm—uwmw
gt 2%(x)

Gyaradu.

By racaukaapuu mcboryiam KuiduH 3Mac. Yiapian GHPHHH, MacaJaH,
2°- TACAMKHUHT HCOOTHHH KeJITHPaMH3.

2°-tTacAMKHUHT Hc6GOTH., x aprymeHTra Ax oprTupMa Gepamus.
¥Yuna f(x), g(x) Ba f(x)-g(x) dbyskimaaap xam yiuby
Af=fx+A0—flx),  Agl)=gk+Ax)—g®),
Alf(x)- g =f(x+ A% -gx+Ax)—f(x) g

oprrHpManapra sra O6ymaam. f(x) Ba g(x) dpymkumsnap f'(x), g’ (x) xocH-
Jagaapra sra. Jlemak,

[ (x) = lim Mﬂ, g'(x) = lim el
Ar—0 Ax Ax—0  Ax
12- GoGuuur 3-§ npa kearupuaran (+) MmyHocaGar KaGu

Alf()g)]=Af(x)-gx+Ax)+Ag(x)-f(x)

6ynamu. By TenrsmkHumHr Xap Mkkana Temommun [Ax ra 6YimG, cymrpa
Ax— 0 Aa JuMHTT2 YTaMH3:

Alfxg (] _ _Af(x)-g (x—+ Ax) - Ap(x)-f(x)
Ax Ax

4 ) A2
9 g+ 89 + 1 (- 22,
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o Al _ .. [Af(%) Ag(x)
kxn-l.o Ax A‘al:-.o [ et +7) - ]

llmAf(:) hm glx+Ax)+ hmi(x) hm AALX(X—)

Ax-—-0
—f (x)- g(x)+f(x) g (x).
Arap

lim SEEO_ (7). g (o

SKaHHHH abméopra OJICAK, YHIA IOKOPHIArd TEHIrVIMKIaH

[f(x)-g@) =F (x)-g(x) +F(x)-g" ()
6ymnun keqmb yuKamu.
Xycycan, g(x) = C — const 6y.ca, y xoa1a
[C-f() =F(x)C +fx)-(C) =] (x)C+[(x):0=C-f (x)
- Oymaau. emak,

[C-f() =C-[ (x).
8-§. dneMeHTap (yHKUMANAPHHHT XOCHJAJAPH

Kyimna snementap (yHKIMATADHHHT XOCHJIAJAPHHH XHCOOJaiMH3.

1. Japaxaan QYHKUMSHHHT XocHaacH y=x" (x>0)
(YHKUMAHHHT XOCHJIACHHHM TOMHII YYyH X aprymentra AXx OpTTHpMa
6epub, (yHKIHA OPTTHPMACHHH XHCOO/I4iiMH3:

L A A B
=x+A0)" —x'=>Ay=x" -w-;;-":z-
X

= Ay =x" ("u"' 0% == [(l = A—x)u —1 ]
x \ %

Sumu 6y Ay uu Ax ra 6ysm6, Ax— 0 na JuMHTra yTamus:

[ Ax\B Ax \#
i x"[(l—{—-—\) ~1] (|+—x) =
i:_ - . =xu—l.x.—_x =
Ax Ax Ax
Ax i
(14 —") .
A x
=X .A_x_ ’
X

11
2 (|+A—x) =
lim 24— fim | #'. __X/1 |-
Ax—0AX Ax—0 Ax
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!

(14 — 1
o

(qynxn, lin; == p). Jemak, y' = w-x""". Ilyngak Kum6,
x>

y =2 6ijaca, y xorda y' = p-x""" Gijaadu.

2. KypcaTkuuyau QYyHKUHAHHHT X0cHJaacH. y=a (@>
>0, as= 1) KypcaTKHuIH (YHKIHAHHAT XOCHJACHHH TOMHII YYYH X
aprymentra Ax oprtupMa Gepub, (yHKUHS OPTTHPMACHHH —XHCOOMaHMHS:
Ay=d™ — ¢ =0 —d* = a" (@ —1).
Ouau yuu Ax ra 6yym6, Ax— 0 na Jumurra yramus:

é_!i - a.l' (an_ l)

Ax Ax
. Ay ; X (aB% 1 Ar _ 1
lim L =lm 8@ " —=1_ »pp @ —1_
Ar—0 AX  Ax—g Ax ¢ }\LTO Ax a’-lna
. a%—1
yyHkH lim ——=1Ina |.
o -0 22 /

Jlemak, y = a*-Ina. Ulynpait kw6, y = a"* Gjaca, y =d" - Ina
6ijaadu.

3. JlorapupMuK QYHKUHSHHHT XocuaacH y=logx(a>
>0, as=1, x>0) JorapupMHK QYHKUMST aprymeHTH x ra Ax OpTTHp-
Ma Gepu0, (yHKIMA OPTTHPMACHHH TOMAMH3:

Ay = log, (x + A x) — log, x.
By oprTHpMaHH KyiiMaarnya €3uil MyMKHH:

AL — tog, (14 ).

X
Dynkumst OopTTHPMacH Ay HH aprymeHT oprtHpMacH Ax ra 6yau0, cyHr-
pa Ax— 0 aa ymmutra yTHO TOMaMH3:

Ay - loga

X

_ ’]_[_l .]oga (1 "Ei)] — xL'loga (l e éi)l/At/.r,
X \

. . 1 [ Ax \x |
lim ‘ly—=11m [—-loga(] B = ‘} =— lim log, (1 +
Ax—0Ax  Ax-s0| X ' x |/ X Ax—0
1 1
. Ax\x 1 A |
+ =) =—log, | lim \l R~ 'J = —Ilog,e
x ) x Ax—0 x X

l-—-

(aynxn linz) (1 +a)a = e, Kapajacu, X 6oG, 8- §).
T
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Hemak, y' = %loga e. Ulyunait Kum6,

y = log,x 6yuca, ¥y = xilogae 6ynanu.
Xycycan,
Yy =Inx 6gaca, y' = —xL log, =—L— 6ijradu.
4. TpurovoMerTpunk GYHKUHAJAPHUHT XOCHJIaJgapH.

bus 2-§ na y = sin x GpyHKUHSHHHr XOCHJIACHHM TOMraH 3MMK: Y = Sinx
. ! -~ o “ -
6yaca, y' =cosx 6yaadu. Xyman ywa iy Guaad y = cosx (QyHKUHs-

HUHP XOocHJacH Tonwiagu: Oy XocHaa g’ = (cosx)’ = —sinx ra TeHr
6ynann. emak,
Y =cosx bjaca, Y = —sinx 6jaadu.
Ouan y = tg x QyHKUMAHUHT XOCHJIAcHHH XHcoO/aiivu3.  MabayMkH,
sin x
tgx =—.
= Cos X

Jemax,
o N sin x\’
y=(g» (cos x) )

Hkkn dyskuns 6YMHMACHHHHT XOCHJAcH XaKulard Koujajaw coiiaa-
JIAaHAMH3:

(sin x)' __ (sinx)’ cos x —sin x-(cos x)"

cos x cos? x
cos x-coOsx —sinx(—sinx)  cos?x-Lsin?x 1
cos? x - cos? x " cost x
Jemak,

1
=1{gx Gjaca, Yy = (tgx) = —— 6yaadu.
y=1gx Gjaca, Yy’ = (tgx) o 6yjaadu
Xyaau wynra yxuwai,

y = ctgx 6gaca, y' = (ctgx) = — ,—lzxmjfzumu Kipcamuradu.
Sin

9-§. TeckapH TPHrOHOMETPHK (hYHKUHSVIADHHHT XOCHJAJaPH

Bus 5-§ na y = arcsinx (YHKUMAHHHT XOCHJACHHH TOMraH SHK.
YHA2 KYPAHKKH,

1
Vi—x

’

y = arcsin x 6yaca, Yy' = (arcsinx)’ =

6ijradu.
dupu y=arccosx, y =arctgx, y=arcctgx ynKuHATaPHUHDP
XOcHIanapuitd XucobaaimMus.
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PaBiuanku, y = arccos X QyHKUHA X = cosy ¢yHKumara nucbaran
teckapy (ynkumammp. (13.2) dopmynara kypa ¥, = —.

X,
v
Y xoaaa
1 r 1
Yy’ = (arccosx) = - o= I S = e
(cos y) —siny siny J 1 —costy
1
T Vi==
Iemax,
/ 1 g
y = arccosx Ggaca, Yy = (arccosx) = — — byjradu.
—_—X

Auan y = arctgx dynkunanun Kapaitank. By y =arcigx ¢ynkuua

x = tgy dynkumsra wucbaran Teckapn ¢ynxums 6yiaamm. (13.2) dopmy-
Jara Kypa

i o kL costy
y = (arctgx) =—— = ——=cos y_CO52y+Sin2y_.

Jemak,
y = arctgx 6ijaca, y' = (arctg x)' = ﬁ Oyaadu.
X

Xyaau wynra yxumani,

y =arcctgx 6yaca, y' = (arcctgx) = — -

Gyjawuu Kjpcamuradu.
10-§. Xocuaanap xajsaju

IOKopnaa KeaTHpuaran siaeMentap (GYHKIHMSJIAPHHHT XOCHJIAJapHHHA
JKamaab, KyHHJarH XOCHJAJap »KaJBaJHEH Ty3aMH3:

1° y =C = const 6yuca, y' = (C)' =0 Gynaan.

2°, y=x"(x>0), v = ) =t

F.y=a"@>0,a=1), y=@) =a‘lna

., y=Ilogx@a>0, a+ 1), y = (log,x) == -%]oga e.

5 y=Inx(x>0), y = (ng'=—.

6°. y=sinx, ¥y’ = (sinx)’ = cos x.
7°. y=rcosx, y' = (cosx) =—sinx.

8. y=tgx, v =(igr) = — (x#% +kn).

cosZx
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1

9% y=cigx, y' = (ctgx)’ = — e (x = k).
. p i ' -
10°, y=arcsinx, y' = (arcsin x)'= i (—1<x<)).
11°. y=arccosx, y'=(arccosx)'=—/;___ —1<x<LI).
V1i—x
12°. y =arcigx, y = (arctgx) =
1422
13°. y=arcctgx, y' = (arcctgx) = — L
I 4 x2

11-§. PynkunasHHr AHQOEPeHIHANIAHYBYHIHTH TYIYHYACH

Y = f(x) pyukuus (a, b) unteppanga auukaanran Gyaub, x,€(a, b)
Gy 1cHH.
By ¢yukuusunar x, HyKragard opTTHpMAacH

Ay = Af(x,) = f (¥ + Ax) — [ (x0)

Ax ra Gornmg Oyaamu. Macaman, y = f(x) =x*+ x4 1 ¢yHKusAHHHD
Xp = | HyKTagars opTTHpMacH:

Ay=Af()=f(l+Ax)—fD)=[(1+AxP+1+Ax)+1]—
—(P+141)=14+3Ax+3Ax8*+Ax*+ Ax+2—3 =
= A x® + 3Ax% + 4Ax.
: YMyMmaH, GyHKUMS opTripMack Ay Owjal apryMeHT OpTTHpMacH Ax
opacuaarn GOFJaHHUI eTap/ Japakala MypakkalG OYJMILH MyMKHH.
13.3- ravprd. Acap y = [(x) Pynkyuanune x, Hyxmadaeu opm-
mupmacu Ay Hu yuby
Ay =A-Ax + alAx (13.3)
Kijpunuwoda ugpodaraw mymrkun Otaca, y xorda Y = f(x) pynkyus x,
HyKmaoda ouppgepenyuarranyedu des amaaradu. bynda A Ax ea Goraug
Oyamazan yseapmac, o. 3ca Ax ea GOFAuUK 6a Y HOAA UHMUAQOU.
13.1-teopema. Aeap y=[(x) pynkyua x, Hygmaoa wexau ['(x,)
xocuaraea sea Gyaca, y xoada 0Oy pynkyus x, Hyxkmada Oupgpepen-
yuarranyeuu Grjradu.
Hcb6or. f(x) dynkuus x, Hykrafa uekan f’(x,) Xocusiara sra 6y
cui. XocHaa Tabpudura GuHOaH

F(x,) = lim 3%
Ax—0Ax

6ysanu. Bynnan
Ay=F (%) Ax+a-Ax
TEHIVIHK KeJHO YHKaid.
y = f(x) GyHKUMAHHHT X, HyKTajar# oprtpmack (13.3) Kypuuuuiga

uponananmu. J[lemak, y=f(x) dyHkuMs x, HyKTana audxpepeHiHa-
JIaHYBYH.
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13. 2-Te opema. Aeap y = f(x) pynxyua x, nysmada ougpepen-
yuarranyedu Gijaca, y xorda 6y ¢pynkyus x, Hysmada wexau [’ (xy)
xocunraza s2a Gyradu.

Hcb6or. f(x) pyskuna x, nykraza auddepeHunanianysys OYJICHH.
Y xonna tawpubra kypa f(x) GyskumaHHHD X; HyKTagarH Ay = Af(x,)

OPTTHPMACH YYYH
Ay = Af(x)) = A-Ax +a-Ax

Oysianu. By TteHramkaad sca

. Ay  A-Ax-+ a-Ax
A_x a Ax

6y keau6 yukanu. Keimarn tenrimkia Ax—-0 na mimutra yTeak,
yiaa

=A+4a

lim 2% —lim(A + o) = limA + limz = A +0=0

Ax—0 Ax Ax—0 Ax—0 Ax—0

6yanuinHu Tonamus. JleMmdk,

Y =[(x)=A.
By aca f(x) ¢pynkuusnunr x, HyKraga gekau ['(x,) Xocuiara sra GyJu-
mnen Onaupagu. Teopema ucbor Gyiau.

[ynpait koo, y = f(x) @yukyuanune x, Hyxkmada Ouggeper-
yuarianysiu Oyawun Yeyn yrune wy rRykmada vexaw [ (x,) yocusraea
sea O 3apyp 6a emapau SKau.

Hlynunr yuyn XaMm QyHKUMSHHHT XOCWIACHHH —TOMMIIHH  YHH Ough-
gepenyuariaur 1ed OPUTHIAILN.

IOkopuaarn Teopemanan KYpHHALUKH, acap y=[(X) Qyrxyus x, HYK-
mada Ouphepernyuanrranyeuu Oaca, yrune mavpugudacuw A tzeapmac
I (x,) ea mene Gijaadu:

A=["(x,).

12-§. ®PyHKUHSHHHT AHDEpeHLHAIH TabpH(H

y = f(x) dyukuus (a, b) uurepsanga Gepuaran 6y/mb, x, HyKTajga
(%, € (a, b)) muddepenuHamtanypan OyacHH. YHJa (YHKUHAHHHT X, HYK-
Tajard OPTTHPMAcH

Ay=Af(x)=[(x)-Ax+a-Ax (13.4)

6yaann. Bynpa Ax—0 na f'(x,):Ax Ba o-Ax JapHHHr Xap GUpPH HOJ-
ra uutHaca-ga, o-Ax xap f'(x,)-Ax ra Kaparauga Tespox HOJAra HHTH-
JIaJIH.

13. 4-tavpud. lOgopudacu (13.4) meneauxdazu [’ (x,)-Ax xad f(x)
QyHKYUIHURS X, HYykmadaeu Ouggepenyuaru Oeduradu 6a dy éxu
df(x,) xabu Gereuranadu:

dy = df (x) = ['(x)-Ax =y’ -Ax. (13.5)
Arap y=x Oyarainga dy=x'-Ax=Ax, siphH dx = Ax G6y-
JHUMEH  9bTHOOpra ovcak, yHAa OYHKUMAHMHD  AuddepeHIHaTHHA
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dy = y'dx éxu df (xo) = [ (x)-dx (13.6)

ne6 os1a OJIaMH3.

y=7[ (x) dynkuusuunr rpapurd 107-uyu3maja TacBHpJAHTAH 3rPH
YH3UKHH HopasacuH.

3-§ Aa QyHKUHS XOCHIACHHMHT TeOMeTPHK MabHOcH AB 3rpn uiismk-
Ka M, HyKTajpa yTKaswiraHn ypHHMaHMHr Oypuak KosdduumHeHTHIaH HOO-

par skanuuu Kyprad sauk. [emak, [ (x,) =tg«. - MCD pan Ttona-
MH3:

€D _ oy

M\D

Arap MD = A x 3kanusu 5bTHOOpra OJICAK, YHIA IOKOPHAATH TEHIJHK-
Jan
CD=MDtga=1ga-Ax
6y/niuu keqm6 unkaau. Jlevak,
CD=tga-Ax=]" (x)-Ax=dy.

Bynnan ¢ynkums aubdepeniammuuar ymby reoMeTpuk MabHOCH Keamo
YHKagH: Y = f (x) yHKUMSHHHT X, HyKTajzarn Oy jwuddepenimamm (yHK-
mua rpapurara M, HyKTaza YTKasWwiaraH ypHHMa OpPTTHPMAcHAaH nGopat

6ynanu.
Mucoanap. Ywby dynkuuatapuusr AuddepeHHaniapn TonuiIcHH:

Dy=x*+2x+1; 2) y=-¢€"+sin2«.

OyukuusHEr AHddepeniHant GyHKIHA XOCHIACHHHHT apryMeHT aud-
depennmasnra Kynaiitmacuaan ubopar skanuian oiigananub, OGepHiraH
GyHKUAANAPHAHT AH(GDEPEHIHAIIADHHH TONAMK3.

Ddy=ydx=(x*+2x+1) dx =2 (x4 1) dx.

92) dy = y'dx = (€ + sin2x)’ = (¢* + 2cos2x) dx.

13-§. Muddeperunannap xansaau

Ouan 10-§ pa xkenTHpuaras Xocunanap kajapaguiad QoiilananuG,
sJeMeHTap (YHKIHSJIApHHAHT nmtcpepemman NapH KaBAIMHH KeJITHPAMH3:
1°. y=C =const, dy-=0.

2°. y=x" dy=ux"" dx (x>0).
. y=d, dy=a" Inadx @>0, a+1).
4°. y = log,x, dy=$logaedx @>0,a#1,x>0).

5°. y=Inx, dy=—l— dx (x> 0).

6°. y =sinx, dy = cosxdx.
7°. y =cosx, dy = —sinxdx.

dx(x;é—;L —.—kn).

. ]
8. y=tgx, dy= =
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9. y=clgx, dy = — —

e dx (x # k).
10°. y =arcsinx, dy = l de (—1<x<ZI).’
V=2
11°. y =arccosy, dy=————dx(— 1 <x<1).
1 —x2
. 1
12°. y = arctgx, dy = T dx.
137, y = — X.
3°. y arcctgy, dy T dx

14-§. Pynkuus AHGDEpeHUHATHHHHT COAlA
KOHanapu

Auan auddeperuHaIIaHIAT cOAAAa KOHAAIaPHHH KeJTHPAMH3.

Adtraivmik, f (x) Ba g(x) dyskumanap (a, b) aa Oepuaran Gyumo,
x (x€(a,b)) nykraja nudgepenumnanianysan 6ycui. Y xomnaa f (x)£g (x),
f (x)-g (x) xamaa ;:—;: (g (x) # 0) dyskuusaaap xam KupepeHuHaIa-
Hysun 6y7no,

a) d [f (x) = g (0)] = df (x) = dg (x);

0) d (ff (‘xg-g ("L‘,T)df fx; gf(:i) )4‘; f((x) dg (x);

d xlz x) g (x)— [ (x)dg (x) 0

V4w ¢t (9 €@ =*0
6ynamu. Byaapuusr Gupopracuuu, Macanad, a) XOJHH HCGOT/aiMu3.

a) xoaunuur ncootu. lOgopuaaru (13.6) popvynanau oinana-
HUOG TOMaMH3:

d1f()=g)l=0Fx)=g ) de=I[]" (x)=g (9] dx =
=[ (x) dx =g (x) dx = df () =dg (¥).

Hemak,
d [f (x) =g (0] =df (x) £dg (x).

Y=o (x), u=f (y) 6yau6, yaap épiamuga u = f (¢ (x)) Mypakkab
dyukuus Tyawirad 6yJcun. Mypakka® QYHKUHAHHHT XOCHJIAaCHHH XHCOO-
Jali Koujgacuaan goiifanaiubé TonaMmus:

du=d [[ (@ (N =} (@ ()] de =
=f (¢ ()¢ (x) de=][" (y)-y'dc=[ (y)dy.
Jemak,
df(@N=F (@) do=] (y)dy. (13.7)
(13.6), (13.7) popmynanapuu comurtipud, Kyiuaars Xysocara KeJlaMus:
Dyukuws mypakkad Oyaran xonaa XaMm Quukyua ougpeperyuaru

Gynryusn xocuracu [ (y) 6uran apeysmenm y = @ (x) Hune duppepen-
yuaru dy Kynadmmacuea menz 6yaap skan (Oy Xoafa dy 3pKJIH OpPT-
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THpMa GyamachaH, Gajkn y x VY3rapyBumHHHr yHKuUMsicH GVJaun).
(13.6), (13.7) dopmynanapunur kypuuuimm Gup xwia. Omataa Gyuu Ough-
eperyuan KijpuHuuurUHe URBApUaRmMAU2Y Jefiniau.

15-§. HOxopn TtaptH6an Xocuaa Ba Jau(ipepeHUHaNIAp

buz Xxocuna TymyHuyacH OWJaH TaHMIIrania Ba 3JeMeHTap (GVHK-
IMANAPHUHT XOCHJAlapHHH XHcoOJ1arania KYPAMKKH, (YHKUMS XOcH/a-
CHHMHr ¥3M siHa X Y3rapyBUMHMHT (yHKIMsCH OVJNMIIN MyMKHH 3KaH.
Jlemak, ¢yHKIMA XOCHJIACHHMHT XOCHJAcH TYIIYHYACHHH Kapail MyM-
KuH. Yy = [ (x) ¢yskuns (a, b) na Gepuaran GYJcHH.

13.5-tabpud. Pyukyua xocuracunune xocuracu wy GyHKEU-
HUHZ UKKUn4u mapmubau yocuracu 0eb amaradu sa y” éxu [’ (x) kabu
beseuranadu:

Y=, "= ).
Macanan, y = sinx QyHKUHAHHHT MKKHHYM TapTHO.IH XOCHJIAcH
y' = (sinx)’ = cosx, ¥y’ = (y')’ = (cosx)’ = — sinx.
(sinx)” = — sinx

6yn1any.
QYHKIHAHUHT YYHHYH, TYPTHHYH Ba X. K. Tapribjari XocHJaJapu
IOKOpHAarujiek TabpHdviaHa/u:
g, 9 =, o
YMmymaH, QYHKUMSHHHT n- TapTHOMM XocuaacH (n — 1)- taptuban  xocnu-
JIACHHHHT XOCH/IACHIHP:

(n) L (l (n—l));

y /
Mucoaaap. Ywly dyHKuusIapuuir MKKHHYH TapT#6.11 XOCHa1apH
TOMMWICHH: a) ¥ = ax® -+ bx +¢; 6) y=2"" B) y = arctgr.
a) y'=(ax*+ bx+c¢) =2ax + b,
Y'=(y) = (ax + b)’ = 2a.
6) y' = (2™ = 2°™.In2-cosx,
¢ = (') = (In2-2™.cosx)’ = In2-(2"™ - cosx)’ —=
= In2 [(2°™)'-cosx + 2™ (cosx)'] = In2 [2°™%-In2.cosx-cosx 4+
+ 2™ (— sinx)] = In2-2™ (cos2x - In2 — sinx).

B) y' = (arcigx)’ = =

14-x2
r— (1)) — 1 ':= (1) (14 x2) — 1(1 -+ x2)’ .
!/ —(y) (l",sz) ([+x2)2
_0(1 4 %) —2¢ o 2x
N (14222 (14+x2)2

124



13.6-tabpud. y = f(x) Qynkyus Oupgeperyuaru dy Hune Oug-
epenyuaru bepurean GyHKYUIHUHS UKKURYL mapmubau Ouddepenyua-
au 0e6 amaradu 6a d*y éxu d*f(x) kabu Geazuraradu :

d*y = d (dy) éxu d°f (x) = d (df (x)).

Xyui wynra yxuaur, (QYHKUMSHHHT YY4dHYH, TYPTHHYH Ba X. K.
TapTHOIN Audxpepeninaniapu TabpugpIaHanm.

YmyMaH, (pyHKUHAHHHT n- TApTHOAN Audxbepernuanau yuuar (n—1)-
Taptiban Auddepennmamunuir auddepennuannian Héopataup:

d'y=d @'y, d"fx)=d @ f ).

Mabaymkn, QYHKUMAHHAT AudXpepesiiuaT YHHHD XOCW/ACH OpKaJIH
yuwby dy = y'-dx ¢opmyna Ounan upogananap sau. Bywna dx apryment
x Hunr Auddeperimanun 6Vau6, y Ax ra tenur. Iy tenranknan doiina-
Jaunb Tonavus:

d*y=d (dy) = d (y'dx) = dx-d (y') = dx-(y) -dx = y"dx>.

Jemak, (yHryuanure ukkundw mapmubau ougpgpeperyuart GyHx-
YUAHUHE UKKUHYU mapmubau xocuracurune apeymesm oupgepernyuaru
Keadpamuea Kynatimmacuea memxe.

Miucoun. y = sin2x QyHKUMSHUHT HKKHHYU TapTuban auddepeHuna-
JH Kyfinjaarnya Gyaaiu:

dy = y'dx = 2 cos 2x dx; d*y = d (dy) = — 4sin 2x dx®.

16- §. JAuddepeHuman XMcoOHHHT ACOCHMH
TeopemaJiapH

Jndpepeninan XHcOOHHHT aCOCHIT TeopeMaJlapHHH KeJITHPHILJAH aB-
Bajl Gab3u OMp TYIIYHYA Ba TACAHKHH 3cJaTHO YTamus.

y=f (x) dynguua X opaaugiaa Gepwiran Gyscuu. Arap X opanaunaa
LIyHAAl X, HyKTa (MYKH HYKTa) TOMHJCAKH,

v x€EX (x#=x) yuyr )< (x) (F () = (xp))

6yaca, y xomna f(x) ¢pynkmmsa X OPaTMKHHHI WYKH HYKTACH X, Aa y3d-
HHHT 342 Kamma (3He KuvuK) Kudsamuea spuwadu ned aranaju.

Aeap [ (x) ¢ynryus [a, b] ceemenmoa ysayxcus Oyaca, y xoada
GyHKyuUL Wy ceemcHmoa (aunure 3xe kamma (9He KUYUK) Kudmamuea
apuwadu, avuu wyHdad c, nysma (¢, rykma) (@< cp<b, a < c, < b)

monuaaduxu,
VrxeX yuyn f)<fle) (F)>F(e))

6yaradu (Gy y3aykeus (GpyHKUHAHHHT XoccacuHu upoganosuu Beiiepurrpace
TEOPEMACHIHP).

13.3-teopema (Pepma Teopemacu). Aeap [ (x) ¢pyuryua X
GPAAUKHUHR UMKU HYKmacu X, 0a {aununz 3H2 Kamma (3HS KUYUK)
Kulimamuea spuwica xamda wy x, HYKmaoda 4exau xocuraea sea Gjaca,
Y x020a (YHKYUSL XOCUNACUHUHE X, HYKMAOa2u KUUMamu HOA2a meH2
6yradu:

[ (x) =0.
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HUcb6or. f(x) Qynkunsa x, HyKTaja V3MHWHT 3Hr KaTTa KHAMAaTHra
SPHILCHH Ba 1y HyKTaja uyekau [’ (x,) Xocuaara sra Gyucus. [lemaxk,

Y xEX (x#x) yayn [ (x) <[ (xp).

X, HyKTara mysaaii Ax oprtupma GepaMu3ku, X, + Ax€X O63JcuH.
IOKopuzaru afitniaraira Kypa, Xap AOMM

[ (o +AX)<[ (xp),
GunobapuH,

Ay=Af () =F (o+Ax)—[ (x) <O
Gynamu. ¥ Xoapa:
a) Ax>0 6yaranna

A 2
A <0 pa lim <o,
Ax Ax-0 Ax

6) Ax <0 6yaranna
A ;
=Y~ 0 Ba lim 24 >0
Ax Ax—0 Ax

GYJTMIIMHA aHMKJal Kuitne sMac. Arap

Ax—0 4 X

SKaHJHrHHK 3bTHOOpra ojcak, [ (X)) <0, [ (xg) = 0 6Yamb, ynaan
' () =0
6ysmnm Keanb yHKaiu.

Xyaaun IWIyHra yXmanl, X, HyKiaja (QyHKIUHs SHT KHYHK KuiMmaTtra
sra 6yaranaa xam [’ (xo) = 0 6ymium wneGotaananu. by sca Teopemanu
ucboTIaiIH.

TeopeMa COAa reoMeTPHK MabHora sra: i = [ (x) ¢ynkuus rpadu-
rura M, (xg [ (%) HykTaga Yrkaswarad ypunMa Ox YKura napasien
Gyaanu (108-un3ma).

13.4-treopema (Poaab Teopemach). ¥=[ (x) ¢pynxyua [a, b}
ceemenmoa Gepuacan Gijacun. Aeap

1) f (x) ¢pyurxyusa la, b) da ysayxcus;

92) f (x) ¢pynxyus xew Ojanacanda (a, b) unmepearda wexkau [ (x)
xocunaza sea;

3) [a, b] ceemenmuune wemku a 6a b nyxmarapuda [ (a)=f (b)
6ijaca, y xo20a a €a b nyskmazrap opacuda wyndai ¢ (a<c<b) HyK-
ma monuraiuku,

[')=0
6ijaadu.

Hc6or. Wlaprra x¥pa f (x) ¢yskuus [a, b] cerMeHTAAa y3nyKCHS.
YHpa, 10Kopuaa afitnaranura acocan (yHkumaA [a, b] cermentaa Y3uHHUHT
SHr KaTTa Ba SHT KMUMK KHHMaTHra spuwlagu. AHTaiIHK, QYHKUMAHHHT
9Hr KaT1a KuiiMatH M, SHr KHYMK KMAMatd 3ca m OyJICHH.

Arap m =M Gyaca, y xonaa f (x) ¢dyskuus [a, b] cermentaa ys-
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rapMac GOYyaanmn: [ (x) =const. IHynuur yyyn wuxTuépuii x HyKrajga
[ (x) =0 6yaanu.

Quau m =+ M, spuu m <M 6yaran XoJHH KapaniHk.

By xonna f (a) = [ (b) 6yaranumrn caGabau (GYHKUHS V3UHHHT SHE
KaTta Ba SHI KHYMK KMAMAaT/IapuHHHT Yey Gysimaranaa Oupuuu a Ba b
HyKTasnap opacuparu 6upop ¢ (@ << c¢<b) mykraza Kabyn xuaaau. Ly
Hykrala Pepma Teopemachra Kypa

['()=0
6ynann. Teopema mcGor Gyaiau.

13.5-teopema (Jlarpaux TeopeMmacH). y=7f(x) Ppynkyus
[a, b] ceamenmoa Gepuirzcan Ggacun. Azap

1) [ (x) pynxyus [a, b] da ysaykcus,

2) [ (x) ¢pynryus xew Oiyamacanda (a, b) unmepsarda wexaw f' (x)
xocuraea s2a Gijaca, y xo0a0a a éa b wyxkmasrap opacuda wyHOad
¢ (@< c<b) nykma monuraduxu,

[ (b)—F (a) ___f/ (C)

b—a
6ijraou.
HUcGor. Teopemann nc6oraaur Makcaauia yuoby
p—
F)=f(—F@—TU=lE g (13.8)

épaamun pyHKUMAHH Kuputamus. By €paamun dyHKums:

1) [a, b] cermentaa anmkJanran Ba yaaykcns., Yynkn (13.8) Teur-
JHKHUHT YHT TOMOHMArH Xap Oup Xaa [a, b] cermentaa ysnykcus, F (x)
3ca OyH7ail yanykeH3 (yHKuusIap Hurnuaucuian (aiupmacuian) ubopar-
Jp;

2) F' (x) xocunara sra Ba y

; b) —
F () =p (y—L10=19 (13.9)
b—a
ra TeHr,

3 F@=f@—f @—18=LE @—g o,
FO) = 0)—F@—L2=L0 ¢ —g)=f ) —F @) —
—If ()—F @1 =0
Ba, JeMak,
F (a) =F (b).

Jlemax, F (x) dynkums [a, b] na Pomns teopemacunuur Gapua uaptia-
puHi KaHoatsiautipap skad. Yuaa Posas Teopemacura Kypa a Ba b opa-
cupa wyHaal ¢ (a<<c < b) HyKTa TOMWJIAJHKH,

F' (¢)=0
6yaanu. KOkopuaaru (13.9) Tenrmukun swTnGopra om0,
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F' (C)=f' (C)— f(b)_f(a) =0

b—a
6yammman Tonamn3. KeHHHrH TeHrJHMKIaH 3ca
f(b)~f (a) fl (C)

b—a h
G6ysmum keanb uukagu. Teopema ucGor Gyaan.

By Teopema coana reomerpuk mabHora sra. Y = f (x) QyHKIHSHHHT
rpajurn 109-yusamana Taceupsanran srpu un3nKHM uponamacuu. AB srpn
yu3nKAa umrynaain M nykra (yaunr koopauHatanapu (c, f (c)) G6yaanm)
MapXynKkH, Oy HyKTagarn ypuuManuHr Oypuak kos(pduunentn [ (c) ra,
AB xecyBunnuHr Gypuak KO(XpHIHEHTH -f-(b)T_f—(i)- ra TeHr, sbHH

—Qa
ypuHMa GujaH KecyBYH mnapaJiies GyJaju.

XIV BOB. NHO®PEPEHLUHAJ XHCOEHHHI TATBHKJIAPH

Ymby 6061a ¢yHKIHSHHHT XOcHJasapuad oiifatanné yuunr Vara-
pHIl XapakTepHHH 0aéHn 3TaMu3.

1-§. PYHKUHSHHHT YCYBYH BA KAMAKOBYH
OyaHLIH

14.1-teopema. Aeap [ (x) gynkyus (a, b) 0a anuxaraHean 6a Hex-
au ' (x) yocusraea sea 6yaub, ~+ x€(a, b) yayn

f(x)=0

Gijaca, y xoada [ (x) pynkyus (a; b) da tcyeuu Oiaadu.
14.2-teopema. Aecap [ (x) ¢ynkyus (a, b) da anuxraneaw ea wex-
au [' (x) xocuraea sea Gjaub, > x€(a, b) yayn
['(x)<0
6yaca, y xoada [ (x) ¢pyurxuus (a; b) Oa Kamaoswu Gjradu.

By keardpwiran Teopemasap OMp X/ My.J0Xasa IOPHTHINIIK OHjaH
ucCoraanaau. Illynnur yuyn yaapuuer Gnpuud nc6Gotiamn GuiaH uerapa-
JIaHAMH3.

14.1-teopemanunr ucboru. Hlaprra x¥pa [ (r) dyHxkuns
(a, b) na weksm [’ (x) xocmnara sra Ba [’ (x) >0. (a, b) opamugna ux-
THEPHIT X, Ba X, (x, << X,) HyKTaJaphu oJailmk. YHAa [x;, X,] < (a, b)
6ym6, [x,, X,] Aa [ (x) dynkumsa Jlarpamx teopemacunuHr Gapua 1apt-
JApUHH KauoatJaHTHpaau. Jlarpamx Teopemachra MyBODHK, X, Ba X,
HyKTajap opacHiia mynaai ¢ (x, < ¢ << X,) HYKTa TONHJAJHKH,

f(x;Z:L(XI) - fl (C),
SIBHH
f ) —F(x) =T () (xg—xy)
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6ynamm. Arap x, < X, Ba ' (¢) >0 6yamumnn swTHOOpPra oJcak, yHAa
KEeHHHTH TeHIVTHKaH ;

i ("z)—f () =0
6yammmnn Tonamus. JleMak, f (x;) <[ (x,). Iynnaii kuano
1n<xp=>f(x) <[ (xo)
6yaamm. By sca [ (x) dynkunsanunr (e, b)) na VeyBun SKkaHuBH Gunau-
paau. Teopema uc6GoT GVJIH.

14.1-naTuxa. [ (x) ¢pynsyus (a, b) da wekau ' (x) xocuiraea sea
6iacun. ¥ xoaoa

['(X)>06af (<0

menecudaukaapru equb, bepurean (pyHKyuSHuUHe ycyedu xamoéa Kama-
1084u 6yaaduear opaiuxiapu monuaadu.

9
Macanan, ywby /(1)~1 "2 (yukunann Kapaivink. By ¢dyskupus-

HHHI XOCHJacH

J' () = (1-1- a) B UL 20—
X (1 4 x2)2 (1-4-x2)2
6ynaau. Snan 2l —%0) = 0 TeHrcH3JMKHH eyaMu3:
(14 x2)p2
2 (1 —x2) 5 ;
e 0= —x > 0=(1—2) (1 +x=>0=>
(1 x22
{l—x>0. {]——.\'<0, (x<1, [x>1,
14+x>0 14220 7 lxz—1 @ [2c—1™
x<l,
= —I<x<l.
x>—1

Jemak, Gepwiran [ (x) ¢ynxumua [—1, - 1] opamikna Yeysuu Gynamm.
PaBuanks,

2 (1 —x9) e —olrx<—]1,
(1+x2)2<0=>1 vl 1< x< + oo,

Jlemak, Gepuaran [ (x) cynkumsi (— oo; —1] Ba [l; + ) opanux-
Japia KamaioBuu OVJiaan.

2-§. PYHKUHSHHHT 3KCTPEMyMJapH

Avrraiimk, [ (x) dynkums (a, b) aa Gepuaran 6yau6, x, € (a, b) 6y
CHH.

14.1-tavp ud. Adeap x, nykmanuxe wyndal (x,— 6, x,+ 8) <
< (a, b)(6> 0) ampcgpu monuacaku, *+ x € (x,— 0, x, + 6) Y4y

F ()< (x)

meHecusaux gpunau 6gaca, y xoa0a f (x) pynkyus x, nyKmada maxcu-
Mmymea spuwadu Oequradu. Bynda x, HYKma QYRKYUAea MaKCUMYM
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Kudmam Oepaduean nykma, [ (x,) sca QyrkyuaHune maxcumym Kuil-
Mmamu deduradu.
DYHKUMAHAHT MAKCHMYM KHAMATH KyiHlarkya GearusiaHajau:

f (xp) = max {f (x)}.

142-taspud. Aeap x, Hyxmanuwe wyrdad (x,— 0, x, + O <
< (a, b) (6 =0) ampogpu monuacaku, 7 x€(x,— 98, x, -t 0) yayn

[(x) = [ (x,)
menecusauK ypurau 6jaca, y Xoada [(x) pynkyus x, Hykmada muru-
Mmymea spuwadu deduradu. Synda X, (PyHKyUIeA MURUMYM Kubdmam
6epaduean Hyxkma, f(x,) 3ca @QYHKyuIHUHE MUHUMYM Kudmamu Oedu-
2a0u.
DyHKUHAHHHT MHHUMYM KHiiMaTi Kyifuarnya Gesruianagu:

[ (xo) = il {0}

OYHKUHAHHHT MAKCHMYM Ba MHHHMYM KHiIMAT/Iapu yMyMHi Hom Gu-
JlaH YHHHT 3Kcmpemym Kuidmamaapu ne6 atanajuu.

IOkopiaa keaTHpuaran Tabpudaaplad  KYPHHAAHKH, QYHKIMAHUHT
MAKCHMYM Ba MHHMMYM KuilMatiapw, yuuur (x,—398, x, - 0) amarm siir
KaTTa Ba SHT KHYHK KHAMaT/apu Oy./aju.

Mucoa. f(x) = x* dyukuuann gapaimk. by Qyskuua x =0 nyk-
Tajla MHHEMyMra 3puilafn. Xakukatan Xam, x =0 dygrauuaur (0 — 9,
0+ 08)=(—29, 6 (0>0) atpopuaars Gapuya x HyKTazap yuyH

F(x) = [ (0), sphne x* =0

Gynamu: v x€(—8, &)= (x) = [ (0)

3-§. PyHKUMS IKCTPEMYMHHHHI 3apypHil LAPTH

[ (x) dyukuus (a; b) na Gepuwiraw Oyacud. by pynxyun: 1) x, (xy €
€(a; b)) Hysmada maxcumymea (Munumymea) pumicun; 2) x, HyKmaoa
uexau [’ (xy) xocuraza sea Ojacun. ¥ xonrda

[ (xg) =0
6yjradu.
Iysu ucbornaiimus. Bupunuunan, f (x) ¢yvukuus x, HyKTaga Mak-
cHMyMra (MHHMMYMra) SpHIITaHJurn cababau wmy x, HyKTaHuur (xo— O,
X + 08) arpobuaarn Gapua X HyKTaAAp yuyH

F)<F(x) (F () = F (x)

6yaaau. [emak, f (x) dynkuus (x,— 98, xo+ 8) na yauuuur sur karra
(3Hr KMuMK) KHitMaTH [ (x,) ra spumanu.

Ukknnuu Tomouaan, [ (x) q;yﬂxuvm Xo HyKTaNa 4ex/u f (x,) Xocu-
Jara sra. Yuga Pepma teopemacura kypa [ (x,) =0 Gyaau.

BHpoK QYHKUMAHHHT XOcHJIacH HoOJra TeHr Oyarad HyKTaga OepuJ-
ral QYHKUHA Xap JOMM XaM SKCTpeMymra spuiasepmaiiin. Macanan,
f () =x* DYHKUHAHIHT XOCH/IACH [’ (x) = 3x* 6ymm6, y x =0 HyKTaza
Hoara TeHr: ' (0)=3-0=0. Jlekun Oy pynkuus x =0 HyKTafa 3Kc-
Tpemymra spuiMaiiu (uynku [ (x) = 3x* > 0 6y/mu6, y ycyBuuaup).

130



Iynpait Kuan6, GyHKUMS XOCHJIACHHHHT HOJra aiJaHHIIH (QYHKUMS
KCTPEMyMra ‘SPHLIHIIHHUET 3apypHil 1IapTH 3KaH.

Opatna yHKuHs XOCHAACHHM HOJAra aiJaHTHpajural HyKTa (QYHK-
LHUSHUHT CMAayuonap HYyKmacu JeHuIaiu.

14.2-3caarTma. Pynkuns Xocwiara sra Gy/JIMAraH HYKTaza XaM SKCTpeMymra
sra 6yanmm MyMKHH. Macanan, f(x)= |¥| dynkuus x= 0 ByKTajga XocHiara sra
smac. Bupok, 6y ¢yuxuns x = 0 HyKTaZa MUIHHMYMIa 3pPHILAJH.

f (x) dpyskuus (a, b) na Gepuaran 6Ysm6, y wy opamukaa f° (x) xo-
cuaara sra GyJcHH Ba X, € (a, b) HykTaja skcTpemymra SpuuicHH. PyHK-
uusiHAHr rpadurura (x,, f (x,)) Aa Vrkaswaraw ypunma Ox VKura na-
paanen 6ynaan (110-uuama).

4- §. PyHKUHA SKCTPEMYMHHHHT €TapJH LAPTJapH

f (x) pynxuns (a; b) na Gepuaran Ba yaaykcu3 6Vicui. By dynkuus
wy opaankaa f’ (x) Xocuaara sra 6Van6, x, (x,€(a, b)) nykraga nHoara
abyanenn: [ (x,) = 0.

Macana [ (x) ¢yHkums x, HyKTajda SKCTPeMyMra SpHIIAJAMH EKH
HYKMH, arap sKcTpeMyMmra spuuica, y X, HYKTaJla MakCHMyMra Spulla-
JHMH €KW MHHHMYMra SpHILAJMMH, WYHH anukJalwgas w6opar. By maca-
JIAHH Xall KWJHII YYYH aBBAO X, HYKTAHHHT (X, — O, X, - 0) aTpodmun
onainuk, ((x,— 96, x, -+ 8) = (a, b)).

1) ¥ x€(x,—9, x) yuyn [ (x) >0 6yacun. By xo010a 14.2- meo-
pemaza Kipa bepurzan pynkyus (xo— 0, x,) Oa ycysuu Oyaadu:

FO<F(x) (% x€(—8, xp)). (14.1)

2) ¥ x€(xq, X + &) yuyn [ (x) <0 6yjacun. By x010a 14.3- meope-
Mmaza kipa bepurcan Gynkyus (x,, x,-= 0) Oa Kamarosuu 6ijaradu:

() =F () (% x€(xp xp+ 6)). (14.2)
(14.1) Ba (14.2) mynocabaryiapnan + x € (xo— 6, x,+ 6) yuyn
)< (x)

6yammunn Tonamus. Jlemak, f (x) (yBKuMs x = x, HYKTala MaKCHMyMra
spumagn (111-unsma).
Ouan 1) ¥ x€(xg— 96, xo) yuyu [’ (x) <0 6Gyacun. By xorda 14.3-
meopemaza Kypa Gepurzan Qpynkyus (xo— 8, x,) Oa xKamaroequ Gyradu:
F ) =] (xg) (W x€(xg— 8, xp)). (14.3)
2) M xE(Xg X+ O) yuyn [’ (x) >0 Ggacun. By xorda 14.2- meo-
pemaza Kiypa bepunrean ynryus (x, x,-+ 0) Oa geysuu 6yradu:
f (xo) éf (—\) ('V' xE(xo; Xo T+ 6)) (144)
(14.3) Ba (14.4) mynocaGarnapaan 3 x € (xo— 96, x, + 8) yuyn
[ () >F (x)
6ymnmuK tonamus. [emak, f (x) dynkuus x = X, HyKTaja MHHUMyMra
spumwazu (112-unsma).

Mynpai kumob, (yHKUHA 3KCTPEMYMHNH aHHKJAIl Y4yH KyHHAArud
Koupara (OHpHHUM KOHJara) KeJaMua:
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1) Gepuaran f (x) gpyukumsanar Xocknaack f (x) A TomuG,
['()=0
TeHrJamManu edamus. AffTaiyink, 6y TeHrJaMaHuur eyuMJapujan GupH X,
6Yy.1cuH;
2) 6y x, HykTauuur (x,— 0, x, 4 8) (6 >0) arpodunu osamus;
3) arap )
¥ XE(xyg—06, xp) yuyu [’ (x) > 0;
A XE(Xq Xo - 6) yuyn [ (x) <0
6yaca, abhiu [’ (¥) Xocwaa x, HyKTaHmi YTuiuaa Y3 Minopacunn «--» aad
«—» ra yaraptapca, y Xxoana [ (x) dymrkuua x, HyKraga MakcuMymra
spumagi. DyHKIMAHUHT MakcuMyM KuiiMati [ (x,) OVaaau;

4) arap
¥ xe(x—39, § Yo [ (x) <0,
¥ X€(Xy, %o +0) yuyn [ (x) >0
6yaca, sieHu [ (¥) Xocuaa x, HYKTaHH YTHILAQ V3 HUIOPACHHH «—» JaH

«+» ra ysraprapca, y Xoaha [ (x) dyHkuMs x, HyKTaja MUHHMYMra
spuiuagn. OYHKUMAHUHT MHHAMYM KuitMati [ (x,) 6Viany;

5) arap
T XE€(xg— 8, xg) yuyn [ (x) >0,
3 ¥ XE(xg, Xo+0) yuyn f" (x) >0 (14.5)
eKH
¥ X €@ — 0, %)) yayn [’ () <0,
¥ XE (X, Xp -+ O) yuyn [ (x) <0 (14.6)

6ysca, sipHn [ (x) XOocHaa X, HYKTaHd YTHUIZA V3 HIIOPACHHM Y3rapTHp-
Maca, yHAA [ (x) QYHKUMA X, HYKT4[a SKCTPEMyMra 3pHIIMaitIn.
Miucos. [ (x)=2x"—9x* + [2x — 2 hyHKUMSHHHT 3KCTPEMYMJIapH
TOMHJICHH.
ABBasio Gepu/iraH QYHKUHAHUHT XOCHJACHHH XHCOO/AiMM3:

F=02x—9x+12x—2) =62 — 18x+-12=6 (x* — 3 x+2).
Cyurpa
f(x)=0, spiu 6 (x> —3x+2)=0
TEHI/IaMaHH eyaMu3:
6(x*—3x+2)=0=x*—3x+2=0=>x,=1, x,=2.
Hemak, x; =1, x =2 Hykragap Gepwirad QyHKUMSHUHT CTAUOHAD HYK-

Tajsapu GyJaiu.
Suan GYHKUMA XOCHJIACHHH Kyitnjaarnya ¢é3u6 ojamus:

F)=6x2—18x+12=6(x—1)(x—2).

x=1, x=2 crauuonap nykrajsapuuur atpodviapunit onub, yuaa QyHk-
UM XOCHAAcH [’ (X) HUHI MIIOPAcHHH TEKIIMPAMHS,

x=1 nygranuar (1 —6, 14 9) (0 <6< -;—) aTpodHHK OJIANJIHK.
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]
Yupa ¥ x(1—8, 1) yuyn [ (x) = 6(x — 1) (x —2) > 0 6yaanm, uynka
Gynnait x iyKranap yuyn x — 1< 0, x—2< 0 6ynamm. ,
wx€(1,1 +8) yuya [ (x) =6 (x — 1)(x—2) <0 O6ysanu, yyHku
6ynaait X HyKranaap yuyn x—1>0, x —2 <0 6ynaan.
lynpait knaw6, [ (x) xocuma x, = 1 wykrann yrmmaa V3 uuiopa-
CHHU «+» JaH «—» ra Varaptupam. lemak, Gepuaran ¢yvkuus x = 1
HYKTAla MaKCHMyMra spHilagH Ba (GpyHKUHSHHHI MAKCHMYM KHiiMaTH

max {f (x)} =f())=2-1"—9-1* +12.1—-2=3.
x =2 nykianmnr (2— 96, 24 6) ('O <6< L)) aTpouHu  OnailIuK.

Ynaa
YXER—9, 2) yuyh () =6(x—1)(x—2)<<0
6yaaau, uynkn Oynjaail x nykragap yuyn x—1>0, x—2<0 6yna-
au.
Mx€EQ, 246 yuyn [ (x)=6(x—1)(x—2)>0
6yaaau, uynkn Oynaait x mykragap yuyd x— 1 >0, x—2>0 6yna-
JH. 2 7
Mlynpait xuan6, [ (x) yocnna x, = 2 nykrann YTHIIAA V3 HIIOpacH-
HH «—» JaH «+» ra ysrapiupaad. Jemax, OGepnaran ¢yHKUHA X, = 2
HYKTaZla MUHUMYMra SpHIlaJd Ba (DYHKUMSHHHT MHHHMYM KHAMAT:

"min{f(0)} =/(2 =2-22—9.22112.2—-2=22

Dynxius WKKHHYH TapTHOau Xocuaara sra  Gyuca, yHaa OGepuarad
DYHRIMANUAT 9KCTPeMyMIHH Tonui GupMyHuya ocon GyJalu.

f(x) dynkuna (a, b) na ['(x) Xocunara sra 6ymmb, x,(x, < (a, b))
HYKTaJla HOJra ainaHcHH:

[ (x)) =0.

Aeap [ (x) pynkyuanune x, Hykmada uxkxkunyu mapmubau xocusa-

cu masxcyd 6ijaub,
" (x) <0

6yaca, y xoa0a f(x) pynkyus x, nysmada maxcumymea sputuaou.

Aeap [(x) ¢pynryua yayn

F(x) =0, ["(x)) >0

Oyaca, y Xoada [(x) ¢pynkyus x = x, HYKMada MUHUMYMSQ 3putiq-
ou.

Mynpait xuan®, GyHKIMS SKCTPEMYMHHH aHMKJALl YYyH KyHHAArs
Koulara (MKKHMHY N KOMIAra) KeJaMmHs:

1) Bepuwaran f(x) dynxumsnunr xocuaacu f*(x) uu Tonué,

I')=0

TeHrJiaManu eyaMm 3. Alitaiiyink, Oy TEHIIAMaHHHT €YnMIapHaaH Onpu x,
6yaicun.

2) [(x) dyHKunsHUHT MKKHHUM TapTHOan Xocmaacu f”(x) uu  TommuG,
VHHHT X, HYKTajard KuiMaTHhu XucoGaaimmua. Arap:

133



a) " (x)) <0 6yuca, y xonna f(x) dyukuus x = x, HyKTaga Mmak-
CHMYMTra,

6) f"(xo) >0 6yaca, y xoama f(x) pyHKUMA X = ¥, HyKTaja MHHH-
MyMra SpHILUajH.

Mucoa. f(x)=x"—5x"45x° + | QyHKUHAHHHT 3KCTPEMyM/IapH
TOINH/ICHH.

ABBasio GepuaraH (QyHKUMAHHHT XOCHJIAC HHH XHCOO/IaHMU3:
Fx)=@*—5x2+5x*41)=5x4—20x>+4 15x% =
=5x2(x*—4x +3).
Cyurpa
[ (x)=0, sapuu S5x*(x*—4x+4-3)=0

TEHr/IaMaHu eyaMu3. Dy TeHrsamauuur eyumaapu x, =0, x,=1, x; =3
6ynagu. Jlemak, x, =0, x, =1, x;, 3 Hygransap Oepuiran Qyuxuus-
HUHI CTALHOHAP HYKTaJIapHIup.

Auan GYHKUHSAHHHT HKKMHYM TAPTHOIH XOCH/IAJAPHHH TOMAMH3:

F@O=Fx)=06x*—20x*+15x)" =204*—60x%+4+30x =
= 10x(2x*—6x- 3).
%, =0 nyktaga f(0)==10-0(2:0—6-0 4 3) =0,
Xa =1 nykrapa ["(1)=10-12-1*—6-1+3)=—10< 0,
X3 =3 nykraga [/(3) = 10-3(2-3*—6-3 +3) =90 >0

O6ynanu. demak, Gepuirad GpyHKUHS X, == | HyKTaja Makcumymra, x; = 3
HyKTaga MunuMmyMmra spuwagu Ba max{f(x)} = f(1) =2, min{f(x)} =
= [(2) = —26 6yaanu.

5-§. PYHKUMAHHHT 3HI KATTA BA SHT KHYHK KHHAMATAApH

f(x) pyuxuusa [a, b] cerMenTia auukIairall Ba Y3JyKCH3 OVJICHH.
Y xoapa 12.2- reopemara Kypa (yHKUMA 1y CErMeHTAa Y3UHHHT 3HI
KaTTa Ba SHr KHYMK KuilMAT/Japura XaMm SpHiuau. YHd Ky#ujaruya
TOMUJIAH:

1) pyukuuauunr (a, b) garn 6apya MakCHMyM Ba MHHUMYM KMilMar-
JIAPH TOMHJIAJH,

2) pyuxumauunr [a, b] cerMedTHHHr YeTKM @ Ba b HyKTaZapujaaru
KuitMataapu [ (a) Ba [(b) Tonumanu.

Cynrpa ¢yskumaHuir Oapya MAaKCHMyM Ba MHHHMYM KHiMaT/iapH
6unan f(a) Ba f(b) KuitMatiap OUPra/MKia Kapajaid Ba TaKKOCJAHALH.
By kuiiMatiap opacua sur karracu f(x) Qyukuusuuur (a, b] cermenr-
IArd 9HT KaTTa KHiMaTH, 3Hr KHYHrH 3ca f(x) dyukuusuudar [aq, b)
CerMeHT]drH SHr KHYHK KuiiMaTH OYiaau.

Mucoua. [Ilepumerpn 2p (p>0) Oyaran TYFpu TYpTOYpUaK/Iap
opacHjia SHr KaTTa to3ra 3ra Oyarad Tyrpu TYPTOYpUAK TOMM/CHH.

Aftraitavk, Oyuaail TyFpu TYpTOypuakumur acocH x Oyacus. Yuia
TYEpu TYPTOYpUaKHHHD OaslabyIurin p — X ra, 1034 3ca
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S=8x)=x(p—x) 0<x<p)
ra teiir 6ynagn. By (QyHKUMAHHHr XOCHJACHHH TONAMH3:
S)=x(p—2) =kp—x?) =p—2x,

=

S'@)=p—2x=0=>x=—.

2
.
2

§"(x)=(p—2x) =—2, s"(-{j—) =30

|-

Jemax, x-= Gepuarad S (x) (yHKUMSHUNT CTauMoOHApP HYKTACH.

)
Jemak, S(x) pynkumus x = ’—) HYKTAJla MAKCHMYMFa SpHILAaJH Ba yHK-

IHSTHUHT MaxKCHMYM }\"Hﬁ;\[aTl-l

s Uk e Y

2

6yaann.
Jlemak, sur karra osra sra OVaran TVFpH  TYPTOYp4YaK TOMOHM

ra Tenr Gyaran xsaapartian nbopar 3KaH.

0|

- 6-§. OrpH UH3HKHUHI KABAPHKJIHMIH Ba GOTHKJHTH
Bykuanw (aruanw) HyKracu

f(x) dynknus (a, b) wnrepBanpa Gepwsrair Gyau6, y 11y HHTEpBal-~
Aa ['(x) xocwnara sra Gyacuu. Yuaa Oy (yukuust rpaduruau  mepopa-
JOBYH TPy YM3MKHUNT Xap OHp NyKTacuaa YpuHMa MapxXyja Oyaanw.

f(x) dynxuns rpapurn 6yaran srpu yn3uKHH  ((yHKUMS rpadHrHAH)

AB 6unan Gearuyaiisink.
143-ravpud. Aeap (a, b) uumepsarnune Oapua HYyKmasapuoa
N

AB sepu wusux xap Odoum ypurmadan nacmda Onaca, Yy xoaoa A\é
sepu wusux (a, b) da Kasapux 0Oe6 amaradu (113-ynama).
14.4-ravpud. Aeap (a, b) ummepsarnune Gapya HYyKmaiapuoa

AB 2epu uusux xap doum ypunmadan wKopuda Oiaca, Y xoada AB
sepu wusux (a, b) da Gomux O0e6 amaradu (114-unama).

14.5-tavpud. Aeap x, nyxmanune (x,—06, x,-+906) ((x,— 8,
Xo+98) <= (a b), 6>0) ampou oauncanda (x,— 96, x,) da sepu
wusuK, Keeapux, (x,, x, + 6) 0a 3epu wusux Gomurx éxu (x,— 9, x,) Oa
sepu wusuK 60THE, (X,, X, -+ O) Aa srpu umsuk Kasapng OyJca, y Xoniza
SrPH UMBUK X, HyKTaaa Oykmiaan (srmiaam) aed aranaju. DrpH YHM3HK-
HuHT (X, f(Xo)) HyKTacnm sca yHunr OYyKWJHLI (3rWiMil) HyKTacH J€Hu-
aaau (115-unama).

Dynruua Xocuaanapu €paamMuaa VHUHT rpaduriHUHT KaBapHK/IArHHH,
GOTHKJIMIHHN XaMAa STHJMIL HYKTAJapHHH aHHKJAll MYMKHH.

144-reopema. y=[(x) Qynxyusa (a; b) da anuxaanzan 6Gja-
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cun. Azap ¢ynxyus (a; b) 0a ukkuneu mapmubau f” (x) xocu/raaa
sea Gyaub, ~+x€(a; b) yuyu
(<0

6yaca, y xoa0a sepu wusuk (pynkyus epapueu) (a; b) da Kasapux
Gyradu.

Hcbort. y=[(x) byukuua (a; b) na uxxuiau taprubau f”(x) Xo-
cunara sra 6yam6, f7(x) <0 6Vacuu. (a; b) nau x, HyKra oJaub, f(x)
(Gyuxuns rpapurura (x,; f(x,)) HyKTana ypuuma VTkasamu3s (llb yH3ma).
By ypunMmaHunr Tenriamacu

Y —F(xo) = F (%) - (x — xp),
ABHU
Y= fxo) + () (x — xo)
6ynany.
Orpu YH3HK HYKTalapuiuHr OPAUHATATApn y (Y = f(x)) Gunau ypun-

Ma HYKTATaPHHHHT OpAHHATA/IAPH Y (Y= f(x) 4+ [ (x,) (x—xy)) opacu-
Jary aitupma y —Y Hu Kapaimus.

Y=Y =Fx)—[flx) +F () (x—x)l=_ .,
= f(x) —f(x) — [ (x) (x —x,). (14.8)
Ouau [x, x,] cermentu omaiumk. PaBuiauku, [x; x,) = (a,-b). By [x,

%ol cermentaa f(x) ¢yuxuus yuyw Jlarpawx Teopemacuumur Oapua
wapriapu Gaxapuaaau. Yuaa Jlarpanxk teopemacura Kypa

e I
SBHH
F)—F () =F () (x—xp) (c€(x; X))
] IO0kopuzmaru (14.8) aftupva Kyitinard KypHHnLIra Keagu:
y—Y =F () (x —x0) —F (x0) (x —xp) = [} (€) —F (xo)] (x — xq).

flua JlarparK Teopemacuaad (oitga1aHHO TOMAMH3:

[ (©) —F (x)) = ["(c)) (¢ — xo).
Haruxana

y—Y =["(c) - (x —x,) (c—x,). (14.9)

(a; b) nmarepBanHUHr X, Ba X HyKTaJapura HucGaraw HKKH Xoua Oy-
JIHIIH MYMKHH:
a) x < x, 6yacun. byuna x e <e, < x, 6yau0,

X—x,<0, ¢—x<0
6ynanu.
Arap (a, b) ma [’ (x) <0 O6ymumun sbtuGopra oacak, yuma (14.9)
MyHocabaTaan ’
y—Y¥Y<o (14.10)
GY/MIIHHY TONaMH3. ’
136



6) x, < x G6Yacuu. Byuna x, <c¢, < ¢ < x 6yaub,
x—x% >0, c—x,>0
6ynapu. Yuaa (14.9) nan
y—Y <0 (14.11)

OYMILM KeJHO YHKaH.
(14.10) Ba (14.11) myHocabGaraapaau Oapua x Jap (x€(a; b)) yuyu

y—Y <0, avunt Y >y

oVauumen Tonamu3. By sca srpu uMsMK ypHHMajan Xap JAcuM macT/Aa
Oyaunun Guaaupaan. [lemak, srpn uMsHK Kasapuk OVJaaam.

Teopema ncGor Gy.aau.

14.5-teopema. [(x) ¢yuryus (a; b) da aHukrancan GHACUA.

Aeap pynkyus (a; b) da urkunwu mapmudaw [ (x) yocunraza s2a
6gaub, N x€(a; b) yuyn

x>0

byaca, y yoada sepu wusux (pynxyus epagueu) (a; b) da Gomuk 6 -
aa0u.

By Tteopema ioKopina KeaTHpuiran reopeMa Kadu HCOOT/IAHAMIM .

Qapas  kutaitmk, y = f(x) ¢yukuus (a; b) opaamkaa Gepuirad
O6ymmb, y my opammkaa ukkuaun taptuoan f7(x) Xocuaara sra OYJICHH:
Xo HYKTAHHHT (A(,E(a b)) atpopu (x, — 8, x, + 0)((xp— 98, ¥+ 8=

= (a, b)) un Kapaitmus.

Aitraiinuk,

¥ XE( —9, x) yuyn [ (x) <0,
W X E (%, Xo+0) vayu f7(x) >0
€KH
A XE€(xy—0, x)) yuyn f"(x) >0,
W X E (X, Xo+0) yuyn f7(x) <0
6yacun, abiu [’ (x) HKKHHYH TapTuOan Xocnaa X, HyKTaHu S'Iruuma y3
HILOpAcHI Y3rapTHpCHN. YHAA, 0KOPHAATH TeopeMaJapra Kypa f(x)
byukuus rpapur (x, — 0, x,) na Kasapug (6otuk), (x,, X, + 0) ma Go-
THK (KaBapuk) GV.iaju.
Jemak, x, HyKTaja (pyHKUHA rpaduri sriaj.
143-HaTHXKa. IJepu YUBUKHUHE JeUAU HYKMACUHU (DYHKYUR UK-

Kundu mapmubau ["(x) xocusanu Hoaea adaanmupaducad HyKmasap
opacuda monuaadu.

Mucoua. f(x)=x'—6x*-+5 QyHKUNAHN KaBAPHKJIHKKA Ba OOTHK-
"JIMKKA TeKILHPHAND, STHHII HYKTAcH TOMHJ/ICHH.
Aspano Oepuira (pyHKIMSHHAT OMUPHHUN B2 MKKUHYH TapTHOIH )go-
CHJANAPXHH  XHCOOIAHMH3:
F(x)=(x*—6x*+5)=4x3—12x,
[f)=@x*—12x) =12x2—12=12(x*— ).
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Mopomuky, Gepuiran ¢ynkuusi Gapua Hykrajapia OupuHum TapTHOan
XOCHJIara sra 3KaH, yHja ¢(yvkuus rpaguriuHuHr xap OHp HyKTacuzaa
YPHHMA MaBKy/l.

SHAN (PYHKUHSHHHT HKKHHYH TapTHOJIM  XOCHJACHHM HOJra TeHrsao,
TONAMH3:

Fo)y=122—D=12x—1)(x+1)=0,
x|::—], Xo = ]

Xy =—1 Ba x, = 1 nyKranapauur atpopuapunu oaub, ynjaa (pyHk-
UM MKKHHYH TapTHOan Xocuazcn f”(x) HHHE 1IOPACHHH TeKLIMPAMK3.

x; = — 1 nygrannnr (—1 —06, — 1 + 6) arpoduun (0< 6<—;)

osailJmK. Yuaa

¥x€(—1—6 —1) yuyn f"(x) = 12(x— 1) (x + 1) >0 O6Vyaaau,
YYHKH 6yunai': x map yuyn x —1<0, x+ 1 <0 6yaanm.

¥ x€(—1, —1-498) yuyn ["(x) = 12(x — D (x+ 1)< 0 6ynaam,
yyHKH Oynpail x Jjap yuyn x— 1< 0, x + 1 >0 6VJ14,11.

Xy =1 nyxraumur (1 —96, 14-9) (0 <6< — ) ATPOPHHH ONAHINK.

YHna
¥ xe(l—38, 1) yuyn j'(x) = 12(x — 1)(x -+ 1) < 0 6Vaanm, uye-
kH Oynaan x Jnap yuyn x — 1 <0, x4+ 1> 0 6yaaau.

V¥ x€(1,1 +06) yuyn f"(x) = 12(x — 1) (x - 1) >0 6V.1aan, uyyHku
OGynjaain x qnap yuyn x — 1 >0, x4+ 1 > 0 6yaann.

Ilynnait K6, Gepuaran (GyHkumauunr rpapurn (— oo, — 1) opa-
Jukjaa 6otuk, (— 1, 1) opasmnkaa kasapuy, (I, + oo) opaamkaa 6oTHYK
6yaamM. x = — 1 Ba x = | HyKTa/map SrusMil HyKTajapn OyJauu.

7-§. OrpH YH3HKHMHT aCHMIITOTAJApH

Y= [(x) pynkuusinn Kapaiauk. YHUHr rtpapurd Gupop 3rpu umusMK-
HH TacBupJacud. DBabau Xoauiapaia dynkiusa rpauru — SrpH YM3NK LIYH-
Jai 6y.namnm X V3rapyBun --o0o (ékn —eo) ra muHTHIa 6Gopramuja,
y Gupop TYrpu uM3HKka ToGopa sikuujawa Oopans. Onatna Gyspai
TYFPH YH3HK KapaJlaéTral 3rpH YH3HKHHET QCUMAMOMAc Aeiinaami.

14.5-tabvpud. Aeap

lim [[(x) — (kx + b)] =
X+ o0
6yaca, y xoa0a Y= kx-+b myrpu wusux [(x) pynkyus epappueunune
azumnmomacu (oFma acumnmomacu) detiuadu (117- yuzma).
14.6-Ttaspud. Aeap

lim [f(x) —b] = 0,

X=p + ™0

6yaca, y xor0a y=b myrpu wusux f(x) pyrkqua epapuzurune opu-
soHman acumnmomacu 0eb6 amasadu (118-unama).
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14.7-tavpud. Aeap

lim  f(x) =00
Xa 0
6yaca, y xorda x —=a myrpu wusuk [ (x) pyHkyus epagueunune eep-
mukaa acumnmomacu 9e6 amaradu (119-un3ma)
Ky#tugaru Teopemanu HCOOTCH3 KeJITHPAMU3.
14.6-teopema. f(x) pynkyus epaguen y = kx + b orma acumn-
momaea 3ea Oy Y4yH

lim 1%k lim [f) —kx] =b

X4 X X a0

ot

AumumaapHune jpunau bgawun 3apyp ea emapau.
1
Mucoaaap. 1. | (\)~-— (YHKIMA  TpadHry BePTHKAT aCHMNTO-

tara sra Gysaau. By acwmom x=0 Tyrpu uusuknau (Oy yKunaw)
uooparaup, uyHku (120- yusma)

lim [(x)=lim —l =0.

X4 X—+0
2. f(x)=arctgx dyukumsuunr rpacburu FOPU30HTA acuMaTOTaNap-
ra sra Oymaau. Dy acumnroramap y=-—, y-—= —% TYFPH  YH3HK-
Japaau WoopaTaup, YyHKH )
lim f(x) = lim arctgx = — | lim [(x) = lim arctgx = e,
Xweprs Xt 2 x-—x X —20 2
(121- uuzma).

3. f(x) =2V x* 4 (yukuust rpa@UrHHAHT ACHMIITOTACH TOMMHJ-
CHH.
Mabaymks, GyHKIHs rpaguriaHuir  acumnrorach ¥ = kx +b tyrpu
yu3uKaan ubopar 6Vmo,
= lim “fﬂ , b=1lim [f(x) — kx]

X-» X N B

Gyaap smit. Iy dopmyaanapaan oinananud, Tonamus:

f(x 9. ¥ 1 .
p=lim L8 _ (i 2VEHE oy S A g,
X— X X X X x=
b=1lim[f(x) —kx] = lim[2V X2+ 4 —2x] =
X > X—+x
/ v s— s . G Y A N |
— 91im (1 W d—a)(y x 4'{‘1) — 91lim (.\_ 4)_,\=
X+ } .\'--4+.\' X—w gy X244 x
= Qi —— =0

=g } X444

Wynaait guaub, Gepwiran dyukuus rpagurn acuMnrorara (orma
acumnTorara) sra Ba Oy acuMnTota § = 2 X TYFPH uM3WKAaH ubopar.
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8-§. PyHKUHAHH TEKIMPHIIHHHT Wuﬁ CcXeMacH

@yHKIHA XaKula YpraHuwiran MabJaymotaap Oepuaradn y €xu 6y
(DYHKIMAHK TYJIHKPOKX TacaBByp STHIUra WMKOH Oepagn. YHH Kyiinja
KeJTHpHJIAaANran cxema OViiua TeKIUMPHILIHN TABCHA STAMMH3:

1) ®OyHKUMAHUHAT AHUKJAHMII COXACHHIH TOIMLL,

2) OyHKUMIHH Y3TYKCHITHKKA TEKIIHPHII Ba Y3WIHII HYKTAJIApHHH
TOIHLL

3) OynKkuusHUHT KyQT, TCK B AdBPHIIMTHHN aHHKJIALL

4) OYHKUMSAHN MOHOTOHJHKKA TEKUIMPHLLL,

5) DYHKUHAHA 3KCTPeMyMra TEKUIHPHIL,

6) DyHKuMA rpaHrHHHHD  KaBapuk Namjaa OGOTHI/INTHHH - anuxJal,
STHJINLLI HYKTaJapHHH TOTHLI;

7) ®yukuust rpagUriHUHC ACHMITOTAJAPHHN TOIMMLL

8) DyHKUMAHHHT  XaKHKHIT HJIM3IapHHE — KOOpAHHATa  YKJapHHu
KecHO VTHII HYKTACHHH TOmMil (arap yJap Masxyd OY.ica).

Mucon, f(x)=e " dyukunus TVIHK TeKUMPAJICHH.

Bepusran ¢ynkims (—oo; oo) HHTepBasgd aHHKJIAHTAl Ba Y3IYKCH3.

By [(x)= e (hyHKILHSA YuyH
f—0= =V = [
6yaaau. Hemax, [(x) ®ydr dyukuns. Yuuur rpapurn Oy Vkura Huc-
Gatan cuMMeTpHK OV.iaau.
q)yllKHHﬂHHHF 6HpHH‘Hl Bd HKKHHYH TapTH()JHI NOCHJIAJIAPHHNE - TOIa-
MH3:
=€) =" (—2x)=—2xe",
() =(—2xe ") =—2[ " +x " (—2x) =
=—26F(1—28=22x—1)e".

Bupnnun Taptu6am Xocuaans HOAra TeHrJab (YHKUMAHHHT CTalnoHap
HYKTAaCHHH TONAaMH3:

Fx)=—2x" =0=>x=0.

Jemak, x = 0 (GyHKIHAHKUHT CTAHONAP HYKTACH,
Arap

F0=2@2-0—1)e " =—2<0

6yanumnl 3pTROOpPra ogcak, ynaa Oepuiran ¢ynxumusuin  x = 0 Hykra-
Jla MakcuMmyMmra sra OVaMIIHHH auukaaiivu3. Jlevak,

‘ max {f (x)} = max{e ¥} =e " = I.
Pasinauku,
VX< 0 yuy [ (x) = —2xe ¥ >0,
Vx>0 yaya [ (x) = —2x <0
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6ynamu. Jlemax, (—oo; 0) pa dyukuus yeysuw, (0; +o0) Aa kamaios-
up,
DyHKUHAHHHT HKKHHYH TapTub/au XOCHJIacHHH Hoara TeHrsab Toma-
MH3: :
1

FM=2@ﬁ—U€#=O¢2ﬁ—J:O?x=i;;a
W x € (—oo. — Vl._)_‘) yavit [/ (x) =2@2x*—1)e ™ >0,
\F X E( 712: y %_,_) vuyh [”(x)=2(2x* — e ™ <o,
X E{—?.— - oo') yaye [7(x) =22x* — 1) >0.
Jemak, Gepuaran (pyHKUHSHHHT  rpadury '—— 00, —le=) Ba (,/—l’z— {
+ oo ) opaJnKJIapaa OOTHK, ‘.‘—'—lgz. —'—IT_) opaTHKAa KaBapug OV-
Jagu. x = — ’xi_ Ba X = Tl—;_- HYKTaaap (YHKUHSA rPaMrHHHHT  SrH-

Junr wyKratapu. Cynrpa
. . —x?
lim f(x)=lim ¢ =0.
X—rt o X— o
Hemax, y =0 1Vrpu unsug (Ox VKu) Oepuarad (yHKUMA rpaduUrHHHHT

ropusouTa’l acumnrorack OVaaau. f(x) =e " dyHkuaa rpadurn 122-
YHU3Ma[a TACBHPJIAHTAH.

9-§. AuukMacaukaapHu oy, Jlonutaab Koupanapu

f(x) Ba g(x) dynkumusnap (a, b) aa Gepuiran GycHH.
Arap
lim f(x) =0

X—a

lim g (x) =

X

- f (x) 0"
6ynica, y xoaaa x —-a ja —/% HHcOaT (7) Kiipurwudaeuw  arumac-
gix Uy

Auk neb atadaii.
Arap

lim f(x) =c, lim g(x) =

X—a X—ra

6yaca, y xomia x—a Ja g((—‘)) Hucoar (3) Kypunuwoazy anuxmac-
X €0

Auk eG artananu.
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Arap
lim f(x) =0, limg(x)=

6yaca, y xonza x—a ja f(x) g(x) kynmaiitma (0-00) Kiypunuwdaeu
anukmacaux ned aranauu.
Arap

lim f(x) = == oo lim g(x) = F oo

X—=a X—a

6yaca, y xonma x—a aa f(x) -+ g(x) inrunan (oo — o0) kjpunuiuda-
2U aHuKMacAuxk Jied atagali.
14.3-3caarma. (0-00) Ba (00 — 00) KYPHHHIIAArH aHHKMACJANKIap

0\ . cc
(T) €KH (—) hyp“ﬂlﬂl]}lﬂl‘ﬂ anmwacmu\:mpra KeJia/ 1. 4“8C3J18H,
[

ékn f(x) glx) == £
g (x) i(x)

[(x)-g(x) =

€6 omunuy Guaan (0. o0) KVPHHHILAATH QHHKMACJHK ( —3—) €KH (g)

KVPHHHILZIATH AHHKMACIHKKA KeJaju.

Bepuaran ¢ynkuuanap xocuaanapra sra 6yaca, yJaapaan ¢oinana-
HHO, aHMKMACJHKJapHH oynll MyMKuH. By Jiya Ouian annkmacauknapun
ouynw Jonumanab xoudarapu JeHHNalH.

14.7-reopema. f(x) Ba g(x) ¢ynkyusrap (a, b) da aHuxsaHzan
6a Y3rykcus 6y/1u6 yaap Kl Jduaaeu luapmaapnu KQHOamMAQHMUPCUH;

1) llm fx)= l|m g(x)=

2) (a, b) da uexau f (x) éa g’ (x) xocuaarapea sea éa g' (x) = 0;
3) lim ,()) =k (k 4ekau éxu 4eKkcu3s).

x-a g (x
¥ xoa0a
lim L2 = gim L9 o
xsa g(x) x—a g (x)
6yaaou.
Mucoa lim BX=% pinur xucoGaanchs.

x-0 x—sin x
IOxopupary Teopemanan oifananub TONaMHa:
]

. tgx— ; tgx —x)’ . costx
lim —g—_x—=hm—(g ,x),=hm — =
x>0 x—sinx 150 (x—sinx) X0 1 —cosx
b 1 — cos2x — i (l—cosx)(l-{-cou)_lml+cosx
20 cos2x(l —cosx) xw0 cosBx (] —cosx) x-0 Cos?x o

Babsu xonnapaa Jlonuraib KOMZACHHM KVJulall HaTHXacHaa X—a
Ja

r
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. & 0 . s
HHCOATHHHT V3H XaM (T) KYpUHHULIArd aHuKMacauk 6yuub Koaaau.

Arap f'(x) Ba g’ (x) 10KOpHAATH TeOPEMAHMHT IUAPT/IAPHHH KaHOAT/IaH-
THpCa, YHJa

lim £& _ iy L)
x—a g (x) x-+ag’(x)
oyaau. _
X—Ssmnx

Miucoa. lim
x—0 X2

HKKH MapTa KeTMa- KeT KVy.171a0 Tonamus:

JUMHT X_HCO()J!&HCHH. Jlonnrane KOHJACHHH

. Xx—sinx ; (x —sinx)’ . 1 —cosx
lim = lim ——— =|im
x—0 x2 x—0 (x2) x 0 2x
| — cos x . sin x
= lim ( —’L = lim = (.
x=s0 (2 x) x-0 2

XV B O B. AHHKMAC HHTEIPAJI

MabaymkH, Napakat KOHYHHra k\'pa XapakaT[ldarl JKHCMHHHL Te3/IH=
CHHH TOMHII MacajacH XOCHJIa TYIIyHYacHra oaub KeJiiu.

Xapakarjarn KHCMHHHT Te3Jurira KYpa XapakaT KOHYHHHHHT V3HHH
TOMUIUI MAcaJacH 3ca I0KOpHJAa aiTHIran Macajara HucOaTal TecKapu
Macana OVaub, y aHMKMac HHTErpaJa TyuiynyacHra ojud KeJaaa.

1- §. Bownanruy (PyHKUHA BA aHHKMAC HHTErpaJ

f(x) dyukums (a; b) na Gepuaran 6Vamd, F(x) sca my opaangaa
nudxpepenunannanyByn pyHKIHS GYICHH.

15. I-taspud. Aeap F(x) pyuxyusnune xocuracu F'(x) Gepua-
ean f(x) ¢ynkyusea mene Gyaca,

F'(x) = F(x)

éxu
dF (x) = [ (x)dx

byaca, y xorda F (x) ¢ynxyua f(x) PyHkyusnune GOWraHFUL GYHK-
yusacu 0eb amanadu.

Mucoamap. 1. [(x) =x* 6Vacui. DBy dyHkuusanuar GOUIIaHF HY
-
¢dynkunscu F (x) = = 6y1aaH, YyHKH

’ l 2 S
F'(x) = ( x3)=T-3x X2 = ()
2. f(x)=cosx Oyacun. By dyHKuusiHUHT GOILIAHFHY (yHKIHSACH
F (x) = sinx 6yaaan, uyHKH
F'(x)={(sinx)" =cosx= f(x).

Aecap [ (x) ¢pynryus (a; b) Oa ysaykcus Gyaca, y xorda 6y ¢yrk-
yua wy oparuxda Gowrarruy pynkyusea sea Oyaadu.
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f(x) dynkuns (a; b) na Gepuaran 6y/mb, y uly opaqHkaa MKKATA
F (x) Ba @ (x) Gownanrny (yHKmsapra sra 6yJcue. Tabpupra Gunoan,

Fx)=Ff(), @ x=Ffx

F' (x) =@ (x).

Y Xonna 10KopHAa KeaTHpuaran HatwKara kypa F(x) Ba @ (x) cynk-
nusAgap Gup- Gupnian VarapMmac coHra (apk KiJaau:

O(x)=F(x)+C (C — const).
Jlemak, Gepuaran f(x) ¢gyHKuUMsHHHT OOUNIAHFHY  (YHKIMSNAPH YEKCH3
kyn 6yau6, yaap 6up- Gupuaan Varapmac conra ¢apk xuiaan. Arap F(x)
Oynkunsa f(x) Gyskunauuur GomwwanFud  (pynkuuscH 6Vaca, yuaa f(x)
HUHT MCTajral OOolLIaHFHY (YHKIMSICH

Fx)+C (C —-const)

6yaaan. Iemak,

Kypununaa 6yaann.
15.2-ravpud. Yuby upooa

F(x)+4C (C — const)
wy f(X) QyrKyuanune anuKmac unmeeparu Oe amaradu éa | f(x)dx
Kabu Oeacuranadu: '
If(x)dx: F(x)+C,

6ynaa j uxmezpaa Geaeucu, [(x) unmeepar ocmudazu ¢yaxyus, f(x)dx

uxmeepas ocrmudaeu ughoda neiiwnamn. Jlemak, Gepwiran f(x) dyHkumus-
HHHI AHWKMAc HHTErpaiH{ TOMMII yYYH YHMHr GOUWIAHFHY (YHKINSA-
Japufian Oupn F (x) Hu Tonmub, F(x) -+ C HM aHuKJall eTapan 3KaH.

Mucoanaap. 1. qx'-’dx aHBKMac HHTerpas TomwicHH. Pasluanky,
1
F (x) = —3-x3 (GYHKIMS YUYH

F' (x) = (—;x ) = % i )

Jemax,
fedx=F(@+C=—2+C.

2. [ €OS Xxdx WHTerpas TOMHJCHH.
Xocunacu cos x ra Tenr 6yaran dynkuua Sin x SKaHHHH 3bTHOOP-
ra oau6, F(x) = sin x GyauiHEN aHuKaaimMu3. Jlemak,

{ cos xdx =sin x +C.
2-§. AHHKMAC MHTETpPaJHHHI XOCCaJapH

Kyiinga aHuKMac HHTErpajJHHHP XOCCaJIapHHH KeJTHPaMH3.

1°. f(x) dyHkuua aHHKMac MHTErpajn J f(x)dx wmmr Jndxpepen-
mnam f(x)dx ra Tenr Gyuapu:
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d1 [ () dx) = f () dx.

2°, Oypkiung  AudxpepeHIHaTHHUAT aHAKMac MHTerpasu my (yHK-
1Hs1° GHAan y3rapmac COH HHFHHJIMCHra TeHr:

{dF(x)=Flx)+cC.
3°. Ymby dopmyna Vpuum:
[ kf(dx =k | [(x)dx (k— const, k=~ 0).
4°. Yoy ¢opmyaa Vprii:
JIF () =g)ldx = | f(x)dx=| g(x)dx.

By xoccanapuuur nc6ot GeBOCHTAa aHHKMac WHTErpasj TabpH(HAaH
keaub uukanm. bua yaapaan Oupunn, Macanas, 2°- XoccaHuHr ucGOTHHH
KeJITHPaMH3.

2°-xoccanunr ucboru. F(x) pyaxing f(x) GyHKUMSHHHT OH-
pop Gomnanrny ¢ynkunscy 6yicun. Tawpudra xypa

Fiix)=7F() (%)
6y.10, '
[fdx=F@x+C (+#)
6yaann. lOkopunaryn (x) TeHraukAan ¢olaanannG TOmaMHa:
[ fdx= { F (x)dx = [ d F(x). )

Hatwkana (»*) Ba (s#+) Mynocabarsiapjan
{dF(x)=Fx+C
O6Vsmim keaub umkaau. By sca 2°- xoccaun ncGotnaimm.

3-8« AcocMi HHTErpajsap KajaBaJjH

l. Conna pyHKUNATAPHHUHT aHHKMAc HHTerpaJaxapu.
ABBano comna (pyHKUHAJAPHUHT AHHKMAC WHTErpaiapHHH Tonamus. Byn-
Jia Gowmyianruy (YHKIMA TabPHpHAAH XaMJa XOcWaaJap JKajBajufiaH
(hoit jananaMu3.

1) f(x) = x®* GVacun (x>0, oo— Xakukuii coH, as=— ).

Yijaa
xa.—{-l

(F () dx= fx"‘dx = ~oh

+C

6Va1aqu, uyyHKH

Kot o e o
oo, 5] =t T e

1) f(x) =% 6yacun (x5~ 0), ynaa
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j‘idx=ln |x|+C
b 4

Oyaanu.
2) f(x) =a* O6yacuu (as=1, a>0). ¥ xoiaa
(F()dx = [ a* dx = l"— 4

na

Gyanu, 4yHKH

Xycycau, f(x) =e* 6yaca,
[ f)ydx = | erdx =e* +C.

3) f(x) = sin x 6Vacun. Yuaa
) F(x)dx = { sin x dx = —cos x +C

6Vanu, YyHKH
(—cos x +C) = —(—sin x)=sin x.

4) f(x) =cos x 6yacun. ¥ Xo/1za
| fx)ydx= [ cos x dx=sin x+C

6yn1aan, YVHKH
(sin x +C)" = cos x.

6yacHH. YHaa

5) [() = ——
J'f(x)d"' =jcm:x de=1tg x+C

6ynanu, 4yHKH
(g x+C) = -
cos? x

6) f(x) =S‘—n|;—t 6VicuH. Y Xo/aa

[ f)de = Lm”x dyx=—ctg x +C

6ynanu, YyHKH
S M _ 1
(—gtg.x & 0y = ( sin? x ) sin? x

1 -
7 flx)= rwr 6ycun. Y Xoaja

ff(x)dx=j l-&l—x’ dx =arctg x +C

Gynanu, YyHKH
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14 22

(arctg x +C)' =
1

8) [(x)= A 6yacnH. YHaa
' 1 :
| f(x)dx:j‘ — dx = arc sin x+C

6Vann, yyHkn

(arc sin x + C) = — ) S
y 1 —a2

2. Unterpanaap kaasann. lOkopupa keatupuirad gopMmyana-
Japay Kamaalb ymby MHTerpajiap yKaABaJHHH XOCH] KHJIAMH3:

i +1
P.]ﬂdr:;:,+C (=<1},

2°, Sld.v=ln x| +C (x520).
X

8. [ atdx = “‘1’—"“+c @>0, as 1),
[ exdx=er +C.

4°. [ sin xdx = — cos x+ C.

5° | cos xdx = sin x + C.

6°.j : dx = —ctg x +C.

sin? x

r.j ! _ dx=tg x+C.
cos? x

8°.5‘ ’_dx=arcsinx+C.
Vi—a2

o ! . .

Q.Smdx—arctg.x-{-c.

Mucoananap. 1. ( x V' x dx wnrerpan Xuco6aaHcHH.
ABBasio MHTErpaj ocTHAATH QYHKUMSHW KYiMAariua €sH6 oJaMus:

1o | -

3
xVx=xx"=x.
JKansannaru 1°- popmynanas ¢oiigananut Tonamus:
3
3 i 5
fx]/;dx=fx'~’dx=; +C==x24C.

— 1
2[‘

o | ro

5
Temak, | xV/ xdx =% x2 +C.
2. | (x2+ 1)* dx wHTerpan XucoGnaHCHH.
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Papianky,
(1 =x 20+ 1.
Yuaa
e+ 1pde= [ (P +2¢+ Ddx = | x*dx +2 | x%dx +

5 9
+lldx=L4=3+x+C
B & v

6yaanu. [lemak,
f(\'-—'—l) dx = — x° -§\"~'—\+C
3. | tg® xdx nurerpan .\'_uco6:rancnu.

| tg® xdx = j \”—,* dxi= Sﬂv dx = j[ lo — l] dx =
Cos= x cos? x Cos= x

=y dx— | dx—=tg x —x + C.
Cos® x

Jemax,
| tg® xdx =tg x—x+C.
4. 5‘(—]———1) dx uHTEerpan XHcoOJaHCHH.
x4 x5
(—] ) dy = (x3 —x9)dy = [ xtdx— | xdx =
X x5
il x+Hl [ 1 L
= - +C=—— x%4 —xt =— ——
—44+1  —5+1 ! 4 R 4t 3zJ+C'

3
5. S(COS x—2e" - )d\ HHTErpas XHUCOO/IAHCHH.
sin? .

dx
sin? x

S(COS X — 2e* - Ty _)dx— | cos \dt—?le‘dx+3 \

=sin x—2e* —3 ctg x +C.

4- §. Unrerpannaw ycymiapu

B S’argpynqu.napuu ANMALITHPHO MHTErpaJaul ycyJsau

Y6y | f(x)dx unrerpannu xucobaanr tanab sruicui. Babaau x yara-
pyBuHHH GOllKa V3rapysuura aiIMalITHDHLI HaTipKacua GepuiaraH WHTer-
pan coafiapoK, XHcoOJall Y4VH KYJaHPOK HHTerpajira KeJaii.

Ajrailnuk,

[fwdx=F@+C (15.1)

6yuicun. By uuterpanga x = @ (f) aavawrupu i 6axapaiviuk. (f(x), ¢ (7)
Ba @' (f) sap y31ykcH3 yHKUMAIAP).
Yuna

[ e' Odt=F@@®)+C (15.2)
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6ymam. Xakukatan xam, F'(x)=f(x) GyamuubEn  sbTHOOpra  OJiraH
XoJqna

[Fle®)+CI'=(F @) =F (@) -9 @) =f@heo @
6yanumun Tonamu3. By sca (15.2) mynocaGatHuHr TVFPHIMTHIE OHIAH-

paju.
(15.1), (15.2) renramkaapaa TonaMmus:

fwde= | flo) e’ @dt  (x =g ().

Miucoaaap. 1.

| (2 4 3x)° dx muTerpaa XicoGJaHcHH.
By wunterpanna 2+ 3

3x = 1 aamawTipuiuny Oazxkapamns. YHaa

2+3.v:t=>.v:'_2 , dx :lgdg_

Hamxkana Gepwiran muterpan yiuby HMHTErpajra Keadajm:

3 . = ] R
24+3xfde = |B—dt=— | # dt.
| (2 4 3x)dx ft z dt = 5 dt

v

By unTterpas sca Te3 Nucodaanam:

) s 5 »=L 5 =_l_ 6 | ilol NG 1.
[ (2 + 3x)° dx 3510’! S04 C=— 2+ 390 4-C.

b

2. | cos® x sin x dx wnterpaj XucoOJaHCHH.
By unterpanna cos x==1{¢ 1e6 aaMamTnpuiuii Saykapamis.
YHza

cos® x sin x dx=-cos* x(—d(cos x))=>—1*di
6yauob,

{ cost x sin x dv=— [ dt =—%+C»: =°°s;x+C

6ynanu.
3. | €% dx wmmrerpan XucoOJaHCHH.
By unterpanna ax=1 ne6 osamms. Yuia

€9 dx => ¢! d(i)=>-'- ¢ dt
a «a
6yane,
[ eoxdy—1 3 ddl="Lg +C=2es+C
a a

o

6yaani.

x¥dx ,
4. \ - WHTErpasd XHCOO/IAHCHH.
J osin? x4
By unrerpanpa x* =1 neiivnz. Yuua
x3dx dx? dt

=>
sin2 x4 4sin2x? 4sin2 ¢

6yub,
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5 xXdx | dt
sin2 xt 4 sin? ¢

=-4L(—ctg f)+C =—%ctg H+C

6yaaau.
5. | x V'Xx—5 dx wuTerpan XucoGJaHCH.
By wunrerpamna Vx —5 —¢ neiimu3. Yuna

XV X—5 dux= (2 + 5)td (2 -+ 5) = (£ -+ 5) { - 2t =
= (26 + 1062) dt
6yu0,
[ xV5—=bdx=[ @+ 108) dt =25 +10’3i 40 =

2

=2/ x—Bp+= (v’x—5)’:—C

[$2}

2°. bynakaad uHTterpaanamw ycyau. u=u(x), v=0o(x)
dysKkunaaap ysaykens ' (x) Ba v’ (x) Xocwaazapra sra Oyacun. Mab-
JYMKH,

d(u-v) = udv + vdu.
By tenriMkHu HHTErpannad Tonamus:
| d(uv) = | udv+ | vdu.
Pasuwankn, | d(uv) = u-v. Yuja
u-v= | udv + [ vdu
O6ynapu. Harmkana yudy ¢opmynara kenamus:
| udv = u-v — ‘1' vdu. (15.3)
Opnaraa Gy dopmyaa 6jrakaab utmeeparraus Gopmyrace NCHHNALH.

(15.3) opmyna | udv nu XucoGiaurnu | vdu Hu XucobJamra KeTH-

paju. )

Mucoua aap. 1. | xe* dx xucobaaucuu. Muarerpan ocruparu xe* dx
uposanH udv KYpHHHUIALA €3u0 onmiravi3 kepak. Arap u=x, dv =e*dx
Jeinsca, yuaa xe* dx = udv 6yaaan. (15.3) dopmyaagan  Qoigaaanuu
yuyH du Ba v JAPHH TOMHIUAMM3 Kepak Oyviaau:

u=x=-du-—=dx,
dv=e*dx=> | dv= | e*dx=>0v=¢*
6ynanu. (15.3) dopmyaagan doiitasannd TONaMH3;
| xe* dx = xe* — | e dx = xe* —e* +C = e* (x— 1) +C.
15.1-3cxatma. Arap | xe® dx nnrerpaann (15.3) dopmviagan goiigaaanuG Xu-
cobnauaa, u = ¢*, xdx = dv peivuranga, yuza du = dx, v = A—: Cyug,

2 C x®

| xetdx = XE X — j 7 X dx
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i
6yaap snn. Haiwxana GepHiraH HHTeTpajJHH XHCOOGNAam yHAGH MYpakxaGpoK HHTer-
panu xHcoGaamra o6 kenaun. Hlynunr yuyn uurterpan octuaard wmdojann u Ba dv
JAPHHHT KVnaiiTvaen chdaTiaa €3H6 OJHHHIIMIA AN0OXMAA aXxamHsaT GepHiu Kepak.

2. | Inxdx, x>0 uHTErpan XHCOGIAHCHH.
By wnterpanaa u = Inx, dv=dx ne6 ojamu3. Yujga du = ;—dx.
v=x OVmamu. Iemax, (15.3) ¢popmynara kypa
| Inxdx = x In x — j‘x- Ldx—xinx—/ de=
X

=xInx—x-+C=x(nx—1)+4C.
3. [ e* sin xdx wnrerpan xucoGaamcun. By HuTerpasja u=e*,

dv= sin xdx ne6 oaamu3. Yupa du=e*dx, v=—cos x 6ymb,
(15.3) opmynara kypa Gepuaran uHTerpan Kyiuiarnya Gyuan:

| e* sin xdx = — e% cos x+ | e* cos xdx.
By TeHrsMkHuHr YHr TOMOHWJArn uHTerpaj | €¥ cos xdx ra sHa 6y-
Jakaab mHTerpaanam GopmyJacHHM Kyadaimud: u = e* | dv=cos xdx

Je6 oaamu3. ¥Ynpa du= e* dx, v =sin x 6Yau0,
[ e cos xdx=e* sin x— | e* sin xdx

6ynaan. Hamoxana, yuiby TeHrJHKKa KeJaMus:
| e* sin xdx= — e* cos x-+e€* sin x — | e* sin xdx.

By 7Tenramkpan sca
2 | e* sin xdx= —€* cos x+ e* sin x,

<

AN
b X 1 P
| € sin xdx= — (¢* sin x —¢* cos x)+C=

= '—; (sin x —cos x) +C

6yl KeInb uMKau.

Terpasiyiall ycyJsin €piaMuia XucobJjaHauH:

15.3-3caarma. Ywby KVypuauigard wuurerpaanap O6yJaxknab uu-
[ xm cos xdx, | x™e*dx.

1°. | x™ sin xdx,

By unterpasnapaa
==x" dv = sin xdx,
dv = cos xdx,

dv == e* dx

ned OJIHII KyJiaiiiup. ' _
2°, ) x™ In xdx, | x™ arc sin xdx, | x™arc cos xdx, Gy wuurer-
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u=lIn x, dv'=x"dx,
U= arc sin x, dv=x"dx,
U = arc cos x, dv=x™mdx
xeb oavur KyJiaiup.
3. [ ew sin bx dx, [ e™ cos by dx.
By unrerpaaiapaa
u= e, dv = sin bx dx,
dy = cos bx dx
neb OJMII KYJIaiaup. .,
; -

Mecom I, = | o (m=1 23 ...; a—const) uurer-
J (¥4 a?)
pas1 XucoGnaucui. By uuterpansa

U= —[, dv=dx
(;\.'—f—(&’)”
Fe6G oaamus. YHaa
|

)’dx =((x*+a)") de=—n(+a}) "' 2dic=

2nx
ST T v dx,
(x24-a3)™
dv=dx=>v=x

Gfnanu. Byaaxaa6 uuterpattaur popvyaack (15.3) ra kypa Tonamus:

g dx 1 p 2nx -
I = — - N (RS (I e (. S
" j (x2 L a2)" % (x2-{-a2)" \ . ( (x2-4-a8)nt ) dx

= (x" u‘)" +9n \ ————; —ep (15.4)
By tenramkuunr yur tomouujaru
o 2
g
j (x24- a3yt

HHTerpa/nd Kyiuaaruya é3ud osamus:

~

‘ e e ‘ WY ~5—— —
(x4 ag)rl‘.—l o (x4 a-,)n [ (xH_a,)n

"' 1
J (et

¥Yupa Gepuaran (15.4) imrerpan ywoy
Y I, —2na® l

n (X"‘L ao)n

—a* de =1[, —a*l

KYpHHHLITa Kesaau. Keiiuuri TeHruxaan sca In 41 HH TOMAMu3:

2y =X _op] | = m — 1)1
2na*l, ., gy o0 I —1, (x"—f—a“)" +@a—1)1I,
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x 2n—1
lp = St AL — 9 (15.5)
By pekyppenr dopmynanan doitnanann6, /, Hu Guaran xoupga OuprH-
Ketud [y, [,, ... ;napud tonmm MymxuH. PaBuwanku, n-= 1 Gyarauza

A g S X d(f) _
l sz—f-a2 aj‘[»l.(i)z-
l a

6yaamu. Macanan, (15.5) dopmyaanan ¢oiigananud,

o ‘5‘ dx
(.\.'2 .i- 02)2

HHTerpas Kyiujaruya XuicoOJaHaju:
X 1

ly=——— +— [, = +—arctg—+C

2a2 (x2-;- a?) 2a? 2a2 (x- i~ a?) 2a3

L tg£4C
a a

5-§. Coana kacp Ba yJaapHu xHcoGaauw

Yoy
A A Bx--C By C
) : ; m> |
mToxlprdg (hpxtgT (m>1)

KYpUHHMLLLArH Kacpaap codda kacpaap ned arazaau. Bywma A, B, C
a, p, —ysrapMac XakWKHH COHJAp, /M — HATYpaad coH, x* -+ px-
-+ ¢ — KBaapar yuxajd (XaKuKHH WIAM3Japra 3ra 3mac).

I*. CO/Ia KACPHHHT AHMKMAC HHTEerpauHit XHcoO/aimus:
[

x—a (x—a)

X—a

j . d_\-—_-Aj i =/-1Yg(x—ma)-=Alnlx—a|+C.
xX—a x—u J

xX—a
A
2% - (m>1) copma KacpHuHr aHMKMAac HHTErpaaMHu Xucob-
x—a
JIAHMH3:

j(x wdr=A | L p Al —amdr—a)=

—m+4-1

. : A

e AT T C

—m-+1 (1— m)(.\'—a)'""1 + :

30 B.\' - C

Xt px--q .

YuyH apBajo Oy KACPHHHr MaXpaxkuja Typraw x° -+ px -+ ¢ KBaapar
yuXaiHu y3raptapub €3u0 ogamus:

COLJa KACPHHHT alHKMac HHTErpajdniu XHCO611&[H

At+prt+g=x*+2- ﬂ) +(
_‘_’E_z(x_*_!’_)z
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y Xonxa

j‘ Bx+C _5‘ Bx—rC i
x2+ px+q
I< a?

Gynamn. Keimnrun nurerpasia ysrapyfsqum-x ngmulamqa aIManTHpamus:
X+ % =

Pasmanxu,

P\,
Hamwxana "B"—'C . -_ \ ide:\y Mdj e

J x4 pxt- / 2 24 a2
Ry - (x - ",l) I a2 i
B+ C—3 B 1dt V¢ d
= = _di=B \ c—2B = =
13-+ a? J 24 a? ( 2 ) r2

Sl - e /e

+( _ff)—arctrx—+c_— In (x* 4 px +q) +
( Bp 1 Xi“g
e P e — g = . FC
2) z &
‘/q— 3 V"* 4
5 Bx-} C

. ————— (m>1) coaaa xacpuunr uHTerpaJnnyu Nucobmawiaa
ot pria)” (m>1) p p
x* + px+ ¢ xBagpar yuxaann 3°- Xoagaruaex €36, cynr x - % =1
anMamTHpHIIny  Gaxkapamiis.

Bx+C = 5’ Bx+C 7
(e+px+q)" [(

== 4 _l‘“_ dt o E > d (12~ a?) c—
=B j (12 a?)™ + (C ) Y (2 _I__az)m o j 2+ )" -+ (

Q\’ dt = B 1 +( BpS‘ dt
2)J@+ay™ 2 (—mrt e 2)J @2 ay™
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By TeHJTHKAArH sm uHTerpan 4-§ na KeJATHpUATaH pexkyp-
penr dopmyaa €paamuaa XucoOnaHagH.
6-§. Paunonan (yHKUMSNApHH HHTErpaiai
Yiuby
P(x)=ay+ax+tax*+ ... +ax"
OyTyH pailOHa] (YHKUHAHHHT HHTErpajn OCOH XHCOOJaHaau:
[P (x)dx=[[a,+ax+ax+ ... +a"]de=

R R R i - +C.
2 3 n-+
Kacp paumonan ¢ynxius
Pp(x) _ ayt-ayx+-a,x24 ... +auxn
Qu (X)) byt byx—+ bax24- . .. - byam

HM MHTerpaJail OHpMyHYa Mypakkalb OV.aju.
Arap Q—"(x—)) HOTYFpH Kacp (n > m) Gy/ca, YHHHT OyTyH KHCMH ax-
paTiauG OyTyH palHOHAT PYHKUHS Ba TYFPH Kacp HUPHHAMCH KYPHHH-
WMAa e3uTanu:

Pild) _ p¥ees v Pul®)
Qmix) = Pal0) Qmix)
Y xoana
T P,(x)
Qi) & = j P (e + ‘ e
P_(x) P (x)

6yaaau. [demak, oKopuaaru Q—"— HH HHTerpaiiains TYFpH Kacp
m

n

A(X) Qm(x)
HH MHTerpasJamira kejaaum. TYFpH KacpHM HHTErpa//aill y4yH, aBBajlo
Oy Kacpiapuu co/la KacpJaap iurnHgucH cubarthaa €30 OMMHaAH, CYHT
YJIaPHHHT HHTETPaJIIapH TOMHJIAJH.

I-mucoa. KyHHjparst HuTerpas XUCOOIaHCHH:
\" xdx
(x—1)(x—=2)?

o

By uuterpainyt Tonuul yyyH HHTerpajd OCTHAArH TYFPH KACPHH copaa
KACPJIaPHUHT FHFMHAHCH [AKJIMa €310 OaMu3:

x A , B , € |, D

— .
I |

T :
x—2 (y—2)2  (x—2)*

(x—l)(x—‘.?y“_ x—1

By TeHruKHH KanoaTJaHTHPYBYH KO(XDHIHEHTIAPHH TOMMII YYYH TeHr-
JMKHUHD HKKH TOMOHHHH (x — 1)-(x —2)* ra kVmaiitupamus:

Ax—2°+Bx—DNx—2P+Clx—D)(x—2) +DKx—1)=x.
Yunau
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AP —6x* — 12x — 8) + B (x¥®*—5x*+8x—4) +C(x*—3x+ 2) +
» 4-D(x—1)=x
TeHrJlamara sra 6leaMH3 SOHIAM X HHHT 6up XHJ JlapaXkKaJapu OJIMJarH
KOpUIHEHTNIaDHEH TEHTIATHPHO, KyHHAarH TeHrJamalap cicTeMacHra
sra Oyaamus:
A+ B =0,
C—6A—58=0,
124 4+85—3C+ D=1,
2C —D —8A —4B = 0.

By cuctemann eund, A =—1, B=1, C=—1 Ba D=2 napuu
Tonamus. Jlemak,
x —1 1 1 2
. P s =l
(x—1)(x—2 x—1  x—2 (x=2)2 ' (x—2)*
Hiituica )‘ xdx oy _dx ¢ dx o ' dx
(x—1) (x—2)? ,_‘ x—1 \ x— 2 (x—2)°
318§ o2 T T B e B R £ o
(x—2)8 ' Cx—2 (x—2)2
=m|= + = ———+C
x—-]' x—2 (x—2)2
6yaanu.

2-mucon. Kyiinaary niuterpai TOMHACHH:

¥ dx
5 (a2 1) a2 4)

Huterpan octijari pamionan xacp coaza kKacpra Kyiinaarnva €in-
JaM:

1 _Ax+B | Dx+E
(x24-1)(x%4-4) 2241 x4
Bynpan
(Ax+B)(x* +4) + (Dx+E) (> + 1) = 1.
Jemaxk,

(A4D)x*+B+E)x*+4A+D)x+ (4B +E)=1.

By TeHrsmkaaru x HuHr GHp XWa Japaxanap OJJHAArH KOPPHIMEHT-
JIADHHH  TEHTJIalTHpHO

A+ D=0,
4A+D =0,
B-+E=0,
4B+ E=1

cucremara sra Gynamus. DBy cucremapan sca A =0, D=0, B = %,

E= —% kean6 unkanu. Ilyupaé koo,
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dx

§(x2+ 1) (x2 +4) 5—}-1_—5 4
1 1
i arctgx——?arcth—{—C.

uthi o

7-§. Bab3u uppauronan GyHKUHANAPHH HHTErpasiau

Yuby
\R(x, x* &% ... ) dx

KYPHHHILZATH WHTerpaiapuu  Kapaitmus. Bynma R (v, x%, P s )

dyukuns x, x% 0. JapuuHr pamuonan ¢ynxunuscu. By epaa a =
m Mo o o

== ==, . paioHan conaap 6yJau0, & yJapHUHT yMyMHH Max-
ny ng

paxku Gyaca, y Xoaga x = ¢* aamawrupuin  €plaMuaa  IOKOPHAArH HH-
Terpas pauHoHan (pynxulmun HHTerpa/Liaiira Kesaum.

Y6y \R (ax + 8% (ax+b)P, ... )dx,

JROs (gl Gl - )

HHTErpatap sca

die - b=1¢, ETC e

x——d

anaMalTHPUILIAp €paamMuia paiioHaa  (YHKIMSHH HHTerpajiamra Ke-
Jany.
l-mucoda. Kyiugaru mnerpamap TOﬂH'ICHlI'

BNl e Ut

3) S—— . g [2 i/'-—*dx.
Vaxr—3+1 J (2—x)2 24 x

x‘dx
9 \' | 14 .:.’—- o

1) x = {% aamawrupuin Gakapamus. By xoama dx = 6%df Gynanm.
Hemak,

615dt CB41—1
= = dt———G — =
j'(l'*‘vll) “Vx 5(1—{-12)13 j 241 dt

_6§(1— )dt—ﬁjdt 65 i —6(t—arctdt)+C—
=6 )/x—-arctgl/—)—{—C.

Gaxapamu3. by xomma x = —12—12 Ba

4t dt
(1— o

oynanu. Jlemak,
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[— ;_:_‘*’dx=j-’-(1—tﬂ)t e gpmol T D
x x 2 (1— 2p2 1—n
d

g (A== & 5 df PN i ol o
zj =2 g QL_F 25dt—lnll_tl R

—nEEVER g St

Vx—Vx—2 x

3) # = 2x — 3 anvawTupuiunn GaRapamus. Y Xoama x = ‘—l,(t"+3)
Ba dx = %t“dt 6yaann. Jlemaxk, )
dx %—’2 - 3 ( ed r! I Ko
XVATH!:X;T'! ='jr = )

3 3 *di g 2 B
=—2—j'tdt—-2—j‘dt+jl—_—*_~l= B S amit 1] 0=

ldlv)
lQlCJ

wle

"’I"‘»hlw-F

= ||o

=2 @r—3 —2@x—3 +hn|VZ—3+1]+C.

2—x

24+ x

Han ¢yskuuagup. Wynunr yuyn 2= ;;x aNMAIITHPUIIEY GaxKapaMus.
- x

Bynpau

3
4) Hurerpan ocruaarn nboaa x Ba ‘/ ra uucbaran pauno-

2—28, 423 _—12e

= ; 2—x= =
14 £ 1413 (132
6ynamu. [lemaxk, ,
2 2 —x 201+ 311282
j' (2—x)2‘/2—’,—xdx= '“j. 16-75(1 |- £9)2 dt =
3 it LA

S (a _ 3 _ 3 3/(2xx)
2 jt—s'-erC—Tl/(z_xJ +C.
5) £ = x* + 2 aamawthpuiuny OGaxkapamus. Y Xonja x*=1{*—2
Ba xdx =1dt 6ymanu. emak,

L,;:‘f’;_g =J"‘”—2”‘“ = ((—2)dt=|rdt—2[dt=

20
=%t"—?t—i—c=-;—V(x2+2)3—2]/x"‘+2 +C.

8-§. Tpuronomerpux QyHKUHSJNAPHH HHTerpaia

L. [R(sinx, cosx)dx kypunniigary nwHTerpainn Kapainuk, Gy epla
R (sinx, cosx) npoia sinx Ba cOSX JIAPHHHT DAlHOHAM  (YHKIHSACH

1) arap COSX HMHr HmOpacH ysrapumn GuiaH R (sinx, cosx) Humr
uiopacH yarapca, yHja f = sinx aIMalITHPHII €pAaMuaa R (sinx, cosx)
(yHKIus ¢ HUHT palHonas (YHKUHACHTa Keslaj.
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'2) arap sinx HuHr WmopacH ysrapuind Ouian R (sinx, cosx) dyHk-
UMSHUHT  WIIOpacH  y3rapca, yHAAa § = COSX aJMalITHPHII OpKaJH
R(sinx, cosx) dyHKuusi { HUHr panuoHa] (YHKIMACHT2 KeJaJiH.

3) arap sinx, cOsX JIADHHHT Hiuopajapu OHp BakTAa Y3raprasja
R (sinx, cosx) GyHKIMAHKHT HUIOpacH y3rapMaca, { = g x anmaumTupuin
épnamuna R(sinx, cosx) dyHKuus £ HUHD paluoHaT (yHKUMACHra Ke-
Jia Jiu.

4) t= tg-% anMaurTHpuur - €paaviia  R(sinx, cosx) ¢yHkums £
HUHT paunouan—cpyumumcnra KeJaJH.
1. [sin®™xdx, [cos™xdx, {sin® x-cos™xdx
KYPHHHLIZATH MHTErPaIapHi TONHIIAA

cos* x = —%-(I -+ cos2x), sin®x= %’(l —-C0s 2x),

. [
sin xcos x= —- sin 2x

dopmyanap €paamuia HHTerpaj OcTHIard (GYHKIHAHUHC JaparkacH mna-
caittupu® GopuIali Ba OXHPH Sinkx Ba C0sAX (DYHKUMAIADHHHT TOK
Jlapa¥acHra KeJTHPWJIaLn.

III. f tg"” xdx, Sctg" xdx Kypunuuigard unrerpamiap f =tgx Ba
t=ctg X AIMAITHPHIIAD EpJaMHIA TONWJATH.

IV. (sinaxcosbxdx, (sinaxsinbxdx, {cosaxcosbxdx KypuHuu-
Jary MHTerpasiap

sinaxcos bx = —l)— [sin(a--b)x 4 sin(a —b) x],
sinax-sin bx = —2— [cos (@ — b)x —cos (a 4 b)x],

Cos ax cos bx = —; [cos(a -+ b) x + cos (@ — b)x]

dopmysiaiap €paamuia TOMHIANH.
V. Va* + x* wpomanap KarHauirad HHTErpaTHH TONMMHIZA MOC pa-
Buma x = atgt, x = asint kabu Gearnaaniian Goiigananumr Kyaadaup .
l-mrcoa. Kyiiugarn nnrerpaiiapHi TONHHT.

1) [ sind® xdx; 5) ‘[ sin® x cos® xdx;

2) | sin*xcos xdx; 6) [sin3x sin 4xdx;

3) [ cos? xdx; 7) j cos% x-cos 3 xdx;
4) | tgixdx; 8) [VE—xTdx.

[) (sin®xdx wuterpan I Typhard WHTerpajIHMH MKKMHYH XHJIH
6yranu yuyH asBa/j Oepu/iraH MHTErpajiiu

f sin®xdx= (sin* xsin xdx= { (1 — cos®x)*sin xdx
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KypuHuIIAa €346 076, Kefun f = cosx 1e6 GeJruiacak, Gepuiran mp-
Terpa
[ sin® xdx = — (1 —£)%dt = — [(1—28 + 4 gt

kypunmmra xeaaau. Jlemak,
[sin®xdx = — (dt +2 [dt — (tdt = — 1 + _2_13__

1 2 1
——54+C=—cosx -} ?cos""x—— TCOSS.'C-,LC
B

Gynap IKaH.

2) ‘ sin'x cos xdx WHTErpajJiu TOMHI YYyH /= sinx aIMALUTHPHLIHH
Gaxkapamn3. By xoaaa df = cos xdx Gyarann yuyH

[sin*xcosxdx = [t'dt = —; #r4C= —:- sinffx—+C
e
6ynanu.
3) j cos® xdx wuterpannu Tomuul yyyn I1 kownanu kyananu6, gyin-
jgarura sra GyJaMus:

f cos? xdx = _|' (cos’x)*dx = f: j(l -+ cos 2x)’dx =
= -;— [ fdx+ ( cos 2xd (2x) + [ cos*2xdx].

By unrerpassapaan OMpHHYM MKKATACH JKajBaJlaru WHTErpajiapaup,
YUHHYHCH 3Ca fHa II KOHAaaaH ¢>oun11an)16 TOMHJIATH:

_[cos’Qxdx = — [(] + cos 4x) dx = — S'dx—f— — jcos 4x d(4x)=
=?+?Sm4x+C.
By npomann 1oxopuaaru TeHrdmkka KVinO, Kyiiuaarura sra  Gysamua:
jcos‘xdx = —;((x—i— sin2x + % -+ —;—sin 4x) +C=
= i-x -+ —]sin2x+ Llsin4x+C.:

4) [tg’xdx vmTerpanny Tomii yqu I]I KOMJaHH KVyJlaHaMus. ¥

xXoaja ¢ = tgx, x =

SO (1+tz)—1 N B
Stgxdx Sl 12 5 T fdt jl—uz—
=t—arctgt+C =tgx—x+C

6ysap SKaH.
5) [sin®x cos8 dx = [[sin®t cos® cos x dx = {sin® x(1 — sin®x) cos xdx

Oupu { = sinx aIMaTHPHIIEN Ga3KapH6 TONMaMu3:
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! {sin®xcos® xdx = [l — ) dt = [£dt — o dt =
i 2o SRl S0 0T, SRR TR Y 1L
4t‘ 6t +C L Sintx —-—sin x+C.
6) sin3xsin4 xdx unrerpanuu 1V Kowaa €ppaMuna TOMWJIALH:

{ sin 3x sin 4x dx = —;— j‘[cos (3 —4)x —cos(3 + 4)x]dx =
1 1 . S O
-y jcosxdx— -2—j cos 7xdx = 5 sinx — —sin 7x+C.
7) scos% xcos 3x dx nurerpan xam IV Kouza €piaamuya TONMHJIAIH:

j‘cos%xcosSxdxz %J [cos(%—l-S)x +cos(— —3) de =

1 g 13 5 1 3
=—\||cos—x+4cos—x|dx =—" —sm—x
2 l 3 ¥t '3] 2 13 3 * T
1 3 b 3 13
—+—sin—x+C = —sin—x —sm—x C.
TG g T 26 3 +10 3 ¥t

8) [V 4 — x*dx wuterpaann tomum yuyn x = 2sin’ a.mwammpnm-
HH Gaxapamnd. Y Xoana dx = 4sinfcostdf Ba { = arcsin l/ - GOyaa-
. emaxk,

SV‘l—x"dx =5V4—4sin2t-4sintcostdt =
= SEV-l—sin'zx-sintcosfdt o 8jcosztsintdt =

=—8j“zzdz:—_iz3+c=— x+C =

=—%cosz<arcsm‘ —) | C=—.—§(Vﬁl—%)3+C.

XVI B OB. AHUK HHTETPAJI

Aupg mHTErpaj; MaTeMaTHKaHHWHT MYyXHM TyluyHyajapuian Gupu. By
TyulyH4aHn GaéH STHLIaH aBBAJ, yHra oJM6 KeJagural MacanajiapiaH
OHPHHM KEJITHPaMH3.

1-§. YTuaran iyn Xakuparn macana

Mopanuit nykra Tyrpn unsnk OyiiaG v =u({) Teamk OunaH Xxapa-
Kar KWICHH. YHHHr f, MoMeHTAan T MoMeHTraya kerraH Baktjaa OocuG
yrran iyJauHn Tonmuur Tanad 3THICHH.

Mabnymgu, Te3mmk v Ysrapmac Gyaranjga, yTuaran iya

s=o(T —1,)
6ynamn. Teamuk yarapyRuu Oyaranfa, ABHH YV BAKTHHHT  (DYHKUHSCA
6yaranja (v =v(f)) Oy cdopmyaa Ounan moanuit HykraHuHr [£y; 7] BakT
opamiruga Gocub yTraw HYJIMHEH aHMK Xuco6sab6 Gyamaiifu. Y Tuirad
HYJHH aHMKPOK XHcoOuam Maxkcaaupa [fy T'] BakT opasHFHHH
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b BT o B B U A il = T)
HyKTanap €paamuaa n ta Gysnakka 6yaamu3. Harwxana [f,, T'] cerment
ymoy
oy £, U ), oo I, t]=1t,_ T

Gysaknapra axpartuiaiu. Xap 6up (4 ¢,.,] (k=0,1,2, ..., n—I)

Gynakma &, nykra om6, cyur wy [f,; £, )] Ma HYKTAHUHT Te3aHrH §3-

rapvac ©(§,) 6yacun ne6 yruaran iyaun o) (b, —1,) =v(E) AL,

6ymumnnn Tonamus. By anGatta, (4, f,,,] BakT opanurHia yTuiaran

iuyann takpuban ndopanaian. Yuma [4,, T] BakT opaaursia YTHIraH

Byn s~ ov(E) Atg+ oE) AL+ ... FoEJALA ... o) AL =
n—1

=Z v(§)At, 6ynanu. DBynpma 3 ifwrungu  (cymma) Gearucu. D

k=0
[t tk+1] (=0,1,2, ..., n—1) cervedtiap y3yuwauxaapn Af, =

= tyy1 — 1, HMHT 3Hr Karracuun A (A =max | Af, Af, ..., AL )

Jeityk. YHaa A nwonra untwaranaa (awuu [f; 7] cermentuuur 6yaakaap-
n—1
“ N\ "
ra OVJIMHHIIHN COHM 7 YeKCH3ra MHTHJraHja) Zv(&k) At, iurnEau  Mon-
k=0
Avit nyktauper [£; T] BakT opaJjuruia 6]ocx16 yrrau ityaunn udoganait-
n—
o v v Ul “
zu. Jemak, yruarad s iiya A—0 1a )_‘v(Ek)Atk HUFHHIHHUHE JIAMUTH-
k=0
JaH ubopar 6yiap sKkaH. YMyMaH, KYm MacaJaJapHHHT €YHMH I0KOpH-
JAard HWFUHIUJIADHHHT JIHMHTHHU ToOnuur OuJad Xaad KuauHaau. By anug
HHTEerpaJj TyLIyHYdcura o0 Keaajau.

2-§. Unterpan MMFHHAH

f(x) dyukuus [a; b] cermentna Oepuaran Gyacuu. DBy [a; b] cer-
MEHTHH

Xgy Xy Xgp vve 3 X, (@=< <5< 0. <X, =b)
HyKTasap €paamupa n ta Gysiakka Oysamus:
EAEANESE N DEERE N E A A
Xap 6up | x %] (k=0, 1,2, ..., n—1) Oynakvaga uxTiépmii
Ek(EkE [xk; A +1|) HyKTauH ofamu3. CYHr QYHKUMSHHHT 1LY HyKTaja-
ri Kuiivari f(E,) nu Ax, = Xy — X, Ta Kynaitupub, Kyimnarn furun-
JHHH TY3aMH3:

n—1

€A, = €A, + FE)AY + ... +[(EJAx, +

k=0

P wovre G PR
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By fmrunam f(x) nune [a; b] ceemenm Gijtiusa unmeepar QuFuHOUCH
Jeilunann Ba 0 Opkamu GeJrusiaHajiu:
n—1
o= kz f(E)AX,.
=0

Macanan, f(x) = x* ¢ynkumsnudr [a; b] cermeHTAarn HHTErpas HHFHH-
JwcH (roKopuaaru Gyaunuiira HucGaran)

n—1 n—1
= Zf(Ek)Axk = E B2Ax,
k=0 k=0

6yaaau.
3-§. AHHK HHTerpan TabpH(H

f(x) dynkmms [a; b] cerMeHTHa anuMKJaHraH Ba Y3aykcu3 GYJICHH.
By (ysKkuMSHHHT MHTErpas nFuHIMCH

n—1
— N e
== L f(%k)Axk
k=0
HH TY3aMHK3. Macana A—0 na ury HUFMHIAHHUHT  JIMMHTHHH TOMMILJAH
nbopar.

f(x) dynxuns [a; b] cermentja Beiiepiutpace Teopemacira acocaH
yerapaJjanran 6ysajau, sibHu

m<f(x)<M (Vx€l[a, b)).

[a; b] cermeHTHH X5, X)) ..., X, (@=x< < ... <x,=1b)
HyKTanap €piamuia n Ta Gynakka Oysamus. Yuja f(x) ¢ynkuus xap
6up [x,; x,,,] cerventpa (k=0,1,2, ..., n—1) Xxam uerapanan-
ran Oynaan. Jlemak, '

m, = inf { f(‘) ] x€ [xk; xk+]]r

M, =sup { [ (x)}* X€lg x,,)
MagKy/ 6yaaau. PaBuanku,
m.<M, (k=012 ...,n—1).
By m, sa M,(k=0, 1,2, ..., n—1) éppavuaa Kyiiugaru JuFuH-
JAWJApHH Ty3aMH3:
S, =mAxg+mAx,+ ... +mAg+ ... +m,_Ax, =

n—
n—1

=
= ¥ mAx,,

k=0

* sup (f(x)) — (f(x)) TVnaam IOKOpH uerapajapHHHHT SHT KHUYHIH.
inf {f(x)) — [f(x)} Tynaam Ky## yerapaCHHHEr SHI KaTTACH.

163



S, =MAx,+ MAxq, + ... + MAx+ ... +M,_Ax, =
n—1
= 2 MAx,.
k=0
Pasmanku, B
S, <S,,.

§, € [x, X,y yuyn m< f(§) < M, Gynanu. By Tenrcuanukaapun Ax,
ra KynaitapuG, Xocua GyaraH TeHrcHaIMKJAapHu k Huur OGapua KuiiMar-
gapu (k=0,1,2, ..., n—1) Gyimua &€3u6, cyHr yJapuu Xanmuab
Kymmnb Tomamus:

n

n—1 n— n—1
Y mAx, < 2 FEIA x, < \‘ M, Ax,.
ﬂ k=0 =0 0
eMax, B
$, <0< Sn.

K¥ypcaruur MyMKHHKH,
m-(b—a)<s, <S5, <M:(b—a)

n

Ba
Sn>Sn+l>Sn+2> §r1<§/!+l<_§rl|-2<

6ymamu. Jlemak, S, KeTMa-KeTJIHK uerapajaHrai BA KamaioBuH, 5, Ker-
Ma-KeTJIMK 3ca yerapaJjaHraH Ba ycysBun Oyaazn. MoHOTOH Kerma-Ker-
JUKHHHT JMMHTH MaBXKYAJHIH XaKHAard TeopeMara MyBoHK S, Ba
S, KeTMa-KeTJIHK/IP YeK/IH JMuTra sra Gysiaad. bus yaapau moc pa-

Bua / Ba / opkamm Genrniaiiuk:

{L’,T;Sn:" lims, = I.
Suau 6y [ a I counapunur Tenrymrnan kypcatamus. Ily maxcan-
nda [ — [ aiiupmManu KapaiiMu3. YHW Kyiuaaruua €3uill MyMKHH:
n—1

T—1=1imS§, —lims, = lim ¥ M,Ax, —

- A—0 i l.-.ﬁ" A—0 l.. —0
n—1 n—1
— lim mGAxk = lim N M, —m,) Ax,.
0=
Jlemak,
n—1
I— E(Mk fn,\)Axk (161)

=020

f(x) dynkuus [a, b] cermentaa yaaykcus. Kanrop Teopemacura xypa,
y LIy CerMenTAa TeKHC Y3JIyKcu3 Oynaiu. Yuaa v#e >0 COH o/mMHranjaa
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xau mynaain 8 > 0 ronunaguxku, A < 8 6Yaran [a; b] opaMKHHHD Xap
oup vy %] 6ynarnpa M, —m, < e Gymuumun ronamu3. YHja

n—1 n—1 n—1
2 (M, —m)Ax, < 2 eAx,=e¢ E Ax, = e(b—a)
k=0 k=0 k=0

6ym0,
n—1

i TS gﬂwk —m)Ax, =0 (16.2)

6ymanu. (16.1) Ba 16.2) mynocabGatiapaau
I=1
Gy kean6 unkamd. Yaapun [ Guian Gearmaaimk: [ =1 = 1.
Hlynpait Kuanb, -
limS =lims, —/.
A0 A0 -1
Xap Aoum
5, <0<,
6ysirann yuyH uHTerpasd iuruHau o xam A—0 aa my [ comra HHTH-
Jau:

limo = 1.
A—0

Hemak, [(x) dyukuusa [a, b] cerMentia dHHKJAHraH Ba  Y3JYKCH3
6yaca, y xonna Gy YHKIMSHHHT HHTErpaj HUFMHIHCH
n—1
*
D [E)Ax,
k=0
A—0 na yekmu [ coHra MHTHIAp 3KaH:
limo = /.
A-0

16.1-taspud. A—0 da f(x) ¢pyuxyus unmeepar durunducu o
HUHE weKaw aumumu wy [(x) pyHKyusHuHe anur unmeepaau detiuradu 6a

b
5 f (x)dx . (16.3)

Kabu Gearcuramadu. lemar,
b n—1
&\ f(@)dx = limo — lim Eof (E)Ax,.

by xo.0a [ (x) ¢pynkyus |a, b] 0a unmeeparranysiu deduradu. a—usme-
2parnune Kydu 4eeapacu, b—urmeepariune wKopu yeeapacu, f(x) unme-
epar ocmudaeu ¢ynkyus, f(x) dx unmeepar ocmudaeu ugpeda Odetiuradu.
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1
Mucoa. I=( xdx wirerpan Tonmucun.

0
By unterpasn ocrumarn f(x) = x ¢ylﬂxuuﬂ [0; 1] cermentaa y3ayk-
cus. [lemak, Qynkuusiuuir wnterpann (xdx masxya. Tavpudpra xjpa
0

1 n—-1
[ xdx = lim N E)Ax, () =x)
0 ]

6ynanu. FOkopumarn uHTerpas HUFHHAMHH KyHuWZaruya Ty3aMH3:
1) [0; 1] cermeHTHH
2 3 n
O’ Tl oo e & Ve g TR
n n n n

HyKTasap épjamuaa n Tta TeHr OVJjakka Oy/aamus;

o) (o] [ 2

By XoJaa Axk = k—*-_l__i:_—. ..l_. 6ynan‘,{

n n n
2) Xap Oup [i; k—+—l] (k=0,1,2, ..., n—1) 6ynakma E,

n n

HyKTa cudarnxa A1 i omamus. (&k = k‘: l). Bepunran  f(x) =x
n

GyHKUuAHUHT Oy HyKTajarn KuiMaTH

f(gg:’ﬁ;—‘ o=, 1.2 <5 5 5 fo—d)

6yaanu.
f(x) = x yskumsuuar [0; 1] maru uurerpan HUFHHAMCH Ky#ilarnya
OYJ/IMIIHHE TONAMH3:

n—1 n-lk—{—l 1 0 n—‘l

Zf(gk)Axk-: ET.TZR_’L(k+l)=

k=0 k=0 k=0
=4 I N S W R
_n2(1+2+3+...+n) i 2(1+ n).

Jlemak,
1

[ xdx = lim [—I—(H-—)] N
% A—0 2
0 (n—0 )

iHyHnaﬁ KHi0,
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]

16.1-scanatwma. f (x) dynkumsi [a; b] cermentaa aHuKAanran 6YJm6,
y LIy cerMeHTia HHTerpaJianyBuu GyJcHH. YHZa

S{)f(x) dx=—§f(x)dx, ff(x)dxzo (16.4)
a b a 4

ne6 KapanMu3,
16.2-5cnarma. Arap [ (x) ¢yskumsi [a; b] cerMeHTHHHT YEKJH COH-
Jlard HyKTazapujia ysWiumira (cakpatira) sra 6Yau6, xoaraH Oapya HyK-
TajJapujia ysnykcus 6yica, dyukuns [a; b] cermeHtia HHTerpasllaHyBYH
6y.aanm.
4-§. AHMK MHTErpajHHHI XOCCaJapH

[ (x) dyskuust [a; b] cerMenTaa aHMKJAHTaH Ba Y3JyKCH3 OYJICHH.
b

YHUHT aHHK HHTErpasmn y [ (x) dx xap noum MaBxyj. Yby

b b
1%, j ef (x) dx=c j [ (x) dx (c = const) ¢opmyaa ypunin.
a a

Hcb6or. Tavpudra kypa
b n—I|
1 N 2
i f () dx = lim %0/ ) Ax,.

¢-f (x) GYHKUMSIHHHD MHTErpas HuFuHIHCH
n—1

3 o &) A,

k=0
6ynaan. PaBiuanku,
n—I1 n—I

E Cf (Ek) Axk=c ‘\:‘f(gk) Axk-
k=( k=0
By rtenrmikaa A—0 ga aumutra yio,
b b
\" cf () dx=¢ 5 f(x) dx

Gy/mumnyn Tonamma.
2°. Arap [ (x) Omnan Gupra g (x) dyskuma Xam [a; b] cermeHTAa
yaJykcH3 6yJjca, y xosza

b b b
j [f () =g (1) dx=5'f(x) dx:tjg (x) dx

6yaanu.
MU c6or. Tavpudpra kypa

b n—I1
ayf (x) dx = lim gjof &) Ax,
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b n—1
§g () dx = lim k2=og E) Ax,

6ynanu. f (x) = g (x) dynkuusiHuar [a@; b] cerMeHTHarH MHTErpaJ HUPHH-
JIHCH

n—1

3 IF ) g € Ax,
k=0

n—l

5 n—1

€ =g B Ax,=F &) Ax, =¥ g &) Ax,.
F k=0 k=0

By Tenrf®kaa A—0 xa JuMutra yTHO TOmaMi3:

b b b
fU@=g@lde={f()dex [ g dx.

AHHK HHTErpaJHMHr KeifWHrH OHD Heyta XOccacHHH HCOOTCH3 KeJTH-
pamus.

3°. Arap [a; b] cerment ukkura [a; c¢] Ba [c; b] (a<c<<b) cer-
MenTaapaan uGopar GV.uca, y XoJaga

b c b
fF@de=[F)det () dx
6y1au.

4°. Arap [ (x) dyukuus yuyn  x€[a; b] ma [ (x) >0 O6yica,
y Xosja

b
{F@dc=0

6y1anu.
5°. Arap [ (x) Ba g (x) pysxuusnap yuayu v x€[a; b] naf (x)<g (x)
6yica, y xoJaa

§ f(x) dng g (x) dx (16.5)

Gyanu.

6°. Ypra kuitMmat Xagkuaaru reopema. Aeap [ (x) pynxyus
[a; b] ceemenmda Gepunrcan ea yzaykcusz Gjaca, y xorda a ea b opa-
cuda wyndai & (a < E<b) HyKkma monuraduxu,

b
(F@de=f® (¢—a (16.6)

6yradu.
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\

. Hc6or. Teopemanuur maprufan f (x) dysxumsaunr [a; b] cermentaa
YerapaJlaHraH/uri KeJquO 4HKaau:
m<f(x)<M (v x€la; b)).
AHNK MHTErpaJHUHr HOKOPHAA KeJTHPWIraH XoccaJapujaH ¢oiizananub
TOMaMH 3:
b b b b
m<f(x)<M= g 'mdxgjf(x) dx < | Mdx=-m gdxg

b b
é_ff(x) dx< M 5 dx=>-m (b—a)gg' f(x) de<M (b—a)

b n—l n—|

e N7 ) T ~ BT s vt
(qyuhu, Ede-— 1)1_13) kzol Axk——];_l‘ﬂ] %Axk Ll-rg (b—a) (b—a)).

Jlemak,
b
m (b—a) < g f()dx< M (b—a).

By tenrcusmkaapuu b—a ra 6yicak, ynaa yuwby

b
ff(x) dx
a

m<——— <M
b—a

TEHICH3JIHK XocHa GOVaanu. fua f (x) dyukuusnuar [aq; b] cermeHTAa
yaiaykeu3 6yaransauruian, a Ba b opacupa wyHnai & (@ << &< b) ronu-
JIAJIHKH,

b

[ F (0 dx

."b?:f(g)

6yaanu. By Tenrymkian sca
b
(F@dc=[@E 6—a)

6y anum Keaud ynKaau.
7°. | (x) dyskunus [a; b] cermentia Gepusiran Ba y3Iykcu3 GYJICHH.
Papuanku, 6y dyskuns [a, x] (a<x<b) na xam yanykcus 6yianu. [Iemaxk,

o

X

maBKyA. Arap [a; b] cermeHTAaH oJMHran Xap Gup x raj f@ dt um
a

Moc KViicak:
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X
hx+§fmm
yHAa ¢yHKumsa Xocua Gyaaau. Yuu F (x) opkaau Gearwsaiink:
X
F(@:Si@)w. (16.7)

By F (x) (byHKllHﬂHHHI‘ Xocuaacu Gepusrat f (x) ra tenr 6yaaau: F' (x)=
== [ (x). Ilynn kypcaramns. Apryment x ra Ax oprrupma Oepus, F (x)
(YHKIHSHHHT MOC OPTTHPMACHHH TOMAMH3:
x+A x x
F(x+Ax)—F (x) = jfmm_§fmw
AuuK uHTerpaiHuHr 3°- Xoccackra Kypa
x-Ax xrAx
§ r@a= froas Jroa

a a

6yaamm. Yuaa .
Xt+Ax x
F@+A@—FM_Sf0w+ fiow—junm=

a
x+Ax

= [foa

X

6ynanu. [lemak, .
F(x+Ax)—F (x) = jfmm.

X
x+A x
By TeHrsmKHHMHT YHr TOMOHMAaru y [ (¢) dt muterpanra ypra Kuit=
K X
MAaT XAKHATH TeopeMaHu KYJlacak,
x+Ax

[ FOd=F® c+ax—0=]@ Ax

(E€(x, x+ Ax)) 6yaaam Ba Hatmxkana F (x) (yHKIMsS OPTTHPMACH YUy H
yuGy
F@x+Ax)—F@)=f(® Ax (E€(x, x+Ax)
TeHrJuKka kenamus. Dy Tenrsmkaan sca
Ax
O6yamun kean6 ynkaan. Mavaymgu, Ax—0 za
Fx+Ax)—F (x)
Ax
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l

HecGatHudr JuMuTH F (x) 6Yaagm (xocuna TabpupuHH 3CJaHT):

lim F (x4+Ax)—F (x) =F’(X)
A x50 Ax

Ax—0 na E€(x, x+ Ax) Gyiraumurn cababan E— x. Bepusmimira
KVypa [ (x) dyukums yanykceus. [lemak, E— x na

FE—T ().

1Okopuaaru (16.8) reurmmkaa A x—0 na mimurra yTHO,

F(x+Ax)—F (x) .
==}
. i

lim
A x—0

yuby
F' (0)=F[(x)
TeHIVIHKKa KeJamu3. Jlemak,

F (x) = j‘ i () at

(QYHKUMAHHHT XOCHJIACH WHTErpan OCTHAArd (YHKUMAHMHT X HyKTaJard
KuitMaTi [ (x) ra TeHr GyJap sKan:

F (1) = (y 0 dt) — ().

By yanykcus dyskunanap yuys Xxap noum Gouniauruy (yHKUHA MaBXKYA
OVUIHIIMHH GHJIHPA/IH.

5-§. AHHK HHTerpasnapHu xucobaai

1°. AHHK MHTerpanHu Tabpudpra kypa Xucobaam.
Manaymk,

n—l

b
—1lim N[ (& .
é‘f(x) dx 1117;;/‘(4)13&

Hemak, A—0 (A= mz'izx {Ax,)) ma

n—1
0= 2 f (Ek) A.\’k
k=0

HHFHHIHHUHE JUMHTHHH TOmum Guaan Gepuirat [ (x) QyHKUMSHHHT aHHK

b
MHTErpaJu S [ (x) dx Hu Xucobaamr MyMKHH.,
a

b
Mucoa. S sinxdx uurerpaJ XucoOaaHcuH. By wunrerpas yuyH uH-
a

Terpal HUFHHAM G HH Ty3amu3. [a; O] cermeHTHH yiuby
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i e
n

a+nb =b
HyKTazap épuamnna n Ta TeHr Gynakka Gyaub, xap Gup

[ +%b+Ub—a]m=0J,2.."n—U
6ynakna &, HYKTaHH

b=at(k+ 1L

B Ge=0: 1,9 s =B

ne6 onavu3. Bepuiran (yHKUMSHHHT HHTErpasl HUFHHINCHHH TY3aMH3:

n—1

o= 2 f (g;,) Axk =
k=0

n—1

—2 sm[a—}-(k—}—]) ]{'—a b—“\1 sin [a—f—(k+l)h—a].

n
A 0

Mamwaymk,
2sina sinf = cos (@ — p) — cos (& + P).

n
h—a]y

)

By &opvynanan ¢oiigananné rtomamms: sin |a -

1 . b— .
= 2sin 2.sin a-+(
b—a 2n

2sin
——t {cos [a+ (k + -12—)

2 si
ji 2n

Y Xxoana

n—I|

o=b:azsin [a+(

k=0

- 1 =3
L ﬁ———b_a {cos[a—{—(k—}-%)b a]_
R = 2sin 2 "




b—a

i e e b )

b—a
2n

sin
b— o
6yaanu. By tenrymkaa A = 2—2% 50 ma JumuTra YTHG TOMAMHS:
n
b—a
> : 2
limo = lim =

A—0 A0 3 b—a
ST
2n

[cos(a—i—% b'—la)—cos (b—{—% b:“)]=

= cosa—cosh

6ynaa lim —= = | Ba Y = COSX (DYHKIIHSTHUHT Y3JYKCH3JIHrHAaH (o~
y L y yany

zxanammx). Jemaxk,
b
S sinx dx = cosa — cosb.

a

2°. Hoioton —Jleii6unun dopmyaacu. f(x) ¢pyskuus [a, b]
cermentia Gepuirad Ba y3aykcus Oyvicnd. Dywnpait f (x) ysxuus ymby
6olnanrFHy

F(x)=5f(t) dt

dyskumMsara sra. Mabaymkd, [ (x) QyHKUMAHHHT MXTHEPHIT GOILVIAHFHY
@D (x) ¢ynxumscn Gepuaran Oomwtanruy F (x) ¢ydkuuspan ysrapmac
KYmnayBura ¢apk Kuwaap 3au (Kapadaci, 15- 600, 1-§)

® (x) =F (x) + C (C — y3rapmac cow).
Jemak,

D (x)=§ [ (¢) dt + C.
Dy reuraukpa, x=a ja ’
D (a) = § f () di+C=C, (16.9)
x=0>b na ) :
@ (b) = { f(t)di+C (16.10)
OV Tonamu3. Hartkana (;16.9) Ba (16.10) Tenrynkaapaan

b
5 f(x) dx=® (b)) — D (a) (16.11)
6y/mm keanb yukagu. By Horomon—Jledbruy ¢gopmyracu neimnanm.
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b
(16.11) Tenrsmkuuur yHr tomonmpan @ (b)) —@ (a) aiimpmann @ (x)l

Kabu ésmnaau. Jlemak,
b
5‘ f(x)dx=® () — D (a) =D (

a

b

Heioron — Jleii6uuit opmyacu épaamuaa 5 [ (x) dx anug unTerpasnap
a

Ky#Huaariaya xpcobJsanau:

ABBaJIO [ (X) GYHKUHSHHHT aHHKMac HHTErpaJiu

[ (x) dx
Tonwiaan. Altaiank, Oy unterpan tonwauG, @ (x) ra TeHr GyJcHH:

.[f (x) dx =@ (x).

CyHr Oy QyHKUMAHHHT @ Ba b HyKTajapjard KuiiMaiJapH XucoOuaaxuo,
D (b)) —D (a) ap";npma ronuaand. by guitvar Hbioton — Jleii6uuu ¢op-

MyJlacura Kypa 5 [ (x) dx unTerpamuuur Kuitmati Gyaamu.
a

/2
Mucoanap. 1. f COsx dx uHTerpa XucoOJaHCHH.

Aggaso 6y f(x)== cosx (YHKUMAHMHT aHWKMac HHTerpainHu Xucol-
JIafiMK3;

jcosxdx= sinx + C.

Jlemaxk,
@ (x) = sinx.

Heioton — JlefiGiui ¢opmyiacura Kypa
wa a2

S cosxdx=sinx| = sin i;— —sin0 = 1.
o 2
6
2 S V33 HHTErpas XucoOJaHCHH.
1
By [ (x) =
__+]
(3 +x)
S §(3+x) d@+9="—— 1o
V3+x —— 1
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1

‘3+"’ LC=2VFFr+C

2

Gynanu. Hetoron — Jleii6uui popmynacunan ¢oitaananué Tonamus:
6

. dy 6
J —— =2.Y3+=x
1

=2 (V/3+6—V3+1)=

V3-4x 1

=2 (3—2) =2
aVd ¥
- X
3. j T HHTETpajl XHCOOJAHCHH.

Pasuranku,
| 4(3)
5 agdx s = L - = a. °=—l arctg = + C.
a a
Yuaa
al .:; / —
e dx 1 x [&? 1 aV 3 a
i = = pems to — )=
\ e arclg = - (arctg = arctg a)

1 = | fm =« 7T
== (arctg V'3 —arctg l) =i (—3 - —4) T
ﬁynalm.l

—s
4. S' xe” * dx unrerpan XucoOJaHCHH.
0
By uurterpasn Kyinaaruya xucoGaaHanu:
I

6-§. AHMK HHTErpajHH XucobJjaul ycysiap

1°. Byanakaa6 unterpaanam ycyau. Alrailouk, o= u (x)
Ba U= (x) dynkumusnap [a; b] cerMentaa anukaauraH, ysnaykeus ' (x)

Ba v (x) Xocuianapra sra 6yucun. Pasinauku,

[u(x) v (@) =u" (x) v (x)+u ()0 ()

Jemak, u (x) v (x) dyskuus ¢’ (x) v (x) + ¢ (x) v (x) pyHKUHAHUHT

Gouwtanruy (yHkuuacu, Heioton — JleiiGnui, dopmyaacura 6uHoan



b
(1w @ o) +uE o @) de=( @ v @)}
Gynanu. Arap

b b b
__( & (x) v (X)4u(x) v (¥)] dx = 5 v(x) & (x)dx +.\' u (x) ¢ (x) dx =

b b
=[o@du )+ u dox)

Gysminian 3bTHOOPra oJCcaK, y Xosaa

b b
S' o (x) du (x) + (‘ u (x) do () = [u (x) v (x)]?
6yanb, OyHaan sca
b b

S u (x) dv (x)=[u (x) v ()2 — \ v (x) du (x) (16.12)

a

Oysmmn kesmb uukaau. Dy Tenrimk awux unmeeparnu Oijraxaalb um-
mezparrau opmysacu JeHnaann.
e

Mucoa. Ywoy j‘ xInxdx wnterpan XucoGaaHcuH.

¢
By wumrerpamun xucoGnaimrga (16.12) ¢opmynanan  oiizasanamus.
x2

u =Inx, dv=xdx ned tonamus: du=— dx, v= — Yiuga (16.12)
= :
¢opmysnara kypa

e*

5‘ xdx ==

e

b2 | —

et ) ot "xz 1 ” g2

jxhxdx=x—ln,v ’ —-j .l de=% Inx ‘ =
2 ~ 2 x 2 y

e e

1

2 |e*
L e‘lne’-’——ezlne—"—’ = -
2 gL 2

s _p2__ ¢ 2]
[Qe e 2—}—2]

ZII (3¢ —1) e

Gynanu. emax,
el
Y xInxdx = 4—1 (3¢ —1) €.

v
e

2°, Varapysunaapuu anmamrupum ycyan. f (x) gynkuns
[a; b] cermentaa Oepuaran Ba yaaykcus Oyuacud, Yy

b
y f(x) dx
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MHTErpaJHu Xucobnam Tanab sruicui. By wxrerpania x = ¢ (f) nedimus.
¢ () dyskums KyHuJAard IapTJapHd KaHoaTJaHTHPCHH:

1) ¢ () dpyukuns [o; B] CerMeHT/la aHWKJIAHraH Ba Y3JIYKCH3;

2) ¢ (W)=a, ¢ B)=

3) ¢ () pyskumns [e; ﬂ] cerMeHT/a yaaykcus @’ (f) xocunara sra 6y.-
cHH. Y xoJja

b ]
(F@de={F@®) o @O a
a [
Gynaju.
Mucoa. Y6y nuTerpal XucoGJaHCHH:
/3
j‘ e
sind x
/2
By wunrterpania sinx =1{ ne6 onamus. Hatwxkana cosxdx —=df nu Ba
= /3
{ yarapyBuu l, ‘/_3] Ja VarapuimHu tonamus. [lemax, % s
2 2 . sindx
n/2
V :/2 "‘—/2 341} 75/2 '.':';'/2
=S %:5 t_sdt:thxl =—r)tll =
i i i o
| (_4._4 N = . |
2 \3 2 3 3

7-§. AuMK MHTerpaJapHH TakpuOHit xHcoG.atu

f (x) dynkumusa mypakkab GyJica (tabuuitku, ynunr Gouwtanrny ¢yHK-
IMACHHU TOMHII KWAMH Oynanm), yeaa Oepuwiaran (QyHKIMAHUHT HHTEr-
paniHu TakpuOHil XHCOOBIALITd TYFPH KeJaju.

1°. TyrpuryprOypuakaap dopmyaacu. f(x) hyskuus [a; b]
cermenTAa GepHiran Ba yanykcus Gyicun. By (yHKUMAHMAT aHuK HHTEr-

panin
b
5 f (x) dx

HH Takpuonit udopanosyn GopMytand KeJTHPAMHS.
[a; b] cermenTHH

Yo =a< % <%H<...<X_,<x,=b

HyKranap €paamuaa n Ta Tenr Oyjakka O6Ynamus. Parwanku, Oy xonja

b—a ;
Axy =Xy 1 — %, = , Xy =a (R=0,.1,:2, « venit)

n n
6ynamu, Bepuiran [ (x) dpynkuusuudr x, wykrajars Kukmatw [ (v,) Hu
X4co6:1a06, [ (x) wuur [x,; x,.,] cerment Gyinya anuK HHTErpaIHHK Kyiu-
Jaruya A

1 2—2678' 177
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L |
| () demf (x) Ax,=F (x) 2=2

n
*k

TakpuGHii nboranaitvus. Bynnait TakpuGuit popmyiani xap 6up [x,; X, (]

(k=0,1,2,..., n—1) cermentra HucOGaran €3u0, CYHr yJapHH Xai-
Ja6 Kymub Tonamus:

[ Fwdemf ) =2,

jf (9 dx = f (v) =,

j f(x)dexf (x) 4 ,_la,

b
yf(x) dx=f (x,_,) b==a.

*n—1 !
. Xy Xa Xy ?
fiWds+ [ fac+{ fdet.. .+ F)dem
a Xy %5 X1
m 2 [ )+ F () F () ()]
Jemaxk,
Y
‘ f(x) dx= b:a [f (o) +F (x)+F () + ...+ F (x,— D=
n—I|
b—a Q)
- f(x,). (16.13)

By (16.13) dopmyna mygrpu mypmbypuakaap gopmyract Aednaam.

2. Tpaneuusaap dopmyaacu. [a b] cermeHTHH IOKOpHIAru-
Jexk n Ta TeHr Gynakka O6Yuu0, [ (x) yHKUMSHHHT [Y,, X,,;] cerMeHT

OyiHya OJMHraH aHHK MHTErpajHHH KyHuJarnya

fk+lf(x) dirg LT o)y TN H] ) b
2 2 n
Xk
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1
Takpu6Hit wdoaanail Mu3. Byunan TaKpuOuit gopmyanu xap Gup [x,; x, 1)
(=0, 1,2, ..., n—1) cermentra HucGataH €3u6, CYHr yJapHH Xaii-
Ja6 xyumti TOnaMus:

X, b
g f (x) dx + g fO+[F@det...+ [f)dem

X, Xpn—]

~2= () 4+ (F () 4T () -+ (F () + F (9)) +
”+vaJ+fmm=
B e 2 G+ Filx))
Hemak,

b
5 f(x)dx = i o T 2f (x)) + 2f (o) +

F o 2 () ()] (16.14)

By (16.14) dopmyna mpaneyusirap gopsyracu ne6 aranaiu.
3° Ilapabomanap (Cumncon) popmyaacu. [ (x) dyHkuus
[a; b] cervenTna GepwiraH Ba y3Jaykcu3 OyuicuH. [@; b] cermeHTHH

%=a< 5 <5< .. .<X, <X, <X,=b

HyKTanap €paamuja 2n ta tedr GViakka OVaamu3. [ (x) GyHKIHAHHHD
[Xops Xop +2] cerMeHT OVitMya auuK MHTerpajimHu Kyiiaariya

X2k 42

i b—a

VP dem 5 1 (o) H 47 () T ()

Xok
TakpuOnit ndoganaiivms. Bynpait  Takpnbuit (dopmyaasapan  Xap 6up
[Xy Xopq] (=0, 1,2, ..., n—1) cermentra nucGatan &3m0, cyHr
yJaapin Xaauab kyumé Tonamus:

(f (x) dx+§ f(® d\—}-S f(x) dx+. +Sm f(x) dx~
2 (%) + 4T (1) ] () + (o +axo+fm»+

941 61 )+ -+ () + 4 (1)
1 o)1= 222 1 0+ () + 4 (F )+ )+ (v +

o F ) 2 (0) () (xg) +
+oot ]
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Hemak,

b
§7 @ dvm T2 10 @) +7 () + 4 )+ F )+

FF o)) +2 (F ) +F () + ...+ F (%, o)) (16.16)
By (16.15) IbO}l)My.na napaboaarap (Cumncon) gopmyracu nefnnanu.

—x2 “
Mucou. Y e~ dx anuK MHTerpas TaKpHOHil XMCOOJIAHCHH.

[0; 17 CerM(:EHTHH yiby %,=0, % =0,2, %3 =104, x,=0,6, x,=0.8,
xs= 1,0 Hykranap €paamuza 5 Ta TeHr Gysiakka G6yaamu3. CyHr
f ()= e™ (YHKUHAHHHT 11y HYKTATapAard KHAMATIapAHd X HcoO/1aiMu3:

[ (x0) = [ (0) = € = 1,00000,
[ (x) = f(0,2) = 0,96079,
[ (xo) = f (0,4) =~ 0,85214,
f (x3) = (0,6) &~ 0,69768,
f (x4) = F (0,8) ~ 0,52729,
1 [ (x)=7F (1) ~0,36788.

Bepuiran \ e dx HHTErpaain  TYFpH TyprOypuak/ap, Tpaneuus
0

Xamjaa CummncoH dopmyJasaps Oyitnya TakpuOHit XucoSaaimus.
a) Tyrpu TYprOypuakaap Qopmy.acu 6yiinua

1
[ o dem 222 T O+ 7 0D+ O+ 06)+] 0.8 =

=% (1,00000 +- 0,96079 +- 0,85214 - 0,69768 +- 0,52729) =

— L (4,03790) = 0,80758
6ynanu. lemak,

e™ dx ~0,80758;

(- I

6) Tpaneuusiap dopmyJacu Oyinya
1

[ e de= 2 T O+27 02 +2F 09 +2f 06+

0

+2f (0,8) + 7 ()] = ll—o [1,00000 + 2-0,96079 +- 2-0,85214 -

-+ 2-0,69768 - 0,52729] = 0,74805
1

6ynanu. Jlemax, s' e dx = 0,74805;
0
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ﬂ

i;) Cumncon gopmyaacn 6yinya
1
{ e dx~ 074682
0

6yaann.

XVII OB. AHHK HHTETPAJIHHHI' BAB3W TATBUKJIAPH

1-§. Tekuc LWAKJIHHHT 103H Ba YHHHI aHHK HWHTErpaj
OpKaJH HoAaJaHHIIN

Texncmkaa Onpop €nuk uusuK Ownan yerapananran (D) maka Ge-
puaran 6yacud (123-yuama). Dywpaft makauunr iosu TylmyHyacH OGusan
Tauumamu3. By Tymynua ypra Mak1ab MareMaTHka KypCHAAH MambJayM
Oyaran (aktaap — KynOypyakJapHHHD 1o3ra sra OVJIHIIN Ba yJApHHHT
I03UHHHT XHcoOJanniura acocsanrad. Bepuwiran (D) IMaKJHMHT HuHra
(A) kynGypuak wusamuz. By kynOypuakuuur tosn A Gyacun. DBynpai
kynbypuakaap toznapuian ubopar tynaam {A} Gyuicun.

Xymuam wynra yxmam, (D) makann ¥3 wunra oarad (B) xyn6ypuak-
HU (TAllKH yH3WiIral KynOypuakHH) uymzamu3. YHuHr 103 B -GyJcHH.
Bynnait kynbypuak 1ozaapuan uGopar tymaam {B} GyicuH.

Harmkana {A} Ba {B} —myc6ar connap Tynaamaapu Xocua Gyaaau.
{A} tynnam tokopuaan, {B} Tynaam sca KyiimjaaH uerapajanran G6yua-
an. Yupa {A} Tynaamuumnr anuk lokopn uerapacu sup {A}, {B} Tyn-
JaMHUHP aHMK Ky#H uerapacu inf {B} Mmamxyn.

17.1-Traspud. Aeap

sup {4} = inf {B}
6yaca, y xoa0a (D) waka wozea 3ea 0eb6 amaradu 6a
D =sup {A| = ini {B}

mukdop (D) wakanune ro3u Oeduradu.

y=7[ (x) dyugumusa [a; b] cermMeHTHa aHUKJIAHTaH Ba Y3aykcu3 Oy-
aub, ¥ x€[a, b] na [ (x) =0 6yacun.

(D) mwaka 1oKopuaan [ (x) ¢yukupst rpagurd, €H TOMONJAPAAH X =a,
x=b Tyrpn uusnkmap, nacrian Ox YKu OWJaH uerapasiaHraH INaKJI—
ABCE srpu unsukau Tpanenusigan noopar 6yuicun (124-uynsma).

Illy ABCE srpu umsuk/au Tpaneis toara sra. [a; b] cerMenTHH X,
Xiy:Xgs| » sconiFys Fpaags o wons Y, ia=x<4n<x5n,<.. .<xk<xk+1<
< ...<x,=0b) nykranap Gunan n ta Gyjakka Gyuamus. Depusran
f (x) dynkumsnunr [x,; X, ] Aard sur karra kuivath M, SHr KHYHK
KuiiMary sca my, Gyacun. Paswankn. &, €[x,; x,.,] yuyn

m,<fE)<M, (17.1)

Oyaaau.
Xo» X1y Xgy ooy Xy Xpopy - - oy X, HyKraZapaan Oy YKura napaJien

yu3HKAap YTKasuO, yaapuu [ (x) dynkuus rpapurn OujaH KeCHIIryHYa
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nasoMm strupamus. Hatmkaga ABCD srpH uM3HK/IH Tpaneuus STPH 4u-
3HKAM Tpaneuusiapra axpanaaad (124-uuamara Kapawr).
Xap 6up Gysiakuana acock [X,; x,,], Gananjmkaapu sca m, Ba M,
6yaran TYrpH TYpPTOYypUaK/ap sicalMu3.
Banaupnuknapu m, 6yaran tyepu typréypuaknap (D) makn—ABCE
SrPH YHM3HKJH Tpanelmst Myura yusuiraH kynbypuak 6Y.ub, YHHHr 103H
n—1
s:?_‘amkAxk (Axy =%, — %) (17.2)
Oynanu. Banauwammknapu M, 6yarau Gapuya Tyrpu TYp16ypyakaap ABCE

3rpu YH3HKJIM TpaneuHsaHH §'3 HYHra oJiral K)"'n6ypqax 6§'J181.IH. YHuHT
034 3Cca
n—1

S=Y M,Ax, (17.3)
k=0

ra teur. IOkopuaaru (17.1), (17.2) Ba (17.3) myHocabarapaau
n—1
s< ¥ f(E) Ax,<S
k=0
Oy/HIIH Keaub yHKaIu.

Arap [a; b] cerMeHTHHHT Typau ycyanap Guian n ta 6ynakka 6Y-
JUHUILLIAPH OJMHCA, YHAA IOKOpHAArHaek Moc s Ba § HHFHHIHIAPHH
Ty3ull MyMKHH Ba yJaapaan {s} Ba {S} TVyniamuapuu XOCHI KHJIMLI
MyMkuH. By rtynaammap yuyu

sup {s}, inf {S}
MaBxKya Oyanu.
Kypcaruin MyMKHHKH,
inf {S} =sup {s}
6110, \
[ f(x)dx= inf {S} = sup {s}

a

6ynanu.
Hemak, (D) waka — ABCE 3rpy 4M3UKIH TPANEUHAHHHT IO3H

D= ‘b'i(x) dx (17.4)

6y1anu.

Miucoa. IOxkopuaan y = x* napabona, €én TomMoHaapaan x = 1, x=3
BEPTHKA/J TYFPH YM3nKJIap Ba mactaaH Ox YKu OusaH yerapajaHra
IIAKJTHHHE 1031 TOnmH/ICHH (125- yu3ma).

IOKopuaa kearupuiran (17.4) dopmynazaun dofiiatanub Tonamus:

x3]3 33 1

3
D= S x-dx-——;
1
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1

Texncamknaru (D) 1aKJ — J0KOPHJIaH fa(x) ¢yHkums rpapuru, én
TOMOHJIApAaH X =@, X = b TYFpH uMsHKJIap OuJjan, nactaad f, (x) gyHk-
uust rpadurd Gusian yerapasanran waka 6yacun. Bympa [ (x) Ba f,(x)
dyuguusanap [a; b] cermentaa yanykcH3 Ba Y X € [a; b] yuyH f; (x) >0,
o) =0, fi(x)<f,(x) (126-un3ma). Bympait maxanuur iosn ym6y
copmysa Ousan TonuIanuM:

b

D= (fy dv—gfl dx—j[fz —h@de.  (17.5)

a

Mucoua. INactaan f,(x) =x* ¢ynkuus rpaduru, € TOMOHJIaplaH
x= —1, x=1 BepTukal TYFpH YM3NKJAp, IOKOPHIaH f,(X) = x* (yHK-
una rpadurn GuIaH yerapaJiaHral IUIAKJHMHT 1031 TomuacHi (127- yus-
Ma).

By wakanunr to3u (17.5) dopmyaara kypa

= jl(x2 —x%) dx

-1
6yaaan. Murerpannu xucobuaiivua:

1 1

YR 24 K. 1 ! _;‘l' .
—S(t x¥)dx = ff x%dx —l\ iy = 3 Fne 1 P
. _(_i) _(_ 2.3 _i) -2 s OHpJIK.

3 3 4 4 3

2-§. Eit y3yniMru Ba yHMHr aHMK MHTerpas opKaan HpoaanaHHiiH

Bupop y= f(x) dyuxuus [a; b] cermentia Oepuaran Ba Y3TYKCH3
6yacuu. By ¢ynkuns rpagurn 128- unamana rtaceupaanrad AB srpd un-
3MK — €t ndoaanacud. Irpi UMUK Y3YHJHIH TyllyHyacu Ousra Mab-
JyM Gyaran (akTiap — CHHHK YM3HKHHHD Y3YHJHKKa (mepuMmeTpra) sra
OyJMIIH Xamja yHW XucobJail OJIMHHILMra acocjaHajH.

[a; b] cerMeHTHH Xp X;, Xy ..., X, (@=x, <<%, < ... <
< x, =b) nykranap 6unan n ta Gynakka OGYsamus. By nykranapnau
Oy VKura napajiesa yu3ukaap yTkasud, yiapuu AB 3rpu uusurd Ouna
Kecuurynya aaBoM sttupamus. Kecuumn nykragapu A, (=0, 1,2, ...,
n—l1, n; Ay =A, A,=B) 6Yacnu. Papuanku, 6y HyKTaJapHHHT KOOp-
ausatanapu (x,, f(x,) 6Vaawm: A, (x,, f(x,)). AB @éimnaru 6y nykra-
Jlapuu Oup-OupH OusaH TYFPH YM3MK KecMmasdapu épjammuia OupaaluTH-

pamu3. Hatuxana AB €finra 4M3wiIraH CHHHK 4YN3HK XOCHJA Gyaamu.
Maskyp kypcuunr 1-600, 2-§ waa KeaTHpuiraH HKKH HYKTa Opacupa-
ri Macodanu Tonmm dopmyaacuan  ¢oiinananubd CHHHK YW3NK nepu-
METPHHH XHcOoOMaiMu3:
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L=V (x—x+ (Fx) —F(x)? + V (xa— 5 + (F(xo) — [ (%) +
+ Lo Vi — P+ ) —FE)? + ... +
+V(x, —x,_ )+ (Fx) —(x, )P =

n—I|
= E V(xk+[ —xk)2 + (f (xk+|) —'f (xx))z-

Jlemak, AB €iiura ymsuirai CHHHK YH3UK MEpPHMETPH
n—I|

L= 2 V(xk+| _Xk)z + (f(xk_H) _f(xk))z (xo =Gy Xy b)

k=0
6ysann. ApBaanarugek A = max {Ax,} neiimus.
k

17.2-Taspud. AB étiea wusurean CUHUK 4U3UK nepumempu
n—1
L= ¥V (6 — %P + Flry) —Fx))?
k=0

A—0 da wekau aumumea sea 6yaca, AB éd y3ywaukka sea deduradu
ea b6y aumum

n—I1
lim L=lim ¥V (6 —x)*+ F o) —F ) = (17.7)
k=0

A0 20

AB éiinune ysynaueu Oedurau .

IOkopuaa aittiiran f(x) ¢yuxkuus [a; b] cermentaa yaaykcus [’ (x)
Xocunara sra Oyscui. Yuaa xap 6mp [x,, x,,,] cermentia f(x) dyHk-
uust JlarpaH:K TeopeMacHHMHT IUAPTJIAPHHH KaHOATJAHTHDPAIH.

Jlarpaux Teopemacura Kypa

f () —fx)=F(n) (e — X) (5, << Xer1)
Gytanu.

Hammxana AB €fira uusWiran CHHHK YH3HK TE€PHMETPH KyHujaaru
KYPHHHLIra KeJsaJu:

n—1

L= 2 V(xk+| — x5+ (f (xk+l) —‘f(xk))2 =
k=0

n—I|
= 2 V("'k-i—l _~‘-';.-)2 + flz (m.) (xk+[ == xk)'.: =
k=0

n—1 n—l
= 2 V(xk_;-l _-\'k)"’ 1+ flg(’]k)] = %Vl +f’:(7|k) (xk-H _xk) =
k=0 =

n—1
= VTT7m0 Ax, (17.8)
k=0
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I
Kapanaérran f(x) dynkuusa [a; b] cermenrna yanykews f'(x) xocuiara
sra 6yuranaurd cababau ymoby
V1+7%x)

dyskunsa xam yanykens 6yaamu. Mlynunr yayn V14 F2(x) dysruus-
HHHT HHTErpaj HHFHHIHCH

n-.l
Vl +[%(ny) Ax,

d

A—0 na
[V T ax
ra MHTHJIaJH: )
i S VIFw M- (VTG e (19)
Hammkana (l_7.7), (17.8) Ba (17.9) Mynocabariiapaau

b
1= (VT+70) d

O6yamiun kemd unkanu. Jlemak, AB EfHMHr y3yHAMTH aHHK MHTErpas
épramuga Kydugara ¢opmynaa OGWIaH TOMHJIALM:

b
- Y VI+T72() dx. (17.10)

Mucoua. f(x) =e* (0<x < 1) dyuxkuus rpadpuru TacBupJaHrad i
Y3YHJIUCH TOITHJICHH.
IOkopunaru (17.10) dopmyaara kypa uanaHaérraH €l y3yHJIMrd

=§!e"dx
0

Oynanu. By udrerpanny Xuco6/1ab TomaMus:
|
1
[ = Ve"dx=e" | =e¢—1.
6 0

XVIII BOB. XOCMAC HHTETPAJIJTAP

1-§. Yerapanapu 4ekcH3 Xocmac HHTerpaiap

F(x) dyakuus [a; 4 o) opamugaa Gepuirad Ba y3/JIyKcH3 OYJICHH.
By dyskuusnuar [a; 4 o) opamukHuHr HcraqraH yekau [a; y] (@ <
<y < %) KHUCMHAAru
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4
§ £ dx

a

HHTerpan y ra Sorsmk GYianu:
y
F(y) = j f(x) dx.
a

Ilynpait  kuamo, Gepuaran [(x) dyukuus épaamuna F(y) dynkums
xocua O6ynany.

18.1-tasvpud. deap y— -+ o da F(y) ¢yuxyugnune rumumu
masacyd 6yaca, 6y aumum f(x) pynkyuanune [a; + «) opasruxdacu
xoemac unmeeparu 0eG amaradu 6a

+ o
j f(x)dx
Kabu Geareuraradu:
“+oo
S f(x)dx = lim F(y) = lim \ f (x) dx.
y->+= y—>+»

a

+
Bywunaii 5 [(x) dx unTerpan wezapacu wexkcus xocmac uunmeepar ned

a
XaM aiTHIaH.

Aeap y— -+ o~ da F(y) \ [ (x) dx ¢pyrryusanune aumumu masaxcyo

a

+ o
6a wexau 6yaca, y xorda ( [ (x) dx xocmac unmeepar akuxaauye4u Oedu-
o

a
2a0u.
Agap y— 00 da F(x) ¢pyrkyuanune ausmumu wexkcus Gyaca, y

xo0n0a j f (x) dx xocmac unmeepar ysokrauwyeiw deb armaradu.

Au'raﬁ.rmx, f(x) dynkunsa (— oo; a] éku (— o0; -+ o0) opaaukaa
Gepusiran Ba y3nykcus Oyacui. DBy dyskumsuudr (— oo; a] Ba (— oo
-+ o00) opaynkJap GViinya XocMac HHTerpa/viapi XaM OKopulard kaGu
Tabpudaananm:

5 fx)d\— hm U(\)dx (— oo < y<a),

X

+
5f(x)dx_nm j,f X) dx (— o0 < y< t< + o).
—e s v

e

Mucoaanap. I. 5 e~%* dx Xocmac MHTEerpa’ XucoGJaHCHH.
0

186



W
!
YerapacH yekcH3 Xxocmac HHTerpaa TabpuduiaH doiifasanué Toma-
MH3:
+o» v =i y
S e~ dx = lim ge—u dy = lim — [e—i'x d(—2) =

0 Y-+t i o T

Jemak, Gepuaran XocMac MHTErpaj SIKHHJALIYBYH Ba
+o0 |
s' e*2dy = —.
2 2
0
+w d
X
2. I= f = (>0, a>0) unrerpas XHCOOJAHCHH.

a

oo Y
o d #
Arap o > | 6yaca, v xoaaa y ;% = j x%dx =
y—.+on
0 a
—atl ¥ =
— lim (% ) — lim —— (y'~2—gl-2) = —L gl
y->+2\ —ai-1 yr+2 1l —a l—c
+» d
o X
6ynann. By sca 5 —= XOCMAC MHTErpasHiHI AKHHIAUIYBYKTHTHHA GuJ1-
a
JHpajH.
Arap o < | 6yica, y xonna
@® v
o dx i 4 I l—a
j — = lim | x~%*dx = lim (y'~*—a'—%) ———+oo
X y—+=o Y40 l—a

6ysaau. XocMac HHTErpas ysomamysqu. Arap o =1 6yaca, y xonna
_Y__h ———lim(lny—lna)=+oo

X y++2, Y+t
a

6y.1anu. By unTerpan ysoh;naulysqn.

0

Hlynpait Kuu6, Gepuaran j Ea (e >0, a>0) xocmac wuuTerpas
X

a
o > 1 6yaranga sxuHaamnyBud, o< | Oyaranja ysox/auiyBuu Oyaagu.

2-§. SIKMHJQWYBYH XOCMAC HHTErpajHHHr XoCcaJapu

XocMac uHTerpaiiap XaM aHHK HMHTerpawiapra yxuiamn XoccaJjapra
sra. bus ynapuu ucOOTCH3 KejTHpaMu3.
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1°. Acap f(x) dpynryuanune (,' f(x) dx xccmac unmeeparu  sKun-

a
+
aquiyeun Gijaca, 6y QYHKQUAHUHE S f(x) dx (@< b< 4 o) xocmac
b
uxmezpasu xam AKuHiauyewu Giradu ea axcuwda. Bynda
+e b +o
j fx) dx:jf(x)dx—!— g f(x) dx
a a b
6yradu.
+o
2°, Aeap S [ (x) dx axunaauyewn ea k gaeapmac con Gijaca, ynoa
a

o
j kf (x) dx xam saxunaauyewu Ggaadu ea

+ +x
Y kf (x)dx=Fk \ [ (x) dx

+x > :
3°. Aeap g f(x)dx ea | g(x)dx unmeeparrap axurrawyeiu 6{a-
a a

+ oo
ca, Y xoa0a s [f(x) = g (x)] dx unmeepar xam saKunrauiysqu Gijradu 6a

+ +‘7) -‘“:r,
{lf(X)ig Jde= [ [(dex [ g(x)dx.

a lJ

+a
4°. Aeap j. f(x) dx sagunaauyewu Gijaub, f x € [a, + o) yuyw

a
f(x) = 0 6gaca, y xo10a
+ =
[ Fde=0
a
6ya1azu.
5°. Aeap N x € la; + o0) yuyn f(x) < g(x) 6yaubd, S/ (x)dx 6a
i a
g (x) dx unmeeparrap axunaiawyeuu Ogaca, y xoada

a
+o “+oo

[ fedr< | g(dx

Gyradu.
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f(x) Ba g(x) dyukumusnap [a; + co) opanukaa Gepwirad Ba ysayk-
cuz 6Yanb, \tE[a, + o0) yuyn f(x) >0, g(x)=>0Ba f(x)< g(x)

Oysicni. Y Xoaaa 5 g (x) dx uHTerpaJHHMHr AKHHIALIYRYH Gy HIIKHAAH
a

)
g‘ f(x) dx unTerpaJHUHr AKMRJANIYBYH OY/IHIIM KeqHO 4HKajM.
a

+ o
Miucou. S' e—*" dx Xocmac uHTerpal AKMHJIAIUIYBYWIMKKA TEKILIH-
0

PHJICHH.
Wxtnépuit x > 1 Gyaranga
|
—x? o
Ui e
Oyaanu. PaBmankw,
+w
s‘ dx
J X

i
WHTErpaj SKHHJALIYBYK. YHIA I0KOPHAa aHTHiAranura Kypa
.|.‘m

[ e dx
i
XocMac HHTerpajl XaM siIKMHJauryBuu Ouiaju.

ManbyMKH,
I

je—’" dx
0
=] s -
WHTerpa] MaBKyjd. YHIa unterpajguuur 1°- Xoccacupan ¢oiiananu6,
+ e | oo
( e—* dx = s‘ e—** dx + g' e—* dx
0 0 1
Ky#iugaru

'FOO

I= j e—*" dx
0
xocMmac m»n'erpamumr ﬂmmnamyaqn 651,"4'11{111!11“1 TONMaMH3.

3-§. YerapananmaraH (OyHKUMSHHHI XOCMAac HHTErpaJuiap

f(x) dpyuxuns [a; b) apum naTepBanga Gepuaran Ba yaTykcu3 G6yaue,
(t; b) na (a<t<b) uerapanaumaran 6yicu. By dyukuusaunr [a; b) HHHP
t

ucraaran [a; {] kuemuparu (@ <t << b) g [ (x) dx wuTerpamu £ ra GOFJHK

6yaanu:
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: o
@)= ) dx.

182-tavpud. Aeap t—b—0 0da @©(f) GyHKUMAHHHT AuMUME
masocyd Gyjaca, 6y aumum wecaparanmacan f[(x) pyrkyuanune [a; b)
opaauxdazu xocmac uxmeepasu 0e6 amairadu 6a

b
5 F(x) dx

kabu Geseuranadu:

—b—0

b
5f(x)dx=1im @ () = lim sf(x) dx.
P t—b—0

t
Aeap t—>b—0 da D() = Sf(x) dx HuHe aumumu maexyod ea vexw

b
6iaca, y xoada 5 [(x) dx xocmac ummeepan axuraauysqu Oeiiusadu.

a
Aeap t—>b—0 da D (f) pynkyusHune ausumu 4vexcus Giaca, y
b

x010a Sf(x) dx xocmac ummeepar Ysoxaauiyedu Oeduradu.

a
Yerapananmaran [ (x) dynkunsuuur (a; b] (Exu (a; b)) opanuy 6yiin-
Ya XOCMac MHTerpaju XaM IOKOPHAArujeK TabpHpiaHamu:
b

b
5’ f(x) dx =-1Liﬂo j f(x) dx (a <t < b);
a i

Yy

b
(jf(x) dx = lim ;'f(x) dx) (@a<t<y<b).
a Yoot

Mucoaaap. 1. Yuwby S HHTerpajl  SIKHHJAIIYBYHIHKKE

! I—x
TEKIIHPHJICHH.
1
x =1 nykra arpopuza f(x) = Wi (YHKIUS  yerapajaHMaraH.
y 1I—x

Jemak, Gepuiran MHTerpan yerapajaHMara (YHKIUHSHHHI XOCMAc HH-
Terpas. Tavpudra kypa

¢
¢ dx
hm)
Y 1—
0

6ysapu. Arap
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1 x : “21 (l—x)—-;--H £
af"_‘_"= —5(1 SEH —x)=—[l—]o=

| |
=—2[(1—§2—( —0)*]=2—2VT1—}

OyaminHi 3bTHGOpra oJcak, yHja
t

lim =lim @--2V1—0)=2

t—1—0 l —X {—1—0
0

2

6y.10,

1
5’ dx
y 1=
0
SKaHJMruHH Tonamus. Jlemak, Gepuirad Xocmac HHTerpaj siKHHJALIYBYH
Ba y 2 ra TeHr.
|

dx 5
2. | — unTerpaJHu Kapalsik.
x

|
x=0 Hykra [(x)= — pyHKuHAHUUr Maxcyc HyKracH. XocMac HH=
X

Terpaj Tabpubura kypa
1 1

ﬂ—lm —dx=l|m [(In1—1Intf] =4 o
x :-.+o{x t—-+0

Gyaanu. Jlemak, GepuiiraH XocMac MHTErpas Y3OKJ/allyByH.
3. Yoy

b

b
dx
A= Bfwt @>0

HHTerpajaiap SKHHJALIYBYHIMKKA TeKIIHPHJICHH.
By uerapananmaradn (yHKUMAJAPHHHT XOCMAac HHTerpaJijiapuiup.
a) o= 1 6yicuH. By XoJ1/1a

—— _._— 3 X — — ; =
s ®— a)“ t-.a_o (x—a)* tl-iﬂo (x —a)~* d(x —a)
# {
=l qb
tsa+0 | —at+ 1 I :_.a+o l—

oysu6, Oy qumut o< | Gyaranaa uekau, oo > |1 Oyiranjaa sca yekcus
6ysaju.
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e lim
x—a tsaf0J x—a
{

b
6) a = 1 6yacun. By xonna j'
a

b
b
=nmfﬁﬁ21=nm[ma—mj=w
t—sa+40 ; xX—4a t—a+0 t

6yananu. llemak,

b
dx
A‘ju—w (@>0)

uHTerpan o< | Gyaranja sikuniamysud, o > 1 Gyaranfia 3ca y30KJa-
uryBud Gynanu.
Xyanu wyHra yxumanmi,
: d
y X
B j o (2 >0)
a
XocMac uHTerpan o< 1 Oyaranga skuHaawyBum, o > | Gyarauja sca
Y30KJalyByn Gy KVpcaTuiau.
YerapanaiMaraln (yHKIUHA XocMac HHTerpasiap XaMm ymoy GOOHHHT
1, 2-§ na 6aéu 3Tharan yerapajap YEKCH3 XOCMac MHTErpasllapHuHD
Xoccasapu kabH Xxoccajapra sra Gyaaju.

XIX BOB. HKKH APT'YMEHTJIH ®YHKLHUSJIAP
1-§. Ukku aprymeHTH (PyHKUMSI TywyHYacH

Maskyp kypeuuur 9 — 19-6o6mapnga  y = f(x) dyukunus, yHHHD
Auddepenntnan Ba uHTerpasn xucodu yprawuwagu. By ¢ynkums 6urra x
aprymenTrarnHa Gorsmyk sau. Opartaa Oyujaail ¢yHkunagap OGup apry-
MEHTIH (GyHKUHAIAp Aefnaann.

TaGuarpa, dan Tapvox/aapuaa yupaiiaural KYmumiamk (yHKIHsIap
Ourra aprymentra Gormik OVumail, Oanku Kynm aprymentiapra GORIHK
6yaamu. Mucos Kapaiiink.

Mucoua. Tomounapu x Ba y (x =0, y = 0) ra teur 6yaran TYrpu
TYPTOYPUaKHHHT 103H

S=x-y (19.1)

6ynanu. PaBmankn, S 103 x Ba y yarapyBumiapra Gorang. By x Ba y
HHHP TYpJM KuiiMatiapura kypa (19.1) dopvyaa épaammpa yaapra moc
S HHHr KuiMaTJIapH TONHJIAZH.

Ilynra yxwaur mucostapus kynaad keatupuin Mymkua. Mkku apry-
MeHTIH (QYyHKUMAJApHH Vprauuiuu R* Tynaam Ba yHHHr Gab3u OHp
KHCM TYIJIaMJIapH TYLIyHYaJapHHH KeJTHPHIIAAH GoluniaiMu3.

Bapya Xakukuii conyap tymaamu R Hu ogaiiauk. By tynaavpan
HXTHEPHH MKKH X Ba y cOHJapHu oaub, yJjap épiamuia (x, y) Kydr-
JIMKHU Tysamu3. Dapua wynpait Kyprmkiaap TYNJIaMHHH, S'BHH
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\ v ~ {tx 9): x€R, yeR} .
Tynaamun R* opkasm Gearmdaimms: R*={(x; y): xER, Y € R}.

R? TtynaaMHHHT 37eMeHTH (KY(QTIMKHH) Iy TYNJIAMHHHT Hyxmacu
ne6 arayaju.

Afitaink, (X5 ¥;) € R, (xo yz) ER? 6).nc1m Arap x, =X, Y1 =19, .
6yvica, v xonta R* TVnaaMHBET (X ¥,) Ba (X, Y,) HYKTasNapu GHp- Ou-
pura Tenr ae6 atanamu: (Xy: ¥,) = (Xg Ya).

Texucankza TYFpH Gypuakn O.\'y JlexapT KoopauHaTajap cHCTEMa-
cunn oanb, Ox VKM OVitnua x varapyaqmmur xmeamaanH (x €R),
Oy Vku OVitnua y )STHP}B'{HHHHF Kuiivatiapuun (y € R) kolinawurepa-
Mu3. Yijaa (x; & _/) ((x; ) € R®) ®Kypramk Tekncmkaa ourra M = M (x; y)
HyKTauu annkaaian (129- wuama). Bynna x — M RyKTaHHHT GUpusrdu
KoopOunamacu (abcyuccacu), Yy — M HYKTaHHHT UKKUHYU KOOpOUHama-
cu (opdunamact) GVnami.

IOxopuna afitnaranaapun Xama ymy KypeHuHr <«AHaJHTHK reo-
MeTpusiy 6 HOMJaHraH GyJuMHAarH MabIyMOTJapHH 3bTHOOPra 0aM0,
R* tynnam reoMeTpuK HYKTall Hasap/iaH TeKHCJMKHH H(ojajaliuny naf-
KaliMu3.

R* tynnamuunr WXTHEPHIT MKKM (X ¥;) Ba (X Y,) HYKTaJapuHH
oaaivimk. Mavaymkn, ywoby

V (xe—x,) + Wa— )

MHIJIOP (%4 y,) Ba (X Y,) HYKTaNdap opacuiar# sacoga Jefiniap SAM.
Yan d ((xy; i), (X Y,)) KabH GenrmiaiMus.

d ((xy: th), (X5 Yo)) = V (xg—%,)% + (Ys — 1))?
(kapanr, 1-606, 2-§). Macoda yuyn Kyfuzarn Xoccanap YpHHIMAMP.
d ((xg: 1), X3 Y) >0 Ba
d ((xy; 11), (X ¥a) =0 & (X35 1) = (X o),
2. d ((xs vy)y (x9 yo))=1d (x5 ¥s), (x5 1),
3% d (x5 1), (x5 ys) < @ ((xy3 )y (Xas 49)) +d (%2 42), (X33 Y3))
((x5 y3) € R?).
Ouan R* tynaaMmuunr 6ab3u GMp KHCM TYIVIaMJapura MHCOJVIZD KeJTH-
paMmu3.
TekucAMKHUHT, SBHH K* TyYnJamuvrHr (a@; D) Hymacmm xamma 7 >0
COHHHU OJIallIVK.
1. TexucauKHMHT 1y HAail (x; y) HyKTaJaph Tynnammu KapafMH3KH,
YJIapHUHT X Ba Y KCOpAMHATaJapi
(=g y—=bP<r
TEHTCHAIMKHN KanoaTJantupenn. Bynjait nykranap tynaamu énux doupa
1e6 aTananu Ba

{(x, 9) ER: (x—a)*+(y—by<r?} (19.2)

kabu Genrmnanamu (130-umama). Bymna (a3 b) nykta doupa maprasu,
r xa paduys ne6 aranapu.
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) A

2. TeKHCAUKHHNT wynnai (x; y) HyKTanzapn TYMVIAMHHH Kapaiadk-

KH, YJIapHHHT X Ba y KOOpPJAHHATAJNAPH
(x—aP+(@—br<r
TEHICH3HKHN KaHoataaHnTHpcud. Bynpait nykranap tynaamu owux doupa
ne6 artanaau Ba
{(x, Y) ER: (x—a)* + (y—b)* < 1%} (19.3)

kabu OesruiaHajau.

3. Yoy

{(x; ) ER*: (x—a)*+ (y —b)* =r}

TynaaMm Mapkasu (a; b) HykTaga, pajamycH r ra TeHr GyJran adiada
Je6 atanaam (kapaur, 4-605, 1-§). By aitnama (19.2) Ba (19.3) nowupa-

JIApHHHT yerapacu Oy.Jiaju.
4. TexuMC/MKHMHT WIYHAA# (X; y) HyKTajapH TYNJAMHHE KapalIHKKH,

YJapHHHT X Ba Y KOOPJHHATAJAPH
a<xi<b c<y<d, (a, b, ¢, d —XaKHKHi COH/ap), TEHrCH3THK-
JiapHH KanoatyaHtHpcnn. Bynjait nyxkranap tVnaamu énuk mgrpu mipm-
b6ypuax neb atajaau Ba
{(x; ER:a<x¥<b, c<y<d)

Kabr Gearmianagn (131- uusma).
5. TexuciukHuHr wyHAai (X; y) HyKTaJapd TYMJIAMHHE KApaitTHKKY,

YJapHHHT X Ba Y KOOpAHHATAJIApH
alx<lb c<y<d
TEHTCH3MKJapHH KaHoatJautupeud. DByuaait Hykranap tynaamu owus
myrpu mypmobypdax 1e6 atalaau Ba
{(v ) ER:a<x<h, c<y<d}

kabu GesrusaHajy.

2-§. Texkucauk HyKTajdapuaas ubopatT KeTma- KeT/MK
B4 YHHHI JIHMHTH

Xap Gup HaTypasl n coHra TekucaMkia Outra (X y,) HyKTaHH MoC
KVioBun Konjara sra Oymaiiimk. Iy xoupara Guuoan:
(i 91)s (g5 Yo)y (%5 Ys)y « v voo (X o)y - - &

Tynaamra Kenamu3. By tynaam mekucauk wyxmarapudan ubopam xem-
ma- kemauk ne6 arazagw Ba {(x; y,)} xabu Gearunasagu. Xap Gup
(*p y,) (n=1,2, 3, ...) HyKra KeTMa-KeTIHKHHHr Xalu Aeb ara-

JajH.
Mucoaaap. 1. (I; 1), (-21— —;—) (—; %) ;
Zeatlsel),: (1 2); ((153); & woy (1 A); s
.(L D, (=L =D,,Wm0D,...
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il

Texucmix  wykteaspuzan vCopar 6ipop {(x,; u,)): (% ), (x5 ),
(6§ 4g), ..., (%5 §y), ... KerMa-kemmMK Xampa Gupop (a; &) myKTa
Gepuaran GVJC uH.

19.1-Tabpud. Arap % >0 con omMHraHza xaM INyHJali HaTy-
pall n, COHM TOTNHJCaKH, Gapua n > n, yuyH

d((x; ), @ b)<e ©(19.4)

TEHrcH3ImK Gaxapuica, (a; b) nykra {(x,; y,)} KeTMa- KeTJIMKHUHD Au-
mumu neb arasaam Ba

lim (x,; y,)=(a b)
n—»®

Kabu €3nyan.
By rtarpupparn (19.4) tenrcusmixnn Kyiuaaruya

Vi, —af+,—0r<e

XaM €3ulll MyMKHH.

| M’ncon. Y6y {(711 i—)}: ; 1), (% —;—), (—;, -;7\), e

(—; ——), . . . KeTMa-keTviukHubr Jumutn (0; 0) Oyaamn. Xaxuxaran
n n

XaM , % &€ > 0 coura Kypa no=[‘/8—2]'+1 Zefinaca, yHEa  n>>n,
yuyH .

)

d((x; v,), (@ b))=d((711; ,'l_) (0; 0))=
= ]/(—,’]—0)2+(—,‘1—0)2= . L

2
n2 n? n ny

6ynamu. By sca Gepuaran KerMma- Kem/mMknuHr aumutd (0, 0) sxannnu
. 1

Gunaupam: lim (l; —)=(0, 0).
n—»%° n n

Aftraimk, {(X; y)}: (65 9y (6 90)y (5 3)y « - oy (X Yphs o - -
KeTMa- KETJIMKHHHT JuMuTH (@, b) OyJcu:
Jim (x; y,) = (@ b).

KerMa- keTauk JuMHTH Tabpudnra kypa € >0 coH oJmuHrannaa xam
wyHAall HATypaJ n, COHH Tonunamuku, Gapua n>n, yuyH

d((x; v, (@ b)) <e, avmn V(x, —aP+(y,—bF<e
6ynaan. Papwanky, 6y TEHTCH3IMKIAaH KyHWJaru
lx, —al<e, |y,—bl<e
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TEHrCH3HK/Iap kequb uukaau. By sca 10-606, 3-§ na kearupuiran
COHJIaD KeTMa- KeTIHIHHHHT JHMUTH Tabpudiira Onroan
lim x,=a, limy,=b

. n—-w n—o
6y Ouaaupany. '

Ilynnait xpaub, TekWcaHK HyKradapuaan wu6opat {(x,; y,)} KerMa-
KEeTJIMKHHHT JUMuTH (@, b) GYica, y Xoaaa Oy KerMa- KeTJIMKHHHT KO-
opAuHaTasapuiaH uoopar {x.} Ba {y} COHJIAD KeTMa- KeTJUrH XaM JiH-
MHTra sra Oysagu. YJapHuHr JuMHTH (@, b) HYKTaHUHr 'MOC KOOp/H-
HATaJapura TeHr OyJamm:

lim X, =a,
nl_i.T (X Y = (@ b)=> i y, =b,. (19.5)
n—+x

OHAM TeKHCMK HyKTalapujad uoopat {(x,; y,)} KeTMa- KeTIHK Gepi-
ran Gysu0, yHuHr KoOpAuHaTa’apufgar Tysuaraun {x,} Ba {y,} couaap
KeTMa- KeTVIHKJ/IApH Moc paBuilja a Ba b Jmmutaapra sra Gy.cuu:

lim x, =a, lim y,=b.

n-»o n—»ac

Conaap KeTMa-KeTJIMIH JHMHTH Tabpudura kypa 4 € >0 cou oaunras-
Aa XaM luyyjaii Hatypaa n, COH Tomuaaauki, n>n, yuyd |x, —a|<

e o
<}7§ GYJIHIIH.
lynunraex, % & >0 con ommranna XaM uryHjait Hatypaa n, coH
TONMUIAUKH, n>n VayH IJ — b\ < - 63nanu Arap n, Ba n, Ha-
Typa/l COHJAPHHHT KaTTACHHH 71, zxemmm yHaa Oapya n>ng yuyd
Onp Hy7a
% —it] S ly —b| < —
n 5’ Y Ty
) V2
TeHrcHaMKAap Gaxkapuiaau. By Tenrcusmiknapiad doitaananiué romna-
MHU3: '

Vix,—ar+ @, —b < ]/ ——_T) ( ,2_)2= ]/2.?‘: =E€.

JHemax,

Al 1), @ O) =V E—TFF G, —TF <e.
Byunas, Jumur Tabpubura OGunoan lim (v,; y,) = (a, b) Gymmum Ke-

Ju6 unKaju.
[ynpait KuauG, TeKHCAHK HyKrazapugan noopat {(x,; y )} ketMa-
KeTJIMKHHHT KOoOpjnHaTtajapuian tyswiran {x,} Ba {y,} counap kerma-

KeT/MKJAPHHUHT JIUMATH (@; b) HYKTaHMHT MOC KOOpAWHATA/JIapHra TeHT
6yaca, y xomaa {(x,; ¥,)} KeT™a-KeTJHKHHHT JuMuTH (@, b) Gyaamu:
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l lim x, =a Sk
n—w H . pa— . £
i g, =b lim (x;; 9,) = (@ b). (19.6)
4 3 n—so
19.1-natux a. Oxkopuaarn (19.5) Ba (19.6) myHocabGaraapnan
lim x, = a,
n]in; ('\’n; yn) =([1; b) < lim Y, =h

Gy Keamb unkajam.

By Xonar ‘Tekucauk HyKTalapuian Ttysnaran {(x; y,)} KerMa-ker-
JIMK JIHMATHHH YPraHuliHd YHHHT KOOpAMHAaTalapujan wuGopat {x,} Ba
{y,} connap KerMa-KeTJHMKJAPHHMHT JHMHTHHM Vprasuiira KeJHIUMHH

KypcaTaan. Bua comnap xkerMa- KeTaHKJapuuuar JanMmutHan 10-606, 3-§
Ja Gataens ypravran 31UK.

3-§. UkkH aprymeHTIM (yHKUHMS Ba YHHHT JHMHTH

Texucomkaa 6upop M 1¥naam Gepuaran GVacny (132-unama).

192-Trabpud. Arap M 1ynnamzan onmnras Xap 6ep (x; y) Hyk-
Tara OMpop KOuAa €kM KOHYHra KVpa GMTTa XaKHKuii 2 COHM MOC KYHHJ-
ran Gyaca, y xonna M tVnnampa uxkku apeysmeHmau Qynkyusa Gepui-
ran ae6 atanami. You

z2=[(x y)
Kabu éamnaau. Omataa M TynaaM QyHKUMAHMHT QHUKAQHULL COXQCU
Je6 atasapu. x Ba y (Spkam  VarapyBuwgap) (yHKyus apeymeHmiaapu,
Z 3Ca ¥ BA Yy HMHT QyHKYuACcU NeHnIajgy.
Mucoanap. 1. Texncanknarn Xap Oup (x; y) HyKrara 1y HyKTa
KOOpJMHATAIADH X BAa y HUHT KynaiitMacunu Moc KysauraH Kouaa Ge-
puaran GyJCHH.

Harmxasna
z=f(x, y)“_‘xy

¢ypkumnara sra 6yaamus.
2. Kyiinarn QyHKuuaiap MKKM apryMeHTas OQyHKIusIapra MHCOJ-
Jp:
1
yi—B—p

z=x*+ P 2=y 11—, z2=

Texucavkparn M t¥naampa Gupop z= f(x, y) ¢yHKImMA Oepusiran
6yacun. M Tynaamaan (x,; y,) nyxranu onamia. PyHkuHa 1wy (xg Yo)
HyKTAra GuTTa 2, coHHu Moc Kysmm. By z, con z=f(x, y) Qynkuus-
HHHT (X¢ Yo) mykTajparn xuidsamu je6 atalagn Ba zy= [ (X, Y,) Kabu
€auIau.

Koopaunaranapu xo, Yy, 2, 6¥aran (v, ¥, 2,) HyKTa asofarn HyKs
Tanu npopanaiau (Kapanr 5- 606, 1-§).

bapua (x, y, 2) nykrasappan (6ynpa (x; y)EM, z=f(x, y)) wn6o-
par Tynaam z = f(x, y) QyHkuusHunr epaguen ne6 atanaim.
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Mucoanap. 1. z=x*+y* Qyakugd R® TynIaMAa aHHKIaHraH
6yanG, yuuur rpadurn 133-uuavaga TacBupiaHraH.

2. z=y 11— —¢ oyakuuann Kapainuk. By Oy uanuHr
AHUK/TAHUUI COXACHHH TOMAMH3:

= —> 0=t <12 < 1R
Hemax, 62puarad ¢yuxuua mapxasu (0, 0) Hykrana, pamuycd | ra Teur
€nuK A0oMpafa aHWKmaHraH. YHuHr rpapuri 134- ynavanma tacBupJavra.
z2=f(x, y) dyukuns M rtymramaa Gepuwiaran GyumG, x Ba y Vara-
PYBYWJIApDHHHT Xap Oupu (o, ) HHTepsanna O62puiarad dyHKuusaap 6yi-
CHH:

x=q(),
y=vO (€ B).
Bysna ¢ yarapysuu (=, f) opardgai y3rapranga Mo: x Ba ¥ JapAad
Tysuwarad (v y) Kypraakaap M rtynnamra termwma 6yacus. Haruwxka-
52 yuy ~
z=f(x, ) =F(@@), $®)
dyakuusra sra 6yanamus. By xonaa z yarapysuu { V3rapyBUMHHHT MY~
pakxab ¢yrkyuscu neb aramagu.
19.3-Tabpud. Mapkasu (x, Y, HyKrajaa, paguycd e(ye> 0) ra
TeHr GyiraH o4uK Roipa (X, Yo) HyKTauuHr ampogpu (doupasud ampo-
¢u) ne6 aranamu Ba U, ((xy); Y,)) KaGu GesrunaHagi:

Ug (ks o) =A{(x, YER?:(x —xo)* + (¥ — yo)* < €%}

Arap (x, y,) Hygranuur Xap Oap arpopura M rtynaamumir (x, y,)
HyKTajAaH (apkad kamuaa Oarra Hykracd Gyica, y Xoada (X Y,) Hyx-
ta M TVYONAMHHHT Aumum Hygmacu 1ed aTaaan.

Mucoaaap. 1. M={(x, y€ER*:x* 4+ y* < |} Tynaamuuur xap
Gup HyKracH LIy TYIIAMHHHC JHMAT HyKTacH Oy/iaau.

2. P={(x; y)ER*:x*+ y* < 1} Tyniavnu Kapaittuk. DBy tynnam-
HEAr Gapya Hykrazapn Xamiaa {(v Y)ER*:x* 4 y* =1} TynaamMHuHr
XaM Gapua Hygranapi Gepadrad P TYNJAAMHHHT JHMAT HyKTasapu Oy.a-

JAH.
Arap (¥ Y,) Hykra M TYmIaMHHHC JHUMHT HyKTach OV.aca, y Xoua-

1) (x5 ¥o) HyKTaHuur Xap OGup arpb:puua M TYNIAMHUHT YeKCH3
Kyn Hykrazapu Oy.anu,

2) M tynnaMuur HykrajdapuiaH (x,, Y) Hykrara udatmaysum {(x,;
y)} (v y)EM retva-xermukaap n =1, 2, 3, ...) ampatuw Mym-
KHH:

lim (x; ¥,) = (X0 Yo)-

X—r

Tekucukaa Oupop M Tymaam Oepuarau 6Yaub, (v, y,) Hykra M
Tynaavunar mavar Hykracd Oyacad. [y tynuavaa z = f(x, y) ¢yuk-
LAs AHUKJIaHraH.
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' 19.4-taspud. Arap M TYnJaMuMEr HYKTAJApHAAH TYSWIraH (Xg
Yo) Ta nHTAAYBYM Xap Kaupait {(x,; ¥ )} KeTMa-KewMK OJHHranza XaM
moc {f(x,; y,} kKerMa-KeTiMK Xap joum Gutta A comra wnruica, 6y A
con f(x, y) dyBKumsHHHT (X, YY) HYKTajaru sumumu 1eb atanaju Ba

lim f(x, y)=A (19.7)

X=X,

Y=Y,
Kafin €3unanu. :
DyuguyA JUMHTHHH Kyijaaruya tasprgaaca Xam Oyaan.
19.5-trabpud. Arap 4 £ >0 con ommuranga xaMm myHuaii 6 >0
con tonwacakm, d((x; y), (xg Y,) << 8 TEHrCH3IMKHH KaHOATJIAHTHPYB-
yu Gapua (x, y) € M uyKTajap yuyH

IFix, v) —A|<e

6Vaca, y xonna A con f(x, y) dyskimsHuar (X y,) HYKTajary Aumis
mu pe6 atasann Ba lokopuaaru (19.7) kabu Gearniaasajau.

Mucon. f(x, y) =x*+ y* dyskuuannnr (0; 0) nyKragard JHMHTH
TOMMJICHH. |

(0; 0) wnykrara wumTmayBun {(x; y,)} KeTMa-KeTJMKHH OJlaMHs3:

lim (x; y,)=(0; 0). IOxkopupa afitnaramira kypa, 6y Xouja
N> o

limx, =0, limy,=0

T—w n=» g
6ynanu.
Bepunran ¢yrkunanusr (v y,) paru KuiiMariapijad TySWIraH KeT-
Ma-KeTHK

(% 4} = {5, + v3}
6ymm6, x, =0, y,—0 na f(x, y,)=x2-y>—0 6ysam. Jemax,

lirr}] f(x, ¥)=1lim (x* 4 4?) = 0.
40 i

Jlumutra sra Gyaran ¢yHKuusaap katop Xoccasapra sra.
1°. Aeap Iim f(x, y) aumum maexyd ea wexau 6ijaca, Y xosda
XX,
Y-l
f (x, y) Pynxyua (x, Y,) HyKmanune emapauta Kusuk ampoguda 4eea-
pararean Oyjaadu.
2°. Aeap lim [(x, y)=A, lim g(x, y) =B aumumaap maéx#yd

]
X—>Xq X->Xo
R Y=Y, Y=Yy Z
Oyaca, y xo10a f(x, y) = g (x, y) pyskyuanuxe sam AUMUML NABHYO
ea

lim [f(x, y)=g(x, »)] =A=B
Y=

6jradu.
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3°. Aeap Llir: fx, y)=A4, liTxg(x, y) =B aumumaap masxncyd

Y=y Y=Y
6yjaca, y xorda f(x, y)-g(x, y) PynkyuaHuHe xam aumumu Masxyd
ea

lim [f(x,"y)-g(x, y)] =A-B

X=X,
Y—lo
Gijaadu. '
4°. Aeap lim f(x, y) = A, lim g(x, y) =B aunumaap masxyo
R =
64aub, lim g(x, y) # 0 Gyaca, y xoa0a ! I i pynkyus xam au-
XX, Xy 4
Y-
mumea sea 6o lim 199 A Gua0u
xx, g(x, y) B
Y=

4- §. Ukku aprymeHT/IH QyHKUMAHHHT Y3JYKCH3JHIH |

z2=Ff(x, y) Ppyaxuwus M tynaamza Gepuiran O6yaud, (x,, ¥, ((x,,
Yo) EM) HykTa 1wy M TYNJIAMHHHD JUMAT HYKTacH OYJICHH.
196-raspud. Aeap
' lim f(x, 4) = F (%, Y) (19.8)

XXy
Y=o
6yaca, y xomna f(x, y) ¢gyucyus (5 y,) #Hyx mada ysaykcuz neé ara-
JIAJH. '
DyHKIHA JUMATH TabPUPIHA ITHOOPra 01u6, DYH KUMAHUHE (X5 )
HYKTafard y3/JIyKCH3THMHHA KYHHIArHYa Tabpudall My MKHH.
19.7-taspud. Arap & >0 cod omadranaa xam wyuaair 8 >0
cor Tomuacakd, d((x; y), (x,; y,)) <O TeHrcH3THKHH KaHOATJIaHTHpPYB-
yu Oapua (x, y) €M uyKranap yayH
j [F e, o) —F (o, yo)| < e
Oynca, y xonaa f(x, y) byakuda (v, y,) HyKTana y3aykcus ned ata-
JafH.
DyHKIHA Y3MYKCH3TICH YHAHT OPTTUPMICH EpAaMuid XaM Tabpud-
JAHAIA MYMKHH.
M rtynaamaa (v, ) Hygra Gaaan Gapra (v, +A x5 ¢y +Ay) nyk-
Taiu ((x, +Ax; Yo+ Ay)EM) omb, Gy uyKTampy arn  GyHKUHARHHD
KuiMatiapu f(xy, yo), f(%+Ax, y,+ Ay) Hu tona Mus. Yoy

Af(xe Yo) =F (% +Ax, yp+Ay) —f(x )

aitipma f(x, y) GyskuuaAnAdr (<, ) HySrazara mjausg  opmmupmacu
ne6 arananu.

19.8-traspud. Arap aprysmzar oprripvmi1ps Ax  Ba Ay Hoara
MHTHIITaHJA Qydakunsadadr TV oprrapmicd A f(¢,, y,) XaMm Hoara
HHTH/ICA, STBHH Aling (Af(x Y)=0 '

Ay-+0
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6%:1 , ¥ xomna f(x, y) dynxums (v, y,) HyKTama yaaykcus pAe6 ara-
Jaju.
Arap f(x, y) dyukuus M tynaaMmauer Xap 6up HyKTacuia yaJyKCH3
6yaca, y xoma dyukuus wy M tynaamaa ysaykcus ne6 aranagu.
Mucoa. f(x, y) =x* -+ ¢* QYHKUHAHK KapaHJHK.
Uxtuépuit (x,, ¥,) € R* nykranu Xamaa (x, + A x; y, + A y) Hu om6,
GOYHKUHAHHAT TYJIMK OPTTHPMACHHH XHCOG/1aiMN 3!
AT (s Yo) =T+ A%, Yo+Ay)—Fxo Yo) = (%o + A x)*+(yp +
FAYE— G+ ) =% +2x,Ax+ A2+ y; + 20 Ay + Ayt —

— X — 1 = 2%+ A)Ax+ 2y, +AYAy.
Bynaan sca
limAfx(x, y)=1lim[2x, +AX)Ax+ 2y, +AyAy] =0
Ar—i

Ax—0
Ay-.0 Ay-»0

6ymauiun Tonamna. [demak, f(x, y) =x*-+~y* dyukuus R tynaamaa
Y3/YKCH3.

19.1-scrarma. Arap wogopuiarn (19.8) wmyHocaGar Oaapuimaca, y Xonjga
fle, u) dungunst (xg: y,) HYKTAZA vauwamura 3sra Jed arazaid. M tymsamaa Gepuna -
rad f(x, y) byHKuHA TVnaaMEBHE GHPOP HVKTAcHA €k TVIJIaMaars GHpop HH3HKAR
Y3HAHWrA 3rd GVIHLI MYMKHH.

Mucou.
Fle, 4) = x* -y, arap (x, y)==(0, 0) 6y.ca,
T I, arap (x, y)=(0, 0) O6y.1ca
dyuguma (0, 0) nykraga yauiumra sra O6Viaan. Xakukatad Xam
lim f(x, y) = lim (x> +¢?) =0
x—+0 a—0
y—0 y-+0
6yan6, Oy anmur Gepuwiran Qynxiumanunr (0; 0) unykragaru KuifMarh
f(0, 0) =1 ra reur smac:
liq} [, Y)=~=F(0, 0).
e
SHAH MKKH aprymMentId y31yKen3 dydkunstapauar 6an3u Oup Xxoc-
Canapuiy KeITHPAaMU3.
f(x, v) Ba g(x, y) ¢ynkumsaaap M Tty¥niamaa Gepuiran G6y/auo,
(x5 1) EM OVa1CHH.
1°. Aeap f(x, y) 6a g(x, y) Qynkyuaraprune xap O6upu (Xo: Yy)
HyKmaoda vaaykcus Ofaca, Yy xoada [(x, y)+ g(x, y) Pyukyus xam
wy (xo, Yo) HyKmada y3ayxcu3d Oijaadu.
2°. Aeap [(x, y) 6a g(x, y) pyukyuaraprune xap 6upu (Xg Yo)
Hyxkmada y3aykcus Gipaca, Yy xoada f(x, y)-g(x, y) Gynkyus xam wy
(xy, ¥y) Hykmada ysaykcus Gjaadu.
3°. Aeap f(x, Y) 6a g(x, y) Quukyuaroprune xap Oupe (X, Yo)
X RS ) Z flx v
HyKkmada yaaykcus 6iaud, g(x,, Y,)5= 0 Ogaca, y xoa0a P hyrk-

X, Y
yua (g(x), y #0) xam wy (X5 Y,) HYKmMada ysayrkcus Oyradu.
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4% Aeap [(x, y) ¢pynkyus vezaparancar énuk M miyniamda y3-
sylccua Oyaca, y xorda Qyrkyus wy myniamda weeaparanzan 6ijaa-
u.
z=f(x, y) dyskuna M tynaamaa Gepuaran GYJcuH.
19.9-tabvpud. Arap € >0 cou onmrranja Xam wynzait 6 >0
cOH TomuJcaku, M TYnaaMHuHr
d((.\:‘; yr), ("_II; ylln< é
TEHTCH3JIMKHH KaHoaT/iaHTHpyBun uxtnépuit (¥, ') ea (x”, y”) nyxra-
JiapH YYyH
IF (s §)—F ", y")|<e
6yaca, f(x, y) dynkuwais M tVnaampa mexuc Ysayxcud ¢yuxyua neb
araniaju.
PaBmanku, f(x, y) pynkung M ti¥nnamaa rteknc y3aykcis Gyica,
y Wy Tymaamaa ysnykcu3 6yaaim.
19.1-teopema (Kantop rteopemacu). Aeap f(x, y) ¢dyuk-
yusa weeaparanear énuxk M mgnaanda Gepurean 6a ysayscus Oiaca,
Y xoa0a pynkyua wy mignaasda mexuc ysayscus Oaadu.

5-§. Ukku aprymeHTIH QyHKLUMSHHHT XOCHJACH Ba
nH(pdepeHunamIapH
1. PYHKUHSHHHT XYCYCHI XOCHJIANAPH
2= f(x, y) dynkuna M (M < R?) t¥naamaa Gepuarau 6yacun. By
M tynnampa (x,; Y,) nykra Guaan 6upra (x, -+ Ax: y,) nvrand onub
Oy HyKrajapia (yHKUMAHHHT KuiiMataapunn XpucolJaivns. Cyur ymby
f(xo+Ax, 4o) — (e Yo)
aiiupmann Kapaiimua. Opataa Oy akimpMma f(x, y) (QYHKHHAHEHT (X, 4,)
HyKkmaoaeu x yseapysuu (apryment) 6yduda xycyculd opmmupmacu Jeiin-
nanm Ba Ay [(x,, y,) Kabu OGenrmizHami:
Axf(xuo UO)Z f(xo + AXx, Y _'f(-\'m o).
Xyaau wyHra yxuaii,
Ayf(‘\'l)’ UU) = f('\’OY ’/0 T Ay' '——f(xf)v !/0)
aitupma f(x, y) QyHKUMSHUHT (Yo Y,) Hykmadacu Yy apeysenm Gijduda
xyeycud opmmupmact Jeiniain.

Mucoaaap. 1. f(x, y)=xy QyHKUMAHHHT X Ba Y apryMeHTJIapH
6yitnua xycycnit oprripmazapn A f(x, y), A, f(x, y) uu TonMACHH.

Tavpudra kypa
A =Ffx+Ax, y) =[x y),
A, Y)=F( y+Ay)—ix y)
6ynaan. By mynocaGaraapaan doiiganannb Tonamms:
Afe Y)=Ffx+Ax Y)—Flx, )=(x+Ax)y—
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3= - i 9 ¥ TS "o et

"r —xy=xy+yAx—xy=yAx,
Ajfs, )=Fx y+Ay —flx Y =xH+Ay) —xy=
=xy+xAy—xy=xAy.
Af(x, ) =yAx,
A, T(x, yy=xAy.
2. f(x, y)=x*+y* Qyssunsunnr A, f, A f Xycycuit opTTHpMasapH
Af=@Ex+AxP+y* —(F 41 =2xAx+Ax,
Af=x+@y+Ay—(+y)=2yAy+Ay

Jemaxk,

6y.1a1u
z=f(», ) pyukuna M tynaamaa Gepmwiran Gyacnd. M rtyniaamaa
(xo: Yo) HykTa Oujan Gupra (v, -+ Ax; Y,) Ba (X Yo + Ay) HyKransap-
Hi xam kapailimk. Cynr Gepwaran QyHKUMAHHHT (Yq Y,) HyKTajard Xy-
CYCHH OPTTHPMAJapHHK TOMAMHS:
Ax ) (-\'0' .I/o) — f(.\'o S X !/0) i f(xuv !/o)v
A, [ (%o, Yo) = [ (Xor Yo+ AY) —[(xs, Yo)-
19.10-Taspud. Arap Ax—0 1a
A [ (xo, bo)
Ax
HUCOATHHHT JTHMHTH MaBKya OVica, Oy JuMut f(x, y) QYHKUHAHHHD
(X0, Yo) HyKmMadazu x apeymedmu Ofduda xycycud Xocuracu - Ae arta-

af (x,, 5 5 f .
Jagu Ba LZ“—”—")— €kH [, (xp, Yy) (KHCKAUA 3’- ékn f) xabu Oearuia-
. X X >
HaIH:
Of (X0, o) __ : Ay [ (X yo)
B I0 =F(xg Y) =lim =TTV
ox Ix \*0 JU) A Ax
— lim [ (%01 A x, yo) — [ (¥o1 o)
Ax—0 Ax '

Xypau wydra yxwanr arap Ay—0 1a
_Ay_ [ (Xor %)
Ax
HHCOATHHHT JHMUTH MaBXKyl Oyaca, Oy aumut f(x, y) ¢pyrkyus-

.

HuHe (X, Y,) Hykmadaeu y apeymermu Ogfliuda xycyculd xocuracu Jebd

af (xg, « o af . .
aranaju Ba o G Yo) ey [y (Xor Y,) (KHcKaua 7f- éxu f,) KaGu Ge.r u-
Yy Yy

J1a Haju:
af (x0, Yo) ‘e p A, [ (x0s Yo)
— 2 =F (X, Yo) =1lim 70 TV _
ay fy ( 0 JO) Ag%0 Ky u
= Ty f (X0, Yo+ By) — [ (x4, Yo) _
Ay—0 A Y



Kearnpuaran taspudaan KypuHaauky, 2= f(x, y) QynkumsHAEr x
aprymenTH Oyitnua Xycycuit Xocuaacuun Xucodjamaa Oy  (GyHKUMSHAHE
Y apryMmeHTHHH Y3rapmac, Y aprymenTH OViiMya XycycHil NOCWIacHHH Xu-
cobsamaa 3ca X apryMeHTHu Varapmac Je0 Kapair Kepak skan. Jlemak,
z = f(x, y) OYHKUHAHHHT XyCyCHH XOCHJIAJapHHM XHMCOOJallla MAsKyp
KypcHunr 13- 606, 7 — 10-§ aarn ¢ynkiuma XocuwaacH zKaasaam Xamia
Xocusa XucobJaliiary Maskyp Koujatapiai (oiiasaHulll MYMKIH,

Mucoanap. 1. f(x, y) = x* - y* QYHKUMAHUHT XyCVCHIT XOCHJa-
Japu Kyiupaarmua OVJaam:

I )=+ ) =2x,
e 9) =2+ y%),=2y.

2. f(x, y) =x" (x> 0) GvHKIHAHHIHT XYCYCHi XOCHIAIapII
3 ) y p

7} —1 a
O = g, I ¥iny
dx ay
6yaamm.
X o
3. z=arctg —- QvKUMAHMHD XycycHil XocHaaaapH
Y
0z 1 1 2 1 y
% 4. (l‘ ty B4 oy gt
g ]
0z 1 ( 3 X X
dy fx\2 \ 1) X%+ y? x4y
Y=k (-— — !12 -
y =

* Gyaanu.
6-§. PyHKUHSHHHT TYJIHK OpTTHpMacH (opmynaack

z=[f(x, y) dynkuna M 1¥naamua Gepuaran Gyucuu. M Tyniamaa-
0z dz =
rH (Xy; Yo) HyKTaHuur Gupop aTpoduaa = 2 a—‘ Xycyenit  xocuaanap
x Yy
MaBxya 6ysmb, yaap (v, Y,) HWyKTaga yaaykeus OViacin. Bepuarau

z = f(x, y) pyukuusuunr (x,; Y,) HyKrazars oprTHpMacH A f(x,, Y,) HH
KyHuarnya ¢3ub osamis:

Af(xp, Yo) =1f(xo T AX, Yo+ AY) —Flxp. Yo+ AY]+
+ [ (X0 Yo T AY)—[(xes Yo)]- (19.9)
Jlarpanx Teopemacuaan (oiifaianuG TonaMia:
fo+Ax, yo+Ay)— (X YotAY) =[,(x,+0Ax, y+ Ay Ax,
[ (Xos Yo+ Ay) —[(xo, Yo) = fy (Yo, Yo+ 0, AY)Ay
(0< 0, 6, <1). Harmxana (19.9) tenromk ymby xypuHumra Keaapu:
Af(xos Yo) =Fg(xo+0AX, Yo+ Ay)Ax+
+ [, (X0 Yo+ 0, Ay)A Y. (19.10)



Mlaprra KYpa (yHKUHSHANT f Ba [, Xycycuii Xocuaanapu (X Jo) nygo
Taga yaaykens. Jemak,
1lm f Xo+0Ax, yo-+Ay)=F. (%, Y
Ay—»O
lim f (X0 Yo+ 60,AY) —/ (Xor. Ho)s
Ax—0
A_/—-'O
Iyunait Kumo,
f.(o +0A%, yo+ Ay) = . (%6 Yo) + 2,
fy (Xos Yo+ 0, AY) == f,, (Xor Yo) + P (19.11)
ne6 ésuin Mymkud. Byuaa o Ba B aap Ax sa Ay ra GoraMK Xamaa
Ax—0, Ay—0 n1a «—0, p—0. (19.10) Ba (19.11) myunocabaraap-
nan
Af(xgy Yo) = 1], (Ko, Yo) + ] Ax+ [/y (xor %) T+P1AY =
= [, (o, Uo)A-V+f!;(-\'0v Y)Ay+alAx+pAy
Oyauuin keaud umaau. demak,
Af(xor Yo) = [y (Xos Y Ax+ [, (% 4)Ay+aAx+BAy. (19.12)

By ¢ynryua opmmupmacunune (popw yaacu 1ed atanaju.

o 19.2-waruxka. Arap f(x, y) Gynkunst (xg Yo) HYKTaZa .y3TyKCH3
f' Xyeyeuit Xocuaaznapra sra 6yica, y xoaaa GyHKumsa my (xo, Yo)
HyKTaga y3aykcus 6Vaami. Xaxmukatan xam (19.12) dopmynagan doit-
Jananuo,

lim Af(xo, go) = lm If; (%, 40) Ax+f, (%, 4o) Ay +

Ax—0
Ay—=sl AJ—»O
+aAx+pAy] =0
6yanuug Tonamid. By aca f(x, y) dynxuwmsnunr (x,; Y,) HyKraga ya-
JYKCH3 3KAHHHKM GHJIAHPAAH.

7-§. Ukku aprymedtan (QyHKusHuHr auddepenunanu

z=[(x, y) opynxuns M 1¥nnamaa Oepuaran 6Yyacun. By M tym-
Jamaa (v,: Y,) Ba (X, -+ Ax; y, 4+ Ay) nygranapuu oaud, GyHKUHS OpT-
THPMACHHH TOMAMH3:

Af(xoy o) = [ (xo+Ax, yo+ Ay)—[(xo Yo)-
[9.11-tabvpud. Arap f(x, y) dynkuauunr (¥,; ¢,) HyKTagard
oprrHpMacH yuoy
Af(xg, Yo)=AAx+BAy+aAx+pAy
Kypuhuiiaa upofananca, y Xxoaaa ¢yukums (¥, Y,) Hykraga ougp -
Gepenyuarrarysiu ned arananu, oynga A, B — ysrapmac, @ Ba f 3ca

Ax Ba Ay ra G6orauk Xxamaa Ax—0, Ay—0 Ja o Ba f qap Xxam
HOJTA HHTINIAJH.
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Mucoa. f(x, y) = xy dynkunsun xapahmk. By ¢ynkumsaunr (o3
Yo) HYKTallaru OpTTHPMacH
A f(xo, Yo) = (X + AX) (Yo + A x)— X4
Oynaan. Yuu Kyhnjarnua €3um MyMKHI:

A f(xo, Yo) = (x0 + A X) (Yo -+ AY) — Xty = Xotp +
FYAX+ XAy + AxAy— x4y =Yy Ax 4+ x, Ay +
+AxAy=AAx+BAy+aAx+pAy,

6y epaa
A=y, B=2x, a=Ay, p=0.

- Hemax, Gepniran QyHKums (¥, Y,) HykTaza AudxpepeninanntanyBuu
f(x, y) bynkumsa (x,: y,) HyKrama mudxbepeHuHaNIAHYBYH GYJICHH .
Tabpugra kypa

Af(xe Yg) =AAx+-BAy+aAx+BAy (19.13)
6yaaan. By Tenrimkza Axs40, Ay =:0 1e6 Tonamus:
A f(xg Y)=AAx+a-Ax.
KeHuHr# TeHrVIMKHHHT Xap HKKH TOMOHHHH Ax ra 6Vaub,

Ay [xo, 40) __
T—A-}-a

TEHIVIHKKa KeJamu3, Bynnan sca

lim Ay [ (0, y0)
Ax—0 Ax

6yapum kean6 wnkanu. Jemak,
fe (X0 ) = A.
Xynmn wynra Yxwaw, (19.13) renrankaa Ax =0, Ay=~0 ae6
A (% %) =BAy+pAuy,

Ayi(xov Yo) :B+ﬁ
Ay

=lim (A+a)=A4
Ax—0

TEHIVIMKJApHH, CVHrpa

lim A¢/®e %) _jim (B4 ) =B,
Ay-»0 Ay Ay—0

f;; ("'Os yo) =B

GYJIHLIVMHA  TOMAMH3.

Mlynpai kK6, Kyingarn xyaocara keramus. Arap f(x, y) ¢dynk-
unst (X Yo) HyKTajga Audxpepennmasnanysun 6yJca, y Xosga (yHKUHS
my HyKraja f, Ba f, Xycycmii Xocunanapra sra Gysami. ®ymkuus opr-

, THpMacH 3ca ymly xypuuuiira sra 6yuamu:

Af o Yo) = I (%o, %) Ax+fy (%0, Y)Ay+aAx+PAy.



o)

Arap f(x, y) dynkuna (x5; ¥ ByKramuur atpodmaa f.(x, y),
",(x, y) Xycycwit Xocunanapra sra 6yimb, Oy Xycyeuit  xocuiajap
(¥o, Yo) HyKTalla yanykcua Gyica, y Xoaja f(x, y) oyukuma (xo, Yo)
HyKTaga AubdepenumannanyBun Oyianu. XakuKaTaH XaMm 10KOpHAari
urapraapaa f(x, y) dyskuuauuar TVaMK oprrupMact yuyr (19.13) dop-
MyJa YpuHAN OYaanu. YHaan sca (yHKUMAHUHT AudrbepentHa/LiaHyBy U
O6yauin Keaub YHKaau.

®apas xunaiank, z = f(x, ¥) bynkuns (X, Y,) nyxraga auddpepen-
uHaLTanyByu O¥icHi. Y Xoaja

A (%o o) :-0‘% Ax+ 3{’ Ay+aAx+pAy
6ymaau. By udogamaru _
9 Apd L
> Ax-- % Ay

ftmpnuan f(x, y) GyHKUHAHEHT (Xo0 Y,) HyKTagarn Ougpdepenyuaru ne6
atanapu Ba y df (X, Yo) €ku dz kabu GesruiaHaii:

df (xo' !‘,0) = dz = af (xp, o) Ax + af (xy, !/0) A y.
ax dy

Jlemak, dyukus andepepenuuann GpyHkuus oprrupmacuuuir Ax Ba A y
ra uxcoatan yusugam Gour Kiemi. Arap Ax ==dx, A y=dy 6yauunau
3pTHOOpPra oacak, v Xoaja ¢yuxkuus Aupdepeniuani ywly KYpHHHIIHA

onaau;: dz =df = %[t- dx 4+ 3—; dy.

Mucoma 2 =xy QyHKuMAHUHT AuddeperiHanm

dz = 2 dx+ L dy = yde+ xdy
dx ady

Oy.1a .
f(x, ¥) Ba g(x, y) dyukunsaap M 1ynaamia OGepuaran Gyaub,
(xos ¥y) ByKTaZa Audxpepennmanianysun Gyacuu. Y Xouaa
f(x, y)ig(xl y)'
[(x, 9)-g(x, y),
2D (g(x, 5)#0)
g(x, y)

GyHKuHATap XaM 1y (X, ¥) HyKraja auddeperunaniaiysyu Ba yumly
dopmyiaiap ypurau 6YJau: &
dlf (x, )= g(x, Y] =df(x, y) =dg(x, y),
dlf (x, )i gx, Yl=F[(x, y)-dg(x, y) +g(x, y)df(x, y),

d [f(x. y)] _ gl ydi(x, y)—F(x ydg(x y)

g(x, y) g (x y) '

Wynusrgex:

dlcf(x, Yl =cdf(x, y) (c— const)
6yaanu.
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8-§. HMkku aprymentan (GyHKUHSHHHT 10KOpH TapThHGam
XycycHit XocHaaaapd Ba Judpepenuuannapu

z2=f(x, y) dynkuua M tyniamaa Gepuiran Ba y (x; y)€M nyk-
Taja Awudxpepenunanianysuu GOyichn. PaBiuanku, Oepuaran (yHKuHs
(% y) nykraza f.(x, y), f (¥, ¥) Xycycmit Xocunanapra sra Gyaaam.
By xycycuit Xocuianap V3 maeGatiia x Ba y i'3rapvaqu.1apmmr (hyHK-
IUSACH OYJIHLIM MYMKHH. "Macauan, [(x, y) =x%Y* (QyHKUMSHMHD XyCy-
cHil XocuaanapH

fe (6 9) =2x% [,(x, y)=2x%
6ysin6, yaap x Ba y V3rapyBUMJIAPHUHI (DYHKIHSACHAND.
19.12-tabpud. z=[(x, y) dynkous xycycuit Xocunamapn [, (x, y)
Ba f", (¥, y)HuHT Xycycui Xocuaanapn Oepuiarad (DYHKIHSHHAT UKKUHAU
mapmubau xycycul xocuraiapu Aeidnian Ba

o2f a*f a2
5 " ékH — N == =
fxt I"y ,y 4 dx? dox gy dy*
Kabu GesrniaHaii. I[ewax\
" .9 o
= ! ) = —|—],
/x (f Y dx ( ax -’
o % o / 0/' \
— \f —_—— ]
f"y Oxd Y (f ¢ J” ay \ ax )
. a>f a2 [ 9f
3 \ l - 5
L s =y v o), = 5= (55)
= I
o= =, & L (dy)
2f 0‘-‘/ )
19.2-3caatma. Onataa dx—()z; Ba 0_10— XVCVCHIT XOCHIANap aparaw Xocura-

4ap ;€6 atanaqy. By aparam xocmaarap (x; y) nykraga yvaaykena 6Yuca, Gup-Ghpura
TeHr 6yaau.

Xyaam 10KOpyaarujiex, 2 == f (x, y) QyHKUHAHUHT YYHHYH, TYPTAHYM
Ba XOKa30 TapTHOJM ‘(ycycxm XocHatapu TabpiIana M.

Mucoa. f(x, ¥) =24 4 + x*y* QYHKUMSHHHT MKKHAYH TapTh6n
XycycHil XOCHJIaJapH TOMUJICHH.

ApBano Gepuarai (GyHKIHSHHHT XYCYCHIT XOCHJIAJapHHH TONAMN3:

g—i——a—(\ + 52 + ) + 25 4 2042,
o _ 9 (x4 P 4+ 5% = 2y + 2¢%y
dy dy ’ o

DYHKUMAHMHT MKKHHUH TapTHOMM Xycycuit Xocwaanapu Kyiuaarnga 6y-
sz

ae 2 (9f d 2

"a—x,? 2 (_0_;)=—-—(2x+2xy2)=2+2y'=2(1+!/2),
o _ 9 (of\_9 O 402 = :

B (Oy) = 2y +2¢%) =2+ 2 =2 (1 + x?),

off _ 9 (QL) = ai (2x + 2x4) = 4xy.



dapas xanai’umx z2=f(x, y) Q)YHKuHﬂ M tyniamaa 6epm1raﬂ 6y-
b, (v y)€EM myxraga anddepeHunaiianysun  OYIcHH.  Mabaymk,
Q)ym\uuanHr Andpepertinaim

df (x, y) = d + dl/ (19.14)

[ ENUR

19.13-raspud. z =7 (x, y) Gyskunanunr (x; y) HyKTagard Iucg-
¢epentnams df (x, y) sunr anddepenunaan Gepuaran (pvnmmsmmxr UK-
Kunuu mapmubau ougpdepenyuaru ne6 artanaam Ba d* [ (x, y) xaGu
Gearuianaud.

JleMak,

d*f (x, y) =d (df (x, y)).
Suan [ (x, y) ynkuna  auddepennuanmmnnr  (19.14) ‘ndoaacanan

doiinanannb, [ (x, y) QyHKUMAHHHT HKKHHUN TapTHOM  IuddepeHunanm
MOJACHHN TONAMHS:

d*f (x, y) =d (df (x, y)) (a, dx + i d_/)

=d
= d ) (U' | dy.
(’Y gy
Arap

N 0 [OFX et @ (08 ___f”
d(()x) T ox (ax) axs ay (0\')(1'/ de +6 ay dy’

af d i 7f o2
d(L)=Z (Lo +L (L)ay= 2 ax+-2L

dy ox \ oy ay dydx oy?
Ba
aaf o

oxdy  dydx

Gvaummnn 3bTHOOpra oicak, y xoaaa

& f(x, y) = (‘” dx+ 2L 4y) dx '(,,’”," d.\'—{—‘%dy)dg/:

2 axdy dpdx
2 o 2 t i 0
ox oxdy o o
2
=2 gy f :
ox?

6yaanu. Iemak,
— P 4 B g F ape
da’f (x, y) S dx® 42 P dxdy -+ o dy®.
Xyanu okopuaaruiek, z = f (X, y) GyHKUMAHHHT Y9HHYH, TYPTHHYH Ba

X0Kka30 TapTHOm auddepeHuHaNIapy TabpuVIaHaAd Ba YJAPHHHT Hpo=
Jlasiapy TOMUWIAMIH.
|
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Plxxu apryuetmm dyHKuMA yayi Xam Teﬁ.nop dopmyaacHHA  E3um

- mymxud. Kyfiuna Gysnait dopMysdanu KeaTHpumr OGUaaH rHHA Ku:pomaﬁa-

M3,
z2={ (x, y) dyHkuna (xy Y,) HyKTAHUHT
Us (%o, Yo) = {(x, y)ER*:d ((x, y), (X0, Yo)) < 8}

atpobuaa Gepuiaran 6Y.m0, yHAa C])VHKllHﬂ OMPHHYM, MKKHMHYM Ba XOKa-

30 (n -+ 1)-TapTMOIM y3IyKCH3 XyCycwil XOJHAadapra 3ra OyJcHH. Y
af (x aJ

xomza [ (x, y) = f (%o, Yo) + L(‘()\—L’ (x—xg) + ”‘T"” (4—yo) +

; Yy

1 3 (xo, 1) A0 3f (xor Ya) -
= | e Mol (o )2 g T Mo Ua) (p iy o
* [ e ¥ —x) sy %) 0 —u) +

e

n.

e P o et [ SR g

dy* ! gt

9"f (xe, Yo) H— | O (X9, o)
1 o Yo "SR 1 L Ei I
T G gy R T Ut = ) ]+
1 "L F (o460 (x—xo) w0102 (W — 1)) . o \a+1
(n+1)! [ Py F—=xg) ™ +
L (xg -0y (x—x0), 5o +0s (v — y, e
ERI ol A Y 0y <;l/,x:;) Yo+ 02 (4 — 1)) ( — g™ l]

0<<hy, 6, < 1)
6§’na11u By ¢opmyna uxku apeysmenmau pynryuanune Tedaop gopmuy-
aacu e arajaaju.
9-8§. UKkH aprymeHTJH (DYHKUMSHMHT 3KCTpPeMym
KHiiMaTaapu
z2={(x, y) dynkuwus M 1Vnaamaa Gepuarain OVamG, (Xo Yo EM

6yacun.
19.14-ravpud. Arap (x5 #) Hygraumur M rt¥naamra Teruuniu

IyH pait
Us (%o, 4o)) = {x, 9)ER%: d ((x, ¥), (xo, %) < 8}

arpopu Tomuacaku, ¥ (x, y¥) €Uy ((xo, Yo)) yuyH

F o ) <7 (o Yo)

TEHrCH3MK VpuHad 6yvca, y Xo//1a / (x, ¥) byukuusa (xq Y,) HyKTaza
MmaKcumym fguduamaa spuwiadu peinnann. (Yo y,) HyKTa (yHKUMAra
maxcumym Kugmam Gepaduean rysma, f (X, ) 3ca PYHKYUIHUHS MAK-
cumym Kudmamu feftuaagn. Yuu

max {f (x, )} (5, 9)EU, (Yo %))

. xabn GearwiaHagu.
Jewmak,

[ (X, Yo) = max {f (x, y)}.
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19 15-Ta BPH. Arap (xy ¥,) BykTammar M Tynnaura TETHILIA
GVaras 1yHRait

Uo ((Xo. .‘/o)) — {(xv y)ERZ d ((.\', y)’ (xm yo))< 6}
atpodn Tommacaku, v (x, y) €Uy ((xp, Yo)) yuyn

[ 9) =T (X Yo
TEHrcH3INK Vpuuan GVica, v xoaaa [ (x, y) ynxyua (x,, Y,) HyKma-~
0a MUHUMYM Kuumamea spuwadu 1ed atanain. (X, Yo) Hysma Qyrk-
yuaea MUHuUMym xudmam Gepaduean HYyKma, [ (X, Y,) 3ca QYHKYUA-
HUHZ MUHUMYM Kulsmamuy Jeindaiu. ¥ Hi

min {f (x, ¥)} ((x, ¥) €Us ((xo, Yo))
kabu Gearmnanaau. [emak,

f (xoy ¥o) = min {f (x, y)}.
ODYHKUMAHHAT MAaKCHMYM B2 MHHHMYMH VMYMHI HOM OHJaH YHHHT 8K~
cmpemymu JeHnJaan.

10- §. PyHKUHA SKCTPEMYMHHHHI 3apypHH
IAPTH

z=7F (x, y) pynkuua M tinaaviaa Gepuiaran 6y, (¥q y,) HYK-
TaZla SKCTPEMYMra, aHTaiJHK MakCHMyMra SPHUICHH. YHIA (Xq ¥o) HYK-
ranunr Uy ((X,, Y,)) aTpodunars uxtuépuii (x; y) nyKranap yuys f (x, y)<
<[ (% ¥) OVaamun. Kymmanau, (x; yo) €U, ((xe, Uo)) YuyH XaM
[ (x, yo) <[ (x4, y,) 6ynamn. By xoa Gup aprymentan f (x, y,) byHR-
uusHuar (GyHAa X apryMeHT) X, HyKTaja V3HHHHC 3HT KaTTa KnHMarura
SpUIUMIINEN Guaaupann. Arap [ (x, y) dynkuus (vy; y,) HyKTajga x ap-
ryMentn Gyitnya f. Xycycuil Xocuaara sra 6Yaca, y xoana Pepma Teo-
pemacura Kypa f, (Xq, yo) = 0 6yaann,

IOkopunarnaek, (x5 yo) nykrauuur Uy (¥, ¥o)) aTpodmaarn nxtué-
prit HyKTaAa, xymaanas, (xo, )€Uy ((x,, Yo) yuyn

f (Xoo ) <[ (Xo, Yy)

6yaann. By aca 6up aprymentau [ (x,, y) ¢pvHkumauu (6yHga Yy apry-
MEHT) I, HYKTaJa V3HUHHHI 3HT KaTTa KHHMATHTa SPULIMIIMHE Guagn-
pamu. Arap [ (x, y) dyukuus (x,; y,) HyKTaga y apryMedT Oyinua f;
Xycycuit Xocuaara sra Gyvica, y xoina sina @epma Teopemacura Kypa
Iy (Xoy Yo) = 0 GYmanm.

z2=[ (x, y) Gynkuna (Xo; ¥,) HYKTala MHHMMyMra SPHLIraHia XaM
XyAaM ury XoJ 103 Gepaiu.

19.3-sacaatma. | (x, y) =xy (YHKUHSIHI Kapail/ K. By ¢yukuus

fe (% ¥) =y, [, (x, y) =x Xycycuit Xocunanapra sra Ba Gy Xycycuii
\ocplnanap (0; 0) mykTaza HoJra TeHT:
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Bum, 6y [ (x, y) =xy dyukuna (0: O) HyKTajza sxcrpeuvmra SpHLI-

Mynnait ka6, 2 =f (x, §) Gyakuns (xq o) €M HyKTaZa 3KCTpe-
MyMra SpHiica Ba Wy HyKTajga ¢QyHkums f., f, Xycycwit Xocisanapra
sra Gy.ca, y xoaaa

fo (% ) =0, ) (x, ) =0

6Vaann. By ¢ynKyuanune sxcmpesmymea 3puiiiiuunune 3apypui wap-
munu nbhopaaaiim.
DyHKUHA XYCYCHHl XOCWIaJapHHHHT HOJra aillaHTHpaauran HykTa-

Jiap YHUHD crnayuonap (mypryw) Hykmarapu Jeiunanu.

11-§. PyHKUHS SKCTPEMYMHHHHT €TapPJiHIMK
1apTH

Auau z = [ (x, ¥) QYHKUMAHHHT CTAIHOHAD HYKTaja 3KCTPeMyMra

spmmuuuuu TABMHNIARTHraH IAPTIAPHU TOMNHLL Gual  UYFYIIAHAM KB,

=f (%, y) dyukuua M Tynnamaa Gepuaran GY/cHH. (o #y) € M
~By!§1‘ammr Ugs ((xg, Yo) atpodu my M rtViuiamra terunuim 637IcHH.

Arap (x; y)EU(5 ((xg Y,) HyKTaZa Xap JOHM

F e, ) —F (x5 4) >0

6yaca, yHaa [ (X, y) GyHKUHA (X,; Y,) HYKTaJa MHHHMYMra SpHUIaZH.
Arap (x; 9) €Us ((x,: Y,)) HyKTaza Xap Jomv
F e, 9)—F(F (x5, 1) <0
6yaca, yuaa f (x, y) yukuuA (Xg; Y) HYKTaAa MAKCHMYMra 3pHUIAIH.
Hemax, 613 (Xo: Yo) nykrawuur Uy ((x, Y,)) atpodugarn (x; y) HyKTa-
Japaa
F (s ) —7F (X0 Yo) (19.15)
aiupMaHuHr Xap AouM MycOar €ku Maudui GVIHLINHH  aHNKJAlIHMK3
Kepak 3kan. By Macamann Xa1 kwmuaa fo(x, y) dyHKUMsira MabayMm
aapraap KVAWIaaH. z = [ (x, y) QyHKitHs:
1) (% yo) uykramuur Uy ((xy y,)) atpopuaa x Ba y aprymentiapi
Gffiua Gupuuun f, Ba f, Xavia wkkdHun TapTHGa [, fr. f, Xvey-
CcHi xounanapra sra OVaH0, yaap y3aykcus GYJICHH,
: )(vo. Yy) HyKTa f(\ Y) (YHKIHAHMHE CTAIHOMAD HYKTACH oy.-
cHH: [ (X, Yo) =0, Iy (X 4o) =0.
Teitnop gopmyaacuial (oigaTanub TonaMus:

PG g) =F (o, 90+ —‘3’—‘0-—‘ e A

dy
1 ref . g o2f 5
+3 o 2ol ) =)+ S =)
OyHia HKKHHYM TapTHOIM Xycycuii Xocuaajap (xo-{— 0, (x—x,), Y+
-+ 0, (y Yo) HyKTaza xucobmanrad (0<0,, 6,<1).
- Arap (xy; Y,) HAHI CTAUMOHAD HYKTa SKaHHHH 31.1116opra oJIcaK, yHJA4
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RO T ST T At - 4
3 |5 LTS Yot 1 . 4 e & W\l’ .
s AT ! N - <y

A F G o)=F (o )+ 5 [ (c—xf +

\ L ST L X g—i
T2 50y R U=g)+5 2 @ yo)]

6yanmn keanb yuKam.
Aman [ (x, y) QYHKUHSHUET HKKHHYH TapTHOAN XVCYCHil XOchialna-:
PHHHHT (Xq; 1,) HYKTajarn KuitMatTiapuun Kyiinaaruya GeJruailiik:

B ot T, U )= I
_ O] (X0, w0) _.
oydx
G2 (%0, Yo)
dy*

f:-: (¥os .'/o) -

19

f;: (xnv .l/u) = = Ugs.

Illaprra xypa Gepuaran nkkuHYy Taprulau Xyeyeuil Xocnaagap (Xg Yo)
HyKTala yanykcusd. Ulyun swvmnGopra om6 Tonamus:

Fa (G40, (x—x0), Yo 0 (¥ — b)) = [is (Xoo %) + 2y = a1‘1+°"ur
Fey (KXo 0y (x—X), Yo+ 6y (¥ —y0)) = f,\y (You o) =+ Gtya = Qa+Clyas
f;,: (X0 + Oy (x—Xg), Yo+ 0 (y— 1)) = /,,: (Xor Yo) + Clgy = Qap+Clag.

Byuna x —x,—> 0, y —yy— 0 1a @y, %y, %, HUHI Xap GHpH HOJra
HHTHIA N,
Hamwxkana (19.15) afinpma yumoy

F G o) —F (o o) =5 lany (6 — )%+ 20 (x—2) 0 —0)+
=+ (lgo (!/ S .’/0)2] <t ‘.12‘ [all (x _-".u)" S 2 £37) (’V o xo) (y — yo) .

+ gy (Y — Yo)*]
Kyprnuiira Keaaau. Jlemax,
T ) —F (xoy o)
AHMPMAHHIHT HINOpacH Kyinaary
Ay (¢ —xg)* + 20y (x —Xo) (Y — ) + Qg3 (y — ¥o)*
KBaJpaTHK (OPManuur uiopaciira Goramk Gy.am.
I°. Arap ay, -0, —aj, >0 Ba a;; >0 Giaca, y xoia
F X 9) —F (S0 49) >0

6Yaub, [ (x, y) Qynkuus (X y,) DYKTaga MHHIMyMra Spullajm.
2°. Arap a,;-ay, —aj, >0 Ba aq;, <0 G¥aca, vy xoaza [ (x, y)—
— [ (x4 o) <O 6yamd, [ (X, y) QyHKINA (¥4 Y,) HYKTaAa MaKCHMyMra
SpUILajM.
3°. Arap a,,a,, — a3, < 0 Gyaca, y xoaaa
F (%, y)—F (xo, Yo)
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aiupma miopa caknamaiizn. By xomna f (x, §) dymkuwast (xy; go) nyx-
Taja SKCTpeMyMra SpHIIMaHIH.

4°. Arap ay,a,, —aj, =0 Gynca, y Xo/na1a

: . [, 9) —F (o, o)
auupMa MycOar NaM, MaHpuit XaMm OVIHINH MYMKHH, Abuu Oy Xosida

o F (x, y) pyskmus (x, Y,) HYKTaAa MAHUMYyMra €KH MaKCHMyMra 3pHIlH-

[

PN

I MyMKHH. YHH KYIIHMYa TEKUMPHII €PAaMuia aHHKJIaHALW.
Iynaait Kuaub, HKKH aprymMeHt™nts [ (x, y) QYHKUMSAHHHT 3KCTpe-
“MyMH Ky#ujgar# Konjara Kypa TOmHJaii:
D) f(x, y) dyuxuusnudr Xyeyenit  Xocunanapu fo (x, ), f, (v, y)

TOMHAY,;
2) By xycycuit xocuaanapHu Hodra Tetryiad, vidy cucremMa XOCH

KIUTHHA TH:

[ f. (x, ) =0,

UF, (x, ) = 0; (19.16)

3) (19.16) cucremanit equd, Gepiaran GYHKUMAHHHE CTALMONAD HYK-
Tanapu Tonmiaau. Aitraitank, f (x, y) OYHKUHAHHHT CTAUHOMApP HYKTa-
Japuaan Gupu (¥, y,) OV.icuH (/‘; (X9, #y) =0, f;, (%00 o) = 0);

4) [ (x, y) byukunsnuar wkkunwt  tapruban  f. (x, ), f;y (x, 1),
,f;, (¥, ¥) Xycycuil XOocHIanapH TOMHIALNM;

5) fr (x, 1), f;y (x, y), /’;, (%, y) HUHr craunoHap HyKTajars Kuit-
Matiapi ay; = [, (Y, Y)y Q12 = ,;y (Xyy Yy), Aoy == fya (Xo, ¥y) Xucobaa-
w; an v ; an

6) ay1a9s — a3, = [ (%5, Yo) fye (¥or 1) — ([}, (X0, %o))* wponamur
KHAMATH TOM WA,

7) Havxana:

a) a,,a, —aj, >0 Ba a;; >0 6yarauga [ (x, y) pyskunsa (x,, )
HYKTaZa MHHEMYMra SpUUIHITHHL;

6) a,a,, —aj, >0 Ba a,, <0 GVarauga, f (x, y) dyukuusa (x,, Y,)
HYKTajJa MAKCHMYMra 3DHILHIIHHIL;

B) @305 — a3, <0 OYuica, [ (x, y) dyukuus (x,, y,) HyKTajga skc-

TpeMyMra SPHIUIMACTHIHHE TOMHJIALH.
Mucoa. z=x*—2xy -+ 2y* — 4x + 6y -+ 10 GyHKUHAHHHT SKCTpe-

MyMH TOMHJICHH.

Bepusran yHKuHAHEHT XyCycHil XOCH/IAJapHHI TOMaMM3:

2 0z y
-0—'—”:..4\'—2!/—4, —“—‘-—2\—,-4!1-{—6
ox dy

By xycycuit XocHsiasapuu Hodra Tenrsad, yuiby
( 2x—2y—4=0,
| —2x+4y+6=0
cHCTeMaHi egaMu3.
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{ 2x—2—4=0, | x—y—2=0, [y+1=0 y=—1,
—-_x—l—4y+6=O¢l—x+2y+3;~0=>1x=l Sy

Hemak, (1, — 1) nykra Gepriiran GyHKIHSHEAT CTAUHOHAP HYKTACH.
DYHKIMAHUHT MKKHHYH TepTHOIH  Xycycnii  Xocwaajapunu  TommG,
ynapuanr cramionap (1, — 1) Hykrazarn KuiMariapuau XucoOafivus:

aqz =2 @x—oy—4=2,
ox? ax
2z a , _ ,
—=— (—2+4y+6)=4
dy? dy
72z i)
C =L (@x—0y—4) ==
dxdy dy
HeMar, @y ==2, G, =—2, Gy = 4.

Ouan a8, — aj, Hu Xucobaaivua:
1'1“(122—-032 —_— 2'4 = (_ 2): — 8 —4 — 4.
Jlemax, ay;-ay —aj, =24>0 Ba a;; = 2> 0. lOxopujia alTHJaranura

Kypa Gepuiran ynkuma (1, — 1) myKTaza MHHEMYMra SpHIAH. d>ynx-
HHAHHHET MHHUMYM mmuam a4

minz = min (x* —2xy + 2y —4x + 6y + 10) =5

ra TeHr.
XX BOB. HKKH APP'YMEHTJIH ®YHKIHSIHHHT
MHTEFPAJIH
Ymby Gobxa MKKM apryMeHTIu (QyHKIMS HHTErpaju TYIIYHYacHHH
Vpranamus.

HMkxn aprymentiin GyHKUHAHUHT HHTErPajH aniy HiuTerpajra yxXiam
6ynam. Ilynn spThOopra oaul, Kyiinja HKKII apryMeHTIH (YHKIHS
MHTErpajiiap TYLIYHYaCHHH KHPHTHO, yJap Naknlari acocud daxTtjapHi
ueboTens kenmipuim GuIaH KH(OSIaHaMI3.

1-§. Hkkn kappaau uHTerpan

1. Hkxn kappanam muTerpan Tabpudu Ba YHHHr MaBKypuurd, Te-
KHCJNKda 6npop uerapadanran ¢énnk (S) coxa Gepnaran ©6yJau6G, yHHHT
1031 S ra rtenr oyvcun (135-unama).

By (S) coxana z =7 (x, v) ¢yusuna anuxaanran Oyacus. (S) co-
XaHit yusukaap épaampaa n 1a (S,), (So). ..., (S,) coxalapra axpa-

amis. YJapHHHr 10s1apu Moc papnmia Sy, Sy, ..., S, GVucuu. (Sp)

(k=1, 2, ..., n) coxana uxtuépnit M, (v,, y,) nykta omnb, Gy HyK.
Taja Oepwiran Gynkuwsuuur Kpfivatain xupcobaaivus: f(x,, y,). Cysr
yuit (S,) coxannur 1034 S, ra kVnalitupu6, Kyitnzars

o =3/ (4 )5, (20.1)
k=0
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Viuppaguan Tysamu3. By (20.1) fwennan [ (x, y) dyskunsaanar (S) 6Viin-
Ya unmeepar durunOucu €0 atanajiu.

Oparparuaex, (S,) (k= 1, n) coxanap AuaMeTpJapHHHHI 3HI KarTa-
. CHHH A 1e6 ojamu3.

20.1-tabpud. Arap A—0 aa (20.1) uaurerpan HHFHHAM UYEKIH
JUMHTTA 3ra Oyaca, y xoija [ (x, y) ¢pynxkyua (S) coxa Gijduta urnmee-
parsaryen  neiinaud, Oy aumur sca [ (x, y) pyrkyuanune (S) coxa
Oyduda ukKu Kappaiu uxmeepaau Aed aranagd. ¥ HH

(1 F(x v)dS (20.2)
15)
Kabu Gearuaadany.
Jlemak,

H f (%, 4) dS~-hm \ [(xk, y) S,
()
Arap z =] (x, y) byHKIHS uerapananrai €nug (S) coXana Gepii-

raH Ba ysaykeus Ofaca, y Xoaza (| f(x, y) dS wuHTerpan MamKya

()
Gynanu.

2. UKKH Kappaan MHTerpaJHHHr xoccadapu. z = [ (x, y) Qyixiusa
(S) coxana Gepaiira Ba y31yKcu3 GVJcHIL.
1°. Arap (S) = (S,) U(S,) 6y.ca, y xoaja
[P 9dS={[lx,pdS+[)[(x v dS
) S0 sy
6ynanu.
2°. Ky#naarn tewrvuik Vpuuwm Gyaagu:

[ [ kf (x, y) dS =k( ['/ (x, y) dS (k = const).
(S) (S)

3. [ (x, y) dyukuus Gitan Gupra g (v, y) pyekura Xam (S) aa y3-
JqyKeu3 Oyviicud. Y xoajsa

[fFx =g ydS=[|]xy dS=[]g(x v dS.
(S) (S) (S)
4°. Arap (S) aa f(x, y) =0 Gyuca, y xoaja
‘ j‘ F(x, y) dS =0
(8
6y amu.
5°. Arap [ (x, y) < g (x, y) Oyaca, v xoana
JI T,y dS<|[glxydS
(S) (S)
6ynau.
6°. |f (v, | (pym\'uuﬂ Xam (S) 1a nurerpaaaanysui 6ynub,
T F g J)dSl<H |f (x, )| dS
(5)
Oyaanu.
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7°. (S) coxazma mynpgait (§, v)) HyKTa TOMHAAZHKH,
([FxydS=fEnS.
S
(S — (S) uuur 1o3u) 6Vaanu.
3. Ukku kappaau HHTerpasiapud xucobnaw. Tekucaukaaru (S) coxa
ywby
(S)={(x, ) =R* a<x<b, e<y<d}
TYrpu TYpTOYpUak coxagan u6Gopar OYvcuu (136- qnsma), z=Ff (x, 9

dyukuua wuy (S) coxaza Gepunras Ba vanykcus Oyuicun. Y xoaaa
xbyuxuummur (S) coxa 6VitMya RKKH Kappaau HHTErpasu

d b
H [ (x, y) dS = g l | 7 (x, v dx] dy,
) ¢ a
) b d
f{repds={[[Fpdg) dc (203
(S) a ¢

6ynaau. )

Jemar, ukkH aprymentan f (x, y) GyHKuuauuuar kypcaruaran (S)
coxa GVitnya MKKH Kappasu HHTerpa/id, apBaj OHp aprymentd OViiu-
Ya, cVHr HKKHHYH apryMenTi OViidua OJHHTaH HHTErpajiapHu XucobJjarl
Gunan xncobiaanap 3x\av

Muco . 5“ — dS uurerpan xucobaaucuy, Gyuaa

(S)
(8) ={lx, YER*:3<x <5, 1<y<2)
TVrpu TYPTOYPUAK.
(20.3) dopmyaagaH doitaatanamus:

[ zas={|fs «]e

a9

5

(‘ x o p -
Asggan ’ — dx uwHrerpanHi XncoOgaiimius. Yuga y yHu yarapmac je0
J u

ngapaiiMﬁa:
" 5‘ 2 D
\id3=—18xdx=—‘-*— =-l g _gmy=2
JOY Y. i 2 3 2y y
3 3
Harmwkana )
2 :). ) a9 g 3
“ids;j D'—‘dx d ~§§ dy—8(% —gmyl| =
y y Yy Jod i
S) 1 1

=8 (In2 —Inl) = 8In2
6ymamu. Jlemak,
|
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ﬁ £ S = 8In2.
- ; V.S) y
Suau (S) coxa IoKopHaaH ¥ = ¢, (X) QyHKUMA rpadurd, nacTiad y =
= @, (x) dysxkums rpapury, €n ToMoWJapuaaH X =a, X =2b5 BepTHKa:
yuaiKsap OuJian verapajanran coxa OViacun (137-unsma).

z=f (x, y) pynxuus wy (S) coxama Gepuaran Ba y3aykci3 6Yamb,
@; (x) Ba ¢, (¥) dyukiusaap [a, b] na yaaykcus Gyacun. Y xosaa
z=1{f(x, y) ¢yskunsuunr (S) coxa OVitMya HKKH Kappajau MHTerpajiu
MaBxkya 6yano,

b @y (x)
({7 pds={ [ f &y dyl dx (20.4)
), a o
Gynanu.
Mucoa. ([ (x-+y) dS rurerpan xucoGaancun, Oynia
S)

(S)={(x, ER*:0<x< ], x<y<2—x%.

Bepuaran unrerpasun Xucobuanr yuyH aBasto (S) coxann aHuksab
onamus. By (S) coxa lokopuzan y = 2— x* napa6osa, macTiaH f = X
TYFPH YH3HWK, €H TOMOHJapHian 3ca X —= (0, ¥ = | BepTHKAaI Yn3uKJap
6GuJian yerapasanran coxanu ugoganaian (138- uuzma).

FOkopnaarn (20.4) dopmyaara k¥pa

1 2y
(fe+nas=([[ -+ dy| ds
1) 0%
G6yaann. Papmwanku,
2-.1' o wr ;__-"’ 2—x*? 2_x=
3 (x+y) dy = \ xdy -+ \ ydy = x.s' dy - s‘ ydy =
x x p 2 3
2= y* 22t a ! >
= Rk = % {2—~xV—A) = [@—)F—2] =
x - Ix b
=2 —x0— 22 - \‘—71, %=
—— s —L et t
2 2
Y xoana
1
” (c+g)ds=| 'li e x-—2\+2] dy =
(S) g =
L L AT BT T A s B e P
i 25 ¥ 2Bk Bk L—




gt :_._-{- 1 +2_—-— 6ynanu. Jemak,

: _ 1ot
L (x+9)dS =L

Hkku kappalu MHTErpaiHHHr TATOMK JOHpacH KeHraup. Yaap ép-
AaMuAa TEKHC INAKIHHHC FO3WHH, MACCAHH, CTATHCTHK MOMEHTHHH TOMMIN
MYMKHH.

2-§. Orpu YM3HKJIH HHTErpajiap

1. BupHHuH Typ 3rpH 4M3HKAH MHTerpan. Texkuctukga Oupop srpu
yu3uK (&%) Oepmiran OYJICHH. YHH AB éxu () Owran OearwiaiMus
(139- unama).

By srpu unmsug y3yHwIukka sra Ba yHUHT Y3YHIurH [ GYJICHH. [IIyAB
arpu uusuKaa z = f (x, y) dvukuua Gepuaran (Oyraa (x, y)E(l)) AB SrpH
unsukun Ay =A, Ay, Ay, ..., A,_,, A, = B HyKranap épnamuna n ta
Oynakka GVvuG, Xap Oup A:ﬁkﬂ Oyaakuana uxtuépuit (5, m,) (&, nJE
EA::% +1) HYKTa odamus. By uykrama [ (x, y) QyHKuusmmur xuimari
f (&, m,) i Xucobaab, yiu moc A;zl,\_%l 6y1aKyanuur y3yumrn A S, ra
KynafitupaMn3 Ba HUXOAT

. n—l1
= E [ m) AS,
k=0
HAFMHIMHE Ty3aMu3. By 3 aw uHmeepaa GuruHOw Jeuaaju. YHuHr JH-
MHTH Xyaan 16- 606, 2-§ A4 kearupuiran EHFPHHAMIADHUHT JHUMATH KaGH
TabpHpIasagu.
20.2-taspud. Arap i.-——-mkax {AS,}--0 na o iiuFHHAH YeKaH

Jumarra sra 6y.aca, y xoaaa f (\ y) pyaryus AB sepu wusux Oyiu-
4a  unmezparsanyeuu JednnG, Oy Jumut sca f (x, y) QYHKUMTHHAD
AB srpu unsiy OVitnua Gupunyu myp 2PU HU3UKAU UHMEeeparu Jeitd-
JafH.

Yun

LﬂnwdS

AB
Kabu Gearuianamd. Jdemax,

n—1
\ f(x, y) dS = lxmo llm \ & w) &S

)
k 0

~— -J

1°. (AB) 3rpu uusux ywoy
x=q@

1 y=v (@
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cucrema Gunan Oepwaran  GVanb, 6ynna (1) (t) Ba VY () dyskumsaap

o, Bl Ra yanyxens xemna yaaykens ¢ (), ¥ () (¢ (@) = A, ¢ (B)=B)
Xoculanapra sra OyJcun. [ (¥, y) GyHkuua sca 1y srpu gnspkaa Gepu-
raH Ba ysayken3d 6yicun. ¥ xon,aa

f(x, y)dS
,373
SIPH UMBHKAW nHTerpa’J Maexyja 6Vano,

B
j Fe,pdS=(flo@), yOVETOHFY2@ d(20.5)
AB @
6)'{.71a1m.v

2°. AB 3rpu uusug yiéy

y=y () (e<x<b)

TeHrJiaMa Gunan Gepuiran OVau6, y (a) = A, y (b) = B 6yacun. y=y (x)
¢yHKuusA 3ca [a, b] cermMeHTla Y3IyKCH3 Xamaa VaJIyKens 4’ (x) XOcH-
Jara sra. -

Arap [ (v, y) pynxkuna AB TP uM3HK A Oepwiran Ba yanyKcH3
Gysca, y xonna 6y qynkimsauunr AB srpu uusux OVitnya srpi umMsngiu
HHTerpaj MaBmya OViuo,

b
g f(x, y) dS = g F, y () VT+y? () dx (20.6)

AB a

Gynaau.

IOKopuna xearnpuiran ¢axraap [ (x, y) GVHKIHA SrpH YH3EKIH HH-
TErPaIMHUHT MaBXyVIHIHHI npoanaOrina Koamaii, GaJku yHI XHco6-
Jall MMKOHHHU Xam Gepaji.

(20.5) Ba (20.6) dopmyJanap KYpcataiuky, IrpH YH3HKIN HHTErpaj-
Jap aHHK WHTerpajra Keatupiuiaan. AHHK uHTErpasin  Xucobnansm
aca XVI 6006, 6-§ na Garadeua Vpranran 31uK.

Mucoa. Kyinparu

V V2+y* dS

B
OGHPHHYM TYP STPH UMK HHTErpas XucoO.aaHcud, Gynja ,ﬂ?_mp;(a-
au (0, 0) nyxrapa, pamiycn r =2 Oyaran ailanampnr OCHPHHYH KRa-
JpaHTJaru KMCMuaaHn noopart.

Ana/mTHK reoMeTpusiaH MabayMKH, mapkasu (0, 0) myKraja, pamu-
ycu r =2 6yJrad alJaHaHHHT TEHr/1aMacH

X4 yt=22=4
6yaamu. Dy afinavannnr OWpHHYH KBaJpaHTAArH KICMH
y=Vi—= (0<x<2)
6yaanu. (20.6) ¢opmyaagan doiiaananné Tonamus.
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Srpu¥ynsugsn MHTErpaniap XaM anuK MHTerpaa Xogcanapu KaGH
xoccanapra sra. Y.JapHuHr Oabau Gupaapuun xeartHpur Ousad  Kudos-
JIAHaMH3.

AB srpu uusugaa z = f(x, y) dynxuus Gepuiran Ba yanykcus Eya-
CHH.
G Arap/TB — AC -- CB 6yuca, Vv Xxo.1a
Sfr $)dS = Yf(x 9)dS - \,(\ 1) dS
AB Ac
6).7(311“
\/ef(x y)dS =k \ flx, y)dS (k —const).
AB AB

3°. AB 3rpu uksHK1a g(x, ¥) QyHkus Xam Oepuarad Ba yanyxcus
Oyacud. Y xomaa

[ 7x, ) = glx, ))aS = { f (x, 5)dS + fa

AB AB AB

x, y)dS

6Vaanu.

S
2. UKKMHUYM Typ SrpH uYM3MKJAH HHTerpaanap. Texucaukaa AB srpu
unsuk, Gepuaran Oym6, Gy srpu unsukaa 2 = f(x, ) QyHKUus aHHK-
Jgauran O6Vacud (140-ynama).

AB srpu wunsukan Ay, A, A,, ..., 4,(4; =4, B, =B) uykra-
nap @€pmamupa n Ta Gyaakka Oyamb, xap GupAAk a(k=0,1,2
., n) 6yaakuaga uxtuépuit (£, m,) nykra onamu3. By wHykragarun

dyukuusunar - Kuivatt f(§, m,) Hu A 4,;4_] éimnuer  Ox  YKHaa-
ru npoekuusicn Ax, ra, cyur Oy yxuaarn npoexuwsicd Ay, ra Kkynai-
Tipu6, ywoOy HHFHHAWIADHH TY3aMu3:
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n—1 a—1"
L) B go’ (ri 'Ik)Axk, G, =§oi (gk, YI,,)A!/,,- (207)
(20.7) xam ummeepar duruxdurap ne6 arananu.
20. 3- Tanpnd. Arap A =max|Ax,|—0 na o, furanan, A, =
=max | Ay, | >0 Aa 0, AHFRHAM YeKJu JuMuTra 3ra -Gyuca, y xonpa

(%, y) yaayxcuz AB sepu wusux Gyiuva urmezparranysdu neiiwnain,
Gy auMuTIap 3ca f(x, Y) DUHKYUAHUHZ UKKUMMU MYp 92pu HUBUKAU
UHmezpaarap Neruaiu.

Yaap Moc paBumiia Kyinaaruya

S f(x, y) dx, ‘\‘ fx, v)dy
AB AB

kabn OGearunanani.

Jlemax, f fx, y)dx =

o Ay—> 1
AB

; Y
’hmoc, = 71Lxm0 ‘\__/(Ek. NAX,,
k=0
n—1]
J 1 gy = limo, = lim N (&, m)Ay,.

AB k=0
Y6y

VFte gde+ | glx, y)dy

AB AB
AUFHHAN UKKURYU MYP 32pU HUSUKAL UHMEZPAAHUHE YMYMUL K{pUHU-
Wiy peinnany Ba

{ Fx, ) dx + gix, g)dy
AB

Kabu OGearnnananu:

§ 1, o)z + g, w)dy = i, )+ [ g (e, 9)dy.
AB AB AB
MKKuHYH TYp SrPH YH3HKJIH HHTErpajyiaDHMHI MaBKYAJUTH, yJapHu
Xucobnaw, OyHAaH 3rpH YHSHKJH HHTErpa/lIapHHHr XoccaJapH iOKOpHAa
KeITHpuAran GHPHHUH TYD STpH UHSHKJH HATerpaaap kabu Gyiamn.

3- § Napamerpaapra GorIMK MHTerpaJiap

1. TMapamerpra GoriHK (YHKUHS TYIWIYHYaCH BAa YHHHI XOCCanAapH.
2= f(x, y) GyHkuMa TekucAMKAard TYFpH TYprOypyak coxa (D)=
 ={(x,yER:a<x<b c<y<d)|na anuKnaHrad Ba yaiykcu3 6y.-

cun. Bepwiran f(x, y) dyHkuugsuer y aprymentH [c; d] opaiukia ¥s-
ra :

paél:mi m\ opaymugaari Gupop TauMH Y, KuiiMatHd o6, f(x, y,) HM
Kapaitmu3. Papmanks, f(x, yo) dakar x raruna Gormk. [emaxk, f(x, yo)
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e

kA [a; b] na yaaykcus dyrkums 6yaamu. ¥ [a; b] ma wmTerpan-
qH, ABHH

b
I, = | f(x, ydx : (20.8)

MaBKyl.
Suan f(x, y) byukuus y aprymentunuur [c; d] opaaugaarn Gowka

Oup Taity y, Kuimartnin oaud, f(x, y,,) nu KapaiiMus. By xam x rarusa
GorauK GV/mO, X yHuHT [a; b] naru yanykeus yukumsack 6yaaau. lemak,
f(x, y,) xam [a; b] opanukia HHTErpaIanyBuH, ShHH

b

I, = flx, g)dx (20.9)

Mmasyl. (20.8) pa (20.9) unterpaniapuuir KuiAMaTIapH ymyMaH aWTe

raifla Typauya GyJsiaju. .
Mucoua. Ywby [(x, y) = xy dyukumaun (D)= {(x, ) ER*:10 L x<<
<1, 0<y< 1| na xapaiumk. By ¢pyuxunsa (D) na ysnykcus. Bepua-

- 1 %
rat QyHKUMA Yo = — 1a f(x, Y) = x- F 6yinb, YHUHr WHTErpaju

2

o
K3

I
(" i 1 a2
10 =j .\"Td).':—'T ==
8 P 2

6yaagu. Kapanaérran QyHKuMs Y, = -—l-E[O; 1] na f(x, yy) =x--%

6Yau0, YHMHT HHTErpajH

6ynann.
IOkopuaa aitTuiransapaan XaMa KeNTHPHJIraH MHCO/IAAH KYPHHALHKH,
= f(x, v) dynkunsuunr [a, b] opammk GVitwya uuTerpaau

2
) f(x, y)dx

y V3rapyBUMHHHT [¢; d] opajuKAan oJHHraH KuiiMatura GOFHK GYJamu:
b

Iy) = | { (x, y)dx. : (20.10)
a

(20.10) unterpan umkku aprymeHTaH f(x, y) QYHKUHAHH X apryMmeHTH
OVita [a; b] opasmkaarn amuk uHrerpaamaup. Jemax, f(x, y) d¢yHK-
wusiunr (20.10) KYpHHHIIZArH HHTErpaTuHH Kapaulga y Hu V3rapMmac
ne6 xucobmanamy. Hlyuunr yuyn Xam yuu napasemp Aeinau6, (20.10)
HHTerpaIHu 3ca napamempea Ooraux unmeepar pefunagu. DBepuaran
2z = f(x, y) pynkuusra x¥pa (20.10) mynocabar épaamuga suru [ (y)
byukius xocua 6yianu. _

[Tapamerpra GornMK MHTErpasiapia ypraHujaJuraH acocuit Macaja
f(x, y) dysKuusHHHr Xoccanapura Ounoan /(y) YHKUMAHMHr XOccasias-
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.

=

e ) . “.Z- [‘)” e N AL . 3 Uy

i g hGopamnp. Kyina ury  XoccasapHuHr  Gab3ujapumn

I°. F(x, y) dymkmna (D) = [(x, y) ER*:a<x<b, c<y<d) co-
Xafia Gepuiran Ba y3aykcH3 GVicnH. ¥ xoaaa

. puHH TonMII

b
I(y) = .g f(x, y)dx

¢yHKIus Xam [c; d] opanukia vaaykcus GVaaam.

2°. [(x,y) dynkuma (D) coxana Gepwiran pa ysaykcus 6y.am6, y
uy coxaja yaaykeud f,(x, y) xycycuit Xocwaara sra 6Yuchn. Y xosga
I (y) dynxuns xam [c; d) na Xocunara sra GG,

b

T(y) = f,(x, ydx

J
[
6ymann. ~

3% f(x, y) pynxuus (D) cosana Gepuaran Ba yanykcus 6yacun. Y
xonpa I (y) dynkuus [o; d] opamxaa uHTerpasianyBun 6Y.me,

o>
=

4 g ) s
[1@)dy =[[[}(x, gax]dy =],

(4

f(x, y)dy] dx

G

o

6y1amm.

2. INapamerpaapra OOFIHK X0CMac MHTerpaasap. Jiinep unTerpad-
napu. Bna maskyp xyperunr XVIII 606nna werapanapn wekcuz xamaa
yerapaJlanMarat - (pYHKUHSHHHT XOCMac WHTerpajJapi Omian Tenmrad
snuk. [lapamerpra GOr/ME XOCMac MHTErpalsiapui XaM Kapail MyMKHH.
Macanan, f(x, y) dyukuus ywby

((x, )ER:a< <+, c<y<d)|

coxazna Gepuaran 6yiul, y VsrapysuuHuHr [c; d] opamukzaas  oauwnran
Xap Onp Tafiun KuiiMatHla X aprymentd GVinva [a; + o) opamixza
WHTerpa/ianyBuy GVJcnH. YHza

—_}w
i f(x, y)dx

uHTerpan napamerpra Ooruik GYaran XocMac (derapack ‘uexcys) um-
Terpan Gyzaanu.

Xyamu mynra yXwau napamerpra GOFJHK uerapasanMaran (yHKums
XOCMac MHTErpaji TYIIYHYacH KHPHTHJAMH.

TNapametpra GOF/IMK XOCMac MHTErpainiapla XaM IOKOPHAarmaex, Ge-
xXuarad f(x, y) GYHKUMSHAHT Xoccajapura Kypa napamerpra GorHK
pocMac MHTErpa/IIapHHHT MOC XoccalapH ypraHuJan.

Ynap MaTeMaTHK aHAJMBHHHr HOSHK TYIIYHYaJapura acocjaHapm,

Bus Kyituga napameTpra GOF/MK XOCMAC —HHTErpaJlapHHHT  MaXcyc
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Tyﬁuﬂu—Sﬁ.uep, WHTErpa/llapiHH KapaiMus Ba yJapHHHT XOCCalapiHH
KeJaTHpamus. Yoy

1
B(x,g)= [ £ 01—ty (20.11)
0

et
F=|{ te'dl (20.12)
0

unrerpaaiap Jusep unmeeparrapu Aeiinnam. (20.11) uurerpan Bema-
¢pynryus, (20.12) unrerpan lamma-¢pynrxyua ned atananu.

Ilemak, Bera- Ba I'amma-pynkumusanap napamerpra OOFJIHK —XOCMac
HHTerpaIapanp.

Bera-pyHkims

1
B(x, y)= [ £ (1 — ) at
]

X ra y VarapyBuugapHuur x >0, y > 0 6Yiran  KuiiMatiapuja aHuK-
Janran (MaBKyza 6yaaan).

[amma-hyHkims
+.uo
Mxy= | e at
0

sca X VarapyBuumnunr x >0 OVyaran KuiiMaTlapuia aHukJaHrad (MaB-
aKyn 6Vaann).
B(x, y) Ba I'(x) dpynxkumuazap 6up KaTop MyXuM XoccaJjapra 3ra.
1°. Bapua (x, y) (x >0, y >0) yuyu

B(x, y) =By, x)

6yaanu. )
2°. B(x, y) dbynkunsng xyifiufaruga XaMm €suil MyMKHH:
+0
B j il
“o=)

3°. Bapua (x, y) yuyn (x>0, y> 1)
B(x, y) = —4=1 IB(X' y—1)

x+y—

Gyanu

4°, Arap y =1 —x (0<x< 1) 6yaca, y xo1aa

+0 :
o - = =
B(x,y)=B(x, 1 —x) —Os 17 %= ws

Gyaanu.

Xycycan, x = ;—, y= --12-- 6yuranjia

15—267‘,8 . 225
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g
sin—- (20.13)
6ynanu.
5°. Bapua x >0 yuyH
IF'(x+1)=1T(x)
6ynanu.
6°. Bapua x>0, y> yuyu
I (x)-I (y)
B(x,y) = ——=
(x, 4) =+ Gr o) (20.14)
Gyany.
20.1-natuxa. (20.13) Ba (20.14) mynocabarnapaan 0 <<x <1 yuyn
Fre@-r(—x=—
Sin X
OyauLm Keamb yHKaiu.
XycycaH, x == -%— 6yJaranaa
1 1 b1
F(T)’ r(‘l '7)2 1
sin 2 n
€KH
1 2
(F(z)) ==
616
r(3)-va
6yanu. E
XXI BOB. KATOPJIAP
1-§. Connn KaTopaap
Bupop
a, @y, A ..., 4, ...
COHJIap KeTMa-KeTjuru Oepuarad GyanG, yHuHr €pJamuga ywmly
G 0 v s AP o (21.1)
uhoaaun xocusa Kuaunran. Oparaa 6y (21.1) udoxna uekcus karop (kuc-
Kaya Karop) Ae6 aranamu. a,(n=1,2, 3, ...) COHJAp KAaTOPHUHT
Xapjapu (a, —OMPHHUH XajM, @, — HKKHHYH Xaiu, ... @, — N-XajH,
€KH ymMyMuH XamH, ...) Jaeimnagu. (21.1) xaropuu KucKaua FHFHHAH

oo
Geqrucd OpKaad ) a, KaGH €3uiaju:

n=|\

o

Al

Zan=al+a2+aa+ s & SR e
n=1
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DUJITaH KaTop xazmapﬂ‘ €paamuaa Kyiugarn
S =a,
S;=a, +a,,
S;=a, +ay+as,
S, =ay+a,+a+ ... +a,
« ® w om : 5 (21.2)
AuFMHAMAapHH Ty3amn3. By fuenaausaap (21.1) kaTtopHuHr KucMuil -

ruHANsIapH ae6 atasaan. By fiurunannap
S s Sy » v 5 gy s

n
KETMA-KeTJINKHH XOCH/ KWJIaau. YHH {Sn} Kaon GeJsrnyaimus.
[lynnait kuau6, (21.1) katop Gepuaran Gyvica, xap aoum 6y KaTop-
HUHT KHCMUi Hupnnauaapuian uéopar | S, | KeTMa-KeTIMKHH XOCHJ Ku-
JHI MYMKIHH.

21.1-tabpud. Arap n— oo ja (21.1) KaropuuHr KHCMHH HHFHH-
AuJapuian uGopar (S,) COHJIAP KeTM2-KeTUINrH YeKaH JHMHATra sra

lim§, =S8

n—oo

6yaca, y Xoama (21.1) xatop sikunaawyBuy, S 3ca  KATOPHHHT JiMFHH-
JUCH JeHHIIanH:

o0
S=Ya,=at+a+a+ ... +a,+ ...
n=1
21.2-tabpud. Arap n— oo aa (21.1) Karopuunr KucMuH HHFHH-
aunapuaan ubopar | S, | COHMAP KETMa-KeTIMMHHUHT JUMHTH YeKCH3
6yaca éxu Oy aumur MaBKyaA Gyamaca, y xoama (21.1) karop ysok-
JIallyRuH JefinJau.

1 1,1 1
N naap. . —4+—+4—
Mucoaaap. | 1_2+2'3-t-3_4+ +n(n—'- T

3 1
Kapaitmus. By Karopuunr Gupnnum Xamm a, =15 WKKHHUH  Xaan
1 B 1
S YUMHUIL Xal = ——  BA XK, n-Xam @

2. i 3. T (1)
Ba X.K. Kapa.naeTraH l\:a'ropmmr KHCMHH HUFHHIWIAPHHH TONAMH3:

-+ ... Karop HH

a; =



8 %%+5&+'”'+}an=(“_%J+C%_"%)=
3

1 1 1 |
—— e s —_—_ = 1= :
( 4 ) T + ( n n-—+ l) n+1
lyupait Kuauo, 6epn.nrau KaTOPHHHT KHCMHIT FMFHHANJapHAaH u6o-

par (S, | KeTMa-KeTIHK KyHufarnua Gysamyi:
1 1 1

o, Do, TS, Lo, Tesesta .

1
=5+

3 4 n—+1
By keTMa-KeTJIMKHHHT JIHMHTH :
limS, = lim (l — =
n-+ n—" n —;“ l/

ra Teur. Jlemak, Oepu/iran Katop SIKMHJAIIYBYUM B4 YHHHT  HHFHHAHCH
1 ra renr:

R B I SO _
].2+2.3+34A -..+n(n+“ T « o l.
1 1 | B %
2. = V3 +T/—37—_+ e 5 e + ... K4aTOpHH KapaiMus.
YHUHT KHCMHH fHFHHAWIADH <
Sl=lv
1
1 |
Ss—l+y_§-+'r—§.

Sy=l+—mt—a=t ... +—,

V2 15 yn

6§16, Gy h‘ucmui'x HurusuIapaan noopar | S, | kerma-kermk 1, 1+
1 l 1 1
== l eowie l +——.' T « e —_——
-I-V,,2 +'V2 +— V3 + V3+ +Vn
—, ... G6yaanu. Arap n>l 6§’mrauna

1 | 1
S—I+V2+ A T >V— Vn+lf’rz—+”'+7§_
=Nn:—= V__. Vn 6ymamn 31>Tu60pra oscak, y xoaza lim §, = + oo
n n—soo

9KaHJUruHM Tomamu3. Jlemak, Gepu/ral KaTtop V3OKJ/allyBud.
3. 1—14+1—1+4 ... +(—=1""+ ... katopun Kapaiimus.
By KaTOpHHHr KHCMHil FHFMHIHIaPH
Y]
S;=1—1=0,
S=1—14+1=1,
S4 l—141—1=0,
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a+1 _ [ 1, arap n— ToK Gyaca,

Pl it b b Sba, o Wy {0 arap n—xypr 6yaca
6y.rm6 6y KuCMMH ﬁnrmmunap,uau nbopar {S | xerma-xerimk 1, 0,
£O 1,0, 6yanu.

PaBﬂ]aHKH, 6y KeTMa-Ke1JIMK JuMuTra 3ra 3Mac. [lemak, Oepuaran
KaTOp Y30KJalIyByH.

4. a+ag+a+ ... +agd" '+ ... katopun Kapaimus. By
KaTOPHHMHI XaAJapH TreoMeTpHK nperpeccusi Tawkua kuitaau. Hlysunr
YUyH YHH TEOMETPHK KaTop Jeruiain. YHUHD KHCMHH  WHFHHIHIAPH

(g 1)

S,=a-ragt+ag*+ ... +ag =——mo-

6yyn6, yJapiaH TyswJIraH KeTMa- KeTJHK
_ | a" —a
1S} =1—¢=1
6yaaau. By KeTMa-KeTJIMKHHHD JMMATH ¢ ra GOraMK  GyJajau.
a) |g| < 1 6Yacun. Papwanku, limg" = 0.

n—swx

n— ( .
Yuga limS, = lim I =2 —1im L——I—I—q") I
n— @ nsw §—1 nsw \l—g  1—g na% l1—gq
l — gno0 1—g

6ynanu. Jlemak, Oy XOJJa TreoMeTpHK KaTop sIKMHJauwyByn G6Yum0,
YHHHT HHFHHANCH S = IL 6ynaau.
—q

6) g > 1 6yacun. By xomna
limS = lim (—a—— o q”):oo
n—» 00 nsw \ 1l —gq l—gq
Gyaanu. Jlemak, ¢ > 1 Gyaranjaa reoMeTpuk Katop ysoxgnamyaqn

B) g=1 Gyacus. By xompa S,=a-+a-+a+ ... +a=na
6y/mo,

limS, = { -+ oo, arap a > ( 6y.ca,
N+ 00 — oo, arap a < 0 6yuca

6yaagu. Hemak, ¢ = 1 GYuranaa Katop y3oKJairyBuH.



1) g< —1 6yacun. By xoana [S,,} KeTMAa-KeTIMKHUHT  JIAMHTH
MaBKyx Oyamaiiny.

Ilywnuraek, ¢ = — 1 6§aranga xam (S, | KeTMa-KeTIHKHUIHT JIHMH-
TH MaBkyj svac. Uynku Oy xoama | S, | kerma-kermk ymby a, 0, a,

0, ... kypunura sra 6yau6, y aumutra sra smac (a5=0). Jlemak,
g< — 1 OYaranaa Katop ysokaamyBuu GViiamu.
Hlyupait Kuauo,
atagtagd+ ... +ag"'+ ...

recmerpuk Karop |g|<< 1 Ofuiranaa sKHEIALLYBYM (ﬁunmﬂ.ucn S=

a . "
= ﬁ ra Teur). lg| > 1 6yaranaa ysokaawysuu GViami.

2-§. SIKMHJAWyBYM KATOPNAPHHUHT XoCcagaapH

Bus Kyifuga AKHHIAUIYBYH KATOPJAPHUHr Oab3d  XocCaslapuHH KeJ-

THPaMu3.
1°. Arap
Q
Zan=al+a2+a3—f— ¢ se: Bl o s @21.1)

n=1

Katop AKuHJamysyn Oyaub, yHuur fwrmsaucn S ra  tenr Gyica, y
XoJ/1za

20
Zc.an__:cal—i—ca2—|’—ca3+ i wie Caﬂ+ CE (213)
n=1

Karop XaMm SIKHHJawyByd GYau0, yHuHr iurunancn c-S ra tenr Gyna-
Iu, G6yHpa ¢ — y3rapMac COH.

HUc6or. Hlaprra kypa (21.1) KaTop sIKMHIALIYBYM BA YHHHT HHFHH-
qucd S ra tenr. Jlemak,

lim §, =1lim (@, +a;,+ ... +a)=S.

n—x n—sox

(21.3) Karopuunr KucMuil fuemHAHCHHM S, GHuai GeJrH/aiMu3:
S, =cay+cazg+cay+ ... +ca,
Pasianku,
S, =cay,+cayg+caz+ ... +ca,=
=c(@+a+ta+ ... +a)=cS,.
Harukana
lim S, =limcS,=clim§, =¢-§

= s N—w n—»w

6y/mumHy Tonamu3. Jlemak, (21.3) KaTOPHHHr KHCMHI HHFMHAWIApHAAH
ubopar {S,} kerma- Ketmk ¢S Jaumutra sra skan. By sca (21.3) Ka-
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TOPHHMHI SIKHHJIAIIYBUH Ba YHHHT WHHUFMHIMCH ¢S Ta TeHr SKaHJHTHHA
GuuTIHpaiH.
2°. Ukknta Katop Gepuiran GVJcHH:

Ean=a,+a2+a3+...+an+..., (21.1)
n=1
i¢=m+m+@+.“+%+”. (21.4)

n=1

Yoy
(ay+ b)) + (s + by) + (a3 + b)) + . ... +(an+b,,)+

Katop Gepuarau KaTopjap HHFHHAMCH Aeiwnaan Ba (@, +b,) xabu
1

s

GesirniaHaiu:

2 (a,, + b,,) = (a, + bl) + (az + bz) + (as + ba) 4+

n=1

=t vos FlAERE)E o
Ymby
(@, —b)+(@ag— b))+ (@z—bg)+ ... +(@,—b)+ ...
Katop Gepw/raH KaTopJap aiupMacH JeHwIaaH Ea

S @,—5)

n=1

Kabu GesruslaHajy, sibHU

E (an_bn)=(al_bl)+(a2_ o) + (a3 — bs) +

n=1

+ v g s

Arap (21.1) Ba (21.4) Karopaap sKHHJAIIYBYH OF/MO, YJapHHHT HHFHH-
anch Moc pauinaa S’ ra 8” Gyaca, y xoana

S @, +0) =@ +b)+ @b+ @b+ ... QL)

n=1

KaTop XaM SIKHHJIayBud Ba yHuHr #wrunaucn S’ 4 S” ra Tenr Gy-
naju.

HUc6or. (21.1) Ba (21.4) KaTOpJapHHHI KACMHIl HHFHHAMJIAPHHH
foc pauiAia S, Ba S, Ouian Genruiaiiuk:

S =at+agt+a+t ... +a,
S"=b+by+bs+ ... +b,
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¥ xoana
limS§, =8, limS§,=8"

n—ox N—xn
6ynann. N
(21.5) karopuuHr Kucmuit HurunaucH S, GyJcHH:

—§n - (al + bl) + (az + b;) 4 5w + ('a” + 1)’1).

PaBankn,
§n=(ax+bx)+(02+bz)+ con (@, 1+ b)) =
=(@+a+ ... +a)+0 +b+ ... +b)=S +S.
Haruxana
LIT S — llm (S”+S )= hm S, + nlim S, =845

6yJaanu. Jlemaxk, (21.5) KaTtop m\_mmawysqu Ba VHHHT  PHFHHHCH
S’ 4+ 8” ra renr.
3°. Arap

i
Y !
2 a,=a+a,+a;+ ... +a,+
n=1
KaTop sIKMHJalyBun OyJjca, y XoJ4a n—- 00 Ja Oy KATOPHUHT yYMyMHil
Xaau a, Hoira maTWIamn: lim a, = 0.

n—ce

Hc6o1. Bepuaran karop akuHaawyrud GV/IuG, YHHUHT HFHHIMCH
S ra tenr Gyacud. Tabpucra Gunoan lim S, = S, Gynna
N—s

Sn=al+l12+(13+ “ e +an.

PaBwauku, S, | =a,+a,+a3+ ... +a, , 6y16, a,=S,—S§,_,
O6yamagu. Kelunru TeHrymkia n—- oo Ja JHUMHTTa YTHO TONMamu3:
y e _ i b i 6
lim a, =lim (S, —S,_) =lim §,—1limS§,_j=S—8=0.
n—w n—swm n—s»x M=+
By sca 3°- xoccanu ncOoTIaiH.
21.1-3canaTma. Bupop KaTOpHMHT yMyMHil Xaiu 7 — o0 Ja HOJ-
ra MHTHIHIIMAAH KATOPHMHI SIKMHJIAUIYBYM OV/MIIM Xap J0MM XaM Ke-
Jub yuKaBepManiu.
Macanan, ymby

2 R T . S

vn yg— |T yn

n=1

KaTOpHMHr yMymuil xaau a, =1/ n 6yamb, n— 00 1a HOAra MM

Janu: hma = lim l_ =0.
n—»oapn

AMMO Gy KAaTOPHHMHTr Y30KJallyR4yH OY/IMIIMHH KYpras sjik.
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Jlemak, 10KOpHAa Keatupuirad 3°-xocca KaTop SAKHUHJIALIHIIHHHHT
3apypuil 1apTHHH UoRaiaiau.

3-§. KaTtopiapHuHr SIKHHJALYBYHIHTH

Bupop
Ya=atatat... +e+... @L.1)
n=1
Katop Gepuiran OyauG, yHuur Xap Oup Xaanm Mauduit GY/MacHH, SBHH
>0 (%neEN) (21.6)

6yscii (ofaraa OyHjail KaTopjapHu MycbaT XaaJdd KaTopJiap Jeiiuna-

IH).
21.1-teopema. Arap (21.1) KatopuuHr KHCMHIT HHFHHIUJAPHAH
ubopar {S,} KeTMa-KeTJIHK IOKOpHAAH uerapajanran Gysica, y Xoaja
(21.1) kaTtop sKHHIaLIYBYH OyJIaaH.
Hcb6or. Bepuaran (21.1) kaTtopuuir KucMuii HUFHHAHJapHAAH HOO-
patr {S,} KeTMa-KeTJHKHH ojamu3. Dy xeTva- KeTJk IOKOPHIAH Yera-
panaiiran GYJICHH, ABHM o

S, <M (¥neN).

Hkkurun Tomonaan, Gepuwiran Katopunir Xaddapu (21.6)f maprau
KaHOAT/AHTHPHILIHA YBTHOOPra oM TOnaMia:

S;'l—al-ra2+a3-r'! ‘an‘ u+l’S+an+l>S;'

Hevax, ¥ n€N yuyn S, <S, ., O6Vaagu. by {S,} kerma-keTmg-
HuHr Yeyeun skaHubn Oniaupaau. Ilywnait kuau6, {S,} kerMa- keTiHk
yeyBuM Ba Yy 10OKOpHAaH yerapasanrad. ¥ xoaja 6y {S,} kerma- KeTuK
yekau JumHrtra sra Gyaamm: lim S, =S.

n—scn

Jlemak, GepuiraH Katop SIKMHJamyBun. Teopema ucGor GV/au.

21.2-scnratma. Arap (21.1) Karop sKuHjamyBuu GVJaca, YHHHD
KHoMiti finpunanAapiian ubopat {S,} KeTMa- KeT.ThK IOKOpHJAH 4erapa-
Janray OyJ/anu.

Xakukatan xam, (21.1) katop sikuHiamyeyn O6yJca, YHHHT KHCMH
iunmmmapunau noopar {S,} KetMa- KeT/IMK 4ek/ Jumutra sra GyJa-

Mamym(n YeKJIM JIUMHTrA ra OyJraH KeTMa- KETIHK uerapaJaH-
rau KyMIalaH I0KOpHIaH qerapanaﬂraﬂ Gyani.

2l.1-uatnxka. Arap 2. (@, >0, n=1,2, 3,...) Karop-
n=1
HUND KHCMAi fiuruBauapuan u6opaT {S,} KeTMa- KeTMK I10KOpHAAH

x
yerapananmaran 6yica, y XxoJja 2 @, KaTop y3oKjauryByn Oy/1amu.
n=1
Ywby
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o

xan:::al-{-az‘*‘as‘l_ o %ata +a"+ &1y

n=1
§ﬂ=M+%+%+“‘+%+“‘
Karopaap Oepuaran 6yim6, a, >0, b =0 (=1, 2 ... 6Vicun.
21.2-treopema. Arap

a,<b, (n=1,2,3,..)) 21.7)
6y.m0, N b K:TOp SIKMHJAWIYBYM Oyica, v XoJme {" <
Y ;:‘l a KETOP fAK y yJaca, y Xo/aaa - @, Karop xaMm

SIKUHAAyByn OyJau.

Arap a,<b, (n=1, 2, 3, ...) 6yam6, E @, Katop y3oKJallyB-

n=1

7 o
gy Gyaca, y Xoaaa 2 b, KaTop XaMm y3oKJalyBun Gyaaan.

n=1

Ucbor. Z a, Ba z b, Katopiap Xaidapu opacuaa (21.7) mymo-
n=] n=1

cabar ypunan Gyicud. Y Xoaja Oy KaTOPJApHRUHT KHCMMIT Hurisauaapu
S,=aytay,t+a;+ ... +a, S;=b+b+b+...+b,

yuyH ,
S'<S

n n

n=1,23... (21.8)

6yaaan. Llaprra kypa ‘\_" b, Katop siknujamyBud. Y xon1a 6y Katop-
n=1

HHMHP KMCMHH fiMFnHanaapugad  nbopar {S} KeTMa- KEeTIHK  I0KOPHAaH
yerapaJjanran Gynam S, <M (n=1, 2, 3, ...) Yuaa (21.8) mynoca-

Gatfan ¢oiinananné tonamus: S, < M. Jlemak, \ @, KATODHHHT KHC-
=
MH# unruummapu,uau noopar {S;} KeTMa- KeTJIK IOKOPHJaH uerapania-

rad. 21.1-Teopemara kypa kKarop AKHHJIawyRyH OViaanm.

Xyaan wydra yxwaw, (21.7) mynocabar ypunan Gyaranja E a

n=1

n

€0
KATOPHHHI y30KJauyBun GyauiiuiaH Z b, KaTOPHHHI XaM y30KJailyB
n=1
gu 6yammm kean6 unkumy ucborananu. Teopema mcGor Gyuam.
21. 3-teopema (Kowwu anomaTtn). Ymby

zan=a,+az+a3+ vis o el v
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(@,>0,n=1,223..)

Karop Oepu/raH GYVICHH.
Arap

an < q
d.“

6§06, ¢<1 6Yaca, y xoima a, Katop AKHHIawyBun Gynaau.
aerar

n=1
Arap
—
]'. an = I
x
6ynca, y xoaja ‘\_" @, Karop ysoKJauyBuu OViialu.

n=1

o© nr—

Mc6or. Bepurran N a, Katop yuyn y a,<q Oyicun. Keiiut-
o = =
n=I1

M TEHTCH3THKHUHT Xap MKKH TOMOHMHM M- Japaxkara KyTapu0 TOnamus:
&8 =12 8- ) (21.9)

ot
Bepuaran Y @ Katop Guian Gupra SKHHJamyzun GyaraH reomer-
-~ 7 ¢ .

n=1

PHK KaTOp Eq" Hi Kapaiiuran Gyucak, yuaa (21.9) mynocabatin 9bTH-

n=1
o0

Gopra onran xoqaaa 21.2- Teopemanau ¢oiinananud, ‘\:‘ @, KaTOPHWHT

n=1
AKHHTAWLYBYH 63"'JHIHHHH TOMaMH3.

SHAM
i
V a,>1

6yicnn. By TeHrcH3 MKHMHT Xap MKKH TOMOHHHH f1- lapaxara KyTap-
cak, yHjaa

a,>1 (n=1,23,..)) (21.10)

s
6ynapu. Bepuaran 2 a, karop Ouian Oupra y30KJauryBym

n=1

2 b= | P10 ...

n=l
1ropuu Kapaitauran Gyvicax, ynaa (21.10) mynocabariu 3wTHGOpra oaran
o
apa, 12.2-teopemanan ¢oiisananud, 2: @, KaTODHHHT Y30K/allyBYH

n=1
WMiKHN Tonamus. Teopema ucbor Gy.iau.
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IOx_opHna Kearupuaran teopeMan (Ko asomathum) JuMur kypu-
HHUIINAA XaM Hgoaasall MyMKuH,

Arap
Ean=al+a2+a3+...+ bk we (@30, R=1,2...)
n=1
Karopja
S n/s
']ll_l;ll V a,=k

€KL
6Ym6, k<< 1 6yaca, y xoana 2 @, Katop SKHHIAIIyBuN GYyaamm,
n=1
k> 1 Gyaca, xatop ysoxaawysun Gynaan. Bywaan suconaaphn eumm-
Jla xeHr doifanannaain.
Mucoa. Ymby

S .

In2 In2 3 Ind4 In®*(n+- 1)

1 c . - e l O
KaTopHu Kapaiimus. By karopuunr n-Xaam a, = P arD 6yaub,
n/‘_ - a/ 1 |

a___ 4
. ]/ In" (n4-1)  In(n+1)

6Viaau. Byunan
lim VV a = lim — =0

n-op n-s In(n+1)
6y mumny Tonamus. Jemak, GepuiraH KaTtop sIKHHIAIIYBYH.
214-tcopema (lanamGep anomarm). Yuwby

Zan;—al—j—ag-}-aa-:— NP <1 g G
n=1
(@,=0, n=1,2,..) (21.1)
Katop Gepuiran OyJicHH.
Arap
an-}-l

——<qg (n=1,23,...)

6yau6, g < 1 6yaca, y xonaa ;\_: @, KaTop AKHHJAlIyBun Gyiaiu.
n=1

Arap
an-H > I

afl
6yuca, y xoaza z @, Katop ysoxJalulyBud Gyaaiu.

n=1
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By Teopemanunr HcGOTH I0KOpHAA KEJATHPH/ITaH TEOPeMaHHHr HCGOTH
Ka6uaup. TeopeMaunHr ucOOTHHH VKYBUHra XaBoJia 3TAMH3.
214-treopemanunr (Janambep anomMaTHHHHT) KyiHaa

uofananaiiral JHMHT KYPHHHIIHAAH KYNrHHA MHCOJVIAPHH  euHIia
¢oit rananuanm.

Arap

Eanral—}—a,—%-as—}— i v 8t vuu (@, 30, 0=1,2, 3,...)'
n=1

KaTtopaa

a,.
. 1
lim LS all =d
n—s=x nn

o0
6yan6, d <1 6V.aca, y xoa1a E @, Katop SIKHHJAlyBuM GyJaaH,
n=1
d > 1 Gyaca, KaTtop y3oxJaaumyByu Gyaami.
Mucoa. Ymly KatopHu KapaiiMus.

o
N n! 2! 3! n!
Do [ el P
d 1" g2 + 33 + n"+
n=1 . 2
By karopzna
_n! __ (n4 D!
a" — ';,; l an+l =t (I? _T_ l)nf—l
6y./110,
Gp iy (n+1H!  n (n+4-1)! n't
a, a+ 1 gt @ttt
1.2.3. ... ne(n-F 1)en" "
= 1 : = (n + ]).,—'l- -
(n4+1"th1.2.3. ... (a1

nn 1 n )n 1
(n—+ l)n (Il»f*l (];r_l_)rx

n

Janan. Jlumurra yTub Tomamma:

Qpir .. 1 B 1 |
o [ \n [ \n e
- (1+—) lim (1+—)

n n—se n

1
JAHKH, —e—< 1. Jlemak, Oepuiran Karop_sIKHHJIALTyBYH.

an-
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4-§. XaanapHHHHr HIIOpanapH aaMallMHHG Kejajuran Karopaap.
JleiiGuuL TeopemacH

Yuby
g —ay+a;—a;+ ... —}-(—1)"-an+ (21.11)
Karop Gynaa @, >0 (n =1, 2, 3, ...) XaJJapuHUHT HIIOPaJapH al-

MalUHHKG Keslajurad Karopaap AeHuJIaiH.
Macanan, yuby

3 —yt. L
1 2+3 4—1—...—1—( 1) n—f—...
T et SRR G )

4! n!

KaTopJap XaJJlapiHHHI HLIODAJAPH aJMallMHuO KeJaAnraH KaTopaapamp.
2]1.5-reopema. (JleiilGuu Teopemacu). Yidy

@ —@y+ag—a,+ ... F(=1"" g+ (@, >0)
KaTop XaJJlapHHHHT HIIOpaJIapH aIMallnHuo KeJlagurad Katop 6S’IJ'ICHH.
Arap Oy KaTOpHHHT XaAJapH y4yH

WaS>a>aG> o >a> i
Ba
2) lim a, =

N—xn

6yaca, y xoana (21.11)-karop sguiiaumyByn GV.iaam.
HMc6oT. Bepunran (21.11) karopuuur Kyiingaru KHCMHH HHFHHIH-
JlapvHH €3aMu3:

82 :_:al_ d2,
S;=a;,—a,+a3—a,=(a,—ay) + (a3— ay),
Sg=0a,—a,+a,—a,+a;—ag = (a, — @) + (a3 — a,) + (a5 — a),

Sp=aqy—0gt+ag—a,+ ...+, —ay=
=(@—a)+(@—a)+ ...+ —ay),
Mlaprra kVpa,
Q>0,>0,> ...2>0,> ...
Jlemak,
a,—a, >0, a3—a; >0, ...,a, ,—a,>0,...

YHJ2, paBIIaHKH, KAaTOPHAHT KHCMH FMFMHAWJIapuiaH nbopar S

Se» + + s Sy - . . KeTMa-KeTJHK ycyBuu Oyuaaju:

~an



! Sprs =@ —a) +(@g—a) + . .. +(ay_, —ay) +
F (g1 — o) = Sop + (g — By p) > Sy
Ukkuagu TOMOHIAH,
Sp=a—a+a;—a,+ ... +ay —a,=0—(@,—a) —
—(@y—a))— ... —(@y ,—ay ) —ay
6y,
a,—a; >0, a,—as >0, ..., ay ,—a, ;>0

Gyaranaurn  caGabmn S, < a; 6ynanu. Jlemak, {S,} KeTma-KeTJIHK

IOKOPH/AH YerapasaHraH.
Wlyupai kummd, {S,,} ket™a-Kemauk YcyBuM Ba 1OKOpHJAAH yerapa-
aauran. [lewvak, 6y {S,,} keTMa- KeTMK yeKk/i JuMHTra sra Gy/iamu:

lim §,,=S§.

koo
Auan Gepuaran (21.11) karopuunr yuoy
S, =a,
S;=a,—ay+ a3 = (a,—a,) +ay,
S; =a, —a,+ a;—a,+ a5 = (a, — a,) + (a3 —ay) +as,

Spppy =@ — @t —a+ ... Ty — 0yt 0y, =
=(@—a) +(a—a)+ ... +(ay_1—0ay) +a,,,

KueMu#t uennauaapuaan Sy, Sy, Ss, ooy Sgeyypy - . . KETMa- KeTVIMKHH
XocHa Kiiamu3. Pasuiank,
Soer1 = Sop gy (21.12)
Arap TeopeMaHHHr WKKHHYHM LIAPTH klim Ay, = 0 Gyammmnn suTHOOPra
o«©

oan6, (21.12) Tenraukaa JUMHTra yTcak,

lim 8, = lim(S,, + ay,,)) =lim Sy, +lima,, , =S

k= ks ks kg
OVanLIM KeHO YHKaAH.

Ilynaait Kuaub, OepuiraH KaTOPHHHI KUCMHH HUFHHIuJIapnaaH uGo-
par {S,} KeTMa-KeTVIMK YeKaW JIMMHTra 3ra Oysmmd  kypcatwigu. By

xa (21.11) KaTOpHUHr AKHHJALIYBYH SKaHJIHTHHH Owsgupann. Teopema
icGot 6yauu.
Mucoua. IOkopnaa KeatHpuaran

1 1 1 n-1 |1
I—T+T__4_+"' + (=1 '_,{+"‘
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Katop YuyH
1 1
DI>o>=>. . P
n
9) lim — = 0.
N—se NI

Hemak, JleiiGuui Teopemacura kypa, 6y Karop sSIKHHJALIYBYH Gyaaju.

5- §. Uxtuépuit xapmu katop. KatopHuHr aGcomor
SIKHHJIALTYBYHIHTH

Bupop
Ean:a1+az+as+ S e
=1

Karop Gepuirad Ofuicun. Kuewmuit iimrnnannapaan {S,}:

S e S

n

KeTMa- KeTViK Tysamn3. Mawaymgn, arap n—»oco na {S,} Kerma- ket-

20
o Y
JUK YeKJH JUMHTra sra Gyuaca, y XoJaa 2‘ @, Katop SIKHHJALIYBYH
n=1
pedunap sau. Jlemak, Oepuaral KaTOPHHHT SIKHHJAWIyBUp  OVJIMILH-
HH KYpCaTHIl YHWHT KucMuil HuruHAwIapujad nGopar {S,} ketMa-
KeTJHKHHHT YeKJAW JuMutra sra  Oyammmun  kypearuiugan  uGopar.

o0
2 @, KaTOPHHUHI SIKHHJAUTYBYHJINTH XaKuaa ywby TeopeMara KeJaMmus:

n=1
21.6-Teopema. Arap ¥ >0 con olMHraHJa XaM LIyHAail HaTypa.
n, COH Tonuacaku, Oapya n>n, Ba m=1, 2, 3, ... nap yuyn

|Sn+m—Snl=[a,,+,+an+2+ vo v Tl Ll e (21.13)

0
TeHrcuamuK Gaxapuica, y XoJia 2 a, KaTop SIKHHJIALIYBYH Gy.iam
n=1

21.3-3caarma. Arap 2 a,=a,+a+ay+ ... +a + .

n=1
Karop SAKHHJawrysyn Oyuca, y Xoada € >0 coH oauHranaa x
LIyHAal HaTypas /1, COH TONMWJIAmHKH, n>n, m=1, 2, 3, ... yr

iyt o+ ... +a,, ,1<e
6ynanu.
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Bupop
Ya=atatat...+a+.." (21.1)
n=1

Karop Gepuiran Gyacun. By karopuuur abcomor Kuitmatiapuaan ymby
KATOPHH Ty3aMH3:

Y la)=lml+lad + ... +ig)+ . .. (21.14)

n=1

IOkopugaru MyJioxasajapian (oiijganaund Kyiinaarn TeopeMaHH HC-
6Goraan KUHMH 3Mac.

21.7-teopema. Arap (21.14) Katop sikuuaalysyn GVJica, y xoJaa
(21.1) KaTop Xam sIKMHJALIYBUM OVaaau.
21.4-3caarma. Ymby

o
3
‘\dan——a,+a2+a3+ ceeFa, o
n=1

KATOPHHHT SAKWUHJAIIYBYH OVauIIMaan

oo
2 le| = lay| + Jaol + ... +ial+ ...

n=1

KATOPHHHT AKWHJALIYBYM OV/IMIIN Xap JOHM XaM Keanb uHKaBepMaiiu.
21.3-raspud. Arap

ilanizlaxl’{"ag!‘!“ -{~|an|+ .

n=1

KaTop AKuAamyBud Oyuca, y Xoa1a
0
Ean=a1-}-a2+ . TE
=1

Katop abcoMoT SIKMHJAIYBYH KaTop ne6 aranaju.

0
s

Arap Y @, KaTop sKHHJauyBuu Gyiuo, E la,| Katop ysoknamys-
n=1 n=1

x*
o, . A
un 6yaca, y xonaa ¥ @, Karop ILIapT/n SIKMHJIANIyBYH Kartop JAeiH-
n=1
naj.

6-§. Pynkuuonan Karopaap
Y6y

S H@=R@O+AE+ @+ ... L@+ ... @LI5)
n=1

Op (YHKLHOHAT KaTop Ae0 arataji.
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Macanan,

f - e R S T |
n=1

(hyHKIHOHAT KaTop Gy./1aau.

(21.15) xaropuunr xap Gup xaau X nma aHukJaHran OYJICHH.

X tyniamaa x, Hyktanu oqaub, (21.15) ¢yHKuHoHan KaTtop Xajsa-
PHHUHT LYy HYKTalaru KuiiMariapuHu Xucoduaaitmu3. Hartuxkapa (21.15)
(yHKIHOHAT KaTop yby

S ) = i)+ R+ )+

n=1
COHJIM KaTopra aijaHaju.
Macanan, roxopuia keatupuwirad (21.16) dyskumonan Katop
%=~ Ja KyHuJard COHJM KaTopra ailananm:

&,

N 1]
2!1—1

1 | I
=l s it e e

n=1

o0 2
Arap 2 [, (o) conam Katop sikunaamyBun 6y.aca, y xoaaa Efn (x)
n=1 n=1
(hyHKIMOHA/ KAaTOp X, HyKTaja SKMHJIALIYBYM AeiHiaiy.

00 o0
Arap 2 [, (xo) connu Karop ysoxaauryBun 6y.ica, y x:o.n)xaz fn(x)
n=1 n=1
(YHKIHOHAJ KaTop X, HYKTaja y3oKJallyBuW AeHHJIaliH.

o0
Efn(x) ¢dyukunonaa katop X TYnaaMHHHr Xap Oup HyKTacuaa
n=1
sIKMHIalyByn GVica, y Xoaaa Gepuwiaran (yHKUHOHAA Katop X Tynjam-
Ja (coxana) AKMHJAILYBYH JeHHJIaau.
Bupop

3@ =Fe)F R0+ W+
n=1

¢yHKLHOHAT Katop Gepuaran 6y.m6, y X t¥naamaa (coxaga) siKuH.
LIyBYH GYJICHH.
YHaa
lim [/ (x) +fa(x) + ... +[,(%)]

n—+x

JUMHT oauHraH x ra Gormuk. YHn S(x) Omian Gearw/iaiink:

lim [f,(x) +fo(®)+ ... +[, ()] =Sx).

n-—+x

By S(x) Gepuiran ¢yHKUMOHAT KATOPHHHT HHFHHAMCH A€HHIaLN.
Couan Katopsapiarura yxwaul, ymoy
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S (%) = f1(v),
Sa(¥) = f, () + [ (%),

S, =FH@)+fx)+ ... +f (%),

x
o Y “ o
AHFHBHNAD }_‘ [,(x) ¢dyHKUMOHAT KaTOPHHHT KHCMHIT FHFHHAWJIApH
n=1 :
neimzaan. lOxopuaa KeaTpwiranaapiad KypHHAJMKM, KaTOp HHFHH=
aucH

S=1lim §, (x)

n—
6ys1ap 3KaH.
Mucoanap. 1. Ymby dbynkunonan Katopuu Kapaimus:

\ n=l__ 2 1 n—1
Ex =]l4+x+x24+...F+x "+ ...
n=1
By KatopuuHr KucMuii iurunauaapa (x == 1)
Si(x)=1,
Sz(x):]_‘,_x:(l—!-x)(l—x) :l—x?,
l—x l—x
i & = — J—
Sy =1+x+x= (+x+a)(l—x 1—x ’
l—x l—x

6y1anu.
PaBmaukn, x=1ga §, () =141+ ... +1=n.
Jemaxk,

1—x" ’ v
Sn(x)':{l—x , arap x=1 Gyuca,

n, arap x= 1 6yaca

oysaan.
Adraiiiuk, x€(— 1; 1) 6Vacud. By xoana

lim S, (x) =lim =% —1im ( L« )=

n-»x M- —% N

6ynaam.
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o

_ Ilynnait ka6, Gepuaran (yHkimonan Karop X =(—1, 1) na
AKNHJIAMYBYH OY7u0, YHUHT HHFHHAHCH

- 74

ra TeHr.
2. Yuby (GyHKIIHOHAI KAaTOPHH KapaiMu3.

N\ l L | 5

: ; (n+x)(n+x-+1) - GFNeTD  Gr)Grd
n=
1
+ (x+n(x+n+1) w (xs£2—n,n=12..)
By ¢yHKUHOHAT KATOPHHHT KHCMUH HHFHHJHCHHH TONAMH3:
! I
S, (x) = N

| :(1 1-)¢f|_1)~,_
(x+n)(x+n+1) \x41 x4 2, "x+2 x+3)

A 1 1
T(x—}—n x+n+1 ,)—xi-l x+n1

Yuaa
i 5 \ l 1
| X) = — —
n‘ina,s"(\) nl—]T (._x+1 x+n-1 \ £+
Oytaau.
Jlemak, Gepuarad ¢yukunonan karop X =RN\A{l, 2,73, ... ... }
TYmIaMia SIKHHJIALIYBYH, YVHUHT #uEHHAMCH 3ca S (X) = ra TeHr
X
Bupop
2‘ L =h0+FE+ ... +,E+... (21.15)
n=1\

dynKkuHoHan Karop Gepuaran Gyuicui. Dy xatop X tymiamaa skuHia-
wyByn GYan6, yuuur fueunaucu S (x) Gyacun. Yuaa

il.l;]"l S,(x) =S8 (x)
6ynamu. Jlumur Tabpudmra kVpa, ¥ & >0 com oauHraHza Xam LIyHAaif
HATYpaJ n, COH TONMWJaAuKH, Gapua n>n, yuyH

1S, () —S)I<e

TEHrCH3MMK OarKapHJ/iajH. .
Papmauxi, X TYMIaMgaH OJMHraH X HMHr KuiiMatira Kapa6 {S,(x)

KeTMa- KeTJiMK Typyuua Gynaau. Bunobapud, toxopuiaa 3caatuG yTuira
JIIMHT TabPHGbHIATH 71, HATYpaJ COH OJIMHraH X ra Xam Gorsmk Gysam

Arap Gopau-io Tawpudaaru n, Harypaa con ¢akar & ra GoruK Oy
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KapanaéTran X HyKTara 6osnmg 6yamaca, y xoasa {S» (X)) ¢yHkuuo-
Hasl keTma-Ketmk X Tynnamaa S(x) ra TEKHC SKHHJAUIYBYH Jeitnjas
JH.
21.4-Tabpud. Arap ¥ & >0 cou cauHranza Xam LIyHpai Harty-
pan n, COH TomuJcakH, Gapua n >n, Ba WXTHEDHIT X HyKTaJap yuyH
Oup BaKi/la
S, () —Sx)|<e

x
TeHrcuank Gazkapuica, y Xoaja 2 [, (x) dyukunonan karop X Tym-

n=|
Jamaa S (x) ra Tekuc SAKHHJAMAAN AeAnIa1H.

Texuc SIKMHJAAMMII TYUIYHYAcH (yHKIMOHAJ KaTopJap Hasapusicuia
MyXHM poJb YiiHaiian. Kyfinaa ¢yHKUHOHAN KaTOPJAapHHHT TEKHC SKHH-
JIAUIMIIHHE aHMKJauiaa uuviathiaaauran Bediepimirpace agsomattnn ucbot-
CH3 KeJITHpaMH3.

Beiiepwitpace anomatH. Arap

N @O =R+ L@+ )

n=1

(yHKUHOHAT KAaTOPHHHT Xap Gup [, (x) Xamu X Tynaavaa ywoy
[f,x)|<C,(n=1, i w2

TEHICH3JIMKHH KaHOATJIAHTHPCA Ba

ol T R, S, J
> :

n=|

£
COHJIM KATOp sIKMHJalyBun GyJica, y Xodja Z [, (x) dynkunonan xa-
n=1
Top X Tynsamaa tekuc sKunJawyBun Gyaaum.
Mucoa. Ymoy

-

cos nx cos x cos 2x cos 3x , COS nx
2: =TE 4 + +o =

n2 12 22 32 n®

n=|

GbyHKLHOHAA Katop X = (— oo, - 00) Aa TekHC AKHHJamyBun GyJaaau,
YYHKH

[Fa ()| =

ne

cos nx ’ |

6.0,

]___l,l A,
E s ‘_2+"'+n2T"'

COHJIH KATOp SKHHJIALLIYBYH.
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7-§. Texuc aKHHIAWyBYH (QyHKUAOHAN KATOPHHHI XOCCaJapH

Texuc AKUHMAIIYBYN (DYHKUHOHAA KATOPAAPHHHT XOCcajapuHH HCGOT-
CH3 xemupamus. Bupop

f =KD +HE@E 4+ . .. FFE A -
n-—l
(yHkinoHan Karcp Gepusran 6yacui. DBy karop X 1ynaamaa sikunia-
myByd 6yan6, yHuur HuraugucH S (x) GVicuH.

%
1°. Arap E [, (x) dynkuuonan xatopuuur xap Oup f,(x) Xxanu
n=1
(n=1, 2, 3,...) X tynaamaa yaaykcud 6yau6, 6y (yHKUHOHAT Ka-
Top X Tynaampa TeKHc AKMHJalryBud OyJca, y Xo0JAa KaTOPHHHT
furangucH S (x) xam X rinaamaa yanykcuns GyJanu.

2°. Arap z f,(x) ¢yskuuonan katopuuHr Xap Oup [, (x) Xaau
==
(=1, 2, 3,n. .. ) la; b] cermenTna yanykcus 6yaub, Oy (yHKUHOHAT

KaTop Iy cerMeHTAa TeKHC sKHHJallyByn Oy/ca, y XO0Jha Karop Xal-
.napummr mnerpamaplman TY3HJIraH

b w b
ff, dx-l—i L@dc+ ... + [ fdet ... = | fde
a n=l a
KaTop AKHHJALIYBYH OV./aiu, YHHHI HHFHHIHCH 3ca
2
‘ S (x) dx

ra TeHr Oy.aam:

3°. Arap E [, (x) dyuxumonan karopuuur Xap 6up f. (x) (n=1, 2, 3,
n=1
..) Xanu [a, b] cermentna ysaykcu3 f (x) Xocmiara sra Gyau6, Oy

XOCHJIaapaH Ty3HraH

PO A T AT RS AC R AT S

n=I|

¢ynkunonan kartop [a, b] na Tekuc sKHHJawyByw OYica, y Xoaaa
¢dyHkunonan Karop furuugucn S (x) wy [a, b] cermentaa S’ (x) xocmu-
Jlara sra Ba

S'(x) = f (x)

n= l
6y1anu.
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8-8. lllapazuanu KaropJaap
Y6y

Mot =a+axtadt .. ot ... (21.16)

n=>0
KYPUHHLIAATH KaTop Aapaxanu Karop Ae0 araiaud, Gymia a,, a,, a,,
.y @,, ... Jap ysrapmac conap GYyau0, yiap AapaKadd KaTOPHUHT
KO3(pULMeHTIapH JAeHHJa1H.
Jevax, Japaxaan xatopaap (yHKIHOHAA KaroOpJapHHHr XycycH#
Xosmjan uoopar.
Mucoaaap. Ymoby

:o‘ x" B [ % x2 ;X
I)LE;—ITW—F;—}_"'TE_*_"' Or=1)
n=0
2) xn—-l
amd nIn(n-4-1)

n=|

KaTopJap JapaaJsH KaTopJaapaup.
Xap kaupai Japakaan Katop x = (0 HyKrajga aKHHJalIyBun OyJa-
a4, yynkn Oy xoana (21.17) katop ywby
8+ @ ~0-Fa; 0=t . v @ -0F <
ABHHU
a;+040+ ...4+04 ...

KYPHHHILJArH COHJIM Karopra aivianalu Ba

lim §,(0) = lim (g, +0+0+ ... 4+0) = lim ¢, =q,

n-> n-»>*

n—sx

oyaaau.
2]1.8-treopema (AGean TeopemacHh). Arap
E ax"=a;tax+axt+ ... +ax*+ ... (21.17)
n==0

Japax<aJn KaTop X HHHT X = X, (X, 0) KufivaTHaa sKHHJawysud GyJ-
ca, X HHHT

x| <] %o | (21.!8)

TEHICHIHKHN KaHoatTJaHTHpyBuu Gapua Kuitmataapuia (21.17) napaxka-
JH Katop a0bcosoT SIKUHJAlyByd Oyaanu.

Ucb6or. Bepuaran (21.17) papaxanu katop x =x, Aa SKHHJA-
wyByn OVicuH. By sca yuby

0

' n._ i 2 L n

Yo d=a+tax+tag+...+a,B8+...
n==0
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COHJIH KATOPHHHT SIKMHAawyBuu Gysmmmau Guaaupaan. Mabvaymku, CcOH-
JH KaTop fAKHHJAIIYBYH GY/ca, VHHHT YMyMHii Xaad n—- oo Ja HoJra
HHTHJAD S1H:

lima x*=0 .
n-»>% "0
Jlemak, {a,1 X{} CcoHaap KeTMa- KeT/IMr sKHHJAayBun. YHaa Oy kerMa-
KeTINK yerapaJsianrad, sibHH
lg; ] <M (n=0, I, 2,:..) (21.19)

(M — Varapmac cou) GyJsiauH.
Ouau Oepuiran KaTOPHH Kyiiuaaruya

X 4 o [ x\2 , i x \n
B A%~ =X | =) s o F@EF =] v
=X - Xy Xy
€316, YHHHT XaJJapuHHHr abco/loT KHilMaTjapuian ymoy

n

X, b x |2 x
[a,| +a x,] - —I—rla.zxo[- —| + oo HlE M )= +
Xo X | 0
KaTOpHH Ty3aMHu3. Y16y Katop
x 2 x |n
MAM- | Zlem| 2P+ . +Mm|E"+ ... @120
Xo | X | Xo
reoMeTpHK Katop Oy/no, !i < 1 6yaranmurn cababau, y siKuH/Ia-
Xo
UTYBYHHD.
x |r X |n .
a3 |- I— <M. |—=| OyJranJnarufad COJMIUTHPHUI TEOpeMacH-
1 Xo Xo

X n

ra kypa |a,|+|a; x,]| - + . .. Karop

+ o oo @ B
0 0

sAKuHaaiyByn 6yaann. [lemak, Gepuaran Katop X Hudr |x|<|x,| TeHrs
CH3/THKHH KanoaTJaHTHpyBuu Oapua KuAMatiapuia abCooT SIKHHJIAIIYB-
yn Gysaau. Teopema ucGor Gyaau.

2l.1-naTuxa. Yuby

X

o0
2 a"=a;tax+axd+ ... Fxxm4 .

n=0

Japaxaln KaTtop x = X, HyKTaja y3oKJawyByd OVJCHH. ¥ Xoa1a Katop
X HHHT |X|>|Xx,| TeHrcusIMKHM KanoaTianTHpyBud Gapya KHiMatjapi-
Ja y3okJauysun Gyuaiu.

Afiraiuk,

o
2 ax"=aytax+ax+ ... +axt+ ...
n=>0

JapaxKaau Katop X = X, (x,7= 0) Ja AKHHJAILYBuH, X = X; Jla 3ca Y30K-
JawyByn Oyacud. PaBwauku, |x, | <|x,| 6ymaau. Yuza rokopuaa
alTuaransapra kKypa x HHHr | x| <|X,| TEHrCH3HKHH KaHOATJIaHTHPYB-
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&H KufiMaTIapuia sIKHHJAIyBYs, |x1>>|x;| TeHrcHsIMKHM KaHoaTiaH-
THPYBUM KHIMaT/iapuia ysokJamysuu 6Yaanu (129- yusma).

(21.17) napaxaau KaTOPHHHT SIKMRJAlUAAWraH HyKrajapiaH nGopar
Tynaam {x} O6yacud (abuu wy {x} TVnaamHuHr Xap Oup HyKTacuaa
(21.17) garop siunaaiunysuu). By {x} Tyniam lokKopunaH yerapaiianra
OVaamn. ¥ xoafa {x} TYNIAMHHHT aHHMK IOKOPH YerapacH MaBxyj. YHH
R Gunan Gearvnaiink:

R = sup {x}.

K{pcarum MyMkuHkH, X HuHr ywdy |x| < R TeHrcH3aMKHH KaHOoaTJIaH-
THPVBYH KHiMataapuaa (21.17) xatop sakuujamysud, x Huar | x| >R
TEHrcH3THKHA KaHOaTJaHTHPYBYH KuitMataapuma (21.17) xarop ysokaa-
wyBun GYaamu.

Ywby (—R, R) wurepsaa (21.17) napamain KaTOPHHHT SKHHJA-
LI HHTEpBadH, R 3ca AKHHJIALMIN pajnycuh ae6 artajiaiu.

Arap papamanu Katop x = 0 Hykraga sunaawysud 6yau6, Gowka
Gapua HyKTanapia ysokJawyBud Gy.ca, y Xoi1a SAKHH/JIAUIHII PagHyCH
R =0 ne6 omuaau. Arap nzpaxann Katop Gapua HyKTaJjapia sIKHH-
JgaumyByn 6yica, R = - oo el o/HHanu.

21.5-3canatma. [Japaxaim kKarop x = — R, v =R HyKTanapja
sigiiaayBud OYJMIIH  XaM MyMKHH, Y30KJauyBun OyaaIM XaM MyM-
KHH.

Yoy

>
Yaxr=q +‘ax+ax+ ... +ax"+ ... (21.17)

el
n=0

napaxand Katop Gepuaran Gyacun. DBy napakanu Katop XaaiapiHHHP
a0c0MIOT KHHMATJIapHan Ty3uwiran ymoy KaTOpH# KapaiviHk:

ilanx"[:100[—}—la,xl-}-la2.\'2|+ R ol - i [ BN

n=0

JlanamGep ajomaTiHi KYai1a0 TOmamus:

+1 n+4-1
|a‘lxn' ! QX . an.
lim —= - = lim | 22— — |= lim el - | %)=
n-soe Ian X I n—»=x a’l X n-+% an
( 5 RN
=|x|- lim (a,#0).
n—* Un
Aliitaitiug, ywoy
g S|
lim =1 (a,#0)
n—so an

JUMHT MaBKyA 6yacun. Yuaa (21.17) kavop |x| 1<, spnu |x|<
< —:— 6y/araHaa sAKMHJIaWysud, [x|-[>1, apHM | x| >TI Gy/irania
y30K/1auryByn 6Vaanu.
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Illemax. OepuJiran  Japakali KaTOPHMHT SIKMHJALIMIL  HHTEpPBany
-(-—7, il) panuycH sca R=il 6yaanu.

[ynpait knou6, (21.17) napakaan KaTOPHMHT SIKMHJALINII PagnycCH-
HU TOMMIN y4yH KyHujaarn ¢opmyJara sra Gyjaamus:

Rl o jim | 2 21.21)
! n—s> an%l
Mucoanap. l.ym(’)yix"-—l—:«. X4 ... Fxr .
n=0

ﬂapa)l(aﬂl/l KaTOpHHHr ﬂl\:HHﬂallJHlU pamiycu Ba ﬂk’_”“ﬂall”ll” mlTepBa.nu
TONMWJICHH.
‘—1

IOkopuaarn ¢opmyaara l\ﬁ' pa
= lim

Jlemak, Oepuiran JapakaJu KaTOPHHHT SIKHHJAlMW pajnycn R = 1,

AKuHIam uateppaan (— 1, 1) 6ynamu.

Nes>®

By mapaxaau KaTop R=—1, R = | HyKTasapaa ys3oKJalyBui-
aup (uyHkH | 41 -+ skl cooBal—l41—14 ...4
(= )—1+4 ... cou;m KaTopnap ysomamysqu)

3

2. l+ + —+37 + o+ tn -+ ... Japakaam KaTOPHWHT

n2

ﬂKHHJlamHuI pdmlycu Ba SIKHHJALIML WHTEPUATH TOMHICHH.
(21.21) ¢popmynapan ¢oiiaananné Tonamua:

R = lim = lim ——-\ lim ——-("Ll—)-’z
n-+% an_*_] n-s>* n—-»% |
- l]m I T i — = ]
n—s% n Il'
' Jlemax, Japaxkaan KaTOPHHHI SKHHJawMm paauycn R = 1, sikuusaimm
~ muTepBasu 3ca (— 1, 1) Gyaaan. Bepuaran papaxkann katop R = —1,
» 1 1
R ==1 nykranapia skunaamyBuu 6yaaan (uyHkn 1 -+ T Pt 5 -+
1 1 1 1 i 1
o == e i Qe e e T =
+...+n2....Bal !2+22 32—}-....( 1) = Tt

COHJIH KaTOpJap SKHHJALLYPYHIHP).
Jlemak, OepuiraH JAapakajn KaTOpPHMHT fKHHJaumum coxact [— 1; 1]
cermMenTaaH nbopar 3IKaH.

9-§. Jlapaxain KaTOpPHHHI XoCcajapH
1°. Arap 2 a,x" napakaju KaTOPHHHT SIKHHJAlMIL paanych R (R>

> 0) Gyaca, napa;xa;m Katop [—a, a] cermentaa (0 << a < K) Tekuc
AKHRJIAIIYBYH GY.aam.
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? 2° Arap z anx" Japaxaju KaTopHHHD AKHHJTALLIHI  paguyCcH
n==0

R (R >0) 6yaca, napamanu Karopuunr urnsgncH S (x):

€K
) .
S(x) = ‘\_‘ a,x"
n=0
(— R, R) uvrepBaana yaaykcus GVJaaau.

oo

3°. Arap Y @, x" papakaau  KaTODHHHT  SIKMHJAIUIMII  PaJHYCH

Anmd
n=>0 B

R(R > 0) 6yau6, ituruigdcu

X
X Y ; > 2 &
S (x) )_‘ a.xt=g, +o%+Tax*+ . .. T X o
n=>0
6yaca, vy xoaga 6y karopuu [a, b]=(—R, R) na xaanal, unrerpaj-
Jalll MyMKHH, $iBHA

b b o o b
'SMdx = [ [ Y a,]de=N] [ a,mdx
;,‘ () dx &f[’:‘)a \"] X ,:0| J a. x a\]

6ymanu.

4°. Arap b @, X" Japamajin  KATOPHHHT SAKHHJALIHII  PajHycH
-, PG J CHH,
n=0

R (R > 0) 6yaub, iurunancu
=
S (x) _-Z a. .x" :-ao—!—a,x—}—a.,x'lf R L i
n=0

Gy/ica, y xonna Oy karopuu (—R, R) aa Xaamb audbepeHipaiam
MYMKHH, SBHH

S =Y a,x ) - E (@,x") =a,+ 2a,x +3a;x* + . .. +
n=0 n=0

+na, x4
6ymanu.

10-§. PyHKuUMsIApHH Aapaxaan Katopaapra €ndu

1. MakJopeH KaTtopu
y = [(x) Qynkuua (—0, 6) (6>0) opaankaa Oepusiran 6yu6, y
Iy OpasiHKAa HcTadaraH TapTubiard Xocusaara sra OyicHH. Yiby

I’ (0) P70 o [ (0)
fO) =R e e by

Aapaxkaian Katopuu Kapaiiuk. By napamann Katopuuur KospdHuHeHT-
Japi f(x) GyHKUuA Ba YHNAT XOCHIANapuHMHT X = 0 HyKTajard KuiMar-
JlapH opkanu udoaasavra.
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Auan f(x) ¢yukuusauHr Makjopen dopMmyaacHHH €3aMu3:
’ v n)
1= +L2 x4+ L0ay 4 0 ), @129)

Oyuaa r,(x) KoUK Xajl. UlyHu sbrHGopra osmi kepakkm, (21.22) xa-
TOPHHHT KO3(puuHentIapn Gnaan (21.23) dopmynazary  Kosdxpuinent-
Jap Oup Xua 6yaaiu.
(21.22) mapakaim KaTOPHUHT KHCMHIT HHFHHAHCH
#(n) (0
8,0 =10+ 05+ LOey 4 00
n.
6yaca, yuaa (21.23) dopmyaa yu16y
fx)=8,(x)+r,x) (21.24)
KYPHHHLITA KeJalu.
(21.22) papaxkann Katop (— R, R) sikuunamysyn 6yacun. Yina

n]irg S ()=f(x) (¥ x€(—R, R)

6y, (21.24) mynocabaraau
lim [f(x)— S, (¥)] = hm r,(x)=0

n—»>®
6y mmn Kesmb 4HKaau.
Akcnnua, ¥ x € (—R, R) na lim r,(x) =0 Gyaca, svnn (2].24)

MyHocabataaH o
Iirg S, (x) == f(x)

Oy, aevak, (— R, R) na (21.22) napaxann Katop sIKHHJAIIYBYH,
* YHMHr HuFHHAMCH f(x) ra Tenr Gy Keanb umkaau:

s A7)
() =F(0)+ "” p b ey + L0

2! n!

D (21.25)

Mlyunait kuauG, (21.25) MyHOcabaTHHHT YPUHIM GYIHIIH YUyH 3 X €(—
—R, R) na

linl r,(x)=0

Oyauiy 3apyp -Ba €TapaH 3JKaH.

Arap f(x) ¢yrkuus yuyn (21.25) mynocaGar Vpunan 6y.aca, [(x)
¢byskuus MakJsopen Karopura €iwiran J1e6 artajaii.

Arap r,(x) erapan papaxaja kuunk Oyica, y Xoaja 10KOpHaart
(21.25) myHocabataan ymby

m i <0> 2 O

fF(x) = [(0) + +’ ks o s (21.26)
TaKpHOuit (popzuy.nara sra 6yna.\m3.
Ouu
fx)=e*
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¢yuxupsiy Makaopen Karopura &amus. Mabaymki, f(x) = e* QyRkuns
uxTuépnit [—r, r] (r >0) cermentia ucraaraH TapTuOmaru Xxocu/ara
sra 6ym0,

[ (x) = e* n=1,23,...)
6y.1anu. Pabuasky,
Jm(0) =1 n=1,2198 ...)
By ¢ynkunauuar Maxaopen dopmy.iaci

=1+ 48 4 454w

6yaanu. Konmuk xan r,(x) sca Jlarpamwk x{ypunuimyaa kyiuaariya 6y-
Jla:

R 1

r,(x) :meO* <6<l

Arap % x € [—r, r] yuyn

O0x n-l1 n4-1
g X r
ra) =] < e
(n+4 1) (n 1)
Ba n-—oo Ja
n4-1
lim =
n-—se® (n—i— ])!
O6yauunn abTHbOpra oJcak, yHaa
- Z L X
=1+ T L

Gyvniuan ronamus. By [(x) = e* ¢yukuusnunr Maxaopen Karopuaup.
Xypau wy i@y Oomnan f(x)==sin x, f(x)=cos x, f(x)=In (I + x),
f(x) = (1 4+ x)* dyukunasapaunr Makaopen Karopaapu tonumaaau. Kyifiu-
A2 yJapHU KeaTHpHil Ouan KHposIaHaMil3.

2n—1
X

i A A —ti el SR [\ o KO RS [
sin x = x T +5! 5 coe +(—1) TR
IR TN RS S A — 1) "
cos x = | 2!+4! 6‘—}-...—[-( 1) (2n)!+"'
(149 =x—S 4524 4 E & ik
2 4 n!

I+gr=1+2x+ 28Dy 4

+c¢(:x—l)(a—2) yeo(o—n+1

)x"-{—...

n!
By kearupuaran ¢ysxumaaap yuyd (21.26) rakpubuit popMyaa Kyiiuga-
ruya Gyaanu:
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1! 2! 1
sin x~x—x—+"_5_.f7_ 4 +i( ])n—l i
3! 5! 7! (2 N’
x2 x! x8 x‘.’n
~ P X A ey 3 o
cos x =~ 1 o +4' = +-i(—1) o’
2 3 3
ln(l+r)zx~£—+x__‘_+ -+ (_l)n—lx
2 3 4 n
(- Ve , o oa(e—1) 5
(I +orm ]+ 24 22 + .ot
3 2(a—1)(x—2) ... (x—n--1) e

n!
XXII b O B. AH®PPEPEHUHUAJT TEHIJIAMAJIAP
1-§. JMuddepenunan TeHraama TylwyHYacH

OpKaN Y3rapyBuH X, HOMabBIyM (yHKUMA Y = y(x) Ba Oy (yHKLMS-
HUHT XOCHJIasiapuHH GOFJIOBYN TeHriaMa dughghepenyuan menerasa neiin-
Jianu.

Bynnait Tenrsiama ymymui Xosaa Kyimaarn kypunumia 6yaain:

P, Ui lf's « w5 ) =0 (22.1)

(22.1) TenrsamMaja KaTHalIraH HOMAbJAYM (DYHKIAST XOCH/IAJAPHHHHT
IHF IOKOPH TapTHOM AudxpepeHLnan TEHrJIAMAHUHT mapmubu jeinaain.
Jemak, (22.1) Tenraama n- taprubsu AudepeHunan TeHraamaip.

Arap y = ¢ (x) dyskius Ba YHHHr Xocuaanapunu (22. l) TeHrJamara
KyHuaranjaa ynu afinustra aiiaHtupca, sibHH

Fix, 9(x), 9" (%), ... g™ (x)]=0

6yaca, yuaa y = @ (x) dyHkuus (22.1) TenrsaMaHuHr edumiu Aeinnajy.
Hudpepeniinarn TEHrIaMaHHHT  €UHMH YEKCH3 Kyn Gyaanu. Bapqa
€YHMJIAPHH Y3 MuHra oJraH eunM Audpepenitdan TeHrJaMaHWHT YMyMuii

euyuMH JIeHuIau.
Mucoa. Ymby

y'—x=0 (22.2)
TeHrJiaMaud Kapaismk. DBy 2- raprubam audxpepenitnan  TeHrJamazaup.
¢ (x) =%x“+x (GyHKIMSA YHUHT eunmu Oysaan. XakukaTan Xawm,

¢ = (1045 =3 +1, o W= (3eH1) =

6yau6, ¢”(x) Hu (22.2) Tenr;namara Kykicak, Oy Tenrsama aiiHusTra
aianain:

' (x)—x=x—x=0.
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X (22.2) TeHrjaMaHuMHT YMyMHH e4qiMH
f@:%f+qx+g

6ynamu, 6yuna C,, C,—uxtuépuit y3rapmac couzap. (Xycycan, C, =
=1, Cy =0 OyaraHga, yMyMuifi e4uMIaH IOKOPHIArH €4YHM KeJHG 4u-
Kazu).

2-§. Bupunuu TaptubaM audhepeHuman reHraamanap

Bupinyn TapTHOau AuddepeHUHan TeHrTaMaHHHT YMYMHH KYPHHHILIK
Kyiularnya OyJaaiu:
F(x, y, ¥)=0.
Arap Gy Tenrjama y’ ra mucGatad eyuaajuran Oy.ica, yuia
y =17y (22.3)
TenryaMara keqamus. Oparaa, (22.3) teHranama xyocuaaea Hucbaman
equrean Ougpiheperyuar menerama AeinIaIH.
Suau (22.3) TeHrJaMaHHHr XyCycHil XOIIapHHH Kap alMu3.
1°. (22.3) reHrJaMaHHMHr YHr TOMOHH (aKar x Yy3rapyBuura GOFIMK
6V.1cHH:
y = [(x). (22.4)
By TeHr/HkHH nHTerpanaab Tonmamua:
y=[fx) dx+C (C — Varapmac com).
Jemak, (22.4) TeHrJaMaHUHT YMYyMHIT equMH
y= | fx)ydx+C (22.5)
6y 1au.
Mucoa. y = 2x* TeHrIaMaHH eywHr,

Egum. Tenrmamanunr euynvuud (22.5) dopwmynazan  doitgananué
TOMaMH3;

Y= _\'2x'-'dx+C>-=—'Z-x3+C.

2°. (22.3) rtenrsmavanuHr VHr TOMOHM (akaT y 'Varapysuura GOFJIHK
6V ICHH:
Y =F)
dy »
ABBano, y' = J_I IKaHUHH bTHOOpra onamu3. Cyurpa 6y TeHrJaMaja

X

Yy HH 3PKJIM Y3rapyeud, X HH 323 y HUHT (yHKUHACH OYJICHH HeHMHu3.
Yuna

i f@¢@ i

6y/m0, rokopumaru 1°- Xoara Kemamus. KeHWHrH TEHrIAMAHMHT €UUMH
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6yaanu.

Mucoa. y' = 7y* Tenrnamanu euumr.
Euum. By renrnamanu ymby Kypuuuiuaa €3u0 oJamua:

de _ 1
dy Tyt
By tenramkzaan sca
!
dx = = d__t/.
7 y*
6y Keamb uMKaau. YHu uurerpaaiab Tomamius:
by 1 s 5 1 —1
== =—\y—2dy+C=—.—-+0C=
J 7yt 7 T 7y e
1
R X
7y
Hemak, ;
1
y=—"- ;
4 7 C—«x

3°. (22.3) TenrjaMaHuHr YHr TOMOHH (haKaT X Y3rapyBYMHHHI XaMmZaa
dakar y y3rapyBumHHHr (PyHKUMAMAPH KynadtMacuaan ubopar GYJICHH:
Yy =F[x)g@.
By tenrnamauun yseapysuurapu axcparadueat Ouggeperyuar menerama
d
peimnanu. fua y' = -~ SKAHIHTHHI sbrubopra oncak, y Xoaia

d"-f()g

Oynanu. By TeHrIMKHUHr MKKaJa TOMOHMHM dx ra kymaiTupnb Ba g (y)
ra 6yqmub, ywby TEHrVIMKKa KeJaMus:

= f(x) dx.
prr ) f(x)
YHH uHTErpasiyiab TOMaMu3:

a

J = [f(x)dx+C.
g(y)

By unrerpannap Xucobmanub, cyur y vu x opkaaun wudogatad Gepuiran
TEHIVIAMAHUHT eUMMHra Ke/laMu3.

Mucoa. y =xy+x—+y-+ 1 TeHraamann euwHr.

Eunm. By TeHramManunr yHr TOMOHH y4yH

xy+x+y+l=x@y+D+@+D=+DE+1
Gynanu. emak,

T=E+DE+D.
X



s AENEG s * of™ a2t
e N N

- BY TeHrJMKHMHT MKKala TOMOMMEM dx ra kynafithpcak Ba y+ 1 ra
- Gyncak, ynpa

Ky
y_H—(x 1) dx

TEHrJMKka Kenamu3. Murerpannab tonamus:

A _ (x4 1)dx+nC,

y+'1
(x41)

y-+1 2
+ InC, = .

x-+ 1)2 y-
2 (&

n(y+1) ="
y=C-e*® —1.
3-§. BHp xuHCIH TeHraamanap
Mkkn ysrapysunm f(x, y) ynkuws yuyr uxtuépuii ¢ aa
fltx, ty) =1f(x, y)
TeHrauk Gamapuaca, yuaa f(x, y) 6up owurcau (aUHKPOFH, HOJWHYA

TapTHEIN GUP KUHCAM) QyHKYUSR IeHnnany.
Arap

y'=Ff(x (22.6)

augdepernnas TeHrJaMaHUKr VHr TOMOHMZarn f(x, y) mpona GHp KHHC-
Jau ynkuus 6yaca, y xoaaa (22.6) tenrnama Gup ocurcau Ougpgpepen-
yuaa mewesama Jeingaii.

f(x, y) Onp xuncan dyukuna 6yaca, v xonza nxTuépuii ¢ yuyn

[(tx, ty) = f(x, y)
6ynann. Xycycas, ¢ sl 6yaranaa
X
F(1 £)=Fw 9)
X
" 6ysaaan Ea.Gy xonna (22.6) Tenrsama KyHmjaarn KYPHHHIUrA KeJamu:
g =f(1, L) =o(L). ;
v =1, £) ‘p(x,) (22.7)
By Tenrsiamann ewnin yuyH % = 1 1e6 oaamus. Yuua
y=ux, Yy =wx)=vx+ux’'=uvx+u
G6ynann, Eynapun (22.7) Tenryimkka KyHnG tomamma:
Wx+u=0q().
u'x=q(u)—u, x-ﬂ‘=q:(u)——u.
dx
Hammxaja ysrapyeunnapn axpaniajurad ywly TeHryiamara KeJiaMus:
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du vdx
Q(u)—u x

Yuu uarerpasiaimus: _
f—"i—=f‘—”—‘+ln ¢, 5"—“=mx+1nc.
—Uu x ¢ (u)—u

@ (u)
In Cx = j‘—@—
Pu)—u
Mucoua. Y6y y' = —L- Teursamanu eumnr.
x+y

Eguwm. By Tedrnamaunur Yur tomonumaru f(x, y) == —1— byHK=
x4y

uHs Gup KuHCaH GyHKIHA. XakuKaTan XaM,
ty ty y

f(tx, ty) = =— :
Ix—+ ty (x+y) x+y
Jemak, Gepusran TteHrJama Oup kuucan audxbepenuman Tenrsama. By
TeHrJIaManH Kyiiugariia

it Y.
yl - v s ___‘;—__ o x (22.8)
i X5 X
x4y ¥ ol
X x
€3ub, cyHr
Y —u

neb onamus. Y xoaaa
y=u-x, Yy =u'x+u

6ysm6, Oynapuu (22.8) ra Kyamus.

v u v u
u'x +u= e Mx= —U =— 3
+ 14-u | +u I+ u
Haruxana
3
xd_"=— .  abEA —mdu=d—’f
dx 1+u u? X

tenrJamara Kenamus. byHpau

5'(—'+“)du=$"—:+1n c

u?

l hmhu=lhx+lnC x=yhCy
u
Gyamum kemi6 yukanu. DBy sca Oepw/iran TeHrJAMAHHHT yMyMHil edu-

MHAHD.
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4-§. Bupunun TaptHGaM uH3HKAH auddpepenuman Tenraamaziap
HomabayMm ¢yHKUMS Ba YHHHr XOCHJaJapura HucOaTaH YH3HMKJH
6yaran ymby
Y+px)y+qx»=0 (22.9)
KYPHHHIIAATH TeHrJaMa OHPHHYH TapTHOIM YH3HKJIH nuda@epéunuan

TeHrsiamMa aeimaamu, 6ynaa p(x) Ba ¢(x) ysiaykcu3 ¢pyHKUHANED.
(22.9) TenrnaMaHHHT €YHMHHH

Yy=ux) o) =uv
KYPHHHIIAA nanaiiMu3: ¥ =uv Ba y' = (u-v) = w'v-+uv’ Jnapnn Tenr-
Jamara xyimb Tonamus:
Wo—+uv' +px)uwtgx)=0
wv—4u(@ +p-v)+q=0. (22.10)
Ouau v HY WYHAAH TaHJaiMusKH, v’ -+ p-v =0 GYJCHH, ABHI

dv

dv
;—}—p-v— 0. == — p(x)dx,

In v=— | p(x)dx.
U = e‘—( P(x)dx

6yacun. By Tonmaran v uu (22.10) Tenrsamara kyamus Ba Xocun 6ya-
raH TeHrJIaManH eyaMH3:

ul_e_jp(‘x) dx+q=0’ Z—i:—qej’d't,

u=—|[q(x)el P dx +C.
Hatuxkana

y =u-v=e 19 (C— [qelpix gx),
JHemax, Gepuaran (22.9) tenrsamanunr ymyMmuid eunMu Oysaali Gynamm:
y=e— 102 (C — [ gel®x dy), (22.11)

Mucoan. Yudy y' + xy — x* = 0 TeHriaMaHH euuHr.

Eunw. By Gupunusi taptubmn uMsHKkad Au¢XpepeHLHas TeHrJaMas
Aup. YHunr eunMunn (22.11) dopmynagan ¢oiinananu6 Tonamus (GyH-
Aa p(x) =X, q(x)=—x:

2 x?

y=eTxdx(C— [ (—x3) el 2 dy)= e— 2 €+ fx‘*e?dx) =

x? X3 x? X2

=e *(C+x2e?—2e°)=Ce ®+x2—2.



o

5-§. UKKHHYH TAPTHOIA 4H3HKAH Audlbepenunan' ie.lir;laﬁaaap
Yoy
Y'+p) Y +qx)y=Ffx (22.12)

KYPHHHILJIATH TeHIVIaMa UKKUH4U mapmubau wusukau  dugppepenyuan
meneaama neinaaau, Gyuaa p(x), g(x) Ba f(x) — ysnykens QyHkins-
Jiap. ,

Arap (22.12) pa f(x) =0 GYyaca, yuna (22.12) tenraama Kyiinjaru
KYpHHUILTA KeJaji: '

v +pE)y +qxy=0. | (2219

By tenrnama ukkungu mapmubau Oup HUHCAU HUSUKAL MEH2AAMA
JeHusann.

(22.12) Ba (22.13) nauddpepernnan TeHrIaMaapHH €UHIUHK YPraHuii-
JaH aBBaJl YM3MKJH OOF/IMK XaMAa YM3HKJIH 3PKAM QyHKUMAIAD TYIIyH-
YACHHH KeJITHPAMHS.

Yy (x) Ba y,(x) dyskumsanap [a; b] cermenraa Gepuiran GyJCHH.
Arap wyHpail y3rapMac o, Ba o, COHJap TONWICAKH, YJapaaH Xey
6ysmMaranga GurracH HosjaH (apkau Gyaranja

% Yy () + o 4y (x) =0 (22.19)

aiffHuAT YpuHaH Oyiica, y Xoaja y,(¥) Ba Y, (X) (QyHKUHAIAD “uU3UKAU
6orauk yukyussap newuaaau. Arap (22.14) aitauar dakar oy = oy =
= () Oynraunarusa Ypunau Oyuca, y Xomaa Y, (x) Ba  y,(x) QyHKuusA-
JIap YU3UKAU IPKAU YAKYULIAp NeHnTIaLN.

Mucon. Ymby y,(x) =1, y,(x) =x ¢yHKuHAIaD YHUIHKIH IPKJIH
dynxuuaaap 6yaanu, YyHKH

oyl oy x=0

aiiHuAT (axar o, = u, = 0 6yarangaruHa Ypuman Oyaamm.

Arap y,(x) ra y,(x) DyHKUMATAD YMBMKIH SPKAN DyHKIuATAp GYJI-
ca, ynapian Xeu OuWpu aifHaH Hojra TeHr Oy iMaiau.

Oumu (22.12) Ba (22.13) audpepennuan TeHraamanapuin ewnin Gusiad
ImyrFyaaHamMu3. ABBaso,

Y +p@y +qy=0 (22.13)

HKKHHYH TapTHOAHM OHD KHHC/AH YHM3HKAH Au(depeHuuan TeHr/JaMaHu
KaparmH3.

22.1-teopema. Arap y,(x) Ba y,(x) dyuxkuusaap (22.13) renria-
MAHHHI YH3WKJM 3PKAd  Xycycuil euumuapu Oyica, y xoama (22.13)
TeHIrJIAMaHHHT YMyMHIl €YHMH

y(0) =Cyth (%) +Cyayp (%) (22.14)
Gyaamu, 6ynpa C,, C, — nxTuépuit y3rapmac couaap.
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“ Vic6or. Monomiki, ¥, (x) Ba s (1) (22.13) TeHraamanusr Xycycuit
eyumiIapH ‘skan, yuaa Oy ¢ynknusaap (22.13) Tenrsiamann KanoatJan-

“THpau: :
Y W) )50 + g (0)-y, (x) =0. (22.15)
Yy(2) 4 p ()4, (x) + g (v) y,(x) = 0.

-

Kyiinzarn
Ciy, (%) + Cays (x)
dynkuusa xam (22.13) tenranamanunur eunmu OVaaan. Xakukatad — Xawm,
Oy (yHKuMs Xamjaa YHHHI XOCHJaJaph

[ C19,(0) + Coy,(0)]" = C,,(0) + €y, (x),
‘Cx./l(\' _JQ(\)]”;—C]Jl(\)_}_cg./_g('\)
yuyH
C, 40 + Coyy () +p(x) [ €y, () + C, 5, () | + 9 () [C, y4(x) +
+C,y.(0) | = Cy; () + p()C, 4, (1) + 9 () Cyy, (x) + C,y (1) +
+ P (.C, 45 () +q () Co 1, (¥) = C, [ 47 (x) + p(¥) 11(x) + 9 () 4, (0) ] +
+C, | Y5 ()+p ) ya) + g () y,(x) |
6yan6, (22.15) myHocabarra Kypa
[Cyy (%) + Czyz (0)]" + p ) [Cy, (x) + Coyp ()] + g (x) [Cyyy () +
+ Colfp(x)] =0
6ynaau. By aca
Cryi(x) 4 Coyp (%)
HuHr (22.13) TeHrJaMaHHHT €YHMH SKaHuuu OuaupaIH.
Kypcaram mymeunky, y(x) = Cyy, (x) + Coyp (x) eynm Oepuaran
Y +pWy +9x)y=0

TeHrJaManuHr yMyMHil eunMu GyJsianu.
Mxxunun Taptabai

Y +py + gy =[x (22.12)

TeHIJIaMaHUHT YMYMHH €yHMH XakHaa ymly TecpeMma YpHHJIH.

22. 2-teopema. (22.12) TeHrnaMaHMHr YMYMMH €UHMH Iy TEHr-
Jama Xycycuii eynmu Guaiad (22.13) renryaManpHr ymMymuil eummn M-
FHHJHCHrA TeHT OYJaju.

6-§. VarapmMac KOI()HUHEHTIH HKKHHYH TapTHOAM GHD KHHCIHM
YH3HKIH TeHrJaManap

22.1-ravpud. Yseapmac kosgpuyuenmau Gup wuncau Sugpe-
peryuan menerama Jed

Y +py+ay=0 (22.16)
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xypnmmmaru TeHIJIaMara aﬁ'mnann Gymxa p Ba q yarapnmc XaKH-
KHIt COHJIAp.

[Okopuzaru Teopemasapra acocan Oy TeHrJaMaHHHT yuyxmﬁ eYUMHHH
TONMMII YY4YH VHHHI WKKHTA YH3HK/IH SPK/JIH XYCYCHH €YMMHHH TOIHII
eTap/aup.

TenrsamManu eyl yuyH y—e * ne6 dapas kunamus, Gy epaa k —
'HOJIra TeHr GyJMaraH Y3rapMac COH.

Xocu/IanapHu TOMaMH3:

y' = kelu' y" — B
Bynapuu (22.16) Tenrsamara xeatupub Kysamua:

ket - phek~ 4- ge** = (. (22.17)
e** =40 6Wll‘aHH yuyH (22.17) 'reﬂmama,qaﬂ
k24 pk+q = (22.18)

xocua1 Oyaanu. Jlemak, £k (22.18) TeHrsiamawH KaHoatjautupca, ekr
TEHr/JaMaHuHr eyuMd Oyuiaau. (22.18) Tteursama (22.16) Tenrsamauusr
xapakmepucmux mexeaamacy jediunaau. (22.18) TeHrsamMa MKKUTA WJI-
‘Jusra sra Oyaaju, yJaapHu k, Ba k, Owian Oesrniaimuas:

h=—t+ ) Tmg, b=—5—) 2.

By epnpa Kyituzars Xosap Oy.uImM MyMKHH:

1) k, Ba k, Xakuguii Ba Oup-Gupura TeHr sMac (&, k,);

2) k, Ba k, Xakukuii Ba OUp-OMpHra TeHr (&, = k)

3) ky Ba ky KOMILIEKC COHJAp.

Xap 6up XOJIHH al0XMAa-ajJoxuaa KypuO uHKaMH3.

a) XapakTepHcTHK TeHrJaMaHHHT HJAJAHM3AAPH XaKH-
KHH Ba Xap xua (k=% k).

By xoana

Hh= eklxv Y = e
byukuHanap Xycycuit eyumaap 6y/aHO, TeHrVIAMAHHHT YMyMHI edHMH

g =C "+ C™ (22.19)

Kyputuiiia 6yJanu.
Xakukatan XaM, ¥y Ba y” HH TONAMH3:

Y =C ke +C, ke, y =Cik} € +C,k &
Gynapuu (22.16) TeHrsiamara Kysamus:
C, K &+ C, k) e+ p(C, k™" + C, k™) +
+ ¢(C,e"* + Coe*") = 0.
Yan ToMoHAarH KaBcaapuu ouub, rypyxJaiMus:
(Cy &7 € + pC k" +qC ") + C, k) €' +pCokye®™ + ¢C2**) =0
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C, "™ (] + phy +q) +C, ™ (K + phytq) =0 (9999)
k, Ba ky, nap (22.18) TeHrylamMamumHr WigH3IapH  GYIrawasrd - yuyH,
(22.20) HuHr yan TOMOHMJATM KaBC Humaard udojasap Ho.Ara TeHr Ba

k.
ymy\tdn yanm TOMOHH Xam HoJra Tedr Oyuiaan. Jlemak, y=C.e™ +

+C2e (pynknna Gepuaran gudxpepenivan TeHraMaHHHT YMYMHH eyH-
MH Oynanu:

Mucoa. y’ —8y’ + 15y = 0 TenrnamaHuHr XapakTePHCTHK TEHIJa-
Macu k?— 8k--15 = 0 6yaub, y k=5, k=3 naananapra sra. Jlemak,
TEHrViaMaH MHT YMYMHH eunMu Kyiiuaarnua G6ynajuu:

y =Cye* + Ce®*,
6) XapakTepHCTHK TEHrJaMaHUHT HJIAH3NAPH XaKH-
Ku#i Ba Tenr (k,=ky).
By xompa klzk2=—-g— 6ymmb, 2k, —=—p ékun 2k, +p=0

6ynanu.
Burrta xycycnu eunM y = €™ Mabaymanp. MKkunan Xycycuil eyum-

HH Yy = u(x) & Kypunniifa nanaivu3. by epaa w(x) =u anuxnaen-
wy Kepak Gyaran HoManayM (yHKUMA. @ (X) HH aHMKJaWl YYyH y, Ba

Y, HH TONaMu3:

. "k g ! ’
y, = u € + uk e =" (u +uky),
u » k | k 2 R
Yy = u € 4 wWhie"™ - uk e+ uk] ¢ =

=" (u + 2 u + uk’ )-

Bysapnn (22.16) tenrsiamara xysMus:

[ (4 + 24 + £ u) +pe™ (4 + k) +q-ue™*] =0

ek"[u"-}-(Qk +p)u + (K +kp+q)ul=0.

k xapamepumm TeHTJIaMalHir Kappaan wiansn Ba 2k +p=10
6ysirand  yuyH € u =0 ékn u =0 OyamiM  Kepax.
Yuu unterpasiab,

u(x)=Ax+ B
nu tomamu3. Xycycuii xomma B =0, A =1 pe6 omcak, u(x)==x
6yaann.
Hlynpait Knimb, WKKHHYM XycycHil euum KaGu

k
Yp = xe™*



6ynanu. ByJapru Hasapia TyTCak, yMyMHll eqnMuH
y=C,&"* 4 Coxe™* = & (C; + Cyx)

KYPHHHIINA @3HII MYMKHH, )

Mucoa. 4y — 12y + 9y =0 TeHrJaMaHHHr X2PaKTEPUCTHK TeHT-
Jlamacu

42— 12k 4+9=0
- 3

6§06, YHHHT WILH3TaPH Ry = ks = - aup. Jlemak, TeHrJaMaHMHr
YMyMuil eqHMH:
3
y=(C +Cu)

B) XapaKTEepPHUCTHK TeHrJaMaHHHT HJIJH3JIAPU KOMI-
JEKC COHJIap OyJaraH Xou. :

HMapusnap k) =a 4+ ip, ky =a—if kypunnmaa Gyucuu.

Y xonza aubdepeHuHaT TeHrIAMAHHHT XYCYCHH equM/Iapu

_ e(a+tﬂ)x VY= e(a—tﬁ)x

X

Ya

KypHuuLLAA GYIalu. ¥, Ba Y, jap (22.16) TenriaaMani KaHOoaTJaUTHPALH.

Bus gyitnaari Hatwkagan dQoitganaHaMus: arap XakHkui  kosddu-
HMeHT/IM OUp JKHHC/H YA3MK/IH TEHIVIAMAHHHI XYCYCHH eYHMH KOMIIeKe
coHMapad ubopar Oy.ca, y X0aIa YHHUHI XaKHKHIL Ba MaBXyM KHCMJIa-
pH XaM Iy TeHrJaMaHuHr equMu Oyaanu.

BuuoGapuu, xycycuit eunm
P HPE — 6% o5 Bx + ie™ sin Px
6yarann yayn e cosfy, e™sinPrx gap xam (22.16) TesraamauuHr
eyumu Oyaaan. Ulynaait xuam6, (22.16) audbeperuuasn tedraamad uHr
YMYyMHI €4HMH
y = ™ (C,cosPx + C, sin Bx)
Kypunuuia Gyanu.
Mucoa. ¥y’ —4y + 7y =0 TeHrJaMauuHr XapakTEPUCTHK TeHI/ia-
MacH k*— 4k +7 =0 6yaud, yuuur uagusmapa k, =2 - V3, k=
=2—{)/3 nan uGopar. Teursamanuur yMmyMuii eunMu Kyitnjarnda
6ynanu:

y=¢"*(C cos)/3x+C,sin)/ 3x).

4. VarapMac K03(h(HUHEHTH OHP KMHCAMMAC YH3HKJIW TeHrJaamMajap

Suu
Y +py +qy = f(x) (22.21)

KypuHpILIary AubdepeHiuan TeHrIaMaHuur equMHHI TOMHIL OuJian y-
Fy/inaHamus, Oy epia p, g Xakukuid couuaap. f(x) dGyHKunssHuHr Gepu-
JuiuMra Kapab Kyiiuaard Xo/UlapHH KYpHO 4HKAMHS:
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1) (22.21) TeHrIAMaHHHT yur TOMOIiH Kypeatkuwii  pynkuust Guaan
Kynxaja kynafitmacugad nGopar:
[(x) = Pp(x)e™,
Oy epaa P, (x) — m-japaxann Kynxai, aAbHH
Pi(X) = g™ apx™ 2 L oo ey

(22.21) TeHrJaMaHMHr YMyMHil edHMHHH TomMIAA KyHumard (pakTAaH
(ot pananamus:

Y --py +qy =F(v)
TeHrJamMa Gepusrai OVJ/ICHH. Arap

Yy Hqy=0

OUp KUHCTH AudxpepeHina TeurJaMaHnir yMyMmuit eunmu iy 6yaub, «
(22.21) rerraamManuHr MXTHEPUIt Xycycuit eyumu GYuaca, y xoama (22.21)
HUHT YMyMHH equMu ,

y=y-+u

KypuHniuga 6yaamm.

Bua Oup KuHcaAH AndxpepeHiiHan 1eHraaManiir yMyMui equmi k-
-+ kp + ¢ — 0 XapakTepiCTHK TeHrJaMaHuHr WiiH3aapu Ounan 6oraab
TonuiuHK Guaamns. Xycycuil eqnMuHl 3ca KYHWIiiri Xoasapra MyBODHK
TONAMM3: :

a) o coun kB +pk-+9=0 XapakTepHCTHK TeHrJaama-
HUHT Hagusn 6Vamaran xoJa. by xomga On3 Xycycuit equMHH

u=Ax"+F A"+ .. +A)F=Q, ()  (22.29)

Kypuanwaa uanaiivna. By epaa Q,, (x) — m- fapaikaan Kynxag.
(22.22) nan o', ©” nu TOmMAMH3:

u = (4, mx" A (m—Dx" = L+ A, e+
LA™ S A = s EAD g™
w =|Amim—1) "+ A(m—1)(m—2) 5 R4 L. &
+ A, o)™+ A A m— D" L+
+ Ay ™ 4| 4, m" A m— )" L+

+ A, | A"+ A" L A, et

Bynapun (22.21) Tenrsamara KyAMH3 Ba TEHrTaMauu  CcOMAAJAIITH-
pu0, natixaga Kyiuaard TeHrJaMaHu XOCH KHJIaMH3:

Q.0+ Cu+p)Q, () + & + p2+9) Q) =P (0, (99.93)

|
1
3



6y epaa Q,, (x) — (m—2)-papaxkaan xynxaz, Q (x)— (m— 1)-aapa-
Kaam Kynxaz.

(22.23) tenrsaMaHMHr yan Ba YHT TOMOHJApH mi- lapakanu Kynxai-
Japian nbopar. Bup Xua gapaxanu x Jap oaauaard  KoxixpuimeHTsap-
HH Gup-Oupura Teursia6, nomavaym A; A, ..., A, xosppuuxent-
JApHH TONAaMH3;

6) @ coun R -+pk+g=0 XapakTepHCTHK TeHr.aama-
HUHT HAAu3u 6Yaran Xxoa. By Xonaa xycyeuit eumvnn  (22.22)
TEHrJIaMa KYpHHHIIHAA oub OVamaiign, uynkn (22.23) TeHrjaMaHuur
yan ToMoHuAa (m—- 1)- napamaman kynxax Xocm1 Kuaumran O6VanG, YHr
TOMOHH m-napaxanu kynxaaaup. Ay A,, ... A, Hu Tonumaa m Ho-
Mabayman (m— 1) Ta TeHraama cucTeMacH XOCHI Kuaumran  6yaHO,
yaapun Tonuil Kuiduuaup. Hlysuur yuyn Oy Xoaja Xycycuii eunm u =
= xQ,, (x) €™ xypuunza usmanam;

B)o. COHM XapaKI1epPHCTHK TEHTJNAMAHHHT HKKM Kappa-
aAu uaausu 6yaran xoua. By xoaza xycyciil eunmin roxopnjia 6aén
KHJIMHTARHIeK MYJ0Xa3a 10pHTHG, Kyinaariua uanaiivus: u—x Q,,(x)e™".

l-mucoa. y' —7y" + 12y = x Tenrnamann eymur.

Eunw. ABBan Oup xuucan y” ---7y' -+ 12y = 0 1enrnamann eya-
Mi3. XapaKTepHCTHK TeHrJaMa k*—- 7k -+ 12 = (0 6Vaub, yHuur miams-
Jgapu: k, = 3, k, = 4. DBepuiran TenrsaMaHuHr VHT TOMOHMAATH (PYHK-
unsEn P, (x) e = xe™* 1e6 xapacak, a =0 Gy, ky==k,. Llynnur

YYYH YHHHT XYCYCHil €4YHMHHH
u=(4, \:-I-Al)e A + 4,

Kypunnupa manaitvus. ¢’ Ba ¢’ i ronud, Ypuura KyaMus:
= 7Al + l?on _‘:' 12 44] =X
By epnan A,, A, uu Tonmamus:

124, = 1; ‘0:_1‘7. —TA + 124, =0, A=,

Jemax, Xycycuii edinm

1 7
u=—x+ —
2"

KYPHHHILAQ, YMyMHil €diMH 3ca

y =Ce** +Coe™ + —lx—%-——

Kypuunma Gyaanm.

2-mucoua. y’ —5y' + 6y = 3e*".
Euym. Bup KHHCAH TEHrJIaMaHHHT XapaKTepPHCTHK TeHTJIAMacH Wil-
ansaapu ky, = 3, ky=2. Dy epna o XapakTepucTHK TEHIJIaMa HJIAM3Jia-
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i Gupura tenr: o = 2. [Mlywunr yuyu, Gepuiral TeHr/IaMAHHHT Xy-
CycHil eUnMUHH
' u=x-Ae*
Kypunuinga usnaivu3. u' Ba «” uu Tonud, TeHramara KysiMu3:

246> + 2A4,%F + 4A,xe** — 5A,e** — 104,xe** 4
+ 6140)(82". — 38"”.

CoapananiTupaMus:
— A,8* = 3e¥~.
By eppai: 4, = — 3. Lemax, ymymuii edum
= (Cse®* + C,e%*) — 3xe**
éxn
y = C® 4 (C;, —3x) e**
6yanu.

3-mucoua y' —4y + 4y = 3e**.

Euynw. Bup KHHCAH TeHrJAMAHWHT — XapakTepPHCTHK —TeHrJaMacH
ky = ky = 2 uaananapra sra Oyaub, o HHHr KuiMatHra TteHraup (o =
=2) B) Xo/mnra Kypa Xycycuit eunmun u = x*A,¢™" kypuHuwAa w3nai-
mu3. Cynrpa:

u' = 2xA e* - A,2x%*",
u’ = 24,*" + 4 Ayxe** + 4 Apx*e*r,
Byaaphis tesrgamara Kyavus:
2 Aje™ + 4 A xe** + 4 Apxe** + 4A,x%e*" — 8 Apxe* —
— 84, x%*" - 44,x%* = 3",

5 oy £ 3 -
2 Ape™ = 3e** 6ym6, A, = —- ra TeHraHp. By epaan Xycycuit euam:
R
= — X%,

ik

Ymymuit eunm: gy = (C, + C,x) e+ l) x*e*" @xu
g =(Co+Coxt -2 ee

2) Vur tomon [(x) = P(x)e™ cos Px + Q(x)e* sinpx  kypuuuiuaa
Gepuiran Gyacuu, Oy epaa P(x) Ba Q(x) kynxaanap.

Kyitisaarn Hkkn Xoa OV/Iuim MyMKHH:

arap o - i} COH XapaKTepHUCTHK TeHrVIAMaHHHr HJAH3H Oy/aMaca, y
Xoana (22.18) TeHryaMawHHT XyCYCHH EYHMHHM

u = M(x)e”* cosPx + N (x) * sinp x
| 267
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& x?‘pnannma maﬁmaséyepnaM(k) Ba N (x) napaxcacnP(x) Ba Q(x)

KYNXaAJAPHHAP SHP IOKOpH Japaskacira TeHr GYaran KYnmxaanapawp;
0) arap o - i COH XapakTepPUCTHK TeHrJaMmauuHr wiausu Gyaca, y
X0 la XyCycHi euHMHH

u = x[ M (x)e™ cospx + N (x) ™ sin px]

KYPHHHIIAA HaNaiiMu3.

IOkopuna aituaran mynoxasamap P(x) == 0 éxkn Q(x) =0 Gyaran
XOMnap yuyH XaM TVEpHaup, siM Vur tomon P (x)e™ cosPr  éxu
Q (x)e**sin Bx sapaan OupoHTacH O6yaranaa XaMm YpPHHIHIHD.

3) Vur tomon f(x) = acosPx—+bsinpy s¥punnmaa Oepiuaran 6ya- .
cuH, Oy epaa a, b— y3rapmac counap. [Ogcopuaarmaex, 6y epaa Xam
HKKH x0J1 GYJWUIM MYMKHH:

a) (P CcOH XapakTepHCTHK TeHrJaMaHHur 1wiansn 6Vamaran xoua. By
Xoaaa Xycycuit eunmui « = Acosx - Bsinx kVpHHUIILLA N34l KepaK.
A Ba B counapunn 10KOpHAA KVpcaTwiram asukMac  Koxpdutinentiap
yeyau Onslan Tonnsany;

6) i con XapakTepucTHK TeHrJaMammHr waanan  Gyaran xoda, Oy
Xoaga XycycHii eunMun u = X (Acospx - Bsinfx) kVpuniiiia usnam
Kepax.



1l KHCM. 3XTUMOJIJIAP HA3APUSICH BA MATEMATHK
CTATUCTHKA

XXI111 O B. 3XTUMOJIJIAP HA3APHSCH
1-§. 2XTHMOANAp HA3aPHUSCHHHHT ACOCHH TyLIYHUYAJAPH.

Kyunamuk  xa€rga Typmit Xomucatapra 1yu KeJdamu3. Yaapra
MacaJaH, KVEIUHUHT yniHil Ba GOTMII XOAHCACH, XaBO V3rapub, eMrup
€k Kop €ruir XoaucacH Mmucos Gyaan.

AnGatra, Xoaucanap MabJayM IapT- WAPOHTIAD (WIAPTJIAP MarkMyH),
Gaxkapuanur €xu Oupop TakpuOa (cHHann) YTKasull HaTwKacuaa pyii Ge-
paau. Macanan, Oup nosa TY/IMK Marusii YMTHTHH €Tapju  Xapopartra,
HaMJHKKa 3ra OVJIran Tynpoxka etapsii YyKVPJHKKA (1apriap Maxmya-
CH) 3KKaHTA YHUO YHKHIL €KH YHKMACJAMK Xoaucamapuian Oupn  pyE
OepHILt MYMKHIL

Tampuba natTipkacuia 6upop wAaprIap MakMyH GaKapuarania ad-
Gatra pyit Gepajuran Xojuca myxappap xoouca jednnaii.

Tapuba HaTHIKACHA LI2PTIAD MamMyH OGakapwiraHiaa MyTIaKo
pyit Gepsmaiinuran Xomuca MymKun Giamaean (vykappap Oy/amaran) Xo-
nHca  Jeitiiiaan.  AMMo aMasiméria  HATIGKACHHM TYJa  MioHy OuJsaH
Gaiopat KILHII MyMKHH GYy/Maran TaxxpuOaiap (cuHoBsap) OWJiaH HIl
Kypuirra TVPPi Keaaman. Macanan, tadrand tauwiamigan Hoopar TaxpH-
Gafa v €xkd Oy TOMOHHHH TYIUMUIMHH TYJa WIOHY OulaH OJHHLaH
alTUIT MYMKIH 3Mac €M SKWITaH YHPHT VPYFUHH YHHO YHKHIT L €KH
YHKMACTHIHHKE alTHIl Kuitnueaup. Dydra yxmramn Gapuya Xosiapia Tax-
pubanuHr HaTHKacuHH Tacoanbra OGoraMK aed XucoOJaiiMu3 Ba YHH
tacoandmit xoiuca cudarnaa Kapaimus.

Ilynaait kuam6 tacoanduil xoaucara, Kyimaarnga tabpud Gepuiu
MYMKHH.

Taspuba HatuzKacuia (GHpop LIApTJap MaKMyH Oaxkapuaranja) pyi
Gepulun XaM, pyH GepMacjurd XaM MyMKHH Oyiuiran Xoauca macoOugpudl
Xo0uca nab artamand. Macanan, Tanwra Tauniamn Ttampubacuia € repOau
TOMOH TVIIHIUHM, €KH PaKaMJH TOMOH TYLIMIIM XOAMCACH TaconupHit Xo-
miuca GViaaau. Tacomudmit Xoaucanap aatnd  andasutnHuur OGoir xapd-
mapu A, B, C, D ... ounan Genruianaju.

Mykappap xopucaun U Xapbu Ouaan, MyMkuH OyJMaraH XOAHCAHH
sca V xapdu OGunan Gesnrunaiivu3. Bupop taxpuba yrkaswiaérran 6ya- .
chti. By Ttampubanunr Xap Oup HarwkacuHi ubojasoBud  Xoauca 3qe-
menmap xoOuca 16 atanaan Ba o (oMera) Ounan Oearuianajgd. Sie-
MeHTap Xoaucanap Tymiamu Q Ouian GearnnanajH, sAwpHd Q= |@f.
SuiemenTap XOAWcaNapra aXKpaTHII MyMKuH Oyiran Xoauca Mmypaxxkab
xoduca neb ataaajgu.

Kynuuua avamwéraa Gup Xua1 mapiiap Maxmyd Gaxapuirasaa Kym

Mapra KysaTWIMIIM MYMKHH OVJraH Xoiucanap, AbHH OMMaeii Gup
|
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JKUHCTH XOAucanap OwiaH MLl Kypumra TYFpH Kedaxw. SxTumosnnap

HA3APUACH eTapauya, Ky COHAarH Oup Kuuean Taconuduil  Xoancanap
6Vlicynapuran KOHYHHATJIAPHH aHMKJAI OujaH 1yFyJJaHau.

Jlemak, 5XTHMOJIJIap HA3apHACH TIPEIMETH OMMABMil OND JKHHCJIH

_ Tacofu(mit XOANCAJAPHHHT SXTHMOHH KOHYHHATIADHHH YPranysuu can-

Mmncoanap. 1. Tanrann Gup mapra Tamuiamaan uGopar TaxprGa-
HM Kapahauk. DBy TampubGa natikacu HKKHTA 97€MEHTap  XOAMCAjaH:
@, — TaHraHuHr repbiuM TOMOHWM TyumiM Xoaucac (/7)) Ba w, — tanra-
HHHT PakaMH TOMOHH TYINHIUH XoAaucacuaan (P) nbopar Gyaamn. [le-
MaK, Oy xoajaa sjaeMentap Xojucasap tynaamn Q= |,, w,| = |TI, P|
6yaann.

2. Tawranu MKKH Mapra Tanwiamjan wbopar Taxkpubann Kapaniuk.
By taxpnba nathxKasapn Kyiugarnya Oyaann:

I'T — yKkku Mapra XaM TaHraiuur repbid TOMOHH TYLIMIIH XOAH-
cacy;

I'P — Gupnryn Mapra repl/H, HKKHHYH MapTa pakaMiH TOMOHM Ty-
HIHII XOJHCACH,

PI' — 6GupuHuM Mapra pakaM/HM, HKKHHYM MapTa 3ca repOii TOMOHH
TYLIHIIM XOJIHCACH;

PP — yKkKH Mapra XaM TaHTaHWHT paKamJd TOMOHH TYLUNIIH  XOAH-
CacH.
By xoana snemenrap xomucanap I'I', I'P, PI', PP 6Yqu6, ynapuunr
wynaamn Q = (I'I', I'P, P, PP| Gyaanu.

2-§. Tacopudmit xopucanap yCTHAZ amajaap

Bupop Taxpuba yTkasuaran Oysnb, yuuHr natwxkacuga A Ba B
Xomucanap pyit Gepran Gyacun. KynruHa xoasapia 3XTHMONHH  XHCOO-
Jiail JKapaéHulla Vpranuja€rran  XoAucanap opacuiarit  OGOFIAHUIIHHK
anpkJam Josum Gyaanmn. lly makcaaaa Kyinaa XoAHcanap TEHTVIMIH,
AWFHHANCH Ba KYNMaHTMacH TYIUYHYaJapu Oujan TaHHUILIAMH3.

23.1-Tabpud. Arap taxpnba Hartmkacula A Xoamca pyii Geprau-
ZAa Xamma BakT B Xxomuca Xam pyit Gepca, A yoduca B nHu speawmu-
padu ne6 arananm Ba A < B kabu é3unanm.

Macanan, Taxpn6a 3 JoHa sHrH HAR YPYFHH 3KHIuAaH ubopar GyJ-
cun. By Taxpuba HaTipKacnjaH KyHHJard XOAHCAJAPHH TY3aMH3:

A,— Gupopra XaM YpyF YHHO YHKMATAHJNTH XOAMCACH,

A;— 1 joHa ypyrHMHT YHHO 4MKHII XOAHCAacH,

A, — HKKH JIOHA YPYFHHHT YHHO YHKHII XOJHMCACH,

A — yunb uMKKaH ypyrJap cOHM MKKHTAllaH OpPTHK GV.IMaranjuk
xopucacu. Papmanku, Oy xonma A, = A4, A, A, A, A Gyaagn.

23.2-tabpud. Arap A Xoamca B XomHcaHu 3pramiTHpca Ba V3
naBOatuna B xojuca A Xoancanu spraurupea, y Xoaga A Ba B mene kyy-
au xo0ucarap peimnapu Ba A = B Kabu €3unaju.

23.3-tabvpud. Taxpuba natmkacuna € A xomuca, €xku B Xonuca,
éxku Xam A, xam B xoaucanap py# Gepminmpan nbopar xoauca A Ba B
Xoaucanapuunr durunducy ne6 atanaau Ba A -+ B kaGu GeJrunaHamu.

23.4-trabpud. Takpuba nammkacuma Xxam A Xoguca, Xam B Xxo-
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lncaﬂuur (Oup Bax1ia) Gupraqukaa pyi Oepuumgan wnGopar Xoguca A
Ba B xomucanap Kynadmmacu je6 atananu Ba AB kabu OGearnjiaHand.
23.5-taspud. Arap A Ba B Xouucanap Gup mnaiitaa py# OGepuimi
MyMKHH Oy/Maran Xojucanap, sibin A-B =V 6Vaca, v xomna A Ba B
bupearuxda Gyamaean xclucasap peiuwnaau. Akc Xoaaa Gupearuxda

xoducarap neiwnanm.

Macazan, Taurann Taillam HatWAKacHza OMp BakTAa repOam Ba pa-
KaMJ/Id TOMONJAp TYIUHLI XOAHcanapi Oupraaukia Oysamaran XoaHcajap
6ynanu. !

23.6-tabpud. Arap A Ba B \oaucanap HuFMHIMCH MyKappap Xo-
IMca, KynaiitMacH sca MyMKHMH OVaMaran Xoiuca, S'bHH

A+B=U, A-B=V
Oynca, y xoana A Ba B xoawcanap V3apo Kapama-gapuu xoducarap
JeHuIa .

Onataa A Xomucara KapaMa-Kapum Xoaucara A KaGn GerujiaHaim.
Jeuvak,

A+A4,=U, A-A=V.
23.7-tabpud. Tampuda vatimkacuna A Xoancanunr pyir Gepuia
nau, B xoaucanunr sca pyil Gepmacaurnaad nGopat Xomuca A Ba B
xofucanap adupmacu 1ed atajanu Ba A— B kabn Genruaanajy.

23.1-scaatma. Ay, As, .o ., A, XoaHcajapHHHr HEFHHAHCH — Ba KynaHTMa-
CH I0KOPHIATHACK TabpHudiianaH.
A, A, ..., A, xomucanapuu Kapaitauk. Arap Gy Xoaucanap iu-

FHHIMCH MYKappap XoAuca OV.ca, sibHH
A +A, 4 ... +A =U
6yaca, y xonna A, A,, ..., A, xomucanap yoducarapruxe myaa
epynnacunu mawkua smadu jeinnaam. Arap A, A,, ..., A, xonuca-
Jlap yuyH
1° Ay +A;+ o « A=Y,
2. AA=V, i i, j=12 ...,n)

Oy/ica, ABHM MCTanraH WKKuTa A; Ba A,-(z'#- D, j=Tn—) Xojaucanap
6up BakTAa pyit Gepmum MyMkuH OYysimaca, y xoama A, A, ...,
A, Xoaucanap ocypm-acydmu 6uran Gupearuxda Gyamaean Yoduca-
AapHUH2 MEAa 2pYnnACUAL TAIUKWI STajn Jeinian.

Arapza Gup weua A, A,, ..., A, XoaucanapnaH ucranran GHpH.-

HH cHHall HaTwkKacuaa pyit Gepuimn Golikasapura Kaparawja KaTTapok
HMKOHMATra (KyJaiyiukka) sra fefiniura acoc Oy.amaca, Oynpait Xoauca-
Jap MmeHe UMKOHUSMAW xoducarap Jefnnaiu.

3-§. Xoauca 3XTHMOJHHHHT TabpHpaapH

DXTUMO/TAD HA3APHSCHHHHT ACOCHH TyIIyHYacH Gyarad Tacofucuit
XOJAUCAHUHT SXTHMOJIH TYUIYHYACHHH Ke/ITHPaMH3.
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XOIMCAHHAT SXTHMOJIH MABHOCHHH anrJaii yyyH OMTTa COAAA MHCON
KeJTHpaMn3.

bBurra sumkna 10 nosa 6up Xua mwap 6yanb, y/aapHHHT HKKHTACH
KH3uJ1 panraM, 8 rtacu sca KYK pauram OVicun. Slumkaaru 6y mapaap-
HH axmmaab apanartupub, cyur Oy siuMKaaH KapamaciaH TaBaKKanura
map onuuml Taxpubachni YTKazaiauk. PaBluaHkw, SNIMKIAH ONMHraH
HIADHHHT KYK paHran OVJIMIL WUMKOHMSTH KH3WJ PaHrIH - OVJIMIUW HMKO-
HHSITHra Kaparasia Kynpok OV.iaam.

Onatna mMKOHMATApHM copaap Onian Xapakrtepaal, VJjap coawii-
THpHnagu. Hatwkaza kym HMKOHMATIIH, KaM HMKOHMSITJIH YMYMaH, Mab-
JYM MHKIOpAArd HMKOHHAT/IH KaOH XOAUCANAPHMHT COHJI  V140BJapH
TYFPUCHA TalHpHII MYMKHH OVaaju.

By XoaucanuHr 3XTHMOJM TylIyHYacHra osmb Kesaj.

1. Xoavca 3XTUMOJHHHHT KJaaccuk Tawpudu. DBupop

'ra)xpu6a HaTHKacHjJa 4YeKJH conaarH L’I, (’:,, e W C’n jemenTap Xouau-
caJjiapaan 6upopraci pyii Gepmin MyMKHH OV.icHH.

By e, e, ..., ¢, snementap Xoaucanap KyHujar# 1apTaapHu
KaHOATJIAHTHPCHH:

1) xomucanap x)ydr-Kydti Onian Oupranukia smac, SbHH HCTaR-
FaH MKKHTA €; B2 ¢, (i =j) xoauca Gupraqukia pyit Gepmaiiin:

2) e, e, ..., e, Xoaucasapaan Oupopracn aabarra pyi Gepanw;
3) e, €, ..., €, XOAHCAJIAD TEHT HMKOHHATJIH.
Bupop A xomica e, €, ..., €, 37eMeHTap XOAHCAZAD WYMAAH €, ,

€y -+ € JIAD pyii 6epranna pyii Gepcun. By xouma Chpr Chyr v 0

2
sjaeMeHTap Xoaucanap (avhn A xomucacuuunr pyit Gepuunira onnG xe-
Japurad xomucanap) A Xoaucara Kyaadaux myrdupaduear xooucarap
Aefinany.

Macanan, TtaHraem HMKKH MapTa Tamiall TaxpHOacHHN  Kapaiiuk.
By taxpuba natmkacnza I'T, TP, PT', PP saementap Xoaucanap pyi
Gepa .

A Xoauca TamraH# MKKH MapTa Talllarasiia HKKala Xoala XaM
rep6au Tomonn Ty Xoaucacu (IT xoawucacw) Gyaenn. By Xoana
A Xomucara KyJaiJuK TYFAHpajuraHn siementap Xojuca (axar Ourta
6yaamm (I'T xomuca).

®apa3 KWIalJIHK, % Ta €, €, ..., €, SIEMEeHTAD XOAHcalapjan m
Tach A Xopucanuur pyi Oepuiunra KyJalauk TYFAMPCHH.

23.8-Trabvpud. Yoy L con A yoducanune xmumosu €6 atanami
n

Ba yuu P (A) kabu éamnanm:
PA)=2,
n

Hemak, A xoaucanuur sxtumonn A Xoaucauuur pyii Gepuuikra Ky-
NalMK TYFUPYBYH XOAHCAJAP COHHHHHP TEHI HMKOHMAT/IN Gapya 3ae-
MeHTap XOAHCajap coHura HucOaTHra TeHr.

Mucoaaap. 1. fumgaa axwmia6b apajawtapiirad 25 Ta Gup Xua
wap 6yan6, ynapaan 5 rtacH Ky, 11 Tacu xusua1 Ba 9 TacH OK 1map
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6yacun. Fhuwkian TaBakkaaura GuTTa Iap OJMHTAHJA VHHAT KYK Inap
6Vauig, Ku3u mwap 6Yauinu Ba ox wap GV/IHImM 3XTHMOMIAPH TOMMJ-
CHH. .

PaBwanku, 2aMH s1eMeHTap Xojwcanap coun n = 25 (5 4+ 114-9=25).
6yniann. Awnraimk, A, B Ba C Moc paBHIIZA KVK, KH3WI Ba OK miap
uMKHIMAan u6opaT XOAMcaJapHi M(OAasacHH. m,, M, Ba my 3ca MOC
paBumia 6y Xoawcajapra KyJalTHK TYFAHPYBUH 3JEMEHTap XOAHcaJap
cohn Gyscun. Y Xoajaa Macaja liaptara kvpa my =5, my, = 11, my=9-
6ynanm.

IXTUMOJIHHHT KJACCHK Tabpudura Kypa

| -4
P(A)=— =02 P(B)—_=04,

<

o
1

<

P (C)=—==036

6Vaann. Jlemax, TABAKKaJaWra OJMHTaH IUAPHHHT KVK Imap OV/mml 3XTH-
moan 0,2 ra, kusua wap 6Vanm sxtumoan, sca 0,44 ra Ba ok 1wap 6y-
Jmi sxrumoan 0,36 ra Tenr.

2. VTkasuaaétran Taxpuba, cummempurx, OuUp HUHCAUW TAHTaHW Y4
mapTa Taumiawaad néopar 6Vackn. Taxpuba natxacuaa 2 mapra rep6-
JIH TOMOHH TYIIHII XOIHCACHHHHT IXTHMOJIH TOMMWJICHH.

Tanranu yu Mapra Tauwiamaa pyit Gepumm MymkuH Gyaran Gapua.
a7eMeHTap XOAucaJap TYMJIAMHHH Ty3aMus:

Q = {e, = (I'TT), e, = (ITP), e; = (T'PP), e, = (PPP),
e; = (PTP), ¢; = (PPT), e; = (T'PI), e; = (PIT)}
6yau6, 6y TYMaaM 3jeMeHTIapuHHHT COHH n = 8,

Ajraitimk, A XOaHca TaHWraH#y yd MapTa Tauniarania 2 mapra rep6mr
TOMOHM TYWIHIIH XOAHcacH OVJICHH.

Saementap Xommcanap tynaamu Q jan kVYpamuaku, Gapua 3jeMeH-
Tap MMKOHMsITIap conn n=2% =8, yiapnan A xoaucara KyJaiauk
TYFAHPYBYH 3JEMEHTAD XOAHcanap COHH m = 3 GVJiaau.

Xomca 3XTHMOTHHHHT Tabphdura kypa xapanaérran A XoaucaHunr
3NTHMOJH

P(A) =2 =035
6V1anm.

Xonuca 3XTHMOJNHHET Tabpuduaan GeBocuta KyitHaard XoccaJap-
Keanb uHKanm.

1°. Xap xaudatd A xoducanune 3xmumoru

P(A)>08a P (A<,

aviu 0 < P (A) < | Gijaaou. _

2°. Myxappap xoducamune sxmusmoru 1 ea mewe Oyradu, SBRU
P Q)= 1.

3°, Mymcun Gjamaear xo0ucanune symumoau Horea mexe Oyradu:
P (V)=0. ;

2. Xoanca 3XTHMOJHHHAT FEOMETPHK Ba CTAaTHCTHK
Tabpudaapu. B3 loKopuaa ypraHray SXTHMOJHHHT KJAcCHK TabpH-
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Gbugan ynjaa 6aénm sruaran Gapya S1eMeHTap HMKOHHMSTJAD © COHHM YeKJH
Oynran XoujarnHa Gofiasaunil MyMKHH, akc Xoama Oy ‘Tabpudiau
poiinanannb Gymaiiau.

Bynpait Xonza xoauca sxtumosura Oomkaya tabpud Oepuuira TiF-
pu kemagn. Kyiinga Xomuca 3XTHMOJHHHHT F€OMETPHK BA CTATHCTHK Tab-
PHVIADHHN KEJTHPAMHS. - '

Xonuca 3XTHMOJHHHHT reoMeTpHKk Tawpupu. DPapas
KHJIAHIHK, TeKHcankaa oupop Q coxa OGepuaran 6ymub, Oy Q coxa Goii-
Ka 6up G coxaun y3 nyura oqcun: G = Q. Q coxara TaBakkaJa KHIHO
_ HyKTa Tauwmianaau. By nykrauwusr G coxara TyIIMUIM 3XTHMOJHHH Tab-

pudutaitmuz. By epaa Oapua snementap Xoiaucanap tymaami Q coXajad
ubopar G6ysianu. Pasuianku, Q —uyexcus rtynjam. Bunobapuu, 6y Xoaaa
SXTHMOJIHUHT KJACCHK Tabpuuaan doinanannd Oyamaiiam. ¢ coxara
“TAULIAHrAH HYKTa 11y CONAHHMHI' MCTATral KHCMHra TYLIHUIM MYMKHH Ba
HyKTauuur Q coxauudr O6upop G Kuemura Ttyuminr 3xTemosin G HuHr
Vagosura nponopyuonaa 6yamd, v G nunr makavra xam, G uunr Q co-
XaHHHT Kaepura Koivammwanra Xam 6oraug Oyavacuu. Uly mapraapna
yuGy

~mesG

mes Q

'MUKJIOP KapaJaérran XYOOUCAHUHE 2eOMempur 3sxmumoaw fed aranaid.
Bynaa mes —Q Ba G coxatapuuir YI4oBHHE OiIAHpagi.

Mucoa. L y3ynmkka sra GyJran kecMara TaBakkad KWIHO HyK-
Ta Tautadran 6yucud. Tauitanraw HyKTaHUHr KecMa ypracHiaH V30FH
Ouman [ macopana (2/ < L) éruuni XOJHCACHHHHT 3XTHMOJIM TOMH/CHH.

Eynw. YMyMaiiinkka 3uéH KeaTHPMACAAH KECMAHMHC YPTacHHH ca-
HOK Goum ne6 kapaidiuk (141-uvnzma).

Macananuur  IapTHHH  KAHOATJAHTHPAJAMIaH — HyKTaJap TYmIaMH
{—1; 1] cermenraan ubopar 6Vaanu. By cerMeHTHHHT y3yHaurn 2/ ra TeHr.
IOKopuparu Tabpudra KVpa KapataérraH XOJUCAHHHT 3XTUMOUIH

Pt 20

Ta TeHr GyJsaju.

Xoauca 3XTUMOJHUHMHT CTAaTHCTHK Tabpudu. Okopuia
afitu® VTraHuMu3Iex, XojAuca 3XTHMOJHHHHI KJacCHK Tabpudu Taxpuba
‘HaTIpKacuaa pyi GepajnraH 3/eMEHTap XOAHCATAPHHHT TEHT HMKOHHAT/IH
Oyauimra acocaHraHnp.

K¥n Xoanapaa sseveHtap XOAHCAJADHHHD TEHr HMKOHMATIH OYJn-
mHM kypeata oamaimus. Ly caGabau xam Xoauca 3XTUMOJHHHHT aMall-
Aa Kynaait 6yaraH TabpudHHH KeATHPHUI 3apypusary Tyrumaiu. Bynjait
TabpHUIapaaH OHPH XOAHCA SXTHMOTHHHHI CTATHCTHK Tabpupuaup. DBy
“TABPHHH KEJTHDHIIJAAH aBBan HucOMA vacTora Tymrynyacu OujaH Ta-
HHLIAMHU3.

Tabuarna, textnkana Kym Mapra Takpop/JaHajiurad Bokeajsapra Ayy
Kesamu3. By tampuba nHarumKacuna Gupop A Xoduca pyit Gepuum Xam
MYMKHH, py# GepMacaurd XaMm MymkuH. Ajrraiiuk, N Mmapra Taxpuba
yrkasusrai 6yu0, ynma A Xoauca w Mapra pyii Geprau Gyi/cuH.
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W (4) = 5

Hucbat xoducanuwne rucbuil wacmomacu neb aranaim.

Jlemax, A Xopucanuur HucOMii yacToTack Wy Xoxuca pyi Gepram
TaxKpubanap COHMHM YTKasWaran :Kamu taxpubanap conura GyJraH Huc-
GaTura Tenr.

Kyn xysarvumnap myss xypcatajaukd, OHP XWJ 1apT- IIAPOHTAA KNI
MapTa TAKPOPJaHAJMraH Ta)kpuba yTKaswirania HucOHH uactora Gupop
Varapmac con arpoduaa tebpanub Typaan (olatma OyHu Hucbud wacmo-
manuxe myprynauey Jenunanu). MacasnaH, Tamra Tauiaur TaxpHOacHHu
KVN MapTa TaKpopJiaranjaa, T4HFanuHr repOJd TOMOHHHUHT TYLIHII YacTo-
TacH KyHuaarnya GyJjrad.;

Fep6un TomoHH GHaai

TYWH conH (Jir) Huctnit vactota Wy

TaxpuGaaap conn (W)

4040 £048 0,5080
12000 6019 0.5016
24000 12012 0,5005

Bynpan uncbnit uacroraunnr 0,5 coun atpoduna TeGpanub Typu-
mHHK Kypamus. TaxpuGanap conmnu sHajga oprrupa Oopranja HucOHi
yacrora 0,5 conura Gopran capu siKiH KeJarepaj.

Iﬂynnau Knano, XOMHCAHHHT uucOnit yacToracH TaxKpuGasap COHM
opra Oopran capu Ontra y3rapmac con atpodmuza 6ynap 3kaH. Oparna
Iy COH XOJMC2HUHT 3XTHMOJIH Jeiiiajn. Xoauca 3XTHMOJHIrd Gepuaran
Oy Tabpu(p IYMUMOAHUKS cmamucmuK madspugu Neinaiu.

Mucoan. dxuaran 30 Tyn oiMa KyuaiHuad kearycn iiwam 25 Tynu
KyKapran 6yJica, SKMIraH oaMa KyuaTunuHr Kykapuwi (N) XOAHcacHHHHI
HHCOWH YacTOTACH TOMHJICHH.

Eunm. Syg'rxmommmr craTHeTHK Takpudira acocan N = 30, p 4 =25.

95. 5

Bynaan W (4) =— = —= — =~ (,83.
!v 30 6

4- §. 3XTHMOMJIAPHH KYIIHI TeopeManapH

Bus XXIII 606, 1-§ na Gupramukaa Gyaran Ba Oupranmkna Gyima-
ran XoJAucaJap XamJa WKKH XOJuca HHUFHHIHCH TyluyHyanapd On/an
tanAmauK. Kyinpa Ovhjait Xoaucanap HUFHHJLHCHTA JIOMD TeOpeMaJsapHH
KeJITHPAMHU3.

dapa3 Kuiaimk, A Ba B xogucanap OGuprammxia Oyyvaran Xonu-
canap 6yam6, P (A) ra P (B) mMoc paBuuia YJIAPHAHT 5XTHMOJLIADH 6le-
CHH.

23.1-Teopema. Hrkuma 6upearukda Gjamacan A éa B 'foauca-
2ap  UUFUHOUCUHUHZ BXMUMOAL WY X00UCAAap 3XMUMOAAQPUHUHE UU-
FUHQUcU2a mema:

P (A+B)=P (A)+P (B).
275 .
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Hcbor. By TEOPEMAHH XOJIHCA SXTHMOJHHHMHI KJACCHK 'rabpuq;unau
<poitnananub ncGoTIaiMus.

Afiraitimk, Taxkpuba HaTHXKacH n Ta 3jeMeHTap Xoaucanap GVane,
©Oynapian m, tach A Xxoxucara, ms Tach 3ca B Xomdcara KyJailiuk

TYFJHPCHH.
' Y Xonmaa

P(A)= "’l‘. P (B) =2 (23.1)

n

. Gynann.

Iaprra xypa A sa B 6npramn\:1a 6VaMarat Xonucanap.  Wynunr
yuyn € A xomuca, éku B xoauca pyit Gepuiira KyJaitnuk TyEAupysus
Xoaucanap conu m, +m, ra teur 6yaagu. demak, A+ B Xxomucamiur
9XTHMOJIH

P (A4 B)= 2ot M ‘
n
Oynaau.
Arap
P B =00 Oy

n n n
OYaunmpn 3pTHOOPra odcaxk, vida (23.1) Mmydocadataan doiigananud,
P(A+B)y=P (A +P (B)
ra sra OViamu3. Teopema mucOGOT/IaHAM.

23.1-nartuxka. A xcducaza kapama-sapuy A yooucanuune 3gmu-
Meau
PA)=1—P (4)
2a mene Gyaadu.
HMco6or. Xakuxaran Xam, A sa A KapaMa- Kapiuy GyJarawarugan

«2-§ ra xapanr)

P(A+A)=P U)=1. (23.2)

IOxopunia keatupuaran Gupraamkia OyaMaran Xoancanzap YYyH SXTH-

‘MOJIJIapHH KVIHUII TeopeMacHra acocaH
P(A+A) =P (A)+P(A). (23.3)

(23.2), (23.3) myHocabar.1apaa 3ca

P@A) =1—P()

Gyammy Keamé uMKaaH.

Mucoa. fumkaz 30 ta iwap Gop, yaapaan 10 Tacu Ku3ui, 5 Tacu
KYK Ba 15 tach ok. TaBakkanura oJMHra IIAPHHHT paHran GYmin 5X-
THMOJIH TOMHJICHH.

Euynm. Pauran map yukuuyg ferasaa € KH3WI map, €kd KVK ap
'YHKHITHEE TymyHavn3. OJMHraH [WapHuHr Ku3uJ [ap YHKWILK XOjHca-
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c‘:&u A, x&x wap yuKMim XoaucacHin B ek, YHAa SXTHMOJHHHD
KJacchK Tabpudmura Kypa
10 1 5 1
P(A)=—=—, P (B)=—=—
(4) 30 3 ( ) 30 6
oyaaan. Paswankn, A B onuuran mapHUHr PaHrad IUdp YHKHILHAaH
woopar. Gyaras xoauca. A Ba B Xomucanapu Oupraankiaa sMac. Ilyuunr
yuyHn tokopuaarn teopemara kypa P (A -+ B) =P (A) 4- P (B) Gynamu.
Jlemak, nazanaérran 3XTHMOT:
1 1
P',' 'B,:—-—;—-—:—,
A8 376 2
Dapa3z kunaitmik, Ay, Ay, ..., A, Xoarcanap Kyr- Kypru Ounas
Ouprasngaa H6yamaran xoaucaaap 6yvicun. IOxopwaarn kabu RVpcaruid
MyMKHHKH, Oy Xomaa xam P (A, + A+ ...+ A) = P (A) + P (A)+
+...4+P(A) 6yrann.
Xycyean, 6y Ay, Ay, ..., A, Xolicaaap XoaucaJapHuHT TVaa rpyn-
nacunn Tawkua srca (A, + Ay + ...+ A, =U), y xon1a

PA)+PA)+...+PA)=1

Gyaani.

S Oupraaugia OVaraw Xoaucanap vuyH KVIIHII TeOpeMacHHH
KeJITHPaMH3.

Mabaymgn, TampuGa HaTHKacuaa pyil GepainraH HKKMTa XOAMCa-
JAan OupuHpnr pyit Gepuiuyu HKKWHYMCHHUHT pyil GepHLUHHM HHKOp 3T-
Maca, Oy Xomucanap 6upzaauxda Ogacan Xcducaaap JeRHIaIH.

23.2-teopewva. Hrkuma 6Gupeaiuxda Giyarcan A 6a B xoducadawn
xeu Ojamacanda Oupunure pyd Oepuur sxmusoaw 6y xcoucarap 3xmu-
Morrapu duruHoucudan yaapruxe Oupeaiuxda pit Gepu xooucacu sx-
MUMOAUHUKE aiupyacuea mexe oyaadu:

P(A-+B)=P (A)+ P (B)—P (AB).
Mc6or. IMaprra x¥pa A sa B Oupraamkia OVarad Xoxucanap.
Paswauxku, AB, AB Ba AB xoaucanap ¥3apo Gnprainkia 3Mmac Ba

A+B=AB+AB+ AB

6vaaan. Yuna 23.1- reopemara kipa
~ P(A+B)=P(4B)+ P (AB) - P (AB) (23.4)
yaazau, '

A xomnca Xamaa B xonucanuur pyii 6epuum vuyn AB xamma AB
XomHcasapaan OGurtack pyi Gepuin kepaxk. Sina 23.1- Teopemara xypa,
LY HHHTACK

P (A) =P (4B)+ P (4B), (23.5) .
P (B) = P (AB) + P (AB) (23.6)
Oysaau. (23.5), (23.6) mynocabGariapaau -
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P(AB) P(A)—P(AB).
P (AB) =P (B)— P (AB)

Gymamu Keu6 umkamuw. Hamwkana (22.4) rtenrsmkaaru P (AB) pa
P (AB) uuur YpHHra yJapHUHT TOMW/raH KMAMATIapHHH KYifcak,

P(A+B)=P (A)—P (AB)-+P (B)—P (AB) + P (AB) =
=P (A)+ P (B)—P (AB)

Xocua 6Vaaau.

Hemak, P (A +B) =P (A) + P (B)— P (AB). Teopema ncGotaan.

Mucoa. HUkku mepran Ourrazan Vi ysau. Dupunym mepranuuur
Huionra Tekkusni (A Xxoauca) sxrumoan 0,8 ra, HKKHHYHCHHHKH (B X0-
nuca) 0,9 ra 1eur 6Vica, Meprawgapgan akauii Ourracuuutr (C xoau-
ca) HHIIOHra TEKKH3raHJurH 3XTHMOJIH TOMHJICHH.

Euuur. Macana waprura acocan P (A)=0,8, P (B)=0,9, C=A+B
Oyaranaury yuyH Oupraqukaa Oyaran XOAWcasap y4yH 3XTHMOJIAPHH
| KYIIHII TeopeMacHra acolat

P(C)=P(A+B)=P (A)+P (B)—P (4)-P (B)=
=0,8+09—08-09=1,7—0,72 =0,98.

5-§. S&Tumm}napun KVNaiTHpHW Teopemasapy

Arap ukkura A Ba B Xxomucatapaan OMPHHHHT pYil GepHiumM HKKHH-
YQUCHHUHT pyA Oepuur éxu pyd Oepmacaurura Goriuk OGyamaca, y xoJajaa
6y xoaucanap spkau xoducarap peituaaau. IOkopuaars MyJoxasanapu-
MU3aH paBllaHkd, Oy MaB3yjaa ¢ikaTruHa Gupraiukiaa Oyaran Xoduca-
Jap xakuaa UKD lopuTHaanM, YyHKH Odpraaukaa Oyamaran Xoauca-

JapHuHr Ouprasmukga pyit Oepuir (KynafitMacHHu) 3XTHMOJIM HOJTA TEHT.
! A Ba B xomMcanap spkjan Xogucadap 6yVaud, P (A) sa P (B) yaap-
HUHI MOC 3XTHMOJIApH GVJICHH.

23.3-teopema. Hrkuma apkau A 6a B xyoducanune Gapea/zw\da
Pyt Gepuwr 3xmumonu wy Xo0Ucarapruxe 3IXMUMoArapu Kgnadmnmma-
cuea mexe: '

P (AB)==P (4)-P (B).

Hco6or. Ulaprra kypa A Ba B-spkan xoaucanap. TampubGa natu-
Macuaa n Ta 3aeMentap Xxoaucara sra Oynaiimk. DBymapaan n; Ttacu
A xonucara KyJaiJHK TYFAHPCHH.

Taxpnba HarTivKacuza m Ta s71eMenTap XoAucara sra Oynaiinuk. By-
Japias my tach B xofucara KyJaWIHK TYFWMPCHH.

PaBmanku,

My

PA)="L, PB)= (23.7)
n

Tampubasap HaTHKacuga pyit Gepapurau 6apqa ajieMenTap Xojica-
Jaap couxt nm ta Oynaau. Dyaapaan nym, tacu A Ba B Xoaucanap-
HUHr Onprannkaa pyit OGepuiuura KyJaaliHK TYFAHDaM.
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Jlemax,
P (AB)=21"1
nm
Gysaan. Bynnan sca, toxopunare (23.7) mynocaGathni 3wTHOGOpra oam6,
P(A-B) =ZL.T1 . P (4).P (B)
n m

OV/HILHNY TONAMH3.
222-narnxa. Ay, Ay, ..., A, 6upeaiuxda Goraux Gijamazan xc0u-

carap Oyacun. ¥ xoa0a
PAA, ...A)=PA)P(A)...P(4,)

6i.aa0u.

Mucon. Mkku siumkiwar Xap Gupnaa 10 tagan geraan Gop. Bu-
PHHYH AuIBKAa 8 Ta, MKKMHYH sluMKAa 7 T4 CTaHlapr Jetasn Gop. Xap
6up siumkAan TaBakkaaura GWTTajan jeraqb oanHaju. ONHHraH HKKaja
ACTATHUHT CTABAApT OVJIHIL SXTHMOJH TOMHJCHH.

Eunwmr. Bupnnun smmkaan ozwnran aetanb cranpapr aeraas 6y-
JHII XoaucacHHn A, HKKHHYH SIUMKA4aH OJMHTaHM CTanlapT JeTallb

6V xoaucacunn B peiamk. Yupa P (A) :]—g =08, P (B):T?o-=

= 0,7 6ysaan. PaBmankn, oJMHraH MKKaga J€TaJIHHHT CTaHlapr Je-
Tasb Gy XoancacH sca AB xoamca GyJaj.

A, B Oupramikaa Gyumarat xomucanapaup. Hlynuur yuyn 22.3-1eo-
pemara xypa P (AB) = P (A)-P (B) 6ynann. Ilemaxk,

P'(AB) = P (4)-P (B) = 0,8-0,7 = 0,56

6yaann.

Borank Xoaucanap 3XTHMOMLIAPHHH KYDNAHTHPHLL TEOPEMACHHH  KeJi-
THPHIIAN aBBAJI XOJMCAHMHT IUAPTJN 3XTHMOJH TylIyHyacH GuJaH Tanu-
LIAMN3.

bBupop A Xxomuca Oepuaran Oyacun. Oparza Oy Xoauca Mabaym
uiapraap Maxmyn S Gaxapuaranja pyii Gepaau. Arap A Xomucatmup
axtamoan P (A) vu xucobaarasia S wapraap Maxmyslai Gowka xey
Kaujail wapr Tanab kuamHMaca, GyHaal 3NTHMOJ Wapmcu3 3XTHMOJE
neiiniann. Kyn xonnapaa A xonucanunr sxtumosuun Gupop B xoauca
(P (B) > 0) pyit Gepran neran uiaptia xucoGaaiira TYFPH KeJalu.

A Xoancanwuur OyHAail SXTHMOJN wapmMAu 3XMUMOA JileHHJajul Ba
P (A/B) xabn OejrunaHanu.

Mucouan. Tanrany 3 mapra tamwiaunr TaKpubachiu xapawnk. Tax-
puba narmiacnia pyii Gepajuran sJeMmenTap Xojucanap TYmJaMmil Kyiin
Jarnya 6yaamu:

Q=({ITT, ITP, I'PI', PIT, PPP, PPI', PIP, [PP}.

By nynnam 8 ra snementaan uGopatamp.

Tanranunr repGin Tomonu (axar Gup MapTa TYIUMLI XoAucacH A
Ba Kamujaa GMp Maprta rep6in TOMOHH TyLmul XoAwucach B Gyuaca, y Xoi-
na ?xr:mommnr KJIAaCCHK TabpH(pHra acoca:

|
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P =3, PB-

o | =

6ynanu. P (A/B) wapran 3xTHMON 3ca
P (AIB) = %

ra TeHr Oy.anau.

Ouan OOFIHMK XOAHCAIap 3XTHMOJIAPHHH KYNMAHTHPHII TeopeMacHH
KeJATUpaMu3.

23.4-teopema. Hrkuma Ooraux xoducanure Gupeaaukda pyd Ge-
puLL 3Xmumoau yaiapoar GUpUHUHE 3XMUMOAUHL Wy xoduca pud Gepdu
decan papazda XucoGaaH2aR UKKURYLL XOOUCAHIUNHE LUQAPMAL IXMUMOAU-
2a Kynadmmacu2a meue:

P (AB)=P (A) P (B/A).

HcGor. A Ba B 6orank Xoancanap Oyacun. Affraiiuk, rtaxpuoa
HATHXKACHA 7 TA 3]eMeHTap Xoxucara sra Oy/aitiuk. Bymappan n, Tacu
A xonmucauuur pyit Oepuumira KyJdaiiimk Tyeaupeud. Paswanku, Oy
xonaa ,

, P (A) ==t (23.8)
I
Oyananu.

A xonuca pyit Gepau neran waptaa B Xoamca pyit Oepuumra Ky-
JAHIHK TYPIMPraH 37eMeHTap XoAucaaap coHu m Ta GOyacuu. By m ta
Xon Tampuba nHarkacuia AB xoauca pyit Gepuiuira KyJaiiuk Tye-
aupau. [lemak,

P (AB) = . (23.9)
n
A xomuca pyit OGepau nerad waptia B xoxucaHuHr pyii Oepuur sx-
THMOMH (LUAPTIH 3XTHMO/H)

P (B/A) = —

ny
ra TeHr. JuaH

P(@AB) == =1t. 2
n n ny
GYauumun  sbruGopra oaub, iokopujarit (23.8) Ba (23.9) mywocaGat-
Japaad dofifanannt conamis:
P (AB) =P (A) P (B/A)
Teopema ucGoraanau.
Mucoa. fumkaa 5 Ta ok, 4 Ta Kopa map 6op. Swmknan Kaitra-
pHO oitira KyiiMacaaH, Ourrasab wmap omiur tampubacH yTkaswiaérrau

OVacuH. Bupunuu rasga ox 11ap, MKKHHYM ranja Kopa luap YHKHUIH
SNTHMOJIH TOMHICHH.

Euum. Bupnuuir ranga og wap uuguur XopucacHHu A, HKKHHYH
ranja Kopa wap udkHin xoqucacunu B ne6 onaimk. Dy Xoaucanap
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,‘ \ H
; 6oj;|mq xoaucanap GVvaaw. Xomuca 3XTumonH Tawpupura kypa P (A) =
=5/9.
Bupuian razija ox 1wap uMKKaH XOJj1a, MKKHAYH ranja Kopa wap
YHKHIIM 3XTAMOMM (tapran sxtamoau) P (B/A) = 4/9 6Vaanu.
Papiuankd, GUPHHYH Taija OK INap, HKKWHYH rajjia Kopa wap Y-
Kuum xomucich A— B 6Ynagu. By XoaucauuHr 3XTHMONHHH OKOPHAA
KeJTHpH/IraH TeopeMagaH (oitdasanué Tomavua:
P (AB) = P (A) P (B/A) .;—.3‘- - -3_"’
23.2-3cnatma. Arap A, B, C Goraug Xoaucanap Oy/ica, y Xonja
P (ABC) =P (A) P (B/A) P (C/AB)

MYHOCAGAaTHHHT YPHHIIH GYAMIIHHH KYPCATHIL MYMKHH.
Ymymau, Ay, A,, . ... A, GorauK Xoaucanap yuyH Kyitusare ¢op-

mysaa ypuimi G6Vianu:
P (AA, ... A)=P(4) P (A,/4)X

XP (A/AAy) ... P(AJAA, ... A, ).

6-§. Tyna axtumon gopmyJac.
Baiiec dopmynacu
Bupop A Xoauca n ta mypr-Kypra Ounan Oupranankaa Oy/amaran
Hy, H,, ..., H, Xo;ucanapuuur (runoresanapiunr) OHTTacH Ba (hakar
outracH Guiaanruna pyit Gepurd Mymxuit 6yacun. Jemax, OupuHuuzan
' A=AH, +AH,+ ...+ AH,,

HKKHHYHAAal 3ca .‘
AH NAH, =V (i # )

6yaanu.
OXTHMO/IIAPHH KVLIHII TeopemacuaH ¢oiiiasanuG Tonamus:

P(A)=P (AH,+ AHy+ ...+ AH) =

=P (AH,) +P (AHy) 4. . . +P (AH).

Arap
P (AH,) = P (H,) P (A/H,),

P (AH,) =P (H,) P (A/H,),
P(AH) =P (H) P (A/H)
O6yamiunun sbTHOOPra 0/1CaK, Y X0aaa YOy TeHIHKKA KeaaMus:

P(A)=P (H) P (A/H))+P (Hy) P (A/H,) + ...+
+P (H,) P (A/H,) =N P (H) P (A/H,).
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Tlemax, - %
P (4) = }: P (H) P (A/H). (23.10)

k=1
Onatna (23.10) gopmyaa mijaa axmumoa gopmysace ned aranand.
Tyaa sxreMon gopmynackaaid Mypakkab XOAHCAJAPHHHT 3XTHMONIAPHHH
Xucobnamaa (ol aanauiam.
Miicon. OmBopra 360 Ta MaXCyJIOT KeJITHPHIIH. Byaapaanu:
300 Tacu Oup kopXxoHata Taiépaanran Gyan6, 250 TacH SAPOKIH

MaxeyJior,

40 Tacu 2-xopxonaza Taiiépaanran 6ysmd, 30 Tacu fApoxaM Max-
cyJor,

20 Tach 3- KopxoHaja Taii€paanran 6ysm6, 10 Tacu spoxan Max-
CyJI0T.

OMGOpZian  TaBakKaJaura OJHHraH MaXCYJIOTHUHT SIpOKJH GyJmin 3X-
THMOJIH TONWJICHII.

E unm. TaBakkanura oJuHran MaxcyJoT YuyH KyHHAArd THnoTesa-
Jap ypunuau Oyaaii:

H, — maxcyaoraunr 1- Kopxonana Taucpnanrau OV,

H — MaxCyJOTHUHT 2- KOpXOHala Taii€paanran Gyaunmni,

Hs—Ma)gcynomnnr 3-KopXoHaja Taiépaanran OYauIIM.

YIapHHHT 3XTHMOJIJIAPH MOC paBullijia Kyl'-'mmruqa 6ynau:

300 5 1

P () =50 B P )= =5
1
P (Hy) = & »1—8.

Arap onmHran MaxcyJaoTHHHT sIpokau GYammmnu A Xoauca ne6 Geu-
rujacak, y Xoana Oy \OJHCAHHHT TVPJH THNOTE3aJap 1IapTJapH OCTH-
Jlary 3XTHMOJIapH Kyiinaariua 6yJiajiu:

P (AH) = 2; P (AIHy) =25 P (aH) = L

IO!gopHna'Tonunrauﬂapun TVaa axtimoa dopayaacu (23.10) ra xyamms:
P(A)=P(H)P (A/H)—rP( ) P (4’H )+ P (Hy) P (A/Hy) =

5 l 29
) + 9 4 + 2 3
Afiraiiank, 6uprannx,13 O6yaMarai Hl, H,, ..., H, Xomucanapuuur

TyJa rpynnacu Gepuiaran GyimG, TaxpuGann yTkasumra Kajaap yJap-
HuHr Xap Oupunnnr P (M), i =1,n 3xXtumoinapu Taitnn  KuitmaTra
sra Gyuicun. Tawpuba narwkacuaa A Xonuca pyii Gepaum jeran wapr
octuaa - H; (i == 1,n) Xoaucanapuuur sXTHMOMIApH TampuOGanaH cyur
Kaujaail Oymmuuikry Kyingarwya ronmmaagu: H; Ba A Xojucaaapuuur

KynaiitMacu yyyH yiuGy
P (AH) =P (A) P (H;/A) =P (H;) P (A/H})
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P (H) P (A/Hy)
PHA) = ==

MyHocabatra sra Gyuiamus. By mynocabarra tVaa sxrumod (opmyiacHin
KY/naHub, KYAHIATHHH TONaMH3:

P (Hy) P (A/H)
P(H)P(A/H)+...-P(Ho)P(A/H,)
P (Hp P(A/H})

P (HyA) =

n

NPy PAH)
i=1

By dopmyna Baidec gopuyracu neitniaj.

Muc oa. KOkopuiars MHCOA TaBaKKaanra OJHHIAH Ma)qcynomuur
SIPOKJIH SKaHJUrH Mabjiym OVica, yHuUHr OMPHHYH KOpXOHAja TailépJiau-
rai Gy 5XTUMOJHHH TOIMHHT.

Euynw. Macanaga P (H/A) mwapris 35XTHMOJHA TOMHIU Tanab KH-
Jmumoxaa. By sxtumosuu Baitec dopmysacuaan dofifanannd tonamus:

P (H, P (A/Hl)

o P (H Ay P (A)
Ouau P (A)=—, P (H) = 'E Ba P (A/H,) = —2— Oy ArauMriiaH
Tanab KwinHaérran S\THMO.'I.’IHK KyHnarura Temur:
55
P (Hy/d)—PU PAH) 66 _ 25
P(A) 29 29

36

7-§. Vaapo Goriuk GyamaraH Tampubanap KeTmMa- KETAHTH.
Bepryaan dopmyaacu

AmMamit MacamanapHi Xaq STHIAA Taxpubasap ojataa Gup Hewa
Oop TaxkpopaaHafn. Dynunr HartiKacuaa TaxpnOanap KeTMa- KeTJHIH
Xocu1 Oynanu. Macanad, AHrH naxra HARM SIPATHATAHJIHCHHH MabJayM
Kaosiar Ouaad TacAMKJall y4yd [y HaB Ouian Oup veda WM TaXpH-
Ganap yTkasusnmb, yaap acocuaa SIHCH HABHUHT Ypraya XOCHJILOPJIHIH,
TOMIA YHKMILITH, Te3 NHUAapaurd, cudariauauru kabu myxum Oearu-
Jiapy aBBa/IrH HaBJapra KaparauJa IOKOpH SKaHJMrH KVpcaTHJIajd.

Mabaymgu, Taxpubanap YTKasWwauLIM HaTHXKAacHAa Tacoaupuil Xo-
aucasiap pyi Oepau. Arap Taxpuba HaTipKacuaa Oupop Tacomuduil Xo-
Jcal pyit Gepui SXTHMOIH Oomka Taxpuba HaTHKacula KaHjad Taco-
aubuit Xomuca pyi GepraHura OGorauy OyiMaca, 6yH11au Taxxpubaznap
KETMA- KeT/rH ysapo Oorauk Oyamacan maxcpubarap JeRHAALN.
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Afiraitamk, n ta Taxpuba Yrkaswiran 6yamG, yJap Kyiiugard mwapt-
JIAPHH KABOATIAAHTHPCHH: ;

1) Taxpubasnap y3apo GOrINK GYMacuH;

2) xap Oup Taxkpuba HaTmkacuaa € A xoauca, €kHM yHra Kapama-
Kapum A xoaucanapnan Gupn pyii Gepcui,

3) Xap Oup TaxpuOaza A XoaucaHWHT pyit Gepuind 3XTHMOIN Y3-
rapmac 6yim6, y P (A) == p ra teur 6YacuH. Y xonna A XOAMCAHMHT
pyit GepMac/HK 3XTHMOMNM, SIHHH Kapama- Kaplii XOAHCAHWHT pYii Gepuil
sxtuaMomt P (A) =g = | — p 6ynaau.
~ Bynpaii, senn xap Oup Gornmkmac Taxpuba HaTiKachaa Tv.Ja rpymn-
ma Tawkea Kuaaguran nkknrta A Ba A Xoaucasnapaaw  (axar OurracH
anbatra pyit Gepaan €6 Kapasaauran Taxpubanap kerMa- ketymnru Bep-
HYJJIM cXeMacy feiinnain.

PaBmanku,

P(A)=q=1-p.

Jemak, Xap Gup Taxpuba narTimacuaa A xoaucamunr pyit Gepuun
sxtamonn P (A) = p, yura xapama-apim A Xoancanuur pyii Gepuun
axtaMonn P (A) = g Gyacun. Acocnit Macaga n Ta 3pkan Tampubana A
XOAMCACHHHHT poca £ Mapta pyii Gepuiun 3XTHMOJHHH Tonuuyian 16o-
par. By axmumonnn P, (k) Onnan Gesrunaiamk.

23.5-Teopema. n Ta 3pkan Tampubaaa A XoaHCAHHHT poca k Map-
Ta pyit Gepuin sxTHMOAK Kyhuaarn dopmyaa Owian XucoGaanai:

P (k) =CE p* ", (23.11)
6ynaa
Cﬁ‘;=—"!.—~v n'=1.2.3...n.
k! (n—k)!

By Teopema Kyiimaarmua myJsoxasa Owian HCGOTJIaHALM:

Bormi 6yamaran n ta taxpnbanuur Xap Onpuia Kysatuiaérran A
XOAUCAHUHT pyil Oepuil sXTHMoM p, pyil Gepmacauk (A-—XomicanuHr
pyit Gepmum) sxtumomn ¢ (g = | — p) Gyucin.

Ajitaiuk, n Ta TaxpnGaza A xoauca Gupop mapra XaMm pyii Gep-
MacHH. Hemak, Onpunun Taxpubaga A Xoliuca, HKKHHYH Taxpubana
Xam A Xomuca, Ba XOKaso, n-rtampubajaa xam A xonuca pyi Gepran. Ha-
THXKAua ynioy

AA... A
n Ta
Mypakkab Xoaucara sra OyJaMu3. YHHHr 3XTHUMOJH 3PKJ/H XOjucanap
YUYH 3XTHMOJIIaPHH KYNafTHPHLI TEOPeMACHra acoca:
PAA .. H)=P@P@A) ...PA)=qgq...q9=4".

P—

n Ta n ra n Ta

By xompa, abhn n T4 Taxprbana A Xxoaucanunr OHpOp Mapta XaM
py# GepMacamK 3XTHMOJH
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P, (0)=q¢"

6y1ia1m
Aditaitiik, n Ta Tax(puﬁana A Xomuca daxkar Oup Mmapra pyit Gep-
ran Oyacud. ByHpa Kyiuzaru n Ta MypakkaG Xxonucara 3ra Oy/amus:

A-A- A . A (6uprnun Tampudaza A pVit 6ep1m)
AAA ... A (nkkanun rampubana A pyit Gepau)
AAAA ... A (yunnun tampnbaza A pyit Gepan),

e ———

nTa

AA .. AA (n-rampubaza A pvit Gepawm).

By mypakkab spk/au XOLHCATAPHUAT 3XTHMOJLIADHH KYNAHTHDPHII T~
pemacura acocat

P(/HA A =PMHP@A)... PA)=pg-q...q=pg"""

P(AA...AA)=P(A,)P(A)..-P(-~1) P (A) =pg"".

n ta taxpubama A Xogucanunr Oup Mapta pyit Gepuul SXTHMOVIA
Ouprasinkaa OyaMarad Xoaucanap yuyH 3NTHMO/VIAPHH KYUIMUI Teope-
Macura acocat

"P.()=PAAA.. A+AAA...A+AAAX.. A+
AA...AA)=P(AA ... Q)+ P (A44 ..

M= 5 A+
+o AP @A AN =p" T g T T =
— g = CLpg™!
Oyaann. Jlemak,
P, (1) :-C,l;pqn—l.

Airraitimk, n ta taxpubana A XomucacH HKKi Mapra pyit GepcuH.
By xonna gyfnaarn

AAA ... A AAAA ... 4, ..., AA... AAA
Mypakkal XoAucanapiaH Oupu pyi Gepfit. YIapHUHT COHH -
Bla—1) e
2

6y1u6, Xap GupiuuHr 3XTHMOMM p " ra TeHr Gysiadu. [Oxopuaaru-
IeK, n Ta Tawpubaga A XoaucauuHr £ Mapra pyH Gepuil 3XTHMOJIH

P, (k) =Crp'qg"™ (23.11)

ra TeHr OYJHIUH KypcaTHIalu.
(28.11) dopmy.a,Bepuyamu opmynacu 1e6 atanaau.
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n Ta Tampubana A xcuuca pyii GepMacaurd MyMKHH, OWp Mapra,
MKKH MapTa Ba X.K., n Mapra py# Gepunm mymkuH. Bynpait xojucanap
HuruHaMen anGatra Mykappap Xoauca Oysaan. Illymuur yuyn yaapuunr
SXTHMOJIapH WHFHHAHCH | ra Tenr Oyaamu. [lemak,

P,O+P, () +P, Q+...+P,(n)=1, seum Y P, (k)=1.
P

Mucoan. Xap 6up nerananunr fpoksir 6Vumin (A Xoauca) 3XTHMOJH
0,8 ra Tenr. Taképianran 5 JeranlaH 3 TaCHHHHT SPOKJIH GV/MIL 3X-
THMOJIH TOMHJICHH.

Eunm. Macana maprura Gunoan

n=>5 k=3, P(A=p=08, PA) =g=1—p=0,2
6Yanumnn anukaaiivus. Yuna (23.11) Bepnyam dopmynacura xypa |
— 3 . 3 . p— 2 — 5! . 3 . 2 == 0
P;(3)=C;-0,8-(1—0,8) T 63 0,8%-0,2* = 0,2048.

23.3-3caaTMa. DHAM PKHH TaXKpHOGanap KeTMa- KeTJHruia Xojiu-
caHuHr pyi Oepuur couund i Guian Gearnnal, Kyiwaard Xoaucanapiu
KHDHTaMH3 Ba YJapHHHT 3XTHMO/JIADHHH €3aMH3:

1) Xoaucanunr £ naH Kam Mapra pyi Oepuin xomucacuun {0<p <
< k— 1} pecak, YHHHr 3XTIMOJIH

-
P,{0<p<k—1}=¥ P, (m)
=

6yaann,
2) XOAWCaHHHT %k Jan xynm Mapra pyii Gepum Xoaucacuun {4 1 <
< B < n} necaxk, YHHHT 3XTHMOJIH ‘

n
P {k+l<p<gn)= : P, (m)
m==k-}1
6ya1a1u.
3) XomucauuHr Kamuaa k Mapra pyit 6epum xomucacu {k<p<n} nunr
SXTEMOJH
P

Ak<p<ny =3 P, (m)

k

3
[ \/)"’

Gynanu.
4) xomucanuur xynu Gunan k mapra pyii Gepuil SXTHMOJH

, k
P,0<u<y=Y P,(m
m=0

6yaanu; *
5) XomucaHMHT KaMmu OujaH k; Mapra, Kynun Gunau k, mapra pyii
Gepuir Xomucacunn {k; < < k,} Jlecak, yHMHT IKTH

S

s
»



fey
s {k!.<l’«<k2}= an(m)

m=ky

6Vaanu.
Mucoaaap. 1) unruranar ynysyauaurs 10% 6Vaca, sxwarad 4 Ta

YHPHTAAH: &) yuTacMHMHr YHWO wukuimm; 6) Xeu OV/IMAraHja MKKWTACH-

HHET yHHﬁ YHKHUI 3XTHMOJHMHH TOITUHT.
Evuur a) waprra kjpa n =-=4, k=3, p =0,8, ¢ = 0,2. Bepuyam

thopmynacura Kypa
P, (3) = C} (0,8)*-0,2 == 0,4096;

6) A Xomuca skuaran 4 Ta uMrHTAaH Xey GYVIMAraHja MKKHTACHHHHE
2 rtach, éxu 3 TacH, €ku 4 Tacu yHHO YHKH-

YHHO YHKUIINHH, STBHH 2
HHn OUIUpeHH. XTHMOMAPHH KYIIMIT TeopeMacira Kypa:
P (A) =P, {&ku 2, éu 3, &u 4} =P, (2)+ P, (3) + P, (4).
P, (3) sxtumon a) Ganjia Xucobjaura;
P,(2) =C; (0,8)°-(0,2)° = 0,1536;
P,(4) =C, (0,8)":(0,2)° == 0,4096.
Hemak, P(A) = 0,9728.
Suau (23.11) Bepuyamu dopmysacHunir TaXanan Ounau myry.rf.na-

HAMH3. )
Paginraiku, Gepuiran Taiind n Ba p Ja

P(k)=CE ptg"™ (k=0,1,2, ..., n)

HHHP KuiiMaTH k& ra GOFIMK, sIBHH R HHir QyHkimacH Oynagu. Bynga

k yarapysumnuur k=0, k=1, k=2, ..., k=n KuimaTaapuaa
P (k) dyHKuusHHHr KHAMaTIapu yuwoy

P,(0), P,(1), P,(2), ..., P,(n) (23.12)

COHJIap KeTMa-KeTnmrufan ubopar Oyaamu. By (23.12) marum comnapaan

TailuHJaHTaH 7 ydyH Kavicu OMpu sHr Karta Oyaaau, sawum A Xoauca

N Ta 3pK/M CHHAILA pyH Oepulviap CONMHHHT KaHAall KHHMAaT/apuja
P (k) sur karta sxtuMosira sra OyJaju, Jerad caBo/ira »asoG Gepuin

MacajacHii YpradaMmu 3.
Pp(k 1) .
[y makcagna ymby YT HucOaTHH KapaiMus. Pasinanxu,
n

i ! 3 i
P, (B =C, p'q" " = g P (1 — )"

Rl kbl n—k—1 n! Hlop k=l
P(k+1)=C, ' p""q et Gy
Y xoana
Pytk+1)  nlp*t1 — o)=L kln — k) B
Puk) (k4 Dln—k—1)n1p* (1—p)"* k41 1—p

n—'k p

Gyaanu.

i
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. Arap

Pa(k+1)
20 T

SBHHU

n—k _p
bl T—p” | (23.13)

6yaca, y xonpa P, (k -+ 1) > P, (k) 6yaanm.
k nubr Kanpait xuiMaraapuna Po(k+ 1) > P (k) Oyaumnny Gnmum
yuyHn (23.13) teurcuanuknn k2 ra mucGatan eyamus:

P > 1 (e — B> (e 1) (1 —p) = np—kp > k(1 —p) +
+(1—p)=>—kp—k(l—p) >(1—p)—np=>—k>(1—p)—np=>
=knp—(1—p).

Hemak, k<np—(1—p) 6yaranna P (k—+ 1) > P, (k) 6¥aann.

Mynpait kuau6, & VsrapysunHudr Kuiimataapu np — (1 —p) cou-
Aan Knuuk Gyaranza P (k) sxtamon YeuG Gopam (awhu P (k) dynxums
yeysun Gynaan).

Xyman wynra Yxwaw, &>np—(1—p) G6yaranpa P, (k+ 1)<
< P, (k) Gyammnuuy KypcaTHL MYMKHH.

Illynpnait kw6, k VarapyBuununr KuiimMatiapu np— (1 —p) cosn-
Aan karta G6yauG Gopranpa P (k) sxtumonm Kuunkjammb Gopaau (9bHH
P, (k) dynkuusi kamaioBun GVaiaam). k ysrapyBuMHMHT KuAMathn k=np—
— (1 —p) 6yaranpa sca P (k1) = P (k) Gynamm.

Mlynpait kuauw6, & Varapysuu 0, 1, 2, ... , n KuiiMaTaapnn Ka6y.n
Kuna 6opub, ynuur uiimatn np — (1 —p) conra errynua P,(k) HHHP
KuiiMath yca Gopanmn, k& wunr xuiiMatu np — (1 —p) conjan omraupa
 3ca P, (k) sxrumos kamasi Gopaau. By xommn umsma Ouitan TacBHpJall
MyMkuH - (142-a, un3ma).

3uan n Ta Taxpubaza A Xoauca pyv GEepHLINHHWHT SHT KaTTa 5XTH-
MOJIIH CORMHM Tonamus. Afitaiiuk, 6y sHr KaTTa SXTHMOJ k ysrapys-
YHHHHT R, KuiiMaTnZa OVJchu., YHJa 10KOpHAAa alTHATaHnapra xypa,

6up TOMOHAaH,

P, (ky+ 1) < P, (ks (23.13)

HKKHHYH TOMOHAaH 3Ca
P(ky—1) < P,(ky) (23.14)

6ynanu.
- (23.13) mynocabar ky = np — (1 —p), (23.14) mynocabar sca k, —

— 1 < np— (1 —p) Gyanraupa GamapuJIMIIHHK I0OKOPHAATHEK KYpcaTHil

MYMKHH. .
Jlemak, sHr KaTrTa SXTHMOJLIH &y con ymby
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i. np—(1—p)<ky<np+p (23.15)
TEHICH3/IMKJIAPHH KaHOAT/IAaHTHPap 3KaH. Dy TeHrcHaimMkHu KaHoaTt/aH-
THpanuran 6yTyH connap np — (1 —p) conra Gormuyk GyJaanu:

1) Arap np — (1 —p) kacp cou 6Vaca, y xoamma (23.15) Tenrcus-
JIMKHW KawoaTJIaHTHpPajuran k, coH Ourra 6ysaam (142-6, uusma).

2) arap np— (1 — p) 6yryn con Gyaca, y Xoaza (23.15) renrcus-
JIMKJIADHH KAaHOATJIAHTHpAAUraH couaap Mkkura Oyaaun. Jlemak, Gy
XOJIa 3HT KaTTa 3XTHMOMJIN COH WKKHTa GVuaau.

l-mucou. Texuuxk nasopat 6Vammi 24 ta jeranzan ubopar ry-
PYXHH TEKIIMPMOKAA. [letannuur sipokau crawjaprra MyBoduk GyJmin
sxtumosn 0,6 ra Tenr. Slpokan neG TaH ojauHAnMrad JIeTAJHHHT  3HD
KaTTa 3XTHMOJIJIH COHH TOMMJICHH.

Euwnw. Hlaprra xypa n =24, p—=0,6 6ynaau. Ynja
np—(1—p)=24-0,6—(1—0,6)=14,4—0,4 = 14,
np-+p=24-06-1+06=144-4+0,6=15
6yan6, sur karra axtTuMoauM K, con (23.15) MmyHocaGatra kypa 14 <<
< ky < 15 Tenrcuanukaapuu Kavoarsautupumy kepak. [emak, 6y My-

HocabaTnan KVPHHAAMKH, 3HT KaTTa SXTHMOIH COH HMKKHTA GYiajau:
k=14, ky =1 =15;

8-§. lyaccon Teopemacu

bns okopnaa yprauran Bepuyasn cxemacuja 72 Ta 3pKJH TaxpHGa-
na A xomucanuur k mapra pyit Gepuim sxtuvmoinn Bepnyaim dopmyaa-
cu Ouan XucoOGaanumuan KYpauK. DBepHysaim dopmysacHHn KeJaTHpHO
ypkapuiiaa A XofucauuHr Xap Oup rampubaza pyid Gepuin 3XTHMOJIH
Varapmac Ba y p ra Tenr Oyiacun ae6 omuuan (0< p<l1].

Kynruna macananapaa XoAHCAHHHD Pyl Oepuill 5XTHMOMN p TaKpH-
Ganap conn n ra GorauK OYsaub, n uuHr optu6 Gopuiun OWaaH p HHHT
kamaino Gopuimra Gorsanran Oyaaau. Dynjait xonna DBepnyanu cxe-
MacH yuyH Kyiujaarn teopeMa VpHHIM GVraju.

23.6-teopema. ([lyaccon rTeopemacu). Aeap Bepuyarru cxemacuda
n—oo na p—0 Ba np—A(h>0) 6Vaca, y xona n— oo ja ymby
MyHocabat Ypunau Oynaau:

Ak . A
P, (k)— e Fgku P (k) & T "% (23.16)

By takpn6buii dopmyaann Ilyaccon dopmymacu aefinaann.
HMcbor. Mabnymkn, n Ta y3apo spkan tampubaga A XOAMCAHMHD
k mapra pyit 6epu sxtumoam P (k) = C ,’; p"'(l ——p)”_k 6Ynann, Oynaa

k n! » » -
== 5 KCHHIII‘H TEHIJIHKHH KYHHJaruva €3uh 0JaMHu3s;

n k) — k)
gk oonl 123 ... (n—R(—k+D)...n
n R (n— k) RU1-23 ... (n—k)
(=i 2). . a2
nta—=1)...(a—k+n  "TUT )" n)"'" R )_
- k! o k! =
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By tenraukpan sca
SGE= =21 - e

6y kenub uuKagu.
Oumu 0<a, <1 (1<k<n, n>1) counap yuyu ypuuau Gy.rau

ywGy
(l—a)(l1—a) ... (1—a)>1—(@,+a,+ ... +a)

COMJA TEHrcH3MHKIaH (oiifananud Tomamus.
(1—L)(1—2—) ...(1—"——-1)>l—('—+i+ +”"‘).

2 " B n n n
PaBiankuy,
1 2 k—1 l
—cprmch i o e (LB s ol 1)) =
n n n n
L= kk—1)
n 2 2
JHemak,

(1=D)(1=2). (=) 120 g

n n n

Hamikana (23.17), (23.18) mynocaGariapian

H k!
O6ysmmu Ken6 unkamu. Arap —k—Cﬁ < | skanmurusu 3pTHOOPra O/CaK,
n

y XoJiaa
_ |
| Rl B
2n nkon

OVJIHLINHH, STBHH

n* k(k— 1) k- n*
Lol O il ) Pl <
k!( o9 ) " A

)n—k

o k o _w
6ysmann tronamus. By rtenrcusmmkuu p (1 —p ra Kynmaitupcak,

yHAa KYHUJard TEHrcus/MKJaap Xocua Oyaanu:
- k i
(=5 5 Afa—pt < Fa - <

2n k!
k
<Zpr—pr
Hemak,
_kLk;_-_l)_ ik_ koo ik n_k ky __ n—k
(1 on )k:” (I=p)"" <P )< 7P (1—pP)"". (23.19)
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| Bis
DHAN 1y TEHICH3HKAA KaTHAIIYBYH -';—lp* (1—p)"™* udonann Ky#iu-
Jarnua €3aMHs:
n® g n—k _(np)® ok 0
il e s e T e

n

=21 —p) (1 ) B (1—p) [(1 ) :

LoD 1, (1 —p) 1 (p>0) 2

Arap n—> o0 pa np—A, 1—

n

(np)® —k np\ "Pl-nr AR _,
et 1= T e

6yamminn abTHOOpra oscak, yuaa (23.19) mynocabatjan

k
mM:dﬁU—W4+%fA

O6VammmHn Tonamus. Teopema wcGoraaniri.

[Tyaccon copmyJiacn Taxpubanap coun erapsivya karra G6Yum6, xap
Gup TaxpuGaza XOAHCAHMHI PYit Gepull 3XTHMOIH p eTapinia KHYHK
6yaranna P, (k) sxtumonnu Takpubuit Xucobaamira HMKOH Gepaju.

Mucoa. Hapeank 200000 nycxaga 6ocu® unkapuaran. Jlapeauk-
HHHT sipoKcu3 (6pak) Oyamim sxtumosu  0,00005 ra Tenr. DBy Ttupaxaa
poca Geiira SIpOKcH3 KHTOO OYJIHII 5XTHMOJH TOITHJICHH.

Eunw. Hlaprra xypa n = 200000, p = 0,00005, k=5. ¥ xonaa
np = 200 000-0,00005 = 10 6ysm6, (23.16) ¢opmyaara acocau

M 105 10
Pn(k) = —k—' e = ‘;’ e ~ 0,0375

6yaanu. Jlemak, usiianaérran 3XTHMOM Pyyyeno (5) = 0,0375 6ynaam.

9-§. Myasp — JlansacHHHr J0KaJl Ba MHTErpaj TeopemaJapH

Bepryann cxemacuna P (k) sxrumosnn tonuur yyyu ymby P (k) =
= Ci pk(l — p)"‘k (opmynara sra Gyaran sauk. By ¢opmyaa coana
GyJca XaM ynjaH, aitnnkca, taxpubanap cond karra OGysranfa ¢oiiaa-
Januil anya Kuiun 6ysianu. Harwkana Oy nponann  ysura Kaparasjia
COUIAPOK Ba aifHu maiiTaa XucoOsaur yuyn ocon Oyaran udona Ouman
TaKpubuit nonanam macanacn tyrunaid. DBy macana 6absu Xossap yuyH
Myaep — JlanjiachuHr Jlokaa Ba MHTErpaJ TeopeMacH €piamuja
Xan stusaan. KyiAnaa ynapiu ucGOTCH3 KenTHPaMH3.

23.7-teopema. (Myasp — JlanyiacHunr JoKan  TeopeMacH). Arap
BepHyaan cxemacuaa n erapaumda karra O6yaub, xap Onp cunamga A
Xoaucanuur py# Oepumi sxtumosn p(0<p<1) yarapmac Gyuca, y
xomna P,(k) sxtumoa yuyH ymoy
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_ (k—no)*
1 2ap(l—p)

N SO 23.20
Po(k) V2nnp(l—p)e ( )
Takpubnit opmysa Ypunan Gynanu.
Arap
k—np
X
Vnp (1 —p)
Jeluaca, y xoJaa
. (k—npp _ x*
2np(l —p) 2
6yau6, roxopuaarn (23.20) dopmyaa Kyitugars KypHHHIIra Kesagu.
Pl —t g =Ll
V 2anp(1—p) Vap(l—p) Vi
Y6y ¢ (x) = v,—.lQ_;e"vz"z Oeqruaann Kupureak, y XoJaa
1
P ’L’ ~N =0 ({X). 9
(k) Vo'W (23.21)

By epaa @(x) xkydr dynxkuns 6Yanb, yuuHr guiiMaraapi vuyHw MKajpaj-
Jdap tysuiaran (Mnosaparu 1-kagean).

Mucou. Xap Gup skuaran auruTHy yHuo usnguur (A Xojmuca) 3XTH-
Moan yarapmac 6Ysm6, P(A) =p = 0,8 ra tenr 6yuica, skuaran 100 ta
yuruTaad yHuO uMKKauaap coHd 85 rta GV/IHUL 3XTUMOIHIIM TOMMUHT,

E wnm. Macana maprura kypa n = 100, p —= P(A) =0,8, ¢ =1 —
—p=0,2, k=285.

Papuanku, 1ana6 KuauHran Pyg, (85) axtumosnu Beprymmu dopmy-

!
Jacu Guian P‘”"(SS):S‘;:;;; (0,8)%-(0,2)"® amnk xucobaaur (n-— Karra
Gyiran Xosla) xyaa kuitne, Oyuaait xosna p — y3arapmac (0<p <1)
Oyarauna Myasp — JlansacHuHr JjoKas Teopemacuian (hoHaatauui Mak-
cagra mysoduxkaup. busnu Muconna Oy TakpuOuit opmysaan doiina-
JIaHUI YYYH aBBa/IO Kyinaarn MUKAOPHH XHCOOJAHMN3:
__k—np  8—100-0,8  85—80 5

= ——— == — = ] 925,
Vnpg  V'100-0,80,2 V 16 4

Myasp — JlanyiacHHHT JIOKa/1 Teopemacura acoca

P(85) =~ ,T'__——w(l.%) = L(P(1‘25).
V 100.0,8:0,2 4

Hnosaparn xagsangan ¢ (1,25) ~0,1826 skaummrugai, Tanab Ku-
JMHTAH SXTHMONTUK P,qy(85) & %-0,1826 —0,0456 Gyaazut.

X

Maskyp 6o6uunr 7-§ ma n Ta spkam  taxkpubaga A XOJHCAHUHT
KaMH Onnan k, Mapra Ba Kymu Ouian k, mMapra pyit Oepuii Xoamucacu
| ky < < ky | HHUHD 3XTHMONH OYJHIIMHM KYPraH 3JHK.
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kl
P (ky<p<k)=2 P,m)
m=Rky

Myagp — JlannacHuHT MHTErpan TeopeMacH n erapauua Karra GyJ-
ranga P, (k)< p << k,| SXTHMOJIHH TaKpuOuii wpoianosun Qopmynann
Gepaan.

23.8-Teopema. Bepnysum cxemacnjaa JloKasl TeopeMa lapTJiapH
Pl k< p<k,| sxTumon yuyH ywoy

Ay—np x®
1 V np(1—p) 2 i 93 22
P kh<p<k|= T e dx (23.22)
kl —np
Vap(l—p)

TaKkpubnii opmyaa Vpunan 6ymaam, 6y epra 0 < p < 1.
Yuby

x i

f e > dt (23.23)

1
@ (x) = ——
(= 2=
Jlannac ¢ysukumscn ToK (GyHkumsa 6yamb, x HHHT  TYPJAH KHiiMaTJapura
HHTErpaJIHHHT MOC KuiMataapu Kaasamu tysusaran (Maosa, 2-skanasadn).
Mc6ot. Xaknkaran XaM, aHMK MHTErpajHMHI Xoccacura Kypa

2 0 X"

Pollysp<hk)={e™at+ (edt+ (e dt =
X’ X 0

.

=

X

_ S P L T S‘ et 4y

o 0
6yaann. By epjaa
O B e
Vap(l—p) Vnp(1—p)
(23.23) nu xucobra oJcax,
1 - —12)2 1 L’ .
T S e Pt — @ () — D (x) (23.24)
<,

3KAHJHTH Kesnb unKaau.

Hnosanarn 2-xaasanpa M(x) Jlanaac ¢yHkiumpacHHnnr  KuliMatiapy
0 <x <5 yuyn Oepuaran 6yqca, @(x) muur Kuiimarnuy TakpuGan 0,5
ae6 oIl MyMKHH.

Muco.a. Tasakkammra OJMHraH NHJIJAHHHT SIPOKCH3 YMKHII 3XTHMO-
au 0,2 ra renr. Tacopudan ommnran 400 ta nwagan 70 ragan 130
Tarada SIpOKCH3 OYaMI SXTHMOJM TOMHJICHH.

Euum. Hlaprra kypa n = 400, &, =70, ky, =130, p=0,2, ¢ =
= 1-—p=0,8 6ynann. PaBanky,
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e 7040002
Vap(—p) V4000,21—0,9(1—0,2)
=—1,25; X’ =6,25.

IOxopuna kesnrupuiran (23.24) gopmysara MyBOPHK H3naHaérrad 3X-
THMOJI TAXMHHaH

P (k'Sp<hy,)=Pg[70<p < 130 | ~® (6,25 —0(—1,25)

6ynanu. YKanpannan xamza D(x) HuHT TOK (YHKUHAIMCHHH 3BTHGOpra
o6 KYyHHAArWIapHH TOMAMM3:

@ (—1,25) = —0,39435, ®(6,25) = 0,5
(2-myoBara Kapavicun), y XxoJsja
Puo {70 < p < 130 | = 0,5 —(— 0,39435) = 0,89435
6ynmanu. [lemak, u3JaHaéTraH 3SXTHMOJIIHK
Py | 70 < p < 130} =~ 0,89435.

gL
8

Papa3 KuafaMk, n Ta 3pKaM TaxkpuOana A Xxoamca p Mapra pyi
GepcuH. Xap Gup Taxpubaza A XOAMCAHWHT Pyt Oepuul  3XTHMOJH

p(0<p<]1) 6yacun. MabaymkH, L. Mugaop A XoaucauuHr uucOait  yac-
n

ToracH Gysanu.

IOkopuna kenrnpuiran Myaep—/laniacHUHT HHTErpasl TeopeMacHiaH
doitnananub, HucOuit yacrora —:— HHHT Y3rapMac 3XTHMOJ p JaH 4erJa-
HHII 3XTHMOJIHHH TOMHILI MYyMKHH:

e >0 oymuragna Xam yuby l— —p‘ <€ TeHrCH3/HK OpKa/H

uojanaHaMrad XOAHCAHAHT SXTHMOIH YUYH
P
B - 1/
P{ —n—_p,<8}~2®(8 J n(l—p))

TaKpuOMit popMysa YpuHAH GYHIIMHK Kypcaramus.
Pasmanku,

|‘E‘-P|<e®—e<L—P<ﬁ®“‘°— V=<

<oV GV ae—Vats<

= <e"/ L
Vnp(1—p) p(l—p)

Tn w—np
} { 'eVp(l—ﬂ)</np(l—p)<

Ze ]/p“—i—,;)}. (23.25)

Jemaxk,
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‘Myagp—JlansacHusr unTerpan Teopemacuiad oiaanannG Tonamus:

w—np
P{ Vp(l—p)<1/np(1——p)<"’

ol s
(1—pr)
n ~ 1 S . —x2/2 1
<Vp<1—p)]” V 2n € B
n
- p(1—p)

V oy

_x’_ __—.n .
>-'~2.Y P dx = 2“’( Vp(l—p))

0

By xonna (23.25) wmyuocaGaraan

Pll—p|<e}m20(e V) 23.26
6yanmm ke unkann. By dopmynagan e, n Ba 3XTHMON KHAMATJIapH-
HH TOMHII MYMKHH.

Mucoa. A—ranrann Tauwiam TaxpubacHaa TaHraHuHr repoum TOMO-
HH Ouaan Tymmin Xoaucacn OyickH. Tanrann 400 mapra TalsaHranja

A xommca uucOMil yactoTacu ‘% Hunr 0,5 3XTuMoazaH a0bcoMIOT KHH-

mar Gyinua vernanuum 0,08 aaH kuypk GY/HIT 5XTHMOJWHH TOMMHL.
Eunw. Ilaprra kypa n =400, p=0,5 &=0,08. Y xonza
(23.26) ¢opmysara acocaH:

' 400
P{lwo 0 5l<0 8}~2<D(0,08- V m‘?) = 20 (3,2).
JKappanpan @ (3,2) = 0,49931 Hu ovicak,
P{ , LY | < 0,08 ~ 0,99862
400

Gynanu.
XXIV BOB. TACOJAH®HH MHKJOPJIAP

1-§. Tacopudmii MuKnOpaap Typaapu

Ta6uaraarn Xoaucazapnu Kysartuin kapaéuuga (ékm Takpuba HaTH-
JKaJApHHH Ky3aTHIUJA) TYpJaH XapakTepjard MHKAopJapra Ay4 KeJa-
MH3. Macanan, GuTTa FY3a Tynuaaru Kycakjap COHH, MyJnKaira Kapao
OTHJITAaH YKHMHT MYyJiZKa/ulanran HyKTaJan Y3OKJaimil MHKAOPH Ba X.K.
Ilynra yxuraum MHKAOPJApHA XKylda KYnviab KeJTHPHIL MYMKHH.

Macanan, Camapkani waxpuia 1995 finanunr mail oiuaa TyFHJIadu-
ran yrui GoJianap COHHMHH aBBasijaH afitnGé OyuiMaiinu, Oy COH TypJH
Tacopnguit Xonaraapra GOrauK Oyaub, y aBBaijan anvk afTthé GyJamaii-
Juran MabayMm OHp KuiiMartsiapiaH OupuHM KaGyJsl KHJaau.

Hemak, mynjait Mukjaopaap 6ysiap skaHku, YJApPHHHT KHAMATsiapu
TYPJAH TacoAuui Xosartyiap TabcHpHAa 6YJMO, yJapHH aBBaJiAaH KaHzai
KuiiMaTra Tenr OYJMIUMHH aHHK aHTu® Gy/Mac 3KaH.
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DBepunran mapr-mapoutsiapaa Tacoauduit Xosarra GOFJMK —paBulija
y €ku Oy cOH KuiMatviapjiaH GHPHHH KaGys KuJIagHraH Y3rapyBu4H MHKIOP
macoouguii muxdop nenunany.

Onarna Tacomudmit muxaoprap &(€xku ) (éxu X, Y, Z, ...) xappu
Ounan GeJrusiaHaju.

Mucoanap. 1. Vilun cOKKaCHHH Tauliaml TaKPHOACHHH KApailIHK.
By taxpuba warmkacuaa cokkanuur 1, 2, 3, 4, 5, 6 pakamau (ouko-
JI) TOMOHJIADH TYyWMIUM MyMKHH. DyHna uukaguran €xmap (ouxosap)
COHHHM aBBaIlaH adtué 6yamaiinu. Jlemak, ouxkojap cOHM TacoAUHiT
MHEKIOpJaap Gysanu. Yuu & Ounax Genrwnaiimk. By & racomudmit MHK-
JIODHUHT MYMKHH Oy.ran Kuiimaraapu 1, 2, 3, 4, 5 Ba 6 connapu 6Yy-
JIafin.

2. Tynpan orwiran CHapAZHMHT YYuG yTraH MacoacHHH Kapaiuk.
By macoha Gup KaHya XoJarJiapra: HHUILOHTa OJIYBYH acGOGHHHI ypHATH-
JIMIIATa, LOYHUATAEK, aBBa/IaH TYJa-TYKHC Xucobra o/ub GyJiMaiiauran
6up KaHuya Gomka caGabiapra (IIAMOHHHT Ky4H Ba fyHaauilM, Xapopar
Ba Gowkanapra) 6ormuk 6ymaau. Iy caGaban xam 6y macopanu asBaJ-
JlaH aittu6 Oy MaiiaH, y Tacoaudmit MUKAOp OYaanu.

By & racomudmit MHKIOPHHHT MYMKHH OVJraH KHiiMaT/iapy YeKCH3
6yan6, ymap Oupop (a; b) opanmkaa xoiamran 6yaaan (143- ynama).

Yeksu €KH CaHOK/H COHAArH KHHAMAT/apHH KaGyJa KHJIagural Taco-
Rubmit MuKAOp Quckpem macodupud muxdop AeHnIANN.

Macasan, IOKOpHJA KeJTHPHITAH MHCOJIaPHHHT OHPHHYMCHJAArH Ta-
comuduit MUKAOP JHCKpeT Tacogupui MHKA0p OVIaiH.

Jlemak, auckper Tacoauduii MHKAOPHHHT KabyJa KHIH(IM MYMKHH
6ysiran KuiMarjap COHM yekJH €ku caHoksu Gynamu. Oparaa taconu-
uit MHKAOPHHHT KaOyJsl KW/JIaiuran KuiiMataapy OyHjaail Oe/rusiaHajiu:

Eikiy Xy wuv o %, (B0F X3X X5 i ¢ 5 %)

n

Bupop opanuggarn Gapya Ku#iMatgapHu Kabysa KHJIMIIA MyMKHH 6Yi1-
raH MHKJIOD Y3JYKCH3 Tacoiuduit MUKAOp JeiHaand. Macanan 0KopH-
Jia KeITHPUIraH  MHCOJIApAAH HKKHHYHCHAArH — TacoAMdHil MHKAOP
y3ayKcH3 Tacoquduit Mukaop O6ysanu. (Y3aykcus tacoanduii MuKa0pJap-
HHHE aHUK TabpHQHHH KeiHHPOK KesaTHpaMus.)

2- §. Tacoauduit MHKIOP 3XTHMOJJIAPHHHHT TAKCHMOT KOHYHH

IOkopuma KYpauKku, Tacoaupait MHKJAOPHH  VPraHuill y4qyH aBBajio
6y MUKJAOPHUHT KaGyJ KHIHIIH MYMKHH OY/rad KdAMarJapuid Gu/IMLI
Jao3um. Bupox Oy KuitMaTapHUrHHA OUJIHII TACOAH(DHIT MHKIOPHH TYJa
taBcuab Gepmaiinun. Kyinaa racoquduii Mukiopuu TyJaa tascudiiaian-
rad TylyH4a Ou/IaH TaHHIIAMH3.

1. Juckper Tacopuduit MHKA0P SXTHMOMIAPHHHHT TAaKCHMOT KOHYHH.

E auckper Tacoanduii Muga0p G6Y.nO, YHHHr KaOya KWJAMIIM MyMKHH
6ysrau KuiiMariapu X, X,, ... , X, OyJcHH.

Arap & racomudmit MHKIOpPHHHI KaGya KWIHUIIM MYMKHH OyJrau
KHIMAT/APUHHHT 3XTHMOJLIApH MabayMm Gyaca, & duckpem macolugpud

MUKOoprUH2 marcumomu Oepuirean JeHnIANN.
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’ Aiitaiiuk, & quckper racoaupmit MHUKAOP Xy, X, ... , X, Kuiivar-
JapHH MOC PaBMLIAA Py, Py, - . . , P, SXTHMO/IAD GHIaH Kadyn KHJICHH:
PE=x)=p, PE=x)=p,, ..., PE=x,)=p,.

By mabaymoraapaan doiizananu6 Kyiingary KajiBaqHi Ty3aMmu3:

Xn

(24.1)
P(E = xp)

By ansannuur GupuHun catpuga & Taconnduii MHKAOPHHHT KaGyJr
KHJMLIM MYMKHH GY/Irad KuiMarjapH, MKKHHYW caTphja 3ca yJapra Moc
3XTUMOJI/IApH €3uarai.

Pasiauku: ) )
(E=x) (E=g) oo (B,

xoHcasap Gup-Gipura Gorauk Gyamarad Xonucanap 6y.iub, TacoaudbHit
MHKJ0p, anbarta OuTTa KHiMaTHu KaOy/l KWJIHIIH Kepak OyJraHd ydyH

[E=x}U [(E=x}U ... UlE=x,]=U

6ynann (U — MyKappap Xoawca).
KV teopeMacuzian (poi1ananud Tonamus:

P{E:x,]—i-P{E:—-x:,}—!- +P{§=xn}=P{U].

n
Hamwxana p, +p,+ ... +p,=1, abuu E P, =1 TEHIVIHKKA Ke-
k=1
Jamu3. By sca & tacomuduit MHKIOpDHHHT KaGyJa KHIHIIM MyMKHH 6F-
rai Gapya KHiAMatJapH 3XTHMOJVIADHHHHT HupMHZucH | ra TeHr GyJMuIH-
HY OHJIIHpaIH.

Jluckper Ttacoauduit MHKIOP yuyH Kuputwarad roxopugard (24.1)
JKansaa tacouuil MUKI0pHM TVJaA TaBchpnad Gepagu. lyHuHr yuyH
xam (24.1) xansan & auckper macedupul.  MUKOOp IXMUMORAAPUHUHR
makcumom KoHyHu 1ed aranaju.

Jluckper Tacoiuduit MHKJOPHHHT 06ab3H MYyXHM TAKCHMOT KOHYHJA-
PHHH Ke/ITHDAMH3.

n Ta ysapo SPKHH TaKpuba VTkasuaran 6Vaub, xap Gup taxpubaga A
XOAHCAHHHT PViT Gepulll 3XTHMOJH Varapmac p ra Tedr Oyicud. Bywnai
Taxpubana A xoaucanuur k Mapra pyit Gepuur sxtumomn P, (R) =

kR n—k o
=C, p(1—p)"" ra reur spqu: By Xomna juckper racomudmuit MHKZOP
€ uuHr KaGys KWIMIIH MyMKWH Oyaran xuiivataaps & 0, 1, 2, ...,
n 6ynanu: Paswadku, tacoauduit Muknop Gy KuiMaT/JapHH MOC paBHLIAA
ywby
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F}tm PR oof o, b 0i I UL 0 b Lt iy e T RN St o
b4l § . - "\ 3 ‘-
I

PR =PE=K=C, p'1l—p)"" k=0,n

n
SXTHMOJINAp GuiaH KaGysa KuJamd Xamaa ZP,, R =(@p+g"=1.

k=0
Hammxana ym6y
e [ 1 = ] T
Pe () = 22 n—2 1 n=p
=P:§§)=k)l(1—l7)”,C,]lp(]_p)n_lC;lp-(l—p) "’___ Crk”,,"“_p) l\“p"

XKapsanra sra Gynamus. Oparaa 6y xkaasan Ouromuar maxcumom 1e6

aranajy.
Mucous. dxkuirad Xap Oup 4MrHTHHHT yHHO umkun sxtavonn 0,8

ra tenr Gy.ca, skuiran 3 Ta YMrHTAAH YHHO YHKKAH YHIHTJIAap COHM-
HHHT KOHYHH TY3HJICHH.

Eunm. Oxuiran xap 6up uurnt ynuG uwkuiig XaM, yHuO yukMac-
JIMrH XaM MYMKHH. DKWiran 3 Ta YMrHTAaH YHHG YMKHIIVIAD COHM Ta-
copucuit Mukaop 6yamb, y 0, 1, 2, 3 KuiiMarnapun KaGyan KHWIHIIA
MymkuH, By kufiMataapun Kabya Kuwammr sxtumvonu Beprysum  gopmy-

Jiach €pJlaMHaa TOTIHIIEAM: ,
Py (E=0)=CL3p° (1—p)*=(0,8)°(0,2)* = 0,008,

Py E=1)=Cl p (1—p)*=3-(0,8):(0,2)* = 0,096,
Py (E=2)=C3 p* (1—p) =3-(0,8*:(0,2) = 0,384,
Py §=3)=C3ip® (1 —p)=(0,8)°*(0,2)° = 0,512.
Hemak, 3kuaran 3 Ta uurHTAaH yHuOG umkuuuiap conn & Tacomudiil
MHKJOPHHHT TaKCHMOT KOHYHM KyHuaaruua GY.uaju:
P& | e | v ] » [ & |
| P . 0,008 0,096 ] 0,384 i 0,512 |

PaBmanku, Gy 3XTHMO/AD HHFHHHCH:
0,008 - 0,096 - 0,384 + 0,512 = 1.

24.1-acaatma. & Tacogudmit muxaop 0, I, 2, 3, . .. KuiiMaTs1apuu
ymby
P
P(E=k)= o (k=0,1,2,...)

SXTHMOJINAD OuyaH KaOyJsl KHJICHH.
Hammxaja Kyiuaarn TakcuMor »KajiBalH Xocha 6yaain.
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By wxaagan [MTyaccon maxcumomu ne6 atanapu. By epaa
@

S Py 3k —h R
WACED St Y-
R! k!

(k=0 = k=0

YYHKH KaTop/ap Ha3apusicHIaH:

o0

N\ A 2

dmrd k!

=0
SKAHIUTH MabJIyM.

3-§. VYaaykcus tacoguduii MHKaOpaap.
TakcumoT (yHKUHSICH.

DBu3 10KOpHJa JHCKper Tacoaudui MHKAOD Ba VHHHT TAKCHMOT KO-
HyHuHH Ypranauk. Arap rtacomgucmit MuKIop yanykcus Gyiaca, Oy Taco-
nndHil MHKIOPHHHT KaOy/ KWIMIIH MyMKHH 6Yaran KuiMataapu OGupop
(a, b) opanmukH{ TaKWI stagd. BunoGapun 6y xoaga Tacoauduit MHK-
JIOPHHHT TAKCHMOT KOHYHHHH IOKOPHIATH YXUIAlI Kajsas lIakau/a ésuo
6y amaii /1.

Papa3 Kuaaiumk, & uxruépuit Tacosudpuii Mukaop, x sca OGupop Xa-
KuKnit cod 6Yvicun. Kapasnaérran rtacopuduit Makaop yuyd ymoby {g<x}
Xojucaun Kapaiyuk. DBy taxpuba HaTHakacuaa pyii OepraH MUKJOPHHHT
X COHJAAaH KHYMK OV/MII XoAucacHHM Owiupagu. DHAH Iy XOAHCAHMUHT
3XTHMOJH

P {E<x}

HH Kapaiiuk. PaBiuranku, Oy 3XTHMOJ OJMHraH X XaKWKHii coHnra O6oF-
JMK, seHH X HuHr ¢yHkumsicu 6yaamn. Opmataa P {€ < x} sxrumon Gu-
JaH aHuKJaHran GyHKuns & Tacomubuit MHKIOPHHHT /MaKCUMom @YHK=
yusacu ned atanagn Ba F (x) Kabu GesrHiaaHaiu:

F)=P {E<x). (24.2)

Mucoa. Ywby xansan ounan Gepuarau & AMCKpeT TAaCOAMDHHA MHK-
JIOp TAKCHMOT KOHYHHHMHT TAKCHMOT (DYHKUMACH TOIMHJICHH:

§|—10 2 2

P{§<x}|0,2 0,3 0,4] 0,1
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Kansannan xypunagukn, & Tacoaudmuit MHKIOPHHHr Kabys Kuanum
MyMKHH Oyaran guiiMaraapu — 1, 0, 2, 2,5 6ynaau. By connapun con
VKkuaa sicaiimua.

—1,012 25
Aiitaiinak, x < — 1 6Yacun. Ynaa {€<<x| Xoancacn Mymxun Gyima-
ran xoauca O6ymaaan. {E< x} =V. Uyukn Oy xoaaa Tacomudmii MuK-
aopyuar £ < X TEHTCH3JHKHH KaHOATIAHTHPYBuM OWTTa Xam KuiMaTH
HyK. [emak,
F)=P E<x)=P ¥)=0
6yaaam. A —1 < x < 0 6yacun. By xonaa {& < »} xomncacu {E<x}=
= {&€ = — 1} Gysmaxu. Bynaan sca
F(x)=P{E<x}=P{E=—1}=0.2

Kesanb uuKauu.
Auan 0 < x <2 6yucuH.
- By xoapma {& << x} xoaucacu

E<x}={=—1U{E=0}
6ym0,

F)=P E<x)=Pf=—1}+P |E=0)=
=0,2+4+0,3=0,5
6yanm.
®apa3 Kuaaiauk, 2 < x < 2,5 6yacun. By Xoana xoanca
E<x}={E=1U{E=0]U{E=2}
6116,
F(x)=P{E<x}=P{E=—1|4+P{E=0}+
+P{=2}=02+03+04=09
Gynanu.
Ba, muxosar, x> 2,5 6yaranaa {€<x} Xomucacu MyKappap Xoauca
6ynnb,
()=P{E<}=P {U[=1
G6ynanu.

Mlyupait kuan6, Kapanaérran TacoAnduil MHKIOPHHHT TAKCHMOT (hyHK~
usicu

0, arap x<—1 6y.ica,
‘ 0,2 arap —1<x<0 6ynca,
F((x)=10,5, arap 0<x<2 G6yJca,
I 0,9, arap 2<x<2,5 6yaca,
1, arap x>2,5 6yJca

O6ynanu. Yuuur rpagurd 144-uusamajia TacBHpJIAHTaH.

300



l 4-§. TaKcuMOT (DYHKUHSICHHMHI XOCCaJapH

|
Yuby naparpadaa tacoaupuit MUK10P TaKCHMOT (DYHKIHSCHHUHT XOC-
CaJlapuHH KeJTHPaMH3.
dapas gunaimk, &— raconuduit Muxaop Gepuiran 6yuu6, F (x) sca
VHUHT TaKCHMOT (yHKUMSACH GYJICHH.
1°. Takcumom @yuxyuscu F (x) yayn ywby myrocabam ypuraw
6ijradu:
0S<F@<]I. (24.3)
By Xxocca TakcMMOT (YHKUMACH TabpHpHAAH XaMIa XOAWCA SXTH-
moanuuur O Guan 1 opacuja Gyaumnugan Gesocuta Kenb YHKayu:
Fix)=P <5 = Aose
0< P {§<x}<l=>0\F (x)< 1.
9°. Taxcusmom ¢pyuxyusacu F (x) yeyewu dyuxyus 6yradu.
Uc6or. MxTnépnit nkkuta Xx; ba X, COHHH ovailiMk. By cowmap
yuy X, < X, GY.jcuH:
Pasmanku, {&<<x,} xonucacn {E<x} Ba {x; <&<x} Xomucanap
HUFHHJIMCHTA TEHT:

{E<x} — [E<}U{n <E<x).
Kyumir teopemMacura acocan
PE<x}=P{E<x}+P{x<i<x). (24.9)
Mavaysn, P {E< 5} = F (x), P {E<x) =F (v). Yuma (24.4)
MyHocabaTaaH
F(x) =F (x)) + P {x, <E< xq} (24.5)
oyauin Kead yuKanu.

Arap P [x; < E<X,| =0 skanaurunn 3wrudopra oJcak, yHia cyHr-
riu tenraukian F (xp) = F (x,) 6Yanmman tonamus. demak,

Xy, Xy X XaFF ()< F ().
By sca takeumor ynkuna F (x) HuHr YeyBYUH SKaHHHH GUIAMpPANH.

24.1-narnka. TaccOupul MukdopruHe [x; Xs) OPAAUKKA MYy
3Xmumonu

P {x,<E<x}=F (x)—F (1y)
6yjaadu.

By Tenrauk tokopuparu (24.5) MyHocabarian keqmO uukamd. Tak-
CUMOT (DYHKIMSICHHHHT HaBOaraard XoccaJapuuun ucOOTCH3 KeJITHDAMH3.
3°. Aeap F (x) marxcusmom ¢pynskyuscu 6iaca, y xoa0a
lim F (x)=1, lim F (x)=0
X—-t X——
6yaadu.
4°. Aeap x, HyKkma & macoduguid MUuKOOpHUHE MAKCUMOM QYHK=

yusacu F (x) HUHe yaaykcuzauk Hygmacu 6jaca, Yy xoroa

| PlE=x}=0
6ijaub,
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P <E<x) =P {6, <E<in),
P{x,<E<x} =F (x) —F (x,) (24.6)
6yraou.

OnAH y3IYKCH3 TacoAMdUI MHUKJOPHHHT TaKCHMMOT] QYHKLusicH GHIaH
6OrMK OVJ/iraH 3XTHMOJ 3WYJHIH TYIIYHYACHHH KEJNTHPAMH3.

Arap & Tacoauduit MUKAOPHHHT TakcumoT ¢yHKuuacH F (x)'andxe-
penumannanysun GyHKUus GyJica, YHHHr XOCHAACH Tacoauduii MHKJ0p-
HHHT 3XTUMOJ 3uyjurd  (augdepenunan ¢yHkuuscy) Aed aranaiu Ba
p (x) Kabu OGenrunanauu:

p(x)=F(x). (24.7)

SuaA p (x) HUHT XOCCaJIapHHH KeJITHpaMH3:

1°. v x yayn p (x) > 0 6ijaub,

P {x.<§<x,}:j'p(x) dx

Gyradu.
HMc6or. Tavpupra xiypa

p (x) =F" (x)

gzna;m. F (x) takcumor ¢yHkumsich VeyBun (GyHKUHS OVaranauru ca-
6.1

Fr(x)=0
Gynaau. Jemak, p (x) >
IOKopuzaru (24 6) )gaML(a Hutoron—JleiiGuni dopmyaacupan goiiga=
JIaHHO TOMaMH3:

Plx,<t<x)=F (x—F (x); Fixs)—F (xy) = 5’ F’ (x) dx=
X3
=P [, <E< x,) _5 F' () dx=>P {t, <E< x}_j' () dx.
2°. Aeap p (x) macodugpuii muxdoprune sxmumor suvaueu OGyaica,
Y x0410a
+w

\ p(x)dx
6yjaadu.
HMc6or. Xocmac unrerpas tabpubura Kypa
4w u
f p (x) dx == IIT fp (x) dx (24.8)

Gyuiann.
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- Arap :
[p () dx=F ()—F 0

Xamua lim F =1, lim F (v)=0 G6yauunsan 3bTHOOpPra OJICaK,

U—+—on

yHIA (24 8) MyHocabaTaal
+
| P (x) dx=lim Sp@ﬂ&zﬁﬁ[F@%—F@”:

U—+—+c0
—® V—p— o V-—>— o

=lim F@w—Ilm F@E)=1—0=1

U—>+o Up— o
O6y/uinn Keanb wukagu. Jlemak,
-0
Spmm=L

-_—

3°. Aeap macodugpuii muxdoprune maxcumom pyukyuscu F (x),
axmumonr audaueu sca p (x) Ogaca, y xorda

Fy={p@d

6yjaadu.
Mco6or. Xocmac mHTErpasn tabpudura kypa
X x
j mm~m{pmw
PO Vb o

6ynamu. IOkopupa mcbor sruaran 1°- xoccagan ¢oiinananu6,
jpwmsz-F@
v

OyauuMHd Tonamns. Jlemak,
X

Spmﬂ=HmSpUM=M1ﬁu —F ()] =

U—— U—r—co
-1

= F (x)—lim F (v).
V—=——cp
Arap lim F (v) =0 Gyummuunu sbTHOOPra ogicak, y Xoajaa
U—p—cn
X

jp@ﬂ:Fm (24.9)

—

ra sra Gysamus. By sca 3° xoccann ucGotnaiinu. By Xocca Tacomuduit
MHKJIOD TaKCHMOT (hyHKIHMSACH OHJIaH YHHHT SXTHMOJI SHYJIHTH OpacH-
Jary OOFJaHMIIHK HpoJanaiiau.
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M ucoua. Tacoauduit MuUKIOPHHHT :-»g'rumo.n 3HYJTHTH
p(x)= q—(lﬂg)

6yaca, wy TacomudHil MHMKJIOPHHHT TAKCHMOT (hYHKIMACH TOIMJICHH,
Eunm. IOxopuza xenrupuaran (24.9) dopmysanan doiinananué to-
naMus;

X B b l B l i
Foo=[ poa=| ——da—- artg | -
= -l arctox — — (—-— -ﬂ) = — arctgx + —
T 2
Hemak, F (x) = —; —1-:1— arctgx

5-§. TekHc TaKCHMOT

Bupop & Ttaconuduit Muxaop Oepuaran G6y.acun. Arap Gy Tacoxuduit
MHAKJOPHHHT p (X) 3XTUMOJ 3H4THrd OHpOp oOpajaHkAa yarapmac (yHK-
uust 6ysmb, opaiMKIaH Talukaphia sca Hoara Tenr Gyica, y Xxosaa Ta-
comuduit MUKJOp Iy OPAJIHKIA MeKuc maxcumrauean jed atanain.

Jemak, & Tacoauduil MHKI0p TEKWC TakCHMJIaHran Gyjca, yHHHP
3XTHMOJ 3UYJHIH

, arap a < x < b oVuca,
p (x) ={b—a

0, arap x<a Ba x> b 6yica,

6ynagn (145- unsma).
XaKukaTaH XaM,

}mp (x) dx=jz p (x) dx—i—fp(x) dx—I—S p(x) de= S 0-dx +

o —w

b
= (b—a)=1

. b—a

+o
-I—j — d»c-{—g O-dxr—’lﬁ-x

6yu6, yHIaH 10KOpHAArH 2°- XOCCaHuHr YpHH/IA GYIMiIH KeIuo YHKaii.
Arap a << x< b 6ynca, y xonza

F (x)=f p (x) dx= s? p (x) dx + fp(.\') dx =
=j‘ 0-dx+ S‘b—_l-—adx=bT'a (x —a)

— a

Gyanu.
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"Arap x > b Gyaca, y xonga F (x)=f p (x) dx——-j' p (x) dx +
b « a T : i
+\p)dx+\px)dx=\ 0dx+ | — dx+ )| 0dx=
friascsfrore-f oufotpacef
o ) =]

T b—a

6yau.
Ilynpait Kuimb, OKOpHAArd TeKHC TaKCHMJIAHTaH Tacoiuui MHK-
JOPHHHT TaKCHMOT (YHKIMSICH

0, arap x<a 6yuaca,

F (x) = Z_“ , arap a < x < b 6yuca,
—a

l 1, arap x>0 Oy.ica

Gysamn. Ynunr rpapmurn 146- unamana rtacsupnanran.
6-§. Hopmaa rakcumor

Arap § y3nykcH3 TacoAupuit MHKAOPHHHT 3XTHMOJ 3HYJAHTH P (X)
yuby

(x—a)*
1 2.0

p(x) = (24.10y

oy 2n

KVpuHuaa 6ysaca (6ynga a Ba ¢ y3rapmac coumap, o >0), y Xonja
Tacoampuil MUKAOP Hopmaa makcumaanean Aed atanajy.
Oparpa Ky#naaru

x®

¢ (x) = lv_ e (24.11)
2n

Genrusain xuputuaaad. By Gearmnaur éppavmia tacoauduit MUKAOPHHHT
SXTHMOJT 3HYJIHTH YOy

1 x—a
P == o(=7
g G
KYpHHHIIZA €3Haa1H.

(24.11) popmynana keaTHpuaran ¢ (x) hyHKIMSHHAT KHIMAT/IapH XKajl-
Ba/IapH Ty3uiral (KuTo0 oXHpuaari wiosara kapasicun). By ¢yHKups-
uuHr rpajurn 147-yusmana TacBHpaaHraH.

Suan 10KOpHAATH HOPMAJ KOHYH OHJaH TaKCHMJIaHmraH TacoAudui
MHKJIOPHHHT TAKCHMOT (DYHKUMACHHH TOMamu3. DyHHHT yuyyH KYyHHZAarw
GeJIrHitaiing KHJ1aMH3:

D(x) = S of) dt . (24.12)
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PapmanxH, @ (x) gyskuus ¢ (¥) ra Gorank 6yiagn. (24.12) myHoca-
Gar Gunan amukganran @ (x) ¢yHkums KyHujard Xoccajapra sra 6y-
JAJH.
1) @ (x) pyukuus Tog ¢ynkuusa 6yaagm: @ (—x) = —@D (x).
—x

Xakukatan XaM, tabpudra kypa @ (— x) =§ ¢ (f) dt 6ynamu. By
0

uHTerpajija = — Yy aJMaliTHPHLI KHpUTaMu3. ¥ Hia
—X x X
fovd=[e(—nd—y=—[0(—ydy=—0()
0 0 0

Oynanu. Arap ¢ (—y) =@ (y) 6yauwuaM sbTHOOPra OMCaK, YHAA

X X
fo®d=—[o@dy
0 0
6yauuian Tonamu3. Harwkana

®(—0)=—[0@d=—(®.
0

2. Ywby mumur MyHocabat ypuniau 6ymaiu:

lim © (x) = .
X+ <
XaKukKatan XaM, ‘ ;
mnmupmmywwM=g¢ma=
>t ¥t 0

[Oxopuna afirunrannapaan Qoiifananad, HOPMaa TakKCHMJAHraH Ta-
COANDHI MHKJIOPHHHT TAKCHMOT (DYHKLMSACHHH TOIAMMU3:
X

FM=§p0MM:J%@(P%)M=

g
—w

X— a X—a

=j° X0) dt-—-j? cp(t)dt+ja @ (t) dz=—;rcp (t) dt +
= = 0 —e

o258 +o (555)

o

[yuaait kw6, HopMan KoHyH OVHHYa TakcuMadrad Tacomubuii
MHUKJOPHHUHT TAKCHMOT (DYHKIHACH

Fm=%+®(3ﬂ

Gy/1anu.
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XXV BOB. TACOAH®HA MHKAOPHHHI COHJIH
XAPAKTEPHCTHKAJIAPH

Taconuduit MUKJAOD TAKCHMOT KOHYHMHMHT OepHJIMILH 11y Tacoaudmit
MHKJIOp XaKuia TYJHK Mabaymor Gepaiu. AMMo Gab3u Xo/viapia Taco-
JudHit MAKAOP TYFPUCHAA afpHM, HHFMa MabJyMOTJapHH OHJIMIN JIO3HM
6ysnanu. Bynna tacoanduii MHKJAOPHHHT COHJIH XapaKTepHCTHKAaJaph —
TacoAM(pHI MHUKAOPHHHI MATEMATHK KVTHJMIUH BA JHCMEPCHSCH TYUIYH-
yasiapu MyxuMm poa VitHaiiau. Bus Ky#waa wy Tymynyanap GusiaH TaHd-
IIaMH3.

1-§. TaconHdHii MHKIODHHHI MaTeMaTHK
Ky THJIMILH

Bupop & auckper Tacomuduit Mukaop Gepwiran 6Yaub, y X, X, . . .,
X, KMHMATJapui MOC PaBUIIAA Py, Pg, - - . ., P, 3XTHMO/JAD OHJaH Ka-

6y./1 KHJICHH:
24.1-tabpud. Ywmby

n
X\py+ XePy+ . ..+ x,p, = 2 X, Py
k=1
fimPMua & muckper macodugpuld  mMukdopHure samesamus  KYymuauuiw
ne6 aranaau Ba ME xabu Gesruianamu:

. n
ME=x,p;, + %Py + . . .—%.vnpn:‘\: X Bie (25.1)
k=1

Jemak, auckper Tacoauduii MHKIOPHHHT MaTeMaTHK KyTWMIIH Gy
TacoAHPHH MHUKAOPHHHT KaOy.a1 KHJIHIK MYMKHH GyjaraH Oapya Kuiimar-
JIapUHH YJAPHHHT MOC 3X THMOJIIApHra KynadtManapu HHruHIHcHAaH u6o-
par.

Tacoauduit MHKI0D MaTeMaTHK KYTHJMIIMHHHT MabHOCHHH AaHIJIalll
yuyH OurTa MacajaHd Kapanmus.

Papa3 kuiaiinuk, n Ta Taxpuba Yrkasuaran 6Yamb, Oynma § Taco-
IHpUH MHKIOP X, Xgy . . ., X, KHHMAT/IapHH MOC paBHILJA My, Mg, . . ..
m, Maprajan KaGysa uarad Oyucu. Paemanku, m,~+mg+-. . . -+=m,=n.

Kapanaérran & tacoanpuii Mugaop KaGyn Kuiaran KuiMaTJapuHUHT
ypra apudmeTnk KuiiMatH (yHH X Onian Oe/rujailivk)

XMy - XoMia = . . . - Xpmip

n
ra tenr Oyuianu. Dy Muknopuu Kyiujariya €3uin MyMKHH:

XMy XoMo 4. . . - xpmp my

. m i meg
=Xy —= 4 X, Fooes Ty —
n n n

X =

n
mn
Arap 7‘ (i=1,2, ..., k) m {§=x; xomucamnir mucGuit yacto-
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tacy W; skanunn Xamza 6y nucOuit yacrora {€ = x',} XOJIHCACHHHHT :-n{-
umoin p; {P {§ = x;} =p;) naﬂ KaM ¢apx xumimmnu (W; 22 p,) sbTu-
Gopra ofcak, yHaa

x=xl-—?+x2ﬂ+. ) %zx,Wl-i—szz-{-. o+ 5 W, =
=Py T XgPyF X p, = ME

SKaHUHU Tomamu3. J[lemak, x = ME.

By myuocaGar § raconuduit MHKIOPHHHT MaTeMATHK KYTHJHLI 1y
TacOMUDHI MHKIOpP Ky3aTuaaérran KHAMAT/IAPUHAHT  §pTa apudmeTHK
KufiMaTAra TakpHGaH TEHr SKAHHHH KYpcaTaju (urymnur  yuyn xam M§
HH KynuHYa § Tacouduii MUK IOPHHHT jpmava Kudmamu 1e6 1opu'm.na1m)

Mucoanap. |. busovuan KonyH Gumad TaKCHMJIAHTaH TacOXHUGHI
MHKJOPHHHI MaT€MATHK KYTHJIHLIK TOMHJICHH.

Euum. By Xomna, mMabaymku, § auckper tacogudmit mugaop 0, 1,

2, ..., k, ... n KuAMATIApDHH MOC paBHLILA
Cop® (l—p)*, Cop(l—p)* 7, ..., Cipt (l—py=*, .. .,

Crtp=t (1—p), Cip" (1—p)°

3XTHMO/TAp Guian KaOyar KuJaau.
€ auckper TacoAudHil MHKIODHHHT MATeMAaTHK KYTHJHIIH TabpHdra
6HHO2H

ME=0-C%, (1 —p)"°+1 'C;lp (1—p)"r4...+

+ kC,’:pk ( p)"—k L= nC”:p” (] _p)n—n .
= N kCip* (1 —p)"* = ke ok _ n—k

Gynanu.
SH,U.H Oy TEHTVIMKHMHD YHT TOMOHMJATH HMFMHMHH XuCOO.JaiiMu3.

n

¢ pt _ =k _ \) n! k(1 \i—k
Ve —k . np (n—1 k..l R
—g(k—nz el G L(k a—m P 7P

p)‘ —r g, (25.2)

k—1)! (n—k)!

(25.2) Tenrymkaa k— 1 Hu m Gunan anmamTHpamus. Yuja

: " (n—l)! k—1 _ n—k
Z (k—1)! (n— &)! P =)
b=

WHFMHAM KYHAHAArd KYPHHULITA Kesalu:
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(n—1)! kel 4 on—k
Em—l)'(n—knp =

. (n—1)! m oy _p\n—l-m _
o é#”l! (n—m--1)! P (1=p)
n—1
L E C;:i-l pm (1 _p)n—- —-m [p+ (1 )n—l - ]n—l= ] (25'3)
m=0

(25.2) Ba (25.3) myHocabat.iapian 2 kCh p* (1 —p)'™" = n - p 6ymmn-
f=1
Hi TonaMu3. Harnkana

n
ME= KCh p* (1 — p)" = np
k=1
Ken0 YHKauH.

Jlemak, OuHOMHAJT KOHYH OHJIaH TakcHMJiaHran § AMCKpeT TacoAudmit
MHKJIOPHHHT MaTeMaTHK KyTHJIHIIH

ME=np

ra Tenr OyJand.
2. Ilyaccon KoHyHH ﬁymma TAKCHMJIAHTaH TacoAudHH MHKJIOPHHHT
MaTeMaTHK KYTHJIHILIH TOMHJICHH.
Eunm. By Xonma, Mabaymxn, § Tacomuduii Mmgnop 0 Ty Pkl
AD =
n, ... KHAMarJapHH MOC pasuuza = e R Fraa ey ——'e TR
ni
TUMOJIAp Guaan KabyJa KHJaju. Maremamk KYTHJHII Tabpudura xypa

Mg:o-ﬁ% e"l—l—l-% e e RS A K
! ! 2! n!

6ynaau. Yuu Kyhugarmua

ME=Y ko =Y SN Y
k! (k— 1)1 (e — 1)!
k=1 k=1 k=]

€3u6 onamua. Karopnap Hasapusicujad, MablayMKH,

(k—1)

k=]

Harmxana

6ynanu.
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OHAH Y3MYKCH3 TacOAUPHA MHKAODHHHT MAaTeMaTHK KyTHIMIUH TYy-
LIyHYyacH OHJIaH TaHHLLIAMH3,

®apas Kumaiank, § y3nykcu3 tacofuduii MHKIOPHHHT 3XTHMOJ 3HY-
Jurg p (x) GYJICHH.

25.1-tavpud. Ywby

T
ME= [ xp (x) dx (25.5)

=—0n

MHKI0p & Y31yKcH3 Tacoaubuit MUKZODHMHr MareMardk KyTuauiun M§
ne6 arananu

Jlemak, y3JIyKcH3 TacoaupHii MHKIOPHHHI MAaTeMaTHK KYTHJIMLIH MaB-
KyA 6Gyamum yuyn (25.5) Xocmac uHTerpa’ abcooT AKHHJIAUIYBYH G-
JIMILH Kepak.

Mucoanaap. 1. Texuc Takcumaanrad Tacoaubuil MHKAOPHMHT Ma-
TEeMATHK KYTHJIHIIA TOMHJICHH.

Eunw. Tekuc takcumiauran & Tacogudmit MHKIOPHHHT 3XTHMOJ
suuaurd  udonacuHu (5-§ ra KapaHr) MarteMaTHK KyTWadil HboaacH

+o
ME = ‘ xp (x) dx ra KViiub, XucodnaiMus:

+ o a b )
f xp(x)d ' xp(x)dx + ‘ xp (x) dx + f xp(x)dx =
= ~o a b
a -.b i “+w { nb
- g s ==
SJ\ Odv-l-jb_axd\ L Y x-0-dx b_a‘;xd\f
— a b a
1 x2 (b 1 > > b+a
= — :-—-( ® —aqc) =
b—a 2 |a 2(b—a) 2

Jlemak, TeKHC TakcMM/aHraH & TacogudHH MHKJIODHHHr MAaTeMaTHK
a+b
Kyt ME = 3
2. Hopmann KonyH OViiua Takcumiauran TacoAubHH MHKIOPHHHT
MaTeMATHK KYTHJIHILK TOMHJICHH.
Euwum. Hopman gonyn GViya Takcumiarad & Tacomuduii Muk-
<
JOPHHHI 3XTHMOJ 3uudrid wpoAacuuu (6- § ra KapaHr) MaTeMaTHK Ky-

TH/MII HbogacHra KViicak,
..L
1 x—a
5 — ( )dx
a
ol ]

- o xr—a
G6yaaau. duau Oy uuTerpaaHd Xucobiadmus. ¢ = = aaMalITHpHLL Ga-

JKapaMu3.
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}

+ o 1 + o : +o
| x-:cp("'o‘“),dms (ot +a) o (f) dt = [ot(p(t)dt-i-
- 4 +o +e
+5‘ acp(t)dt:og to(t)dt+a | () dt.
Jlemak,
+oo +eo
ME=o | totydi+a | ¢@)d.
Arap
+ o L o | +o
j edt=—— e 2at=1, 5t(p(t)dt= ——_-ﬁ te 2 di=
© ‘/2:1 £ » '2n_cc
|0 == +o
— — 2 —t2/, =
_'_2_[_.!’013 dt+6f te dt]
2 2
to —— to ——
gl T { o B e 2 dt]=0
_',2_[ | te dt+§ te * dt|

Gy/mumunn  svTHOOpra oacak, ywpa ME=o0-0-+a-1=a Gymmunn
TONAamMu3.

Ulynnait kum6, nopmaa Konys GVitmua TakcuMJaHral § Tacomubwuit
MHKJIOPHHHT MareMaTtHK KyTuauim ME =a G6yaanu.

Xysoca Kuinb OyHZAait alTHIl MYMKHH: Tacomu(pui MHKAOPHHHI Ma-
TEMATHK KYTHJHIIH LIyHAAH COHHM udojanaiinky, Oy COH Tacoaudui
MHKI0pP KMHMATJIapuHHHT Ypra apu¢mernry 6Yamb, ynunr atpoduja Ta-
copuduit MHKAOPHHHr Kabysa KWaWIuM MyMKuH GVyaran KuiiMatiapd
XKoHJalran GyJanu.

OHAM TacoaudMii MHKAOP MaTeMaTHK KYTH/HIUIMHMHT XOCCAJIapHHH
KeJITHPaMH3:

1°. Aeap C yseapmac con Gjaca, MC = C Gijaadu.

2°. & macoduguii mukdop, C — yseapmac con Gijaca, Yy xor0a
M (CE) = CME Gijradu.

3°. € Ba M macodugput muxdopaap Gepurzan GyACUR.

YHoa
M(E £ m) = Mg = Mn
Oyaadu.
4°. Aeap a ea b gaeapmac cowaap 6Gijaca, y xoa0a

M(aE+b) =aME+ b

6yaadu.
5% Aeap & ea n ysapo Goraux Gjamacan macodugpud muxdoprap
6gaca, y xorda
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M(E-m) = ME-Mn
6jjaadu.

DHIH KeJITHPHITAH XoccasapiaH aipHMJIapHHHHT HCOOTHHH KesTHpa-
Mu3:
2°- xoccauudr ucborn. & Tacopuduii MUKAOPHHUHT KaOysa KHJaau-
ral KuHMariapu x;, X,, ..., X, Ba YJapDHHHT 3XTHMOJIADH MOC pa-
BUIIIA Py, Poy - .., P, OyacHH. Y Xonma CE racoanduit MHKJIOPHHHT
Kabyn kunaaurau kuitMataapu Cx|, Cx,, ..., Cx, Ba CE nunr mym-
KHH GyJrad KniiMaTJapHHUHT 3XTUMO/IAPH § HHHI MYMKHH OyJraH Te-
PHIIIH  KMAMATJIADMHUHT 3XTHMOJJIADHIA TEHIVIMTHHH XHcoOra oJicak,
CE HuHT TAKCHMOT KOHYHH Kyiuaaruua GViaju:

ct Cx, | Cxa Cx

n

P Py | P2 Pn

MaTeMaTHK KYTHAMIIHHHT Tabphdura Kypa
M(CE) =Cx-P; +Cxy-P,+ ... +Cx P, =
=C (%P + %P+ ... +x,P)=CM§
6ynamu. Jdemak, M (CE) = CME 6yaub, 2°- xocca ucbor Gyuajuu.
3°-xoccaHuHur Hc6OTH. § Ba 1) TAaCOAMPHI MHKIOPJIAPHUHT TaK-

CHMOT KOHYHJapi! Oepusran OyacuH (COAJAMMK Y4yH yJap HKKATaZaH
KHiMaT/ap Kaby/l KWICHH):

g X1 Xa n 51 l 13

p|P1|P2 - 9 ‘71,‘72

§ 4 m Taconudumit MUKIOPHHHT KaOys KHJIaAuraH KHHMAaTJapuHu Ty-
samu3. § HMHr KaOyal KWIaaural KuiiMaTJIapHHH 1) HHHT KabyJs KiJaiu-
ran KuitMatiapura kyum6, § -4 n Tacomuduit MHKIOpHHMHT Kabya Kuia-
JUrad KudMaT/iapu

Nt Xt Y Xot U, Yoty

HH XOCHJT KHJAMu3. YJIADHHHT 3XTHMOJJIADHHH MOC DaBHLIAA pyq, Pias
Pa1y Pap KaOu Gearusiacak, MaTeMaTHK KYTHJIHIIHHHT TabpudHra acocaH

M E +n) = (x, + 41) puy + (61 F o) Pra + (X3 41) pay + (%2 + Ys) Pas

Oymamu. Arap piy+ pre= P Pt Pae=Pay Pt Pu=q Prat
- Doy = @ SKAHMHMTCHHH XHcOOra oOJICak,

M (E 4+ m) = %, (P11 + Pro) + Xa (Pay + Pos) + 41 (P11 + Pa) +
+ Yo (Pra 7 Pag) = (xypy + %205) + (1291 + Yag)-
Bynpnan sca
M (E+n) = ME + Mn
SKAHMUCH XOCHJ OYJ1alu.
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M (E—n)=ME— Mn un xam Xyaaum my fiyn Guaad ucGorsaid

4°-:£occaHuH r uc6ornu 1°— 3% xocccanappan kemmb Yuka au.
XaKkuKatad Xam,
M (a§ + b) = M (a) + M (b) = aME§ + b.

5°-xoccanuur HcOGoTHH K KeaTHpuuda Ou3 Kyiduaard myJoxa-
sajnan doitlatanavus: & Ba 1 y3apo Go=muk Gysmaran Tacoaupuil MHK-
JopAapHUHT KynaiitMacu 1e6, mynfait §-n Tacoiuduit Mukpopra aiiTa-
MH3KH, VHHHT MYMKHH GVaran Kuiimariapu & HHHr MyMKuH OGyarad xap
Oup KHIIMATHMHH 1) HHHD MYMKHH Oy.rad xap Gup Kuilmartdra kyna#rTd-
puirandra Teur, §-n KynmalTMAHHHC MyMKHH Oyjaran KuAMATIapHHHHT
3XTHMOJITIAPH KYMAHTYBYHJIADHUHT MYMKHH OYJIraH KnAMAaT/JapHHHHT 3XTH-
MO/JIapH KynadtMacura TeHr. ¥ Xoami §-1) KYMaliTMAHMHT TakCHMOT
KOHYHH Ky#naarnda Oyaqu:

' E-m | X1 Xoly I X1Ya Xala

P I 1y Pagy ‘ P192 Paga

MareMaTHK KYTHIHIUHHHT Tabpudura kypa
M(E-m) = Xy, Prqr + Xaly - Pogy T+ XiYa* PrGa + Xalfs PGy =
= 1¢1 (X, p1 + XoPg) + YaGa (%10, + Xopy) =
= (X,py + XaPo) (191 + Yaga) = ME-Mn).
Hemax, M (§-m) = ME- Mn.

2-§. Taconuduit MHKROPHUHT JHCHEPCHsICH

Taconuduit MHKIOPHHHT  JUCTIEPSHACH YHUHT KaOyJl KHIHIIA MyM-
KUH OyJran KuiiMartjapuuuer Vpraua KHUAMAT atpopuia TapKOKJIAHHUI

(eynsMuI) JapazKacHHH XapaKTepJioBYH COH GVyaaau.

E raconudmit Mukaop Oepusran OVICHH.

25.3-trabvpud. M(E—ME? mugaop & Tacopuduit MUKIOPHHHD
ducnepeuscu 1e6 atanaau Ba DI kabu GesnruiaHaiu:

DE=MI[E—ME)P.
IOKopuaa kenrupuiran tacomupuil MUKAOPHEHT MATEMATHK KYTHIHUIA=
HUHT Xoccasapujan ¢oiifananut, D3I yuyn Gourka uhoaa Tonamus:
E=ME—ME)P=M[E—28EME) +ME)P]=ME)—
—2ME)M () + (MEP =M () —2(M (B)* + (M ©))* =
= M (%) — (M E))*.

E = ME® — (ME). (23.6)

Mucoanap. 1. bunovnan xonyn GyiiHya TaKCHM/IAHraH TacoJH-~
uit MHKAOPHHHT JMCMIEPCHSCH TOMHJICHH.

Jemaxk,
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Egum. Mabaymku, Gy tacomnduit mukaop 0, 1, 2, ..., n xui-
MaTJIapHH  MOC  paBHIIjA c‘; p° (1 — p)n—o, C,llp(l—p)"—’, T o
C, p" (1 — p)*—" sxtuvonnap Guman KaGynm Kujajad, YHMHT MareMaTHk

Kytaammy M§ = np.
IOkopuaaru (25.6) ¢opmynazan ¢oitaanannmr Makcaauga ME® nu
Tonamus. Tabpudra xypa

Mg = kC,p* (1—py=*
k=0

Gynanu. By TEeHTVIMKHHHT YHI TOMOHMJArH AHFHHIMHM XHCOGJIaHMH3:

)::0 k! (n—k)!

n
kn (n — 1) kel . pn—l— (k—1)
— . . ( —
Z(k—l)![n—l—tk—l)l! PP 7

n
=nPE : [(k— 1)+ 1] (n— 1)! gt gt — (k)
k=]

n n
MEE= N RChpt(1—py—t= N . L ph gt
k=0

k— ) [(n—1)— (k— 1)]!

E (k—1D(n—1)(n— 2)! k—2  n—2— (k—2)
=1 o f =y +
p;(k—l)!-[(n—?)—(k—?)]!pp q

n
(n—1)! k—1  n—l— (k—1)
n . . =
+ pz(k—l)![(n—l)~(k~l)]! P 9
k=]

=n(n—1)p*(p+ gy +np(p + gy~ =
= n*p*—np*+np = np (1 — p) + n’°p?,
(ayskn (p+q)*~2=1, (p+q)"~' = ).
Hewmax,
ME? = np (1 — p) + n*p>.
(25.6) mynocaGaraau ¢oiinananuG Tonamus:
Dg = ME*— (ME)* = np (1 —p) + n’p* — (np)* = np (1 — p).
Jemak, GuHOMHAT KOHYH OWJjaH TAKCHMJaHraH § Tacomudmil Muxiaop-
HHHT JIHCTIEPCHSACH
DE =np(1—p)

6yaany.
2. Ilyaccon xouynn GViimya Takcumuianrad § tacofudmii MHKIAOPHHHD
JHCIIEPCHACH TOMMUJICHH.
E uwnm. Mabaymku, Oynaaii tacoaudui MHKIAODHHHI MareMaTHK Ky-
THJALLH
Mg = A
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ra tenr. §* Tacou(pMH MHKIOPHHHI MATEMATHK KYTH/IMIIMHH TOMAMH3:

M§2=2k3 PR NP =e. xz =
- k—1i° &k—1

k=0

| . _a Ak—2 9“1 AR g N
14+1)=2e [;\g(k_mﬁtk)‘(k_l)l_;e (Aeh 4t ) =

=AM 1)=2A2+A.
(25.6) dpopmyaara Gunoau
Dt = ME>* —(ME)> =M+ A —A% =

6yaanu.
Jewmak, ITyaccon xouyHu Gyiiuua rtakcumsauran § racoauduit MHK-
JOpHHHT JAucniepcusic DE = A ra TeHr.
Afiraiiuk, § yanykeus Tacomucduit MUKZOp, p(X) 3ca YHHHT 3XTH-
MOJ1 3HYJIHTH GYJICHH.
25.4-tabpud. Yuly i
o0

Dt = | (x— Mg p(x)dx (25.7)

mukaop & rtacomuduit MHKJIOPHHHT JIUCTIEPCHSICH je6 arananu.
By mponaﬂn Ooukaya Xam €3uIl MYMKHH:

Dt — j (x — ME)® p (x) dx = f(r-—2xM§+(M§)>p(x)dx—

+e o
2 p()dx —2ME | xp()de+(ME? | p()dx=

+ o 4+
= [ @p@de—2(ME*+ (ME? = | x*p(x)dx— (ME)".

—_ =

Jlemak,

+

Dt = ( xp(0)dx—(ME2. (25.8)

Kyn xoanapaa & Tacoquduit MUKLOPHHHT AucnepcHscHHR (25.8) dopmy-
Jia €paaMHAa TOMHJAJH.

Mucoua. Hopman goHuyH OVituua rakcumaanran § Ttacoguduii MAK-
JOPHUHT JHCMEPCHACH TOMHJICHH.

Eunm. By rtaconuduit Mukaopuunr aucnepcusicuun (25.8) dopmysa
épramizna tonamus. Pasiuanku, 6y Xouja

_(x—a)?

x—a) B 1 3 T20t
()

R
P(x) oq)( ay 2n

66, M = a ra Tenr Oynanu.
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L T
oL e |

(25.8) opmysara kypa

+m “+a ARy
Dt = | epdx— M =—= [ »e ™ dr—a

cy2n

0

By rtenrsmkaarn mnrerpanin XucoOJjall yyyH aBBAJO V3rapyeuuHu KyHu-
Jlarpya aJMaiitHpamus: ¢ = x—:‘—' Yuna x = ot +a, dx = odt 6yanb,

(x—a)* 1 o t_:

“+ew — T +o
5 Be 2 gy — 5 (of +a)e *odt=o ( (6t +a)e “di =

12 e — 12
+w =5 ‘%oo T +_oo )‘
=03S fre *dt+20% | te “ditoa® | e *dt=
o B i .,
=¢° 5 tte *dt + 2a0*-0 a6 YV 2n = o? 5 e *dt +a*c) 2a
(25.9)
6ynaan. Kefiunru nnrerpanun 6ynaknab WHTErpasiaivMus:
P . - -
ft?e Tdt =—te -’| +§ e “dt =y 2n. (25.10)
Ilynpaii kuonG, (25.9) Ba (25.10) MyHocaGaraapra Kypa
. (x—a)* , 12
sl 1 7, 20 - 1 3, 2 a2 O}
Dt E ’/—2;.‘!.7:“ e dx—a 5 2?(0 Jmt e °di-+-a*oy 2q)
—a* = = - l.o_.t(o3V2—:t +V2rna*0) —a® =0 +a*—a? = o’
y <3
6yaanm.

Jlemak, Hopman KouyH OViiHua TakcMMaaHrad & Tacoauduii Muxaop-
HUHT aucnepcusick DE = ¢ ra rtedr Gyaaau.

Ouau Tacoaubuil MHKLOP AHCTEPCHSICHHHHT XOCCAJapPHHH KeJTHPAMM3.

1°. Aeap C yzeapmac con Ogaca, D (C) = 0 Gyradu.

2°. § macoduguit muxdop, C yseapmac con Ogaca, y xoa0a

D (CE) = C*D (§) 6ijaadu.
3°. Aeap & ea W ysapo Goraux Gyamaearn macodugpuii muxdopaap

6yaca, y x010a
D +mn)=DE+Dn

6yjaadu.
4°. Aeap a sa b yseapmac conaap Gyaca, y Xo10a

D (a§ + b) = a®D§
6yaadu.
316



; 3-§. IXTHMO/IAP HA3APUSICHHUHI JMMHT TeopeMaJapH

bu3 3XTHMO/IAD HA3APUSICHHWHT ACOCHIT  TYIIYHYAcH — Tacoaudpuit
MHKJZOp Oujan TaHuauk. Mabaymku, Ttacoiuduii MHKIOPHHHT KaGyJ
KHJaural KuiiMaTHHe asBaijad aitu6é Oyamaiian. YUyHku Oy KuitMaTHu
KaOy/1 KWJHIL OJAMHAAH aiTn6é Gy/Maiiiuran Typaw Tacomudmuit Xosar-
gapra OGorauk. Aiinu naiiTaa erapimya kynm  Tacomudmii  MHKAOpJAAap
WHFHHANCH TACOAM(DHAIHK XYCYCHATHHH HYKOTHO, y MabjayM JAapaxana
yarapmac 6yamin Xonarnra yra Gopaau. Kyimza ury xosnathu yprasa-
mu3. Dynaa tacomuduii MHKJIOPHHHT MAaTeMaTHK KYTHJIMIIH Ba JIACTep-
CHACH MYXHM pOJib YiHAHIH.

Ue6umeB TeHrcH3auru. Mabaymsn, TacoAu(Hit MHKIOPHHHD
MaTeMaTHK KyTHIH Varapmac con 6yianu. Taconnduil MHKAOPHHHT Ka-
Oy/1 KM/IMIIE MYMKHH GyJraH KHAMATIADHHH YHUHT MATeMatHK KyTHJIH-
M atpodupa OYJHIIM AaparkKacHHH KYiuJard TeopeMa KypcaTald.

Teopewma. Yexau ducnepcusza sea Gyiean uxmuéputd macoougpud
mukdop 6a uxmuépuit mycbam & cOH yuyn Yubly mMeHeCU3AUK (JPUHAL
6yradu:

P{lE—ME|>e| <8—

Hc6or. By reopemann & — ysaykcens Ttacoauduii Mugaop GyJrau
X0J yuyH ucGOoTIaiMu3. Ajiraiiik, & yamykcus Tacoauduit  MUKAOP,
p(x) 3ca YHHHT 3XTHMOJ 3HYJHTH GVJICHH.

Papwanku, {|&—ME|>e} U {|E—ME|<e} wmykappap xoxmuca
Oymanu. emax,

P{E—ME|>e}+P{lE—ME|<e}=1

6ynanu. bynznan
P{lE—ME|>e}=1—P{|E—ME|<¢} (25.11)
GOy keqnG yukand. Arap

+m
=\ p(x)dx
Ba
PE—ME|<e}=P{—e<E—ME<e}=
AW§+B
=P{ME—e<E<ME+e}= [ p(vax
MZ:.——E

G6y/mumny 3uTHOOPra oJcak, y Xosaa (25.11) 1renriuxk yuby KypuHHII-
ra_Kesaau:

+w M'E"‘}'E
PlE—Mg|>e}= | pdx— | p(dx.

Mi—e
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I
Pasinanku;
ME—e ME:i—e
PE—ME|>e)= [ p(idr+ | p(x)dx+f
—o Mi—e ME+3
Miie Mg—e +o
—i plyde= | p(9dx+ [ p(x)dx. (25.12)
ME—¢e

- Me+e

p(x)dx —

ME—e
Sumn s' p (x)dx wnrerpanny Kapaiimk. Bynma — oo < x < ME —
o
— g OyJsiranymra ca6abiu x — Mg < — e 6ymG,

(=251

6ysagu. Hatwxkaza KyHunarn TEHICH3JIMKKA KeJaMH3:
ME—e ME—e

S P dx < f (x—sMg)zp(x)dx. (25.13)

Xyaau myura yxinai,
+o + .
p(x)de < f ("_—tﬂg | p()dx (25.14)

Mi+e Mi-te

6yanu.
(25.12), (25.13) Ba (25.14) mynocaGariiapian Xamia

Mi+e M
e X—1 E\2
(=) par>0
e
Mz—e
6yamimnan GoittasannG Tonamus:

Mi—e

P{IE—M§|>e}<§ (-“T-”g)zp(x)d.wr

8
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Ha#n)xa.ua
“+ o

P{|t—ME|> e}<—§(x—M§)p<x)

6ynanu. Arap
4+
[ e—mepp(yde =

SKAWJIMTHHH XHcobra 0JIcaK, KeHHHIH Teurcua,mman
P{IE—M§| =8} < (25.15)

6y kenu6 uukaan. Teopema uc60T KHIHHIH.

Taconuduit MEKA0p Auckper Oyarad xoaaa xam (25.15) mynocaGar-
HHHT TYFPHJIMTH IOKOPHJAruJeKk McOoT/IaHa/u.

Oparga (25.15) Yebuwues menecusauew ied aranaj.

YeGumen teopemMacu. Iuan YeGuiuer tenrcusmuruiad goiiga-
Jauub, KyHHJard teopeMaHu HCOOTIaHMH3.

Teopema (YeGuien Teopemacu). Azap

S S SR (25.16)

gaapo 6oraux Gyamazan macodugpuid muxdopaap Kemma- Kemaueu 4eK-
au OQucnepcusiea gea Ogaub, yrap Oumma gseapmac con Guran wesapa-
AaH2aH, SABHU

D <C, DE<C,...,D§ <C,..
6yaca, y xorda
Ye>0 yayun
lim P{ lEEk— }=1
n—s% n s

Gyaan.
Hc6or. Monomuku, (25.16) V3apo Gornuk GyaMaran Tacogudpui
MHKAOpPJAp 3KaH, yHJa JMCNEePCHSIHMHT XoccanapuaaH (oifanaHuo

R Y LN e
Dl it =i P
k=] k=1
6y/mmnay Tonavus. Teopemaunur maprura xypa DE, <C, (k=1, 2,

3; & i)
Jemak,

D(%glgk) _12‘ _‘2 -n=-Cn— (25.17)

1
6ynamm. Papiuauku,
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P{ ;;Ek-—% §M§|<e}=
—P{I—;ggk—%gmgki%}. (25.18)

YeGuieB TeHICH3MTHra MYBODHK,
n
I NVY¢
S k
o ™)

Pl Yt R[> —F—

6ynamn. 1Oxopuaary (25.17) TEHICH3MMKHH SBTHOOPra OJcak, yHAA
n

oft )

n AA=1 <_Cl
£2 T e
GYJHO,
1 c
— / D)
21D SERES ST B R
6yaaan. -

Harmwxkana (25.18), (25.19) mynocabaraapian

n n
P{ L E:Ek_—] E:Mgfc
n n
k=1 k=1

6ysmmm Kesnb unkaau. By myHocabarjan sca n—- oo Ja

lim P{Hk‘\;gk— %gmk

Cc

a2

ne=

< s} _] —

<s}>l

n—»w®

6y MIIMHE TOMAMU3. DHPOK XOMHCAHMHT 3XTHMOJIH Xap JouM GHpiaH
Karra Gyna osmacanru cababiau
n n
I
nmp{l 2:2—— Mg -}:
n-»00 k n d k
; k=1
6ynamu. By sca Teopemanu ncGoTJIAH/H.
Opataa sxTeMoam Gupra fIKpH  Oyviran  XOAHCAHH JIesp/H MyKappap

xoauca ne6 Kapamaau. IOkopuaa ucGOT STH/AraH Teopema /2 HHHC eTap-
JiMYa Karra KuiMariapuaa ymoy

n n

1 ‘ ) 1 2 :
= glc N ,WE’k
n n

k=1 k=]

<e
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Tel FCHATHRATHT Gaxkapu/InIIM JIAPIH MYKappap XOAMCAJTHIHHH KYpcaTa-
au. By xon KyHunarn takpuGuii dopmysara o6 Kenaju:

n

‘ n n
— Y~ E ME,. (25.20)
=1

Hewmak, YeGuures Teopemac n HHHT eTap/M¥a Karta KHilMatsiapuja
(25.20) TagpuOuit (opmysa eTapan aumKaNKAA TEHr GYJIHIIMHH TACAHK-
Jailin, ABHE YPrauuwiran Tacoauduit MHKAOPJAPHHHT VpTa apudMeTHTrH
JleApau ysrapmac MHKJAopra TeHr Gygaap skau.

Mapkasuit auMuT Teopema. dapas Kuaailiuk,

%o B 5 0 5 Bnon o (24.21)

y3apo OOFaHK GVsvaran Tacoiuduii MHKAOpIAp KetMma- KeTuru 6y.ue,
xap Oup §,(k==1, 2, 3, ...) Tacomuduii MHKAOP YEKJIH MaTeMaTHK

kKytwaum ME, ra Ba yek/u aucnepeus DE, ra sra Gycun.

Kapanaérran racoanduit Mukaopaap épaavuaa ymoy Tacoanduil MHK-
JIOPJIaPHH XOCHJT KHJIAMH3:

" n
N = ——_% Ek —_ .__l”— \,j A/ng 1
‘ D :g,’g) k= ‘ D : E,‘,) k=l
K= =
! e
= }_‘(;A — Mg

Ajiraiing, 1), Tacoiupuit MHKAOPAAPHUHT TAKCHMOT (YHKIMSACH

1 n
F“ (X) — Pl—? E(Ek_/‘dgk) < .\'}

‘ D( Mg, =

k=1
6yncun. Kyinaa keatupunaauran Tteopema §, Tacoaudmit MHKAOp/Iap
MabJayM IIAPTHH KAHOAT/IAHTHPranja KOPHAArH TaKCHUMOT (DYHKIHACH

HOpMAJT KOHYH OVilHua TaKkCHMJAHTaH TacoAudHil MHKJOPHHHT TAKCHMOT

GyHKUHACHTAa HHTHAMWKMEN KYpcataad. bBus Oy Teopemann HcOOTCH3 Keu-
THPaMII3.

Teopema. Aeap y3apo 6oraux Gyamacarn maccoupuid muxdopaap

kemma- kemauew &, &, ..., &, ... Y4yn
1 n
lim ——— "V Mg, — ME P =0
k=1

byaca, y x010a
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{

n el
ﬁﬁlp{m ;(Ek—M§k)<x}=V;7—‘!e * dt
k=1

Oyaadu.

By Teopema UeGnineB teopevacHHH KEHTPOK TANKHH 3TaAuraH Teo-
pemaaup. Onarna ynu SXTHMOJIAD HA3APHSICHHMHT MAPKASUL  AUMUM
meopemacu 1ed 1opuTHIaAH.

XXVI 606. MATEMATHK CTATUCTHUKA 3JIEMEHTJIAPU

bBua maskyp kurodunur XXIII — XXV 6obnrapuia taceanduil Xonnca,
TacoAubHi XOAHCAHHHT 3XTHMOJIM, TacoAuHii MMKIOpP/AAP Ba yJAPHHHI
COHJIM XapAKTepPUCTHKANAPH, TacOAMBHIT MHKAOPHHHI TaKCHMOT KOHYHH,
TaKeUMOT (YHKIHACH Xamjla 3XTHMOJ 3uuanry (Audxpepentmasn (ynkums-
cH) Kabu Tywyhuaaap Omsan tamminguk. DBy rymynuanap acocnaa ama-
Jauéraa yupaiiiuran Xa€ruii MacasanapHH edHiIHM Vpraniuk. IXTHMOIap
HA3apusCHHUHT MYXHM TVIIVHYaJapuaad Oupu Tacoinduii MUKAOp Ra
VHHHT TAKCHMOT (YHKIMACH TyluyHuyanapuaup. bBusra mawaymkm, taco-
JAuduit MHKAOpIAap V3IapUHUHT TaKCHMOT (yHKuMacH Ouaan Tyia anuk-
Janafi. Tacomuduit MHKIOPHHHT TaKCHMOT (GYHKUMACHHH OwiraH XoJjia
613 y MHuKA0Op OwjiaH OOrnaHraH yKapaéHHH TVja VpraHuil HMKOHHATHTA
sra Gysiamu3. AMMO avaiméraa OM3HH KH3HKTHpaETran Ttacoluduil Muk-
JIOPHHHT TAKCHMOT (DYHKIMSCH HOMABJIYM €KH TaKCHMOT (DYHKUHSIHHHT
KYPHHHIIN MabjyM, YHHHI napaMerpjapy HoMabaym OVaain. Bywnaii
Xo/apja TacoAMbHI MHKACDHHHI TaKCHMOT (YHKUHMACHHI €KH YHHHT
AipUM COHJIM XapaKkTepHcTHKaJapuHi (takpuban) Gaxoqall 3apypHaTi Ty-
ruIanu. Dy kaGm Macasasappu oanii  MateMarHKauuHr - GVJHMJapuaan
OGUpU—MATEMATHK CTaTHCTHKA (paHH TampnOa (Kysatuil) €plaMmiia TaxJmu
Kuani wyan Ouian Vprasaau.

Ymymuit Kuaud aiitranaa, MareMarHk CTATHCTHKAAa CTATHCTHK Mab-
Jaymoryiap Ba Oy MabayMOTJIAapHH TaXJu/l KHIHW Ouian wiaMunil Ba ama-
JUil XyJocasiap YMKAPHLUHHHT MareMartnk ycyJaapn ypranwiaau. Hynnait
KHJHO, MaTeMa1uK CTAaTHCTHKA KyHAuJarn MKKH acoChil Basudanu Xan Ku-
Jau:

1. Bapua cratHcTHK MabayMomapHu Tynaaum, JgosuM GVica, rypyx-
Jiaui.

2. Tynnauran MabJyMOTJApHH Maxkcaara MyBOGHK KuInG Taxma Ku-
JIHILL

1-§. Taunanma ycya

Alitrailik, OGMpoOp KOpPXOHA Karta COHAAa Maxcy.,ioT Huwiab uymukapran
6yam6, Oy MaxcyJoTHn cupar €kn coH Oearmsapu GYitHya TeKLIHPHIMIINA
Tanad srwicHH. Miwiad umkapuarad MaxcyJIOTHHHT COHM :Kyjaa Kym, Ou-
poGapuH, yJapHuHr Xap Oupunm afituiran OGearm OVitmya TexummMpHul
Kuitun 6yniaau. Dynnait Xonza Kyimparuua uimn tytaagu: Gapya maxcy-

- JIOTJApJlaH TaBaKKajl KWIHO MabjyM COHJArHCH OJMHAMH, YJApHH TeK-

wmpu6, KOpXoHaHuHr Gapya MaXcy/OTVIapH TYFPHCHAA XYJOCa YHKApH-
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gann. Temmpuiunuur Gynaait yeyan manaanma ycya neimnaau. Kyiinna
Oy §Cymm GaradcUIpoOK YpraHamus.

pranuMIK Jo3uM Oyiran Gapya ofwekTiap Tyniamu Oows mynaam
ne6 aranajd.

Bow Tymiamaad Ttacoamdmit paBuuiza Ttannab onmnraH o0beKTaap
TYNJAMH maniauma mynaam €xM, Kuckaya, mawiaxma 1e6 aranaiw.
Bynpaii TVnnamaars o0beKTJap COHM WY TYMJAMHHHT yaxcmu Je6 arta-
gagu, Bowr tynuamimur Xaxmu N, Tapganma TYNIAMHHHT XaXKMH n GH-
JaH Gesirnaanaii.

Macanan, kopxonaja a6 unkapuaran 10000 maxcynoraas 100 Tack
TEeKIMPHIIl  YYyH oJuHran Gyuca, y Xoajaa Oom TYIVAMHHHD  XaXkMH
N = 10000, taunauma TYNJIaMHHHD Xakmu 3ca n = 100 6yaanu.

Bomr Tyniamjan TeKUINPHII YYVH TaBakKasaura GHTTa 7eMeHT, KeliuH
HUKKHHUY 3J1eMenT amparin6 onuHaju Ba 11y 7KapaéHHU JaBoM 3TTHpPHO,
CYHr aXKpaTHO OJMHTaH 3JEeMEeHTJaplaH TaujauMa Ty3uJIaju.

Arap taunanma sjeMeH1japuny Oomr TynJjaMra kKaitapmacjaH, YHHHT
sgeventaapy Oowr TVnviamaan axparniaca, OyHaal TaHJaHMa maxkpopmac
mauiauma 1ed arasnany.

Arap TanjaHMaHuHr s7eMeHTJapn (6owmr TYnjaamjaH TaHJaHraH 3je-
MeHTHH siHa) Gour TVnJamra Kaifitapumn iiyau Ounan akpatuica, 6ynaait
TauaauMa makpop maiaHma jed arajajnm.

Mojiomuky, Macasia 6ol TYnJaaM 3JeMeHTIapHHHHT cOH kM cudar
OesirHcH  TYFPHCH/A KEpak/JIH MabJAyMOTJApHH Ouunijan nbopar 3kad,
VHAGH Yprauuil ydyyH akparuiraH TanjiaiMa (YHHHC 3J€MEHTJ/IapH) Bako-
Jatid Oy Jo3uM. Sbin Tanganma tyniam 6ol TynJjamjiaH 1yHaan
AKPATHIIMILIN JIO3UMKH, HATINKANA axkpaThiarad TaWjaanva rtyniaam Gom
TYNJaMHu TYa Xapakrepaaiaurad, Gomaua aiirradja Ooul TYNMJIAMHHHT
MYyXHM XyCYCHATJApHHHM V3uaa cakjaran OYauum kepak. Bynn ojataa
TaHJaHMauHHT penpesermamusauett Jeinanm.

2-§. TaHJAHMaHHMHT CTATHCTHK TaKCMMOTH

Ajiraiyiik, Gow TVnuam cudaruia KopXonaja tailépaaHrad Oup XM
UWJIHHAPHK JeTazaqap oauHran OyuiacuH. Dy jerasap auameTpJiapHHHHT
V3YHIMrHAN XHcobaam 1aiab stiichd. Pasmanky, typan unobarra oanb
GyaMaiiiral XoJaTJiap TabCHPHAA JeTaiap JHaMeTPJIapHHUHT Y3YHJIHK-
JapuHu YJyall natHXKanapn Typauya 6Yaaau. Dy Jaeramiap Anmamerpu-
HuHr yayHauruay § tacoanduit Mukaop ne6 Kapamr mymxuH. Bynjaa xap
Gup JETAJTHHHT JHAMETPU aHHK COH OYamub, y & Taconuduii MHKIOPHHHT
aHHK KuiMatH GyJanu.

Kopxonana Ttaiiépaanran Gapua jetannap Tynjamuii Gomr Tyniam
neimk. Yuuur Xamvu N Gyacud. Bour rtynaamuan xaxumu n 6yaraH
TaHjauMa TYnJavuHp akparamus. Hartwxana tannanma TtyngaMm  3;ieMeHT-
JapH IWWIHHAPHK JIeTA/VIAPHHHT JHAMETPJApHHH HPOTATOBUH Xy, X, . . .,
X, Ccomnap Xocua Gysiaam. Macana, wy connap €piavuaa iokopuaa ai-
tuaran & tacoanduii MHKNOPHM (Taxmmpan 6yJca XaM) TaBcudraijas,
SBHH TacOAN(DHIH MHKJOPHHHI TAKCHMOT KOHYHH, TAKCHMOT (DYHKLMSICHHH
GOlIKA COHJIH XapakTepuCTHKaJapunu Gaxosiaimnl Ba yaap €paamuza My-
XMM aMaidil XyJiocasap YHKapuiujad uoopar GyJjaau.
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YMyMmuii Xoaa XaMm HUI [IyHra yxwauf 6yJanm.

Dapa3 Ku/aiauk, Gour TYnJaMHs Yprauuil yyyH XaXKMH 7 ra TeHr
TanJaHvMa TynJjam onuuran Gyacud. Bywpa x, kuiimar n, maprta, X, Kuii-
Mar n, Mapta Ba XOKaso, X, KMiMar n, mapra kysartuirad Gyacud. Pas-
HWIAHKM, Ay + Ny + ...+ 1, =n.

Onarpa xysatuiran x; KuiiMariap eapuaxmarap, Ky3aTHULIAD COHM
n; Jap sca wacmomanap peiunaan. Bapuantamapuuur Veud 6Gopuur  tap-
THOMAA €3unral KeTMa- KeTVIHK eapuayuor Kamop Aeidnnann. Bapuaiwon
KaTOp Ba YJapHHHT MOC YacTOTANApPHHH YIIOY KalBal OpKaau €3ui Ky-
Jait 6ynanu:

E | Xy ‘ ¥y l 2% % ‘ X

n ' ny I na l as s 1 np

Macanan, Mabaym Oup naxta maijgonuian Ttacouduit pasumrza 100
TYNn Fy3a OJMHHO, Uy OJMHTaH Fy3aJapHHHr Nap GUp Tynula oum/rat
YaHOKJIap COHMHH XHcoOmaitmk. Bynpa Gapua rVysa tTynuapu coun n==100
TaHJIaHMa Xaxmu O6yaub, Bapuanta KuitMatH x, — 0 3ca oywiray yanox-
aap coun 0 rta O6ymran rysaun Ba wyuiain rysasappan 100 Tyn wnumja
Heyta OyJ/ica, yJapHHHr COHM yactotd OVJaaum, Xy/UIM LIyHAA#, BapuaHTta
KuiiMati X, = | ounaran wanornm | ta Oyaran risanm Ba yJapHHHT COHH
n, yacrora Gynaau Ba XOKaso.

n. * ~ v
Ywby — (i = 1,2, ..., k) MUKIOp HUcGUi wacmomaaap ned ara-
n
Jafu Ba W, kabu Genrunanatu:

n; .
W;=— (i=12,...,k.
n
Hartwxkane x,, X,, ..., x, Bapuantamapra soc W,, W, ..., W, unc-
Ouil yacrorasapra sra GV.amus.
Bapuanranap Ba yaapra Moc HucOMil yacrorajapiaH Ty3uiras

X; l Xy I X t oo e | Xp

W; | v, | W, | J W,

WKalBaa cmamucmuKk €ku amuupux maxcumom (Kajpana) Aeddaiu.
Bynna nuc6uit vacroranap HuruHIMCH GHpra TeHr Gyaanu:

W1+W2++Wk:—~]

Xakukarad XaMm, HHcOMil yacroTauuHr Tabpuduaad oilananud To-
namus:

W1+W2+"+Wk='%+£:—+-+'ﬂ:

n
gt ngt. . ng

n
TR froc l
n n
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ucoa. Tannanma yactotanap TakCHMOTH KYpPHHHIIMZa Oepuirau:

% 5 7 \ 12

ng 2 5]3

HucOuit yactoranap TakcHMOTH (CTATHCTHK TAKCHMOT) TOMHJICHH.
Euum. Tanaaumanunr xaxmu n = 2 -+ 543 = 10. Xap 6up uac-
TOTAHW TAHJAHMAHMHT XarkMura 6Yaud, HHCOMH uacToTasapHH TOMAMH3:
5

W, =2 g Wo=-2 =05 W, == =03,
10 10 " 10

emak, wncOMil yacTOTasJiap CTATHCTHK TAKCMMOTH Kyiiwparnya 6Y-
Jajm:

‘ 5 | 5 | N
—

V; 0,2 ( 0.5 \ 0,3

Bna 10K0pHaary MUCOJIAA TaHJaHMa XamMH KHUMK Oyuiranaa yHHHT
CTATHCTHK TAKCHMOTHHH TY3HIIHH KYpHO unkank. Arap Vypranuiaérrax
Gesrn y3ayKkeus yarapysud BapuanTtajan noopar GViica €ku auckper Gy-
aub KabyJa KuJdaauran KuitMataapy conm xyn GVuca, Oynaaidl xonza cra-
THCTHK TAKCHMOTHWHT HHTEPBAIN (rypyX/apra apaTwirad) BapHallioH
KATOPHHH TY3HII Makcaara Mypopuk O6Vaaam. Bom rtynaavuuur ofnek-
THB CTATHCTHK KOHYHUSITHAM OYHIIA TaHJaHMa TYNJAMHH & T4 HHTEP-
Basra (rypyxra) 6yammunn Crepx takaud knaran yiuby gopmyaa 6¥iin-
ya TANJIHI KHJIMIL MYMKHH:

k=1 3,322 Inn, n— rannanMa XaxMu.

Arap Oy epaa k HuHr KHiMaru Kacp coH Oyaca, y AXaMTIa0 OJH-
naju. Poiinasannmra Kyaai 6Vanmm yayn Crepk (opmysacHian TaH-
JanMa XaKMura OOFJHK paBHILA AHWKJAHYBUM HHTEPBAIAD COHHHHHD
JKAABAJIMHN KeJ/ITHPAMH3:

Oannanuran uHTepBaLIap
aIanMa  Xax)
Tanaanma xaxwuu (n) comnt (k)

25—40 5—6

40—60 6—8

60—100 7—I10
160—200 8—12
200— 10—15

WurepBannap ysyHaurn (rypyxJjap Kemrawru) h Hu TOnHmja

B == Xmax

k

dopmyaanan goitgananum MyMKHHd, 6y €paad Xy Xyja DAPHALHOH Ka=
TOPHHIT MOC PaBHILIA 3HT KaTTa BA 3HT KMYMK KuiMaraapuaup. Y Xoda-
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aa ysynnmapn h Gynran HHTEPBA/LIAp (rypyx.nap) KETMa- KeTJIHTHHH
Kyfiuaard Taptuaa oMl MyMKHH:

h < h 6
AT B X +3 —- OUpHHYH HHTEPBAJI,

h 3h i
[xmm + ~ B —5—] — UKKMHYM HHTEpBaJ,

. 3h, 5h )
Xin 1 2+ Xmin +—2—— — YUYMHYH HMHTEpPBAJT Ba XOKas3o.
AnGarra, MHTEpBajsapHH Xap Oup BapuaHta (akar OHTTAa HHTepeaira
TECHUIH® OVIaiurad KHianb OJIHIL JIO3HM.

Miucoa. INaxra maiinonnnad tacoquduit pasuiiia osuuran n = 50
TYN FY3aHUHT Xap OupuAaH Tepn® OMHHIAH NAXTa XOCHJHIMHT OFHPJIHTH
(rpamM XucoGuza) Kyimaaruya G6YJamui:

38,0 51,5 48,3 33,2 40,2 49,2 346 32,0 27,5 30,0

41,3 43,2 420 30,3 48,0 430 36,6 39,6 28,2 56,0

47,4 53,8 45,6 33,2 38,2 39,0 35,0 40,5 45,0 44,4

30,0 35,7 43,5 42,1 42,0 37,7 42,8 50,3 44,6 46,3

59,0 46,0 37,8 45,0 36,1 44,3 51,7 44,5 48,5 36,4

Iy tansanMa TYNJaMHHHT CTATHCTHK TAKCHMOTH TY3HJCHH.
Egynm. Tanasanma xaxmu n = 50. Crepx ¢opmyJsacura acoca
HHTepBas1ap (rypyxJap) COHHHH TOMNAMH3:

k=1+ 3,322 Ig50 = 1 4 3,3221g10 4 3,322 Igh = 1 4- 3,322 +
-+ 3,322:0,699 = 6,64 (uynxu 1g10 = 1, Igd = 0,699).
Jlemax, uHTepBa/iap (rypyxJap) COHHHM OPTHFH OuJaH AXJAnTIA0 k=7 neb
onamu3. Tannamma Tyniam Kuiivariapu skaisanuiad x, . = 27,5 Ba
Xmax = 09 OyaranaurafaH uHrepa/viap (rypyxJaap) V3yHJMrH Kyiuaa-
ruya GyJiagu:
h. - xmnx

——.xmm _ 59—?7,5 . 3_|é _ 4’74

k 6,64 6,64

By muconma ysymmuru ‘h = 4,47 Gyaran wntepBansap Ky#uparuya Gy-

Janu:

[26,50 — 31,24], 131,24 — 35,98/, [35,98—40,72], [40,72—45,46], [45,46—50,20],

(50,20 — 54,94], [54,94 — 59,68]. '

Suau Xap Gup HMHTEpBaIra TYIIYBYM BapuaHTasap (COHMHH) YacToTa-

Japunu Tonamus. Macanan, [26,50 —31,24] Gupunun uHTepeanra 3 T1a

BapuauTta teruuu, yaap 27,5; 30,0; 30,3 6yauo, mnepaammur ypraua

Kuitvari 28,27 ra Tenr, HucOuit wactoracH W, —— ——0 06. Xypau wyn-

Jait, uKkuaun ueTepBan [31,24 — 35,98] ra TeruuniH BapHaHTaNap COHH
(qaCToracn) 6 Ta, avnuu yaap 34,6; 33,2; 32,0; 33,2; 35,0; 35,7. Uurep-
BaJHHHr YpTaya Kufivaty 33,6 Gyuub, WHTEpBanra TYLIYEYH BapuaHTasap

HHCOnit yactotacu Wy = % =0,12 Ba x0Kaso.
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TOgopunaru xﬂc’d&a‘rﬁm’pra acocai TAHAZHMA TYMIAMHUHAT TY31ATal
BapHALUMOH KaTopH KyiiMnarnua Gyaanu:

Hutepsanra Termuin Bapi-| IHutepsan | HucGnii wac-
Bapyanta nurepsannapi (r) aum.rx‘:ap COHH (%CTOTHCH)P n; )“'p'ragu Tota (W)
26 ,50—31,24 3 28,87 0,06
31,24—35,98 6 33,61 0,12
35,98—40,72 12 38,35 0,24
40,72—45 ,46 15 43,09 0,30
45,46—50,20 8 47,83 0,16
50,20—54 ,94 4 52,57 0,08
54,914—59 68 2 57,31 0,04

[Mynnait Kuin6, Gy Kansan Gepuarad 50 Ta MabJAyMOTHHHT CTATHC-
THK TAKCHMOTH OYV.s1anu.

3-§. OMOHPHK TAKCHMOT (DYHKIHSICH

Bour tVnaavun Vpraumim Makcaapia yHAaH XAXKMH 7 ra TeHT TaH-
JigHMa ‘amparuiran 6Vaud, YHHHT yacToTalap TakCHMOTH KyHHzaruua
6yu1cHH:

%« | % | @ | - |

(26.1)

i 0 s ] m | e |

Mxtuépuit x xaknkuit connu onaimik. Paswankn, (26.1) garn xap
6up x; (=1, 2, ... k) Bapuanra & v jan karra 6yiamu, € x jaH Ku-
ik Oysaau, éxkm wy x ra tenr 6yaagn. OuauureH X JgaH KHYHK OYJI-
ran, SAbHH .\"-<.\' TEHFCUS/IHKHH  KaHoaT ianTHPagHraH BapuatTa/aap co-
HuHY n (x) 6unad Gearunadnuk. Mecanan, TaunaHMa HaTIKACH KyitH1a-
ruya Gyacun: —2, 1, 43, 5, 7, 7. Arap x = 3,5 onusrau 6y.1ca, yHnia
wy X JaH kuyuk Gyirad sapuantatap 3 ta (—2, 1, 4 3) Oynamu. He-
mak, 6y xomma n (3,5) = 3.

Arap x =0 omuuran 6yaca, yuaa n (0) = 1,

arap x == 10 osunran 6yaca, yuza n (10) == 6,

arap x-=—3 ojudrad 6ymaca, yuaa n (—3) =0 6yaanu.

HUlyunait kuaub, okopuna aifituirad iya Ounan n (x) GyHKUHSHH
XOCHJT KHJIHHAH.

1(x A
Yuidy 5t (QYHKUNA MAHAAHMQHURS MaKcusmom QYHRKyuacy €xu
n

SMAUPUK maKcumom ynKkyuacu ned atanaam Ba F, (x) kabu Gearuna-
HaH:

) n (x)
fu ==
Jlemax, TanjauMaHuHr sMnupuk Takeumor dynkumsicn {§ < x} xomu-
CACHHHHT yacToTach1aH HOopar.
Miucouan. Taunanmanunr ymoy TakcumotH GyfiHua, YHHHI SMOHPHK
TAKCUMOT (DYHKLHMSACH TOIMHJ/ICHH:

327



. : » R T S T T
fv_"lvl_’_“ﬂ zﬁ‘hﬁ!‘“\” ) "7’:’ i
e S L 2

m | e el e 4

Euym. Tannauvauunr Xaxmu n = 1-+3 -+ 244 = 10 G6ynanu.
* Our xuunk Bapuanta 2 ra teur. llynunr yuyn x < 2 6Yaraunna F, (x)=

= 0 6Ysiagn. x <5 Kuitmar, AbHA X, = 2 Kuitvar n (5) =1 mapra Ky-
satiairaH, geMak, 2 < x< 5 Gyaranna F, (x) = -% =0,1.

x < 7 Kuiimarjap, yyHOHUM X, = 2, x, = 5 Kuimaraap n (7) =1+
+3 =4 wmapra Kkysaruaraw, jAemak, 5<x<7 OVaranga F (x)=
== -ﬁ)— = 0,4 6ynagn. x <8 KuilMarmap, uyHOHUH X; = 2, X, == 5, X3 =
= 7 xuitmariap n (8) = | +3 + 2 =6 mapra kysarmaran, aemak, 7 <
< x < 8 oyarauna
6
F,(x)= e 0,6

. Gyaanu.

Xy = 8 3Hr karra Bapuanta Gyarananry cabadan x> 8 Gyarania
F, (x) =1 6yaanm.

Jlemak, u3iaHaérran SMIHPHK TaKCHMOT (ByHKuWscH Ky/injariya 6y-
Jianu:

0, arap x <2 6¥uca,

I 0,1, arap 2 < x < 5 6y.ca,

F, ()= 0,4, arap 5 < x <7 6yaca,
I 0,6, arap 7 < x < 8 6y.ca,

1 arap x> 8 6yvica.

Yuunr rpapuru 148- unavana raceupianras.

& tacomuduit Muxaopunnr Takeumor ynkungcn F (x) ymoy {&< x|
xonucanuur sxtavonn P {§ < x| Guian Tabpudaanap 34u.  IMIHPHK
TakeuMor (yHkums F (x) sca n ta Gorauk GYaMaran Taxpubana iy
XOAWCAHUHT HHCOWH yactoracHuu udoAanaiiiu.

XofucaHuHT HUCOMH YacTOTacH MY XOJHCAHMHT 3NTHMOJHIA TaKpH-
0aH TeHIVIMTMHM 3BTHOOPra oJcak, YHAd SMIMPHK TakCHMOT (yHKIMA
F (x) nu Takputan uboaanaliy Kypamus.

4-§. TMoauron Ba rucTorpamma

CrarMcTuK TaKCHMOTHUHT rpapuriHd OWJTHUI VHUHT XapakTepuHu K-
KOMIPOK Tacassyp stuiia Ky kemaau. bus Kyiuaa rtakeumor rpapu-
THHH ficalll YCyJJlapi/ial MOJHIOH Ba TIHCTOrpaMMaHd SICAlllHH  KeJTHpa-
MH3.
Xaxmu n Oyarag TaHjganMa CTaTHCTHK Takcumor Ousian Gepu/irau
6yicHH:
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Oy epaa x; — BapuanTanap, n; —Moc uacroranap, W; — moc nuc6uir uac-
ToTamap, i = 1, k.

(xy, my), (Xo, Ny), ..., (X, n,) HYKTAJNApHH TYTAUITHPYBYH CHHHK YH-
3HK TEKHCJHKIA 4acimomaaap noau2odu ned artanajm.

(xy, Wy), (xg, W), ..., (x,, W,) uykranapuu TyTauTHpyByn CHHHK
YH3NK HUCOWl vacmomaaap noaueonu €6 ava’aji.

By unsuksnapuuur rpadpukJapuHmM sicaul yYyH BapuanTasap Kuimar-

JapH abcunccanap YKMra, 4actoraJap KHilMarsapu oOpAuHaTansap {KHra
KYliHaann.

CrarucTiK TaKCUMOTHHHT THCTOIPAMMACHHH sicalll yyyH aBBaa Gapua
KY3aTWiran KMiAMATJapHH Y3YHJNTH A GYJran kerva- ket KHCMHIT MHTep-
Bajjapra (rypyxaapra) GyauHanM Ba Xap Gup uHTepBajra TYILIraH BapH-
anmanapHuHr YacToTanapH TOMHJAIH.

n;
Acocnapu h ysynamknarn uniepsaniap, GaianAJaHKIapH ’—‘Hucﬁa'rra
1
TeHr Oyiaran tyrpu TYpréypuakaapian ubopar noronaenit urypa wac-

ny
momaaap eucmoepasmacu 1e6 aranaan. By epaa 7’ nucbar  wacmoma
1

audauen Jeiuaanu.

W,
Acocnapu h yayuankaars uHTepranjap, GananiJaukJapH —"— HHcGaT-
1

ra Tenr Gyaran TYrpu TYprOypuaksaapian mGopar noroHasuit Gpurypa Huc-
but wacmomanap ucmozpamasacu jed anTuaanu.

Uactoranap rHcTOrpaMMACHHWHT 103H TaHJaHMa XamKMHU /@ ra, HHCORit
YacToTalap THCTOTPAMMACHHHHI 1031 3ca Gupra tenr OVJIzm.

l-mucoa. Tannaumannnr Kyitkga Gepuiran TakcMMoTH OVitHua yac-
TOTAJIAp MOJHIOHUHI SICAHT:

DV% T 2 3] 5] s

o |10 [ 15 | 5| 2

2) xi}12‘17|22|m'\30\34|38

m | 2| s | 9 |2]| 8] 8| 4

Ewunw. 1) a6euuccanap Vxuna 2, 3, 5, 6 counapuni, opauHaraiap
Vykuaa sca yaapra moc 10, 15, 5, 20 connapunu GeJrunaiMus, SbHH
KoopmuHaranapu (2; 10), (3; 15), (5; 5), (6; 20) 6y.qran vyKranaphu sca6,
YJapHH CHHHK YH3UKJap Ounan tyrawtupamus (149- yuamara xapawr).

2) IOxkopuaarn MHCOJ KaGH eynaaiH.
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9-MHCOML. ')Kj’rxopu nonnaant 100 nowa OMMHIM Ba YJAPHHHT Xap
GuprHl TOPTHO KYPHG, KYHWAArH CTATHCTHK TaKCHMOT OJIHHIH:

HKyxopu oempaucaapn  [0,1—0,3 [0,3—0,5 [0,5—0,7 Jo.7—0,9

JKyxopunap coun I 18 52 l 18 | 12

Lly TaKCHMOTHHHT THCTOTPAMMACHHH TY3MHT.
Eunm. Hureppannap ysywaurn h=0,2ra teur G6Varanu yuyH
TYFpH TYPTOYpuak OanavjyIMKJapHHHHT HHCGATH MOC paBHIUAA KyHujaa-

ruua Gyaanu:

nTT %90 2 o)—260; S 60.
n 0,2 " gk [:
HurepBannapuun aGeuwccanap Ykuaa, GanaHiJanK/JIapHHH OpAHHATANAP VKH-
Jla KVilub noronasmil TVFpH TYprOypuakJap Xocua KuieMu3 (150- unsvara
KapaHr).
3-mucoua. Tannasmanunr Kyiuna Gepuiarad TakcuMoTd Oyinua Huc-
Ouii yacrorasnap rucrorpammacui sicaur. By epaa n = 20.

; e Yacroranap

Hitepraianp JHFHHTHCH
10—15 2
15—20 4
20—25 8
25—30 4
30—35 2

Eqn ur. Huc6uit wacroranapiyu tonamus:
W, = 0 =0,1; Wq————OQW =04 W,=02 W; =0,1.

HucGnit yactorasap 3uu/urkHd TONaMus:
W 0,1 Wa W

— = =0,02; = 0,04; I—’ = 0,08;
1

h 5

Y — 0,04 Y5 —0,02.

h
A6cunccanap Vkuaa Gepuaran KHeMuil wHTEpBALIapHH Gesrnaaimu3. Huc-
OMil yacToTalap 3UYJMKJIAPHHN OpAMHATanap YKula OeqrujaivMi3 Ba Xap
6Gup MHTEpBaJ yCTHAA KecMasiap yTkasamus, Macajad, (10, 15) wuutepsan
yetuaa abeumecasap ykura mapaiaen Ba yuaan 0,02 macodaza €raguran
KecMa yTKasamu3 Ba Xokaso (|5l-umsmara kapawr).

5- §. TakcMMOT napameTpJapHHHHT CTaTUCTHK
6axonapu

IOkopuzma aiiTHG YTranuMH3leK, MaTeMaTHK CTATHCTHKAHMHI acOoCHiH
Macanacu GOl TYIJIAMHH VPraHuill, s'bHH YHHHT OJIPHCH TaKCHMOL KO-

HYHMHH TOITHIL JHD.
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[ fitafiiuk, Gupop #Y Ounan GyHnail TAKCHMOT KOHYHH TONHMJTaH
6Vacnd (Macanad, y GuHompan Kouynu €ku [TyaccoH KOHyHM €KH HOp-
Majd KOHYH OYJCHH). ¥ X0JJa YHHHF HOMAabjyM NapameTpJapHHUAD CTa-
THCTHK OaXo/apuHK KYpHII MacasnacH fosara kesanu. (Macanan, HopMan
KonyH OVuiranga a Ba o HH, [lyaccoH Konynu Gyurauaa A HH aHHKJIAL).
Ba akcunya, napamerpsap Mabaym 6yaca YHHHT TaKCHMOT KOHYHHHH
aHuK/IaII JIo3uM. YMyMuit Xosna Gy WKKana Basupa Xam HOMabayMm G6y-
JIHILH MYMKHH,

YMyMaH TaKCHMOT KOUYHHHHHT HOMAbIyM MapaMeTpJapuHH K" 3M-
NUPHK TAKCMMOT KOHYHHHH KY3aTHULIAp HATHAKACHIaH, S’bHH Gour Tym-
JaMmaH ampaTHiaral TadjganMajan Qoiigasannb Tomuur Jo3uM GyJand.
Houvabaym napameTpiapHu aHukJaliza TYPJaH XaTouiHKJapra (CTaTHCTHK
XaTosiapra) Ay4 KeJamux. ABBAO IIYHH AHTHII Kepakkd, GOw TynJjam-
JlaH OJMHraw TYPJW TanjaHManap OYiiMua TomusraH napameTpJiapHUHT
KuiiMatsiapl ymyMas afitranjga, typauya Gyianu.

Oparga Gouwr TyNJamaaH TaHgaanMa TVnaaM 3/7eMEHTJapHHH Tacou-
Guil Tausam ycyan Gunad axparma XocHa OVaraH TaHganMa TyTiamja
PEenpeseHTaTUBIHK AXINH caKJIaHauu.

MabayMKH, TaHgauMa TymiaaMm Ooui TynjamuuHr Oupop KucMH. DBu-
HoGapuH, TauJaHMa TYIJaM TYFpHcHAArd (uxpsaap Goul TYNJIaMHH TYJIHK
XapaktepsaMaca, Oy XOJ1 CTATHCTHK Xarora o.HG KeJaaau.

Papuianky, TanjasMa TYnJamaardk KysaTHILiap coud Xam Gomr Tym-
JamMup  XapakrtepJsauira OOFnHK. TaHgaHMa TVMIJIAMHHHT TalKMI 3TraH
37eMenT/Iap COHM KaHuya Kyn GyJica, CTAaTHCTHK XaTo LIyHYa KaM GyJianu.

Jlemak, TannanManau (oijananué TAKCHMOT KOHYHHHHHI Tapamerp-
Japiuin INyHAaR aHMKJau J03UMKH, OyHJa CTATHCTHK XaToJiap HMKOH
Goprua KaM GYJICHH.

Dupop TakcuMmoT KOHYyHHHMHr mapaverpd O uu Ttapuba acocuza To-
MmIran Xy, Xa, . . ., X, COAJADP, FbBHH TAHJAHMA MAbJIYMOTJIAD €pAamujia

XOcH/I KuauHraH O Guian Gaxonaucuu. Onaraa 0 uu 0 yuyn Gaxo neitu-
Ja.

Pasmanku, 6ynta 0 6axo X, Xa . - - X, Japra GOrIHK OyJa:
U = 0 (X]. X2, o eTiay X”).
MONOMHKH, Xy, X, ..., X, Jap Tacoqubuil Muxaop sKkau, ysza 6

XaM Tacoandui MuKIOp GyJaau.
Arap 0 GaxoHMHT MaTeMaTHK KyTwtaumu O ra tewr, awun M 0 =0
Gyaca, 0 uu curxcumaiouean Gaxo neinnam.
b, Arap % a>0 yuyH
lim P {{0—0/>a} =0
nN—rm
6yna, y Xomia 0 6axo 0 wmuur acocau Oaxocu pefnaand.

®apas guraiauk, 0 napaverp y4yH 0, Ba 0, Gaxosap GY.ICHH.
Arap B B
M0, —0 <M (8,—0)°

6yaca, 0, Gaxo 0, Gaxora Kaparanma sppexmuspox Gayo nefiunanm.
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-CTaTHCTHK TAKCHMOT KOHYHJIAPHHHMED NapaveTpJapuiu 6axosauiia yaap-
HHHI CH/DKMMaHAuran, acocau Xamaa sddextns 6axo Gysmiun kabu Xy-
CyCcHATIapra Srajurd tanab KuanHaiu.

6-§. Tannanma yprasa KMiMAT Ba TaHJaHMa
AMCnepcHs

Qapa3 Kunaiink, & TeKHC TaKCHMJAHTaH Tacoaupuit MHKI0p OVICH:I,
YHHHT HOMAabJyM napaMerTpJapu —- Matematik Kytuwaminn M E, ncnep-
cusicn aca DE GYacu.

Bepuaran & Tacoandmuit MHKIOPHH Ky3aTHII HATHAKAcHj1a

Xpy Xgy ooy Xy o0y X, (26.2)

KuiiMaraapra sra 6yiaiink. Paswankn, 6y Kysaruiarad KuiiMaTjapHunr
Vanapu xaMm Tacoauduit Mukgop 6Ysm6, v £ Ttacomupnii MHKAOp Kauaai

- 'KuiMarsapHu Kabysa Kuwaca. uly KudMargaapaan OupHHd KaOyJa  Kuiaiu.

Jlewmak,
Mx, =ME, Dx,=DE (k=1,2,..., n)

6Vaazn. dnau (26.2) kysaruinJap HatiKacuiad Qoitlatanud, yuoy

n

o= X1 XpT o1 Xp |

X == = — Xy
n n >

k=1
KHIMATIapHH XOcua Kuaamu3. Yuu & Tacommduit MUKIAOPHHHT MaTema-
THK KyTuadum (Ypra xuitvarn )M E nuur takpubuit uhogacu cudertuna
KabyJs1 KH/IaMH3:

ME =~ x. (26.3)
X Hu (26.3) rannauma OVitmua gpmaua Kudsamu €ku IMRUPUK  1p-

ma4a Kudmamu NeHuaanu.
Kyitunarn

n
8§ == —]— " (.\’k—_.\‘_)z
e

b=1

MHKJIOpPHH § Taconuduit MuxaopuuHT jucnepewacH D& HMHT  CTATHCTHK
CHJDKHMaraH CTaTHCTHK 0axoch cudartunia KabyJ: KHIaMH3:

DE —s. (26.4)

Onarpa s* un (26.4) rannanma 6Vitmya ducnepcus €xu amnupux ouc-
nepcusi neNHIanu.

By ME= x, DE~s* myHocabariapiarn & Ba s* jap § tacoancuit
MHKAOPHUHT mapaverpiaapn ME Ba DE gap yuyH Hykmasud 6Gaxorap
Jeliunad.

Tacoanpmit MUKIOPHHHT MAaTeMaTHK KYTHJIHIIH Ba JHCNEPCHACH Y4yH
KeJaTupuwiran 0axosiap cHpKuMaiaurad, acocau Xamaa sidextus Gaxo-
nap 6ynapu. llynapuu kypcaramus.
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1. (26.3), (26.4) GaxosapHHHT CHKMMaiAuran 6axonap SKaHIUTHHA
uchorall yyyH

Mx = ME, (26.5)

Ms?=DE (26.6)

6y munn KypeaTHil Kepak Gyaaim.
Xakuxaran xam,
. Xy xad-. . Fx
.‘/14 X = .‘4 ! = o =

n

=L (M, +Mey+. . . +Mx)="L ME-n=ME
n n

6ysmG, 6y (26.5) myHocaGaTHHHT TVEPHIMIMEM HCOOTJAl M.

Auau (26.6) TenriMkHH HCOOTAANMNE:
P 1 R %
Ms: =M \ X — Ko
1 . (\k \) n— l S l 5 A
o= 1‘ =1

Jlucnepcusing - xucobnawr  opmyaacu D = My — (M w)* nan Tona-
MHU3:

Mn* =Dy -+ (Mn):

lyura xypa

M (x, —x)* =D (x,—x) + [M (x, — x)]?
6ynaan. Hatwkana ywoy

Mgt = — E {D (x,— % + (M (x,— 0} =
—

.
',,-nLD“k_" - }[m p—"

TEHIVIMKKA KeJaMu3,
Suan

D(xk—,T'): [\k——(rln~,\2 . —{—\)l

=D [xk—% xk——l (i e '+"'k_1'+‘-"k+|+'--+xn)]=

j Q) . 1.2 | =
=D[(l—:) L \ } ( —— Dx,‘,—}-?z‘}] Dx,
l lsék (=1, sk

6ymiuuny 3bTHOOPra osiMb, TOmamus
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& ‘h"l: 2§ % ; ""’ 3 0.1 “;l' 9 ORNE
s - X, -+ - ; = :
n—1 n "'+ n? d
k= i=Li#k
n
1 S‘ n—1\2 n—1 |
= DE Dt =
n—:.a[( n ) =t 05
3 k=]
nv 1 1 1 1
n_ \2 n_ n_
e e = 1+1)=DE.
n—lkﬁ ( n )+ nﬂ} n—1 n? )

it ak, Ms® = DE. By 3sca (26.6) tenramknunr TVFpuanring HeGoTMal-
‘ IIIynnaﬁ KuanG, s* muur DE yuyH cuosknMaiianran 6axo sKanu Kyp-

Y=L tntodn) =1 Vg, ‘

nap moc pasumaa ME Ba DE yuyn acocam Gaxoaap GyJaan.
Byaunr yuyHn ¥ a >0 pa ywby JuMHT MyHOCA0ATIAPHHHT  VPHIIH
MIIMHKH KYpcaTHll Kepak.

llm P{MEt—xI>aj =0, lim P {{DE—s*}>a}=0

N=sp

Arap Mx = ME 6yamumnun sptréopra o/icak, ynaa
P {{Mt—x|>a| =P {lt—Mxl)a}

rH1aH quﬁ.na.naHHG kyimgarn P {{x— Mx|>a| <— Tenr-
a sra 6ynammn3. [lemax,

P IME-T]> al<2E

BN 1 "
S

k=1

:-.‘3.

i e E O e S




! D < \ ; .
TEHICH3IMKKA Keaamus. ByHaa sca n— «~ Ja ;E-»o Gynranmiri ca- u
| oy |

6a6au lim P {|{ME—Xx|>a) =0 6jmmum ket unkamn. By sce x ¥
N
6axo M & yyyn acocnn 6axo SKaHMHH GHIAMPA/H.
Tacoauduit MHKJ0p MabJIyM IIAPTJApHH KaHoaT.iaHTHprania s® 6axo
DE yuyn acocnn 6axo, SibHH
limP [|[DE—s*|>a} =0

=g

6Vanim KVpeatuiaann.

7-§. BaXoHMHT AHHKIWTH, HUIOHWIHIHK 3XTHMOJH, :
MIIOHYIHJIMK HHTEPBaJH

Ajiraitiuk, Goul TVMJIAMHMHT X COH GeJiricH MabJyM TaKCHMOTIa 3ra
6yuicud. By TaKCcUMOTHHHT HOMabJyM napaveTpaapHii TaHJaHMa XakMH
KHuHK GyJranja Hykraemit Gaxonap épravuga Gaxosaill KVnosa XaToJuk-
J1apra oJM0 KeJHIIH MYMKHH.

Bynpait xosna unreppzaiaum Gaxodan doitaasannm Makcaira MyBOhHK
6Viaan. Mkkura con — uHTEpBaIHUHT OXHPJapH OuiaH aHHKJaHrad 6axo i
unmepsasau 6axo ne6 arajajm.

0 — nomabsym napamerp, 6 sca TeHsaHMa MabJayMOTJapH OVitnya To-
MUJITaH CTATHCTHK XapakTepHCTHKA, SibHU O Huur Gaxocn GY7cuH.

Pasmauky, |0—0| xanua knuux 6Vaca, swan |0 —0| <6 waptaa
§ kanua kuumk Gyuica, 6 Gaxo uryHua anuk Gyviati. Bywaa O cou 0 6a-
XOHHHT QHUKAU2W JEHHIa1H.

10 —0|<< & TeHrcHsAMKHHHr aMaiara omil 7y 3XTHMOJAH 0 Gaxo-
HUAr O OVitnua wuontauiueu (Wuondauaux sxmusoaun) 1eé afrunanu,
SBHH

P{0—0]< 8 =y.

Homabaym napaverpHs Gepuirad y MIIOHWIHIHK OnJai kKonJaiauran

(68— 9, 0--0) nxrepBan wwonvauaux unmepsasy je6 anTuaam.

Muicost TapuKacuia HopMas TAKCHMOTHHHT napaMeTpJapuian GHpH— TaK-
CHMOTHHHT JHCTIEpPCHACH O MabJAyM GYarad XoJ/i1a HOMAabiyM MaTeMaTHK
KYTHJHIIHE YYYH HIIOHYJIH HHTEPBAJHH TOMaMu3.

®apas Kuiaamk, & Tacoguduil MHKAOP HOpMaa TAKCHMJIAHTaH, YHHHT
aucnepeusicn D & = 6* Mawvaym GVuicnH, ME = a HOMabayM MaremartHk
KyTumuum 6Viacnd. Kapanaérran racoaudmii MHKAOPHH Ky3aTHII HaTH=
xKacuia

Xis. Xay oiony ¥ (26.7)

n
ra sra Gymainmk. By x,, x,, ..., x, 1ap Xam Tacomudmii Muxaop Gy-
Jub, ysnap yuyyH Xam
Mx;=a, Dx;=0* i=1,2, .., n

6yJ1azu.



Y aMumE KYprai SIK.

ABIIAHKH, 6Y X XaM HOpMaj KOHYH 6yiiHya TakcHMJaHraH TacoAM-
mugwp OV/IHG, YHHMHT napameTpJapH
Mx-—a, Dx—=-2

n
Tedr. By rtacoaudmit Mukiopuunr TAaKCHMOT (hYHKIHSICH

F(x)=%+®(x:a]/n—) (26.8)

P{x—al<é&= (26.9)
PAHKAAH (oiijatanamus.

Plx—al<8 =P {—8<x—a< 8] =
\ =Pfa—8<x<a-+8 —=F(a+8—F (a—8 (26.10)
Jmmunu bTHOOPra odicak, y Xoda/a

A P{lx—a|<®8 =y=>F(a+06)—F (a—8 =

vsra 6V.1amu3.
(26.10) myHocaGaraau (oiigananu6 Tonavmus:

‘ .‘A‘F'(a-l-é)—F(a—G)———-l-(D ( *V")_—;Hp (:50_‘/"_) -
=2m(”/"—).

lIeM&x 2@(6{—)—% %HH(D(GV" )—~y

138 (D (x) (YHKUHSHHHT XyCYCHATH Xamja y yuyn 0 <y< 1 6yanmsu
ra oyiub, LyHAai o MaBKYAJMIHHA KYpcaTHIl MYMKHHKH, YHIA

O @)=y

nanu. Oparaa o keautua f1e6 atamagn. (o wu @ (¥) byHkums yuyn
aH JKaJBa/ilad TOMWJAMIH.)

: myH}laﬁ KH"Hd' o = 6—4;—- 6?”“6, yHﬂaH

Labesh Vsl o
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skananri kean6 unkaan. Harwkana P {a — 6 <x < a+ 8} =y myno-
cabar yumby KYPHHHWIIHH O/1aju:

P ,[a——o—_ oc<;<a—§— = a}:y.

l n n

Ilynaait Kuaud, HopMasa TAKCHMOTHHHT HOMab/yM @ napaMeTpu (Ma-
TEMATHK KYTHJIHIIH) KYiuaari HIIOHWIHANK HHTepPBaIH GuJaH KOorJiaHaau:

-~ e o
(x——c- Ry,
n n /

Bynza Gaxonunr annganrn & =

— o, ra TeHr GyJaan.
n
Tannanma anukairnan 6axosamnia Kyiinaard yu Xom 6VaHIIM MyM-
KHH:

1) Gaxounur aunkmirn & Gepunaau, P {|x —a|< 8} 3sxTHMOIHM
TOMUI Kepak GyJau;

2) P ||x—a|< 9| sxtumon Gepuaanu, O HH TOMHII Kepak OyJami;

3) Gaxounnr ammganrn 6 Ba P {|x—a|< 8} sxrumonn Gepuaran
6yamb, TaunanMa XaKMH 7 HH TOMHII Kepak Oy.uaiu.

Hopman Takenmaanran § Mukiopuii GeruHuir ¢ ypraya KBaApaTHK
YETIAHNIINHN, S MY3QMuI2an MaHIanmMa jpmada Keadpamuk wemaa-
Huw'™ 6Yitnya y MIIOHUAHAHK Guian Oaxoaanr yuyH KyHuaard HILHOHYJIHK
uHTepBasIapuian (oitiajsanuaaim:

s(l—g)<a<s (1 +¢9) @<,
0<o<s(l+9 @>1,

Oy epiaa ¢ uu wnoBalaru 4-xansanga Oepuiaran n Ba y GVyitnua TOmu-
Jajiu. .

l-mucoun. Hopman takcumaadran & Oearuuuir Vpraya KBajapaTHK
YeTJAHKI 0 = 2, TAHJAHMA Yprauya KuiiMatH X = 5,4 Ba TaunanMa Xax-
MH n = 10. YHHHT HOMABJAYM @ MaTeMaTHK KyTHAHIM yuyH y = 0,95
HUIIOHYJIHAMK OHJIaH MIIOHYJH WHTePBATHHH TY3aMH3.

Eunm. Assan 2@ (f) = 0,95 tenrimkaan D (f) = 0,475 uu xocua
Kunamns. Kurob oxupuaarn 2- xaasannan £ 4. = 1,96 nu Tonamus. Inu

t
6axoHunr auukaurun 6 nm O == —2_- (hopmyJsiazaH TOMaMH3:
n
1,96-2
6 ==
110
Mwonumank unreppami x — 1,24 < a < x + 1,24 ékn 5,4—1,24<

<a<54-+ 1,24, sphu 4,16 < a < 6,64 6yaanu.
Hemax, 95 % wumony 6unan (4,16; 6,64) MIIOHYIWIMK HMHTEpRAJIH

=~ 1,24,

* Vprava kBagpaTHk vetaanmut ie6, IMCHeLCHsAail OJHHTAIL KBaAPaT HAAM3Ta
aituaam: 0 =1y Dg.
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HOMaBJIyM a MapameTpHu TYJa Komaaitau neb aituur MyMKuH. Baxomuur
auuksurd 6 = 1,24,

2-mucoJ. Ixkwirad kauonpad 100 Tym Ttawsab ouuuub, nosiapu-
HHUHT Y3YHJIMKJAPHHH XHCO0/a0 uYHKWIraHaa Kyidugard MabJayMoT./iap
OMMHIH (CM):

95 |105 [ 115

Bapuantanap, x; l 45 , 55 l 65 ' 75 ’ 85

Yacroranap, n; l 1 , 5 , 11 , 26 ' 33 16 ' 7‘

Bouwr t¥nsam ypraua KuiMati yuyH HUIOHUJIHJIHK HHTEPBAIMHH TO-
muHr (y = 0,95).

Eyuw. ABBaq CTaTHCTHK XapakTepUCTHKaHH Xuc oOsaiMu3. Bynunr
YUyH XucoOJsall KaJBalHHH KyHHAArHYa Ty3aMHs:

1) Oupunyu yCcTyHAa BapHaHTaIapHH,

2) MKKHHYH YCTYH/A YaCTOTANAPHH,

3) y4HHYHM YCTYHJA yacToTajap Ounad Bapuantaiap KynafiTMACHHH;

4) TYPTHHYM YCTYH/4 BapHaHTajlap KBajpar iapuiu,

D) OelMHYM YCTYH/Jd BapMaHTal3p KBaJApAT/IaPHHUHI MOC 4YacToTa-
Jlapra KynaiTMacHHH JKOMJALITHPAMK3;

6) 1KamBa OCTHra MOC YCTYHJApAard pakamJap HHFHHAHCHHH €3aMu3,

X n; Xpng xf .\'f n;
45 | 45 2025 2025
55 5 275 3025 15125
65 11 315 4225 46475
75 26 1950 5625 146250
85 33 2805 7225 238425
95 16 1520 9025 144400

105 7 735 11025 77125
115 1 115 13225 13225
b | 100 | 8160 | — | 683100

7) tanjanMa ypraya KHﬁMaTHHlI
? \ \ Il
n d
(opmysia opkanu Xucodaaimus. JKagsangary KudMaTaapuu ypuura Kyiuo6
XHCOOTaHMHU3:

=00 o6 T=818.
100

8) AucnepcHsiiu
n
P B 21111-.1";‘ ( \‘ X; u)
n n d
i=1 =
dopmynazan ¢oifgatanud Xucodainmus. )Kd,usamldrn KUiMaTIapHu KYysi-
MH3:
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D = 6831 --(81,60)* = 180,44;
9) Vpra KBajApaTHK YETJAHHLIHH TOMAaMH3:
o=VD =V180,44 ~ 13,4;
10) Bapuanus Koa¢<puuuen'rmm TONAMH 3:
13,4

V= =—-100 6=— 100% = 16,3%;
X 81,6
11) rannanma ypraua KuiMaTHHHHT aGCcoMIOT XarocH KyHWaarnda:
0= L =24 _ 3
Vn 10

12) Gowr Tynaam ypraya KMAMATHHHHT HIIOHWIMJIHK HHTEPBAJIHHH TO-
namus. Bynja
x—=81,6; v=0,95 n=100; o=134.
Hionysmamk  nuTepBaiuiy

oo a - a
x—1 — a .V+t S——
Y Vo <a< YV (26.11)
TEHrCH3JIMKaH TONamu3.

1n 3-xansanga Gepuiran n Ba y  Oyiinua Tonamu3: (n = 100,
y=09517 =1 ,984. By KuitmMarnapun (26.11) Tenrcusimkka KysMums:

”_4_<a<81 61,984 12 *- 78,9 < a < 84,3.

Vio V100

3-MucoJ. Tauranmanuir WyHAAl MHHUMAX XaKMHHH TOMHHIKH,
HOpMaJ/I TakCHMJaHraH Golll TYIjaM MaTeMaTHK KYTHIHIIHHHHT TaHJ1aHMa
Vpraya KuitmMatn Gyitnya 6axocututr anukury 0,925 uuionyanauk Gunan
0,2 ra tenr GyacnH. Bom tynaavuuHr ypra KBaJPaTHK YETJAHWIIH Mab-
aym: o = 1,5.
Eyunm. Mucon wapruaa Kyiingarniap Gepuarau:
vy=0925 o=15 6=02; 2®(x)=0,925.

Byaapaan goitpanannd @ (x) HH TOMHMH3
D(x) = 222 _ 0 4695,

81,6—1,984-

...

Hnosanarn 2-xaasanga @ (x) = 0,4625 ra x nuur x = 1,78 Kuiiva-
TH MOC KeJaju.
Bour tynjaM MmareMartHKk KyTHIHIIHHHHT TanJanMa ypraya Kuimar

” o o ag
GYitnya GaXOCHHHHI AHMKJMTHHH HpojanaHauran O = x- v

n
Jajpan (oHaananamMm3:

X0 . X202
N=— €KH N =—.
6 o2

Ey epna x, 0, 0 HuHr KMAMaTJapHHH KYSIMH3:
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(LT8R 5B o
n e Wt n=VT7.

4-mucoa. bour tynaamuunr £ con GearHcH HOpMan TaKCHMJIAHraH
A XXMM TaHjaHMa OYiiHya TysaTH/IraH ypraya KBAaJpaTHK YETJaHHll O
Tonuarad. Arap a) n = 10, s =5,1; 6) n = 50, s = 14 6y.aca, ¢ yprava
KBaJApaTHK YeryaHumnu 0,999 HuoHY MK OW/aH KONJIAHAMraH HUIOHY-
JIMUK WHTEPBAJHHH TOMMHI.

Euynm. a) y=0,999 Ba n =10 6yiiuya wunosagaru 4-xaneanjad
g = 1,80 vu Tonamus.

Mab/yMKH, HIIOHY/IHIMK WHTEDBATHHH TOMMII YYyH KyHAHZAArH ¢opmy-
Jajnad honananuam:

s(l—g)<o<s(l+gq) (arap ¢<<1 6yica)
eKu
0< o< s(l+gq) (arap ¢ > 1 6Yuca).
g = 1,80> 1 Gyarauu yuyn ukkuHum opmy.nanaH ¢oiljaaHamus:
0<o<5,1 (1+1,8) éku 0< o< 14,28.
6) HUnosanaru 4-xkansangan ¢ = 0,43 nu Ttonamms. ¢ < 1 Gyurauu
YUyH
s(l —g)<o<s(l+9)

Gopmyazan ¢oiiananamus: '

14:(1 —0,43) <o < 14(1 4-0,43) én 7,98 < 0< 20,02.

5-mucou. 10000 rexrap Maézonaa taunab onuiu #ysM Guaan 500
réKTap OJIMHIaH Ba YHJATH SKHHHUHT XOCH/IJAOPJMIH V/YaHraHpa Kyfmnna-
FH MabJIyMOT CJMHTaH (TAKpOpJaHMaraH TacoAupuii TaH/2HMa):

14—16{16—18
165 126

10—12{12—14
37 79

l8-—20| JKamu

| ra pars XOCHAMOPJIHTH, It IS—IO ¥
35 |n=50()

Tektap couu l 8

TakcumoTHu HopMmaa fie6 apas KuJauo:

1) 6yTyH MaiioHaarH XOCH/IIOPAHKHHHT TaHJA0 OJIMHIFaH YYacTKAacH-
Jard ypraya Xocuaaopsukaan 0,2 1 ra OpTMac/MK 3XTHMOJIHHH TOMMHT;

2) ypraua XOCHJAOPJMK uerapacu (mHTepBasim)uu 0,95 3sxTumos Gu-
JlaH TOIHHT.

Euuw. a) ABBan TannauMa ypraya KMHMAaTtHHH X =a -+

c X; —a
s Va ; (—c—)-rz[ ¢dopmysa opkaau Tonamus. Dynuur yuyn Xu-
cobnaul KaJABalHHK Ty3aMu3 (TaHJIaHma ypra KuilMaTHHH IOKOPHAA XaMm

xucobaarad sauk). Popmynana 0= 15; ¢ =2 ne6 osamus.
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x| SR et o T TR e

n; 8 | 37| 79 | 165 [126 | &5 | 500

HE 2 o e WSS R R T R S P
c
B 2

(”i “) R S e N BB R ) P 5 D
4

( "'c_b) n; —o7 | —7a|—79 | o [126 |170 | 119
b 2

(2 a) n; 72 | 48| 79 | o |126 |30 | 765
c

x= 15+ 5—%6-119 = 15,676. Tasnanma jaucnepcusicHHH TONMHIAA ymGy
tdopmynanan oiinananamus:

x —ai\? — 4 By
a _‘( I ) 1y — (¥ — a)? = o 765—(15,676—15)°/5,66.

Suma P x- —a| < 8| sxrumonHu TOnMMIIMMH3 Kepak, Gy epia & =
= (,2 TanjanMa TakpopJaHMairan GyJraHu yqyH SXTHMOJIHH TONHILJAA

(opmysianan ¢oiinananamus, 6ynaa a— 6ol TYNMJAMHHHT ypTaya Kuii-
MatH.

n=>500, N == 10000 Ba o} HOMabayMm Gy/iraHn yuyH YHHHT YpHura
o® HH OJlaMM3:

500 )
P{lx—a|<02] = 0-2]/566, 500 >=®(0,2-V§‘2_£»)=
. (—10000),

={(1,92).
WUnosamarn 2-xkagsanzan  M(1,92) =0,4726 uu  Tonamus. Jlemak,

P(|x—a)<0,2] =0,4726 Gynanw;
6) asBan & nu TonMI Y4yH

5—1 ‘/ : g(l_.-_:._'_)
n

¢dopvysagan goiigananamMus. Byuuar yuyn £ v 20 ({) = 0,95 TeHrIMK-
JaH Tomamu3. 2-kajneannan [ = 1,96 nu auukaaivus;

Fs 56(1—ﬂ)
o =196 ]/ .

500
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Jlemak, HIONYIWIHK HHTEpBATH X — 0 < a < X 4 & popmyaara kypa
15,676 — 0,2 < a < 15,676 + 0,2 éxn
15,476 < a < 15,876 Gyaanu.

8-§. TannaHma ypraya KHAMAT Ba TAHJAHMA JHCTIEPCHAHH
XHCOOMAWHHHT KynaiTmanap ycyJH

I. Teur ysogaaumran Bapuanraaap. Bapuantanapuunr ka-
6y KHJaauraH Ku#MartJapH Karrta consap 6V.arania, TansaMaHHHr Hue-
Ma XapakTepPHCTHKaJapHHH Kyiuiard KymaitMmanap ycyqan Ounad XueoO-
Jaul KyJiaiaup.

h aftupmann apudMeTHK nporpeccHs TAIIKWI 3TAJHraH BAPHAHTA 14D
meHe yaokaukdaew eapuarmarap Jeb arananu.

Yudy
u; =ih__c (i= 1,k

TEHIVIMK OM/IaH aHHKJaHajurai BapnaHTtanap apt/i Bapuantanap ned ara-
Jgamu, Oy epla ¢-— coxTa HOMb (3Hr KarTa yacrtorara sra Oyuran papu-
auTa), h— MKKH BapHanta opacuiarn Mmacoda (GHP/IHK).

Tannamanuur fiHFMa XapakTepPUCTHKAJIAPHHM  XHCOOJAIUAA  SMIHPHK
MomeHTIapAaH (ofilasanuil Kyagianp. IOMMHPHK  MOMEHTJIaD Ky3aTHill
MabjyMoTapH 6ViiHua XucoO.1aHany:

M, = L E n;(x;—c)* npoaa k-mapmudau 000Ul IMRUPUE MO~
n

]
Menm Jennnanu, Oy epaa ¢ —coXrta HOJb, 1L = _\:n[ — TAHJIaHMa XaiK-
MH, M;— 4acToTa.

M= AN n; x& udona k-mapmubau GowraHrud 3MNUPUK MOMEHM
Nl
k

% 5 SN =g
peiwnamn. k=1 6yaca, M, =— X n; xi = x 6yaazu.
noy
1 —\k o
m, = :-}';n‘- ( X; -—x) upoga k- mapmuba Mapkasul SMRUPUK MO-

Menm dedturadu.
Xycycuit xonaa k = 2 6yarania
N 3 A2
Mmy= TL n;(x; —x)* = D.
I

OMIHPHK KHAMAT/JIAPHH XHCOOJANIA OCOHIHK YUYH LIAPTIH 3MIHPIK
MOMEHT/TapiaH (hOHAAIAHHIL MYMKHH:

. I k 1 v (x(—c""
= e nu. = — -
Mk 1 (Bt} | i )

n h
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vhona k-mapmubau wapmau IMNUPUK MOMEHM neitnnann.  Xycycat,
k=1 na

. 1 1 ,_l_ . :__L e
i L e

I
By epaan x nu Tonamus: X :M; -h ¢ ¢opmyna Tannanma ypraya
KuiiMaTan Tonuw (opmyaacuaup, D-— 1 M; _— (M,, )2[-}12 TaHJjanma JIuc-
NepcHAcHHH XHcoOsaul (GopMyJIacH.

x Ba D uy xpcobmaiga Kynaitvansap ycyuailan (oijantanuil yyyH
XHcoOJail JKaJBajJHHK TY3UUI Kyaailt OV.amu.

1) »KanBaaHUHT OHPHHYHM YCTYHHIA BapHaHTanaphn opru6 Gopumn Tap-
THOMAA €3uan;

2) MKKHHYH YCTYHra BapHaHTaJapHiHr MOC YacToTanapH €3unanM.
Yeryn Tarura yacroranap MHFMHAMCH €3uNanu,

X —¢C

3) yunHyM YCTYHra WIAPTJAH BapHaHnTajsap u; == -‘T— €3unanm,

4) TYPTHHUM YCTYHTa YaCTOTANapHi LIAPT/M  BaphanTanapra Kyna#r-
Manapu €3us1ajiu. VCTyH Tarura yJaapHuir MHFMIINCH S3uan;

5) Gewmnun yCTyHra YacTOTANApHH WATJH BapHaHTanap KBajpar/ia-
pHra xynmaiTvanapu €3WiajiM, YCTYH Tarura YJapuuHr  furdHancH €3u-
Jajm;

6) oaTHHYM YCTYHId YacTOTAaJApHHHT Xap Kaiicucuii OGMTTa OpPTTH-
pHAraH WapTan BAPHANTATAPHHHT KBalpatsiapira Kynaiitvanapn €3unaan
Ba ycTyn Tarura > n; (u; -+ 1)* iinpanancn €unau.

1
By yeryn kontpos yeryu geinnam. Arap ¥ V ng (w4t 1)? fn-
FUHJN Z,n uz +2“ n;U; N HUFUHLMIA TEHr Gyma y Xoaza Xuceo-

Jaliap 'ryrpu Ga)xapmran xHcobaanam. sKansan  TYaAMpHIraHjaH

KeHnH
1 ¥\ . 1 Y\ 2
M, = T\ npy, My = — n; u;
11apTJH MOMEHT.1ap Tommanu, cyurpa x sa D )\ucoonaua.lm
l-mucon. Tannanmaundr Gepuiran Tahcuwom OyiiHya TanaaHMa Kuii-

MATHHH Ba TauJiaHMa JHCMepPCHICHHH KynaiTvanap ycy/u OWiaH TOMHHT.

x; ‘ 18,6 19 19,4 ‘ 198 | 202 20,67
n; ' 4 l 6 ‘ 30 ’ 40 18 2

X l 65 ’ 70 ’ 75 ‘ 80 85

n; ‘ 2 ‘ 5 | 25 ‘ 15 3
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Eunm. a) Xucobnaw xansamnm  Ty3amus.

1 2 3 4 5 6
2 |
x; n; u; np u; np u; n; (up +1)2
18,6 4 =t ) —12 36 16
19 6 —2 —12 24 6
19,4 30 —1 —30 30 0
19,8 40 0 0 0 40
20,2 18 1 18 18 72
20,6 2 2 4 8 18
\ 9 N (- 1)2=
) n =100 Snu=—32|n; ui=116 }."i‘tl 52"

Xucobamnapny TeKIHpHIL YYVH
3, ( u; + 1 )‘3 = l‘n‘.u'f—’r‘z‘\_"ni u,+n
aitHusATAaH oiinananamus:
(4 +1)*=116—64+ 100 = 152.

Koutpon #nruuiuiapuuur GUP XM 3KaHard XucoOsawap TVepH
Gaxkapuaranjad panosar Oepain. Juad, OHPUHUM Ba MKKMHUM TApTHO/IH
IIAPTVIH MOMEHTJIAPHH XHCOG/IAMHU3E:

. L) 32
M, =— n,u = —— = —10,32,
" Ll 109
. 1 R 116
M, =8 nur="18 =116
27 n ed 100
Bepuaran muconna h = 19— 18,6 = 0,4, ¢ = 19,8 skauunu xucodra
0JICaK:

x= M h+c=—032-0,4 + 19,8 = 19,672,
D =M, —(M; )2]h2 =[1,16 — (0,32)2] -0,4% = 0,1692.

0) By Muconna xam, OCOHJHK yuyH, XHCOOJAll KaABATHHH Ty3aMH3.

1 2 3 4 5 6
X; n; u; n; u; n; u" ng (u; + 1?2
65 2 —2 —1 8 2
70 5 —1 —5 5 0
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1 2 4 5 6
75 25 | —9 I 0 25
80 15 15 15 60
85 3 6 12 27
> 50 12 40 114

Konrpom: N n; (u; + 1)* = 114,
N, uf+2¥nu;+n =40+ 24 + 50 = 114.

Jemak, xucoGaaur TVFpH. IHAH M' Ba .-'H., HH XHCOOMAMH3 :

M| :—\ my = — = 0,24,
My = - V ‘u§:4—=0,8.
3 N i 50

Bepnnran muconza h=70—65=95; C= 70 sxauaurnun Xucobra oJicak:
Xx=M h+C=024—5+75=76.2
D=[M; —(M; ’|n =[0,8+(0,24)]-25 = 18,56.

2. Teur y3ogkaukaa 6VyaMaran Bapuantasap. Ky3saruwm
HATHZKA/IAPHAA BAPHAHTA/IAD XaMMa BaKT XaM TeHr Y30KJuKJa skoiinarl-
rag Oysasepmaiinn. YapHu TeHr Y30KAHKIArd BapHAHTANApra KeJTHPHIL
yuyH GeqrHupHr Kysatunaétrad Xamma KMiMariapH KHpran HHTepBasIHH
GHP Heua TEHr KHCMMIT MHTepBassapra GYiauHaau, cyHrpa KHCMHil HHTEp-
EA/IapHUHT Ypranapn tonunaan. Xap OGup SIHTH  HHTEpBaJ 4acTOTacH
YUyH 1y HHTEPBAJJA4ry yactotasap HHFHHIHCH OJHHAMH.

2-Muc0. n = 50 XaXKMJIH TaHJaHMAHHHT TEHT Y30KJAHKAA Gy/amaraH
BapHaHTATapH TAKCHMOTH GVitMya Tanjanma Vpraya Kuimar Ba TaHjanMma
JMCTIEPCHARH KV naTvanap ycyau OujaH TOMHHT:

X; 6 | 8 15,5 | 17,5

11’13

SEIENE
ik

Eunw. 6 —26 unrepsaiud y3ynaurd h =4 6yaran 5 ta KucMHil
HHTEpBajira OyJamH3:

6 6 1

n; ’1‘9 5|4
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6—10, 10—14, 14—18, 18—22, 22—26.
Kucemmit unreppannapuuir Ypranapuui sHrd y; BapuaHTanap cugaruia
0/1H6, TeHr Y30KJHKAArH BapHaHTaJapHH XOCHJ KHJaMi3:
h=2=8, 1=12; yYs=16, 4,=20, u;=24.
Xap 6up MHTEpBAJHHHI YacTOTasJapH Kyiuaaruya GyJamu:
n=14+9=10, n,=6+6=12, n, =4+ 6 = 10,
n,=38, n;=5-+4-+1=10.
Jlemak, Tenr y3okJMKAAard BapHaHTalap TaKCHMOTH:

u ! 8 l 12 ' 16 ’ 20 ' 24

8 10

Kynaiitmanap ycymiaan goiizanasamus, GYHHHT yuyH XicoGaanl sKaisa-
JIMHH TY3aMH3:

ni I 10 ‘ 12 | 10

yi n; uj ng uj n; u'f- n; (u; +- iy
8 10 —1 —10 10 0
12 12 0 =10 0 12
16 10 1 10 10 40
20 8 g 16 32 72
24 10 3 30 90 160
36 1
o 50 46 142 284

o

Kontport: ¥n; (u; + 1)* = 284,
i
L u? + 2¥nu+n= 142+ 92 + 50 = 284.
i 1
Jemak, xucobaamsap Tyrpn Gamapuaran. Juan M ; Ba M; HI XHCOD~

JIAHMH3: 8
- B | 4
My =L N =2 0,9
n ‘_‘ Bl

1
. 1 N\ 5 142
M2 = T‘ ﬂ‘- u; = 0 =2,84
1

Bepuaran mucoasa h =4, ¢ = 12 6yarain yuyH:
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y=M; -h+c=092-4+ 12 = 1568,
D =M, —(M; )'|n* =[2,84—(0,92)°] - 16 = 32.

Tannauma aucnepcusiid XucoG/aluja rpynnajail HaTHXackaa BYXKyAra

KeJiraH XaTOHH Kamaitupuin Makcaauaa Illeddapn Tysarmacu kupuTHia-
I, V KyHHgarura Tewr:

1
D'=D— —h?.
12
D Ba h HHHr KuiiMaT/JapHHH VDHHTA KYSAMHM3:

D" =39 — l'—_)-42 —39—13=307.

XXVII b O B. KOPPEJIALHUSA HA3APUSACH.
1-§. Yu3HKIH Koppessiuust

Marematikaga Ba TeXHHKaza (VHKUHOHAT OOFJAHWLI — TYLIYHYACHHH
Kyn yupatuu: MyMKuH. Macanan, foupa o3u paauycura Goramk (S =
= rR*, ra3 GOCHMM XaXKM Ba TeMmmnepaTypacura GOFIHK (p= R —i-
p —ras Gocumu, ¢—Temneparypa, V — xamm, R — y3rapmac Koadxpu-
1HenT) Ba XOKaszo. DyHkuMoHan GOFIaHHIL Tacoauduii MHKJIOpJap opa-
cuga xam GYVMIUH MYMKHH.

Cmamucmux 60oraqHuue 1e6 mynaai Gornanuiira ailTHIAAHKH, YHIA
MUK A0p/IapAaH GHPHHUHT Y3rapuIl HKKHHYHCH TAKCHMOTHHHHT V3rapHIuH-
ra oyu6 Keman. XycycaH, CTATHCTHK OOFJIHKJAHK MHKZOpJapaan GHpH-
HUHC V3rapuiitd MKKHHYMCHHMHT YpTaya KuiiMaTHHH V3rapuiiuaa KypuHa-
14, 6y Xosa CTATHCTHK OOFJIaHMIL KOPPEeJISILMOH GOFMaHKII €6 atasiajii.

Macanan, Maiiiond OHp Xua G6VJraH ep yuwactkanapura OHp —XHJ
MHKIOpAd VFMT COMTMHCA XaM Xap XuJ1 XOcHa1 osuHand. JIekuH ypraua
XOCH/IIOPJIHK COMHHraH VFHT MHKJopHra Gorsuk Oyaaad. Dy epna xo-
CH/IIOPJHKHHHT VpTaya KHAMaTH OWIaH VFHT MHKJOPH OpacHIa Koppess-
UMOH GOFTaHMIL MaBKy[ /Ae0 Kapaul MyMKHH.

X pa Y OGenrunap Gepuiran GYJ/ICHH.

Ulapmau ypmaua kudmam y_ped Y wuar X =x KuiiMarra Moc
KHIMATIapPHHUHT Ypraya apupMeTHK KuHMartHra aHTHial.

Y wuuur X ra KoppeasiuMoH GOFIMKJNTH Je6, _g_/x IapTau ypraya
KHIMAaTHUHD X T (YHKUHOHA COFJMKJHTHra aiTh/1a/iu:

¥, = [(9). @27.1)

(27.1) tenraama Y uuur X ra perpeccHsi TeHr/iamMac JefHJa/H;

f(x) dynkuust Y wuur X ra perpeccusic, yHuHr rpadurn sca Y
uunr X ra perpeccHsi YM3MFH JAeHuJalu.

Ywby
Xy, =0 (y) (27.2)
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tenrnaMa X HHHr Y ra perpeccusi TeHrJamacu JAeiinau.
Koppensiuson GOFJMKIHK MKKH XWa GYJajd: YHSHKAM Ba STPH 4H-
3UKJIH. '
Koppeasiunon GOFMNKIMK 4M3HKIH GYJranja perpeccHsi TeHIJamacH

Y, =ax 4 b (273)
KypuHHILAA Gys1ajin.
By renrsamanaru a tannanvansur perpeccusi KosdxpuinenTi aeiuaan.
'_(26.3) Jard @ BA b WM SHr KHYMK KBajpatiap ycyam epiaammuia
KyHHJard HOPMa/ TEHrVlamManap CHCTEMACHIdH TOMAaMH3:
n n n
bE.\‘,- +a E\,’ = E X; Yy

i=1 = i=1

n n (27.4)
R,
bn+a X x;= Fy
i=l i=!
Y nunr X ra perpeccusi TVFPH UH3HFHHMHT TaHJaHMa TeHTrJamach
- - Oy —
Yo—Y =rr 5= (x—x) (27.5)

X

Kypunniiaa 6yaaan, 6y epja y, —IUapTid yprayz Kuiivar, x Ba y Tek-
wxpuaaérran X Ba Y GenruIapiHHr TaHnaHMa yprauya KuiMarsiapy; o,
0,— TaHnauvMa Ypraya KBaApaTHK YeTJAHHULIADH, 7 — TaHJaHMa Koppe-
Jsipa KofxpuitHeHTH Kyiinaarn (popMysa OpKaau TOMHI4H:

N\ S
- _nxyXY nXY. 27.6)
noy dy

Ypsukan Koppeasiuon GOFJIAHNIL SHYJAHTHHKM 6axo.aul yuyyH asa my
Ta HJIaHMa Koppesisilus KOoppuIHenTH r, Xu3var Kuiaaw, |r,| Owupra
KaHya sIKMH Oysica, GOrJaHMIl IIyHYa Kyyaw Oyaaiu.

Xucob/aiIapi COAAANAMITHPHLT YYYH XHCOOAI MKaABAIHHI TY3HIL
Kynaai. Arap X Ba Y Gearuwnap ycTHAA Ky3aTWll MabJyMOTJIapH TEHT
Y30KJHMKJAry BapHAHTAIH KOPPEISUHOH KajBadH KYpPHHHIIKAA Gepu/rat
6yuaca, y XouJa KyiHjard 10apT/i BapHaHTAnapHH KHPHTAMM3:

Yp—©Ca
. U=
: hy

Xi—60
u‘ o h]
6y epaa ¢y, €, — MOC paBHILIJA «COXTa» HOJLIAp, hlv he_. —-MOC paBuluaa

Kajaamaap.
Iapran BaphaHtanap OpKain TaHJaHM? KOppeasuus K osdxpuunenTy

Kyiiujarnya TOnMHJIau:

o Nnur—nuo ' 27.7)
i no,oy ’

6y epaarn ) M,,U-U HI XHCOOJALIHH KEIryCHAd MHCOJ OPKAIH Ty He
THPaMH3.

- ngu - Sy —
u=_2._”, vzg’_l_”_’ou=l,.. u"’—(u)"'.
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Ousl/m
uponanap KynaiiTMajap ycyJM OpkKald TONMJAaAW. YJIapHH —TONraviaH
CYHI perpeccHsi TeHrsamachjaaru ndoianapiu KyHnIar{ua TONAMH3:
x =uh, +c, y=vch,+c, 6, =0,h,
o,=h,-h,

I-Mmucoa. Bepuaran Mmaiifonna VeHTHHHT  XOCHIJOPJHKKA TabCHPH-
HH Vpranuir Makcaauaa yrxasuarad 10 ta rtaxpuba HarTHXKacH Kyiiujaa-
riya GVJILH:

6'11‘11'7‘8‘10'12‘6]!0]9

X

33 30

30 ‘ 33 34 . 29

31.32

!
6y epia x Xap GUp rekrap epra cOJMHran VFUT MHKAOPH (TOHHA), Y Xap
Oup rexrap epaaH OJMMHraH XOcHJAopauK. Y uuur X ra TYrpH YH3HKIH
pEFPECCHﬂ TAHJAHMA TEeHrJAaMACHHH TOMHHr Ba VHH KY34aTHUI HATHXKaJd-
pi Ou/aH TaKKOCJIAHT.

Edum. YruT MUKAOPHHHHE OWMPHIHIIM GHiaaH  XOCHJIJOP/AHK OpTH-

wimhn Kypamus. By ukku mMugaop Vsapo TVUFpH  uu3uian  GOpJaHMILTa
sra aeé KapaiMu3:

y,=ax+Db.

By epnaru @ Ba b napameTpaapui TOnmMII YuyH XHcoOJaul XKajsa-
JuHi Ty3amu3 (1- xKansan).

a Ba b napamerpiapHu Tomuu yyyu (27.4) dopmynajan ¢oitanana-
MH3:

906+ 852a — 2831, |
106+90a =310 |

l-kanpaa

Tax puba 2

no.\fipu Yi ¢ e ] XYy
1 27 6 26 162
2 32 11 121 352
3 33 1 121 363
4 30 7 49 210
5 30 8 64 J.in) . 240
6 33 10 10072545 330
7 34 12 144 T 408
8 28 6 36" 168
9 31 10 100 310
10 32 9 81 288

n=10" | 310 | 90 | 852 | ﬁsl

e
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Hkkunyn TeHrsamand 9 ra kynadtupub, GHpHHYH TeHTJlaMajaH
aiiHpaMua:

4]

42 a = 41, a=3-
jas SHO=Ha 55 5
10 14

Y xonna Tasab KMJHMHraH PErpeccHsi TeHrJamacH

= 41
T

5
X+ QQH (25.8)

Kypunuiga Gysnann. i )
Duau GMp Xua MUKAOpAArH  VFMT commurania (25.8) rtenramk Gyiu-

ya y, KyTHJIaaural XOCHIIOPJHK —KiiiMaTJapuHuH Y; TaHIaHMa KHiiMa-
TH MuKAopJiapuaan ormmnn 0,01 anmkankaa Tonamus:

2-xaaBan
4 ! Y Yx Y—Yi
6 37 28,06 1,06
I 32 32,96 0,96
11 33 32,96 —0,04
7 30 29 (4 —0,96
8 30 30,02 0,02
10 33 31,98 —1,02
12 34 33,94 —0,06
6 28 28,05 0,06
10 31 31,98 0,98
9 32 31 —1,00

Yy — Y; KHAMaTIapuian KYPHHAAHKH KYTHJAJAHraH XOCHJIAOPJHK YFHT
MHKI0pHra Kyjaa GOFJHK 3KaH.

Kysatnwnap conn karra 6yarasia X KuAMATHHHr Y34 n, Mapra, Y
KHAMATHUHT y3u n, Mapta, cOH KyprH (x, y) Huur yau n., Mapra yu-
paur MymkuH. [y caGabaum  Ky3atHil MawayMOTJiapu TrpynnajaHais,
ABHH 7, N, N, 4ACTOTAJAp XHCOOJAHAAH BA KaABaJl KYPHHHILMIA €3i-

Jnapu. Bynpa#t Xosaraa Kyiimaarm MucosHu eyuul cxemacHaad oiiaa-
JIAHTaH MabKY.JI.

2-mucoJ. bupop VeuwaHk OrupaHrgHHHr (6yTYH VCHMIMK OFHp-
JIMTH X rpaMM XHCOOHJA) SKHJraH YpyF OFMPAHTH (y TpaMMm XHcoGHJa)
6ViiMya TaKCHMOTH JKaiBaJ YCYJHAa Gepuiras.
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3-xanman

% 3 18] 23| 28 33 38| 43} 48 | 53 | 58 | 63 | 68 | ny
i
1
2% | 3 | 2 5
35 6 | 4 ‘ 11
45 1 13| 5 19
56 12| 4] 81 . 16
65 i 4| 4| 2 1
75 ol 6| 6 ! 1 15
85 | L s 6
a5 1| o4l 1 6
105 ! o 4| 1] 1] 8
15 I 1 1| o2
125 | 1o
|
ny | 3 lO,ZO!QIM’ll‘Q’TlGG 1| 3100

Euuuw. By epra VeHMAMK OFHPJIHTH Ba YPYF OFMP/NKJAPH CHHG-
napra axparuaran 6yand, 6y cuHbaapHudr \pragapy x —25, 35 .. .
y—13, 18 ... 1e6 ommvran. 3 COHH — YMyMHH OFHpJHIH 25 r Xamaa
ypyr orupaurd 13 r jgan 6yJrad yd YeumaHk OopJauruii Kypcaraiu Ba
XoKka3o. CYHrr yeTyHJAa YMYMHE OFHPJIHMKKA MOC VCHMUIMKJIAP 4aCTOTacH
woiyaurran, 100 YeuMIMKAAH 5 TacHHHHT YMYMHIl OFHPJHTH 25 rpamu,
11 racuuuur orupauru 35 r Ba Xokaso. CyHrri carpia ypyr OrHpJH-
rura Moc VCHMJIHK YacTOTajJapH 7, Xoiijauran. JHIAH KOppessiiums Koa -
dutmentd Y munr X ra perpeccust TVFPH UHAHFHHHHT TAHJAHMA  TeHI-
JIAMACHHH TY3aMH3.

x Kuitmataapu V3rapmac aiupmact 10 ra, v wxuémaraapu 3ca Va3rap-
Mac alupMacH 5 ra TeHr SKaHura IMKKaTHH /Kai1d stid, 1UapTad  Bapu-

@ r— 15
aHrajnapiH KHpHTaMHB. X YpHura 4 = ———

0 MHMKIOpHH Ba Y Vphura

y—38 : .
U= —5— MHKIOPHIH KHPHTAMH3.

By xomza v uuer 25, 35, 45, 55, 65, 75, 85, 95, 105, 115, 125
KHIMAT/IAPH MOC paBHiilla

u=1,2, 3, 4,5, 6,7, 8, 9, 10, 11 guiivarnap Guian, y nuur
y:13, 18, 23, 28, 33, 38, 43, 48, 53, 58, 63, 68 Kniivaraapu 3ca
U UHHT

v=1,2 3, 4,5, 6,7, 89, 10, 11, 12 guiimatnapu Guian an-
Maraju.
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Harwxaza saurn wapran BapHantazap Gyinya KVHHAArH KOppeJsiiiHOH
JKaJBaJHH XOCHJ KHJaaMu3 (4- »kansan).

4-KanBsan

v
/I 1 ' 2 3 4 5 | 6 7 8 ‘ 9' 10|11 ] 12| ng

124
1 3 2 5
2 6 4 1 11
3 I 13 5 19
4 2 2 4 8 1 16
5 1 4 4 2 11
6 2 6 6 1 14
7 1 5 6
8 1 4 | 6
9 2| 4 1 1 8
10 1 1 2
11 1 |
-
ny { 3 'll ’20 9 |I4 lll l 9 ‘ 8 ‘ 61‘ 6 1 3 1100
|

¥, U JAPHH XHCOOMall y4yH TYPT MalloH ycyauaad (hoiinanannb
5- JKaaBasHK Ty3aMu3.

Xap Gup karak VHrjgaru 0KOpH Ba NacTKH yan Oypyakiard pakam-
JIapHH MOC PaBHILAA U Ba « MIAPTJIH BapHAHTANap KHHMAT/IAPHHUHT yacToTa-
cHMra KynaiTupuin OuiaH Xocua KuauHaaw. By rokopn VHr (mactkw wam)
Oypyakaard paxkamJiapuu carp (ycryn) Oyiinya Hurnb OXHpru  aBBa/ird
ycryHra (carpra) €3amus.

Macanan, TyprunuM catp Ba Oemmnym ycrynaaru Oy paxkawJap ¥u-
FHHINCH KYHHJAruya TOIMHJaLH:

70=1.2+23+4-4+85+16=2+6+4+16+40+6

64 =4-84+4-54+6-2=32+20+ 12.

[MacTku yan Oypyakaary COHJAP YacTOTaHW « Ta KYmaiTHpHUILAH
XOHA KWJIHHALH.

Oxupru yetyH (catp) karakmapura «-v (v-u) KHHMATJIapH JKOiiaul-
THPU/IHO, OXMPHAA yJap HUFHHIMCH €3WMaju.

By aasannan ¢oiifananu6 KyHuard Xucobaauiapii GaKapamis:
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=i zn,,,u u 486

u= = ——= — = 4'86
n n 100 !

—_ 2 n,.v v 543

o= = o 2 543
n n 100

Iujau Kyhutars épaavyd Kaasanaapii tysamus (5, 6, 7, 8, 9-ikansai-
Jap).

6-Kansaa 7-xkaneana
I u ny i nyte? v ny nv n;v?
1 5 5 5 I 3 3 3
2 11 22 14 2 10 20 40
3 19 57 171 3 20 60 180
4 16 614 256 4 9 36 144
5 11 55 275 5 14 70 350
6 15 90 540 6 11 66 396
7 6 42 294 7 9 63 441
8 6 48 384 8 8 64 512
9 8 72 648 9 6 54 486
10 2 20 200 10 6 60 500
11 1 11 121 11 I 11 121
12 3 36 432
» 100 486 2938 X 100 543 3705
Zn,u? — 2938
2 = (y)P == — =5
o ~ (u) = (4,86)* = 5,7604.

o,= V'5,7604 — 2,400.
by 2 — 5
o2 =B e S _ 50 4849 = 7:5651;
K n 100

&, =/7,5651 = 2,750.
Ouam r, HH XHCOOGMAIMH3:

o= DY Ny l?— nw v o I (2 Ny U0 -—_L-l 5) -
’ noy o, 0, 0. n
I 3,257 2 6,1802
= (20 o 35548 = 2ot gk
2,4-2,75 \ 100 ] 6,600

Mabaymku, r. nunr kuiitvatn (= 1) ra sKuH 4uKca, OM3 X B3 ¢ MHK-

JIOpJap opacHaary GOFVIAHHUINN YH3HK/M GOFanuil 1e6 KApalmvu3 MyM-
KHH.
X Ba Y Y4yH KYHHAQrmyIapHu €3uimMMH3 MYMKHH:

(x=u-hy+c;; y=vhy+cy 0, =0,-h; 6, =0,h,.
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Dynpan:
x=10 u+ 5= 63,50; o, = 10-0, = 24,00;
y=>5v-+8=235,15; o, =5-0,= 13,75;
C,, = 50-C,, = 50 (?""“—‘“'”—E-B) — 50-6,1802 — 309,01

n

Keanb uHKaju.
Perpeccusi Tesraamacuun KeaTHpuO YHKapuill YuyH perpeccusi Kosd-
(HUHEHTHHH XHCOOIAiIMH3:
13,75

ag
Pyx = ’1'7;' = 0,936-—5- = 0,536.
Y HMHD X Ta PErpeccHs TeHrJamacH y_x—_y =P, (X —x) ra acocan
Yy =135,15+0,536 (x —63,50) éxn y,—=0,536x + 1,11 Gynann.
OHAM X YPHHra YHHHT TYPJH KHiAMaraapunn KyHuO, y, Kuimaria-
PHHH TOMaMM3:

¥, =10,536-25+ 1,11 = 14,51 = 14,5
Yo =0,536-35+ 1,11 = 19,9 Ba xokaso.
Kyitnaarn xansanun tysavus (8-3kajasan).

8-xkaapaa

X l Yy l Yy | Y~ Uy , X , Yy Ye Y~ Yy
25 14,5 15,0 —0,5 75 41,3 40,0 1,3
35 19,9 22,6 —2,7 85 46,7 47,2 —0,5
45 25,2 24,1 1,1 95 52,0 53,0 | —1,0
55 306 | 29.9 0.7 | 105 | 574 |54.6] —1.2
65 33,0 35,3 0,7 115 62,8 63,0 —0,2

195 | 68.1 |68.0] 0.1

JKanpanjan kypuHamuku, XycycHii ypraya Xakukuil ypraya xuiimarra
eTapinya SIKHH 3KaH.
25.1-3cmaTma. YuuHun yCTyHJAarH y, HHHr Xycycuil Vpraya Kuii-
Matyiapi Kyiiujgari{ua TOMH/IAH: 3
’ 13-3 4 18-2

h="ry
v = 18-6?—23-4—%48-1 —226
2 6441

B4 X0Ka30.
3-mMucoa. TynpogHuur Hu:GataH Hawvurd (x) Ba €mAWKOKIHTH (y)
TYFPHCHAA aHHKJAHTAH MabJIyMOTJIap KViiHjarnya:
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x (%): 19,9 20,9 26,1 29,4 30,5 40,3 44,8 :
47, 6,6 58,3 64,5 75,6

y (r/cm2) 00 0,6 0,1 1,1 1,7 1,7 26 34
4,2 58 6,3 7,3
n=12,

Manaymoraapuunr Koppensuua KOPQHUUHEHTHHH Ba DPErpeccHs YH-
SMFMHHHT TAHTaHMA TEHIVIAMACHHH TY3HHT.
Eunm. Xucobraim kaiBaiuuu TYFPHAAH- TYFPH TY3aMU3:
9-ansan

X | v | e Y
1 19,9 0,0 396,01 0,00 0,00
2 0,9 0,6 436,81 0,36 12,54
3 26,1 1,1 681,21 1,21 28,71
4 29 .4 1,2 864,36 1,44 35,28
5 20,5 1,7 930,25 2,89 | 51,85
6 10,3 i 1624 ,09 2,89 | 68,51
7 44 8 2.6 2007 ,64 6,76 | 116,48
8 47,8 3.4 2281 84 11 ,56 162,52
9 55,6 4,2 3091,36 17,64 | 233,52
10 58,3 5,8 3398 ,89 33,64 | 338,14
11 64,5 6,3 4160,25 39,69 | 406,35
12 76,6 7.3 5867 ,56 53,29 | 559,18
> S, =514,7 35,9 25742 ,67 171,37 [2013,08 |

X Ba y KuHMatapu OHp MapTajadH TakpopJaHraHu Y4yH TYFpulaH-
TVFpU (hopMyJianapian hoHAaNaHAMHASE:

=2 34T 4009, ¥—42,89%.
n 12
T==24_53 999 =299 r/eme.
n 12
leE (= =[ B —(z o)1=

95742,67 — (514,7)2 ] 12 — 3666,33;

- 2 (y—yp= [E y— & y)*] 12="17137 —(35,9)2] - 12=63,97

n

Lx E (x —7) (y—g) =[2013,08 —514,7-35,9]: 12 = 473,27.
n

OHAM TaHJaHMAa KOppersusa KophHIHeHTHHH XHCOOMaiMu3:
JDx—y—y 473,97
VS a—w w—ye ¥ 3666,33-63,97

r = = 0,977.
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Perpeccusi kosdxpuimenTy:

o= 1% = 01677 XL . 615 resit
v T, Y 3666,33

Jlemak, perpeccusi TEHIJIAMaCH:
Y —y=p,(X—)
éxu
Y =299 +0,13 (x — 42,89) = 0,13x — 2,58,
Y,=0,13x—2,38.
2-§. Orpu 4M3MKJIH KoppeJslHs

Arap perpeccusi rpadurn srpu uMsHkau 6yJica, Koppeasiuuion GOpja-
HHIL 32pu wusukau Koppeaayus jeitmnaan. Mkkuuyw taptuéan napaGo-
JIMK Koppedsiuust 6yaran xoaaa Y uuur X ra perpeccusicMHHMHT TauJaH-
Ma TeHIJIaMacH

Y, =al+bx+c (27.9)

KVpuHHIda GYaanu (MKKuHuM taptnéanm  napaGoank  Koppeasiuus), @, b
Ba ¢ napaMeTpJ/iapHH 3Hr KHYMK KBajparsap ycyauian doiizananulb kyiiu-
JardH HOpMaJI TeHrJaMaaap CHCTeMacHaaH TOMHJIAL:
l a2+ by + e St= vy,
16X+ eXx= xy,,
aYx*+b3x+en=3y,.

(27.9')

By X Ba Y mukaopaap takpopaanaii kearan 0JAup.
Arap X pa Y wmugaopaap Takpopaanub Kenca, SibHM R, BA N, dac-

TOTajapra sra Gysica, MabAyMOTJap KOppe/silHOH 7Kajsan opka/au Oe-
puiran G6yau6, HopMan TeHrgama KYpuHHIIM Kyitmaarnya 6Ynau:
(Sn . Na+Sn )b+ Sn, )ec=ny 22,
(Bn. e+ (Dn. o+ (Xa . )e=3nyx,
o 5 3 o o
(Xn,a+(Xn x)b+nc=3ny.
Byuga a, b Ba ¢ napaverpaap tonuam®, (27. 9) renrsavara kVitne

JaJH.
Xyau wy #ya Gunas Y nuur X ra perpeccHsiCHHHHr Tansanva

TEeHTJ1aMacH
;y =aqy*+ by +¢ (27.10)

copmysa €paaMnjia TOMMJIALH.
Y munr X ra KoppeasiMACHHMHT 3uuanrkHn Gaxosai yuyn ym6y

M, =t @7.11)

Oy
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TaHJaHMa KOppeasuHon Huchar tomuaans, by epaa

\
o —_]/ =" ‘"\—"’“, (27.12)
- X ny (e —1)®
5, = ‘/ 2 s =i (27.13)
X wunr Y ra KOppessiMOH 3WYJAHCHHH TOMMII yuyH 3ca
__ 9%y
qu == 0— (27‘4)

TONHIA/H.
l-mucou. Tampuba HaTHAKACHAA KyHdugard MabayMOTJap OJIMHIAH:

X Ba Yy jap y = ax® -+ bx - ¢ KypuuHwgary tenrsgama Guaad Goraau-
rai jed, a, b Ba ¢ HH 3HI KHYMK KBAApar/iap ycy/u OWIaH TOMHHT.

Euynm. Xucobnaumapun coafanaiiTupuil yuyH Kyiuaara xajsaj-
HH Ty3aMH3:

x 2 4 6 8 10 S =30

y 9 6 5,5 6,5 1 y, =38
xy 18 24 33 52 110 Ny = 237
£ 1 16 36 64 210 N =220
x2y 36 9 198 416 1100 sy = 1846
& 8 64 216 512 1000 3, = 1800
xt 16 256 1296 | 4096 10000 N = 15664

Tonuaran KuitMatapHH HoOpMas TeHrJjamara KysiMu3:
15664 a + 1800 b -+ 220c = 1846,
1800a 4220 b -+ 30 ¢ = 237,
| 220a + 30 b + 5¢ = 38.

Auau 6y cucreManu a, b, ¢ ra nucOGaTaH eyamMu3. YYHHUM TeHTVIAMaHH
44 ra kynaittupub, GUPHHYH TeHrJamajaH anupamus:

__15664a + 18006 -+ 220 ¢ = 1846
9680a + 1320 b + 220 ¢ = 1672

5984a + 4806 = 174
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Yuunyy Tenrjiamand 6 ra kynaifTpu6, HKKHHUM TEHrJiaMajiaH afupaMmus:

__1800a+220b+ 30c = 237
1320a + 180b + 30 ¢ = 228

480a + 406 =9

Iynnait Kuau6, KyHuAarn CHCTEMaHH XOCHJ KHJIaMH3:
(5984a 480 b = 174,

| 480a+40b=9.
By cucremann a Ba b ra nuc6araH eycak:
=-3—3-z0,3; b=—92—7z-—-3,3
112 290

kemub yukamu. Dynapaan doiiganasn6 ¢ vp  Tomamus: ¢~ 14,5. x Ba
y opacujaaru GOFJaHHIINH KVpcaTysun (27.9) ¢yHkuus

Y»=0,3x*—33x+ 14,5
KYpHHHILAA GYJa1H.
2-Mucoua. Kyfinparn Koppeasiumon xaiBanna Gepuiaran MébJayMoT-
Jap OpKamH Y, == ay* + bx + ¢ TaunaHMa perpeccHs TEHTaMacHHH Ba
KOppeJISIIHOH HHCOATHH TOMMHT:

x
2 3 5 ny
Yy
25 20 — — 20
45 — 30 1 31
110 — 1 48 49
Ny 20 31 49 n= 100

Eunw. INapaverpiapin Tonuil yuyH Kyiuiard xucoOJjail »KajJBa-
JIHHH TV3aMu3 (KajJBajijard Kacp COHJap sAXJrJaHran):

x Ny !7.\' Ngx | nex?| nex® | next ".ryx nx.;;x'x "x!?x‘xz
2 20 25 40 80| 160 | 320 500 1000 2000
3 31 47,1| 93 279 | €37 | 2511 | 1460 4380 13141
5 49 | 108,7| 245 | 1225 | 6125 [30625 | 5325 26624 | 133121
vy 100 378 | 1584 | 7122 |33456 | 7285 32004 | 148262

Y, HH TONHII YCYJMHH TYILYHTHPAMH3:
- 202
Yy = 55— =25,
- 30-453—:- W0 _ 47y
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- 1.45-4 48-110
Ys= 1
JKansangarn Tonmuaran Kuitvataapuu (27.9°) dopmyaara Kysmus:

33456 @ + 7122 b 4+ 1584 ¢ = 148262,

7122a + 1584 b + 878 ¢ = 32004,

1584 a + 378 b 4- 100 ¢ = 7285.
By cucremann eunt KyHuAardJaapHi TONAMU3:

a=294; b=7.27;, c = —1,25.

Mlynpait Kuanb, mananaérrad perpeccusl TEHrJIaMacH yuioy

= 108,7.

Yy, =294x2 +7,27x — 1,25

KYpHHHULIrA 3ra IKaH.

By terirnama GVitmua xucoGaavirad iwapran Vprada KuiiMatiap Xucoo-
Jlall JKaJBaJuaard aptiam Yprava wuiiMariapiad can  (papx  KHIHLg
MYMKHH, MacantaH x =2 Ja xaisan 6VitMya y, = 25, tenrnama Gyitnda
3ca

Yy = 2,944 +7,27-2 — 1,25 = 25,05.

Jlemak, Tonuarad TeHrJavMa Ky3aTHII MabAyMoTJaapH OniaH Kyja
MOC KeJialu.

Ouau Koppessiimon HucGatii Tonamu3. DyHMHr yuyH aBBan yMymnid
VpTaya KHHMATHH TOMAMH3:

Nonyy  20-254 31-45--49-100

Y= = ) = 72,35.
Cynrpa ymymuii KBaapaTHk YeTJaHWIINH TONaMu3:
/N e
o, =) £BU—it _
20(25—72,35)2|-31(45—72 ,35)*+ —72,35)%
- ]/zOua ,35)21-31(45 l‘/(')o,.?o) ~49(110—72,35) ~ 37.3.

['pynnanapapo ypraua KBajpaTHK YeTJAHHIUHH TOMAMH3:

..__\‘ ‘ ___ _-2
Oy-x ==, l/ '—n-\( .l,/x !/) s
=V(25(25 — 72,35)°+45 - (47,9—72,35): + 1 10(107—72,35)] : 100 =
=35,9.

Jlemak, koppensituoH HucGaT Takpuban Kyiuaarura TeHT:
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HJ1 OBA

l-wanBaa
A%
| o %
V5 e ¢ (yHKUMA KHHMATIAPHEMHT KaaBaJju

Glx) -

~1
o
o

0 | 2 3 i 5 6

(=1

e et e e e = . O OO OOOO OO

WO — O D0~ O Ui OIS — O D0~ Gl d e bs —

11‘::: -c‘ -

& oo

R o DD 0 K 1O D D

0,3989 | 3989 | 3989 | 3988 | 3986 | 3984 | 3982 | 39:0 | 3977 | 3973
3970 | 3065 | 3961 | 3956 | 3951 | 3945 | 1939 | 3932 | 3925 | 3918
3910 | 3902 | 3894 | 3885 | 3876 | 3867 | 3857 | 3847 | 3836 | 3825
3814 1 3602 1 3790 | 3778 | 3765 | 3752 | 3739 | 3726 | 3712 | 3697
3683 | 3668 | 3652 | 3637 | 3621 | 2€05 | 3689 [ 3572 | 3555 | 3538
3521 | 3503 | 3485 | 3467 | 3448 | 3429 | 3410 | 3391 | 3372 | 3352
3332 [ 3312 [ 3292 | 3271 [ 3251 | 3230 | 3.09 | 3187 | 3166 | 3144
3123 | 3101 [ 3079 | 3056 | 5034 | 3011 | 2989 [ 2666 | 2943 | 2920
2897 | 2874 | 2850 | 2827 | 2803 | 2780 | 2756 | £732 | 2709 | 2685
<661 | 2637 | 2613 | 2589 | 2565 | 2541 | 2516 | 2492 | 2468 | 2444

0,240 | 2396 | 2371 | 2343 | 2323 | 2299 | 2275 | 2251 | 2227 | 2203
2179 | 2155 | 2131 | 2107 | <083 | 2039 | 2036 | 2012 [ 1985 | 1965
1942 | 1919 | 1895 | 1872 [ 1849 [ 1826 | 1€04 | 1781 | 1758 | 1736
1714 | 1691 | 1669 | 1647 | 1626 | 1604 [ 1582 [ 1561 | 1539 | 1518
1497 | 1476 | 1456 | 1435 [ 1415 | 1394 | 1374 | 1354 | 1334 | 1315
1295 | 1276 | 1257 | 1238 [ 1219 | 1200 | 1182 | 1163 | 1145 | 1127
1103 | 1032 | 1074 ° 1057 | 1040 | 1023 | 1006 | 0989 | 0973 | 0957
0340 | 0325 | 0903 * 0893 | 0878 | 0863 | 0848 | 0833 | 0818 | 0804
0790 | 0775 | 0761 | 0748 | 0734 | 0721 | 0707 | 0694 | 0681 | 0669
0656 | 0644 | 0632 | 0620 | 0608 | 05396 | 0584 | 0573 | 0552 | 0551

0,0540 [ 0529 [ 0519 [ 0508 | 0498 | 0488 [ 0478 | 0468 | 0459 | 0449
0440 | 0431 [ 0422 | 0413 | 0404 ' 0396 | 0387 | 0379 | 0371 | 0363
0355 | 0347 | 0339 | 0332 | 0325 | 0317 | 0310 | 0303 | 0257 | 0290
0283 | 0277 | 0270 § 0264 | 0258 [ 0252 | 0246 | 0241 | 0235 | 0229
0224 | 0219 | 0213 [ 0208 [ 0203 | 0198 | 0194 | 0189 | 0184 [ 0180
0175 | G171 | 0167 | 0163 | 0158 | 0154 | 0151 | 0147 | 0143 | 0139
0131 [ 0132 ] 0129 [ 0126 | 0122 | O119 | 0116 | 0113 | 0110 | 0107
0104 | 0101 [ €039 ! 0096 | D033 [ 0091 | 0088 [ 0086 | 0084 | 0081
0079 | 0077 | 0075 l 0073 [ 0071 | 0069 | 0067 | 0065 | 0063 | 0061
0060 | 0058 | 0056 = 0055 | 0053 I 0051 ‘ 0050 | 0048 | 0047 | 0046
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0 1 2 3 4 5 6 7 8 9
3,0 | 0,0044 | 0043 | 0042 | 0040 | 0039 | 0038 | 0037 | 0036 | 0035 | 0034
3,1 0033 | 0032 | 0031 | 0030 | 0029 | 0028 | 0027 | 0026 | 0025 | 005
3,2 0024 | 0023 | 0022 | 0022 | 0021 | 0020 | 0020 | 0019 | 0018 | 01118
3,3 0017 | 0017 | 0016 | 0016 | 0015 | 0015 [ 0014 | 0014 | 0013 | 013
3,4 0012 | 0012 | 0012 | 0011 | 0011 | 0010 [ 0010 | 0010 | 0009 | 009
3,5 0002 | 0008 | 0008 | 0008 | 0008 | 0007 | 0007 [ 0007 | 0007 | 0006
3,6 0006 | 0006 | 0006 | 0005 | 0005 | 0005 | 0005 | 0005 | 0005 | 0001
3,7 0004 | 0004 | 0004 | 0004 | 0004 | 0004 | 0003 | 0003 | 0003 | 0003
3.8 0003 | 0003 | 0003 | 0003 | 0003 2| 0002 | 0002 | 0002 | 0002
3,9 0002 | 0002 | 0002 | 0002 | 0002 | 0002 | 0002 [ 0002 | 0001 | 000!
2-3Kanapaa
i P
D@ (x) = _j e ° dz (hyHKuMs KMWMaTJapHHHHT KadBajH

'.‘no

|
x D(x) | x D (x) x @ (x) X D (x)

|

| - :
0,00 | 0,000) | 0,32 | 0,1255 | 0,64 | 0,2389 | 0,96 (},3315
0,01 0,0040 || 0,33 0,1293 0,65 0,2422 0,97 0,3340
0,02 | 0,008 | 0,34 | 0,133] 0,66 | 0,245¢ | 0,98 | 0,3365
0,03 [ 0,0120 | 0,35 | 0,1368 | 0,67 | 0,2486 || 0,99 | 10,3389
0,04 0,0160 | 0,36 0,1405 0,68 0,2517 1,00 0,3413
0,05 | 0,0199 0,37 | 0,1443 || 0,69 | 0,2549 1,01 0,3438
0,06 | 000239 | 0,38 | 0l1480 | 0.70 | 02580 | 102 | 0.345)
0,07 | 0,0279 | 0,39 0,1517 | 0,71 0,2611 1,03 01,3485
0,08 [ 0,0319 | 0,40 | 0,1554 | 0,72 | 0,2642 | 1,04 | 0,3508
0,09 [ 0,0359 | 0,41 | 0,1591 | 0,73 | 0,2673 | 1,06 | 0,333]
0,10 | 0,0398 0,42 0,1628 0,74 0,2703 1,05 0,354
0,11 | 0,0438 | 0,43 | 0,1664 | 0,75 | 0,2734 1,07 | 0,3577
0,12 | 0,0478 | 0,44 0,1700 | 0,76 | 0,2764 1,08 | 0,3599
0,13 | 0,0517 | 0,45 0,1736 || 0,77 | 0,2794 1,09 | 0.3621
0,14 | 0,0557 | 0,46 0,1772 || 0,78 | 0,2823 1,10 | 0,3643
0,15 | 0,0596 | 0,47 0,1808 | 0,79 | 0,2852 1,11 0,3665
0,16 0,0636 0,48 0,1844 0,80 0,2881 1,12 0, 3686
0,17 | 0,0675 | 0,49 0,1879 | 0,81 0,2910 1.13 | 0,3708
0,18 | 0,0714 || 0,50 0,1915 | 0,82 | 0,2939 1,14 0,2729
0,19 | 0,0753 0,51 0,1950 | 0,83 | 0,2967 1,15 0,3749
0,20 | 0,0793 | 0,52 [ 0,1985 | 0,84 | 0,2995 1,16 | 0,3770
0,21 | 0,0832 | 0,53 | 0,2019 | 0,85 | 0,3023 1.17 | 0,3790
0,22 | 0’0871 05¢ [ 0,204 | 0,8 | 0,3051 1,18 | 0,3810
0,23 | 0,0910 | 0,55 | 0,2088 | 0,87 | 0,3078 1,19 | 0,3830
0,24 | 0,0048 | 0,56 [ 0,2123 | 0,88 | 0,3106 1,20 | 0,3849
0,25 | 0,0987 | 0,57 | 0,2157 | 0,89 [ 0,3133 1,21 0,3869
0,26 | 0,1026 | 0,58 | 0,2190 | 0,90 | 0,3159 1,22 | 0,3883
0,27 | 0,1064 | 0,59 | 0,2224 | 0,91 0,3186 1,23 | 0,3907
0,28 | 0,1103 | 0,60 | 0,2257 | 0,92 | 0,3212 1,24 0,3925
0,29 | 0,1141 0,61 0,2291 0,93 | 0,3238 1,25 U, 3944
0,30 | 0,1179 | 0,62 | 0,2324 | 0,94 00,3264
0,31 | 0,1217 || 0,63 0,2357 | 0,95 | 0,2389
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2-KaXBaNHUHT ZaBOMH

x @ (x) x @ (x) x @ (x) x D (x)
1,26 0,3962 1,59 0,4441 1,92 0,4726 2,50 | 0,4938
1,27 0,3980 1,60 0,4452 1,93 0,4732 2 .52 0,4941
1,28 0,3997 1,61 01,4463 1,94 0.,4738 254 0,4945
1,29 0,4015 1,62 0,4474 1,95 0.,4744 2 56 0.4948
1,30 0,4032 1,63 00,4481 1,96 0.,4750 | 2,58 0,4951
1,31 0,4049 1,64 0,4495 1,97 0,4756 2,60 |0,4953
1,32 0,4066 1,65 0,4505 1,98 0,3761 2,62 0,4956
1,33 0,4082 1,66 0,4515 1,99 0,4767 2,64 0,4959
1,34 (,4099 1,67 (3,4525 2,00 0,4772 2,66 | 0,4961
1,35 | 04115 | 1,68 | 0,4535 | 2,02 | 04783 | 2,68 |0,4963
1,36 0,4131 1,69 0,4545 2,04 0,4793 2.70 0,4965
1,57 | 0,447 | 1,70 | 0,455¢ | 2,06 | 04803 | 2,72 |o0,4967
1,3 | 04162 | 1,71 | 04564 | 2,08 | o.4812 | 2,74 |0,4969
1,39 0,4177 1.72 0,4573 2,10 0,4821 2,76 | 0,4971
1,40 | 0,4192 1,73 | 04582 | 2,12 | o.4830 | 2,78 |o0,4973
1,41 0,407 1,74 0,4591 2. 14 0,4838 2,80 0,4974
1,42 0,4222 1,75 0,4599 2,16 0,4816 2,82 0,4976
1,43 | 04236 | 1,76 | 0,4608 | 2,18 | 0,4754 | 2,84 |0,4977
1,44 0,4251 )77 0,4616 2,20 0,4861 2,86 0,4979
1,45 0,4265 1,78 (,4625 2,22 0,4868 2,88 10,4980
1,46 0,4279 1,79 7,4633 2,24 0,4875 2,90 | 0,4981
1,47 | 0,4202 | 1,80 | 04641 | 2,26 | 0,4881 | 2,92 |0,4982
1,48 0,4206 1,81 0,4649 2,28 0,4887 2,94 |0,4984
1,49 0,4319 1,82 0,4656 2 30 0,4893 2,96 | 0,4985
1,50 0,4332 1,83 0,4564 2,32 0,4898 2,98 | 0,4986
1,51 0,4345 1,84 ,4671 2,34 0,4904 3,00 | 0,49865
1,52 0,4357 1,85 0,4678 2,36 0,4909 3,20 | 0,49931
1,53 0,4370 1,86 0,4686 2,38 0,4913 3,40 0,49966
1,54 0,4382 1,87 0,4693 2,40 0,4918 3,60 | 0,499841
1,55 0,4394 1,88 0,4699 2,42 0,4922 3,80 0,499928
1,56 0,4406 1,89 0,4706 2,44 0,4927 4,00 | 0,499968
1,67 0,4418 1,90 0,4713 2 .46 0,4931 4 .50 | 0,499997
1,58 0,4429 1,91 0,4719 2,48 0,4934 5,00 0,499997
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ty = (y, n) KHAMaTIap KajaBaJu
3-xkaamaa

N. 0,95 ' 0,99 , 0,999 X 0,95 l 0,99 ‘ 0,999
n n
5 2,78 | 4,60 | 8,61 20 | 2,003 | 2,861 | 3,883
6 2,57 | 4,03 | 6,86 25 | 2,064 | 2,797 | 3,745
7 2,45 | 3,71 | 5,9 30 | 2,045 | 2,756 | 3,659
8 2,37 | 3,50 | 5,41 3% | 2,032 | 2,750 | 3 600
9 2,31 | 236 | 5,04 10 | 2,023 | 2,708 | 3558
10 2,26 | 3,25 | 4,78 45 | 2,016 | 2,692 | 3507
" 2,23 | 3,17 | 4,59 50 | 2,000 | 2,679 | 3502 -
12 2,20 3,11 4,44 60 2,001 2,662 3 464
13 2,18 | 3,06 | 4,32 70 | 1,996 | 2,649 | 3439
14 2,16 | 3,00 | 4,22 80 | 1,000 | 2640 | 3 418
15 2,15 | 298 | 4,14 90 1,987 | 2.633 | 3 403
16 2,13 2.95 4,07 100 1,984 2 627 3 392
17 2,12 2,92 4,02 120 1,980 | 2617 | 3374
18 2,11 2,90 3,97 1,960 | 2 576 3 991
19 2,10 2,88 3,92 | 1,950 '
|
g = g(y, n) Kniimataap xaaBaju
4-Kanmsan
N 095 | 09 | 09% | Tl o095 | 099 | 0999
5 1,37 | 2,67 | 5,64 20 037 | 0,58 | 0,88
6 1,00 | 2,01 3,88 25 032 | 049 | 0,73
7 0,92 | 1,62 | 2,98 20 0,28 | 0,43 | 0,63
8 0,80 | 1,38 | 2,42 35 0,26 | 0,38 | 0,56
9 0,71 1,0 | 2,06 40 0,24 | 0,35 | 0,50
10 0,65 | 1,08 1,80 45 0,22 | 0,32 | 0,46
I 0,59 | 0,98 1,60 50 0,21 | 0,30 | 0,43
12 0,55 | 0,90 | 1,45 60 0,188 | 0,269 | 0,38
13 0,52 | 0,83 1,33 7 0,174 | 0,245 | 0,34
14 0,48 | 0,78 1,23 80 0,161 | 0,226 | 0,31
15 0,46 | 0,73 1,15 90 0,051 | 0,211 | 0,29
16 0,4 | 0,70 | 1,07 100 0,143 | 0,198 | 0,27
17 0,42 | 0,66 | 1,01 150 0,115 | 0,160 [ 0,21
18 0,40 | 0,63 | 0,96 2 0,0 | 0,136 | 0,185
19 0,39 | 0,60 | 0,92 250 0,089 | 0,120 | 0,162




SPONJAAJNIAHHITAH ALABHET

. T.Aznapos, X. Maucypos. Maremaruk anaans, I, II guew, T., V'KuTyBUM>,
1986, 1989 ii.

2. Kyapanuen B.A., llemuaosnu B. Il Kpatkuit kypc Bbicueil maTeMaTHKH,
M., «Hayxka», 1975.

3. Kapacen A M., Akciotruna3. M., Caseasvena T.Il. Kyp: sblciueil mate-
MATHKH J19 3KOHOMHueckux By3os. 4. I, II. M., «Bucisas koaay, 1982,

4. Wueitaep B.A, Cayukuit A M., Mymos A .C. Oaunii maTeMaTHKa KHCKA
kypeu. I, 11 k. T., «¥gurysuu», 1983, 1985 it '

5. Munopckuit B.T1. Oanit matematkazan macatazap tvnaamu, T., «¥pra pa oamit
makta6», 1970 it

6. Kopasnenko ILH. ALA, Quannnona. Teopus pepofATHOCTE! H MaTeMaTH -
yeckast craTMcTHka. M., «Bwicwas mkoaar, 1982,

7. Tmypman B. E. Dxtumonanap uasapusicn Ba Matemathk cratierdka. T., «VKu-
TyBuHy, 1976 i

8. B.AGrarumos, lII.Canuxon. Oauit matrematika wueka xyper. T., «Vgu -
TyBun», 1981 ii.

9. B. A6rarumos, A. A6agyrannopon, M. Mycamyxamenos, C. Tow-

nyaaton. Oauit MaTemMaTHKaAaH Macaranap ewuur Oyiuua KVanamwa, T.
' KuTysun», 1985 ii.



Tt e

M)’HIIAPM)KA

Cygzsbomun . . . . . . . . . . . 3 (/S TeRNCAUKHUHT HOPMEA TCHTAMAcH
§.

1 KHCM. AHAJIHTHK TEOMETPHSA

1 BOB. Texucauxda aHaiumusx 2eomempus-
Hume Gacmaadku myuynwaiapu

1- §. Tyrpu Gypuakan [dexkapt KOOPAN-

HATanap CHCTEMacH 5
2- §. MIKKH HYKTa OpacHaard wacod:a : 7
3- §. Kecmanu Gepuiiran maccama 6y<

JH . . 7
4- §. Yudyp-«ak 1031 9
5- §. AHaNHTHK reouc'rpuammr acocun

macajaaapu . . . 11
11 BOB. Tyrpu wuzux sa ynuu’ mene-

Aamvarapu . . e 11
1- §. TYrpu 9uH3UKHUHT yMyMUldl TeHraa-

MacH . . 12
2-§. TYFpu uuasmnuur 6yptmx KOBMII-

UHEHTSIH TeHrJaMacu . . 14
3- §. TYFpH YH3HKHHHT KeCManap Oyﬂw

ya TeHraamacd . . 15
4- §. Tyrpu mmuumur nopuan Tenraa

MacH . . . 2t & 16

111 BOB. Tyrpu qusuUKKa ouD acocui
Macarasap .o . 18

1- §. Bepuiran HyKragau (6cpnnrau
Aynamu Gyiuva) Vrysun TVipn

YH3HK TeHrjaamacy . . G s & 18
2- §. HMkkn wHyxrapan yryn-m TVIpH

YH3HK TEHrAaMacs . . 19
3- §. Ukkn  TYrpu  uM3MK opacxuxaru

Gypyak . . . 20

4- §. Mkn 19¢pu quam(mmr napann.-n-
JHK Ba NeprneHARKYAAPJAHK 1apT-

BODH: s L5 w T el o e re, & G 21

5- §. Bepuaran mygkvagaH  Gepuwaran
ﬁrpu yHsHKKaua G6ysran macoda 2

6- §. Mxxu t¥ipu uuauxuuur KeCHLWwML
HYKTacu , . . 23

1V B OB. Hxxunyu mapmuoxu 3epu
wusukaap . . . 26
1- §. AfinaHa Ba YIMHr TeHrjsamacH . . - 26
2- §. DAJMNC Ba YHHHrC TeHrjaMacu . 29
3- §. I'unepGonia Ba yHHHr TeHrhamacy, 32
4- §. IlapaGona Ba YHHHI TCHrJamacu . 37

V B O B. ®asodazcu anaiumux 2eomem-
pus . . . & 4 39

1- §. dasona TVIPH 6ypqamu lIeKapr
KOOpAMHATANAP CHCTemacH . . 40

2- §. dasoparn HKKR Hyl('ra opacvaaru
Macoda 41

3 §. l(ecuanu ﬁepunrau uncﬁar,qa Gy
JMm . . o 42

VI B O B. Texucaux ea ynuua men2.1a-
Mmaaapu . . ’ . 43

I- §. TeKHCAHKHHHT YMyMuft Tenraa-
MacH . . 43

2-§. TexUCAHKRUHT xecuanap 6ynn-m
TEHINAMACH . o . « » « & o 46

366

Bepuaran nykKranan $ryeun Te-
KHCAMK TeHrJamacH
5- §. MKKH TeKHCAHK OpacHAari 6ypuax
6- §. Bepuaran HyKTagad Gepuwiaran te-
KHCHHKKaya 6Yaran macoda .

VI B O B. HKKunwu mapmumu cupm-
aap . a s

1- §. Cpepa Ba yHMHr Telraamacu
2- §. Saanncoun

3- . I'nnepGonounnap L o o
4- § INMapaGoaongnap . . . .

VI11 BO B. Yusuxau esa eexmop.iap
aseebpacurute OGowaan-
FUy mipuynvaiapu

1- § Unankau anreGpavimir acocuf Ty-

WyHuaaapu .

2- §. Bexkropaap anreﬁpacummr acocnn
TyuryHyanapu $ 9 0 @ 58
11 KHCM. MATEMATHK AHAJIH3

IX B O B. @yHKyua mywynvacu .

1- §. Jdacraabku TywyHuanap

2- §. Conuunr aGcomor KuiMaTi .

3- §. VarapyBuu pa Y3rapmac Mmuxop-
pap . s

4- §. d>ymuum Tymymmcu 3

5 §. OYHKUHAHHHT GepHauL yuynnapu

6- §. MYHKUHAHHUD rpadury

7= §. OYHKUMARHHT uerapanauraunnru

8- §. Kydr Ba TOK dyHKUHSAAD

9. (5. Monoton dyHkuHaap .

10- §. JaBpuit pyHkuus . . .

G Mypakkab dynkuna .
12- §. Teckapu (GYHKUHR .
13- §. Cosna (3nemenrtap) q;yuxulmnap

X B O B. Hamypaa apeyueunmu ¢ym-
uus . .

§. Connap KeTMa-KeTanri TYIyH acH
§. Connap keTMa-KeT/ HKJapn ycTuaa

amaanap
§. Conaap KETMA-KETAUFHIINT -

o
v vy

MUTH . 5

4 §. Yercus mumx xauna qexcua Kar-
Ta MUKJopJap opacHjaars GorJaHuul

5- §. SAKunaauysun Kma-uemuxnap-
HHHI X2ccallaps

6- §. Kerma-ketnuk .nnwwnmunr ma-
AYAMUrH XaKuaa Teopsmanap .

XI B O B. PynKyus aumumu

. OYHKUHA JHMHTH TYWYH4ACH .

. Jlumurra sra Gyaran cbym(uuﬁ-
JEPIHHT XoccalapH

. AXOANG auMuTAAD .

. YeKCH3 KHYMK Ba 'lexcus Ka'rra
dyHKuHaNap. ¢yuxuuﬂn8pun co-
JHWTHPHII . . . o 9 @ e

e NI
i o

91

95
97

99



TV

ol hn e | AN

XI{ BO B. ®yuxyusiune y.uyxcua-
e s H =

1- §. OYHKUNA YINYKCHINHIH Tabpudu.

2. §. DYHKUMAHHHE  Y3dadww . . .

3 §. Yaaykeus  dyekuuaaap ycnum
anmbneﬂm amannap .

4. §. Daementap d)yuxuuﬂ.napnuur ya-
JAYKCHSIHTH : .

5- §. BYHKUHA ysnyxcusnurunau d)oﬁ
AaaaHnG MYXHM  JIHMHTAAPHH XH-
cobaaw .

6-§. Yanykens d)yuxuun.unpnuur xoc-
carapu . . .

T 5. DYHKUNAHRKT TeRHC )snyxcu:muru

XUI b O B. PyHRquanuN2 yocuiacu ea
Jupdepenuau . . .

1- §. Teanuxk XOKHAA Mecasaa . .

2§, DYHKUNA XCCHRACHIHHT 'ra’hnmtu
3- §. XOCHAAHHUT TEIMETPHK MaLHOCH
4- §. DYHKUMAHHET V3NYKCH3 GFanun

GHIAH YHHHI XOCHAara wra os':m-
1K opacugary GoraanHw . .

5- §. Teckapy dyHKUMSHHIT NOCHAaacH .

6- § Mypakkal dyHKIHRHHHT XOCHMaCH

7- §. Xocuna »ucobnamwparu conna
KoWaanap « .

8. §. 3nemenTap q:yuxuuanapuuur xo-
cuNanapu . .

9- §. Teckapu -rpurououc'rpux :bymc-
UMANEDHHHT XOCHAacH . . .

10- §. Xocwaanap Kappaau . .

11- §. DVHKUNAHHEE Amhd)epeuunanna-
HYBYHIAWIH TYWyHYacH . .

12- §. DYRKUMAHHHD Andubepcaunanu
Tanbpudn ‘ 3

13- §. Llud)d)epcnuua.nnap A(ann:mn .

14- §. dynuus nmbdaepeuunaammur
coana Kowaanapu . .

13- §. OKopu TapTHOAH xocmu Ba ,md)

ﬁepemmannap .

16- §. ddeperumnan wcoGtmm{r aco-

cuft Teopevanapu . . . . .

XIV B O B. Judigepennuanr yucodnune
mambukrapu . . . . .

1- §. cpynuuummnr YcyBun Ba Kamaloa-
qu GFauum . . .

2- §. HVHKUHAUMHT 3xcrpemy~napu

3- §. DYMKUHMA SKCTPEMYMHHHHT 3apy-
pHA wapty .

4- §. DYHKUHA mctpemymmuur erapnu
wapraaps . .

5- §. DYHKUHSHUHT 3HD ‘kaTta ma sur
KHYMK KuAMaTnapy

G- §. 3rpu YHIHKHKHT Kasapm(nuru Ba
GOTHKJITHI H. Bymmum (3runuu)
uyKracu .
Arpu -maummur acuunromnapu

8~ §. DYHKUMAHH TeKWHPHWHHHE  YMY-
sMufl ¢xeiqacn . .

G+ §. AHHKMACAHKI apHK ovuu.l " Tonu-
TanbL Kouwmaaaps . . . . . .

XV B O B. Axukmac ukmeepat . « .

1- §. Bownanrud  dyEKuMs Ba aHHKMac
nHTerpan

2- §. Aunimac unrerpannmlr xoucanapn

3- §. Acocuit wuterpaanap maaBaJau

4- §. Murerpannaur yeynaaps

5-§. (.onna KACp Ba y.:apHu wcodnam

6- §. Nauwnonan (byHKummﬂpllN HHTer-
pannat

7- §. Bawnan :mpauuouan dnuxuuﬂ.'mp-
Hit uHTerpanaaw .

8- §. TouroHoOMeTPHK d)yuxunanapuu

MErpandtatl « o« o o » o o

byl ST o

100

100
102

103
104

105
106
o7
103
13
111

128
123

130
131
134
135
138
140
141
143

143

bt e b 4 e L

XVI BOB. Axux uumezpar . . .

1- §. Vrunraw APn xakuaard Macana .
2- §. Murerpan Auewvaw . . . . .
3- §. Aauk wwTerpan Tanpudw . .
4- §. AHMK wuTerpan xoccamapu .
5-§. AunK mnTerpannapuu xucoBnam .
6- § AHWE unrcrpanuu xuco6aaur yeya-
aapu .
7-§. Auug umerpannapuu Taxpudun
XHcoGnaur . . ERRR O I

XVII BO B. Anux unmezpaarunz Gap-
au mambukaapu . .

I- §. Teknc wWaknHUNC 1034 Ba  YHUHT
AHNK MHTRIPaa opKaau udoaana-
Huwse .

2-§. En ysyn.nuru ‘Ba ymu«r aam( e
Terpan opkaan udopasanHwm . .

XVIII BO B. Xocxac umezparrap .

I- §. Yerapaaapi uexcu3 xocmac HHTer-
paanap .

2-§. ﬂxuunamysqu xoemac uunrpa.'l-
HHHT xoCCalapw . .

3- §. Yerapananmaran ¢ytmuumluur

XOCMAC MUTErpa’snapum . . . -

XIX B O B.

Hexu apey.ueurr/m GpyHK-
1-§. Mk aprymentan ynkuna Ty-
WYH4acH
2-§. Texkucank nvxranapunau mSopa'r
3-§. MKk aprymentan  (GyHKiuHa Ba
YHHHT JUMUTH

HKKu aprymeHTin d)nu\uummur

« Ukg# aprymentan d))uuumuum‘
xocuaacu na Audnbepeuuua.'mapu

. DYHUKUHANKED TENK OpTTHPMAacH

7- §. Hkku apryM.umu d)yuxuummur

Auddeperiinanu

- Ukku aprymentau d)ynxuuammr
Jdapu Ba auddepedunannapy . .

. MKKM apryMeHTan  dyukuHAHUHD
IKCTPEMYM Kufimataapu

yusaap .o, DA
KeTMa-KeTAHK 08 VitHHE JHMHTH .
1-§.
V3NYKCHITHUIH
dopmyaacy .
Kopt TapTnéar xycycuft Xocuna-
10- §, DYHKUHA SKCTPEMYMUHHAD 3apy-

PHit wapth . .
11- §. dyHKuuA ;xctpemyuunuur e‘rap-
AMAM waptH . . . .

XX B O B, Hrxu apeymenmau Qysk-

UUAHUHAS uRkme2patd . . .
1- §. Mikxkw kappaaw wuTerpan . . .
2- §. Irpu HUZMKAH HHTErpaanap . .
3- §. INapamerpaapra GoenuK HuTerpan-
KD i i e e @ e W
XXI 6O B. Kamopaap . . . . . .
1- §. Connit Karopaap .
2- 8. SlkuinawyByn Ka‘mp.'la'munr xoc-
canapu . .
3-§. I\a'ropnapnmn m\mmaulynqﬂnuru
4- §. XNafnapuiuuir Wuopanapu  anma-

WHHHG Keaaauran mmpnap JlefiG-
HULL TQDDQ\'ECH

§. MxTtuépnit xagau K:rrop Ka-rop-
HHHE a6COMTIOT SAKHHAAMTY BYHAHCH

§. dynruwonan Kartopaap . . .

§. Tekuc siknuaawyByn (bymmuouan
KATOPHHHT XOccanapu .

- §. Jlapamann Katopaap . “

- § Jlapamaau KaToOpHuur xoccanapu

AR T AR AT e Fie
s $ YAt

185
187
189

192

192
194
197
230
202
204
205

23)
233
238

210
211

246
250

367

e



3 T O

10- §. oynxuml.napuu Jmpamun xa‘rop-
Japra Efmm . .

XXI1 BOB. ﬂuwrpemwaa menzaa-
saaap

1- §. Jduddepenuuan TenrJama Tymys-
yacH .

2-§. Bupmmu 'rap'mﬁnu m«mpep\uuua.m
TeHrJamanap . .

3- §. Bup xuncau 'rEnrJ!aMa.nap

4- §. BupuHuu TAPTHOJIH YHIHKIH Aud:-

Mad TenraaManap . .

5- §. Mkkuaun TapTubau 4H3MKAH .'Lmb-
gepeuuan TeHrjaamanap .

6- §. Ysrapmac Ko;(b(bmuleumu m\mm—

yy TapTHGAH Gup  AKHNC/IH quam(-

AM TeHrJaaMajap §

111 KHCM. 3XTHMOJUJIAP HA3APHS-

CH BA MATEMATHK CTA-
THCTHKA

XXIII B O B, 3ymusorrap Hazapuscu

1- §. DxTHMOANAD nasapuucummr aco-
CUll TYWIYHYANEPH .

2- §. Taconudnit xo;mca.nap ycmp,a
amasanap

3- §. Xoauca a\nmonummr Ta'bpmbna-
L

4- §. Sxﬂmonnapuu hyumm teope“a-
napu

5- §. 3\mmonnapm« xYnanrupuux reo
Majaapu . .

6- §. Tyna sxnmo.n d)opuy.nacu ‘Baftec
pMYyJIacH

7-§. Vaapo GOFMK 6y.nuarau Ta»\pu-
Ganap KeTMa-KeTJauru. bepny.'mu
dopmyaacu <

8- §. Ilyaccon TeopeMacH

9- §. MyaBsp-JlanJiacuuur nokana Ba wH-
Terpana TeopeMasaph f

XXIV B O B- Tceodugui suxdopaap .
1- §. Tacomuduf Mukaopaap Typaapu .

283
289

291
295
295

2- §. Tacoanduft MUKROP IXTHMoJasapu-
HHHI TAKCHMOT KOHYHH

3. §. Vsaykcua tacomuduft uuxnon.nap
TakcumoT GyHRUHACH .

4- §. Takcumor tpyukunacuuuur xocca~

- NapH . TR 2

3- §. Teknc -raucnuor

6- §. Hopman Takcumor .

Tacodudui smuxdoprnure
CONAL XAPAKMePUCINURQ-
Aapu . .

XXV BOB.

1- §. Tacoauduit MukaopHHHT MaTema-
THE KYTHJIHIUIH

2- §. Tucoaudpuit umumpmmr ;mcncp
CHSICH . .

3-§. -)mmon.nap uaaapuucummr an-
MHT TeopemarapH i ®

Mamemamux ¢marmuc-
muKa 3aemenmaapu

XXVI B OB.

. Tannauma ycyn. .

. TawnanManuur c*ramc*nm TBK(‘H\H)TH
. OMINUPHK TaKCHMOT HyHKUHACH

. Ioawron Ba ructorpamma . .

. TakCHMOT napameTpJaapHHHHr cra-
THCTHK 6a\onapu =

Tannauma ypraua Kuﬁmar Ba Tan-
JaHMa AHCnepcHs .

. BaxoHUHT aHHKINTH, HUION I
IXTHMOMTH, HINOHHJIHANK HHTEPBAAH
. Tannana4a $praya KuAMaT Ba Tam-
JNaMa  pucriepcusiid XucoGaau-
HHHP K¥naiT™anap ycy.m

Tt e 01D e
T O

o

.

~

®

XXVIT B O B. Ko2peaayusa #Hazapuscu

I- §. Yusukau xoppesasuns ¥,
2- §. IrpH MB3NKIH KOppeJmllHﬂ
Haosa . . .
(pon;z.nennnrau anaﬁuér

BAJITALII ABJAJTMMOB

0JIM MATEMATHKA

JArpap yHuBepcuteT Ba KHMULIOK XYKAIHK
01l YKYB I0PTJIapn Tasabanapu yuyyH YKyB KyJaJanma

Towresm «Yxumysau» 1994

Baguuit myxappup 7. Kanoamos
Mycasaup T. Kanoamos
Texu. myxappupaap: H, Copoxuna, 3. Buatdaroea
Mycaxxuxa JI. Vwmaposa
HB Ne 6676

Tepumwra Gepunan 29.03.94. Bocwnra pyxcar stuann 15.07.94. ¥auamu 60<90% /1. Tun korosu. Keran
10 mnoucu3. Jlurepatypuas rapuutypacu. MOKopw Gocma ycyawaa Gocaan. lllapram 6.
1,5 Bxa1. Wlapran 6Y€K $ayamu 24,69. Hamp 1. 17,99-4-1,58 pia. Hycxacn 5000, Bylopima Ne 2678,

«VRuryBuns HamprérTn, 700129, Towkent, Hasonft k§uack, 30. Hlaprroma 09—2350—93.
Yabexncron PecnyGnnxacu Hasaat Mat6yor KymuracH Townoanrpadpxombunath. Towkenr, 700 120,

Hasoufl, 30. 199

305

322
322
323
327
328
330
332
335

Jt

347
357
367
365

23.0 <



