538

H.H. AY3UH

———

[IMcOEPEHIIMAABHOE
_MCUMUCAEHUE

—




Axan. H. H. JIV3UH

NINPPEPEHUMAJNIBHOE
MCHUCJTEHUE

Honywerno
Musnemepemooa svicwezo o6pasosanun CCCP
8 Kasecmoe y4eOro20 nocobus dar BY30B

76803

HIJAHHE MATOE

I'OCYAAPCTBEHHOE M3JATENLCTDO
«COBETCKASI HAYKA»

Mockpsa % 1955



H. H. lyanu
ARPPEPEHLIHANGHOE MCUHCAEHHE

Orn. penaktop C. H, Hosoceron Texmuy. penaxtop A. Lydep

F uatop 31 1955 r. Moanmeano « newatm 20/VI 1955 r. Bymara
%;25’-;:',-_-29?75‘ ned. £, 332 yuenan, n Tupaw 60000, T 585;'
Msnareinerso «Coserckan naykay. 3axas 8. Liena 11 py6. (s nepenicte).

Munncreperno KynasTyprt CCCP
Inasnoe énpannenue no:amrpadguyeckoli TPOMBILAEHHOCTH
Heppan Otpasuosas Tunorpadms myemn A. A, Wnauosa,

Mocksa, JK-54, Banopan, 28, 3akas Nb 308,




i

S SEee

e iy, 2

OT H3JATEJNBLCTBA

Hacrosmmee naToe H3Aanne ABYXTOMHOrO Kypca MATEMaTHYECKOro
aHa/sa s BHICHIMX TexHuyeckix yyeGubix sapexenmit «lndidepen-
upansHoe  HeuncaeHHe» H «MHTerpaabuoe HCMHC/IEHHE» BRIMYCKAeTCs
nanateancreoM «CoBeTckas Hayka» Ge3 HaMEHEHHH MO CpABHEHHIO C
ueTBepTEM HaganneM 1953 r. Brecens! JHUIL OTAEAbHBIE HCIPABASHIA
BKPABUIMXCA mOrpemocTeii.

Asrop atoro ikypca akagemuk Hiuxoaait Hukonaesnu JIyaun
(1883—1950) spasercs omunM M2 KpymHefiMX COBETCKHIX MaTe-
MATHKOB, N0 KHIHTaM KOTOPOrO Y4HI0Ch HE OJHO IOKOJEHHE COBETCKIX
HHIKEHEPOB H NE/aroros.

Huxonait Huronaesny Jlyaun pogmica B r. Tomcxe 10 mexaGpa
1883 r. B cempe caymauero. ITo oxonuannu TOMCKOIT rHMHASHH,
ocensio 1901 r, H. H. noctynmr va MaTeMatuyeckoe oTjenenne Qusu-
Ko-MaTeMaTHueckoro (aiyanrera MOCKOBCKOrO YHHBEDCHTETa, KOTO-
puit oxonunn B 1906 r. Smecs H. H. yuniacs y 3HaMeHHTHIX PYCCKHX
npodeccopos H. E. X{yxosckoro, B. K. Mnonaeesckoro,
. ®. EropoBa, 0kasaBmix 3HauYHTEJILHOC BAHAHHE Ha E€ro mocie-
JYIOULY10 JIEATENbHOCTE.

[To oxonuamm ynnsepcurerckoro xypca H. H. Gui1 ocrasaen mpu
YHHBEPCHTETE VA NOATOTOBKH It NPO(ECCOPCKOMY aBAHHIO.

B 1909 r. H. H. caan marucrepckue 3K3aMensl (COOTECTCTBYIOT
COBDEMEHHEIM KaIAHAaTCKHM 3K3aMeHaM) H MOJYHYHJ 3BaiHe NpPHBaT-
J0HEHTa MO Kadeape «UHCTOH MaTeMaTHKH».

B 1914r. H. H. nppuctynma ¥ 4TEHHIO JEeKNUil TO OCHOBHBIM I
(axyraTHBuLIM Kypeast B MockoBckoM yaupepcurere. Brectamuii
JIEKTOPCKMIT TaNaHT CORMHHAJCA Y HETO C YMEHHEM YBJIEYh MOJOXEIKE,
BOOAYIEBUTH €€ HAYYHLIM 3HTYSHASMOM M BCEJHTL BEpYy B CODCTBEH-
uple cuaet, H. F. ¢ camoro mavasa m 0 Komua CBOEH AETTENBLHOCTH
ABAAICA HENCUEPHaeMbIM HCTOMHHKOM CBEXKHX MATEMaTHUECKHX Heil,
NPEnOJANOCHBUINKCA MM B yBIekareasnolt Qopue. Jlexumu, kotophie
ypran H. H., noabaosanucs Goabiiofi mOnyJsipHOCTbIO H HEH3MEHHO
npusieKadiit GoJbIIOe HHCIO CayuaTesneil.

B 1916 r. H. H. npepcrasun K 3ammre Ha COHMCKAHHE YyHdeHoil
CTeneny MarucTpa JAMCCepTaumio mox HaspamueM «Mmrerpan m TpHro-
HOMETPHUEeCKHT pAf», DTa JHCCEPTauHf SBHJIACh HACTONLKO PiyGOKINL
1 (pyHAAMEHTANLHBIM HCCJAE0BAHHEM, YTO, BONPEKH CYILECTBOBABIINM
TPAJHIIAM, MOJOAOMY MATEMaTHKY, MHHYSl CTENEHb Marucrpa, GLuia
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4 OT H3JZATENLCTREA

TPHCEOEHA yuenasm Crenenb AOKTOpa MaTemaTHuecknx mayw. Juccep-
tanns H. H. ne norepsana CRoero 3HaYeHHs H B HACTOAILEE BPEMH;
B 1951 r. owa Gbita mepenssana B BHAE OTAEVBHOH Hay4HON MOHO-
rpadmn.

B 1917 r. H. H. 6uin n3Gpan npodieccopom Matematnka Mockos-
ckoro yunsepcurera. Ilpodeccopekana nesteasHocts H. H.- B Mocios-
CKOM YHHEEPCHTETE 03HAMEHOBANACH COaAalneM GobIIoro KoJVIeKTHRA
MaTeMaTHKoB, paboTaBmuX B OBJacTH TEOpHH (DYHKUHH AEfCTBHTEb-
HOMO MEepeMeHHOro.

H. H. Jlyaun cmrotun Bokpyr ce6s mayunbx pabOTHHKOB pasnny-
HBIX BO3PaCTOB: OT C(IOPMHPOBABIINXCH Y4eHHIX, CTAaBHIMX DabOTaTh
BMECTE C HHM, [0 HAYHHABIIHX CBOIO HAyYHYIO ACATENLHOCTh MaTte-
MATHKOB M3 4iCAa CTYNEHTOB W acmupantoB. H. H. eocnuran nenwii
PaI YYEHBIX, H3 KOTODBEIX MHOFHME CHITDaJH W MPPAlOT B HACTOfALlEe
BPEMA BHIIAOULYIOCH POJb B PA3BHTHM MaTeMAaTHKH.

B 1927 r. H. H. 6bin uaGpan unenom-koppecnonaenton, a s 1929r.
HeHCTBHTEMbHBIM YseHoM Awxanemun nayk CCCP. C aToro Bpemenn
aenteavtocts H. H. npotexana B ocnoshoM B HayunHIX yupeIKIEHHAX
Aragemun sayk. B nocnenmme roast susnu H. H. sosraasnan orzen
TEOpHHt QYHKUHI NEfCTBHTENLHOTO TepeMeRHoTo B MaTemaTHUECKOM
uicratyTe HM. CTexnosa u npummman yuactwe B paGore Mucruryra
ABTOMATHKH H TENEMEXaHMKH AKaeMHi HayK.

OcuoBuaa HayuHas azestensnocts H. H. nporexana B 06JACTH Teo-
pin QyHKunii ACHCTBHTENBHOTO mnepemMeHHOro; B STOi JHCIHMIIAHE
HM NOJIYHEHEl DE3YNBTATH, 0GOraTHBNIME MaTeMaTHUECKYIO HayKY Baj-
Heilmumy  oTkpuithaMH, Tpynm H. H. B TeopHH (bym{un["[ neficTei-
TENLHOTO TEDPEMEHHOTO CTAalH B HACTOSLIEE BPEMA KJaCCHUECKHMH,
rJIYGOKHe ¢ynnamcmanbﬂme HCCAENMOBAHNA NpHHALTEHAT H. H: b
TCOPHH TPHTOHOMETPHUCCKIX DPANOB H B TEOPHH aHa iTHYCCKNX (yHK-
LHil, B KOTOPOIl UM Onlan NPUMEHEHEI MeTOLI JCCTe0Balid TEOPHH
dynKunil 1eficTBATENLHOTD ne DEMEHHOTO, :

B ceoeit TBOPUECKON ]JBGUTE H. H. ve ocraganca B paMiKax YHCTO
TEOPETHIECKUX  HCCaenosaunit. H. H, npusapaexut pax paGor mo
NPHKAANHON MATEMATHKE, a UMENHO No umc/ieHHBIM MCTOLAM adaredpsl
H ana/Hza H B HaCTHOCTH uM NPOH3BE ICHEI BaX(HLIE HCCIEI0BAHHA MO
HHCJICHHOMY HHTEIPHPOBAHMIO Andyepennnanbupix  ypasneniii MeTo-
nom axag. C. A. Yanawruma, §

TIpaBHTEAbCTEO BLICOKO Ouenuno sacayrm Hukonan Hixonaesnua,
5 1945 r. or 6bU1 HarpajxIen opuenoy Tpynosoro Kpachoro 3uameni.

Huxonait  Huxoaaesny CKOpomnac c :
) OnmOCTINKHO ckomuanca 28  QeBpaid
1950 r. or Goseaun cepaua. e ¢

Hut Hukounan Hikonaepyya
BETCKOTO YHEHOTO, Teaarora
3aHHMART TIOMETHOC

Jlyauna— kpynHefmero co-
e H natprora mameii penuxoil Pofunn
MECTO B MCTOpUN copercroit HAYKH.
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T'TABA 1
IJEMEHTAPHBIE $®OPMVJIbI

§ 1. dopmyasi anementapuoi anreGpsi i TeomeTpui. Jlaa ynood-
CTBA YYalIHXCst Mbi 1AeM CAeAyIOLIHi CNHCoK 3MeMeHTapHLIx (opyy..
Haunnaem ¢ aaze6por.

(1) Kpanpatnoe ypasuenune ax’-Fbx4e=0
— b=V —4dac
2a g

llpapoda wopreit sasucnt ToALKO OT BHpamenns A =25* — dae, cTONLIEFO NOX
PAKAION 1 HazEBacMoro duckpuatnasimoar. Ecan A > 0, kopun geficteurenbisie
i pazanunpe; ecan A=~0, kopin AeficTBuTeAbible 11 paBume; ecan A< 0, Kopii
sie,

(2) Norapudmn

lgab=lga-tlgh lga"=nlga; lgl=0

a . - 1 ; =
lgp=Iga—Igh Ig "Va_v;l-lgrz. lgga=1.

Pewaerca no gopnyae x, ,—

(3) Buuom Hewrona (r uenoe noromnTeasnoe)

(@4 byt =a" 4 nav=1p 4 L=V ‘”2!_ D=1y BB—Din =2 ;z‘" —Dpu-spry
e +nln— 1 {n —i}!,..{n _k+])an-kbk+ b B

4) Pagtopnaa nl=1.2.3,..(n— )-n.

B caenyoumx dopmynax azesenmapuoii 2zeosmempun 6yKBLL F 1m
R oGosnaualor pagmyc, /z BbicOTY, S IMOW@AL OCHOBaHHA H [ obpa-
3yI0ULyio.

() Kpyr. Qama oxpynaioctn = 2%r; miolanb = =r’
(6) Kpyrosoii cekrtop. Miowags = ~;— rfa, rie a uenrpaabnmit  yroa

CeKTOpa, HaMepeninii b pamnanax.
(7) Mpunauma O0enm=Sh

8 Mupamnpga Obwen :% Sh.

(9 MNpamoit kpyrawmi nuaungp O6sem=rr*h; OGoxoBas noRepx-
HOCT = 2a/4; LONHAN NMOBEPXHOCTL = 25 (r - A).

(10) HNpamoit kpyramii konye. Ofnen= = =r'h, GOHOBAN HOBEpX-
HNCTh = wrly NOANAT MOBEPXHOCTL = wnr (r 4 1),

(11) Iap Ootrven—= 5 =r'; nopepxuocTs = 4nr’,



SIEMENT : a1
6 APHWE g0payni it

e T somuny e
9) Ycewennnii npamoi . 2
(12) ——_“-rk{R’—i—rﬁ—l-R ; “PYTand konye.
Penw= % Goxonan nonepxuocrs = =t (R
2. dopmyabl TPHTOHOMETpyy, opMy
OK&?KYTCS! IONE3HBIMH: Miforite ua cueyionust @

(1) Mamepenie yrion Hyeer

yraon,
o ocuony HX NOAOIKEHLL ABE PABNNYy g,

c(ﬂ B3 Cocofa wamepaTh BEAMHINHE
SAHMNIEL japepenns.

Fpadyesoe usiiepertie. 32 extmmy yray npiiMaeTes — nOANOFO 000POTH:
o7a CAUIMILG T1B3BIBACTER 2padycoa,

Paduannoe nssepenue. 3a ey yooo e
supesusawontiit 13 OKpYHocTH ayry, m“ga-mTl;pngu,\me"rcaecuean%y“; sTd el
Hiia Hasupaercs paduanoar. poit pania ee P 3

Ocuoiioe  COOTHOMEHUE MEMAY 1BYMR vy opyuases naMepenus AICTER
ypasuennex o

¢padycos == paduanos,
e ~—23,14159... M3 Hero Mul nonyuaey:

1 rpanye= g Pamnana = 00174, ., pannana

1 i!ﬂliall_lg_o
p = & FPaAyCoR=5729, .. rpanycos.

[a onpeaeienis Pamuana cienyer, uto wicqp paduanos 8 yaae=*

— Supesannoii dyze
e bt Y

paduye ;
Dru ypasuenns NO3BOATIOT HAM NEPeXOnuTh o7 opHoro CNOCOOA MIMEPEIHNA i
.
nw:-ﬂ?l}bouruamemm MEKRY TpuromomerpuueckuMi PYRE
Hau
g clgx:L; sCX = 2 cscx—-——‘—‘
tgx sx’ — sin x’
=207 ctga =S8,

sintxtcosfx=1 l4tg x—sc®x 1fcigtx—cscy
3 q,[,puy.nbl NpHBCREHNN Yrnos

P
Yraa Cuuye ‘ Kocimye \ Taurenc Koranremuc
s s O
s — sl x cos x —tgx —etgx
90° — X CO5 X sin x clgx tgx
90° + X €08 X — sin x —ctgx —1igx
180° — X sin x —Cosx —tgx —clgx
180° 4 % — sin x —cos X tgx ety x
9700 — X —Cos X — sin x clgx tgx
970° + x — C05 X sin —cigx —tgx
360° — x — sin.x Cos X —tgx —icigx




§3 ®OPMY/ILL AHATHTHYECKOMR TEOMETPIN HA NAOCKOCTH 7

(4 Lynruun or x4y u 0T x—
sin (- y)=sin x cos y -+ c0s X sin ¥,
8in (x — y)=sin x c0s ¥ — cos x sin J,
€o5(X - y) == C0s.x cos y — sin x sin y;
cos(x — yj=rcosxcos y-} sin x sin );

tr x4 tg igx—1ig
g (e 9= i:“g"y, tg(x—y)= 13_1,,“1""},

() Pyunkuuu or 2x u or -ﬁv

. F 2tpx :
sin2y=2sinxcosx; cosZx=cos'x—sin*x;, tgply= l—_i‘ )
X l—cosx x 14 cosx,
sm?-—-—]/ us?_:]/uT-—-.
l —cos x|
tg ==
2 l+cusx
. ! ! ’
sln-x:-g—icos‘ix; 1:05’.:._.‘ -f--cos Dy,
I6) Teopesmw caomennsn
: o X —
sin X -+ sin y = 2 sin _iz_ycos ,,y;

x+ymx—y;
+y =

€05 X +-cos y =2 cos —;—= —}—.

I-y —5.
2

sin x — sin y=2 cos

€os X — cos y=— 2sin sin %
(7) CooTnomenns AAf KOCOYroAbHOLO TPEYFrOAbLHNEKA
a b 4

SmA smB_ snC

Jawon rocunyea af = - ¢* — e cos A.

Baron ciycos

Coparyast dan naowady S—= -1)— besin A

%a" sin B sin C

e sin(B40C) '

. a-4b-¢
S=Vplp—a(p—0)(p—c) rae F:-igi-

§ 3. dopmyabp anaanTHYeCKol reomeTprn Ha naockocT, CamMule
BaMKULIE (JOPMYJLl COAEPIKATCS B CACAYIOLLEM CIUCKE:

() Pacctroanne mempny touxanmu M (x, y)n M(x, y)
d=V = F+(n— 0

Tawzenc waxaona ompesxa MM, hr==—"2—=! Y } !

Xt X W A
Cepediina ompesia x===" 5 =2, y= ht "—'.

]

=ty o



smza\!EHnmun SOPMYJIH T, 1

R ETodidexyy ABYMmg MPAMEME

A H;"ﬂ"g:‘}"::ﬁi :ngllglg b=k nng [epremLcyAAPIBIX. NPAMBLX: &, & = 1)
Vpagreile npavoi "‘J"ﬂr:;[;m ip af—”ke{_::l l‘-“x ;1 pamoi
JINEINE © Jeddonat ko -rmgéf;;m.ar: s
Y=rkx4b
Vpasrenite npastoii, nPOX0dsnweii wepes doe MOUKLL
2=y _ x—x )
Ypasuenie & ompeaiax- Ya=0h % —%

1
e

R|%
==

(4 Paccrodaune toggy M, (x,, y,) B0 Hpﬂuoﬁﬁ Ax4-By . c—q
Ax,-{-B,l'.-{—C_
=V A+ B
(5) CootHomenng MEWAY NPAMOYTONBIBIME I TONAD Ly
KOOpAMEATAMNK
— == y
X=pCOsy, y=psing p=) Ay, FTaClEL.

[ —

(6) Ypasnenue oxpymuocrn (x—af-(y—0F=r.
Lenmp (a, b).

(7) Ypasneune napatonm

Ypasuerne ¢ sepunnoii 8 nanaae:

Y =2px, doryc (—g- -0}-

P
0.%)-
Vpasueaue ¢ eepuunoii 8 moure (a, B): 5
(y—bFr=2p(x—a) oCbJ=7
(x—ap=2p(y—0), otb ¥=a

X*=2py, doiyc

Ypaswerue ¢ oceio, cosnadaioniell ¢ 0cbo (9 ¢4
p=Ax*+4 C
BHX

© Ypasuenus apyrnx xpusb i
JAMne ¢ yeumposs 6 Hauaae n ¢ PoK cyeamit K

aatie na oeu OX:

ot
luneploaa ¢ yenmpoae 6 Aavaae U ¢ @Ky
" 2

X ,_-.v... =1.
ad b




§ 4 DOPMY/IGI AHAANTHYECKO TEOMETPHI B TPOCTPAHCTBE 9

Pasnocmoponnan (pasiofionan) zunepfoaa ¢ Yesmpost 8 Havade I ¢ 0caMu
fcmpd:mam Kak eg aclasimomaii
Xy=m.
§ 4. dopmyan ananmTHueckoHl reOMETpuN B mpocTpancTee. He-
KOTOpHIE H3 HauboJee BaycHLIX (DOPMYJI TaKOBEL:

(1) Paccroanue mennay touwasmu My, v, 2) n Mi(x, vy, 2)
t{:V[x: = xr}"‘}"(yl “J’;}"I‘(Zs = z|}h‘
(2 TMpamas.

Hanpannsiomue xocheycul: cosa, cos B, cosT.
Hanpapamomne wosdduunenrst: n1, #, p.

Aan Hux
cosa_ cosp_ cosy
P e T
cos®a4-cos®fFcos*r=1,
m
Wi e — i
V¢
n
cosfi= R i i v
=Vt
r
cosy= e e
T Vw et
Jas npnoii, nposexennoi uepes (%, ¥y, 2) 1 (X, ¥y, 2}
cosa _ cosp _ cosy

Hy — &y Y= &y — &

(%) Ose npamue.
Hanpagramougie kocunych: cosa, cosf, cosy; cosa’, cosf’, cos .

]

Hanparamomyue kosqupuunents 1, 7, p; m', n', p'.
Ecan 0 ecth yroa Mexdty OPAMBEDMM, TO
cos 0 =cosacosa’ - cos f cos B* + cos y cos ',
mm" - nn' -+ pp'
y’_,}'ri:‘__ﬂz':l__je ‘jf}",;?!q_'_.‘li"_I:'ﬁri 2

cosl=

n_p

m
Vi cmil: — ===,
ca0sie nﬂ‘ﬂﬂﬂﬂEﬁbHG pred w _P'

Yeaooue nepnenduiyanpriocmi: mm' -+ nn' +-pp' = 0.
(4) Ypanuenue npamoff ¢ HANpABAAIW M UME KO3dd e i
Tamu m, m op, npoxonauwel vepes TouKy (x, ¥, )
X=X Y= i
n n PG

(%) Maockocts M niockoctn Ax - Byt Cz-| D=0 xosdmuneirss
A, B, C cytb nanpasasiouiie KoIQPUIEHTE NEPHEHANKYIIPA K IIOCKOCTL,



10 S-"IEMEH"['APHHE COPMY I =

Vpasuente HAOCKOCIIU, POX0dsyyey;
- o
i npAaol ¢ HanpasAsIou L w_;,,_ﬁgsfmne:;—’ﬁea (2, ¥, E’

Ras A, K.
A — )+ B(y_ L B,
(6) Nee NA0CKOCTH Y= +Clz— z)=0,

YVpasuenus

) u uepneuﬂfmy.»mpnaﬁ

A.X+By+ Cz“‘!"D:l},
Ax+£'}'+c’z+9'=n,
Hanpagamione kospduunents ux MK nepecedenis:
B CB-‘ cA "-AC', AB — BA'.
Ecan U — yron siemny nsyma IA0CKOCTAMN, Toraa
cosll= T___i:’"_j‘_’_Bf_r_iC: o
V A -+ B 4+ "/ f_l;':fl_"gr': = [ £

& 5. Tpevecknit adjasnTt

Bykew Hazsanua Bykem Hassamin

Aa Aanda N+ Hu

B § Bera = Kcu

I' ¢ Famma 06 Ounkpon
Ad Jeanra = [n

E e Sncnnou Pp Po

Ztr Naera Zag Curva
Hy 3r1a T ¢ Tay

] Tera To Mucuaon
I Hora Do L]

K= Kanna XKL Xn

Al Jlaudna ur g, [len
Mg Mu 2w  Ouera

IR - NS BT o



TNABAI
YLicJio

§ 6 Pauuonaisusie uncaa. Bee noJ0MMTENALHBIE H OTPHUATETh-
HLIE UEIBIe YHcaa u apo0M, a TakKe HYJb, HASKIBAIOTCH payuondAb-
HALE gucaasty. TIpeanonaraeTcs, YTO YHaulHiics 3HAKOM C GOJIbIIHA-
CTBOM HIEMEHTAPHBIX CEOIICTE 3THX YHCEJ H € MOJb30BAHHEM 3STHAMIL
YHCAaMH MO 0BLMHOMY YueGHHKY apu(hMeTHic.

Vuaumiicst 3Haet, YTO YETHIPDE OCHOBHHE JEICTBHA apH(METHRH:
CJHONMEHHE, BHIYHTAHHE, YMHONEHHE W A€JeHHE, Hpole-
JanHble Had PaUNOHAJLHLIMH YHCJAAMM, AAlOT B PE3YJbTaTe ONATh
paUHOHAJIBHEIE 4HCJA. 3HAYNT, STHM OYTeM Mbl HE MOJYYHM HHKaKIX
HHBIX 4icen.

§ 7. [Mpaxtuuecioe 3nayenue pauuonansuwx uucen. C rouxn
3PEHMA TMPAKTHKH HMKAKMX JAPYTHX 4YHCEJ, KDOME PaUHOHANBHLIX,
HaM H HE HYMHO 3HaTh N4 BBIUIONHCHHSA HHMEPEHHH.

Hapo umers B BHAY, 4TO 3ajaya (pakTHYECKOrO H3MEPEHH:A 3amai-
HOIl BEIHYMHBI BCErAa eCTh #eonpedeserinas 3ajava. llycts, Hampi-
MED HYIKHO H3MEDPHTb JLIHHY HEKOTOPOrO NpPSMOMHHEHHOrO OTPeska,
JIaHHOTO HaM ¢iuguteciu. Camble ero KOHUB! BCErjia Belb HECHOMBI(O
HEONpeieNentel, H60 BCErjila MOMHO 3aMeHHTh MAHHGLIT OTPE3a0K Apy-
THM, CTOJIb HEYYBCTBHTENBHO OT HEro OTJIHYAIOUIHMCH, YTO MBI HE B
cunax OGHAPYIKHTb 5TOH TOAMEHBI: JJS STO'O MOCTATOYHO TOJbKO,
4TOOBR! DAa3HHIA JJHH OOOMX 3THX OTPE3KOB Jex@saa 3a MOPOroM 4y i-
CTBHTENBHOCTH HAUIHX MHCTPYMEHTOB.

Taxum-T0 00Gpa3oM HMEETCS GECHYUCJICHHOE MHOMECTBO DPaUMOHAL-
HEIX YHCen, upeasbiyaiino GNMBKUX OpYT K APYTY, KaMuI0e U3 KOTOPLIX
BIOJIHE MOYHO NPHHATH 34 «HCT][HHY[Q» ANy Hamero qJI{BH‘-IECKDI'l_!
orpeaka. CeoGonoi Taxoro Buifopa ma MPAKTHKE OYEHb HacTO H MOJh-
sywrcs. Tak Kax pesysbTaT Kakoii-1u6o apud)MeTHyeckoil BBIKIAN
H3MEHHTCS BEChbMa MaJ0, €CJH Mbl CJErKa H3MEHHM Te 4YHCjia, Hax
KOTOPLIMH NPOH3BOANTCH CAMAA BHIKTAAKA, TO A4 YH0OCTBA BRIMHC-
JIEHHIf ODBIYHO COXPAaHAIOT TOJBLKO OYCHB HEGOJIBLIIOE KOJMYECTHO JLECi-
THYHBIX 3HAKOB H3MEPACMON Beqmuunel, Tak, HanmpHMep, YacTo Hpocto
NPHHKHMAIOT

n=23,14
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SHAYERNH BIE 3Hayy y Goaee TOYHOTO
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CH
5 Tamt(;mfpaigra: L stecn, s OnHux JILHBIX
yHcea Bh A dTOYHO a0q HY 3o Hape TDJIblfo panHoHa
ol TIO3BOMAIOT BRITONHATE H3Mepeyyy - PHTeNBROI npakmuiid, H

mounocmu. Ho oannx Toanko pa € Karoro yeodno cmeneivio

i % PatHOHA My o, Tea yie

HEJOCTATOYHO, KOTJa Halo peluaTty BONpOCH ro Cll?«ifﬂ cmn;ﬁ; it é =
METPHH, MeX

TeOpETHHECKoll PUSHKN C alCoMOmuy e
XOMHMO yIKe SHAHHE TaK HAIbIGACMLIX g, LHOCIBI0, HOO 3aech Heol-

Mai celiuac yBUAHN, KaK BOSHuKajgy oo ‘UOHAAbHbLX HUCER.
c.'[anyg'r MOHHMATh. STH Hopple uMcaa B KAK HX

§ 8. Conocrapnenne paiuuonany,
auHuH. [ocae10BaTeNLHOCT b pauiroxﬁif:};ib;;:’ﬁ‘iﬂ € TOMKANMH régnglc?ri:
gciody naomuas, W60 MEMAY ABYMs Taiﬂh\‘mjcq?i cana ua{:ﬁmm i
O/MSKHMH EpYT K APYTY OHH py 6h1.rm——scalzm‘|m{ :Hlmo HaiTH
CKOMbKO YTOAHO MPOMENYTOUNEIX  DaNUOA ppr e m}ac:‘u’! R
S e R S R G e xcau;:;:-r:;fé N HOBBIX
YHCE B MOCNENOBATC/BHOCTH  DALHOHAMLHEY  ayoon ?:.'m 6y xia
COBCEM He 0CTaeTcsl HHKAKOro MecTa.

Onnako yxasamnoe TEPBOS BNewaTiemye oyasppaeTcs viiyEokn
OUIHOONHEIM, TIOTOMY TO B MOCKENORATEBuOCTY papnopa bHbIX HHCEN
TOBCIOAY HMMEIOTCA MPOCOEMS, 8K 3TQ crayopyuned sonpiN, KOTHa
CONOCTABHM NOCAENOBATENLHOCTE BCEX Dalmomanpumx uncen ¢ NOCHe-
JI0BaTELHOCTLIO TOYEK HA HDAMOR Jinnpy,

4 & o
Yepr. 1

Urobr  ocynlecTBHTE TaxKoe Conocrapnenne, pogbMeM npaMyio
JHUHIO GeckoHeunylo B 00€ CTODOHLL, ma pejy BuifepeM HaYadbHyio
TouKy O § npuMeM ONPEAGIEHHYIO ENMHuny napgpr mas M3MEPEHHA
OTpe3kos. OuepnAHO, BCErAd MOXHO nocrpours orpesox, MMEIONLu
CBOEI0 aJypmoI0 J000e 33PaHEE 3alaNHOE pamnonaabHOE UHCHO a,
H HaHeCTH ero Bhpaso, JHOO BJAEBO aT O, cMoTps mo TOMY, Oymer
JH @ TOJOJKHTEBHO BIH OTPHUATENRHO. Tawy oGpazon MBI TOMyvuy
onpesienenyio KOHUEBYIO TOUKY M, K0Topyio mos;HO paccMATPHBaTs,
KaK TOuKy, cOOTBETCTBYIOULYIO PalliOHatbiony uucny a’. Cilesosa-
TEABHO, MojHO CKasaTh, 4TO BCAKOMY pankonazpmomy uicay coor-
BeTcTByeT ogHa, W TOALKO OMNA, TOUKA wa mpsmod (uepr. 1).

[Tonyuennyto TOUKY M mbl ﬂﬂﬁng?amamr ueproi M Henpoapay.
HOM; OHa-To i CONOCTABAAETCH C BINTHIM paumonaqbHEM YHCIOM g

* Ha veprewe a 03179 [OJ0IKNTCABHENT,




§9 HECOU3MEPHMBE OTPEIKI 13

HaspBaoukMes alfcyuecon Touwn A, Korma 2T10 mponenano co BCd-
KHM DallHOHA/ILHEIM YHCJIOM @, NPAMAs OKaMETCA MOKPHITOH ryCToil
CeThi0 YEPHBIX HEempospaunbix Touek J, kak €bI OCEBIINX Ha NPANON
H HAceamoumx — 6es mycTor — Kaxcapll ee y4acToK, T. €. OTPE3ok,
rae 6b cH BM Jexkan M kax 6 Manx oH HH Obint. Y BCAKON M3
THX Toyek M umeercs cuos abcuucea @, ABIAIONIAACH DPALHOHATBHLIM
yHcaoM. SlcHo, uto Touxd M ¢ MONOMHTENBHBIMH abCuHCCaMH @ Je-
AT BOpaBo OT Havyasa O, € OTpHUATEJBHHIMH abCHHCCaMH — BICEO.
AGcuucea camoro mayana O pasHa Hywo. Yem Goanuie apH () MeTH-
YeckH, T. €. GeaanavHo, BeaHuuna abeuccsl @, TEM Aafblie OT
Havana O nexur Touka M.

ST0 H ecTh HCKOMOE HaMil CONOCTABJIEHHE TIOCAEA0BATENBHOCTH
PANLHOBAJIBHEIX UHCes C TOuKaMH NpsMoOil, NP KOTOpoM BCe ToukH M
TOJY YEHHOIl YepHOIl HEeNpo3pauyHOl CeTKH HMEIOT, OYEBHAHO, COBEp-
WIEHHO TaKOE JKe B3aNMHOE PacHOMOMEHHE JAPYr OTHOCHTEJBHO IpyTrd,
KaKOE MMeIoT mexcay cobolt MX pauHoHasbHHe aGomucent a. Konen M
BCsioro otpeska OM, couzarepuiiozo ¢ 8aamoli edununelt OAuNHbG
3aBEJIOMO COAEPKHTCA B CeTH, HOO Takaa Touxa A HMEET PauHOHAIb-
HYI0 aﬁcul{c:c:y. Toukn c PanHoHaNBHLIMH abcuccamu MBI, AJA KpatT-
KOCTH peuH, ﬁy;lea{ HashBaTh IIPOCTO PAUUHOHAABHBIAIL IHOYKAMIL,
1l COCTABJIEHHYIO M3 TakHX TOYeK CeTh OyHeMm HasuBaTh TOMNE payio-
HAABHOIL Ccemuio.

Jpyrux Todex u APYrHX YHCEaA MLl IOKa He 3HaeM,

§ 9. Hecousamepumple oTpesku. Ecan OBl BCAKAA TOYKA TIPAMOIT
0Ka3aach COACpKalieiics B NOCTPOEHHON HaMH CETH, T. €. €CJHH Ol
COBCEM HE CYIIECTHOBAJI0 HHKAKHX HECOHM3MEepPHMBIX OTPE3KOB,
TOrga Bee peno 06CcToaN0 Obl HEOOLIKHOBEHHO NPOCTO: B 3TOM Ciyuae
Ka)(laa Touka mamed npsamoit Hmesa Obl palHOHAJBHYIO abcmuccy
H, 3HAYWT, MLl HEe HMEeSsH Ohl UH Madedmeld HYXIE B KaKHX-IHOO
HOBLIX uucJax, HGO TOrza OJHHX TOJbKO PallHOHAJLHBIX YHCeN Obl-
70 6Bl JOCTATOMHO JUIA BLIDAMEHHA #CeX TEOPETHYECKHX COOTHO-
HIEHHIT.

Ho, neficTBHTENBHOCTD OKASLIBAETCA I'OPasf0 CHOKHEE, M OMHHM
H3 BeJAHKMX OTKDEITHIl, CGMaHHBIX, BHAMMO, B rayGoKoil JpeBHOCTH,
SIBJTAETCH YCTAHOWICHHE HAJTHYH OTPE3KOB, HecousMepumnx c r?crﬂ»
noit edunuyeit daune. TloBranvoMy, NEpPBBHIM DPHMEPOM 3TOFO poaa
Oblia duazonaas Keadpama, CTOPOHA KOTOPOrO NPHHATA 34 €AHHHILY
JUTHHE *,

1310 YTRePICHNE ABIACTCH NOCMYARMOM, CIAIANHBIM C HAUINN OGBIMHLIM
npexctasaeuies o npasoi,

* Heapsn ycranoniTh fame npuGansutensio ppems toro onipuna. [pesaune,
nphnncepaiomee ero rpedeckoMy duaocopy IMdaropy (okoao 2500 aer wasan),
fD:\'paiIUﬂO caennl CHALHOTO BI‘IC\IJT.’I{:IEIUI, BRISBANHOUID STHM l)Tli[}l:ll'iiC!I B lipeshest
Mupe.

: Onuako He wnexmoueno u To, uro Mparop noswakoMwics ¢ UMM BO Bpeya
CBOBIOD II)'TEII.IECTBIUI: no BU(TU“}'. H YTO CBEelenHs o L‘}'liJ.(:C‘.I.’]!UI.IEMl]IH I[eﬂUlBMBPIIMIJI;{
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OTI0KHB TAKOH OTpesor o MO
Haya, cero
10 CAENdTh, 34CTaBUB gy 13 O — qyrg npome B

dHORaNE OET whans, auaiouLy e
oxono O Kak Tsepawif CTepicens, y nac-phmijél p(;EI’J BEPHM.Y i)
noayuny 104Ky A, kotopay pe cog Y

aJlb-

J ¢ g TEETCTRY e HuKakoMy PalioH
HOMY MHCAY H Y, KOmopoi, cmpogq ?OSO;)R} e M”ﬂ”xamz S
cynccst (MEPT. 2). A may gy HMEeTCA  Gecupenenioe MHOKECTEO
PASAMUHBIX JJHH, HECOU3MepHy Ly o CAunuuei pacmraba, TO OpAMan
it oxaspipaerca B GECKOHCH:

r HOe wmeno pas Gomee OoraToi

\ CBOMMH Toykanu, 4eM HOCJIEN0Ba=

[ TCILHOCT R paunoEaJbHEIX qRCEe

1 CBOMMH  ypcnaMu. JHa4uT, pac-
—————-__._.4'___________ CMaTpuBaeyoe conocTapneHHE ‘ro:
& £ty MK ¥ ypces BRILYM(IAET HAC
Yepr. 2 npusnarTh HEKOTOpYID HENOJHO-

TY B nocnenopaTenbHOCTH paﬁnz-

: alK -

2ofl MHHHUH ML ODHNHCEBaey pey, H]?i'::[rlg;x lliice:écqu?gﬁioemo"rc}E'lu

e MOS0, s e
HOCND.

Econ NpPencTaBuTh cee PaUHOHaNbHLe Toun wepHpIIH H HEnpo-
gpauHbIMH, @ BCE ODYTHE Toygy TPO3PaUHEIME, TO Mbl, CTAB NPOTHB
cseta W JIEPIKA HALLY Npsivyig nepes r-‘TaaalMH' ymma:m o T
BAIOWUNECH BCIOAY GECKONEYHO Togeme JAyun ceeta MpoMIE /e Uepes
TOMKH, CDOTBE'l;C’I'HYIOLUHE KOHIan OTpE3xoB uccsnaliemt.\m]x C Dpu-
wnToil eAHHHUEH AMIHEL, ¥

OIREIKLOD BORROMT X DIYOUHAM @ecnpa. sasuncucioit wyaTYpe. B mame mpems
HakT HECUOHM3NEPUMOCTH OTpeakop CTOHT HAPRLY co MuOrHME APYFHAR shaKTamn
HenoaMoKHocTIL. Tak, nentes naa PaBUoOOLEMbIe TeTpasapa, KOTOPHIC HEBOIMOIK-
10 pacceih Ha NOMAPHO TOMACCTECHIME Gonee MEAKIE TETPAIAPLL, HEBOIMOMHO — C
JOMDULLIG SRRy 82 £ AMe ) = Saanenn i v paBiibie Y4CTH Yo PauiiocTopo-
HEP'O TPEYFOAbHUKA M T, 0. Kamnoe rtaige YCTanosaenne Hepo3MOMKIOCTH ABARCTCH
CYULECTRCHHLIM WArOM B XORE Hawmmx ayayiod.
/ #oMiempueckos paccyuenne Muparopa o saammo HECOUZMEPHMOCTH CTO~
POHRL 1 ANATONANH KUIXPATA MMECTCR B0 Beakon nomHOM yUeSUIKEe TeoMeTpiiL
ApudNemLeckoe we nokasateqnerag TAKOLO; NANNA AHATOHAAN KBANPATA, CTO-
PRIRHEOTOHORD ECTE AN MR — WP Iy oo e et o Ao
ApoGbio. B casou nede, nycrn, ecan Bo3MoMmI0, Gyner }/ 3= ;:_ , £AE X I Y neane
uuc/a, He UMEIOUNE OBllero aeiurtenn,

BU3I.'-].|.|[155H oge HJICT;I B HKEBaJipar, mieey
2:"—,, T. e 2y =x Buaunr, e

08 X ponno GelTh YETHBIM, T. & X= 2x
roe x* ueroe. Moacranaaa 3TO BHIpaNiedne a4y

xoeen 29° — 4% 1. e yr—10y%2
Nipt BHINM, MTO H HEACE Y OGs3ann Tay

e ObITh Yemitstar, 4TO DPOTHROPEUNT npen-

x =
HOROWEHHIO O HECOKPATHAMOCTI Apobu —-. Mrak, V2, ue OYAyw: Hi ueamm wic.

f0M (Koraa y=1), un npoSuio, e MOKET GLITh 4ilcaA0 PARUOUAIL LI,




§ 10 HPPAIHONAARHBIE HCAA 15

§ 10. Uppaunonansneie umucaa. Ecam mpl sxesaem nayuaTh nps-
MYIO JHHMIO apudMeTHYECKH, TO, TaK KaKk MOCIC0BATENBHOCTS
PALMONAJIBHBIX UHCEJ OKA3BIBAETCS HEJOCTATOMHOMN, SBAACTCH HEOOXO-
AAMOCTE B NONOJHEHHH Halleil MOCJe/0BATEBHOCTH HHCET TaKiM
00pasoM, uTOOLI OHA MOAYYHIA TAKYIO JKe CHAOMNOCMb, T. €. HoA-
HOMY WA Henpepsiéxocms, Kak W caya mpaMas JiHHA. ST0 A0-
CTHIAeTCsl BBEJACHHEM uppaiiUoHaAbHbLX HUCE.N, ONPERLIIEMbIX JHLIL
npH HOCpEﬂ.CTBE PanHOHANBHBIX YHCE.

Pamin s1oit kuurd He [M03BOJAIOT HaM Pa3BHTHL 3A€Ch OAHY 13
0OLIMHLIX TeOpHi HppauHOHAMbLHBIX uHcea. [losToMy MEl orpaHHUHMCA
TOJBKO TEM, YTO OCTAHOBHM BHHMAHHE HYHTATENA Ha CYULECTBOBAHIH
MPPALHOHAJBHBIX YHCEJH M HA CJACAYIOUIEM NONOMKEHHH: Uppayuonals-
HbIE HUCAQ COPEPUEHHO 3ANOAHSION 0C€ NPOCCEmbl, UMenecs o
NnoCAeA0BAMEALHOCTIN PALUONAADHBIX HUCEA, . €. Mbl HPUHIIACAL,
UNIO. GCANON 1OUKEe UPSMOL COOMECIMCMEYeN] HUCA0, PABUOHAALHOE
HAN UpPayuOHaAbHOe, HA3biEaeMoe aOCyuccoll Mol MoK, i 00-
pamuo.

IIIIFI!I]‘||I||IIIIP|IF!IFIPIITI|I|I1|II||'I||'PF|‘
7 M

Yepr. 3

ApudmeTHuecKn Ke HPPANHOHANBHEIE HHCAA MOTYT OBITh
NPEACTABAEHH B BHIAE OECKOHEUHbLX Jecamutnbix Apofesi. Utobel Bu-
JIETh KaK STO BLIXOJAMT, NPEACTABAM cebe, YTO HaM HYKHO H3Me-
puth ¢ abCOMOTHON TOYHOCTBIO JJIHHY HECOM3MepuMoro otpeska OM,
JeXKauero Ha npamoit (uepr. 3).

C aT0il HEMbI0 MBI TPHEJAJBIBAEM K TIPAMON HIealbHO-TOUHYiO
H3MEPHTEJLHYIO JHHeiiky, pdasAeneHHylo ua amemps,, deyusenmper,
CaHMuAeMpst, MUAAUMENPEL U T. L. G0 Ceckonetnocnu. Cnoso ¢mMeTp»
3[€Ch B3ATO TOMBKO B CMBICIE EAHHHUB JITHHEL; CYUIECTBEHHBIM fB-
JAETCA JHIIL TO, 4YTO KANMIOE [AeNeHHe Hallel HaMepHTENbHOH -
HefKH pasiesieHo Ha JeCATh JadbHelmux Gonee MeNkux gejeHui,
TAaK YTO ¢JEUHMETPs 0003HAYAET MPOCTO '/, EAMHULEI JMIHHBL, CCAHTI-
METP» /o, «MEIIHMETDY [0 W T. I

Camulfi npouecc HaMepeHus AJHHLI HECOMaMEepPHMOro oTpeska 04
MBI BEIEM METOAHYECKN CaAeLyIOUIHM obpasoM: ;

[Meppuii mar. 3acTaBifeM JEBLll KOHEN H3MEPHTEILHOI -
Heiikin copnacTh ¢ pauadpHOl TOUKOIE O M 3aTeM TPOYMTHIBAEM Ha
JHHENKe Aracuiaabioe YACHI0 HOA/#btX METPOB, COMEPKALINCT B O/,
Haumuan or Toukn O. [lycTs 370 Oyner a, merpoB (Ha ueprese 3
a,=3).

Bropoit mar. OcraTox H3MEPACMOIl IAMHEL, COAEPIKALLIICH
Mexuly Toukofl @, METpoB M M, UMEET JAJMHY MEHBINYIO MeTpa. Ml
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NpOUNTHIBAEM Ha H3MEPUTENLHOI NHHelike Maxcusaapnoe uncao 0O
WX JCIMMETPoB, CONEPKALUIXCA B STOM ocTatke. [Tycth 510 GyAET
@, JHeLUHNETPOB (na ueprexe @,==7); scHo, uro meerma @, <%
T e, 4yTO leJoe 4HCIO 4, eCTb MPOCTo yudipa. 1

Tpernii war. HOBulil OCTaTOK u3Mepremoii pmansi, cosepia-
uIHiicA MENLY TOUKOH o NETPOH —@, nenuMeTpos u M, HMeeT ATMHY
MenpuIyio jenuyerpa. Mbl IPOUNTHIBAEN Ha u3MepuTenbHoll auHeilke
12 KCHMATBIOE YHCHO TONHEIX CAHTHMETDOB, Cozepiaiumxcst B STOM
ocrarke. [lycts 510 OYIET @, CAUTHMETPOB; sicHo, uto @, TAKXKE
cctp ungpa, T € @y =<9 5

Z7oT MPOMECC Bbl TPOAOMIEEM, AeNad YeTBepTH H, =l
H nanbneﬁmﬁq maru.

e e OM 1o npeanosomenno HECON3ME
pHMBlit € €AHHHIEM IDNUHBL (¢METPOM»), TO Halll H3MEPHTENLHbIH HPO-
lecc He MOXET SaKOHUATHCS HA KOHEUHOM Iuare, motomy uTo TOUKA
] HuKOrza CTPOTO HE NONANACT HU HA OAHY M3 Messiuuix TOHEK M-
peiixn. [MosToMy, €CaH M, 0a nasiamn BRMHWEM nonpaa ofHy 33
bl yrm"s npolIHTaHthae Ha JHHEHKEe uﬂtbpm._oulemm HAYaNBHOE 4HCI0
dy 07 FEX Bl HecKORtaeMbll npoyecc uaymepenus pas:
gegient neped HaMU €CUHbIL yeabHbll GecroHednsil cumeon

ao' ﬂ'l {Ia aa---a"-..,

cacmﬂmfﬂ!ﬁ 13 GECKOHEYHOZ0 MHOICECnBa Bugp, nOCmagsaennb.x pi-
cdosm dpye € dpyeos, @ Ha3veaesblil CECKOHEUHON Oecamuins

dpolbio. <
Jlag N MOUHO20 H3MEPEHUs s70T GecKOHeuHbll CHMEON, Pa

r.IEeTCﬁ- CJ‘]Y)KHT‘B HUKAK HE MOMET, ﬂU'rOMy YyTO HEeAL3H JKEe HA cahd
jJene CAONKHTE, B GyKBATBHOM CEPhE3HOM CMBLICIE STOFO CAOL
GecKoHEUHO MHOMO ClATaeMLIX

45 S 1
@+ 15+ o6+ 100" - -

OnnaKo yuasamim'{ GECKOHEUHLI CHMBON @, @y @, @y oo oy - os
ouenp ynobes A NPUOAUICEHHO20 USMEPEHISL ¢ A1000L cmenenbio
oHCCHE JleficTBATENBHO, 06pEIBag 3TOT GRCKOHEUHBIIL CHMBOM OCTA-

____._—-—-'-'_
+ Hukto UMKOTAA HE MOT, He MOMET W He CMORET CADKNTL B Gy KBanLHOM
cppicae CAORE GeckOHEMHO MHOIO CaaraeMblx. ¥ ecan FOBOPAT O (CyMMe» 4aeHOB

GeckoHeio yﬁuuammeﬂ reoMeTpHUECKOH nporpeccuit Bpoac o1 o T .|..F + ...+
1 dees 1O yuanuiiica Jlommein nce BPeMA MMeTh B BHAY, HTO cyMMa STa
i

:‘,Mmgm:mn,a ecTh ANk npedea cyMuEt S, cocTangenioll U3 NEpHLIX n uNenos,
:emwpmiy 1@ CTPEMITCH UPH GCCNPEACALIOM BOIPACTIIN UHCAA 2 BINTEIX 4IEHOD,

== e —
- e -
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CTORHHO COJIEPIKHTCA MEKIY ABYMS KONeURpiwt necaruuuLIMA APO q‘:ly“;
U3 KOTOPEIX MEHBUIYIO TMOMYHAIOT, Mpocto gcrapapmipas 6ecmueﬂem_
Apobb Ha Kaxoii-nuOyab /- undpe, 5 Boabiryio mosyyaior, Y
ujiBas Ha EHHHIY HOCACHHION nudyp

s = AUEM
Y Octanossuennoit ApobH, TP
obe 3T JIpoGu COMMKEHB MENY CoGoj Ha )

107 -
DTuM YCAOBHLIM DABEHCTBOM (1) apudyvermr m HOAEAY CTEE :(;i;?o
MaTHYECKAl AHAJNHS, Ha3ssas “Ppayuonaipupiar qucA0M {)poén,
GCAKYIO Henepuoouieciyio Oeciioneyy Vo decamutnyio & aueAD
a., @, Gy Qg --Gge-- W DACCMATPHRa 310 uppayuoHdaabio e
Goaputusr 0CK020 NPUOALLICenty e "edocmamicy u Menbi
kG20 NpUOAUIICEHILT 1O U30bincy.
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§ 12 * HEACTBHTENBHHIE HICIA 19

noM V2 u womopoe aesterm sedicdy OecamutHbiIs RPHOANICEHUTMIE
1,414213 u 1, 414214, pasnocis konopsx pacia OJHOI MUAAUOH-
HOl.

§ 12. JeiicreuTensnpie umuena. Bece BMmecTeé pallHOHAJBHBEIE 1T
HPPALOHABHEIE YHC/IA HA3LIBRIOTCH OCucmaumensrsiiil Wil gelie-
cloenHsAE ncaayn. $IcHo, 9T AeficTBHTEeabHLIE 4Hcaa 00pasyior,
KdK H palHOHaJbHBIE 4YHCJA, MOCIENO0BATENLHOCTb, PaCHOJArafich B
NOPAMKE MX BO3PACTaHM#A; H3 ABYX HEPABHLIX JECTBHTEJLHBIX HHCEA
a u b ogno seerpa Goablne apyroro. Beikoe noJoHTensHoe  HHCI0
GoAbIIe HyJA; BCskoe OTPHUATEBHOE uncno Menbme nyas. Can e
HYJb HeliTpanen; He OyAyun HH NONOMHTEJBHLIM, HH OTPHUATELHELM
YHCJIOM, HYJb ABAAETCSH JHIIL PPAHHUEN NOJOMHTENBHBIX H OTPHIA-
TeNBHBIX YHCEsn 1 Gaarcgaps 3TOMY, Kak YBHAHM [dfblIE, HMEeT
COBCEM OCOOGHHLIE CBOICTHA, KOTOPRIX HE MMEIOT ApVIHE HHCJA.

Cummon > vyuraerci «GoJblie YeM»; CHMBOA < HHTAETCA
«MeHbme vens. [Tostomy, urofbl mokasaTe, HYTO YHCJAO @ DoJbLIE
yitcna b, mumyr a > b. Popuyaa @ >0 yxasusaer, 4To YHCIO @ M0O-
nowureasio, Touno Tax e dopuyaa b<Z0 ykaspiBaeT, 4To & OTpu-
HaTEAbLIHO.

Bce rakgne diopmysnl HaswBaoTcs Hepasercmeasni. Hepasencrsa
MOMHO YMHOMMHTL HA noaoscumesnee qncna. Tawx, ecan a<h, To
COPABEJAMNEO M HEPABEHCTEO ac < be, ecnM ¢ NOJOMHTENBHOE YHCJIO.
HaoGopor, yMHOKaa KaKoe-HHOYZL HEPABEHCTBO Ha OMIPUAINEABHOE
YHCaO, IIEOGXUHI{MO NEPEMEHUNTY cayoe H(IH[JH{TJEEHHE HE{J&S{:’HCN!BG
wa obpamnoe. Tak, ecan a<_b n uucao d orputarensno, 1o ad<_bd.

Cumpos = uuraerca «6oJbIe HWJAM PaBHO» W CHMBON = YH-
TAETCH “MEHBIITE HJAH pa BHO». l'loa'm,uy, eCJH HHCID a He npe-
BOCXOIHT umcaa b, mumyT: a=6.

B sr0il Kkiure, €cH He CAEMAHO OrOBOPKH, PACCMATPHBAIOTCA TOABKO
nefiCTBUTe bHEE YHCTa,

§ 13. AGcomotnas eeauunna. [lon abcoaomuoi seanunnoi neii-
CTBHTELHOrO YHCJAA @ TIOHMMAIOT €ro BeJHYMHY, B3ATYI0 0e3snaiuno.
[NosToMy CAeLYET OTJIH4aTh A0COMIOTHYIO BEJHYMHY AEfCTBHTENBHOrO
yyeaa OT €ro anrebpaHyuyeCcKOod BETMYHHBI, KOTOpas BCErAa mi-
WETCH WM MEICAHTCS €O 3Ha KOM. AGComoTHAS BeqHUMHA yHCIA @
odoanayaerca cumponoM |a|. Tak, umeem:

|-+8l=8, |—=7=7, |Z3=0}j=0.

s aroro onpeaenennsa NpAMO CAEZYIOT ABA NOAOMCEHMA:
L. Abconomuan seawtuna aazefpaunteckon cysas e GoAblie
CYALMEL @OCOAIOMHBLX BEAUNIN CATRACMBIX, T. €.

latb—cH...|<l|a|41b0|+lecl-|. ..

Hanpimep:
|[T—348—13|<<T434+84 13
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1. AGconiomnan eeaniuna pasnocmu OGOAblie WAL pasia pas-
Hocmu QOCOAIONIHELX BEAWIUH, T. €.

la—bl= lal — b

NoxasateabcTno. [leproe npeaionenne, npuMeNeNHOe K TOMACCTRY
— (2 — b) -+ b, maer |ai=|(a— b) 4 b]<<|a— b| 4 (#I. Otciona nenocpencreiio
caenyer, uto |a — b = {a| — [4[.

ViaieM eile Ha CNenyIoulee MOoJOMeHHe, TAKKe TPAMO BhITEKA0-
miee M3 CaMOTO ONPEACNeHHs aGCOMIOTHON BEJHYHHBL

[1I. Abcoaromuas BeAutUHa NPOU3BEOEHUT U HACIMHOZO 8 1oy-
HOCIL PABHA HPOU3LEE0eRUI0 1t HACIHOMY GOCONICNIHBLY BEALYUN, T. ¢,

la-b-c-d\=lal-1bl-lel-d\  |5|={5}-

§ 14. Jlenenue Ha HYJb 3anpemaetcd. Bo Bcex mMaTeMaTHuecknx
cyeTax, TEOPETHUYECKHX H NPaKTHUYECKHX BBHIKAAJAKAX Y4aulmiics pe-
paveHHo 0013aH DYKOBOIHTBCH OJHHM M3 CaMbIX BaX(HBIX TIPaBHA
MaTeMaTHYECKOTO aHalH3a:
fejeHne Ha HYJb GesycJ0BHO HeJONMyCTHMO HH B OJNOM Clyuae.
Sro MOKHO 0OHADYIKHTb CaMBIM OTYET/IHBEIM 00pasoM. s srtorg

1
AOCTATOYHO JaThb cebe oruer B TOM, YTO Taxoe 4aCTHOE i ABYX YHcen

a 1 b. OCHOBHOE NOJI0MERHE 8pﬁ¢.\seﬂﬂm TJIACHT: «YaCTHBIM IBYX nap-
HEIX uHcenr a H b maseiBaeTCs TaKoe TPEThE HHCJO €, KOTOpPOE mpu
NOMHOJKEHHH Ha HEro Aenutens b paer genumoe 4, T. €. AJA KOToO-
poro ch=a»: 5

B cuay 3TOr0 YPE3BBINAIIHO ACHOro ONpejeseHHs AENEHHE HA Hy.n
xaKk pas § HEBO3MOXNHO. B camom nene, mazmo paccMOTPETH ToMbko
npa cay4as: BO-IEDBEIX, KOPJIA NEIHMOE @ €CTh HYJh, H BO-BTO-
puiX, gorjga AEJNHMOC @ HE eCTb HYJb.

B mepsoM CayHag, E ecmp noanasn neonpedesennocmy,
,ﬂ('ﬁCTBHTEJIbHO, KOria U JemiMoe @, W AenuTens b oba CYyTh Hymy,
1. e. koraa a=0 1 b=0, Toraa Bcakoe unMCaO ¢ YIOBJAETBOPAET pa-
BCHCTBY ch=a, NOTOMY HTO Kai(ioe YuCJI0, IPH YMHOMEHHH ero mg

0
gyap AaeT HyJb. IMosrouy, o 1 eCTh MOJHAA HEOTPEACTCHHOCTS,
T
Bo BTOpPOM cilyuvae, T He usreéem HUKAKO20 CMBICAQ, ecan

a oTAH4HO OT HYJL. ﬂCﬁCTBIiTerHo, TNOCKOJIBKY TPOM3BEAEHHE ReCs-
xorog yacja Ha HYJIb CCTh HyJb, MOCTONbKY HET HHKAKONO HHCaa ¢,
w-ropoe, GyAyuH HOMHOMECHHEIM Ha HyJib, AaJ0 OBl YHCIO @, OTJIHYy-

Hue oT HYJ.




§ 14 NEAEHNE HA HYNb BANPELIAETCH 4|

Orciona crepyer, uro obe (opuu

Dni
R

SIBNAIOTCA TOMBLKO KAJK YW MMHCHA MaTeMaTHYeCKHMH (op-
MyJaMH: neppas aGcomoTHO Gecrnonesna, BTopas a6comorio Gec-
CMBIC/IEHHA.

Takny o6pasoy, denenne wa Hyas ecmb Oelicmsue scezda Hedo-
nycnmusoe.

Kamymniica mapanog I rarace 0CTO-
POMEHOCTH B Oﬁpﬂluelilm CIYIEM, MbE K ™
YHamerocs, YTOOK Ol CaM OTLICKAA T/
ALEY HAZANNOrD Npanwia.

Boaunes wicao @, oTanNHOE
nuecu pasencroo ab = a°, Buyntan i

el —bt=
Paznaran ua muonmreaell aesyio npanyi.
bla—bl=[a+b]a—
Onyckan ofuwnit MuomuTens y Aepodf n npanoii wacredf, nas
b=a4-b.

Tax kak, no cACAAHHOMY NPEANOAOKENHIO, YHCAO & PABHOMY YHCAY
deHero pasencma (J‘IEJI}'eT, HTO

a=—2a,

Jlean ofe wacTH 3TOFO PaReNCcTBa Ha YHCAO & (YTO BNOJHE 3aKOHHO,
OTAHMILG OT HYAs), MBl HAZOMNM OKOHYATEABIO:

=2



TITABA I1I
BEJIHMYKHA

§ 15, O penuunnax pooSume. He comemyer cmemmsate mnonatue
guc.ia C NOHATHEM geawtunit, Uncno seeria omeaeyenno, Tak KaK mno-
J'I)(‘IHETCﬁ B peaynb’ra're HlIJElPlBH,I[ya."IbI-IOl"D HSAiEPEHHﬁ; T[DQTOM_Y YHCHO
pcerna EAHHHMHO, T. €. Kak Obl KPHCTAJIMYHO, H HECHoCoDOHO, camo
no cebe, HH K KakoMy naMeHenun. HanpoTtus, BenHYMHa BCErga wou-
Kpemna, TAK KaK ABIACTCS KQUecmgoar Tpeiyera; NO3TOMY BEeNHYHHa
pcerga kai Oul aMop(iHa H B BEICOKON CTENeHH CKIOHHA K H3MEHCHMHD,

BenuuuHbl OBIBAIOT CaMBIX pasHoOGpasHBIX ponoB. Beakam maywka,
M3y yaioulas MPHPOAY, HMEET AEJ0 CO CBOHMH COOCTBEHHBIMH BEJIH'H-
HaMH, XAPAKTEPHBEIMH AnA Hee. B ¢fusuwxe, wanpumep, TeMmmepaTypa,
TenoeMKOCTh, YHOENBHLIH BEC, CHIa 3IMEKTPHYECKOrO TOKA CYTh he-
AHYAHEL, B Mexarukxe BeaHUHHAMHM ABAAIOTCH CHOPOCTH, Macca, Ti-
HECTh; B 280MEMpult — JJMHA JIHHHIT, YObl, TVIOMIA1H, OOBEMH i T. 1.

HecyoTpa na upessniuaiiHoe pasHooGpa3iie BeNHUHH, Y BCEX Y Hux
MMeeTcA OfHO obllee CBOHCTBO: KaMaas BEeJHYHHA MOMET ObIThb H3ie-
pena eAHHMUEN BEMHYUHEL STOrO Jice camoro poxa. Tak, mimHa Hane-
pAeTca eHHHIeH MINHEL — Arempos; TeMnepaTypa U3MEPAETCA COuHu-
nei TemMnepaTypbl — ?.pat) YCOM; CHIA SJIEKTPHYECKOTO TOKA H3MEpfeTca
cBoell enMHHUEl — asneporm u 1. . Kax Obio YK€ yiKasano, pe-
8yJIbTATOM TAKOTO M3MEDEHHA MBJAAETCA BCErja OTBJICYCHHOE uHCmD,
BhIpaJKaioniee coboit mMepy paccMaTphuBaeMofi BEeJHUHHBI B NPHHATOI
L5l Hee exHHHIe MmacinTaba.

OmeoaetenHoe LUCA0, ROAVLAIOWPeECH KaK PesyAbiain u3sepenis
dannoll KOHKPEIMHOl seawuns edunuyeli Macimalia 2moio ace poca,
HQaneaemes HUCACHHBIM JHACHUCN PACCMAMPUBLENOE BeAt iy,

Taxum 00pa3oM SHaYedue seAnyunst eCTb BCETAd OMBACHeHHoe
41cAD.

B namearamuxe geaniuny oGosnauaiom npocmo 0Yeol, tanpuiep
X nAl @, KOMmopas MOJNCem carosumscs meir Al UH6IA Omsaetey-
HOLM HUCAON.

Imo omeAeteHHOe YUCAO0 HASHOAENCA (HUCACHHBIM SHAYEHIIE Ay
MEMeNQIMELeCcKol CeAULUHE X UAll .
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MMpo 310 oTBJEYEHHOE YHCAO, TPHNHCHIBaeMoe Gykpe X WaH a,
FOBOPAT, YTO OHO «NPHHHMAETCA» MATEMATHUECKOH BeNHYHHOM.

Baaronapa tawoii Touke 3pEHHs Ha BeJH4YMHY BOOOILE, MaTeda-
THYECKHII aHanMa moCTHr upesskruaiinofi MOUHOCTH B rubkof mpHJIc-
ICHMOCTH K PasHOOOpasHE MM HayKaM H OTAEJaM TeXHHKH, Tak Kak
JIODYI0 KOHKpeTHYIO Benuunny, Hab/I01aeMyI0 B JKHBIH, BCEr/1d MONCHO
0003HaYuTh BYKEOH X HIH @, 8 IPO UYHCIEHHOE SHAYEHHE 3TON KOH-
KPETHOH  Benuumebl, NONYYEHHOE NYTEM €€ H3uepenus, BCerja
MOX(HO BEIPA3HTLCA, YTO «OHO NpHHHMMaeTchn Oykmofis, T. €. NPHIH-
CaTh 3TO OTRAEUEHHOER HHCJAO Hawmeld OyKBe, Kak €e «4MCJIEHHOC 3HA-
Henuen.

§ 16. Ilepemvennas Beanunna. B Texyuiell XH3HH MOYTH BCE KOH-
KPETHEIE HAOMIONAEMBIE BEJHUHHB! FABIAIOTCA NEpeMesHbiil, T. €.
HBMCHSUOLIHMHCS ¢ TEYeEMeM BpeMEeHH, XoTa Ob u memuoro. Ecam s
Opocaro Beepx KkaMeHb, Ero pacciosiite x 00 NOSEPXHOCMI 3eNAn
€CTh, pa3ymeeTcs, BEJMMNIA IEpPeMeHHas, NOTOMy HTO STO pacCTos-
HHE CHayasa yBeHyMBaeTCH, NOKA KaMeHb YHOCHTCA BBEPX, a 3aTeM
HavpeT YMEHblIATLCH, KOrAd KaMeHb, JOCTHFHYHB BBICLIEN TOYKH, Ha-
YHHEET najaTh, W DO KOHEL CTAHET PaBHEIM HYJIO, KOrAd KaMElb,
ynas, 6yAeT NoKOWTeCH. SHAYHT, B STOM CJAY4ae PACCTOAHHE X €CTh
BEJNHYAHA NepeMeHHas, T. €. HMEIOULAA B PASJHYHLIC MOMENThl BEPCMEHH
PasiHuHEe YUCJEHHLIE 3HAHEHHI.

Mpi ciazami, yTo B KHIHH NOYTH BCE BEAUYUHb SBASIONCA NEpe-
mendvimu.  Jlaxe Tam, A€ BHHMATEJLHOE HAOJIOAEHHME KAK-0YATO
A3CT BEJHYHHY MOCTOSHHY10, G0J€E TOHKOE M3MEPEHHE TOMHBIM YYB-
CTBUTENbHEM nprGopoM OOHAPYIKMBACT, 4TO HAOMONAEMas BEJHYHHA
BCE-TAKH €CTh MepemelHas, HAOPHMEP POCT yYallerocs B TEHYEHHE
OIHHX TOJNLKO CyTOK. [IpHBEIUKA 33CTABJSET HAC CYNTATH 3TOT POCT
B NPOAOMMENHE oaHOrO OHA OLHHM M TeM xke. Ha canom e pene
H3MEepenne TounbiM npuGOpoM OOHAPYIKHBAET, YTO YTPOM POCT BCErid
HEMHOrO BHIIIE, YeM Be4epoM, KOrfda HAKOMHBIIAACA 33 ACHbL yCTa-
JOCTh, kakoii GL] HE3HauYNTEAbHOH OHA HH Ka3adack, 3aCTABMACT He-
H30emno MYCKY./1b! ocnabesaTh H IBNAET OPraHH3M HHME,

Kax ofwee npasnio, BCAkas Beanuuna, HaGniogaevan B peficTsy-
TCALHOCTH, ecTh nepevenpan. JIMWb Hayinoe Mwotuaenne BUANT B
TEKYUIEH JKH3HH TOCTOMHHBIE BEJHYWHEL, HANPUMED, KOTAAa Peéub HIET
0 3aKOHax coxpaienis SHEPTHH HJIH KOJHYecTsa MmaTepuu. Mul yxe
BUAC/H, 4TO MAaTEMAaTHUCCKHIl AHAHS BCAKYIO KOHKDETHYIO BEJHYHEY
0003Havaer Gyiporn. M Tax KaKk KOHKDETHAA BEJHMuMNA BCE BPEMA
MEHAETCA, To maTeMaTHUECKHIl auaiu3 pomken coobpasiio sTOMY
NpeAnoaraTe, 4To 5Ta OyKBa BCE BPEMs MCHAET CBOH HYHCJGHHEIE
3HaueHus.

Hanpusep, ecan B ciyuae Opourennoro kamua Gyxsa x ofosna-
Y3AeT paccTosHHE €ro A0 3€MAH, TO YHCJICHHOE 3HayeHue 6y1(i3lﬁ X
S4BHCHT OT BpeMend M MEHACTCS HENPEpHIBHO, CHAaYaia yBeJHuHBasCh,
@ NOTOM yObipan 0 HYJf H OCTaBasCh, AANEE, HyJeM, €CIH Mbl He
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TPOraeM KaMas # NpeHeCperaeM MesKHMH COTPACEHHAMI MNOYBHI,
KOTOpBIe BCErjia HMEewTCs. Takun 00pazoM: NepeMeHHas GeUtuna
& samesamutecKos arnaausze ojosnaraemcs 0yxeol, nanpuyep X,
KOMOpan ¢ MEeHeRIEN OpPeMEeHl UIMEHSEN c60e 'UcAeHHOe 3na-
yerue.

CoenosaTeabHo, €CAH X ecTh TepeMeHHas BeJaHunHa, TO Gykpa X
o603nauaeT B PasHLIC MOMEHTLI BPEMEHH Pas/inuHble uncna. To uncio
KoTOpoe 0003HaYAET fyxBa X B JaHHBIH MOMEHT, HasblBaeTCH nate.
Huel NepeserKoil BeAUHbL X 8 dannbtli mosenn. 310 JHaYCHEE BO-
oB1IIe HIMEHAETCA OT MOMEHTA K MOMEHTY. 3TO 00CTOATEJLCTBO YacTo
BBIpAXKAIOT CJIOBaMH, TOBODA, YTO «IEPEMEHHOE X NOCJEAOBATE/LHO
TPOXOJHT UEpE3 PAL sHAayeHui» unu, uto «OykBa X npoeraer AL

3HAMEHHIT?.
[lepesentne BeAUHUHD 0003HaUAIOMCA NOCAEORUME CYKEaMD Aa-

muHcKo20 aagasuina:

X, ¥, 2, a TakKe f} u, v, w.

& 17. INocTrosiHHas BequynHa. Beiuuuna, xoTopas comcem me -
MeljeTcA, HOCHT HA3BAHHE NOCTOSNHHON Beanmuunwm. Tak, B
reoMeTpHH CyMMa YTJIOB B TPEYTONLHHKE ECTh AeldtuHa uac}.’w}wﬁ,ag
Kaknn-Obl 00pa3oM HH MEHAJICH TPEYroJbHHK, KK Ohl Hi EiaITﬂfltBa:
JHCH HJH HH YKODaUHBAJHCL Ero CTODOHLI M KaK OBt HH M3MEHHMCE
ero yrasl. Jpyrod IPHMED S TEOMETPHH K€ — 3T OTHOWICHHE i
OKpY)KHOCTH K €€ JMaMETDy, OCTAiOlleccs BCEria Tem e C’!‘\mr;
(pasupiv T, rae w=3,141592653...), xaxne G okpycHOCTH Goains
Wiy MaJeHbiHe, MBI HH Gpaud. » bosbume

[locmoannbie BeAUIRRbL NPUHAMO ofoanayams ne, o
AQINUHCKOZ0 AADaBHMAL PobLMu Oyiceamn

& b, oo T8,

Cpenit NOCTOANIHBIX BEAHUNIL NONEIHO PA3ANYATH @BCOATOMKbL
napastempsl. [lepysie COXPANNIOT | -'"Ot"blxp}'camuunx 1 npn ncsu:r:i ggg:ﬁ::;”wfe =
1 TO e ompeledelnoe HHCAGHHOE suaucnue, nanpuMep 2,5 VT =u nu.:uu;
MeTphl e cy1b AHIOL YCAOSHBIE NOCIMOAHHbBE, T. €. B Npenetax ‘tmncro. J?.' apa-
HX paccma-rplmamT KaK BCAHYHHE He Menmoumecs, Ho B npeienax npym‘onpaca
poca oul MOryT HMeTh COBCEM IPYrHe 3Hauenus, XOTA TOHUO TaK e He]t:n::::::_

iontirec.
Hanpnyep, PACCHATPHBAR Kak Yi0-Hu0yGe 00Ky NPAMYIO AMINIO B AUAANTHMCC kO
48

reoueTpiil, MH HHeM:
Zpd
a f )

15 GTEKYIHE KOOPANIATL Apmucymefics Touwm, oms

s ' 1ICHIBAI0N
nﬂl,l!} ﬂpﬂ!l)’la, L'_nlEJ'lDll.’lTl’.‘Jlb]lD. HCTHIH RIS Rf])e-“eﬂﬁﬂg ;Z{ilcl‘lnfl.\!
b cyap ICAGNCTION, NOTOMY: 10 ocTaKiTey nnc-ronmimmtm{hw'
ppait DHPEACACHNYIO NPiliylo] HO 0N MIMEUATCH M GypyT nﬁ!é‘l?ﬂb
M

roe &, ¥ cY
HBEHFHEHIEM
uicaa we @
Ckopo Mbl BB
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ecai Mt nepefigen ot aamnofl npamoll k kakoi-unGyan apyroil npaMol, Tak e
Januoi,

B stom mMe CMbcae FOBOPAT, Ilﬂr![ll!!.lc;). B SJ'ISIG'TFOTEXIIITKC, 0 «napaMeTpaxs
PANUHOAAMITLE 3TO CYTh BeNUHINb, XAPAKTEPHIVIOUIE TAHHYIO PAINOIAMIY 0, SIE4NT,
OCTAIOULNECH M5 Hee NOCTONHHHMH, 1O MIMEUAIONIIecH npi fepexoge or OZiod
AAMIEL K Apyroff.

§ 18. Feomerpuuecroe nsobpaienne peauuun. Ono To e CaMog,
KaKoe ynorpebusercd mJai H30DPaKEHHA OTBJACUEHHBIX YHCE.

Ecan xotsr reomerpuueckin H306pasuTh MOCTOAHHY IO BEJH-
YUHY @, A4 3TOro mULyT Mo NpAMOi (uepr. 4) Ty Touxky A, abe-
nucea koTopoil kax pas paBHa UHCJACHHOMY BHAYEHHIO HOCTOAHHOM
BEMHYMHBE a. Tak wax g ecTh BeJH4YllHAa NOCTOAHHAA, TO €€ 4HHC-
JIEHHOE 3HAYeHHWe COXpaHAeTcs BCE BPEMA HEH3MEHHBIM H, B3HAUHT,
T04Kka A Oyaer wuenoxsHxkHoid. MTaK, nocmosuuas sesntura zeo-
MemputecKn uzofpascaemcs HeNOOBUNCHONL MOLKOI NpAMOIL AURUL.

7 A M >
a z
Yepr. 4

Ecan xorar reomerpuueckn 1n300pasuth nepesientyio seAuduny x,
TO M5 3TOrO CHavyasga DCIOMMHAIOT, HTO OHA MEHAETCH € Te4YeHHeM
BPEMEHI, NPOXOJA uepe3 pasiHuHBIE UYHCIEHHBIE 3aueHHH.

[TostoMy cuauana paccMaTpuBaloT MEPEMEHHYIO BEJIHYHHY X, 3a-
XKBaTHBAj €€ B Kakof-nuGyab ONPEACNEHHEN}, XOTS 1 HPOH3BO/IbHKIN,
MOMEHT BpEMEHH. B stoT caMmblif MOMEHT X NDHHHMAET HEKOTOpOE
COBCPIICHHO ONpe/eieHHoe UHCICHHOE SHAYEHHE, B B 3TOT JKE CaMblii
MOMEHT MBI OCTyIaem ¢ X TOYHO TaK e, KAk TOCTynajH paHblie
npH TEOMETDHYECKOM H30Opa:KeHHH TOCTOAHHOTO YHCJa &, HMEHHO
HaXOINM Ha npamoit Ty Touky M, Ia}ﬁcuucca KOTOpOil Kaik pas paBna
YHCACHHOMY  SHavenuio IepeMenion BEAMUNHBL X B STOT MOMEHT.
Takafi TOYKa A oTeicKMBAETCA JIETKO W Oyler eIuHCTBEHHOI!
(uept. 4).

Ho ¢ Teuennem ppemenn x H3IMEHACT CBOE WNCJEHHOE SHAYEHHE.
CnefaoBaTelsio, B ApyrHe MOMENTHI Bpemenu Touka M Gyner maxo-
JMTBCA B IPYruX mecrax ma palueil npavoii, T, e. 6yner dauzaniscs.
Taxin 00pason nepearernnas e UHA 280 NENPULECK L uzobpasicaemcs
dendcyencs moyron npason AURUL.

§ 19. OGracte anauenuii mepeMennoro. Mur smaey, uTo BCskin
NEPEMCHHAA Beunna X ¢ TeuyeHHeM BPEMEHH NPOXOANT uYepes psx
pasAMuHBIX  YHCNEHHLIK auaueHnii, TPHHHMAS HX ONHO 3a JPYrHa.
acTo OUEHb Toyeano oOpaTHTh BHUMAHHE HAa STH NPHEHMACMLIE
NEPeMEHHON BEeNHUMHON & YHCJEHHBIE 3HAYCHHA W BLIICHUTL HX COBO-
KYTHOCTh OT/@JILHO OT mpouny YHCET. JMa COBOKYNHOCID HUCACHHLX
SHAUEHUL, Npuiusaesnp.c nepeMennon 6eUMNHol X, Ha3bsaemes
o0AGCTbIO ee 3uauenur.



26 BENHUIHA .o

He CHenyeT ﬂ.}"MﬂTb. 4yTO pas x €CThL BeJIMMHHA INEPEMEHHaRd, TO
YIKe TeM caMbiM OHA CNOCOOHA NPHHMMATh BCAKME 3HAYEHHs. Hampw-
Mep, ecaH X eCTh YHC0 LIaXMaTHEIX NapTHif, BHIMCPHIBACMBIX KaKHM-
HUOY b ONBITHBIM II3XMATHLIM HIPOKOM CO AHH €ro POXACHHA, TO x
YBCANYHBAETCH C TEYEHHWEeM BPEMEHH, SHAYMT, €CTh NEpeMEHHas Be-
audupa. Ho X MOMET NPHHHMATE TOJABKO LENLIE NOJOMHTEJbHEIE
aHaueHHA, HOD Henbssd, HAOPHMED, BLIHCPETHL V'3 napTiit.  3raunt,
00J4CTRIO 3HAUEHHIT NEPEeMEHHOH BEJTHUHHBLI X B 3TOM CAY4ae SIBUTCH
HEKOTOPAA CpaBHHTENBHO HefosbIas rpynna MHenaLx HHcedt.

[locne ToOro, 4TG MBI FOBOPHIH O FEOMETPHUECKOM H306pakeHHn
nepeMeHHol BeJHYMHBI, SCHO, YTO o01acmb HUCACHABLY 3HAMeHUl Ne-
PeMeHHOIL 6eANYIHE X 220MEMPUieciclt U300pa3Umes Hpocmo 8 sude
HeKoMOpPo20 CcoGpanus motex Npsamoll; 310 OYAET COBOKYNHOCTHL
Tex caMbiX TOYEK, Ha KOTOPBIX MOOLIBACT MABHXKYUIAACA Touka /M,
noTOMy 4TO abciucca BCAKOH Takoll TOYMKH M ABAAETCH TEM 3Haye-
HHEM, KOTOPOE NPHMET X B HEKOTODBII COOTBETCTBYIOLWIMI MOMenT
BPEMEHH.

Ha npuseseHHOM NPHMEPE MAXMaTHOrO Hrpoka 00JdacTh uncsen-
HBIX BHAYEHHH NEPEMEHHOrO X 1u300pagnTCA NPOCTO B BHIE HEKOTo-
poro CoBpaHuA TOYEK C IEeNbMH abenuccami.

§ 20. Orpesox n npovewyTox. [lpu HayueHHH TPHPOALI wame
BCEro NPHXOAMTCA BCTPEYaThCA C TAKHMH IIEPEMEHHBIME BEJHUNHamu,
y KOTOpHIX 00JacThk 3HaYeHMIl ecThb: JHOO «0TPesoi, aubo «mpo-
M@y TOK».

Otpesox
Ompe3kosr HASBIBAETCH 4aCTh NPAMOH, OTCEKAEMAA HNBYMA Hemo-

ARINCHBING TOMKAMH @ H b, ¢ 063aneabisIM RPUcoeduneruel ik smoi
wacmn ee KOHUess.x motex a u b (4epr. 5).

4 o M 3
I

Yepr, 5

CrenoBaTedblio, OTPE30K €CTb COBOKYIHOCTb TOHMEK TDPAMON, co-
jl(_’p}l(ii LLLHXCH M € 2 I y ABYMH €€ TOYKaMH @ H b, I'[IJHLICM CJA0BO ((.'IIC’.?F{'C}y»
B 3TOM CJIY'-I&C NOHHMEETCA B UM POKOM CMBICJE, le!lly_)}cnam_
hieM K 0053aMeAbHOMY BICAIOLSHUI0 CI00Q I CAAX SPANULHBLE Moye
a u b (uepr. 6).

ST0 noCJe/IHeE BANHOE 0GCTOATENLCTRO, XaPaKTEPHSYIOUIee obnacTy,
sHaueHuii PACCMATPHBAEMOrO NEPEMEHHOrO X, SdINCLIBAINT B mype
JABOIlNOro HEepaseHCTBa-paBencTea

a=x=0b




§ 20 OTPEAON W TIPOMENCYTOK a7

Camas ke "06racTh sHayeHuil COKPAIIEHHO 0003HAYAETCA Yepes
[@ = x = b| wim npocro kak [a@, b] ¢ HenpeMEHHBIM YTOTpeGIEHHEM
Kéadpammnsix CKOOOK 1A HATOMHHAHHA O BKJIOUCHNH B 00J1aCTh rpi-
HHYHBIX TOYEK.

Hrax, rpaunynpie touxn a w b exmovedst 8 o0aacmp M Hasul-
BalOTCA KOHUa My OTpe3ka. SIcHO, 4TO TOUKA @ ECTh caMan aesan
TOUYKA OTpeaka, a TOuKa b—caman npasas
TOuKa oTpesxa. Tawum obpasom ecaxuil om- o ————
pesok [a, b] sceeda 3amxnym cOOUMU KOH-
gamu @ 0 b. OTpesok MOMHO H30OPA3HTE Yenm &
CXeMaTHYeckn B BHjae uept. 6. SR

pul pT

Mpumep. Mycts x ecth mepeMennas BEANHNA, ONpee’ennan Kak CHEye
BpeMeun {, x=sintf Scno, 4T0 NO MEPe EOIPECTaHMS FpeMedn ! nepeMeHuan
BedNdMHa X Roerga koacOaetch Mmemay — 1 o 4-1, npoxoas nocToMMHO He TOALKO
BCC NPOMEMYTOMHEIE 3HAUSHIT MEWIY rpannuamn —1 uJ,-l. HO HpuKHUMag o ca-
Abte smit ZJIJMH‘!RME Hucaa, uto

sln(2k—§—%)n=-{—1 H sin(Qk-—%)n=_1

npi aoGoM wesosr ko Suaynt obaacTh suaucHuil HauIero nepeMenHoro x ecTh oTpe-
ok |—1, 1]
[IpoMeXyTOK

ﬁpo.ﬂre.:rrynmo,sr Ha3LIBAETCA 4acThb NPAMOI, OTCEKaeMan ABYMS HE-
NOLEVKHBIMH TOYKAMA @ H B, € 0083QIMeAbHBIM BHIK.UIOYEHIEM U3 IO
wacmi ee zpanpuynetx moyex a B b (uepr. 7).
i b
7 a s
; &

Yepr. 7

ClienoBaTe bH0, NPOMEXNYTOK €CTb COBOKYIHOCTh TOYEK NPAMOM,
conepaluuxca Me Ay ABYMA €€ TOUKAMH @ H b, npuyeM c/oBO
«MenHcdys TENephL Yce MOHHMACTCHA B CTPOTOM CMBICJ €, NPHHY K-
RAIOUEM K ofsaaneabHoAy 8ol AI04etuio omeioda

CaMuLX ZpanuiHpLX MOter @ 1 b (uepr. 8).
270 nocnennee BajHoe 00CTOATENLCTBO, Xapak- _——

TEpH3YIoinee obaacTb guayeHuil PacCMaTPHBAEMOro
NepeMeHnoro x, sanuchiBalOT B BHIE JABOHHOrO
CMP02020 Ha 3TOT pa3 HEpaBEHCTHA

a<<x<b.

Camast e o6aacts sHaueHMil COKDALLEHHO o0Oo0sHauaeTca uepes

(a<x<b) wan NpOCTO KAK (@, b), C NEpPEMEHUBIM HA .3TOT CAyuali
YUOTpeOnennem wpyeasx ck00G0K A HATOMHHAHUA 00 WHCKIIOYEHHH

nu3 OﬁﬂaCTH FPpaHHYHBIX TOUCK.

Yepr. 8
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Hrax, rpannyneie ToukH @ W b Temeps yie He BXoasaT B 0OACTE
1 HA3LIBAIOTCH Zpaniyasmy 08 NPOMEKYTKa (HO HE KoHuamm TIpo-
MEIKYTHA, HGO NMPOMEIYTOK KOHLUOB, B HEr0 BXOMAIIHX, Kai pas u
He yyeer). Ms crasasHoro sCHO, YTO BCAKAH HENOABMIKHAS Touka M
npomexcyTka (@, b) BCerga OTMHYHA OT OBEMX TpaHWm @ u b u,
TO3TOMY, OTCTOMT OT HHX Ha HEKOTODOE KOHEYHOE (CYulecTseHno
HOA0CUMeAbHoe, a HE Hy-HEBDG} PacCToAHHE. 3HAYHT, BCAKASH TOYKa
M NpoMesy TKa ABNSAETCA BCErAa OKD}"J!{EHHDI"I c obeux CTODPOH TOJILKO
TOUKAMI STOrO JKE NPOMENyTKa (uepr. 7). 3nece MBI uMeen HIeso
€ YPEapbI4afiHo  Bay(HbIM CBOWCTEOM BCEX NHDPOMENCYTKOE, KOTOpoe

06LIYHO BHIPAKAIOT CJIOBANH:
BCAKAaA TOYKA NPOMENKYTKA €CTh €ro BHYTpPeHusg
TOYKA.

Otciona crefyer, 4TO Kakyo Obl MEl HE Bagan TOMKY Tpome-
JHyTka, no ofe CTOPOHB! OT HEC OKKYTCA ONATE TOUKH 5TOrO e
mpomexyTka. [JosTOMy B OT/IHUHE OT OTDE3KA MPOMENKYTOK He jpp.
Jrcem unems wu CQMOLL AEOOL, KL CAMOL npasoh motxu. [lo smoj
NpHYHHE, B OT/HYHE OT OTPE3Kd, TIDOMEXNCYTOK HE HMEET KomHipg:
TOUKH @ u b SBAAIOTCA TPAHHUAMH 047 NPOMEXYTKA, HO & nezp He

BXOIAT.
Hia, npomesiyToK omipeiit € 0Genx CTOPOH, 6yayun 6e3 komop;
CXEeMATHUECKH ero MOJMHO H300DasiTh B BHIe uept. 8.
He cqemyer myrath OTPESOK C TNpoMexyTkom ™. XoTa oTpesgy
forase mponeskyTKa JHIIb Ha dée TOUKH, OAHAKO pasHuua Mexcy
HHMu. Kpajine BaxHa AJA MATEMATHYECKOrO amammsa.

e Yuauuiics, npountasmmil Tonnko wro naaoNeliios, 6
nc.m\—;];f _g ]";;:]:"‘:m‘ nouyncisyer Jmeiiliee neloymenne u kpalinee Ilﬂynuﬁc.r:;
MBICANTh NpOMEMYTOK Kak HE HMEIOULH KO{HuOB 1 OOCTAPACTCH CaMOCTONTenpyg
KaKU-IIGY A OBPaZON YCTPAIITh KAKYLLYIOCA Cexenoctsy, OINIKO myct, yay
muiica ander, uro anech MeT HHKAKOH IIB{IL[IOLT]ﬁ! H 4YTO BCe A0 TOABKO B [y
BHYKe K Tagoro poja (hawTas. Jlin TOro uTOGH 0GAETYNTh AelicTiennHo Hte-
Jerkoe feao npucnocofaenid, “H_COBe’ie’;_ YHAUEMYCS MpOXEnaTs Cienyiomy
GyMCTREHINIE OnibiTy: MyCTh YHauuiics monposyer HpeACTaBuTH cebe, 4T0 oil pagay.
MBBACT npaMyl0 AMINNO B uaxmi—m(ﬁyn'b toike 1l # 3ateM orieaser Apyr op
ApYra noywisuuecs Ape HacTi. feno, 10 Caman Touka nepeaoma Il poiiner nyy,,
u oy wacry (sepr. O), GOyl 8 NCTUHRBL KOMIOM, & ADYFaf SACTD YiKe crayey
QM pelmoit, MOTOMY 4TO mq‘!{au n: pJ‘fI‘;l)??:;i lla:é?-lr?l);::;oril%mmlThw B ABYX Sk3eunay.

; anoi MOik.

pax ; ?g‘r‘; S&J(‘,-iaga:l:iozrw;:“am"“m npu?e'r. ecmit nonpofyer okpaciuth B Katyig-
HUGYAL Kpacky ToALKO T TOUKIL MPANCE Komopie Aer0im: CYLICCTBENIIO 100y
medseyio adeipiccy: TorAa caxoif 1€00 1501\;‘1a'mem_10 TOUK Y yuallerocs we Gype :
noramy uro ucm{)qb N0.A0HCUMEADHYIO. ﬂT(::]t.d’Lcﬁ-[g ‘ntmltnm PasIEnNTH TONOMLy, "
SHAURT, pneno oT KancROl OKPALCHHON TORKIL ATOVACT HMETLCH ONATL OKkpawenyy,
ToKa (vepr. 10)

! Tepammon ypr 271Ch YCTAHABANBACN FYCCK IO, SAMENAN MHOCTPaUNbe 1o
LI, 1|ﬁgjx‘ggo;gg;:?cmrcMmc B I‘.\;“'fﬁf‘ ;"(i:;‘l-ll:_'é'f}fs[;e»»Ev".ler,'lylmufm 08pason; engy,
CCEIMEIT) Nenenenciio CosoM «Olpl\...m. oy L 1]3.:(;-':[ nt‘.',ﬁkeﬂ(.n‘c.mutm “NpoMye.
Y1010y, ATa puoe oMM MEPEA CIE i M. 51 Cycaunng,
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NMpawep, Tlycts ¢ ecrn spess, a x Nepedentan REANUNI, oOnpeedentas
hopuyaoll x=———;. flcio, 4T0 N0 Mepe BOPACTANIA BPEMEIN F NepenEHila

14
BEANMING X YBEAUUPBAEGTCH, H 4TO IPH ITOM acezdla wees empozoe dgoiinoe vepa-
senemeo 0<x<71. §lcuo fagee, 4T0 MepeMelnas X HMEET HRCIGUNHE 3Hddenid,
CKOAb YTOAHO GANAKie K AyM0: A STOr0 AOCTATOMHO OpaTh £ OTpHIATEAL-
H LM, yBeauqusan alconloTHylo Beanuuiy | ¢| GearpanitHo] TaK e TOUHO X HMecT

Vi Vi il
w5

Yepr. 9 Yepr. 10

WHCNEHHKE aHAUSHNH, CKOAL Yroano OAn3Kne K emmimue: A1 3TOT0 JOCTATOMHD
OpaTh £ NOAOMNTE b HB M 0 YBEANYNBATE €0 Ge3rpainuio. M rak KA Hu
NPH KAKOM ¢ NepeMeHHas BEJHYHHA X He MOMCT CTaTh Wil HYJeM, HH emuinueif, 1o
OTCIOAN CAGMYET, YTO O0AACTH HHCAEHHBIX 3Hauennil nepesenuoil Beavis X ecTs
nposesxyrox (0,1)

§ 21. Kaaccmuranms mepevenHsiX BequunH. [Ipensapn-
TEeJbHOE 3ameuanue. Beakand NMepeMeHHas BEJIHYIHA X HIMEHACT
CBOE wHCJAeHHOe 3HaucHWe ¢ Tedyenunem spemenn. Camblil xapaxTep
STOr0 N3MEHEeHHA MOMET ObITh BEChMA pasHoobpasuslil., EcrectsenHo,
YTO B OCHOBY KiMacCH(MKAUMK JIEPEMEHHBIX BEJHYHH KIafyT HMEHHO
XapPaKTEP MX H3MEHEHHH.

MounoTounue TMEPEMEHHHE BEJAHYHHBI

Te uicnennpie 3ua4eHns, KOTOPHIE TepeMeHHas BeJn4dHa X IpH-
HUMAET pambiye JPYrHX, HA3LBalOTCA ¢NPEALIECTBY IO ULH M Hy,
4 Te, KOTOPLIE NMPUHUMAIOTCA €10 103Xe, HA3LIBAIOTCA «IOCJEeaAY 10 -
LLHMH».

Onpedesenie. Ecm mepeMennoe X H3MEHACTCA TakuM 0Opasom,
NTO BCAKOE TOCHEAYIOLICE €r0 SHAYEHHE 00.4biie, 4eM TpeAlecTBYIO-
Hlee, TOPJIA NEPeMEeHHas BENNYHHA X HasbIBAETCH  803pacmaioiler:.
AHANOrHYHO, eCJM BCAKOE TOCHEAYIOUIEE 3HAUCHHE AMEHbME TpPei-
HIECTBYIOUIET0, X Ha3bBACTCA VOboaiower TepeMEeHHONl BEMHUHHOIL.
Tlepesiennsie ceaununs, Kak B803pacmaiomue, max u yousaouue,
HO3WGAI0MCS BCe BAIecile MOHOMORHBIMI BeAUMUHaMH.

v ;: T
Yepr. 11 Yepr. 12

SicHo, yTo Bo3pacTalonlaf BeMMUHHA X 1300pasuTcA TOUKOR A,
mepeveniatonelict NOCTOAHHO BNpaBo (u4epr. 11), a yOwiBaomis
Besiumna x naoGpasuTci TOUKON M, JBIMKYLICICA BCE BpeMA B/ By
(4epr. 12), '
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B npoTHBONOJIOMHOCTE STOMY, NEPEMEHHAR BEJHUHHA, H3MEHe-
Hiie KOTOPOIl YIKe HEMOHOTOHHO, Ha3hIBACTCA KO0.2€0A1014e e BETHUHHOT,

T pumepst. TIpiAepos peanuioli _.noapacraiouleii BEAMIILL CAYIKIT caMo ope-
ST OTCHITHIBAGMOE OT ONpeicierioil AaThL Bpeus obnivio ofoanasaior 6ysnoil z,
.|ie'qag GyKRA JATHHCKOTO CA00a «lempuss, uT0 ofosnavaet «spesns). Mo camoil
‘cuE;ii I'ip::ip(me ppexs £ ecTh BEMIMIIA so3pacmaiomar.

i peqHuBHBl SBIAETCA ApOOhL —, THAe ! BpeMi.
Tlpusepos yousaioniel BEJaH oAl Ap : 1 p

c0.nefA0eiica BeANSHILL COYIMNT CHIYC BpeMeln sin £
II BN e.-q.n :;btﬂﬂ: sn'ml,\t BOABMEM OKPYHHOCTL papuyca 1 ¢ uentpox O 1 je-
l1odu yoem noppnisie gnaserpord Af (wepr. 13). ITo uep
—~— 3UCTABUM ABUrATHes Touky M Tak, 4To6et yroa AQN
o~ Memay Henoamuknuy pamnycom A 1 DoRRmUBIY
7 paanycon OM Gpli B TOMHOCTIE PaBen Bpeseiy £,
B 9THX YCIOBNAX Halla OKPYIKHOCTE CTAHOBHTCH
B HEKOTOPOM DONG TOMHBIMIL AQMeAramieci g
yacast 03 onHoit cTpenxe, nbo  enNNHCTBenmay
5 A noasknan erpenka OM coony sonuos M papno-
MEPUO ADmeTcd No undepdaaty, Beuno ofxoay
OKPYIKIOCTh 1 YKA3IBIBAS TOMHOES BRCMA £ coony
raost AOM. Sleno, uto nepnenmukyanp PM, pias-
nmit cunycy spesemn, PM=sin {, peuno wones.
netcs Memay ——1 w —I1, n npuunMan sty gpe-
epr. 13 neHiinle duatenwst Geckouednne 4YHCIO pas, 1
pepTHKANBIOM nodowemnn crpeaxn, Takum ofipa-

eMentan BeMiMina, Bee BpeMa COBRepLUAloui
omianca Hep ' il
30M, sin ¢ ecTs KOAEOM

pasaxn meucay +1 ° T

iple MEPEMEHHEIE BEJAHYNHL
e HHbL
Orpaﬂ!l‘l

[TepeMeHHAS BETHUHHA X HASLIBACTCA OZPAHmtey-
_Onpeaeﬂeum?-una C HEKOTOPOrO MOMEHTA BPEeMeny,
now, ecnw, Ha'l ppaina | X | CAGIAETCH 1 Gyper Bnpefib NOCTOSHG
ee abcosioTHAR Bi'lc HeKoTOPOro  (PHKCHPOBAHHOIO NOJOMKHTEMbHOrG
OCTaBarpcAd MEHP
umucaa A. queckit, T- € ASBIKOM anreGpanyeckiyx Qopys,

Tosops aﬂaﬂﬂmm ecTh OPPauHUCHHAN, ECJH, HAYHHAT C Heyq.
nepeMeHHan BE"““Egeuerm. CAENACTCA BEPHLIM M OYXEeT BOPEAb OcTa-
Toporo momenTa : BEHCTBO
BL-‘II'hCﬂ pecrza Bepu HEP?

] X | <A, “ }

e HeH3MENHOE TONONHTEIBHOE HHCTO,
rae A ecty HEKOTOPOS " ooyauact, uTO Ha mpaMoil MMEETCH Tagof
Feosemputeck =° "oy 0K BC, BHYTpH KOTOPOTO, H@ititpgys
HenopuiHbl

ama peMeni, Gynmer Bupeis TOCTOAHHO qgpa.
e

¢ Hexomopozo ,qwﬂfl pouka M € adcrnccolt x (uepr. 14).
BaThCH JIBII}K}"umﬂCi 5 STOM, HOCTaTOYHO 3aMETHTh, BO-HEI‘]RHX!
Uro6it yseﬂnrbcﬂreﬁ a114eCKOr0 Hepapenctsa (1) yxasbiBaer p,
Y10 copmopeine 4% panne ABIKYILencs Toukn M (x) BRYTDH g
ol (4 A) H BO-BTOPBELX, UTO HPEGhig, ..

reomerpyuyeckoe I ucy TEA
LOABIHoro TPOME
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w

nue Touk M (x) BHyTpH Kakoro-nuGy b HENOABHMNONO MPOMEYTHA
BC HaBepHoe 3acTasHT cOOMmoAaThCA HepapencTso (1), nOO noAONH-
TENBHOE YHCIO A MOMHO B3AThL CTOJb OGOJBLINM, HTO NPOMENCYTOH
BC monaner BayTph npomexcytka (—A, A).

[TepeMenHan BeanunHa X HasShIBAETCH HEOPAHWMEHHOH, KOPiIa
HENL3A HalTH TAKOrO MOJNOMKHTENBIOr0 uHcaa A, uyToOL! HEPaBEHCTED

g 8 ~ /i

T

YUept, 14

(1) 6o mocToniHo CoOAIONEHO, HAUYNHAaA C HEKOTOPOTro MO-
MEHTa BPEMEeHH.

43 ckasammoro BLime ACHO, uTO Toduxa M (x), H30DpaMa@iolan
HEOTPANHYEHHYIO NEPEMEHHYIO BeAHMHHY X, OyZeT —XoTa 6wl IO Bpe-
MEHaM — BBLIXOAHTb H3 BCAKOrO HauyepHeHHOro npomelkyTia BC, Kak
OLl BeAMK OH HH OB, NpHYeM MOMEHTHI BpPEMEHH S3TOr0 BHIXOAA
HMEIOTCA 33 BCAKOH Snoxol, ckoas Obl OTHAJNEHHOH OT HAC OHA HH
Onina.

Mpumepst. 1. Ecan £ ecTs Bpes, TO nepeMeilian BeanuiHa X, ONpeicieiuan
PaBEICTBOM

x=sln ¢

CLTh Q2PARNUSHNAT BEIHMHHA, uéo CHHYC He MOMeT Hurozda NPeBOCXoaANTh Mo adco-
" moTnoi seandnne epmuny.

Keratn otMery oany ocoGennocts stoli orpannuennoll nepemennoll peansinl;
ona dce apestit (T. €, BO BCe 910Xu) ocTaeTca no adcomoTHoll seamunne mMenbuefi
nan pasiuoil eanunue.

Ho orsions ner unkaxoid 1eoGXONUMOCTH YIOBAGTBODATL HEpancucTsy |xj< A
neficTenTe bl e apeM, HTOOK X Oulda Orpansyediol peadyiniol: mocTaTouio,
ecAll 3T HEPABEHCTEO CANABTCA BEPHBIM, ANUL HAYUHAA ¢ HEKOMOPOZO MOMEHNL,

370 0GCTOATEALCTBO OGHAPYHHUBAGTCA HAa CACAYIOWEM NpHMEpE.

9, Ecau { ecTb Bpesis, NepeMeniian Beiuuiud X, Onpefeieduds paBeHcTEOM

=

©CTh OZPARNYEHHAS BEANUNHD, W60, HAYNHAR XOTA OBl ¢ MOMenTa BpeMeun ¢(>=2
MLl HMEEM HEeH3Memuo COXPaufouLIMCA HEepanelcTuo

1
x| << - .To ofcroateaserso,

yTo X OMCHL BEANKO TPH BEChMa ManoM NoacAnTeasnoMm f, He nMeeT nukakoi
RAKHOCTIL, TIOTOMY WTO PEUIaoniee aiauenne A0 npusnanus X orpauniennol nepe-
Meinol Beantioil IMeeT TOALKO TOT (AT, 4T0 | X | caenacTed N GYAST OCTABATLCM
nceria Meliblie noaomuteabuoll noctomunodt A, 1. e. yro Gynem umerh | x| < A,
HAUUMAR € HEKOmopoo MOMEHTIN.

3. Caso npemst £, Kak M ero kpagpar &, ero kyG £ m 7. 1, OMEBINO, Beas-
WLl yue Heozpanuveniute, NOD C TEYEIHeM BReMEnn oun npen3viiayT andos no-
croannoe A.

4, Mirrepecna nepeMennan Bepnmna x—=tsinf,raet ecth ppema. Oua paniia
HYA10 © MOMenTBl Bpeveuit Zm, 4z, b, 8m.., n0O0 CHUYC paBen HYMO AL STUX
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yraos. Mowio, NOSTOMY, NOAYMAT, 9TO X CThb OrpaunteHias seanunna. Oguaxo,
CcAlt MBI YNTEM TO OGCTOATEILCTBO, MTO CHHYC A4S YIAOB:

T A

pamen eanime, i HTO NO3TOMY NPOH3BERenne £ sin £ 143 TAKHX MOMEenToR BpemMeHn ¢
npocTo pap HO CAMOMY BpeMeHn f, TO Mbl HEMEINEHHO 3aknioduym OTCIo1a
410 X eCTh Bedndulla HEOZPAHUMENR TR, L

HenpephBHBE NEPEMEHHBE BeJAHYHHE

Onpedeacrie. MoHOTOHHAS BENHUMHA X HASBIBACTCA u3iensio.
(ueiicsl HenpepylaHo Ha oTpeske la, &), worma ona, BHIXOAA M3 oxMOrG
ero KOHUA ¥ IPHXONT K IDYroMy, MOCAEAOBATENBHO NPOXOAMT yepes
gce MPOMEIKYTOUHBIC UHCJCHHLIE 3HAYEHNA, HE NMPOTYCTHB HuKakoro

H3 ;1':0 mMeTpHYECKH HENDEPLIBHOE USMEHEHHE MOHOMOHKON Rejy.
upippl X MOACHAETCA UPESBLINANHO MPOCTO: ABIKYUIAACH mo OTpesky
a, b] TouKa A, WMeOman x CBOCH aGCUHCCOH, NPH Henpepmipnon
pameHenni yUCAEHHON BEJHYHHBI X, MOJNHA CROMM ABHMEHMEeN oﬁpa_
aopaTh 86Ct STOT OTPE3OK CO Gceary €ro TOUKAMH; NOSTOMY ero my g
paCCManHBaTb' ’KEK cCaena sroro ﬂ.D.EH)l{EIIHSI, T. €. Kak Tpae;(-ru_
DHI0 By HIefica ToukH (uepr. 15).
Vi 7

e a T 5

Hepr. 15

TaKim obpa3oM, daudcymancs 8 09ny MOALKO CMOPOLY 1o nyg

i MoUKa M, onuckIBaiOas Kaxoli-wulyob HEN0OBRICH b ornpe{m,;

MO b) co geeai €20 modxaru, umeem ceoelt abeyuccor X MOHOmOy

[, jenpepbiBHO UIMERTIOUYI0CK seanuuy. VI oGpatno; gogims

HYIO epHB HO L3MEHTIONAACHE MOHOMOHHAR CEAULUNRG x Ecmlemcﬂ
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pan:or.l!T- aaa Mepe’ TOUKY X, H NpaByo, Koraa M yue NEpECKOMa, e
e ﬂcpum:ﬂ i3 patioMa £, ABUTCR KOitoM aitnih eOROi HACTH, Hanpuye Hepes
Camas 10 ppeMen ¢, nepementioe X HOAYUHT HEKOTOPOE lmcncuquL;sr:ia:eua‘
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§ 22 NPHPALLEHHE NEPEMEHHOH BENNYHHE 33

Xy Xy > 0y, OTAWYHOE OT HENpHHHMAGMOrO BHAYCHNA X, 0 ACHD, 4TO MEmIY X, o
X, HE MOWET OKazaThesl HHKAHOrO OPHHHMACMOrD YHCASHHOTO 3uadeHia: nio do mo-
MEHTa Bpemeun f, Touka M HaxomuTcA Aesee Toukn X, a nocae f, Touka M naxo-
JNTCR npasee TOuKN x,. [losTomy nepeMenioe x JOAMHO NEPECKOMHTL HEpe3 Bechk
npoMemyTor (X, x)

Wrax, nepementan BeqndnHa X, BO3PAcTas OT @ A0 b, HO He NPHHEMAR YHCACI-
HOTO 3HAYENNnA X, 0083aTeAbiO [0/KHA CACNATh CKAYOK, NEPECKOYLA HE MOALKO
Hepes  paccatampuaaeryio  oT-
AedbHYI0 mMOtkY X, HO U 173
UEALKOM Heped HexOmopuil He- =t
Hy.Aesoil npoMexcymor (X, X))

K Heil npussicaouil,

NMpumevaune IL B Yepr. 16
TEKCTE MBI Onpeaeanan  He-

NPEPHBHOCTL  MOWOMOKHO W3-
smenmomeiica seawanni x. Fopasgo Tpyanee oNPelelNTh HENPEPLIBHOCTD HEMOHO-
moHAHOI nepeMennoil peanunnnn Jlenaercs 910 CACLYIOULN 06DA30M.

Onpeaeaenne HeMoHnOTOH AR NePeMeHHAL BEALIMTHA X HAIWBAEMER
nenpepunio naMennwmelicds B TeWYeHHEe OTpeska Bpemeln
(T, 1) wozda dag sesarozo wucaeniozo nposescymiaa, b), codepaicauezo wucaen-

HOE JHAYeHUe X, NPUHILMASN0e

€10 8 KaKoit-~uGydb AtoMenm ape-

o AfeHlL by, imeemcaBpeMe nn o i

. NPOMENY TOK, codepacauuil

1y, 8 Meyerile KOMOpPo20 pace seam-

Yepr. 17 PUBREMOR NEPEMEHNAN BeAl N
He awitdem uz (a, b) (uepTt. 18]

Cunica 9T0r0 pROAHE TOYIOrO, N0 TPYAHOTO IAS YCEOSHHA HAMMHAIOMLIM, onpe-
AeACHIA TOT, YTO NPOCTPaHcTBeHubll npouenyTox (a, b), oxpaTuipaompmi TOURY Xy,
MOIKET GBITH B3AT CKOJNb Y200HO AMaautat. A TOMAA 9TO onpeseseiiie BNodle coria-
CYETCH ¢ HauliM NOBCEJHEBNbIM NPEACTARACHHEM O HENPEPLIBIONM HBMEHEHHN Kak
TAKOM, OPH  KOTOPOM WHCAGHIOE SHAMCHHE NepeMenuoll Deamuius x namengerca
CHEYLYBCMBIMEALHD MAADN, COUERb CAQADOY 1 T, [, B TEUENNE wdoCMamoko Ma.toon

0
h"‘!(J
\.."‘i L

L%

g a —1¢ Vi
o R ]

Yepr. 18

Ll

npoMencyTka BpeMeint. Citazaunoe onpeieaente ectb ToAbkO MaTeMaTH Y eC KA
dlopm VAHPOBKA 3TOTO NpeAcTapsidelus, AAUMCTBOBAHKOrO 3
MHHIN l_l, ulo NOKAALIBAET, UTO MOUKEA X HE MONCEM Builmi 3a ZRaNULUL. CHOAb
Ye00HO Ataaozo gurcuposantozo nposeNcymicd (@, b) 8 mevwenue docmamoxro
NAAOZO NPOMENCYMKA BPEAEHLL

Yuauiniics BIANT, 410 9TO ONpefedeilie HMeeT MHOTO OOHIEro C nousTHes
orpannvenuoil mepeMennuoit peanuNLp, rie HioOpamalOWan nepe-
MeHIYI0 Belndiuny X Touka M maxoice ue MONET MOKWHYTbL HENOABINKHLIH npoMe-
wytox BC (oM. vepr. 14), 10 TO/LKO B TeYCHHE GECKOUGMHOTO NPOMEA(YTKA Bpe-
M (100 TaM B TEKCTE FOROPHTCS: CHAYNKAR ¢ HEKOMOPOZO MOMEHMA BpeteHis),
aech e TOUKA X HE MOMET MOKHIYTL CKOAb YrOMHO maant nenoxsuumunil npode-
WYTOK (@, b) B TEUEHNE JAWILL NOCTATOMNO MAAOrO NPOMEKYTHI DREMEI,

§ 22. Mpupamenue nepeveniioii seruuunsl. Hayuenue kakoit-mto

nepeMeHHofi BEJHUMHBL HAUHHACTCA ODBIMHO C TOrO, uTO HalM01210T

2 Juddeperunanniios HCHoaeNne
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TO Hpupauerue, KOTOPOe OHA TOJMYHAeT, KOTJA NEPeXONUT OT Hpedic-
#eeo (7. e. Gonee panHero) HHCJICHHONO B3HAYCHHH IC HOBOMY (T. €.
Gonee nosanemy).

Ecau  nepemennasn GeAUMUHQ X, UMES CHQYAAQ Hexomopoe
4lCAeHHOE 3HaveHue X', NPUMEM 3ameis HEKOMOopoe dpyzoe uucien-
HOe 3Hawenue X', MO PASHOCHIb

x"'—x'

MECOY HOGBIAL U NPeNCHUM SHATEHUSMU Hasblbaemes Mpypa i e-
HHEM repeMerHoz0, NOMOMY U0 3Ny PASHOCING Kal pas u HyacHo
npufasumye K HpejcHemy 3SHAYEHUIO X', 4MoObt HoAYwums nospe
auavenue x".

JleficTBrTeMbHO, €C/M STY PasHOCTh O0GO3HauwMM uepes 4, r, e,

ECJIH HaIHIIeM: W ’
X' —X :ff,

TO OTCIOMa MOy 4HM! %
A y x":x —'—;&',

T. €. Hogoe HateHue pasio NPENCHEMY HAIOC Hpupawenue.
[Mpipautenne /i ofosuayaeTcs EIIE H APYTHM CuocoGom, u pomicio
CKa3aTh, YTo STOT APYrOil COCOD H%e_ﬂqou'ru'r@?hﬂee nepeoro. Muenno,
NO-NATHIHH PAgHOCTh HA3BIBACTCA ’ﬂf]ereurzq, HO Tak wax Gyxmoi o
8 Anddepenimaapiom HCHHCICHHH onﬁznaeqacnﬁ CHELHanbHOE nonsTie
sandpepenunanar (0 ueM OYIET AATBUIE), TO M1 0Go3HAYCHUS npit-

palienka nepemennoii GEPETCH BYKEA A —<nemuras rpeucckoro

natnHeKOoMY d. CooGpazn
! reTBylomias JaT i PasHo sTomy npp-
andasura, coorse Y ;'— x' B BHJE 3HAYyKa A

HITO THCATh npupmueuﬁe A
AX,

KOTOpHIf yuraerca TaK: sgensma mic HPUIY. DTOT ayavor ecry,
enHHOE uenoe, W HEAb3H GT{‘e'"I"TI’l WIH  pacCMaTPHBATL ero e
MHOYKHTEJb, c,-mamnﬁ npH A 3HauUHT, HOBOE SHaYCHpe TEHpr

HANHUIETCA B BHAE ’
ot - x4 Ax.

AU

e 06pagoM, €l TCDeMENHOE y mepefiger of
YeHie

TonoGuent noJay B npHpauiesne Ay, o HOBOR 3113

K HOBOMY 3Ha4eHHIO,
HalHIIETCA B BHAE . '
y Ay,

Touso Tax e Hopoe 3HaHEHHE AN TEPEMCHHOTO 2 nunrercy: o Aot
o 3 Ay’ 2 H T. A. OYEHbL A\’;‘ioﬁﬂh] noTo i
M T. A. 3uauka AX, A y d My uro
cpaayﬂmlino T KAKOTO nepeMenHoro beperca IpHpaleHye,
baiE
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11 réoMeTPHYECKH TalGKe MOMET CAYUITLCA, YTO MOCTOAHHAN BEINuMIA SBHTCH
YaCTHEIM cAyuaesm nepemenioii. Hanpumep, ecam Touxa M memwerca b
Ha [0CKOCTH, ee PaccIofllie X OT HadaionaTtens Boodlle MelseTcs, T. e. smasercy
nepemeiinoil pesnunnoil. Ho ecan touka M q_cmu-r O KPYTY, B NEHTPe KoToporo
cTonT naGmomatens, 10 X OyleT NOCTOAHHOK Beauwiniol, pasuoit pamnycy storo
kpyra.

Bi/0YnTh TIOCTOSHHYIO BENHUHHY B Da3psl TEPeMEHHBIX Moo
BOT KAKKM 0OPa3oM: NEPEMEHRYIO BE/H4HHY X MBI BHIe paccmarpy-
BaJH KaK TPOXOMALLYI0 TOCACHOBATE/LHO 4epes DA aHaweHmil, Ho
B yaCTHOM CJy4ae STH SHAUEHHA MOTYT OKa3aThCA BCE papmmag
dpye dpyzy. B 5TOM Ciyuae NEPEMEHHOE X SIBIACTCA Ha CaMoM meje
TOCTOSHHOH BENHYHHOI L. T

lpupawerue AC nocmosnnon eequtunst C pasno Hyao, moTony
YTO BCAKOE HOBOE SHAUEHHE BCETNa DABHO CTAPOMY 3HaueHuio foin
BCE agHaueHMA paBHbl MEUCLY coboit), n nostomy ux PasHOCTE ecry

HY/JIb: ey

QuesumHO, BEPHO H 00paTHOE TIpeJJIONENHE: Beauiuie, ¥ romo-
poii npupauenue acez0a Pasho HYai0, ECib GeAUWHa NOCHOanp gy,
Slewo TaKike, HTO gefias nocmosunas ceanwuna C ecinp P
Yuna opaHmeHtas u6o ee aGCoMIOTHAS BesHYMHA OCTaeTCs el
MeHHOH H, cJ1e JOBATE/IBHO, MEHbIIE HEKOTOPOro MOCTOAHHOrG e




TTABA IV
S YHKINSA

§ 24. dyuxuna. Habaionerus B TEKYUICH JKU3HH C 0YEBHIHOCTEIO
y6exnanT HAC B TOM, YTO OOHR RepeMerHble 6e.quiuHbl 3aBHCAT
om dpyezux. [osops nanGonee obmum o6pasoM, Ty TEpeMEHHYIO Be-
JHYHHY, KOTOpas 3aBUCHT OT JPYroif, HaselBAIOT IyHKYuen 3TOoil
Apyroi.

[Tout BCe BeaHuHHL!L, Habil0JaeMele B AefCTBHTEJILHOCTH, 3aBH-
CAT OIHM OT ApYrHX, 6yayun cBasamHbl Mexay coboio. [Toutn Bce
Hay4Hble NPOGIEMBl MMEIOT [IeJI0 C COOMHOWERUSMU BEAWIUH, T. €.
C SQoncrMOcme0 MX Apyr or ppyra. B onurax noscepHesHoil sku3mn
MB TIOCTOAHHO CTAJIKHBAEMCA C 0OCTOATEABCTBAMH, NOLTEBEPHKAAIOIIHMH
ITY Jasucusocmy OAHOR BEMYHEL! 0T npyrof. Tak, TAMEecTh, KOTO-
PYi0 MOMET NOAHATE YEJOBEK, 3aBHCHT OT €ro CHABL, eCAH CYHTAaTh
ApyrHe OGCTOATENLCTBA OAREAKOBLIMA. Papnnt o6pasom paccTosnue,
KOTOPOE NPOGEraeT ManbyHi, 3aBHCHT OT BPEMEHM, T. €. eCTh (HyHK-
yust Bpesenit. [Tnomazns ksanpata ects QyHuus ero CToponsl, 06HeM
apa ecTb (JYHKIAA ero paamyca u T. A.

MaTemaTHYeCKHit aHaNs BLIANSIET NOWmMue (yHIuL 11 H3YYaeT
CBONCTBA (DYHKII, OTBICKAACH OT TOr0, KAKHE 3ABHCHMOCTH MEHCIY
(izudecKHM BEAHYHHAMH OHH BbIPaiKalOT.

§ 25. 3amuciMble 1 HE3aBKCHMbIE Mepevennbie. [lepesennoe,
YHCJIEHHBIE 3HAYCHHA KOTOPOTO HAXOAATCH BCEIEJO B HAalEM DPacro-
PSCCHUH, T. €. TO TIEPEMEHHOE, KOTOPOMY MOMHO NPHIHCATh KaKHe
YTOIHO YHCJCHHHIE SHAYEHHA B TPaHiLAX, 38BHCAUIHX OT PacCMaTpH-
BAEMOJi YAaCTHOIl 3aJ(a4H, HASLIBAETCS HE3QABUCUNBM NEPeMENHbLAL, T
enie HHaue — gpezymedmon. Ilepemennoe e, uncACHHOE 3Haye-
HUE KOTOPOTO BNOJHE ONPELEJHTCH, KOJb CKOPO AAETCH YHCJIEHHOR
3HAUCHHE HE3ABHCHMOrO NEPEMEHHOTO, HASKBALTCS NEpeMenHoLM 3asu-
CUMBIAL WAH (OYHICueL.

Korja Mbl pacCMaTpHBaeM [BA TAKHC CBA3AHHLIC OIHO C APYTHM
TepeMEenHbIE, Y4CTO OT HAC CAaMHX 3aBHCHT, KOTOPOE M3 HUX NPHHATH
sa mesapucuvoe mnepemennoe. Ho Beakmit pas, wak Takoit BuGOp
yie cAelaH H HaMH TIOCJE TAaKoro BeIGOpPd HAMHCAHEI HEKOTOPHIE
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d)OpMyTBl, MEHATH AATbLIE POJH HE3aBHCH)
NMEHHBIX YK HEAb3s, TIO t\'g;?ﬁneﬁ Mepe é{e\;c’%?,nfmi?m““““’ nepe-
HocTeit W 6e3 BBEACHHST HaJex<aux nonmameﬂbﬂmHpenocmpom_
Omia Kakas-HHOY[Ab TEDEMEHHAH BENHUHHA MO Gopmya.
B neiiCTENTEJNBHOCTH (DYHKINEH OIHOBpEeMEeHHO ,nB’KE'r OKA3aThCH
GObIIEro YHCIA APYTHX TIEPEMCHHBIX Bemtin ng HAM  maxe
nmpeanaraemMoil MaTepHH EcTb (ynxuusa ee “-’ﬂ'!e;:nm NPHMED, HeHa
cmea; naolads MpeyonrHuKa ects Gynkuns ocy a W ee roaute-
0Bsest NPSMOYZOAbIOZ0 Napaniesienineda ects q)oﬂamm H BHLCOMBL
pedep 1 T. I YHKUHA mpex exo
§ 26. XapaxTephcTika Qyniami. Mo yoxe
OBCTOATENBCTBO, HTO COBPEMEHHOE ECTECTBO3HAHMe YKasamm Ha TO
MOCTH OAHNX NCPENEHHEIX BEJHYMH OT Apyrmx H3Y4yaeT 3aBHCH-
HAyYeHHEM gyHryuit. » T. €. gaHHMmaercs
OrkpbiTHE 3AKOHA, MO KOTODOMY OAHA mepey
+ or ApYroil,—3TO Ta lemh, KoTopyio c-ralg;il;uac’qﬁBe.mana
E0DE BCHAKAaA

3aBHCH

BeTBhL eCTecTBOSHAHIA. Liens cuntaercs MOCTHT HyTof]

BrIpa3NTh 3aBHCHMOCTD HAOMOAAEMOH TIepesennof H, Korga ypaerca
n101aeMOil IEPEMENHOM BEJHYHIL x ¢ 1y ? BeNiumimn y OT

apyroit Hao! o
yecKix 3HAK T0UILIO MaTeMaTH-

Haupumep,

0B, T. €. C NOMONIBIO (HOpPzY .2kt
MEXaHlka HUIET 34BHCHMOCTE ny
B NMYCTOTE TEJIOM, OT BP(:ug]l;I I}ynl s, npoii-

s H T,

JEHHOTO naﬂalolm_m
KoToporo nazaio 510 Tea0. M KOTAA Mexanmka g B TEUEHHE
socTs B BHAE (OpMyAL : uwer sty sasHCH-

fof— ---g{ﬁ'

{3

] 2
TIe g:gm, ... CAI[cEK’, TO BONPOC Dpellen pq e -
HIA, Tax kai 3a-

KoH OTKPBIT- ;
Beakas opMyfna €CTb HE HTO mmHoe,
HATHHECKHX neificTBHIf, KOTOpPHIE HAXO mnpo
sxongLiHME B qopmyay.
Tai OspaS?M' zc;r{.a,; gopiysa, 8bipasieqg
nepementoe V. ff{"im“‘;f ecims He 4mo ujoe pouan  saguciaioe
mex OericnBuil KO ii I 6: Haoo npoussecy P K cosorynHocily
ad rosfiguguenmain, YUnag, 10 neagpuensoia

c i H
nepeMentbil X
; e ey L noayuumy y

Tax,
B3 +Igx—siny
e =

Kak
Haﬁecér’::aaam-le TEX Mmarte-
Hamg BeJIHYHHAMH,

ipaeT, 4TO HMCHHO HYXHO mponenq
g HGIeNT, SRR TOIFRETL g T8 € x 1 wexoropui
” A, YTO OnHa W ;
Hacro m}qaegrco’x nmomm aa Ly ¢Vliku
St ne{g:g{g;u He s o rc:: Y OT BGEAE
JOBAHHH. (AL pag OM-m6o necae-
HMOCT i Rh

ppascaiomlyt0 32BHCHE e “HHJOQBO%:;OCTHO dopmyy,

Kpaitue saTpyA-

scHo yKas




§ 26 XAPAKTEFHCTHKA OYHKINH 39

HHTEJBLHBIM, KOTJA BEIDAMEHHE ) Yepes X O4YeHb TPOMO3NKO ', cor.a-
CHIHCh O0003HayaTh 3Ty (opMyJy COKpaHIeHHO, Ojnoil OyKBoil
Hnenno, corsacuanch nucath

y=F(x),

o6oanayas snaukoM f(x) paccMaTpuBaeMyIio qopMyny, CoaepiKaulyio
HE3dBHCHMOE IepeMeHHoe Xx. JT0 PaBEHCTBO YHTAIOT Tak: «uzpex
ecmp QOYHKLUS ONL uKca» WK EIUE KOPOYE «u2per ecins g om nKe».

B srom ofosnauendun OGykBy f HasbBalOT Xapaxmepuciuioi
dynKynn, nputesm ona 0003HaM@em NPOCIO COBOKYIHOCND MeX
dedicmeuii, Komopsie Hado npoleaams Had GeAUtUHOU X, 4MOOL
nOAYHRME 8EAUHURY Y.

Ecimn B omHoM M TOM e HCCIELOBAHHH BCTPEMAGTCHA HECKOABKO
pasnuuHnX GYHKUMA OT OAHOTO M TOTO ME mepeMennoro X, OyAeT
HeynofHo M BBEISOBET KPailHIOW NyTaHHLy ynoTpeienne OAHOH H
TO e Oy A1 0003HAYEHHS PASNHYHBIX XapaKTEepHCTHK 3STHX
Qyuicamit. Tak, ecnd BCTpevaloTCa (yHKUIA:

1

y=38x"+}1, z=lgx, t=Vx, “:Sinx=+s

00 ) e
TO JIyHIUE THCATH COKPALIEHHO:
y=7fx), z=F(x), t=0(x), s=0(x) 0 T, 4.

Ho ecoam OJHa U Ta ME 3aBHCHMOCTL CBH3LIBACT pﬂ.’j]lble I1apet
OyKB, MOJKHO M JOMKHO YHOOTPEOMTh Ty e camyio OYKsy mud
XapaKTePUCTHRY, TIOTOMY YTO BHL 34BHCHMOCTH OCTA€TCH OAHH
i ToT xe. Tax, Hanpumep, ecu

_ 31 _ 3wt
“jgxfs " T lguf8°

TO CJEAYET THCATH COKPAIIEHHO;:
y=7x) n v=f(n),

NOTOMY 4TO COBOKYnHOCTh Jf meficTBuit Ta ke caman B ofomx cay-
yasx. TaxuMm 0DpasoM, BCHKAH XAPAKTEPUCTHKA B TEYEHHE OLHOrO
paccy IeHns HEOOXOAMMO JOMHA 0003HA4ATH OJHY M TY IKE COBO-
KYNHOCTL JAeficTBHil; Ans 0CO3HAYEHHA PasiHYHBIX COBOKYIHOCTEIl
JENCTBRIL JO/DINL] YIOTPEONATHCA PASNHUHLIC XapPaKTEPUCTHKH,

[lo moBOAY COKPauULEHHOro cnocoba MHChMA

y=r(x)

clefyeT 3aMeTdTh, YTO OH YHOOEH M He pajan YCTpaHeHUs OAHOil
TOJBKO TPOMO3KOCTH: 4acTO ObIBAET Tak, 4T0, NAGHIOfAas B MpH-
poje M3MEHeHHe NepeMEHHOIl BEJHYMHE! Y, 3aBHCALIEN OT X, Mbl ellle

1 Hanpusep, @opMyaa Asngenusn Ay Ub! SaIMaeT 0K0I0 BOCHMUACCATIE CTRaINLL
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HC YCOEAH OTKPLITL MaTEMATHYECKYIO CTPYKTYPY STOi 3aBHCHMOCTH
T. €. Eelle He ydeeM 1#300pasHTe y B BHAE MaTEMaTHYECKON [bop:
MYJIHI, conepx{ameh X, NIOTOMY HYTO OT HAC ClIE CKPbiTa COBOKYMI-
HCCTh MaTeMaTHYECKHX ZeicTBHi, mawouwiux y. B stom Cayuae camags
3asucusmocny Yy OMm X Ha deqe ciaawgaemcs NioaAsko 8 moaz, wmo
usMenenue SEAWHUHIL X 6BISHOAEIN UBNEHEHUE BeAUtUHB! Y, 1 o
CMOAHCHNIED X conponomrdaewaz NOCHOSIHCINBOA 3.

MyenHo SAECh-TO H OKASLIBAETCH OCOGEHHO Y IOGHEHINM COKpallen-
HEli cnocod 3amHChIBaHILT

y=J(x),

NOTOMY YTO XapaKTepHCTHKa J max pas _o6osrauaeT 31y eme Hait
He W3BECTHYIO COBOKYMHOCTL HeiicTomii. B sTom se cayiae aapyon.
MOCTh Be/HuHHBI Y OT X OCNEKACTCA B (OPMY COOTBETCTBHA: 4
2000puA, MO Y €Cb PYHKYIL O X, ecAl Gearoay paccyampy.
saeirory 3Haienuio X cooinsemcmeyem onpedenernoe snauenye 3

Crnepyer ckagaTh, 4TO YHAUIHRCR  yik€, COGCTEEHHO, gmapdy
C TaKoro poja CHMEOJHYECKHM obosauennem. Tak, xorga om 'rp;:;-
FOHOMETpHH BCTPEHAET

y—sinx, y=Ccosx, ¥Y=1EX y=_CtzX, y=arcsinx i I
L= ]

a Taike B aaredpe
. y=lgx,

TO cumsoabI Sin, C0S, tg, i, arcsin, lg kak pas n 0603KaAI0T yq.
pakmepucmurn Qynryud, TDANOC BRIDAKCHHE KOTOPHIX wepes x 5
oorenm Gsimp 0an0 SAEMEHMAPHON Atamesamurol. &

Hakosew, KOIAd NepeMEHHOe =  ABeTcn  (yukuneir MHOPHY
HampuMep ABYX, pe3aBHCHMBIX TNEPEMEHHLIX X H Voo My ¥

z=f(x )
ognauaet (OPMYTy, H3BECTHYIO mant emle pe H3Becy

{0 TIeeMEHIBIE X ¥ Y.
cynwnit. Korza y ects dymag

rae f(x, y) ob
HY10, cozepally
§ 27, Bpuucaenne

: apryMenT,
£ B E g Yme
C XapakTep! =

eHi0 0003HAUNTE uepes
f(a)

10 wucqenwoe ouauenne, KOTOPOS TWpHEUMaerca dymames
o * 1,
HoJsyqenn €€ apryMeEHTOM X RUCACHHO20  snavemng g (r n%n

B x= a].

Torma ecTecTB

e T ey .
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Hanpumep, ecan j(x)==x'—09x- 14, Torna

F(0)=0*—0.0-14=14,
fl=1)=(—1p—9-(— 1) 14=24,

f(38)=3"—9.3}14=—4

u Boollle, KOrfia @ ECTh Kakoe-HHOYAb #ucAerHOe 3HauCHHE apry-
MEHTa X, MBI HMEEM:

fla)=a*—9a--14.
Takue e BeUHCJAEHA Ae’saloTcA M ¢ QyHxkumsamMu mByx # Gonee

HE3aBHCHMBIX TIEPEMEHHBIX: CCJAM Z ECTh (IYHKUHA JBYX aprypMeHTOB
X M ¥ C XapaKTCPHCTHKOH j

z=f(x, ¥)
fla, b)

Torna oGo3uavalor Yepes

TO UHCJCHHOE 3HAYCHHE, KOTOpoe npHuuMaercs (yekuieir 2 npw
NONYYEHHH €€ ApPLYMEeHTaMH X H ) YHC/ICHHBIX SuadeHHd a W &
(T, e. tn1 x=a u y="0).

Hanpumep, ecan

_f(x, y}=x_f':__:;:-
0
12 V=nTh=x%,
- 3—0 1
7@, 0):3u—_=_3'==g
i, Boobile
—b
IHa, b}—;w-

§ 28. Odnacts uaMenennus aprymenta. [To caMomy onpezeneuiio
Gynkuun Y= s (x), 3aBUCHMOE NIEPEMEHHOE Y NOJYUAET BIOJHE OMpe-
JENCHHOE YHCJACHHOE SHAYCHHE BCAKHH a3, Kak apryMeHTy X Hamu
JaHo onpejenentoe ducaennoe asmasenne. Ho orcioga otmions ewe
He CJEAYET, YTO MbI MOJKEM laBaTh aPryMEHTY X PELUHMTENLHO BCSKHE
UHCJIEHHEIE 3HAaYCHHA. MOryT MMETLCH TaKue MCKIIOUHTEBHLIE 3HAYEC-
HHUA APryMeHTa X, NPH KOTOPBIX dopmyaa paspyuiaemes, yrpaumusas
BCAKHA MATEMATHYECKHH CMBICA. 3TH HCKIIOYHTENbHBIE 3HAYEHHA

apryMenTa X HasblBalOTCA O0COOMLMI ANA PaccMAaTpUBaeMol qopMybi,
Taik, nanpuamep, (yniunn

y=

x—2a
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0cofoli BeMUHHON apryMenTa HMeeT x=—»5, notomy uro npu x=—>5
AeJHTENh AeJaeTCH HYJeM, H BEJ‘!ﬂ[tll]'Iliy Y YHe BBIMHCIATL HEBO3-
eJINTh Ha HYJb HEAL3H.

Momrl]{%',.fiﬁaogo%mx BEJHYHHAX aprymenTta QyHKuUHIO npamo
no QGopmyne Henb3d BBIYHCIAATH NOTOMY uyTg ‘bUP‘
MyJia yTpa.‘{HBﬂE‘I‘« npH 3THX 3Ha '-IEHH’SIX dprymesnra
BCAKHE yncaenubli cMbica. Ho xpome ocobbix sHayenui; apry-
MEHTa X IPHXOAHTCA 4YacTo Ha0EraTh 1aBaTh X TaKHe BEIHYUHEL, 1y
KOTOpEIX (hopMyJla AACT MHHAbIE SHAYCHHA IJIA ¥, XOTH U Brogme
onpepesentbie. B 3agayaX TDAKTHKH HEPEAKO TPHXOMHTCHA M3Gerarr
JlaBaTh X Takue SHAYEHHd, TPH KOTOPLIX ¢ nlnﬂuyo&, NOTOMY yTo
TPAKTHKE C MHHMBIMH HHCJIAMH UaCTO HEYELO JeaaTh,

Hanpunep, ¢yHiKiHA
y=Vx

M, xorma x orpuuareneit. Ipuxomnres, CACAOBATENLHO, Orpapy-
UHBATLCH NOAOJICILINEAD HBIMIL SHAYCHHAMN X.

PyHKUMA y=Ilog, x

TIpH OCHOBANMH @ MOAOICUINEABHOM CTAHOBUTCH MHMMOH, ecuy s o1-

pHuaTesen: BeAb OTPHUATENBHBIE HHCIA HE HueloT AeHCTBITe 1y
JiorapH{)MOB.
(IHH
riuno, QyHKI :
Anano 4 y =arc sin x,
y=arccos.x
—1,--1], no Y
g x BHE OTpe3ka [—1, 1], TOMY Ytp oy
HE HpeloT cmelcaa A ouiTh Oodbiie 1 M Meseme — |, tye

1 KocuHyc He MOTYT =
Hanporus, (hyHKL J
x*—2x-}5, sinx, arc tgx

gt TN BCAKHX KOHEUHEIX JEfiCTBUTCbHEY .
MOJKHO nmqncﬂmmu g y==I(x) umeem cs0i0 cobcms
7 Bmxa!i égJa sycmiitbx SHAYEHUR 04 apeyiterm
ocmy goex

. aQUeH urk apymesmaun Q368
cI MOLA 31
KVRHOCHD da‘ !y 3

u.
cywecmsosanusi EYEY

EHNR Y10 COSO}C}I!‘:-
a X, Ima cogo-
emes ﬂﬁﬂﬂfmam

COBOKYITHOCIND donyemususe anavenyii apey,

Werma gy
npukes B0 GHUMGKEE OO moasko =

WHE R

. Haitmu g
Aipaniep, SI0CT eilemayy,

Vifx+Vi—»

SHAMSHIL, nepnoe caaraesoe Gblio AefieTBHTe b EN, HANO, yropy,
Peutenne, Urolnl ¢ GbLA0 NONOMNTEALULIM 1K Hyaew, Mostoyy X ~_1].°Jllco.

PEIliloe  prIpaweHHe qoOn BTOPOE CAATaeMOe lie 1a10 Muumoro I

(ol .rlpgmii cropmlg;.a:_w CyIECTROBALLA eCTh 0Tpesok [— 4, +3J.

L= 3, Jnaunr, 0

EAbHpE

» Mo, yroG,
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§ 29. Mpupawenwe qynxunn, Joa auddepeniuaasHoro Heuncae-
HHA B BRICHIEH CTENEHM BaM{HO YMETh HAXOAHTH IpHpalleHHE
GyHkunu, udo nosHoe 3uauue (GYHKUHH AOCTHIAETCH HAMH JHITH
TOr/a, KOr/Ja MLl 3HAEM €€ M3MeHeHHe TpPH H3MEHEHHH Yy Hee apryv-
MEHTAa, A AJIA 5TOr0 Mbl AOJICHBL YMETh BBIMHCAATH A (YHKIHH Y
€e TpHpalleHHe Ay, KOrfa Mbl JaeM e apryMeHty X npepauiende A.x.

Hrax, nycte y— f(x) ecth usyuaemas (yHums.

[peanonomum, 4TO apryMeHT cHayaia MMEeT HeKOTOPOe 3HAYEHHE
X, a sateM moayuaer npupamenre Ax, Torma roBoe 3mavenHe’
aprymenTa 6yzer x--Ax.

Ho pas apryment usmenuics W NEpeuies OT CTaporo sHaueHHs X
K HOBOMY 3HA4enio x—|-Ax, TO H3MEHHTCHA H 33BHCHMOE MEPEMEHHOC,
NEPEAA OT CTAPOr0 3HAYEHHA J K HEKOTOPOMY HOBOMY 3HAYEHHIO
¥4y, rae Ay ects npupanienie QyHKIHH, BH3BARHOE TIPHPA LIEHHEN
dx aprynsenra.

Ho ecam apryMent umes cTapoe sHadeHHe, TO H 3Havenne (yHg-
UHH TOME OBIIO CTApPLIM. 3HAYHT:

y=r(x).

A ecan ApryMenT mnoJy4yd/ HOBOE 3Ha4qenne, TO H 3HAYEHHE LbyHKI.l[[ii
TOME CHENas0Ch HOBLIM, CneaoBaTeqsHo,

Y4y =f(x}Ax).

Boiita u3 storo PaBCcHCTBA TPEABbIAYLLeE, MBI HAXOAHM OCHOBHOE,
sazcHenuee no cAedcmsusiat w no NPUAOHCEHUAM, DABEHCTBO;

Ay = f(x - Ax) — f(x).

Taxun ofpazom, 4ToOHl BhYMCHHTL TpHpamenne Ay QyHkimm
y=7(x), Hapo clenaaTh CAEAYIOUIHE LIaru:

Tlepeoiii war. 3amennts B dopmyse f(x), nalomeit dyHkuHIO,
CTapHll apryMenT X Ha HOBLI, HapalleHHEN aprymestT x-HAx.
[oayuny Hosoe snauenne f(x-|{-Ax) naweit dymrmm,

Bropoit mar. Banats crapoe suauenue f(x) dynwumm.

Tpernit war. BulyecTs 13 HOBOTO 3Hauenus f(x - Ax) ee cTi-
poe 3uauenne f(x). Pasmocrs f(x--Ax)—f(x) u ects uckomoe
upHpaliesHe Ay dyniuui,

Mpumep 1. Halitn npupamenue dynkwm y = x*
Pewenue, Tleppuit mar [samena nepsonasaisnofl BeAnuminl X ua napa-
ILEHHYIO BEANYIHY aprysedta (x4 Adx)] gaem

(x+ Ax)

Bropo# war (pantie diyukayn npn crapom aprymente) naet x*

! O npupautennn nepemenioro soodwe o, § 22 npeamayiell raanu.
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Tperufi mar (coctanienne pasnocTs HOBoH W CTapoll BeAHuHE QyHKuMH)
naet qopuyay npHpamieHia:
Ay=(x-Ldx) — &2,

¥oTOpan mocae BEIMHCACHHA H VOPOISHHA TPHHBMAET BIHI:
Ay=2xAx-| (Ax)P.

Npumep 2. Haiitn mprpanienne gynxmm y=]f}_
Pewenie. Coraacio ofuleMy npasmiy umeem:

Ay— ]fm — VE.
1o npupallenne mocne npeofpasopannil MOWHO NPEICTABUTL B Dlge:
Ay3(1’ﬁ—1”$)(1”@+vz): Ax
Vifdx4Vx Vifixt+Vix
Mpumep 3. Haiitu npupamenne Qynkumn y=—=5 — e - 4x°,
Orp. Ay=—(—34 12x% Ax | 12x (Ax)* 14 (Ax2.

§ 30. leomeTpHueckoe uzobpancenne Gynxunit. Mo ye pumenn,
yTo BCskam BeMMuMHa HsoOpakaerca Toukoif. JIerko Tamwe reomer-

pigecky 1300pasuTh BCAKYIO yHKIHID.
[MycTs HaM JAaHa Heworopas dyHkuns y aprymenta

y=rfix),

onpeesenHas B HEKOTOPOM NPOMEMYTKE.

Sro gHAYUNT, YTO GCAKOMY 3nayenui) nepeslernoo X ua amozo
npoAteACYNKa Omsetagi odna cosepuieiio onpedenernas seautnia
nepexertoz0 V.

ZapeTHB 5TO, BOZBMEM NPAMOYTONBHYIO CHCTEMY KOODIHHATHBIX
oceit XOV wa maockocTi. [lyets P ects Toyka paccMaTpHBAEMOrO
ey TRa, Y KOTOPOIi aGcuncca pasha x. Ecin Ml BOCCTasuM
Goupce MEPNEHAHKYIAAD B 3TOI Touke P, TO HA 3TOM mEpPHEHINH-
crﬂa_h{pmem OTHICKATE TaKYI0 EAHHCTBEHHYIO TO4KY M,
koropoit PM B TousocTn pasua semmumme f(x) Hamer
(uepr. 20). 3naunt, Mel wveen:

OP=x, PM=—y =1y

BooGpaan, YUTO HAlle NOCTpOenie Mbl MpOfesai IVIA 6CEX 8Ha-
wennii, KOTOPOE MOXHO JaTh TepeneHnoMy x. Torxa BO acex TodKax
P pamero NPOMEXKYTKA GYIET BOCCTARNEHO TO  MEPHEHANKYJADY
i Ha GCAKON ncmu”m"{é} sl 6}’181‘ OTJIOM(EHO TO OTPE3KY PM,
passoMy 3HatEHMIO AAHHON dynkuun y, xorma aprywent mMeer sHa-
yepue abcipcchl TOUKH P.

B pesyapTate rEOMETpuecKoe MecTo Tovek M oSpasyer Hexo-
Topylo Kpueyio (uepr. 21).

T O0pRIGE, JeARAE (ﬁ,vm:;m;; f(x) moacem Gumo usobpa-
Jicena 2e0MeMPRIECIu MAKON Kpugol, opéuname Komopor y & Jio-

npoM
OCH @
KyJspe BC
opaHHaTa
dynm
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Goii moyre x ocu abcyuec & MOYHOCMU PasHa HHCAGHHOMY 3Hate-
w0 f (x) ghyuryun, xoida ee apeysenm pasen abeyucce K. :
OfpaTHo, ecaH Mbl HMEEM KPHBYIO, IEPECEKABMYIO BCAKOH TPAMOiL,
NEPNEHIHKYIAPHOI K OCH aGCIHCC B OAHOIl TOABKO TOHKE, MO MaKai
Kpusas usobpadcaen cnoaxe onpedeeniyio @YHKYUIo, LANeHHO Ny,
YUCAeHHbe 3HQUEHUN KOMOPORL paswul Opounamart Kpuson npi
HUCAeHHbLX SHQUEHUAX apeyMeHIna, pasHsix adcyuccait.

B
1
i
iy y=flx
g X o * e
Yepr. 20 Hepr. 21

1o OOCTOATENLCTEO MOMHO BBHIPASHTH BECHMA KPAaTKO, CKa3ag:
¥ 8caKofl Kpusott opdunama eciiy @VHKLISL aOCyucChL.

B peayabrare ()yHiuA M kpHBas OKA3LIBAIGTCA TAK TECHO CBA3dH-
HBIMM JpYr ¢ JPYroM, 4TO HE TIPHXOAHTCH YAHEJNATHCH TOMY, HTO
MaTeMaTHK, ECTECTEEHHHK H CTAaTHCTHK OTOIKLECTBJASIOT B YME STH
ABA TIOHATHA M, roBopa O QYHKUMOHANLHON 3aBHCHMOCTH, CBOMM
BoOGpaNceHHen audsam COOTBETCTBYIOULYI0 KPHBYIU.

§ 31. l'eomerpuyeckoe H3oopa- y
menHe mpupaulenus gynuxuuu. Pas

BeAran Qyuxuna 3 = f (x) nsobpasu- M

Ma TEOMETPHYECKH B BHIE KPHBOIL,

TO BEChM3 BajKHO TOMYYHTb 2e0Me- M, 4y
mputeckoe usolpajcerue ee Hpu- a

panenus Ay.
[lycrs pan#as QyHKuua

y
y=F(x)
n3oGpaieHa TEOMETPHUYECKH B BHJIe x ax X
kpusoil (uept. 22). 0 P P!
[ycrs Touxa P na ocn X n3oG- Yepr. 22

pajyaeT MEepBOHAaYuaJLHOE  3HAYEHHE

aprymMenTa, T. e. nycts orpesox OP pasen x. Torpa opaumnata PM
papHa BHAYEHHIO DACCMATPHBAGMON (YHKIMH NPH TOM 3HAUEHHM ap-
rymenta, T. e. uMeeM PM=f(x)=y. Hagum x npupautenne Ax;
Torga HObLM 3uaveHueM aprymenta Gyper x--Ax. Ecau touka P’
1306pakaeT 5TO HOHOE 3HAUEHHE apryMenTa, TO HaNpaBJeHHbll OTpe-
3ok PP’ (ot Touxn P k Touxe P') usobpasur npupauiesue Ax, T. €.
PP —Ax. Tlostomy opnunata P'M' pasna sesuuune nameil Qyni-
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Wi 1A HOBOFO SHAYEHHs apryMenta, T. €. HMeeMm:
PM=f(x-Ax)

Ho esuiEa (DyHKUMH T HOBOM 3HAUEHUH apryMenTa sBasetcs
OUEBHAHO, €€ HOBHNL SHAYEHHEN, DABHLIM, TIOSTOMY, €€ CTapoMy aHa-
Genmio y TOC NpHpaulene Ay, 3uadnT,

PM =y Ay.

Tenepb JOCTATOMHO TIPOBECTH H4EPE3 TOUKY M napannens k ocu
OX, uTodb MOAYHATh upaMoyroasnuk PP'QM, B koTopom CTOpOHA
P'O passa Y-

CrejpoBaTe/IbHO, npupalierue Ay giyuiyuu 2eomempuneciky uao-
opaacaemncst BEPMUKANbHBM Kamemoi QM’ rpusoauneiioeo nps-
ALoy20A6H020 mpeyzoasruiia MQM'.

3ameTnM, 4T0 TOPH3OHTaabHBEIM KaTeTom MQ storo Tpe-
YroabHHMKa CIIyKHT TPHPALLEHHE AX apryMeHTa, THIOTEHY 30 e
ayra MM’ KpPHEOH, usoGpaxaionlel aannyio QyHxuMio y= f(x).

§32.0 pasandHOM NPOHCXOKIeHUH QYHKWHIE. C diopiaasnor
Toukn apeHi NEPEMENHAR Bequiuna Y A6AAEMCA mozda hynryuer
i UHUHbL X
y=7(xh

nepeMeHrnon gei

osda BCAKOMY MHCACHHOMY IHQUEHUIO NepeMenHoz0 x omsedaem
EHoaHE aﬂpedeﬁw-‘iw HUHCAEHHOR 3HaueHue NepemMennozo y.
Vuapnyuiicsl, OAHAKO, HE JOMKCH NEPEoNEHNBATL CHILL 3TOroO ompe-
NEeAeHHs q)ymcul-iﬂ. H(?TOM}’ YTO B HEM BBLIPaXaeTCH TOJBKO Ta MBLIC/h,
yTp Korpa HaM JaeTCA  YHCJEHHOE 3HAUEHHEe [Jsi X, TO MLl yareear
sorucaiis B BOOOUIE KaAK-TO onpedeauiis COOTBETCTBYIOLILEE HYHC-
Jiepnoe 3HauenHe naa Y. M undero Goaslie B BHUUENPHEEAEHHOM T0-
HSTHH ¢_y|-1KuH[{ HE COACPHHTCH.

[TosToMY aTd I{JOPMMh‘Haﬂ _TO4Ka BpEHHS ABAAETCA, cobCTREHHD
roops, AHUP -"06”;""9‘-“01* CXeMOil, B KOTODOHl MEl YKIailbl-
Ehen CAMBIE pasHioCOPASEEE 110 CROCH NpHDOAE (hyHKIUHOHANLHEE 32-

TH.

BHCI;‘MDCﬂme /MEHHE BEIYMCAIATL J, 3auaB cebe X, MOMET TpoOHCTe-
KaTe H3 qioqHoro SHAHHA TEX anaiumuveckux (aazefpauteckux)
«  goTOpble CJCAYET NPOH3BECTH HAA X, YTOGH NMOMYUHTH Y.
TaxoB, HATIPHMED, BC:'IJ’ uaii, Korjga y paerci KakuM-HHOYAbL dpod-
Hun ppipaxeiien Of BT v EpOAC

. X —Tx+46

y= ErEiee g

+ x4 x4 1

s ONPEAEICHIOCTL NEPEMEHHOTO Y TIPH 3HAHMHE BeJH-

. TToaqk
1l T NPOMCTCYb M3 (harmos 2e0MemMpuiecKkon npupoos

e X MOKE
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NPH TIOJIHOM HEYMEHHH OTHICKATH CODTBETCTBEHHOE AHAJHTHUE-
cKoe BHIpaMEHUE.

Takos, wanpuvep, cayuail, Korma Mbl HMEEM @OCOAIOMHO MOTHIIO
OKPYXKHOCTh pamuyca |, Ha KOTOpO# MamepaioTcsl ZyrH X (uepr. 23).
Opaunata PAM touxu M, onnchisaionieit sTy OKPYIKHOCTh, OHEBHIHO
paena sin.x, ecin ayra AM ofosmadena vepes X, notomy 4HTO yroa
AOM wsmepsierca ayroii AM okpyxHocTH. STy OPAMHATY Sin.X Mbl
MOXKEM OTPEAENNTh ¢ 0e32panuinol MOLHOCNbI0, N OAHAKO CYIIHOCTR
TEX aHa@AumMutecikux NENCTBHH, KOTOpLle Hajao MNPojejaTh Hal X,
YTOGHl TIOMYUHTH Sin X, HAM OCTAeTCs TMOKA HEH3RECTHOH. Yuauluics
BHIIUT TOSTOMY, YTO 3/€Ch 3HAaK cumyca sin( )

He crouT GOMbIIero, yem caMmbii oMl (hyHK- i
usonanbubi  spavwok  f( ), wnbo Oywsbl  sin “
YKa3piBaloT NPOCTO HAIUE HE3HAMME.

111, Haxonen, saBHCHMOCTL TEpEMEHHOrO ¥ A

OT X MOMET NPOMCTEKAThH HE M3 KaKOH-1UbO
aHAJHTHYECKO! (JOPMYJEI M HE W3 TreoMeTpi-
HECKOH OOCTAHOBKH, HO MOMKET CO3AaThCA (hak-
TAMH MEXTHOYECKOZO XHIJHI\"‘T'C]JE.

Taiop, nanpuuep, cayvait IBHIKEHHS B KoC- Hepr. 23
MHYECKOM ﬂpOCTpaHETﬂE TéMa, NOAYHEEHHOro
TOALKD CHIaM HCE!]'\III[)IIOFO TArMOTEHHA. B l'.lpHI]I.llil'I(!, OIHO JHIIL 3HA3-
HHE MECTa 3TOr0 TeJa H €r0 CKOPOCTH 8 Kaxou-Hubyos dhur-
cUposanubii Momenm spesenn t, ONpeIeNsieT TIOJ0WEHHE STOTO Tena
B0 Bce ppemeda. Tawnm 06pa3doM, 3TO TIOJOKEHHE E€CTh COBEJUIEHHO
onpedeaennas yuryus spesmenn t. Oanaxo Mbl HE HMEEM A Hee
HH TOUMBIX AHAJHTHYECKUX (JOPMYJ, HH TOYNO YKA3aHHON reoMEeTpH-
4ecKOH KpPHBEOIT,

§ 33. Kaaccudurauns dynkumii. [Ipe npapuTteasnoe same-
yanue. 34eCh PACCMATPHBAIOTCA (DYHKUHH Y TOJBKO OT OJHOLO He-
3aBHCHMOrO NepeMeHHoro x. Beakan Takas dymiuma y numerca
B BHIOEC

y=17(x),

rae f(x) ects dopmyna, colepikamas X # faloulag BeHUHNY pac-
cvaTpiBaemoii (hyniuan . 3Ta (GopMysa ABAAETCH COBOKYIHOCTbIO
MATEMATHYECKHX JEHCTBUIl, DPONCALIBACMEIX Ha/ APryMEHTOM X, H
SICHO, YTO, YeM GoJblIe STHX NEHCTBHE M YeM OHH TPYAHEE BHINOJ-
usempl, Tem Gonee CAOMKHON apasieTcs cama dyuknna § = f (x) u Tem
ee TpyaHee H3yyaTh.

[MosToMy, NPEXIe HYEM TPHCTYNHTh K H3YUEHHIO dcAxux (yrKImit
f(x), ecTecTBeHHO NOCTAPATHCA CHAYANA MX PACKIacCHUUUPOBATH MO
XapakTepy ykasauuoiX B (Qopymyne f(x) aneammuteckux peiictauii
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MHEOrouneHsl

Tak waspBalOTCA Takie QYHKUMH f(X), KOTOpHE mWoAyualoTCA u3
X TONbKO TPEMs TEPBLIMH ACHCTBHAMK ADH(OMETHKU: CAONCEHUEM, 8bi-
Yrmarnes o YMHOICEHUSM. DTH NEHCTEUA LOKHB GBITh NPUTOM npo-
JlCIanEl KOHEYHoe 'NCao pas.

W3 snementop aareGpbl H3BECTHO, YTO KOrJa NPOH3BEAEHH! Yrpo-
UIEHHsI, T. €. KOrJa BCE CKOOKH DACKDEITH M BCE TOZOGHBIE WneHu
CoenmmueHsl B OfHH, TO MHOTOWNCH MOXKHO HalHCaTh MO yoblsaiomuy
CTeneHsM apryMeHTa X, HanpHMeEp:

y=2x?—5x'-1-2x—3,
y=—ax*t+bx+tec

M 7. x. Campil crapiumil unen miueTcs nepsbiv. Ero cremens waski-
paeTch crmenensio 6020 Miozoiqena. Tak, mepsuii MHOMOWIEH ecth
KyOuyeckuil, BTOPOi KBaAPAaTHRIL

PanuoHadbHEE (QYHKIHH

Ecan K CIOMEHHIO, BHIMHTAHHIO M YNHOMKEHHIO MbI IPHOAaBHM eme
neficrpne deqedus, TO TOMYYAIONHECH TPH TOMOLLM STHX YeThpex
JejicTeHil (MpoAeNaHHbIX KOHCUHOE HHCIO pas) QyHKUHH HasLIBAOTCH
pagnonaprbiird. 3TH (hyHKIHI, PA3YMEETCA, HE COACPIKAT palHia-
JI0B, OTHOCAUUAXCA K aPLYMEHTY, H ECJH Mbl BHINOJHHM HAIIEIMA e
yopouienns, TO ITH (GyHKUHH TMYTCH J0BOJLHO OPOCTO: 8 Bule
umrowenus 08yX MHOZOUAEIHOB.

Hanpumep, ecan
2x—3

2—1"

-+ 7x,

TO 374 e camas (YHKIHA Y TOC/IE BHIOJIHEHHA YKASaHHLIX AefiCT-
BHIi u300paKaeTCa ropasfo mpotue:
Tad -5 — 23x8 - 11 -2
= .

- X —x

gpume aarebpanyeckne Qynxunu

Ecamn k uerbipeM NPEABIAYUIAM NEHCTBHSAM — C/IOMKEHHIO, BBIYHTa-
B, yMHOMEHAIO H AEJEHHIO — Mbl TIPHCOEANHAEM €Ul ONHO AEHCT-
Eilg — papjeyeHHe Paiiikalion J106bIX  CTenenei: KBAIPATHBIX, Ky=-
GiunLx o T, M., TO TOAVYECMEIE OT BLINOJHEHHA STHX IATH JAeHCT-
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BHil ' (B KOHEYHOM, pasyMeeTcd, 4HcJae) (yyHKUMH HasbIBAIOTCA ABHbE-
Mu aﬂeépawfema.uu.

Tax,
20 L VP —1—8x =
— e —_ * g

Y Y1 —VxFi l/xs_t‘)—i_“x +

€CTh fBHas agrebpanueckan (yHiatus,

SlBuple anreGpanueckHe (yHKUHH BOOOIIE OUEHb CJOMKHEI H PEAKO
MOryT OhITb YTpolUeHsl.

BaxHo, OfHAKO, BaMETHTb, 4TO, NPOJENLIBAA HAAJEXE@IIHE mpe-
00pasosanis, BCE PaAHKAL MONHO ycTpannts. Ho sto moctmraercs
LIEHOI0 TOrO, YTO MBI TOJYYaEM TaKOE PaBeHcTso, rie Oyxsa y BCTpe-
YgeTcA yiKe B kBaaparte, KyOe n B eule GoJee BHICOKHX CTEMEHIX.
Hanpumep, senas ajaredpanueckan (yHKuua

y=V1+x+Vi—=x
A0y CKaeT BOT KaxkHe npeoﬁpaaoaﬁum:

y—YIEE=VT—% (@Y—VIlxi—1I—%,
V=2 VTFx-(4x)=1—ux
yAu=2VTFx ('+2xF=4"(14x)
1l OKOHYATE/IBHO
y\l_gly'.‘_{_qxnzg’
rig yIKe HET PajHKaJoB, HO TAE J BXOAHT B BHICOKHX CTENEHAX.
Kax oGiee mpaguno CACAYET OTMETHTh, YTO
geaxan senas aeebpanieckasn giyuiyug y= f(x) nocse wad-

aedcaunx npeodpazosanuii, npednpunsmex 048 yoasenus padu-
KaA08, HpusoduUNl K ypasHeruio suda

F(x,y)=0,

20e F ecmn muozouaen om dsyx Gyxa X u Y, M. e. i VYPasHeAuio
suda

A(%) 3" +B(0) ¥+ C(x) ¥~ - ... 4 G (R)y + H (1) =0,
2de A (x), B(x), C(x), ..., H(x) CyTb MuO20t1€HEL OM OGHOL INOABKO
Oyient x. -

L Yuamniics nOMKEH NOMHNTH, UTO B pacuer Gepyra amms aeficTens, npoie-
JNHIRACMEIC HaJl TEMH 4acTaMu t;iUp.\l}’JIl:l. B HOTOpLIE aprynlcm’ X BJCD@HH! Hil camMoM
dede, HO OTHIONb HE OPHINMAIOTEA BO BHUManue AelcTeNA, npogensiBaeMmbie nHag
Koagiduyuenmait, HO0 NOCAeNNNE AAIOT ONATL TOALKO KO3phuumenTy we. Hanpu-
Mep, dynKRiHa |4 2x—6x-8 ecrh npocto MHOTOWIEH TpeTwell CTENEHN, Tak
KAk pannian V2 cuntaetcA ueankoM 3a Omuit M3 KOI(duUuentos, NPHTOM STOT
pamniad MOKHO 000311auNTh OAHOH OYKRONW M MAnHCaTh Bech MHOrOWIESH B Buie
ax'—bx _|_3_ 3neck pajirana  yme HET, H @ CCTh HOCTOMUHOE WICA0, He cojep-
mawee GyKsol v, pasioe 73
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HesnBunie anrebpanveckue byukuuu

npenb!ﬂymiiﬁ pe3y/ibTaT HaBOAHT BOT HA KAKHE DasgMBIILTeHs.
Bhiwe wmpi wassaan  @yHKGHEN BCAKOE 3aBHCHMOE IEpeMeHHoe ¥,
3asucsllee OT apryMeHTa x, H 0003Hauain y uyepes f(x):

y=s(x),

rjae f{x} ecTh CIJOPM}’JIE, BI;IPEI)K&IOUJ.HE“-V ‘le?ea X, T ey yKaaHBﬂIO-
1as COBOKYNHOCTh MATEMATHUECKHX ACHCTBHIl, KOTODHE HYy:icto npo-
AenaTh Haj X, 4TOORl HMETH V. Ecan sra COBOKYHHOCTh HelicTBRu{f
elle TIOKa HaM HEH3BECTHd, TO Mbl BCE-TAKH YIEpiHBaem npexnee

0D03HaYEeHHE
y=7r(x),

rae f(x) oGosHauacT KAk pas 3Ty CAMYylo HE H3BECTHYIO HaM nggg

COBOKYNHOCTH MAT@MaTHUECKHX AEHCTBIH.
gaemesl SGHOI, ecAll H3Becmubl 6ce me Oeticim-

Dyrryusa y Hadbl
ous, Komopsie 00A%CHE. O6lib 1POJeAaHs Had apeymenmosy
Ymolst noaytunis y-
Ecau ,J,{j; 045 onpedeseiis gyurgun v apzysenma x pan dang
Autus ypaswenue, cO0EPIACAHEE 00¢ OyKos. y U x;
Fx, =0,

petuenne 1xomopoeo onpedeasen giymcf;mg —‘f’ It ecau vt He yareey,
Peuns 3mo ypaaﬁeme aumg.-:ummwo WKEHL Y 1t e;_fmf MbE o
Xomuaar ez20 pewamb, mo moeda ¥ Hassisaemcsi wesnsnoii g"-‘”"-"'l{ﬂeﬁ
s s ) CUSIES 1omac we ol e
PeIHM ypapHEHHE £y y-} :-niimzun to{'ﬂbﬁo T MGy S
uae y=— f(x) ofoanatact lé MBI yﬂe 13“ PELIEHIHH COBOKYmHOCYy,
peiictenii” wag Xx. ECM 2{ KBt U ERy) ] y3;§ e e
F(x,y)=0 orHOCHTEMLHO }tlm;a /() o6o. aNae e e
B ciocobe mcats ¥ =/ (£) 32 il SEHE AT ST J e HabtCTRI
HaM pan 3aGLITYI0 HAMH cofimcy O zﬂienc-rsnu Al X.

Ecau F (x, ) oggggarrad?!.-*:”’;fi? o g 5,
et géj'ﬂfff” 2 9, J.daqﬁf'fe ;::B iri') I;w;ci;z Ypasrenno F(x, ¥) =7,
Haswsaemen arzedpatiector fm) s el LU

e sxHo HOAYMATE) ‘C:ijsaﬁ HEBHAR anre6panyecics,
epBa MO acTci B ABHYIO aireGpaitieckyio dymkumo, cropy
E?J]ILII{{L;HH y{u?wga}'llammﬂne fi(‘;;liﬁ;o?ﬁ S o
e pe O Jesoe anreof ; YPaBHEHHE paspemiyg Tpyy
MOM jleae op, W, SHaWMT, KIACC anreGpamveckux Hesmgpy

i J : KA )
T.ye.(i}::mc?azﬂux npH aﬁa‘é({]illlfgl Ce

Tax, nanpusep, YP yFy+x=0
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Vie HepaspeuiMMo OTHOCHTENbLHO OYKBEI ) C NOMOILBIO paIHKaIon
JMOOHIX CTENeHeH M B JI0GOM KOJHUECTBE, eCai Obl Jase Mbl HX
BBITHCHIBAIN MULTHONEL. 3HAYNT, 370 ypaBHEHHE ONpeae]ser OYKBY V
KaK CYIecmEenio Hessryo anrebpandeckyio (yHKUHIO OT X, KOTO-
pas HHKOTZa HE CHenaeTcsl ABHOIN, IOka Mbl OrpaHHviBaemMcs pac-
CMOTDEHHEM NepBLIX namu AEHCTBHI: CJHOMEHHA, BRIYHTAHHA, YMHO-
MEHNUS, JTETEHHS B H3BJICYEHHA PaIHKAJ0B.

Yuaumuiics ue NPEMHHET OTMETHTh, YTO KaM AL H3 PacCMOTPEH-
HBIX UYETBIPEX KJIACCOB  (WYHKIMIl — MHO20MACHb,  payuofadbibe
iy, sonse aszelpanteckie, nesenue aizebpamieciue — oobed-
JET BCe TpeablAyllie. Tak, MHOTOYIEH €CTh YaCTHBI cayuail pauuo-
HaNLHOH (DYHKIHM (KOTAa €e 3HaMeHaTeab €CTh EAHHHI), PalHo-
HanbHag (DYHKIUA €CTh YACTHBNI cayuaif saBuofi anreGpaHueckol
(korua Bce pajMKanibl MSBIEKAIOTCH), H, HAKOHEN, SABHAS anreGpan-
ueckas (YHKUMA €CTh HacTHBIH Cayuail HeABHOH aircOpaHyecKon
(korga ypaBHEHHE DaspelmIMO B PaAMKaNdx).

TpancmeEACHTHEE QYHKUHN

TountHe mparcyendesmuon GyHKLuL ABASETCA  OLHAM H3 Han-
Gosee cnaObIX W YASBHMBIX MECT COBPEMEHHOTO MaTeMaTHYECKOro
aHam3a, IIDTDMY 4YTO A0 CHX 110]] glle HE HMMEEeTCs leii.\ll]PO H HOJO-
MHTENBHOTO ONPEAENenHs TPAHCUEHAEHTHON (YHKINH, € nepeuHcae-
HHeM n kaaccH(ukauueil gcex TpaHCUEHAEHTHHX gedcTsuil. Takoil
KATANOr TPAHCUEHIEHTHOCTEH NOKA HEBO3MOM(CH.

{]03TOM’Y B HacTOANIIEE BPEMFI OFPHHH'IHBE]IOTCFI COEEpI.lIEIl}ID OHIJI'J'H‘
yameAbHeAL ONPELCNCHHEM TPaHCUEHAEHTHOH (YHKUHH, 8 HMEHHO:

mparcyendenmuon PyHryLelt asveaemes 6cAKas He aszebpan-
veckas @iyHxuun (Hu seHasn, HU HEABHAS).

Brauane mateMaTHYECKHH aHAJH3 HMEET [eNo JHIIbL CO CAeAYI0-
UMM #pocmeriuiuatit TPAHCHEHAEHTHBIMK (yHKUHAME (TaKk HasbiBae-
MBIMH J4e/MeHMapHblin MPancyeH0emuocamiL):

I. CtenenHas TPAHCUEHACHTHOCTb. ITO ecTh (YHKIML
Bl

X

VT
PJie o eCTh UPPAyUOHAAbHOE YHCIO®, HATPHMED X' ©.
2. lNokasareabHeie yHKIUH, FAE APIYMEHT HAXOAWTCH
B NOKasaTene:

2 vat Lt

»

L Apobnas cTenenb HE AacT MIYEro HOBOTO, Tak Kak x ¢ ofoznauaer -{ %

CeAOBATEeNBIO, ECTh ABNan airebpanveckan Qyunkgud, Mioe mero—uppauno-
HaAbilaf cTenetb.
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3. Jorapuduuueckue (YHKIHH OPH PasAHYHBEIX NOCTONNH-

HBIX OCHOBaHHSX:
log,x, 1g x.

4, TpuronomeTpunueckue QyHKUHH, T. e.
sinx, cosx, tgx, ctzx, secx, cosecx.

5. ObpaTHbie TPHTOHOMETPHYECKHE GyHrIHU?
arcsinx, arccosx, arctgx, arcctz.x.

B BuICHIEX JKE BETBAX MATEMATHYECKOTO aHATH3A MSYUAIOTCA elile
W npyrhe TpaHCUEHAEHTHbIE (YHKLNH (HANDUMED UEHHBIC VA Mexa- °
HuKH ag4unmuiectite QYHKIAE 1 1p.).

Pyuakuna oF GYyHKLUN

Kaaccudukaunio (yHiiuii Ha OCHOBE QHAAMNNYECKO20 TIPH3HAKA
Ml 34 KAHYHBAEM YKA3aHHEM BaXKHOTO CEMEHCTEa (Y HKIHI, 1OTyYaeMEIx
KOMGHHHPOBAHMEM NpeIblAylX Kaaccos. Muento, cpexn paanoobpaz-
HLIX TIPUENOB TOIyueHHs (WYHKUHI sce 00.1ee u 00.Aee cA0ICHbLX OnHIM
U3 CaMBIX BAMCHLIX HBJAETCH 0OPA30BAHHE TaK HA3BIBACMBIX «(fy Rl
o Y HICHIIE .

BoT CYUIHOCTBL STOTO NPHEMA.

[Ipeanonosxum, uro f(x) ectb kaxas-HHOYAb naunas Ham yHKuus,
onpefenenHas Ha orpeske [@a<<.x=0]. [lycts ee Besnunna npn ua-
MEHEHHH aPTYMEHTa X OT @ 10 & OCTACTCA BCEr/a 3aKMOUCHHO MEX Ly
asyms uncaamn A u B.

ITycrs Tenepb @ () €CTh HEKOTOPAA YHIKINA aPryMenTa y, Taike
HaM jauHad, ONpejeneHHas Kaxk pas Ha orpeske [A =y <=B] wm nHa
OTPESKE €llle G0Jee NHPOKOM, T. €. COLEPIAILEM OTPE30K [ A= y=< B].

Ecan teneps mbl Oyzem paccMaTpHBaTh OYKBY V Kak PaBHYIO EO
ECHAKHH MOMEHT MO BEJNHYMHE NepBoil (QyHKuMH f(x), T. e. ecan Mbl
nonoxuM ¥ = f(x), T0 Torma ¢ (), T. e. @[ f(x)] oxaxercs mpocto
obniknoBennoll  Qryniumned aprymenta x. B amax ee nponcxoxctenns
OHA HasbIBAETCH «@iyHKNuen om @yrryuny, NpuyeM nepeas (GyHKIsa
aprymenrta x, T. e. f(X), HaswlBaeTCa sHympenHed, a Bropas (yHk-
i ¢ apryMeHToM ¥, T. €. @(V), HASHBACTCH aHelHell (HapYIKHOIL).

! Papenctno y==arc 8in X WHTAETCA Tak: Neper pased yeAy, cltHye KOMOpoO
ecms X (NO-ATHUHN YUOA HAN AYra 1a3biBaeTcd arcus). 3uaunt, nanncaunoe cooi-
uolenne Mexmay GykBasmu y i X €CTb HE NTO HHOE, KaK nepedpasnpoBKa NEpHO-
HaYAALNOro YpaBHe s X = sin j.

(]
Haupusep, papenctso (nepoolayaisioe) th =1 MOWHO HAaOHCATE B BUIC

E-: arc tgl.
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flcno, 4To mMoAyyeHHas TakuM o6pasom HoBaA ()YHKUHA apryMeHTa,
HAMHCAHHAR RBHO!
e[ 7 ()]

HIN HERGHO:
w(y), rae y=jf(x),

ompejiesicHa Besic Ha oTpeske [a = x=<b], HGo BCAKON BeaHuHHE X
STOrO OTPE3Ka OTBEYAET BNOJIHE ONpelde/eHHas BEJHYHHA ¥ H, SHAUNT,
BIIOJHE ONpeeseHHoe yucao ¢ (y).

PagyyeeTcs, MBI MOMEM TPOLOJIATH H NaJbIle: eCcid BeJHYHHD
propoii Qyniiue @ () BCE BPEMA COAEPIKHTCH B TOM OTpEske, rue
ONPEAECHa HEKOTOpas MpPemss QIVAKUus apeyMedma 2, HaupuMep
4(2), To MoxnO, MONOMKHB Z2=1(y), paccmarpupaTe & (z) onATh Kax
(Y HIIHIO TICPBEOHAYAILHOTO APTYMENTA X, HATHCAB €e JWIH S8HO B BHAC

e[ F(x)]}
HIH MEABHO B BHIE

@(2), roe z=o(y) y=r(x).

M Tax panee.

3iech KPOETCA HexoTopoe obllee TOHATHE, KOTOPLIM Yydauurics
yike moabsosaica muoro pas. Tax, dyHruma sin®.x ecTh HE YTO HHOE,
kar Qymiins _@:3 rie y aameuieno uepes sinx, dynxnual 1 --sin®x
ecth npocro [z, rae z sameweno wepes 1--y?, a Gyxsa ¥, B CBOIO
Quepesn, aaMelena Yepes sin x. Oyrinua @ %% ¥ MOxeT GbITh paccMa-
TpHBAGMA Iax a¥, THe y 3aMelleH yepes log, x, NpHTOM @' X ecTh
npocto X (ecn x >0), xak sTO CreAYET M3 TEOPHH JorapH(IMOB.

Goaee Toro: MoMHO YTEECPICAATD, YTO 6CAKAA HANUCaHHAS 8 KO-
Heqnoa oude (Oynryus apyamenma X (T. e. BppaNeHHan depea
KOHEYHOE YHCJO 3MeMEHTApHLIX 3HAaKoB, Bpoxe V-, lg, sin 0 T. a.)
COCMABARENCa NOBMOPHHAL NPUMEHERUEN onepaqun «@yHiyun on
givrrcqui». Yuammiics cikopo ybeantcs B STOM, €CAH CTaHeT pa3tu-
BAThH MOOLIE CAOKIHIC HANHCAHHBIE (1YHKIMN aprymMenta X Ha NOBTOP-
HEie NPUMEHENHs TIPHHIENA «yHKUHE OT (GyHKIMI.

MNpmwsep. Pastuts gynkwmo

v=1/ 1+ 180G+ cosa’*)

Ha IIﬂE‘ITfJTJIIIlle ITpfll—lC(‘_Chl l'Il}'ll:I{IlllH or (]Iyil}{llll:ll.
Pewenne, SICio, 4TO nanucaunan HyHKIMA COCTapAeNa TaK:

)-:::'lfrz_, z=Il-{lgu, n=3-+fcosv, SRS T

Mu rnepexofnM cefiuac Kk yKasanmio eule HECKOJBKHX K/accon
(yHKIail, HCXOAA CKOPEE M3 2eOMEMPUMECKU20 TIPH3NAKA, YEM YHCTC

AHAJMHTHYCCKOr 0.
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OnHo3HAYHBEE M MHOTO3HayHHEe QYHKOHUH

TMepevennoe y HA3KBACTCA 001031 a4HOl PYHKUMEH Apyroro nepe-
MEHHOrO X, EC/AH KaiI0My 3HaYEHHIO X COOTBETCTBYET OOHO 4 MO.abKo
00Ho sravenne y. Tax, B ypPaBHEHHH

y=3x* (1)

¥ ecTh ONHO3HAYHAST (YHKIHA OT X.

Ecan ka)aoMy 3HaYEHHIO NEPEMEHHOTO X COOTBETCTBYET HE 0JHO,
8 NecKoJbKO SHAYEGHHI NEPeMEeHHOro 3y, TO OHO Ha3bIBAETCHA MHOZO-
anaunon (ynkudeil ot x. Hamprvep, ypaBHeune

x =23y (2)
ompeaenaeT y kak deyanauiyio QYHKUHIO OT X, IOTOMY uTO
: 2R
= 3§ ®

Jlerko oOBACHHTh, OTKYJAA B3sJachk ABY3HAYHOCTh (ynKimim
¥, ONpEXEJERHOH H3 YPAaBHEHNHA (2). Hns aToro aameTHM CIepBa, YTO

y e
| |
! I
|
—— 1
: e
o > 4 |
7] ! [
Yept. 24 Hepr. 25

ypaBrenne (1) ecth ypaBsHenwe rapafo.an, HMeOUlEl BePUIMHY B Ha-
yase koopauuat O M ock opaunat OV ceoeit ocsio (depr. 24).

A Tax xax mapaoJa, pacnoJIOKEHHAd yKasaHHBIM oOpasom, mepe-
CeKAeTCA JHMIIb B OHOH TOUKE BCSKON TPAMOH, NapasenbHoil ee OcH,
TO OAHO3HAYHOCTH (YHKUHH Y, ONPEICIeHHON H3 YpaBHEHNA
(1), cama coboit nouarHa.

Teneps, ypasuenue (2) ornmnuaercs ot ypasuenus (1) Toabko TeM,
4TO B HEM OYKBHl X H V nepecinagiens. STo TOKA3HBAET, HTO
ypaBHerne (2) ecTb ypaBHEHHE moit e camoit napafoas, € TOI
TOJNLKO pasuuiled, 4To ocH kKoopanHaT OX u OF noMensanch MECTaMIL.
3uaunr, pas ypapHenns (2) wama napaGona Gyder uMeTh TaKoe
pacnonoXenie, Kakoe ykasaHo wa uept. 25. [lostomy, aBy3Hau-
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nHocTh (YHKIHH Y, TOMyueHnoii OT pemenns ypasuesns (2), enoane
noHATHa: TapaGona, H3oOpasKeHHAA Ha 4epT. 25, pacroJoXena CHM-
METPHYHO OTHOCHTENBHO e¢ och OX M Beakas napamnens ock OF ee
nepecekaer B day.x TOYKAX, CHMMETDHYHO (3€pKaJbHO) DPACMOJIOMEH-

y

|

1

L

N OLATN N X
2T T I' z 1\.:/2}? NS
I
Hepr. 26

HEIX TIO OTHOMIEHHIO K OCH OX, 0IHa H3 3THX TOYEK HMEET NOJOKH-

B~ x x
TCbRYIO OPAHHATY —- ]/? » APyras OTPHUATENBHYI0 — ]/?. ¢ Toi
JKE CaMOH abCOJIOTHON BeJHHHHOLL.

Taxum obpason, oaHOsSHaAYHbBIE GYHKYIN BOIHUKAION ONL 130=
Opasicenus Kpushix, nepecexaemsix napaireansu ocu OY 6 onHoil
HIOABKO MOUKE, ECAlL JCe KPUSas NosepHyma

mak, %Mo nepecexaemcst Kayicdoii maroik 14
napansesbil0o 8 HEeCKOJNbKHX MOtKax,
mozda usolpaycaouan ee GYHKLnL MHOo- j
rosHavna. }
Npnvep. loxasams, wmo @yngyua arc sin x
ecnb 68(‘!(0)1’8’{.‘({]-6”0'(!!&5!.
.PE’HIEHHE'. rI’jn'i!.](!lill‘.l SinXecTb OAHO3IHAYHAN

I ypasuenne y==sinx ecTh ypanueHue BOAUHCTON
Il (Cusycoudsl), npoXoaaliel Yepes uavaso koop- 0
jumatr O nepecexaemoif Beakoil sepruxaapioil npa- =f
soifl Toabko B oauol Touke (wept. 26). Bamuo, uio
NS 9Ta COCTONT H3 GECKOMEHHOIO HIICAa ONHAKOBbIX
1O, MAYILUX B FOPHIoNTaALHOM HaupaBienny, npiu-
ueM X rpe6un noamisaotcs #ed ocklo OX na pac-
cTomnne -~ 1, a Bnaanukl MX Haxoaatcs nod ocein OX
la paccrofmm — 1.

Quepinuo, Y10 ypasHene x = sin y, nony4eitoe /
13 NpeasIymero odueuos MecT GyksaMn x n y, nao-
OpamaeT TY WE CaMYI0 KPHBYI), HO TOIBKO NOCTaB-
NEHHYIO BepTHKaAbNo (vepT. 27). fcuo, 410 npoexkuus
BepTHKANLHO cTOseR kpupoil wa ock OX ectn orpe-
30k [—1, -pl]. Slcio, Hagouew, YTO BCAKAA Napad- Yepr. 27
aeas ocu OF, nepecekaioutaf sTor oTpesok, ofsa-
MEABRO Nepecenem HAwy rpusyin & (eckoxetnoar
#icae mover. [loarony @yuxuna y = arc sin X, NOJAy4ENan PEmICINEM Ypablems
X == sin y OTHOCHTEALHO HEN3BECTHOID ¥, ecThb hyunuun GecKoOneuno-3 nanay,

-
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BospacTawowmue H yduBaoune QyHKuuu

Onua 13 Ba)cHelIIHX 3ajay MaTEeMaTHYeCKOro aHaJu3a COCTOMT
B H3yYCHHH U3MEHEHU (ynxuni. CaMbIM IPOCTHIM HSMEHEHHEM (yHK-
K SBJsIETC TAKoe, TPH KOTOPOM (DYHKWHS s03pacmaen wan yGsi-
saem. ﬂanBM TOYHOE ONPELCAEHHE, HYTO HYMN(HO NMOHHUMATH IOL STHM.

Kaxan-mnGy s Qyxunna y—= f(x), sanansaa wa orpesxe [a, &),
HasLBaeTCH gaSpaCﬂiﬂfﬂH{&h‘, Ha 3moar ompesie, eciH, 4Yem OoJbLIEe
Gyner BafTas BeJUYHHA APryMeHTa X, TeM OOJblIMM CTaHeT cooT-
BETCTBYIOILEE SHAUYEHNE (Qyuxuun, W amanornuno, f(x) maseisaeTca
vGsigaiomeli Ha ompesKe [a, b], xorga yseanuenne Benuummsr apry-
Menra x Baeder 3a coboif, Hao60POT, YMEHbIIEHHE SHAYEHHS (YHKINH.

C qHaAmmuieckon TOYKY SPEHHA 3TO S3HAYMT, YTO H3 HEDABEHCTBA

oA
caenyer HepﬂBEHCTBO
f'{—‘fsj‘( f (x,), ecan (b_ynuutm ECTh gospachiaionast,

It HEpaBeHCTBO
fx)>f(x,), ecnn dynkuus ects yOssaouas.

C reoMeTPHHECKON TOMKH 3PEHHA BO3pacTawman (yHxuus nsobpa-
dcaercst KpHEOH, TOAHHMAIOIIEHCA HAmpaBo BEEPX, a vOLIBaloulad
(hyHxnus H300PAXKAETCA KPHBOH, HAOGOPOT, omycKalowlelics Hampaso
BbHua (yepr. 28 u 29).

Y

(a) =

fﬂ N\
1y -
1 i
— A gl a ,c;T

X

Yepr, 28 Yepr. 29

y Boapacmwmeh (QyHKUNIE Camas Masas BesmumHa (MunEMYyM) Ha
OTpeske [@, &) OCYUIECTBASETCH B €ro JIeBoM KOHLE, T. €. IpPH X=a,
d cayan Gosbliafd BENHUHHA (MAKCHMYM) OCYIICCTBIAETCA B €ro mpa-
BOM Komue, T- € TPH X=0b. ¥ yGrigaowell, naoGopor, MaxcHMyd
HMeercs B JIEBOM KOHIE @, a MHHHMyM —B npasoMm xouue b.

Ecap apryMeHT X BOSpacTaomefi dpymnwxuumn j(x) ysesdun-
Baercs or @ A0 b, TOUKA P, uveoman x cBoeit aBCuHCCOl, ABIKETCA
Uo ocy QX BNPABO, TOMA COOTBETCTBYlOmAs TOuka M ABIKETCA MO
KDHgoj, a ee MPOCKUNA Q Ha ock O nmikeTcs 1O 9TOI OCH MOCTO-
o ggepx (4EPT- 28). HaoGopor, ecan ¢Gyuxuna f(x) ects y 6ol
Balomas, TOrAd TPH YBCJIHYCHHW ee aprymenta x or a jgo b,
TOuka Q pmiwkeTes 10 ocit OF nocrosnwo sxua (uepr. 29).



§ 33 KAACCHOHKALIS ©YHKIU a7

DYHKIHH BO3pacTalolHe M ()YHKOHH YOBIBAIOIIHE HASHIBAIOTCA,
BCE BMECTE, MOHOTOHHHMH ¢ynkuuamvu. Ha Toro, uto ceiqac
OBIVIO 'CKA3aHO, BLITEKAET CELCTBHE:

ecan Y MOHOMOHROU yHicuuy ¥y == f (X) apzyaesm x s03pacma-
em, HucAenHoe 3narerue Imon YHIGUL ecmp MOHOMOKKAR Nepe-
MEHHAS BeAuHUHE.

Onpenenenne. Dyuxyusy= f(x), MOHOMOHHARK HQ ONPEIKE
[a=x=b]|, naswweaemes nenpeprHBHOI Ha 3TOM OTPE3KE,
eCall ee YUCACHHOe 3HAUEHUE ECINb HENpepuenan nepesennasn 8eu-
HUHA.

Otcpiian yuamerocst x § 21, rae 60 ano onpeneneHie MOHO-
TOHHOI HEMPEPLIBHOII HEPEMEHHOIl BenNYMiLl, Mbl HANOMHHAEM €e
OCHOBHOE CBOICTEO: npoxodumes nocaedosamensio uepes BCE Nnpo-
MENCVINCHHBIE IHQUEeHUs, JAedcatjue Medcdy OJ8YMS ee KpanuiMmit
JHAUEHUSTAU.

v ¥
dpr s d
Wi ;
W : T
o @ b 0| o - —
Uepr. 30 Yepr. 31

Tak xax, B JaHHOM chlyyae, TOuka y JIBHICETCH HO OCH OpAHHAT
OY, a IByMA KpailHUMH €& 3HaYCHHAMH CAYMaT MaKCHMaJbHOE H
MuHRMaNbLHOE anavenns f(a) u f(b) dynxuun f(x) na orpeske [a, b),
TO 3HAYEHHE ) H3MEHAETCS MOHOTOHHO H HENPEpHIBHO, He 0eaast crai-
08 W TIPOXOIS TIOCAEN0BATENLHO 10 00HOAMY pa3y Hepes BCe mpo-
MEXKYTOUHEIE 3HayeHua mexcay f(a) m f(b).

Monotonusie ¢yHkunn, Haodpaxenssie Ha uepr. 28 u 29, oue-
BHIHO Henpepblonst Ha otpeske [a, b).

Ecau e moHoTomHas (yHkuusa f(x) He HenmpepsiBHA Ha OTpeake
[a, ], TO ee uuCaEHHA® BEANYHHA Y JIEJACT CKAYOK, Kak GbIIO pPazw-
acuero B § 21, nbo y ne momer npoberaTh BCeX NPOMENCYTOYHBIX
anauennit mexay fla) w f(b), HO TpH CBOEM M3MEHEHHH JO/KHA
OCTaBUTh MYCTELIM HEKOTOPHIL mpoMexcyToK (¢, d), MEepecKOuHB uepes
HEro.

MouoTtonnse dynruus, Boapacrawouias n yGmzaouias, u3aobpa-
aennpie Ha uepr. 30 u 31, oueswnno paspuiBHn Ha [a, b], uGo
HMEIOT CKAauok, TIOTOMY 4TO Ha MpoMexcyTox (¢, d) ne nonajgaetT HH
OMHOr0 YHCJAEGHHOTO 3HAYEHHA TOll M JPYTOil qvHKIHH.
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Ecan nop aGemuccoil x mMbl OyaeM TOHMMAaTe BPpeMs#, TOraa

unc.iennas Bemiunna Qynxunn f(x) GYET 3aBHCETh TONBKO OT Bpe-
MeHIl, T. €. ABHTCA HCTHHHON HepeieHHoil 8eAuduHoll, W Tora K Heil

NpHNOMIMO Bee CkasanHoe B § 21 O CKauke MOHOTOHHOI He Henpe-

PBIBHOI BETHYHHEL.
JlaauM, HaKOHEL, CAeLyiollee ONPEeieseHHeE: 3
dYHKYISA, HEMOHOMORHAR Ha Ompeske [a, b), rasseaemen xo-

nTeoapuleilca Ka amoi ompesie.

MpuMedanie. [Monesno NMETh B BHAY CASAYIOUNIEE ONpEleNSHHe: ecal
xored.uomancn Ha ompesie |a, b] diynrciise [ (x) donycxaem paaduenue smozo
OMPE3IRA HA KOHEYHOe HUCAD
y OMpPesros, Ha KasNcdot U3 Ko-
mopoix f(x) soromonna it He-
npepusna, mozda maKas ko-
aebmomanci gyncgua  f(x)
HAILBAEINCT HENPEPH B-
1ol ke ompeswe [a, b)
Euino (bl BEChMa ECTECT-
BeHHRIM NPeAnoA0IKHTL, HTO,
Roodme, poikan HenpepsiEHag
(hyukiws na orpeske [a, b], He
SBISIONIANCH HA MHEM BCe BpE-
M3l BO3pactaonieid nan yob-

Of=—————-
i

WP e
——

| I | )  Baowei, nosgoaser paspesats

g z Ty o STOT OTPEaok [a, b] na KoHey-
- HOB 4HCJAO Taknx GoJee Men-

depr. 32 KUX OTPe2aKos [a, ¢,y (€ Cals

[€ar €3]y oy o [Em 0], N2 EaN-

FOM H3 KOTOPBIX paccMarpupaemas (yHkuus BOIpacTaeT waum yOmpaetr. K sTOMY
KaK DYATO CKIOHSET M 4epT. 82, ykassiBalownil ACHO, KAk HAZ0 CHeNaTh paspeabl.
Ho ua casom jede 370 He Tak: BOIMOMHOCTE Takoro paspesanns orpooka [a, b]
ROUCE He CAeaYeT JOTHYEeCKHM o0pazoM M3 onperedelisn McnpepuipnocTi. Hutateas
aoien GbiTh MPCAYNPENAEH 3apanee, YTO HMEIOTCH Takue (ynwumn y=f(x),
KUTOpBIE Y00sAemMBOPION onpedenenitio HerpepLsHOCMIL, KOTOPOE GYAeT AAHO0 falh-
we (ca. ra. VI) u gotopeie TeM lie Meuee He sozpacmalom u He yGmsaom (i He
)I{IETOHU.E[];I) HIE HEZ KIKOM CKOAb yzOf)KO MEAKOM OMPEIKE, HOAMIONEMCIL CACTIIO

ompesra [a, b].
O6paTHbe QYHKLHH

BoseMeM Kakylo-HHOYIb (yHIKIHIO
y=/r(x) 0

onpeaesennyio na orpeske [a, &) ocu OX. 3necs xapaxrepucThKa “f
0003HayaeT, KaK BCerja, COBOKYNHOCTb aHaJMTHueckux aeficTsHil,
KOTOpHIE HALO0 TIPOAE/ATh HaA HE3aBHCHMBIM TIEPEMEHHBIM X, YTOOHI
NoAyuHTh UHCJCHHYIO BE/IHUHHY NiepeMenHoro y. Ho ecan ¢ pasen-
cmse (1) MBI nepeMenHM poan X My W GyleM paccMaTpuBaTh GYKBY
¥y KaK NMEPeMeHHOE He3aBHCHMOE, a GYKBY X Kak 3aBHCHMOE,
TO TOrja HAM NPHAETCH PelmaTs ypasHerue (1) OTHOCHTEABHO BEMH-
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YHHBL X, 9TOOHI MMETHb €e YHCJEeHHOE 3HAYEeHHE IPH TPOH3BOJIBHO 22-
JAaHHOM UHC/IGHHOM 3Ha4eHHH BeJHYHHbl y. $ICHO, YTO KOrja 370
pemrene GyJeT 3aKOHYeHo, TOrAa GykBa X NPEACTAHET BblPaMEHHOH
uepes OYKBY ¥ B BHAE

x=F(y). (2)

Taxum oBpasom, Teneps yice Gyxma x sBHTCA HexkoTopoil (yHK-
uHeil TNepeMeHHoro y, mOMOOHO TOMY, Kak padbpiie Oyksa ¥ Obuia
(ynkmyei f mepementoro x.

Dyurgun f(x) u F(y) naswsaomen sagumno-opamusiai 001
1o omrowennuo k Opyzoil.

Hx cpoiictB0O B3aMMHOCTH CJAELYeT H3 TOrO, YTO ECAH M
BMecT0 ypaBnemnus (1) oTmpaBuMcs OT ypaBHeHHs (2) H pemiHM €ro
OTHOCHTEN5HO OYKBHI ¥, TO JOJMHEI OyZAeM, OYEBHAHO, MPUATH K
NEPBOHAYAILHOMY YpaBHeHuio (1).

I—[OBTD.\“IY, TEOPETHHECKH roBpopsd, OT Hac caMHX 3aBHCHT,
KoTOpyI0 M3 obenx dynxuuit f(x) n F(y) paccmaTpiusaTh kak nps-
MY10 PyHICHEIO, A KOTOPYIO Kak ofpamuyio giyuxywo.

B nmkecaenyoumux npHMepax, e€C/H TpaBble 4YacTH B NEpBoM
crosble NPHHATB 33 OpAMEE (YHKUHH, TO COOTBETCTBEHHBIE wacrn
BTOPOro cTonbua SyayT HX o6pamuemu yVEKILIMUL:

y=x"+1 x=+Vy—1
y=a* x=log,y
y=sinx X =arcsin y.

Ho B DpakKTHYECKOM OTHOMEHHH 3a NPAMHE (YHKIHH
0ORIYHO NPUHHMAIOT O AHO3HA4YHEE (YHKIHH, NOTOMY 4TO 0OpaT-
HEIE MM (YHKUMH TOYTH BCErJa MHOTOBHAYHEL.

Yrolsl NOHATE NPHYHHY 3TOrO, DACCMOTPMM CHAYAJa TE PEeAKHE
cayuan, Korja ofpaTHas (YHKUHA TAKKE OLHO3HAYHA. DTO TE Cay-
yau, koraa janHas QYHRUHA ¥ = f(X) MOHOMOHHGR W HenpepusHas
na orpeaxe [a, b] ocu OX. 3neCh MBI HMEEM TOMBKO [BE BO3MONK-
HocTH: 60 f(x) ects Boapacrtalomasn (uepr. 33), aHGO yObi-
Baloman (uepr. 34).

(Oba ueprteia TOBOPAT OXHO M TO ¥€: KOTAA TEPEMEHHOE X He-
NPEPLIBHEIM [IBIDKEHHEM OMHCHIBACT OTPEsox [a, b, nexaluit Ha ocu
OX, T0rAa NEpPEeMEeNHOE Y TAaloKe HENPEPLIBHLIM IBIDKEHHEM OMHCHI-
BaeT oTpe3ok [, d], Jemauni wa ocu OF. Ecan Touka X ABHKETCH
BCErjia HanpaBo, ONHCHIBAR OTpedok [a, b|, Toraa B mepeoM Cayuae
TOYKA y ABHIKETCA GeepX, BO BTOPOM Caydae 6AUS.

Taxum obpasod, oba otpesxa [a, b] u [¢, d], nexaume Ha ocsx
OX u OY, mouxa no moixe coomsememsylom opye dpyzy. Ecam,
HMEH x, MBIl XOTHM HalTH V¥, HAM HAZO B 3aJaHHOI TOYKE X BOCCTA-
BUTh mepreHAnkyaap x ocu OX; on mepeceyer kpuBylo B Touke M,
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opdunama woTopoii f(x) m 6yHeT HCKOMOI! BemuumHOl 3. O6paTHo,
€c|, WMeA y, MBI XOTHM HaiiTH X, HAM HAaZ0 B 3aNaHHON Touke y
BOCCTaBHTH mepnenankyasp k oci OY; OH mepeceuer kpusyio g mo
ace camoii Touke M, abcgucca KoTopoit F(y) m 6yner uckomoi
BEJTHYHHON X,

s
X
§
L .

A

Tax kax HoBOe YypaBHemHe (2) ecTh HE 4TO HMHOE, Kak CTapoe
ypasuenye (1), TOALKO paspelIeHHOE OTHOCHTENbHO OYKBH X, TO, €
FEOMEeTPHYECKO! TOYKH 3peHHs, H CTapOMy ypasHEeHHio (1) y= f(x)n
HOBOMY ypaBHEHHIO (2) x==F(J) COOTBETCTBYET Ta e CamMas KpHBas

JIHHHA, TONLKO A1A ypaBHEHHHA

Y (1) ocelo HezasHcuMoro mepe-

MEHHOTO siBJfeTCAa ock OX, a

[ A7sl ypasuenna (2) oceio He-

e~ SaBHCHMOr0 NEpEMEHHOrO siB-
p‘___.__:’_\_ _/ asgerca ock OF,

4 Ty e I'osopsn ofpasno, ans Ha-

j

4

i Gumopateast, nayiierono ochOX
‘I Ve /27 H HMEIOILEro roJoBy HampaB-

é.' j» JIEHHOMH BEEPX B NOJOMHTENB-

ﬂ[ a Z HOM Hanpasienun ocn OV,
YPaBHEHHEM KPHBOH Juim 6y-
Yepr. 35 AeT npexknee ypasHenue (1):

y=7(x),
a mia gpyroro HaGuaiopateds, waymero mo ocn OY (caysamteii Te-
neps AJA HErO OCbIO €20 «alCLUHCC») H HMEIONIETO COMOBY B NOJOMH-
TeapHoM Hampasienud ocu OX (ocw, mrpaioweli Teneps AJA HErO
poab OCH €20 «OPAHHATS), YPABHEHHEM TOH Jie CamMoil KpuBoii CTaHer
HOBOE YpPaBHEHHE (2):
x=F(y)

Urak, xozda Cannan gynxyus y=[f(x) ecms aodomonias u
nenpepuenas, oopamiuan ei @ynxyus x =F (V) maxaice MOHOMOHHA
u Henpepusna.
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Ho korpa paunas dynknua y— f(x) ne ecms MoHOMORHAR, Torna
obpathan dymxums x=—F(y) Bcerna MHOrosHadHas. Jlocta-
TOYHO TPOCTO B3MIAHYTH Ha 4EPT. 35, rae npamMast hynkuns y=F(x),
XO0TA M HenpepbiBraa (cym. § 33), HO He ecTh MOHOTOHHAA Ha OTPEIKE
[a, b], a obpathas dymxuns x=F(y) ecTh ye TpeXaHadyHas Ha
NPOMENyTke (a, §), mbo Bcakam npamas, NapajiaenpHas OCH 0X,
TIPDBE/ICHNAA YEpes KaKylo-HHOYNb TOYKY J 9TOr0 NPOMENcyTKa, Mes
peceuer KpDHBYIO B mpex TOYKaX.

3ATAUN

1. Nano f(x) =x® — 9x - 14; nokazats, uro f(h-4-1)= — 7b--6.
2. Hano f(x)= x* — 10x* 4+ 31x — 30; nokasars, uro f(0)=—30, f(I= 0,
f@=Ff6) fi— 1= —6/(6).
- Ecam f(x)= %} 3x* — 5, mafitue £(0), £(1), f(—=1), F(2) f(—2)

- Ecan F(x)=4%, wnaittn F(0), F(—1), F(%- /
. Hano f(x)=x* — 10x* 4 31x — 30; noxaaats, uTo
flx —2)=x"— 16x* 4- 83x — 140.
6. Dano f(x¥)=x'— 3x-7; nokasats, uto
flebm=x*—3x+T+Qx— ) h+t It
7. Dano f(x)=x" 4 4% — 1; noxazate, 470

Fle ) — f) = (2% - 4) o+ 1

ot om e

1
8. Hano f{x}:-;; noKa3aTk, 4TO

flet-m)—flx)=— ﬁﬁTn

9. Ecan @ (x)=a®, nokagats, uro P (3)-D(2)= P (y - 2).
10. Hauno @ (x}:lfr] —*. nokasate, 4t0
! Sl14-x k :
oy Ytz
P+ o@=0 (LEZ).

11. Jano f(x)= sin x; nokasats, yT0
flx— 2h) — f(x)=2 cos (x -}- A).sin A,



FNMABA V
INPEAEJ

§ 34, Mpenen TmepeMeHHOro. Mur  pacemarpusaem HEPEMEHHY 10
BeJUYHHY X, KOTOpan usMenaemca sce spens. Hamensscs ¢ Teuennen
BDEMEHH, TIEPEMEHHOE X INPHHHMACT nocaedosamensuo GeCKOHEYHOE
MHOJKECTBO UMCAEHHBIX SHAYEHHH, YEPE3 KOTOPHIE OHO «MPOXOIHT».

Ilna Hac OCOGEHHO CYUIECTBEHHO OYAET TO OGCTOATENLCTBO, YTO
nepeMenioe X UINEHACMES 6ce BPeM ., 3T0 S8HAYHT, YTO MepeMeHHOe
x nuroeda He nepecmaem mensmocs. Tlostomy Huxarxoe u3 anaue-
Hull, NPURAMbIX NEPEMEHHBIM X, He 0YOenr cambinr nocaeduus, Tax
Kak 38 KAM(ILIM 3HAYEHHEM, NPHHATHEIM TEpPEeMEHHEIM ., HMEIOTCS elle
nagbHEiilne SHaYEHHA, HEPE3 KOTOPLIE Halle NepeMenHoe x npoiiger

HECKOJIBKO MO3MKE.

Vuaunfica JomKenl ¢ caMoro e Havana 4peapudaiine BHHMATENLHO OTHeCTHCE
K sToMy B Beiciuelf crememu sauuomy gaxty. Beab nennas percranute ceoe, uto
JMeeTcH Kakoi-To caMblii mocaenni MOMEHT BPEMEHIT, 22 KOTOPhIM YiKe COBCeM et
HHKAKOTD H[JCBIEIIH: AHAJOrHYMHD, HEAL3E NMPCACTABNTD cebe ua !J:J:I.\Ioﬁ JAHHHIE EaKY0-
TO CaMylo nocAenInown TOuRY, 34 ICUTU]‘]O" lanbiue Hawa npsnag YiHe nepecraer
nputtilparbtﬂ; Heab3y, HaKoHe:w, EDGﬁpa]l[Tb cefie KaKoe-To camoe Boaboe HaTy=-
anpHOE WICAO, K KDTOPOMY Yie Heab3as Oblio Gul NpHOaBNThL OMLY EAHHWLY N

Tem CAaMbIM ente Gonee yuedntinth ero,

Brwe, 5 § 23, Mpl  COPNACHANCE DACCMATPHEATB MOCTOAUHYIO BEMHYMHY HAK
nepeMennylo (Takyio, KoTopai NOCAENOBATEALHO NPOXOANT 4epes pal 3HadeH,
paskptx dpye dpyey). Yuaummiics HC 10IMen npH PACCMOTPEHNN npeiena mepeMell-
woit  BeanyiHBl NACOUATL MOCTOSHIHBIE BEAHUMIK TOABKO HA TOM OCHOBAMHH, YTO
«OHH cOpceM He naMensiorcar. JAan Hac Bamuo, cOGCTEEHHO, He T, YTO NepeMeH-
11an BEAMYHHA X UIMEHASTCH BCE BPEMA, A BAMKNIO TO, UTO HaMu pacciamjpusaemc
BeE BpPEM HEe3aBHCHMO OT TOro, IIPP"S_OHITT Jn Dlla Hepes pan C}’ulcCTlie]lIIO pas-
JHMUBIE BN ¥E [lillii[hlx. MOEAY CODOH 3Ha4eHHH.

Hsayenenne nNEpeMEHHOrO X MOMET MNPOTEKAThH BEChMa paSIIOOG-
DasHO. Ho Cpean HCeX BOSMOMHBIX HaMEHEeHHIT IIEPEMEHHOr0 X 3acny-
SKMBAET OCOOEHHOrO BHHMAHHA TaKOE M3MEHEeHHe IIL‘pi:MGHIID}“i BEJAHYH-
Hepl X, NP0 KOTOpOE 0DOLIMHAA PE€YL  DBBIPAXKACTCA TaKHMH CJOBaMH:
«[IEPEMEHHOE X clpeMmmnes K NOCTOANHOI BEJHYHHE a», «nepeMed-
HOE X 66'3?]}(1”!!’”1’9 ."x'pﬂ'ti-‘i’HJ!FﬂEH.’C}? K @», «X CIMQHOBUMECA COCEOHUM
¢ @», «X C TEYEHHEM BPEMCHH HEXYBCMBumeAsHo Ma.no OTJRYaeTCH

or @ H T. 4.
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Bee 9TH (paswt poctaTouHo ApKD yKasHIBAIOT, B HEM JIEJIO! Xa-
PAKTED H3MEHEHIS NEPEMEHHOrO X J0JUKeH ObiTh TAKHM, HTO OTAHIE
X OT @ Bce Goaee u Gonee craamusaeTcs c Tedenney Bpemeni. Ho
()pasbl 3TH ONACHEI B TOM OTHOMIEHMH, 4TO BCAKAA H3 HUX HMCET
CBOI COGCTBEHHBL OTTEHOK, 4TO MOMET JErKO OTPA3HTBCA HA CAMOM
NOHMMEHHH OCHOBHOrO siBneHns. [losToMy BCe OHH JIOJIKHBL OBITh
BaMEHEHbl Mamemamuieckiir ONHCAHHEM, T. €. ManeMamuieckut
onpedenenuent:

MbL 2000pUM, WO NEPENEHHOe X CMpeiumest i npedesy d, ecan
QbCONIOMAGSR BEANIUAL PAIHOCIU X — @ CO BpeMeHes_cdesaemcst
u Oydem nomosr 6¢e 6PeNs OCMasampes Menbie A00020 MAL020
HOAONCUMEALHOZO YNCAQ &, M. €. eCAl, HAUUHAS € HEKOMOopo2o Ao-
Menina, Gydem Gce BpeArsi CNPABEOAUSHAL HEPABEHCINGO:

|x—eal<e,

Kakogo On HU GbiAo, N0 CROEL Maaochg, B83AMOE NOA0MNCUNPALBHOE
HUCA0 E.

FED,UEI.QPH'TEL’-‘HH HaJH4YHEe npeneqa y I'lEpEMEHI*IGﬁ BEJHYHHBI HCTOJ-
KOBBLIBACTCA OYEHb TPOCTO. B camonm nene, H:mﬁpaaim B BHIE TO4YKH

7 A M
2 E E

Yepr. 36

M nepeMenHyIio BEJMYMHY X, 4 B BUAC TO4KH A — NOCTORUNYIO BEH-
qnny a (uepr. 36). Tak kax X ecTh NEpEMEHHOE W @ NOCTOAHIOE,
To Touka M ecth dencywancs, a Touka A HenodsumcHa.

BuiGepem Teneps npou3soasno kaxoe-HuGY AL MOJOMUTEIBHOE HIiC-
JI0 &; BHIDOP €r0 HPOu360AeH, HO Pas Mbl €ro CAEJaJH, TO B JaJbHeit-
weM CAeLyeT paccMaTpHBATh € Y2KE Kal¢ COBEPUICHHO ONPEeNeHHOe
HHCIO, HE TOMJIENEIIee HUKAKOMY HajbHeleMy namenenmo. Basa s,
Mbl OTK/IAJBIBAEM BNOPABO M BACBO OT HEMOABMMKHON TOuKH A npome-
HYTOK AMMHB 2. Mbl noayuum ua npsanoit HeGoJbuoil #enodsusick sl
NPOMEMCYTOK JUIHHLL 22 ¢ UEHTPOM B HENMOABHIKHOIN Touke A,

Teneps, mo mepe Toro kax OGyuerT nporTexkaTh BpeMs, Touka M
Gyner kak-HHOyAb ApuraThci To mpaMoii. Ho pas umcio a ecth
npejen IEPeMEHHON BeJMYHHB! X, Touka M rowuum mes, wno we-
NPeMeRHo Nonaden Ha 3mom HenodsudNCHbLE nposeNeymor 1 Gydem
mMasm € N Hop OCMABEINLCA 6 GpeMs, NOTOMY YTO PasHOCThb
X — a no abCoMOTHOH BeJHYHHE CHeNAaeTCsi W OCTAHETCA MEHbuIe :,
M0 ONPEfeJEHHI0 NpeAena. A 3Ta pasHOCTh H BCTh PACCTOAHME TO-
BIskHOl Toukn M 0 HenoaswicHoll Toukn A, ee npeaena.

Taruw obpasom: cradams, wmo deuncywancs mowwa M cmpe-
Mumes K Henodoudcnoll motke A kak K cioeary upedem_l,l, Jmo 3na-
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Yum npocmo cxazams, *mo motrxa M dsuscemes mar, umo nonadem
€0 apemeneM Ha 40000 3aparee BoOPAHHLUL HAMI MAACHbKUL Hpo-
Medcymor, oxsamvigatomunl A, u 6ydem enpeds mas ocmasamees

Ho To, xaius umenso o6pa3om GyAeT ABHTATBCA B ragbHEllneM
TOYKAa BHYTPH BBHIIEYTOMAHYTOrO TNPOMEXYTKa, NONAB Ha Hero, ST0 -
OTHIO[L HE YKa3hlBAETCH, HE NPEADEINASTCH H HE BaXCHO JLIA MOHATHA
npepjesa: STO MBHMEHHE MOMET ObITh BEChbMa DasHOOGDASHBIM; Mbl
yBuauM cefivac, urto Toduka M MoxeT uath k A wam cnpasa: HAH
caesa, UnH JaXe HOHepeMeino o ¢ Mmoil, mo ¢ dpy20i cnopors.

Iflaﬂ yKasaHHOTO PEOMETPHYECKOrO HCTONKOBAHHA npexena mHepe-
MEHHOII BEJHYHHLI C/JEdyeT, 4To

ofdna o ma e camMas HePeMEHHAn 8eAULUHA X MOJCEN. UAIEN
ne Goaee odwozo npedesa a.

B camom jpene, ecan Obl mpepenop ObMIO JBAa PAasHLIX, TO OaHA
M Ta ke ABDKYLIaAcs Touka M NpPH nanbHefllleM CBOGM IBHKEHHH
oKa3anach OLl OJHOBPEMEHHO BOJH3H JIBYX COBEPUIEHHO DAa3HEIX TOYEK,

YTO HEBO3MOMNCHO.
Ho nepesennas 6eAutnaa Modjcem urozda cosces He umemb

HuKarkozo npedend.
Hanpumep, nepeMeHHas BEJHUHHA X, ONPEAENEHHAS PaBEHCTHOM

x=sint,

rae Gykpa ¢ 0603HAYAET GpeJA, COBCEM HE HMEET HMKAKOTO Npexena
taik wax mel aHaem (cv. § 21), urto cumyc 6ymer koseGaThes BCE;
Bpessi mexmay -1 0 — 1 H, SHAYHT, HE MOJET NPHEAMMATLCA HH
K KAKOil MOCTOAHHOH BEJNMYHHE. ;
Kozda nepexentce X CHPENUMCT Kk npedeny a, Imo 3anuch-
8aiom cuMBOAULECKE 6 Bude
limx=a

uan g sude
x—a.

Brile MEI CKAa3aJjH, UYTO BCAKYIO NOCHIOZHHANO BEJHUHHY @ MOXHO
paccmaTpupaTh Kak HepeMeHnylo (TaKyio, KOTOpas NPOXOMMT Hepes
pAn anayennii, pasubiX @). M3 camoro ompenesennst npexena mnepe-
MCHHOI BeJHYHHLI CJAEAYET, YTO paccMaTpHBaeMas BEJIHYHHA ¢ HMEET
CBoMM npegesnom @. ITO MOXHO BLIDA3NTb, CKasas:

;:pec‘-e_az HOCHIORHHBI‘I BEAUMNIABL €CNlb ORa caia)

lima=a.

§ 85. O cmocofax NEPeMEHHON Beamumunl mpuiIDKATHCA K
CBoemy mpejedy. [l SCHOrO NOHHMAHHA HIeH NPeje.a NepeMeHHoll
BEJMunyE HAZO HMETh B BIIY, YTO NEpEMeHHas BeJH4HHA MOMKET
CTpeMiThCA Kk CBOEMY TIpeJiedy PAasaHuYHBIMH CHOCoGamMu: NEPeMEHHAs



§ 35 O CMOOCOBAX NEPEMEHHON NPHBEAINKATBCH K NPEAEAY 65

BEJHYHHA MOMET WiM Bce Bpema OBITh MeHbu/e CBOEro mpeaena, uiu
OLITh BCE BPEMA 00.4bMi@ CBOEro NpefieNa, HIH KO2e0ambesl OKono
CBOBrO TIPEJiENd, T. €. MPOXOANTh 4epe3 GectucAeHHoe MHOICecman
SHauerul, nonepemMenno mo (oAb, Mo MEHbUIUX STOrO Npeaena;
HAKOHEL, MePeMEeHHas BeJHuYMHa MOMET BO BpeMs npouecca CBOErO
M3MEHEHHA H CTPEMJIEHHS K OPEAENY HeOZpanutenno O0AbULOe HUEAD
pas npoxodums 4epes anauenue, 8 MOLHOCME PABHOE CAMOMY Hpe-
deay. Hnmoctpupyem Bce 3TH ODCTOATENBCTBA Ha NpUMEpax, HACTLIO
YIE XOpOWO HSBECTHEIX YualleMycCs.

I. Mepemennoe MeHbme CBOEro mpeaena

Ecmi uncao CTOPOH MPABHJILHOrO SNUCAHHO20 B OHDYIKHOCTH MHO-
FOYroiibHHKa HEOrpaHHYEHHO YBEJNHYHBAETCH, TO NpepesoM 10lain
ITOr0 MHOrOYroJIbHHKa CAYMHT [MOlIaAb Kpyra. B stom cayuae
nepesMerHoe scezda MeHbllie CBOez0 npede.m.

Il. Mepemennoe Goabwe CBOEro nmpexgena

[MonoGuo sTOMY, CH PACCMOTPETH OMUCAHABUE OKOJO OKPYHKHO-
CTH IPABWILHEIH MHOMOYFOMBLHHK, TO TPH GesrpaHHYHOM YBeJHYEHHH
Yucaa €ero CTOIJOI] naolnajib Kpyra SBHTCH ToONpeXHEMY TIpe Leqnom
Jollafl ITOr0 MHOroyroabHika. Ho Teneps yiuce nepemennasn scezoq
Ooaswe cooezo npedesa.

. [Tepemennoe, mpuGaukKaacs K CBOEMYy Npexeay,
BCE BpeMHA KoameGJeTCA OKOJO HETO

Urolul AaTh KOHKDETHBI TIPHMEp H AJA 3TOro CJyuas, MPEACTABHM
cebe, 4TO Mbl YEPTHM GMUCQHKAE B OKPYMHOCTb NPaBHJIBHEIE MHOrO-
YrOJBHUKI TOJbKO C Hetemubist 4HCI0M CTOPOH, @ NPaBHALHbLIE
ONICANHBIE MHOTOYTOJBHHKH TOJbKO C HemHsM HHCJIOM CTOPOH.
Torpa, ecan M, ectb HauepyeHHbli HAMH NOPaBHABHEI 2-YTOJLHHK,
TO OH OKaXETCA BNMCAHHBIM, E€CAH /1 HEYETHO, W OMHCAHHbLIM — EC/H
2 yeTHo. flcHo, uTO npu GEesrpaHHYHOM YBEJMYEHHH YHCJA CTOPOH 72
I0aah KPYra ABHTCA NONPEIKHEeMY NpPEJEJoM NJIOLIAAH MHOFOYTO/b-
nnka M,. Ho B paccmaTpmpaeMom caydae mnepemensoe To GoJblie,
TO MEHBUIE CBOGrO Npejesa, CMOTPA IO TOMY, HETHO MJIH HEYETHO
HHCJO L.

1V. MMepemennoe, cTpeMACh K CBOEMY Hpexeay,
GECKOHEUYHO MHOTO pa3 AenaeTcf €My PaBHBIM
BO BpﬁMﬂ CBOEro H3MEHEHHA

B ykasanHHEIX BhlUIE IpHMEpax NepeMenHoe xuiozda ne docmuzano
ceoero npepena. Ho 5To ects qHme npocTo caydaiinoe 00CTOATENb-
CTBO, KOTOPOE OTHIOAb HEJb3T BO3EOAMTH B o0uiee mpaeuno. B camon

3 Jpdupepenuyanunoe ucyucACHNE
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cmo cxazame, tmo moyka M deusemes max, #mo nonadem
Hea Ha ao00l sapanee GuOPARKbL HAML MAACHbKULL NPO-
MENCYIMOK, oxsamewanuui A, u Gyden: enpedv maxm ocmasamscs.
Ho To, Kaxui HMEHHO ofpasom GYJIET ABHraThCs B AaJbHEIIIEM
TOuKa BHYTPH BHINEYTIOMSHYTOIO TPOMEXYTKa, NONAB Ha HEro, 3TO
oTHIONb HE YKASHBAETCA, HE IPEJpellaeTCs u HE BAMCHO IS MOHATHH
npezeaa: 310 JIBHIKEHHE MOXET OBITh BeChMd PasHOOOPASHLIM; Mbl
yBULHM ceffuac, 4TO TOHKA M moxer HATH K A unu cnpasa, wm
caend, HAH ﬂa}i{& HONEP?MEHHO mo ¢ moi, mo ¢ dpjlzoﬂ C??IDIUOHM,.
I3 yKa3auHoro TEOMETDHUECKOrO MCTONKOBAHHS Mpefena mepe-
menHoi peJHUHHB! CHEIYET, HTO
n ma e caMas NepeMenHasn eeAututa X MONCEen uiemns
soee 00H020 npedeaa a.
nene, ecim Gl Dpelenos GBMIO [BA DasHLIX, To onHa
yiasnci Touka M Tp Janpheilluen CBOEM ABHIEHHH
61 OHOBPEMEHHO BOJIHSH JIBYX COBEPUICHHO PASHBIX TOuek,

0.
eB03MONH
410 H jeHHaT BEAIUHA Mosicem unoda coscemM He umemp

Ho nepes e na
020 NPE x
mrxg:npﬁmp, jepeMeHHas BeHuMHa X, ONPeNeNeNHAR PaBeNCTHOM

{um npo
co speme

x=sint,

; = {0 n3HaYaeT gpearsd, COBCEM HE HMEET HHKAKOro npenena
rae 6y o snaed (cm. § 21), uto cumyc GyneT kodeGaThen pee
TaK mhc;ﬂ 1y Ln — 1 H, 3uayHT, HE MOKET UPHOMIKATLCH :
f?lno roRHHOM BEJNKHE, e
K& KAKO ppeMERHOE X CIMPEMUMCSL Kk npedeny a, amo 3
!\'ﬂ?;iﬁ o AUHEEKE 8 aude i g
BaIoN lim A=

pat 0 qude x—a.
«a3adu, YTO BCAKYIO HOCHMOSAHAYIO BEJIHYH
g ME! Cm‘ nepesMernyo (raxyio, KO’l:‘:) pas mpox ;iii m;mmg
i aBHBIX fl] Ha camoro ONpeNeNeHHs npexena H(é: 33
paa gpa4 qw”mﬂ cﬂre."l_‘;E'l‘, 4TO paccMaTpuBaeMas BEAHYMHA o "'Mgej
yennoil B enoM % DTO MOXHO BHIPAasuTh, CKadaB: T
AENC punnOl SeAUtHLL ecmy ona caia:

cponM 1 = ot :
npeoe lima=aq.

ofax ﬁg:gf;leunoﬁ BeTHUKIB! TIPHOMKATHy |
as NOHHMAHUA MIEH :
- o AZER TIPENIENA NEDEMeriesn
§ peﬂe y MeTh B BHLY, 4TO nepemenHas Hemwmrg oo

ayy I o " 7% ) ) e
Efj;‘;'q 'ﬂl naﬂcﬂom.y NPeAeIy PasmHuBeIMI CHOCOOAMM: HCPC‘\IEI:ﬁET
e ) e

crpe,\m'f‘bc

0 cnot
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BEJM4HHA MOMET MAM Bce Bpems GHITb MeHbiie CBOEro npejena, HiH
ObITb BCE Bpema (o.fpue CBOEro Npeiena, HIH KO2e0ambscs OKOJO
CBOETO npejena, T. €. NPOXOANTh “epe3 OecuucAerHOe MHOICecmso
Hatenul, nonepeMenno Mo GOAbULILY, MO MEHBILX 3TOTO NpPEIena;
HAKOHELl, TepeMeHHad BEJHYMHA MOMKET BO Bpems npolecca CBOEro
H3MEHEHHA W CTPEMIEHHS K Npeleny HeoZpaHuteHHo 00AbUIOE HUCAD
Pa3s npoxodums 4epes 3HateHue, 8 MOLHOCE PABHOE CAMOMY npe-
deny, [/Inmoc-rpr:pyem BCE 3TH OOCTOATEJBCTEA Ha NpHMEpax, 4acTblo
Y€ XOpolIo H3BECTHBIX YualleMycs.

l. Mepemennoe MeHbmEe CBOGrO MpeLena

Ecam wHCiO CTOpOH NpaBHALHONO 8HUCAHHOZ0 B OKPYIKHOCTH MHO-
rOyroJibHiKa HEOrpaHHYEHHO YBEJHYHBAETCHd, TO NPEfesoM ILIOILALH
ITOr0 MHOrOYroJBHHKA CJAYMKHT [JOLIaxL Kpyra. B stom cayuae
nepemennoe scezda meHolle €60€20 npedena.

Il. MepemMennoe Goablie CBOBrO mpeneaa

[Tono6uo sToMy, ecau PACCMOTPETH OMUCAHHbIL OKONO OKPYIKHO-
CTH NPaBH/LHLIE MHOTOYrOJBHHK, TO TNpH GearpaHHyHOM YBeJaHYeHHH
YHCIA €r0 CTOPOH T/OMIAAb KDYra SIBATCA NONpPEXHEMY NpEAesoM
nJoUIa s 3T0r0 MHAOroyronbunka. Ho Teneps yiue nepesmennan scezda
Oo.aswe cooezo npedera.

. MMepemennoe, npuGaukasch Kk CBOEMY npeneny,
BCce BpemMsA koaebGJETCH OKOJO HErO

Hro0H IaTh KOMKPETHBII NPUMED H AJS 9TOr0 CAyyas, NPEACTaBHM
cebe, YTO MBI YEDTHM BAUCAAABIE B OKDPYIKHOCTH NPABH/BHEIE MHOIO-
YTOJBHHKH TOMbICO C HeYemubist UMCIOM CTOPOH, @ NpPaBHJLHEIE
ONHCQHHBE MHOFOYTONBHAKH TOJ bKO C HENHbA HHCJIOM CTOPOH.
Torma, ecnn M, ectb HauepuUEHHBIH HaMH NPABUILHEIL 2-YTOJBHHK,
TO OH OKaXXETCH BNHCAHHLIM, €CHH 72 HEYETHO, H ONHCAHHEIM — ECJH
7 4eTHO. SlcHo, 4TO TIpH GE3rpaHHyHOM YBEJMYEHHH YHCId CTOPOH i
11011a b KPyTa ABUTCHA TONPEKHEMY NPEASNIOM IJIOUIALH MHOTOYTOJb-
mika M,. Ho B paccmatpuBaeMOM Ciay4aé mnepeMeHHoe TO Gonasuie,
TO MEHBIIE CBOErO NPEjena, CMOTPA MO TOMY, HETHO HAM HEYETHO
YHCTIO 1.

IV. [Mepemennoe, cTpemMach K CBOEMY MpPEHEay,
OECKOHEYHO MHOrO pas AENAaGTCA EMY pPaBHEIM
BO BPEMA CBOEr0 HIMEHEHHSA

B yxasaHHBIX BHIIE IpHMEpax NepeMenHoe Hukozda ie docmuzaio
ceoero npefena. Ho $To ecTb JHUIe NPOCTO cay4aiiHoe OOCTOATENb-
CTBO, KOTOPOE OTHIOAb HE/b3A BO3BOAMTH B OOLiee npasiio. B camom

3 Jnthepennuansioe ncuHcacHE
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jene, W3 camMoro onpedesenus npedenq TEPEMEHHOTO fICHO, HTO
camMag CyHIHOCThb STOFO ONMpeAe]eHHs COCTOHT NPOCTO TOJBKO B TOM,
4710 aGCoMOTHAA BENHYNHA PASHOCTH Mex¢ay TEpeMEeHHEIM H €ro mpe-
JieNoM, T. €. |X—al|, JOnKHa B HEKOTOPH MOMEHT CHENaThCid H
B NajbHeieM OCTaThCA MeHblle JmoGoro JAaHHOTO MNOJOKHTENLHOrO
uncna &, kax Ob Mano oHo HM Obwto. M HH 0 uem Jpyrom 3aech
Goabie He OBOPHTCA.
Paccyorpum nipunep. [lepemensas pemiuuHa X, ONpe/e/eHHas pa-
BEHCTBOM
sin £
=,

rae Gyxpa ¢ 0603HAYACT Bpesrs, umeer, oyepngHO, CBOHM IIPELEJIOM
HYJIb, K01‘6ﬂ3 Bpeva ¢ 6earpannuno BO3pacTaeT. JleHCTBHTENBHO, HHC-
aurens, OyfyyH CHHYCOM, HHKOrga g e

e G HHULIBL;  SHAYHT
npu 060N ¢ HuEeNM: OB EEC ,
1

X<+

OTKyZa BHAHM, HTO X CTDeMHTCH 4
- < g i
cTeT, T. €. Hymo, xorga ¢ GearparidHo pa

|li'n _r:D.
Slewo, ¢ Apyroil cTopomm:, yy,
' YTO 3Ta pepemenHas BEJHYMHA X BO
:EE;I: :afiaa?-lef:rrﬁleﬂg?ma"'reom;g GCCI{OHE‘II!O i\-mgro pas NPHHAMAET B TOU-
POHCXOMNT pespi; pas, Koraa Bpema f (mie

yroa f) nenaercd PaBHBIM T, On < i
uHCTy TIOTYOKDYJcHOCTeH), - 3m, 4n, 5m.. m T. 4. (T- €. HEJOMYy

Mrak, B 3TOM Ciayuae
Geckoneuno iHozo ,faa 8 ;:z,‘ﬁge”" o€, cmpenscs K co0eMy Npedery,
yenile CB0E20 U3MEHeHus, SN npunungem eeo GEANUHY 8 Ine-

§ 36. becroneuHo may

: Bl
noHsTHE, HA KOTOpOM CTpDI{T: » My Teneps BEOMHM CAMOE OCHOBHOE

Onpedenerue. ﬂepe,u.em,-z BECh naremaTnueckitit aHamIs.
Maaod, ecan ona UMeem cmf:i{ae;rurﬂma Hasvleaemea Oecronenno
€CIH X ECTh 6ecuulletmo Mﬁ»’loa‘ Torz[;?:?t?ﬂo.u HY b, lErJLf_:JIOBaTEJIhHO,
B MU no/Kiel MHCATD:

nt X=0 W x_,Q

106K TIORATH CAMYIO Cyy :
J ¥
pa3yMEETCA, BEPHYTHCH g cj::n]l)éiim Becikoneuno Masoro, Heodxommo,
o

T e e, it
2 €pex . . Tam wbl ,

@, TO pagHOCTh X —g nopr;“ig"a“ Be.'mwna} .;'ri:‘[fpeml«ITCH K Tpe ety
Hetcs Melbilie & T. e. |y __ "'OTHON pegyquge cenacTCa M OCTa-
X €CTb GECKOHEUNO Manoe, epo m'i Tenepy g pamen Cﬂ)f{;lﬁli;[. Korja
: J‘I(‘.ﬁaec . —U, 1103TOM

= Th HyJb: @ My

PasHOCTH X — @ ECTh NPocto .
: ! Fs
npocTo | x| . ' 80C0uioTag peanunna | X — @] ecTh
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NEpPeMENIaoNLy10cs 10 STOM NpAMOI TaKiM 06pa3oM, uTo, KakuM Gnl
MaabM TPOMEXYTIOM JJHHBL 2 MBI HH OXBaTHJH Hayano KOODIMHAT
O, Touka M B HEKOTODBI MOMEHT BpEMEHM IONAJET Ha STOT NpO-
MesCyTOK H B A3/ILHCHIICM Gymer JBHraTLCA TOJBKO BHYTPH €ro

(puc. 37) B

CnencTBHE. Bearoe Geckoneuno maaoe ecms cesnuna ozpa-
HuveHHaA.

B camoM JEJI€, TOMBKO OrDaHHYeHHblE BEJHYHALI H306PaIHMEL

pieiicA TOUKOM, OCTAIOMIEiiCs, HaynHas C HEKOTOPOTO MOMEHTA

IBHKY
BpevenH, Ba KOHEUHOM HETOABMKHOM oTpeake.
g M
______._-—-—ﬂ———-____________o_
é E ——
Yepr, 37

b TOHATH
87. CBs3 1 Tpefena u Geciomesno magoro. Jlerko

Th ﬂﬁ}]Ci[ﬁ‘IUCTB, KOTGPHH " s
ycMOTPE cpeMAMEHCa K Tpeney 1EETCA MEMCAY NEPEMEHHOH Be/i-

YrHOiLs C_"f xakas-mGo mepeya ¥, U Geckomeyno maaemM. B camom
JIENE, EC‘TO A3HOCTB x___a‘ ﬁﬂﬂaa BeJHuypHa X CTPEMHTCA K IIpe-
ey @ 5" otoMy uTo COmacH'mET‘ O4EBHAHO, GECKOHEHHO MAJIOil
peaHuio ,};maﬂ C HEKOTOporg O onpepenennio Hpesiena MEl J0JKHBL
HMETE: Hix i GBII0 3allannge nMOMenTa, HepaBeHCTBO | X — a|<E,
Kak0B0 = eypo H XapakTepyq Ol0xuTeLHOE UnCAO & A 9TO Hepa-
peHCTBO ;; oGosHavast Paarméfl_m Geckoneuno masoro.
r -
0 ", Mbl HOZYHHM: B x—g yepes @, T. €. Hamucan
e
X =
a g
; aoIHM, HTO
pa 4ero eMeHHas ae,gmmﬂa

a » Clipesrqmascs K npedeay, pas-

Gusatc® o yuca0, A0Atoue,  PACMIx: nepgoe caazaeMOE ECHlh

nocmo# g HEAY, (Opoe 4, % npedenos paccmampusaesol ne-

pg,::eﬂf{";ﬂ TaKiKe OBy, ” *1A2aexoe ecmy Geckone o Aranoe.

0oop? qmucahd ® BUIE Cypyy, o Kakag-quGo TEpEMEHHAs Bedn-
yHa & o

e,
gcARO? qa CYMY Osyx

BYX craraempix:

X a _+_ &
o€, @, ecry
. yiepB > o
b8 a ¥ iy
b “O.roph'a Maﬂoh,‘al;n)}( Taiqy néo;wgw Wic10, BTOPOE JKE, d, €CTh
at CBoey DDEEMEHHM BEJHUHHA X CTPEMHTCA
ey

EJ]_y
X —ra.

GECKDHE:HI;OMY !
Kk mocTo lim x —
Hiy
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JT1a 3aBMCHMOCTE M YCTAHABIHBAET CBA3b TEODHH TPEIeJoB M
TEOPHH OECKOHEYHO MaJEbIX.

§ 38. Ilpeapaputenbhoe CBONCTBO TepeMEHHbIX BEIHYHH, CTpe-
MSIMXCS K Tipefeny. Mer anaed, YTo Jasiexko He BCAKAA MEPEMEHHAA
BEJHYHHA CTPEMHTCH Kk npepety. Ho pa3 kakaa-HHOyAb NEpeMeHHAS
BEJHYHHA X CTPEMMTCA K Tpefieny, TO OKasbIBAETCSH, UTO ylie B CHIY
TOJBKO OJHOTO STOrO OGCTOSNTENBCTBA OHA 00/JANAET PALOM CBOICTB,
KOTODBIE Ba){HO BCerfga MMETh B BHAY.

I. Besaikas nepemernas 8eAuduna, cMpessuyascs K npedeiy,
ecms equMuH@ OTPAHHYEHHAS,

Hokazateancrso. Eciu nepeMeHnas BeJHUHHA X HMEET Tpe-
Ael, MyCTh PaBHHIE @, €e MOXHO HAaMHCATb B BUAE X=a-|-a, rae
« ecTh Geckoweuso masiog. Ho Besakan OeckOHEYHO Majas BeJHYHHA
€CTh BenuunHa orpanuvennas (§ 36). [Tostomy, HaulHas C HEKOTOPOrO
MOMEHTA BPEMEHH, MBI OyIeM HMETh HepaBeHCTBO |a|<_A, rie A
CCTh HEH3MEHHOE [MOJOMKHUTEJIBHOE 4YHCHO. 3HAMHMT, ¢ 3TOr0 MOMEHTA
Ml Bynem umetsh |x|<|a|-+A. H 1ak xak B NpaBoii 4acTH 3TOTO
HEPaBEHCTBA CTOMT HEHW3MEHHAas IMOJOKHTENLHAA CyMMa, TO X €CTh
OrPaHHYeHHAA NEpPeMenHas BelTHUHHA. :

I. Ecan nepemennan seawiquna X umeem npedes @, OmAuiHsil

1
Om Hyas, moeda ofpamHasn SeAWLUHA — ecMb BeutnHa OT pa-

HHYEHHAHA,

Hoxasareanctso. [lpemue Bcero mmmesm X=—a--a, rjie a
ecTh Geckoneudo masnasa Beanuna, Tak kak, mo ycmosuio, a==0,
T0 |a|>0. M Tak Kak o eCTh OECKOHEYHO MaJoe, TO, HAYHHAsA
c HEKOTOFIDFD MOMEHTA B]JCMEHH, Mbl éyﬂEM HMETH ]{EIJEIBCIICTBO

La|<l—ﬁi. [NosToMy ¢ 3TOrO MOMEHTa MEI DYAEM HMETh

: la] lal
[x|>|a|l—|a|>|a|—F5 =5,
T. €. OKOHYaTeJIbHO: |x|>%. Pasznenus eaumuuuy Ha o0e uacTi

ITOr0 HEpPaBCHCTBA, MKl 0BA3anE IepeMeHiuTs HanpasleHde 3IToro
= al
HEPaBeHCTBAa Ha o0paTHOE, T. €. JIO/KHB HAaNHCaTh l:|xl<_l:|—.,-; .
1 2
Brinonuns JAENEHHE, MLI HMEeM lT TI' OTHYDa OKOHYaTeNBHO
- | &

| 1 2 1
1;‘<m. A 310 H NOKA3BIBAET, YTO NEPEMEHHAHA BEJHYHHA T
€CTh BEJHYHHA OTPAHHMYEHHAA, uto npaBasi 4acThb 3TOr0o HEpa-
HEHCTHA ECTh HEH3MEHHOE TOJOMHTENRHOE UYHCIO.

Illpnuenanne. Cooilcten ato cmanosumen aGrOMOMHO HEBEPHUAL ecall
npeden nepeMentoll SeAwtNHLL X pasen HY.0, HOD B STOM Ccayuae ofparHag be-

JHYHIE 52 HE MOueT GuTb flrpﬂl!ll'lelli{ﬂﬂ‘ Hanpnuep. €Can ¢ ecrs apets, TOAA
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1 1
X==-7 WMEET NpEXCIOM HyaL, T. . lim x =0, nfo x CTAIOBHTCA C TEYEHHEM Bpe-
MeHH Melblle CEDAb YTOHO Manoro molowmTensnoro uxcaa, Ho ofpatnas meni-

. > - 1
YHHA —» Paﬂ"aﬂ, Kak MNOKa3blBACT BRIYHCASHHE T=1 . I_: f, CENDMY EPEMCI.I"!‘,

mongTiHo, He BCTh BCAHYAHA Orpaniuentan.

§ 39. Baucielilune choiicTBa Geckomeuno MamEIX. i CBOfCTEA
cae iy o1tHE:
C&aﬁcmsoo .‘;f = Cﬁ:‘;‘;a ABYX, Tpex u, s0001e, A/06020 He W3-
penApoIET @ Oecroneyno maamx ecis sceeda Gecko-
HeUHO MaAaT geAldung,
ﬂollﬂ:i;";:'”}:’cﬁ'r ';1'3- _ Haungen ¢ cymmel a--B dayx Gecko-
) Ma-“"{m Slialon ylf“”’ ¢ Kakoe-HHOy#b 3amaHHOE (T. €. HEW3-
MeHHOE) ”";ﬂa spenen T €10, Mui amaem, 4TO, HauHHaam C HEKOTO-
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Mpumeyanue. Nokasaunoe ceofictso | GecKOHEMHO MATLX CyuecmBento
TpefyeT, 4T00n ofulee Yucao m CKAaALIBABMELX GECKONEYHD MAILIX #Ce 8pelit OlTa-
BAAOCh HEUIMeHHbIA, T. 0. OZpaniide Hbl A,

J71a oromopka kpafine neoGxonnma, NOTOMY HTO CHOHCTSO | MOKET OKA3AThCA
NpAMo I0MNILIM, KOPla ofinee 4HcJ0 CKIaABBAEMBX GECKOIEMHD MAJLIX lle OCTaeTcH
UEHAMEHHEIN, T. €. OrpaiNyYeHHHM, 1O, HanpuMep, GearpallldHO PacTeT ©o Mepe
TOr0, Kak Kampoe charaemoe CTPEMHTCA K HYJO. B stoM cayuae cymMa a-f--
4=7...~p 5THXK GeckoneyHo MaaklX MOMET OKA3aThCA Yiie jic Geckoneio Ma10it.
Srum 0GCTOATEALCTEOM BCE BpeMA H MOAL3YETCA NHIMEZDIABHOE HeyicaeHe.

Hanpumep, nycts nyeeM n nepeMeHuBIX BEANMHIL &, f, Ty v % KKA2A U3

KOTOPHIX pasua -, T. &

1
a=—, f=— 727{’ ey Y=—,

n

Korza oduiee wicao nx ‘'n HEOrPANNYEHHD YBEANMUBACTCA, KaMIaA N3 STHX
RCJMYMH, OYEBHAHO, CTPEMHTCA K HYTI0, CHelOoBaTe/lbHO, 310 Gj'ﬂ}'T Bee GeCHOHEYHO
MafAble BeJNYHHbL 1’1, OANAKO, HX CYMMa

a:ﬂ+§“["{+.-.+v=%+_:£__[__rl:_+ ...—[—ﬁ-:;g‘%:l

OCTAETCH Doe Bpemsa pasuoll emmmnne.

Crenaenm ente ojuo aamedanne. Tak Kax BeAkas GeckoHeuHo mavas
BeJIHYHHA, NIPH NePEeMEHE €€ dHaka, TPOA0JKAeT, OHEBH/IHO, OCTaBaThCA
GeciOHeYHO Maqoif, TO OTCIoAa Caeayer, 4to CcBofcTBO 1 rOBOPHT
1aM He TONbKO 06 apugimemnuteciod cymme GECKOHEYHO MAJbIX, HO
H o Gomee ofmeit anreGpanyeckoil cymme a—f—vy, 7. €.
0 TAKOIl, YIEHH KOTOPOIl NPHCOEAHHAIOTCA JAPYT K JAPYTY HE TOJNBLKO
npH TOMOUIH 3HaKa --, HO €lle W TPH MOMOLIM 3HAKa —. 3HAuMT,
KaK “@cmubil caytai Mbl TIONYYaeM IpeoNeHHe:

passocms o—f dsyx OecKoneuno Maislx o n B ecms Onams
OecKOHEYHO Maaoe,

Ceoiicmeo 2. [Tpoussedenue x.o Opanu4ennoil nepesmexHoll
feANNUNSL X HE OECHOHENHO MAAOE & eclllb ONAMS GECKOHEHO MAA0E.

JeiicTBHTEBHO, Pa3 X €CTh BEAHYUHA O2PAHUIEHRAS, UMEETCH
TaKoe HEH3MEHHOE MOJOMHTENBHOE uHeno A, YTO, HAYHHAS C HEKOTO-
poil anoxu T, Mb noctosHHo Gyjnem umeTs Hepasenctso |.x|<TA.

3anamuMCcA TENEPh MOJONHUTEABHEIM uncaoM e, Tak Kak « €cTh
GecKOHEUHO Majoe, TO, HaunHasm C HexoTOpoit 3moxn T, Mbl Gynem

BMeTh CODMONEHHLIM HEpPaBeHCTBO |a|<C % .

Ho Tax kax Bcerma
|J:‘O‘.|-_—:x]']0:],

To, 3uauuT, 3a anoxXamu T, u Ta MBI GYAEM HMETH:

|x-a}<A--§l- =8
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HJAH OKOHYaTEILHO

Jx-a|<e,

YTO H AOKA3BIBaCT GECKOHEYHYID MaJOCTh NPOH3BENEHHST X-o.
Yuaumiicst yike 3HaeT, 4TO BCAKAA MOCTOSHHAA BEJHYMHA M BCAKAA

nepeyeHHas BE/IHYHHA, CTPEMALIAACH K NPeneay, CyTh BeJIHYHHEL 02pa-

nurennoe (§ 23 n § 38).
Orciopa, Kaxk Yacmibil cAY4ail, Mbl TIONYHaeM MpeaJONeHHE:

npoussedenite NOCMOSHHON BEAWIUNG. HQ OecKOHEtHo Maaoe echls
seaununa GeCcKOREUHO MaAas; Npou3sedente nepemMennol seautunsl,
cmpessuyelica k npedeay, Ha GecKoHeHo Ma.oe ecims onsms Gec-
KOHEMHO Madoe.
. a

Csolicmeo 3. Yacmuoe — om desenun OeckoHeuno MaA0zo o
HG NEPEMEHAYIO 6eAUHNRY X, CIPEMSMYIOCS K npedeay a, Omaui-
HOMY O HYAS, €ciib ONAms GeCKOHELHO MaAoe.

- @
JeficTBUTENBHO, Y4CTHOL == MOJKHO HallMCa'lb B BHAE NpPOH3BE-

1
ik
= 1
W TaK Kak, B cuny nokasateanctsa II B § 38, o6parnam mpobe -

eCcThb BE/IHYHHA O2paHUtenRKian, a o GecKoHeuHO MaJaf, To, NPHMEHH#A
TOBKO YTO YCTAHOBJEHHOE CBOHCTBO 2 DECKOHEYHO MaJjiblX, Mbl HMEEM
paccMaTpHEAaEMOE CBONCTEO 3 JMOKABAHHBLIM.

JeHHs

Mpuseuanne Orosopka, nenaeman n thopuyanposke cuofictea 3 0 TOM,
YTO Npeded @ SHaMeHaTean X AoKed ObiTh OTAHMUBIM OT 1Y/, B BuICIieil cTeneun

BaEla N0 ABYM NPHHIas.
Bp-pepssix, ecun 6u npesen a Gl paseH nymo, 10 Bee aokasateancroo Il

B § 38 ceoiicTea o0patuolf BeHUHHL = HA KOTOPOS ONHpaeTcA BhIBOA CROHCTRA 3,

HEKYZa GBI He roanaocs, n6o B YNoMsHyTOM Aogasateasctse [l mclogy cTont B
spaMenatese ancao |al, T. e Ayzb. A MBI 3HAIEM, YTO HH NP KAKHX OGCTONTENb-
CTHAX K@ Hyab Huxozda deaums weawsst (cu. § 14). Taknm ofpaszom Bee AOKadd-
teascreo Il B § 38 cranosuten Geccmmicaennni,

a
Bﬂ—.’}mﬂﬂﬂ.\', eCan sHaMelaTedbh X HacTHOro -x— HMeer npeieiom HYAb (T- £,

ecan dsﬂ) H, SHawum, ecAll amom IHAMEeRamedts caM ecmb moxee GecroHeuHo
Ataai0e, TO TOraa ceoicTeo 3 moser crath Aomubia, Heao B TOM, 910 TOIjA YacT-

HO2 ::— poobie Yme we ecnib GECKORENHD J1a.10e, ITHM OGCTORTEAbLCTBOM BCR BpemMi
U noabayercs {J.HWCPEHHHHAMIE’JE ueyncAenue,

n)"l:’rh‘ HanpuMep, HaeeM HacTuoe —:—, B HOTOPOM HHCAUTEIh B ZHAMEHATEIb
CYTh pasHLIC Geckoueuno Maiue. 310 wactiioe Boe BpEMA papsio ejiunuiue, nio

2 =1 u, auaviT, YIE He ecmb GecKOHSUHD Mdioe,
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CeolicTeo 3 anece nepecTaer uMeTh CHAY HMCHHO BCIGACTBHE TOFO, 4TO mpe-
Aen 3NAMEHATeNd a eCcTh 4HCAD, pasHoe Hy.uo.

§ 40. OcnoBHble Teopemsi o Tpenenax. JlokasaHHBIE CBOIICTRA
GECKOHEYHO Mankix Oes Tpyja INO3BOJAIOT YCTAHOBHTE C/eayIoulie
TPH OCHOBHEIX TEOPEMbI H3 TEODHH TNPENEJOB.

Teopena 1. [lpeden areeOpautecion cyrast 4100020 Heu3yex-
HO20 HucAa nepeMennbiX PAser maxolt sice aqzefpauteckoli cyme
npedenos omdeasuex cKAQOLIG@E BN NEPEMEHHBLY.

B cumpsonax:

lim(x—y-2z-f-.. .+ f=limx—limy-+limz—-... 4 limZ

Hoxaaateanscrro. JoxaxeM ee, Hanmpumep, A Cayuasn
anrebpanueckofl cymmbl Tpex caaraemblx X — y-z. [lycts npeaesn
TIEPEMEHHBIX X, J W Zz COOTBETCTBEHHO PaBHH uHcaaMm a, b W ¢. 3ua-
YHT, MBI MOM(EM HAMHCATH pﬂBEI—ICTHﬂ:

x=a-ta y=b-48 z=c-1,

roe a, § # y— bGeckoneyno wmagwie. Bepa Teneps ajredpaHyeckyio
CYyMMY 3THX PaBeHCTB, Mbl MOJYHAEM: :

x—ytz=(a—b+0)+(@—p+1).

flepsasn cxobka (@ — b-}-¢) npencranser coBoil, OYEBHAHO, Re-
JHYHHY NOCTOAHHY 0. Bropas me crobia (a —f--v) ects Besm-
upna 6eckoneuyno maaasn (ceoiicro 1), [lostomy nepeas cxobxa
€CTh TIPefies MEpeMEeHnoil BeIHuHHH X— 3y -2, T. €.

limx —y-+2)=a—b+4-c=limx —limy-}limz,
uT0 1 TpeGoBanochL A0KA3ATh.
Teopesa 2. [Npeden npoussedenus 4106020 HEUIMEHHO0 HUCAG

nepeMerHsLX paser npon3sefenuio npedenos omoeAbHuX Mepetio-
Jcaemex nepesrenyvtx. B cumsonax

lim(x-y-2...¢)=(imx)-(limy)-(lim 2). .. (lim ).
,U, OKa3aTenNbCTBO. Hﬂl(ﬂ}l(ﬂm ee ciagasaa ans C."I_’y'l{aﬂ TONRIKD

58)!): MHOMKHTEREH X - y. nyCTb NPEAEs Bl X 0 ¥ CYTb COOTBETCTBEHIO
a H b; cnegosaTensHo, HMEEM

—ato, y=b-4,

rae «, f GeckoHeuHo MajHe.
Otciona, nepeMHON@an, HaXOAHM:

x-y=(a+a)(b+B)=ab (a3 +bataf).

Tpexu/neHHoe BHIPA}(EHHE, HAMNCAHHOE B Camofi mpasoil cxobie,
eCTh, QUEBHJHO, BeanyHHA GECKOHEYHO Manaaa (ceofictea 2u 1),
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Tostomy mocTosnrHas BeaHuMHa @b €CTb TNpenes NEPEMEHHOH BemH-
YHHBL XY, T, €.
lim (xy) = ab = (lim x)-(lim y).

A reneppb Jerko yxe 023 BCAKHX BHIMHCICHHI J0KAasaTs Haury
TEOpeMy AMA IMpex, Yemsppex H Boobule Ji0O0ro 8aJaHHOrO YMCHA

MHOMKHTENelt.

Hanpunep, HMeeM [UIst Mipex MHOMHTENelf X, y H 2 CAEAYIONIME
paBeHcTBa:

lim (x+3-2)=lim ([x:y]-2)=lim[x. p]-limz=lim x-lim y -lim 2.

Teopesa IlI. [Ipedes tacmuozo 08yx nepeMennse pased 4acm-
HOALY Npedenns OMOSAbHbLX HEpPeMeHHbiX, eCNH TOJNbKO Hpe-
feJ amaMeHaTeNda HE paBeH Hyan. B cuMeonax:

. % lim x 5
= e
llm(y) limy? ECTH lim y == 0.
HNoxasateabcTpo, [lycts mpemener x u Yy CyTh COOTBET-
cTBEHHO @ W b, MpHYeM MBI npeanonaraem, uro b=%=0.
Moxem THCATh
x=a+al J‘=b+ﬂ,
rie ¢ u f CyTh GECKOHEHHO MaJlble,
X
CrenaeM BOT KAaKYIO BBIGIALKY: HaIHIIEM 5 M BBIYTEM M3 3ITOTO

[
11EPEMEHHOrD ero HPEﬂHUﬂEI‘&eMHﬁ npenea .b'_; ECJH TIOCAEe 3ITOro
BLIYHTAHHA Y HAC OKAMKETCH B pPL3YJALTATE GeckoneyHo Mmanoe, T

i
NOCTOAHHOE YHCJO T SIBHTCA TOTJAd Ha CAMOM JeJe Npeneaom Hepes

MEHHO! BEeJHYIHHB! -';—:
{___ff__{f__’tf-_i_i__ﬂb—““b‘—“b—“ﬁ _ba—af
PR TR LIVES R
B uucaumene HaXoanTcs OECKOHEYHO MaNoe, IOTOMY HTO YMEHb-
maenoe bo W BeluMTaeMOE afi GECKOHEUHO MaJel, kak NPOHSBEIEHHA
NOCTOAHHOTO Ha GECKOHEYHO MaJoe (ceoiicTBO 2), A aHameHaTe b €CTh
[epeMEHHas BENHYHHA, CTPEMALIAACA K Npedeay b°, omAutroiry om
wy.s, MO0 b ecrb Oeckoneuno masoe.
3uaunt, B CWIy cBOficTBa 3 BCAl TOJNy4YEHHas HaMum JApoOb €CTh
Geckoneuno Manoe. ITosTonmy

: X)y_a_  limx
tim (T)_ 57 Limy ?

npi ycnosun limy <=0, 4TO H TPeGOBANOCH NOKA3ETH.

Jokasanubie TPH OCHOBHEIE TEOPEMBI OOBIYHO NPENPOBOMKAAIOT
CaeAyIONHM 3aMeYaHHeM, HepeKo OKAa3LBAIOULIN OonblIyi0 YCAYry
1IpH BBIYHCHAEHHAX NPEAEaa, 8 HMEHHO: :



§ 40 OCHOBHEIE TEOPEMH O MPEAEJAX 75

Ecu nepemennan seutuna ocmaemes 3AKAOLEHHON oce spemsn
Meic0y 08YMA NepesMeHHbAY 6EAUTAQMY, CINPEMAUTMUCT K 0OHOMY
R moay osice npedeny, Mo OHG HEOOXO00UAMO CIPEMUMCR K MOMY Jice
camomy npedeny.

YTo6r BHIETEH CHPABEAJIHEOCTE 3TOTO, Npeanoaokuy, 4ro lim.x=
=limy=—¢ u uro mepeMenHan Be/MUHHA Z BCE BPEMH COAEPHKNTCH
Mexcay X u y, T. €. x< z< ¥. Ecan Mpl mo o6e CTOPOHBI OT TOUKit
¢ (4epr. 38) OTNIOKAM NPOMEKYTOK £, TO TOJYYHM BABOE GOJBLIHI
NPOMEIKYTOK, MMEeloumMi cpoeit cepeaunoi Toyky c¢. Tak kak o6e
JABHICYLHECA TOYKH X H J HMEIOT HENOJBIXKHYIO TOYKY € CBOHM Tpe-
AEJN0M, TO HACTYHHT TaKoi MOMEHT BpEMEHH, KOrjaa obe oHH BCTY-
AT B 3TOT NPOMENYTOK H HHKOTZa DoJee ero He mokHHyT. $lcHo, uTO,
HayHHag C STOrO MOMEHTA BPEMEHH, H TOYKA 2, CONEPKALIAACA MEIKLY
TOYKAMH X U Y, Takie GyAeT HAXOAHTBCH HA 3TOM NPOMENKYTKE, HE
nokunas ero Gosee HHKOrja. A 9TO M MOKA3LIBAET, HTO MOCTOSHHOE €

0 £ E

= =
c x

Hepr. 38

5

¥

CAYIKHT TPegenoM Las HEPBMEHHOJTI BEJHYHHDLI, T. €. 4TO

limz=c¢=limx=lim y.

STH TPH OCHOBHLIE TEOPEMLI MOCTOSHAO YMOTPEOAAIOTCA B 3amadax,
comepANINX OTHICKaHHE Opejena Toi WM APYroll nepeMentHoil Bem-
ypnel. [103TOMY 3T TEOPEMBl HMEIOT CAMOE BaJKHOE aHAYEHHE,

DopMyaHpYs HX, MBI, NOHATHO, NPEANOJATatH, YTO NPEeies Kaw-
noii TIepeMeHHOH CYIIECTBYET.

QueBH/HO, YTO eC/AH O/lHa HJH HECKOJbLKO H3 NEepPEeMEHHEIX B 3THX
TEOPEMEX ﬁyﬂy']‘ JaMeHEHR! NOCTOAHHBIMH, TO HAIIH paCC)’HUIEE[Hﬂ ne
TEPSIOT CHAB M BLILIENPHECACHHBIE TEOPEME! OCTAHYTCH BEPHBIMIL
JejficteutenbHo, AMi00y10 NOCTORHAYIO BEJHHHHY 3aKOHHO pacCMaTpH-
paTh KaK MEPEMEHHYIO BEJUYHHY, Y KOTODOH BCE €€ SHAYEHHS OKA3hl-
paloTcA (Caydaiino) paBHBIMM Mexay coboil. OueBuaHo, uTO Takad
«TIepeMERHANY BEJHYHHA HMEET npejes (COrJacHo ONPEeAe/EHHIO TOH:H-
THA TMPEAENa), KOTODEIT paBeH, MOHATHO, STOH JKE CaMOll NOCTOAHHOI
BEJIHYHHE, JTO 34MEUAHHE M [eJAeT NpeBAYIINe TEOpeMul NpPUMEH:-
MBIMH TAKIKE K MOCTOAHHEIM BEJHYHHAM.

B xauectse NPHMEPOB upe3BeYaiHO Jerkoil M GRICTPON npHIOMNH-
MOCTH STHX OCHOBHBIX TeopeM K (axTHUYECKOMY BHIYHCAEHH IO
nmpegesioB, Ml JMAaEM 31€Ch BHIYNCJAEHHE TNPEAESa MHOTOWJIEHA
P(x) 1 paunoHaJbHOrO BhIpAKEHNA R (X), 002 ¢ Mocmosuustsu Koagh-
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dnynermanmn, xorga MX apryMeHT X CTPEMHTCS K npemeay ¢, T. e.

Korja limx=c.
I. Mpeden muozounena P(x) paser sHatenuio smozo e MHO0-

waena om npedeaa, m. e. ecan limx=c¢, mo
lim P (x)=P (c).

B camom Jene, Mo YCHOBHK) MBI HMEEM
P(x)=Ax"+Bx™=' 4. .+ Gx - H,

rie Bce kosdduumentt A, B, ..., G, H CyTh NOCTOAHHBIE YHCTA.
naa-mmy, KOrJia apryMeHtT X CTPEMHTCA K NPEAesay £, HaM OCTaercs
Jiie o6paTaThCA K OCHOBHBIM TeopemaM [ u I, npuMenenne xoTOphIX
HaM U Jact '
limP(x)=Ac"+Bc" "'+ ...-Gc+-H=P(e).
= Plx
II. ITpede.s payuonarbHol gyHKLUNE R(x}:-o—;%; ,20e P u Qcyms
MHOZOUACHEL OM X, PABEH SHAHEHWIO MO Jice (HYHKUuL om npe-
deaa, npu HenpeseHHOM Yeaoouu, #mods: snasenamens Q(x) & npe-
deqe He ofpawaics 8 HyAb, M. e, ecan linx=—e¢, 1O HMEEM
lim R (x)=R (c) npu ycaosuu, wnobs Q () ==0.
B camom gese, O YCJIOBHIO MEI HMeeM
R(x) =20t k.. + 2L H _ P(y)
T KA LA T M N QW)

rae Bee Ko3(pHUHERTH! CYTh TMOCTOAMHEIE ynucaa. COrJIACHO Mpeibiay-
meyy, no mphumHe limx=e¢, MBI B OTHEJBHOCTH HMEEM
limP (x)=P(c) ulim Q(x)=Q(c), #e denran nuxaxux ozpanunyenul
Ha npedea c. Ho ecii MBI TIPH 9TOM BBOAHM JIONOJHHTENbHOE TpeGoBa-
nue, 4yToGel Q(c) He O paBeH Hywmo, T. e, urobH Q(c)==0, To
T0rjla CTAaHOBHTCH 3aKOHHBIM IPHMEHEHHE OCHOBHO Teopemet 11, u Mbl
B 5TOM CJyyae HMEeM NpaBo MHCaTh
lim 20 __ lim Px) __ Ple)
Q) lmQ(x) Q)"
OTcioga MBI M 3aKJI0Y3EM, 4TO
limR (x)=R(c), npu ycrosun Q(c¢)=%
Briyncaenne ke npenenos limf(x) uppausomansmeix uam TpaHc-
uenrentrex QysEmHit f(x), xorga limx =g, npegcrasaser Goabmue
TPYAHOCTH M TPeOYeT NPEABAPHTEJLHOrO PAsBHTHA ADYTHX TeopHi.

41, Monatue o Geckoneuno Goabuiom (Geciconewrocmu: —-co,
=00 H oc;l B mateémMaTHYECKOM aHaJHse BCTPEHAKITCH TPH CHMBOJA!

—-00, —oo W mpocro oo,
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HA3LIBAEMBIE «HOAONCINEALKOI OECKONRUHOCIEIOD, COMPULametsHolb
OECKOHEUHOCMBIO» H TIPOCTO «GeCKOHELHOCTIbIO .

9TH CHMBOJIEI B aHaNN3E NIPAIOT BEchMAa 3AMETHYIO pPOJb, HO,
K COMGANeHHID, CAMO MOABJEHHE HX MpeJCTABIAeTCA JEJ0M BEechMa
AEMHKATHRIM M HEPeAKO CONPOBOMIAETCA OFPOMHOH  ONACHOCTHIO,
NOTOMY 4TO BJAEYEeT 3a coBoll y JHL, HE NPHOGPEBINHX ONLITA B MaTe-
MATHYECKHX DPuCCYIKACHHAX, HECKOHUAEMBIE HESICHOCTH, HIIOGHH, HEN0=
pasyMeHus, HapaloKChl B OYEHb YacTO NPUBOAHT K rpyGeiiiHy ommo-
KaM MPH YHCJOBLIX BBIKJIALKAX.

[eproocropoil BCeX 3THX HejgopasyMeHuii spnserca To Geccosna-
TENLHO BKPAJLIBAIOMIEECH B €lle HEeOMBITHRIH YM HCKYIICHHE, KOTOpoe
NPHrJAIAeT HAC CUNTATh STH CHMBOJABL 4HCAQMU. STO HCKYLIEHHE,
TIOBHIMMOMY , CTOJb CHALHO, YTO YaCTO NPHXOAUTCS CALIIATD BHIPLIBAIO-
HIHECH HEEOJIBHO (DPA3LI: «BO3bMEM KOHEYHOE YHCIO», «NYCTh @ ECTh
KAKOE-HHGY b KOHEUHOE YHCJO» M T. A. A MEXCAY TeM Takas KeatH(H-
KANHA PALHOHAIBHOTO HJIH HPPALHOHAJLHOrO YMCJA NPHJATa TE/TbHBIM
KoHetioe ABRNACTCH, COOCTREHHO, OECCMBICAEHHON H MaJulIHeH: no ca-
Moil mpupoze croeil Beakoe 623 HCKIIOUeHHA YHCA0 BCerjd ¢KOHEUHOY,
NOTOMY 4TO BCAKOE 63 HCKIIOYeHHS YHCAO @, PallHOHAIbHOE HJH Hppa-
IHOHANLHOE, BCErjia CONCPHCHTCH MEMCAY TAKHMH JBYMS ljeabiMit YHC-
JIAMH R W R, N3 KOTOPRIX OJAHO MEHBUIE €70, a ;ipyroe Ero ﬂpEBOCXUJIHTI

m<a<<un;

BCAKOE e [e40€ HHCI0 Kak cofipaHHe OrpanHyeHHOro KOJHYECTBa
€JIHHHIL — MOJOMUTEABHLIX MM  OTPHUATENBHLIX, IIOHATHO, BCeraa
ABJAETCA <KOHEUHLIM® YHCAOM.

Besrcoe wica0, payuonaisioe wal tppaynofatbioe o caMon caoel
npupode, ecezia «KOHeUHo», W 9T0 OGCTOATENLCTEO HOMKHO HACTOABKO
BRITEKAThL H3 €ro NpHPOMLH!, Y4TO, CODCTBEHHO, HE JOJIHO MOAHHMATLCS
W peul O NPO3BAaHNH HX CKOHEYHBIMH»: OOBINHO B JKM3HH HHKOTAE He
NOAHMMAIOT PasroBopa O BelliaX, ¥ 63 TOro ACHEIX BCAKOMY.

AHQAGZ!I'{HD, BCAKGE NOCMOSHHASE BEAUMIHE eCchib HEOﬁanHMD
«roHeHany, NOTOMY HTO H3MEpAETCA palHOHaJLHLIM HWJIH HPpaLHo-
HaJIbHBIM YHCJOM.

EBecroneunbix Hucea Hem, OCCKOHEUHBX NOCMORHNGIX BEAULNH
maxyce nen. M oecan MateMaTnuecknii aHaJH3 BBOANT CBOM CHMBOJIBE
~-00, — 0o H 00, TO HOBCE HE KaK HEKOTOpHe TAHHCTBEHHbIE YHCJa,
npeﬂHHSIlﬂl[EHIIIJE A BLI}'}E)I(BI-IHFI TAKHX ]UIEi']. KaK: ((GEEFpalm‘-IHOCTb
B MPOCTPAHCTBEY, ¢BEUHOCTL BO BpeMenH» n T. 1. Haswauemne cum-
BOJOB —}-00, — 00 Jl 0O B MATEMAaTHYECKOM dHa/N3e, TAK CKA3aTh,
fiosiee TIPO3ANYECKOE.

Pob CUMBOA08 —|=59, — 00 1 00 COCMOUNL MOABKO 8 YKA3AHUN
H@ Mo uAll UHOE NOBECEHNe NepeMenHblx BeAutun, CKOHEHHBIX» 80
BCSIICULE MOMEHIN. BPENMeHU.

Onpedenerue 1. [leperennas seautuna X Ha3sBaeINCT ROAOINCU=
measHol Gecioneino COABINGH, A, KOpote, MONOKHTEJLHOI
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GECKOHEYHOCThIO, €CAN ee ussenenne Oydem nmens ciedyo-
wuit xapaxmep: X co spesenes cledaemcsn u snpeds Gydem acezda
ocmasamsci Ooase 100020, BHOPAHKOZO HO NPOHU3EOAY HONONCH-
meavnozo tucaa N (N > 0), xawun 0w Goavum N nu Getao, m. e.
EC.A OCYUECBIIICS & OCINAREMCS 3ame bce2da 8 cune HepaseHcmeo

x> N.

B 5TOM CJy4ae MBI HHOTJA CTaHEM TOBODUTB, HYTO X <HEO2paHI-
weHHo ygeauqugaemesr, B OyAEeM 5TO CHMBOJHMYECKHM 0603HauaTh B

BHJE YCJOBHOrO paBelcTsa
lim x =~ co.

2T0 yCJIOBHOE PAaBCHCTBO, DaJH y4acTid B HEM 3Haka npeaena
lim, a Takie emle pajiH ORHOOOpasHi B NPOHBHOUIEHHH C TpPEABIAY-
uMH 0G03HaYeHHIMH (KOrJa Npejes] Y MEPeMEHHOr0 X JefCTBHTENBHO
uMeacs), HHOPAA NpOHSHOCAT Tak: «X npubausicaemess K npedeay,
PasHosy naoc OeCKoHetHOocmY .

XoTd 3T0 CHMBOIHYECKOE PaBEHCTBO, limx=—--oco, M Bhuuenpu-
BeJEHHOE YCTHOE €ro 4YTEHHE H NPEJCTABISIOT NPAKTHYECKHe ya00-
¢TBA, DJHAKO YEPECUYD CH/IbHAf NPHBBIYKA K HEMy MOJKET CO34aTh
TeOPETHYECKYIO OACHOCTb: MOJET GECCOIHATENBHO YCBOHTHCS Ta MBICHE,
4T GECKOHEUHOCTH eCTh KAKOE-TO HHCJIO BPOAE ODBLIMHEIX «KOHEYHBIX»
YHCEN H HTO OHO, CTan0 OBITh, NOXMHHEHO MAEHCTBHAM apH(METHKH.
A Takofl BarAL Ha GECKOHEYHOCTb, KaK Ha IOCTOSHHOE YHCJIO JErko
MOMET BHIZBATh Y YHAUIEroCs HENPABHJBHEIE NIPEACTAB/ICHHSA i MOBJAEYD
BOCAEACTBHH jaXe K ommbkaM B BRIMHCAEHHAX (0cOGEHHO npH oOpa-
lEHHH C HHTErPAJaMu Mexciy GECKOHEUHBIMH TpejeJa)l.

Vuaumiica mo/keH XOpoIo NOMHHTL, YTO GECKOHEYHOCTL HE ECTh
npejes B HACTOAIIEM CMBICHE (KaK MEI BEINIE €rO ONPEMEHIH), HBO
HACTOALLMI Ipeles €cTh YHMCH0, @ GECKOHEYHOCTh HE eCTh 4YICJ0: H
GeckoneyHo 00abIIOe, H GECKOHEYHO MaJoe CyTh NpPE}(Ae BCEro BeJH-
YHHBI NEPEMEHHbE, B KaXKABIH MOMEHT BPeMEHH HMEIOLIHE ONpejieJeH-
HOE UHCJEHHOE (KOHEYHOE) 3HaueHue.

Teomempuyecki GeckoneqHo GOJbIIAN TIONOMKNTE/NBHAS BEJIHYNHA X
1300pa:xaeTCA BECbMa NPOCTO: 5TO €CTb dsusicywasncs Touxa M, nepe-
Melalonancs 1o npamMoil TakuM 00pasoM, 4TO CO BpeMeHeM YHHEer

! MaresmaruueckOMY anaanay cTONJIO MHOTO BDEMEHN if TPyAa OCBOSOAMTLCA OT
pardfga Ha GecKONeYHOCTh K2k Ha NOCTOAHHOE wiicao. J1o OYHIeHNe aHalN3a nbi3hi-
waeTea cylecTeenHefiumng TEopeTHHeCKIMH CODGPAKEHHAN 1 B HACTORI] MOMEHT
MOMET CUHTATLCA MOMTH 3akonyennsM. K comanenmio, crapuii Barasg ma Geckoded-
HOCTL KAk Ha MOCTOAIIOE HHCAO elle 10 CHX NOp HMEeT Clejihl B yueJesuel mpe-
Hell TepMHIOAOTHI M CHMBOANIAINK (DPOAE LUTHPORAHHOCO EHINIE), HTO HEPELKO
pieqer aa coboil HeAOPA3YMEHIt H BCErAa cozjaeT GoJplINe Meaarornyeckue Tpya-

HOCTIH.
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0npaso 3a BCAKYI0 MOMOMHTEMBHYIO TPaib N, KAKYIO TOJBKO Mbl HH
Boibepen, 1 Gyjer Bnpeas ABHFATHCS JHMIL 34 -3TOH rPaHbio (Uepr. 39).

Onpederenue 2, ﬂepe:l-:erfmn BEAUNUHA X HQ3bBaemcs ompi-
yameabroil Gecioneuno OOABWON, UAL, Kopote, OTPHIAaTeabHOIl
6eCKOHEYHOCThIO, ecant ee uamenenne Oydem umems caedyio-
mu xapaxmep: x co spemenes cdeaaemes u 6ydem enpeds 0cma-
Bamucs  aedee npoN3BOAbHO BHUPAHHOIO OMPUUAINEALHOZO HICAL
—N (N>0), xarxun 6 Goasuus N Hu 0640 #amu spiGpaHo,
M. €. ecau ocywecmsunica u OcMAHEMcs zames eceda 6 cuie
Hepasencmeo x < — N,

B arom cayuae mpt mporja cTaHeM TrOBOPHTB, HTO X tHEGpaidl-
HeHHO yOeisaem» ', n OylieM 3anHCHIBATL 9TO CHMBOJHYECKH B BHAE
YCJIOBHOrO paBeHCTBA

lim x ==— o0,
g M M /)
- W [ S— s
Yepr. 39 Uepr. 40

ST0 PaBEHCTHO MHOTAA YHTAIOT TAK: «.X HpROAUICAEMCS K npedeay,
Pasiosy Munye O0ecKonetrHocmy>.

FGOJIEHIPI'IW.’(.‘KH Geckoneuno Goabinas OTpHOaTENEHAA BEJHYHHA X
1306pasuTCA B BIE ABMACYLISHCA ToukH /M, B HEKOTOPBIH MOMEHT yXO-
nauieit 8260 3a BeAKY10 rpanb — /N | BIpeAs TaM ocraiouieiics (dept. 40).

Hakouen, ecan nepemennas seauiuna X Mensem csoll 3Hax om
spemenn do spesenu, HO €20 aUCOAIOMHAs GeAutuna | x| neozpani-
HEHHO YOeARMUBAeMCS, NO20Q Mbt NPOCMO RA3BIBAENL NepPeMeHH IO
feauuny X OeckoHetno OOALIMO HALL CKACEM, UNIO X CIMPeNUnCs
# OECKOHEYHOCINN, 1 HANHLIEM

lim x = oo.

leostempuyecicu Seckoneyno Gonbluag BeaHyHNna X wsofpaaerca
npocto s suae Touki M, GearpaHHuHO yHanaouielca oT Hayana Koop-
nunat O, Ho Moryulel deueamves NPuNCKAAN TaK, 4To Touka M oxa-
BHIBAETCA [IONEPEMEHHO TO 110 OJHY CTOPOHY OT Hauada koopauuatT O,
TO N0 APYryio ero CTOPOHY.

! Yuamntics ue joamen saech OnTh BREeNEH B 320JYIKASHNE HEKOTOPHIM Heno-
crateom ofpivnoft pewn. Mul anech ropopuM, 4T0 X cHeorpanuyenio ylssaems, uo
3T0 BOBCE HEe 3HAYHT, YTO X €MaJor N0 adcomoTHOH Beawunue, T. €. Mano b apud-
MEMUYECIOAE CMBICAEC, 1'10 J.C'K:O".IIOTIIOE HEAH4NNe X 3Jlech 1'[70313]1“0, ll[J(!I!I.\II.lli!t‘.‘i'
MHAAHOHLT # MHAAWOHE! SOHHMLI, HO OHO €Man0» B ﬂ;’lZEﬁpﬂ_!!‘f?L‘ﬁfO.l[ CMEICAE, I]CITD.‘:“r
HTO ABAACGTCA KOAQCCA.AbHBLIAM O!pr”[{:’[!ﬂe?r‘!'bﬂm.!i YHCHOM. {IOBTO)[)’ CHOBO €)‘51‘1 BACT®
Hago afech nouuMaTh B nx:zeﬁpnr:f:eum.u CMEICE,
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Bce orosopku, crenanubie Bhile, COXPAHAIOTCA M 31€Ch: GECKOHEY-
HOCTB o0 HE €CTh YHCJIO, @ ecTh He YTO HHOE, KAK CHOCOO Hasssamb
TAKOE W3MEHEHHE NepeMeHHOil BeJHYHMHBI X, B CHIY KOTOpOro OHa

HEOrPaHHUEHHO YBEJUYMBAETCHA IO a6COMIOTHOH BEJHUMHE.
§ 42. Ceasb GeckoReyHo 60JbUIOTO M OeCKOHENHO MaJoro. Cpaas

3Ta caMmas Tecuast, [Tycrs x ecrb GeckoneyHo Goablioe, T. e. lim x—oo,
Paspenum emunuuy ma x H DOAYYEHHYIO TaKHM 00DasoM Apobb 000-
3HAYHM 4epes a:

a=-—.

X

Jlerxko BHIETh, YTO @ ECTb UBCKOHEHHO MAAAA BeanyuHd.
JleficTBUTENBHO, 3302AHMCH KAKAM-HHOY b TDOH3BOJILHEIM TOJO0-
JHTenbHEM uncaoMm €. Tak kak X ecTh GeCKOHEYHO Goabllnas mnepe-
MEHH4f BeJHYHMHA, TO HACTYNHT Takoil MOMEHT BpEMEHH, HayMHaA

1
€ KOTOpOro Mbl BCE BPEMA GyjeM HMETb HEPABEHCTBO | x|>> . OT
ClOfla MBl 3aKJi04aeM Ha OCHOBaHHM DaBEHCTBA

1
!c{]:l—x—l,
|im
o <lip=¢,

7. €. |a]<7e. A 3T0 HepaBeHCTBO M XapaxTepHayerT 6GecKOHEuHO Ma-

JYI0 BEJHYHHY, YTO M TPeGOBAJOCh N0Ka3aTh.
O6paTHo, eciu a ecTh Kakas-HHOY AL GECKOHEYHO Masas BeJHYHHA,
HHKOTHA HE 00palllaloulacA B HYJb, TO 8AUMHHA X, OLpedeiennan
PaBERC INEOM
X=—,

@

echth eCKOHeuHo G0.abluan.
JHeiictauressio, nycte [N ecTh npoH3BosibHO B3ATOE  GoJblIOE

nonouTeAbHOE yHea0, O603HAYHM YEPES & NOJ0KHTEILHOE KOJIHYECTBO
1 1
s T € TONOXHM e=-g. Tak kax a ecth GeckoHeyno Masoe, TO,
HauHHAA C HEKOTOPOro MOMEHTa, Mibl Oyaem BCe Bpems MMETL HEpa-
BEHCTBO |u|<Ce. 3HAUNT, B CHJIY DABEHCTBa

1

la]

| %

MBI, HAYHHAH C STOr0 MOMEHTA BPEMEHH, 6)'JIE':\| NOCTOAHHO MMEThH

HEPEBEHCTED
1
x>+ =N,
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T. €. |X|>N. A 370 HepaBencTBO KaK pa3 XapakTepusyer Oecko-
HEYHO OOJIBLIYIO BEJHYHHY, YTO H TPeOOBaJOCh HOKA3aTh.

Hrak, edunuya, desennasn na Oecrkonedro Goasuioe, ecmbs Oec-
KonewHo Mmaqce; edunuya, deqsennas Ha Oecronewno Aaaoe, He
odpawaioweecs Hurozda 6 HyAb, ecms GECKOHEHHo 00.4biuoe.

S7T0 0GBIYHO CHMBOJHYECKH 3aIHCHIBAIOT B BUAS YCI08HHLY PARBEHCTB

1
;:0. 7=

OTHOCHTEbHO KOTOPBIX YHTATEE TOMKEH MOMHHTD, UTO MU paseHcmsa
He Hacmosuue, Tak Kak GeCKOHEYHOCTh HE 8CTh YHCIO, @ TAKHE MOTOMY,
YTO Ha HYJ b JENHTb HEb3H, TONbKO y
TalK W HajA0 MOHMMaTh STH «¢paBeH- :
CTBA», KOTOPHIE HEKOTOpHIE aBTOpLI 3a- M
HUCEIBAIOT AaX€ B BHUE

cast == p IS =0t}

NoJAL3YACE NPOCTO TEM COMJIAHIEHHEM,

NE€N4EMLIM B 2JIeMeHTax anreGpnl, B CH- X [7] X
1

{1y KOTOpOro Apofb — MOMKHO HalHCaTh

B BHme o~

Ecnn o ecte noaoacumensnoe Gec-
1
IKOHEYHO MANOE, TOTAA — €CTh MOA0-

Jcumenstas O2cionedno 6o bl as Benu-
YHHE; €CAH @ eCTh ompriameasHoe

Yepr. 41

1
fecioneno aa.oe, mozda = eCTeOmMpuyameALHan Geckoneuro 60.1b-

‘ 1
Qs BENMUMHA; €CAH o MEHSeT CBOH sHaK, — TON(E H3MEHAET 3HAK.
Yuaumiica oueHsb JErko OCBOMTCA € 3THM, KOT/a U300pasiT QYHKUHIO

1
==

B BIJE KpuBoil (dept. 41).

SAILLAYH

JNokasaTh KaMAOE N3 CASAYIOUMX yroepuciewnil:

ik Iim_(x’-{- 4xy=='12. &> 4 Um 5—2.\:’___ _2_
x“‘zzﬁ_g 5 ‘ggwedX-0x T G
L lm ——s=—"" o 28 3x24-4 2
et 242 4 B lim ————a—=—
X=og U — KT — X |
x42 1

3. lim g =c=r . 6. f:]i—:no(d)’a+ 3hy* — 2°) = 4y

X =00
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FIMABA VI
HENPEPBIBHOCTD

§ 43. Monatne nempepwBHOCTH (MYHKUMH. DTO TOHATHE, KaXCY-
UIGECA BNOJHE SCHBIM, B AeHCTBUTEJBHOCTH ABJAETCA CJAOMHBIM H
OYEHb TOHKHM.

[pocrefimnit Bug ero ects Henpepssnocms @yaxyun y = f(x)
6 3adaunoi moyre a. Ytodbl MOZOHTH K HEMY, Mbl CHAYana OTMETHM,
YTO 3TAa HENPEePLIBHOCTH BEISLIBAET B HAC NpejcTaBienHe 06 «oveHb
craBomM» OTKJAOHEHHH BeauuuHe! f(x) OT NepBOoHAYaJLHOTO SHAYEHHS
fla) npu «ouens ManoM» yAaJeHHM aprymenta X or a. Jro oberos-
TeJAbLCTBO BHIPAMAIOT ElLe MHaye, COBOPA, HTO HHCJAEHHOE 3HAYEHHE
(ryHKmm f(X) «HEMYyBCTBHTENBHO MaJo» OTJIH4YaeTca oT f(a), xoraa
BeNUHHA X apryMeHTa «JOCTATOUHO OJH3KA» K @.

Bee atH ()pasbl, CMEICA KOTOPHIX, PasyMEeTcs, OJHH H TOT e,
HABOAAT HA MBICAB CKasaTh: (yHkuus f(x) HenpepeisHa B JXaHHOH
TOuKe @, ecaH pa3HocTs [(x)—f(a) «ouens Mana» mo abCOMIOTHOI
HETHYHHE BCHKMIT pa3, KAk pasHoCTh X -—a «04YeHb MalJian mo abco-
JIOTHOH BEJIHYHHE.

Takoe nonuManHe HENPEPHIBHOCTH SBJAETCS NMOYTH TIPABHIBHEIM,
1O 3/iech NMOMeXO0il CAYMHT HEKOTOPAas OTHOCHTENBHOCTb H CYyOhEeKTHB-
HOCTh MpeACTaBIeHHA 00 «OueHb Majaoif» BENHUMHE: OJAHN CaHTHMETP
€CTh, pA3yMEETCd, OYEHb Majafl BEJAWYMHA AJIA ABIKYILLIErocs Ha
NOJHOM X0y 10e3ja, KOTOpHI ee MPOGENHT B HESHAUNTENBHYIO 00
CEKYHAB A8 JABHACYLUEroca MHikpoOa 370 oueHb OoJbinan BEJHYHHE,
KOTOPYIO OH MOMET NPOITH JHIIL B TEYCHHE PAAa JeT,

§ 44. OnpejienienHe HENPEPHIBIOCTH (DYHKUKK B TOuKe. YTOOH
H304BHTHCA OT YKA3aHHOH OTHOCHTENBHOCTH H CHEJaTh ONPEEJdeHHe
HIOJHE MATEMaTHYECKHM, HAJO TOHHMATh HENPEPBIBHOCTbL Tak:

Onpedeaenue. Pynryua f(x) Hasswaemes Henpepuisoii 8 moire
a, ecan Hepasencmso | f(x)— f(a)|<Te, rne e ecTb sapanee B3ATOE
KaKOe-HHOY Ib TIOOMMTRBIOE UHCAO, OJeAaemes 3asedoMo SepHbIM
scaicull pas, Kax cofa0deno Hepasencmso |x—a|<C7y, rae 7 ecrs
HEKOTOPOE TOJOMKITENbHOE CIEUHATBHO NOA0OPAHHOE YHCIO0, BeJHYHHA
KOTOPOro OGYC/NOBAHBAETCH PAHEE BIATHIM HHCJOM &
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Chaenoeatensto, HenpepbiBHOCTE (GyHKUHH f(X) B TOUKE @ MaTeMa-
THYECKH BBIPAMAETCA OOYASL OCHOBHBIAMU HEpaGercneami:

flx)—fla)|<e U}} OCHOBHBI &
<9

x—a () | nepaBeuctsna,

a3 womopeix nepsoe (1) doacuo oxazamacs caedcmsuesnt smopozo (1).

Vuaumiica Jerko HalAeT CMBLICH Ka)XJIOro H3 5THX HEpABEHCTS.
Hepasenctso (I) rosoput o TOM, YTO YHC/IEHHAA BeaHuuHa f(x) dynx-
HHH «CKOJB YFOAHO MaJjo» OTIHYAETCA OT BeJHUHHBI f(a) QyHxumi
B camoil Touke a. Hepasencteo e (I1) roBoput o ToM, 4YTO apryMeHT x
SIBAAETCA «A0CTATO4HO O/msKiM» K uncay a. M, nakonen, camo Tpedo-
panne, 4ToOH HepaseHcrso (I) mesanock BepHBIM, KOrfa yAOBJETBO-
PAETCA HEPAaBEHCTBO (I}, xax pas M rOBOPHT O TOM, YTO YHCJIEHHOE
anavenne f(X) dYHKIHH ¢CKO1b YrOZHO Majo» oTaHyaercs ot f(a)
npH «A0CTATOYHOM B.aM30CTHY APTYMEHTA X K 4.

Onpedenenne. Pyniuun f(x), ne avewwan Henpepusnocmu &
nmovKe @, RA36I6AEINCS Paspegroll 8 3Moi moire.

§ 45. leoMeTpHueckoe M300paEeHHE HENPenbIBHOCTH ¢hYHKILHN
B Toune. Mul yxe snaem (cu. § 30), uto Beskan dynxiua y= f(x)
reoMeTpHueckl H300payaeTca B BHAE KPHBOH JHHMH. UTOGE! npn 3TOM
1300paanTh FEOMETPHYECKH HENPEPLIBHOCTD sTOH Q)ynmnm B 30 1aHHOI
TOYKE a, HY}KHO TOABKO HC]JEBECTH Ha H3bIK I"EDMETPHI-I 0(}.‘ HallH
ocrnosnere Hepasencrea (I) u (II).

[lepsoe OCHOBHOE HEPABEHCMOO (I)y roe Mo BmecTo S () mamem

npocto OyKBY V
ly—rla)|<e )

pupesaer Ha mockocTH XOV zopusonmeansryio MonoCKy wHpHHOM 28
H HMeoLlylo CcepeiuHHol JMBMel npamyio y= f(a), npoBeneHHYIO
yepes aajaunyio Touky Mla, f(a)] xpuso#i mnapanrennHo ocu ab-
cunce OX. HeflCTBHTEIBHO, TOJALKO BHYTPH 3TOI NMOJOCKH M COAEp-
JKATCA TOYKH, OPAHHATA J KOTOPLIX YKIOHAETCS OT YHCHA [ (@) MeHbuie,
yeym Ha z (uepr. 42).

Bmopoe ocrosnoe Hepasencngo (11)

jJx—a|<y (1)

Bugeasier Ha miaockoctd XOV sepmuraasuyio nonocy mmpHHoil 2y
H HMEIOULYI0 CEPeAHHHOI JHHHEH NPAMYI0 X = @, NPOBENEHHYIO Hepes
3alMaRHYI0 TOYKY M xrp}iﬁoﬁ" napaviensuo ocu opannat OF. [efictsi-
TeJIbHO, TONBKO BHYTPH STOH NOJOCH H COAEPKATCA TOUKH, aGCUHCCa v
KOTOPRIX VEJOHACTCA OT @ MEHbLIE, YeM Ha 3 (4epT. 43).

[osromy o00a ocrosneie nepasencmoa (1) n (1) BegensioT Ha
nnockocTH XOY MaAedbiul npayoyzoashar R, asaaomuica nepe-
CeyepeM 00EHX YK43aHILIX TOJOCOK, FOPH3OHTAJIBLHOI H BEPTHKAb-
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HOil. BelcoTa 9TOro NPAMOYTO.BHHKA IPOMABOMBHO Mana, OGynyun
PaBHa 2] €ro OCHOBAHHE PABHO MOJNOMKHTEJABLHOMY umeay 2. A leHT-
POM €ro CayRHT Kak pas 3afanHas Touka M Hameil kpusoil y = f(x).

¥

L
7

[3

Yepr. 42
Cyliecrsenno To, 4to ace mewenue rpnsoi Y= f(x)cosepuaemes
BHADI 3020 MAAEHOKOZ0 NPAMOY20ABHUKA R, Kozda apzymeHin X
VKA0HACMCa OM @ MeHbie, YeM Ha 1. B sTom u cocTouT reoMeTpH4e-

¥

Yepr. 43

CcKoe H306paenne HenmpeprBHOCTH (QyHKIH f(X) B Touke @ (4ept. 44).
Taknum obpazom, kpusas y = f(x) nenpepusna 6 3adannoil ee movie
Mla, f(a)l, xoeda amy mowy MONCHO cOenams LeHMPOM MAKOZ0
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npamoyoabHuKa R co cmoporamu, napaiieAbHbMIE 0CAM Koopdu-
nam XOV, u ¢ npoussoasno maaoi svicomor 2&, 4mo xpusas codep-
gicames suympn nezo, K020a X onucssaem e20 npoexyuio #a ocs OX.

Ho kax 6yner pecti ce6s xphBas y = f(x), monas BHYTpb IpAMO-
yroneHuKa R TpH BLIGPaHHOIL NPOM3BOJILHO-MANOH ero Buicote Ze,

Y

7|

Uepr. 44

3TO COBEpINEHHO GeapasiHyHO, WOO HHCKOJLKO He B/HFeT Ha Hempe-
puBHOCTb (yHKUMH f(X) B paccMaTpuBaemoil Touke a.

§ 46, HenpepulBHOCTE B TOMKE! IBYCTOPOHHAS 1 ORHOCTOPOHHSAS. [pu onpe-
jeneiii HENPEPLIBHOCTH B TOUKE & QyHKIHN F (:ri MONYAMNBO NPERNONAraIOcs, Y10
578 (yuruna Obaa onpenedeHa wa seedl oo OX wan, no kpaiineii Mepe, na Kakom-
Hu6y b oTpeske [e, d], conepaucailes TOURY @ 6Ky mpi. 710 NPCANOAOEEHIE AeaeTCH

& ot ;

i —_—— o

" n

Yepr. 45

B UBAAX Y4eTa SCAKTLX 3NAYeHNi apryMenuTa X1 Kak Gdasmx wicna g, Korja x > a,
TaKk W AteHbuiy ero, korga x < a. llostomy po sTOpoM ocHopuom nepasencse (I1)
APryMENT X NpeanosaracTcs 0espasanunol OONLINNM HAM MEHBIUMM SHCAA &, JHIL
Gu paccroanne ofenx Todex X M ¢ OBAD MeHbimM, ueM NOCTONHHOE 7.

CrenopaTeakbio, npi OCYMECTBAGHHN BTOporo ocuosuoro nepaeenctsa (II) co-
Bepluenio 0e3pasianuno, ¢ KaKkoH HMEHHO CTOPONBI TOUKI @& JASKNT TOUKA X cnpasa
Wi caena.
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Onpenenennan Taiuy o6pasoM HEMPEPHIBHOCTH (YHKLIH (%) B TOuKe @ naam-
BAGTCH HenpepuleHocmy O0bLKHOSEHHON Wi 8YC/MOPOHKell B TOUKE d.
Ho ecau ocymecrsae-
HMe BTOPOr0  OCHOBHOIO A
nepaeenctsa (II) npeano-
JaraeTca TOABKO 0O OAuY
CTOPOHY ToOYKH @, chpaBa
WAH cJleBa, npnueM Taxkoe
OCYIECTBAGHNHE €r0 Nonpe-
AHEMY BHISBIDACT BEPHOCTD
HEPBOro OCHOBHOTO nepa-
teHeTea (I), To Takan ne-
npepeiEHocTs QynKkumn f(.x)
lasnipaeTes  Henpepuso-
Cbio 00HOCmOpoRue(l: ona
NPpaBoOCTOpPOHI A,
HOPNE TOMKA X HaxXOuTCd
Hanpaeo or TOMKH @ HAH
CoBnagaer c uell, u oma
NeBoCcTOpPONNAN, KO- 7
FId TOMEA X JNemMuT Hane-
RO OT TOMKHM ¢ HAN COBHA-
naer ¢ neil. Yepr. 46
Oanocropounsan Henpe-
PLIBHOCTL TEOMETPHYECKH
izo0panaeTca TakuM e ofpasoM, KAK W HeNpPepLIBHOCTh OOBIKHOBEHHAA: AOMPEel-
HEMY KpHBan NOMKIA CONEPIATLCS BIYTPH OPAMOYTOALNNKA R, KOrAa TOUKA X Oii-
ChiBaeT ero npoeskumto ua ock OX. Toapko sTOT NPAMOYTOALIHEK, uMelouLyit mo~
npeseMy BecoTy 2¢, Te-
| 4 nepb 00f3aN HMeTh 3amaH-
nyio  touxy, Mla, f ()]
kpusoii y = f(x) B cepenu-
e neBoll cTOpOHL aad
cayuan HenpepLIBHOCTH
npasocmopousell (uept. 46)
u B cepeause npasoil
CTOPOHB JAf cAyyas He-
IIPEPEIBHOCTI AEE0CMOpPOli-
Hedl (uept. 47)
Slcio, 410 ecan dyug-
unn f(x) uenpepuipHa B
TOYKE @ B OGHIMHOM CMBIC-
Jg, TO Oud HenpepbiBHa B
TOMKE @ ONHODPEMEHHO! It
cnpapa, u caesa. B stom
cayvae npsMoyronoiug R
LpoCTOpaspesaeTcy ﬂpﬂMUﬁ
X=—a Ha }ABe HNOJOBHHE,
,f XapaKkTepU3yomHe MOPO3HDL
NPABOCTOPONNICI0  Henpes
PHBROCTL W ASBOCTOROMH-
1010 HeNPephiBHOCTS, HcHo,
Yepr. 47 u ofpatnoe tome Gyner
BEPHBIM: ecan dymimi f(x)
Henpepeliia B TOuKe @
OAHOBpeMENHO W Cnpdsa W chesd, TO OHa HENpPepulBda B O0MKHOBEHHOM CMbICAE B
sToil Touke. Yrobw yGeAHTbCH, AOCTATOUHO NPOCTO CKACHTL 00a NpAMOyroabuika R,
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Aepnit u npaspff, yMedbUINs cHayana OcHOBaHMe Godee [MIMHHOTO H3 HUX, CCIH
il GHM O STOrO MEpasibl, B UEAIX CAEAaTh HX PanLIMIL

Mpamep, @yusund f(x), pasHag — 1 a1g x OoTpumaTeasnoro ¥ PaBHas +1
AAR BCEX OCTAAbHLIX 3HAUEHHiT APTYMEHTA X, QUERIIHO HenpepbHBHA COPABa]
B Touke x =10, uo caepa b ToyKe X =0 OHa yue ue GygerT HempepEIBHOI, NOTOMY

o1

: g

i’
! i
|
|

Yepr. 48

ato mel umeenm [f (x) — f(0)]=2 ana BeaKoro x, Mensimero iy.d, u, 3HAYHT, OCHOB-
Hoe nepasencTso (1) ywe neBepHO AAH X OTPHUATEILHOTO.

§ 47. Bawmneiiune cBolcTBa (YHKUHE, HEmpepsIBHBIX B TOYKE.

Csoizcmeo 1. Henpeposiocms @ysxyun f(x) 8 mowke a onoiie
PasHOCUABHE CIMPEMABHII0 MUCACHHO20 3Havenus [(x) it npedeay
fla), kozda apeysenm x cmpenumes K npedeay a AOOHM ENOCOO0AM.

JokasatenbCcTBO

Camas paBHOCHJLHOCTh 3aCTABAAET DasiE/NHTL paccyKIeHHe Ha
RBE uacTd. Bo-nepehix, HALO MPEANONOHMNTL (yHkumio f(Xx) HEnpe-
PHIBHOH B TOYKE @ M J0KA3aTh, UYTO NepemeHHas BseaudnHa [ (x)
CTpeMHTCS K npefeay f(a), Koraa x CTpeMHTCa Kk Hpelen]y @ Kakum
6bl TO HH OBLIO cnOCObOM. Bo-gmopbtxX, HamO NpeANOAONKHTH HHC/IEH-
HOe sHayenHe f(Xx) cTpemawtuMcs k npeneay f(a), koraa x CTpeMHTCA
K mpexeay a Alo6HM cnoco6oM, U J0KasaTh, 4To (PyHKUMA f(X)
HENpepriBHa B TOYKE 4.

Ileppast wacTh. Korpa nepemerHoe x cTpemuTca K Tpeaeay a,
TOrAa 0073aTeNBHO Yy AOBJIETEOPAETCA BTOpPOe ocHoBHOE HepaseHcTso (II),
HAYHHAA C HEKOTOPOrO MOMEHTA BpEMEHH. A Tak kak (ymxkuma f(x)
TPeANOJIONEeHa HENpepuIBHOIl B TOYKE @, TO mMOITOMY C STOrO 3ie
MOMEHTa BpeMenH 0073aHO OhITh BEPHLIM H NCPEOE OCHOBHOE Hepa-
BencTso (I), KoTopoe M rOBOPHT O TOM, 4TO j(a) ecTs Tpeies mepe-
MEHHOH BesuyHubl f(X).

Bropas uactb. Tax kax unciennoe smayenme f(X) CTpeMuTCA
Kk npejeny f(a) npu sni06oM cmocobe aprymedta X 1npHOJIH-
JKAaThCH K Tpeiesy @, TO 3a crnocol npuSaIMiKeHusa Mpl HMEEM Npaso
B3ATb TAKIKE H MOHOMOKHOE HEnpepssnoe MPHONMIDKEHHE X K TOYKE @
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€ TOl MM RDPYToil ee CTOPOHHI, T. €, TaKOoe e ABHIKEHHE, NPH KOT0-
POM C OECKOHEYHBIM TCYEHHEM BpPEMEHH TOuKa X GE3rpaHHyHO IpH-
OIMKAETCA K TOMKE @, ABHrafCh K Heil HOCMOSHHO 8 00HY U My e
CMOPOHY, He DeAas npuw IMOM HUKGKEX CKAYKOS W HuKoz0a Ke
scmynas 8 camyw moirky a, OTcloma e cheayer, 4TO TEepsoe
OCHOBHOE HepasencTBO (I) saBegomo OyJEeT BepHBIM, Ha4yHHaA C HEKO-
TOPOrO MOMEHTA BPEMEHH, T. €. IPH ZOCTATOYHON GJH3OCTH TOYKH X
K Opeuesy a M, 3HayuT, NpH COBJIOAEHHN BTOPOro OCHOBHOIO HEpa-
BeneTBa (II). A ato u rosopur o ToM, 4To (yHKuHA J(x) HempephiBHA
B TOYKE @, 4. T. [,

MNpumewanue. Ma camoro moxasatennctna cooiicrsa | caenyer, ato oduo-
CMOPOHKAA HENPEPRBHOCTE (PYHKIMN f(X) B TOMKE @ PABHOCHABHA CTpeMieHin
HHCAennoro snavenns f(x) K npeneay f(a) KOrna apryment X CTpeMHTCH K TOHKE @
AO0uM Ofpasos ¢ moil cmOpoKsi, € KaKoii npedno odxocmoy
HenpepsiaHocms 8 a.

Obuiciosennan we (IBYCTOPOMIAN) HENPEPLIBHOCTL PABHOCHALHA CTPEMACHHIO
Dyukune f(x) k npeneay f(a) awbuse 00pazos c ofenx cmopot.

HNoxazannoe panmoe ceojtctoo | (ysxunil, HenpepLBHEIX B TOUKE,
MOXKHO (JOpMY/IHPOBaTE €€ H Tak:

Henpepusnocity gynrcyuu f(x) 8 moixe @ pasHocuabia cucmeme
d8yx ochooneLx padencmo

“m[{f]’\;g_":_";(a] {{III]} } OCHOBHHIE PaBEHCTBA,

I3 Komopwx nepgoe o00s3ano Goins sepHstd uwan NPpH nwbowm
cmpensenun apeyMenma X K npedeay a, uaL, N0 Kpapxen smepe,
npu. MOHOMONHON (3 CRAUKOS CIMPeMAeHI €20 K a.

3axoHHOCTE TakOH (OPMYJIHPOBKH NPAMO BHITCKAET H3 CaMoro
AOKasaTCabCTBAa CBOficTBa I,

Mpumevanne Heammne yxasats Ha To, ¥T0 OroBopka: «be3 CKavKosy
upeanuyafino cymecTreuna, néo sepHocTh neproro panencrsa ([) npi
MOHOTOMHOM Ciawyujes: CTPEMABHHN apryMenTa X K npefesy @ HHCKoJAbKO He ofec-
neunsaer HenpephisuocTi gynkum f(x) B Touke a.

Npumep, Boasmem dynkunio f(x)= sin - Ona onpejenena gAa BCHKOTD X,

kpome x =0, rie oua |le HMEET MHKAKOTO HuCIeHnoro suavenns. IlosTomy mmdto
HAM lle MEemaet YCAOBHTLCA cunTath, uto f(0)j=0.

Ecin veneps n ecTh uei0e NOACHNTECALHOE YHCAO, M CCAN ML YBEJNUHBaCH
HHCAO 72 Gearpatiuuo, TO apryMentT x= Ei—” fBageTcH noaomuTeasHol nepesennoii
peanuniol, crpemsedics k npeneay 0 MOHOTOHHO, a uMenno: y6nsaa. flo-
FMOALY MbL NMEEM YOOUACINOOPENHMM BIMOPOE OCHOBROE pasencmoo lim x =0 (1I)
AoromouysLt odpasox. C Ipyroll CYOPONE, MBI HMEEM JUN7 HAINErD apryMenTa X
ouepnanoe TomaectTno f (x)=0 u, anauuy, nveen B npeaene lim f(x) =0, Moamoacy,
npuras po punManne, w10 f(0)=0, s naees epuual & nepsoe OCHOSHOE pa-
senemao lim f (x)=f(0) (I).

Takum ofpazos, oba ocnosnste pasencrsa (1) n (1) yaoenetsopenwm, npuues
BTOpOS fawe W MONOTORNEM odpason M, ommako, mowwa x =10 zasedomo
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ecmb mouxa paspuied, M NPHTOM COPaBa K Ciesa, 048 paccuMampuoaesoil @yHk-
wute f (x). UtoGul & 5TOM yOEAMTBCH, AOCTATOMHO SACTABHTL APTryMeHT X YOLBAaTh L0

1
Iyas, Henpepubno. Barou cayuae npuﬁb-; HelpephBl0 BO3PACTAET, YXOId B
1
HOAOHHTEAbHYIO GEeCKOHEYHOCTE. [losToMy paccmarpusaeman dynkuua f(x)= sin =

1
Oyayun CHHYCOM HElpepalsio YBEAHYHBAIOUIETOCA yTJa E-, JOnMHa CoORepllaTh, 0o

uepe npsl&nunrclum X K HYTO, GeCKOHSYHD MHOrO PasMaxon, Koaetasch or — 1 10
1 u, suaunt, ue MONET CTPEMHTHCA 1l K KAKOMY Mpeje/y, KOria apryMmeut X ue-
RPEpLaHe YMeHbLIAeTCs, CTPEMACD K ILyH0. Takum ofpazow, dyuxuus f(x)= sln;
paspeiana cnpasa B ToUKe X= 0. Ho ona paspusia u caesa B 370 Touke, 160 ¢
Nepemenoil 3uaka apryMedToM X yusiua f(x) TOALKO ANIUL HMIMEUMT CBOH 3HAK,
lle YTPaTHE CHOEIO KOAeGaTeabHoro (or — ! mo 4 1) xapaktepa,

O6nAcHelie ®e TOro ABICHNA, NOYEMY cofalfenne odoiHX OCHOBHLX PaBEHCTE
() u (1) ne BH3BIBAET HENPEPHBUOCTH (QYHKUIUM, COCTONT B TOM, 4TO ynoTpetans-

umiicit TaM apryMent X==g_, MPH CTPEMACHHE LEIOTO 1 K 4 o HIH K — @,

KOTA 1 MOHOTOHHO CTPEMNTCA K HYMO, HO ckawvami, wotopsie camy no cebe
pugaioll HenpepniBHOCTH Ads QYHKUHN OGECNEUHTh He MOUYT.

Canencrsue 1. Henpepwsnasn @ynxyus nossoasem nepe-
xodums K npedesy nod ee SHaKoM, m. e. Oeiaem 3AKOHHHLM

paseHecmeo: ;
lim f(x) = f(lim x). (1)

910 paBeHCTBO TOBOPHT HAM O TOM, YTO AJAfA BHIYHCJIE-
HH# npejesga HENOpPepHBHOA QyHKOHH JAOCTAaTOYHD
BWUHCAHTE BSTY YHKUMIO ANA CaMOro mpejaeJaa
dpryMeHTa.

Urobpl A0Ka3aTh 3TO, 3AMEHHM B IIEPBOM OCHOBHOM paBeHcTBe ()
Gyksy @ 4Yepes ee BBIDAM(EHHE H3 BTOPOro ocHosmoro paperctsa (II);
Torjga Ml H mogayqHm okenaemoe pasenctso (I1I).

KpatkocTh # BbIpasnteabiocts pasedctsa (II) nenaer ero peceMa mpHBieka-
TeAbHBIM i BUYHIAET MLICAb BOCTONLIOBATHCA MM JUAS CAMOTO ONPEeneeiin Hempe-
PRBHOCTH (YHEWMH B TOUKE, BMECTO NpewHell CHCTeMBI JBYX OCHOBHHX
pasencte () u (II). Ho mano mmets 8 nuny, uto pasencroo ([l) ne smomue
scioe, MO0 NPHXOMNTCA YKAsLBaTh NONOAHHTEARHO, 4TO dyukuua f He Boobme
HENPEPRBHE, A 4TO OH3 HeNpPephiBud Huenuo B Touke lim.x W 4TO npH STOM X
cTpesuTen K Touke imx kawum yroamo cnocoboun. Mo ¢ tawnmn paswac-
peisyit pasenctno ([} cTaopHTes CANIIKOM TPOMO3AKHM Il yTpauupaer BRIFOAY
cnoeil kamymelics kparkocti. [TostoMy ropasno Gosee npenouTHIEIbHA CHCTE Ma
anyx ocnosumx pascunctn (D) u ()

Caencrsue 2. Obpautaace k § 40, MBI BHANM, YTO TAM OCHOB-
uhie pagercrsa (I) n (I) Oblan 0Kasalsl i MHOTOYIEHOB H PalMo-
HaJBHBIX (YHIKUAR, TIPH YCJAOBHH HEOOPAULEHHA B HYJb 3HAMEHATENH,
Otciofa Mb! 3aKIIOYaeM, 4TO EcAKuil smroowaer P(x) ¢ nocmosu-
HotMU KO3gighuyuenmarti

P(x)=Ax"+Bx™' 4. ..+ Gx-LH
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1

ecmp acl00y HENpepusHAs HYHKYAT, W 4TO OCAKAST PAUUOHANbHAS
dyricyua R(x) ¢ NOCTOAHHBME ko3 GuunenTamMu
By = Ax® 4 Be™—i ... - Gx+H__P(x)
(¥ = o . et N —0 (D

ecms HenpepsisHas VAKYURL 8 Kaycdoll MouKe @, UCKAIOUAS 3HE:
HeHus a apzyMeHma X, 00palgaioljux 8 HYAb SHAMENAMEAs, T. €.
KopHeH ypaBHenus Q(x)=0; Bcex sTHX KopHeil HMeeTCA HE
Gosbiue, 4eMm #, M B HHX HHOrJa CJAYH4eTCH HapyIIEHHe Henpephis-
HOCTH dymxumn R (x).

Npumep, dyuxuun f(x)= =

B s7oll Touke nenpepuBROCTH yiie jieT, n60 QYHKINIG He NMEET mpeaesa npu Gea-
rpannyHoM  npuiamKennd X K 1, Tak kak ee WHCAEHHO® 3HAYEHHe YXOOWT B Oec-
KOHBYHOC T,

Xora wenpepwpnOCTs (yHKUHE TpeAcTaBAseT cofoll  ABJAERHE
ofiiero xapakTepa, OAHAKO AJA APYTHX (T. €. JIA HEPalHOHANBHDLIX)
hyHxumii oHa nOKA3BIBAETCA TOPAa3no TPyAHEE H TpeGyer mpejsapH-
TENbHOI BRIPAGOTKH OCOGOr0 NpPaSUAG UCHBUNAHUA HA Henpepsis-
Hocms, KoTopoe OyneT naHo B caeaylouiem naparpade.

Ceoiterngo 2 (apudmeTnyeckas TeopeMa 0 HenmpepuBrocTH). Cr.ia-
Jusan, ssrumas, ysnoscas u Oeas dee nenpepuianse Qyuryun
8 Karkoli-au0o mouKe @, Mb. NOAYEALI 8 pPesyasmame OHAmb He-
NPepssHyIo MYHKLULIO 6 Mol moyKe, eclH TOJbKO 3HaMeHa-
Teab yacTHOro He obpamaeTcs B Hell B HYJb; B 3TOM
HOCTEAHEM CJydae HENpepHBHOCTL B TOYKEe @, BoobuIe, yie Hapy-
MaeTcs,

Henpepeinia  BCIOAY, KpoMe TOMKK x=1

HokaaaTeabCTBO

Mo snaem yike, YTO HeNnpepHIBHOCTE ABYX (yHrumi u(x) u 2 (x)
B TOYKE @ paBHOCHJBHAa cHcreMe pasencTB lima(x)=un(a) u
limo (x)=w(a), xorga umeen limx=a. [lo3TOMY, B CHJY OCHOB-
HEIX Teopem o npejesax (cm. § 40), mMer nmeem paseHcTsa

lim[a (x) 4 v(x)]==n(a)+v(a), lim[n(x)—v(x)]=u(a)—7v(a),

. 3 S i w{x)T ufa)

lim[u (x) v (x)|=u(a)-v(a), ]IIII—-m-—m,

ecimt v (a) 5= 0. Tak kax npHd STOM apryMentT X MOMET CTPEMHTHCS
K a nobeimM cnocoboM, TO paccMaTpHBaeMas apH(dMeTHUECKas!
TEOPEMA O HENPEPLIBHOCTH A0Ka3aHa.

35!“21'““, HTO TeopeMa mHMeeT CHIY He TOABKO IAf CYMMbBL H NPOH3BEIEHHA
0syx HenpephIBHLIX B TOWKE ¢ QyHRIHi, HO B A0 CYMMBL i IPON3BEACHNHA Mpex,
dempipex W noobuie w020 HeuzsMexsiowezocs wicha dyusumit. Mo ¢ noMommo
CKOOOK, BCErAd BOIMOMKHO, HANpHMep, CyMMY ¥ mpon3eesenue Tpex dynkiuil
NPencTapHTh Kak CyMMY W npoussefeune Asyx dyHiuui:

1 (¥} — 0 () - w (¥) = [ (¥) — v (x)] 4w (¥),
1 (x)- v (x) w (%) =[u () v ()] @ ()
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. Ho teopema wower ctath it A02icHO%, €CIN MMCAO CAATAGMEIX BN MUONHTCS
aeil He ocmaemen ozpantt LA, 1O, HanpuMep, Gesrpaundno BO3pPACTaer.

Canepncraue 3 (HenpepelBHOCT GyHKunu or QyHKIHE). DyHK-
yus om ghyarcgun o[ f(x)] nenpeposna 6 mowxe a, ecan BRY TPEH-
HAR dyaxyus f(X) HenpepssHa B @, ¥ ecan HapyJkHadA @yiK-
yus o wenpepwsia B Touke f(a).

HokazaTenbCTBO

Tak kak BHyTpeHHAR (QYHKUHA f(X) HenmpepLiBHAa B TOYKE @, MH
wmeen lim f(x)= f(a), koraa limx =g, NpHYEM X MOIKET CTPEMHTECA
k a a6um cnocobom. C apyroit cTopons, Tak Kak HapysKHas
dyniums o (y) Henpephisna B Touke f(a), mMm mmeem limo(y)=
—y[f(a)], korma limy=F(a). Cregosateinto, bt Hmeen:

limo [ F(1=lim o ()] =s[ (@)L

M Tax xak X MOMET CTPEMHTHCA K @ NI0GHM cnoco6oM, TO
HenpepsBHOCTL (YHKUHH OT dymxunn @[ f(x)] B Touxe @ noxasaHa.

Tomopst 00pasiio, HENPepLIBHOCTE GyHKIHA OT hynxunn ¢ [f(x)] eoanukaer noy
feficTBieM ABYX OTAEAbHBIX HENPEPRIBHOCTEH: HENpepHIBHOCTH BHYTpuuued dyix-
wii f # HenpepHBHOCTH HAPYMHON dyHIN @,

Touno Tak e, MUOrOKDPAaTHaA QYHKLHA OT Qydruuy, HanpuMep t[a]r{.'[ftx)]].
nenpepLBia B TOYKE @, ecau B TOUKe a Hempepnisiia BuyTpenuss gynxuns f(x),
ecai B TouKe f(a) HEMPEPHIBHA NMPOMEMYTOuHAS dyuKuuA p K ecan B Touke 9 [f(a))
HenpepeiBia HapyxHan dyuxumn ¢. M maw daaee.

§ 48. IlpaBnjio HCHBITAHKS HA HENMPepniBHOCTh. B messx Beipa-
60Tk STOrO MNPABHJIa HATMIIEM CHAYaJa CHCTEMY JIBYX OCHOBHBIX
PaBeHcTB, BHIPANAIOULYI0 HenpepeBHOCTE Qynxumi f(x) B TOYKE a:

};E:i(ﬁa:f(a} {HJ}} OCHOBHEIE PABEHCTBA

qax: nepsoe B Buge lim[f(x)—f(a)]=0 u Bropoe B BHEe
Jim(x—a)=0; Ha 370 MH HMEEM npaso, u6o f(a) nu @ cyTh Beau-
ypHB] TOCTOAHHBIE M, 3HAYHT, MPENENEl HX DABHEI UM CaMHM.

Yrofel noiita ansue, o603HAYMM 4Yepes /i pasHoCTh X —d, T.e.
pamimiem x—a=—=rh. Otciona nMeeM x=—gqg--/i. IT0 NO3BOJAET

HepemicaTh npeablayIiHe paBencTsa B BHIE:

lim[f(a--#)— f(a)]=0 ()
limh=0 (11%)




§ 48 NPABIIC HCHETAHNA HA HENPEPHBHOCTH 93

Jlerko pate cnoBecHyio (OPMYJHPOBKY HamicauHoii
cacteve pasencTs. Jlas sroro Oynem paccMaTpHBaTh HHCJAO @ KAk
€mapoe 3Havyenne aprymenta, a OyKBy X Kak HOG0E €ro 3HayeHHe.
B sTHX ycnoBuax pasHOCTh X — a =l ABHTCHA, OYEBHIHO, Apupaiie-
Huem apezysenma, a pasHocts f(a--4A)— fla) npupawennesr Qyni-
uHH (cv. § 29), BbiSBAHHBIM NPHPAILEHHEM apryventa Ax=/.

Slcho Temeps, uTO mpeamayumam cécrema pasencts (%) uw (1I¥)
JOJKHA YHTATHCA TaK:

HenpepueHocme gyugun f(x) 8 motxe a pasnocuasHa ymsep-
acdennio, umo npupamedue f(a--h)— fla) dysxyun Oesaemcs
sewunorn Gecroneno maqon, Koeda mpupawenue h apzymexina
CIAHOBUMCA OECKOHEUHO MOALLN.

Hs cucremer psyx paeencrs (I*) u (I1*) nerko BrIBOZHTCA BaM(-
Hejilllee MpakTHYECKOE NMPABHJO HCHNBITAHHA Ha HENMpe-
peiBHOCTH. Ho ToAekO A7NA neneli NpakTHKW YNoTpeGssioT oObiuHO
ApYTHE 0003HAYEHHs, PYKOBOMSCH TIONE3HBIM B TNPaKTHKE NPHHIMIOM:

nponzsodums nod awarxos | gysxygun y=f(x) rkax MOHCHO
MeHblie nepeme.

[TosTomy BmecTo GYKBEI @ OCTABIAIOT TWpeiHIOw GyKBY X, 3aTo
sMecTo GVKBH /i NHIIYT cHMBON AX mpupalleHHs aprymenta. Boaej-
cremne sroro cucrema pasencts (I¥) n (I1¥) npunumaer sum:

lim[ f(x 4 Ax)— f(x)|=limAy =0;
limAx=0.

OTKYAa H BHITCKAET:

MpaBua0o HCNHTAaHUA Ha HEMPEPHBHOCTH

TMepewit wmar., B giynguo f(x) smecmo x nodcmasasesm
x-}-Ax, wno daen nwas nosoe snavenue f(x-1-Ax) diynwyun.
Bropoit mar. Buuunaes cmapoe 3uaverue f(x) @ynrnun uz
ee Hosoeo anauenus f(x-}-Ax) w marum ofpasgom naxodus npu-
pawenne dywryun Ay = f(x - &x}-—f{(jx).
Tperunit mar. Huyes npeden waiidennozo swpasicesus

S(x+4-4x) —f(x),

paccaampusas Gyksy X kax nocrTosunoe n desas Ax Gecio-
Heuno yaraagiomusics. Ecaw noaytus limdy=0, das mourxu x,
mo ¢hynkyus j(x) HenpepLiBHa B amoil movke.

Yuauuiica JOMKEH BHOMHE OCBOMTHCA C STHM NPAaBHJIOM, HpHiarain
€ro K GOJbUIOMY HHCJAY OPHMEpOS.

[Mpumep. HMensiraTh HenpepusHocTs (ynkumi sin x.

Pewenue. Tlonaraem y=sinx.
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Meppuii war
-+ Ay =sin (x| Ax).

y-FAy=sin (x| Ax).
— y=sinx
Ay =sin (x - Ax)—sin x

Bropoir mar

Benomuus ua TPHTOHOMETDHH, 4TO

¥ 1 s @—b a+b
sin @ — sin b=2sin ——-cos "; :

Mul (nonarag @ —x--4Ax 0 b=x) umeem:
o Ax
Ay:2sm—._,‘-t-cos (x—l—%)
Tpernit war. Jemaem dx Geckoneuno ymaasowumcs. Toraa,
OueBNfHO, M Sin 525 GymeT Takke OGECKOHEYHO yMajaiomumcd. Tax

A
Kak 0Ba Apyrux MHOMMTENS: 2 M COS (x—[—%) CyTh BEJIMYHHBI 02pa-

HUteHHse, a GNPOH3BENCHHE OIPAHHYCHHOH BEJHYHHEI HA GECKOHEYHO
MaJ0e ecTh onaTh OeckoHedHo Magoe» (§ 39, ceoiictBo 2) TO BHAHM,

¥

SN 2SN WAONT 2T TN IR X
T NS NSO NS

Hepr. 49

4ro limAy =0, [Mosromy OyHkuMs Sin.x RenpephisHa BO BCAKON
TOYKE X, KaK 3TO MOMHO BHIETb H3 uepT. 49,

3ameriM, 4T0 Teleph 063 SCAKNX OHUNCAEHII] MOMHO YTBEPHAATL HENPepPHIR-
HOCTh GiynkuMK cos X BO BCAKOH TOMEE X, MO0 COSX MOMHO HAMNHCATL B BHle

n
sin & — %), a 1o Teopere O HENPEPHIBHOCTH YHKLHIE OT iyHKIHA STO eCTh He-
Hpepuisuas ynkuna BO BCAKOH TOHKE Xx.

O1ciona crenyer 06l a sl HENPEPRIBHOCTD 606X OCHOBHEIX TPHTOHOMETPHYECKIX
Gyuruuit to x, clpx, scx, u cscx, u00 COOTEETCTRYlOUIME BHIPAKEHHA HX uepes
S sinx cosx 1 1
LHHYC 1 Kocumyc: y —_— 1 ——— T0Ka3bIBAIOT, 4TO HENpephBlIoCTh
3 COSX  Sinx Cos.x sin x
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STOT npuT TOTYAC Me NO3BOAAET YCTAHOBNTL CAEAYIONIee obumiee Npemio-
JeHHE, HMelolllee B MaTeMaTHKE rPOMAiOe TeOPeTHUECKOE aHaueHHe M, B yacr
HOCTH, ABASIOMEECH YHIAMEHTOM H3JOMEHHBIX 8J€Ch NOKA3aTeNkCTR,

Teopema o npomescymuax. Ecan 0rg rascdod mowki ¢ ompesia [a, b)
NOCMpPOEH HeKOMOpKil cnenuanshiill NPOMENCYMOK G €€ NOKputaaouuil, mo
moz0a U3 JMUX cHeyuaAbHEX RPOMENCYMKOS MOJNCHO OMobpams KOHEIHOR
ICA0 MAkHX, COBOKYNHOCIYy KOMOPbX HeAUKOM nokpoem sece ompe3ok [a, b).

=
'
L}
I

6 6 6;G

1
'
'
]
'
&

Yepr. 52

NokazaTeancTho

Odoanamms naunwifi orpesox (g, 8] yepes o u paspeanm o; nonosam. Ecam g,
1IEROSMOIKHO NOKPHITH UEAMKOM KOHEUHBLIL YNCAOM PACCMATPHBASMBIX CHEUNAIbHBIX
npuMeKYTKOB, To no kpajiieli Mepe 1an oauoill W3 ero MoAoBHN STO TaiMe HEBO3-
MOKHO CaenaTh. OOo3uauiM ee vepes c, 1, B CBOI0 OYepelb, PasLenliM o MOHONAM,
TaK KaK 0TPeaoK o, HEBOIMOWHO NOKPHITh KOHEWHLAL HIICAOM PACCMATPHBASMBIX CRe-
WHAAbIRE (POMENYTROB, TO N0 Kpaiiueli Mepe 117 onuoil H3 ero NOJAOBHI 3TO Tak-
ste Hewpamomno caeiats, OGosHauny ee uepea g, i Gyles NOCTYNATh X Jajee no-

npesieny,
Hewo, uTo M noaydiy GeckoleqHo MHOTO OTPe3noB

0y S0, oy LT L,

KaucARi 13 KOTOPHIX SBARETCA NOAOBHHON NPeNLAYIIEro H KaMAK H3 KOTOPHEX He-
BOIMOIIO OOKPHITE KOHEYHBELM HICAOM PACCMATPUBAEMBIX CHEUNAJLHLX ApOMe-
WyTHOB. B Ciay mpmHUHNA CTATHRAMHXCH OTPE3KOR, NHMEETCA Ha
HaYaaLHOM OTPe3ake ¢, TaKan HemoABmkHas Toukad € K KOTOpO{ cTArusaerca orpe-
80K o, [0 MEPE yBEAHYEHHA ero 3Hauka n,

Gn

o £

Yepr. 53

C apyroll cToponkl, 973 HEMOABIDIHAA TOUKA E, KaK Nemainan Ha HavadbioM oT-
peake ¢, = |a, 0], 3aBEIOMO LOKPHITA HEKOTOPLIM HENONBIKHLIM CNEUNaAL b 1po-
MENCYTKOM G; (4epT. 53), BUYTPH KOTOPOrO OHa Il COMEPIKTCH B DHYTPh KOTOPOrD
oG43an ueanikom BofiTiH OTPEIOK @, NPH NOCTATOUHO GOABLUIOM SHAYKE #, HOO o
crarusaercn & pamed wenonsikioll Touke £, a onma oTcToNT Ha KOHeuHoe paccmg'.'
Hiie oF O0euX HENoABHHIIBIY IPAHIYHEIX TOYCK a u § npomeicyTxa G =1, B
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Takum 06pazoM BLIXOOHT, YTO OTPEaOK o, KOTOPHIH He MOT GEITh HOKPLITHM
HUHAKIM  KOHEMIIRIM WHCAOM CHEUHAJbHBIX TPOMEIKYTKOB 8, Ha [ede oKadancd
NOKPLITHIM JaMe OOHIAE CHeUHAILUBIM NPOMEKYTKOM &:

M3 sckpriBulerocs MpOTHEOpPEYHS CAGAYET, YTO K HajaibHiii oTpesok o, =[a, b]
AOCTOBEPHO MOKET GHITh MOKPBITHIM KOMEYHHA YHCAOM CHeunaibHbIE npoMemRyT-
KOB &, 4. T. .

BB@AEH, HaKOHeW, nocjielHee onpefeneHHe; r

FOHEUHAN cUCMENE 5 CHeyiaibiby NpOMescymios 8, 8a,..., oz, NOKPb~
RTOMaR geauxonm Oauunii ompesok o=/a, §], HaTwsaenicr MUUUMAALHOHM,
ECAU U3 Hee Heaban snlpocums Wi 00HOZO RpoMexcymia & Oea mozo, umolu
He QmMEpelAGey XOmi vt pUHE MOYKE ampesKa o,

)
B e e St
- ST
- M T
it L
A e S
A} 4,
Yepr. 34

Munnyassnan cncteMa ¥ umeer ocofeHnoe YCTpolCTeo, MCKAOYAIDNLEE Kakyio-
G0 GecnopaiouiocTh B PACHONOKEUHN OOPAIYIOMUX €6 NPOMENCYTROB 6,8, .., dj.
Hrofpt yemotpers, €akono OHO, OTMETHM CHAYAJNA CAeAyoUlnil BmoAne 3anementap-
HbiH dakt

ecatt Tpu waxne-aubyds nposexcymica A,, Ax, Ay wacetom 00uy0 1 sceat
mpear motry M, mozoa 00us s Hiux teaurost codepacimest 8 cyMae dayx pyans
i, BHAWUM, OK UIAUMEHR OAR NOKPLLMIL,

Ha sepr, 54 npoMmemyiok Ay ABAAETCH HBMMUINIM, TAK Kak COABPHHTCH B
cymye npoMemyTkos A, u Aj,

Onupanch na 510 coolpaKenne, MOMHO CKa3aTh, YTO B MIHEMAIBHOH cucTeMe X
HUKAKNE TPH U3 COCTABAAIONINE ee NPOMeMYTKOB &, €a,. .., O HE MOIYT HMETh
ofimefl Toukn, Tlostoumy ofue TOMKHM MOTYT UMETh TOALKO [IBA COCEAMNe nepe-
KPBIEAIDIINECH NPOMEIKYTHA B, SUAYMT, MUHNMANLHAN CHCTEMA BCEUJAa HMEeT Ban,
Kak MOKA3ano Ha uepr. 55,

d,
/"_'"}W{_L\\_
a &

Yepr. 55

Mocae storo soeneuna NepeiiieM K NPAMBIM I0KA3ATEILCTEAM OCHOBHLIX cBOficTR
rhymuulii f(x), menpepusinx ua otpeske [a, &) Topajok aoxazaTenucts -GyAer
oopamuyl; ciepsa okaneM ceoiicteo 3 # nocaeanus — ceoficso 1,

Cpo#ictno 3

Myerb & = 0 sagannoe uncao. Tak wak fiv nenpepsisna 8 kamaoli nenogsumuol
TouKe ¢ oTpeata [a, &), TO YAOBNETBOpEI@ CHCTEMA ABYX OCHOBURIX HCPABEHCTE.

|f)—FOI<5, 0]
lx—e|< 1. ! (11
4'
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rie n, €CTb HeKOTOpOe TOJOMHUTEALHOE YHCno, CNeHabHO NOAGHpaenoe Ald 3aall-
Wolt Henoasukuoll TOMKN € M A 3a7aHHOrO &,

Odoanaunm uepes 8, npomMexyTok, uMelowni ceoefl cepennnol Touky ¢ n gan-
w0t 2n,, U GyleM ero HAsHBATh CRENUAADHBLM HPOMENHCYHIKOAE), TOKPRIBAIOUIHM

TOUKY C.
CHAY ¢TEO0peMbl O MPOMEH Y TKaX» HMEeTCA MUNNManbuas cictema I,

COCTABABHIAA W3 CHEINAAbHLIX NPOMENYTKOB 8y, By, .., &g (UEPT. 55), noxpuBai-
as NeTHKOM Beck orpesok [a, b,
SlcHD, 470 CPaHKYHBIE TONKH STHX CHENpaibHBIX TPOMEKYTKOB &, &,..., &

pasneasoT lannkil oTpeaok [a, 4] na araawe ompearu; Mil 0OO3HAYAEM Hepes
nmmryz HamMeHbLUIEro H3 STHX MajAwX OTpeakos, n > 0,
can Teneph X' M X’ gpe Kakue-uuOynb TOuKM oOTpeska [, b], paccrommue

MEH(LY KOTOPBIMH MEHbLIE HeM 7, TO HMee:
[ 2" — &' | <. (L&)

f[cuo, Y10 fABe TaKHe TO4KH x' H x" Dﬁﬂa:lel nonacTe BHYTPE OAHOrO H3 Opo-
MemyTHOB &, 83,44+, O, O0PA3YIOUIHX HAIIY MEHNMANBHYIO CHCTEMY X Mycts oun
HONaNyT BHYTPb DPOMENYTKA d; WMEIOWIEro cepefuioit TOYKY ¢;, TOPAA B cHiy
nepasencToa ([) Mbl HMeen:

@) —fedl <%
1) —fle) < 5

6o ofe Touxw X' M x" JewaT BHYTPH NpoMemyTka &;. BbiuMTtan M3 InKHero me-
paneiicToa BEPXiee, MBI HaXOMUM OKORUATENLHO HEepPaBecTBo

[fle)—fle)| <o (1%}

flcio, WO cHcTeMa ABYX Hepaseucts (%) w (II**) w cocTasnfer noKasaTedh-
cieo ceoifictea 3, 4. T. A

Cpoijictro 2

CHauada 3aMeTHM, 4T0 x020a 6 rawoil-nulyds mourxe ¢ ompeaia [a, b] dyur-
gua f(x) He pasna Ky, f_{CJ # 0, mozda scezda AtosicHO nocmpoltmb maxoik
cneyiaabRbtl upo.ue?vcymm: B NOKPHOMIOMUI MOYKY €, arympil KOMOPoo se3de

©
wyeeae: nan f (1) > .—;»‘1 , ecau f(c) noaoscumensroe witcao, wan f (a) <—g), erit
fle) ompuyameasroe uic.ao.
1

Yrobnt yGennses 8 37oM, npiyes e = | f{e) |. B cuay nenpepmnuoct dynk-
unit f(x) B TOWKE ¢, BCEraa HMeEETCA TaKoe MOJONITEALHOE HHCAO T, YTO TN
OCYIMECTBARHII HEePADeNcTBa

lx—e|<me (I

33peIoMo 5}']131‘ BEpHEIM HCDaBEHCTBO
[fx) —fe)l <. i)

B rauecTtse «Ccrenyainioro NpoMeRyTEaR 55r NOKPHIBAIOIIEr0 TOYKY £, MBI TP~
HHMAEM [TPOMENtYTOK, Myelomnil cepennnoi TOUKY ¢, a paunofl 2ne, Fl3 ckasaunoro
cienyer, 410 BUYTPH $TOrO npoMemyTha &, cobilogaerca Bciony Hepasexcrso (I),



§ 49 CBOHCTBA @¥HKUMH, HENPEPHIBHHIX HA OTPE3KE 101

KOTOpOE MOWNO HANMcaTh B Buie pasenctea f(x) — f(e)=0z, rae ;Uli < 1. Io-
stoMy Mul mmeeM 140 >0u—14-0< 0. B cuay puidopa uncaa e:?u{c)] ME

nMeeM BCIOMY BUYTpH &, papencreo f(x}:f{c]—f—ﬂ‘—;— |f(c){:%—f{e)-{-—%— tf(c] -+
+0|fle)|} Ecan f(e) >0, torra f(e)=|f(e)|; 8 stom cayuae durypnan cxodixa
}...| nonomuTeLNA, HOO HMee | | fledl4- 0 fe | f=!fled|-(1 +0) >0 1 nosromy

fix) > %""' Ecan aice fe) <0, torna f{e)=—|f(c)]; B atom cayuae durypian

CKOBKA OTPHUATEALNHA, NEO HMEEeM { — | fe) =0 f (e] |=|f{c) [ (—14-0)<0un
1o

noatomy f(x) < 5 T A

Kok caemcrene mwm pusoniM: diyuruun  f(x) Ha scest smOpannos Hasm
CReyItEABHOM RpoAteNcymKe &, niteem mom dice camutil 3HaK, KaK 118 e20 cepe-
diwe ¢, m. e. anar wueaa fle), ecan fe) £ 0.

Tenepy cnoficTso 2 nokawercs cpasy. IMycte E munmianenas cucteMa cre-
nManbuBLIE npoMemyTRos 8, u,..., 85, NOKpHBalOUX Beck otpeaok [a, b]. Tak
Kall Mbl MpeAnonaraed, 4to @ynkuua f(x) He B KakoH TOMKE ITOrO OTpE3Ka He 06-
PAIIASTCH B HYJb, TO OHa OOR3alA MMETh BO BCEX NPOMEKYTHAX &, 8,,..., 8 TOT
e caMblff 3Hai, Kax n B MepBOM NpoMewyThe &,. B camoM jene, B KamioM M3
ST COEUNANLNEX NpoMenyThon & dynruua f(x), corjacno foKazaunoMmy, n¢ Mo-
eT NepeMennTs anak, a BTIOPOH TPOMEKYTOK 62 MEPEKPHIBAGTCH C NEPBBIM NPO-
sencyTHOM 8,. 3uaunt f(x) coXpaHser B 0DOMX MPOMEMYTKAX 6, M 8x TOT Me CaMbil
anaw. M Tax kaK 8, mepexpuipaetes c 8, 8, MepekphibaeTca ¢ &, U T. A, TO BO
HCEX By0 80005 65 DYHEUHA f(X) cOXpauHeT TOT e camblll auak, i, cAen0BaTEAblo,
HHCAe 1ie MOWeT HepeMenuTh 3uak ua orpeske [a, bl

[Tostomy Henpepusnan Ha ompedwxe @yYHIKYILT He MOJCem nepestenitnmy Ha Heit
cnoii anaic Oea mozo, wnolk e olpamumect 8 HYAb 8 Kaxol-#udyds moure
Jmozo ompexd.

DUy JoKkasand nepBan nonoBuna ceofficta 2. Hro we kacaeTes o0 BT o-
poit ero noOANOBNHE O HenpeMernoM npuaaTHn Qyucwinel f(£) moSoro npowme-
WY TOUNOTO YHCAA, NEKAIEro MEHCTY ABYMA 3aBEAOMO NPHHUMASMBIMI 3dadeniamMi,
10 574 BTOpAR NMOAOBHMA cooiictna 2 GMaa yme [0KA3aUd BWINC B KPYNHOM
wpudre.

Cpoficteo 1

BosnMeym sunpMazbiyio cucresy I mposemytios 8, 8,,..., 8 mocTpoennyi
HaMH a9 AokazaTeascrsa coolictsa 3. Ha nces npoMemyTie &; MBI HMEEM HEpPaBeHCTBY

4
| f(x)—f (e | < = (I, rae ¢ ects cepemmua storo mpoMencytka. Otciona cae-

nyer nepaseincteo f(c) ‘—“% < fx) < flep) +% . [oatomy, B3N8 B nocTommuex

uncen fief f(e..., fleg) 1 ofosnauus yepes A uanMenbliee us uux, a uepea B
pandoasuiee, Mbl HMEEM HEPABESUCTRO;

A—s<f(N< Bt (U]

[npﬂ!l!’.‘Jl.l‘lIlﬂDc A BCAKOIO HPO.\!C)I{)"TI(E 6; i, 3uaunT, Bepuuc, Korna apry.\tem‘ x
npoderaer gecs faMunit orpesox [a, b

Ma uepasencrsa (1) caenyer, uto qiynkuna f(X) ecTh ozpannvexsar Ha Beem
orpeske [a, ], A Tak Kak, B Cuay cBoiCTBA 2, NpWINB ABd KaKkue-undyasL qucaen-
nhie snaderst m'ou M, m' < M dyukwia f (x) obizana npuEATL, KK CBOE 4lc-
Jelnoe 3pasenlie 8 HexoTopoil Touke ' orpeska [a, b), Tawme u meakoe wucao L,
conepianteecn meucny wmm, m' < L' <M, 1. e, L'=/15), 10 omoaa caenyer,
YIo wucaeinnse anavenns pynxumn f(x), DpunaMacMpe e Ha orpeske [, &),
CIIOWDL 3AN0ANMOT UEKOTOPLIE mpoueyTox (m, M) na ocw opauiar OF (uept. 56},
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Biie rpanmit m n M K0TOPOrO HET Wi OHOrO YHCAGHHOro sHaveHus Gyuwmmn f(x),
NPHHHMACMOro ein rae-nulyab ua orpesxe [a, bl

Bautio oTMeTHTh, WTO casne epaniunse yucaa m u M marace npunuscaromes
giynrcyuen [(x) na ompesice [a, b]

B camom nene, ecau Ow, HanpuMep, wicao M eio He NpUHMMAAOCh wurme ua

orpeske [, b], To Toraa dynkuma m Gpina Gwl Henpepuisuoll na oTpesie

[@, b] u, 3auasuT, OrpaHnueutol, UTO HEBOIMOKHO, nom!\%lﬂ'o f(x) sasenomo mpu-
HEMACT HHCAEHHBIE SHAYEHHA, CHOAb YroiHo GAHIKHE K a
2tum cooficteo 1 Bnoane noxasalg, 4. T. L.

g - M

t T Y
Yepr. 56

Mpuxesanue. Cooficteo 3 (paruoMepnoit NENPEPHIRIOCTIY, OYEBNINO, BEPHO
To4bE0 AR nenpepniniux dynxunit. Ho cooficrso 2 (upoxomaenus uepes mcikoe
POMENY TOUNOE HHCAC) HIOTAa HAGMOAASTCA i ¥ PAIPLIBILIT dynuunit. Hanpanep,

dhynsnua ¥y = f(0= sin% , nonoawennaa ycaosnem f(0)=0, npoxoaut dYepes
peakoe uncao orpeska [ — 1= y=--1] », onako, oua paspumia npu x—=0.

§ 50. MNpenenst hynxuun 1 ux oGosuauenns. Mpetenst B Gecio-
peuoctH. Muorpa cayuaercs, uro ynkuua f(x), onpepenennasn aas
BCEX YHCJEHHBIX SHAYEHMI aprymenTa X, CTPEMHUTCA K BUOJHE
OnpeLEeNeHHOMY KOHeYHOMY TNpexeay, Korja apry-
MeHT X OB3rpaHHuYHO YBEJNHYHBAETCH, He jpenas IpH
5TOM HHK8KHX CKa4KOB.

Torpa sTor mpeaen (ynkuud o6osnayaoT uepes f(--oo) #

Uy T ; @
= oo ).
i f(x)=F(-co)

Ecan e B ykasaHuelX ycJoBusax j(x) mpegena we mumeer, Toraa
‘cumpoa f (- o0) Hudero we o60aHayaeT M €ro nucaTh HEJb3dA, TO-
TOMY YTO OH HE HMEET HHKAKOTO CMBICJA.

AHanorH4uvo, cuMsoa f(—oo) oboaHauaer mnpepen (ecan oH
FMeeTC) MEepeMennoll penuuunnl f(Xx); KOrjga apryment x aaredpau-
yecKH YOHIBAET Gearpanuuino u Henpepbisno (T. €. He jAenad CKayKoR)

lim_f(x)=F(—o0).

Kar npuMep aoxciozo sadgwun diyHRNUL TONEIN0 YKa3aTe dipasy: «dyuxnua
f(x) pamHa HYJIO AAA BCAKOrO KOHWEYHOrO X, f(¥)=0, u papua egnuuue aaa x Gec-
KOHEYHOrD NoAoEuTeAbHoro, f (+ w)=1%. T akoe sagaune dyuxuun f(x) pnonue
GeccMBICACHNO, TIOTOMY 4TO GecKOHeuHOCTh HEe eCThb HHCA0 M, SHAUNT, YHCHeHHOoro
apauena aprysenTa, pasnoro GecKONe nocT +m, 6uTh He mower, M TOT, KTO
miwet [+ )= I, noawen nmets B BHIY, 9TO STO €CTh MPOCTO cokpameninil cno-
co6 mucath Him f(x)=1. A p jaunom ciydae 370 KaK Pa3 m WeBOIMOMWIO, HGO

X=» =00
f(x)=0 aan BCakoro komewnoro x w, smauut, nmecn lim f(x)=0, a me L.
X -ca
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Mpunmep 1. Ha uepresme 57 maoGpamen cayuall, rae f(-4 o) u f(— ) eme
ARARIOTCA HAcTOALLMMH shavennayn Gynxusn f(x), HO MAA ABYX ouelb HeGOABUINE
NONOWHTEAbHEIX Deanyinl apryseura x B caeayioulem npusepe 3T0ro yme mner
CopoeM.

Mpumep 2, Ha uepr. 58 usoGpamen caywall, rae ofa npedera f(—+ =) n
fl— =) dyurgun f(x) e ne npususmaromes wuKoeda KU NPU KAKOM X.

Caepobareabuo, anech o6a upcna: f(-- co) nt f(— eo) ne cyrhb uHCICHIBEE 3Ha-
dennst QYUK HH DPH KaKOM X, HO CYTb TOALKO MP €] e/ bl e HACTOAULIX SHa-
YEUMH,

fE<)

Jlerko nath u goparyay aan avolf dynruun: sto f(x)= %lxi Ecanx>0,

o | x|=ux, 1, anauur, fm:i%czl_ﬁ‘ Mostosy f(x) Boapactaer ¢
yBeaunennes x, u mMu nmeen lim f(x)=1. Ecan we x <0, 10 x=— |x|u
e ]

anaunt, fxj=— i—_l’-_'f-lzt—|=—f(j x|). Hostouy f(x) yOunaer ¢ ysemienued | x|

uoust pmeem Jlim f{xl
K=b—oQ

—

[Tpepenaw B TOYKe 14
Kak n jns GeckoHeuno- ‘
CTH, STHX NPEAC/IOB HMEETCH
TOHE nBa: ¢IéBa OT TOu-
KiH ¢ H cnpasa OT TOYKH
€, 1 0003HAYEHHAMH A
3THX NPEAENOB CAYIKAT
fle—0) n f(c+4-0).
[Tepesii npedea, f(c—0), Yepr, 58
IlOuTy'JHETCFI TaK: I]p@,ﬂ.—
110J1arai0T, YTO apryMenT X HenpepL BHO 8o3pacnaem u Gesrpa-
140 NPUGIHIKAETCA K 3HAYCHHIO €, HUKOrJAa, OJAHAKO, HE Jenasnch
emy pasHpM. Ecin B 3THX ycaoBHSX mepemeHHas Beawnunua  f(x)

nMeeT npeziet, TO €r0 Ha3LIBAIOT npecesos giynrgun f(X) B TOUKE
¢ caeca, odosnayaoT yepes f(e—0) n muuyT

lim f(x)=f(c—0).

x<e
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Ecan e B yxasaHHnX ycJoBHAX f(x) He HMeeT mpejena, TOrAd
cumpos f(c—0) nuvero ne o6o3HayaeT H ero mHCaTh Heabas, H00

OH HE HMEET CMEICJ/A.
Bmopoit npedea, f(c—-0), nonyyaeTcs TOYHO TaK JK€: 3aCTaBAMIOT

aprymMeHT X HenpepBiBHO Y0wsams W Oe3rpaHAYHO MPHOIHKATHCH
K SHAYEHHWIO ¢, HMKOT[4, OIHako, He jejaa ero pasebiv ¢. Ecmu
B 9THX YC/OBHAX IepeMenHan Beauduua f(x) HMeer npejien, To ero
Ha3LBAIOT fipedesont gyikyun f(x) 6 motxe ¢ cnpasa, 0603HAYAIOT

yepes f (e~ 0) n mumyr
lim (x)=f(c+0)

X+
x>0

Mpumeuaune OGoanavenns fle—0) u fle-E0) BO3MHKIN CASTYIOWIHM
o6pasom. Korga imeem x <{c, torga X=—c — fi, rie /1 eCTh HOAONCUMEABHAA BEAN~
wiiia, Ecan X Henpepu Bl o Bo3pacTaeT, GesrpaHHuio OpHOMINK@ACH K 3iave-
WHIO €, HO HIKOTAA He [enafch eMy pasHbIM, Toria /2 HenpepuisHo yObiBaer 10 .
Hy.q, NPHYEM OHAKO BO BCAKME MOMEHT BpeMenn Mbl imeeM /i > 0. Ilostomy no
npenena f(x) numerca B mune f(c — /&), rae nojowuTensioe i—+ 0 yGuiBaer
MENpPepPRIBIO, Ectecteeuno 0 caMulif npenea maa f(x) nannucate B crmirAuzo-
saHHOM DHIE, T. €. Tak, umolse 3mo ofoanavenne f(c — 0) Hecao na cebe omie~
wanok caMozo NPOICXONCOEHI MOZD MCAR, KOMOPOE OHO sarersgem .

TouHO TAK MG, KOHA X => ¢, Mb HMeeM &= ¢ - /i, rae /i noxomuteaLuo. Ecin x
Wenpeph oo youpaer, 6earpainyiio npubankancs K 3HAYCHNIO ¢, HO HUKOLDH
We nenasck eMY PABHEIM, TOCA3 A HenpeprlBHO YORIRAST 10 HyJs, Gyayus, OLHAKO,
B Kamanil MOMEHT BPEMEHH NOIOHHTEIbHLIM, k> 0. MMostomy o npeneda filx)
nanmercs B buie fle--A), rae nosommrtenstoe A —0 yGupaer uenpepsinHO.
Ferectaeiiio, nosToMy, f caMu il npenea oboanaunts ucpea f(e - 0).

Yyauiica BuasT, 410 oboauauennn f(c—0) u f(c-40) cocrapaennt no TOMY
se cnocoby, Hak M ofosnaueiin fl4 ) o f{— ). Ho nns wasuwaioniero oHi
NpeACTaBAIOT TOPAsA0 GOMLUIYIO ONACHOCTL. JIErKO NOMATH NPHYMIY STOTC.

FeckOHeHHOCMb He ecmb 4ucao W yuamniica ne ctaner paccmarphusath f (- o)

kax factonilee suavuenne dywiwid f(x), NpuHATOE €0 HPH KakoM-TO Ompeaeaei-
HOM ¥,
Ho & obosnatenns f(c —0), Koraa muyM noaL3yIoTCH HEOCTOPOIKNHO, He NABaR
cefie oTHETA B EIO MCTHIHOM CMBICIe, #BJAETCH TPOMAHAA ONACHOCTL npHusTh e — ()
a3 uHCAO, CUMTATh CTO PABHBIM YHCAY €, i, BCTABHB €F0 B Bripamente dyuxwm f(x)
EMecTo X, HAYAThH NPOH3BOANTL C HUM BBRIEAAIKN M, B KOIUE KONUOB, [yMaTh, HTO
Fle—0) n f(c) oauo u 1O Ne. Imo Osao 0w epyfeiuneii OwuoKol, W YTOGH
Hatewath e, Hajlo ACMKATRCA NpaniTa;

pacemarpinath f (¢ —0) Kak o0oanatene CHMBOA N Y ECKOR, M. & HE KAk
HACMOANYIO BEIUNUKY @ VHERI F(x) npu x, passort ¢, wo wak npedea ee Ha-
comouqUx 6eAUMNN UM X, HENPEpuiiio BospacTaiollero # Gesrpanuyno npuoau-
Wawuleroci K ¢, NpH YCAOBIN MMETh Beerdad x <l ¢,

1 Byweaapno we (T. e. rpy6o, He CHMBOANYECKN) HX NOHMMATL, pasyMeercs,
NCROIMONCHD, TAK KK NPHOABICHHE HAM DTHATHE YA OT ¢ HIICKOJbKO He M3MEHNT ¢,
notouy uro ¢+4-0=c, w e —0=c u, auaunt, obosmauenns fe4-0) u fle—0)
Torga He MOUYT AaTh HHHErD HeHHOro 1M HHTEPEecHOro, BRpAWan nplt 2pyfos, He
CUAMAOANMECKOM TORILMARUI Ux TPoCcTo Beansuny dynkunn f(c) B camoll Touke c,
KuTopylo i 6e3 TOre MOMHO Ohla0 0L mpespacio Hamucath B suge f(c)
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[Mostomy meabas ua cumsona f(c — 0) oraeanto BHHIMATE PadnocTs ¢ —0 u
NPOH3IBOANTL Man Welt Te wan apyrue acHcThid, HO CAENYeT paccMarpuBath
fle—0) war enunuili ueannwii cHMBOA, OT HOTOPOrO WEAL3A OTAGAATH HacTel,
KaKk Hedb3d, Hanpusep, B oboanavennn arc sin x OTAEJATH Arc OT sin X

Bce ckasannoe uMeer cuay u ann obosnauenus f(c+-0)

C TOuKH 3pEHHs T €OMETPH U yKasaHupe oGosnauenns: f(c—0)
# f(c-}-0) sBnsioTca upessniyaiiHo ACHBIME H HE MOTYT MOCTYMHHTH
TIOBOJOM K TIONBJIEHHIO Kaknx-nnuGo nepoymenuit, loctaTouHo Baras-
HYyTh Ha uepr. 59, rae usobpajceHa HEekoTOpas Boapactaiomas (yHK-
uHn ¥ = f(x).

Y
8
M
sy US| e
T v T
_ S !
e e i e 1
? i f@ Iflevo)
)({'r-o,:{ = i l:
t 7 e [
0 a T F k: & ' X
Yepr. 59

3neck Cpa3y BHIHO, YTO KOTAa apryMEHT .X, OCTABAfiCh MEHbLUIHM
YyeM ¢, BO3pacTacT H 6&3[‘1’)81414‘-{!{0 nput’mnmamca K €, Kak K mnpe-
neny, opaunata P/M kpHBOil CTpEMHTCA K HEKOTODOH npedeasHori
geanuune  f(c—0), xomopas samemno menble 3natenusn f(c)
giynrgun f(x) 8 camoii mouxe c. W worpa x, Gyuayun GOawumM
uem ¢, yOmsaer u Gesrpamnuno NpHOMKAETCA K €, Kak K mpeneny,
opannata MP kpuBoil CTPEMHTCH K HEKOTOPOi npedeabroii seautune
Jf(e~-0), xomopas samemno Goaswe 3nanenusn f(c) diynweyuu f(x)
B Camoif TOUKE c.

B sTtoM MOMHO BHIAETH [OKAa3aTENLCTBO TOTO, YTO, B000MHE 6ce
TPpH YHcCaa
Jle—0), fle) u f(c+0)

pasauunbl APYr OT Apyra. [Iputom, B paccMaTpusaeMom cay-
uae, moAbKo 6110poe wucao | (c) ecinb nacmosyee SHalenue GyHicyuu
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(5 TOuke ¢); o0a ke ocTaibeix uncaa: f(e—0) v f(c—-0) ornoms
He SBAAIOTCA 3HAYEHWAMH pacCMaTpuBaemMoil QyHkuun f(x) #u 8 xa-
KOl MoYKe X, HO CYTh JHIIb NPEJe L €¢ HACTOSNIHX 3HaueHHil.

Mpunep. Boasumem Qyuxnmo flx) = %, rae npeanonaraes, 4ro x 0.

Ecan x>0, meeyw, ouenmano, x—/|.x| n, smaugur, f{x)=-+1. EFeau x<0,
umeem x=— | x| n, suaunr, f(x)=—1.

IlosToumy, Eecb rpadmk dyngunn f(x) npencTaBuTCA B BHAE ABYX NOAOBUH nepe-

noMAeHRol OpAMOIf, mOMelleHkX

1% J Had MONOMNTENbHON wacTLi0 ocH

OX u nod ee orpuuatensuofl ua-

CTbIO Ha _PACCTONHHM, paBHOM

e emiinnie. Bamno ortMeriTs, uro

.. i HIHCHAS ONOBHIA TepelonaenHoit

L X npumoli e umeer cavolf nocaen-

1 o Hell TOMEW, a ee Bepxuud Ooao-

B BUHA He NMeeT camoil nepsoi
(uept. GO}

fleo Temepn, uto f(— Q)=

Yepr. 60 =—1u f(4+0)=-+1. Yto me

kacaerca auavenna f(0) dyurumn

f(x) B canoft Touxe 0, To €20 coscer wem, nGo :popniy&ab.lalomnﬂ Gyuxuino f{x),

npi x=0 Pa3pywaeTca, NPHHUMAN HEBBIMHCIHMELT BIA T

Heob6xoxnMple H A0CTATOYHHE YCAOBHSA
HENPEPHBHOCTH (PYHKOHH B TOYKE

Tlpu movouys mpezeos f(c—0) u f(c~0) Gynxum f(x) ciiesa
W cnpapa OT TOYKH € OYCHb MNDOCTO BEIPA3HTL H CAMYIO HEnpephiB-
HOCTH (PYHKIHH B STOII TOYKE. 3

A umenno, u3 ceoiictea 1 (cm. § 47) nenpepnBunx (yHKunA B
TouKe MBI 3HAEM, YTO HEOOXOAMMBIM M MOCTATOMHLIM NPH3HAKOM He-
npepLEIBHOCTH ¢ynrunn  f(x) B Touke ¢ ABAAETCA OCYUIECTBJCHHE
papenctea lim f(x)= f(c) npu moHOTOHHOM Ge3 CKAYKOB CTPEMJICHHH

X=»e

apryMesTa X K C. 3T0 H 03HaYdeT, 4TO TOYKAa ¢ HENPEpPLIBHOCTH
dynKumy f(x) BNOJHE XAapAaKTEPH3YETCA ABYMS PaBEHCTBAMIL

fle—0)=f(c+0).

Tawn 06pasoM, HeoGxodussr u JoCMamotr YCAOBUEM Henpe-
puigiocmi PYRKLUL [(x) 8 mowe c seanemcs ocyujecmoaenie 08yx

pagercms fle—0)=F(e)=Fc+0). )

Mpnmeuanue. Ipa pasencTra (1) XapaKTepusyioT OGHIKHOBEH-
Hylo (7. €. 98ycmOpoNHi0I0) HENPEPRIBHOCT yHKIHA [ (X) B TOUKE C,
Ecsn ke HAM rapanTHpOBaHO TOLKO TMEPBOE paseHCTBO f(c—0)}=
=j(c), TO MBI MOMEM Py4aThCA JHWb 33 2E€GQCINOPOHHIOI HENPEPLIB-
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HOCTh (yukun# f(x) B Touke ¢, AHaANOTrHYHO, ECHH BEPHLIM AH-
JfEeTC BTOPOE paBeHCTBO f(e—+0)=f(c), To dyHiiaa j(.x)
33BEIOMO HMMEET HpaBOCMOPORHio0 HENpPEpLIBHOCTE B TOUKE C.

§ 51. Tunst paspbiBoB (ynkumii. HeycTpanumpiii # yeTpannmbii
pa3peiBel, M3 npeapayulero sicHo, YTO ecaxas motka paspusa ¢
MOKET BOSHHKHYTb JHUIL IO JIBYM NDHYHHAM,

[lepBas npHYHHAa—STO Hecyuecmeosanue no xkpaiined mepe
odnozo uz npedeaos fc—0) nm fc—0).

Bropasa nmpuumHHa—3TO, NPH HaJHuiH OGOHX YKA3aHHLIX MpC-
nenos, Hapyuwente pacencms f(c—0)= f(c)=f(c-0).

[lepsan npHuYnHa paspuHBa

Ona macTymaeT Torga, Korza IIpH GesrpaHHuHOM NPHOIHMEHHH
aprymenta x k Touxe ¢ ¢yniuus f(x)

1) anbo yxoant B Geckoneunocts (uepr. 61 m 62);

2) .ufo coBepuiaeT GearpaHMYHO MHOrO HE3aTyXaloulHx koJjeba-
nufi (vepr. 63).

1 -

Yepr. 61 wnzobpaxcaer Tevenne OyHKUHH Y= —, yXoaaulei
B — oC NIPH NpHOMIKEHHA X K € c4ega W yXousiuit B -~ oo, Korpa x
npubmkaeTcs K ¢ cnpasa. Hepr. 62 n3obpajaeT TEuEHHE KPHBOIl

J’::r—lc}“ yxoasuei B -} oo, korja x — ¢ 6Ge3pasnuyHo C Kakoii
CTOPOHEL.
Uept. 63 msoGpaaet Teuenne GyHKuM ¥=sin—, xesaouieii

fecrkoneynoe MHOMeCTBO kosebamuit or |1 mo —1, worma x He-
OrpaHnyueHno NPUDIHIKAETCH K €.

Bropaa nmpuunna paspuBa

Oua HACTYMaeT Torja, Korja, MTPH CYUIECTBOBAaHHH OBOMX
npenexon f(c—0) u f(e-4-0), mu uveem

1) .udo nepasenctso f(c—0)==f(e-}0) (uepr. G4);

2) .o, npu Haguuni pasenctsa f (¢ —0) = f(¢--0), mieem ne-
pasencto f(c —0)=~= f(c) (uepr. 65).

Uepr. 64 nsobpaxaer Jse pasopBaBIIMecs BETBH Kpusoil y= f(x).
TTpu amont cosepiuerno 6eapasauino, 1eiy UMeNno PasHo wucaeioe
anatenne f(¢) dyuryun f(x) s canoit moure paspva ¢, u6o, Aenan
€ro Kawuy YrojgHo, Mbl HHKOrJa He YCTPauHM OTOPBaHHOCTH T pa-
BOT BETBH KPHBOIl OT JIeBOH W, 3HAYHT, HHKOTJA HE MOMEM YHHY-
TOMATH paspuiB (QyHkumu f(x) B Touxe ¢. Ecam wmul, mo TeMm wan
HHLIM TPHYHHAM, DPaclosaraes BO3MOMHOCTHIO CBOGOAHOrO BhIOOpa
yrcaenHoro sHauenns f(c) dyskmum f(x) B camoil Touke ¢, TO camoe
Gosbliiee, YTO MEl MOMKEM CENIATh, 3TO BRIOPATh f(€) Tak, YTOOL HMETh:
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wan f(c)=j(e—0), uau f(e)=f(c-+0). flcuo, uTo, B MEpBOM
cryudae, GyHiuun f(x) nenaeTca HenpepblsHOIl Caesa B TOUKE ¢, H,
BO BTODOM Cayuae, Henpephsroil cnpasa B 5TOH TOUKE.

Uepr. 65 u3obpaxaer HaubONee HWHTEPECHBIl caydail Tak mHashi-
BAEMOTO VoMpanumozo pas3peléa, KOTjAa Jiepas W TIpdBad  BETBH
KpHBOH TIPHOMMKAIOTCA Kk OAHOA M Toil JKe TPEJENBHOH TOUKE
fle—0)=f(c-0) na sepruxansuoil npamoit x=c. B sTom cayuae
paspeiB QyHiiiH Y — f(X) NPOHCXOAHT TONLKO OT TOFO, YTO HHCJEHHOI
Besnunnolt dyHKuun f(X) B TOUKE ¢ ABJAAETCS HE OOLLAA TpeienbHad
pennunna f(c—0)= f(c—-0), HO KaKoe-TO MOCTOpOHHEE YHCAO f(C).
Feomempurecin 5TOT CAy4ad HaZO TNOHHMATB Tak, YTO M3 JHHMI
y = f(x), uenpepuiBHOil B TOUKE ¢, BRIHYTA TOUKA C abcumccoli ¢ u
Au00 TMOAHNTA BbilIE KPHBOIH, 4400 ONYUIEHa HHME HEE. B srom
cayuae fCHO, 4TO, BO3BPAlIAA BLIHYTYIO M3 KDHBOH TOUKY HA ec
«npexHEe MECTO», Ml BOCCTAHAB/IHBAEM HENPEPLIBHOCTHL KPHBOIL B
touke ¢. Takum obpasom, ecau umveem f(c— 0)= f(c-0), sceraa
MOMCHO H3MEHEHHEM uYMCJGHHOro sHauenud Oysknmu f(x) B ouHoi
TONBKO TOUKE ¢ chenaTh Jf(x) nempepeisnoil B 3roit Touke. [TosToMy
3TOT BHJ pa3phiia HOCHT HAasBaHHE «yCTPaMHMBIH paspriBr.

Bee npoude BHAL PaspeBOB HEBO3MOMHO TIPEBPATHTH B HEMpe-
PHBHOCTH TIYTEM HaMEHEHHi YMCJEHHOro sHaueuna dymkim f(x)
B OfHOH TOABKO TOuke ¢. [To5TOMY OHM HOCAT HA3BAHHE HEYCTpd-
HHMBIX PasphLBOB.

Yuanipiica oTimons He JOAMEH AYMaTL, WTO BCC OMACHIBAGMEIE CAYMAH Pa3phi-
BOB (GYHKWHN  CCANIKOM OTBAEHEHHBD), WMEIOT AWlL ¢TEOPETHMECKHil» HHTepec
aHIKOTAAY e BCTPeYaloTea nanpaktuke. Hanporus, cospemennan Texunka Kak pas
HHEeT A0 ¢ omichBaeMbid novefenneM ¢yuxunn . Hanpumep, npu noasenesnn
CTpoeli CnaombL i PAAOM GaJKa PaccHNTHIBAGTCA MArpymentofl nepasuomepno;
B OAHON ee uacTH WATPY3KA Ofuda, a B HENOCPEACTEeHHO npuieraiouiell K nei
YACTH UATPYSKA YIKE COBEPIICHHO apyras, DTO COOTBETCTBYET KAk Pa3 HeycTpa-
HEMOMY Pasphiy (uepr. 64) naa dynxuun, sagaomeii narpyany. Peskan (cocpeno-
Touelian) varpyaka Oajkn B 0An0i ToMKe CODTBETCTBYET YCTPaNuMOMY pasphiby
tpynkunn, sapaoweil narpyaky.

§ 52. Kawyuwuiics paspeis W TaK Ha3piBaeMas «HCTHHHAS BeJaH-
yuna» Qyniuun. Packpeitue HeonpefelennocTeld. Cayuaercs, uto
dyniima  BopaaeTes  GopMysolf, KOTOpas YTPauMBAET UHCTEHHLI
CMBIC] TIPH ICBI(DM-HHG)(ILI: AHAYMEHHH apry.\leirra.

Hanpumep, (ynians

R e T

! Coraacnio aiax. A. H. Kpmnosy: «Tunuuiiie scTpeuaiontuecs B mpaktuie
cayuan NPepHIBHON WMArpyaks CHAEAyIOmINe: Harpyska Ha PAsAMNMBIN  yuacTkax
fanwu HeNPEephIBHA Ha KaiIOM yYacTHe B OTASALHOCTH, 10 1a PA3NLIX YHACTHAX
NPeICTAapARETCH PA3NHYHLIM 06PajoM U B page TOMEK WMEET CKauky Kouewiofi

peanmnnny. Axag. A H. Kpwnop «O pacuere Ganok, Jemaumimx ua yopyros
ociosanuny, Jemnurpan, 1930, crp. 26. i Iy
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NP X==¢ HEe paBHA HHYEMY, NMOTOMY YTO YHCJHTEJb M SHAMEHATENb
apo6u oba 00paulaioTCA NPH 3HAYEHWH apryMeHnTa X=—=c B HJ.15.
B sTHx ycaoeuax (opMyJsa, pasyMEeTCs, HEBHIMHC/IHMA.

OnHako Taxkoe MOBPEMCACHHE NpU X =¢ ghopmyant f(x), nawomei
GyHKuUHIO Y= f(x), OTHIOAb He 03HAYaeT, YTO NOBPEIKAEHA B 3TOi
TOuKe W cama @ynryun y= f(x). Hacro Gesaet, uro dopmyna f(x)
NOBPEMAAETCA NPH X ==C, NEPecTapad CJYXKHTb JJIA BBIYHCJCHHS Be-
JHYHEE!l f(X), MOTOMY 4TO YTpauMBaeT BCAKMIl CMBICT B TO4YKE c,
B TO Bpemd kak cama Qyuxuus y= f(x) He npepcTaBnseT HUYEro
0cOGEHHOrO B 5TOfi TOYKE, HMCA B HE{l CTOMb e IVIAAKOE TeuEHHE,
K&K H B COCEOHHX TOYKax.

FoBops cametar ofwus o0pasos, xoraa Kawkaa-HuOynb dgopumyna
f(x), conepiaian Gyxsy X, YTPauHBAET YHCJACHHBII CMBICA NPH Ka-
HOM-HHﬁyJJ,b HCHAIOUHTENBHOM SHAYEHHH € apryMeHTa X, TOrad ecTe-
CTBEHHO OXCHAATHL B 3TOI TOYKE € KAKOH-HHOYAL HENPUATHOCTH IJA
Teuennn (yHKUUM, HanpuMep wWeyemipawusozo pasprisa. Ho uacto

CJYYAETCH, YTO MOMHO JaTh TAKYIO “MCTIeH-
HYI0 BEJIHYMHY (YHKUHH § B TOYKE ¢, 4TO
37Ta (JyHKUMA CTaHET yiKe Ha orpeske (a, b
HENPepLIBHOM.

flcro, yTO AsA 3TOro QWyHKIHA Y HOJKHA

A  CTPEMHTBCA K ONPENENEHHOMY Hpexedy,

c KOrja apryMeHT X CTPEeMHTCA K TOYKE ¢,

Yepr. 66 ApHYEM ITOT Opefesn ao/ukeH OblTh OAHHA-

KOBBIM HE3aBHCHMO OT TOr0, CTPEMITCH JH

apryMenT X K TOUKe ¢ Bo3pactas uan yOumsan (T. €. caesa WM

cnpaBa OT TOUKH ¢). flcHO, HaKOHeH, uTO, Aapas QyHELHE Y

3TY DpPeAc/bHYIO BEJIHYHHY HAK €€ 3HAYCHHE B caMoit TOUKE €, Mbl

nenaeM (GYHKIMIO Y HENpepeIBHON B TOuke ¢. Takofi ycTpaHuMEli

Pa3pblB HA3LIBAETCA KAXNCYMUMCS Pa3pbigosr, W NPElebHOe 3HdyeHHe

GYHKIIH § B TOUKE ¢ HA3LIBAGTCH €€ CUCIMUHHONL 8eARMUHOIY B 5TOI
TOYKE.

[leoxmemputecky WCTHHHAS BEJIHYHHA YHKIUHH Y H306pasiTCs TOY-
KOIf, BCTaBAReMOH M1y npasolf m Jesoit BeTsAmMH (YHKLNH, CTpe-
MAUIHMECH K 3Toil Touke (uepr. 66).

Taxum ofpasoM, korjga 910 OGCTOATENLCTBO CJIY4aeTCH, TOrAa Ha-
XOAAT HCKOMYIO Beiuniy dyukuua y==f(x) B Takoff TouKe ¢, IPOCTO
suiuncasa f(c—-0) n f(c—0). Ecan oxaswiBaeTcs, 4TO 9TH KOJMYE-
CTEA PABHEI APYr APYTY, TO CYHTAIOT, 4TO B TOYKE € IIOBPEXkJeHa
ne cama (QGyHKUMA, a JHWIL jAalouiaa ee qopumyJa, M TOrjaa HNPocTo
NpHENMAIOT 33 f(¢) 0By BeJHuHHy

fle+0)=j{—0),
HA3bIBAA €8 B 3TOM CAYHae HcnuAnoi seaaunyoll QYHKIHE B TOHKE ¢,

DMl snaem, 4To STHUM BOCCHIQHABAUCAENICA HENPEpIsHOCNE QYHKLIL
Sx) 8 moure ¢,
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Huorpa sto Boccramapiupapne Bennuunsl Gynrmm y=f (x) ae-
JAaeTCsl YHCTO anreGpanyecis, HMEHHO TaK, YTO HaJJICHa UM STeMeH-
TAPHLIMH  a/refpanyecKiMH NepeiesikaMi B JaHHO iopmyne: cokpa-
WIEHHAMH, TpPHBEJEHHEM MNOAOGHLX YJIEHOB H T. M., YCTPaHACTCH
TOBPEKAEHHE OPMYIILL JINNA X = ¢ 023 USMEHEHIST HUCACHHHLX BENUHIIHL
@yukyun 8 opyeux mMolrax.

Ha cxasamnoro sBCTBYET, YTO ECTECTBEHHO PacCMATPHBATH STOT
Cayuail Kak caydail kaowcyue:oca paspuiea, o0i3aHHOrD He Heg0CTaT-
kam camoii (yHKIMK (B FEOMETPHHUCCKOM CMEICE), @ JIHIEL HEKOTOPOMY
HE0CTaTKy nawomeil 3Ty dyHkumio diopayas, yTpaunsaiomen Ciay-
4aiinbiM 00pasoM CBOMl YHCJIEHHLIT CMBICA IIDH X =—¢.

Hanpumep, dopmyaa

i e e R
fE)={ o=r =y
nepecraer CAYMHTE IAA BBLIYHCJICHHA BEJHUYHHLI (D_YHKL'[[I]{ IopH X =— I,
IOTOMY 4TO TOrja JBa 3HAMCHATEJHA OﬁpﬂﬂlElIDTC}'l B HYJIb.
Ecai MBI packpoem CKOOKH H €COKPATHM» HJIEHE!
1 1
i —
x—1 x—1
TO STHM CAMBIM MLl HHCKOJbKO HE HIMEHHM BeJHYHHHL (YHKUHH 119
3HAYEHHIT aPryMEeHTa X, OMLAUUANX OM eduHuys, HO TOTAa PaccMaT-
pupaesan Qopamyna nepexofut B dpyzyio dopuyay:
D (x) =37,
KOTOpan A4eT YMe HEeNpPepuIBHYI0 Cl}yl-!l(].llil(} H BEJHYHHAE KGTDIJOI[ piriiil
x=1 pasna 3.
Tax kax nveem paBeHCTEO
f(x)=2(x)
LA BCEX X, OTMMMHLIX OT edunuybl, TO OTCIOfA B2aAKTIOUAEM, HTO
F1+0=3 u f(l—0)=3.

[Tostomy, mosaran mpocro f(1)=3, MBI BOCCTaHAaBJIMBAEM Hempe-
PBIBHOCTD ymcr.um H yCTPaHsieM Ka)KyU(HicA Paspels, NMPOHCIHIEIIIN{
or paspywenns dopmyast f(x) npu x=1,

Mpyroii npamep Toro, Yto MoxoGHas yTpaTa HICJAEHHOrO CMBICAA
Toil Hau MHOil (hOPMYJION MOMKET TIPOH3OHTH YHCTO CAyHaiiHo, yua-
IMHACA B8aMETHT H3 TOro 00CTOATELCTEA, HTO JOCTATOYHO HAMHCATEH
moby1o HenpepuisHylo (yvekumio f(x) B BHAE

HJIH B BHOE
[+7ea] —+,

Kai HOBas (DOPMYJA Y€ yTPauMpaeT YHCACHHBIUI CMBICA npH Xx = 0.
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B pamHom conyyae uMcaenHoe 3mauenue f(0), ytpauennoe dymk-
nyeil f(x), BOCCTaHABIHBARTCA «COKPAILEHHEM?.

Cokpaumenue, O Camoil CBOEH CyTH, €CTh TakOe HEHCTEHe,
KOTOpOE, VJalaa H3 HANHCaHHOHK QOPMYJ Bl Te WJIH ADYrHe €€ 4acTH,
Gnaropapst NMPHCYTCTBHIO KOTOPHIX OHA MNOBPEMIAAETCA H CTAHOBHTCH
HeBLIYHCAHMONl B HEKOTOPHIX TOYKaX, AENAET €€ BBIUMCAMMOM H B
sTHx ToukaxX. Ilpu 3Tom cokpaulenme He H3MEHSET YHCIEHHOH  Bemu-
uniet Q)YHKUHH BHE STHX TOYEK, @ MOC/E COKPAllleHHs OKasbIBAaeTcs,
YTO B CAMHX STHX TOYKax (yHKUMA Obila HENPEPHIBHON M TOMNBKO
HaJHYHE COKPallaeMblX YACTEH 3aByafHpPOBaJ o (MacKHpoOBaJo)
5Ty HENPEDPHIBHOCT.

Ho manexko He Bcerga CTONMb TIPOCTBIM HUCIMO AAze0pauveckum
cHOCOGOM YHAETCA BOCCTaHOBHTH HENPEPBIBHOCTE (DYHKHIHH H OTKPBITH
¢e MCTHHHOE 3HAYEHHE B TOMKE ¢, B KOTOPOil paspyiaerca dhopmy.a.

Tax, uanpumep, opmyna

fl=2%,

QueBHHO, paspymaerca npu X =0, MOTOMY YTO MBI TIOZIYHYAEM HYJIb
B 3HAMEHATEJE. H yCT[JaHI‘ITh 3TOT HYJbh HHKAKHM YHCTO aﬂrtﬁp&ﬁ'ﬂ&-
cxum cmocoboM Heawas. Oxmaxo QyHxuua y= f(X), masaemas 3Toil
(opmyJoil, nenpepsera npn x =0, xax MBI JIOKAJEM B KOHILIE 3TOrO
naparpaga, OpHUEM MBI Haliies, 4TO, CHCTHHHONR BEJHUHHONY (YHKIMK
f(x) B Touke x=0 Gyner eauHHua,

HaxozuTh «HMCTHHHYIO Beauunny» (ymxuun f(x) sBoobue neqo
oueHs TPYJAHOE, TIOTOMY uTO B Camoif TOYKe ¢ (hopMyJia yTpauHBaeT
CMBICH, H ANa HaxoxcaeHust npegena lim f(x), worma x crpemurea k
¢, npuberaT 06kyEO K au@depenunasbHOMY HCHHCJACHHIO, JAIOLIEMy
MOTYYEE CPEACTBO K ONPEJENEHHI0 HCTHHHBIX BEMHYHH (YHKIMH, Ha-
SLIBAEMOE MHOTJA «pacipounuent neonpedeaennocmuy, Tak KaK QyHi-
uns f(x) HeonmpejesieHHa B TOYKE X —¢.

Heonpeaenennocts (YHKUME f(X) B TOuke X =C NPOHCXOZHT OT
Toro, 4ro dopmyna f(x) yTpauHBaeT CMBICJ, KOrJla MOJaraioT B Hei
X=—c¢. OTa yTpaTa CMHICJA Halle BCEro MNPOMCXOAHT OT TOro, HTo

0 =
)yHKIHA B TOUKE X =C NIPHHHMAET BUA - . BooGule e, Heomnpene-
JICHHOCTD MOMKET MPOHCTEYL NOTOMY, YT (yHkuusa f(x) B Touke X =¢
NPUMET OJMH H3 CJAELYIOUIMX cemit 61006 HEONpE/ENeHHOCTI:

o oo
=, 0.00, co—oo, 0% oo 1%,
' o

0
0
[Npasnia packpuiTHA 3THX HEONPEIENEHHOCTEH H3JMOXKEHB! Aaiblle
(cm. ra. XV).
B saknodvenHe Mul NpPHBEmEM Tabamiy mnpocTefilliuxX Tpeienos,
WIPAIOIEX OCOGEHHO BaXHYIO POJb NPH H3YYeHHH MaTEMaTH4YecKoro
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anmaauza. B sroit taGanuke npeamonaraercs, uto @ >0, a Gyksa ¢
BCIOLY 0003HAYAET YHCJO, CYLIECTBEHHO HE PaBHOE HYJIO.

B coxpawennoli, tacmo

B dopne npedeaos ynompebasemol gopse

=l
I
2

T
2. lim cx= oo;

X0

g
[
8

3. lim

X000

I
8

X -+00 *
. lim @*=-o0, ecru a<l;
X —0o0

4
5
6. lim a*=0, ect a<l;
7
8
9

8l ol8
I
=

2
|
8

[

+
8

8
e
8
|

=

E o -1

. lim a*=0, <o) VB ) I e G )
X——00

. lim @*=—o0, ecmnt a>1; at~=--oo.
X o ca

. lim log,x=—o0 ana a>1; log,0=-—oc0.
X0

lim log, x=-Focopmaa>1; log,(4 o0)=--o0.
X =00

s

Buipajtenns, HanHCAHHBIE BO BTOPOM CTOnGLE, HE CJAEAYET pac-
CMaTPHBAThH KAK BEIPAMEHHA YHCJAEHHHIX PABEHCTB (00 HE ECTh UHCAO);
5T0 MPOCTO — CUME0AUYECKUEe PABEHCTBA, IOJ KOTODHIMH Halo pasy-
METh COOTHONICHHNSA, YKAa3aHHEIE B NMEPBOM CTOAGLE, M TOJBKO TaK HX
Il HYJHO NOHWUMATh.

[lpenes OTHOMEHHA CHHYCA K Ayre

3uath 3TOT npejen HeoGXOAUMO 1A Hayyenns AudidepenuuansHoro
ncuncaennd. Peus uper o6 OTEICKAHHM Npejesa OTHOLIEHHS me,
KOFJla @pryMEHT X CTPEMHTCA K HYMO, GYAy4YH OTIMUHLIM OT HYJs.

BoabmeM A 3TOro OKpy#HOCTL paunyca 1 n B nefi yron AOB,
papHbrii 2X, KOTOPbUI npeinonmaraem meGoJninm (uepr. 67). Slcuo,
yro xopna AB pasua 2sinx, a xpusaa myra AB pasma mpocto 2x,
OO MLl YrJBl Ja€M He B rpaaycax, a B pajuanHoii mepe. Haiower,
nposoas kacatenpible AD n BD B Ttoukax A u B B OKpyJKHOCTH,
MBI BUAMM, 4T0 AD=—tgx, u, 3HaunT, OOXBATLIEAIOINAN JIOMaHas
anmis ADB=21g x. Ho ua sneMenTapHoil reOMETPHH H3BECTHO, YTO
obxBaTHBalOWAs Juus ADB Goaswe upusoir myrm AB. 3nauut,
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uveem Hepaeenctso 2 sinx < 24 <T2tg x, KoTOpOE, IOCJAE JEJEHHA
1

- X

BH 17— .

Ha 2sinx, 3anHmeTcs B BHJAE <smx e

Ecan mbl, OCTaBJsfd CHaYala X OOJOXMHTEJdbHBIM, 3aCTaBiM

ero GesrpaHHuHO NPHOMHIKATLCA K HYJIO, TO COSX OYJAeT CTPeMHThCA

k exummie. [TosTomy npaBas 4acTh NPeb/Ay1Iero HEPABEHCTBA HMEET

csoum mpemenom 1 u, sHauut (§ 40), oTHo-

X

mIeHHe ——— CTPEMHTCA K €/IMHHILE, KOI/a I10-

JIOMCHTENBHOE X CTPEMHTCA K Hymo. A Tak
KaK ME HMEEM QUYeBHIHOZ TOXAECTHO

(=0 . —x

, TO H3 HEID 3aKJI0-

sin {—xlz-— sinx  sinx
X
uaeM, HTO OTHOIIEHHE ——— CTPEMHTCE K
Yepr. 67 eHHALe M TOTZA, KOTIa apryMeHT X, Oyayun
OTPHUATEAbLHEIM, CTPEMHTCH K HYJIO.
. in
Hrak, 6o scex cayvasx lim %‘:1 H, CJEI0BaTEeNbHO, MBI HMEEM:
x—+0
vl
lim X1,
x—+0

re X CTPeMHTCA K HYJI0, TIPOXOAA Kak 4epes no4oJicuniensible, Tak
H uepes ompuyaiieqbiste UHCIa.
sin X

Ecnu MBI Temeps paccMOTpHM (pyHKinIO y:bT, TO HHTATENb

BHANT, 4YTO OHa HMEET Kamyuun’icn paﬂprB B HayaJac KOODIHHAT
x=0, roe ee «HMCTHHHAA BEJHYMHA» (T. €. mpenen Aad X, CTPEMs,
LIErocs K HYyJI0) paBHa €JHHIHLE.

Y

= £i o X
- -2ZA=A 0 A2

Yepr, GB

M Tak Kak swaMeHaTens YHHYTONAETCHA JHUIL B HAYAIE KOOPHH-
HaT, TO paccMaTpHpaeMas ()YHKINMS HHTIE He HMeeT HHKaKHX PasphIBOB.
TaK Kak HepeMeHa 3HaKa apryMeHTa X (YHKIO HE H3MEHAET, TO

sinx
KpHBAs Y= —" CHMMETPHYHA OTHOCHTEMbHO OCH V. 3Hax Gy HKIH
3aBUCHT ToAbKO OT 3Haka sinX, Korga X Bospactaetr or 0 mo —-co,
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IMpuTom yHkuus cTpeMuTes K HYJI0, KOPJA X CTPEMHTCA K -} oo,
HOO YHCAHTEb TO aOCOMIOTHOM Beqmulue He NpesbiuaeT 1, a aHame-
HAaTENb BO3pacTaeT A0 —--oo.

CkasanHoro gocraroyno, 4ToG BHaeTh, uTo rpadur qyHKiHE

_ sinx

X

Oymer TakuM, Kaik 310 H306paeHo Ha uepr. 68.

Moo ckasath, 4TO XOTHl KpHBai H KOJEGJETCA OKOJO OCH
a6cuiee, To BO3BLILIAACK HAJ HEIO, TO YXOAA MOA HEe, OJAHAKO KOJC-
Ganua 3TH aaTyxaloT, TaKk KaK OpPAMHATA ¥ KPHBOIl CTPEMHICH K
HYJ1I0, KOrga X BO3pacTaer no - oo.

§ 53. Hartypaabhbie Jorapugyb

Fpadux noxaszatenbHOll GyHKUHN

loxasameasnott gynciyueil HassBaeTes QyHKIUA Bijla
y=a",

TIAE @ eCTh NMOCTOAHHOE. STO NOCTOAHHOE, HA3LIBAIOUIEECH OCHOCARIEN
Hoxasameabhofl gy, GEpeTcs HaMH NPEeBLIIAIONIHM eIHHHILY,
@ > 1. Yuampiica snero BOIJNET BO BCe CBOHCTBA TaKNX MOKA3aTeb-
HBIX  (iywiuui, ecaH mpeacTaBuT cebe, HTO y
OCHOBallEe @ eCTh Kah’()(:-i[llﬁyllb 1EJao0e 1o-
JdoATensHoe yneno, wanpumep 10.
Popuyaa nementapHoil aare6pet

=} 1
5 ___.-.///
OOHADYIKHBAET, YTO MOKasaTenbHad (QYHKUMA — 1
a® pasua | gas x=0. Ecim x pospacraer, a
HAYNHAA OT HyJs, A0 --- oo, NOKasaTelbHad Yepr. 69
(yHiuns o ypessruaino GLICTPO BO3PACTAET,
KK YHTaTeN b JEerKo yﬁemwcg, AaBad X TOCAEeN0BATEeNbHO 3HAMEHHT
1, 2, 3, 4, ..., 1A KOTOPBIX 3HAYEHMAMH paccMaTpHBaeMOi dymi-
LIHH ABAAIOTCH YHCaa

a, aa, aaa, aqad, ...;

NOCJAEA0BATE/IBHOCTE 3THX 4YHCEN BO3pacTaer ‘lpEB[ibI‘iil”HU 6HCTDO.
uanpumep, 10, 100, 1000, 10000, ...

Jna moanoro u3yuennst mokasatenbHod (yHxmm @ sago 6Gwino
Obl, coGCTBEHHO TOBOpS, PAaCCMOTPETL €8 3Ha4eHHA A JAPOGHBIX H
HPPAIMOHANBHEX BEJHUNH apryMeHTa X W O00Hapy:uTh, 4YTO 5Ta
OyHKIHA HenmpephlBHA NPU BCAKOM 3HAYEHHH X W Bospacraer ot O
10 -}-oo, Korga apryMeHT X pacTeT of —oo o -+ oco. Ho mur ue
Oyzem JenaTk 3TOFQ TPYAHOTO, BEIXOAALIErO NPHTOM M3 PAMOK HACTO-
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Alel KHUrH, H3ydeHHA. Mbl OrpaHHYHMCS NPOCTHIM YTBEDXKIEHHEM,
qT0 HOK@3ameAsHans Gyaxnua a¥ ¢ ochosanues a GOALIIM eOUnHUuLb
ecmy 8ciody NOAOHCUINEAbHAS U 66100V HENpepsisHan GYriKyus ona
sospacmaem Ha 6cell ocu abcyuce, hpnier OHa 603pacmaent om
0 do 1 na ee ompuyameabroll wacmu u gospacmaem om 1 do e
HE €8 HOAOICUMEeNbHOL Hacnu.

padmk noxasaTensHoi (PyHKUHH ¢ 6230 GoJbLIEH EXHHHIBI H30-
Gpaxcen Ha uepr. 69,

Fpaduk norapudmuueckoi GyHKuun

OGpaTuMca Tenepb k Jorapudmuyeckolt dynxunn
y=log,x  (a>1).

3710 paBeHCTBO 06O3HAYAET, 4TO
x—=n’.

OTCiofa Mbl 3aKJAI0MaEM, YTO aBCHHCCA X eCTh mokasaTenbHas (QyHk-
uua opauHatei y. [lostomy, uTolhl H3oOpasuTh cooTHOUIEHHE X — a”
‘B BHIE FEOMETPHYECKOH JHHHH,
HYIKHO TpocTo Ha uepr. 69
nepeMeHnTh OykBy X Ha OYK-
By ¥, #u ofparHo. Slcwo, 4To
TOTZA FOPHAOHTANBHAA OCh OY-
JeT ocuio O, a BepTHKAIBHAS
och craHer ocklo OX. A Tak
KaK TAKOE PACHOJIOMKENHE Oceil
KOODAHHAT HENPHBLIYIO H HE-
i yIlOﬁ['IO. TO H)')KIID Jni NpH-
il Bejlemia rpaHka B OGLIMHBIA
T BiiJl TIEPEBEPHYTb HEPTEH TaK,
uyrobel HOBas ock OV cTaga
BEPTHKAJABHO 1 HOBag otk OX
Jersia  ropusoHTadbHO. 3970
Hepr. 70 MOJHO CHenaTh, NOBEPHYE BCIO
IJIOCKOCTE 4YEpTelKa Ha JpYyrymwo
CTOpOHY OKOMO paBHOAEALlell NpAMO# y ==X, KaKk OKOJIO OCH Bpd-
[LIeHHA; TOrAa INOJOMHTEJbHAd 4aCTh OCH OV cosnajaer ¢ HOJOMH-
cenpHoll wacteio ocu OX. Ho mpome Bcero—3ato oTpasuTh, Kak B
aepkasie, NOKA3aTeJbRYI KpuByw uepr. 69 B 1ol paBHOAEALIEN
npAMOi: TOrlA TNOKa3aTedblas KpHBadA y=a" npaMo OTPasHTCA B
sorapud)MHUECKyIo KpHBYIO 3 = log, X, Kak 5T0 NokasaHo Ha uepT. 70.
Hs storo yeprexa Mbl HENOCPEJACTBEHHO YCMATPHBAEM, HTO:
1) Aceapugirnuteckan @GyRxuua 10,5 ecinb nenpepssias @ynK-
yun Ha noaodcumensHon uactn OX ocu abcyuce, npuiesm Oxa

Y,
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oTpuuatensHa #a npomedcymxe (0, 1), sospacman om — oo
do Hyas, W MONONKNTENBHA HA RPOMENCYNIICE (1, +o<), so3pa-
cmas om HyAs do —-o0o;

2) 0am ompuyamensubix HAUEHUIE ap2ysenma X GyHIun log, x
He cywecmayen OTPHUATEJJbHBIE YHCJAA HE HMEIOT Jora-
pudMoB (8 o6aacmu delicmeumensisx Hucea);

3) log, 1 =0 npu nwofoxn ocxosanun a, a>1.

Ho Touxn x=1 norapuyiueckan KpHBas TEUeT nod ocero OX:
A02APUGMO HUCeA, MEHOWUX COURUUS, OMPREAMEAbHY, TOCIE ST
TOYKH KpHBas Boasbimaetcs #ad ocelo OX: aozapudiaies wucea, 6o.an-
leix edunuuo, noAoxncumensist. Ilpn X, Hearpanu4Ho BO3pacraloien,
log, x Taicke GesrpammuHo BO3PACTAET, YTO YCIOBHO (HGO Geckouey-
HOCTb HE ecTh 4MCJ0 M Jorapu(Ma He HMEET) SaniChIBAKT B Bupe
CHMBOJIHYECKOrO paBeHcTBa

log, {+ oo) = + 20

Hatypaasnbie dorapu(GME, TEPEXOn OT HEX
K OBBKHOBeHHBM Jorapudmam u o6paTuo

Mur Buamn, 4To BCHKOMY OCHOBaHHIO @, @ >l cooTsercrsyer cpog
cobeTBennas norapudMuueckan Kpupas Y= l0g,x u, sHaunT, cpoy
coBeTBeHnan cicrema JgorapudmoB. TaknM 00pasoM, CHCTem JI0rapHd-
MOB HMEETCsi GecyHc/eHHoe MHOMECTBO.

Ho ma camom jgese ymoTpeGHTENIbHBI TOMLKO d6€ CHCTEMBI mora-
pudivos:

I. Cucrena sozapuginos Bpuzea, HA3bBAEMbIX HHOTIA 06weng.-
peHHnAIL, Wi Oecamuussivn, aorapudyavi. B 210l cuereye 3a
ocnoBanue a masro uncao 10, a==10.

Il. Cucrema so0zapugmos Henepa, WASHIBAEMBIX MacTo ygpy,
Paavubian, wan euneploauteckumt, sorapudpvani. B sroii CHCTepe
31 OCHOBaHHE @ BIATO OAHO OCOOEHHOE HPPALHONAMILHOE yycye,
oGoanayaemoe GyKkBoii e, IPHOMHAKEHHYIO BEMHYHIY KOTOPOrO Herpy iy

BaH0MHHTE :
e—9,7 1828 1828 45 g0 45 ...

Tawum oGpasom, ecanm y €CTh ACCHATHUHBIL NOPapuGhM  uyeny %,
10 nMeem 10¥ —x, 1 ecqn y €CTb HATYPAIBLHLIM JOPAPU(M yycp, X,
TO HMeeM e¥ —x.

[Ipx nmepsom amaxomcTHE
€CTECTBEHHBIM B3aATh 34
10, T. e. ynorpebusath BCE

¢ Teopueil IOrapH{(hNOB Kaxncercy Blone
e CHCTEMBL JIOTaPHONOR  yyene
S m,—apnq_mbr. S1a CCTeCTRey-

0. TIeH  TPHBBINKOf;

HOCTh 0By C/OBNHBAETC BEIpa-
EHHA U 1

JKATH 1EJLIE YHCAA B i 063;1:030%1"5@;

JAECATHYHLIMH Ipo0s ‘Gc‘ruc;m;l BasTy,

s CO0G-

qyueao 10 za o‘cﬁoai [
PAXKEHHA NpaKTHYEC
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Opmaxo Gonee rayGoxoe BHAKOMCTEO C Jorapudmamu H Jorapud)-
MuHecKkHMH QYHKIHAME 0GHAPYHMBAeT, 4TO NpHHATHE uucaa 10 aa
OCHOBaHHE SBASETCA CAVYQiinsAl 06CTOATENLCTBOM H BJIEYET 3a coboil
B JaibHElINEM Tak0e YCaoKHEHHE (opMyJ, KOTOPOE HE MOMKET BhITh
ONpaBfano HY TEOPETHYECKHMH, HH [iaiKe TPAKTHHECKHMH COOGpaice-
HHAMH.

HanpoTus, y2ke B3aeMenTax Au((epeRnnansioro HCUHCACHHA Tpe -
CTaBAAETCH HanGoJIee 1enecoobpastiM NPHHATE 33 OCHOBAHHE CHCTEMbI
sorapadmos ne uncao 10, a BemueyxasaHHOe HPPALHOHAJIBHOE HHCIO

e—2,7 1828 1828 45 90 45...

Toneko npH YI'IOF]‘DESJ‘IEHHH 3TOro HPpalHOHAJBHOrO 4YHCJa e, Kak
ocHOBaHHA JorapHgMos, (OPMYJEl TONYYalOT HAHOOJEE NPOCTOH BHAI.
JIBa nppalHoHaIbHEIX YHcaa: e n w=23,141592653. .. wrpaior Hckao-
YHTEJLHO BAXNHYIO POJIb B MATEMATHKE: IEPBOE, € — B aHa.luse, BTOpOE,
T — B 2eoMempuit, :

JlorapadMel € OCHOBAHHMEM € HashBAIOTCH HAMYPAALHBIAML JIOra-
pabmamvu  (umm  smorapugmanm  Hemepa) ¥ 0003HayaioTCA  IPOCTO

InN

6es ywasanna ocHosanna. OGosmavenwe e lg N ynepxnsaercs i
JecATHUHEIX norapHduoB (norapugmos Bprrra).

Ms!l mpeamosiaraéM, uTO YHTATENb H3 SJeMenTapHoit ajareSper sma-
KoM ¢ ynorpeGnennem Jorapudmos Bpurra lg N u yneer ofpamarscs
¢ TabaHuaMH STHX Jorapumos.

Ha nepseiif B3I/ MOMET NOKA3aTbCH, YTO OAHOBPEMEHHO C Tad-
JHUAMH  OpuzzosslX (NECATHYHBIX) JorapupmoB, 1g/V, HeoGxommmo
HMeTh ele H Tabauubl HaTypanpHHEX Jorapudmos, In/N. Ha camom
Jiene 5TO HE TaK, MOTOMY YTO HMEETCH OYeHb MPOCTOii crocod mepe-
Xona OT OAHOH CHCTEMBl JIOrapH(MOB K JApPYroi, Tak uTO HHKAKOI
HOBEDI Tabiuuel yae He TpeGyercs.

B camom gmesie, MycTh Y eCTh JOrapu(M ulcia x NpH OCHOBaHIH
@, e

g =x.

Beps HATypanbuulil Aorapudm oT ofeHx yacTell STOCO PaBeHCTBa,
MBI TIOJyHaent:
yina=Inx. (1)

Cne0BaTeNIbRO, €C/H H3BECTEH HATYDANBHEN aorapudnr In x uncaa
&, Mbl Oynem HMeTh Jorapu(hM 3TOro YHCJa X TpH J0G0M OCHOBEHHH
@ TpocTHIM YMHOXCHHEM HATYPaTbHOTO JOTapu(Ma Ha MHOXKHTENb

M et STOT MHOMKHTEIb HHON1a HA3LIBAETCA HanAEM OCHOBaHHA Q.

3uayuT, NOMHOXKAA BCIO TAGAMLY HATYPaJbHEIX JOrapupMOB Ha Mo-
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Aysb M OCHOBAHMA @, MBI HEMENJEHHO MNOJYYHM TaOamiy Jorapud-
MOB NIDH OCHOBaHHH .

ror monyas M MOXKHO BHIYHCTHTBH €LIE HHAue: NOMONHM, B npe-
apinyuem pasercTse (1) x=e. Torga Ine=1 (notoMy uTo BCeraa

umeem log,a=1 npu moGoM OCHOBaHMH @), W, 3HAYMT, ==
Ho, ¢ apyroit croponnl, y=—log x=Ilog,e. 3HaunT:

1
Iog“e:]n_a =M.

I ofpaTHo: eciid H3BECTeH JOrapudM uYHucaa X MpH OCHOBAHHI &,
MBI HEMEVIEHHO TIOJYUHM Aaniypaabubil jorapady 3TOro 4HCJa nNpo-

1
CTHIM YMHOM(EHHEM HA HHCAO -, Kalt TNOKAa3HBAET pPABEHCTBO (1).
B wactHOCTH A8 AECATHYHBIX (Opuzzossix) norapudnios

a=10 n M=0,434294481903..., %:2,302585092994. oo
Yrober mepexoAuTh OT OAHHX Jorapu(MOB K APYTHM, HAJA0 HOJb-

30BATLCH _)','\IIIU}KCIII[C.\I Ha M u :ﬁ:

Itl:ja-lg, lg=M:In

Yucno e

Mur yie roeopnau, 4To HanBosee nenecoobpasHoil B TeopeTHue-
- CKOM OTHOINEHHH ABJAETCA Takad CHCTEMA JOT&}]H(DMOH, B OCHOBaHHE
KOTOphiXx npuuaTo He wncao 10, a ocoGerHOE HPPAUMOHAJBLHOE YHCJIO
¢, HA3bIBAEMOC YHCJIOM chepa HJH TIPOCTO %UCAO0M €, Hpil{’)ﬂilﬁ(eﬂﬂaﬂ
BEJTHYHHA KOTOpOTO JIErKO 3amoMHHaeMa:

e=2,7 1828 1828 45 90 45.,.
Taxan cucrema Jorapu(h)MOB HA3LIBAETCA CHCTEMON HaMypatbhsx

{(an Heneposnix, WA runepGoamuecknx) gorapumon. Hatypanbumi
aorapndM  xakoro-HHGY A dica A 0603HauaeTCis NPOCTo

In A,
Camoe BBEJEHHE B MATEMATHYECKHMH aHAMN3 YHCJA € COBEpMIaeTCH
ﬂ[)li NOMOLLIT (_‘.l‘]e}.LyIOLI.lEH BAMHOH JEMMBIL
1 "
Jesmaa. Bupaoswenue (1 +F) , 20e m ecmy yedoe nosocn-

measHoe HMUCAQ, CmpemMumca K enoAre onpedeaseHnoiny npedeny,
wozda wnc.ao n Gedzpanuyno sospacmaen. Jmom npedea Goave 2
Menbsuie 3.
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JeiicTBuTensno, scnoMunM 6uiom Heiotona:
' i pey np—1) s
(atb)=a"4-Ta" b+ —5—0 b ..

s +H[J’l—]i{?ilzj?;:::f;f'—k"—i]a.r:-—kbk_i_ ”___i__bn.

H TOJIOMHM B HEM
1
a—1 ni— =

Toraa nomyumm:
1

(L) =1 kb

np—1...(n—k41) i il
S 17073, 2 n*+"'+u"'

[Moxyuenryio GopmyJly Kpaiiie BBIFOJHO HAHCATh HECKOIBKO HHAYE,
TaKk 4TOOR! BEIABHJINCH HEKOTODBIE €€ CBOHCTEA:

(1+%)"=1+1—t-l‘_—Q(l—%)—kr_;—_.—d(l-—%)(1—-%)+...
J—ﬁ-—k(l—%)(l—-%) (1—’5-;—1)+...+,T‘,,.

Ilag Toro uToOE MOHATH, KAk 3TO AENACTCA, YUAUIHHCH NOMNEH
npocTo 06paTHT CBOE BHHMaHue Ha OOUWM (k-) unen mpeabiyuiei
opMy/ IRl M 3aMETHTh, YTO B €ro YHCAHTEJE BCEX CKOGOK HMEeTcs
k—1 B 4TO MO COKPalllEHHH TMEPBOro MHOXKHTENA /i CO 3HaMEHaTeJem
H* Y Hac B 3HAMEHATENE OCTAHETCH !Ik_l, GHAYHT, CTOJNLKO M€ MHO-
MuTenell 7, CKONBKO B uWCAMTENE CKODOK. A TOrja, Aead KaMayio
ckofiKy Ha OXHO M, MBI M NOJy4aeM BBIACJEHHYIO MOCAEAHIOI0 (op-
MyJay .

CaoficTpa e nocaeaneii GopMmyssl Caenyroulue:

C odioit cmoponsl, Kaxpan H3 CKOOOK €CTh YHCJA0 TOJOMHTENh-
HOE, OTCIOAA, 3aMEHAA BCAKYI0 M3 3THX CKOOOK 4YEpes HY.Lb, Mbl IO-
JAYYMM B TIPABOH 4YacTH HAIIEr0 MOCJAEAHEr0 PABEHCTHA MEHbIIE TOro,
410 TaM paHee HMeJOCh; 3HAYHT, BCErad

(1+!l1)">2‘

C dpyeott €mopoisl, Kaxias U3 STHX CKOOOK MEHbLUE €IHHHIBI
OTCIONA, 3aMEHAs BCAKYI0 M3 HHX eduwuyefd, a KacJOE N3 YHCES
9, 3, 4, ..., HAXOAAUIMXCS B 3HaMEHATENAX MEpea CKOOKaMH, IPOCTO
deodiikai, MB TIOJYHdHM B TPaBOil YacTH HAalETro MOCTEAHEro paBeH-
¢18Ba Go.IblIe TOro, 4TO TaMm paHee HMENOCh; JHAYNHT:

YL ] e 1, 1 1
(143) <ttitg+atst-+am
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Ho npasas wacte 370ro HepaBeHCTBAa BCErja MeHpUIC 3, KAk yu4a-
IIHIACH JIerko y6elnTcs, BCIOMHHB YOBIBaloNy10 GECKOHEHYHYO reoMer-
PHUECKYIO TIPOrpecCcHIn

§ Ly eyt rey
2=l+4s+ztgtmgtmt -

HTaK, g J060ro Uenoro MoJIOMKHTENLHOrO YMCJa 2 Mbl HMeeM
BCEerud:

2<(1+%)"<3.

[Tycts Temeps LE/NOE TONONCHTENBHOE YHCJO 7 HauHHaer Geszpa-
Hu4no gospacmeams. TI0CMOTPHM, YTO NPOHCXOMHT TOFAd C HANMCAN-
HbIM BBILIE paanO)i(CHHEM

1 n
(1 -f-_”-) ;

[pesxie BCEro Hafo OTMETHTH, MTO 8O3PACMAEN! YHCJIO CAATACMEIX
B 9TOM DasfoOMEHHH M 4YTO, KPOME TOrO, BCE CJaraeMble 3TOr0 pas-
JIOMEHHA NOA0HCUMEAbHbL, 3aTEM CJAGAYET 3aMETHTh, HTO KaXKmoe
CJaraemMoe pacCMaTpHBAEMOE B OTHEJIBLHOCTH, TAKIKE 803pacmaen no
CBOEll pejHunHe, HOO BCAKaa Ckobka

fel =20

C YBEJHYEHHEM 4YHCJA N HAUMHAGT BO3PACTATH, HEOTPAHHYEHHO MpH-
6mpKanch K CBoeMy mpexeny 1.
Tak wax CSMMH BCEX 3THX CJaraemMbix H naer BCJAHYHHY BbIPa-

1
HEHHA ( 1 e
wn
HUEM [[€A020 NOAOHCUMEABHOZO THCAG 1 BHPANCEHUE ( 14 l) 803p a-
n
cmaem 1o ceoeil geautuye.
Wrtai, Korza n GE3rpaHHuNO BOSPACTAET, BHIPAKEHIIE (1 -{_l)"
n

ecTh TOJOMHTENLHAA TEPEMEHHAs BEJHYINA, BCE BPeMs BO3PACTalo-
uiad, HO OCTAIOMIAACH BCE BpPEMH MEHblne 3. l']uai'rmly 9Td MEPEeMeH-
Hasi BesiHUNHA HeoOXOMIMO CTPEMHTCH K Tpeaeny', woria n Oearpa-
HHUYHO BO3pacTaer, IIPHYEM 3TOT NPeIe’, OYEBH/HO, HE MEHbime 2 n

n
, TO OTCIO/A HEOOXOANMO 3aKII0UNTE, YTO C Yaeanie-

! Omupanch HA TEOPHIO MPPAUHOHANBHLIX “MCEd, WETPYAHO AOKA3ATh, YTO AcA-
KAX BO3PACAIOU A NEPEMEHNAR BEAWEUHE, OCINAIOWASACA RPUINOM 6Ce200 MeHbIE
HEKOMOPO20 YUCAR, HEOGX00UMD cmpesumen K npedeay. He usen poamoncnoctn
PACHIPHTL PAMKN Hawed KUUEH, MBI NPHMEM STOT (aKkT HPOCTO Kak mpiWynn, e
BXOASt B ero ofocHobanne. [eoMETPHYCCKH STOT NPHILLNT IKBHBANCITEN YTRepHie-
HHIO, YTO TOWKA, JABHMYUAACH BCErNd B ODUOM I TOM e CaMOM HANPARIEHHN
He yXoamian GecKONEHHo IaleKo, HeoOXOMUMO HPUOMMAICICA K HEKOTOPOMY olpe-
JAedeHHoMy npefedbHOMY NOAOHKENO.
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= 1
He OoablIe 3, pa3 cama NEPEMEHHas Be/HYHHa ( 14 - )n Scern HEr

JAMTCA MEXIY STHMH rpaHHlaMH.
Jlokasannas nemma NOSBOJSET AaTh CAEAYIOLICE ONpejeneHHe,
Onpedeaenue. [peden svipascenns

(1+4)"

K020a HAMYpaALHOe 1HCAO 1L 803pacMacm (e3epanuino, Hasueaemes
HenepossLM ucA0NM U 0003Hataemcs GYKGOI e:

]irn(l—k%)":e.

O=+co

Mer BBIIE BHAeAH, HYTO HYHCJAO e 3akmiodeHo mexcny 2 u 3. [pr-
GrHIKeHHaA BeJH4YHHA e CJeaylollas:

e=—2,7 1828 1828 45 90 45.
Mpumeuanne Ha npumepe uncaa e yuawuifcs acuo muanr, kax uensan

GHITL AECKOMBICASHIEIM Il HEOCTOPOMULIM B OGDAIICHHN C MpefedaMM ¥ ¢ GecHoHey-
nocteio. Beas yuwaummilca Npexpacio MOr «paccysaatey m tax: «Mpe mano uaiitn

apenegn
PRy
i)
gorga n GearpalMuio YBeAHMNBIETCA; OYEHh XOPOUIO: & M cAedan == e, Torma

—1=0
0

H 3HAYHT, 1
l4+—=140=
+lo1po—,
3“3‘“!1‘, Mile Hazo 1 BoaowcHTh B GECKUN{:‘"I}'[O crenetk. Ho tak kan
o) D — SR = s 1

To u B npeneae A moaysy 1®=1. 3uauur,
n
lim (H‘II) e

Jakmouenne, Kak Mul RHANM, COSEpIIEHHO JA0XNCHOEe W NPONCXOAHUICe OT TOro,
4710 yuampilca B BBIDANEHUN
l A
1 i
( & n

cHauara B cKOGKE CIenas n= o, NOIAOKID
1
lim —=10,
n
u yne nomos B nokazateae cxofkn ()7 caenan n= es.
“3 CAMOM e [eJe OeCchOHSEYHOCHS o He eCms %iucao, n CHavana BRIVYHCAATh

]
14 e NPHR —+ oo B YHWE 1OCAC STOTO BRMNCAATL ( )* OpH 7 - - o HeAony-
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ctumo, B pefictaurtensuoctit nymno 2 Gearpainyio YREaMuUBaTh, OTHOBPEMEHIOD it

B ckofKke, W B Nokasatese ckobun. M korga mu 570 GyAeM AenaTh, TO MWl YRUIMM,
410

I n
lim (l+}T) =2 T ey ane 1

n—++oa

Yuamuficn Geaycaosio Npas, KOFa B OTAGABHOCTH 3akA04ad, 41O

% 1
n -Ilr[lfm(lh‘_ﬁ)-_l'

im 1°=1.
n oo

H 4TO

Mopoans Tak paceymnath Moxuo. Korna n eme ofioanauaer wicao (ueaoe no-
AOWHTEALHOE M, 3HAYHT, KOHEuNoe), yvauwuiics, BLIYNCARA BREpaMEHHe

1 n
(1+4)"
1
HIEET NPADO CHAYAAE DHINHCANTS BUYTPH CKOOKH CyMyy 14— m yKe motou -

apcants crenent cxofkn ()% Ho c cumposom o 9T0ro nean3as nesats, notomy

UTO STOT CHMBOA HE ©CTh WHCJO, H TYT YMWE HAA0 ONHOBPEMEHHO YBEAWTIEATHL 1t
H B cxobke, I B NokazaTens.

n
Mul TONEKO UTO [OKA3aJH, YTO BHIPAXKEHHE (I—I—;I’- , TOEe n

03HAYaeT Hamypatbroe YACAo (T. €. UEJ0e NONOMHTENbHOE), HveeT
ceonm mpenesnom uncao Henepa e, xorza 7 GesrpaHuyHo yBeauun-

BAETCH: e
(145)—e

[pocteie Buiknamkh' oGHAaDYMHBAIOT, HTO paccMampisaesoe BH-
pacenne TPOAOJUKAET HMETh CBOMM mpejesom uncno Henepa e ne
TOJBXO TOrAA, KOrjpa #, OyAyun HaTypaJbHEIM YHC/AOM, Oearpann-
YHO YBeJHYMBAETCH, HO M TOrJa, KOTAa 1 CTPEMHTCA K-|-oo, mpo-
Geras BCE NOJIOMKHTENbHBIE YHCJAA KAK Lenkle, Tak H ApobHBe W fdame
uppamonassunie. Bonee Toro, oxkaseiBaeTcs, 4TO mpenen Gyner ror
JKe CaMBIfi, ecan n Jame CTPeMHTCA Kk — oo, mpoberas Bce oTpHLia-
TeqbHBIE (COH3MEPHMBIE WIH HECON3MEDHMEIE) uHCaa.

Takum 06pasoM HMEETCS Npej/oNenue:

lim (] -[—ni)":e,

KOrjia TIEPEMEHHOE /7 HeOTPaHHYEHHO YBEeTHYHBAETCA To abCoioTHON
BesHuHEe, Npoberas Kakue yrofno snayeHus: |u|—s —-oo,

! Yyannfica MOMET HaliTi 9TH BMKAANKH B GOASE ofUINPHOM KYPCe MO MaTeMa-
THecKoMY anannay. Mer He DpHBOAKM HX, NOTOMY YTO OHH JLUMIIG, HEHHTEpECHE i
He MOrYT NaTh yuamlemycs iuiakoii wosoft muicam. Ilpoctan e nposepra yiaaui-
naeMoro HinKe (haKTa eile He MOMET CAYHITL ONPanAaiuen NOMEULeIHs € B KPATKOM
yueGuuke aiainsa,
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Ha sToro mpejnoxeHus BLITEKAE€T CAEAYIOUIasi BaX(HAd Teopema,
pazi KOTOpOH, COOCTBEHHO, B MATEMaTHYECKMIl aHAJIH3 BEELEHO YHCJO
Henepa e.

1
Teopesa. Dyuryna (1 -+ x)* apeysenma x wenpepssra 6 mo-
e x=0, cmpemscy ic vucay Henepa e rar k& npedery, xo2da apey-
MEHN X cMmpeMunica K HYAK0.
MokasaTeabcTBO. APryMEHT X B BhIpazKeHHH (QYHKUHH

y=(+x¥

MoeT OBITH KaKMM YroaHo: Kaxk RNOAONCHINEILHHAM, TAK H ompaua-
MmeAbHEIM, 32 OLHHM JHIIL HCKTIOUEHHEM: OH HE MOM(ET ObITb DaBHLIM
nymo, notomy urto npu x=~0 dopayia

(1427,

naioman @iyHkyaio Y, paspylIaeTcs, TepecTaBad HMETh Kakofi-1HGo
CMEICT.
Taxum 00pa3oM, MBI Kak GyATO OBl CHayasla ENpaBe OMCHAATH TPH

A
x =0 paspsiBa paccMaTpuBaenmoit dyniun y = (1--x)*. Oxnaxo sT0
JHIL  KaHCYMuiics paspsié, W «HCTHHHAA BEJAHYMH@»  (DYHKIHHA

1
y=(l-x)* B Touke x=0 pasua uncry Henepa e.
Jlns Toro, 4ToOH yOEAHTLCA B ITOM, MOJOMHM f.:cz;'T. Torpaa

2 n
poipakenne (1-}-x)* mepenuiercs B BHAE (] —f—:—J . Econ x Oes-

rpaHi4HO NPHOMHMACTCA K Hy/Ti0 Ge3pasaHyHO KaxuM CrocofoM, T. €.

npoﬁeraﬂ 10 TOJOMHHTENBHBIM HIH OTDHHETEJI‘;’HHM YHCAaM, abcoaoT-

Had BEJHYHHA TEPEMEHHOro fz OesrpaHMYHO BO3PAacTaeT, TaK HTO
n

|n|— -}~ co. A MBI BHIEJH, 4TO B 3THX YCJAOBHAX lim (1 —[—:T) =é.

1
Clie10BaTENBHO, YHCTEHHAS BeJHunEa (GyHkimu y =—(1 - x)* Ges-
rpaunyno npubmmiaerca k uucay Henepa e, xorpa abcomortHas Be-
JguunHa | x| aprymenra x GearpaHHYHO YMaNAeTCs.
[loanoe mnocTpoenme rpadmxa paccMmatpupaenoil  QynKuuH He
MOMET OmITh npoussesieno 6es auddepeHUHaNBHOIO HCUHCIEHHS, T. €.
€ NOMOIIBIO OHHX TOJIBKO 3JIEMEHTAPHBIX METOAOB. 3aberas Boepel, Mul

1
yraweM yuauemycs, uto rpadux Gymeanm y=(1 - x)* umeer Bug,
113006paKeHALI Ha uept. 71,
Taxum 0GpasoM, 3TO €CTh HenpepuiBHAas Kpusasg, (OpPMON HANOMH-
HaomWan oAny BeTBb rumepoasl. OHa cnyckaeTes W3 —— oo npH 8Ha-
YCHHH X= — | I HJeT, BCC BpEMA HHCHIAXKAA, HO, OAHAKO, OCTABafACh
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(S
(41

Bce Bpens Beiue mpamoit y—1. K s1oii mocaexmeit xpusan Gearpa-
HHYHO TPHOMHKAETCA, KOr[a apryMeHT x CTPeMHTCA K- oo . Mrak,
- KPHBAf MMEeT [BE aCHMOTOTH: MpaMyio x=— — 1 mmpanyio y=1, &
KOTODEIM OHA 0earpaHH4HO NpHOIHKAETCA,

Oce ¥V mepecexaerca Haliedi KpHBOI B ToHKe y—e, KaK Mbl 3TO
1 ofuapyxcay. Takum 0Bpa3oM, pa3pelB KPHBOI

s

y=(+=x)*
npu x =0 GBLI UL KaXMCY LIHMCA, 06A3aHHNIM HE HEO0CTATKaM CaMoil
KPHBOil, a JIHIIb HENOCTATKY BhIPaXKaIOUWIEH

ee (opryJibl Y
1
(1+-x)#*
cayyaiiHO yTpauMBaiolIei CBOH  4HCJIOBOI
cmeica npi x =0. e

1
Tor daxr, uto Qymkiuua y=(1--x)*
yOsi8aemn Ha BCeM TPOMENKYTKE MONHO o6Ha- 4
(—1<x<F0), 3
PYIKUTH, JHINL YIOTPEGAAA MOTYIIECTBEHHbIE g
Metoxst aud(hepeHHaNEHOrO HCHHCIEHH S,
Harypanenpie  sorapudmbl  obaapaor
CAEAYIONM XapaKTEPHBIM CBOICTBOM: N0 Yepr. 71
Mepe NpUOMBKEHHA BEJIHMHHB o K HYJO
KAk CHOEMY TNpejaeny — GeapasfiHyHO KaKHM CHoCOGOM — Mbl BCEra
OyAeM HMCTh PaBEHCTBO
A - 1
fim!ot 2 :Iinaln{(l 1) J =Inlli1r:]{] —}—a)“} — e =1
L T

a0 %

- 0 X

Hoo .rlc)rapnclm ECTh HENnpephIBHAA cbym(uml, H, BHAMMT, MOKHO [Ie=-
pexoanth K Tpeleny NOA ero sHakom (cm. § 47).
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§ 54. Beenenne. Tenepp MLl HOJAHED TIEpEiiTH YIKE K cucmema-
muueckory WCCAEXOBAHHIO TOrO, KAKHM MMEHHO 00padoM HaMeHsAeTcs
BeJHuMHa y paccmaTpuBaemoll (yekuuM y= f(x) npu wusMeHeHuH
aprymenTa x. OcnoBHan 3agaya xuddepernumuansnoro HcUnc-
NeHHS COCTOHT B INIAHOMEDHOH ONEHKE 3TOr0 H3MEHEHWS YMCJEeH-

HOTO SHAYEHHA (YHKIH.

OO6HMHO MO TPAAKINE OTHOCAT OTKPRITHE Mudideperuuansioro neyucaenns Huo-
Touy (1642—1727), usobpawas S5TO JeA0 BCEUEND KAK PE3YALTAT €ro JAHYHOro
TeopuecTsa. Takan Touka speund CPeminT CHAbILIM YIPOULeHHEM WAl TaMe onpoues-
niem sonpoca. Ha camoum nere HoioTom, B Xoge  pazsntua  Maywi, HMEET MHOrO
npeIecTEEHHIKOB N0 NPHMEHENIN0 METONOR GECKOHEH IO MAABIX K AHANISY, FEOMETPIN
u mexaunke., Eme p navane Tekyulero cTofeTHa yuasslBadock, uTo nafizcunni oxono
storo spesenn (1906 r.) manyckpunt («Sdomixs) Apxumena (2857—212 rr) co-
AepuT NPHMEHeHHe THIHYECKOTO NPHEMA MHTErPATLHOTO HCUHCASHI K Onpeienenio
maouaneli nnTepecopasunx ApxuMesa maockux (UUyp u UENTPOB THKLCTH NOBEPX-
noctedi u Ten. Bingude me Apyrux npefuiecTRenNNKOs IPYT Ha Apyra 1 ua HewoTona
oTpHnath HeeoIMowHO. JOCTaTonmHO, HAanpHMEP, YYecTh TO OGCTOATEILCTRO, 4TO
uepte, copepmammiicn 8 «flewyunx no zeoarempuny (1670 r.) Bappoy — yunreas
Hetwotona — n nocaymwusnmil anTopy 474 pewenns 3a1aun o NPOBEASIN KacaTeabHoi
K kpuEpoil, copnanaer ¢ ueprexoM, cnesaunnts Huiotouon nan stoit we memt: B
UeNSX OTKa3a oT ynotpebnenna OEcKOHEYHO MAaiblX, Ka3aBIUHXCA TOUDA CHODPHBIMH,
Huioton aobasun k uepremy Bappoy mmus xopny. 3tor seprem Helorona (1704 r.)
obbI9I0 CYNTAICH MOMENTOM BOIHNKUOBEHIA UOROTO HCYNCACHNA. PAKTHMOCKE He
Meron Bappoy oTAHYAETCA OT NPHIATONO naaomenua Aiddepenunalbioro HCHncIemns
TOABKO oboanadennen. BeacacTene storo nopeiiwme necaegopaTean yIiepHaaon, 410
«Heaax Bappoy Ouia neponiy n3ofperareses ucuucacinn Secroneyno Maanis, Oanako
un Bappoy, un Heloton we gaan wasowa wosoro ucuncacuns. Ho ay«ui goxaza-
Te/ILCTBOM BrOAHE HA3PEBHIEro OTKPLITHA, KOLAQ «MAEH HOCATCA B BO3ayxen, BCeraa
CAYKUT OTHOsPeMeHH0e OCYILECTRACIIE 3TOr0 OTKPLITHA b PA3IBIX MECTAX pasiid-
HEIMI ANILAMH, He HMEBIIHMNI HenoCpeacTReHlslx B3auMooTHoWwennil, I{ak nasecTHo,
Ta Me camad TPaIMiEA ykasmeaer Ha Jleiidumua, kax ua cconepunxay Hewrona s
nene codgannn Anddiepenunatsioro n nuTerpaisHoro ucuncaenni. Ecan O nctopus
lie HMeaa B CBOeM PACTopKenii THX AuyX — cToab praamiefica naodperaTe/bioil
CHABL i CTOAb HEHOXCHKHX APYT Ha ApYra — yMoE, Andipepenunaibioe HCHHCASHIe
BC@ ;‘Jinmm HEMIHYEMO GbljI0 OBl OCYMIeCTHARHO KeM-HIOYAL H3 AafLHCHLINK MBICHH-
Teaeil.

Ananoriynoe Habaonaerca u B ofaactH reometpnm, JloCTatodHo YKa3aTh Ha
OTKPHITHE HCEBKABAOBON TEOMETPUN, CAEAANHOE HAUIIM OTEHECTREHHEIM BEJNKuM
reoserpom Huwonaen Mpanosuden JoGasesckun (1793—1856); 310 OTKpLITIG, YeCTh
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KOTOPOrQ MPHUAANCHNT eMY H KOTOpOe OKalano CrpoOMHOE BAHAHNE HA pPa3ni-
THe ncell mMareMaTukH, TaKiKe Haspepato u nenaGemno Jommuo OLAD acymect-
BHTbCA.

Hapnnposaninocts MECINTEAR OT NOATOTOBAAEMEIY STOXOH Huel — penkoe apne-
nne. OG 3TOM CBHAETEABCTBYIOT CAyualomwmecs yTpath oTkputiil B TEXniKe u o
nayke. YnoMuHam o6 yTpauenuom i He BOCCTaHOBJAIHOM N0 cux nop Metone Pepua,
HOMCHO YK33aTh Ha nalwero snamenntefimero Matematika Madnytis Jibposuya Hedu-

Hurxoaait Haanosu Jodaweseruii

mesa (1821—1894), caeaapmero orpomunii praan B anaaus, TEOPHIO DepoATHOC TN
H TEOPHIO WCe; HEKOTOPBIE M3 €ro OTKPLITHIE B TEOpHH uuCe] GhlAH B CTOPONE oT
MaTeMartHuecknx uaeit Toro mpemenu. ¥Tpara ero AokasatenncTs MOraa Ol aanepiath
Ha neckoauko croaern manspeHunit xon waykn o yncaax. YxaawaloT NpHTOM na
OHO yTpauenHoe AoKa3aTenscTBo YeOullesa NpesioMeHna o pAAAX, OKA3apIIerocs
SHBHBAACHTHBIM H3BECTHOMY DpeAnonOmeHmio o uyaax dyuxwm £(s), He moxazan-
HOMY H [0 CHX AOp.

Hsiotoi ony6ankosaa 8 1687 rony, na JaTHHCKOM ASBIKE, OCHOBIEIE Havaaa mid-
depenynaibioro HCYHCASIA B cooey coynnenun «Philosophiae Naturalis Principia
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Mathematicay, SpamomenMcs ero raasnsM nponssexenvem. B men Heloton anaso
BBUIOMIMA CaMbIM TIIATEALHEIM 00Pa30M HYIKHBIE /A HCCAGNOBAHKA YepTemu, KOTo-
pLis Ol NpHAasan GoAbLIOE SHAYEHHE KAk cPefcTBy OBICTPO NPOM3BONHTHL npuemI-
WEHHBIE BRMHCACHIA,

Maginymuii Jvsosuw Yeloiuies

Bupaowuiica cosercknii yuenwtii B ofnacTw Mexamimkn M MaTeMaTHKM aKam.
A. H. Kpmaos (1863—1945), nmewmnit paa pabor no nproimmeHnoMy wuTerpupo-
wanmo andiper AILHBIX YD il ¢ npuacKenaMn ¥ GAANHCTHKE 0 NOCTPOHB-
it nepestit B Pocenn annapar aas wnrerpuposanun auddep IBHELX Y i,
nepered Ha pyceknit fank «Matemartiueckne navana HaTypaabHOH inaocodimmm
HhmTU][ﬁ, cHalIHE HX CBOWMH NPHMEYaHIAMH.

§ 55. MNpupawenue. YkasaHHad NAaHOMEPHAs OLEHKA H3MEHEHH:
Be YA b ﬁyukquu, OPOHCXOAAIIEr0 no lel‘llﬂle H3MEHEHHA BeJH-
YHHBI @pZYMERNa, ROCTHTACTCA CPaBHHTENbLHON OUEHKON npupauye-
Aud QYHKUHH B aprymesTa,
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Boobule npupawenuest Kaxkoi-nméo nepeMennoii BeaHHMHEL, Mmepe-
Xojsulell OT MPEXKHEro YHCJEHHOr0 3HAYCHHA K HOBOMY, HASLIBAETCH
TOT NpHOAaBOK, KOTOPEII HAJAO NPHAATH K €€ MpedicHeAy 3HANCHHIO
AN TOro, WTOGH MOMYUMTH €€ HOBOEe 3Havenne. 3JHAUNT, nmpnpatie-
il MepeMeHHON BeJNYMHBI eCTh TPOCTO PARSHOCMb MeH(ly HOBBEIM

Anekcell Hurxoaaesin Kputaoo

anayeHHeM M HPeNHHM, ToJyyaeMas BLIMHTAHHEM NPEHEro aHavenrus
H3 HoBoro'.

Tlpupaiienne mnepeMEHHON BEJHUMHE! X 0003HAYAETCSH CHMBOJOM
A .x, Tak YTO eCNH HpelCHee 3HAYEHHE STOH MEPEMEHHOI BEJHYHMHE!
ofoanaveno Gykpoil x, To xogoe (napauieunoe) ee sHaueHue Gyper

x4-Ax

Cumpos1 Ax mponsmocurcs «ienbrta x». [lpeaynpexcnaem yuame-
rocs, YTC CHMBOA 3TOT HHKOHM 06DAasOM HEJb31 UNTATh «JeMbTa,

.} Jlan Gosee mnoapo0lOro SHAKOMCTEA C HOMATHEM ApUpQuieHns  yuauimiica
noawen obpatuthen k §§ 22, 29 u 31,

B Angdepennnanbice Hcancacine
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I
wwEoEeEEsE B2 X0, ETE <ZE75T2 [E3 X, DUTOMY 49T0 GyxEz A BEOT-
Temaz o7 Gyxss x, 623 mOTopofl 0Ha B2 HMEST HMESKOIO CMGCHS)
}':Qm VES SE=EOM C aza.?m*ﬂh:u ABICERCM B 3
asrefioe, rzc ig A EwesT cEpeiesczmud SRCACENHE OMLcs, obosnaE
morspmdu Sesiz A, 10022 zex Oyszu | 2 g, oropeamEue of Gyuesd
A Be ENCET D OTEEE :

2 vmmay i SR

HEL EOZCE BE0GE
TOETATEALELN. KOTZZ HOSDE
, ESODHMED, SOTZE Bepesel

SYEETEE f:."q.’r # 7. 4L

Ay oTCUHTHRATE BCETHA OT
¥. COOTBETCTBYIDHIEFD TOMY IIpX

i

S2ECE zEadsmne x =10, poayuasy HIUaILEOS 3Ha-

et § - Son =
fycTe X Y22aEsea0 30 x—12, 1. e. Ax=23; Torza y B0300CH0
=) - x i

THT A}'ZI-;4‘——_[00=—;—§
MEERIIEED 20 x=0, T. e. Av= —1; Tor32 y vluao
EA0BATEARED, Ay—81 —100= — 19. =

_ T =
= fp; fee, ecAl QYHKuER y= J(x) sospacmarpomas, xak, EanpaAME],
sama X° B m_x):rfz 0<Tx<-+oc, To scro, ¥TO ecam Ax moao-
ressas, 70 2 .\{ OFAST DOJOXNTENBERIM, B eCAH AX OTDHIISTEABEO,
_i"; Iz Ay 7O OFAST OTpEaTensELIM. 3paunt, 08s DpEpIuiesHs

ar & 45, B STOM CAyHat EMCOT BOErIa oOuHONOSNE SHIMGL
Pz =2 @ E‘,""f‘z Y=7(x) y6xsarnwyas, 10 DOROEHTEILEQ
Az pree=EsT, CESERIEO. OTpmlateanHoe Ay, DOTOMY NTO ¥0S0S SHa-

s ¥ xa‘-;-a;'a:e‘_{-’;*?-' ‘-‘9_3:-3. 2 OTpHUATeAsRHOMY AX OTSSYZST yke
gz_z(kﬂa'b—-':“‘?ﬁ‘:- FUC TENCphL Hosce smavemne Qymsuun Gogsme

gEess. SEZTEE, AX H Ay B 3T0M Caywae soerad G¥ZYT HpOTHBO-
B 4
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Haxoneu, Mer smaem (ca. § 48), uro ecan (yHKIHA
y=f(x)
HeNpepbISHa B TOMKE X W ECJH IpHpauleHHe Ax apryMenta CTPeMHT-
ciA K HYJI0:
limAx=0,
TO 1 mpupauienne Ay QyHxiun Taoke GyAeT cmpesumuca K HYA0:
lim Ay =0,
1. €. oba mpupauiennd, AX M Ay, CYTb O00JHOBPEMEHHO BeAULUH b
DECHOHEeYHO naasbie.
§ 56. Cpasnenue mpupauennii. Bosumen (ymiinio

§ =i )

[lycrs Hataibioe 3uaueHne apryMeHTa €cTh X, W HyCTh 3TO Ha-
YaJBHOE BHAYEHME X MOJYHART Mpupaujenue Ax.
Suauut,

X ecTh HauaabHoe (upejcHee) SHAYEHHE apryMeHTa
"

x-Ax ecTs wosoe (aparnjennoe) 3nayeHHE apryMenta.
Ecan apryMeHt uMeeT npescHee 3uavenne, TO W BCH  (QyHiuus
HMEET TOMKE HPEFHCHEe 3HAUCHHE, NOITOMY 00€ YaCTi PaBEHCTHA

y=x

ABNAIOTCA HQUAALNBAL (NPEJCHUAL) 3NavenHeM (YHKIMH., .

Korga ke apryMent JAenaercd Hoses (Hapauentsist), TO U COOT-
BETCTBEHHOE 3HAYeHHe (YHKUMM CTAHOBHTCA TOMHO TaK XE HOGLIA
(Hapatgennsesr); To3TOMy 06€ 4aCTH PaBeHCTBA

y+8y=(x+axy @

ABAAIOTCA HOSWM (Hapauennsis) savenuen dynrmm,

Yrobel Haiiti mpupaiiesse Ay (yHKIUH, Hay Tenepb HOCTATOYHO
npocTo BBIMECTb H3 HOBOro paseHcTsa (2) nmpexcnee pasencrso (1).
STO BLIYHTAHHE HaM AACT:

Ay = (x4-Ax) — 2,
WM PACKDHIB CKOOKY M CHEJdB NPHBEINEHHE NOMOOHLIX YJIEHOB:
Ay=2x-Ax 1 (Ax). (3)

Mu Tenepe moayuuanm mpupautenwe Ay QyHKOWM, BHIPasus ero
yepes HauaNbHOE SHAYEHHE X APryMEHTa W 4epes npupaiiesue Ax
apryMenTa.

Ecan 5T0 npHpauleHMe Ax apryMenTa HauMHAET CTPEMHTHCH K
HYTO, T. €. Ienaercsa Oecroreyno ataasts, limAx=0, Torma u coor-
BETCTBEHHOE mpupawenne Ay GQyHxuus Taioke GyZeT CTPEMHTBCA

5’
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K HYJ10, Ijm[\y=0. T. €. TOXe OYmeT GecKonedHo Maabii, KaK 3T0
00HapyIKMBaeT Hajfiennas BeawunHa (3) npupallenua Ay Qymiatum.
Taxuy oGpasoM Mbl HMEEM [1Ba CECKOHEUHO MOABLX:
Ax u Ay.

Yro6hl CpaBHHTh MexIy coboil sTH 1Ba GECKOHEYHO MafkX, pas-
Jeaum Bropoe, Ay, Ha mepsoe, AX, T. €. COCTABMM OTHOLICHHE
Ay
E .
Jlns BLIMHMCJEHHST BEJMYHHE! 3TOTO OTHOMIGHHA JOCTATOYHO TPOCTO
pasjennTs ofe HacTH PABEHCTBA (3) HA Ax, UTO JaeT HaM:
Ay ;
e 2x +Ax. 4)
UTobsl BHAETE, KAKHM 00pasoM ONHOBDEMEHHO M3MEHAIOTCA MpH-
pauienns Ax B Ay, BosbMeM ONpele/eHHOE YHCJOBOE Ha4aabHOG
8HAYEHNEe apryMeHTa, HampuMep, BO3bMeM X =—4.
B sTom cayuyae mpemmectsyiowmasn opmyna (4) mam pact:

. Ay
lim =8 -
Ax-09%

Ecom MBI XOTHM IIDOC/AEANTH THIATENbHEE, KakHM 00pasoM H3Me-
HAETCA OTHOWIEHWE TNpHpalleHHd Ay W AX, Korja npHpalleHHe Ax
HAYHHAET AEJATLCHA BCE MEHbLIE H MEHBIIE, OﬁpﬂTIIMC}I K Tabanuke:

Hauansuoe Hogoe Mpupame- | Havassuoe Hopoe (Mpupame-]

anauenne X | suadeune e Ax auavenie y [3uadetie | upe Ay | 4¥

aprymenta | aprymeuta | aprymeura Gyucunn | pynkunn | dynxwin | A
4 85,0 1,0 16 25 9 9
4 4,8 0,8 16 23,04 7,04 8,8
4 4.6 0,6 16 21,16 5,16 8,6
4 4.4 0,4 16 19,36 3,26 8,4
4 4,2 0,2 16 17,64 1,64 8,2
4 4,1 0,1 16 16,81 0,81 8,1
4 4,01 0,01 16 16,0801 | 0,0801 8,01

Msl pHANM, YTO TIO MEPC YMEHBLUEHHA NpHPALIEHHS AX APrYMeH-
T4 YMEHbIIAETCA H TmpHpalleHHe Ay QyHKUuM, HO MX OTHOIIEHNE
PaBHO MOCAEA0BATENBHO YHCAAM

9; 88; 8,6; 8,4; 8,2; 8,1; 8,01;

Mbl BHJUIM 3J€Ch Ha JIeJie, YTO OTHOICHHE §-? TIOCTENEHHO  TIPHOIH-
X
aaetc i wncny 8. M mbr, nefctaureasho, Teopetuueckn yxe sHaen,
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YTO 3TO OTHOUIEHHE MOMKHO KAK YrogHo 6aM3K0 MOOBECTH K 8, cae-
JaB HajJexalle MadniM npupaiienre Ax aprymemntd, HOo
. Y]
lim e =3
Ax—l
NpH HAYaJLHOM 3HAYEHHH X =% aprysenra.
§ 57. Ilpoussonnasn (yHKUus ogHoro mepemennoro. OcroBHOE
onpejeaenyue auddepeHnHaNbHOr0 HCHHCICHHS TaKOBO:

Tpousgodnan dannolt @yuKyun ecms npeden OMHOULEHUA npu-
pawedns omoil @yHKQuL K RPpUpauenuio HesasucuMoz0 nepese-
1020, Ko0a amo nocAedHee npupauenue NpubAUNCAEMCs K HYAI0
KaK csoemy npedeay.

KU[‘IIEI npexnes 3TOT0 OTHOLHEHHS CYUIECTBYET H €eCTh KOHEYHOe
YHCJI0, TOMAA TOBOPAT, YTO AauHan Qyuxuus dudigepenyupyeta, Wi
4TO OHA mateem npoussoduyin (06NajaeT MPOM3BOAHOIT).

BeilenpiseieHHOE CJOBECHOE ONpPENENeHHe MOXHO JaTh B Gojee
cHaToll cumsoauneckoil (mamemaniueckon) hopse caeayomnm obpa-
30M.

Jana nenpepuiBras (yHKiis
y=r(x). (1)
[lycrs aprymenT x momydaer npupamenne Ax. Torma semmunya
3 QyHKUHI DOJNYUHT NPHPAUIEHHE AV, W HOBLIM 3Ha4EHHEM (QyHKLUHH
Oyuer
VA-Ay=f(x+Ax). 2
Yrober monyunts nprpaiiende Ay ¢yHEIMH, A0CTATOYHO BHIYECTH
ua pasencrsa (2) pasenctso (1); maxomum:

Ay = f (x4 Ax) — J (x). 3)

Pazgeans ofe 4acTi 3TOTO paBeHCTBA Ha MpHpalleHHe Ax apry-
MEHTa, HMEEM:
Ay fleAx)—flx)
i R ¥ (4)

Tax Bm,}np&deﬂ STOTO OTHOIIEHHS, KOrga Tpupaulenue Ax ap-
ryMenTa IpHOJHAKAETCA K& NPEAEay, DaBHOMY HYJI0, N0 TOJABKO HTO
JIaHHOMY CJOBECHOMY ONPEJEJICHHIO, H €CTh npoussodias.

Oxazanoch, MO MEPE Da3BUTHA ECTECTBO3HAHIM, 4YTO paspelleHHe
BeChMa MHOPOUHCHAEHNLIX H KpaliHe pasnooGpasHblX sajady CBOMUTCS K
BeMKCACHRIO npedeaos otnomennit suna (4). Ilosromy npedea orHo-
menus (4) noayqint ocoboe HMA ¢npoussodnass, W eMy JaHO 0Oco-
GeHHOE CTH/IM30BAHHOE 0003HAYEHNE, T4KOE, B KOTOPOM Kak GHl yie-
Jend AN Haweli naMATH c.edst CaMOro NpOucXONCOeHls ITOrO npe-
deaa. ViMenno npoussognas 0003HAYAETCH CHMBOJOM

dy
d_xl
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TaK YTO MbI HMEeM:

dy . Ay
5 mu = (5)
HaH, Gojee mompodHO:
dy . flx+4x)—f(5)
e e ©

ST0 paBeHCTBO W OUPEACHACT Npou3sodnyio om dyriyun y [win
ot f (x)] no nepesennomy X. ‘
[Ipouecc OTBICKAHHA NPOH3BOJHOR OT (YHKUHH HasuBaeTca dugh-

diepenynposanuen ee. _
Coaezyer XOPOUIO 3aMETHTB, HTO TPOH3BOJHAA ECTh HPEAGT OT-
HOMEHH, HO OTHIOAL HE OMHOWEHue npedesos, HED nocaemnes

OTHOLIEHHE BBHAY TOro, 4TO Ax H Ay CYyThb GBCKOHEYHO MajHEe, T. €.
0
HMEIOULHE CBOHM NPEXeoM HyJb, NO/LKHO HANHCATLCA B BHAE &, 4

STO €CcTh NOJHAH HEONPEAEIeHHOCTD. ’
§ 58. Pasjnuiaie oGo3naueHus _mpoussoanoit. o mepexona
K CBOEMY npeneay, SHauHuT, 80 GCAKRIE MOMENHIN 8peMen, npHpame-
HHA Ax M Ay BCerlla KOHEYHHl M HMEIOT ONPEIEVIEHHEIE YHCAEHHLIE
anavenus. [lpn 3ToM mepBoe mpHpauieHHe Ax, T. €. NPHPAIIEHHe ap-
PYMEHTd, Kai BCELEJO HaXOAALIEECH B HalIEM DacHOpSMEHHH, BCEria
MOMET OLITH B3ATO OMauinsiy om Hyas. [lostomy otHouenue
ay
Ax

9o cooezo nepexoda K npedesy e€CTh caMag HACTOAlas Gpols, nGo
A0 nepexona K npeaeny TYT €CTbh H YHCIHTE b M 3HaMEHaTeab, npH-
YeM 3TOT NOCAEXHMIl OTJIHHEH OT HYJId.
Korna ke Mbl OTBILIEM npedes STOTO OTHOLIEHHS, T. €. KOCZa
MBI BBEIYHCTHM HPO.I:[SBD,C[IIYIO
dy
dx’
TO 3Ta TPOM3BOJAHAH ECTh TPOCTO TOJIBKO OTBJAGYEHHOE ¥HCA0 (Kak
BCAKHI BOOOIIE NPENes) u yiKe He ApPoOh, HOO B STOM OTBJICYEHHOM
KOHEYHOM YHCJE, BLIMHCICHHOM Kak TPEAes, MBl HE B COCTOAHHH 60-
JIE€ pasNHyaTh HH HMCAHTENd, HU gHamenaress. [losTomy Ha CHMBOA
dy
dx
HEJb3A CMOTPETH KaK Ha HEH3MCHHYI Hacmosuyno 0polb, HO €ro
CIEAyeT paccMaTpHBaTh JIHIDL Kak Apeden HEKOTOPOil NEPEMEHHOH
ucrARHOH Apobu. Tor dakr, wto 3Ta mepemenmas HCTHHHARA Apobh

Vv
paHee nHCanack HaMH B BHIE d-—"_, OTNeYaTyieCA B HECKOJABKO CTH-
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JM30BAaHHOM 0003HaueHwH mpenesa 3TOH HCTHHHON apobn B BHIE
g Ho yuamuiics go/KeH NOMHHTH, YTO CHMBOJ NPOH3BOLHOM

a3y
dx

OTHIOAb HE eCTh HCTHHHaA JI.pDﬁb H 4TO NO3TOMY OTHEJBHLIC YaCTHIIBL
3TOro CHMEOJa

dy u dx

CYTh JHIIL CHMBOJHYECKHE (YCJOBHEIE) HHCIHTENh H 3HAMEHATeNb,
HE MMEIOUIHE B OTAEJNLHOCTH NOKa HH Ma/eillero 4HCJIOBOr0 CMEICJa,

d
ecau ux OpaTh nOpo3Hb. 3HAYHT, BCE HACTH CHMBOJIA T’é ABAAIOTCA

KDENKO CBA3AHHEIMH MeXay coDOH OIHHM ODIIHM CMBICIOM H HEOT-
JIeUMBL ADYT OT Jpyra (BPOjE TOro, Kak HEOTJAEJHME! OyKBhl | M g
Apyr or apyra B cumsoae Jorapudma lg N). [loatomy Ml A0MKHGLE

dy
paccMaTpHBaTh CHMBOJ o KaK HeYmo I;E.A"bﬂ!ﬂel.

i
To oficrosTesbCTBO, 4YTO CHMBO RPOM3BOXHON :I—Jé HE €CTh Ha-
crosllas Apobh, H MO3BOJAET HaM Tak CBOOOAHO OOPALIATLCA C 3THM

d
CHMBOJIOM, KaK MBI HMKOIIA HE DHCKHYJH GBI, ecad OB CHMBOJ d—:

OBl HCTHHHOM APOOBIO, € HACTOAMIHMH YHCIHTENEM H 3HaMeHaTeaeM.
Tak, npouspognan dyHkIHH

y=f(x)
HE TOJABKO Dﬁﬂﬂﬂﬂ‘{ﬂﬂTCﬂ B BHIOE
dy
ax
Han
df (x)
e !
HO Hake TaK:
d
it (X

1 B paasneitureM, wvenso B rnape XII (p yweunn o mndupeperunane), yua-

d
ufics MOSHAKOMMTCA C BOAMOMHOCTHIO PACCMATPHBATE CHMBOA NPON3BOANGH Eé“‘m

MCTHHIYIO APOGb, ¢ KOHEUHHMH wicauTesem u auaveuateses. [Moka me wntavean
d

A0MHEeH OTKazaThCA OT TONKOBAlMA CHMBOAA Ei KaK ApoGu 1 AoNMeH PaccMaTPUBATD

8ro Kag HeyTo ueasHoe, 6e3 uncaniean u Ges siamenarend.
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CH/ILHO ONYyCKasn BHH3 sHavox (yHKmuH f(x). 3M€Ch Ha cHMBOJ

d

dx’?
QUEBH/IHD, HAZO CMOTPETh JHIIb KAK Ha CJAOBO «/POu3BOOHAS», KO-
TOpoEe OH M 3aMeHfer.

Tag, HANpHUMEP, NPOH3BOIHAN OT GYHKINI J=x* MOMET OHTh HaNHCaHA

b Bije ‘fd{“‘? WK d—ﬂr (x%). Auasoruyio TPOH3BOAHAA OT (YHRKUNK
x X

y=38¢ —6x4-Vx
momeT OuTh ofoamaycia wepes

£ B —6x /5.

Vuauuricd OTMETHT, 4TO OTHOLIEHHE OpPHpalleHnit

Ay
Ay

do cBOEro mepexoxa K NPEAENy 3aBHCHT OT 04yX NEePEeMEHHEIX BeJi-
HHH:
a) Om HQYAALHO20 3HAYEHUS X apeyMeHma
H

b) om eeawtunst upupaujerus Ax apeyienmd.

Tak, HanpuMep, KOrLa paccMaTpHBanT IIJYHIIIIIETO y=x“. TO COrRaciuo coenai-
A
HLIM BLILUE BRIMHCASHHAM HMEOT IAf OTHOWIEHHA E:':-i EblpaiKeiie:

by .

A -
Ho worza HILYT HPEO.'EJ‘I 3TOro OTHOINEHHA 3'2 TIpHPALIEHH), 3acTa-

BHB TIpHpauleHHe Ax apryMeHta CTPEMHThCA K HYyJIi0, T. €. Aedad
lim Ax =0, Torxa, pasyMeeTcsi, 3TOT DpeLe

5 Ay

lim —=

Axepd DX
NEPECTaeT YIKE 3aRHCETH OT HCYE3aIoWero AX, NMOTOMY 4TO BO BpeMi
OTHICKaHHA YKa3aHHOrO Npefiena

‘ A

lim A_J’

Ax—0 8%
najvaJbHOE BHAYCHHE X apryMenra NPEANMONaraeTca MOCHIOSHHOLD Be-
VIHHHHON, 8 BCAKHH BOOO1LILE npenena HEPC;\IEHHOH BEJAHYHHBElI ECTh Be-

an4nna nocrosnHag. Ilostomy npexen lim gi’ , Oyayun BeaHYHHOI
Ax-+0



§ 58 PAZAMUHME OBOIHAUEHNA TPON3BOAHOR 137

MNOCTOSIHHOMN, MON(ET OKA3aThCA SaBHCAUIMM TOJBKO OT HAYalbHOrO
SHAYEHHA aprymMeHTa Xx. 3HauMT, 3TOT npened

: A
lim 33 =
Ax-0 8%
T. €. CamMa npoH3BoaHAR
dy
dx’

OHAMETCH BLIDAMKEHHEM, COAepkaluM Toabko OykBy X, H 3naumrt,
910 Oyuer Herwomopas Hopas OYRKUUA apeyMeHma X.

dra HoBasw (yHKUHA aprymenTa x, Gyayun psmaedena W3 AanHOl
dynruHn x=7j(x) aprymMenra x uIH, HHaye ropops, OYIYy4H HpOU3-
sedennot nannoft Qynxunedt y= f(x), 1 noayunsa no 3Toil NpHYHHE
UMA NpOU3B00ROIE @VHKULL oM Gannoil gyaryna Y= f(x).

To ofcTosTenscTRO, YTO 9Ta HOBas ()YHKUHS BLIBEAEHA M3 JaH-
Hoft (pymiuHy Y= f(X) ¢ NOMOUILIO HEKOTOPOro MNpOUECcCa WIH, eule
HHAUe, YTO OHa MPOM3BEAEeHa JaHHOH QyHxamedr v=f(x) ¢ no-
MOULLIO HEKOTOPOro Npouecca, 4acTo CTaBAT Ha BHI, oboanayas npo-
H3BOAHYIO NPOCTO TAKHUMH CHMBOJAMH:

¥ owm f(x),

T. €. nocranopkoit BEepxy Qynkuun ydapenus, win wmpnxa ().
Taxuy o6pasoM, ecin AanHas (QYHKUMA €CThb

y.:f(x},
TO €€ NpPOH3BOJINAEA NHLIETCH Wecmsbio cnocolaMu:

dy df (x)
d_Jé HIH -——dx -

E‘f—{y WIH %f{x}.
Vo oum f(x).

Haufiosiee 4acTo Aasi DPOH3BOAHOH OT aannoii diymkumn 3= f(x)
 IHWYT PaBeHCTBO:
dy -
= (x),

ydTas €ro BCAVX caeiylomum obpasoM: npoussodwas om y no x
pasia g wmprx nKc.
Cumsoas e

d

dx’

paccMatpuBaeMulil cam 1o cele, HaawBaeTca suarconm dugidepenyupo-
ganus 1 NPOCTO NOKasblBaeT, YTO (YHKUMIO, 33 HHM HaNHCAHHYIO,
uyunHo npoanddepennuposats no Gyise X.
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Tpumep. Bryucaums U U300pasums npoussoinyio om @Gyurgun y=— x*.
Pewenye. Coraacio cAeaaiiibis Beille i STOH QyHKUWILE BEYUCAGTHAM HMEEM

i Y pppamene B ¥ - dx. 3acran)
248 OTHOMENNA NpUpALENi 5= BRID g s Jifisl B 3TOM pa-

pelicTEE DpuUpallenie apryMenta Ax CTPeMHTLCA K MYJ0, T. e. zeaan lim Ax=0,

A
wa uaxonny lim Ef? = 2x, nbo Ax ecTo GECHOHEMHO MANOE; 3HAYNT, NPOHIBOR-
Ax—+0

nas o7 GyHEW 3= x* panua s TounocTn 2x. Hailnennwiil pesyabtar sanucwisaior,
Hakouel, B BAe OIHOIO N3 WIECTH PapeHCIB:

B g By gy 28 0y Lm g ay—

o=t gy =in g =2x% —ps =2 Gr () =2k () =21

§ 59. Muddepenuupyembe dyniimd. JIerko suaers, uto mos-
Ko wenpepusube Gynkiud ¥ = f(x) MOryT 06/1aZaTh NPOH3BOIHLIMH.

JleiicTEuTensHO, pa3 TpousBoiHas OT QYHKUHE Y= f(x) cyue-
cnigyen NpH HAYaJAbHOM SHAYEHHH X apryMeHnTa, TO 3TO 3HAa4YHT, 4TO
OTHOIIEHHE i—i ecTh TNEpeMeHHas BEJIWYHHA, CTPEMSUIAACA K COBEp-
IIEeHHO ONPEAEJEHHOMY KOHEUHOMY UHCJOBOMY Tpefeay (k mpousson-
HOit), KOrja mpupailienue Ax CTpeMuTcd K Hywo. CienosaTessHo,
TEM CAMBIM 3TO OTHOHICHHE ECTb OZPAHUYEHHQS NEPEMEHHad BeJH4HHA
(§ 38). C npyroit cToponkl, BelMHYHHAa AX €CTh Decionetno iaias,
noo no ycaopuo limAx=0. A Tax Kak NPOH3BENEHHE Or PAHHYEHHO!
NMEPEMEHAON BEJTHYHHEI Ha BEJIHYHHY GECKOHEYHO MaJyIo ecTh OnfTh
BesiunHa Oeckoneqno mazas (§ 39), To OTCIOZA CAEAYET, YTO NPOM3-

BEJACHHE A
Y A

€CTh BEJHYHHA OECKOHEeYHO Maaas. 3HAUUT UMEeM:
limdy=0.

A sto m ecte onpedesenne Henpepsisnocmu giyaryun P = f(x)
B Touke x (§ 48).

Takum 00pasoM, pa3apsinbie @yHKUL 3a6e00M0 He UAMEIONt Hu-
Kaxoi npoussodnoll 8 motKax paspsieos. :

OnHako oGpaTHOE SAKIIOYEHHE He BCErAa BEPHO; B CaMOM Jene
B H4CTOALUEE BPEMA MSBECTHBI (YHKUHR, KOTOpIE, OYOy4n Henpepss-
HuAM, TEM HEe MeHee He umeiom npoussodwon. Ho tawme dymiun
BOOOIIE HE BCTPEYAIOTCA B NPUKNAJAHON MaTeMaTHKe, a 8 N0 KHuze
aydym paccmampusamscs moAvko dugigepernyupyensie QyrKy,
T. . (yHidHH, HMEOUIHe MPOH3BOJHYIO /A BCEX 3HaYeHHH He3aBH-
CHMOrO NEPEMEHHOr0, 33 MCK/IOYEHMEM, PasBe, HEKOTODLIX OTAENBHBIX
€ro 3Ha4eHHil.

Mocrpoenue wenpephisubix ynkundl, ne wmelomwux npowsponnofl, seaseTcs

NOYUHTEALHBIM SMHI0A0M B HCTOPHN MaTeMaTHKH. Buavane NpocTo CHMUTanH, 4TO
peaan ynikwm f(x) nueer npoussoanyio f'(x) Bcogy, KpoMe NCKAIOWNTEbHBIL
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wicaenibix sHadsennit aprymenta x. IMo stomy mosoay rosopuan: «Her aswncenus
Ge3 CKOPOCTH, KpuboH Ge3 wacatensuol, dydxuun Ges nponapognoiis. [Motow B ia-
yuiOe CO3HANNE MOCTeNeHHD CTana BXOANTHL MBICAL O HEODXDMMMOCTH HMETh Touloe
10KA33TeNbCTHO CyllecTBOBauuA npoussoanoil f*(x) y ncaxoit nenpepwimnoft dyink-
win f(x). Ha pamuocTs, mMen WHAMBHAY2JLHYIO Henpepubnyio ¢yuxumo f{x),
KL a3 JOKA3IWBATL CYUlECTBOBAHHE €¢ NpoManoanoi J” (x) co Bcewn onpene-
JEUHOCTRI0 HACTAMBAN wam suameuntuiii reomerp H. H. JloGaueeckuii eme 3agoaro
A0 passuTid kpuTHdeckol teatensnoctw Beflepmrtpacca. 3arem Gman cnenanst
CepbesHsle TONbITKN W3BDECTHEMH MaTemaTnkamu (Ilioramess w gp.) AokasaTth s10
cylecToosanne. BeayCnemuocTs STHE NONLTOR TEHNeph MOUATHA, NOTOMY 4TO XOTean
HOKA3aTL JOWHYIO Teopesy; W, aeHCTENTEnbUO, BCAKNK paa obuapysBanoce, v1o,
KpoMe HEnpephiBHOCTH, Gecco3naTenbiio BUOCHIOCH B NPOIECC AOKA3ATEALCTRA elle
KaKoe-unGyab OrpANNYNTENbHOR MNPEATOI0MEenie, HANpuMep, 410 kpumas y= f(x)
CONEPIKAT AYTH ioHewnoft naniel. 3atem BellepuwiTpace naa npumep Henpepusuoit
diyuicuun f(x), ne umewmedl nponasoanoll. Ho, npu paccnenonamiy, ero npusep
oKa3aACH i@ Bnoane yGenuTennibM, Tak kak w ero dynsund f(x) B aelictenTten-
HOCTI MMeda NPON3BOANYI0 f(X) B HEKOTOPBIX TOUKAX BCAKOZ0 NPONABOALIO MAAOIO
npovexcytia 6. Hakonen, A, C. Besuxonny jlan pematomuil npuMep nenpepuisioii
dyniuann f(x), aelicrenteasno ue nseoutedi nponssonnoit (konewnoit wan Gecko-
weunoil) 11 B Kaxoil Touke x ocn OX.

Henpepmsipe dyurkim Ges nponasofioll noka He NMEIOT NpHAGKENUH B Tex-
HUKe, O PUIMEN JeJN0T NONLITER COAMSNTL MX ¢ GPOYHOBCKHM ABIGKEHNEM Ha-
CTHLL B 2KILAKOCTII,

& 60. Oduee mpasuio Oucpepenuuposanus. HMa onpegenenna
TPOH3BOAHON caemyeT, 4To mpouecc audhepeHuHposanns QyHKIHN
y=f(x) pacnajaercs Ha CIeAYIOUIHE OTAE/IbHLIE CTYNEHH.

[lepswit war. B giyuxymo smecmo x nodemasgaseat XAy,
ymo daem nosoe 3natedue @ywicguu, m. e. y-Ay.

Bropoil war. Bemumaen dannoe 3natenue gyaiyun uz ee
HOB020 3HAMERUS U M@iKUM 00pasom Haxodusr usanuer Ay (npu-
pawenne ghynicgun).

Tperuii mar. [Jeaus nsamuerx Ay (npupawenue @yuruyui)
na Ax (Ha npupaiyenue ne3asUCUMOZ0 HEpPeMENH020).

Uersepro it mwar. Haxodum npedea uacmnozo, woida Ax
(npupatenue He3aoucuio20 NepeMenrozn) npuiAuNCaemes i npe-
deny, pasnomy uyaw. Imo u Gydem uckoisas npoussoonas. -

Vuamuiicss Z0KeH CaMBIM OCHOBATEJBHBIM 0BpPasoM YCBOHTH cebe
9T0 NPAaBHJIO, NpiIaras €ro K BOIMOXN(HO GOMbIEMY UMCTY TPHMEPOSB.

Tpu mozo6HBIX NMpUMEpa NPUBOAMM CO BCEMH ACTANAMH BBIYHC/E-
puii. CJAELyeT NPHHATH BO BHHMAHHE, YTO B YETBEPTOM Iare
No/B3yI0TCA TeopeMamu o npeaenax (§ 40), mpuuem paccMatpuBaioT
OyKBY X KaK HOCIMOSAHHOE.

NMpumep 1. dAnddepenmuposats 3% 45,

Pewenue, Tlonowns y=3x" 45, npuiaraem nocienopaTeabhble WIACH, YKa-
samibie 8 o0mwe npasiie,

Mepowi war.

Y4 Ay=3(x 4 Axf - 5=3x" 4-6x-Ax - 3(Adx)* 4 5.



140 AP PEPEHILIPOBAHHE . vil

Bropoi wmar.
v Ay—3xf 6r.Ax L 3(AxP L5
¥ =3x* :ts

Ay= b Ax 3 (Ax)
Tpetnit mar.
Ay _
3;—514-3‘41-
YerpepTuit mar.
dy
dx_ﬁx.

Moo HanucaTh OTBET elle Tai:
2L s
y =E(3”’+5’=5‘“

NMpumep 2. dnddepenun i T.
Pgmemfe. ﬂunar?e.ﬁ e azdel
=x'—2 E
Nepawmii wmar, iy e
YAy =4 8xP — 2 (x4 Ax) L T=
=xl+3x2'nx+3x'(ﬂf+('-\-¥)ﬂ—2x—2-d_\:+7_
Bropol mar.
_,_{+ﬁyfj;+3x“-ﬂx+3x-(ax)=+mx}°~2x_2-.s.c+?
2 = —2x G
Ay = 3x‘-.ﬁ_\:+3x,(4x):+mx]-. S

Tpetnii mar.
)l
Gy =30+ 3 A - (A — 2,
YersepTHii mar,
E-;:?ax’—z
Hau

2 ol
Y=o — 204 T)=3x — 2,

Npunep 3. Muddepenunponar, £
Pewenne, Tonaraeun £
= i
Nepowmii war,
» _J_\JI AL £
(e AxP?

Bropo#t war.
Ay=—"C ¢ —c.dx(@x-}Ay
i e e T it i Bl

Tpetnit war, AR TS X x4 Axp
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Yerpeproli mar.
Ay SRy e ol
ax T )
LR
,,__rf_ e 20
Y =dz\7 ot
SALAUH
Judnpepenunporats cnepyoutne GVHKUI, NONLAYACH OGUINM NPABHADM.
— 42 dy __ = ]l NS
1, y=4x% OTB. ax_Sx. 4 y—= T Ots. }'——"—x‘r“_
- . gy i el i 2x
2. y=3—x% » i 2x. h’-‘_.“—t‘-}-]' )I__(—-x’-i—l)'
—n ds _ ¢ = o b=t
3. s=2—15L 3 mr=h 16. "_u”—]—l' » u =@ FIr-
> da 2 at++ b ad —be
=0 —30. —— =30 —3. = . T
4 p g = O i L e
2 dy 18, y=(x4+2% » y=02x14,
5, y=mx—+b. » :;—x_.m. ;g y=‘.;>x’—6x-!-?.
—— 3yt a9 o gy gl L s=4 — 20,
6. z=3'—20  » Sp=6—6L p=93— 30,
SRS , dv__ 4  2y—@—ax
B dx= %' 23 y—(x1)(x 9.
_x £ R 24, y=3 -+ x)(4 —x).
s T e 95, y—(b-t 2’
ds 2 2 —2x
< - UG oE =
s =y R oiFIp: 28 T
] e A k2
10, p= - » P =g Bry=13
bo. e e
ILy=gx'—x » y=x-L 2Bs=;—j;.
| —=x - 1 =
12 y=——" Bt 29.;_2x+—l.
; % g ey
l..’..y:l—_-—;:. » ¥ =z 30. — ¢

§ 61. T'comeTpuuecknil cMbicl TIpou3BoANOH. Meur ceiluac pacemor-
pHM TEOpEMy, ABIAIOULYIOCS caMoif OCHOBHOH BO BCEX NPHJIOMKEHHAX
audepeHHANLHOro HCUHCACHHA K reoMeTpHu, Jlan storo Heof-

KOOAHUMO HANOOMHHTL ONPEACSEHHE

Kacameabiol 1 KPHBOH  JIMHHH

B Kakoi-nuby b ee Touxe M.

Ha uepr. 72. cexyuias S npoBelieHa Yepe3 MaHHYIO HEMOUBHKHYIO
touky M kpusoit u uepes Gamaxylo k Heil Touky M', Taike Jedica-
uyio Ha kpusofl. [lycts M’ asuicercd 1O KPHBOH H GesrpaHHuHO
npubmmaerca k M. Torpa cexymas S nopopauusaerca oxoao M i
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ee mpenenLHoe noJoxenne T M ecThb KacaTelbHAas TPAMad K KPHBOH
AE B Touke M.

[lycTh, AeRCTBYS, HaMpHMED, NPHEMAMH AHAJHTHYECKON reoMeTpHH
Ha MJIOCKOCTH, HaM YJAdaJOCk COCTAaBHTh YpaBHEHHE B JNEKAPTOBLIX
KOOpAMHATAX AMA KPHBOH AB, H NyCThb 5TO YDABHEHME, DaspellleHHoe
OTHOCHTEJBHO OpAMHATHI ¥, 6yjeT

y=r(x)
B stom chyyae 3Ta KpuBad fABUTCA rpadmuxom dymxumn f(x).
r
i
A
2,
az
£
a z e
T / ) o7 4

Yepr. 72

Byzen reneps Xiddepermponars dymauno f(x) no o6memy
npasuay, NPHYEM MEL GyneMm HCTOAKOBBIBATH EOMETPHUECKH I A-
AcAniE War STOro NpaBuNa wa yepresce

Mg mauanm € TOro, 4T0 B3maM ug kpusoit Touky M(x, y) n eue

apyryio Touky M'(x--Ax,
wa_ scpuzod. 1 y--4y), ounskyio K M, Toxe Jexalulywo

ITepperii mar. Ay — —pa
Bropo# mar. i:idf,____{:%: i‘ﬂ ;gﬁ
= = f(x) =PM=P'Q

W=FflxFax)—fx)=QM

Tperuii mar, }‘,’:f_(:‘i;!'_ﬂ-f} —flx)__ QM __ Qar
20 xRN
=18 QMM =tg b —ranrency HaxsoHa ce-
kyuieid MS K ropHsoHTy
(T. e. k oci OX aGenpucc).
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3HaynT, OTHOLICHHE TpHpauteHHs Ay QYHKIUHA K NpPHPAIIEHHO AX
apryMenTa €cTh HE YTO HHOE, KaK TAHPEHC HakJoHa ' cexylleii, Tpo-
senennoll uepea Toun M(x, y) u M (x--Ax, y-+Ay) rpadmka
ymxum fx).

Ina reoMETPHYECKOro WCTOJKOBAHHS WYETBEpTOro Iuara Mbl pac-
CMATPHBAEM X KAK BEJNHUHHY nocmosaniyio. Beneacrsue 3Toro TotKa
M ua xpupoit nenodsuycra. Ho Ax HauMHaeT wW3MeHAThCA B Gesrpa-
HiYHO NpHOJHKAThCA K myJo. Coobpagno sromy, Touka M’ mpuxo-
ANT B [BHMEHHWE W HauuHAET, OsHzasch HO KPusoi, BEarpaHMUHO
npubaKaThes K M, Kak Kk cpoeMy npeienbHOMY noaoxennio. Ha
uepreie

$=mnaknouy cexyumeit MS;
T— HaKJIOHY KacatenbHoil M7,

3uaqnT, HMeeMm lim (P —=, Tak Kax TaHTEHC eCTh (p}'il}ﬂ.ﬁlﬂl Henpe-
ax—0

puisras A BCEX YHCIEBHHBIX 3HauYeHHil aprymenta (kpome sHadeHuit
BULA M <, T/ 1 MONOKHTENLHOE WA OTPHIATEBHOE HEYETHOE

yiCa0), TO TEOMETPHYECKHIE CMBICA 4ETBEPTOro Imara OyHeT ciae-
Ay touiiz
. dy T
Herseprolil mar. = f(x)=limtg d=tg~=
& Ax=l
= MAHEHCY HAKAOHA Kaca-
measrow MT.,

Tariy 06pazodM MBI TIONYUHIN BaKHOE TIPEAJOKEHNE:

Teopema. Yucaeunoe suavenue nponsso0noll 8 KaKoi-Hugyds
MOYLKE KPUAOH pABHO TNAHZEHCY HAKAOHQ KACAMEALHON 8 amoii
moYKe Kpugoll K 20pU30HMY (m. e. Kk Oct abeyucc).

ITa-T0 MMEHHO 8aJaya O NPOBEJEHHH KACATENBHON W TpHBEda
Jleiibnnia °, Co CBOEH CTOpPOHBI, K OTKPEITHIO mAddepennuaibioro
HCYHCJIEHHHA,

Mpumep. Haiitn nagions kacaveqbuwix & napadone y=—x* o pepumue u s
rTe—,
TOHKE 9

! B nanvuefies, rORopA 0 «HaiAoMey, MBI BEIOLY ODymeM nMeTh B BUAY, HTO
Hakaon —sT0 yroJna, oGpasyesmsd asunueil ¢ ocbw abocunce OX,
peerga npruismaenolt aa zopuaonm.

* Jeitbuuu (1646 — 1716), nemewnit yuenwii, 6uia ypowenueym Jlefingura. Cee-
peuna of atom fanel camiy JlefiGunuem B ero antoduorpadim.

Ero srigatouiance |i305pe1‘a1‘enhuan CHMla CKa3aNach OpPHIHHANbHBIMH HCCASLO-
BaNpAME B padandunx ofuactax sdaung. Ceoe oTkpuiTHe  nudepeupanbHoro
NCUHCAeHHN BUepspie oi obGHaponopad B GoOpMe KPATKOH 3amucku, nodsmpmeiics ua
cTpaunuax yyenoro mypuasa ¢Acta Eruditorumy s Jefinuure, 8 1684 r.
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4
Pewenue, Nupdepenmpyn no oSuleMy NpaBuuy, uMeeM E; =2x=

— Tairency HakioHa KacateabHolf B MpOH3BOALHO 3anaHmoii Touke M(x, y) kpusol.
y Yrobnl HaliTH HAKAOH KacaTeabuoll B Bepuinme napa-

Y Goant, mosaraeM x="0 B Bulpauenns 1A d_g_.'—)m HaM faet
1}
LA
dx
3naunr, KACATENbHAN B BEPIIHHE, IMEA HYNenoil HaKIoH,
n:lpEl.l'i.‘.[chbllii. OCH aDCUHCC H, B lalleMm cnyuae, I'lpDCTD COB-
T nagaer ¢ Heil
l/ 5 Hro6bl HaHTH UAKION KacaTeasnod B Touke M, rie
1 1 d
o X X=-5, MEl NoJaraeM x==-5 B BEIPaMEHUN iR % 10
- - [
Yepr, 73 HaM jaer
ay
._.J_=1_
dx

BuaunT, Kacateasuan s Todke M aeaaer yroa B 45° ¢ ocbio aGcwce (vept. 73)

SALAYH

Haiit andupepenunposainen Haknon wacatenasnoll ¥ Kaxciol na caegyiomux
KpUBLIX B ykasanuoi Touke, I1poBepnTb Pe3aysibTaT, BRYEPTHE KPHBYIO N KaCATElb-
HYI0 npAMYIO.

1. y=4 — x* Tmouka x=2, O1B. — 4; 104°2",
2. —4x — x*, o=ty 0 0o
[
FLi y:i\_, x=3. » —1:135°,
4 y=nt—%, > — i 1539269,
5. y=x*—3x, » 0; 0o
6. y=2x — x° «» o =1, 135°.
B xawnoli w3 tpex caeayioumx sanaw nafiti: 1) Toukn mepeceneuns paunoi

MApLl KPUBBLX; 2) Hakioll Kacateasnoil k Tol 1 K gpyroit kpusofl; 3) yroa Memay
KacaTeAnMBIMIL B HX TOMKAX nepecevenns [om. ra. I, § 3, (2)]

Top=2—a*

j: . Ors, Yrox nepecevenus = are {g j —53°8".
8. y—ux*—05, ;

y=38x —3. »  arctg3=T1934" u arcig 1%23559._
e t 8 9304

Y=T+42x—x% P Arctg oy =28°4",

-3

10. Haittn yroa nepecevernis ABYX KPHBBIX: p=="— 5 y=F6—x* B T0uKe (2,2).
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auddepenunponanng e B suae nnddepenunaisHOro UCHICASHHA KAk Takosoro,
T. e. e B OJILeM BHAE, HO [0JB30BAACA STHM NPHEMOM B OTAEJLHKIX KOHKPETHBLX
cayuanx, KaMALH Taxol cayuait paccyatpupanca aanopo. Takolf ke momxom Guia
Y aHTHUHEIX MaTeMaTHKOR, KOTOPHIE MPH PacCMOTPEHHH KOHRYECKHX cedennli way-
uajn KOKAYIO 3aAady 8aHOBO, Oe3 CBA3M C palee PEINABIUINMHCA 3anayami. Jhuum
lekapT, C OTKpPHITHEM HM auaAMTHYECKON TeoMeTpHR, PALNMKANBHO HIMEHNI MOAU-
Wenne men u, Boend oommii MeTOm &xpusstx 2-20 nopadian (BMECTO paccMaTpi-
BABUIMECA OTASNLHO KOUHMECKHE cevennii pasnuuimX THNOR), cpasy Aan ofuiwil
Kauolf g peulenis sTOro pona 3ajat.

Teifi6uny — no XapakTepy CcrRoero yma— Gbi qoziur. On nepspifi nodowia
OCHOBBI (l!lll]ﬂ)‘lll‘l(!f.l{(]ﬂ sornku. Ero neao B 970M OTHOWEHHN BHOCAEACTBMH pa3-
pncnocn o Aaso MecTo pany NCCAenoBaHiH IHO CUI}]’IEMG\!!I(I“ «'leupemqecuoﬁ JA0-
Fuiey, JlgliGinm, HacTanpas Ha NPaKTHUECKOH BamuocTM Takoll Normkm, roBopna:
«Bemmaiiumﬁ JHBOMNCEL HE MOMCT DPOBECTH OT PYKHN 583}’1<DPTlSIIEIII[0 MPAMY I
AMHHID Tak, Kak 5TO MOMET CAenaTh peakull, node3ynck annelixoiis.

Takus o6pa3oM, cOCTABIEHNE KanoHa AnpdepeHunaIbioro HCWICAEHIR BIOIE
Guao B cTHAe neaTeapuocTH JlefiGnHLa, CreNaBmiero ero B CTOAb COBEpPHIeHHO
tupMe, 410 1 A0 CHX nop, © 1684 ropa, ou OCTAETCS HEnanenbi.

Vuamiica no/mkeH HE TOJBKO Kamayio (opuMyay YIepmaTb B
NAMATH, HO M YMETh COOTBETCTBYIOILEE NPABWJIO BRIPASHTH CJOBAMM.
B stux dopvyaax #4, ¥ H @ 036a4al0T (YHKIHN OT X; BLe STH
dyuium npeanonaraioTes Anddepennupyempini,

Popuyar Aas aaddeperuupoBann

L 22=0.
I Z—.
Bl Sete-m=0i -3
1. %{Cﬂ)=cj—;.
V. %(uw}:u% ‘Bj—::.
VI &@)=nr—2E.
Vi*, %(x"]:n.x”“.
W (2 Y
. a(‘&)”—_‘T‘-
du
i, 2 (2)="=.

VIIL dy _dy du

d = du dx 30€ch ¥ ecms fynrgus om u.

dy 1
1X, e adecs y ecmiv Pyurgua om x.

dy
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§ 63. JudpepenuupoBatne noctosnnoro. OyHxuus, o KoTOpoii
H3BECTHO, YTO OHA COXPAHAET OAHO H TO e auayenue (cM, § 23)
AT BCAKOCO 3HAYEGHHA HE3ABHCHMOrQ NEPEMEHHOr0, €CTh HNOCTOSHHOE
KOJHYECTBO, H MOXKHO ee 00o3HaunTh Oyknoil ¢:

y=c.

Korna x nonyuaer npupauiende Ax, QyHKUUS HE H3MEHFET CBOEH
peJHuHHBL, T. €. Ay=0, u
£y

ax:D'
[TozroMy Mul HMEEM H
lim ﬂ':o,
s 0 8%
He
Ay d
|Im( );-_J"
s3es 0N DX dx
Cre10BaTENLHO,
dr
L. a0

Wrax, npoussodias nocnosnnozo ecmy Hy.as.

STOT PesyJIbTaT JIErKO MOMHO ObI0 npedsiuets. Hoo reomerpr-
yecKoe MECTO TOUEK Y==¢ €CTh NpPAMan JIMHHS, NApaJJeNbHas OCH
abrINCe; 3HAUNT, €€ HAKJIOH K TOPH3OHTY pPaBeH Hymo. A TaHrenc
HAKJIOHA W ECTh NPOM3BOAHAS.

§ 64. Mupdepenuuposanne NepeMeHHOro M0 3TOMY e CaMoMy
nepementomy. Lycrs
y=x
Caenysn obueny npasuay, Mbi HMEEM:
[Mepsrulif war.
y-bAy=x-Ax.

Ay=Ax,

Bropoit mar.

Tperuii war.
a
=1
UerpeprTu il mar.
dy
a N
Cue 1OBATENLHO,
1. de

x— L

Wrak, npoussodnass nepesestozo no SMOAY caioMy nepemen-
noxy pasia edunuiye,
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ITtoT PE3YARTAT TaKME JIErKO MOXMcHO 6BIIO npeaBiieTh. Héo
HAKJIOH TIPAMOI Y = X K TOPH3OHTY PaBEH 45°, atg 45° paBeH enuHHLE.
§ 65. duddepeHuupoBanie CyMMbl (anredpauuecioii). [lycts

y_—_u—}—'v——w.

Crenyn ofwesy Npasuiy, WMeeM:
[lepBobiit mLar.

y+Ay=up-tdu—+-v--Av—w —Aw.

Bropoii wmar.
Ay=Au-Av— Aw.
TpeTnit war.
Ay A dv  Aw
Ax= Beh &% Ayt
H Tak kak nmeem:
An du o gl iy

—— lim —=-—
Aeso D dx’ g8k dx’

To orciona caeayet (mo § 40):
Yerpeprhil war.
dy__du  du_ dw
dx dx Vdx dz*
CrenoBaTenbHo,
f d du duv duw
lH. H}(H—l—'ﬂ—w‘):—-

dx U dx  dx*

Tlonobuuiv e 06pa3soM IOKasLIBaeTCH TeopeMa u
YecKoi CYMMbI JI000ro 3aIaHHOrO KOHEYHOro Hicaa dvukimn

Hrak, npounssodnas aazedpauvecioil CYMALDL 3&5&&:{030' IKOHEY-
HOZO UCAQ PYHEWUL pasHa Mol Jice aizebpanyecior cVALMe X
npou3sodusLx. o

§ 66. [Muddepenuuporanne un
dynxuuio. [lycrs

ona anredbpan-

POH3BENeHNs moctosiioro Ha
y=co.

o ofwesy npasuay:
IlepBwlit mar,

J'+AJ'=C(9+Aﬂ]=CT"1—C-;&y_
Bropoi#i mar.

Ay=c:.Av.
Tpernii war. X

dy Ao

Ax K
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Orciona, npuvenss § 40, nmeem:
YUeTBepTHil war.

dy . dv
dx " dx®
Cune10BATELHO,
d duv
IV. zlcv)=c.

Hrak, npoussodias om npoussedenuss noCMOSHHOZO HA PYHKLIO
pasia npoussedenuio HOCMOSHHO0 HA NPOu3B0UHYIO OM PYHKLuU,
§ 67. Jucppepennpposanue Mpousseenus NeyX (yHxuui, [lycts
y=uv.

[To ofwemy npasuay:
ﬂepﬂuii mar.

Y Ay=(aAdu) (v A2).
BLinoaHuB yMHOMEHHE, Iodydaen:

Yt ay=uv—4-u-Av-+v-Au--Au-Av.

Bropoit mar.

Ay=u-Av - v-Au-t Au.Av.

TpeTuit mar.

Ay A An Ay
E-—H-:&;—t—w'a—’rﬁu'a—x.

[pumensa § 40 n sametns, Bo-mepBHIX, 4T0 lim an=0 u, Be-
Lx =0

Ay
BTODHIX, TO BCABACTBHE 3TOrO MNPEAEA NPOH3BEAEHHA ME ECTE

HYJlb, MBI HMEEM:
YerpepTolil mar.
dy du du
e T
Orciona

d du dit
V. o) =u g +vo.

Wrai, npoussodnas npousgedenus 0ayx ghynxunuii pasna nepsori
diyHiyan, NOMHONCCHNON KA NPOUSBOOHYI0 OM BMOPOLL, NAIOC 6mo-
Pas QOYHKRUSL, HOMHOJNCEHHAS HQ NPOUSBOOHYIO OM Nepsoi

§ 68. [uppepenuuposanie UPOU3BEACHHS A10G0r0 3ajaHHOrO
KOHEYHOTO HHCAA QYHKUMA. Pasnems obe wacru opyyan V na uo,
npuiaauM eil Bua:

i(rml} EE a9
dx __dx @
By W h it v °
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CrienoBaTeNbHO, B3fB NPOH3BEAEHHE X QYHKUWHA, TAE 2 ecTh

yueao sadarioe,
y—_-'ar,'vz vueUpy

MOXKHO HanuCaTb:

d do, 4 ... dv, dog 4
&I(u‘u....wn} a"_cl d—fo=Ja---"n3 _dx , dx , dx (vy0,...10,) =
T TR R O IR S
du,

do, dv, dy s

dx , dx dx dx
=ty T T e
Vmpoxup ofe 4acTH HAa .7, ...7,, HaifgeMm:
a du, du,
VL. dx (»y]fy= M T“u) =t ('z"r.'va AL ‘Z"”) H}"‘ + (ﬂlﬂn e ’Z"u) {a—‘ + P
I (= du,
B A .‘uu_‘)-‘?;.

Hrak, npoudeodnas npoussedenus 3a0QHHOO KOWEUHO20 HHCAA
fynryull pasia cynne scex npoussedenii, cOCMAsACHNIA YAIHO-
Jicenuesr npoussoonot om Kacool @yHKyuL Ha Npousselenue 6cex
OCMAABHBLX (OYHILUIL. .

§ 69. OunddepenuupoBanye HYHHOUE € TIOCTOSHHLIM ITOKa3a-
TeJeM crenend. [lpaBuao crene Hu. Ecanm Kaxkaeil H3 1 MHOMM-
TeJed B NpeAbIylleM peaynabTate GyAeT paBeH v, Mbl NOJYYaeM:

. d B i T R
VI. v (v")=nv 2
Ecmi v =x, pasesctso VI naer:
d
VI*E, % (= hnx"%

[Npapmao VI nokasaHo TOJBKO [AA COyuas m {yes0zo HoA0cH-
measrozo. Ho B § 98 Gymer nokxasaro, yro 3ra (opuysa ocTaercs
BEpHOR ANt KaKold Y200HO BEAHYHHBI MOCTOAHHOLO i, TAK YTO HMEEM
cAeayiounii obuuii peaysabTart:

?prHBHOdﬁ(IR ceneld ¢y.ﬂ'fﬂ;ﬂﬂ € HOCIMOSAHHEIM NOKAIaAMeaes
Pasia npouseecennio noKa3Iamenn He cmenent HYHKYUL ¢ noKasa-
meaes, eOuruyel MenbunM, U Ha npoudsodnyio Smot Gy HKGUL,

IlpaBHA0 9TO HA3wBaeTCA NPABHJIOM CTEmEeHH.

§ 70. duddepenuuposanne uvacthoro. [ycrts

y:%. =50,

[To o6uemy npasuiy:
INlepBoii mar.
1 An

y_l_dy:{.f-g—:.\u'
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Bropoii mar.

s _a+A4r  u__ vidu—un-dv

” y"_v-{—.'.\v v vy *
TperHit mar.

oy Uigo— g

Ax ulvl-Ay) °

IMpumensst § 40, me nveem:
YeTsepThlil wWar.

dn du
dy  Vax 'z
dx— gy e
CuaepoBaTenbHo,
Ufff —1r EE
d fuy “dx %
VII. e (;) = s

Hraxk, npouaaoam}x dpobu pasHa npoussedenuio IHaMeHamenn
Ha ;;pouasodﬁyfo YUCAUMEAR MUHYC Npou3sedexue HucAuMeAn Ha
poussodnyio SHaMeHamenrs, ace deanmen Ra ksadpam auasena-
mean.

Eciit 8IAMEHATe b EcTh KOAHYECTBO NOCTORNHOE, 10, NOAOHIE v=c B VII,
HMEEM:

d_r::
o 4 (B)_ds
VI, de\ e/ e
dv __ de
[II&DE—E_O]'
Mowno eme susecti VI na IV ta .
it
d(u)_1 du_dx
A\t er ittt

Wrak, mpouisodsan uwacmuozo om paidenciun @yMRgUIl Ha@ nocmonruuoe
pasHa npPOUIBOOHON Om @yHICUL, pasOeAerHOl KA SMO NOCMOANHOE.

Ecnu uMcanTelbh DyAeT TNOCTOAHHOM BEJNHYHHOE, TO, MOJOMKHB
n=—c¢ B VII, nanizem:

du
L(2)= Cdx
dx\v/— v
[ du ‘f_‘_]
LHGD dx_rfx"'o :

Hrak, npou3so0Has 4acmuozo om pasdengHus nocmosnHozo Ha
YHKGUI0 PasHa MURYC NPOUIBEOEHUIO NOCMORHHOZO HG NPOU3BOO-
HYI0 Om YHKGUY, PAIOEASHHOMY HA K6AOPQm PYRKGuU.
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C.ner.yﬂ BLIBEIEHHLIM A0 CHX NOpP NOpaBHjaM, MBI Tenepb yme B
cocTonanH anddepeRuHpoBaTh BCAKYIO ABHYIO aNreOpaHyecKyio (yki-
L0 OIHOrO He3aBHCHMOrO MEPEMEHHOro.

BALAYH

Koraa ysartca auddiepeninposaTs, T0raa yuauufica 10mKen NPHBBIKATL YemHo
auddbepenuipopars CAeayioune Qi
&

1. yp=x%
Petenne, - -
@ (x)—3n no VI* [n=
Jde ™ dx (= L=
2, y=—ax'— bz
Pewenie. d e % .
Lol (s e el i e n—
e (ax® — bx?) dx(ax ) = (Bx%) no I
— i L _“_ et
—‘delx) bdxixi— no IV
=dax" — 2bx. no VI*
o
3. y:.\:'-‘+5<
Pewenue,
dy o - fd 4 X
Hfzﬁ(xa)+3§(5)=§-‘:’- no II, VI* u I
4 y Lo +81/%.
b & ';/x 0
Peutenue.
by f By g —ay g ’
a‘x"—a,\:(ax )_‘E(T" B-)“f—;;—'x(sx’): no 1l
L T L Aty (S VRt )
=5—x“-‘[—-—é_x, “_{_%4,\‘ L2 no IV u VI*
5. p=(x*— 3.
Pewenue.
dy .. d
E‘:}:d(":'—-:ﬁ‘:ﬁ(.\:’—?p}: no VI

- lv=x2—3 u n=5)
=00 — B)f 2 — 10 (47 — 3)%

Mowno On 6RO pasaow

HTh o7 :
sarest upuaouits I u 1. Y thynkunio nocpencreom Guxoma. Hetotoua,

A MO yRasauuwii nyts Kopoye.

R e —————
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183
6. y=VEF—=.
Peuicnue,
X ks
ﬂ%:% {a* — %2 =-,::— (a*— 2% * :‘%{a‘ —xf)= no VI
[v:eﬂ—-x? n n:%—]
1o —= x
=5 (a® — %) (—2x)= TV E—a
7. yv=(@x"42) V14545
FPeuenne.
Ay s d i 1 d
= Ex ) (L 58T (145597 - Bat )= no v
lu=3xa+z n n.—_u+ax=;T]
5 1 " 1_"_ d =
= (3x* 4—2)-3(1 +6x%) . w524+ (1 +50%% 6= 1o VI
= (32 2)(1 +5x%) *.5x-6x. (1 +5x=ﬁ=
Sx(3% 4 2) S —
= T LGy Yl = T
V1ot e = Vitox
L %L x?
S R
Pewenue.
i i it L
dy fa* — x%) HZ{-‘“' -+ 2 — (a* - & )E (a'— "
dx = = no VIl

|

_2x@— )+ xfa b aY)

a
(@ —2n*
[ A
YMHOMUM QUCAHTEIL W IHAMEH3TETh A (af—x’}*l
_ datx—x°

(a*— )"
TMponrepuTs KAMAOE U3 CASAYIOWMX mudpepeHunponan il
0. ‘;_"xmx’— 2xt-5)=18xt — 2,
il B
e 32 — X% =b6x — 6x.
0. £mm-% X% =6x — bx

1. 5 (a4 bity=a+ 20t
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d r—1 -1
12. —(ax’~rx“)=ar(x — x4
if 5 ‘T
13, (sw +6) =y
14. ——(4x_‘ —Ix=—dx M
x? i
15, dx(rz—’,—bt—}-r )__',_,___x_a
1 L - =
16 ﬂ(aﬁ-—w"):z; e .
7
) 1 s
+ =% SEFALT
17,.&".(12: 12412 )59‘ = .
dt
A ey 2 Y
18 E(x —a ): T 1
= ! OmR. YV == ——
19 y-__—2]fx—- ?I"';' B V.t -I dx I/
Loott o L h %C-V-_'
20, g=2t0 oSG >']7; 2
Vi 2041
e 1 » = i
o1 r=VA— 7 DY N
S iE > YT
22, j,:]f;j-l--ix. = L 1
23, y= /48— 3x. e V(T—:!uq"
5x
24, y=VT+52" B e
5 | = » y':%_
25. y-—-.V-ﬂ,___'\; m:__xsli
a
» Flx)=—————y
145 : £
2. flx)= ]/ 2x]/l+x
L
g » Fill=—m ———.
) —=(2— 50" &
27. F(h)=( p =808
= ), » P () =230y (34 5y
2. P(=E+5) ! U’ 2G+3M
29, y:xm- a’x at+bx
3 d_s_l:u“_zz
DN @ i
o 6t —17
dy 2a
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Vo 9 Syt L S
50, jp:“_i;_.‘__.;x:‘;,DTB.—-gﬁ. 63. y 2__x X
. 2 64, y=V 12— 2% x=2
6. p=x p/2—xx=1 » . 65. y==x1 35 — & x=4,
61, y=@2x—3)5 x=1 V52x.
66, y=—1—"1: =
62 y= 3/ 2+ VA 2= o4 x %

& 71. Duddepennupopanne GyHKUUH OT hynrumu. Hanomunas
yqa[nemycﬂ' YTO NEpBbIe CBENEHH:, OTHOCALIHECH I TNOHATHIO «gﬁymf-
yun om @YHKYUU» W K €e HempepLIBHOCTH, Guin nanbt B §§ 33, 47;
Mbl OTPaHHYHBAEMCH 3AECH KPATKUM YKA3AHHEM HA CYThb mena.

UacTo CJAYYAETCH, WYTO pacCMaTpyBaeMas HaMH BeJHYHHA ) He-
HaBECTHA HAM HENOCPEACTBEHHBIM 06pasomM Kax @yrKuun
apzyMeRma X, HO JHIIL H3 KOCBEHHHX Cooﬁpa}xcuﬂﬁ Mbl
yﬁcmlmm, 4TO J 3aBHCHT OT X.

Uame Bcero 3T0 OHBaeT TOrAa, KOT[Aa ¥ CHAvYala JaeTcsd HaM
kax (DYHKIHS HEKOTOPOi TepeMEHHOIl BEMHUMHBL &, ¥ == (1), U TONbKO
BOOCJAELCTBHH ME! y3HAaeM, uTO M ECTh d]ym(l!.l:m apryMenra X,
u==f(x). B srom cayuae y smasercia Kocsennou (yuxumeir apry-
MEHTa X, YCTaHaBJHBaeMOlf yepes TOCPENCTEO MEPEMEHHOI BeJHYHHB
11, HA3LIBAIOUIEHCA APOMENCYMOUNBIN QPZYMENINOA, B OTANYHE OT
HCTHHHOTO (OKOHHATEJBHOTO) ApryMEHTa X.

JleiicTBUTeNBHO, Lenoyka ABYX OJHOBPEMEHHLIX DABCHCTB

y=y9(u), a=f(¥) (1)

) fICHO HaM ylcaabmae'r, qToD ﬂpll 3a1aHHOM YHCJEHHOM 3HaUCHHH ap—
TyMEHTA X BEJAHYIHA Y TPHOSPETAST HEHSMEHHIOLIEECS uHCJIEHHOE
SHAYEHHC; NPH H3MEHEHHHM Me X BEeJAHYHHA V TAKIKE CTAHOBHTCA H3-
mMengioneiica. 3uauuT, uepes .amgpe(?cmso ovicasl u, Y ABIACTCH Ka-
KOI-TO ONPEACICHHOH (yuiiueli aprymMeHTta X, T. €, Mbl IOMKHb
umers y=»F,(x),

YroObl oThICKATE 3TY (ymukumo F(x), Hamo npuobpecnn yMmedue
cAOmpens Ha GYK6Y u, chmoamyio N00 3HAKOM ©, He Kak Ha HE3A-
LUCUMOE NEPEeMEHHOE, HO Kak Ha OYHKIUOHAAbHOE spagcenue f(x),
upaMbse 00pasom sasucswee om X. DTOT TpHeM NPOYNTHBA-
HHa B OyKse o ¢GyHknHoHaabHODO Buipaxenun f(x)
Ha3b0AENCR UCKAIOUeHUCM NepeMEeNtO0 .

[IpuveHente STOro mnpuema npHBOAMT HAC K MCKOMO CJAOKKHON
Qyniiun F(x), HaseBaeyoit cgiyHRYIen. Om PYHKTIN:

y=F(x)=o[f(x)], @

namomeil TENEPL Yike HE!!OCPEJCHIHE.’HH}”O JaBHCHMOCTL BeJMYHHBE §
OT apryMmeHTa x,

B s
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Hanpumep, ecan

u=1—x"

Torga y ectb ¢ymiumMa OoT (yHxuud. Hewmouaa Gyxey u, Mel, pa3y-
MEETCHl, MOMEM BLIDA3WTh ¥ HENOCPEACTBEHHHIM o00pagoM
kax (yukumio aprymenta Xx. Ho, Boofie, nenaTh STO H3JHLIHE,

KOrjga HaM HYIKHO HalTH TOJBKO i—::
Bawwo sameruts, uro B pasencrsax (1) dyuxumn o u f cayn
no cebe (T. €. B OTHOWIEHHH HX X@paKmepucmui) HHCKOJABKO He
3aBUCAT OJHA OT Apyroil, nbo W xapyscias QYHKUHA ©, U SHYM-
pennas Gynkuna f MoryT GbiTh NOPOSHB B3ATH KaKuAtl Y200HO.
3eBHCAT APYT OT APYra TOJBKO MX aPTyMEHTH U H X.

e

[Npuctynas Teneph K OTHICKAHHIO TIPOH3BOAHON ’&i (yniayn ot

(iyHKUHH, BO3bMEM LENouKy AByX ONHOBPEMEHHBIX PaBEHCTE

y=yp(u), w=f(x) (1)
KOTOPLIE ONPEAGAAIT J KAk (YHKIMIO X Yepes NpOMEeIyTOHHbI
apryMest u.

OTciofa cueiyer, 4TO0 KOrja Mbl JAeM X npHpaiieHne (ceodon-
HOe) Ax, TO TOrAa © MOJY4YAET NpHpalleHHe (BhIHYMIEHHOE) Au
H TOSTOMY J MOJIyuMT npupamiense Ay. [lepica 3To B yMme, npume-
HHM OOLIEE NpaBua0 AW(D(ePEeHUHPOBANMA OJHOBPEMEHHO K OGeHs
(hyHKUHAM

y=g(u) n u=J(x).
MepBuii mar.

y-+Ay=1y(u-}Au) u--Au=f(x-Ax)
Bropoit mar.
_ytay=y@+an) | _ablu=f(x-fAax)
s =9(u) u =/f(x)

Ay =1 (u--Ay) — o (u) Aa=J(x--Ax)—(x)
TperTnit mar.
Ay g du)— o) Au_ fle4-8x)—f(x)
e e 1 TR e A Ax ¥

JleBwle wacTi STHX pPAaBeHCTB TPEACTABJICHHl B BHIE OTHOUICHHA
NpUpalleHus KKAOH (YHKIMH K NPHPAUIEHHIO COOTBETCTBYIOULETO
NePeMEHHOr0; MpaBbie e 4YaCTH JAI0T Te e CaMble OTHOUIEHHS
B Apyrom suge. [Ipexcie qem caenaTh mepexoi K npeneny, obpasyem
npoM3BeeHNe STHX 000MX OTHOMIEHMH, BbIGPaB AAA STOM Hean Je-
BLIE 4acTH.
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A
310 maer Sy 0 yTd paBHO 2' . Hanumem e Toxnectso
A Ax’ Ax
Ay Ay Anu
Ax du Bx® (2)

UerpepThlil mar. 3aCTaBHM cBO0O/IHOE TIpHpallenne Ax crpe-
MWTbest € Hyao, T. € caenaem Ax—0. Tlepexons k mpeneny,
TIOJIY YHM: %

oAy s . 1t
lim A_’: lim —_‘j—: - lim PR (3}
0% axn0 Ax-»0 A

Ofe ¢yuxunu @ i f NpeanoiaraoTcs ﬂ:id)tbepey]mpye:\m.\m: Ha-
pvucaads @ B TOUKE d, BHYTPEHHA Jf B Touke x. Tak kak us -
li;EpE[IllI{pyEMOCTH CleLyeT lI(’.l]]JeDb!BHOCTb, TO, HKOTHA CBODOIHOE
npnpauienne Ax CTPEMHTCS K HYJIO, TOTZld BLIHYIKIEHHOR NpHpallie-
pie Ap 00sf3aHO aBTOMATHYECKH CTPEMHTBCA K HYmMO. 3abwBas
Teneps O BHIHYNCIEHHOCTH NPHPAUICHHA AZ B CHMTafl, YTO €r0 CTPeM-
AepHe K HYJiO OOYCJOBJAEHO HE HEOOXOMMOCTBIO, & NPOHCXOANT
c80000HbtA  06pa30M, Mbl MOXNEM HEPENMHCAThb DPABEHCTBO (3) B Buge

el s Ay : An
lim == lim =+ lim —
ax—0 3% Bu—0 8 gy dx’ (4)
OTKY Aa 3amodaeM, 4YTo
dy_dy du__ ey f
VIIL. dx~ di dx 7 () f* (x).

Manomennoe KnaccHyeckoe A0KA3aTeALCTRO GOPMYAL! Nponsronuol dyukmn or
d‘!','lllilllil[, HCKAOUMNTENLND ACHOE H €CTECL TREHHOEe HMEeT npOTIIH ceon TO I‘JO]‘.I-
MiAJbliOe BO3pANENle, YTO GhiKyMedenHoe NpHpalenne Au 118 HeKOTOPHIR umCael-
HBIX auadennit Ax, OTAHUHBIX OT HYAA, MOKET CTaTh PasHbiM uymo, Au=0. M rtax
KiK AGAHTH Ha HYJb HE NONAr3eTcH, TO NOALICBAHNE TOMIECTBOM (2) aas Taknx Ax
HEBOIMOIND,

Ho sgech AOCTATOMHO ADGABHTL BCEI'O HECKOALKO CAOB B PaILACHEHHE, NTQGH
caenanioe Bo3pamenne OblI0 NOAHOCTLIO YCTpaHeHo. Jaa sToro HazoseM wnodensen-
HeAL) TE ducaennsie sHavenna Ax, Ax # 0, npu KOTOPHIX A OTANYHO OT My, 1t
«zanpenjennptamy Takne Ax, Ax = 0, 1pH KOTOPHIX An=10. Slcuo, 910 pasencing 4
ocTaerci Ge3yKopH3HEeNHD BepHBIM, Koria Ax crpemurcs K HYJIO N0 NO3BOAEHRBIM
HUCAEHKBIAL SHAYEHIAM, 0 UTO e20 npmmﬂ uacme o Mot c.'ly'me creezdr: PasHa

npoussedenuio &' (u)-f'(x). Tax xag am peakoro sanpeutennoro AX orHOWenne
Ay :
= =0, To npu cTpeMAeHuE AX K HYJI0 NO anpemleHHbIM BHAMEHIN, Mbl 06a3anm

HMETh g;: f'(x}=0. Buauur, xo2da [ (x) # 0, mozda sanpewennsx dx s6anan

HyAR He usteemcn, m. e. scaroe docmamowio sMaoe Ax ecmb nossoaensnoe, To-
STOMY B 9TOM CJAYH4ae Jesas 4acTb PaBeHCTSA (4) BhpaKaer HCTHHHYIO NpoN3-

BOANYIO ::—;_v , 4To 0 aoka3ueaer dopuyay (VIH) aan cayuan f(x) = 0.
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Korsga me Mm mmeem f'(x)=0, torma pasencTeo (4) morassiBaer, 41O npH

crpemnenut Ax—, 0 10 HO3B0ASHABM HUCASHHBIM IHAHERUAAN OTHOUWEHHE —é

crpemutcd K mymo. Ho Tak xak ans ncAkoro sanpeuieHsoro Ax Mbl HMEEM:
o+ An) —o(w)=248y=0,
dy

10 OTHOIIEHHE x TEM Gonee cTpemuTcs K uymo, korma Ax npubmmkaeTcs

K HYAIO MO SanpeiieiiiniM uncAeHunimM suavemuam. Suaunr, korma [ (x)=0, toraa

i
JaBENOMD  MMEEM a% =0. Drun opuyaa (VII) noauoctsio pokaszaua pan scex

cayyaes.

Joxasaunas dopmyna (VIII) uyeeT COBEPIIEHHO HCKIIOYHTEMb=
HYI0 BaXuHOCTD, ubo, B CYLIHOCTH, Ha OCHOBAHHH ee OJHOll Bejpercs
B MaTeMaTHYECKOM aHaause auddepenuypopanne BCAYECKHX Bhipaike-
nuit. IMosTomy yuanmiica He TOJBKO MOJMEH NOMHHMTH €€ HAH3YCTh,
HO 00f13aH YMETh €€ NPOYECTh CAOBECHOD!

ecau y=w(u), u=f(x), mo npoussodnas Hyurguu y no apzy-
MEHMY X pasia npounssodnolt @ywkuun Y no HpOMEINCYMOUHOA)
apey ey U, YMHONCEHHON HA NPOuIBOOHNIO NPOMEINCYIMOUHOZ0
[.'f‘?JZ_V."IJ'E:‘.‘HHﬁ o N0 OKOHYQMEALHOAMY apyuernmy x.

Mot BHANM  upe3BBIMANHYIO NPAKTHYECKYID Ba)KHOCTH BOMPOCA
OTHICKANNA NPOMIBOAHLIX (yHKIKIE or dynxuuil, noroMy uTo GOJb-
INHHCTBO ABJCHUH AEHCTBHTENBHOCTH BhIpaykaeTcs (opmyams ghiyni-
yow om diyurcyun, y=u|f(x)], rae hynxw ¢ 1 f B CBOWO 04epels
HE O4YEHb NPOCTHl, & CAMH 44CTO ABJAIOTCH ONATH GAYHKNUSMIL OM
@yrryui, W T, 4.

Ilycrs ae umeem Qyrxumo ot diymximm

y=9[f(x)} &)

BBoas npoMexcymounsi apzysienm #, Mbl 9TY CAOKHYIO 3ABH-
CHMOCTh Pa3dHBaeM Ha HENOYKy HBYX Gosiee IPOCTHIX 3aBHCHMOCTEIf:

y=p(u) a=j(x) (1
n rtoraa muddepeHuupyeM ¥ 10 X, OTHICKHBAA NPOH3BOAHYIO %

no npasuay (VIII).

NMpumep 1. Jawo y=2u*—4, a=3x"41; wuaiitu g.
dy dy duo dy dn

M. i —du 1 —=—~06x. 3nauuT, NogCcTaBARA CIOAA
Pewenue, T g e e e » Toxy o

d
Halpennyw NpOMERYTONNYI0 NPOHIBOINYI0 d—:l U OHOHYATEALHYIO [POH3BOAHYIO
du
bt UM
2% 1ony
Y. 2
ﬁ...xm Gr=24x(3"+ 1)
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oL
Tlpumep 2. Mano: y=(x*-} 3)!%; uaiitn 7{%
Pewentte. Paadusas RaUHYI0 CIOKRYI QYHKIHO y=(x‘~c}f— 3}““duu UENULkRY
- L dy 'y du 3
ABYX Gonee mpocTHX aanicuMocTeli; y = u'', = x* - 3, uneen: i dn T TAE
‘-‘-‘Y= 1002* u 'd_uz 2y, Cnegoparensio, NOJACTABAAN, HMEEM]
du dx
j_J' — 1007 2 — 200.¢ (xE - 3,
X
Korma HMEOT [eno He ¢ ABYX3BeHHOH, a ¢ Gonee mmuwHoi ne-
TOuKOiT 3aBHCHMOCTEIl, HampuMep, C UENDYKOH H3 TPEX 3aBHCHMO-
crei
y=g(a), a=db(), v=7[(x),
Torja, mpuMeHas ABa pasa dopuyay (VII), umeem:
dy _dy du du__ du dv
dx du’ dx dx  duv dx’
OTKyZa, NMOACTARIAA B NEPBOE PABEHCTEO HaliIeHHOE BLIDajKEHHEe Jas

lﬂ: 3 510.’[)"-!8&.\{ OKOHYATEABHO:

dx
dy dy du du
dx~ du duv dx°
QopMyJdly 3TY CA0GECHO MOMKHO NPOMECTL TaK:
npou3so0nas @ynrcygun om Gyncyun pacha npoussedennio scex
nocA008AMEALHELX RPOMEICYMOUHbEN NPOUIBOOHBYX HE NOCAeIHI00
npou3OoHYI0. +
§ 72. 006 owndKax, wacTo cayualoumxcs npu Anddepenuupo-
panui ynriun ot dyaxuuu. Dopmyay (VII), serencmnyio ans
caydas caMOi KODOTKOIl LEenouysxn M3 ABYX TOJNBKO 3aBUCHMOCTEH

y=¢%(m) w=Ff(x)
MOJKHO, OYCBHIHO, IlepCﬂTICﬂTB B BHIE
d du
* ,
{V[“ J ‘af{ﬂ}:f (”)Ex'
KOTOPY1O HYICHO CAO0B8CHO MYUTATh Tak:

npousEoORaR GYHKURL O KaKoeo Y200HO APRYAEHMA U no Ka-
KOMY YeOOHO HE3ABUCUMOMY HEPeAMeHHOMY X PasHa npoussooHor
JaHOL DYRIYUL, NONHOJICEHHON Ha HPOUSEOOHVIO GU2YMEHna.

a::a (OpMYJHPOBKA, DABHO Kak M OTHOCAINAACA K HEil thopmyaa
(VIII¥) ouenb nosesus B npaxtiie AanbeperLnanbHOro HCUUCTIEHHH,
I [O3TOMY SHATH €€ HYJNHO TBepmoO.

Ho wumorza cayuaercs, uro ocroBrylo Gopmyay (VIH), noan-
8yHCh N0 CYLLECTBY BCPHEIMK paBencTEaMu:

y=¢lf0) P=¢@=y[fx) B=f()
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NEPENHCHIBAIOT B BILAC:
(V=) S =¢[f(x)]-f (x)

o 31ech CJAEAYeT ykasaTh, uTo (OpMYJa 5Ta, npH HEGOMBIION HEBHI-
MAaTeALHOCTH, MOMCET CHAYMHHTE HCTOMHHKOM HEL0pasyMeHHil H Taie-
aeix ommbok. M 510 06CTOATENLCTBO HenaeTcs TeM OoJee omacHbIM,
uro dopuyaa (VIIF¥) B roasax Haunmaomero spasercs oOGLIYHO
Go/iee NPHBACKATEAbHOI: ¢HOTOMY 4YTO TYT HET HHKAKHX BCHOMO-
raveJbHBIX, a HAa JEAC MHE MEWalomHX OYKE 4, a ecTh TOALKO
[[]YHI{IJ.I-III HACTOALIETO NEPEMEIHOr0 X». Ho y'{all.llllui(:fl AONMEH DHITH
npeLynpenieH OTHOCHTENBHO Toro, uto dopmysa (VII¥) wmomer
NoBAE4Yb ue}lnpaaymemm: uanﬁoﬂee OMAacCHLIM  SABJAACTCH MHOMKHTEb
[ f (x)]. OnacHocTs €ro COCTOHT B TOM, YTO 3TOT MHOMHTENb
FOBOPHT HaM Cpasy O ABYX jeilctsusix: a) mefieteun dugigiepenyupo-
gayiig, CHMBOJHSHNDYEMOM 3HA4KOM wWiTpuxa, u b) aaeedpauteciosr
delicinguit NOOCMAHOBKN, CHMBOJH3NDYEMOM KBAaADATHEIMH CKOGKAMHN
| |, B wotopeie 1 BCTaBamerca @ynkuua f(x). Hago B Beicmei
cTenenn TBEPAO NOMHNTB, KAKOE H3 STHX ACHCTBHI AenaeTca cnepec
H KAKOE HOMOM: TeDBBM npoussodumcs deiicnisue dudpchepennpo-
ganus (1), nputes oHo sedemcs, coGCMBEHHO, N0 HEHANUCAHROMY
apeyatenmy | |, w yaice BTOpmM, Kozda dufiepenyuposanue ebi-
NOAKEHO 1L 3QICONYNEH0, NPOUSLOoumMen anzefpauteckas Nodcmanoska
8 OKOH{AMeAbHOM pesyAviname o Henanucaunsti apeymenm | |
dynrcuun @ (x).

Ecan sxe cnepsa veraButs Qymiummo f(x) B Henanucanubi apry-
Ment, @ moToM npoan(depenLHpoRaTh, TO yualMiics HapepHoe nosy-
YHT OLIHOKY, 160 TOrLd OH NOJYYHT pocTo

el F (Y,

T. €. CaMyio TpOM3BOANYD QyHKUMM OT (yHKuMM, a He TIpoMecy-
Toymylo npoussouuyio @ | f(x]].

Hanpnsep, yuamniica TREpAO AOAMEN NOMHITh, YTO XOTH CHMBOI () u
ofoaiauacT NPON3BOANYID 0T Qynkwnn f(x), onuako cumsoa f*(2.x) oTHIONL He oo~
apaaeT npoussonnoii o1 dyniing f£(2x), u6o ox sdsoe aenbute amoi noc.rednei.

Yrabni yﬁemn'bc:a. MOJA0IKHM y=!(2x}. p@ﬁ“nm STy iyHKumo ot dyHKm
112 uenowky ABYX G0jCe NPOCTLIX 3auICHMOCTEH BUEAGINEM NPOMENYTOUNOIG apry~
menta y=f(u), £=2x, Mu umeeM:

dy dy du e
g dedx | W=y
3naynr, nponasodxan dysruun f(2x) edioe Gorvwe wucaa f(2x).

Aol il N
OGosmayenne NPOM3BOANLIX HEPE3 =, o, —o» zoo... Gonee

HajeikHoe, NOTOMY 4YTO, YNOTpeGaas €ro, yualiica He caedaer

6 JOndepenuuanbLuoe HouHCacHuE
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ommbky, Ecam e HE moas3oBaThCA 9THM 0003HAYEHHEM, TO TIPOH3-
eoauyio o7 Gyuxupn f(2X) Hag0 0GOSHAUNTE 4EDES

LF@a,
£@x).

YyucseHnas passdlia MexIy HEMH Ta, uto [ f(2x)] BmBoe Goib-
me, yenm f'(2x). Teopemuueckan ke pasuula Me}CAy HHMH Ta, 4TO
B | f(2x)| cHavaaa BerapnmioT B f() aprymMeHT 2x m yKE HOMOM
auddepenuupyior (no x), a 8 f'(2x), Haodopor, chauaaa mddepen-
unpyior dyHiumio f() mO IyCTOMY aprymenty () H yae HOMOM
BCTARAAIOT BMecTO () KoumuecTeo 2x.

Tawum obpaszoM, ganexo He 0espasanuno, cHatala AW BCTABHTL
8 (ysxuno ¢ () womuecrso f(x) u yxe nomosr mudidepeninpoBaTh,
wmi, Ha000POT, cayasq nonyunts auddepeninposanken ¢ () 1 yxe
noToMm Berasuts f(x). Peayasrar suiuwcsaenuil sapucuT of nopadra
STHX ABYX AeHCTBHI, W Qopuyma VIIIF

VI felFEY =9 L F(e)]-f (x)

Kak pa3 ¥ TOBOPHT Ham 06 STOIl 3aBHCHMOCTIL

Ecmi e He oOpallaTh BHMMaHHA HAa TIOPAAOK STHX JABYX Jefi-
CTBHH, TO olNbxa OYNET COCTOATH B HEH3MEHHOM 3a0BeHinl MHO-
Amtens ' (x).

§ 78. IpaxTuka auddepenuuposanus (ynxuuit or QyHKmUN.

Yuapmitcn He npenmner sametith, uyro dopmyna VI, ;':: o=

a OTHIOAL HE HEpPE3

oy iy :
=no'~! 7~ TPE/ICTABIACT COGOI0 UPHMEHEHHE BEIBEAECHHOI QOPMYTL

npoaeosuo  dyminm ot Qynkumn. Kpome Toro, ouemnano, uro
safaun ¢ 5 1o 8 W ynpaxcHenna ¢ 21 no 41 pemamTcs no CynIecTsy
npinenenmen stoii xke dopyyar. Papueiv obpasom n B manbHeliien
EMECTO TOrO, YTOOBI TOJB3OBATBCA YIKe TOTOBBLIMH (DOPMyJaMH Tad-
el npou3soAHbIX (§ 62), MOKHO BO BCeX caydasx INPHMEHATH
dopuyny npoussonnoft Gyuxim or dymkuny, ITosToMy ocraHOBHMCH
Gonee moApoGHO HA TNpaKTHKE NMpHMEHEHHs 37oil opuyJisi.,

Pagn HauGOBIIEH TEOPETHYECKOI ACHOCTH Mbl OBLIH BLIHYIKICHE!
B TEKCTE HALIETO H3JNOMKEHHT H300paXaTh PasmuunbivMH GyKeamm n,
@, W, +.. T€ (YHKINH, KOTOPHE BJOMEHHI OZHA B JPYTYIO B Ie-
n0YKax saBrcHMOCTEl.

Yuammiica B camoM HadaJe CBOETO 00yHeHHs mid}d)epenuup(mamno
MOJiCem CHQUAAG NOOPAdCaMy IMOAy, YTOOH BHIYYHTHCS XOPOWIO

crogKaeaTs (YHKUMH OT (yHKLHIE. i
Iprmep AuQepeHUNPOBAHNA NP OTCYTCTBIH HAaBHKa

Haiiti mponasoauyio gynsumt y= (14 x)".
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Urofel pacnosHath 8Aech (QYHKUHIO 0T (yHKUMH, yyaumiics
Mozcenn 0603HaYNTh BHYTPeHHIDO (yHKHIO OyKBOH 4, Kak Mbl 3TO
IeJaNH BEIUE; TOMAa OH IOJNYHNT LEMOYKY 3aBHCHMOCTCIL:

y=u" a=14V%,

oricysa, npumessis npaswio juddepenunposannn Qynriun oT (QyHK-
MM, YYallMidca HaHIeT:

dy _dy du__ du” rf(l—l—] ¥

— = =t —
de du dx~ duw ~  dx 2V %
—n(l4-V¥ x)"‘ ;
160 COrMaCHo thopuyse VI mibl nveen:
=
ga’ =TIt Ak ) 2
du dx 2]

Ho ywammiics [OMKEH NOML30BaTLCA NG KOPONIKOE BPEMST
CBOHM NpaBoM BBOJMTL OYKBLL #, ¥, @, ... H JOMKEH B JajbHEli-
IEeM NOCKOpEE OCBOOOAHTHCA OT 3TOH HEHYMHOil NPHBEIYKIE, TOKA
clile OHa HE CJHIIKOM CHJIBHO B HEr0 BKOPEHHJIach. [IpHBLIYKA BEO-
ANTh OYKBEL ¥, U, W, ... YPE3BLIYAIIHO S4TATHBACT BBIKJAAKA H 38-
CTABMACT TEPATH H3 BHIY CaMbli XOA BHMHCJIEHHIl; HO, CaMOE rJaB-
HOE, OHA BpejHa mas yma, ocaabass BooGpaxenne.

[losTopiM mpemblayuiuii npusep, He BBOAT HHKAKHX OYKB, T. €.
mar, Kai nado scexda deaans.

[Mpumep auddepenunpoBanusi NPpH HABBIKE

Haiitit nponssozmyio or (1-4-1/x)" A
Hano rosopurs cebe Tax: npoussoapas ot (1 —’[—'I/.x)" pasna npo-

ussoanoit or (1--V %) mo 14+V'%, . e
n(l+-Vx)y—,
ymHozennoil na nponssoznyo 141 x no x, 7. e.
et
2Vx"
3"3"1"1‘, MCKOMa HpOH:-IBD,!II[afI paBHa

TVx}ﬂ y V_ ]

B COOTBETCTBHM C M3IONEHHBIM DPACCMOTPHM Ha mpuvepe (opMLl
sanuceil, KOTOPHIX CJEAYET NPHAEMKHBATHECA Y4HalleMy s,

Haiiti npou3BoAHy10 QYHKUHH Y= ( VX 'IT'}%‘J“ :

ﬁ'
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l-fi cnoco® samucu (IpH OTCYTCTBHH HaBLIKA):

y=un a=x*1-2x="

dy _dy dn__ e s (‘E P S B
= ﬂ,—x_aau FX® 6x =

—s (V743" (3.

941 cmoco6 sanucw, naubosee COBepIeHHBIH, K KOTOPOMY
yuauyiics W I0OMKEH B KOHUE KOHIOB mepefiTi:

435 (Yw+2) (5T —ext)=
(42 s 2)

§ 74. Duddepenuuposatue obpatusix (ymiumuii. Otcuinan yuaiue-
roca k § 33, rae OnM Janbl NEPBBIE CBEAEHHH, OTHOCHLIMECH K TIO-
HATHIO «00paTHON (yHKUMH», MEl OFDAHHYHBAEMCHA 31EChH CAMBIM
T1aBHEIM.

Korga nepemenroe y ONPEABJCHO Kak (DYHKIHS apryMEHnTa X mpu
NOMOLIH yPaBHEHHHA

y=Ff(x) (1

4aCTO CAyYaercs, HTO 9TO YPABHEHHE MOM(HO Pa3pemNTL OTHOCH-
TENBHO OYKBBH X W HAamicaTh

x=go(y). (2)

B ypasuenmi (1) HE3aBHCHMEIM NCPEMEHHLIM ABNAETCH Oykea x:
B ypaBHeHHH (2) HesaBHCHMbIM TEPEMEHHBIM CayumT OvkBa y. Ca-
Mbie e GpyHkuuy S 0 ¢, paccMaTpHBaeMHE 0e3 apry-
MEHTOB, T. €. KK HUCMHE XapakKmepucmukuy, Ha3biBalOTCa gag-
wmno oopamusisu. Jlobyo s obenx dymxunit f w oo Mul Moucen
B3TH 3@ NPAMYI0 (YHKIUHIO, M TOPAa Apyrad GYHET HA3LIBAThCH
oB6paTHOIL

Jge saaumuo ofpathbie GYHRKUMM [ K ©, eCAM HX apryMest ofo-
SHAYNTE K4KOH-HROY L nefiTpanbuoli OyiBoil, Hanpumep 7, obmamawr
TEM 3JaMEqaTe/bHLIM CBOHCTEBOM, YTO NAaXOT TOKIECTBa

sl f(O]=t n fle(@)]=t (3)

Mx mpt moayumy: nepsoe, BrocAd v 13 (1) B (2), w BTOpoe,
pioca & u3 (2) B (1). St ToxAecTsa (3) XapaKTEPH3YIOT B3aHMHY 10
QUPATHOCTH | 1 .
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[puvepamy B3aHMHO OOpaTHEIX (YHKUMIT MOCYT CHYMHTB TPH
caeaymouune napel:

y=x+41 u x=+Vyi—T
W= B x=log,y;
y=sinx H x=arcsin}J.

Ilo Bompocy o camMom cymecmsosanuu o6patTHeX hyHxumil, T. €.
OTHOCHTEJILHO BO3MOMKHOCTH PaspellTh Kajcioe M3 ypasuenuii (1) u
(2) orTHOCHTENLHO apzymexima, ML OTCHIIaeM yuwamerocs k § 33.
Tam JOKa3LIBAETCH, UTO 8 CAy4ae MOHOMOHHOCME 1 HenpepoLigHocmit
diyurcnu f(x) #a ompesre |a = x<b| ypasuenue (1) sceeda pas-
pelano OMHOCUMEABHO Qpyymerma X, npuiem NoAyHeHHan oi-
pamuast dynicyas g(y) Oyden marice MOHOMOKHOIU I HENPEPHBHOLL
ne ompesie [A<=y=B|, wonyann 1omopozo cayacan Maxcumys
u annHumys gynrygue f(xX) wa |a, b.

Mo audipepennnporanna oGpatunix (Gyskimii Mer npuMensaes o 6-
ulee NpaBHIO:

HNepseit mar. y-+-Ay=f(x-] Ax) x-+Ax=u0(y-}Ay)
Bropoil mar.  y--Ay=f(x--A4x) x+Ax=u(y-tAy)
Y =/ x )

o ==l
iﬂ=;f(x4;ﬂﬂf—f(xl Ax=o(y-+-4y)—¢(y)
: v fle1ax) —[(x) Ax__w(y+39)—eln)
Tpernit mar, po=-trFr— E}_u”"‘f}‘.“"‘g'é"
Basp npoM3BEACHHE NEBHIX 4acTell 9THX OTHOMEHHH, Mbl MMEeM:
Ay E—'l
Ax Ay
e
Av_ 1
Bx— Bx'
By

Uerpeprwil mar. Korna Ax— 0, torma, xak 6b1o paanac-
ueno Bouue, Avmeem n Ay — 0. Ilepexoas k mpepeny, nmeenm:

dy 1
(IX) E=
dy
HJH !
(%) F=—0

rje, pasymeercs, 3apaHee INpeAnOsaaraeM, 4To mnponssoxmas o' (y)
OTJIHYHA OT HYJd.

oayuennre gopymyast (IX) u (IX*) u naor npasuno and de-
peunupoBanng o6partHnx Qyskunid. B orux dopuynax
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(ymicma x = (y) paccMaTpUBALTCA KaK 1PAMGsT, OO IIPEIIoIaraeTc
& dx 7
H3BECTHOI €e mpomsBoimas mo Oyxse y, T. e. T (v), a dyuk-

ups x= f(x) paccmaTpuBaeTCs kak eil ofpamuasn.

CaMoe e TPABIJIO CA06ECHO BHIDAMNARTCA Tai:

npoussodsas o0pamuon @GyRKguL paska 0OPAMHOL seAntuHe
upou3sodnoil npAAMOE @GYHICKIL.

Cano cooil pasyMeercs, 4TO I OKOHYATENbHOTO NOJYyYeHH:d

d
HCKOMOIT TIPOH3BOIHOI -d—i B BHAE (YHKUNH OT OYKBEL X, MEI JOJICHB!

B JHAMEHATENRe, T. €. B BHIDAMEHHH @' () SaMCHHTL OYKBY ¥ ue-
pea f(x).

§ 75. Hudbdpepenuppopanne ResBHoix QyHxumi. Ortchinan yua-
merocid k § 33, rae ObUIH JaHbl NEPBRIE CBEAEHHS, OTHOCALIHECH
K TOHATHIO ¢HEeROHOL (fyaryuuy, ME OTPAHHYHBAEMCT 306Ch HEoH-
XOAUMBIM HATIOMHHAHHEM.

Ecan cooTHowmenne MEKLY IIE]JC.\IEH[H:IM]‘I X N ) JaHO B BHIe
ypasnemm. eme He paapemenﬁoro OTHOCHTEJIBHO 6)"1{3{:1 y, TOraa
Y HA3WBACTCA HEAGHON (ywiyuen om Xx. Hanpumep, ypaeseuune

x*—4y=0

ONpENeNeT § Kax HEABHYIO (yuxumo or x. OYeBnaHO, YTO 3mECH
H X ecTh Taike HeApHas (ynkuua oT y.

HIIDI‘,U.& BO3MOXKHO pﬂBp(}lllHTb ypEIBHE!HHE, CBAZRIBAIONIEE nepe—
MEHHBIE X H ), OTHOCHTEJIBHO OIHOIO H3 HIX; B 3TOM C.."I_Y‘IBQ MLl
HMEEM feHYyio (iynrymo. Hanpuvep, pelas HamMCAHHOE BLILE ypap-
HEHHE OTHOCHTEJBHO OYKBBI ¥, MBI TOJIYUdEM BbipamKeHue

1
y=?x3.

ZAlOUIEE HAM V YK€ KaK ABHYI0 (DYHKLMIO OT X.

B Apyrux ke Cayyasx Taioe paspelieHHe SBAACTCH HIH COBceM
HEBOSMOMHEIM, HAN CAMIIKOM TRYAHBIM.

Korza MBI HMEEM Ae/10 C TAKHM ypaBHEHHEM

F(x, )=0, (1)

KOTODBIC MBI /6o me ynmeem, JnGo He XOTHM pa3pellaTh OTHOCH-
TeABHO OANCH H3 GYkB X W y, TOTAA J ONPEACIAETCH BSTHM Yypas-
HEHHEM KaX Hemgnas ywikygus om X, W TOMJAa Haj0 YMETh Haxo-
- dy . -

AUTH NPOHSBONYIO —= STOI HEABHOH QyHKINH, He pellasf Halre-
ro ypasueHnHm.

Iaa storo mveerca crexyiollee NpaBwio: dugideperyuposams wa-
nucannoe ypasnenue, paccuampusai y, KaK @yiKuuio apeyMenme x,
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n 3ameit nNoAyHeHHOe HOB0e YpasHerue paspeutinb OMHOCHINeAbra

" L dy
UEKOMOL RPGH3BDC]HOH. —d'.‘\-f .

9ro npasuno B paneHeimem 6yner noxasano (em. § 172). [Toxa
ke Mbl 3aMETHM, 4TO TOJy4eHHOe Hu(depeHIHMpPOBAHNEM HOBOE ypas-
Henie Bcermxa Gyner Mepsoii cmenenu OTHOCHTENLHO HCKOMOI Mpo-

ik -
H3BOJAHOH {{%, TaK 4YTO M3 HEro0 O4YEHb YJA00HO HaXOAHUTb 3TY HOpO-

5 d
H3BOAHY0, H YTO B HAHJICHHOE BEBIDAaM(EHHME 114 ﬂ Haao0 noacta-

BJIATR TONLKO Takne YHCJACHHBIE 3IHA'UeHHHA ﬁyI{B A H Y, KOTOPRIE
yIZOBJETBOPAIOT HAHHOE ypasHenHe ().

ay
anMDIZ]I.\l 270 NPaniao K oOThiCKaumo Ef'—t, HOrMa HeaBuan Ip)"llKU.IDI Y Aacica

ypanncmle.'.:: - =
ax’ 4 2x'y — yir=17.

Toraa
= 4 d ; d
e (@0 o @) — % (= = —qay
Gax® _{_ -:xn +5x: == }, —T\y" t.i‘\ll =
i S ‘f_}._. T e |
(2 ?xy“) i Gax® — 6.x%y.
dy 7 — Gax'— 6x%y
ik y e ae— TR ot

Yuanuniics saMerut, 40 Teneps pesyawTar Gymer cojepiuaty, noobime, cpaay
ofe OyKebl & i Y.

SALAYH

Habiti :% L KAIAOIO M3 CACAYIOMNX Yypasiiennii:

dy- p
=2 OtB. —=—=— <.,
L. y»=2px. 8. 7
n‘y X
2 . g——
ks = P oy
3 dy  bx
2 2 Ayt — I .
3 Pt atyi=a'l » = —
i day __ b‘.\:
s > 4z oty
& dy ¥
T = —— =,
S i X
1 1 3 dy W
— el — A
firitiEyri—=ut. *odx i
2 L 2 d 3y
1 =, s
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8, oLy —3daxy=0. OB, g;:jm'%i 2

9, *—2xyy'=1L 12, x% — ' — 2y' =6.
10 x4+ Viy+y=a. 8. xVy—yVx=10.
1 x42V5— g+ 4y=c 14, §+ '[/{_:c,

Haiiti Tanrenc naxaoua A1A KaWA0H M3 CAEAYIONNX KPUBHX B AanAofi ToMke:

5. 243y Ly H1=0@2—1)  Om — :1._

16, 2ty 2 P4 1=0; (L,— 1), ] ;_

17. Vi+ Vy=5; @ 9) » __3_,

18, 3/ T—3/y=1; (4 1) > -

19, &' — axy -+ 2ay° =2a (a, a). ey i_

0. x4 = 6y— % (—2, 2). » —i—.

/ 4
21, Tlokasatre, uto napatoaw y*=21p \.‘t —I——‘;—) ny=2p (_‘:_ = x) nepe-
CORAOTCH MO MPAMEI YTA0M.

22, Mokasatk, 9T0 okpymucets 49— 10r=0 wxacaercn okpymUOCTH
£y — 165+ 8y—20=10 b TouKe (2, 4) Gl
23, Mon Kakuyl Yra0M MimA y=—x nepecexaeT KPUBYio x°-|- xyHy=122



THABA IX

PA3JIMYHBIE NPHJOKEHHS ITPON3BOHON

§ 76. Hanpasnenue kpupoil. B § 61 Owio nokasaHo, 4TO ecau
y=7(x)

- d
ecTh YypaBHeHHE KpHBOH (uepr. 74), To F”‘;:tg-c:man?ewy Ha-
KAoHQ Kacameavron k. Kpuson e wexomopoir mouxe M(x,y).
Hanpasaenne rkpusorn B moboli Touke ONpeiessiioT KaK Hanpas-
JIEHHE KacaTenbholl ¥ KpHBOIL B 9TOH Touke. B cuny sToro ompene-

1y .
Aenns %&:tg T==INQH2ENCY YeAQ HAKAORG Kpusoil 8 mouxe M.

Y
a
E y"
AN e
X
Vi x :
a <

Yepr. 74

Jlas HEKOMOPOZO UACMHNO20 NOAOJCEHUT MOYKE KOOpOurams:
(x,, ¥,) KOTODOH M3BECTHE!, MEl, CJELOBATENLHO, MMEEM:
? oy = IMQHZEHCY Y24Q HAKAOHA KPUBOLt (4An KAcamesoit) B
X X=X,

TOUKE (X;, J;)

L B pansHefimes MW BCIOAY TEpMuHOM ¢Hai.Aon» ofo3uawaem yrea, cocras-
aneMuil Aumeit ¢ ocklo abounee OX, peerja npuunsaeMuifl 82 20puIoNm.
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B tawux Tourax, kak D, F, ff, rae nanpasieHne KPHBOH napa.i-
aeavo ocun OX, H, 3HAYHT, KGCAINEAbHAR 20PU0OHMAALHA:

d
=0, caeaoBaTEILHO, E{ — {4

B rakux Toukax, wax A, B, G, rie nanpasieHue KpHMBOIl neper-
Guicyanpro & ocu OX, U 3HAYNT, KACAMEABHAT GEPIINKAALHA:

dy
«=290°, caenoBaTe]LHO, e — -

B rouxax, kak E, e kpusas nodnanaemes’, T==ocmpony yeiry,
d
caedosamensio, }E'E = YHCAY HOAOHCHMEABHOMY.

310 uMeeT Mecto Baeso ot B, mexay D u F, u BnpasBo ot G.
B taxux Toukax, kax C, z0e kpusan nadaem’, v=—mynomy yeay,

d
a nomoay Tﬁ=o-rpuua‘renhn0my uucay.
1o umeer mecto mexay B n D u mexay F u G,

Yept. 75

3
Opumep 1. Hdaua kpupan y=i‘_:i——»x’+2 {uept. 73)
(a) Haiit v, ecan x=1,
(b) Hafitu 7, ccm x=3,
(¢) Haftrue Toukn, rae nanpasaenue xpusoit napasaeasio ocin OX.
(d) Haiit Touxm, roe = 43°,
) {e&yﬂa%‘m TONIM, A Hanpapaeine KpuECil napasieasuo npamoil (mmun AB)

Pewenue, Indpepenunpys, unees -::—i =x—2x=1gx
¥

d
(a) tgr= [a}x: 1 =1—2=—1; caenosareanno, = 135° = 90° 4} 45°,
25
() tgz= [;fﬂx__'_a:B—G: 3; caenomaTeabno, v==arc tg 3=71°34",
gy
=0, fg 72‘3}—‘;:0. cacaoatenbio, x* — 2x="0. Pewan 310 ypasneuue,

4 Ecan awuraties no kpusoll caesa 11aNPaBe.
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naxomus, uto x =0 wm 2, uro maer Toumw C(0, ) w D (2, § ) , B Kacateaniias
TOPH30NUTAABND,
d) s=45° fg:= :-?—‘: = 1; caenosarenwno, x° — 2x = 1. Pemas, nmeecm:
x=1=¥2=241 n —04l,

4TO AJBT JABC TOUKIL, [Jf1 KOTOPBIX TANIEHC MAKAOHA KPUBOH (M KacaTeibHoil)
ects 1.

2
(e) Taureuc nakaona npamcil panen 3} CAeLoBATeLIO, x’—ﬁx:-.ﬁ--.

Pewns oTHOCHTEABNO X, HaXOAI:;

Gl ]/,53:229 n—0,29,
a10 naet Towkn £ w F, rae manpasacune kpnsoil (uan kacateawnoi) mapanaeinin
npamoit A,

Tak rawx kpupas B Kakoii-mOyIb TOUKE HMEET TO ME CaMOe Ha-
TIpaBJEHNe, KaK 1 KACATEJNBHAA K mHelt B 9T0if TOuKe, TO 3@ Yron
MEHCLY ABYMS KPHBEIMI B HX 00Leii ToYKe IPHEMMAETCH BCEr @ yrod,
obpaayenslii HX KaCATENbHLIMH B 3TOH TOYKE.

Mpunep 2. TToa KaKMM YII0M NEPECEKATCH OKPYIKNOCTH

Bt —dr =1, (A)
Ayt _0y=—07 (B)

Peweritte. Pemas COBMECTUO STH YPaBnewisl, WAXOLIM TOUKH Hepeceveris
(3 2) 1 (1, —2) (scpr. 76). Hanee,

na (A) no § 61

n3 (B) uo § 61

I—X 1 <,
k= [ Y }x=3=——._j.-=='mureucy ¥raa unaxkaona kacareavuoll k kpusoil (A)
y=2

B oTouke (3, 2).

= [l—i—y-l xﬂg—_‘-—ﬁ-:mnrcucy yraa Hakaoma xacateawHoli ik kpusoii (B)
e
B Touie (3, 2).

Dopuyaa a8 HAXOMCASHIA YUAA MEXLY ABYMA TIPAMBIMIL, YriOBEE Kospu-
MUEHTH! KOTOPBIX CYTh &, u k., Taxopa:

kR, —Fk
ke S
Vbl vy,
Mogcranoska JaeT
1 4
— 43
ig = 3 —
2
oTEYAA 0=45°.

Tarop me GyneT 1 yroa nepeceucuns Kpunex B touke (1, —2),

§ 77. YpasHeHHsl KacaTebHOM M HOPMAIW; NJIHHBI MOAKACATENDb-
HOlH H TONHOPMANH. YpaBHenne npsMoil, MPOXOAMIIEH Yepes Touky
(%, ¥,) n nmeomeil £ cponm yraoee koa(dmipentom, ecrs
y—y,=k(x—x,). Cu. raasu I, III, dopar (3).



172 PAINNYAKE NPUACKEHHUST TPOHIBOAHOMN L

Ecan 5Ta mpsAMas €cTh KacaTedpHas K KpHBOil AB B Touxe M,
(wepr. 77), Toraa yraosoif xosdduuuent & AomieH 6HTL paen
TaHEHCY HaK/OHa KpuBoil B Touke M,; MEl O0o3Hauaem uepes k,
STO YHCAEHHOE 3HaueHHe yrJioBoro xospduuuenta k. fcwo, uro:

d - dyi &
kl=lg'~;=[ﬁ:]x=f._?.€ -
241

TMosToMy AnA TOYKH IPHKOCHOBEHHA M, (%, ¥,) ypaBHeHue xa-

cateasnoil M7, €CTh: -
—_— —
== —*). (1)

A Taik Kak HOpManb, MO CaMOMY CBOEMY ONDELEJIEHHIO, eCcTh Wps-
Mad, TPOXOAAWIAS Yepes Toyky mnprkocHoseHu# M, U nepnenpuky-
ARpHAA K KacaTenbHoil B 3T Touke, TO AJA TOTO, 4TOGH HamMcaTh
YPaBHEHHE HOPMATH, H.Y)l(-
HO JHMb 3HATH €E YIJ0-
BOil  Ko3uunenr. Ho
Mol 3Haem (ra. 1, IlI,
qiopu. 2), 4TO OH mOMMCEH
ObiTh  paBeH  oOpaTHOI
BEaHYHHE KO3(pHIHERTA
k2, B3ATOI CO 3HAKOM Mu-
ilyf.', H, 3Ha4YHT, paBen

1
T [Moatomy ypasue-
1

HHE HODMATH B TOuKe M,

X HANHILIETCA B BHUE:

dx
Y—=y=—r5(v—x,).(2)
Yepr. 77 Hnuua otpeaxa M, T,
KaCaTeLHOM, HMEIDILEero
CBOHMH KOHUAMH: TOYKY
npuxocroserns M, u touky 7, ocu aGeuMce NONYuHNA WMS «dAuHbL
Kacameaskoi», @ npoexuua 7P, sroro otpeska Ha och aGcmmce
HOCHT HMA  enodxacamespnofi» («cyGracaTeabHoi»). Anano-
FH4HO, Anuua oTpeska M, N, HOpManH, WMEIONIErO CBOMMH KOHUAMM:
TOYKY TMPHKOCHOBEHMA M, W Toury N, ocn aGCHHCC, HASHIBACTCA «d.an-
HOIL HOpMau», a npoekunsa PN, 3Toro orpesxa Ha oCh abemuce
NONYuHIa HasBavHe «nodnopstaaun» («cy GHOpPMaAdHY).

o Ay
* o sTHM CHMBOMOM NOXpa3yMepaeTcs, 4TO CMepBa HYKHO HAfITH o dareM
B PEAYALTAT NOACTABUTL X, BMECTO X u y, BMecTo y. Yuanmitca noanen octeperarsca
dy.
HOUIMATE CHMBOA E‘;—‘—- TaK, 6yATo oit ofoanavaer npouscodiyio OT y, Mo x,, uio
1

5TO He uMeno Gbl CMBICAA, TAK KAk ,‘\3‘ H _U. CYTh BEANHUNL ROCMOAHHLELS, a He nep&
MEINEIC, MENAY Ten Beikoe Audipepeiiiposanie HeodX0AIMO NPEANDIAraeT Henpe
PHIBIOE H3MEUeune pesuvnubl Toil Gyssw, no xotopoH anddrepenunpyioT.
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Jlanpa kacaTenpHON M OJUIMHA HOPMAJH CYTh JUIHMHLI ABYX HEHaE-
npaB/deHHBIX OTPE3KOB M NOSTOMY HBCEerda pacCMaTPHRAIOTCS
HOAONCUMEABHBIALL, KAK 3TO JAeJaeT sieMenrtaphas reomerpus, Yto
e kacaerca noakacarenwnoit TP, u moanopmaau PN, 10 310 CYyTh
HAaTOPAaBAEHHEE OTPE3kH, OO OHH JIeKaT Ha HaNpaBAeHHOH# OCH
aocuice. [loatomy MX AJHHBI MOTCYT HHOTZ3 OKAa3LBaThCs W OTPHLA-
TEJBHBIMIL, MMEHHO worja orpeskn TP, u PN, nanpasicHbl 8.€60.

B rpeyroasunxe 7P M, maeen fg1, =4k, — S , CTeaoBa-

Ly dx
TELHO,
Py S e S £ S .
TP == Ty ?fl. =¥z JF:' = danne nodicacameasoil. 3)
B tpeyroapunxe PN, M, sveent 123, = f, — o
PM,
Orciona
dy
PN, =k -PM =y, = = dautie noduopsaan. (4)

Hro ke xacaetcs 0 danuer xkacameavwoli M,T, u Qaunn nop-
smaan M N, TO HX Jyulle BCCTO HAXOMNThL W3 uepTexa, n6o 3TH OT-
PL3KH CYTh THNOTEHY3bl NPAMOYTONBHEIX TPEYTOJNBHHKOB, KATETH! KO-
TOPHIX H3BECTHL

Korna amnHa MOAKACATEJNBHOH WIH MOAHOPMAEJAN LIS KaKoi-aNby 1k
TOUKH KPUBOI HAliACHA, TOIMA JErko MOMCHO MOCTPOHTL KaCATEILHYIO
1 HOPMAb. ¥

JALAUH

1. Haiftn ypapneunn sacareaniiofl 1 nopMaan, NARHE noaxacaressiol, Noa-
wopMaa, Kkacatensuoil u nopmaan s 1ouke Mia, a) wicconnl

5 -
Y=g—%
(vepr. TH). Y
Pewenie.
dy dax® il
dx ™y (da—xf°
Otciona Mf(o,a)
dy, _ [dy et a|p\P
de = @) s=0= a@a—ap — 2= YriosoNY Rosirbu-
1 - y =g

wHenTy Kacareanuoil.
[logcranorka B (1) naer:

y=2%x—a Yepr. 78

Moncranoska b (2) naer:

[oacranoska B (3) naet:
i

IP= < = Aailiie nojsacareasioll,
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[oactanoska & (4) daer:
PN = 2a= nauie mopHopMamL
Juauur:

] -
MI=V TP PM= “T Lt — -::— ¥ 5= naune xacateasuoi,

MN=1 BN PAE=V 40"+ @ =a V' 5= amme nopyanr

9, Haiitit ypanueune KacaTeapuoil 1 HOpMamM B 3apanuoil Touke K xamnoii i
CABAYIOULHX KPUBLLX:

3

() y=2*—3x 42 (0, 2) Ora. dxf-y=2, x—3y=—6.
(h)y-—'—%; 12, 2). » x—3p=—4, x| p=8

(¢) 2 —dxy+ 12+ 1=0; (2, 1)
(d) yf — 2y +8x=46 (& 1)

3, MokasaTh, 4T0 MoakacaTensnas ¥ napabone %= 2px neanTca nononas ee
Bep fi 11 4TO MOANOPMAAL €CTh BeAMdHHA NOCTOANHAN, pasuan p.

4, Halitn ypasueinn KacateAbHOH 1L NOPMAmil, @ TaKiKe AANULL MOAKACATENb-
JOIT 1 foJMOpMAM, B TOMKE (X,, ¥,) OKPYMUHOCTH X* - y*=1r%

¥
O18. XX, =1 ¥x,—x3,=0, —;—'. —%.
1
5. Hafitu ypasnenwn kacateabnoit n  wopmamu B (X, y,) K saauncy

bix 4 oy = a™h* (= - }

O1B. bxx, +alyy,=a'®, a'xy, — byx, = x, ¥, (@®— b*).

6. Haiitn ypanueins kﬂczg'rum.uoill HONOPMatN, @ Tame RAMNL NOfAKACATCL-
nofl i NOANOPMaAll, And KawA0H 13 CACAYIONLMX KPHBLIX B YKA3AHHBIX TOMKAX:

w),:._%l;(g, 1). Org, x—y=1, x+4y=3 L 1L
(b) %2 4y*=15; (3, 2) » 3x+8y§25, aﬁ—aj-:m.
o
T T
[© xy= 125 (3, 4).
(d) £*=2y% (6, —3).
7. Haiitit naowanb tpeyroasiiga, ofpalopaiiioro ochlo afCciiuce, Kacatenn-
noifl 1 HopMaablo K KpuBOH y*—S8x & Touke (2, 4).

Ote. 16.
8. Haiite maomans TPEYTOLHNEKS, 00pazoBanioro OCLID OPAMHAT, KacaTeabuo
o nopMankio K kpinoit 4x° 4 y* =20 B Touke (1, — 4).
9, Halfitw yram nepecedennn amaofi ua CACAYIOUNE NAD KPHBEIX:
(a) ?-: x4, =812y OtB, 74°34'.
(b) dy=2x* —3x, y=x"L 4, OtB. B touke (4, 5): 9°28".
© YP=x"—4, ¥ —bx L 4=0, B touge | —1, i) 33°41",

() xy=10, x*4-y* =29,

10, Haiitit 104K NPIKOCHOBENNA © TOPHIONTABNEIMI 1t BEPTHAJLULIMI Kaca
‘I'E.'Ibl!hﬂﬂ{ R Rannof ua CACAYIOILNX KPHBLLX:
ig;y=-§'—ﬁ-§- Ote. lopusoutaasuan s (3, —"U);
x=3y— . J
© x‘+4§r‘—3.\:=ﬂ. BEPTUEIIbHAN B (T’ ?).
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@) 242yt y=4 OTB. Fupllagmanbnan 1:1
P e L T

(=57VE =573);

BEPTHEAALHAR B

— 2 e

(t%—V:i, :-a—lf:s ) :
(e) xﬁ__.xy-{-di}f:ﬂi‘
() 2448y — y*=0.

11. Mokazats, 4T0 runepdona x° — y* =5 u samunc 4. - 9y* =72 mepecena-
10TCH MO HPAMBIMH YTIaMit,
-3
12. MNokasats, ¥To oxpymuceth x*-- y* ==8axr n mucconga y*= U gi
2a—x
(a) MepnemIKYAIPHE B Havane KoOpmaT,
(b) B ABYX APYTHX TOUKAX NEPECEKAOTCH HOA YIZOM B 45°,
13. [lokasare, 470 kacateasusie & ancry Mexapra o y° =3axry 8 10uKax
rae O mepecekaeT napaboay V= ax, napasjaeabILE OCH OpAINAT. i
14. Halir ypasueine nopyamn k napadoae y* = 16w, opasywmeii yron s 452
¢ ocklo abeumee. o
15, Haiitn ypaBuenne KacaTeabumx K oxpymuocts x° 4-y*= b=
e npﬂﬁﬂ? A By—12, Py +- y* =41, napasacip
16. Halitn ypamueuns kacaTeablinix k runepfone 4a® — y* =1 INEY
JApUBIE K ammmit x - 2y —4. 3 Y= LS peR
17. Hailtir ypasuenus [ByX KacaveanHuix & smiumney x*-+ 43° =18, npoxo-
ammnx gepea Toury (2, 2). 0718, x 1+ 2y —F6, .r-}-l:;v:‘su
18. Tlokasat, *;‘m C)’]MM:I fJ'il'{!e'.lIiOti. OTCEKASMEIX HA OCAX KOOpMMHAT KacaTe b

: = 3 z ¥

uoll & mapatone x~ -y~ =a” B awGoil ee TouKe, eCTH BEMMNNA NOCTOAHNAR

pashai a. 3
2 3

19. TMoka3ath, H10 A4 CHNOURKAOHAKT ot -}-y3 —=a® OTPE3OK  KACATENbLIOI

oTceKaeMBlil 1A Hel oCAMH  KODPAMHAT, €CTb BEANYHHA NOCTOAHUAH, ne 3aui!cn|.uas;

OT TOUKM NPHKOCHOBEHA, I pasla 4.

jw

20, YpapieinesM TPABKTOPIN CHAPALA CAYHT Mapabona y=x — ﬁ}_t;, npires

och OX ropuaoinTaibia il BHCTPEd NPOM3BOANTCH B HAaYaje K 7

KagiM yraoM cuapan peaeraet? (b) non kawmm o yraom c:in]?,?fﬂg;ﬂ;‘m?ér{z)e 11::;1
KaABHYIO CTENY, OTCTOMWYI0 Ha 75 euuui OT TOMKN BuCTpeaa? (c) mog ,.;_-,r:‘,::
YraoM CHApAA MOPAIKAET TOPHIOHTAALHOE NOKPHTHE, INieloHiee BHCOTY 16 elm'-
P (d) ecain BHICTPEA NPON3BOANTCA Ha BLICOTE 24 eNuHNL, NOX KakUM YT, :
Gyner fopauceid NOuBa? (€) €cAnm BLICTPEA NPOUSBOANTC C BepuIHbL Eo:mn
cu‘nml? KOTOpOro O0PasyeT yroa n 45°%, nop kacmM yraosm GyieT nopamen ;:s;:!.
CEAOH

21, Kanar BHCAMIErc MocTa nMeeT Bui napaloisl u npuK -

WEIM ONOPaM, OTCTOAUNM O7HA OT APYroi 1a SUU M. Camf);:“‘;ﬂim‘; :cﬁ:gr:c‘:j;:‘-.
naxomures na 40 ar winke Touex noaweca, Haitrin yroa memay wanatom &
HBMie KoaouuaMn (nepr. 79). MW oonop-

§ 78. HanbGoabluas M HAHMENBINAS BelHuuHa thyuKnuy; BEeIe-
pHe. B rpoMajHoM UHCAC OPAKTHUECKHX BONPOCOB MBI HMEEM HEN0
¢ (yuxuusam, y KOTOPHX Baj)(HO 3uaTh HauGoJblIee (Makcu M&.’I'h-
HOE) HaH HauMeHbINee (MHHHMAaabHOE) auayenne. H Torma neos-
XOOUMO HMCETH TE HHCJACHHLIE BEJHYHHB apr‘ymenra, it I{OTU[JL]X
¢]ylll{ullﬂ IIOJ'I}“IGET STH BaiKHBIE ANA Hac SHa4Yeuu#,. ]
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[ycts, #anpumep, Tpeﬁym'csl ONPELEIHTE PASMEDPL! NMPAMOYTOIb-
HAHKA, HMEIONEro HauGoabyIo M0Iais U3 BCEX NPAMOYTOJNLHHKOB,
Kakue MOryT OpiTh BOHCAHLI B KPYT paznyca 5 cu. Pacc-.\w'rpzm
HNaHpEll KDYr W BIHILEM B HEro KakOH-HHOYIb NPAMOYTOMbHHI
CDEB (uepr. 80). Ilonoxay OCHOBaHHE CD=x; Torpa BEICOTa
DE—1/100—x*, u miomans S IPAMOYTOJbHIKA BbIDA3NUTCH, Oe-
BHHO, CAeAyIolLEM o6pasom:

S=x)/100 — x. (1)

To, yTO CYUECTBYET NPAMOYTONBHHK C 1;:3|160.rr:;.meﬁ TIIOLIA ABID,
MOJMHO YCTAHOBHTb TIYTEM TAKHX PACCYfAeHH.

RacTtaBnm Bo3pacTaTh ocHoBanne CD(=.x) mo T€X mop, moxa oHo
ne crager pasueiy 10 car (mmamerp kpyra); NpH 9TOM BEICOTA
D,E'=VIEIC|—--J{e ByfeT yMeHblIaThCA IO HYJd, M naomans S obpa-
THTCA Takme B HyJb. [IycTh Teneps yMEHBIUAETCA AO HYJH OCHOBA-
npe; TorAa Beicota Gyzer Boapactath mo 10 cm, n maomane S cnosa

}

=1
S TS
—200——

Yepr. 79 Yepr. BU

obpaturcs B Hyab. CiefopaTensnd, WHTYHTHBHO OHEBHIHO, HTO Cy-
UIECTBYET Takoil BOHCAHHBIT NPAMOYTOJBHHK, TJOWAAL KOTOPOro
Goapliie MUOWANEH ECeX APYrHX BIHCAHHLIX TIPAMOYTOJLHHKOB. He-
TPYAHO AOT@AATBCH, YTO KOrZa NPAMOYTONBLHHK OOPaTHTCH B KBaj-
patT, TO NAOWAAB €ro Cramer HauOoJAbIIEll H3 BCEX BO3MOMNHLIX; HO
§T0 — JIOrafika H OCTEETCS NOKa NPOCTEIM NPEeANOJOMeHHEM.

Bosee Hamexubii METOA pemenns BONpOCa COCTONT, OYEBHJIHO,
B TIOCTPOEHHH W ncciefoeanny rpadmka (ysxuun (1), Has  obaer-
YeHHA BBIMEPYHBANHA TpadMika 3aMeTHM, YTO:

@) COrMIACHO CMEICHY 3aflaui BEJHYHHLI X M S TOJOMKHTEJBHLL

b) sHavenne x conepyutes Mexay 0 u 10 BRMOYHTENBHO.

Cocraenm Teneps TaGnuuy sHauenmii X w S W BHMEpPTHM rpadmx
(uepr. 81).

Yro mam naer mccaenosanne rpaduka?

a) Ecit on akxypatmo BLmosmen, MEl MOMKEM BECBM3 TOYHO
ONPEAEVIAITD BHAYCHHE TIOMIANH TPAMOYTOJBHMKA AAA J000T0 3SHa-

SEHHA X, HANEPAS AMHHY COOTBETCTBYIOWe(t opaukarul, Tax, Hanpu-
Mep, Korpa:
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Xx=0M=3cn, S=MP=286cx* u xorza x=0N=4,5 cn,
S=NQ = 39,8 ca™®.

b) KpuBast MMEET eQMHCTBEHHYIO FOPH3OHTAJABHYI0 KACATENBHYIO
RT. Opaunata A7 touxu T wacauus Gosbine BCEX APYIHX OPAHHAT.
Orciofia 3aKMOUACM: OMUH U3 BAUCGHHLLX RPSINOYOABHUKOE uiLeent,
ouesndno, HanGoALULYIO NAOWAObL CRABHUMEALHO € NA0WMadsio 00020
dpyz020 U3 NPANOY0AbHIKOS. JIDYTHMH ClOBaMH, Mbl MOMEM OT-
Cl1071a 3aKMOUATE, 4T0 (ymkuma (1) umeer onuo wauboavuee snate-
Hue (maxcumym). Ml ne moxtem HaliTH TOuHO 3TO 3uauemne (= HT),
iaMepas COOTBETCTBYIOULYIO OPAHHATY, HO MLl €r0 JErko Haiaem,

S F_'__ﬁ
o A B x S
451
| ag i
S i 1| 99
s bl | 9 9
sof B = 139
st A 3 | 286
2 A s
ol L1 6 480
1 It S 7 497
R U £ .nlﬁ‘ll__,_x 8 48,0
0 1234 5678310 9 396
10 0,0
Yepr. 61

BOCMONL30BABIINCE METOAaMH ananu3a. Hamn sameueno, uro B Touxe T
jacaTeqbiad TOPH30HTANLHA; CIE/IO0BATE/bHO, HAKIOH KPHBOH B 370
touke pasen Hymo (§ 76). [lostomy, urobel onpemennts abeiuccy
toukn 7, HaiigeM Npoussoamyw dysiimu (1), npupasnsen ee HyJaio
W peury moayHaiolleecs TaKiM 00Pa30M yPaBHEHHE OTHOCHTENbHO X.
Bynem HMEThL:

S=x) 100 — x*,
A5 IONEE g S S i e

T = L Y e
Peuras, HMeen
x=5)2.
TMoacTagasa STO 3HAYEHNE X B BHIPAKEHHE, ONMPEAENAIONIEE Bhi-
cory DE, nonyunm (cM. wepr. 80):
peicota DE=)/100— x*=5}/2.

# Zjayor == YHAINDAGT HA MPUOGANINTEALU YW ouguky uucaennol
BEARMUIUEL, OONYHEHUOIE NYTEN RIMEPEHU OpAINalLL, 4
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PABNUMHIE NPHADKERNA NPOU3BOAHON T X

Mrtak, npayMoyroibiiK HanGospmieli Niomand, BUHCAHHBN] B Aau-
HBEIE KPYT, ABJAETCA KBaADATOM H NJAOIEAL Ero

S=CD-DE=5)2-5 /2=50 car®.
Crneposateqsio, AnuHa opausatet HT passa 50.

Bossmen opyeoit npusep. Tpebyercs cuenath nepesnunylo KO-
pobky, 00DBeM KOTOPOH [OMKCH COnepHaTh 108 ea*. Kopodia

A

X

Hepr. 82

orky/a

108

g

OTKPBITA CEC]JXy H HMEET KBaIDATHOE IHO.
KakoBel pouiHpl GHTHL €e pasMepst, uToGb!
HA HEE MONNIO HAHMEHBINEE KOJHYECTRO
MaTepHana?

Oboanaunm Hepes X AJHITY LTOPOHH oc-
HOBAHHA I(DpUﬁ](Ivl H 4Yepea y ee EI:ICGT\"
Tax xaxk obdbem hopoﬁml H3BeCTeNn, To
MOXKHO BHipasnth Qyuxnuedl ot x. B camon
Aene:
oowem=—x"y = 108,

=22 (uepr. 82).

Teneps Mbl MONEN Bbzpaau-n, yepea x uncao M kBaapaTHLX can-
THMETPOB AEpeBd, NOTPESHOE JIIA TOTO, YTOOBI CAGNATH KOPOGKY:

IIOU@AL OCHOBaHIA paBHa x° ca’

H

= 432
I/0Ua/k HETLPEX GOKOBLIX CTOPOH paBHa 4.Xy = == car’,

Cael0BaTeNbLHO,

M=t )

Tioctpomy rpadpixe dynkun (2) (uepr. 83).

000 =1 O L D
—
=
[}

i
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Uro faeT HaM HCCAeJOBaHue 3TOro rpaduia?

a] ECJ!I»] OH TUATENBHO BLITIOMHEH, MBI MOXKEM u3.\:ep;rr1. Opﬂ.l‘l-
|1a'1'y, (‘.DD’I‘BETCTB)(IOHJ.}’IO I(aKOMy-l[I[Byﬂ.b 3HAYMEHHIO X JJHHBI OCHO-
paHua  KOpOOKH, U ONPENeHTh TakuM 0DPasoM YMC/ID KBAADATHRIX
CauTHMETPOB JAEpesd, TPEDYIOWErocs A/ NOCTPOEHHA KOPOOKIL.

b) Kpupass MMEET EIMHCTBEHHYIO TODH3OHTAJNBHYIO KACATENLHYIO
RT. Opaunara TOUKHM KaCcamnd HMEET HAUMCHBIUYIO JJTHHY CPaBHH-
penbHO €O BCEMH ADYPHMH opaunatami., OTCiofa Mbl 3aKIOYaEM:
onesudno, cyecmeyen Kopooka, Ha Komopyio noidem nausmerbuiee
KOAUMECINBO Oepesa, CHasHUMeAbHo €0 scsxoii dpyeof. Ipyruvm
CAOBAMH, MBl 3aKJIIOYAEM, YTO (hyHxuna (2) uMEeT onHO HanMenbilee
siauedne  (MUBIMYM). Hafinem HHTEPECYIONLYIO HAC TOUKY rpa:i)m{a.
noap3ayscs Metomamu amasusa. Juddepenunpys dymcmno (2) aum
HAXOHNCAEHHA HAKIOHA KPHBOH B Ji0Goil TOYKE, MOJYUHM:

)
ﬂ{ —th e
dx

-
B nanbosee Hu3Koi Touke rpaiHka HaKJIOH PaBEH HYJIO:

2x —Erj.—_cl.

X%

Orciond CJELYET, HTO KOrfa X =0, HCOOXOANMOE KOJIMECTBO MaTe-
puaja A wopo0iH Oy AET HAUMEHbLIHM.

TNoxcrasnaa Haiigennoe 3nauenne x B Qopuyay (2), ualizem, urto
M=108 car*,

CyurecTBOBAHNE HANMEHLLIEro 3HAYEN!s bynxunn M moutHO
N0KasaTh TEIIGL{C nyTemM CAELYI0UIEro paccyucienns l'lpe:l.uo.'mnczm,
yTO JIHO [{UpODl\'!.l H3MEIACETCA, YBEAHYHBAACL OT O4UYCHb MaJEHEKOPD
KBajgpaTa [0 OHCHDL foabuioro. B nepeom cayuae Bhicora KOpOOKI
QueHb BEAHIK, H TOSTOMY . KOJMYECTBO HEOOXOMHMOrO MaTepHasa
TOMKE OUYEHD Goasiioe. Bo BTOpPOM CJY4Ya€ BHICOTA CTAHOBHTCA OYEHb
Manoil, W MO3TOMY [A OCHOBAHMA KOPOOKH NPH TOM ke ee obheme
noTpedyeTca G0abII0E KOAUUECTRO IEpERa. Crnenosarenso, hymiuus M,
ornpaBaAsch 0T o4enb GOMbINOro 3mauewnst, yGoipaer, aatem, Bo3-
pacTaeT OT JIPYroro TOXe GONbLIOTO 3HAUEHNS, & TOTOMY HMeer
jlaNMEHBIIEE 3HAYEHHE.

[MepeitaeM Kk TOAPOOHOMY HCCAEAOBAHMIO BOHPOCA O MAKCHMYMdX
M MHHHMYMaX. A
§ 79. dyuxuui BO3PACTAioNE U YOBIBAOWNE; HX OTANYHTENb-

ppie npusHaicn ', PyHkuua y = f(x) HasuBaeTCa go3pacmaioiyei,
Koraa

1 Paceyncacnun n § 79—86 w oamme 8 § 9092 ocuonan npemymecTaenio
112 HACASIUEIY PEOMETPIMECKN NPeACTamIenng. ANaIITHIECKDS PEENNE HaADNKel-
nuix ponpocos naso © 181, Kak npasiao, wwie GYAYT PICCMaTPUBATLEN (Y 1KLL
C MenpepLBHOi NPON3BOAHOH,
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¥ anreGpanvuecky yBeqnuHBaeTCsl NIPH BO3PACTAHHH TEPEMEHHOro X M, °
anaunT, yObiBaeT NpH yGLIBAHHH X. DyHKUHA HaswIBAETCH YIAGaAIO-
well, Korna y anredpapyeckd YMEHBIUAETCA TIDH BO3DACTaHMM Mepe-
MEHHOTO X H, 3HAYuT, BOS]]EICTBET IpH Ero }'GHBBHII]I.

[eomerpiyeckoe H300PAXKEHNE (DYHKIHH SICHO TMOKASLIBAET, BO3-
pacTaipman JH OHa NAH ybrpaiomasn. [Mlis npuvepa  paccMoTpus
dynxumo y=a*, (a > 1) rpadhuic Koropoii maH Ha uepr. 84,

Ecai nburathCAd 0O KPHBOH CJAGBa Hanpaso, TO KpHBan HodHu-
Maemces, T. €. 10 Mepe v
BO3pacTaHiH X PyHKILIS ¥
BCE BpeMs  BO3PACTaET.
CrefosaTensuo, a* ecrb
dymianis, Bo3pacTalollan
JUIA BCEX 3HAYeHHii x.

C apyrofi  CTOpOHB!

_ paccyotpint  QyHKuO ay
y=(a—x)', reomerpn- i
yeckoe H3I0OpaMeHHe Ko-

Toporo ano Ha yepr. 85.

B stoM cayuae, mo
Mepe TOro Kai Mbl JBH-
raemMca BIXOJB  KPHBOI L

caepa HaNpaBo, KpHBan

=il

a %
Yepr. 84 Yepr. 85

nadaem, T. €, N0 Mepe Bospactanim X QYHKINA NOCTOAHHO yOLIBALT.
C.r:enﬁnaa'renbﬂo. (@ —x)* ectp Qyuxuua, yObBaOMAA A% BCEX 3Ha-
yeHni X,

Yro QyHKsS MOXET TO BO3pacTaTh, TO YOLIBATH, TNOKA3LIBAET
(ynicups (uepr. 86):

¥=2x"—9x"12x—3. (1)

Mo mepe Toro Kax Ml NEPeBUraeMcs o KpHeoil caepa 4ianpaso,
KpUBAA MOANHMACTCHA, HOKA MBI He AOCTHrHeM Touxku A, 3areMm —

or A pile] B — OHad Hajae a pBr 0 T - =
B
0 T, P‘] 0 B HACT BCE Bp‘:'. I NOAHI
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CneaopaTenbio, 0T X=-—o0 100 x—1 diynryusn sospacmaent;
or x=1 no x=2 ona yusaem; or x=2 o x= - co @ynryus
gospacmaein.

Yuaimiicss MOMKEH TIETENBHO PACCMOTPEThL KDHBYIO YTOOH 3a-
METHTB, 4TO AeraeTcs ¢ dynwuneit opu x =1 u npn x = 2. Ouennmno,
A u B cyTh TOuKH TOBOPOTA Teuenus kpHpoit: B Touke A dynkunm
OT BOSpaCTamsi MEPEXOJMT K YOBIBAHHIO; B TOUKE B HMEET MEcTo
ogpatHoe. B toukax A u B kacarennman (mmi
KpHBan), OUEBHMIHO, HMECT HANPABJCHHE Ma-
paanenbioe och OX, H, ClAOBATENLHO, YIJO-
Boii k02 (MHUMENT B 3THX TOUKAX DABEH HYJIO.

B kaxoii-nnbyns Touke, Hanpumep C, rae
Gyniuia ecTh BO3pacTaloulan, Kacarelb-
gaf AENAET OCHIPbUL YTOJ C FOPHIOHTOM (0ChIO
abeuuce). [osTomy, TANreHc ee HaKkioHa MO~
JONMHTENEH. :

C gpyroil CTOPOHBI, B TaKHX TOYKAX, Ka-
Kopa manpumep, todka D, rue (iyHKUMA €CTh
yOLiBalOLLA A, KiCcAaTeabHas JedaeT TYTOit
yroa ¢ ropusonton. [lostomy, tanreic ee HaKIONa OTpPHILATEAEl.

Q@paTHo, Aa1 NaHHOrO SHAUEHHA Xt

¥

ecomt ['(x) >0, To f(x) soapacmaem 8 amoii moure,
ecant J'(x) <0, To f(x) yOswsaem 8 a2moii moine.

Bro caeayer us Toro, uro dyuxuua f(x) npeanonaraetcs aidihe-
PeHIAPYEMOIl B TOHKE X H, 3HauYWT, kpasas Y= f(X) HMEET B TOUKE
5 rid OI[pL‘,,EE,'I&}IHOE HanpapJieHHe, COBNAJAIOLIee C HANPABJEHHEM Kaca-
teapHoOil ¥ Hell B 9Toi Touke. M pas kacatenbHasm Jenaer ¢ ropu-
30HTOM OCTPHIT YroJ, TO KpHBas, CJAeAys TEYEHHIO CBOEH KacaTeldh-
o, NPHHYIKACHA NOARIMATLCA B TOUKE X #EEPX; A ECJAH KacaTelb-
pas 06pasyeT C rOpPH3OHTOM TyIOI yroJ, KpHBas BHIHYJNCACHA B TOYKE
X ONyCKAaThCH OHUS.

Met chOpMYJIHPYEM TAKOH OTJIHYMTENLHBUL NpH3HAK (KPHTe puil)
Bo3paCTAHUA W YOwiBamuA Qymicmii:

GVHKIIA ecins to3pacmaa, xo20a ee npoussodnan noaowcu-
measia w ecmy Youoaiowan, Kowa ee npoustoinas ompryametvia,

Hanpusep, muddepenunpya (1), Mul nyeen:

1
:&:f‘{.:):ﬁ.x‘—lS,\:—{—lZ:BL.r-—l](x—‘.l,. @

Korza x <C 1, nponaronnan f* (x) nosommteasna n f(x) poapacraer.
Korma 1 < x <Y nponanoanan ) orpuuateasia n f(x) youraer,
Korza x > 2, npouseofundn f*(x) nonomuteasua u f(x) soapacraer.
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D1or wMCcTO anaanrTuvecku i npuduay, CAEACBATENBHO, HAXDANTCH B
MOANOM COFAACHIL € TeM# 3alI0NeluaM, KOTOPEIe ML BRIBEAN 13 nadJloaenua
Han kpusoil

Ecm f/(x)=0, 10 racaTeipnas B TOMKE X TapaJJeJbHA TODH-
30Ty, 1 7TOrja 0e3 JanbHENlNero JICCHEOBAHHA HEVB3A DEIUHTH,
BO3pACTaeT Jil f(x) nan yGuiBaeT B TOYKE X, M X €CThb TOYKA NO-
BOpOTA.

§ 80. MaxcumaibHple W MIHHHMA/IbHbIE BeJUMMHBL (hyRIuMM; HX
Joruueckue onpeneienus. Marcumaabion BeIHUHHON KaKOI-HIOY Ik
(yHiIHH HASHBACM TY, KOTOpas C}»am.-me yeM JDVIHE €e BeJdHYHHE
1A JOCTATOYHO OJM3KNX 3Hauenuit aprymeunta. Munusiaspnoii senn-
YHOIT €E HA3bIBAEN Ty, KOTOpas MeHpie HeM [DYrHE ee BeaHYHHL]
JLI5 IOCTATOUHO GJMBKHX 3HayeHmit aprymenta.

Hanpnvep, #a uepr. 86 #AcHO, 4YTO (YHKUHST HMEET MaKCHMalb-
nyio esuniy PA (=y=2), xoraa x=1, I MUHAMAJLHYIO Beanuy
QB (=y=1), worga x==2.

Vuaumgiica JOMMEH 3HATHL, HTO MAKCHMOALHAS BEANYIHE MOMET
pe 6uTh HauGONbBUIEH H3 BCEX BO3MOMHBEX €8 BEJUYHH,
TAK We KaK H MUHHMAALHAR 6€AulIHa MOMET He GHTh HAoNMeHb-
weifl W3 BCEX BOSMOMHHX ee Beaumduu. Haujamep, ns
uepr, 86 scHo, yTo cnpasa oT Touki B (ymxuua (=y) umeer Be-
JHYAHB! DOJbIIte, HMeM ee Maxcnmym PA, a caesa or Toukid A MeHb-
ume, yem ee mumnmym QB. Kpome froro, ecanm (ymxuns y=— f(x)
HNEET HECKOIBKO MAKCHMYMOB M HECKOJIBKO MHHUMYMOB, JIETKO MOMCT
CAYUHTECH, YTO UHOI e MuruAIa oxadcencs 00asiie KaKozo-Hudyos
€e Marcumymda, HG0 CBOMCTBA MaKCHMAABHOCTH M MHHHMAABHOCTH
(YHKUHH Y COXPAHAWT CBOIO CHIY JHIIL IPH AOCTATOYHO Ma-
NHX H3MEHEHHS X APDPYMEHTA X M BNOJHE MOTYT YTPaTUTh
CBOI0 CHJY IPH DOMBUINX OTK/IOHEHHAX apryMEHTd.

[peanonousy, uTo npoussogas f'(x) HEmpephiBHA 1 4TO OHa
BOMM3H TOUKH @ M3MEHAET CHOMl 3HAK JHIIDL OrpaHH4eHHOE 4YHCA0 pas.
Toraa ecau () HMEET MAKCHMATBLHYIO BEAHUHHY AJS X — @, TO SCHO,
uto f(x) ecth Bospacramuias (YHKIHA OT X, KOTJ4 X HE3HAUYHTEIBHO
MEHBMIE YeM @, H uto f(X) ecth yOulBaowasa QYHKUNA OT X, KOrja
X HesuaunteasHo Goaewe yem . Ho toraa f'(x) Hameuser ceoii
8HAK C~{-Ha—TpI npoxone yepes Touxky a. lloatomy, pas mpous-
Bomnas j(x) HenpepnisHa B TOuke @, oHa QOAJCHC 8 HEl VHUHNO-
JCamsCA W, SHAYUT, ML JOJIKHE MMeTh pasenctso [’ (a)==0.

Tax, na vepr. 86 B Touxe C npoussoanas j'(x) mosoMHTEIBHA,
B touxe D ona orpuuatensna; a B touxe e A muveenm f(x)=0.

C apyroil croponsl, ecan Jf(x) uMeeT MUHIMAJIBHYIO BETHUNHY A8
X=a, 10 f(x) ects yBmpaoman, xoraa X HESHAMHTEIHHO MEHbIIE
ueM @ u_f(X) ecTh BO3pacTAOMAN, KOTAA X HE3HAUNTENHHO GOJblie
sem a. Cuenpsateasno, pas f'(x) mempepuisia B TOuKe @, f(X) Zoa-
JHA YHRYTOKATLCA Wi x=a, 1. €. uveen j'(a)=0.
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Tax, Ha uepr. 86, B Touxe D) mpomssommas f'(x) oOTpHUAaTe/bHA,
B Touke E OHa MOJAOMuTENbHA; B TOuke ke B mmeem f'(x)=0.

Mgl Teneph MOJM(EM BHICKA3aThL CHEAYION(HE OOlHe YCJIOBHA JJA
MaKCHMAJABHON M MHHHMAJNBHOI BEJHYRH (Y HKLLIH:

if(x] ecms starcusyn, ecaw f'(x)=0 u f'(x) sersem snaw
o -~ Had —.

Ff(x) ecmb UUALYSL, ecan f(x)=0 n f'(x) menszem snar
" W =T -

Snauerus HE3aBHCHMOrO TMEPEMEHHOTO X, Y/IOBJETBOPAIOULHE ypas-
wenuio f'(x)=0, naseiBaoTCH spumureckusmu. Taxk, ypasnenue (2)
NOKASLIBIET, YTO €r0 KOpHH: X=1 0 X=32 CyTh KPUTHYECKHE 3Ha-
yeHid apryMenTa x JJs diynicuun, rpadux KOTOpoOt gaH Ha qepr. 86.
CaMble JKe TOYKH HA KPHBOH y = f(x), A3lONIHE MAKCHMYM WAH Mu-
HUMYM L7 (hyurin f(.x), HOCAT HASBAHUE WMOYEK NOBOPONLE KPHBOT
y=7f(x). flcno, 4TO B TOUKAX NOBOPOTA KACATENBLHLIE K KPHBOjL
ZOpUIOHINIAALHYL.

Yrobul onpesneinTh 3naK NPOHIBOAHOR B Toukax, GIM3KHX K pac-
CMATPHBAEMOI TOYIKE MOBOPOTA, NOACTABJSAEM B NPOMSBOAHYIO CEpBa
aHAuCHHS APryMEnTd, HESHAYNTEJIbHO MEHbIIHE COOTBETCTBYIO-
jeil KPUTHYCCKOl BENHYHHE! aprYMEHTd, a NOTOM HE3HAMHTENBHO
Goabwne. Ecau nepeeit sHak—, a Bropoit—, Torma hy KA
HMEET AMaKcumaabiyo BENHYHHY LA CODTBETCTBylomeﬁ Kp}n}mecm)ﬁ
BEJTHYHHEL.

Ecan nepswiif smaik —, a Bropoft --, Toraa dymiums nmeer
MUHUMAABHYIO 8EAUTUHY.

Ecan ke aHak eCTh TOT XK€ caMbiii B 06oHX cayuasx,
Toraa GYHKIHA HE HMEeT AN MAKCUMAAbHON, HU MUHUEMEALHOG
BeMYHHBL AV PACCMATPHBAEMOrO KPHTHHECKOTO SHAYEHHH aprymenta
} TOrja paccuMaTpHBaemas TOUKa Ha rpadmie dyHKIHH HE €CThb TOMKa
noBOpoTa.

Hanpmep, Boasmer Qymumio (1)
y=f(x)=2x —9x* 4 120 — 3. (I)
Torsa, KaK Mbl BRACAL:

Fx)=06(x—1)(x—2). @

Moaaran f'(x)=10, s naxonum nse R&u‘l‘lmecnue Bennunie X=1 1 x==2
nannepraehl NCUBTANNW CHaYaaa NepBylo. bl pacCMaTpUBaeM alaueHus x ﬁ)mm‘"e.
Kk sToil upumqecuoﬁ BeAHUie, NOACTABAREM IUX B IPABYIo 4acib paBeicTBa 2 u
paGaicaaest sHakH MuomnTeneit.

|y
1

[+




184 PAMIMHBIE PUADMKEHNA NPOHIBOIHOM LK

Tlostony f(x) mieer MaKCAMaAbLIYIO BEANNY, KOrAa = 1. Ma TaGanuen sMel
BUMUM, UTO 5TA peauNNa ecth ¥ =F ll!f?-

Jlanee, noABEPrags NCILTINHD X == [MocTynasn, kax Gu1a0 YKasauo, Mbl Gepen
suavenuA apryMeiTa x Tenepe Gauskne K puTHueckoit neanie 2,

Korma x < 2, f (=) (—1=—

Korm x> 2, f(={H(H =+ 2

TosToMYy f(,u AMeeT MUHNMAALIYIO DBeJHulHY, KoTia T — e A YEAZauHOH
rabmmace ST pemsuna ecth y=f(2)=1.

Ml MOAEM Teneph COSAHMHTB WALl BHDOALL B TaK Ha3biBacMoe pabouee npa-
w‘w§' 81, Mepesiii criocod uccaefoBants (PYHKUUK HA MAKCHMYM H
munumym. Pabouee npaBuio.

[lepeuit mar. Haimu npoussoduyio gyriyu.

Bropoit mar. [lpupasiame r:pouasoﬁn:ym HYAI0 © peluns
noayuenHoe ypasHedue, Haiida ece exo delicmenmenbioe KOpPHLL.
Sni KopRI cymb KPUMUIECKUE 6eAudUKbL apzyMeding.

TpeTuit mar, Baanms KaRYI0-RUGYDs KpUMULeckyio geutuny
a nodsepziynls HCHBINAHUIO NpOU3BoOHYI0, cHAtAAR 04 3HAYCHU
apeyMenma ,HeMHoz0 MeHbliez0”, a@ NONOM ,HeMHO20 00Abier0”
amoii kpumuieckoll seawmnst. Ecan snak npouseodnoil ciataaa -,
a nomos—, QyHKQuS ameem MaKCHMadbHY 0 geawiny 04
pacchampusaeson  KPUMUIeCKoz0 SHAMERRS apRYAteNma; ecan
anaxu npoudsodrolt noaytawomen wraolopom, @OYHKINL uMeem
MHHHMAaABHYI0 eeauquny, Ecan 3uax npoussodnoil we usse-
Haemes, @YHKYUA He useeln HH MaKCHMYMa, HM MHHHMY Ma.

Jlna TPETBErOo mara 4acTo ABAAETCH YAOOHEIM DAsVIONKIITh
f(x) Ba MEOMHTENH, Kak STO CHEMaHO OBMIO HA PACCMOTPEHHOM
npHMEpE.

NMpumep 1. B nepsoil 3anaue, paccyorpenncil namu o § 78, Mbl nokasamm nytem

Habajoncnua rpadmia kpusoit S= x ¥ 100 — &%, 410 NPAMOYTOALHIE MAKCHMATLHOM
NACIIALE, BURCAHNON B KpPYr pammyca 5 car, nmeer mmecTnmocts 50 ca®. o
MOKHO TENEpb M0Ka3aTh o AHMIUTHUECKN, NPUMCHIE YEAIAHHOES [PUABILIG,

Pewenue, f(x)=x 1 100 — %

100 — 2.7
mn i = B
epomii war, f(x) Vo0 —

Bropoii mar, Hpupasuusasn £ (x)=0, me umees:

=52 =707,

B Ka4ccTne KIJIETHNCC!\'DH‘BC.’I]I.'-IJ[]IM. ¥ KBAIPATHOTO Paanka’ta HYKHO B3ATh JiUIL
TOAMKNTEABHBIN 3HAK, NO0, no nupupoae aafaum, DTpIIIJ.aTCJIvHNi'i SHaK HC HMEeT

CMbIC.

Tperult war. Korna v < 5172, toraa 2x*<C 100 u suag f'(x) ects -,
Moraa x> 51 2, 1oraa 20* 5 100 w 3una f/(x) ects —. Tax Kak suax npoms-
Botoll MEHRETCR € - Ha —, QYUK HYMRET MAKCUMAALHYIQ BEAUNUHY:

JBY 2k
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Mpumep 2. Mccaeaonath Ha MARCHMYM M MUHIMYM yukumo (£ — 1 (2 1)
Peutenue. .
fley=(x— 1y (x4 17
MNepowmit mar.
fr=2(x— Dx+ 1P 30— 1F x4 1 =(x — 1) (e 1) (55 — 1}
(x — D417 (5% — 1)=0,

Bropoii mar.
1

0TIy KPHTHYECKHE DEIMIIN X = 1, —1, 5

TpeTuil war.

(=5 (e — e+ 17 (x— )

Heenenyeu ciava’a KpHTITECciyio Pemr\uluy x=1|(C na 4epT. 87,

Korma x < 1, 10 f (¥)=5(=)(+) (+)=

Korna x> 1, 10 £ (£)=5 () (+)* (-+)=-}.

Jagaouaes, 1T0 Npn X =1 GyHKLEa uMeeT Mmu-
HITMYM f(1)=0=opanuare TOUKN C.

Hecaeayem Tencps KPHTHYECKYIO BEAUUHIY X =

:-;- (B na uept. 87)

Koraa x < —é—. i =5—)HP—=) =1+

Yepr. 87

Koraa x > -é-, =) +rH=—

1
Creaonateaniio, NP X== - QYNKUNA HMCET wakcuMyM, panitil f(—%—}.—_-
= 11052 = opaumare TouKN B.

P;‘J(‘_C!IOT[!I!!I, HaKoien, Iq"nITJI‘#ECK!‘IO IiEJI'iI'IilHy o —
Korna < — 1, [/ (=5 (—)(— (—) =+
Korna x > — 1, fx)=5(=)HF{—)=+

Crea0Bateasno, Koraa x=—1, QYUKuus He WMEET Ui MAKCHMYMA, HH Mii-
MyMa.

—1 (10uka A ua wepr. 87).

§ 82. Maxcumaibuas B MHHUMAJILHAS BEAMIHHLL HenpepsinHoil dynxumm,
}orfa y Hee HeT NPOH3IBoNnoH B HEKOTODHIX TOuKaX. D10t cayHail camuil TPyil=
uniil o B 10 HE Bpess BOoANe KOuKpeTnbt. 4

A_\MGI_/ﬂ/_x 7

Hepr. B8 Yepr. 89

Jloctatoduo, uanpusep, paate dgyukwmo (epr. 88)

y=J=V
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rae Kaan.panluﬁ painkan nOHUMaeTCn BCErga B apmjmemuecxon (1. e, no.poxc-
me.bHoAt) CMBICAE. DTa GYUKUNA IMEST CROUM rpapusoM ape noaynpauue OA o
OB, pasuoicianme Yrikl BTOPoi nepeoit wetsept, OHa Henpepoibha # papia
uyio & Touke x=0, £(0)=0. Tak Kak BO BCEX APYTHX TOuKax X dynkuus f(x)
nojoRmTeskia, To ee anatenne f(0) ects seanquma munusasvag. M, onnako,
uafiTi ee 1o pLmeykasannoMy paboueMy npapiay HEDo3MOMHO, HO0 npouseodHoil
fx) 8 moure =0 we paeemen, W, SHAYHT, DONYHNRTL SHAYEHHE 0 apryMedTa X
KAk KPHTHUCCKYIO BEIWMNLY i3 yDARHEHHUS [ {x)=0 neavan.
Y100 yOeanTecs, 410 NPOH3BOIHOH S (0) uer, ,mm:mlmo, cOorJiacHo cOmeny
npapnay anddepeniposans, PaccMOTRETL OTHOWIEHHE ﬁ aag x=20, Ouno, oue-
BitAND, paBio -1, Koria Ax NOAGHHTELH, I PABHO — 1, xorga Ax oTpuuaTenLHO.

TMostomy, upe,rlenaﬂlimo a—i npit Ax, CTPEMAMIEMCA K HYJI0, HE HMCETCH HHKAKOTO.
X

Towo Tak #e, paccMatpusan rpadm (uepr. 89) nexoropoil dynkuwmm y=f(x),
HETPYAHO CPasy e 3anMeTnTh, ¥I0 f(X) nMeeT B TouKe E MUAUAGALHYIO 8eAWLINY,
a 8 Toukax B w G marcusasviyo, Ho aboumccy x, sakofi-uubyis na sTux TOUEK
1oAYUNTL N0 PAGoueMY Npapiiy, Kak KPHTHHECK Y0 BeaHYNuy, H3 ypas
neinn [ (x)=0 nesosaoacno, WH0 Hi AR OAHOR N3 ITHX TOueK npoussoanoi f* (x)
He waeemen.

Y1o6L yOEeANTLER B STOM, NOCTATOYHO 3aMETHTE, 4To rpadimk npeacrapaset Tpi
napu kpuenx ayr: AB u BC, DE u EF, FG u GH, unewowux 8 toukax &, En G
NPUKOCHOBEHNE K BEPTUKANLHLIM NPAMEIM, Ilo9TOMY, €CAl Mbl COCTaBUM OTIOMICIHE
Ay

ﬂ_- ana abcuuces Xy IIi!IIOit—llilﬁ)','.!b H3 STHX TOYEK, TO CPA3Y 3aMETIHM, 4T0 abcomoT-
X

A
nan BeAndNIa ]EyK CEA3AHIONO OTHOWERNA CIPEMNTCA K o0, korga Ax—+0. Or-

ciona creayer, 4to npomasomnoll ff (x,) waemsca we soxcem W, snavur, atcuncea
X, 1 onnolt U3 stux Tpex Touek B, £ n (F ne momer OulTh NOAyYena, Kak KPHTH-
ueckas neanunita, 13 ypasuenun f* (x)=0.

I Tomy e, otHomene EJEF mAn afcumcenl X, KAKAOR U3 TPeX YKa3auHLIX
Tougk R3MeHnem caoll anak n;‘m nepestere 3HAKA npupauiedls Ax, Tak 4TO0 AAs
CTPEMALLAXCA K HYM0 npupawennil 4x ognoro sHaka oTHOWIEHMNE ]f\; CTpEMHTCA K
;Iw:c',ma aas npupamennit Ax npoTHBoNoAONIOro 811AKA BTO OTHOWIEHNE CTPEMITCH

3ameriy, HaKOHel, 4T0 B TO4Ke A, TAE KPHBAR HMEET HACTOMILYIO, BOPTHKAIL-
BYI0 UeAYlo HACATEALUYIO NPAMYID (2 He NoAynpsMYyIo, Kak B Toukax B, £ u G), 1au

OTHOWENNE == CTPEMUTCA K - o HegasucuA(o om swaica npupawenus Ax. Ho b

TOMKe A MW He EMeen Hit Makcimanbuol WM Miaabnoll BeAHIIL

Taxue toukw kpusofi, kak B, E u G, naswsaorcs ocmpnayu. Tlpu wccaesosa-
HIRYX, e HIUYTCR Y Kakoh-unGyab gynkuun y= f (x) 6ce 60IMONCHEE MAKCHMATL-
linle 0 MHIHMAJBEHLIE BeMMMHM, TaM UAZO NPHINMATL HO BHBMAlHE 1 OCTPIL.
Mg storo muyT i3 abeuucen nocpeactson ypazueius

1
o= 0, (1)

niio 0o Mepe npuéakwenna aprymenta x k aGcuucce x, octpua | f* (x)| Gearpannaio
YBEANMNBASTCH, YTO YKA3IWBAET a3 HenpepHBROCTL O0PaTHOR BEANYNHBE! NPOU3BOAHOH
g ofpatieiiie ee B iyab 1as abeumccn X, ocTpua. [losToMY, eéxAlOMalom @ wucao
Julmmwfgcxﬂx GERIMIH maKice u KOpHIt ypasHednt (1). DTHM uaMeHseTCH AHIbL
Bropoil war padouero upasuna, OcCTafbiBIe WACd OCTAOICH (3 nepeMens.
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Tloicki e APYTHX MARCHMMILUBIX 1t MINUIMAALHEIX BEAWIH, [Ie HeT Npois-
ponuoil J* (x), ouelb TPYAHBL i e NOAMHIAIOTCA WHKAKIM NPaBuaas.
a

Mpuyep. Hccaenopats dyukunio a— b(x — ¢)* ua MAKCHMYM If

Pewenue. ;

f{x):a-—b(x—c}-:_r'

2
f=——",
I —o)®
I Si—a
T RhESS

Bnech ¢ BCTh KUTHHECKARN BEJANUIiA,
0fl =——=0, n ana Koro-

RJif KOTOPOH - 3] , UK
poit dyukm [ (x) nenpepuiona. [o-
aTOMY N30 NPOBECTH uccienomailie
Na MAKCHMAALUYID 1 MUIIMANLHYIO
peaIduIy 049 X=¢.

Korna x =" ¢, ' (¥\=+.

Korfia &x >¢, ' (x)=—.

Otcona, kKorpa x=c=0PF,
YK IMEET MAK CUM AN b Y 10
peanunny f(e)=a=~rMuepr. 90)

MHIHMY M,
Yy
M
&
a| 2 \ A
£

Yepr. 40

SANAYH

Mecaenonath KOKAYIO 13 CASAYIONX DYURIIHE 12 MAKCHMANERYIO 1 MIHMATD-

NYI0 BEANMILLL
1. 2¢® —9x® — 2dx — 12,

a%ﬁ~}f~h+1

8 " 1242 - 36x — 50,

3t — A

7. 24 24x% — 1
8. &' — 8x% 4200 — 2x - 12,
9, x5 — 0t LSt L
b
10, 24

108
1L, x— =

Or8. x

— 1 naer make.= 1,

x=4 paer mun,=— 124,
19
x=—1 maer MAKE, = =,
x=2 naer mm.=—%.
—6 paer makc.=— 50,
x=—2 naer MiuH.=—82,
x=0 paer Makc.=
=—1,

0 naet mii.=0,

x—===¥3 pawnt make, =09,
x2=1 naer muu. =3
x=12 IaeT MaKc
x=13 naer Mun.
x=2 paer mmi,—=12,
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1%

16. (x — 1 (x— 35
17, (2P —

18, (x—3)® (x—6)°.

19. x (64 2 (6 — 2

ml (£

20, I+clx—a)”.
1

21. a—b(i\:u-'— c}T].
(x—a)lb—x
ﬂu —_'-t'a .

at B

8=y

+x—l
24. Pl

25, t+|
ES AT
26, (x — 2P (2e 4+ D%
[ 2

27, @x—a)° (x—a)’.

28, x(a+ AP (a— P

X —Tx G
e
fa — xp*

0 ==

OtB. x==1 malOT MIH.=

x=—1 naer MuH, =— 3.
x=1 naer Makc.=3J.

x=4 paetr .\mxc.‘:/_z 1.6,

6 maer Mu.=0.

— 6 paer makc.—0,
x=—23 naet mun.=— 19683,
x=12 paer Maxc.= 8192,
x=a faer ML =0b.

Her Ilil malcc.. U MHH.
paet wae. = & —4F
—i—b T dah
fﬂ—l-W
BAET MaKC. = ———

S :

a? (o — )

= AAeT MMl = 4
o @
5

] i

x=2 nger MaKe.=—-r,
a
x=0 paer ML =— 1.
1
x=—23 paer mul.=—— 5

1
X=— 5 naer Makc. =0,

|
xX=1g paet M. = 126,
x=2 ne naer uuvyero.

=2 jser wanc, =%
X——-;i b =y
x=aga paer umn.=0,

a
X=- Ne AAeT HHvero.
x=—a gaeT maxc.=0,

& jaet .= 21 a’
i SRy < )
X=a He JaeT nuyero,

x—4 paer makc.—1,

i 16 naet mun. = 25.
27

x=" naer wmn. =35 a®

& 32
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§ 83. Obwue yiasanus N HauGoee NPAKTHYHOrO OTBICKA-
HHA MAKCHMaAbHBIX H MHHHMAJALHBIX Beauuui. Bo MHOrHx 3amauax
HYJKHO CHCPBA COCTABNTD, HCXOAA U3 MAHHBIX YCJOBHi, TY dynxuio,
MAKCHMANBHYI0 H MHHHMAJBHYIO BEAHUHHBI KOTOPOH Aanbuie Gyayr
nckaTbCA. [Kak JlenaeTcs TAKOE COCTABJIGHHE, MBI 3TO BHIAEGIH Ha
ABYX TIpHMEpax, NoApoSHO padobpanunx B § 78. Cocrasnenne dyHi-
HH MHOTAA NIPEACTABASeT SHAYHTENbHLE TpyaHocTH. K coxanenmo,
JJIA STOFO COCTABJNEHMA NET HHKAKHMX npaua. MomHO Jiulb pyko-
BOJCTBOBATLCH CJICAYIOLINM,

O6uiie ykasaHus

(a) [TonpoGosams wanucams PYHINUIO, MAKCUMAARASL 1Al Al
HUMAABHAR GeAUHIHA KOMOPol ghuzypupyem 6 adaie.

(b) Ecau panucannoe shpasicenne codepsicum Goqee 00rnozo nepe-
Aernozo, mozda camve Yea0sus sadawy 0oaxcke dams docmamotnoe
YUCA0 COOMHOMWERN Medcd) nepemMeHHsiMi 0AS Mmoz20, Hmodst ace
oHiL AOZAlL Obinb BLPANCERb HEPE3 MOAbKO O00HO,

(¢) K noayternon oKoKtamMensio yiKyan 00H020 NepeMenioo
HPIUHEHS?E,-W paovoiee npasgnio.

(d) B npaxmuteckux 3sadatax obwuno .aeexo cydums o moa,
KarRaa KpumuiecKas eefuwuna daem Maxcumysm, u kaxas daem
MUHIAYA, MAK 4o Re 8cexda npuxodumcs npubezams K mpenis-
eMy wazy.

(e) Havepmums epagux iynxynu 0a% nposepru GbNOANEHNOI
paGombt.

Pafora 10 HAXOKIOCHHUIO MAKCHMYMAa M MHHHMYMa 4acTo ynpo-
HIaeTed, Korjaa nodb3yioTei CIeLyIonHMH TPHHUHIEMH:

(1) Marcusaavisie @ MUHUMAAbHLIE BeAUNIHLL HeNPepsiaHOL

YHICYUN 0031 wepedosamscs.

(2) Ecau ¢ noaoscumenvroe nocmosnnoe, mozda cf(x) wmeem
MaCUMYM LAl MUHIMYM 045 MAKUX 3HAYEHUE NePeMenHOz0 X i
moAbio 0an makux, xomopwe daiom f(x) MAarKcuMymM nan smu-
HUAMY M.

[TosTOMY, IPH OTHICKAHHH KPUTHYECKHX BEJHYHH W HCHBITAHHH 1x
HAa MakCHMYM H MIHHMY M, MOMHO ONYCKATB MOJNOHMHTEIBHBIL NOCTOAK-
HElH MHOMKNTENb.

Fcau ¢ eciis wtacao ompayameasioe, cf (x) useem sarcuitym,
koz0a f(x) noayraem MusumMyal u o0pamuo.

(3) Ecau ¢ ecimv nocmosnnoe, moeda f(X) a c--f(x) wueom
0OHOGPeMERHD MAKCHMYM 0 MUHUMYAL 0451 MeX dice caMbiX 3sna-
YeHIIL Nepesiennon X.

TlosToMy MOMKHO ONMYCTHTh NOCTOSHHGIT YJNEH NP OTBICKAHUY Kpi-
TUYECKHX BEJMYHH 11 HX HCIBITaHHH,
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SALAUH

1. M3 kpagpaTioro JECTANOro amcta (¥epr. 91), cTopona KoTOporo @, WeaoT
CAeAaTH OTKPHITHI CBEPXY ALK BOSMOKHO Goabliero ofbheMa, Dhlpezas pasisie
KpanpaTHl MO yraas, yaanna X i saTes aarufafl mecib, 4TOOL oOpazopaTs GoKa
GuiTh AAHHA CTOPOHLL Y BbIPE3ACMBIX KBANPATOR?

suwica, Hakosa noana O
Pewenue. TIycTs CTOPOIa MANOrO KBAIPATA PABHA X, CICNOBATENLIO, CTOPONA

fBagpata, 06paayIoLLCro AHO AIUUIKE, PaBHa & — 2.5, a o0heM ero:
V=fa— 2x)' x;
sakopa (YUKING, MAKCHMYM KOTOpoif mysuo ualiTh, BLIOHpAs nagrexautuM oGpa-

aom x. [lpuaaraex npawinio.
Hepouii wmar.

] ——+
—’- ﬁ—t:(a — 24 —4x (. — 28) =a® — Bax -} 12x%
i a Bropoit mar. Peman ypasuemne
(@-2X | ! a* —Bax 4 1262 =0,
X ;i— HAXOANM KPUTHUECKIE 3HAUE:
a @
Yepr., 91 X=ap M e

@
Ha uepr. 91 owuio, uto K= AZET MIIDBIYM, uGo B ITOM CAYYAC BCA MECTh

GyaeT BHIIYTA BEIPE3KON, I MATepHAIA XIA AUIKA He oCTaueTes mkaxoro. OBb-
a T . 2a°
HBIM HCOBITAHHEM Halifes, dTo X = & Aaer Makcumanbiutil ofner, pannnii T

Hrag, cropona y BRIPEIACMLIX KEQAPATOB COCTABIAST LMECTYD L0410 CTOPOHLD

JAaHHOro KBanpara.
2, Hagecto, uto NPOMIOCTD GAKH © OPAMOYTONBHEIM MOMSP2RHbIM CEHSHHEM

(uepr. 82) n3MEUASTCN NPAMO NPONOPUMOMATLIO LWHPHIE W KBaapaTy bmcoTe. HKa-
KoBRl GYAYT pasMepnl Gamci HauGOawuieli NPOYHOCTH, KAKYIO
TOJLKO MOMID BHNIINTL 3 Kpyraoro Gpesna, AMAMETP KOTO-

e
poro pasey d?
Pewenye. Tlyets v Gyner mupuna, ¥ — puicota Gaakm; no
yeaosuio G6adka OyAeT HMETh HanGoasliyio NPOMHOCTE, KOUAQL
e

(yuruna £y* QOCTHIAET MaKCHMYMa.
Ha weprema nmeew:

Y=t — 5% Hept. 92
CACAOBATEILNO, IYIKHO NCCASA0BATH (Y IKINIO
1)=x(d*— x4
Nepentit war,
f=—2xd*— =" — 3x%

Bropoii war,

OTHY A
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cCTh KPNTHYUECKOE SHAUGHIIG, NPH KOTOPOM (YHKMIGI NOIy4aeT MakcuMys. Sakio-

yaem, 4TO ecan 0ajka BRINUWABHA TaK, ¥TO

2
BBICOTA = ]/—3-
mupHie = 'l/—é—

1o Oaaxa Gyaer uMeTb HanGoBUIYIO NPOYIUCTL.

Yepr. 93

Inamerpa Gpesua,

nNunamerpa Gpesua,

A

¥
Hepr. 94

3. Kakona wnpnia npaMoyroasunka MakcuMaibuoll naoman, kotopmit Moo
nucars 8 ganieil cersent OAA' napaGoaw (depr. 93)7

Yuxasaune Eoun
O0C=#h BC=h—x EE =2y,
10 mOWAAL npaMoyroabiunka EDD'ET Gyner:

"

2(fe—x)y.
Ho tak wak toura £ nemur na napaGone
¥ =12px,

10 AccaeayeMan diyniuus Gyner:
2(h— x)V 2px. i
Org. Llupuna pasua — /.
4, HaiiTw  BLICOTY ®OHYCAa MAKCHMANLHOTO
offhena, KOTOPEIH MOMKIIO BONCATH B AP AAUNOID

amuyca r(vepr. 94).
5 .\?;Easali e, O0beM xouyca papeit

1
3 X%y,
Ho
A'=BC.CD=y (2r
no3aTOMY MECHeayeMan Qynkuis oyner

IO)=75yer—

I\‘\-,________
Yepr. 95
—

20

Ore. Bucora konyca pasia

An
7
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5. Hafln ewtcoty umanmapa makcmMansioro ofbema, KOTOpGl MOKIO BOACaTh

o paunwif npamolt konye (vepr. 95).
Yuaszaune Mycs AC=rn BC = #, OGren uianuapa panen zx%y. Hona

npAMOYroabuEX Tpeyroasias ABC n DBG umees:
; rix=h(—y),
OTKYAa
_rh—m
.Y—_—ﬁ -

Takny 06pazon, HCCAGAOBANMID MOLACIKNT (ynxuna:

fiy z:::-;yl-’t — ¥R
Otg. Buicota pacua —: I3

§ 84. IMpousponnas kak OplcTpoTa u3Menenus. B § 56 dyuramo-
HaJbHaA CBA3b |

=i (1)
Aasa AAs OTHOWIEHHA COOTBETCTBYIOUMX NPHPAIICHU BesyuHHy
A
2 —9x-LAx. (@)

Ax
Korpa x=4 n Ax=10,5, Torna ypasuenne (2) maer

Ay L,
2z = OO 3)

B sToM cayyae Mb! rOBOpHM, YTO CPEAHAA ORICTPOTA H3MEHEHNS
NEPEMEHHOTO J) OTHOCHTEABHO MEPEMEHHOrO X paBHa 8,5, Koraa x
Bospactaer or x=4 10 x=4,3.

Ay =

Boobie, oTHOmEHHE Iy—cpennei Gucmpome usiteneHus ne-
PEeMERHO20 Y OMHOCUMENLHO NEPEMEHH020 X, K02da X USMeHAemcn
om X do x--Ax. (4)

[locmosnnan Guicmpoma uamenenus. Ecan

y=kx+5, (4)

A

Ax

TOrAa MLl HMEEM:

370 o3nayaer, 4TO cpeauas OLICTPOTA H3MEHEHMA NMEPEMEHHOTO §
OTHOCHTEJIBHO NEPEMEHHOrO X PaBHA K, T. €. yrioBOMYy KO3((HUHEHTY
NPAMOI JHHUK (4), W, CNENOBATENBHO, eCMb SeAUtUNa NOCHIOAHHAS.
B srom cayuae, H TOMbLKO B 3TOM CJAy4ae, H3MEHEHHE Ay me-
PeMEHHOrO ¥, KOrjfa MEPEMCHHOE X BO3DAaCTAET OT KaKoi-HuGyib Be-
JHYHHEL X J0 X-]-Ax, pasuo OBICTPOTE U3MCHEHHA R, YMHOMEHHOI
i Ax,
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Menosennas  Owempoma  n3menenun. Ecai  mpomekytox
(x, x-4Ax) ymenbwaercs u Ax—-0, TOraza cpeaHas OBICTpOTA M3-
MEHEHHS NEPEMEHHOrO Y OTHOCHTEJLHO NEPEMEHHOro X B 3TOM npo-
MEN(YTKE CTaHOBMTCHA B NDPEAENE MZHOBEHHOW Obicmpomor:

Y
8 .5
M) r
A
4
|4
g
7T 0 7
c’/// P P’ X

Yepr, 96

HIMEHEHUST HEPEMEHH020 § OMNOCUINEABHO NEPeMenHozn X.

Taxuy 00pasoM,
;~1"..—_nznmncu HOI ObtCipome usMenentis nepesMeniozo Y omio-
X

CUMEABHO NEPeNeHHO20 X QA onpedeaAeHKOll 8CAWMNHBL nepeMen-
HO20 X. (B)
Hanpumep, n3 ypapsenna (1) caemyer:
dy
= — e &
g 2N (5)
Korma x==4, wruopesnass ObICTPOTa WSMEHEHHH IEDEMEHHOIO J
ecTh 9 BOHHHIL Ha OJHY EIHIHIY H3MEpPCHHS nepemeHHoro x. Caoso
wMeHOGeHH s> HacTo onyckaloT B dopMysmposke (B).
Feosempuiecioe ucmoarosanue. Haueprim (vepr. 96) rpadui

dyHKLET
W= Fie) (6)
Korga x soapacraer or OP o OF', torna y pospactaer ot PA!
o P'M'. Cpepuss OICTPOTA H3MCHEHHS Y OTHOCHTCJBHO X PaBHA
yraoeoMy kos(duunenty cexyueii MS. Mruosenuas Ghcrpota, korua
x=—0P, pasna yraosoMy koaduuuenty xacarensuoii JMT.

7 Judapepennuaannoe ucuECaeIme
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Taxum oGpasom, Ar2HOpeHAAs CblCMpPOMA USNEHedus ¥ & motKe
M(x, ¥) wpusoit paska HOCHMOAHKON Gucmpome ussMerenus y 800as
rxacameAproi npasoi s M.

Korpa x=x,, MIHOBEHHAH GBICTPOTA M3MEHECHHT ¥, T. €. (DYHKIHH
f(x), ectb f'(x,). Ecim X BospacTaeT OT X, A0 X,--Ax, TOrfa
Tounoe mnamenenne y He paBHO ' (x,)Ax, Kpome Toro cayuas,
xorna f'(x) ecTb NOCTOAHHAS BEJHUHHA, HESABHCHLLAS OT X, KaK B
cayuae (4). Onnaxo moaie Myt YBHIHM, UTO 3TO NPOH3BEICHHE €CTh
enouTH» Ay, Korga Ax JAOCTATOHHO MAato.

§ 86, CropocTs NpIMOIHHEHHO-
& 45 ro JABHiKEHHH. Baxcarie TIPHIOMKEHHA

A 0 MM 8 pozumkaior Toraa, KOTJd  HeaaBuCH-

5 MBIM NCPEMEHHBIM B OBICTPOTE H3ME-

pE 2 HEHHS dApageTcst spearsi. Torpa sTa

GEICTPOTA TIONYHACT WMA CKOPOCIMIL.

CropocTe NPAMOJHHENHOrO HBHIKEHHR €CTh NPOCTeiiimii npumep
TOMY.

Pacemorpuy  apucenne Touxd M mo mpamoir AB  (uepr. 97).
[lycts s €cTh paccTOfHHE, N3IMEPAEMOE OT HEKOTOPOIT HENoBHMKHON
TouKH, Hanpumep O, [0 MONOMEHMA ABIKYHeiica Bnpaso Toukd M,
KOTOPOE OHa 3aUNMAET B MOMEHT f B[)L‘MBIII[. ﬁCIlO, YTD BCAKOH BE-
JI4HHE BPEMEHH { COOTBETCTBYET HEKOTOpOE modoxeniue M Touru u,
c/eNoBaTensno, paccroamne S. IMoaromy s okasslBaerca (ynkuHei
BPEMEHH § M, 3HAYUT, MBI MOJKEM ICATh:

s=f(t).

Iycrs Temepn f moayyaer mnpupauwtenne Af; To
npupaiienye As, rae As 03mayaeT paccrosHue, NpPoi
HHE OTpeska Af Bpemenm, 1

12 § TOJYYaer
JICHIOE B Teue-

Ag
TF—=cpeduan cropocms (1)

mouxu M, xorja OHA TEPEXOAHT OT momloxeHns M K TONOMEHHID
M’ B Teyenwe orpeska Af spemenn. Ecan touka M asmercs pap-
HOMEpHO (T. €. C NOCTOMHHOII CKOPOCTBIO), TOTAA YKasaHHOE OTHO-
menHe (1) mieeT Ty die camyio BeJHYMHY MUl BCAKOro oTpeaka Af
BPEMEHH H SIBJIETCH CKOPOCTBIO B KaXIOE MrHOBEHHE.

Hnsa ouiero cnyuas Amkennst, PABHOMEPHOTO MM HeparHOMEep-
HOrO, MBI ONpENeNIAeM cikopocns © Toukd M (T. €. BRICTPOTY H3Me-
HEHAA TIPOXOAMMOrO Toukoit M myTH 8) 8 Kawoi-wudvds stomesm
t épemenu xak npeden ee cpedneii cropocmu, rozda At Gesepa-
HUYHO NPUOAUINCAEnICs K& Hy.10.

JT0 03HAYAET, YTO:

ds

QZE. (C}
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Creopociy MOYKIE & Kaxoli-#utyds MOMEHNL 8peiedn ecmb npo-
HSEO&HGH paccmosnis No gpesent, T. €. GLIC‘I'DOTEJ BO BpPEMEHH
H3MEeHEHHA DPOXOJAHMOro HPOCTPaHCTEA.

Koraa ¢ noiomuTesasHa, PACCTOAHME § €CTh BO3pacTaiomas (yHi-
1HA BptEMEEHIL n Torma Toyka JM aBMmeTCA HaOpago, B Hanpazmemm
AB. Koryia e @ orpuunarensda, S ecTb yOmBaomasg (yHxius ot £,
i Toraa Touxa M jBuiceTcs BNEBO, B Hanpapienun BA.

LroOnl NMOKA3aTh, YTO 3TO OHNpeleJenne BIIOVIHE cOorJaacyercs C TEM
0OLIUHEIM  NIPEACTaBJICHHEM, KOTOPOE MBI YXKE HMEEM OTHOCHTENLHO
ci{ﬂpﬂ(‘.'{‘il, JIOCTATOUYHO OTHICKATh, Hanp:mgp, TY CHKOpPOCTh, KOTODYIO
110.?])11{38'1‘ najamnmes TENO B KOHIE BTOPOM CEKYHMBL

OnplToM HallA€HO, YTO TeAo, Najalouiee CEo0OAHO H3 COCTOMHIS
noKost, B IIyCTOTE, BOJINSH TOBEPXHOCTH 3eM.IH, rIpné.l‘u!aHTeano cJe-

JYET 3AKOHY:
5=4,9¢", D)

fAE § paBsHO MPOIAEHHOMY TEJIOM NPOCTPANCTRY B METpax, t pasHoO
ppevern B cexynnax. Ilpniaraes ofwee npasuto duggieperyuposa-
Hust. ‘

[lepBuiii mrar.

sAs=49(t-|-Af)* = 4,98 - 9,8¢. A 1- 4,9 (Af)%.

Bropoli mar.

As=9,8¢.AF -+ 4,9 ().

Tperuft mwar.
%i’L= 0,8 -1-4,90f = cpedneli cxopocmu 8 metenne ompesxa apese-
Hil Af, QMICHIMbIEas 20 Ont HeKomopozo oa:pede,fe;mozo MOMEHNT
L spemeni.

[Tonaraem t=2.

g:}=19,6+4,9-.'\1‘:cpeaﬂeﬁ CHOPOCINIL 8 IeueHue ompesKa epe-
Menn At no npowecmsun dsyx cexyrd nadenus. (3)

Hame mpeAcTanjenne o CKODOCTH TOTYAC TOACKAILIBACT HaM, YTO
{3) BoBCE He NPENCTABJAET AEHCTBUTE/BHON CKODOCTH B KOHYE JBYX
CeKyHI: B caMoM Jene, eCiu Al B3ATb JaKe BECBMA MaJabM, N0d0-
kUM Af paBHEIM Y/, Bam '/ . CeKyHmH, Bce paBHO (3) ZacT TOMTBbKO
cpednioio cxopocmbs B TEYEHHE COOTBETCTBYIOUIErO MAJoro mnpome-
MYTKA BPEMEHIL Ho 10, 4TO Mbl pasymMees 10J CKOPOCTHIO B KOHIE
JBYX CEKYHI, ecTh npeden cpedueit cxopocmu, Koda At ymenn-
waemes Jdo HYASL, T. €. CKOPOCTH B KOHIE JBYX CEKyHI mo (3) ects
19,6 afcerc. Tamum obpasoM, jAame OOBIYHOE NpEACTABAEHHE O CKO-

7-
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POCTH, noaAyuaemoe H3 OneITa, BKJAIOYAET HAEID O NpPEHene, HIH Co-
IJ1aCHO HalIeMy O0DO3HAYEHHIO:

: As -
o=lim = 19,6 mjcex.
at=+0 2 :

TIpuBe/ACHHENT TIPHMEP XOPOLIO HAJIOCTPHDYET NOHATHE O NPEAEh-
HOM SHAYEHHH. Yualudiics JO/DKEH OCBOHTBCA C NPEACTABIEHHEM, HTO
!fpeau?.a?bHOE anayeriue eCTh BHOJHE m{pedmewak BEMHYNHAE, HO HE
€CTh HENTO ML npaGnusiTensuoe. /lpededbHoe naiteHne EpeMeH-
ot pemyinm 19,6 -1 4,9Af, xorja Al yMEHBIIAETCA 10 By, 6 MoY-
socmn pasHo 19,6, .

§ 86. Ceazauibie ckopocTH. Bo mornx sajauax BeTpevaiorcs
HECKOQbRO nepmmnﬁwx. KaHaoe 13 KOTOPBIX, IO L'.El.\-IOM)f’ CYUIECTBY
aeaa, ects (ynxuus spevenn. TIpH STON CoOTHOMEHAS Meskry mepe-
MEHHBIMH YCTaHABIHBAIOTCA N3 yeaosni sazaun. B atom caydae co-
OTHOIMEHHA MEXAy CHOPOCTAMH 3THX THNEPEMCHHHX
paxoaaTtcea auddepenunpoBaHueM,

lei pEIHCHII]I 3ajlay Ha CBA3ZaHHEBIE CKO POCTH C.‘[E,I["r"e'l'
])_\-'KOHDH.CTBUHETBCH TAKHM l'I]]ElBlrl-"IOM;

[TepBuiit war, Cdeaats stepmeaic, NAROCMPRPVIONII sadaiy.
Odoanaiums uepes X, ¥y, & u . d. nepeexiue, SAGUCHILRE OM
apenentt.

Bropoil war. /loayiumns coomuomesue Meicdy Neperen b
sadann, 0CMAIOeecn GEPHBAL 8 Kaucdbii MoMenm spesreni.

Tpernit mar. Hupiepenyuposams 1o speMeni 3mo coonHo-
Hienue.

UersepToili mar. Cocmasums Hepetens u3secmunix o Ucko-
MBEX KOAUYKSCHIE.

[Maruii mar. [odcmasums ussecmiisie KOAMUECINGL 8 Pe3yan-
mam, noaytennmil ouggeperyuposaruesr (TpeTHil mar) © pemums
OMHOCHINEABHO HENIBECTINOZ0,

1. Heaoser npuGAGKACTCA CO CKOPOCTLIO B rar/wae & noguosing Gammn, Bem-
noft B 60 4r. Kokopa cropocTh ero nprGmuKeHus K Bepuiime Gamum p MOMelnrT,
Korna o naxognres ma paccrommm 80 ar ot ee ocHosanua?

Peuentie. Tlpuscumy npubefennoe BHINE NpaBHAO,

Meppuwit war, Cienaem uepres (uepr. 98). Ilycts x — paccronime weio-
BeKa 07 MOAHOHIL OAlK 1 y — PACCTOANNE OT BEPIitiL B IPONABOALNLHT MOMENT
BPeMTHH, :

Bropo# war, Ha npaMoyroasiore Tpeyroabka nyees;

0= 3600,

Tpetnii mar. JAupdepenunpys, noryuaeu:
i oy B2C

'J‘| _-‘_._
e

it
dy x dx
dt — y dt”
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Yersepruit wmar,
dx
=80 AE =8 rum/uae,
/= 37T mron dy
y=1V1 &+ 3600=100, E:'?
Muretit mar. Mogcranang s (1), uaxommm:
Ay 80,
dt — 100
2, Touxa apnaerca no napadore 6y= x* Tawum ofpasom, ute worna x—=6,
A0CHICCA BO3PACTAET €O CKOPOCTBIO 27 agfcer. O wakoil cKOpOTTLIO BOAPACTANT
B TOT We caMblii MOMENT OpAMHATA M JAuRA AYyTH?

-8=64 wu/ac.

Peutedite.
Mepow it mar. Ctpoum napaGony (sepr. 99)
Bropoi urar. L
Gye=at [/ 3
Tpetiil war. _L
il
i ﬂ’:ﬂx ",t,)_‘
dt dt Hepr. 98
(TR
77 i L ()
Yerseprui war,
dx Xz
— =10 {, X=—= ==
i 1[.-"89!1.' x=5 y— 5 ——i
dy _
= ?
Marw it mar. Moxcrapags v (2), naxoms:
dy 6
s® e P 7
7 572 4 arfcew.
Uepr. 99 Ha s1oro peayabrata ME1 BHLNM, H4TO B TO4Ke
M(6, 6) opanuara n3MERARTCH 10 BEARANIE BABOE GHICTPCE
AGEUMCEHE
: iy S
B touke M{ — 6, 6) npn c_t‘?:"’ Arfcer Gyies nMeTh :)-rz — 4 atfeer.
£
SuaK MIYC 0311aYaeT, UTO NPT BO3PACTalN aGCuceH
opaMHaTa youBier. o
3. Kpyramii serasamueckuil anck pacumpaeres ot Te-
MAOTHL TaK, 1T0 €I0 AMAMETP PaBIOMEPHO YECINYNBACTCH
na 0,01 eamjeer. C wawol CHOPOCTLIO YEEIHWIBASTCH €ro
MAGHIANE, e pagnye paven 2 cau?
Pemenne. Tlycts  pamnye x (uvepr. 100) n naowans
ancka y. Mumeem y=—=x", andibepeniwipyens 1o npeseun f:
Y e
= ==K v ) L
it di () lepr. 100

I'ITDI(‘ 1] Hﬂilﬁlh”“l MOMENT, NAOMIAAEL AHCKD ﬂmpat‘iaer B KBAOPATHNE CAHTHMEeT-
pax B 2sx GbICTPEE, “CM BO3pAcTaeT pauyc & amieilublx canrTnMerpax,
it dy
a0 22 _har
di di
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Mopctasann s (3), noayvacsr

‘é{:z:-z.o.m =~0,04-8,14 = 0,13 car/eer.

4, Jlyropan sayna nopewena wa phicote 12 ar majg npamoiropuaonTainuoi
ROpoMKON, N0 KoTOpoll maer veaopex, poct kotoporo pasen 1,5 ar Hackoabio
YANHISETCA €0 Teiih, CHl Of YAAMETCH OT JaMILE €O CKOPOCTLIO 49 arfacnn?

Pewenite. I1ycTh paccToniie Hesopera or woukn F, nexauiell nenocpencTsenin
noa aammoil L, Gyaer x, a gmnia ero teun ¥, Ma uepr. 101, nvees:

yily+x)=15:12
OTKYAA

I= -1- X
=
epelupyn T'ICL‘I}"J:IL‘JI:
P dy_ 1 ax
T T

1. €. yAmienie Tei cocrasager '/; NYTH, NPOIIEAIOrD HCAOREKOM B TO He BPEMA
wan T aefaeten.

5. B mapafoae y*=12x, KOraa X BOIPACTAET PABIOMEPUO €O CKOPOCTBIO Do

I CCK., Tpefyercd onpene T, C Kakoil CKopocTLIo Bo3pactaer

L 3, ecan x—3 cur? 018, 2 cal. B COK.

6. B kaxoft Touke npeamnyuieit mapaGogsr afcumcca w

OpANNATA DO3PACTAIOT C OAMHAKOROH cROporTLio? OT8. (36)

. 2 7. B raxoit Toune annunca 164® - Oy*— 400 opannata

yOupaeT ¢ Takoll e CKOPOCTLIO, KAK BO3pacTaeT abcumccad

om. (3, 17).

5 ¥ F 3
i 8. I'me B nepsoil YETBCPTH Yron YBeARMUBICTCA BABOE
Yepr. 101 cropee ero cnpyca? OTe. GO°.

9. Cropona pasiiocTopoiierc Tpeyroasung: pasna 24 car
LAMNE M YEEAHMHBACTCH €O CEOPOCTLIO 3 car nuac. C xavofl
CEOPOCTLID YESAHUNBIETCH MA0MANL ITONO TPeyroibinga?
Ots. 36 |/ 3 car B wac.
10. Barow, cromuuii 1a pepxnen nyTi, UAXOANTCA Ba Brcote 10 npamo waa
HIGKHHM BACOHOM, NPHUEM HX UYTH DEpecesaorcs nog opaMus yrioum. Ecam cuo-
POCTL BEpXNEro waroia papua 30 xar B wac, a Humuero 18 war n owac. € kakoi
CHOPOCTLIO OHN YAA4A8I0TCH APYT OT Opyra 4 MHUYTR COYCTA NOCAe RCTpeun?
OTte. 34,9 KA B vac.
11, Oniit kopabab mAmBeT K lory ¢o ckopoctbio 6 sac n wac; aApyroi — K
BOCTOKY €0 ckopocTbio 8 xar o wac. B 4 waca nomoayaui nropoii nepecekaer nyth
Oepeoro B Touke, rae nepswmil mpoxoana 2 waca ToMy mazan (a) Kak uamensaocs
paccToAnne Mewny wopaGammm n 3 waca nopeaynmn® (b) Kak — s 5 uacom nono-
aymue? (c). Koraa paccromume memay musu ue Mameisiocs?
OTB. (2) ¥YMennwanocs wa 2,8 xac b wac.
(b) ¥Yoeauunnasocs na 8,73 war. 8 uac.
(¢) B 3,28 wac. nonoayauum,

12, Tpeanoaaray, 110 06neyM Aepesd B CTBOAE NPONOPUHOIHATCH KyGy ero ama-
MEeTpa, N YTO nocaennH PasioMepno YBeJHUNBaeTCs H3 Iofla B roa c PoCTOM ne-
PeHd, NOKa3aTh, 4T0 CKOPOCTh pocta, korga guamerp=0,9 ar, B 25 pas Goablie,
uewm npn auamerpe b 18 ear




FTABA X

MOCHEAOBATEJIBHOE IU$SPEPEHHHPOBAHUE
1 Ero NPUJIOXEHNA

§ 87. OnpejieneHye MOCASJOBATEIBHBIX IPOH3IBOAHBIX. MEr BH-
JeAH, YTO NPONSBOAHAA (hYHKIHA OT X BOOOUIE TaKIKE ecTh (IyHKiua
of Xx. DTa Hopas (DYHKUMA Taxwie Moxer Gurrh andipepenunpyema, u
B 9TOM CJyuae NPOHSEONHASL 3TOH nepsoll nponssodroil HA3LIBAETCH
enopoit npoussednofl nepsonayanbuoil Gynwunn, [Tonobro stomy npo-
W3BOAHAT BTOPONl NPOHIBOMHOH HASLIBAGTCA Mmpemovelt npondsoduoi
W T. J. A0 n-ii npoussoduoin. Tak, ecun

y=3x4,
TO '
ay
o= 12x%,
d fdyy
£ (8) =g,
A4 (] 79,
dx [d), (_—t) S
HT. .

O6oanayennsg. CAMBOJLI I/ TOCACAOBATENHEX NPOH3BOHEIK
06RIKHOBEHHO IHHIIYTCS COKPAUIEHHO CACAYIOUIMM 0Opasom:

d(dy\_ay
dx\dx)  dit?

LA o ﬂ) — 4 (dy\ Ay
dx |dx\dx /| = dx\dx®)  dx*"

d (&N dvy
dx ( :I.\:"'“') X’

Ecan y= f(x), To nocnepopaTesbHble NPOM3BofnLe 0603HavaioT
elle TaK: P

I (xh (%) 7 (), V() el ()
Iy P IR )

e d d* d d' d"
Y03 - d e RS £ R oy € NERe <9 €1
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B naupom Bbume npamepe HauGonee YIOGHBIM OGD3HAUEHHEM
apagerca: y=3x*, y'=12x°, y'=306x%, y"=T72x, yV1 =72,

§ 88. n-n npoussofnas. na nexoTophix (yHKUMI MOxHO dak-
THYECKH AJA Nl npon3sodnof HafiTn ofilee BripaieHue B QyHKIHH
upcaa n. OOGHYHBIT NPHEM COCTONT B HaXOMCIEHHH HECKONBLKMX No-
CJIE/IDBATENBHEIX TEPBLIX  NPOM3BOAHLIX, CTOJbKHX, CKOJLKO OyIer
HYHCHO JI1A PACKPHITHA 8aKOHA MX 0Opa3s0BaHHi; 3aTEM, TO JIOrajKe,
mmyT 1i-10 II]JOHSBDJIII_}’IO H, HaHKOHEIL, onpauflhmam'r STY AoranKy
TPHEMOM TaK HASHIBACMOR CAraMeMamutecKolt HOAHON uHOYKUuLs
(1MHAUE TOBOPH ¢PACCYXKJIEHHEM OT H K rz»-|-- 1») cocTosium B TOM,
YTo cHayada npe,uno.naranm Jorajaky BEPHO}[ AN 9YHCHa 7 U ROmoAr
JI0KA3LIBAIOT, YTO OHA OCTAETCH BEpHOI B pis uuciaa n—f- 1.

Tpumep: Haiive p-10 nponssomityio nponspeienus o Asyx ¢yuguuii @ n v,

Pewenne. Beona ofoanauenne
y=uv,

MBI HMEEM, 00 ocuosiol dopmyac V, cuadana nan nepsoll nponssognof
Y =u'v4no'.
Motoy, 18 6mMOpoi NPOMSBOMIOIH, HMeeH:
Y= 4w =uwv4-n'v' Fu'v e =n"v - n'e' - net,
Hanee, nan mpempefl nponasoanoll, nMeew:
¥ =" 20’ (") = u"'e a4 2ety - 2t e ™ =
=u'"v 4= 30" - 3" - w',

Jan porapin sech MOKHO OCTAUOBHTECH, HOD CHGAANHOIO YIHE JAOCTATOMIO.
AMOM fede, CONOCTARMM Hafnenuwe Anddepenunanbublc (opuyis ¢
anredpanyeckusn Gopyuyaasi creneneii cyMuun

V=u'v+ u y=u+v
F=u"v-2u'v' 4+ yo” P=(+4vf =u*4 20+
" =u""v~ 3n"v' 4 ' - wo' P =(1t = v} = u* - 3 - Jnet - o

AUafOrHA [0AY4AeTCA NMOPASNTENbHAR, CCAM, € OONON CMOPONH, TPIHATL EO
BIIMAHNE, UTO COMBIE NEPOOHAYAAbULIC QYRKINL I 11 © MOWHO PACCMATPHBATH, Kk
APONIROANELE HYJMEBOrO NOpSHAKE, H, SUIUNT, MOHNO [HICATE: )=y,
v®) =0 1, nosTOMY, TPETLA MPON3BOANAR NANNIIETCH B BIAE:

) = g0 - g 1 30l L plodla), (1)

C dpyeoit emopoKL, ecni TPIMEM DO BURMANNE, HTO aaredpandeckas Hyacoan
CTCHCHL BCCTAE papna enmmiue: n”=—1 n ¢"=1, n uro Bsenenne MmuoxrTenen 1
He npc.l‘J.IJT I'!E]'.II]UCTI'[ aJll'cﬁpﬂll'ICCIﬂIK QJO]USI}’,‘J, T Ir)’ﬁ CYMMBL HAONIICTCA B DUIE.

=1t 4 3yt - 3utet - ulet, (1]

_ Takuy obpasoy, inddepenunaisuan QopMyaa 138 TpeThed NpPoH3BOL-
1ol (o) nponanonnan ABYX yueuiH n aareSpanvecxasn (Qopuyra pusm
Liy6a CyMMBl ABYX KOANMECTB B TOMHOCTH COBNAZAIOT MO BHEWHeAY co0eaty 6udy.
sleno, 4TO Takoe coBnamemme nMeercs u naa - Gopayasl BTOpoll NPOR3BOIHOH 1
ﬁnanr:na CYMMBL.

lostomy, ecrecTuennoil snnnerca poragka, Sto A M Pepenunaabuas
goparae dan n-ii nponzsodnoi npowzsedenns dsyx diywwmui n aareGpan-
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weckas gopayaa Guwosa fHowmona n-it  crmenenn scexda cosnadaiom 0o
BHEUW HeMy BIAY, T, € 410 nMeen:

(o)™ = My 4 putt—gr 4 1 LD 4o - up®, (A)

Sra noraaka crancenTca mMaresatmueckolf wctunol, woraa npwmenmer cnocol
NOARDI UROVKKIN 408 ROKazaTeabCTEY Qopmyast (A} Jlag sTOrO npenoiaranT,
yto (A) BEPHA JUIH  KAKOUO-UNGYAL UEAOCD NOJOWUTENLHOTO YHCHE # M, 3aTeM,
auddepenunpyn ofe uactin pasencrsa (A) onil Pas no apryMeLTy X, NOKaIHBaoT,
4T0 NOAYHEHNDE TIKNM oGpaioM 10BOS PABEHCTRO HMEET I ToWHOCTH Takoli me Bup,
gak u (A), no TOALKO 3gech # samenwnock na k- 1. delictentessio, nocae oano-
KPATHOro JAnipepeiyposanuna no x, waaeso Gyner croprs (we)"*, a wanpaso,
nocne NOYACHNOrO DANOKPaTIOrG AuddepeHUNPOBAMAN N0 X, GYAET CTOATH
TaKoe BHIPAENe, KOTOPOR — A0 NPuscdenul NOJOOHNX 4ASHDS — NOAYHNT ONATL
npewnnit Bun ¢ aavenoft Beioay wncaa noua uwncao n-- 1. Mw onyckaewm anech
COOTERTCTBYIOIINE BLIKABLKI,

opyyaa (A) i npoussoitoit nponasencnun AsYX dynkuuli Bneprse Gy
yeranonaena Jelinuien.

§ 89. Tocaenosatenbioe nudpepenunuposaine HesBHbIX (VHK=
i, YTo0n HATIOCTPHPOBATL TIPOIECe, naiiaem :;—\{ H3 YpaBHEHHA I'H-
nepoodb!

b'x* — a*y' = a*lt. (1)

Judupepeninipya no x, wak B § 75, Haxoan:

. 2y, iy
9ty — gty —
20°x —2a’y o 0
1 ;
dy  B'x
i A 2)

Huddepemnuipys eue pas n aaMedas, uyTo y ecth QIyHKUUA OT X,
ﬂOJ'iyllﬂl'_'.-\Ii

UF R e,l‘E
[ﬁ_uby a*l o
Ry aty® £

d
[loacTaBases BMECTO }‘;‘\, ce sHayenne H3 (2):

L b wz X — a‘!y'.!]
S

Ho B CHAY JIaHHOr'o YPaBHEHHA

bix® —a*y =ath’.
CaepoBaTensHo,
Py b
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BAJTAUN

Tlponeputh Kama0e H3 CACIYIONLIX auidiepenunposanuii:

a*y
1. y=2x 4 42? —Tx 40 UTB.‘I—’_‘._-=12.¥—]—8.

I—x

3. u=ViEr

a 41
2. f¥)= i f”{x!:ﬂ_—-—-a—,.

4 y=+T—2x

|~
ki\.

8

Il

]
vl
B

5.
6.y

2
Ell
|+~=..

e,

=
e
i
A
b2

¥raszanune Tpusectn apol k puay — 14 ——

9, 2t =1 ore. 22 =—
10, y*=4dax.

1. e Lo’y =t

12, ax® 4 2hxcy byt =1.
13, x' — xy+4y'=0.

14, 242y — 2xy —x=0.

B samauax 156—19 naiitn seanupi p* w y" xan yrasauuwx snavenuil nepe-
MCHHLIX.
15, 3=V 8+ ; =3, or8. ' =
Vix

|
|

16, y=VIx 49 x=4. F=

17 y=xVF—16 x=>5. Sz
; iy pponl

18 x* - 4y" =25, x=3, y=—2, T S T
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o
19. 2 —xy - V=T. x=2 y=—1 O J)'= %; 3 :;;
20, y=(x*+1)% x=1.

X
2), y=—

1 *=% 22, y=110—3x; x=2

23, y= |ﬂ/il — 3 =1 24, 4x* — 1 =—64; x=75;
25 B+ fy'=al x=a, y=a.

y=6.

S
B KayIon 13 CACIYIOULIN NPUAMEPOB Jafith —=,

8 x
j— R — 28 y— ; ® ey —
26, y=x"+ . 28. y o 30, 3* —2xy=na®

27, 3= ffj_\ =, 20, y=x 1/'{1': — X% 3 4y —daxy=0,

§ 90. Hanpassenwe narnfa kpusoit. Korna touka M/(x, v) omn-
chiBaeT KPUBYIO, TOTAa MIMEHAETCH HAKJIOH KacaTenbHoll B Touxe M.

v "
4
_—B
M’
A : 3 L] T
i /A 01/ X
Yepr. 102 Yepr, 103

Econ kacateabHas HaXOANTCS IOA KPHBOH, TOrAa KpHBAA HATpPAB-
neHa CBOeil BOrHYTOCTBIO BRepX (uepr. 102); ecom kacartensuas Haxo-
JUTCA HAIl KPHBOIl, TOTZ@ KpHBas HanpaBlieHa CBOEIl BOPHYTOCTBIO
puna (uepr. 103). B nepsom caywae makion @ KaCATENBLHON Bo3pa-
craet, koraa M onncesaer ayry AM'. Tloatomy, npouzsosuan f'(x)
ects BoapacTaoilai Qynxuua aprymenta x. Bo emoposm caytae
pakaon = yommaer w f'(x) ecrs y6mBaoman (yskuus. Caepnosa-
TenbHo, B nepBoM caydae f'(x) nosomxutenbHa (Wam pasBHa HyJo),
BO BTOPOM CJyHae OTPHHATENbHA (MM paBHa HYJIO).

Cnpase/uiHBo 1 00paTHOE NPELN0MEHHE, SBRJIAIOIIEECH TPH3HAKOM
IL0f1 PACIIOSHABAHHA HANpPApAeHus Warnoa KPUBOH B TOMKE: Kpusas
y=f{x) nanpasaena _CBOeIl BORHYMOCMBIO BBEDX, €cAi smopasn

d
nponseooHas d.é‘: NOMONKHUTENAbHA [ HANPAEACHE BOZHYMOCINGIO
BHH3, ecAu 3ma npoussooras oTpHLATENbHA,
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§ 91. Bropoii criocof HenbITaHWA HA MaKCUMyM M MHHEMYM.
Ha npeasiayuten uepr. 102 B Touxe A xpusan ofpaiuena csoelf Bo-
THYTOCTBLIO BBEPX H OPAHHATA HMEET MHHHMaJLHY0 BEJHYHHY. 3naunt
B Touke Af (x)=0 n f’(x) nonoxutesrHa. B Touxe B myeem:
F(x)=0 u f"(x) orpuuareisna.

Takust 06pazoM, Mbl HMEEM ciejyloume docmamotnsie YCI0BAA
MawcHMyMa u MumnMyMa QyHKUHH f(x) M08 KPATHUECKHX 3HAYeHHH
TIEPEMEHHOro:

F(x) useem maxcusmaasnoe adatenue, ecan f(x)=0, a f"(x) om-
p.i‘i]'{(!’”h?.-fbﬂﬂ,‘
fx) waeem munusiaasnoe suavenue, ecm f'(x)=0, a f"(x) no-
A0CineAbHa.

CGOTBETCTBY!OIL{EE HnparKndeckoe npasiuao 6y.fiET TaKOBO.

[Mepeuii mar. Huem nepsyio npoussoduyio @yrigio.

v Bropoft wmar, [pupasnusaeir nepsyio npo-

A u3BO0HYIO HYAD I U3 NOAVIEHHO0 VPACHEHUS
axodus delicmsumenbisle KOpHIL, Komopse U
daBym Kpumuteckue 3Hateninta nepeenoo.

Tperunit uar. Hues smopsio npoussoduyio.

Yersepro it mar. fodcmasasiesr go 6mo-
PYI0 HPOu3BOOHVIO BAIECINO NEPeMEHH020 Kadcdoe
KpumnYecKoe Haienne. Ecau Hoaytumces pe3yae-
Ham DHIPHI{QH{E'JH:HM!?, mo das ucnsimyesozo
KPUIMIECK020 SHAYE NS Y RICHUSE WAIeeN) M a K CH=
MY M; ecau Jice peyavinam nodemaioskn 6ydem
HoAOHCUIEREH, 1RO gf!y HEHUST paeen MUHHMY M.

Ecmt f(x)=0 wm ne cyuecrsyer, npube-
JAEHHOE NPABHIO ABIALTUH HEILOCTATOUNLIM, XOThH B
ITOM CIYYae TaKe MOMKET OBITH MAKCHMYM  HJIH
8 MUHEMYM; B TakiX eJyyasx oOpalllaeMcs K mep-
Yepr, 104 BOMY ocuosHoMy Metony. ODBIKHOBEHHO TOJb-

3yloTesn BTOPEIM METOMOM, I €COH npoueaypa Ha-
NOUCTCHHA  BTOPOH  NPOM3BOJHON  HE  COIMIIKOM

YTOMHTGIbHA I NpOXO/DKHTEIbHA, TO BOOGLIE METOJ 3TOT Kpat-
Y.

o mm’]‘:”ep L pistenmt npespayntee npasiio K ANAIHTHYECKONY ICHBITANNO
R ;

M=y 132
X

Pewenne.
; 40p 432
fo=g. 22

Neppaiiwar, .

fix)=2¢—
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Bropoi war,

432
e
% — = 0.

2 =06, KPHTHUECKOE 3HAYCHHE.
TpeTuii mar,

864
=2+
Yerseprul mar.

776 =0,
Crenosateanno, f(6)= 108 — munnmansuag Beansma,

Tpumep 2. Mccacaonarth dymimn x* — 3x® — 9y 4+ 5 Ha MAKCHMYMBL 0 M-
Mysu (uept. 104
Peuenne.
)=+ —3x*—9x 5

Flx)=3x*—6x—9.

Nepsuit war,

Bropoi war,
3% —6x — 9=0;
OTCIOA EPUTHYECKIES 3HAYeNNs:

r=—larx=3.
Tperuii war,

1" (x)=06x—6.
Yerneprumii war,

fl—=1)=—12

Cagposateaniio,

f({—=1)=10 (opauuara Toukn A) ecth MakcmyM.

Ir@=12

AHaaorimno

CABIOBATENLHO,
J (3 =— 22 (opaunata Toukn B) ecth MumMMYyM.
JALAUN
Mecacaopath Kakayio M3 CACAYIOUWNS DYUKIWIH 110 MAKCHMYM 1 MIHIMVAG
1. &% — 34" 5. 018, x=10 naer max—=>5,

naer min= 1.
1 maer max =45,
naer min—=—5

2, 349 — 9x* — 27 - 30.

3. 27 — 212" 4 36x — 20,

JlaeT max
5 jaer min=—— 128.
4, x* —3x* — Ox - 2. Xx=—1 naer max=7,
x=3 naer mln——"&
5 9 — 24x - 1547 — 2x7% x=1 jaer min 2%
x =4 paer max =25,
6. 4.0 — 1855 - 155 — 20, = f,w aer max=— '—i.f,
> |=:_J
K= M@eT min=— .
7. 235 - 0% —0. Hu max, un min.
8. 3xt — 4x! — 36% |- 60. X =—2 paer min=—4,

x=10 naer max
X=3 gaer min— — ldl.i
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9. x* —5x* —20x4- 10
x\
10 5 — 2 4 3x 41,

11, 2x" — 15x* 4 36x + 10.
12, 2 — 9% 4 16x — 3.

< 13, x) — 32 - Gx 410,
4. x° — 5t 55 1,
15, 3x% — 125 - 21601,

16. (x —3)’ (x — 2),

17, (x— 1" (x — 25

18, (£ — 4 (x 2%

19, (v — 2 2% 1)t

2
20, (x+1)? Ex — By,
21, (2x—a)® (x—a)°

o8| e

l@a>=0).

22, x(x — 1 (x4-1)%,

23 x(a+ %) (e —x)’(a> 0).

2
24 bd-cle—a)® (@>0, c <),

O18, x=—2 nzer max=—"8,

x=2 naer min—— 38.

x=1 naer
x=23 naer
x=2 paer

x=3 naer min=37.

%=1 naer max =4,

x=05 paer min—— 28,
Fir max, un min,
x=1 peer max
x=23 paer min=— 26,
x#=0 uu max, Hu min.
x=—4 u 3 pmoT max,
x=—23 u 4 naer min,

X =z AT MaX = 5=,
x=3 naer min=10.

8
*=-= AaeT max,

x=72 paer min,
x=1 Her um max, Hu min
Xx=—2 paer max,

2 I
%=z KaeT min,
x=4 Her uy max, HH min.

1
x=—- A3eT max,

11 f
%= qg AaeT min,

X=2 HeT HM max, Hu min.

*=-5 fgeT max,

x=—1 u 5 naor min.
2a

X=7"F naioT mas,

x=—a paer min,

x=a—- HET UM max, Hu min.

2
1
X= - A3eT max,

1 ;
x=1n — 5 Zawor min,
x=—1 uer un max, un min,

a %
X=-—@au - paor min,

a
*=—-; lacT max,

X=aga HeT Wm max, nu min,
Xx=a jaer max=~=a
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1

25. a—bx—c*"
26. ?.._j__"fg_. X A=g jaeT max =

Ore. Hu max, un min.

1
?v
A= —a@a naer min = —

2—Tx16
x—10

=4 paet max,

-

x=16 gaer min.

i

A= 7 naer min,
1

A= Naer min,

X=17"2 gaer min ,

x=1 naer max =10,

A== naer min=38."

Her un max, un min.

x=2 naer min—= — 3,
= — 3 aaet max = {9,

40, Jdokasats, 9T0 0pit moGoy anateuny x
1

P s
i3 3

41, Tpefyeres HAMEPHTH BOIMMKUO TOUHBIM OGPAIOM NEKOTOPYIO 1EH3BECTHYIO
peanuniy v, Tlonowis, 10 A48 STOFO CAeJalo OBLIO # OMIHAKOED TULATEABMBLIK
nabaoaennii SToll BEANMING, AABUINX PEIVALTITH

=2

Moy Gy S o s e

TMorpewnocTii 3THX Hadmoxennii, ouesniuo, cyh .
A=y X—lgy X — Qg vprn X— 10y

W3 KOTOPWX HEKOTOPEIE TIOAGHIITENABIL, APYTHE OTPHATEALHLL

Hapectno, yto Hanfolee BepOATHOE 3HAYENNEe X 8CTh 10, KOTOPOR PAaBUO CyMMe
KBANpATOR NOrpemmnoctel, T. e. cyamve

(& = @)+ (e — @R (e — @ - (x — )

naeT nanvensmee snavenie. Nokasare, 4To Hanfiolce BEPORTITLIM JNauCHHeM X GyaeT
cpefiiee apurdMeTHieiKkoe HAGMOAABMNXCH sHatcHii,
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42, Moment nariuba B Todke B paBHOMEpHO HArPYIKEHnoro 6pycka AHiL L
naetcn hopmyaoH

rae W — Harpyaka Ha egEHuuy Amminr. TT0ka3ath, 410 MAKRCHMYM MomelTa uarna

HpHKOTCH B lentpe Gpycka (vept. 105). N
i :13. Ecan nomTEtii 5‘?5{:(0:1 sHeprin Ha kamcayio s (1,396 war) nan saextph-

HECKOrO NPOBOAINKA ELTh "
W=r4 s b,
r1e [ — Ciaa TOKA B AMIEPAK, £ — CONPOTHEAEHNE B OMAX NI KAWAYI0 MIMO 1 f K

b — BeAidmE], He FaBNCANIIE OT £ I F, TO KAKOTO CONPOTHBAGHHA NPOBOMIAK AB-
Afetcd nauGonee sKONOMHLIM npu /, § n §?

t
O18. r—=—.

i
44. [Mpuwwmag, 9T0 SHEPriud, OTAABACMAR ACK-

TPHHECKIM 3AeMEHTOM, Aaetcs opmy.oii
= 2k
Hepr. 105 — (r=RPE

rae £ — noctonnuan sAekTpoBoatyinTeanian cuaa, r — nocToniioe BuyTpeHies oo
ﬂpoﬂl'ﬂ,‘lei]"e‘ R — BHEIIEE t'.ul]!}l:)']."li]_k'l(!:l{[IEr JAOKAZATH, MTO PI[MEC'I‘ M.'ll(l.',i!!!yn!. HOraa

Re=r,

45, Cuaa, © kotopoit wpyromofi snexrpuuecknii 10K pajuyca @ neHcTayer Ha
Heaoab o MAUHNT, OCh KOTOPOTrO COBNANAEeT ¢ OChlD KPYra, Nponor noHddbHa

X

(a4 x9

rie X — paceioniiie MarnnTa oT nacckoctn kpyra. Jdokaaarts, wio cuaa Q0CTHTAET
MAKCIIYMA T

46. B A 1 B mveem 1Ba ncTowmika  TemaoTnt
(nept. 105a), nanpamennn KOTOPHX COOTHETCTREHNHO [aBNBL
a i b [Noawoe wanpasienne TemIoTs o paccroaimn x ot
aaercy Gopuyaoii: Hepr. 105a

R i
S i'(;z— X"
Mokazatn, 410 TeMuepatypa B Touke M Gyier uanMmenbuian, ecin

d — V b

._j?"

]_/ i

T. €. eChll PAcCTOANs BM u AM OTHOCATCH, KAk KyGuuMble KOPHIN N3 CODTBET=
craymmux nanpaucenuit tensorw, Pacctommne A or A Gyner
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§ 92. Touxu nepernda. Tovxoi nepeufa Ha3biBAETCA rpaHHuNan
TOUKd, OTAEJAIONIAR AYTH KPHBOI, HMEIOUIHE MPOTHBONOJIOMKHLIT Harue,

Tak, na yepr. 106 Touxa B, oueBnmHO, ABJIAETCA TOYKON nepe-
rufa. Korja BhlMEpuHBaoluas KPHBYIO TOYKA TPOXOIHT HEPE3 TOYKY
nepernfa, TOrAa BTOPas NMPOH3BOMHAA AOKHA MEPEMECHHTHL CBOI aHak,
}, 3HAYMT, ECH OHA HENpephiBHa, TO TOT/a OHA 00s3aHa OBpPaUIATECH
B HyJs' B TOUKE IEperuda.
Orciona:

B TouKax meperuda f(x)= (1)

Pewas 3T0 ypaBHEHHe, MBI Uaien aOCUHCCHE
tours nepernda. Hrobul onpesesanTs Hanpasie-
HHE I{CKPHH-‘IE}I]{F] B CMEKHOCTH € TOMKOIL ncpemﬁa.
pecaeayior 7 (Xx) And SHAUEHHS X, CIepBa ¢HEMHOro
MEHBIIHXH, NOTOM ¢HEMHOrHX GONBIUHX) abCHHCCED Hepr. 106
31Ol TOYKH.

Ecau f7(x) MEHAET 3HaK, MbI HMEEM TOUKY NEpernda, a moayqeH-
HHE SHAKH YKOKYT HANPABICHHE HArMOa B COCEACTBE C TOMKOIL me-

pernda.

.. o dly
3nak siopoli nponasoanoi Jce TOBOPUT HaM, KYId HANPauiena kpunas cuoeit

FOPHVTOCTEION BB € PX W B 3. D10 03HadaeT, 170 ML CYAUM MO OTHOWEHIND K

pEPMUKAALHOL Ol opduwsam OF. Tak kag poan ocelt koopanmatr OX n OF oanua-
2

KOBEI, TO 3HAK BTOPOIL NPONIBORNOH Zrg TOBOPUT MaM, Kyl wanpasaena «pinan

cgoeil BOUIYTOCTLION BOPABO HAN BAe BO, NGO Ml B ITOM CAYUae CYANM 10 07-
Joueno K 2opisomasiolt ocu adeyuce OX, Tloatony touki neperuba  ymomuo
TaKIe ONPefeanth KAk TakHe TOuKI, rae

(a) e ] L3 Meie
dx = P et et

L ]
dx
5 MEIGICT 3Halk.

(&) dy

Vuaumiiics  JOJMEH  SAMETHTh, YTO NOOJANAOCTH C TOMKOIT, e
KpiBam BOIHYTa BBEPX (kax B A), ona JeHHT BHIIE KacaTeanHoi,
a y TOHYKM, Ie KpHBAs BOPHYTA BHH3 (KaK B C), ona Jexur wmie
gacateabiofi. B rouke nepernfa (xax B B) kacartedbHas, OuesiHO,
NepeceKaeT KpHBYIO (IPUKACAACh B TO i€ CaMOe BpeMa K Hefl),

Hrak, HMEEM CACAYIOUIEE Hpasua0 0an HaxXoNcdedus maoder nepe-,
enda KPHBOIT, YPABHENHE KOTOPOM €CTh == 7 (X), UPaBIIO, couepikd-
e TaKie YKasaHuA JUIA MCCAEJOBAHHA KPUBOI Ha Hanpapjenue ee
Haruoa.

! Mpeanoaaraerca, w10 J'(x) u " (x) uwenpepmsisl. B npmvepe 2, B koune
atoro naparpaa, NOKa3ANO, Kak HCCAGAYIOT cayuail, oraa n J'(9) u f'(x) ofe
i ECKOHEIEL
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Mepewit mar. Huen f*(x).

Bropoii mar. [oaazaes f'(x) =0 u raxodus deiicmsunieasnote
KOPHUI 3MO20 Ypasienus.

Tpernit mar. Hcecaedyese ['(x) dan snatennt x, cnepea «ie-
MHO20 MEHbUILY>, TONOM SHEMHO20 (oAb Xy KaXedo2o KOpHS Ypag-
Hewun ['(x)=0. Ecan npu stom f'(x) sensem swax, Mot uMeen
moury nepeauia.

Feau f'(x) >0, xpusas soznyma seepx (--).

Ecan j'(x) <0, xpusas soeiyma sius (—).

D70 NPaBRAOD JErko 3aNOMUNTE, CKasam cocyn, uMMelownlt dopuy kpuscli, Tam,
rie olia BOTHYTA BBEPX, CONEPHMT () BOAY, a TaM, TIE Ola BOCUYTA BHN3, 1E CO-
nepiuT (— ) poast (ept. 107).

Muorpa 370 NPABKAO HAILIBACTCA TAKKE Cnpaoiiaox Goxedsmy: nagalomni wa

KPHBYID CBEPXY AOKAL cofupaercs (-}-) TaM, rae KpHBas BOTHUYTA BUEPX, H CKATh-
BaeIcA (— ) C Hee Taw, A& Olla BOCHYTa DHN3.

v
NlA
\__'I:_/ B
i 7 x
Yepr. 107 Yepr. 108
Tlepes comepluennes TpeThero mara MOMESHO pasaocTh f7 () Ha
MHOMCHTEH.

3ANLAUH

Hcenenosats caenyiontie kpusie na Touky nepernca i Ha anpasicune uarnda.
1. y=3x*—dx*4- 1 (uepr. 108).

Peuenite.

=3 — 4241
Hepswufi mar,
F (0 =36x* — 24x.
Bropoit war.
36x% — 24 =10,
oTKyAa
2
= 1 x=0 — KpUTHNCCKIE 3uATEINT.

Tperufl mar.

ol ta

§ i {.\'J:Sﬁx(x— - ).

Ecan x <0, torna f*(x) > 0.
Ecan ?b X2>0, toraa f'(x)< 0.




.
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Cnenosateaniio, Kpuuam BOTHYTa DBEPX Haneso or uwawana O koopaunar, m
BOFIYTa BINZ HANPALO OT Hero u BGANSH Hero (wa uepr, 108 10uka A).

Ecin 0 < x'< -i , Torma f(x) < 0.
Ecan x > 3— , Toraa S (x> 0.

0
CneonaTedsiio, KPHoas BOCHYTA BHH3 HAJEBO OT TOMKH —3 it sGanan uee, W
pOTNyTa BEepX nanpaso oT Hee (na sepr. 108 Touka B).

Iostony, obe Toukm: A(Q, 1) u A T o7 ) CYTh TouKI neperufa.

&

>

42

i ¢ A
Yepr. 109

Kpusag, ouesniito, oGpaitena ceoeil BOMIYTOCTEIO BREPX Bease HaJeBd OT TOUKN
A, UMEET HOFUYTOCTH, OOpauleiyio BHNZ Memay Tougamu A u B, u ofpaweua
BOPHYTOCTBID CHOBA BEEPX nuonip’ Hanpaso or Toukn B

by —2P=ux—4 (vepr. 109).

Pertenne.

i
y=2+4x—4",
MNepowit mar. :
dy. . Lo Sparedy o 2 :
s i S v i )
Bropoii mar. Ilpn x=4 u nepsan 1 BIOPai NPOHSBOJHLIE GLCKONENE,
Tpetuit mar. IMpnx <4
ey
E tt.t‘> :
anpn x >4
@y
dat <0

Jakaouaes, 4To KacaTeamHam B Touke (4, 2) nepuenmMkyaspua K ock X 1 yto
paeno oT (4, 2) KpuBaA BOFUYTA BBEPX, a BOPaBO 0T (4, 2) oud BOrHYTA BUKI.
JyagnT, TOUKA (4, 2) ABaneTcH TOUKOH neperuda.
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Ors. Boony pornyta BBepx.
Beony sornyTta pena.
BoruyTa . BuM3 BJEBO M BOrUYTa BEEPX
erpaso ot Todxn (0, O).

6. y=x"—3x2—9x-9. Boruyrta BHH3 BAaeso n nuruyra EBEPX
: pupaso ot Touln (1,—
Toy=a-(x—bp >0, Bormyta nuns  maepo u uorn)’m Beepx
el

Bnpase ot (b, al.
Bor HYTa BHH3 BJAEHRO 11 BOCHYTa BBEpX

—ax*--2a° (a > 0).

nnpaso ot | —3- i@

TR

9, &% — 30X L oy =0, Teuka nepernoa (t, ‘i )

0, y=x" Bcioay BOTUYTa BREpX,

1. y=x'— 12x% 4- 48x" — Gl Boruyta seepx maeso or x=12 @o-

UHYTA BHIZ Memny x=—2 un x—4; so0-
IiyTa BEEPX BIpaBo o1

82’ P 2
12, y=— - (@ 0). OUIYTa BIN3 MEWAY TOYKAMH
-+ da® g
""‘.l Vi 3+ 2 @ } '
13. ‘.——x+36x- 2" — b, BOCIYTa BEEPX BHE 3TOPO NPOMEIKYTHA.
Toukn nepernGa npn x =2 i X¥'= — 3
1y = ‘+ ¥t oat a2 0. BoruyTa pRepx DAEBO OT TOMKH

B o
( —da, — 7S a) x
BOVHYTE BIN3 MEMCLY TOMKAMU
9
( — 3a, — e :1) (3, 0y
BOTNYTA BBEPX MEMJLY TOMKaMH
0, 0 n (da, __1(:),

EOTHYTAa DHH3 BOPABO OT TO4KN

(3:1, % a) %
1 U
15 ( % ) _}_(ﬁ_) oy Touka nepernGa
(a0, b0, AT
16, y=—=a — ii,/}— b
17, Ilokasats, yto xpusan

o

Touka mepernGa npy et I

it 4-aty=x
HMEET TPH TONKH Iepernta, acmammue na HPAMOH 2T
x —dafy =0,

18, Maxazate, wuro BeICe e e ! . o
Y pasiieintio . avcnucest  pepermda  kpusolt  y*=f(x) yrowzersopsOT

(P =2f () /" (%)
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Haittin ToMKN ﬂcp[:l'llrjil W NAnpanjienue uarnta ¥ caeayioupx KpHBLIX.

— 2% — Jx* — b - 25.
19, y=2x"—3x v - A, y—x .
2% J':.E’—'——!-.
X

90, y = 24x% — xt

§ 93. BoluepunBaHne KPHBBIX. SemenTapuei cnocod Bive pHHRa-
HHA (NOCTPOEHHs) KPHBOI 1O 3aJaHHOMY YDABHEHHIO B NPAMOYTOJ]b-
HBIX KOOPAMHATAX, CHOCOD, € KOTOPBIM YHalMiiCsi yiKe SHAKOM, CO=
CTOMT B PELIEHHH JAHHOrO YPABHEHHA OTHOCHTEARHO Y (wam x), B
BEIMHCAEHHH Y (WIH X) 1O NPOHSBOJILHEIM 3HAUEHINM, 3a/aBAEMBIM X
(HJ[[] y}, B HOCTE(]L’.HI{II OHI}EJLE‘:I']}'IEMI»IK TAKHM Dﬁpa:a(),\{ TOMEK H B
HAHECEHHH KPHBOII, TPOXOIAUICH tUCPE3 STH TOUKH, PyKOBOACTBYSCH
npit 3TOM COOGPAMEHIHENM O HENPEPHIBHOCTH KPHBOH; BhlUepYeHtas Ta-
KHM CHOCOGOM KPHBASL ABJAETCA MPHOIMIHTENBHBIM 06pa3oM HCKOMON
KPHBOI. 5

Sror Cnocod UCKIOUHTENBHO KPOTOT/IMBEIL, M KOTXa YpaBHEHHE
KpUBOIL BHIIE BTOPOIL CTENEHH, (hopMyJa pemeHusi TAKOTO YpPaBHEHHH
MOJKET OKAasaThCH BECHMi HEYA0DHOI juis BEIMICIEHHA 3HaueHHil 3aBu-
CHMOTO TEPEMEHHOrO; STOT CHOCOG MOMET OKA3aTHCH H COBEPUICHHO
HENPUIOAHEIM, HOTOMY HTO HE BCAKOE YDABHEHHE CTENEHH BHIUE YeT-
BEPTOil PASPENINMO OTHOCHTENBHO ¥ (WM .X).

Ho obuMuo TpedyeTcs HaiTH TOMLKO caMbii oOUMIT BHA KPHEOH,
i B 3ToM cayvae JuddepeniHaasHoe HCUHCIeHNE NpeIoCTaBIAET B Ha-
[ pyic MOTY IICCTBEHHBIE METONB! ST OPEeenis Giop st KPUBOIT
IyTEM HEGOLIIOrD YHCIA BBIKIAMOK.

[lepsast NPOHIBOANAT JAET HAKAON KPHBOH (HAKJIOH KacaTesiboli
K KpHBOIl) B TOUKC; BTOPAT TPON3BO/HA JACT BOIMOMKHOCTH ONpeie-
JNTL BHTEPBJL, B KOTODHIX KDHBAj BLIIYIJA M BOPHYTA KHMSY, H
TOUKH NEPErioa, pasacasionue 9TH HUTEPBaJLl; TOYKH MAKCHMYMa If
MHEHMyMA JIAI0T NPEICTABACHHE O TOM, DA€ KPHBAs JXOCTHrACT HAM-
GoaBIUIEro HMOABEMA I HANGOJBIIErO CNYCKa, T. €. XapakTepHayioT
ppedul 1 BNAHHLL KPHBOIT.

Hicecaeayioniee Tpanio Jaet yualemyCcs pyKOBOJACTRBO A7 pa-
foTH TIO BHIUCPUHBAIING KPHBBIX.

[lpaBuao AN BHYUEPUHBAHNA KPHBLIX, NOALIYACH
NPAMOYTOAbHBIMH KOOPAHHATAMH

[lepshiii 1war. Hainu nepsyo npoussodiyio, npupasiims ee
HYAI0; PEULIG NOAYHCHHOE YPASHERIE 6 UeARX OHpeJeAenis agc-
e mowere sarcumyaa w munusysa. fodsepenyhs uceaedosanuio
amn afoyuecst.

Bropoil mar. Haimu amopyio npoussodiyio; npupasisms ee
HYA10; PeNLith NOAYIEHHOE YPasHeHUE 8 Heqsx onpedesenus abe-
quce mover: nepezuic. [lodsepenymy ucc.aedosanuio amu aGCyuccy.



214 NOCAEIOBATEABHOE I GEPERIITFOBAHIIE 1

TpETllﬁ niar. Baeucaums opauﬂmrm moter, adcyuccst Komo-
Dphix Obran Haifidens 6 nepostx 06yx uwazax. Beutucaumn, Kpose
Mo20, KOOPOUHAME. HECKOAbKIYE QONOAHUMEALHBLY MOYCK, KOMOPHE
HeoOxodunu dan Goaee mownozo npedcmasaenus suda rkpusot. Co-
cmagtms mad.auyy, noGo0HYIO NPUBOOUIOL 8 HINHCEC.ALOVIONeN: npu-
Mepe, 3

Uerseptuil mar. Hocmpoums naiidertivie mourcu u natep-
menth h‘pﬂﬂ'_'l.'m, cOoOmse memey o yo peay.azbmmna.tz, nper)cmaaﬂeu-
HBM 8 IMA0Aue. -

EC-"II! JHAYEHHA opnuna‘r OKB}KYTCFI OYEHE 60-"[bLUII.MH, TO TIO OCH
OpAHUAT CAEAyeT BbiOpaTh MeHbIMIl MaciiTab € TakuM pacueTo,
YTOGH KpHBat MOrJia yMECTHTh(‘.H. Ha IlpEJlHBBIIZIlIEI{I‘.OM RS BbI'-leLl!I-
BAHHA JHCTE G_YMEI]‘H. U;Loﬁrro NMONL30BATLCA JLIA BBIMCDUHBAHHA  KH-
BOit MiIIMeTpoBoii Gymaroi, Cnenyer COCTABHTh TaOJIMILI U3 pesy k-
TATOB BRIMHCJIEHHIT TaX, KaK NOKasaHo B pasofpannoll muoke 3sanave.
B stoii Tabauue BeauqHAEl apryMeHTa X CACHYIOT OJHA 33 ApYroi,
BO3DACcTan AareGpaniecKH.

SAJTAYH

Butueprits kpisbie no mprecagayiomun ypaenemast. Halitn rawue ypasnemis
RACATEALIBIN 1 HOPMAREH 1 3THM KDUDMM B TOYKAX Hepernda.
L y=x»"—9c 24 —1T.

Peerire. Bocmoah3yeMen LAk BEUIES (1PIBIAOM.
v Mepemit war, ¥ = 3x* — 1Bx | u4,
Bropoil mar.
y=bx— 18,
tx —18=0,
==
Tperuit mar.
] x } ¥ [y‘ ‘y' | Janeqaune ‘ Xoa spusoit
0 | | il L
0 |—=7|+|— max ! BOFHYTA
2 13 ¢ | — KUY
3 Ilf — [ 0 | Touka nepernda [
4 90 |4+ | BOFHYTA
Yepr. 110 6| 29 + | + min | KBEpXY

Yernepru it war. [octpois Toun u cORIMINE UK Kpunod, Mul moaysacu
rpauk (wept. 110).

HroGu waiitin ypasienns kacatessuoil 11 HOPMAIN K Kpisoi B Toske mepernGa
M, 3, 11), nu ynorpesasen dopsiyast § 77. D10 aaer 3x -y =20 a1 KacaTem-
HOH 1 3y — x =30 ama nopyam.
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2, y=x"— 6% — 36x -1 5.

3 yz,{' — 2710,

4 y= -;—x‘ — 342
6x

5. =) ey

6 y= 120 — &%,

7. 4y+x'— 3+ 4=0

8 y=3x" —x"

g, 3y=18x— "

10, 6y =36 — 3% — 24",
I, 6y =% -L 120" + db,
12, 12y=x' — 24x° - 24,
13 y=3x"— 10x7%

4 y=x"—bx

15, y—2x° — Ha%.

16, y=32" — 5%

§ M. Yexopenue npamoanneiinoro gsmwenns, B § 85 cxopoets npamoni-

Orn. max ( — 2458 min (6, — 211); Touka

nepernGa(2, —83); ypanucune Kacarens-
HoH: yp<4-48x —13=10; ypaenenue

nopsam: 48y — x - 3986 =0,
max (0, 10} min (==1, 9); Touku
nepernga (-_‘_—_]Tl,_;. S; .

max (0, 2 min (:'lf B — 2—):

(]
TOUKI mepernta (: 1, —‘l) .

max(l, 3} min (—1, —3); Toukm

nepernda (0, 0) (::; 15 = $ )

max (2, 16§ min { — 2, — 16} Touka

nepernda (0, 0

max (2, 0); min (0, — 1}; Touka nepe-

ruda | 1, —-—

17, y=x(x— 2 (x 45
N

18, y._.a.-|-T.

19, y=x®(x* —q).

20, ay= .v:’—|—2—z:.

21, y=.\:’—|—‘§.

8a?
2y=srim
23, 8x'y — A% 32 =0,
24, X'y — 8y — ¥ =0,
A

235, Y=

aF:

jieftiioro ABIKeINs GLAA onpefeseHa Kak OHICTPOTA WIMOHENNA HO ApeMeny npo-

YouiMoro mpocTpauctia. Mut Teneph onpedeasen ¥e

HAMEHEHIR CEOPOCIIL B0 dpearesu. JTO O3HAYAET, UTO:

M Ttak xak, coraacno § 80, v=

Yyeropenite = j—

v
dt *

, TO lMEEM:

dt
s
I=un-

Kopenue Kar Ovicmpomy
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Cornacio mnpemsaymiemy, Mel WMEEM CACIYIOIIHE NPHIHAKE, [DPHAGKIMEE
E OnpejeaenioMy MoMeuty f=1I,

Sean >0, v pospacraer (aareGpawyeckn).

Ecan j< 0, v yGeisaer (aareopandecion).

Fcan 7> 0 n =0, § nueer MHHHMAABUYIO BEanumy.

Ecap j<< 0 n =0, 5§ 1MECT MAKCHMANBIUYIO BEANNHILY.

Ecan =0 u nsyenger silag - Ha —, KOrja ! NPOMCXOANT 4epe3 7, Toraa
O UMEET MAKCHMYM IpH {==F£; GCIN e CMEHa 3HAKA BeANUIHEL / TIPOHCXOANT OT —
Ha -, TOIAa v HMEST MUHIMYM 1pn {= A

B pasuoMepH0 YOROPeHRDAe TPRMONUUEHHON ABIKCHNIL § €CTh BEeAlduHa no-
crofusiag, Takos, naupumep, cayuail 1ega, €oofOANO NANAIOULErD B NyCTOTE MOX
AeficTrieM oguoil TOALKD CHAN TIKECTH; B 3TOoM cayvae f=Y8 s w cek. B camoy
fene, Siech Mbl iMeeM:

N PR
s=40 0% tl__E.;_Q,Sf, J=m =08,
3ATAYH

1. OnwTel TOKA33AM, YTO TEA0, CEOSOANO NAAAIOMIee B NYCTOTE Y HOHEPXHOCTI
3EMA, NPHOAMINTEILHO CABAYET BaKOHY
— 4902,

TAC 5 panio npocTpancToy (BbicoTe) B MeTpax, { pasHo BpeMcHn B cexyuiax. Haftri

HEHIH CROPOCTH 3 yCHOPEHI: ;
a) v moGoif MoMenT, b) B konue nepooll cexyuapl, ¢) B KOHUS HATOH ceRyI.

Fauenite,
§=490,

a) Nuppepenuupys, nuee: .
% das ;

—_— = i Atleer.

Ty 9.8% ar/cen (A)

Jupdepenuupyn eue pas, HMeeM:

j:' —=j=g=98 xfcex®, (B)

OTKYAa BHANO, YTO YCKOPEHHE NANAIOUICrO Teld eCTh BEeANYING NOCTOANHAN, APY-
THMH CIOBAMII, NTO CKOPOCTh Boapactaer ma 9.8 ar n kamaymo cexynay namemm,
b} Jlan maxomaeuns ¢ 0§ 0 KONUE NepBOil CeRyuAmM noacTanadem B (A) u (H)
=1
v=9.8 arlcen,
J=g=98 atjcer’,

¢) Jlan paxomaenus ¢ u § 0 kouue naTofl cerynnm moactapases o (A) noa
(B) t=1:

v =49 atfcer,
J=g="938 amjcex®,

2, Saxois NPAMOMIEHNIX LEIKCHI 8aAaNL HIDKECASAYIONLIMI YPABHEHUAM;
waliTi § yiasailiiie MOMEHTE BPEMEeNl AIMHY HYTH, CKOPOCT: 1 yCKOpeHue.

) s=04 20 =2 0718, =16, v=20, 16.
b) s=F—-24 1 s=1h =8 =2
c)s=3—45 ¢ s=—13, v=—4, j=0.

i JE x=1, v=V, ; CFEilE

=0, v1=2, j=

, 0.
20¢ 4 164 =10, A=1800, v=2340, j=32.
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8. Bucora § B MeTpax, Kakolf NOCTHraeT B £ cexkyun Tejo, Opolenunoe GoprH-
KanLHo BUEPX CO CHOPOCThIO U, METPOB B CEKYHAY, HABTCH <popn[3'.'mﬁ

s =1t — 4,9¢°
Haittu:
a) peanuiHEL CHOPOCTI W yexopenus & moGoid mosent; ecan v, =100 arfeer,
l.{ilﬂ'l'li BEIRYHHL! CKOPOCTH M YCKOpEeIN:,
b) B kouue BTOPOH CekyliluL.
c] » ¥ NATHALLATOH CeKYHILEL
ConpoTHBRAGHITEM BO3AYXa npenedperaest

Orte. a) v=1v, — 98¢ J=—g=——985;
b) ©==80,4 arfeer, i E—=—98 Mjrer®,
¢) v=—47 arfeex, J=—g=—98 xmjces”.

4, Tlynieuiioe SAPO, BHNYVILEHIIOE BEPTHEAALIO BREPX, BLABTACT €O CKOPOCTLID
196 at/cesc. Halitu: a) seauunny ero ckopocTi b Kouue Aecatoll Cexynabl; b) ckoiuko
ppeMeHit OHO NOMIIARTCH 10 nauGoabieii DEICOTH. i

OtB. a) 98 arfeen; b) 20 cer.

5, [Toe3n BWIXOANT €O CTAHUNIL W MEpes f YAcOB HAXOMUTCA Na PACCTOSINN

s= 9" 3¢ KnoMeTpoB OT cranumit ompasnennn. Hafitu  seanyuny cro
yeROpeLa: a) b Konpe ¢ wacos m b) B Koie 2 4acon, i

OTB. a) j=6¢4+4; b) f=16.

T £ — 404 1662 ko=

METPOB OT TOUKN OTHPARIEHIL, Haiiti: a) ckopocts u yokopenwe moesma b) o ka-
wOll MOMEHT NORIN  CCTANOBHTCA 1 HAMEHNT Hanpanaelne; c) omicarh Xapaktep
BRGNS TIOR3 33 NEPOLe AeCcHTh 4acon.

Otp. a) v— 1" — 120 32¢, j=0¢ —24r4-32) b) » xomue uerseproro N
HOCHMOrO. MiCa, ©) DUC3JL OyAeT ABMIaTLCH BUEPEL B TeYeHHE NEpBbIX qeThipex
wacon, OOPATHO — I TEUCHIE BTOPHIX UETHIPEX YACOB; CHOBA BNEpeA MO HeTEuEitin
NEPRLLX HOCHAIL HACOR.

7. Haiitn ycskopeune, ecai jano:

a) 1‘,'._'—?:-{-3{: t . OreB. j g

b v=dt — 1 =2, J=—9

8. Paccronnue (o alchnx). NIPOXONMNMOE TOUKOH B £ cewyuy, BupamasTcs diop-
MYA0i § = a0¢ — 65, Halltn gennannsl ckopocTit u yekopenns s konue 2, cexyi.

OrB. =0, j=—12,

9., Jano §=2{ -3 - 4F merpos; naiity BEANMUIEL CKOPOCTH 1l‘ycmpemnr.

a) 8 nasane; b) B Konue 5 cexyn.

6, B soMent £ Hacop noeall HaXoauTIca Ha PACCTOHHNUM

O18. 3) v =2 atfee, J=6 Mfcer®;
b) v=332 arjcer, =126 m/cer®.
a 1
10, Hano s= 7 b rae 4 n b — noctoannsie; HaliTH BEAHYMAEL CROPOCTI
1 yesopennd n moGoil MoMERT,
&y wih 5o ta
018, 1=— 20t f= = - 2b.

11. B kowue f Cexymi Teno od1afaeT ckopocThio 3£°-4-2( MeTpoB B cexyiay;
naliTH BEANUMIY €rO YCKOpPelud: a) p J000H MomeHT, b) B kouue 4 cexyni.
' O1B. a) j=06¢+4-2 arfeex®; b) f=26 arjcer™.
12, Ecan ToUka ABIKETCA 1O npsMomnieiuol Tpacktopnn tak, uro s =11,
10 M0Ka3aTh, HTO BENHUHEA YCHOPEHNA OTPHIATEIbLIE H NPONOPUHDHILTE h‘yﬁy
CHOPOCTH.



FrNABA XI
JUPPEPEHUHPOBAHUE TPAHCUEHAEHTHBIX GYHILMHA

Jlo cux nop Mef paccMatpnBain auddepenHpoBaInie ONBIX TOABKO
aueefpaureciux (Qyuxuuii. Ham ocraercs HI:E_V‘-II!TBCSI 4:1¢¢epenuﬂpu-

BaTh (DYHKIMA TaKHe, KaKOBbl, Hanpuvep, sin2x, 3 g, (14
fa3eiBAEMBEIE, B OTJHYHE OT alreGpaHyveckHx, mpm;cqe&dermwmm
(yHxumaANI.

§ 95. dopmMyabl MPOKIBOJIHLIN; BTOPOI OCHOBHOI cricoK. Hioie-
caepylomue (opMyan, cobpaHHEIE BMECTE [AJA Heneill cnpagok, OYAYT
Jokazanbl B 570 raape. B coepnnenny c gopuyaann anddepenin-
poBaHmf anreGpandecknX Brpaxenuil, Aanssmn B raase VI B § 62,
o 06pasyioT mo/myo TabJumy MPOM3BOAHLIX, BCTDEYAEMBIX B Ha-
crosuledt KHHTe. :

du
dx 1 dv
(!nw}_— o
log, e dv

s

‘ﬁ("’ga“"r‘: a7z

XI, i(a"]:cz"lrmz"i‘z.
o o

X, M(e)_ev;’\

XL £ (0%) = ou- 4% | Ina. W ae.

XML 2 (sinw) = cos v %2,

d dx
XIV. — [cos w]_.——sm'v%
dx*
A dov
XV d:“g Ot
iy = 1 dv
XVL dx{ctg'v}_—ma.

XVII. — (arc sing) =

XVIIL £ (arc cos o) —
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du
d = =
| XIX. E;e(arctg'v}_i_’_ﬂ,.
£ dy
L P LY
XX. . (arcctgv)=- T
§ 96. JudphepenuupoBanne Joraputma.
[ycrs
y=lnwv,

Hudgepenupyer no o6ueny npasuay (§ 60), pacemarpu-
pasg © Kak HE3aBHCHMOE Tepemennoe. Mer nveens:

Mepeuii mar. y-Ay=In(v--Av).

Bropoii mar. Ay=In(v+Av)—Ino=

s o} Ao il Av
—111(—U—)—|11'(|+';')-
Tpernii mar. —i'ij:%llﬂ;(l—i—%ﬂ.

K comazemio, Mol HE MOMEM 3MECh BLIYHCINTH TWPIMO Npeaes
npaBoii ¥acTii Ha OCHOBANMI OJHIX TONLKO OCHOBHBIX TEOPEM Q Tpe-
genax (§ 40), ndo anavematens A? CTPEMHTCH K HYMO Kak K npe-
geay. Ho mmi woskem, edie do mepexoma k npeneny, Hepenucath
NPENILILYIEE PABEHCTEO B BHIE

ﬁ_v___ 1 Ap
Ea—m;—lix(l ‘l"'tT)
v

‘)‘J:I]ﬂ?h‘.’!ﬁ AHAMCHATENL HA i‘l ==
u

‘_.__:'é.ln(].-]—'ﬂ?ﬂ):

| B
' —LufligiE

Ay :
Mt nepenicadad OTHOUIEHHE Ao B 3TOM BHIE, MEnasu IOoMOrHATEH

BHIpAMCHHE, CACAYIONICC 34 In n HanucahHoe B KBAJIPATHBIX CKOBKEY,
1

x By (1-}-«)*, serpeucnnomy nawm B § 53, GO M MOMeN 3fech
Ay
TONONHATE o= _=.
YerBepThHlit mar.

L e
dv

‘—lne:—l-.
v v

o i ke
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ANGSEPEHUHPOBAHIE TPAHCUEHAENTHHX @YHKLNE

3uaunt, 8 cuay § 53, (l_—i—a)r—*e W, OKOHYATEABHO, [N

X
Ay .
Eean Ag—-0, torga  — —+ 0. Mostomy, noaaran
C0la  CAelyeT PesyAbTar (.

—a, umeem z— 0.

ﬁl
¢ 1
Ll -} m)T] —+ 1, Or

Tak Kak © ecTb (JYHKUMS APryMEHTa X, H TaK Kak Tpedyercd
npoandQepenuposaTs Inv o ¥, TO Mbf OBSBAHLL NPHMEHHTH dop-
myay VIII audipepenunpobanna ghyriguw om dyHicqui, AMEHHO:
dy di
v, 2=2.2
X

—dv dx’

[MoxcraBHe BeAHYHHY % w3 pesyJbTaTa YE€TBEPTOro uIara,
MBI TIOJTY4aen:

ay
d _dx 1 du
X. ﬁ(lﬂg]‘___?ﬁ‘
Hrax,

NpOU3BO0Has HAMYPaasiozo Adzapugiste @GynKyuL pasHa ee npo-
u3800R0t, dedennoll Ha amy camyio @ydiguio (W oGpamuoi 8e-
e PVHKRLL, YMHONCERAON Ha ée rrpousaod‘rtyro),

Taxr kak log,v=log, e-Inw, TO MEl Cpasy HOJyuacM:

X'!'. d—xuﬂgn'ﬂ}'—_—lg%ff :_EI

TaK Kak MHOMHTE b Iog‘ae €CTh YHCJI0 TOCTOsHHOE .

§ 97. Dudpepenunporanne noxazateashoi dyukund. Ilyers
=

Beps natypaabubiit sorapudm obeux uacreil 9TOro  paBeHCTEa,
10T YAEM:

Iny=wlna.
Mudepennupys obe yactir 3roro pasencTsa 1O X, NPHYEM K Je-
Gy, ML 1Meen:

BOI YaCTH Ml IDHMensien npasuno audpepenunposanis  dyHKIHH 0T

d dilnv)
ax (Iny) =" 2
Orcioza

1 dy o
SRl e pl L S
dy du
=Y In @y

Lit NONOWKUTE AL

Hu X e anavennii dyuknpn o,

L ’
Yuawdica ne noawmen saduuate, wro dyuiunn log, v onpenenena TOALHO
HOTaO noctosmiore oclobanis a

H 14 AO0a0#EETeAb




§ 98 AHGGEPEHIIPOBARIE OBULER HOKASATEABHOR ®YHKINN 221

[loncraBasis B o6e 4acTH BMECTO OYKBH § ee BEJAHUHHY &°, Mbl
HAXO/LHM OXOHUATEJILHO:

XL %[(L"}za"lna:—;.

Hrak, nponssednas om nOCHOANHOO0 € NEPeMEHHBM noKadatie-
2N CINENEHN PAGHG NPON3BEIeHII0 RAMYPAALHOZO A02APUina No-
CMOAHKOZ0 HO NOCIMOSHHOE € NepeMensbiysl noxazamenesn t Ha
NPORSEOVHYI0 NOKA3AMEAS,

B yacTHOCTH, KOIJla NOCTOSHHOE @=¢, Torda Ina=Ine=1, u
Mbl TIOJYHACM UPE3BHHAIHO NPOCTYIO (hopmyy:

o du

oy
F Fopoe_ ul
Xr dx (€)== dx’

§ 98. Jludppepenuupopanne odumiedl NokasaTeAbHOH (DYHKUUH.
JlokazaTeJsCTRO NpPaBuia crerent.
[lycts
-v — “g!

rge 4 M ¥ CyTh (PDYHKIHMI OT X, TIPHYEM 4 MOMKET HMETh TOJLKO
NOAOHTCIEHLIE BEJNYHHEL
Bepa or OGEHX 4YacTell 3TOr0 PABEHCTBA HATYPaAbHEID Jorapui,
nosy Haem:
Iny=—2vlna.

Juddepennupys 0de yacTH TOro PaBeHCTBA MO X, HPHIEM HPH
miq;n(])cpumuip:_lliu|1||i| JCBON YacTH Mbl NOJIb3YEeMCH 'reopemoﬂ 0 mpo-
naBoHON Qyuxnun ot Qyniaun, a npn auddepenunposaHEd 1 pa-
BOJ YACTH Mbl TIOJL3YCMCA EIIE 1 TEOpEeMOfi 0 MPOM3BOAHOI DPOH3-
pefienna ABVX (DYHKIHE, MBl HAXOLHM:

d \ 1 dy i d du
- U =i ¢ pEE o i —
o (In y) e (vlnu)=wv dx(lnn)—{ Inu =
Ll Ine a9
== ST i gy
CreaoRaTeasio:
.
dy v du dv
= =0 = -4 i
et Inu PR

HakoHell, saMEHssi HaJeBO M HanNpaso OyKBY y BHIpasceHnem u°,
Mbl OKOHHYATENLHO TIOJYUYaeM:

d w_y i

XL o d

Hrak,

HPOU3BOOHAsA M OVRKEIL € HepeAsleHHbMN HOKG3aINeaen chie-
nekt pasia Cymye @oyX pesy.apnainoe, NoAYIeHHHLX! BO-IEPBEIX,
dugpgepenyuposanues no goparyae VI, pacesampusas noxazamens
KaK HoCosHHOe, W, BO-BTOPLX, dupfiepenyuposanues no gop-
myae X1, paccarampusas QOYHKGUIO KaK NOCHOSHHOE.

- du
Vi )
(0") = on +utlnuz.
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I[lycrs Teneps (yHKuHg © €CTh Kakoe-HHOYAb MOCTOSHHOE NI
(neobssatesbo memoc uAH ApoSHOe, HO, BOOGLIE, KAKOE-HHOYAL

HppauHoHaAbHOE YHCJAO0, NONOMKHTEIEHOE HIH OTpﬂ[laT&l']bHUE}.
du

©=n. B stoM cryuae mul mveen =0 u, suaunr, dopwysa Xl
HaM JQeT:
d n—y dit
W)= o
JTHM BUOJHE JMOKA3AHO MPAaBMUJIO CTEUEHH, (I)op:\lym{pOBalmoe

mamu B § 69, HO JOKA3IHHOE TaM JHMINE N4 HUEJLIX IIOJOHHTEIbHBIX
sHayeHuil 7.

NNPHMEPBI

Hafitu nponasonnnie;
1, y=In(s"+ a).

Pewieune,
dy oo X
dax
2 y=In}1T—=x%
Pemenue,
1
d S B
dy_ﬁ._c'u_x‘ b, no X
a5 ar
(1—x9*
=i
=2 T(—29)
== T = no VI
U=y
3y —a®,
Peiuene.
g{:ln a<rz3*o‘%(3x=}=ﬁ_\: In a-a*, no XI
4. y=pe+¥,
Peene,
ff’b'__ d elbxt
e b e (e == no IV
L Ed— (4 x) =2bxe” 47, no 1x*
5 oy=x", £
Feutenne,
d d
;%z e —1 ;E;(.\:]—f—x’" Inx——fe)= no XII

=¥yt -{-x"'lnx»e”:e‘x"z (l?—]— Inx )
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Huddepenuupyem ofe yacti o v
Ly o ym—5 2 e —1)-
s Ir_( 4V X — 7 T Vv

A X —
4y Yy [BRHVF=H) , In@ds*—7)
it [ ¥ =7 Va3

B caywae, korga QyUKLEA COCTONT M3 HeCHOABKHX MUGKHTeXeH, nnoria Bl

rojuee, npesie YeM AndQepedunposaTh ee, BIATh JOrapmdad.
G—Der—3

Mpumep 5. dngdepenunposate ¥ = G=d—4"

Pewenne, Baas aorapidy, nmeen:

2 [ny:%{ln{r—I)+!n(x—2;—]11(,\:—3)—111(,:...4”_

Huddepenipyem ofe wacTH 10 X3
ldy_ LT 1 1 1 jEyse
e [x—1+)c—1___c—3_x__'4‘,“—'

ydx 2
2x* — x4 11
S —NE—2x—3x—9°
Han
gy e 2 — 10x-L 11 =
dx— 1 I .s T
Z

=1 e— 27 (c— 9 (x— 4)

3ATAYH

Mposepits Kamgoe na caesyomnyx mdipepenuponainii;
Duipepennnposats §Hyuxini;

L y=In{x-+ta) OTtB.
2, y=lnfax 4 b).
1. r

4. y—-]n 1 +'¥ .

3.}!.—.]11

5 y=er. “
G, ye=pi*ts

T y=In(x*+ ).

8 y=Inix®—2x 4+ 5)

9. y=log,(2x 4 =%)

10, y==x1Inx,




sk

§ 9

HPAKTHEA THGGEPEHIHPOBARIS NOFAPIOM.

BLPAKEIIR

1. flx)=1In{x").
12, fix)=In"x.

13 f(x}—ln“+ &

14, ) =lnx -+ VT

15, y= att.
16, y=b*"
”‘-y:]rxh =
18, y=c@ %

19, r= a’.

20, r=a'"",
a1, s=e* 1%

29, ir:ﬂey?

gy

e
29, L'!‘—[e“(l — 2] =e*(l —

2 a’ et —1 2e*
g\ e 1 c"' + 1@

26, f—{x’e"")—u’“(at +2).

2% y=lIn-—— 1 +E‘

a X
2. J":‘Q‘(-‘-’" +e
e et

e
u)_
/

M. f(y)=Iny-&,

8 Judd

HoE Be

2% — x%),

OB, f16) =
Flxy— .’;In \:
fxy=

__!—
i e

dy _ e X
ai—lnﬁ-ﬂ €

ﬂ:—II.

‘flzu'm bbb

?’ Ol T (e o 1) TE

;?—j:—?xln o8t
dr -

N na.

dr _a"lna

d‘.l ]

ds

a5 __ ot
et
du__ael‘_‘"

dv 2y

4P _ o214 (1 4 Ing).

dy s e
dx +ev"

x *
y_t(Fd)
dy 4

s~ FF e

:;v a*x"n |+ xlna)
dy _
Ec“"f““"'i'”'

d < —1In>
a.y;—;:x"’ (—xani}'
%%:1:1::’-.\:"““1 L I

” 1
r=e (ny+<).
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Ing

3B, fls)= o
36. f{xj=In(nx).
37, F(x)=In*(Inx).

38, o(x)=In (In* x)

39, p()=In 1—4_;—;-:
L YEFi—x
BIE=R T

Y rasanune Cnepra paunonasusnpopaTh

[ 3uaMeHarene OT pajikana),
1

41, y:xm.

2 y=e*"
E:

43. y=£§.

x nx
44, y=(;) -
15, w=1"
t
« 1)
a7, y=x"
48, y=x*"
1

49, y=a “"*"

50. y=e¥[x" —ax"Tdnn— a2 i

(x4 172

Bl Y=o A

O18. f(s)=

1—s It’l_.?
b
i e
vy 4107 {In x)
= xlnx °
¥ “xlnx’
= T—3
FR=— _°—-
Vit=
auaMenatel]s (1. e oCBOSONNTHE
&y
Pl

d_v e"'*{l-{ In x) £,
%=(?) Q“r‘)-

ve¥e?

a’y__ XA\NE L x
o r( ) {4l T)'
- (l vino

du : v )'
dz a
—{;.-I-_(——) Ing—Int—1)

dy _  gnen—1
i x¥ ninx4-1)

ay l
E,'E_x‘ . (11-1.9¢:-Jr-l|'|‘:c—|—‘1= ).

dy _ xylna
S o

2 4-5x40)

dx TS S

VYwxasaune Baotom np CACAYIOUINE HOMEPAX, npc‘lfnc 'm\t .mq][l1epc1:unpn~

BaTh; B3ATH OT ODEHX wacTeil jor ApMpAEL,

i

e —17
52, Jr..—:—-ﬁ_)..__?_'

(x—2)% (x — ¢)°
63 y—% T—=x( +- %)

55 y— .\.[1—}—-;.]

dy

o5 e ]

3
_(—1)* 7x*5lx —M8)

12(x — "J (x— 4}3

d'p 2 ..{__\, =
dx 2V 1 —x
] +3x’ *’\.4

e
==
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55. y=x"(a-}-3x) (e—2x". Ors. 5—-‘: = 5xt(a L 3x) (@ — 2x) (a* - 2ax — 12x7),

X

Vzta dy (x—2)VxFa
56. yr?xta' ?&:‘ ”434'_.

(x—ay

d.
B aanavax 57—66 salitn peantunn -{-['E L1 JAHNOTO SHAYEHHS apPryMEnTa X,

57, y=In Va4 =3 OTB. y‘:%.
x
58, p—e’; x=5. 3 =6,00.
59, y=Ilg (2x -+ 3); ¥ =0;124,
60. y=xInix 1) 3'=2,4009,
6l y=xe7% 2= 3 =10,304
62, y._h;x, x=25 Y =—0,024
63. y=lg1f"1£--.w:’:i x—8 ¥ =—0.217.
64, y=10% x=-. y'=46L
2N e s
65, y= I) R y=—1
2 x—12
— —————— - =26,
8. y= V‘zﬂ——ﬂx y
67. Haiitu % RaA Kamgod us caeryioumx drynxundi:
= Inex. d) y=xe—%,
EE)} ;: &%, (e} J;:‘: e’:\_lux.
© y=xhx n y=g—x-.

Indupepenunponath Kamaylo U3 CASLYIOMLHY dyurumii;

1
68. In(xVa*—xF)

Tt 1
- X
75 e In—,

60, x ln!'l”dr; = 76, 10V T 1g ¢,
[ 70, Ig :g_%. 7. (ae)™ .
I‘
71. In ﬁ‘ 78, 347,
2 xlg 3/ Cx. 79, (%)V-‘;_
7. xle . 80. Ll i A __._3+4,:‘.
2V EF1

e g1, U+ B2 C+Dx)

o " (E+ Fx)(G+ Hx)
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§ 100. Juddepenuuposanne sinz. [Tycts
y=sinw.

Coraacio oGumeMy HpaBHIY, PACCMATPHBAR U KaK HE3aBHCH-
MOE NEpPeMEeHHOE, HMEEM:

[Mepswii wmar.
; V-4-Ay=sin (v Av).

Bropoit war. .
Ay =sin (v Av) —sinv.

[lpasyio 4YaCTh TPHXOAMTCA NPeoOpasoBaThb, YTOOH CAENATE BO3-
MOMHBEIM TEPEX0/ K Tpegeny B ueTBepTom ware. C aroif ueaso

mel ocniossayencs Gopuynoit Tpuronomerpun [ra. 1, 11, (6)]:

sinA-—sinB:QcosA_.!,_ gsindj -

Monaras ageck A—wv-4-Av u B=w, Mbl Haxomum:
. ; Av\ . Au
sin (@ - Av) — sin =2 cos (‘v —{—T‘) Siti—",

[MosTomy
av\ _. Av
Ay=2cos (ru +T) sin 55~ .
Tperuit war,
Ay

YerBe pTolii war.

. Ay
sin —-

Tak kag lim | ——— | =1
l Ared Ay » B ocuay 52, u

Ap
lirml cos (p+ _)zcgso B CHEY: HERpES G . Jen e
sp=+0 2 iy PEPBIBHOCTH KOCHUYCA.

, dy.c ;
[Noxcrasiafl 5Ty BeNHUHHY TPOHIBOJHON =y B Gopuyny mpons-
BopHOll QVHKYUR oM Byrryuu:

dx dv  dx’
Mbt moayuaenM 2 cos g 42
YHAEM G¢==CO0S ¥ ;. W, SHAYHT, HMEEM OKORYATEJbHO:
\ d (s du
ik x (Sinv)=cosv 2.

[IpaBiio JIErko c/108ecHo (opMy HpoBaTs.
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Tpauk dynxmmr y=sinx noxasaw nua ueprexe 111. Tak xak
L
:_y = C0s.X, TO, BCTOMHMB, 4TO {g IL:{H_‘%, MBI BHIHM, 4TO {g 1 KO-
% e '
Ae6AETCH, KOrAa X HEeNPEephIBHO BOSPACTAET A0 DECKOHEYHOCTH, MEKIY
rpamuuays -1 # — 1. [lostomy u camumil Hakaon p KacaTeNbHO

K POPH3OHTY TaKiKe KoueGaercs, mpuyeM HauGo/bunil HakIOH A0CTH-
raetcad B Toukax O, -=2mw, ——4w, ... H UNMEET BEJHMHHY 'L‘ ubo B

THX ToUKax nyeewm fgp =1 wu, anaunr, p— ’; Hanmensmuii (anred-
panuecki) HaKiOH M JOCTHIAETCA B TOUKaX —=m, —=3m, ==6m, ...,

Yepr. 111

ks

rae tgy=—1 i riae, CIenOBATEILHO, —— 5. KpiBas y=—sinx

W HAILIBAETCA cunycoudort.
§ 101. Judgdepenuuporanne cos . [lycrs
W =cos 7.
Aty QyHKUINO MBl, OYEBHAHO, MOMNEM TEpericaTh B BHie

y=si11(%}—-'&).

Orciong, npuvenas npasuno au(depenimposannn @ywigun om
@yHKYaN, MBI HAXOJUM Cpa3y:

&y _ 4 (:‘-—'U o (g
dxdx oB\3 = (2 ax\32 =

= CO0S (“»w)( E)::—sinvg-‘f
2 dx di
[nﬁu Cos (l‘z——— 'a) = w] .
3uauur, . T
XIV. 7 (€os v)=—sinv .

[pacpmie drymiamn y=cos x (uepr, 112) Jerko noayuuts us mpe-
moaymero rpaduia 111, n6o s 9T0r0 HYIMKHO JNIIL TEpPEHECTH
crapyio ock opaunat O’ B HOBOE MECTO, MMEHHO HANDPABO OT Mpeli-

=
Hero Hayana woopawHaT O’ Ha paccrosHHE 5 B camom nmene, npu
TAKOM IIEPEHOCE OCH OPAMHAT, mpeobpasoBaHue CTapoil aGeuuccu x'



230 ANGGEPERLNIPOBAHIE TPAHCUEHAEHTHBIX OYHKUNH < ril. Xt

6yrer: x'=17 -1-x, rae x ecth Hopasm adcrucca. Buaunt, mpenaiee
YPpaBHEHHE Y —Sin X' HOAYMHT TENeps HOBEII BHMI:
—sin (= +x)=cos x,
y=sin ( 5 - )
Ha uepr. 112 crapas och OpAMHAT HAMEHeHa MYHKTHPOM. Kpusas
Y==C0S X HA3BIBAETCA KOCHHYyCoRdoi.
yosy

: N7 A
e et R
'
H
Yepr. 112
§ 102. Ouddepenunporanne tg . Iycrs:
y=tguv.
o OnpefeseHnio Tanrenca, HMeen y::l':z Huddepenuupys
Kak Y:aCTHOE, HMEEM:

Nadlro d .. do ., @Y
dy_co:.uﬁ{sm v — 5inuﬁ(cns u]_c,ns UEJ-G—l— sin® o FEm i"—l
a-}:]_ cos"u == cos U ~cosv dx'

TaK:
d 1 dv
A o B =groa

Tpaduic Qynrmm y=1tgx npepcrapaner coboit (uepr. 113) Gec-
KOHEYHBIH paji Ii[‘,TBEI”E, NOLAHIMAIONIMXCT W3 l\-']_\'ﬁ!l:lil;l — 0 H YXD-
ALEX BBLICH - 09, I TONIECTBEHHKX APYT ApyTY. [1pu BospacTanuy
afCUHCCE X, ODILNIATA ¥ TOukH /M, ONHCHIBAIOLLell BETBb, GE3rPaHHYHO
HENPEPLIBHO hDBP&CTElET OT —oo Jo + co. M Koraa paCCMHTPIIBﬂENﬂK
BETBb OYJMCT ECA onwMcana, nBikymnanca Touka Jd, noxnasmascs
BBHICH —|-00, CKaukoM ¥XOIHT BHH3 — oo, 3aTeM, 4ToOLl, CHOB2
NOAHHMAACE, TOYHO TaK e OUHCaTh C."IE;[yIO]J.l}'lO BeTBb. I Tak Janee
B0 OBCKOHEMHOCTH, NMOKA BECh pAL BETBEil, OIHa 33 ApYroii, He Gyner
omican. Mol sanedaes, yto Bequynua GynruE y=—1g X, 3a HCKII0-

HCHHEM TOYEic paspuiBa -, ==, =5, +.., BCEr/ia BO3PACTAET,
. i d I
KOT/ia YBEANGHEAETCH apryyent X. [103ToMY-TO NPOHSBOAHAS £=c—-as, =

H mﬁaamnang BCErNa wmogoxcumensrold. Haumensmmi maxnon 1
KACATEABHOH K POPH3OHTY JOCTHrAGTCA B TOYKAX NEepeceHeHHs Hp}moﬂ
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Mot BU/ANM, UTO KOTAHTEHCOMZA ¥==Clg X COCTOHT B3 PAAd HHCXOMA-
WX 0T oo A0 —oS peTBeill M, 3HAYHT, 3Ta (DYHKUHA ECTh BE3fe

d 1
yossawnan. T1o3ToMy-TO 3HaK Y €€ NPOH3BOAHOI Eﬁ == — - BCeraa
OTPHUATENLHEIH,

§ 104, MoscHeHue, Tlpn BHBOAE HAWEE GOPMY] NPHMEHEIHEe O0Wezo Npasiaa
(1. e, yeTmpex wWwaros, cu, § 60) Gutao HEDGXONMMO TOALKD B CABAYIOILUE CAYHanX:
d,.| _ds  dv_ dw - )
1L, d'_x(“_'- v—w) _dx+dx P Anrefpanueckan cymma,

d dv du
V. =(ag)=12 i i INpousseneine.

"cl_u_ udﬂ
d fu\ “dx_dx
VIL ('J) = YacTunoe.
dy dy dv

Ti= o AR Gy srun o7 GyuKii.

d X
X i (ing = Jlorapudus.

i, du
xlll,m—;{sm U)=cos v » G Cunye,

He ToasKO BCE OCTanbiible (opmyasl Gbiii BRIBEACHE! H3 ITHE OCHOBHBIX ceMl
(hopMys, MO OT STHX (JOPMY] SanucatT U Bee QOpMynnl, KOTOPHE GYAYT BhHBENEHE
najee, A 0TCIOAa CTEAYeT, YTO Buipon (hynmaMentaibibiz Gopuys Rudipepedunpo~

BANHA BEAIOYAET BLIMHCJABHHE TOABKO OB ¥ X npeieaocn, NPeacranfmioliiiy nekoTo-
puie aTpyAHeNnd, 4 HMEeHuo!

1 Sifl_l! — i 5L 3 52, 5E
lim ( B0 =1 lim (0P =e (§ 52 59
3A4AUH

Huddepenunponats dyuiism:
1. y=sin ax®

d o
é:m& a** E;(ax’): 2ax cos ax’, no XIII
- 2 [e=ax?]
2 y=tgVi—x
S T e -
oy sec ¥ l-—-x-dx(l—x}-= no XV
fe=Vi==xl

e ks
=sec’]fl-x71;(1—x) D=
e Y T=% 1
2V1—x% 2Vi—zcos’ ¥V i—x%
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3. y=c0s® X, 4TO MOKHO Hanucars TaK: y=/(cos xJ’
dy d .
—-L._S(cus x)“-f;(cos Xy = no VI
[o=cosx m n=3)
=13 c05* X (— sin x) =— 3 sin x cos® x. no XIV
4, y=sin nx sin” x.
—é =sinnx o (sm x4 sin"x—(aln Hx)= no V
[u==sin nx » p=sin" x]
. : e 5 d
= sin nx.n(sin ¥ s (sin %) 4 sin™ x cos nx e (nx)= mo VI u XIN

=mnsinnx.-sin" " xcosx - nsin" x cos nx =
= sin" ! ¥ (sin nx cos x - cos ux sin x) =

=nsin" ¥ sin{n - 1) %

5. y= sin 2x,
6. s=rcos 31,

A ig(—_a .

1
s,ys-s— clg 3x.
9, p=sc 5.

10, y=4 csc 3—

1. y—Vsinx.

. 0
12, p=rcos® 5-.

1
ls-}"—_lftg-“
14, s= sc 2t
15, y=2xsin x,
16. f(‘-")—f.%”"f'
17. F_Efs_

18, y=sin x sin 2x.
19. y=Incos x.

20, y=1In ¥ sin 2x.
2[.)!._8“*5?:11'\:‘
e tusfz-.
23, p=Intgh.
I 1+4-sinx

glv=—1o 1 —sinx’
25, f(x}—#sirl (x -+ a)ycos{x — a)
62, f(0)— <08t 14-cost

< 1-4-cosl’

OTe.

V' =2cos52x.

&'=—13sin3f
Pl L.
U= sct 5,
VM =—csc*3x.
p'="0scil lgnﬁ
_v'-:.—2csc - ctg T
d_____r:us.n
fi-v- Mqﬁ?
ge Tk
e sin 8,
dy.  actx
dx DR
2(tg 22
ds =
—tg 2V sc %,
\' zxcnsx—{—sinx
f’tﬂn-t%
sin0+cosﬂ
u‘l) S s
y =2mnxccs§x+cosxsm2x.
YV=—1gx.
—ct;i?.x
¥y =g" n{sin:;x-k-.:cos nx),
e LG e
y=—2c¢ (2 sin 2-{-—!:052
dep 2
A sin2”
dy
A 5%
I (x)=cos 22. )
FO)=— 2sin 6

(T —cos b
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27, p=-% to?0 —to 00 Ors. p'=1g'l.
98, y— x5 ¥, % =i ——S"lx ~+-cos xlnx ).
29. y=(sin )", J‘—;, = (s &) [In sin x - 2 ctg x|.
80. y=sin2x. Txy‘ =—4sin2x,
dp
81. p=cosal. i a* cos afl,
d*u 3
32, p=tgu e =2 vigw.
diy__,
33, y=xsinx E-g,:..cosx—-x sin x.
€05 X dly_ (2— x*cos x+ 2 sin x
34. sz. g,x’__ x3 .
85, y=—e*sinx, "E‘;':"-e"cosx.
2.
86, y=—e*cos2x. %=94{45in 2x - 3 cos 2x).
2
87, y=— e sin b &‘% — % {(a® — bY) sin bie -+ 2abcosb)
=t dy _ cos{x+43)
it B dx 1—cos(x+423)"
a7 : dy__ __ sinfx+4y)
30, ¥ =cos (x + ). R i e
40, siny=ln (x4 y) . !

ds (x-Ffeosy—1°

: dy
B sananax 41 — 50 naiita BemmIy Jy 413 MAMIOTO WHCACUNOTO 3Mavenid
apryMenta x (B paguanax)

A y=2sins; x=1 018, 3'=0,878.
42, y=—xcos x; 2 ' —— 2,934,
43, y=Insinx; x i:'=-—{z).23:;.
_osne T :
44"J’_-,\:—' =1 ¥'=—0,301.
43, y=sin 2x cos x, x:é 3 =0,545.
46. y = x sin X+ cos x; ) =— 2,87,
4L y—=e *snz x—1, ir’:—l’}il-']r].
48, y=10¢" cos rx; x:-.lT. ¥y =— 51,78,
X
R o
49, y="5e* f:“'_z" x=1. ¥ =412
50, y=10e Wcosx; x—=1, ¥ =—16,07.
Npoaudideperunposars kanyio ua caenyomux dynxumiiz
13
1, 1
b1, 2sin ( 5 x) . 52, 5 cos X%
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ax )
fﬁ.tg?. 57. Incr}s;-'
54, xctgx. 58, xIn tg x.
T 59, e*1n %,

X
56, 57 5+ 60. cos e,

§ 105. Odparuvie Tpuronomerpuueckue yniuun. Ha § 74 wmu
y)KC SHAeM, 4TO KOrja paBeHCTBO

y=7r(x) (1)
gaer ¥ Kak npamyio QynxuHo f or X, TO ypaBHEHHE ¢ NepecTaBiaeH-
HEIMH OyKBaMH X H Y

x=f(y) (1)

nocac MATEMATHHYECKOTO PEMWIEHHNA OTHOCHTENBHO
OyKBB Yy JHaeT y xak ofpamuyio QyHKUMIO @ OT X
y=19(x). (1)
3nech f u ¢ CyTh XapaKTEPHCTHKHM JIBYX B3aHMHO OOpPaTHHIX
hy it
an{ME!I[-I:\'I CKa3aHHOC K TPHTOHOMETPHYECKHM LT)YHKIII{HM.
Tleppoil npamoit TpuronoMeTpuueckoll QyHiunel spagercs
y=sinux, (1)
3nece SHAK Sin €CThb Xapakmepucmurxa ITON npamoit dyHimm,
CTPOrO rOBOPs, HAM HE H3BECTHAA B CMHICJE yKA3aHHA Tex
aaredpandeckix AeHCTBHIl, KOTODHIE HANO TIPOAEJATH C apryMenTom

X, 4T0DB! TOAYUHTE Y. Mul 8HAEM TOLKO, UTO X €CTb AYTa OKDYIK-

HOCTH pamnyca 1, CTArNBaIOINafs SajaHmBli yTOJ, @ J €CcTh CHHYC
3TOr0 yria.

Korpa mut mepectarases GYKBEI ¥ H X, Mbl HOJyqaen:
Xx=siny, (IL,)

OpHYEM C TepeMenoil MecT STHMH GyKBaMu M3MeHAeTCs H CaMblil

CMBICH HX: TENeph 3y ABJIACTCH A YO, CTArHEalomed yroti, a x
CHEYCOM 3TOro yraa.

MaremMaTuueCKN HEBO3MOMKNO PEWIHTD ypasHneuue

(II,) oruocuTenno 6yKBH §, NO3TOMY, BMECTO HCTHHHOLO
PEHIEHHA, HAIOT TOABKO CAIBICAOGYI0 €20 3Qnich, CKA3AR, uTO

«) pased moil 0yze, CUHYCOM KOMOPOI CAYICUM X».

TTo-naThilii € 1yTa» €CTh «arcus»,a «CHHYC» €CTh «sinus», [Tostomy

YKasauHylo CMEICJIOBYIO 3anNCh pellerda ypasuenns (Il,) coxpamenno
NHWYT B BHAE:

y=arcsinx, (I11)
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3xeck 3MAK arc sin ecTh 3HaK € XM HBEIH H e hHE; €ro He/b3s
pasbueath Ha uacTH, HGO O TOFAA YTPAYHBAET MaTEMaTHYECKH
cuBiea b DTOT 3HaK arc sin MOMKET CAYHHTDL XaPAKTCPHCTHIOM, o0paTHOH
xapaxTepucTike sin npavoil dymaym sinx. ¥ T
l"pmpmc groii obpaTHOi (QYHKIHH y==arc sin .« (4ept. 115) MBI TI0-
JIYUHM, KOT A BOSBMEM rpafiHic (qep_r. 111) mpamoii dysxuun y = sinx,
mepectapiy Oyxser X 1 ¥y oceil KOOpIHNAT © DACHOMOMIM HOBYIO
ock adcuuce ropusoHTaaLHo. MEl BHIHM NPEX(AE BCEro, YTO 0OpaTHad
(yngis y —arc sin . €cTh (QyHiHg MIOTO3HAYHAH, HOO BeA-
KOMY SHAYEHHIO aPryMEHTa X, JewialleMy Ha
E orpesxe [— 1, -~ 1], otseuaer Gecronenno ino-
T3 s 20 yucAeHHBLX 3HAYERHI IepeNenHoro . Yrobu
: i HE HOTEPATHCA B ITOM OCCKOHEUHOM MHOMNE-
{ CTBE 3HayeHnii MHOTOSHAUHON (ymErmHH Y=
: —arc sin X, MLl BRLICAACM H3 HHX pﬁﬂ OCHOBHBLX
‘. SH(J’.'H.’HLH?; 33 TAKOBbBIE MEI TPHEHMacM Dp}lﬁ=
: HATRL myrm AB, uMeomell Havano koopamuHaT
O ceoeit cepeamnoil. ITa Hyra, Kak TnOKa-
1 supaer uepr. 115, menpepuiBua, mnpPOXOIMT
—1 A1p 1+1 yepes sauano O 0 HMEET CBOMMH KOULAMH TOU-
KH A(— I, -—-%)H B(-',— 1, —‘,%j . Opmunatst
TOUeK 3TOll ocHosnolt AyrH AB BoapactaioT o

— ? a0 -+ T’_,'—, KOrZla apryMent X JIBHKETCA B

. orpeske [—1, -|-1], venpeprisao soapacrasn. STy
Al OcHOBHYI0 Ayry AB Ml NPDHHHMACM KaK Zpa-
guk (reomerpuyeckoe H3OOPAKEHNHE) OCHOBHON
BETBH MHOrO3HauHOH (yHKIUM y=—arcsin.x,
Npuusto oGoanauats uepes [arc sin.v ] opannarsl
OCHOBHOIT ZYTH.

Bce octanbHele smauemns nmorosmaumoil dynrnun  y=—arcsinx
0'!'3“[: npacro I‘Hhrpa}i{alm‘cn Hepes 3HaueHHA oano3HaYHOI [bymﬂ.lm!
[aresin x]. Jefictaurensno, omunaxoso nanpasiennsie ayru CE, FD
H 7. X IPEACTABIAIOT Coboli ayry AB, NOAHATYIO Haji OCLIO aBCIuee
OX wna paccrosmus 2r, 4n, 6w, ... , HIM ONYUICHHYIO NOL Hee
Ha — 21, — 4w, —6m, ... 3uaunr, 249 STHX AYT ML HMEeN (hopumyay:

5]

Yepr, 115

[are sin ] -2,
TAE 7 Leoe e,

Ho umenotea eme Ayri (uepr. 115), kakosst CB, AD, ... H T. 1.,
0fpaTHOro HanpasieHus: omy mee OAHHAKOBEI MEM1y Ccofoit H BCE

! Kax weawnsa

HaAmpiey : vna : m
wacrn 1 o n, g PuMep, 3Hak narypaapioro acrapmpua n paabupate Ha
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HX Mbl TIONYYHM, CHayaJja TMOBEPHYB OCHOBHYIO ayry AB okono ocu
abcumuce, Kak OKOJ0 ocH Bpaulenus, Ha 180° urto paer HaMm yGei-
BAOULYI0 (yHKUHIO:

— [arcsin x],
3aTeéM TIOAHAB €€ BBEPX HA T, YTO A4€T HaM (YHKIHIO:
n— [arc sinx],

usobpaxaioulyio ayry CB, u, Hakomeu, nepemelias sty ayry CB,
BBEpPK M BHHS HA Paccrosnus —-2w, —-4m, --6m,..., yro mgaer Ham
obutyio dopuyay ans scex ayr CB, AD,... o6paTHoro HanpasieHuHs:

— [aresin ]+ w2,
rme n LEJ0e 4HCao.

Taxum 0OPA3OM, Mbl OXBQINBBACH BCE SHAUEHUS MHOZO3HAYHOL
diynKyuu y=arcsin X nocpedcmson 0syx ghopsrya: y—/[arc sin x|
- 2mn m y=mn— [arcsin x] - 2nn, 20e n npoussossHoe yeaoe unc.ao,
NOAOHCUINEALHO LAN OMPULAIMEAbHOE, WAL PAGHOe HYM0. DYHKLuR
aice [arc sin x| naswsaemess 0CHOBHON BETBBLIO H Z8AAEMCA O [
HO3Ha Y HO It Henpepssior u sospacmaioeli na ompesie [—1, 1],
Bue amoeo ompeska yriyus arcsinx He cyuecmsyem, ufo cunyc
He n:o;!!c‘lem HU npesocxodums -1, nn Geimo ajfeedpauyeckit Menbiie
yem — L.

Mo sromy ke crnocoby H3Y4alOTCA H OCTANBLHWE TPH OODATHHIE
TPHIOHOMETPHUECKHE (YHKUUN: arc cos X, arc tgx u arccte X,

Bropolii npavoii TpHroHomerpuueckoii QyHKuHEH apaserc

y=-cosx. (L)
Ee obpatias (yHKUUA NOAYU4ETCH NEPECTAHOBKOH Oyks y u x,
4TO [AeT
X == Cos 3 (11,)
310 YpaBHEHUE YHTAIOT:
<y pasen motw dyee, KOCuKYcom KOMOPOIL cAYICUNL X». BT0 yre-
HHE 3amMiCLIBAOT 001ee KODOTKO B BHAE:
Y ==Aarc cos x. (11L,)

Fpaduic sroit Qynunn noayuaesm ua uyepr. 112, B KOTOPOM  1ie-
pecranisen nysu‘){ H Y y oceil koopaumar, NPHHCM MBI DACHONA-
raem HOBYIO OCh alCHUCC ropusontansHo, D10 maer rpadumk 116,

Tak kaK KpHBAag 3TOr0 YEPTEN@ ECTL HE YTO MHOE, KaK KpHBasm

mpebAy Uiero yepr. 115, ToabKo omylleHHas BHH3 HA — -, TO Bee

ceoficrea 3Toro rpadKa OCTAIOTCA TPEKHHMH. 3HAUNT, yicpa
arc cos X TOME MHOTO3HAYHAR M H3 GECKOHEYHO MHOMMX €€ 3Ha'eHHi
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BEIGHPAIOT K@K OCHOGHBE TE, KOTODRIC H300paalOTCa  HenpepuIBHOH

HHCXOmsniedt serkoil CB. Ona n3obpamacT OAHO3HA 4HY I Hempe-

puiBHYI0 (yHKuUpO, yOHBAlOULY0 OT T nolﬂ, KOr ia :‘).x ONMHCLIBAET

orpesok [—1, 1] B NOJOMNHTEALHOM HAOPABACHIUH, ”Tay OCHOBHYO

dyskupo 0603nAYAI0T SHAKOM [arc»cosx]. Ha uepr. ACHD, 4TO

BCE OCTaJbLuLie Bersi MHOTOSHAYHOH (YHKUHH 3 =—AarCcos.x OXBaThl-
paloTea IBYMA dopMyMaMH:

Y y=[arcces x] |- 2nn
I | "
J £ 3y =— [arc cos x] -} 2nn,
: ! rae 7 moGoe LEN0e WHCIO.
1 v BaHO 3aMETHTh B3AHMHYIO CBA3L ABYX OC-
1 1 HOBHEIX O/HOSHAYHBLIX HENDEPBIBHEIX (yHKIHI;
c ' [arcsinx] u [arc cos x]. Hvenno, us cpasue-
1 I nua setok BC Ha 0DOHX HEPTEKax, MEI BHIHM,
! - ™
} | uro [arc cos x]=—/[arcsin x]{- . SHAuHT,
.__"_.»_ B’ X HMEEM TOMN{IECTBO:
-1 + ;
- n
Il : [are sin x]-}-[arc cos x] =+, (1)
| !
A 1 Tperweit mnpaMoii TpPHronmomeTpHUECKol
| 1 dyHKIHEH ABIAETCH:
I
: i y=tgx. (1)
|
: o lNepecrasnas Gyxssl y m X, Eyeem o6pat-
I ! HYIO pas Hee (yHxumio:
x=tgy. (115)
Hepr. 116 3T0 ypaBHEHHE YHTAETCA TaK:

«y pasen moit dyze, MAHEHCOM KOMOPOIi cAy-
gicwm X», H NPOUNTANHOE 3AMICHIBAETCA B BHME:

y=arcig x. (I11,)

Ppaguic a1oit Gynxuin momyyaerces uz uepr. 113 ofmenom mexcy
cofoit OYKB X u ¥ y oceit koopamuaT, MPHYEM HOBYIO OCh aOCIHCC
pacnoniaraéM ropusonTansHo. Jro paer rpadmx 117. Mser sugum, uto
QynKuna y=arctgx ecrb MH0203HaQYHAL, COCTOAMAT H3 OECKOHEey-
Horo pafd TOMICCTEEHHLIX Mexay coboit kpuseix. Kamoias us stux
KPHBLIX NPOCTHPACTCA OECKOHEYHO B 0Ge CTOPOHBI M NpEACTAaBASET
coboil HEMpepHBHYIO KDPHBYIO JIHHHIO, OPAMHATEI KOTOPOH BO3pPacTaioT
C BO3paCTaHHEM aprymeHta X. 3a OCHOBHYIO KPHBYIO NPHHHMAIOT TY,
kOTopast NPOXOMHT 4epes wavano xoopaumat O. Ha uepreme 310
ects etsb AB. Hsofpamaemyo eio (ynxumio HasulBaeM ocHOSHEM
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3Hayeruesr MHOTO3HauHOi (yHKuMK y—arc tg x H 0Do3HAYaEM Hepes

y=[arctg x]. $lcuo, uTo mpeAesoM ITOrD OCHOBHOrO SHAYEHHT MpPH
T

X —— 00 fBISETCH — -, M NPESHLJOM TP X ——~ 00 CJY AT + -;— .

3HAYHT, MOMHO HHCATh:

[arctg —oo]= — ; H [arctg—{-m]:-{—-’%.

[ToaToaMy OCHOBHas BeTsb y — [arc tg x] mpoTexaeT BCA B rOPH3OHTANL-
HO{l MOJOCE IIMPHHEL T, UMEIOHIEH CpemHeill JannHell och abeuucc.

v
Y
e e SR
e Bt ——
C—— . ___ 8 P— A X
A it L 2 =l ..E_____
E—TL_:':___-._._ __--;:"_'-——“-_-E
Yepr, 117 Yepr, 118

OcTansubie BeTBH MHOrO3Ha4yHON (iyHinun y=—=arcte x mnoayuaoTes
C/IBHrOM OCHOBHOIN BeTBM y=—[arctg x| #a -, - 2m, -+ 3m,... Beepx
u pun3. Taxum 00pasoM ce OCTajbHBIE BETEM MHOrO3Haunoil Qywmiuum
y=arctg.x OXBaTHIBAIOTCH 00#Of (hopay.oil:

y=[arctg x] - nm,

rAe 1 uHeao feqoe, moboe 1O BenmyUHE,
YeTsepToil npamoil TpurosoMerpuieckoll Qyukumeil ssasercs

y=rcig x. (1)
TMepecrapsin OYKBLL ¥ M %, MMeeM o0paTHyI0 AJs Hee (ynimio
x=clgy. (I,

ST0 YpPABHEHHE YHTAETCA TaK:

Yy paser moit 6yze, KOMQHZEHCOM JCGHIO}JDIE CAYIICUM X#», H NPOYHTAH-
HOE 3anuChbiBac€TCA B BHIE:

y=arcctg x, (1IL)
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Berny toro wro rpadux 114 mpsvoil (yHxumm ¥ —ctg X ecth
We uTo WHoe, kax rpadwmx 113 mpamoit Qyniunu y—tg x, nepesep-

HyTHIT OKOMO ocd OX W CABHHYTHIl BUPaBO HA -, Mbl Cpasy no-

ayunn rpadux obpaTHON dyHxunH ¥ =arcctg X, B3AB rpadHx npetb-
ayineit obpaTHoll (yHKUMH y==arcig.x, NEPEBEPHYB Ero 0KOJO OCH

OV u caBuHyR Ero BBEpX Ha -;-. Aro HaM jpaer rpadmk 118

Mer paman, 4To y=—arcctg x ecTh QYHKIMA MHOTO3HAYUHAH, 4T0
OHAa COCTONT M3 PAfa TOXKIECTBEHHHIX MEKIy coboil Berseil. 3a
OCHOBHY0 BETBb 6prT BA, HMEIOIY) HAHMEHBIINE TIOJOKHTEb-
Hbie OpAHHATHL. DYyHKIMIO, H300paaeMyio €0, 0003HaYaloT 4Epes
y=/arc ctg x] 1 Ha3EIBAIOT OCHOBHAIAL SHAYEHNEAr MHOTO3HAHOI (yHK-
un y—arcctgx. ITo ecth omno3HAYHAf YOwBawOMmad Hempe-
pbiBHas YHKIHA, MMEOUas Npeden npu X — — o9 PaBHbll T H Ipe-
aen 1pH x—+-}-co pasnetit 0. Bre ocraanHbie BETBH MHOro3HauHof
(hymrxmmn y=arc ctg x oxsaThiBaOTCA (hOpPAMYJIOIL:

y=/arccig x|} nm,
rae n aofoe ygesoe yueao.

Baxuo YKaz3aTh Ha H3aHMHYI10 CBA3bL .‘.IBy}F OCHOBHBIX OJHO3HAYHBIX
HenpepeIBibiX dyuiumii: [arc tg v]n[arc ctg x]. Ha cpasuennn serox AB

Ha OGOMX HepTekRaX Mbl 3ameuaem, uro [arcctg.x|== - — [arc tgx],
3HAYHT, HMEEM TON(IECTRO:

[arctg x]-}(arc ctg x] =

§ 106. Tudpepenuuposanue arcsino.
Iyets

(2

=/[arcsine v % L
y=[ ], rme umeem — ,_-E___:ngl_a.,
Torna

¥ =sin y.

Huddepenunpyn no x obe uacrir sroro paBeHCTRa, HAXOMHM:

du._ . d d(siny) dy dy
e w Cl)==52 G —cony - g
Orciona:
LI et ey
dx — cosy dx °
Tak kak y ecTs ocwoswoe swauenne MuOrOANAYNON yHKIIH
arcsinw, TO HMEEM HEpaBenCTRO —%éyé—'r'—;s TIpH KOTOPOM
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cosy SABJIAETCA Nos0scamenstoi Bemuunnoit. [lostomy,

BHIpaxaa
cosy uepea siny no topuyse:

cosy=V1—sincy =V1—72,

neoGxomuMo 6paTh KBAJADATHHIT KOPEHb B apugiyemutecior (a ue
B anreOpaHtecKonM) CMbiCie, T. €. Hago OpaTh ITOT KBAAPATHLIH pa-
AVKan CYMECMBEHHO NOAOMNCUMEABHBM, T. €. TOJhKO €0 3Ha-
kon -\-. [TosTomy, SaMEHSA B HAMHCAHHOM BRHUE NU((EpEHLHATEHOM
pasencTse y uepes [arcsino] n cos y uepes

+ 1V 1—2%, unt noay-
yaeM OKOHUATENBIIO

dv

dx

XVIL ﬂ%[{arc sin o)==

V1l—+?

rie KBaApaTHHIT pagukan, camM mwo cede, HYKHO Opatk B apuf-
METHUECKOM CMBICIE, T. €. TOJBKO CO 3HAKOM +. 3T0T NONOHHTE b=
Hilit 3HAK BCETO Pe3yNLTATA NMOHATEH, HGO ocrosHas éemnss [arcsinw|
muoroanaudoll QyHKIMM arcsine ecTh (hyBKINA OAHO3HAYHAH, AO3-

pacmaonas NP FO3PACTAHHN T M, 3HAUHT, MMEOUIAR HOA0ICUINEAb-
#YI0 TIPOHABOIAHY 0.

Mpuueuanne. Ecan B Mut Banan ue ocnosioe anavenne {arc sin v] mioro-
auaunoit QyUEIIL Y == arc sin v, HO TAKOE, KOTOPOE BRIPAWETCH HEpes ocHomIloe

no dopuyae:
y == — [arc sin v] -} 2rn,

rae n ectb feroe nncao (§ 106), 10, pasyueercn, MB noAYYRIR Ow ¥

{ d d . d
;—Ii (arc sin v) = % (7} — E{(.{rc sinv)] + - e} =

dx

to v

{x dx
=0— -;f Pl
Vi—e ' Vi—e

W, 3HAUNT, TOrAA npuwaock Oe Gpath ksagpaTiwil paankan yae ne B apuduern-
weckoM, 110 B @Azedpaiieckoar CMHCAE, T. € €O SuAKOM MUHYC. DTOT OTpiUE-
TENLNLIT auaKk ¥ DBCETD Pe3yaLTaTa Tome BRodue noustein, nio paccuatTpHBacMan
BeTEL MHOTO3HANKOH (YIKINK ATC Sin U ABAIeTCA ONHOSHAMNON yOwsgiouel dyik-
wieit apryMenta o, W, SHAUNT, NMEel ompuiamensiyio NPOIBOLILYI0.

& 107. udpepenuuposanue arc cos o.
[lycTs:

y=/[arccos o], rae umeem O=y=m.
Tax kak OcHOBHbe BerBH [arcsino| m [arccosw] ofenx mmoro-

anaunkiX (YHKLURE arcsinv M arccosw CBA3AHLI MEMAY COoB0i Tout-
JIECTBOM:

[arc sin v] 4 [arc cos o] =1, (1)
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10, auddepennupys ero mo X, HMeeM:

% ([arc sin ©)] -+ - ([arccos v])) =0.

OTKyzd, TPHHAB BO BHHMAHHE TOJLKO HTO BHIBEACHHYIO dopuyay

XVII, mut nosydaes: =
dx
Vi—v

a ——
XVIIIL. E;([arc cosv)]=

riae kBajpaTHell pagukan, caM no cefe, Hano OpaTh B apm{]me-
THUECKOM CMBICAE, T. €. €O 3HakoM —|-, HG0 3HaK — yike Bbl-
HeceH BOepes M NOCTABJEH mepex Beeil Apo0bio. JTOT OTPHUATENb-
HEIT SHAK BCEro Pe3yabTaTa TaliKe TNOHATEH, NOTOMY 4YTO OCHOBHASL
gemsy [arccosv] MHOrospauHoll (QYHKUMH arCcos? ecTh (yHKUHA
YOosaroas W, SHAYNT, HMEIOLLAR OMpulameAbiyio TPOH3BOAHYIO.

Mpuumenanne, Ecan On mu auddepedunposani He OCHOBHYIO DeTEb
[arc cos v] Muoroamaunoil GynknmT y=arc cos v, a APyrylo, nasaeMyio qopyyaoi:

y=— [arc cos v] - 2am,

ree n ueaoe wucao (§ 105), o torna y 6wa Gu ywe eodpacmaiomeli dynkunedl
apryMedta v, SnaunT, TOTAA Mbl AOGHOIR Ot Okl INCATH:

du du
E«_ (arc cos v) =— a.-{-r- ([arc cos v]}=— ( w b ) = i =
dx X Y1i— b PIT—
Tlo paeTuveckoro pagukasa BuoAHe NONATHO, uGO NpoHIBOANAN

ﬂO.?pﬂC"lﬂMﬂ{{?ﬁ hynKmm gonnaia GuTh AOAONCHMEALHON 1, CHEI0BATEALHO, DKUU*':II
YaTeALHEIT PE3YILTAT AOJHEH WMETL 3nanr =I-»

§ 108. Jlugphepenuuposaine arc ig 7.
Iycrs:

y=larclgv], rae mmeenm —E; y
Toraa:

I
I

M|:l

_i_

v=tgy.

Audepenypysn o x o6e yactn 3TOr0 PaBEHCTBA, HAXOMIN:

du

dv__ d i(tgy) dyv 1 dy
GmlEN="32 5= 2

dz cosy dx*

1

Ho mus Tpuronomerpmn nssectso, uto 1-4-1g,y= o3 3"

Tosromy umeen:

du d
m=0-11y) o
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JaMensn 3Zech tgy 4depes v, MLl NOJY9aEM OKOHYATEJILHO:

dv
d T
E”.drc g '0]} = T

Pe3yabTaT NOAYUHICA HOA0JCUIMEAbHBIAL, 310 nouatwo, Hbo
ocuoBHas BeTsh |arctgw], Kak u Bce 6e3 HCKJADYEHH
apyrHe BETBH MHOro3HauHoll (yHKkuME arctgw, cyTh dyHKiH
ﬂOSpﬂCJ.‘Iﬁ!OH{Hé’ H, 3HAYHT, HMEIOUIHE HOA0MCUINEALHNIO Ilp()lISEO}lli_)’RJ.

§ 109. Jluppepenuuposanie arc ctg o.

[TycThb:

XXL

y=[arcctg v], rae nveem 0=y =m.
Tax kax ocuosHble petsd [arctgw] m [arcctg o] obenx muoro-

anaunniX QyHEME arctgo n arcctg o CBA3AHLI MewAy CoG0f TOM-
JLECTBOM:

[arctgw]4-[arcctgu] = 5, (2)
to, nudipepeHuupya ero mo x, HMEeM:

;“; (lare tg ©]) - :_.x([am ctg o)) =0.

Orciofa, B CHAY TOAbkO uTo BeiBegennoi Qopmyan XIX, noay-
yaeM OKOHYATCIbHO:

dy
XX. £ (larcctgv)] =— 155 ‘jr"u-, A

OTpuuaTe/bubll 3HAK  Pe3y/bTaTa MNOHATCH, HOO OCHOBHAA EETBb
[arcctzo], kak W BCe 0€3 HCKIAIOYEHHA JAPYrHE BETBU
mHorosHaynoil dyniuun arccty v cyTh QYK YOuEQIOWUE W, 3HA-
YT, HMEWHIHe umpttqameﬂbﬁym NPOHIBOAHY 0.

IALAUH

B nmikecaefyomux aganax nunoaunts aupdepesunposanie, npiteM sclony
NPEAUDAAFAETC 3apaiee, 410 oBpaTiLie TPHTOHOMETpHUECKHe (yHKUMN arc si,
arc cos, arc tg W arc cig daue scezda MOABKO OCHOBHBLMIL COOWME SEMBSMN, XU1T
YKA3upalouue Ha 310 0GCTOATEALCTRO KBANDATHEE CROOKN L ] O Y eIk,

1. y=arc tzax®,

Pewenne,

d z
dy dx (ax’) 2ax

dx 1F@er 1+ax

[ulo v=ax?]
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70, Aupdepennupysa ero mo X, HMEEM:

;f; ([arc sin v)] 4 .—zic ([arc cos v]) =0.

OTKy A, TIPUHSB BO BHHMAHHE TOJbKO YTO BHIBEICHHYIO (OPMYTY

XVII, met noayuaes:
du

d dx

XVIIL ﬁ([arccosw)]— Vi’

rae safpatHbit paguicar, cam mo ceGe, Hamo GpaTh B apudme-
THYECKOM CMBICTE, T. €. CO smakoM -}, 100 gHak — yxe Bh-
NECEH BUepen § NocTapied mepex Beell 1podnio. STOT OTPHUATENb-
HuIH BHAK BCETO pesyapTata TalaKe TNOHATEH, NOTOMY 4YTO OCHOBHAR
gemsy [arccosv] muorosHayHoli (yHKUMM arccosv ecTh (yHkmH
VOusaowas , 3HAYUT, HMEIOAA OMPUIAMeasiyI0 TPOHIBOAHYI.

Npumenanne, Ecan G Me IupdepedunpoBansn e OCHOBHYW Detih
[arc cos u] MuoroanauNoil QynKum y = arc €O U, a APYTYI0, AasaeMyio GopMyaoi:

y=—[arc cos v]{ 2,

rie n ueaoe wicao (§ 108), To Torma y G6Ha Obl yie soapacmaroujeli (pyuinuel
APTYMENTA © W, 3NAUNT, TOULA MBL ACAHCHE GLEAN OBl HMCATH

dv du

. dx )_ dx

Vi—o/ +Vi-v
Tlonsnenne  apudmerieckoro pamikaza BuoAne NOHATHO, n60 NPOUIBOAAR

sospacimaioneld hyniumn Joamua OEITh NOA0NCHMEABHOIE 1, CAROBATEALNO, OKOM- |
Hateneiuil peayantar aommen wyets 3ual -

% arccos v) =— ;_\ {[arc cos v]j}=— (

§ 108. Mudppepenuupopauue arc ig 0.
Iyern:

i

V=larctgv], rue mveem —y =y=-

Ll

Torpa:
v=tgy.
Hudepenmnpys no x o6e wactit 3TOr0 PABEHCTBA, HAXOAINE:

dv__ d d(tlgy) dy 1 dy
a8 =4 i —cosy dx"

1
cos® y

Ho ns TpuronoMerpii nssectro, uro 1--1g, y=
Mozromy imeen;

dv

o
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3amenas sgech (g y uepes v, Mbl NOAyuaEM OKOHHATEJDLHO:

dv
i dx
o ([arctg o)) = i

XXL

PeayabTaT NOAYHUHICH HOL0MCUMEAbHsM, DTO TmousTHO, HOO H
ocHOBHAA BeTBL |arctgw], kak M Bce 6€3 HCKAIOUYECHUHA
ApyrHe BeTBH mHoroshauuoidl ymkunn arctge, cyTe dyHiuui
SW}JQEHHE!OH{HE M, 3HAYMT, HMEWOUIHEe HOJEO.?((‘MHMJMH}HO I'IIJOIiSBD,H,IIy 10.

& 109. Tudepenuuposanue arc ctg o.

IlycTs:

y=[arcctg ], roe umeem 0=y =<=m.

Tak kax ocnoBHele BeTBn [arctgo] u [arcctgw] obemx mmoro-
anaunblx Qymiunii arcigo m arcctz v ceasausl Mexuy coGoil Toxc-
JIECTBOM:

[arctg o]} [arcctg v] = ;— 3 (2)
1o, auddepennupysa ero no x, umeem:
d d
7z ([arc tg w]) - ([arcctg v]) =0.

Orciona, B culy TOABKO uTo BhEBegesHoll dopuyaum XIX, noay-
yaeM OKOHYATEALHO

du
o d
XX, 7 ([arcctg v)] =_T?-x—u= ;

OTpHuaTeNLHBIL 3HAK PE3YJLTATA TOHATEH, 10O OCHOBHAH BEeTBb
[arcctz]|, xak B Bce O0€3 HCKAWYEHHA HAPYIFHE BETHH
mHoroauaunolt dyuwunn arccte v cyTh QyHRUMM YOuealOumue W, 3HA-
YHT, HMEIOUIHE OMpUEameastyio NPOHSBOIHY 0.

3ATAYH

B umiecaeAyomnx sanauax smnoauuts auddepenunposaine, npiteM Booay
NPEANOIAraeTci Japanee, 4o OOPATILIE TPUrOHOMETPHYECKHE dyuKuuN arc sin,
arc cos, arc tg n arc ctg danw scezda moAPKO OCHOSHLIMIL COOUNI GEMBNA, X014
YK23LIBAIOWNE HA STO OGCTOATENLCTHO KBANPATHHIE CKOOKN | ] OWyLLEHE,

1. y =arc fgax®,
Pewenue,
d
— |ax®
gy a‘x.( ) P
dx— T-F(@d) 14ax’
[nlo v=ux?]
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2, y = arc sin (3x — 4x7).
Peunienue.
di; .
SR T ) 3— 125 A
dx Y 1—(@x— ) B T e e T i
[6o p=3x—1x7]
dy 1
X ——
8. y=arccos —~ Ora. e e U
1 dy __ 1
mj-znrctg;. dx-  1+="
ool chibecs 050
5. y=arcsin = dax 7 s
b dy 1
s i X. et
6. y ‘m:sn'lf % 2Vx——x"
x41 ay
7. y = arc sin 75 v T”l_:_‘éx =
8. y=x arc sin x. ﬂ_ : x
¥ 5 -MCSIHx—i-m,
9, y=x arc cos 2x. e COSQ{——-QI
tf 'l.-"
=x A gy
10. y=x*arc g x. = arctg x|
| (g dy 2
11, y=In arc e e
Ch (4 4 x%) arctg T}

12, j{r.t):u]‘ra'v—- ® - a® arc sin L:‘

13. f (x) =V a* — x*-}-a arc sin i 5

14, f(x)=x arc s[n L i —

15. F{f)=31n F:‘:_ ---25—.1": ig—;--,
16. & = arc g la—-*;:'_'

17, y '_.r:’:i:‘i —darc tg ;}-}—x,

18 x=2)5—1 4 2arc tg]

1 1
19, p=— x* =t
9.y X arclgx 5.:-{-

441

Fi=2Va —u

I (%) = arc sin -,

P =12

T At
s 1
dr e
dy  fx'— 4\
Sdx x‘+4')'
dx_ 542
s sVs—a
‘-Z‘——x' arc tp x
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MponudupepenunposaTs Kamayo w3 caenywus by uswmii:

20, arc sin ¥°,
21, arc cos 4x,

22, arc tg(x —2),
23, arc ig -:E .
24, ¥ arc sin x,

X
95, e Zarciglw
26, arc cos ”.

9 X  Xerg—
27. are sin 5= -2—-']/.} — X%

o
28, 3 arc sin 'l/x—:";” YT —x— 2.

20, == arc sin (sin x).
Lo

X
30, y==1rc 08 Ty



FTNABA XII

MPHJIOXEHNHS K TNAPAMETPHMYECKHM YPABHEHHSM,
MOJSPHBIM YPABHEHUAM H K KOPHAM

§ 110. MapameTpuueckne ypasiehus kpusoii. Hawnon. Koopmi-
HATEL X 1 ) TOUKH KPHBOH 4acTo OBIBAIOT BLIPAMKEHB! Kaik ()yHKLMHH
TPETHErO NEPEMEHHOrO, HASLIBAEMOTO N@PaMempoir t, B BUIE:

=/(t)
S5 ) g

Kasoe upc/jenioe 3HaueHne mapaMeTpa ¢ JaeT yuc/AeHHsle 3Ha-
yeHnA GyxeaM X M y 1, 3HAYHT, ONPEMENSIET TOYKY HAa KpUBOIL
Ecmit MBl HCnouaeM ¢ us ypasnensii (1),

¥ MBI MOJYY3eM YpaBHEHHE kpHBoll B nps-
MoyzoaenbLx Koopduramax.
Hanpasep:
X=rcost
y=rsint } @

X CYTh DapaMeTpHuECKIe YPInucHus ofpyNcHoCmiL,
yiazaunoff 13 uepTeme; ajech ¢ ecTh napaMerp.
Ecan Mt nckaomn ¢, sossona b xpaapat # cicaa-
ALIBASE PE3YALTATEL, MBI MECM:

B4 y=rgosttsin?)=r
YPORUSHIE OKPYIKHOCTI B NPAMOYIOALILIX KOOpP-
nmaTax. Sleno, uT0 Korma £ ussensercs orv 0 fo

Hepr. 119 ‘ig.‘mwm;a M (¥,)) onucnipacr Beio OKPYIE-
[ .

Tax wax ua ypasmenmit (1) caegyer, 4To ¥ ecTs dynxmus ot £,
a t ecrs Qynruus (obpatnan) OT X, TO MLl HMEeM:

dy __dy df _

ZX T il no VIII
=3 = mo IX
T dt o dx!

dt
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3naunT
dy
dy HE g 5 v
i T — Taurency nakiowa B Touke M(x, v). (3)
dt

Mo stoii dopymyne OTHCKHBAIOT HAKJIOH KPHBOI, 3aJaHHOIl Napa-
METPHUECKHMHA Y PaBHEHHAMI,

Mpumep 1. Hailtu ypanueine kacaTedwioil i HOpMaAW, LML DOAKacaTeabnol
1 oaHOPMANH AR aaauncd

(&)

x=acosg|?
y=0bsing

™
B Todxe, AIA KoTOpoli = i
Pewenne, Tak Kak NapameTpoM CaymnT g, T0

- a si
P in &, h
i—y =bcose.

TNopcranonka B (3) maer:

ay_ _btose :

B Ny yraososy kosddmupenty B mofoit Touke.

Monctasann ¢ = -4— B AL YPABHCHUR (A), MAXONMM TOHKY HACAMIs:

¥ Ypylpl BHBECTII DApaMETpUueckie YPaBHeHus Saaunca, nposeacs Goabuzoil
n Maaptil  BCOOMOraTeAbnne
gpyrn  saaunca (vepr.  120) Y
Yepes Toukn £ n C, nanthie
W2 OAMOM I TOM e paiuyce,
ppoBeneM TAPEIIEAH K otaM
KOOpAMHAT. STH Aue ANHHN ne-
pecexyTca B Touke M (x, y) ua
gaunce, Hoo:
£=0A=0Bcosp=acosy,
y=AM=0D= 0Csin p =

=bsingy,
Han
X cos g, 2 =si == X
e 5 = sin g, /

Boassliuas B KBagpar u
CHABAMBAR, HIXOMUAM.

%t y*_
= -+ e .
—costofsing=1,
1. © ypasieiue SAIMNCI B 1
NPHIMOYTOALHEIX KOOpANH aTax.

Miuorna ¢ HadLIBAOT AKCUEH-
MPUYECKUM YEA0M  3NANICY Yepr. 120
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CrenosatensHo,
dyy b

i
Moncrauoska & gopuyay (1) § 77 maeT ypasueuie kacareabuoii:
ke e a
r=yr="a* ~v3)
brxt-ay=ab V2
[Moxctanopka B dopuyay (2) § 77 gaer ypasdenne Hopmain

o R S
¥ 1.-’13" b( ]f‘z‘)

fax — )V 2=na* — .

LLEL]

L]

[Moncratiosia & diopyyant (4) u (3) § 77 naer:

nAIHa nomlop\mnn——b— SRPN &
Vg, @ aly 3’
“ T fed
Anna nogEacatensiofl = ——| — - | =— ——
3 : V2\ ") Ve
Mpexep 2. daus ¥y yuwaonde 1 B napaMeTpuueckoi flopye:

x=a(l—sin0) }

y=a(l —cos ) (B)

! Kpupan, KoTOpYi0 ONNCWBAET TOYKA OKPYHHOCTH ra, K
: i Kpyra, Kataulerocs
CKOAbECINA N0 HenoaseuHod npavol, naskiBaeTCH YuCAONDDI i-icpr. 121). =

¥

9

E}’_ﬂ:rh PAmHYC Karmuerocs kpyra pased a, M — lpousBOAALLAY KPUBYIO TOUYKE, a
TOUKA Kdcaumn wpyra ¢ Henoaminkuoii npamod OX, Ecam nansa gyra MN

Hepr. 121
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rae § — nepesennnit napamerp. Haie panus nogkacareswnofl, noguopmaan, kaca-
Teasuofl 1 UOPMAAH B TOWKE, 1A KOTOPOH 0:.:_;_

Peuwenue,
-g%.—.—_-a(l—cosﬁ); j—‘::asinu.
MoacTagans B (3), HMeeM:
E?—: 1ihl'25_€l = yraomosy rosgdiuuenty wacateasHoll s moGol Touke.
Tak kax ﬂ:%, ToMKA Kacaunn Gyner (%a——a, n) i j%. =ils

Moncrapann B Qopuyay (3) (4) § 77, uueen:
JANMHA ToIKAcATEALHOH =a, nAnHa Kacateawnol = a l’ 2
annua MoAHOpMagn =g, Iaula uopymamni =a 1’ 2.

Npumevaine. [lpopopum (wept. 121) kacateasnyio M7, sepTukaibunif
puamerp MB » coeguunem M ¢ B Hueem:

. 2 sin - cos
ARSI 2 T
BN = =T S S
2 5in®
2
Orciona:
=/ NIM=7 —
C apyrofi cropoust:
£ MBN=1¢.,

TaK KAk wsMepAeTcs nojsosnuoii ayrm NM, uavepaouleii uentpaabhmil yroa 8, n

L [}
LAMB=5 — .
Cpanunpasn, saxoLum:

£ NTM= / AMB.
Cnenopartennio,

KacameAbHOn K l{f!ﬁ:ﬂﬂﬂﬂe sr:.eaﬂn H,DOJUaHﬂI nepes SMI'.'HI-\'PG m‘ﬂ‘[ﬁ?}' HPOHSED'
ofuezn kpyea.

Fopusontnaasian u eepmuraisnan xacamesisie. Ha dopmyast
(3) m u3 § 76 mp BHANM, YTO HHCJIEHHHIC 3HAYCHMA NapamerTpa ¢

ﬁaaua ON, 1o tonka M wocuercn Gasw B O, noaaras, 410 KPYr KATHICA BAEHO.
puiiman yron MCN =10 sa napametp, unmeen:

x=0N—PN=al—asinl=na(l — sinb),
y=PM=NC—AC=a —acos=ua(l — cosh)

Hewajouss 0, nafigey ypabueiue UMKACHARN B NPAMOYTOALUBIX NCKAPTOBWIX KOOP-
OHnatax

X=a-arccos (%—}-L) -V Zay—y~
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JLs TOUeK nﬁumcnoneunn TAKHX KacaTeNBHLIX [IAIOTCA YPaBHEHHSAMH:
- d
Fopusonmanshite Kacametsibe: PEIINTh yPaBHEeHH e E{_ =0

OTHOCHTEJLHO L.
: >
Bepmucaaprse xacamenpibie’ PEMATS ypaBHENHE s —0

oOTHOCHTEALHO L.

NMpunep 3. Haiitn 101 NPUKOCHOBENNS FOPHIONTAALUBIX 11 BePTHKAILIBIE
HacaTeJpHBiX K wapduoude (vepr. 122)

@ @
Y x:acosa—icos*zﬂ =
y=masinl— % sin 20,
a ., a X Peuenue.
g dx . ;
ﬁzﬂ(— sin 04~ sin 26);
= dy

——=—n(cosl — 20,
Yepr, 122 dy 25l =)

Topusorkmaabivie kacamenstsie. J1aa wnx cos 0 — cos 20 = 0. Benomanas, 1o
cos20=2cos*0 — 1, noactagass B STO YpaBHenlie 1 pPelwan ero, Mul NOayuaeM
0,=0, 6,=120°, 8,=—240°,

1

Bepmugaasnue wacameapyse. Jan mux — sin 04 sin 20 —=0¢. Benomuus, 410

sin 20 =2 sin ficos §, nopcrasin B STO ypaBHEHNE It PElUs ero, mb umeeM: 0, =0,
= 60°, 0, =180°, 6,=300°,

O6unit kopeus 0§, soumen OuiTh OTOpOIIEH, NGO NPH UEM W 4NCANTENL W 3H3-

ueHavens b opayae (3) CTAHOBATCA NYIMH W, CASIOBATENBIO, HAKAON KPIEOIE B

touke 0=—0 maercsi neBmuucauMol popmynoit $cuo, uro pan =0

ueem: x—0n y=10.

312 ToMKa KAPAMOMIL HAILIBAEICA OCMPUEN,

HNoacranoska me O, 05, 0, 0; w 0, B ypasueuus (C) kapanonam naet:

o
FOpH30ONTINLNBIEC KacaTeALHLIe: TOMKI NMPHHOCHOREHNA (—- % @y, = q a]" 3

BEPTHKANLHEIC KACATENLHEIE: TOMKI MPHEOCHOBEUNA (— 2a, 0) n (.:_:.a,i_z. V3.

3ameTiy, 9T0 ABe BEpPTHXAILULE Kacareislide, Jeimauiie uanpase or ocn OF,
COBNANAIOT, 00pasyn «ds0UHyR KacameasHyio:,

SATAYH
Haiit ypasnenne xacateasnoil 11 nopsaat, mamuml noakacateaniol w noNHOp-

MAAM K KaMIoH na CACAVIOMNY KPHERIY B YHISAHNKIX TOuxax:
Modxa-

Kacamessnar Hopua.n m:{:,; i J’I::i:?.p-
Loa=¢ dy—t 1=1 x—4y1=0 Sr42y—9=0, 2 _;_.
2.I=I.JJ=|‘,'J;I=2‘ _{2_:_._);—1630, _r;—'—]Q};_gg____o’ %’ 96.
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Hodea-
Hacamesnan Haparaas R mif;:f‘
Hax
2 3
3 x=1p y=10t=1L 3x—2y—1=0 2043y —5=0, 5, .
4 ox—2e y=oht=0.  x42y—4=02—y—3=0,—2 _.;_.
5, x—=sint, y=cos 2 t=rg. 2y--4r—3=0, 4y—2x—1=0, —%, =i

Jlan HIGKECASRYIOUNE KPUBBIX nafitn manuse  a) - noakacateasnoll, b) nonuop-
Mami, ) kacateabiol, d) nopmas B moboll TouKe.
6. fMapououda™
” x=ua(2cost—cos2),
y=ua(2 sin¢— sin 2f).
1 Kapduouda mpencTasater cofoll wacTumil BuA kpusoil, nasmbaevofi anngu-

#AQuOoiL. 5
Fnuyuraoudoil NAILIBACTCH KPItEAN, KOTOPYIO OMNCHDACT TOYKA OKPYMUOCTH,

gaTaedicn [3eNE MO APYTOI OKpYIXUOCTIL

¥

Hepr. 123

Mycts O — NCHTP HENOABIKHOR OKPYWHOCTH, € — UEHTP KaTAMECOCH Kpyra,
N — TouKa counpukochosenna obenx oupymuocteit u M(x, ¥) — 1ouka, ocnncwBa-
man snugukaongy (uept. 123} [lpegnosomus, 4to Todka K npeicrapiset cofom
noaokeHue Touki A, NpPH KOTOPOM MOCAEAHAS HAXOMWIACH Ha Henoauniofl oKpy -

S S
nocTi. Caepopatensno, KN = NAM (npogoaK, CHOCKH €M, 12 €Tp, 252),
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: iR
OrB. a) Jrctg-%t; bW yigh ;o dp 33 i
\-0572—3
7. Funouusaonda (actpoina)®
x=dmacos’f,
y=4a sin*{,
v
= b) —ylg?; ¢ ——; A
Ora. a) —yclgh b) —ylats o sz 9 cost *

Mpines O 3a xauano koopumar i OK sa ocs OX. OuycruM wa ocs OX
neunm?ynnpm €L w MP, nposenes npauyio MS mapanaeabno OX u nycrs ??eE
Tonka tepecevenia 1ol nmpayoli ¢ nepnenankyiapoy CL. Tlycth @ — pazuye wa-
TAmLeifcn OKPYAIOCTI H b — pajuyc HEMOABIMIOrO Kpyra, U — yroa OCM u ¢—
yron KOC. Byaes uyets: 3

KN=#bt, NM=nal.
Tawum oGpasom:
bt =al.

Hanee, nvees:
x=0P=0L-+ LP==0Ccos KOC — CMcos SMC' =

:(a+b)cos£—aces(£+ﬂj:[a.l_b}cgsg__ﬂWS“‘Fﬂ'
y= PM= LC — RC=0C sin KOC — CMsin SMC = %
—=(a-}-b)sint —a sin{¢ -0 ={(e--b) sin ¢ — a sin ﬂ-‘!;-b,.

B uactHoM cayuae, koFAa @=»0, EpUBAR HOCHT HauMeHOBaiNG HHAPANONAAS
IGak nevwo piaeth, ypantenns KapouoHILl HMEIOT DA, AJUNMI B upnMepe. :
Y Munowwcaondold  uassisaeTcd  KPHBAf, OMICKBaeMan  Toukoil OKPYIKHOCTH
Katauielica Ges cKonhmeHNA OO APYroll OKPYIKNOCTH, conpukacanck ¢ nedi ”il)"]peu:

Y

Yepr. 124 Yepr., 125

i nfpasou (vepr. 124). Creays MeToay, AaHHOMY B mper ruLeit i
| . 124). C } penwmiayulet cHocke, Jerko
noayuus ypasuenus 1ol kpusoil: : &

x=(b—a)cost -4 acos

i,

y=(b— a)sin{ — a sin E’_: 94 (upom. cHOCKM CM. Ha wip. 253)
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8. Jspavsenma Kpyeal
x =alcos £ ¢ sin t),
y=al(sint —fcosi)
=i . . = —
OtB, a) ycigs; b) vigf, o) T d) s
9. [Mokasats, WTo ¥y KpuBOii:

_—,
x=VeE—3¢+ -i-—Inc——

KacaTedbHad UMERT NOCTOAHHYIO MAHHY. BMeﬂCTBI}E FT0I0 3Ta KPHBAR HAALIBACTCH
::pusoﬁ PAsHEIX KACAMEALHBLX TIW mpaKmpiiccot.
TMapaveTpudeckiie YPasueHna mpaxmpliccs UMEIOT BRI

u
K= (]n tg 5+ cosu).
y=@esiniu.

IMokasars, 4TO KAcaTeabHan K TPAKTPHCCE B moboll Touke MMEET MOCTORMIYIO
JANuY.

B waction cayuae npr b=4a nocse saeyenTapiLX npeoGpasonatint nosyuHs
ypasueuns;
x*=ua(dcos {4 cos 3)=dacos’ ¢,
y=a@@sint— sind)=4dasin®s

B atou Cayuae rmnoiHEAoHLY Ha3nBaoT !ICJ'.’IPDHGO&.

L I"Ipenummmm, HTO Ha OKPYMHOCTE KPYra HapepHyTa HHThb. Ecan poatmes
KoHet, sToil T 5)".‘10-” €8 PAIREPTHBATL, COXPalnsd ee BCE BPEMA B HATAHYTOM
NOAOHKEeNHI, TO KOHEL UHTH OmIUeT npH 3ToM KPHEYID, Had Y10 80, ]
kpyza (vepr. 125). [lyers O — vewrp kpyra, @ — panmnyc u A — KOHEU MHTH B Ha-
BEPHYTOM 1a OKPYHIIOCTL NOAOMeHHH. 1IpHMen 0 33 HAYAN0 WOOPAHHAT W 0OA 3a
oce OX. IMycte M(x, ¥) — nponzsonshan Touka swonspentsl, MK — KacaTensuan
& kpyry n ¢ — yron XOK. Ma npoilecca noctpoennsi Kpusoit caepyer, 410

S
KM= AK —at.
Mpoesuia panwyca OK na ocw OX Gyner paena;
OKcosf=uacost

n na oce GF
OK cos (r —_— %) =asint.
Kacateawnan KM obpasyer c ocuio OX yron £ — % #wcoceio OF yron e — 1L
Moatomy npoesunn KM Ha OCH KOOPANHAT COOTBETCTREHNO GYAYT PRBILL

KMcos (t —_ %) =uatsint,

KMcos(z — f)=—atcost.
Hoopayuater Toukn M asamores npoekunami otpeaka OM wa ocH KoOPAHMAT.
OM apasercn samsikatouteli aovanoii OKM. Tlostony Gynem HMeib:

x=acos ! afsinf=a(cost4} ¢sin )
x=asint—atcost=a(sinf— £cos )
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§ 111. Mapametpuueckue ypasieHus. BTopast mnpoussonHas.
Ymorpebana ¥ Kak CUMBOJ NEPEOH MPOM3BOAHOM OT y @O X, MH
moenm nanucars ypasiemne (3) mpexstaymero § 110 s suge:

y'=ht), (3%)
w60 ST0 ypapHeHHe PECTBEHHO MNOKA3LIBAET, 4T0 ¥ ecTh (hymkiua

napamerpa [. ]
Uro6n mailTit BTOPYIO NPOHSBONHYIO Y°, ML CHOBa mpuGeraen

K qopuyae (3) NPEABILYLIETO naparpaa, B KOTOPOH TONBKO 3anens-
eM GykBy y CHMBOAIOM y. 3TO HaM Ja€T PaBeHcTso:

G

L e ]
T ol W

s
HGo, corsacHo pasexcTBam (1) mpeawiLyiuero naparpada, Mer HMeeM
x=f(t).

Npumep, Hafitn y" ann guwcaoude:

x=a(l — sinl)
y=a(l —cosh) (B). § 110

Pewenne. Mu paman s npeamgymen naparpade, uto
= sin 0 dx
Y=1—0m7 " W:B{l — cos 0
Judpepenunpys, mueem:
dy _ (1—cosfcosf —sin®0  cos0—1 1
an — (I —cos D) T —cosBF T L—cosh "
Moncrapasn & (4), noaysaen:

Gt 1
Y =T G —costy "

Samerust, wro y¥ oTpHnaTentia, 3uMaunT, KpUBAR /00y GOKYINA KHUIYN

BAMAUH
I. B kamnom na caenyiomnx npmMepos uaiity  Bhpamenu —}5 " —:‘ T
nepes £ : G
; {‘f d: 1
(@ x=t—1, y=r41, Ore. ?{-:2!' d_‘xj“':g'
p dy t | dy 1

= =1—=5 S T A e T

(b) g y=1—"h dx £kt
E:I
© z=24 yp=-—_, ()i2=2(=sinn, y=dos
o A 8 :
—F-.‘v'=—g'- (g)x:sﬂll‘,y:sil’lﬂf.

(€) x=acost, y=bsint (h) x=cos2t, y=sint.

2, Mokasat, w0 spupan x=scd, y=1tgl ne myeer 10uex nepernda.
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(a) Haittn ypasnenue TpacskTopyit B NPSMOYTOABHLIX KOOPIAIIATAX.

(b) Beeprintn TpAeKIopmio € BEKTOPAMIL CKOPOCTH M YCKOpeMus Aian =t
=12 t=2

(c) B‘namﬁ MOMEHT BpEMelll BEeRTOPEL CHOPOCTIL 1t )’CH’D{J:IIIH‘I NepueHinky IapHs?

OTB. PasHocmoporian sunepboaa. xy =4, () = ]/48_

9, Jauw ypablienns ABIKEHHS x= £ y=1t— 0,
(a) Haiiri ypapieine TPACKTOPHIT 8 NPAMOYTOABHBLL ACKAPTORBLX KOOPUIIATAX.
(b) BrepTiTL TPACKTOPHIO € BEKTOPAMIL CKOPOCTIE M YCKOPeuld jas =0,
t=1, =113
{¢) Jlan KAKHE MOMEHTOB BpPEMEHI CKOPOCTH IMMEET IULHHMYM 1 MaKcHMyM?
(d) B kaxoit TouKke kpusoil yexopenne HamMenpiee?
=} 10, g

018. (3) pP=2x(4 — F; () £=0, =—5—; (&) (0, 0}

LT
10, Hdanst ypasienus gsmwsenng y=17», y==0 — I

(a) Haiitw ypanouenie TpaexToOpIN B NPAMOYTOALHBIX KOOPAHHATAX.

(b) BruepTits TPAGKTOPHIO C BEKTOPAMN CKOPOCTI 1 yeKOpenus ing (= 0,
=1 R i=2

(c} Tae maxognTca ToMKa, KOPAA OHA ABIKETCA Mapanne’bio ool 0Xx?

(d) B xakoll TOUKe ycKOpEHME HMEET MiuMyM:

a
Ors, [apadona, j':x-——%; (c) (2, 1)

11, Manm CAchyoue ypasnemna h'])!lli{].‘l]llICﬁllDFO ARSI Tpeﬁyercr{ maiitn
B YRAIAHHLIC MOMEHTH BPEMEHIL U, Uy, T j.vrf- y Jr NOJOREHIIE TOUKH (8 KOopaM-
HATH), HANPaBICHNE ABNIKEHIN, Tagwe uain YpaBHELHE TPASHTOPHN B NPIMO-
YIOaLHBIX KOOPAHHATAX,

() x=16 y=1 t=2. (@) x=2sinf y=-3cosh t=m
) x=t y—=>F t=1. (h) x=sinf; y=cos 28 r:{'__
©) x=1% y=1% (=3, i) x=2& y=3e" t=10.

) x=26y=¢1L5 ¢t=0. () x=34 y=Inf t=1.

(&) x=1—1% y=—25¢t—0 k) x=1, J':Tl: f=3.

() x=asinf, y=acos t’=-34;

§ 114. Hoaspnusie KOOpAHHATLL YTOA MEWAY paiuycoM-BeKTo-
POM H Kacateawnnoi. Ilvers YpaBHEHHE KPHBOIl B NOJAAPHBIX KOOPIH-
narax g, 0 Gyzer

p=71(0). (1)

Hoxasem npemioxenme:

Teopema. Ecau b yeoa meacdy paduycon-sexmopost OM u xa-
cameavnoli 6 mowe M, mozda

3

2

7o (2}

torith —-

=

=

&
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HoxasateabcrBo. UYepes M u uepes GAH3KYIO TouKy
M’ (a4 Ap, 0-4-AD) wpusoit mposoany cexyuiyin AB. Jdanee, nposo-
apy MR nepnenankyanpuo k OM'.

Torza (uept. 127) OM =p—-Ap, yron MOM =Al,
MR=psinadl) 1 OR=pcos Al
RN, MR MR in A0

[ o R, -y psinc
i MMR= pir =51 —or — P dp—pcos Bl

OGoznaunm uyepes ¢ yros Memaoy paaunycom-sextopoM OM u ka-
careaproil M7. Ecnx Mui Temeph sactaBum A mpuémoxatshen K
HyJ 0, Kak K IPEAEJy, TOrAa

(a) Touxa M crpemnrca Kk M Kak K
npeaeay;

(b) cexywas AB nosopaunsaercs
okosio M 1 NPHUOMIDKAETCA I KAcaTelb-
wolt MT kaKk K IPEAEIbHOMY TOJIOXKE-
HHIO; ==

(¢) yroa MMR npubmmiaerca x & 0
KaK K Tpeaeny.

TosTomy s 2

=T ¢ 5in & ept, 127
tg? 1:".& ¢4 3¢ — pcos Al

[Npeofpasyem BHPAMKERHE, CTOANIGE TIOJ 3HAKOM Npeieda, Tak,
4roGL OBLIO MOMHO IPHMEHHTH OCHOBHBIE TEOPEMbLI TEOPHH TPEJEIoB:

g sin A T p sin A0 WL
2, sigt B0 =5
Zp sin® —- -+ bp

¢+ Ap—pcosdl T

)
[ G0 p —p cos & =g (I —cos nrl}=a".'sl.n- —_ ]

sin A0
M
= A0
sin e ap
esin 5 —g— Ty

2
[pASACINN MHCANTEAL 1T FNAMEHITCAL Ha AR U MEPECTIDANG MUOWUTEIN]. s

Korpa Afl—+0, Toraa
Al
. sinAD i 2
lim =1 # lim 5 ==

2

n janee “ i :
imsin — — g i e L LR
lim sin 5 i A ==

g%
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NPHAOKEHNIA K NAPAMETPHMECKNM YPABHEHIHAM Ta, X1

(a) Haiiti ypapneive TpaekTopint B NpaMoyTOAbHBIX KOOpAMHATAX,
(b) BetvepriTh Tpaek1opiio C BERTOPAMH CKOPOCTH M Yckopemus aan i=l,

t=V132 t=2.
() B kakoli MOMEHT BPEMEHIl BEKTOPBI CHOPOCTIN 1t ymopgemm HepneinHKy npaL?
48,

O1B. Pasxocmopornas unepfoaa. xy =14 (c) 1=

9, Hdansl ypabueiis ABIHENHs = y=4#—0~,

(a) Haiitn” ypapnenie TPaeKTOpuN B NPAMOYTOMLIGIX ACKAPTOBLIX KOOPMINIATAX.

(b) BrriepTitte TPackTOPHIO C BEKTOPAMIL CKOPOCTIL # yekopenun jam £=0,
=15

(c) Ilag KakUX MOMEHTOB DpEMENH CKOPOCTE NMEET MIMIMYM W MaKCHMYM?

(d) B kaxoil ouxe kpusolt yckopenue 1;_a1_nule;1bmeeP

\e =10,
078, (3) = x (4 — ) () £=0, —5—; () (0, 0)
2 2

10, Jlaum ypasienns asmgenua x=1, y=1=r — 5

(2) Halltu ypapienne TpagkTopind B MPAMOYTOALHBIX KOODAMIATAX,

(b) BriuepTiis TPABKTOPHIO C BCKTOPAMU CROPOCTHL W yexopewns aam (=0,
=1 N =2

(¢) Cae naxoauTea TOMKA, HOTAA OHA ABMMETCH Napaidensito ocn OX7

(d) B waxofl Touke yCKOpEHNE MMEET MIHIMYM?

xi

Ots. [lapatoaa. y=x— 7 () (2, 1)

1. Jlanm caenyiontie ypasieinun kpiuoIuneluoro npikenns; tpeGyerca nafit
B VEAIAIGIE MOMENTE BPEMEHIL Uy Ty O Jo Jyo Ji TONOMEHIE TOYKH (68 KOOPIH-
Hatwl); naupasaenne amoreims. Tawwe naiitn ypapHeuwe TpacxkTopun B npAMO-
YrOALUKIX KOOpANNaTaX.

() =t = =3, . (@ x=2sinf, y=3cost; t=r

W= y=t% =1 (h) x=sinf; y—rcos2¢ x=_d.

(i) x=28 y=2eb t—0.
() x=3f y=In¢, i=1.
o

(e) x=1—1 p=2t t=2. K x=r¢ ‘v:!;-; =3

(N x=asinf; y=acost, t=

il

§ 114. IMoaspneie KoopaunaTel Yroa Memy paiuycoM-BeKTO-
POM H KacarenbHOi. [TycTs ypaBuenue KpHBOI B NOASPHRIX KOOPAH-

Hatax p, 0 Gyner
p=7(0). (1)

Hoxasiten npenioxene:
Teopexa. Ecau & yzoa sewcdy paduycos-sexmoposr OM a ka-
cameastion 8 mowce M, mozda

o

th=—-
tgp=

Ty (2}

o

iz

e p'="%,
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,[Eouaad‘re 1heTBO, Yepea M wu uepes 6aM3KyI0 TOUKY
M'(p+Ap, - AD) wpusoit nposogum cexymyio AB. Janee, nposo-
i MQ EPHEHIARKYIAPHO K oM.

Torna (uept. 127) OM =p - As, yroa MOM =Al,
MR=psindl u OR—pc os Af.
3uaunr,

= MR g sin AD
tg MM R= g RM' T OM—0OR~ pfa—pcosdn "

OGosnaunm vepea & yroa mexcay pagnycoM-sextopoM OM n xa-
catensHolt M7. Ecnn mbl Tenmepe sactasum A mpuOmmmatees k
HYJ/ID, Kak Kk Npefeny, Toraa

(a) Touxa M’ crpemurca k M Kak K
Hpesey;

{(b) cexywan AB mnoBopayHBaerch
okono M B npHOMHIKAETCH K KacaTedk-
noit MT max Kk npesenpHOMY TOJIOXKE-
HHIO;

(c) yron MMR npuGmnkaercs K &
KK K TPEmesy.

[MosTomy

psin A Yepr. 127
t,"""ll_n:'u ¢ dp — peos A

[lpeobpasyem BBIpajceHHE, CTOMIEE TIOA 3HAKOM Mpelena, Tak,
4TOOR! OLIIO MOMHO NPHMEHHTE OCHOBHEIE TEODEMB! TEOPHH TIPE/IEJiOB:

p sin 49 A p sin Al

¢ - dp — pcos A0

2z siu‘-i—u + Ap

Al
[ll(w [ —p EOS Aﬁ=r.(l—-:nsaﬁ)=at'.!=in= = ]

sin AD
[ a0
25 sin 50
LIRD PR S
i e )

0y
[PABACANN MUEANTEAL 1T OUAMenaTens wa A% o nepecTanaagy sMuowuTean).

Korpa Af— 0, Torma

sin M

lim———=1 ¥ lim ﬂ'ﬂ =1
2
H janee
e o P R
limsin =0, limG=—r=yp.
95
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Orcioga Tpefess YHCAHTEAs W SHAMEHATENS  COOTBETCTREHHD
paBuet p 1 ¢, 3TO ¥ JOKAIHIBAET dopuyay (2), 4. T. IZ.
Ha rtpeyroasuuka OMT Mbl Hveen:

Ty c=04-4. @
” Taxam 06pa3aoM, MBI HAULIH T; TOSTOMY
\ Mbl MOMEM DACCMATPHBATB KaK HaliigeHHYIO
<\ BENHYHHY Taloke H tgr. A 5T0 ecth yrio-
X poii kos(duument xacaTenbHOI B TouKe M.
' Hmeem ana BuyuCAeHua tgt dopmyny:
tgh+tgd
= 1 _—————
tgr=tg(+d=1"55uy"
Yepr, 128 [Monsaysace dopmynoit (2) u  noacra-
e Baag cwoja tgd, HAXOAMM HAKAOH Kacd-
; o a0 tmd
mepHol =1gT= T 7igy¢ *

Tpumep 1. Haftru § u « aan wapduondu® (vepr. 128)

p=ua(l —cosl).
Pewenne.,

Hps s
e a sin 0.

1 ¥pannenne wapdiondse b NOTAPHHE KOOPAUNATAX MOMET GBIThH MOAYYEHO H3
ypasHeHuii e B NapaMeTpHUuEcKOM Buie

x=ea(2cost—cosdf) y=a(2sint—2f
(om. sapauy 6, ctp. 251) cneayiomyim ofpasom, Bocnoawayesmes wepr. 123
Mepeiiecem Hasano koopaunat B Touky . Popmyas npeodpasosatius GyayT
x=x'4a y=y"
[Mapamerpiueckne ypasnenua npuMyT TOTA3 mua
x' —a(2cost—cos2t— 1}=a(2cost —cos*t -sin® { —sin?¢ —cos? =
—2aqcost({l —cosi),
Y=a(2sint—sin2f) = a(2sinf—2sin fcos ) =2a sin £(] —cos ).
PaJnl:.lliliJ Tenepb BTOpOS YpaBlieHue Ha nepooe, 6)",1::;1 HMEeTh;
v
e tg t,
OTKYAa Hafines:

¥
1—”'_\-_1?_":‘}: -

HMoacrasis nalinennoe suavenne fAA Cost 8 YpaBHeHle, onpeaensionees x°, noay-
Y

LW e —

o
=2 (1 — —
V“JG': },-2 ( "! x

x4yt =2a ]’r.v*——{—y’g — 2ax’,

Han
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TloacTanopka B (2) aact:

2sin‘-‘L
tg+:i=a{1—cuso}= 2 _tg_q_
o asint onn [] o 7 2:°
A
Tak Hax .
tgi=tg 5,
0
‘ 9
R nyta

Mogcranana B (3), naxonum:

MNpumedanne Popuyan (2) u (3) susenentt w3 wepr. 127, Ho patnonome-
nne AuEni Ha stod (mrype ecti pacnonomenne uacmuoe. [loatomy B kamnol
sagaye ABTAETCA TA ONACHOCTL, TO MOMHD CMEWaTh,

paxue Yrapl HAgo CYHTATH 33 OCHOBIIBIE 1 Ka-
ke sa ux ponoauntenbumie, Otciona, B kamaol
3agade HANO ONpeneinTh COOTHOIENNA MEWLY YTaaMu
&, = u 0 nyTeM uccredosanuA 3HAKOS WX TPHIOHO-
metpudecknx dyncunil, a Takme n3 yeprema,

c

Urofsl HAHTH YrON MEpecevyeHus @ IByX
kpuBbix C M C', 3aJaUHBIX YDABHEHHAMH B
NoJAPHLIX KOOPAMHATAX, MLI IOCTYNaeM Tak
(uepr. 129):

Vron TMT' = yron OMT —yron OMT, © X
HIaH

> ; Yepr. 129
P=i==N:
Orciona S
- lmii—tgd
Y= TRy ey @
rae tgd n tgd semmcasmiores no gopumyse (2) va ypaBuennii KpHBLIX
H 13 ONPEUEJICHH HX TOYKH .ﬂEpECE‘IEHI‘!ﬂ M.

NMpumep 2. Haiiti yroa nepeceuennn xpusnix p=—asin 20 u p—=a cos20.
Peutenite. Pemas oGa 3T YPaBHEHNA 0UHOSpEMEHHD, MBIl IOAYHACM 108 TOUKN
nepecedellnd STHX KPHUDLIX papeucrsol
. : 1
tg20=1, W=4d5°, =22 Ha

" Bocnoas3oBaBumICh Teneph (iopMyaaMi NMepexona OT MpIMOYrOAbHBIX KOOPHN-
natr K NOAApHLIM, Oynesm wWMerh:

p* =2ap — 2ap cos 0,
wan

p=2a(l —cosf).
Toayueiioe YpagHesne oTIHYaeTcs 0T YPauHeHin § paccMaTpuBaeMoM npumepe

TEM, UTO B DOCAEAUEM O ofoanavaer He Pajguyc kKpyra, a awamerp, HEMY M COOT-
percTeyeT koaiiiient 2e nalaennoro nami ypasuenus.
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Han nepsolt kpneoi, na OCHOBAIIH dopryant (2), naxommum:
1 1 12
tg’r':g-ig 2&=?. oo ﬁ=22-2-.

Jns wropoil KpHROHR : | -
tgr=—= chg M=— —, nio 8 =22+,
Tlogctanana & opuyay (4), noayuaes:
il il
3+
Be= 1 =w
=tr

4
Orp. p=arc fg—.

§ 115. Jaunbl TOASPROH MoAKacaTelbHOH U TIONSPHOH ITOQHOP-
maau. [Tposenem npsmyio NT (4epr. 130) uepes Haualo KOOpAHHAT
NepnenIHKYASpHO K  pamuycy-BekTopy Touknm M
wpusoit, Ecam MT ects KacaTeasmasn, a MN—
HOpManh K kpuBoit B M, Toria no onpene-
JeHHI0:

OT = danne noaspuoii nodxacameabHoil
"

ON = daune noaspiolt nednHopAraAl KpHBOiL B
Touke M.

Ha rpeyroasuuka OMT nyeem:

Hepr, 130 tad :g .
2
Caegopateasno, ¥
0 "
OT=ptgh =7 7 = Qaure noanproil nodxacameasHoil. (5)

: 10
Ecan 0 poapacract ¢ soapacranmen £ :f Gyaer NOAOMKTENLUO, 1t $ ecTb ocTpnill

yroa, Kag ua uepreme. Crenprateanno, it noakacareasian Q7T Gyner noiownteania
{1l pacgo;lom('ru BIIPABO OT HaGmoaaTeas, naxoaasieroca o O u cuoTpauterono QA
Ecan Ff_ OTPHIATEALNO, HogKkacaTeaLuan ﬁygc'r umuual'c.’llnlla W PACNOTOMKNTCH KICRO
or 31010 HabawaaTeas,

Hs Tpeyromsnika OMN mueen:
g =g
Tosronmy

ON:-P.-z_d-J— q HOLL

tg 1=y — 04une noaspuol noduopyaat. {6)

MN.JI’MH Y noaapuoit kacameaproii MT u dauny noaaproli Hopaaat

 MOMHO HAiTH 43 yeprexa: Ka)clam €CTh THNOTEHY3a COOTBET-
CTRYIOLIErO NPAMOYTOJILHOTG TPEYroIbHIKA.
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Tpumep. Haiiti naniny noasphofi noakacareabiiofi 1 NOARPHOI NOANOPMATI 112
aeatruerame 1 (vepr. 131):
fi=a"cos 20,
Pewenne. Lnpdepenuupyn ¢ no 0
KAl HERBUYI0 QYHKUNO, HAXOMNM,

2p ::—g = — 247 sin 20, Mﬁq
1an U\\E/
dp s a®sin 20
di — friad Yepr. 131
Nogcragans & (3) u (6), nmeem:
> a* sin 20
AN NOLKACATEILHON = — - §0 AANHA TOIHOpMATI = — = S

Ecan weaareaniio BEpasnTth pesyasTarsl B diynkwnn omiora §, nazogus na
Raunoro ypasHenus p B yukuun 0 u noacrasases. Tagum ofpasod B JlanHoM
npusepe Hailmes:

;:aV:os 20,
0, CAeAOBATEABHO,

AAuNA noAKAcaTeablol — — a ctg 20 1 cos 20.

SAILAYH

1. B kpyre p=2rsin0 uipasnth ¢ u = yepes 0.'

1}
2. Jan napaGonw p=a sec*— nokazath, 410 T4 =r
3. Hokaszats, uro ans sesunuckamst p*= a*cos 20

2y =4,

L HMeasiuciamoil NasHBacTcs TEOMETPHYECHOE  MECTO TOue, NApoIlBcieHHe

pACCTOANNIT KOTOPWMK 0 apyx pammux Touek A u B (AB=2m) ecry peansuna
NOCTOMINAY, papnan me,

Jan mwBona ypasnenna aesmunckati pacnoncwum nomoc O pocperwne pace
croquna Mmemay Toukamn A u B (uepr. 131). Toraa Gymes umers:

MA-MB=m.

Bupamas MA u MB no ussectuoit dopuyie TpUronomeTpul, MPHIOMIL i
ypanuemio

v P mt 4= 2mpcos - -I"ﬂ;“ - m* — 2mp cosl=m?,
OTHYJMA NOJYMASM:
(& -+ m*P — AR cos® 0 =m', "= dm’*cost 0 —2m'%,
¢*=2m® (2cos* 0 — 1) =2m?*cos 20,
IMoaaran 2m® = a* OKOHYATEALHO HAXOMLIM!
p' = cos 20,
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4. Tokasath, 4T0 A4 A0ZapudAMeckol cnupant p=a &' yron & nmeer moctoK-
HYI0 Beansiiy. Tak Kai Kacare/bHas 00pasyer ¢ paiuycoM-BeKTOpOM TIOCTOAHHBI
YIOf, 372 KpHBas Ha3LIBAETCA TalMe PaBHOyroAbHOH cnHpaibio.

5. llawa xowxouda p= a sin® -3 i TIOKa3aTh, 4O T = 4%,
6. Toxaaats, ¥To 118 apxusedosoil cnupan p—al umeew: tg =0, Baun-
cnnth $ onn 0=2= n =4z, -
OtB. $=280°57" u $=2_85%2T",
7. Tlokasats, uto npgacan pcosl=—2a mepecexkaeTrca cC OKpYNCHOCHILIO

p=~>5asin 0 nog yraom arc th -

0 0
8. Moxasate, uto napaboas p=asec’ T Hp= b cosec® - mepecekalorca

N0 NPAMEIMIE YT12MH, =
9, Haliru yram nepecevenun nuuufh p=asinf, p=a sin 20,

0718, B nayare 0, p ABYX ApPYrux TOuKax arc ig% Vi

10. Hafitit HakJoHBl HIDKENEPEYHCIEHHBIX KPHBLIX B YHAJaUHBIX TOYKAX:

a)p:a(lv—cnsﬂ),ll:%. ot — 1.
b) p=asectd, p=2a. +3,
©) p— asin 40, 8 Hayage, 0,1, o, — I
d) p* =a®sin 40, n navasne, 0,1, oo, — L
e) p=a sin 30, B nawane. 0, V3 — Vi

I‘:. llokasars, uto cnupass Apxumeda p=al w runepGoantecyan CHnpais
p=j TEPECEKAIOTCA NOX NPAMLIMIL YrAaM.

i}
12, Hafitu yroa, nox kotopeim nepecexanTtca napadona ¢=a sec® + 1 npa-
Man psinb=2a, 2
e Orn. 45°%
OKa3aTh, 4TO Ane wapdwouds p—a(l 4-cosb) m p=a(l —cosf) nepe-
CEKAIDTCA TON NPAMEIMI yrnamf:. i e Ve { N

14. Hailtie mamia noakacateasnoit, noanoOpMai, KacaTeauioll m nopsmand B
npoN3BONLHOH Touke cnupaau Apxumeda p= ab.

: ——
Ora. P;; ; a= const; _Ff Vaitfe, Va+e

15. Hailrn poans noakac ii ¥
ATeALHOMN, no; Maail, KacaTeanHoil 1 nopMaan Jora-
PudBIIecKof Crupam p o ;;U. it, nognopMani, opMad

R, - ki T
Ote. - plna; p= I/l+l_|1=¢5‘ ¢ V14Infa

SaMETIM, WTO MPH @ =g nogxacarerbHAn pania NOAHOPMAAN W KACATEbHAN

paBia_topMazi,
16. Haiitn yram, obpaayemnie mepeceyeHieM KPHBHIX
p=ail 4-cosl), p=10(1l —cos ).

Ora. 0, .::', -

: & a
17, Tlokasats, 410 aamua noakacaresitoft aunepboaueckoll cnupai p= -

NOCTOHHIA,
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. 18. TMokasate, 410 pasnocmoporiie zunepGoas g sin 20 =a® g cos 20={*
NEPECerainTCA MO HPIMBLIMIE YTAAMI

§ 116. Ornenenne KpaTHLIX KOpHeli y mHorouwrenos. Paccwo-
Tp!{M MHOMOQWJICH H-H CTENeHH

ax"+bx"dex" 2L Lpx-g,

PacriofiOKEHHBIT N0 HHCXOMAUIMM CTENEHAM OykBbl X. DTy GyKBY X
Mb! ByJeM CUMTATH HE3ABUCHMEIM NEPEMEHHBIM, KO3((HIMEHTE MHO-
rouwena, T. €. OyiBbl @, b, €, ..., p M ¢, OYAEM CHHTATh AAHHBIMH
NOCMOSHABAIL HUCAQAMT, TIPDHYEM TIEPBOE H3 HHX, 4HCA0 a, Gyaem
CYHTATh OTJHUHBIM OT HyJs, @==0, NOTOMY 4TO MHA4Ye AAHHENI MHO-
rounen Obi Gbl HE CTEHEHH M, A HHNE.

MagecTio yake M3 5JeMEHTOB anreOpel, HTO YHCAO o HASHLIBAETCH
KOpHEA JAHHOTO MHOTOYJEHA, €CJH 3TOT MHOTOWIEH [ejaeTcs paB-
HWM HYJ0, KOTJa NOJACTABJAIOT B HEr0 BMECTo OyKBbl X paccma-
TPUBAEMOE UMCJIO «, T. €. KOrja ChpaBe/THEO PABEHCTRO

aa - ba"* f-ea"* - . . . - patg=0.

OTHOCHTENBHO KOPHEH, HX CYULeCTBOBAHHA M X CBOMCTE B BRIC-
miejt anredbpe A0Ka3BIBAIOTCA CJAEAYIOUIME JBA OCHOBHBIE IIPEIJ0ON(E-
HAA, Ha CIIPBBEAIJ'II!BOCTII KOTODBIX MBI HE 6}',&3}[ OCTaHABJIHBATHECA H
KOTOPBLIC MBI TIPOCTO MPHMEM bea JIOKa3aTeNLCTRA.

Teopesa {. Beaxui mnozonaen n-it cmenenu

ax" - bx " e L px g

uaeem 6 mounocmu n xopueti «, B, Y, ..., 1, ¥, He Ooaee u ne
Menee. I KopHu moeym Gbimb Kakumm Y200K0, M. €. pasaui-
weu dpye om dpyea uan cosnadaiomua dpye ¢ dpyeosr, deiicn-
SUMEALHBINIL UAR NHUMBLAN, NOAONCUMEABHIMI WAL OMpPULANe Ab-
HBIMU, PANUHOHAALHOIMI NALL UPPAYUOHGAbHENN, OPOOHBIANN AR
e bt

Teopexa II. Ecan o, §, ¥, ..., 1, ¥ cYymo sce n ropHeil dau-
HORO MHOZOUACHE N-IL CINEnewu

ax" - bx" o ex" L - pateg,

&

mo dannnil AHOZOMACH AMOdTem ObiMb npedcmasier KaKk npousse-
denue n passocmei:

a(x—a) (x—B) (x —7)...(x—u) (x—3)

Oyient X nocaedosamensto co scemu KOPHAMUE, . €. nareem mozcde-
CcIneo:

ax®+-bx" " ... -pxtg=a(x—a)(x—f) ... (x—W(x—V),
cnpasedigoe 04R BCAKO0 3HAUEHUS GYiobe X.
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Ecnu cpemn Beex n xopueit
@y B aewien iy ¥

JAHHOTO YPABHEHHA N-it CTENEHH
ax’bx" 1 oxt - Fpr-bg=0 (1)

WMEIOTCH KODHH, PaBHEIC Mexciy cofoi, TO TOrZa MBI rOBOPIM, “HTO
nanHoe ypapHenne (1) HMEET Kpaiinble KOPHH. CnoTps mo TOMY,
CKOJIbKO HMMEHHO Pa3 BCTPEHAETCA PACCMAaTPHBAEMBIM KODEHb Cpefil
Bcex kopHeil @, B, Yo..., M, ¥, MBI FOBODHM, HTO pacCMaTpHBAEMBI
KOpeHb 067MaZaeT TAKOH-TO KPATHOCTBIO: Tak, CCJH paccMaTpHBaE-
MHfi KOpeHb BCTpewaeTcd cpefd o, B, ¥,..., M, v JHIL Jsa pada,
MBl Ha3biBAEM €r0 B 3TOM Cayuae J8yiparmubiif, eClil OH BCTPEYaeTcs
mpt pasa, MBl HASLIBAEM €ro MPEXKpamusiit u T. L.

Kopnn, . BCTpEyaiolinecs cpein «, B, 75.00s ¥, ¥ JHIIB TO OX-
HOMY Pa3y, MEL HA3LIBAEM MPOCIHBLMI WIH 00HOKDQMHBIAI KOPHAMU.

Hanpumep, ypasnenne

Xt Txt 00 - 97x —54 =0
3 8,3 —2.

Caenosatensno, 3 eCTs TPEXKpaTHBIT KOpeHs, a-—2 TPOCTOf.
B cuny teopemut II 370 ypasHeHWe MOKET OhITh HAMHCAHO B BHIE

(x—3)* (x+-2)=0.

HMEET KOPHH:

Ha mnepBeit Barmsa kasercs, 4T0 I TONO, YTOOH Y3HATH,
HMeeT JH daudoe YPABHEHHE KpaTHLIE KODHH, CAHHCTBCHHOE Cpen-
CTBO — 3TC PEIINTH YPdBHEHHE H 34TeM NOCMOTPEThH, HMCIOTCH JH
Cpe/H €ro KopHeit paBHEIC WM ke TakopwX comcem Her, Ho peue-
HHE ﬂ.ﬂI‘Eﬁp&H‘-{ECI{OI‘O YpaBHEHHA €CTh BooO1IE OnEpanHn l(paﬁ}l&
TATOCTHAA, TpHYEM TPYAHOCTH 3ToH onepamnt GHICTPO BO3PACTAIOT
C NOBBILIEHHEM CTENEHH YPaBHEHNA. HOBTO.\IY ARTACTCA BHOOJHE MHE-
JIECO0BPASHLIN HIOGPeTEHHe TAKOrO NpHEMa, KOTOPHI elle Ao peme-
HHA AaHHOrOwY DaBHEHHA OﬁHilp}‘}iﬁl.‘l Onl CYLIECTEOBAHIE NN HECy-
ULECTBOBEHHE Y NperioiKeHHoro }-’pﬁBHL‘H]{H KPaTHRX I(Op]{(‘.ﬁ. Mt
CeHYac YBHIHM, YTO m[([]d:epelmua.'[buoc HCHHCAEHHE JaeT Takoil
TPHEN, TDHYEM MOJMKHO, HE pellas ypaBHEHHsl, He TOJLKO YOeanThes
B CYUICCTBORANHN KPATHEIX KOpPHEIl (KOrja OHH €CTh), HO EUIE, Kpome
TOr0, MOXKHO H OTOOpPATh BCE KPATHLIC KODHH, OTAENHB HX OT [po-
CTLIX KOpHEH, NPUTOM BCE 9TO MOMNHO CAEJATh, HE peulas OanH020
ypasuenus.

B cavom jsiene, mycrs f(x) ecTs MHOPOUMEH, HMEIONIMI 4HCIO @
CBOUM Kpamnecn wopies, N TPUTOM VMEHHO Kpamiocmu m. Slcho,
HT0 B cuay teopembt I muorounen f(x) mamiiiercs B BHAE NPOH3-
BCACHIN, B KOTODOM Oy/feT COAEPIKATLON B TOMHOCTH M MHOMKATE-
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Jeit, paBHBIX PA3HOCTH X — @, OCTa/BHLIE JKE MHOMHTEIH OYAyT cy-
1MECTRCHHO OTJHYHEI OT X—a, T. €,

Flx)=(x—a)"9(x), (2)
rae 4epes @ (x) Mul 0D03HAYAEM TPOHIBEAEHHE BCEX OCTAJBHBIX MHO-
JUTeNEl, CYUIECTBeHHO OTJMYHEIX OT PasHOCTH X —a.

fleno, 4To w(X) eCTh MHOTOWIEH, YXHE He uMeiomui tucaqa «
€BOUA KOpHEA, Tak KAk B TIPOTHBHOM CJay4ae MHOrouwieH (k) co-
nepican OBl B CBOBM COCTaBe (B BHAC MHOMHTENS Hapaay € JApy-
PHMH MHOMCHTENSIMH) XoTd OBl OTMH MHOMKHTENb, PaBHM X—a; HO
TOrZa 9TO 3HAYIIO OB, YTO YHCIAO @ ECTh Me M-KDATHBEIH HKOpEHb
mHorousena J(x), a xpatHocTH Gozee Beicokoit. Mraik,

9 () 0.
Judppepentunpyst (2), naxomun:

F )= (5 — @)’ (x) =+ m (x — )"~ (),
i

F166) = (x — )™= [ (x) 4 (x — @) ()] 3

Bripaxenie B KBagpaTHEIX CKoGKkaxX B TpaBoif yacTH paBEHCTRA
(3) ecri muorowien. Jlerko BHAETH, YTO HHCAO « He OYAET KOpHEM
gToro Mporodnena. JleilicTBATEALHO, SaMCHAR B 9TOM MHOrOY/IEHE
nepeMerHoe X Ha «, Mbl €ro obpalaem B

g (a) 4 (a— a) @' (a) = 19 (a) 70
-— YHCA0, OTAHYHOE OT HyJs, nG0
m=0 u u(a)=£0.

PagencTeo (3) mMOSTOMY Hac Y4uT TOMY, YTO YNC/AO & ecmb 8 mot-
nocmu (m— 1)-kpamusiii xopens npouzsodnoi f(x). B wacmrocnit,
woeda m—1, mb 6udus, WMo NPOCMOR KOpeHs OaHHOZ0 YpPasHenusd
Fflx)=0 nu 8 waxosn caytae we MONCEM OKAIAMLCS KOPHEM H[IO-
uzsodnozo ypastenus f'(x)=0, moToMy u4TO ANA TOCACAHErD HE-
obxoanvo, uTobe m > 1.

Hrak, ecomi B MHOrousdese f(x) MHOMUTENh X —o COAGPHMTCH
B TOMHOCTH /! pa3, TO B jf'(X) 3TOT CaMBlii MHOMHTEIb BCTPEUAETCH
B TouHocTH m—1 pa3,

CocraBuM Teneps o0UIHil Hauboabimi Oeauniens MHO04AEHO8

Jx) n fr(x).

M3 anemenTtos anrefpel MBI 3HAEM, HTO COCTaBIeHHE ofllero Hami-
OonbUIEro MEMHTENd JBYX [JAHHBIX MHOMOYJEHOB ECTh MAEHCTBHE,
COBEPUIEHIIO @HANOTHYNOE OTLICKAHNO O00Ilero HauGo/LINErO JAEmi-
TeAd ABYX MAHHBIX HATYPaNbHLIX HHCEM: H B TOM H B JAPYroi Cay-
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Yae OH OTHICKHBAETCS NyTEM TNOCJAENOBATEJNbHOrO JMEeJeHHs OHOr0
MHOIO4W/IEHA Ha Apyroil, saTeM MAEJHTENA Ha NEepPBbli OCTATOK, NEp-
EOTO OCTATKA HA BTOPOH OCTATOK M T. A. A0 TEX NOP, NOKa HEe NOIy-
YHM OCTA4TKA, PABHOTO HYJO, T. €. JIO TE€X NIOp, HOKA JEJEHHE HE
sapepumtca Hauesno. Torza mnocaennuit OCTAaTOK, HE DaBHLIE HYJIO,
H Gymer 00MuM HaUOOALULN deaumenesr.

Ma cxasaHHOro AcHO, 4TO ODMMI HaHGONBIIHHA NeanTe]h MHORO-
unenos f(x) u f'(x) Oyxer COZEPKATL MHONKUTE/b X — & B TOYHOCTH
m—1 pas, 1. €. a ecth ero (#m— l)-KpaTHENT KOpEND.

Ecmi f(x) umeer euie HEKOTODEUl APyroft kpaTHmit kopeHb f
KPATHOCTH , TO B CHJIY TIPEAIIECTBOBABIIETO 3TO HHC/O0 § ecTs (r— 1)
KpaTHBIil KOPEeHs OOMIEro HauGOJbUIETO JAEJHTEJA.

Hmar, o6wuil Kauboabiuui deanmens smnozotaenos f(x) o f'(x)
HALeeNt COOUMI KOPHAMI AUl KPamubie KopHu OaHHO20 MRO20UAERA
f(x), npunesr xaoscdeii us 3MiX KPAMHbLX KOpHell OaHNHO20 MHO20-
yaena [(x) ssamemcs KopHest 0014€20 HauboAbUERO0 Oeaumers
Kpamrocimy Ha eOuHuyy Hudice; npocmse KOpHRU 0anH020 MHO20-
upena f(x) coscem He ABARIOMCT KOPHAMU O0We20 HAUGOABULE
deaumenn.

Moxno, TakuM o0pasoM, BLICKA3aTL CJAeAyIOlUiee NPaBHIO AN
HAXOUMCIEHHS KPATHHIX KOpHel ypaBreHua f(x)=0.

[eperit mar. Haxodny f'(x).

Bropoit mar. Haxodusm obwui nanborsuui deaumens 048
J(x) @ f'(x).

Tpernit mar. Haxoduse xoprn 00mezo nauoasueo deat-
meag, Beaxud ua pasanunsx kopreil o0ujezo nangoasezo detl-
mean scmpenaemes 8 f(x) oduum pasosr Goavwe, 4em 8 ofuwes
Haudoavwern deaumene.

Eenm cayunrcsn Tax, 4o 06uinii HauGoOALIIHIT peauTENL COBCEM HE
COAEPAHT X, TO f(x) HE MMEET KPATHBLIX KODHEI!, 1 OnHCAHHBIHA BHINE
NPOLECC OTAEJCHHN KPATHEIX KODHEH A€My pemienis ypaBHeHHs HHYEM
HE TIOMOMET, 4 TOJNBKO OOHAPYIKHT, YTO JAHHOE ypaeuenue f (,\:]z(]
JHIIEHO KPATHEIX KopHeil.

HNpumep. Pemnrs ypasnenne
A —8 13 — 6=0.

Pewenue. Mycrs
f(x)=x —Bx*4+13x — 6.
MNepowii mar,

(0 =8x% — 16x - 13,

Bropo#i mar. 3averiy, 4rto npn HaXOWIEHIN ofuero nanGOALIIEro AB-
ANTEN N yroSerea BRMNCACHHI MBI MOMEM JN€ANMOE, neanTeIbh 1 NMPOMERYTOY-
HLIE OCTATKH MPH NOCAe oBaTenbHOM ASACHIN YMUOMHTE 1 NOCTORHIEIE MHOIKI-
TCAL. TO OGCTOATENLCTRO, 4TO QOwuil Hauboaswuuit deanmenn (0. H. J1) dynkunm
71x) n ee nponasonnoi £ (x) Gyaer ormmartsca or O, FL JL, kotopsifl naxonurcs
OFRINHBIM 00PA3OM, T. e. Ged YKasannhx YOpoutemdl, na noctosninil MHOMITEND,
He OKAMET BANRNNA HA paskCKalie KOPHEH, TAk kax vpastenne, noaydaiouieecs
nyrem npupasimsanna nymo O. H. Jl, BCe pasio Moo coKpallaTh WAR YMNO-
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Warh Ha NocToRmunit Muomutens. IMostomy mpu penemnn f(x) na f(x), drobul ue
HMeTs nepoaii wien ApoOHLIM, YMUOHHM Npensaputeasno f(x) wa 3

3 — 24x* - 39x — 18] 34 — 16x 113

T 3x"— 16x° 4132 *18
YMUOWAM OCTA- —8x* - 26x — 18

T0K na — 3) ~ 24xT— 18x-- b4
T 24x® — 128x4-104

80x — 80
_3x"—fbx+ 13|x — 1 (octatok ymio-
dxt— 3x 3x—13  awan ma =)
—3c 18 B

T —13x+4 13
0
0. H IL=x—1.
Tpertnii mar,

x—1=0, otkyna x=1.

Tax kax | ABANETCA NPOCTHM KOpHeM ypasHenna x—1 =10, To on Gyaer neyKpaT-

HEIM KOpHEM AAHHOCO mef YanbLHO YP fl, T.€. Jenan ero (ypasHeHHs)acTs
cogepucnt MuomureaeM (x — 1. Paaneans x* —Bx" |- -
+12x—6 na (x—1)% naxonwm wropoli MmoWMTERH ¥

x — 6, goropuit paer kopeus 6. Chrenosarenbno, KOpHK
namero ypasuenua cyrn 1, 1, 6. Haveptun rpaduk

dynunn (vepr. 133), mbr suaum, uro npu x=1, . e. It 5
1pH X, PABIOM JABYKPaTHOMY KOPHIO, KPHBAA KacaeTcs 77l X
oci OX, 1o ne nepecexaer ec’,
YNMPAMKHEHHA

Ii'l‘llo cnocoby § 116 peumto caenyiomme 10 ypan- Yepr, 132
nemnit.

1. 2 — Tx* 4 16 — 12=0, Orn. 2, 2, 3

2, &' —6x'—8x —3=0 — 1 e

3 ' —T7x 492" - 270 — HA =0, 3,3, 3 —2

4, x° —0x® — 9x% | 8l — 108=0, 3,3 3 —4

5. x' -6 - " — 240 4-16=0. 1,1, —4, —4,

6. a* — Ox® - 23x° — 3x —36=0. 3,3 —1,4

To 2t — 627 104" —8=0. 2,2 1, =V

8 2" —x' —Dbx'- 2B 4=0. —1, =1, 1.2

9, x° — 15x" 4 104* - 60x — 72 =0, 2,22 =3 —3a

10, &% — 3x* — 5 - 13x* - 24x 4 10=0. -1, -1, —13 =}y =T,

Hlpxasan.. HTO CAEAYIONINE HeTHIPE YPaBHEHHA He HMEIOT KpaTHHX (pasuuix)
Kopueit.
o 1. x*4-9x* - 2x — 48 =0.
12, x* — 152 — 1064 24=0.

! Tak ®aK nepsan NPON3BOANAA AR KAWAOTO KPaTHOro KOpus obpaiiaerca
B HYAb, M0 Och X KACAMEALHA K KPUSOIL BO BCEX MOUKAX, COOMBEMCMEYIONU
wpamuslae koprass Ecan gpathHuf gOpeHb BCTPENAETCA HETHOE #HCAD pds, T0 B
takoit Touwe kpmpanm divukunn we nepecexmem ocH X (uwepr. 132); coan me oun
peTpedaeTcs HeueTHOe HICAO0 Pas, TO Kpueas nepecexaem och OX, B 10 we camoe
BpemMA Kacaach ee.
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13, x* — 3x* — 62 - 14x 4 12=0.

14, x" —a" =0, s S
15. TloxazaTs, 4TO yCI0BIe, 4TO0M YPaBHEHE X7 + 3gx -+ r =0 umeno npyxpar-

ukill wopenn, ecty 4¢° +r==".
16.11“0“333“:: 41O ycaonne, 4T00b YPaBHENIe 2" 4 3px* -+ r = D umeno npykpar-

nuit kopens, ects r{dp? +rH)=10.

§ 117, JleiicTBHTeAbHDIE HOPHH ypasHenuii. I'padnueckne me-
ToAbl. B npHiiaaHoll MATEMAaTHKE TOJbKO AefCTBHTENLHBIE (T. €. Be-
[IECTBEHHEIE) KODHH NPHHAMAIOTCA BO BHHMamue. MeTozsl npubaH-
J(EHHOTO ONpefeneHHa STHX KOPHE, H3JaraeMele 3J€Ch, TaKOBhL

Omdeaenue u HUcA0 KOPHEIL.

IMepsuii metoa. Ecm rpadux  (ysxmn f(x), 1. e. reomer-
prueckoe mecto Touex M (X, '), KODPAHHATHI X, Y KOTOPBLIX Y/AOBJE-
TBOPAIOT yPABHEHHIO

y="r(x) (1)

nocrtpoen (caeays npasuny § 93), 1o Toraa aGeunccn Touyex nepece-
wenus €20 ¢ ocklo OX geagiomca KopEamn ypasnwenus f(x)=0.

CnepopaTeqkHo, W3 uYepTexa, KOrAa OH XOpOLIO BHINOJHEH, M
Cpasy BHAMM, KaKOBO YHCJIO KODHE H KaKOBEI HX TIPHOJIHNCCHHHE

BEJHYHHEL

Mpunep. Otaennth Bee AeHCTENTEALNEC KOPHN YpasHenns . —9e-24x—7=0,

Pewennte, paduk sesoil vactin ypasuenus Gua noctpoen s § 93, aanave 1. On
nepecexaer oce OX aencay 0 u 1. Tlostomy Mencay sriain unciani 3aseioMo
nmeercn omun gefictanrensibifl kopens, dpyrux neflicteuressiuy wopueit uwer.

Tatanna maer pemansr £(0) v f(1), odnapymusan nepemeny sHaka B KOBUAX
orpeagka [0, 1].

% ‘f{x!

0 =7
1 9

Huorna raGamua uienennsiX 3pavennfi v n y, ynorpedJemias
npH. BHYEPYHBAHHI I'pat{um’a, MOMKET B TOYHOCTH JNath HAM KOPEHb;
510 Oyaer, korsa y=—=0 npayo NPH HEKOTOPOM YHCJEHHOM SHAYEHHH
aprymenta x. Ecan storo Her, YacTo CIYYAeTCs, 4TO BEJHYHHEB! Ne-
PENEHHOTO ¥ MMEIOT MPOTHBOMOJOMHBIE SHAKH AJA ABYX MOC/AELO0BA-
TCABHBIX Besunn x=—a u x=~0. B stom cayuae touxkn A|a, f(a)]
u B[b, f(b)] sexmar no pasuwie croporsi ocit OX, u rpaduk QyHKU
Y=J{x), coeaunsionmit Ase 3TH TOUKH, AOMKEH nepeceds 3Ty OCh.
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A 3T0 03HAYEET, 4YTO MMEETCA HEKOTOPLIH KODEHB X, Jemalmi
Meday a n b,

X | ’v
a / f ](ﬂ] 0
o

Toynan (JOPMYJIHPOBKA YNOTPeGISEMOro 3Aech TPHHINTA TaKOBa:

Ecan nenpepmsnan diynxyus f(x) ussensiem anax Ha ompesie
la, b], a ee npoussodnan swarxa Ha Helr we arexsenm, moa ypaste-
ine f(x)=0 nmeem odur u MmoasKo 00uH
wopeun Ha ompesie [a, b).

Omdesenue KOPHA nOCPeOcmeonm ucisbi-
mawns  KAK pa3  SaBHCHT OT 32TOCO TIPHH-
uuna. Ecan @ n b ne npuronwe! B kauecrse
TPHOJIHAENHEIX BEJTHYHH KOPHA, TOrAa Aajb-
Helllee NpUBMDKEHHE HaXOINTCA UHINePHo-
aayueli. Taxosas coctoum & onpedeaenun
nepecenenuss ocn OX  xopdoii AB. Zto
03Ha4aeT, 4YTO0 4YacTh Tpauika, COCAHHSA-
wouan A n B, aaMessercs B KAYECTBE
TPHGMIKEHHA XOPAOIL. Hepr. 133

NMpumep (npozoawenne). Hopenn, aemantnit mescny 0 1w 1, MOMHO 3aMeNHTH
Gonee Tounolt nrkaannol, kak waxonautica smemay 03w 04, 510 BHANO N3 Tab-
auues Tlyers 0,3 4z Gyaer 3101 KOpeuh

x flo=y
0,/§+ 1,224
0,34 z (kopens) | 0

0,3 —0,583

Paanocte 0,1 1,807
Toraa nutepnomiuus (1. €., cOGCTEENND TOROPA, NP OMO P UM A) AABT HAM:

£ GBS g
R T A

Orciona x=0,332 spagercs propey npubanmennes, D10 ecTh He 4TO WHOE,
Kak nepeceuchne oo OX  xopuoH, coepmumoumed  Touxkn  A(0,3 — 0,583)
B{D 4, 1,224), -‘mn;amue 1a Tﬂjlﬂli!lm dyngmwn x® — 9?1 2y — 7. Ha uepr, 133

A= —0,583, NB=— 1,224, [llxaza nauepuena. A6cunccis Touex Mn Ncyre 0,3 n 0,4
cnornerr‘memlo Tamm ofipasom, MC =z, # COOTBRTCTDEHNLIC CTOPOILE NOROGHEE
Tpeyroauinkos MCA n ABR nalor yRazanuyio nponopumo.

Jas a;teeﬁpaw:emeeo YPaBHEHHA, TPHMEPOM KOTOPOro CJOYMKHT
TOMLKO HTO PACCMOTPEHHOE YPaBHEHHE, HANTYYIHMH ABAAOTCA METOLL,
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TAPaHTHPYIOLIME JKEJAEMYI0 TOYHOCTH TIDH ONPEAENCHHH HHCJEHHOTO
aHAueHHs KOPH#A; 3TH METOML PasLACHAIOTCA B Kypcax anreGpeL.
§ 118. Bropoii MeToa OTIedeHHs NeHCTBHTeNbHbIX KopHei. Cuo-
€06, nanomenHbil B § 93, XOPOIIO TPHCHOCOGJEH A CKOpPOrO No-
| crpoeHHs rpadmuka  dynk-
4 | unn f(x). Sror rpadmk
l1a | OTHEJSET KOPHH H Onpeje-
| afeT ux uncsao. OJHAKO BO
E] ; MHOTHX Cayyanx TOT Me
% CaMblfl  PE3YJIBTAT  JOCTH-
2 Z raercsd OBICTpEE BHIYEPYH-
BaHHEM M3BECTHHIX nepece-
Kaolux  kpusux. Cre-
AYIOUME TpHMEp PagbACHAT
CYIIHOCTE AeJa.

-

SRS A

— )
7 '__lsa" ]

e

_
g-— ————
o
%

.. Tlpumep. Onpeneants 4HCI0
neficTBuTenbubX  kopueit x (B
Pajialiax) ypasienua

clgx —x=0 (1)

SRS S

Yepr. 134 ;;c"f:TD.C.'luTb HauMelbWi  Ko-

Pewenne, Mepenucumpacy ypapuense (1) s suae
clgx=ux. 2
Ecan ww neuepriu mpussie (vepr. 134)
y=clgx n y==x (5]

NpPH TEX JKE CaMBIX OCAX, TO @OCHUCCH X HiOHer nepecenentis 1 Gydym KOPHAMI
ypaswenun (1), M6o scho, wTo mnckaouus y us (3), noaysaem ypasncuue (1), aawo-
uiee nam afeuncenl Touek MepeceMeni.

Hepra durypy, nymno ctapateibio HamectT na ocn OX ofe wxass (rpanycs
0 panuainb),

Huero pewennii, Kpusan y= clgx coctout na Geckoneunoro umncaa sersell,
ToMAecToeniny neren AQA (uepr. 134). [paMan ¥ — x nepecexaer Kamayio BETEL,
Mosromy ypasnenne (1) umeer Geckoieunoe YHcAO KopHeil,

X (rpagyce) | X (pannansr) ctg v clg x — x
50 0,873 0,839 —0,034
KOpelib
49 0,855 0,869 -+0,014
Paanocts 0,018 [ —0,048

Moabsyace TaGamuamn HaTypaabibIx KOTaHI€ICOB 1 PATHAHOB, SKEURANEHTHEX
FPaiycan, Mbl MOMEM JIOKAINBNPOBATL HANMEHLUIN KOpelb Godee TEeclo, Uem 510
HoKa3®o B Tabanue. Mutepnossuna nam mact x = 0,860
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Bropoii METOX MOMXHO ONHCaTh CJEAYIONHM 06pa3oM.
[Tepenecmu Hexonopsie u30panHse 4AeHbt YPABHEHUR

f(x)=0
8 npasyro “tacnis malc, HMoO YPAasHeHue Hanwiuemecs sude:
fi(x)=F,(x). )
Haxepmums rkpusse:
y=hLH() y=[.(x (6)

8 mex Jice camex ocax, swbOpas Hadaexcaine edunnns Macuimaba
(e oOn3ameavHo O0uHaKOsbe Ha O00EUX OCAX).

Yucao motex nepeceterus IMuX Kpussx pasHo wacay deicmsu-
meabrbtx. koprel ypasuenun f(x)—0, a abcyuccer amux novex u
cymb amu Kopru,

Haopanusie unensl, obpaayiomue ynxunn f, (x) u f, (x) B ypas-
Henun (4), 4aCTO MOXCHO BHIOPATH TaK, YTODBI OAHM M3 KPHBBIX (5),
Wi gaxke ofe STH KPHBEIE, OKAZaJHCh XOPOLIO M3BECTHLIMH KJIACCH-
HECKHMH KPHBLIMH.

Hanpumep, 4To0b OTAEANTH AGHCTBUTEALNKE KopHuu ypasHemus x*-H4x—5=0,
Mbl ey x* =35 — 4x. Teneps auuun (5) cyte anmun; y=ux* u y=>5—4x, D10

K ybutecian nApadoa It npaAan.
Bropoit npumep. Paccsorpum ypasnenwe 2sin2x 1 — x*=0,

Ero muuex 5 nuge sin 2x=—-(x* —1). O6e xpuente (5) snecs cyth y— sin 2¢

0 y:-é (22— 1). 310 eunycouda n napabora.

§ 119. Meron Hwlotona. Korpa wopens ornenen, meton Heiotona
JAAET BOSMONCHOCThL BBIMHCJATH €0 C 3aMEYaTeJbHOH CTENeHblo Tod-
HOCTH.

Uepr. 135a mokaswigaer, uto ase ToukH A la, f(a)] n Blb, f(b)]
rpadmia f(x) snexwar no pasunie croponn ocu OX. [lycrs AT xaca-
teapuas B roue A (uepr. 135a). [lepeceuenne a’ stoii mpamoii ¢
ockio OX OYEBIAHO HBJACTCH BHICOKHM NPHOMDKEHHEM Nepecedyenns
rpaduka H, SHAYNT, COOTBETCTBYIOUIEr0 KOPHA ypaHenus f(x)=0.
Meroa Helotona u onpeunenser 31o nepecedenue a’ xacateabHoft AT
c oclo OX.

[lycts xoopamuaThl ToukH A cyTh X,=—a U ¥, = f(a). Yraosoi
koathrmment wacatenwhoit AT ectb m, — [’ (a). [lostomy ypasnenHe
kacateabtoit AT ecth

y—rla)=f"(a)-(x—a).
Jenan y=0 u pewas OTHOCHTEJLHO X, MLl TNOJYHAEM JAHHYIO
HeloToHoM (JOPMYJTY TPHOIHMEHHS:
, fla) ©)
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Haiinn oTcioma a’, Ml NOACTABAAEM @' B NPaByl0 YACTH HA MECTD

Gykour a. Tomyqaem:
d'=n __.f (a')
P! ey’

Dro ecTh amopoe HpubAuzcenue. SIcHO, MTO TPOILECC MOXKET Tpo-
AOMKATHCA GErpaHHuiO JafeKo M YTO OH JAET HaM NOCJel0BaTeds-

HOCTh BEJIHYHH

rir

e A A

SEIAIOUINXCA NPHOJMHMEHHAMH HCTHHHOTO KOPHS.
Yepr, 13ba NOKA3LIBAET, HTO KACATEJBHYIO 1aj0 BLIGHPATE B
Touke A, Ho He B Touke [, HOO TOMBKO B 3TOM CJyuyae KacaTedb-

Yepr. 135b

Hepr. 135a

Haf HasepHoe NepeceyeTr OCb OX Gauxce i KOPHIO, a HE Janblle OT
Hero. 9to NOCAEAHEE MO0 OBl CAYUNTLCH, ECJH OBl MBI TIOJIL30BE-

Jnch na wepr. 135a xacatensnoif B Touxe 5.
HaoGopor, na uwepr. 135b mamo mossaoBaThCA HE KACATENLHON B
A, a wacarensnoii B B, B uenax Toil ke camoil rapsarin, B stou
ciyuae, samensg B (opumyae Heworona (6) Gyksy @ 6yusoit b,
nojyqaem b', n3 b’ moayuaem b" u T. n. D10 HaeT NPHOIIKEHHA

B B
K IICTH!IHON}" KUPIHO. .

Npumep. Haifitn nansensurnii wopens ypanienmna
clgx=ux
merozom Huioromna.
Pewenne, 3nechf(v)=rclgx — x

1 ; o
[ )=— m—l:—z—ctg s

M Gepest a—= 0,855, kak 810 nMOKa3alo B NpUMEpe, PACCMOTPEIHOM B TIPeIE Y-
mem naparpade. Torma, na ocuosainn Tabinluel B SToM naparpade, nuees
Fla)=10,014. Jlanee mieexn f'(a) = —2 — (0,869 = — 2,76,

Hosrony, no thopuyae Huwortona (6), noaywaea;

T
a'=0,855 4 'Jj% —0,860.

Huvepnoanuuedi s naxoams x = 10,860,
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(o) e* 4 x —2=0 Ors, Onun wopenn; x=10,444,
(p) ¥ — sin x =0, beckoueynocts kopueit;
x=—=— 3,188,
@ tgxfx—1=0. Beckoneunocts xopueif;
/ x = 0,480

3. MMoxasams, uto ypasneune 2 sin x — (x — 1)*=0 nmeer Ba AeACTBUTEBHBIX
KOIA, I BHMMCANTL Ka#CIBIL N3 HUX C ABYMS NECHATHYHBIMI 3HAKAMME,
Ors, 0,27 u 2,25,




FNABA XII
JHPPEPEHUHAJBI

§ 120. Beesenue. o cix mop Ml PacCCMATPHBATH TPOMSBOANLIE,
ynotpedaas s OGOSHAYCHHA NPOHIBOAHONA OT y = f(x) cumBon

dy v
E=r(x).
QOcofeHAo e MBI BCIOAY CTapajuch NaTh TOHATH Yy4aulemycs,

d
YTO BLIpA}(CHHE % paccMaTpPHBAETCA HE KAk APO6h, B 0GLINHOM CMEICAE,

¢ upcanTesenM dy W aHaMeHaTeseM dx, a Xax ocobhii CHMBOA A
ofoanauenns npedena 4acTHOrO i—i no Mepe npubmoKenna Ax K
HYJTI0.

QHaKo BCTPEYAIOTCA 3aid4H, B KOTOPHX BEChbMAa BHIMONHO pac-
CMaTPHBEATDL dx u dy Kak HKOJHUECTBA omdensHsie, H OCODEHHO STO
NOJIE3HO B TIPHJOMKEHHAX HHTErpaasHoro neyucaenus. OOGbacHAM, KAk
STOTO JOCTHYE.

§ 121. Onpenenenusi. Ecan f' (x) ects npoussomnas ot f(x) mas
IIEKOTDPDI‘O YACTHOTO BHAYEHHA X HEIABHCHMOrO NEPEMEHHOrO, a
Ax — npou3soAbHO eupanioe NPHPALIEHHE TIEDEMEHHOrO X, TO Jug-
gepenguan or f(x), oGoznadaemui cumBosom df(x), onpexensercs
paBeHcTBOM:

df (x) = f' (x)-Ax. (1)

Hrax,

auddepennnan GpyHKOUH, B CHIY CAMOIO €ro ONpeAeaeHHs,
ecTh TNpoOH3BeHeHHE npouaBoxHoi [f'(x) ot aroil
GyHKIHH HA TPOH3BOJBHOE 4HCIO0 AX, KOTOpOe pac-
CMaTpPHBAETCS Kak NPpHpalledHe HE3aBUCUMOro Ie-
PEMEHHOTO X.

Yuamniics foamen otaate cefe Aciblil OTYET BTOM, MTO NMANMCANHOS NpPHpalLe-
pne Ax HeIanNCHMOrD NepeMelHOoro X, BEOAAMEE Eak MHOMNTEeAL B nqucpenu.uau.
He HMEEeT HHHEero o0iero ¢ Tem NpupaunLenen Ax nesasucuMoro TnepeMeHnors,
KOTOpoe Patce YNoTpeGAfncch HaMi NpH BLIYHCACHHN NPOM3EONHOH Fix.
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B camoM nene, XOTA TPH BEIMNCASHHH MPOHIBOMION [ () kax npenena omio-

menng flet80—f(x)
Ax

oAy -
lim ——=1lim
AesD DX Bx 0

HaM W NPUXOANAOCH TOBOPNTL O NpHpalieniy AX HE3aBHCUMOTO NepeMerioro, Tes
He Mellee COBEpPLIENHO NCHO, WTO 3T Npupallienne Ax ynoTpebinaock AMNIL-KIK
CPelCTHO ONPEIENTh AN BRMHCANTD NPON3BOAHYIO, T. €. MMEJO ANlib Nepexoii-
fiee auatenne: JeldcTeiTeablo, BCA POAL ITOFO NPHPAMIEHUA AX CROANIACH JHLIL °
K TOMY, 4TD OHO JI0AM(I0 OLIA0 CTPEMNTRCH K HYMNO, 1t Pa3 paccmarTpupaeMasn mam
TPONABOMNAR YIKC DHIYHCAEHA JLAH ONPEfenena, TO 370 3UAYNT, MTO NPOUECC CTPeN-
aemns Ax & MYM0 Yie SaBepUINACA M, CAeA0RATeqLNO, ITO Npupanienne Ax yee
nepectano poabymULATL WITEPEC, CYUIECTBYA CHOPEE N TIPONLIOM, HeM R HACTOREM.
Yro me wacaerca npupamenns Ax, xoTopoe QUrYPUPYeT Kalk MUOMHTENs B
paipamennn awhdepenunana, 10 370 ecTh NpHpaulelne X, KOTOpOE MBI CHOBA JBach
e mocAe mo20, KAk BHMHCAeH Teppeii MuoRuTeAb Juddiepenunaaa, 1, €, f(x)
loatouy 310 npupameinsie Ax ecTh BeAUMIHA NPONANOALIAN, HiUeM He OfyCI0n-
J_IHAR, MOFYILan OwTe ¥ Goabwofi m Manofl — cmoTps 1o weaanmo. Tages ofpa-
soM, Antepennan GYHKIHN €CTh BHPAKENIe, CONEPIRAICE 1RA HEe3aRHC HMEIX TIEpe-
meminix: & i Ax, Obd 3TH nepeMeHnble CYTh HEIABNCHMBIE PYr OT Apyra, W 4x
nonce e 06A3aH0 CTPEMITHCA K HYNIO! KAK HeRanlicHMOe TIepeMenioe, oHo Haxo-
JHTCH DCELEAO B HANeM Pacnoprieni.,

Ecan teneps monownts f(x)=x, 7o f’ (x)==1 n (1) npusoauca k
PABEHCTBY:
dx=Ax,

OTKYJida BHAHO, YTO €CAM X €CTh HE3aBHCHMOE TepeMeHHoe, To oug:
gepenynan x (=dx) ronpecrsen ¢ dx. Orciona, ecomn y = f(x), 10

v aunddepenian MoxHo BoodUIE Ha-
nicatk B (popue:

dy = f'(x)dx. (2)

Hubdepenunan dyux-

- oHH paBen npmtssene-

HHIO ee TnpoH3BOoAHON Ha

aupdepennnan neaaBuci-
MOTO nmepeMeHHOTO.

§ 122. Feomerpuueckoe H30-

X oOpaikenue andpcpepenmnana.
”}-’C'Pb KPHEad, npencrasacHuan Hna
Yepr. 136 uepr. 136, mngoGpamaer QyHi-

% w0 ¥ = f(x). Tycrs Touka M
3T0it KpuBOIl MMee - MH X [lycrs Touxka M
MEET CBRONMH KoopaHHaTamu X u . [lyers Touxka M,
JEKAINAA Takxke wa 3rofi kpusoll, mMeeT ceoell aGenmnccoi
! x—-dx.
1
Hpimmsas o mmvame nonomkene, KoTOpoe 3neck aanumaer J7(x), npous-
BOZUVIO 1AIWBAIOT NHOTA dugigiepenyapuni it KOSGEHLHERMOAL.
_Sllaumiicn Joawen ofpatuth BuuMaie ua Bamunll Qaxt, uto TAR Kag dx
E‘O}hll{) MPIIHCATL Kakoe _\‘_’l‘l‘},"LIIO TIIJOH:‘BOM\IEUC apnavenue, TO dx He 3aBNCHT OT X.
ACADRATCABNO, Ay CCTh ByHKIUA J6YX NEIAGUCHAMLX NEPEMERLY X 1 dX.
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Sleno, wro orpesok MG, napanseasngit ocu OX, pasen dx. flcuo
Takike, 4ro OTpesox QA' pasen mpupamiemmo Ay pynkupmn, HGO

QM' = f(x~+dx)— f (x) =Ay.
Ecan Touxa T o003payaeT TNepecedenHe KacaTebHOH, NpPOBEEH-

Hofi 1 xpuBoit B M, c opamHaToii Touwn M’, TO M3 NPAMOYrOJLHOTO
Tpeyroasuuka MQT Haxomum:

QT = MQ-tg QMT.

A Tak KaKk TAHTEHC HAK/IOHA KAacaTeNbHOH EcTh TNPOH3BOAHAN,

QT =J"(x)-dx=dy.

TMostomy ompesox QT ecnb dugpghepenyuan dy @yuryun ¥ = f(x).

§ 123. Tipupawenne dynruun u anddepenuan pyniuun. Heno-
CPEACTBEHHO H3 MEepTeXa YualIMfCsi BUIHT, YTO TNPUPAILEHHE (Y i
Ay =QM' n muddepenuan dynkunn dy = QT oTHionb HE PaBHE! APYT
npyry. Hx passocts TAI' ecTs OTPe3OK MexcIy KacaTesbHON 1 caMoif
KPHBOIT.

PﬂCCMOTpII.M 3TOT BONpoC C AHAIHTHYECKON TOYKI 3peHHs. n)'CTI:
HE3aBHCHMOC MEPEMEHHOE X IOAYYAET mnpHpalleHue Ax. Bruscaum
cooTReTCTBYIOIEE npupawente dynkuEy, a Taoke ee mudibepenia.

Jas mpupanienna Ay ME HaXOAUM PaBEHCTBO:

Ay = f(x—dx)— f(x).
Ecan Temeps Ml CTaHeM npupauienHe AX He3aBHCHMOrO NEpeMeH-
Horo ﬂﬂ!ta.’ll!ﬂ{ﬂ‘l’l: K HyJio, TO, KaiK H3BeCTHO,

fled-du)—f(x :
e

TO

lim

M, 3HAYNT, PAIHOCTH ;
(x4 Ax) —f(x) 3

e N =] W ()

ecthb BeaHUHHA GecronetHo Maaas; of0sHA4HM ee Hepes &
flx4-dx)— flx) ;
—T——_f (JC):E.
Ha 3Toro paBeHcTBA MBI 3aKJI0OYAEM, UTO
Slx-Ax)—f(x)=Ff"(x)Ax}=Ax,
A, TPHHAB BO BHUMAHME, 4YTO JAeBag 4acTh STOr0 PaBeHCTBA €CTh
npupauesue Gynkaun Ay, a nepeoe ciaaraeMoe NpaBoil HacTH eCTh
augdepennuan dy SToit QyHKIHH, MLl 3aKI0HaEM, YTO
Ay=dy--e-Ax.
STO OCHOBHOE PaBeHCTBO (3) TOBODHT HaM O TOM, YTO Hpupalierue

Ay ynryun, 6bIGAHHOE NOAYHEHUEN HEIACHCUMBIAL NEPEMEHHBIN
GeCKOREUHO AAA020 npupaiienuss Ax, u coomsememayouu dugige-
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peryuas dy dyrkygun omauiaomes dpyz om dpyza Ha OecKOHEHHO
MAAYIO Hacntb GECKOHEHO Maa020 Ax.

B caMoM fene, ecaH paccMaTpheath OecioHeuyHo masnoe Ax Kak
€ AUHHILY, TO NPOH3BEACHHE eAX ABIAETCH DecKoHEYHO Madol
poneip sToil egHHALE.

§ 124. O cpapienny GECKOHEYHO MANBIX APYT C APYroM. Korza
AMEIOT HECKOJABKO TOJOMHTEALHEIX OECKOHEUHO MAJHIX @, f, Y,..v) b
00KoBpeMenHO CTPEMALIHXCA K HYJIO, OUCHD NOJE3HO BEIGPaTh CPEAH
WHX OHO 33 OCHOBHOE DECKOHeMHo Aanoe, Kak Obl 3a edunuyy aac-
wmata, ¥ CpaBUHMEATE C HMM BCE JAPYTHE.

C 9toif ueapio, Be6paB 3a OCHOBHOE, Hampumep, OECKOHEYHO
MaJNoe &, COCTABJAIDT OTHOILIEHIS %, -:—,‘.., ;1-11 CMOTPAT, HaK OHIl
H3MCHAIOTCA C TEYEHHEM BpeMeHH.

Ecau omuowenue %cmpemmzc;;-: K HYAI0, OPCKOHEUHO Maaoe §

Haansaemen GeCKOHeMHo MaAsm cbicwezo nopsadxa (m. e. esiclied
Maaocmn), 4esm «. B stom cayuae Geckomeuno mazoe fi spagerca
HCYE3alOUIe-MAaN0l fONEeH DECKOHEUYHO Majaoro o, HOO
KOrZa O'ruomenue% CTaHeT, HalpHMep, MEHbLIE ﬁi‘ﬁlﬂW’ Torja f
ABHTCA MEHbIIE OJHON MUITHOHHOH Jjonm OECKOHEYHO Majoro &
MoxHo nosToMy CkasaTh, uTO f Owcmpee CTPEMHTCH K HYJIO, YEM @,
Han uTo [ ABnseTcH Ooaee meawunr, #esr «. HaoBopor, npo Gecko-
HE4HO MaJOE & MOXHO CKa3aTh, YTO OHO AtedAefHee CTPEMHTCH K
HYJMO, 4YeM f§, HIH YTo OHO KpyHuHee no ce0eh seautune, Hem 8.
I'Ioa'run-{y @ HA3LIBAETCA OECKOHEHO MAABLM HU3WEZ0 nopsdxa (M. e.
Hu3Wel Ma0cmu) cpasHumeasio ¢ f.

& I'Ig!:““el’- Jlokasath, uto Geckoneuno manoe f= 32° — a” €cTi, BLICHIErO NOPAL-
i @,

7 g 3u — a?
Pewenie. ”“99-"“;:——“—=39—:x'. Juaunt, lim {—:ﬂ. TAK KAk

lima= 0.

Eean sice omnowenne —E— CIpeMUMEst K npedeay, omautHomy om

Hyast (W oT Deckoney HOCTH), mozda e u § Ha36eaomes 0ecKo-
HEUHO Maaunn odunarxosozo nopsdxa. B 3TOM Cayuae MOMHO Cki-
‘3;';1:3{ ':{';gc ::);J!mﬁ CTPEMATCH I HYJIQ € OOUHAKOBOW CKOPOCIHILIO, WM
il m{akoags{ Crmenens Aaocmi. B uactHoM cayvae, KOrja
pﬁﬂ-‘!ﬂcuﬁbﬁ.{wuua%!me“_ﬂ PaBHBIM €MiHHLE, TOTHAA a 1 ﬂ HA3EIBAIOTCH

: CCKOHENHO MQALMI, B STOM CJy4ae MHIIYT a-f.

Paprocunsib
€ OecKoHeYHO Masble OYEHb BadHBL, HEO

e ons  HIX
HMEETCA NPeINoNeHne: ,

LIt
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npun omuicKaHui npedesa OMHOWEHUA -g- deyx warxux-nuGyds

Geckorenno Maastx Y W 8, (X MONCHO SaMEHUMb UM PasHOCUABHBMY.
*

910 osmavaer, uro ecan ¥~y B %~8, TO 1im%=lim;7.
910 DNpesoNEHHE BIOJHE OYEBHIHO, HOO MbI HMEEM TOMIECTBO,

T_ Y T ok "
=14 3> OTKYAA M Caenyer, uTO

lim %
a

et [ et s ) B R R e
—lim T lim 5%'11"'1 = 1-lim e 1=lim 5
CnefoBaTeNbHO, OKA3BIBAETCH BaXKHEIM YMETb OTHICKHMBAThL A

AaHAOro GECKOHEYHO Majoro o emy pasHocuabuoe o*. Ilas atoli nes
CaymaT JIBa NPEANON{EHHA.

Jdexuna I. Joa Geciorenno massie o u b odnnarosoeo nopaoka
pasHocubHbE 00HO dpyzosy moeda 1 moasKo mozda, Ko0Q ux pas-
nocmb  — o ecms OECKOHETHO NAADE BLICIEZ0 NOPADKE, YeM OHIL CaMIL.

B camom jene, ofosHayas 4epea y pasHocTh f-—a, MBI HMEEM

= A 1 e
f=a-|-v. Orciona -~ =1~ —. [Toatomy, mut nyeem lim -~ =1 Torxa

@
H TONBKO TOCNA, Korja umeem lim %:0, T. €. Korja | ecth Oecko-

HEYHO MaJIoe BBICHIErO IOpAfKa, 4YeMm o.

Jlesme 2. Cyuna f—y ... -\ Heussena0u{e20ca HUCAQ fec-
KOHEUHO MaAbtX B, Y,...,h ésicuieeo nopsoia, west «, ecmb OECKOHEUHD
maaoe onams Goaee spcokoo Nopadka, wem a.

. ‘ sy
B camom zene, pas Mul HMEEM 11m%=0, lim _l.ﬂ,. St o,
T0 JAO/KHEL HMETH H

fim BEYEe i B i X im L —o.

M3z stux mpeanokennii BHTEKAET CJaeLyIollee:

[lpaxTHueckoe NPaBHNO (YnpoueHis GecKonetHo Maahx):
ecau umeemesn cymma o= -y ... -} oepanunennozo wucaa Gee-
KOHEUHo MaAbix 0 ecau q)eau YAEHOB MOIL CYMALBE HAMEeMES AlNLh
Dah‘-ﬂ taen Hauboaee HU3Koz0 HO]?}EC?KG’, Mo MONCHO Sayepichy ity fice

OCIMAALHLIE YAEHBL, NIAK KAK 60 CYMMA PABHOCUABHT SMOMY HALTY.
Yrobul 0npasaaTh 3TO NPaBiO, BOILMEM CYMMY

o=a-tf-tpHa4. 4
OrpaHHYEHHOTO YHCAA KaKHX-HUGY b GECKOHEWNO MaJbiX
@, {'I‘ Ti al---n1
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1 IOMyCTHM, YTO CPeJH HHX TOJILKO OJHO MMEET CaMblit HHM3KMi 10-
PARIOICG TIYCTh 570 DECKOHEYHO MAJOE HAHHM3UIEro mopsaika OyJET a.
Torpna Geckomeuno Maawme f, Y, 6,..., » OyAyT GoJsee BEICOKOLO
TOpAMKA, YeM . SHAuMT, [0 NPEeABIAYIIEH JeMMe, HX CyMMa

Bk 1-Fot...

ﬁyﬂCT Takke OECKOHEYHO Majloe 00JIEE BBICOKOTOD nopAAKa, Yem a.
Hanucas TENEPE BCIO HAHHYD HAM CYMMY O OCCHOHEUHO MaJThIX

B BHIE: s=a—l"f§+'f+a+"'+l}'

Mbl BHHM, YTO CyMMa B CKOOKaX NPEACTaBAAET CoBoit OeCcKOHEdHo
ManOe BHICIIEr0 NOPAJKa, 4YeM MNEpPBOE CJAaraeMoe o. 3Ha4YHT, Co-
TJaCHO M3JIOMEHHOMY BbilIE, BCA CyMMa & PaBHOCHJLHA a:

a~u,
uT0 H TPebOBaJOCh HOKAZATh,

Tpaguno 510 GOpPMyJAHPYIOT HHOTAa HE COBCEM BEDHO, TOBODH,
uTO NpPU OMBCKAHUN PABHOCUABHBLX DECKOHETHO MAABLX MOJICHO npe-
KeOpeus OecKOHETHO MaAnMu Boiciunx nopaoces. Jleno B ciepyione:
(pasa sTa CcOBepmIEHHO BEpHA, ecAll YAeH HAUHI3WE0 HOPRAIKG
nAleencs 8 cYMMe MmoAsko o0uH;, Mbl JOKA34JM BRINIE 3aKOHHOCTh
HMEHHO TAKOro npenedpexerus. Ho ecan 4ienoB HAMHH3MIETO NOPAKE
OYHET Hecko1bk0, TO OHM MOFYyT B34MMHO YHHYTOMHThCH, H
TOTAA HPaBHJIO0 npeneOpexeHHs CBesoch Obl K TOMY, 4TO 1 BooOwWE
BCE W/IEHBI MOMHO BEIYEDKHYTb.

Tounan ouenka PASAIHELX NOPAOKOB OECKOHEYHO MaJhIX AOCTH-
raerca Gaaronaps CAenyomeit wraie Oeconeito Maan.x:

2 i3 i
0l a0 SO 13 Lay el R g e

TAC o €CThb OCHOBHOE GeckoHeYHO Majgog, HPHHHMAEMOE HaMi 33
ﬁECl{OHE'iHD Malloe nepeozo nopsdia. Yem nanbiue Mbl pEHeMcn
10 370l HIKajde, TEM BeTpeuaen GECKOHEUHO MaJbie BCe Gogee u Go-
JIE2 BBICHIHX nopaaios, ndo, HAMPHUMED, Geckoneuno manoe o' eCTh
BHICIIErO nopajka, yeM, nanpusep, &', NOTOMY 4TO HMEEM

. ul’ .

lim 5 =lima®=0.

570 0GCTOATENLCTEO MO3BOAAET HAM HASBATH o° GECKOHEYHO Mi-
AEI 810p020 TIOPAIKE, o' — mpembpezo NOPAAKa ¥, Boobme, a®—
Oeckoneuto maamat n-20 nopadxa.

Ytobs HaMepnTh TouHLLI MOPSIOK KAaKOro-HUOYAb  GCCKOHEUHD
MAZIOL0 § 10 OTHOWEHHIO K OCHOBHOMY OECKOHEUHO MaJOMYy a, HyHHO

NOCTApaTLCH ONPEAENTH Takoe NOJOKUTENBHOE UHCIO I, yToGh 002
DECKOHEYHO Mavible
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oKazanuchk Obl OAHHAKOBOrO TOPAAka. ITO O3HayaeT, YTO Mpeien
B

lim =5
JIOMKEH CYLUIECTBOBATE H BHITH OTJIHHHEIM OT ]I}"-l'iﬂ (ll oT Beckoney-
soctH). Ecom nam yjpasoch OTHICKATB TAKOE M, TOTAA MHI, 10 OnNpe-
JleeHHio, HaseiBaeM | 6ECKOHEYHO MaJbM X0 NOPAAKA,

D10 ONpenesEHHE, TIPDHTOM, HMEET CHAY H JIOA BCAKHX MNOJOAH-
TENBHBIX YHCEa M, HE 05HSaTEHLHO VMEHHO LHEJH X (‘l‘. €. OTHOCHTCH
KO BCAKHM IOJOMHTEJBHEIM 71, dpoﬁrzam WK, Oaxe, uppaquofmﬂb-
HbiAL).

OT.\IETII:\-I, HaKOHEL, 4HTO eCJH npl{ OTBICKAaHHH nopznua fecko-
HEeyHo Masoro § ™Mbl HauliH, YTO 3TOT NOPAAOK paseH n, n>0,
BBEHIY TOro, HTO NOJYUHIN

lim 5 =C,

rae C ecth HHCA0, OTJIHHMHOE OT HYJA M 0T OECKOHBUHOCTH, TO Oec-
Koneuno ma.aoe § pasnocuavno Geckownetno maaomy Co®. Jleficran-

TEALHO, COCTARIAA OTHOLIEHHE E.‘!;T” BHAHMM, YTO OHO HMEET CBOHM
Hperesaom CHHHIILY

" Y C
lim —Jﬂ—,,:Ellm ‘;ﬁﬁz—.(—.‘.—zl.

NMpumep 1. Haiitn nopagox Geckoneyino Maioro
=44 Ta® — Ga*,

Pewenne. Tak Kak ves BBILE NOPHACK GECKOUENHO MAZNOTO, TEM OO MEALHE,
TO CpeiM SAeHOB, COCTARAIOINL [, CAEAYET OCTAUORMTL BIIMAINE 1A CaMOM KpYR-
1HOM GecKONEHHO ManoM, T. €. #a yiene Ja', [loatomy ecrecTsenno nonpoGOBaTL,
ue Gyaer au fi BTOpOro nopauka.
enaeM BEYHCASINE:

)

lim —=1lim =lim{4a -7 — Ha") =

q®

7
=limda 474 Hm({— 5 )=04}740=T.

3naunt, f B cavMoM aeae — GECKOMCHHD MAt0e 8mapo20 nopaika.
Mpumep 2. M3 caomnoro Gecronedio Manoro

3 sin @ — Ga?
noAywHTh Gosiee MPOCTOS, PABHOCHALEOE EMY.
Pewenne. Tai Kak sina ecth GECKONENIO Maj0e 1eps020 NOPAAKE, A Haen 5

mpempez0 NOPAKA, TO MLI JIPOCTO 3AUCPKUDACM €ro I TakuM 0DPasoM noaywies
Gonee npoctoe GeckoHeuHO Manoe 3 sine, PaBHOCHABHOE [AHHOMY MEPBOH3YAILHO

3 sina — 5a%,

3 sin @ — §x® ~ 3 sin a ~ 32, nio sina ~ a,
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Mpumep 3. Ynpoctath GeCKOMENHO Manoe
B=(1 — cos a) - 16a® — 8a° 4 8a — 42q*,

Pewerue. Tag Kax

a
I—COSa::Es'm’E,
10 1 —cos @ ecTh BeauyuHa GecKoHedHO Manas u NPHTOM smopozo NOpAaKa, TaK KaK

I ¢ @
Sif —z- ~ 5
a
W, 3HAYNT, sin H
nMeet sropod mopagok. Tak kank cpeaw Bcex uacnos, ofipasyiomux GeanoHesHo
manoe §, uien 3a HaHHHBMIEro MOPAAKA, M NPHTOM TOALKO OMNH, TO, 3auepKubai
ECE OCTaJBHEIE YAeHBl, MBI noaydaesm p ~ 3a.
Tpumep 4. ¥npoctuts OeckoHedHo Manoe
f={(1 —cos aff + 3= + 16a® 4 Sat — 3a -} 6ab.
Peumenue, Unen (1 —cosa)® werseproro nopaika, nfo 1 — cosa BTOPOro mos
panka, Tag gax HauuHAMIMX 27eH0B 32 it — 32 ABA W OIM BIAUMUO YHHYTOMANOTCH,
TO MOCAE NPUBENEHHA MOJY4Id:

f=1(1 — cos 2)* + 16a* 4 Sat |- GaS,
Tenepe uannnawmit vaen 162* Toawko oamn. Otciona
B~ 162%

a
ecTb GECKOHEeuHo Manoe NEepEOr0 NOPAAKA, 3 ero KBanpar, Slﬂ'—z"

HPIIMED 5. Haiitn npeaen oTHomMeHHs 1ByX GECKOHEMID MAAKIX

Ba? — da? -3 sina — 627 - 1B (1l — cos a)
4a® L (1 — cos aff 4 2a — 17a* |- Ga®

Pewenue, 3ameuun yncanTean it IHAMCHATENL STOFO OTHOMIENHS PABHOCHALMEMIL
GCCHONEHIO MAABINGE, JUIN MErD, KAK MBI 3113€M, JOCTATOMIO NPOCTQ 3A4CPKIYTh TACHH
BRICITHX NOPALKOB (RCAH YAEH HUSLIEI0 TOPAAKA OMNI B MHCANTENE M COOTBETCTBEHHO
OUHI B 3namenaTene),

Tax kax 1 —cosa ecTh GeckoHeuno Majtoe smOpoz0 TMOPAAKA, TO Hanupanmt
el B MHCANTESe TOABKO onum: 3 sina, M HANHMIWING YACH B 3MAMEnaTene TOME
TONBKO ofui: 2z,

3HAYHT, B CHAY YKAZAUNOTO BHULC NPAKTHUCCKOTO NPABIAA HCKOMBI npeRes
paeel mpocto

lim

. dsina 3
Lim S —
3ATAYH

3
1. nﬂi(ﬂ:lﬁﬂi. HTO IpH X —s 5 COS X ECTh BEAHMHHA TOTO JKC MOPAAKA MATOCTH,

40 0 clg x,
e 2. Ecan mopatox meansinst @ (lim a==0) NPHHATL 33 eAMIMLY, TO HAKHME
CABMI BEIPASATCH MOPAAKH GECKONEUNO MAAbIX

V/sina, 1—cosa? OrE. %: 2
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Pewenue.
1

lim M_,‘
a=0 L =
a8
a
2sin® —
lim 1=C05% _ i 2l
a-+0 at w0 al 2

3. BecrkoHeuno Maauie f 0 Y HMEIOT OTHCCHTERABHD Oeckomeyuo manoit a coor-
percrpento nopamsn 2 w4, Onpeneants Nopaaxn GECHOHEUHO Mafbix

S OB 2, 6, 2.

4, Moxa3aTh, 4TO ECAK AYra OKPYMKHOCTH NaHHOTO pamnyca R cTpemutca K my-
10, TO XOpja, CTACNBAIONMIAA STY AYTY, eCTh GECKOHEYHO MAJAR TOFO e MopAjka,
wTO W PACCMaTPHBAEMan AYra, a cTpeja (OTPE30K pPajanyca, NEpnenanKyaRpHoro K
XOpig, sakmouennbid Mexgly xoproit u nyroif) — suiciero nopaaka. Onpeneants
NOPATOK MAZIOCTIL CTPE/ILL OTHOCHTENLHO XOPALL

Pewenne. OGoanaunm pauauuyin sepy yraa AOB uwepes a (cw. wepr. 67)

Toraa ayra AB=Ra, a xopaa AB=2Rsin %; oTkyna
o
Aa_z.g sin 5 2
A—,B-.—- Ra y Horpa & —+0.

Nance,
CM=R—-0C=R— chs-ﬁ—:--‘?sin‘%.

CnenoBaTe/iblicy,

b o
cM _ER sm’i-

A R

oTiRyla BHINO, WTO CTPCAA CM— ﬁccnque\mo MaJaf BTOPOro NOPAAKA MAanOCTH OT-

e
pockTensio ayrn AB, a cacnosaTeabio, M OTHOCHTENLNO Xopan AB.

8. Mokasate, uto npu ¥ — 0 Geckoneuno Maawte penuunusl 2(tgx — sinx) n
X% PaBHOCILILIL,

T T
G. TMokazate, w0 npu x —= 0 GecKONEMHD MAJBIE PEARMHILL /xl e

tg %‘V"x PABHOCHALIEL
Peuwenie.

A Tak Hagk fse GECKOHEMID Majikle, PABHOCHILHBEIE NOPO3HL Tpertsell, pasuo-
cuabisl meicay coboi, T0 :

VALV Bty a/x]fz
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7. Haiitn npezenst cnexyiouinx sulpanennii

i
. sin 4
sin dx 2 arcsine. arctg3x
sin2¢' fg2x’ sindx * arcsinde’

3. 1l
OB 33 77 alees
Yiaaanue. Bocnons3osarbest CAeayiouliiMi CODTHOMWISHAMI
sinx~x fgx~x arcsinx-~x arctgx~ x
Hokazaty, uto ecan a ~a' u f ~ p', 10 af ~ a'f’,
2 3
are tg—- - aresin = - nr:fg_lf
lim q i 2 - Ore. 2
X—=>00 .
Sin— - tg ——— « sin—— -« arc { =
x B x ;/' Vx B Vs
In(l4-2x — 3 4x7
i s or8, —2.

8 lm % T ow— 7"
Pewerue, Tokakem npemae Bcero, NTo
In(l-4-a)~a npw a—

I
I g +z)_ lu‘n [lﬂll-i—n}“ J =lne=1

Moatouy

i 20— 300 fde 2
i lt_i-(l_—-t_-{*_”\:‘f'?‘\‘) = !ml -

9. siu S i
. ( te 14)

Pewenue. Mosowny

Torza Gymem nmers:

sin - sin [— (2 x+7)]

y=i cos ‘__ [-vy |_ 'Ji[ -
sin ¢

R Ca e ey

!I'm (sfn{:..?. tg :I.“_'I‘:)_ lim

]
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3naunr,

fle+ A =F(x)+ Af (x) == f(x) 4 df () = f () - ' (x) A

B uwactHooTH, Das x =0, naxonum

flaxy=f(0)+4f (0)-8x.

Vaefbi=a l/ l+a—!:=a!($).

MMonaran is Ax, nonyuaem:

ﬂ‘
V@ Fb=af (Ax)=a[f(0)+f (0)-4x].

Ho nmeem

Tak wak fO)=1 u f (0):%. TO BHIBODHM OKOHUYATEALIO

=t b b
Vafi=ea (1-,--§éx)=a ([_|_-2—u—=) ..—_;z_|_§5.
TMpumep 3. Haliru npetamsenno ofibeM cepuueckoro cio, nMeiomero BRe-
unit auwamerp 10 car, a TOMHRY T M.
1
Pewenne. O6uwem V' mapa muametpa x ects V= 5 x?, Slewo, wro moswsi

ofbenm cepuIeCcHOro CAOA ecTh PasHocTs AV Memay oObeMmasmi Apyx WApos C ANd-

smerpom 10 e u 9 g G COOTBETCTBEHIO. B ueasx moayuenus jnus npuGaniei-

uoro suavenna AV mul orpanuunsaemca seiwicaednem AV, Hueem:

rW':é nx*dx, néo —V: -
2 e

Hogcraenan x =10 0 dx—=— é—, Mbl noaydaesm V= 19,63 ea?, npenefpe-

a5l 3HaKoM, o603HAYAOILMM TOALKD TO, uTo V° yGeisaer npu yOrsain x, Toguad
Me BeaMuHHa ecTh AV =104 cu®. 3amertnth, 4TO npubaiskeline foageTcR 0Yuelb
;‘-Epﬂll;l:)n;. KOrfAad dx ecTh OMHOCIHMERSHO MaA0€, T. €. MaJoe N0 OTHOWEHHO K
Mpusmep 4. Bruncauts tg 46° npuGIKEHHO, Hoab3ayach Audiheperunanon npi
STOM jaeTch, wto tgp45°=1, sc 45°=71"2 n 19=0,01745 panuana.
Pewenue. Tlycte y=tg.x. Hueem dy=—sc*x-dx. Horma x nepexomit 8
X-dx, y nepexonntT APUGAHSNTENLHO B y=dy. lloacrasann p BepaMENHE:

dy=sc® x-dx
HICACHHBIE aHaqyenny x— e (coormeTcTBenno 45°) . dx=0,0175, HaxoLuM
dy=0,0350. 1 1ak kak y=1g45° =1, 10 y-dy=10350= tg46° npuGauan-
TEALHO. O18. Yernipexsuaunsie Tadauubt nalot: tg 46° = 1,035

§ 126. Manbe owndku. Bropoe npumenenne mudiepentiaos
VPOHCXOAUT TOrja, KOrJa YCTAHABIMBAIOT B BHIMHCJAEHHAX HaMHIHE
MaJLIX OGO, 5

1
- Juak = ofoanavaer npusmxennoe snauenne. Ecan A® ects npHénEKeioe
Suauenue seanyiin 4, numes A* == A.
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Mpuvep 1. Tluamerp wpyra Hafines npaMbiM_HsMepeduen, pasusim 5,2 ca,
npiueM MakciuManbHan ownoka we gocturaer 0,05 ear. Halitn npuGanantessuo
MAKCHMANBUYIO OWHOGKY B OHEHHE NACIAAH, BRMHCIAEMOH no gopMmyae

A= T;' nxt (x — muamerp)

Peuwenue, flcno, uto moynan Beanuuna MakcuMansHoll omnbkn ects AA, worpa
& mepexcuut ot 5,2 e k 5,25 cm. [puGanmenuan we peanduua MakciMaasioli
OWHOKI ECTh COOTBETCTBYIOWAN BediuiHa audipepenyuana dA.

O1rciona

A= mxde=-5 X 52X 005 =041 cat

Otnocnrennbuasts u npouenHtTHas owun6xn. Ecam da
€CTh OIHOKA B OUEHKE 4, TOTAa OTHOLIEHHS:
du
o ——Oomurocumensiasn omnoKa,

i,
100- 5% = npoyenmuan owudka.

Ornocnrensian omubka mMoxer GbThH HailfieHa TPAMO JorapHdms-
ueckum audidepenunpopannen.
Mpamep 2. Hailtu orHocuTeabuyio W MPOLEHTHYI) OWIMGKH B MpenLAYULEM
npHMepe.
Pewenne. Bags narypanpuutii sorapudne or oenx uacreil papencroa
1 1
.4._? =Xt
nMeeM:

Ind=In % + 2 Inx.
Dudipepenunpyn, nmeen:

1dA_2 | dA_ 2
Adx  x 7 e
Moncrapans x=5.2, dx— 0,05, Ml HAXOAHM:
oTiocHTeALNaR ownbka B ouenke A=0,0192;
92

nponcuTiag omubka B onenke A=1 100 Yge

OQumbKH B BRIYHCIEHHH 316CH paccMaTpPHBAlOTCH, KaK NMPOHCKOJS-
HHe 0T MaJLIX OnO0K B JaWAbLX, HA KOTOPBIX OCHOBAHO BHIMHCIC-
HHE. TaI{OBb]C e MoryT C.l'ly‘-l}lTbCH 0T HENOCTaTOHHOH TOMHOCTH
HIMEPEHHIL HANH OT J],IJ_VI'HX TIPHYHH.

§ 127. dopmyast nan naxowmuenua Luddepenuuanos thyHKURH,
Tax xax pudepentunan (Gynxuuy paseH NPONSBEACHHIO €€ NPOH3BOIL-
Hoit Ha audiepeniuas HesapHCHMOro MEPEeMEHHOro, TO OTCI0Aa NpAMO
caeyer, 4TO Gopmyas mas maxoxienns aupdepenuuanos Gyuyr re
#e, 4TO H Cllopn:y.r;u, COyMaLIHE VA HaXOIeHH NPOH3BOLHBIX,

10 fadibepentmaasioe wenncnenne
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paupwie B § 62 m 95, ecanm KAMCAYIO H3 HHX YMHOXHTE Ha dx. Ta-
KiiM 0DpagoM HMECM:

1 d(g=0. X dhe=2Y.
I dix)=dx. i ¥
M d@+v— w)=dn+ do— dw. X1 d(a”)=a"In adv.
W d(cv)= cdu. XI1* d (e¥)= e du.
V  d(uv)=ndv - vdit. Xl d(u®)=vu®"" du o u-u® do.
VI d@"=nv""dv. KU o (sin v) = cos v-duv.
VI* d (2" = x""dx. XIV  d(cos v)= — sin v-du.
u\ __ vdn—ndy XV ditgvy=s¢*vedon 7. 4
VI d ('F)-—'_E,z 4 - =t o
= 7 XVII a(arcsinv)= '[’1:‘ H T
1 —
vii® d (T) =2,

Tepuun «andQeperiposanies, TakuM 06pasoM, BIIIOYAET B Cebf
oteickanne auddepennnanos.

OnHako, npH OTHICKNBaHHK AH(QQEpEHIHANOB NPOLIE BCEro HAXO-
JWTh TPON3ROAHYI0 OOBIMHBIM CrocoGOM 1 3aTeM TOJyYHBIIHICH
pE3yabTaT YMHOMHTE Ha d.x.

Mpumep 1. Halitu andupepenunan or

o x==3
-—;._i':i_—;s.
Pewente,
- 243\ _ (3 dx43) — (xR d (43
w=d(r5)= W IF =
(- Ydx— (x4 B)-2xdx (3 —6x — xF)dx
= " F 3¢ =TT

MNpamep 2. Hailtn dyp na
i > b — atyt=a®h’

Pewenue, Wi — datydy =10,
oTiyaa
x
dy: QTJ' dx.

NMpumep 3. Hafitn dp w3
*—aq" cos 20,

0

Pewenue,
2edp =— a* sin 20.240,
oTRYRA .
bl
G a sin 20 .

Ipumep 4. Hajitn d arc sin (3¢ — 4),

Pewenue, 1

d arc sin ;33—413J=—fi-(¥_4ﬂ =t S

Vi—@i—acp Vi—ep—arp

§ 128. Jinpdpepenuuan ayri 8 NpSMOYroAbHAIX eKapTOBBIX KOOp-
Aunarax. [lycrs s aamna ayrn AM, HIMEPEHHAA OT HENMOABHMHOI
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Toukn A na xpueoi. OOoanaunm mpupaulenwe AYrH §, T. €. JAyry
MM’ uepea As. Humecnenyiomiee [nokasaTeqbCTBO OCHOBBIBAETCA Ha
YTBEPHACHHH, 4TO, Korga M’ npubimkaerca k M,

Xopna MM') —1

lim ayra MM

Mz uepr. 137 sacHo, uto
(xopaa MM')*=(Ax)* - (Ay).

Vupomus 1 pasaenus va (Ax)' nesylo yacth W geas obe wacTi
Ha (Ax)', MBI TOTy4aem:

xopaa MM As Ay\?
( a5 ) (..'u:) =Ll
[Mycrs Teneps M’ npn- v
omuaercs k M xak k npe-
jeay; torga Ax—0 H Mol
HMeen

ds ’_l | dy)
dx): = " l\d=z)
Ymnoxan obe yactTn Ha
dX*, MBI HaXOLHM
ds* =dx'4-dy*. (1)
Ecan mnl Teneps nspne-
YEM  KBAAPATHBIL  KOpEHb
13 odenx uacrell 3TOro pa-
BEHCTBA U YMHOMHM { DA3/IEMHM TPABYIO YacTh HA dX, TO NOJYUHM:

: s = ]/1-{ (’f)’) vdx. (2)

Yepr, 137

Anazornunun npeoGpasopanien papenctsa (1) Mbt Hmeen:

ds = ]/(“") 1. dy. )

Bee o dopmyast (1), (2) u (3) ouens nosesnsl.

Ianee, Tak Kak ‘%’1':1:5'1' TO

1—{—(“.‘) =1--tg* r=sc'x, .

Mostomy opmyna (2) maM Aaer, npH TONOMHTENLHOM 3Hake
KBAJIPATHOTO KOPHS, PaBEHCTBO ds=sct-dx. OTCIONd Mbl JelKO Bbi-
BOAHM BaXKHbIE (JOpMYy VB

d
Z=cost, ZL=sinx (4)

d
[mﬁ di :{ i::tgt-wsr_—.slnr].

10* T
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Tpymny dopuya (1), (2), (3) # (4) JCrKO SanOMHHTH, HGO OHH'
TPeICTABMMOT CODOH HE HTO MHOE, KAK COOTHOLIEHHA B (hHKTHBHOM
npAMOYTOABHOM TpeyroakHuKe’ (uepr. 138) c rumotemysoit ds, warte-
Tamu dx 1 dy W YIJIOM T, TIPOTHBOMEKAMMUM KateTy dy. Jlia stord
NpPAMOYTO/IBHOTO TPEYTO/BHHKA HMeen ds' = d.x' |- dy® u cooTHOWmeHHA

dx e b
cosST= r— H SiT="r.

ds
Y
g5y
5 dx 2 d A
y
B

VAl - X 3 P .
9 o

Yepr. 138 Yepr. 139

§ 129. Mudpepenuuan Ayry B NOAAPHLIX KOOPAHHATaxX. H3 coor-
HOLIEHHH x=pcnsﬁ H y=psin 0 mexay NpAMOYTOJLHEIMH H HOAAP-
HBIMH l(oopnmia'ranm TOYKH, MBI HOJYYaeM:

dx=cosl.dp—psinl-al u dy=sinf-dp-|-pcosh.dl.

MMozctaBnas 3TH Buipaxenus B dopmyay (1) u usBnexas wsaj-
paTHuI KOpeHb, MEl TIOJYYaeM Pe3y/abTaT:

ds =V dp* - p*dbs. )
Sm MOM(HO HAaIMCaTh TAaKME B BHAEC
d F)
ds= Y ¢+ (%) . (6)

- Jdasa maMATH: B (UKTHBHOM NPAMOYTOJLHOM TPEYroJhHHKE
(uepr. 139) c runoTtenysoii ds, kateramMu dp u pdll, a Taxke yriaom
¢ mexcay KaTeToM dp M THIOTEHY3ofl ds, MBI HMeeM OYeBHIHBE Co-
OTHOILIEHISA: '
—e d| d
= 2 2 ine e L '_,,f_’
ds =V dp - o"d?* u Pl==pp=_r 1AL pi—ig
Mpumep 1. Haltry andpepemuian okpysmuocTn x* 4 y* =",
e s T X
Pewenue, Inddepenunpyem: P
3 Mni! nasnipaes atoT TPeYroabHiK l'eflIJiIKTIINlH.\I» MOTOMY, MTO TO, 4TO 140 Ha
HepT. i38, B CYILHOCTH, HE HBAACTCA 3THM MPAMOYTOALHLIM TPeYroAbHNKOM; BEpPTH-
kaasubl gaver, cobctmenio, papent Ay, a ne dy, a rUMNOTEHY3a KpuBOAWHEiHA.
UJI.HBKD, nperleﬁperau GECKOHEYHD MaabIMH BRICINHX MOPHAKOR, Mbl MOMEM KDHBOAN-
neitusii npaMoyroabust TPEYroabHIK, HAOOPAKEUHNIT 1A YepTeke, CUNTATL 32 Mpd-
MOYroAbHBIE, TOrAd €ro SAeMeHThl, T, € CTOPOHLI H Yrilbl, TOMASCTBEHIH C
HICMEHTaMH QIII[{TIIBEIOI'O TPeYIroabHnKd,
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Yrom nafiTh d5 BupamennniM vepea dx, mul noasayemca Gopuyach (2),
AatomLe:

s Xy T e
dxr— 1/1-{—;,-(1’.\:‘_.. -—y-,-—-ﬂ'x— ]/F-dx—?ﬁ,.

NMpumep 2. Hailitn  puddepennnan  ayrn wnksonas  x=a (0 — sin 0,
y—a(l —cosl), supamennni yepes 0 n dl

Pewenne. Indipepennnpyems: dx —a (1 — cos 0) df, dy = a sin 0 d9. [Toncrasana
B (1), naxopum: :

ds? = a*(] — cos 0) d0® L a® sin® 040° =2a® (1 — cos 0) 407,
] [}
Tax xax 1 —cos0=2sin® w1 ds = 2a sin -E-dﬂ.

Mpamep 3. Haiimn audipepenunan gyri kapanouast p =a (1 — cos ), smpamen-
nmii yepea U,

Pewenue, Nudpepenunpyen: i—nzasin 0. Moactanoska & (6) naer:

ds=7V a* (Il —cos O Fa*sin®0-df —a V2 —2cosh.dl =
0 : 0
=a ]/4 sin® - dl=2a sin -2—u'0.

§ 130. CropoCTh KPUBOIUHEHNOTO ABHMKEHHA KAK GbICTPOTA M3~
menenusa ayru. Mayuan xpusoauneiinoe apwienne B § 112, mnl na-

HITH, YTO €ro CKOPOCTh © JAETCH YDdBHEHHEM ‘Z-"-—-—t';—}—‘l};, rue -vxz':—‘:
4y

" wJ'_Et_ . nOJ‘.lCTaEJ’IﬂH B HEro 3TH BhIPAXKEHHT IJIS 'ﬂx H 'Uy, MEI
HaX0AHM:

:__ fdx ’+ dy ’__{dx)’+(_r!L)'__(rfxl‘+(fU}‘__{d-ﬂ’__ ds\*

L=\ d ) AN Y S R S T s

Hapjekan KBaAPaTHEIL KODEHb C TIOJNOMCHTEJBHLIM 3HAKOM, UMEeM:

ds
V= it

Caosecno:

8 KPUSOANRENHOM OBUNCEHUN CKOPOCHIL OBUIICEHUS MOUKE ecmb Obl-
CIMpoma u3MeHenus 80 spement dAuns dy2u mpaexmopud.

310 npe;ulo:}cerme Broaue COT-FIECYETCH C OnpeaeseHHeM CKOPOCTH
TIPAMONMHEIHOTO ABMMEHHA Kak OBLICTPOTHl M3MEHEHMH PACCTOAHHA BO
Bpement (cm. § 85).

§ 131. Hensmennocthb opmyast Las guddeperunana Qyuxumm.

Bud giopmyas, daowui dugeperyuan @yHKGUL, HE UIMEHREMC
Hnpit smﬁape HOBOZO HE3AAUCUMOZ20 NepeMernozo.

[lycts mam java (yHKIMA ¥ OT HE3ABHCHMOrO NMEPEMEHHOTO X
y=1(x) (1)

Torpa dopuyna middepenunana dy aToit Hynxuun ecrts
dy=j"(x)-dx, (2)
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rae dx ecth anddepeniuan HesaBHCHMOro NEPEMERHOra, T. €. NP OoHa-

BOJbHAH BEJHYHHAE.
Tlycrs Teneps Mel HA4aji CYNTATh 83 MCTHHHOE HE3ABHCHMOR Tie-

pemerHoe He GykBy X, a OYKBY f, TaK HTO X, NEPECTAR OHITh He3d-
BHCHMBIM nepcmeII}lth, npeBpaTHiacs B (l.lyHKLLI-I[CI TIepeEMeHHOro t:
x=g(r). (3)
B sTHX YCAOBHAX Y TAIOKE CTaHET (hyuxiiueli Hosoro wHeaaBHCH-
MOro MEPEVMEHHOTO & 1O 3aKOHY YHKIHA OT (DYHKUHHD:
y=f(x), x=u(t). 7. &. y=F [0 (¥)]- (4)
Huddepeninan dy QYHKIHIL V), 854UCACHHOIL PR HOBOM He3asl-
CHMOAT NEPEMERHOM i, jaercd, oueBHAHO, opmyoii

dy={f[g(e)]} dt. (5)
MosKHo TIOAYMATh, HTO Mbl TOJYHIIH COBCEM JDyroe BhpameHie

ann andepesmmana dy. Ho Ha camom nene, Ha oCHoBaHmi TeopeMl
0 npoH3ROAHON (QYHKIHH OT DYHKIIH MBI HMEeM: :

{(fle@y =1 @] ¢ O=F (x)¢(f). (6)
3uauuT, PABEHCTBO (5) MEPENHIIETCH B BHAE:
dy=J’(x)-¢' () dt. (5%)

Ho tax kax ppipaenne ¢ (£)df ects He uto minoe, wawx mndde-
peHuman gynxgua X, x=1¢(f), n6o dx=g' (f)dt, o papencrso (5*)
NEpemHIIETCsA, B CBOIO O4EPEAb, B BHAE:

dy=7F"(x)dx (5+%)

1 TAKHM 0GPazoM Mbl CHOBA BOBBPAaTHJNCE K ToMy Buay (2) mudide-
penuHana, KOTophl ObLI HAaMil HANHCAaH B TPEANOJIOIKEHHH, YTO Te-
peMEHHOE X ABJACTCA HCTHHHBIM HE3aBHCHMBIM NEPEMEHHBIM.
Tagkuy 06pasoM MBI NDHXOAAM X UPESBBIYAIHO BakHOMY CBOf-
crBy andpepenunana, BEPaKaOUIEMY C CIOBECHO CJIe Y IOIHA 0OpasoM:
gopatyaa dudighepenguaia

dy=f" (u)-du

cnpagedausa 60 6CeX CAYHAAXI KaK B TOM CJAYyudae, Koz0d i eciib
HESABUCUMOE NEPEMERFOE, TAK W B TOM CJaydae, rozda it ecms
dyHKyuR OpYe0R0 HE3ABUCUMO20 NePeNeHH020; 8 Mo nocaednes
cayuae nod mnoxcumeqen du #ado noxastams ougdepennaan gyni-
yau i.

B a70M cMBIcae yacTo HaskBalor muddepenunan dy = f(x) dx dyme-
IHH Y WASApUAHMOM TMPeoOpasoBaHMA HE3aBHCHMOTO IepPeMEHHOr,
u6o Boipaxcenne j (.x) dx scerpa apasierca audepeniuanon Qymkuimg
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f(x) npu awbetx yeacsusx, T. €. GYAET JH X NEPEMEHHEIM HE3ABHCH-
MbIM HJH [IE€DEMEHHbIM 3aBHCHMBIM OT KaKoro-HHOYAL APYTOro, yiKe
HCTHHHOIO, HE3aBHCHMOrO TepeMeHHoTro.

CosceM uHO® J€J0 NpejcTaBAseT codod ue audipepenunan dy
(yuxunn, a npoussodnasn ¥’ dynkunn. Moo, xorga x caymur nesa-
BHCHMEIM NEPEMEHHEIM, TOT1a POH3BOAHAA (\yHKiuA ¥ (X) pasHa ¥’ (x).
Ho korma x mepecraer yiKe COyHTh HE3aBHCHMBIM HEPEMEHHEIM, a
ABMACTCA camo (ymiHed xakoro-nHiy b He3ABHCHMOrO NEPeMENHOro £,
TO TOPZa TIPOM3BOAHAA OT ¥ (X) YIKE CTAHOBHTCA DPABHON mNpoH3BEZE-
nno 3 (v)-x’. [losroMy, roBops © NPOM3BOAHON, HHKOIJA HE JHILHE
YKasblBaTh, 0 KAKOMy HMEHHO HE3aBUCHMOMY INEpeMeHHOMY GepyT
NpousBoAHyw0. Jasg anddepesHunana e Takoe yKadanue
He HyHno, H60 OHO HBJIHIIHE,

Caenaey npuveHeHie 3TOro LeHHOro AIA aHamH3a CBoiicTea Aud-
(repennuanon,

[Mycrs y ecth qiyHKnug HEAABHCHMOrO HEPEMEHHOr0 X

y=f(x).
T(JF,El‘d ]!pUlIZ:lBU,‘HIa!l oT _P o X HANHUWETCH B BHA2 OTHOLUICHHS:

dy
de’

[Tycrs B HexoTOpLiT MOMEHT PACCYXUEHHA MBI YBUAEMH, YTG I
Gyisa ¥, 1 Gykpa X 3aBucAT 00€ OT HEKOTOPOI'O HCTHHHOID He3a-
BHCHMOTO mepemennoro f, Tak uto myeem y=—wo(f) u x=w(t), npu
COXPAHEHTN 00HaKO NPedcHeso coomuouenus Y = f(.x) areawdy GyKoa-
Mie X @y, 3uaunr, nmeem Toxncaectso O(f) = f e ()]

B sr1om coyuae, korjza TepeXOmAT OT CTAPOro HE3BHCHMOTO nie-
PEMEHHOIO X K HOBOMY HE3aBHCHMOMY mnepevenHomy f, oTHOlle-
HUE :;E , Betpaicasuiee up cMaposr HeSasUCHAION HepeMennoNr X, npo-
u3e00KYI0 oM Y ng X, TENeps NPHOCPETAET BHIL:

dp() Y dt v )

dp(0)  F@dtT ¥ ”

Ho, B cuay teopenst o guddepenunposamnn Qynkuun ot Gyuxkinm,
wu uyeen: ¢ () ={flp(O)]) = 2 (@))% () =F (x)-¢ ().
3uaunT, NpeApyIce OTHOMIEHNE PABHO
Y S p
st e
Taxum obpasoM, omrouenue dugeperluanos g‘;—;, suipazcasuies
NI CMAPOM He3aBUCHMOM nepeMentor X npoussoduyio f'(x) om
Y 1o x, rpodoasicaem Guime pasibizm MO NPOUILOOHOI NPU BCAKOM
dpyeoar He3aBUCHMOM NEpeMERHOM.
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B uactnocth, ?- of603HayaeT NPOH3BOAHYI obpaTHOR dyHKIHK

ansi f(x), T. €. TMPOH3BOAHYIO OTHOCHTE/ILHO ¥ yHKuHH Xx=F(y),
KOTOPY10 MBI NIOJIY4HM, PELIMB OTHOCHTEJBHO TEPEMEHHOR X ypasHe-

HHE
: y=Jlx).

§ 132, AndydepeHunHalpl BRICUIHX TIOPSAKOB. Tai kax nudiepen-
uma (yHKwHH BOOGWIE €CTh TAKNKE (YHKUHA HE3ABHCHMOrO NepEMe-
Horo, Mbl MM Ougigieperyuposams ee dugghepenyuan, Paccmorpi

0
thyHKILHK N —Fiis

d (dy) nasLIBaeTCA 6MOPLIAM dugigheperyuaiosr or y (nm ot Qysxwm)
¥ 0b03HAYAETCA CHMBOJOM

TMoso6HbIM Ji¢e oOpasom, mpemui Ougdepernynan or y, d[d(dy)
numercs Tak: diy B T. L. 10 n-ro auQdepesunana or g

dy.

Tak kak dx, 7. e. audiepennnan HeaaBHCHMOTO TIEPEMEHHOrO, He
sasucum ot x, TO EHQGEPEHIUPYA dx N0 X, HYIKHO paccMaTpHBATH
dx Kax KOMIYECTBO nOCMOAHHOe'. 3Hag 3TO, MBI HPIHAEM Kk BECHMA
NPOCTBIM COOTHOMIEHHAM MENCAY nocaedosamenbisinin dugidepenyu-
aqami U nocaedosameaptsiarn nponssodneia, Tarcum obpasom

dy—=f"(x)dx
H

d'y = f"(x) dx*, (1)
HGD dx pacCMATPHBAETCA Kak TNOCTOsHHOE ®.
Tak e
a’y = f" (x}dx’ (2)
H BooOwe
dny — f{"} (".) dxn, {3]

Paanenan ofe YaCTH KaXKAOro BBIDAXCEHNS lla cremeHs dx, CTof-
HIYIO BO BTOPOil 4acTH, moJy4aeM OOhIKHOBCHHOE 0G03HaveHHe TIpOH3-

BOJIHBIX:
L N s d*y
o4 = f*(x), aﬁ_f )iy e = (") (x).

3amernM, uTo, B oTanune oT GopMyan pas nepeoro
auddepennnana dy, amn gopyyas  we coxpanmiom

! Moo, kak GBbI0 CHA3ANO BRIUE, dX e 3ABHCHT OT X, H, BHAYUT, OTHOCHTEAL-
HO X 9T0 CCTh BEANNHHA HOCTHOAHHAA.

® Sxech dxd, Kag o ioke dxY, .., dx®, ofosnavaer COOTBETCTAVIOULYIO CTe-
Rens dx, 7. € (def, (dxP, .., (dx)% a ne muddepenuman crenmcuu x, T, e ne
d (%) W, COOTHETCTHENNO, He & (X7), .., d (") B
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cooezo ouda, ecalw 8 HUX BMECMO X ggecmu HeKoTopyio  diyHi-
U0 oT i:

x=uw(t).

B camom gmene, ecan y— f(x) u x=u(f), T. e. Teneps HCTHHHBIN
HE33BUCHMEIM [EPEMEHHEIM siBseTCA £, T0 dx B Qopmyae dy = f' (x}dx
yie He GyaeT mocToAHHEIM, a GYAEr 3aBHCeTh OT ¢ mo QopayJe:

dx =’ () dt.

TMosromy, npn naxoxpuennn aupdepenunana or dy, 7. e, d'y, Mol
JOJDCHEL BOCNOML20BaTECA (opmyol aas auddepesnnana npousseie-
HHA AByX Qynkmml ' (x) u dy. Takum 00pasoN IOy dHM: ;

Py —=d[f (x)-dx] = d[f ()]-dx 4 f' (x)-d(dx)=
= (x)dx-dx -} f' (x)-d'x = f"(x) dx* L ' (x) d*x. (4)

Judpdpepenmupyn emnie pas B sameuas, UTO He Todbko d.x, HO I
d*x =" ({) di* nsaaerca Qynxnuei ¢, nafizen:

dy=d[f"(x)ds* 4 f (x)dx’| =d[ [ (x) dX’| 4-d[ ' (x) d*x] =
=d[f(x)]-dx* - f* (x) - d (dx*) -d[f (x))-dx - [ (x)-d (dox) =
=" (x)dx-dx* 4 f" (x)-2dx-d*x - [ (x) dx-dx - f (x)-dx=
=" (x) dx’-}- 3f" (x) dx-d*x - f' (x) d°x. (5)

Auanornuno moxcio moayunts dopuyast u maa maddepennmason
YETBEPTOro, MATOFO M T. J. NOPALKOB CJOMHBIX (yHIIHI.

dopuysa (4) noxasHBaeT, YTO MENLY BEIDANMEHHEM dy NEpBOro
madidepenunana 1 BuipaNcenueM sroporo middepenunana d'y ectsb oz-
poxras pasnuia:

neposii andepenunan dy THINETCA BCEria OJHHAKOEO B BHIE:

dy=Ff'(x)dx,

Geapasanuno or Toro, Gyzer Ju OykBa X MCTHHHBIM HE3aBHCHMBIN
I[&pCME’.HIIbIM. HJIH OKaXKetTca d}}'}!KﬂH(‘.k KaKoro-nubo }lpyI'CIFO HCTHH-
HOTO HE3IaBHCHMOr0 NepeMeHtoro f;

smgpori site puddepennnan d'y NMHIETCA HEOAMHAKOBO B yKasau-
HEIX ODOHX CHyqasix.
Kozda x ecmy ucmunnoe He3QBUCHAIOE nepesernoe, Torja

by =1"(x)-(dx)’

HO K020 X ecnb yHIKYUA OM HEKOMOpPOZ0 OPY2020, Yoice UCMUHNOZO,
Hesasucuaoeo nepesernozo t, rorja mo (4)

dy = f" (%) (dx) +J (%) -dix.
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NPHMEPBI
1. Haiitn tpetnii puddepenan o1 y=xf —2x 4 3x — 5,

Pewenne,
dy=(5x* — 6x* - 3) dx,
dty —=(20x° — 12x) dx’,
dix = (60x® — 12) dx’,

Mpuueuanne OUesuinO, 970 — TPEThll MPOUIBOANAT yHKUHE, YMHOKEH-
nan ua kyo anddepeninaa HEIADHCIMOTD NEPEMEIIIOro, Paaneann na (dx), noay-
uaeM TPEeTLIO NMPOH3IROAHYID:

{5 o
TA= 60x® — 12,
2. Hafitit mudiepesmas BTOPOro NOPAILA OT y=sinl, u= Ve
Peuterie,
dy=-cos u du,
d*y—— sin du® +cos i dn,

rie u= 7% nostoMy, GcAH HYMHO MOAYUTH PE3IYIALTAT B BHIE HENOCPEACTHEH-
noit diymEwm x, NaRACIKNT NOACHIITE:

dx, du=—— il i

1
2Vx V' x

u=Vyrx, di=

nocie Hero nosyumM:

Py =— s ]l.% (Vxsin V' x+cos V&) dxs.
FALAUH
Haiitn mul:d]epenuuénm caeayonns diynsnmii
L py=ax’ — bx* f-cx 4 d. Or1B. dy—=(dax® — 2bx o) ix.
B 2 a
2 y=24% — 83 L6540 dy=(5x — 255 — 6%~ dx.
 y=la® — X7, y=— 10x(a* — Xt dx.
4 y=V1+x. dy=—"__ dx
5. 2 I TFEL—’:’)fl
Y= W= e
6. y=InVI—x dy =-_;fi—xl.
T y=(* 4. dy=2(* — =) dx.
8 y=¢e*Inx ‘ dy=¢e* Inx+‘% dx.
TRl e f';i:’\’,m
dtret : e e!
10, p= —=Liug
P fjgv—}— SEC 9. doi= e
1L r=g1g' 0+ 1gh, dr=sec® i df.
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12. f{x)=(In X Jr.(x}dxza{inx)‘dx'
i 2
13, :p(t}:.-.{.—;_ o= a‘ts.
A= (A —ejr
Inxd
16d [xtnx+; n(l —x) =H'

15, d [arc tpg In_‘.']:m_ 7
16, d [-FEE:'F— —_ -,"— Intg 3 =gt
sin' g

2sinf e

Jlag wamnol M3 CACTYIONUIE KPUBHX naliTi awddepeniuan Ay, a TaRHe Ko-
X.

CHHYC § CHitYC yrad KacaTeabHoii ¢ otk O
17, y* =2px (napadona),

Orp, ds=—— ]‘Fp’—f—y‘ dx;

COST —

V_u‘
18, x% - 7 =125 (OKpPYIKHOCTE),
Oyp et =
¥
L \= i
19, x % J-pd=qg=,
s oY it 8 0N
OrB, de—a®x ?*dx cost=a *x", sint——«

20, x4 a®y* =a®h? (sanunc).

a
Ll Vat b
T Vat—mit Vat — mext
xl -1.5 b 3
21 S 1 (runepGoaa).
O18. ds-.—.-:;— de, rtae m=7V1 a*b%
3
cosT= -—Vx_..... sin 1=—L—..—_ =
],fmlx: == EI ]fmnxa —at
22, y=ax* (xyGuueckas napaGona). i
0718 ds=V 11 0a*x*dx; cosim———:
ic VIiF0a2et'
sin 5= Bax
T YT 9atxA
23, y'=uax? (nm) KyGnqeckan napaﬁma}.
=+ 2
(9] ;9 n‘s—u— Eﬁdx, COST—=
2 ¥ 44 Yax
dax?

—'_}']/4 -{_-G.
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24, x=a(t — sinf), y=a(l — cos?) (mikionna).

S £
Or8. ds=2a sin 5 df; cosT=Ssil—,  sinT=c055.
25, x=acos?0, y—asin® 0 (rumouns0NIa).
018, ds=3asinfcosl dl; cost=—cos0, sinrt=sin,
26, x—a(kcost — cos ki), y=a(k sin £ — sin kf) (anuuuKnonaa), o
— k41
Org. ds=2ka sin(f-#df: €05 T =1C0S 'j; £ sin 1=siﬂ"i‘ £

Jlna kampol i3 CAENYIONNX KPHBELX, SafauibiX B NOAAPHEIX KOODAWHATAX
p W, Haittu guddepeninian AVTH.

27, p=ap (ApXIMEROBa CHIPAAL). Oors. ds=aV 11 de,
28. p='% (rumepGoanueckas COHpank). dszgg Vl—-i_'?dq,,
29, p—a¥ (rorapHMITecKas cHUpanL). ds=p V' T (Iu af do.
30. p—a sing (OKPYWHOCTE). ds=a dy.
31. p=a(l —cos y) (kapruonaa) ds=2a sin —g- dy.

a
82, p=asec® ;;— (napaGoaa), Pl A

cos® —-

33. Buuncants npubamenHo npnpamenie diynxumni
y=x"—5x+-80

NpH nepexoie NepeMeHHoro x or aHagelns x—=4 i BHAYCHUIO X = 4‘001_ Cmn“““’
npuGAIDKEHHEIT PeayaLTaT ¢ TOUHEIM,

Ors. Ay=0,043. Tounoe amaueune oranyaerca of
NPUGAIKEHHOIO B NATOM NECHTHYHOM SHAKE.

34. 3uan, uro lg,, 200=2,30103, naiitu 1g,, 200,4. Cpasunts nonydenmsii peayis-
TAT C AaHHBIMH TaGAMIbL i
35, OfpACHNTL NPONCKOMICHNE YacTO NpHMenAwmieiica B Texmuge npuGamKento

opMyas 5
v a+ b=~a+ o,

rhe | b| ects 4HCAD Madoe cpaBHMTEnBHO € [a].
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§ 133. Kpusussa, B § 90 paccmarpuasoch Hanpasienue usruGa
kpusofi. ®opma e KPHBONW B TO4YKE (€€ ¢BAIOCTHY HIH €€
SUCKPUBACHHOCTD») 3ABHCHT OT OWCmpomsl NIMEHEHUR HANPAOAeHUs.
Sr1a GLICTPOTA HA3LIBAETCH KpPUEU3HON 8 mokxe u ofosuHauaetcs Gyi-
soit /(. Ham mymHO HaliTH MaTemMaTHYECKOe BhipayenHe ana K

Ha uepr. 140 M’ ects sropas Touxa Ha kpusoil, Gauskas k M.
Korma Touka NPHKOCHOBEHHA KacaTeJbHOH omcwiBaer ayry M
(=As), xacaTeabHas TNOBOPAYHBAETCA HA yroa Az, BTO O03HA4aer,
yrp At ecTh HIMEHGHME HanpasieHus Kacatenbnoil, Ectectsento
JIATH CACLYIOUIHE ONPEAeIeHU: y

%:cpeaum rpususna dyen MM,

Kpupusna (=K) B touxe M ecTb TNPEAen CpPeiHel KPHBHSHLL,
xorma A Gearpaununo npuGmmkaerca K M, T. e.
Z P ) dz
K= lim ' - —=-— —=xpusuaua 8 M.
As=+ 0 as ds p
vy

Yepr, 140 Yepr. 141

HMueivMi CJI0BAMH, KPHBH3HA ECTh OLICMPOMA UIMEHEHUS HaKA0Ha
Kpusoii omuocumeasno ee dveu (cm. § 84).

Tar xai yroa At USMEPAETCA B pajHaHax, a AaHHa JIyTH B ElH-
HHIIe JHHEL, TO OTCIDAA CJIEAYET, YTO eduHUUQ KPUou 3t 6 MotKe
ecmy paduan Ha eUHUyY daunbt.
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§ 134. Kpusuana oxpy:HocTH. Teopesa. Kpususua oxpyackocmi
8 kaxoi-yuOyds ee mowke pasHa 00pamuod seauvune ee paduyca
u, adaqsum, ecme 0&}:‘{1 o ma e B0 Bcex ee MoUKax.

HNoxasateabctso. Ha uepr. 141 yron Ac mexny xacatesns-
HEIMH B Toukax /M m M paBen ueHTpatbHOMY yray MCM wmeway
paanycamu CM n CM.

[osToMmy: A
Av _ yray MCM' R b
A b T

ubo yron MCM' nasepsemes 8 paduarax.

Suaunr, cpeaHas kpusuaHa myru MM oxpysHOCTH ecTh BenH-
ynia nocrosuHan [lonaras As—- 0, Mbl HMeen Teopemy JHoxa-
3aHHOIT.

C ToYKH SPEHHA KPHBH3HBI, OKDYIKHOCTH €CThb NPOCTEiias W3 BCeX
KpHBEIX, HOO OHa M3rNOAETCA PAaBHOMEPHO. fICHO, 4TO KPHBEMAHA Tpi-
MOIi JIMHHM BE3JE paBHa HYJI0. t -

§ 135. Kpupuaua B IpAMOYIOJAbHEIX KOOpLuHaTax. Teopesa.
Ecau Kpueas dana ypaaHeHieM 8 HPAMOYEOAbHBX KOO[}&HH.‘JH!QK, mo

o

!(: 2 2’ (]J
14y
20e y' u y" cyms nepsas n sMOpas NPonssoduse opdutamel Y Kpi-
801 NO alcyucce X.
HokasateancTBO. Tak Kak ==arc tg y', rae y'=%‘%. T,
mudepenuupyn, HMeeM:
dt i

dx TJ\:JT . (2) (o XIX)

C mpyroil CTOpOHEI, HMEEM:
A,
2

B=U+yI*. @

Hens (2) na (3), nomyuaem uckomyio dopuy.ay (1).
J"upamxeﬂne. Ecan Y eCTb He3aBHCHMOS [EPEMEeHH02, AOKalaTh, 4TO
i
et R
3’ 4
(1+ %) =

FAe x' # ¢ CyTh nepran w BTopan NPONIBOANKIE aGCHNCCH X KPHEOH N0 opamiaTe y.
¢’0p.“yaa (4) noaesna, kaw gopoauuTeALian GopMyAa, B 1eX cAVYAHX, KOrda
Aupdepenunposanne no y npoute, K tomy we, gopuyia (3) nepecraer
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CAYHNTH, KOrna JJ' CTaHOBHTCA GecKOHeYHOCThIO, T. €. TOrA3, KOrga Kacateanuas
B Touke P peprukansna. Toraa uago noassosaThes dopsmyaci (4), rae Teneps
x'=0 un rge, noatomy, K=—x".

Suar kpusuanst K. BpibpaB TONOKHTELHEN 3HAK JUIA 3HaMena-
Tens Qopmyast (3), Ml BiAHM, uTo K H 3" HMEIOT OAHHAKOBHIH 3HAK,
310 o3@auyaer, 4TO KpHBH3HA K TOJOKHMTE/BHA WIH OTPHIATEIbHA
B 3aBHCHMOCTH OT TOrO, HATIPABJEHA JH KpHBafg CBOEW BOI'HYTOCTHIO
BBEDX HJH BHH3.

Mpumep. Halite wpuensuy napaGonkt

yr=dpx
B T104Ke (P, 2p)
Pewenue.
Gy B upd_ 4
Gy @ YAy
Monctasus B (3), nees:
4p?
K= ———;
L‘
(4 +4p9"
ST jaer Kpuswany B am00i mouxe. B touxe (p, 2p)
G 4p* ST PO Ry w1
Y ERR 5 BT R v
(4p* 4-4p*

§ 136. Kpususna B mapameTpuueckoli opme. Ecan kpHsas aa-
JlaHa B NapaMETPHYECKOM BHAE, TO HMEeM:
x=g(t) n y=9()
rre ¢ B O cyTh danusie uam Qyniiuwn napamerpa f. CooGpasuo
C 3TUM MBI TENEPD oboanavaem HITPHXOM ! B3ATHE II]JOHSBDJIHQﬂ
no napamempy t, tak wro x', y, x', 3" 0003HAUAIOT TnEpPBBIE
H BTOpbIE MPOH3BOJHBIE OT KOODAHHATHL X M J N0 mapamerpy L.
¥ dx ; ) X P
==, Yy=—=, X ——3 ==
dt deily dt*? dt
Teneps, dqopayny KPHBHIHEL K B NPAMOYTOJNBHHIX KOOPIHHATAX
yie Heawbad micath B Buae Qopmyasl (1), ubo B Hell WTPHXOM TOraa
o603Havatoch B3ATHE TIPOM3BOAHON NO alcyucce X, a He TO mHapa-
merpy f, kotoporo Torza ewe He 6nuio. [lostomy kpusHsHy sty
ceffuac HAZO HANHCAThL TAK, 4TOObl OBIIO #8HO YKA3aHo, 4TO Andipe-
PeHIUApPOBaHNE TPOMIBOAHTCA BCe BpeMA no Oyxse x. Hrak, bl ne-
penuceiBaeM Tenepb (OPMYay KPHBH3HBL K B BILIE:
dy
a

K= =i (1%

X
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dy  d* . . :
Bripaaum obe nponam:.rmuez-{ H d_y Yepes YeTHPE KOJHYECTEa:

x, ¥y, x"ny.
[Mpexpe Bcero mmeem:

dy
dy @ ¥
de dx X'
dt
3atem :
) 42 prmse
d(&'_) ) Y —yx
A N N T S e YRy
EE%:E(F:E)"&}(.«)— doer Ak =7 =t

d dy
TloacTaBnaa HafJEHHBE BbIPAXKEHHH LA E.{ 1 a% B dopmyay
(1), OKOHUATENBLHO TOMyHAEM:
. y".c’—y'x” "
K= e 6
(=24 y)*

HO Jydlle CHay S —
Sra (opmyna ynaobHa, HO Jy ajia  BLIMHCANTL - M3

 CEe i) y
paBeHCTBa: == mzk(f}, NOTOM BEIMHCIHTL —— U3  DABEHCTBA:

dy__dr()__ K1) alh
B HaKoOHEell, NOACTABHTL HaHJlEHHOE B MY
i de o v O A Gopuyay
kpusHane (17).
Mpumep. Haliti kpuouany UMKAOHALL.
x=aft—sint), y=a(l —cosi)
.

Pewenne,
dx N ; dy 5
g7 =a(l —cos b —gp=asing

d*x da'y
W—aﬂﬂl\ J—acest.
Mogcrasana B dopuyay (5), naiinem:
acost-a(l —cosf)—asinf-asind
[a*(1 — cos #)* 4- a® sin® ¢]°
cost— 1 Tl 1
iy e TR
3 B in.
E*rr-rl——t_‘nsr}J i sin 0]
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§ 137. Kpueusna B NoasipHeIX Koopaunatax. Teopema. Ecau
Kpusas O0ana YPasHeHUeM & NOAAPHBLX KoopouxRamax, mo

14 o
X fP”
@ +e?*
20e ¢’ u p" o0o3Hataiony, COOMBEMCIBEHHO, NEPEYIO K BMOPVIO NpO-
usgodnste om p no 0.
HoxasatensctBo. Orhecsice k § 114 u x wepr. 127, Mm
BugnM, uto t=~H0-1-0, rme 0 ecrs monspueit yroa Touku M (p, 0)

KpuBoii, a U ecTb yrom Mexay paamycom-sektopoM OFP 1 xaca-
TenrHolt B Touxe M. Ilpn sToM Mel 3saeM H3 § 114, uro

) (6)

tgp =2~ n, snaunr, LIJ:aTClg%. s mepeoro papeHCTBa CAEAYET,
4 __ 149 3 ys sroporo
410 Zy =17+ 2 13 BTOD
@,_PIS_FPE
du PF! _i_ E'I *
3naunr,
E=P’+2PJ!"'FL~_ (1}
dl e+t 3

C apyroit croponer H3 § 129 mer umeem:

=i
]

ds — (47 @

Henn papenctso (1) ma (2), umMeeM OKOHYATEJNBHO HYMHYIO HaM
(opayany (6) xpuBH3HLI

NMpumep. Hajfitu spususny sorapudmmueckoli cnupam p= ae"a B moGoli TouKe.
Pewenne.,
t}
‘%’. :mcaa =uap, :T": :a‘aeuu= a’p.

Momnucan o dopyyay (6), nafizew:
Jo = nstlinss
FVI +a*'

§ 138. Papuyc kpusnaubl. [lo aHaJOrHK C OKPYXKHOCTLIO paduye

KpususHst R 8 xaxoii-1100 motke Kpusoil pasex oGpamuoii seanyune
’ 1
wpususne K 6 amoik mouwe, m. e.. R== . Iostomy, na thopaymes

(1) KpHBH3HEL B NPAMOYTOJBHBIX KOOPAHHATAX HAXOMWM:

R (7)
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TNpumep. Haitty panuyc xprsiranst 5 110608 Touke UenHOH JmHun

J’=% (ET-{-?_?)‘

x X x X
e =75, 4 1 & oy
;’3’=%(e"-8 ) a@:ﬁ(e'“re “)‘

[Noactasada B (7), Hueex:

Pewenne.

a_

x e B * < xad
et — u)] (en‘_lr,_e n) x =y
R—[1+( ] ¥ 2 __a\e® +e“) "
S x = T T, 4 e
e_';-l-e-_“ it
2a 2a

§ 139, PeJibCOBBII Iy Th WIH NEpeXoTHbie Kpushie. [Tpn NpoK-anke peancosoro
NyTH He AO3IBOARETCH, BLAGACTDHE BRICOKOH CKOPOCTH NOEaNOB, Peako NepexouTh
ot npasommiefino npotsnyrod koren k ayre kpyra. Jlag TOro uToOhl CAEAATH
uBMEHeH e KPHBN3HLT NOCTENENHEM, HIDKEHEPH YNOTPeGifioT NepexonHble Kpishe,
CRAILAAIONLIE TIPAMOAHHEHIYIO YaCTh KoJen C KPYTOBOH Koneeil. STH KpUBHIE NMEOT
NYARBYI0 KPUBHSIHY B TOUKE CTHIKA C MPAMOAIIEHON Koaeeit w kpusuany Kpunoi
KOAGH B TOYKE COBXMHens ¢ o710l nocaeaweli. Kak nepexonnwe kpupsie Boofiie
yuoTpetaRioT n},‘l‘n kyGuuecknx napaton.

MMpumep. Tlepexonnas Kpisas Ha PeiLCOBOM IYTH MMeeT qopmy myrH kyGime-

croif napaloam y = T x*. C KaKol0 CKOPOCTHIO BATOH HA 3TOM NyTH H3MEHRET CROS

panpasnemie (3a eMMUNLY JUIIHBL TPHEATA MINIA), KOTAa OH NPOXORMT depex
1

(a) Touicy (3, 92 () Touky (2% ? (c) TouRy (L -,—J ?

3
Peutenue,
dy. 4 ay
F il S ~
-
2
Mogcrasans 8 Qopyyy kpuBnanu (1), wmeew: K= IO
: 3
(149"
f
@we @3 K= : - Paauan na M0 — 28' Ha MHa10;
N
(V8] (2, %), K= — pamuai ka Mmoo =3°16" wa Muuo;
(n*
a2

©s (l. _é), K= paman Ha wimo = 40°31" ua mnawo.
@*
§ 140. Kpyr rpususupl, PaccMOTpHM Ha kpuBoil Kakyw0-HHGYAb
Touky M (uepr. 142). Mol MOKEM INOCTPOHTb B KAMAOH TOYKE
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kpuBoil kpyr, HMeomMi Ty e KPUBM3HY, 4TO M KpHBas B 3100l
TOYKE.

3TOT KPYr CTPOMTCA CAEAYIOUIMM 00pasoM: NPOHOAHM HOPManh
K KDHBOW B Touke M B HampaBJGHHH BOrHYTOCTH Kpumoi. Bepem

Ha HOpMaJgM paccTosuue MO, pasHOe pamuycy KPHBH3HBI R KDHBOI
B Touxe M. M3 rtoukm O kak H3 LEHTpa ONHCHI-

BaeM Kkpyr paanycom R. CaenosatesibHo, KPHBH3HA
Kpyra

]
K"""j’_{"

T. €. COBNafacT C KPUBH3HOH kpHBOH B Touke M.
Kpyr, nocrpoennsiii TaxuM ofpasoM, Ha3blBaeTCs Yepr. 142
KPY20M K[UBU3Hb: KPHBOIH B TOuke M.
B ofuiem cayuae kpyr KpHUBH3HEI KDHEOIl B TOUKE mepecexaer
KPHBEYIO B ITOfl TOUKE, KaK 3TO HArJAZHO TNOKASLIBAET 4epr. 142
y (cpaBunTe 3TO fBJAEHHE C
ToBe AeHHEM KacaTeasHol
npaMoit B Touke  mepe-
ruoa).
lMonofuo ToMy Kak Ka-
CaTeNbHAN K KPUBOI, Xapai-
TEPHAYR MANpaBACHIE KpH-
HOH B TOUKE, TOMOraet
Jyqume TpPeACTaBNTL Cede
A TEYEHHE KDPHROH B TOMKE,
KPyr  KPHBHSHBL  CHOCOG-
CTBYET  JyuqiuieMy  mnpej-
CTaBAEHUIO O KPHBH3HE KpH-
BOIl B TOYKE, HOO CKOPOCTHL
H3MEHEHHA HANpaBIeHHs Y
KpHBOit My Kkpyra KpH-
BU3HBI OAHA H Ta ME B
mouie M.
B § 147 kpyr xpuBuanm
Oyner ONPEACJICH HHAME METOJOM, AHAJOTHYHEIM METOAY ONpeie/e-
HiA kacarenbuoit (cm. § 61),

Yepr. 143

Mpumep. Halitu panuye wpususim pasnocroponnel runepGoast xy = 12 B 1ouxe
(3, 4 1 DOCTPOMTL KPYr KPHBH3NB B 9TOH TOuke (yepr. 143).

Pewenne,

&y _ 2y
P I o

X
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B Touke (3, 4)

dy_ 4 alys B

e N T
16)%

o 0F5) _uas

== 8 24 °
9

Kpyr Kpusmanm mepecexaer runepéony B ABYX TOUKAX.

3ANAYH

1. Hafiry panuyc KPHBN3HB IIDKECAGAYIOUIHX HKPUBBIX B YE2IaNHKX TOYKAX
BEYEPTHTL HANCAYIO KPHEYIO 1 MOCTPONTE COOTBBTETB)'JOIHHH KpYT KpUBH3HLL

b:
a) b2t eyt =a%’, (o, 0). 018, R:'}T'
b) bRt - atyt = &%, (0, b). R= ﬁb_
o) yp=x* — dc® — 18.% (0, 0). :EIE'
dy 16y =4x* —x%, (2, 0) —5
1+ 9l ®
&) y==x% (%5 J) R= m—-ﬁxl‘
0y =" (4 8. R:%m’ )
— 9 e
gy =8x (g,a). R=1.
2 ﬂ'.=
1 =0 R—:
(= .Ji) 2.4 ; 30
Nl s 5 1, (0, B) e
i) *=day, (0, 0) ]
iy — =% (0, 0) =3
B
k) 0?1 oyt = a®?, (x,,0,)- R=— (b'x;—'_l_ a‘_yf x
i

2, Haiitn pannyc kponaust kpusoli a®y = bx® -4 cx®y o navane. :
a
018. R= o5

5. Mokazare, 4T0 pajmyc KPUDH3HE KPHBOI y’:ﬂ";’" B BepuNe pa-

@
BEH —-.

2
——

! Bo nrex CAYHAAX BREMHCAACTCR afcomoTiiag  BeaNINua KPIBHINET H paxnyca
EpuBuskbl. [loctoimipe seaniuis BCIHOAY NPeanonaratoTcl M0A0KHTEAbHBIMM,
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4. Haiitn paawmyc kpususiisl kpusod y—=1In secx B Touke (x, ¥)
OTB. R=5egx"_

= % L
5. Haiirn K B moGoll touxe mapaboam x° 4-y* —a®.
1
A
O18. K= 4 oo
2xty)"
6. Hatitn R b nponspoasHoil TOMKE THTOMMKAGHAH
— L -
x 2 +y 3 =al %

x
Or8. R=13axy)” .

7. B xakoil Touke kpusas ¥ =e¥ UMEET HaHMEHBIINH PaAMYC KpuBHANE?

OtB. ( ‘—%]n 2, lr;z) .

8. [oxasats, uT0 B Touke nepernda moGoli kpuweofl pamuyc KPUBNAHE Npi-
numaer Geckoedno GOALLIOE 3Hadenne,

Haiiti panuyc gpUBM3HEL CIEAYIOWME KPUBHX B MoGo! wan & ykasannolt Toukes

i == a7,
9, Kpunas { y=3tlp t=1: O18. R=6.
x=acos't

10. Mimounkaonaa { — ey

=t R=3asint, cost,,

x=aqa(cost ¢ sint)
11, Kpusan { * e R= '-;—z,
y=a(sing— fcost), 2
X=a(mcos -} cos mi),
12. Kpunas J - t=t, — A4ma s 2t o
‘l y=a (m sin £ — sin mi), m—1 2
a
13, Oxpymnocts p= a sinll, R=~i-.
a
14, Cnnpans Apxumena p=al. R__[P'—I-‘ ary
TPt
15. Kapanonza p=a (1l —cos(). R—E-VE
3
16, Jlemuuckara p*=—a*cos 20, R:::.
P
17. TNapadoaa p:uscc’—g—. R=12a sec’-g—.
: 0 B iy
18. Kpisan p=a sin®=-. R“T asin® .
L
19, Tpucexrpuca p="2acos) —a. R:rﬂﬁ—-nlcnso)-

g—Gceusl
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E
20, Pasioctoponuns runepbosa g cosf =a® B i—‘ =
__ em(l—eY)
21, Konnueckoe ¢ E=T aoont

1
a(l —e(l —2ecos) —ey?

Org.
. {1l —ecoslp ‘
" 99, [lyms, MO KOTOpPOMY IIET asroMoGiak, TpeacTagafer cofoll  saminc
A2 16y'=16. C Kakoli CKOPOCTLIO ABTOMOGMAL MEISCT HATpaBieHme:
OXOLWT Yepe3 koHern Goasiof ocu,

a) Koraa o op! i
b) KOFAa O DPOXOINT YEpe3 KOHEU MaJoi oci.
) KOPHA OH HAXOAUTCA HA PAcCTORHME NBYX KIAOMETPOB OT MadoH ocH?

(3a exmminity ATMHK OPUHAT KILAOMETP.)
OtB. 2) 4 pagnana Ha KHAOMETD.
b) 'J_',:a PARNAHA 1A KHAOMETR.

€) ¥/ s PAANAHA HA KHAOMET].

93, Mapoxon ZEIDKeTCH O Ayre WOAyRYGuueckoii napaGoast 4y?= x% Eca
npeAncAONiIM, UTO JHNA Cepera coBnagaeT ¢ ockio OF u uto 3a enimuiy anmiu
NPIHAT KIAOMETP, TO C KaKoll CKOPOCTLIO JIMEIHAET NApOXOA CHOE HANPaBienye,
HOrAa O HAXOANTCA 1@ PACcCTORMINI OHOTO KilIOMEeTpa OT Gepera?

OTB. *!/,,, pamuana ua KiIoMerp.

24, C iakoll CHOPOCTHIO MEHSET CBOE HANPABACINE MOTOUNKACTEKA, NIepeMelaicy
o kpyry, HueonieMy !/, ki B anauerpe?

OTB. 4 pagnaua Ha KHAOMET],

25. J{e1eanof0poKI0e NOAOTIO HMEeT OpPMY KDHBRIX, NPHGANKADLIIEH
K BEAY AYT HiKeNepedncaenipx kpuesiy. C kakail CKOPOCTLIO Menser Hanpanieins
ABIDKEHI NapoBo3 B YKasaminix 109kax? (Exvunua nidis — kuaoserp.)

aj y=x*, (2 8) d) y=e* x=0.
b) 3 —=x2 (3, 9) : ) y—cos ¥, x:%—.
c) x*—y*=8, (3 1) f) =4, 0=1.

Mpn yeaamke MENGINONOPOKNLIX PeJLCOB, BeAencTEHe Goabimmol ckopocti
ABIKEHIA N083A0N, HEAbsH Pe3KD NEPEeXOAnTh OT NPAMOANNeNHOro YyacTka K pi-
Boft wacTir myTH. JLIA NOCTENENNOro HaMEneHNs HANPaBAeINA NPH COSAHHEHHH Nph-
soamiefiiibX Y9acTKOR C KPUBLIMH BBONATCHA NOSTOMY nepexodusie xpussie. B kave-
CTBE MEPEXOANLIX KPURKIX YNOTPeGaRoTcn oOMKNOBEHNO AYTH KyGudeckoi napatony,

26, Haliti pagmyc wpnBH3usl B KaKIOH MaKCHMAALUOR 1 MHHHMAALHOH TOMKE
epunoit y= ' — 2¢°, Budeprute xpusyw u kpyra spusnsuwt. Hafitn Touss wa

kpipolt, rie pagnyc KPHBH3NBL [IMEET MILLHMYM.
27, Iokazath, STO B TOYKE ¢ MMHHMAILHBIM PaaNycoM KPHBHIHEL Ha Kpiuofi

y=1/(x) umeem cooTnomene
dy\ fd*v\*_ d%y dy\?
(@) (@) =2 [+(@)]

§ 141. Llentp Kpusn3Hbl. KacaTembhas k KDHBOI, TIPOBE/IeHHAR
B 1ouke M (x, y), oGiazaer Tem CBOMCTBOM, 4TO X, ¥ H J HMEWT
TE e CaMble YHCIeHHBIE 3HaueHus B Touwe M naa KacaTedi
Hoii npaMolt n aan camMoili kpuBOil. Kpyr KpHBH3HEI HMECT
aHaJOrHYHOE CBOMCTBO, a MMEHHO X, ¥, ¥ H P’ HMET Te Me
camMble YHCJEHNLIE 3HANEHHA B Touxe M das Kpyza Kpususnut u 0an
camolt Kpuson.
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Onpeneaenue. Llenmpos xpususie: (a, B) 8 mouce M(x, y)
KpUBOI HA3LBAEMCS WEeHMpP KpYza Kpususue. 8 amoii mouke.,

Teopema. Koopduramb: (a, f) genmpa wpususus 8 mouxe
M(x, y) eymb:

a=X

' (1 (o
_}f(;"H I =y

(1437
—)!;’3 ), @)

JokasaTenbcTBO. YpaBHEHHE Kpyra -KpHBHBHH €CTh
(= +y—pr=rR, (1)
rae R paercs (opuynoi (7).
Judihepenunpys (1), umeem:
¢ xX—0 R

y:—._y__ﬁ_ y'f=__m‘_ (@)

Hs npasoro pasenctsa (2), mocne moacranosku B ua Y paBHeHHA
(7) naparpaa 138, mml nonyuaem:

14y 14y
" OIS - . s - e 2
(y—iyr= T SHAUMT: Y p=— o (3)
Ha nesoro pamencTsa (2} Mbl BHBOANM, TOAB3YACE COOTHOMIC
Huem (3):
= i § (1 ) T
x—a=—y (p—f=rC00. (4)
Pemrag ypasuenue (3) ornocurensio f, a ypasnenue (4) ornocn-
TEILHO o, Mbl HOJyyaeMm Hckombie dopumyan (8).

Ynpamnenne 1, Busectn (8) npaMo n3 ueprema, ynotpebius opmyast
4) § 128 (a—=x — Rsinrw, B=y+5?cos1 w T ) (wepr. Mfi]. £ opuy
Ynpamuenne 2 Ecmw x'u x" cyms mepoay n eropas npoussofisie or %
ng 3, Tpefyerca BLBecTH (opMyaLt Aa8 @ u f B Buge;
e )
S e

] x,l!
a=x-4 ——;,-‘- n =y (8%)
Hpusenamie, Dopuyramit (8%) noauayiores: anbo Torpa, koraa 3’ cramo-
BUTCA GECKONEMHOCTLIO, 1100 KOrza anddepenuuposanie no y npoiLe.
MNpumep, Haiitie koopAMBaTsl UEHTPa KPUBM3INK mapabonnl y* = 4px cooTBel-
cTByomune: a) modoii Touke kpusoil; 0) ee sepumne (vepr. 145).
Pewenue,
4y, Zp iy m S dnt
dxT yplide— ]

) IMoncrasans (8%), nmeeM:
it 2 i
a=2x +}"_';“ - = 3?=3x-|- 2p,
y! + 4}?‘ y!l

A T

p=y—
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Crenosate/ibilo, UEHTP KPHUBHIHEL, cooTBETCTBYIOIH moGoli  Touke wpuBoii
eCTh
98
(3;\'.-{- 2p. -—-E).

b) Llentp KpPHBHIIIDLY cootsetcTBylowui sepunne (0, 0), ects (2p, 0).

=3

Yepr. 144 Yepr. 145

Ma mnpeibiAylIero Mol 3HAeM, 4TO B TOUxe nepernba (Kaxosa

Ty
Touka P ma uepr. 146) mur Hveem ﬁ—;c-‘,—ﬂ. Orcioga, dopmyna L
kpHBH3HEl K N0KA3bIBAET, HTO B TOUKE nepernda K=0. Hanee, na
topyyasl maa @, § H R Ml 3akniouaeM, 4T, BO-
ofiiie, 3TH BeMMMHHBI GE3rpaHHYHO  YBEeJHYHBAIOTCH
no mepe mpubamucenns Todxu M (x, y), asuicymeici
no KpHBOH, K e TOouke neperiba, €cad, pa3yMeercs,
P KacaTenbHag B TAaKOBOH HE HMEET BEePTHKAJLHOO
HONOMEHHA. DTO JHE O3HAYAET, YTO ECAH Mbl Mpel-
nonoxuM Touky AM(x, ¥) BMecTe C ee KacaTeJbHOif,
aBmAcyulefica mo xpnBoit x Touxke M, TO B TOHKE
neperuba P KpHBH3HA JEIaeTCA PABHOIN HYJIO, Bpa-
‘ LIEHHE KACATEJBHOI HAa MPHOBEHHE MPHOCTAHABIN-
lepr. 146 paeres, mpuuen MOC/E STOrO HAMPABIEHHE BpALIEH
H3MEHACTCSH, UEHTP MBIDKYLIErocs Kpyra KpHBH3HEL
yxogur B GECKOHEMHOCTE M pafHyC KPHBHSHBLI CTaHOBHTCS Takie
BECKOHEUHBIM.
§ 142, IpomoTl. SeoMemPUIecKoe Aeco Leninpos KPusLIHH
dannpil gpueol naaspaemes 3BONIOTOIMH MO KpusoH.
PaccmoTpuat Kpyr KPHBH3HBI, COOTRETCTBYIOMIEH Touki M KpHBoil.
Ecan Touxa M Gyper jasuraThes MO JaHHON Kpusoil (uepr. 147), 0
MOMCHO NpEJNo/IOKHTE, YTO BMECTe C Hell KaTHTCH N0 KPHBOW H CO-
OTBETCTEYIONMH KPYT KPHBHSHLL, INPHYEM €ro pajiiyc H3MEHAETCH,
GyAyun Becerfa paBeH pajHycy KPHBHMSHEI Kpupoii B touxe M. Kpi-
Baf, OmHcaHHad LEHTpoM Kpyra, u Oyner ssomoroil kpusod MM,

M
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Popuyaa (8) § 141 maer woopaunate («, B) mw06oit Toukn spo-
NOTHI, BHIpaXKEHHbIE B (DYHKIHH KOOPAMHAT COOTBETCTBYIOUIEH TOUKH
(x, v) nannoit xpusoit. Ho y ects QyuKima
X, CAEIOBATENBHO,

dvy\ild oy
azx—l%@‘]‘a—%- B=y+@
il . . dx?

TOTHAC AAIOT HAM napamempuieckue Ypag-
HeHus 28040Mbt 8 PYHKKEL napamempa Xx.
Yrofsl wafiTH OOHIKHOBEHHOE YpaBHEHHE
SBOJIOTH B INPAMOYTOJBHEIX KOOPIHHATAX,
HCKMIOUMM M3 STHX [IBYX BBIPAXERHIT . Hepr. 147
Henpsa maTe 00MIETD CHOCOGA HCHMOYEHHS,
KOTOpEIi O Ghl MPHJIONKHM BO BCEX Cayuanx, UG yA060npHMEHHMELT
METOJL BABHCHT KAM(IBIH pas oT (opmbl AanHoro ypasnenns., Tem
He mMeHee, B GOJBITMHCTBE CJYHa€B MOXKHO HAXOLHTH ypaBHEHNA
9SBOMIOTL! B MPAMOYTO/IBHBIX  KOOPAHATAX, NOCTYNAR  CHELYIOMM
0Gpasom.

Obwue yrazauus 048 HaAxXoNceRUT 380.a10Mmbe

Hepsuil war. Hues rxoopdunamst yewmpa xpususio: « u B
uz (8 § I141.

Bropoit mar. Pewaen 08a noayuennsx ypasienus omuocu-
measHo X W Y, aupalcas ux 8 giyncgun o nofi

Tpernii mar. Imu shawenus x u Y nodemasages 8 dannoe
ypastienue. Smo u daem Hay COOMHOWEHUE MeJCdY nepesenHvn
a u fi, npedcmasasiouee ypasHenne 80410M.

Mpuwmep 1. Haiitn ypasuenue ssomors napaGoan y*=dpx,

Pewente,

dy_% dy__ 4

d% T L S
Mepswit mar,

. ¥

a=3x+2p, B__il_p"
Bropoilt mar,

xzn—E_p A

3 s i (41‘1‘#) e
Tpernil mar,
(e =4p 222
na

PB=a G — 2P
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Mpunomunas, 410 @ oboanasaer abeueey, a f — opaunarty npasoyroasiol
CHCTEMBI KOOPAHIAT, MBI BIIHM, UTO 9ponioTol napaGonst ACB caymur noayeybi-
weckass napaboan DC'E, npiieM NEHTPH KPHBH3NLI HAXOAATCH COOTBETCTREUND B
e, C, G, n 7. 4 (depr, 148).

Hpnmep 2. Halith ypasuenue noaOTHL S1THIICA

bx? _+_a:—},x — aht

Peuenue. & B
dx = @

Gt el
. R

Yepr. 148 Hepr. 149
Mepowh war,
(at — %) x?
== 7.-— =y
_ et—8
e e L

Bropoit mar.

Lok NE . oo
't—(ae__b:) ' J_‘_(E:'__'b:) L

Tpernii war.
(@) + B =(a* — bY°

n Gyner ypasseuue spojiorst EFE'H' sanunca ABA'B, Town E, E', H', H cym
UCHTPH KpupHank, cootserctayioulme Ttoukam A, A, B, A kpusoit, a C, €' C"
COOTHETCTRYIOT Toukam M, M', M" (vepr. 149).

Ecnn ypasnenns pusoit pambl B mapameTpuueckoii Qopue, To
HEYHHACM € OTLICKAHMA
dy d’y

dx dxt’
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xax B § 136, umenno:

dy

dy  dt

= (4)
dat

dxdy dydix
Yy _dide dtar
e (B)

dx TR »
(&)
a 3aTeM TMOACTABASEM peaysaeTaTel B diopmyanl (8) § 141. 3o m macr

napaMeTpuuecKie YPAaBHEHHA SBOMIOTH B (YHKUMH TOTO CaMoro na-
paMerpa, KOTOPHUl (UIYPHPYET B HAHHLIX YPaBHEHHAX.

Y

X
Yepr. 150
Nprmep 3. Tapaserputeckne ypaunenus xpusolt cyrs:
i e
x= —4' " ¥ = 6" (Q

Haiitie ypamiiennn seomornt stolt kpusolt » nmapavetpuieckoli dopume, nocrpo-
HTL KPHBYID 1 SBOJIOTY, HafiTit paamyc KpHUBM3nL B Touke =1 W HOCTPOHTL B
970l TOUKE KPYT KPUBH3MHGL

Pewenie, -

dx._ T d'x 1
dt: 2 At =
[

df TR AT

IMoacranoska & dopyyant (A) u (B) w aarem B (8) § 141 naer:
1—rf—20 483 (D)
b, e

4 '
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2TH COOTHOMEHAA ¥ SBARKOTCA YPaRHCGHUAMH 3BOAIOTH B Ha[.lalﬂ:ﬂ]lﬂﬁ.m

dopue.
TMocTpolM Teneps KPHBYID M ee 3BoM0TY (vepr. 150).

Touxa 77 0 | — ofias nan panunofl kpusoll n ee spomorw. Jlannan KpHBas
(nonykyGuaeckan napafona) pacnoioMeHa BNPAaBO, W ee SBONOTA BAERO OT npAMoll
x:T' Kpyr KpHBHSHHI B TO4KE A T F ) AAf KoTopod £=—1, umeer UEHTP
. i A (——.—1,‘- %)_ newamed pa seoatoTe, W pamuyc ero pasen AA', Yrolu

NPOBEPHTL STIL PeayabTaT!, Halinem pammyc KpHBH3HML B Touxe A ( %-, .é.) Co
raacuo dopMyae (5) § 136 6yneu_ HMETh!

1 £(1 £ =
e R=——p——= ¥z
'
”"”wnw MV
[ G X
L o
Ja e [
] Vi X,
Yepr. 151

{opn £=1), u 3T0 3PaueHHEe COBNANAET CO 3HAUenHeM LaMubl oTpeaka AA"

=y BT+ )~

Hpumep 4. Haiiti napaMerpiueckne YpasHewHA SBOMIOTHL WUKACHAK

x=a(t—sing)
y=aua(l —cost). } (€)
Pewenue, Jefictayn, kak B npudepe § 136, naiizem:
dy__ sing
dx  1—cost’
G 1
. dx*~  a(l —cosity”
[opcrapann 91t pesyastatsl 8 dopyyast (8) § 141, noaywmns
a=ga(t - sin £},
B=—a(l —cost). (®)

Mpumenaunne. _Ec.]li HCKMO4NTE ¢ H3 ypasienns (F), To NOAYIHTCA YPaB-
nenue ssomoTHl gawiol mukaonaw OMMY (wepr. 151), ordecenuoe & ocam 0X
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w OF. TpeoGpasyem ypasuenus (F), oriecs ux k Hosnim ocam OX; u OF, nocpen-
creom opMya
e=x, — 74, ﬁ:yl—-‘la. t—=¢ —m

Mo noacranopke B (F) 1 No YNPOUWENHK YPABHEHHA SBOMOTH! NPUMYT B

x, —=alt,—snt
= a{l’—c;s i:}}.' } (G)
Tax wax (G) n (E) TomnecTBeHHH no HopMme, TO sakmOHACM, YN0
ssoa0Oma WHKEAOUOEL caMa ecmb uuicaouda, npoussodnmull kpy: komopoil paser
npouzsodmuesy Kpyey dannoll wcaoudee,
§ 143. CaoiicTea 9BOMIOTHI. IBO- 14
JO0TA HMEET JBa MHTEPECHEIX CROMCTRA.
Teopesa [. Hopmaas 8 mouxe
M(x, ¥) K OaHHON KPUBON ecb Ka-
cameasnan & 980410Mme, NPUHEM moy-
KOfi HPUKOCHOSEHUSR €e K 3soaione
cAyJCHNt  HEeHmp  KpUususHb C(« §)
dan mourcn V.
HNoxazareascTso. Ha uepr. 152
MBIl HMEEM:

a=x— Rsinr, }
f=y-+ Rcosn.

(1)

Yepr. 152

Orpesox MC nexuT Ha HOPMATH K kpusoit B Touxe M, H MBL
HMEEM:

tg naxaona MC=2—=F_—__ 1 _
X—a tg s

=\g saxsoha Hopmaan 8 mouxe M.

Mpi TEneph AO/DKHLI MOKASATH, 4TO tg HAKMOHA 3BOJIOTH B TOMKE
C(, [) pasen tg maiona MC. 3amerum, uto

tg HaKAOHQ 280.410MbL— g : 2

w6o & ¥ f CyTh TPAMOYTOJNLHEIE KOOPAMHATEL KakoH-uMGyAs TOUKH
9BOJIOTEL
Boibepen 53 HE3aBHCHMOE TIEDEMEHHOE JUIMHY JAYTH S JaHHOMN

gpusoil. Torma X, ¥, R, =, «, B cyrs Qynxunn Gyxss s. Juddepes-
uupys (1) mo s, moayuaem:

da__ dx ds v P
‘E—-EE—RCDS‘:E&—-SIHT&?, (3)
df __dy R

i dz .
5_33—-1‘?51111 ﬁ—i—cosrﬁ. (4)
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Ho %% _cost u P==sint [fopuymss (4) § 128], u mawxe

g:%. [Momcragaas 370 B (3) ¥ B (4) ¥ npouasens npPHBEIEHHE,
MBI [OJTyYaeM:
dx . dR dy aR
g——sinegy w G—cose . ®)

Haxoneu, meqa BTOPOE PaBEHCTBO (D) Ha MepBoe, MBI HMEEM OKOH-
HaTe/bHO:
43 1
i — — —=Hawony MC, u. T. &
= ctge Tar Y To ol (6)
Teopesa 2. Jauna dyzu o 3804/0met 6cezda pPasha paspoci
paduycos kpususnst Ry R, Oanuoll Kpusol, npuracaiomuxes K o
8 ee xoryax, 4wt Obi 60046 coomsemcmsylowen 0yen s dansoi
Kpugoit R ussensacs MOHOMOHHO (T. €. BCE BpeMsa JHOO BO3pa-

cTad, /mbo yOnBas). :
HokasaTeascTBo. BoaBuman B ksagpat pasencrsa (5) u

CKMaiLIBan HX, Mbl MOJYYatM:
du? diN* (dR\? i
(@) +(@) = (&) )
Manee, ofo3nauan uepes ¢ AIHHY AVIH SBOJIOTEl, HMEEM, Ode-
BUAHO,
do* = (do)f + (@)’

mo dopuyae (1) auddepenumana ayrn (cm., § 128),
Orciona, paseHcTBo (7) yTBEPHCIAET, 41O

G L .
dg) = Nguler ds

Ho tak xax Baoms JAyri S Hamuoii KpHsoii paanyc kpususHel R
H3MEHACTCA MOHOMOKHO (COPMIACHO HALIEMY NPEANOJI0KEHHI), 3apatee
OrOBOPEHHOMY B TEOPEME), TO MLl BCE BPEMi HMEEN:

R ©)

18

da __ da- 0
augo  gn==--1, .aubo am=—L (9)

9T0 Jite O3HAYAET, YTO OLICIPOMA HIMEHEHUus OYait G 860.410Mb
no OmMHOUeRU0 Kk paduycy KpususHet R ecms Geauuuna NOCMOSH-
Hag, pasnas: anGo-}-1, anbo—1.

B § 84 6uno ykasano, uTo KOrja Kakan-HMGYah BeJHulHA
M3NEHAETCA ¢ nocTosHHoil GHICTPOTON @ OTHOCHTENLHO TepeMeHHOM X,
TO TOrjaa usMeHenue Ay, BHI3BAHHOE MEPEXOAOM X OT MPEKHEro HHC-
JICHHOrQ 3HAYEHHs X KK HOBOMY YHCJEHHOMY BHAYEHWIO X -} Ax, cTporo
PaBHO OLICTPOTE H3MEHEHHs! @, YMHOMKEHHOH Ha Ax, T. e. Ay=—alx,
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Orciofia Mbl BHIBOZAMM ', YTO B PACCMATPHBAEMOM CJYYaE COOTBET-
CTBYIONIME TpPHPAlIEHHA MAYTH SBOJIOTH ¢ H palMyca KPHUBH3HEI R
AOMKNL OBIThE YHCACHHO pasHbisi, D10
03HAYAET, HTO

c—68,=H=(R—R,)
wmt, #a uepr. 147, myra
CC, == (M,C, — MC), 4. 7. &,
1M TEopema Joka3aHa.
B npusepe naparpada 136 uwm umeen:

[+(a) ]

1 eE
. — dasin..
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dy
naligemiibie TaM NpouIBOANLIE S5 W .ff;;_‘:' BHIpa- Hepr, 153

MEHIHIE HEPe3 MapaMeTp !, B Hanucamiyio sgech Qopyyay pamnyca kpusuann R.
M3 3T0ro BhIpamenis Mbl BIEHM, UTO umeeM anm £ =0 Takme u R=0, u uto
nMees aan f=r pemuudy R——da Otcioga Mb 3akioMaeM, 4To B Touke 0
pamiyc kpusuauu nyaesoll, a B touke MV — pannni 4a. Ilostomy ayra OCCV
wsciel wukaowaw pasua da (vepr. 151)

Hanna d}'.!f! Hieaoudot JUGHA B0CbAIL pﬂt}!l}'cﬁ.ﬂ r]pﬂf[.iﬂGﬂRH{EZO fepaa,

§ 144. OBoabBENTH M HX MeXaHW4eckoe mocTpoenue. [pexcra-
BuM cebe, 4TO HexoTopas rubkas aumeiika cornyta B (OPME KDHUBOI
C,C, (uepr. 133), 1. e. B dopme sBosoTel Kkpusoit M, M,, u npea-
NOJIOH(HM, YTO HITh JTHHBL R, ONHHM KOHIOM YKPETJNEHHAR B TOYKEe
C,, ornbaer 5Ty Janueiicy (man xpunyio). Ma peayastatos nocaeauero
naparpada iClO, YTO €CAH STY HATh DPA3BEPHYTH W HATAHYTE, TO
CBOBOAHBIT KOIEW € onuumeT xpusywo M, AM,.

! Mut ACMKIL! 31eCh NOAMEPKUYTh, MTO 9T0T BIBOA, Ge3ycaonno nepHul cam
no cefe Ko RCEX CAYYARX, HC MBIANETCH, ONIAKO, BJCCh BNOJINE ONpasRanuby, HGo
B CKAnaioM naparpae pedsh WIeT 0 NOCTOMICTRE cpedueil OMCTPOTH, 3A6Ch e
MBl HMECM JICA0 AMIUb C HOCTORHCTBOM AfZHOSEHHOIL OWCTPOTHL, SICHO, WTO ecan
cpeauns GbICTPOTA NMOCTORNHA 1 PABNA, UINPUMED @, TO MrHOBEHNAH OLICTPOTA
TAKME NOCTORHMA M papua Toi e wennuune a. Ho ofpanioe sakmodvenue o no-
cToRuCcTRe cpenneil GHCTPOTH NPH NOCTORACTEE GHCTPOTH MTHOBENNOA e ABasercs
CUEBHIHDIM I eCTh, COGCTHEHNO, A0 NHMELPAABHOZD MedNcASHUR. A B Halies
CAYHAE ML KK PA3 1 CAEJAIN STO OGPATIOC 3AKAOUEHHE 0 HeoBXoanMocT A n 6o
pasencTBa ¢ = K - nocTomitoe, 4160 pasencTa ¢ = — R - noctonnioe, HCXOAN
M3 paBeHcTBa (9), T. €. NCXOAA M3 NMOCTOSNHCTEA JMIbL M2HOBEHHON GHCTPOTH, A HE
cpeanel M3 nokasammmix paseucrs (9) caenyer Toabko 10, MTO: ANGO HMEEM
aan BeAkoro R pasenctno == o =0, au6o Al d'};#-’ =0. Ho uro ynrius,
IMEIOLLEAR TIPONESEOANYI0 ToMAecToennolf Hyai0, ecTh BEAIHNIA NOCTOMMNAS, T. e
uTO MMeeM Au G0 ¢ — R= nectominol, aito s -4 K= nocrosumoil, ato feio yue
HHTErPadbHOre HCHHCASHN,
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Kpusasn M, M, HaguBa€TCA €360.168¢H MOy Kpusot C,C,. O4eBHaHo,
nwoban TOYKA HHTH ONMIIET 3BOJBBEHTY, TaK 4YTO HNaHHad KpHBAA
uMeeT GECYHC/]EHHOE MHOMECTBO SBOJBLBEHT, HO TOJLKO OAHY 3B0-
JI0TY. ;.

SpoaseenTnl MM, MM;, M{M; Ha3blBalOTCA napa.iie bHuMil
Kpusstmu, WHO paccTOAHHE MEMAY N06LMH ABYMSA H3 HHX, HaMepae-
MOE N0 HX OGHIHM HOpMAJIAM, NOCTOAHHO.

PexomengyeM yualleMyCs paj YNpajKHeHHs NOCTPOHTL napaGony
# gaamnc (§ 142) no Mx SBOTIOTAM.

3AOAYH

Haiiti HOOpPAHHATH! HENTPa KPUBHAUEI W YPaBlenne InoMoTsl aad xamaof ni
tJ!EIljFlDIIIIIK KpPHBRIX.
x_l 1 3
1, Manepfoan -«—%,:l.

a®

L L R 3 )
Orn.a—(_’fT]’" 52._‘“_4;_"'”1_L;

e 2
]

YPaBlEHHE IBOMOTHL (rxa)ﬂi— (BF)® = (a* -+ %) °.

£ £ L
2, Funounkaouant x¥ 4 y* —=a”.

18
3 a3

OtB. a=x 4 3xy?, f=yt3x

ypapnenne spomoTs: (z- Fj‘;- + (= — ﬂ)% ==a%,

38, Haiitu xoopaunatet uentpa upnsusup kyGuueckoli napaGonn y*= a's.

aly — 9

204

e = 1 X
4. Tokasats, wto qam mapaGoam x* 4~ y* =a® jueer MecTo COOTHOWENIE

@t B=3(x + y)

5. Haio ypasuenne pasnoGounoii rimep6oan 2xy = a®, nokasaTe, 4T0

SRS o o ORI R o

a? ey

i 2 =
Otciona ypaenenne ssomotsr (@ Bi? — (x — B)® =2a 7.

Haiiti napamerpuueckue ypasnenns spoaor c i
i CASAYIOWNE KPABEX B (IYHHUHA
napasetpa i s E & b

6. Mumowiien { Xx=acos’t, 7 =acos® t 4 3a cos f-sin" L.
-LEURLEL Eariy f=asin® ¢ - 3a cos® {-sin £

y=asin*f.
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L x=3n J ;:%(14-%_(*;,
b= | p=—ap.

5. x=u(cos - {sing), : T=—=acost,
y=ua(sint —tcost) |l f=asint

[ ;ff_b Ore.

e e —, . e e

17, Moaykyduueckoll napatoant x¥=ay?,

018, ::—a:—%, ::4(.1:-[—«%)

2a

ypasneuite ssomorm: 72923 = 1672+ ) at — 1Baalt [lfu.' — 182z — a),

i —
18, Tpastpuew x=a [||.”_+_1"—L_. Val—ie,
I 7 3
P B Ay f " L
OrR. 2=t lit —L -I-J_’-_ o= ';-; yPaBienne s80J10Thi; ﬁ:i;-(eu +e -)

§ 145. Iipeodpazowanne npoussofnbix. Hekxoropsie opyyiinr,
BLIBOAUMEIE BLIIE CaMOCTOATENLHO, T, €, Kil}linbll'-'l Paz OTACNBHLIM
06].1&305! H, [Ipﬂ[!)]'\'IJlU{:TRL‘.HHO, Ha OCHORE I‘E:OMETPH‘]ECK]D{ cooﬁpa)l(e-
HiTil, MOTYT OBITh NOJYUEHB CPasy W3 Apyrux (opMyJi, ycranap:iu-
BAIOUIHX  COOTHOUICHHS MEK/1y TIPON3BOJHLIMIL 3/eCh HPEACTABIEHE]
HIBa Cayqan,

Odaten poaeit giyningun n apzyaenma.

R i o dy o__dy ___dly

Oboauavenne. [lycrs y = V=g =gmunon
— y dx T 3
T X ey g T

1" Jndupepenunaanioe nouEcaenie
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Torpa, ne gopiyae IX § 62, Il:IIEEE\I:
Y=x- ()
l'lpe:;(g_e HCErQ, NO CAMOMY CMBCAY O003HACeHUSA y" HMEEM:
dy. dy
_dy dy _dy
y = I e T
rh'

C apyroii CTOPOHB!, HILEM ?')T Hyeen:

1
UL d( ) [no dopmyae (1)]=

dy S ﬂ')'
Suaunrt;
(2
Hanee, no camonmy cympicay odo3natenus ', numeeM:
n‘f)'“ il’)’j‘
o dy'__dy __dy
= "_.:.f._v_ et
dy
C apyvroit cropoul, imen {?t_ Hayeewm:
o
] e
s ( -t"’) i . .
o 0 [mo dhopuyne (2)] = :
Suaunr;
" il gy
LN X {3}

P xr "

H rag panee pna Buicunix nPoM3soansix. Sriwnt opMysaMu BHpi-
WEHNN, CocTaBIeHHBEe 13 3, ¥, ¥ 1 1. J. npeoOpasyoTcd B Bhls
paxensyn, cocrosmue 3 &, X7, X u T, A,

Hpusep. Tpeotpasosarts BRpaKenne Kpusuanm &, noayieduoe B Npemoin-
WEHHH X He3auncHMbIM NepeMeHnbiM, B BRIPAIKEHHE, I1¢ 3a HeJABHCHMOS nepe-
MelHOe NPHUATO .

- »
- AT o

Pewenye, B § 136 mu moayunan K= -—- , CHMTAd 34 HEIABHCHMOZ

(1 e

nepesenoe x, IMoassyacs qopsyaama (1) w (2), um1 Teneps nueam:
= »

(14 v”]

I‘I_!
—
=
-
+-
Lo
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[lepexad om npsamoyzoasnsts Koopduram x noanpusis. Ilpea-

PasoBaHue MPAMOYTOLHLIX KOODAHHAT B MOJAPHLIC TA€TCA (JOPMYIaMH
AHATHTHYECKOH TeoMEeTPHH

x=gcosl u y=psinh (1

Ecan nonspuoe ypasnesune xpusoil ecrs p= f(fl), Torga ypasue-
HUA (1) ABANIOTCH TMapaMETPHYECKHMH YDABHEHHAMH Iad
5T0if kpuBoif, 160 0 ecth mapaverp, pas p Buipacen ToMKe uepes B,

O6o03navuenne. Hesasucumoe nepemennoe ects f, n x', x7, ¥,
v, 0, p"‘ 0003HAYAI0T NMOCAEA0BATENBHBIC MPOH3BOAHBIE JTHX NEPEMEH-
HEiX o (.

Hubdepenunpyn coorHomenus (1), nmeen:
'=-—opsinfl4-p'cosl, y =pcosli|-p¢'sinf;

X
= —2p'sin - (z"—p)cosl, y'=20"cosl—(s"—p)sinfl.

A_'.’
Dopmyaamit (1), (2) n (3) Buipaxenue, cocrapieHHOe H3 X, Y, X',
, X%, V', npeodpasyercs B BbIpa)KeHWe, cocrosuiee us g, 0, p') p".
H]J“Rll.‘{!- Busecri KpHBIEIHY K= NOEAPHBIEX KOOPAHHATAX NPAMO 3 €2 Bhlp3-
WENNE | NapaMeTpiiecioM Bujle,
x'y — 'y
e iy
(2 )

Geps upcanteds o anasMenaTess oOTACALNO, MB NOACTABIAEM Buipameniua (2)
u{#) noaeaaenm npusesense. 310 RaM Q3eT:

XY — gt =0t 00" —pp” XLyt =ptlpit

Orciota s Npivo nioTywaes BHIPAMKEHIHE KPUBHANGL B IOTAPHEIX KOOPAMHE~
Tax, sawnoe B § 137 na ocnose zeomempinecikuy coobpaxcenil,

Pewenne, B § 136 s nmeem K=

SALAYH
B 3amaqax 1—3 mepesenits poan HEIamuciMOrO B 3ABHCHMOTO EPEMEHNOrD
1 t"!:-“'.‘ Y0 Ors i i =]
e T Y =" e O AT )
,_' !f_\'_l_( el :."__\_'_ (12 td b i
g o\ M AR e dy lrsis) d'_\‘”_u'
3 dy\* a5l die sy TS s
3. (3 *lan(a-) ALy, it () +r—a=0
.‘_'f_v " f l‘i’_]r" i dy\l
st ) i.".\:{,:l i :)‘,(‘J -
ooy AR (R
> LN i) =\
6. INpeodpazosain
oy
dx

17 s
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upiuMas x=pcosf, y—=gsinl.
1
OTB. '—_g?:‘l.
Ve+ (@)
7. Mycts fx, 1) =0 ypasueiue Kpusoii. HafiTir mmipaicensie gig ee naxaona
-‘-%) B NOASPHBIX  KOOPAMHATAX.
g cos b - sin ﬂ-gﬂ

i psin 0 4-cosf. :—.:

diy X dy ¥
8, Ipeodp Tb YP e S g n’x_’_l—-:*_u B [pemost-

WEINN X =C05 £,
&y =
Ot —= + y=0.

oy

dy |, a® 1
n‘x*i dx T

y =0, npeanosarag x= £

dax 'I'x:.
Ore. d" 5+ aty =0.

2

6. n

30BATL Y




FTNMABA XV
TEOPEMA O CPEJHEM H EE NPHJOKEHUS

§ 146. Teopema Poaasi. 3Ta TeopeMa JEHHT B OCHOBAHHH Teo-

pernyeckoro passutus AnddepeninaibHoro B HHTErPAdbHOIO  HCuIC-
Jienuit,

Yuraercs sTa Teopema Tai:

Ecan, Bo-nepBuiX, Henpepusnan na ompesxe |a, b] dynxyus
[flx) adpawmaemesn 6 nyav & eeo xowyax, fla)=0 u f(b)=0, u
ecall, BO-BTOPBIX, OHG uMeem 80 BCAKOI BHYMpeHHell ez moike
nponsgoduyio f'(x), mo moeda ama npoussodnas doaxcna Ovims
PaBHOI HYJIO 8 HEKOMOPOIL BRYMpennell motre & 3N020 OmMpesKa,
. e. aoe doaicrne wsems f'(8)==0, zde a<5<b.

: A

¢ 7 H
E M‘%i\\/\{"a
s i "\ Ne X
0' a & \ng_/ &
/]

Hepr. 154

HokasareabpcTBo 3r0fl ClHibHO Teopesil COBHAJAaeT C ee
reoMerTpiteckum nertoakosanteM. B ocamom jeqe, pas Qymwupn f(x)
HENPEPhIBHA Ha oTpeake |a, b), TO ypaBHeuue

y=r(x
H3006pa#aeT HEKOTOPYIO Henupepbisuyio kpusyio dyey ACDB (uepr. 154).

Haaee, pas unt umeem f(a)=0 u f(b)=0, 31a Kpieas Kyra CBOHMI
Konuayn A u B aomukna onupamses He ocw adcyuec. Haxoweu, pas



-
=
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HMEETCH  mpOH3BOIHAA f’(x) B KA I BHy'rpc[-m;ﬁ TOYKE OTpeaid
[a, b], To paccmaTphBaeMas Ayra ACDB B xaxnoii cpoeii npoMexy-
Tounoli Touxe M, Jexaulell Mexoay ee konuamu A H B, mumeer
kacameapiyio TT, T. €. BIOJHE OTPEIEJEHHOE Hanpasiexue 1, sia-
HHT, BIOOJHE onpe,ueﬂemml'{ HaKAOH I¢ TOPH3OHTY (T. €, Kk od

abcmuce 0X).

Ecan B Kakoi-unoyan Touke M xacatenphas T7" Kk ayre ke
TapasneasHa ropH3onTy, obpasyst € 0Chbio abeuHCe HeKOTOPBI HER)-
seeoir vroa ) (nnbo ocmpeit xak B M, nubo /mynoi Kak B N),
voria ropusonTansHas npamas £F, nposenensas uepes M, paspedicen
dyzy ACDB wna dee Hxacimm IMaw, W0 ee HOUKL Oyaym Aexcamy
1o pasuwe cmoporsr om EF (uept. 155).

HeficTieasro, pas kacareabHan 77" He mapanienbha ocH OX,

To mpaman EF paspesaer ee Ha JABE HacTi TM u MT', nemautie
[0 pasHbic CTOPOHBL A TaK KiK

BOSIKAA  KPHBAs  JIMHESA  MMEeT B
Touke M mo awe casoe Hanpas-
ALHUE, KAKOE HMEEeT Kacaredbhat
£ lpAvas 77", npopesenHas k neil 8
rtouke M, to npavas EF gomikna
paspesats M kpusyio ayry ACDB
TAKHM 3Ke 00PA30M, KAKHM OHa paspe-
Hepr. 153 gaer TT', T.e.Ha ABe 4acTi, Je-
AANINE MO Paadnble CTOPOHLL.
3aMeTiis 3T0, BO3BMEM HAHBBICHIYIO TOUKY C 1 HaHHUSWIYIO TOUKY
D pacemarpusaemoil  ayri. Ecan HamBRICIIHX TOMEK HMEETCH He-
CKOMBKO, Mbl 34 TOuky C Gepem O/HY Hakyo-HUOY b n3 nux. Taie
aa D) OepeM omHy KakyiO-HHOYAb U3 HauUM3UIX TOUCK, €.l HA
HMeeTCs Heckodbko. OBoanauaenm wepes £ abGeuunecy Toukn € n gepes
w adeauecy rourn D, flomo, wro f(3) ecrs Haudoabinee H3 HHCIACH-
HbiX sHaveHml (ymrunn f(x) va orpeske |a, £, a j(7) vHanMenbuee
H3 HHX. 3aMeTHM, 4TO OdHG W3 TOUEK 5 I 7 JIETKO MOKET HABHTLCA
KOHUON OTpeska [a, b, Ho ofe onu 6yayT Toraa, koraa f(3)=fy)=0
H, aiaudt, koraa (yuxuns f(x) moncdecmsenno pasia HYA0 Ha
ompesre |a, b]. [lpeanonomuy ke, uro nveem a<{3<h, T. &
YTO TOMKA § CCTh TIPOMEXNYTOMHAH MENIY KOHIAMH @ W b orpedsd
[a, ] n, anaunt, uro coorsercrsyomwan ToYka € ECTh NPOMEKY-
TOMHAR Touxka ma  kpusoil ayre ACDE  Mexay ee  Konuasi
AuB.

Hposeas ropuzontanshyio npamyto GAH wepes touxy €, Mil cpasy
SAMEYACM, UTO OHA JOAXCHE AFUMbCS KACAMeAbHOR K paccaanpusa-
euott dyze 8 mowre C. Mo, econ xacateasHast k JZyre B Todke €
HE PODH3ONTa/IbHA, TO TOMAA OHA JOJDKHA [EJaTh HEHYJIEBOH yToa
¢ GH, A toraa npavas GH nowksa pazpesats ayry ACDB Ha nee
HACTH, Jextane no pasble CcTopoHb or GH. HO 3TO HEBO3MOMHO,
HOO T0UKa C eCTh HAUBBICUIAN H [I03TOMY KPHBaH AYTH L OJAK-
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Ha BCHA AEXKAaTh nox npamoit GH, T. e. munL N0 oauy ee
CTOPOHY .

Taiim ofpa3oMm, KacareasHas B Touxke C Aomkuna OuiTh Topi-
SOHTANLHON M, BHAYNT, Mbl ODA3aHBI HMETh:

FO=0 1 a<i<b.
Aston JAOKA3bIBAET NOJHOCTBRIO Teﬂpei\[y Poaan.

Sasenanite 1. ’I‘ane.\m Ponss yerananaupaer Toabko cyuiecTnopanme
npomesyTonoll Toukn &, v wotopoll f(8)=0, nHo OTHW AL HE YyRAIMBAET,
raie WMeniHo OHA HAXOAMTCA Ha oTpeake [a b). Toxmm obpasoum,

¥
Y

a-—

o “a b=

=
I
iy L
a
ﬁ_ o e et
\‘i
=
e

Hepr. 156a Hepr. 1560

Ateemo mowin § ocmaemen Q40 NAC HEUIBECMUBI 1L Y HAC Hem HUKAKIX opedoms
omueckcams & 10 HeobAOANMO NMOMINTL, KOLAD NPUMCHAEM TEOPEMB 0 Cpe =
NeM, o HeM povh GYAET Jadkine.

Sayeqanire 2. Aenpepuonocts pyugunn f{(x) 1 waanuane npo-
nivoanoli (koneunoit wan Geckoneunoil) f(x) ovenb Bami K- Aa8 Bep-
noctn Teopesmtt Poaas, néo koria mx uer, teopema Poaan Jerko jesaeics
hevepuoll, Tak, wepremx  156a  noxaspsaert,
WTo  mpn nadamaun aponssomioi () 8o
BCEX TOYKAX (B TOMKE ¢ npoussonsan . f'{e)
CYILeCTEYET 1 PaBua -- oo}, HO 'ApH  pasphlo-
noct f(x) (n rouke ), Teopema Poaam mo-
wer orazathen nesepnoil, Hasee, yepr. 1566 -
HOKA3BIBAET, YTO NPH HENPEPRIBHOCTI (PYHK-
wit f(x) W npn OTCYTCTBHN  MPOM3BOANON
S (%) b omnoii Toasko TOuke (B TOMKE € ueT
nnkakoii  nponavonnoll, mawe Gecxoneunoil,
wio f'(x) —= 4o, Korga x—c¢ ciaesa, n
fix)— — co, woTHA X—+ ¢ cnpana), TeopeMa
Poran Takse momer GuTL HEBEPHOIT,

.F_"!; .; fo-y-'}

Yepr. 157

Mot mamuw cnepsa asa mpraoxenna Teopembt Poana k reo-
METPHH,

146. Conpukacatouuiics kpyr. Ecom yepea Tpi Touin (depr. 157)

M, M,, M, nnockoii kpnBoft mposecTn Kpyr, M ecaM ToukH M, n

M, npubnunate k M,, neuras HX mo kpupoil k M, Kak Kk HX npe-

AEJLHOMY NOJNOMKEHHIO, TO KPYr, BOOOMIE rOBOPH, M M0 BEJHYMHE

I 10 nodoAendio GyAeT npUbAIMATECA K HEKOTOPOMY NPEAenbROMY
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KpyTY, HasLIBAEMOMY CONPUKACATONUNCA Y KpY2oM Kpusold &8 mou-

we M.
Ténpema. Conpuracaowuica Kpye mozcdecmsenen kpyzy Kpi-

BU3HNL. 2
Jloxazameavenwo. Tlycts ypasuexie xpusofi (uepr. 157) Gyger:

y=rx), (1)

H OYCTh Xy X X, Gyayr aﬁcr’m_c‘r:hr. a Vo ¥ ¥V, OPAHHATH Tu:lex
M, M, M, cooTsercrsenno (e, fi') — 1KOODAMHATHI LeEHTPA, a R'—
paguyc Kpyra, NPOXOASUIEFO 4EPE3 S9TH  Tpu  Touwi, Ypaprenne
aToro kpyra Gyaer:

(x—aP 4 —8) =R
Tak Kak koopaumatel Towex M, M, M, RnomknL ya0BIETBOPATE
STOMY YPEBHEHHIO, TO Mbl HMEEM:

{":n“ﬁ,)z‘_}"u'n_’la!J:'_Rre 0,

(o, =P+ (h—§)r—R*=0, (2)

(e —a) + (1, — BF —R*=0. |

PaccMOTPHM TENEPh yHKyLI0 X, ONPEASSEMYIO Y PasienHeN
Fr)l=(x—a) 4+ —§)—R",
rae y sapaHee HY:Ho samenuTh (ymrumed f(x) ua (1).
Ha ypasuemitit (2) uaxomman:
F(x,)=0, F(x,)=0, F(x,)=0.

Mo Teopeme Pomas F'(X) noanua obpautathca B HYdb, 00
kpafineii Mepe, NpH ABYX BHAUEHHAX X: OAUOM, JEMAULEM MEXAY
X, H X, HAOpUMeEp X', M APYIOM, JIGHAUIEN MEMIYy X, W X, Hi~
npusep X%, 1. €. .

=0 =0,

[To Toii xe camoil mpuunne F'(x) nonkua obpaniathed B HYIL

NPl HEeKOTOPOM 3HAYCHIH X, JeHaeM Meway X u A", nanpusmep

npH x,, T. €,
: F'(x,) =0.

Cnenoparteneno, saevento® o, 3 uw R kpyra, npoxoasmere
uepes My, M, n M, AGIKHL VIOBIETBOPATL TPEM YPaBHCHHAM:

F(x,)=0, F(x)=0, F"(x,)=0.

! D107 KPYr HeAB3N HAZLILATL CHACAIOULMMCAS, NOTOMY ¥TO KACAIOWNXCH Ky
ron K aaunoi kpusoll B touxe MM, deckowennp arozo (BCE OHH NMEIOT 0GUWLYID
KACaTEALIYI0, CAYHAILYID KacaTeaunol n pan gamuoii kpusoii b jouke Myl-a co-
NpHEacalomuics Kpye mo.ero odun, CAeiyer nesath pasailune Memiy conpuoc-
HOSEHUEM 1| LPOCTHIM KAcasies; CONPUKOCHOBENNE eCTh WACTHENE civuail kaca-
I, HMEHIO 8TO €CTh KACAUNEe BEChMa CIILIOE, OUeHL TecHO2, T, €. KACAllie Bhc-
WIETD HOPSIKRD.

* T, e, woopmmmatsl uentpa kpyra (2, §Y) i Beanwnna ero pamnyca R
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Mycre reneps rouwn M, u M, npubmixkaores k M, kak x npe-
AenbHOMY ToJodenuio (vepr. 158); rtorma x,, Xx,, X', A" 0 x, Bee
Gysyr npuOIKATLCA XK X, KAK K NpEAeay, W, CJe1oBaTeqnbuo, svie-
MEHTH! &, §, R conpHkacalollerocs Kpyra onpe-
AENATCA W3 TPEX YpaBHEHHil:

£ (X"] =0, F {'\-ll) =0, F {‘\'"):D

K, ONYCKan 3ua4im;

(x—a)' =y —pB) =R (A)
(x—a)+y—B =0 ®)
npoanddepenimposas (A);
14 (:::) +(y—3 512:0. (C) Yepr. 158

npoxudiepenunposas (B).
Pemas (B) n (C) ornocureasio ¥ —ea u y—f, HAXOAUM (npe,‘x-

noJjaras, 'ro -f-;‘; 2 —0\1
i

!

dx® {D)

y
3necs mpeAnOnaraetcs, 4To :J' 0.

ix®
[loncrapnns aHavennss x —a 1 y—f 13 (]J) 8 (A) u peutas oTHo-
CHTEIbHO 2, HaXOLM:
d|- i 7
_ (@7
<SRRI L A 1S 4
Mz L 0

iy
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dopmyant (3) rtosmectsenHnl ¢ (hopmysanu (8) § 141, nawo-
NUNMH KOOpAMHATHL o M f NEHINpa  KPusu3Hbi; 3HAYMT, KDYT
KPUBU3IHBL M CONPHKACAMUIHHACH KDYT HMEIOT OAHH
il TOT JKe IeHTp. A TaKk Kak BHPAaXEHHE paanyca
conpHKkacamnerocn Kpyra, JxaBaemoe dopmyaoci  (4), cos-
majgaer € BHPaXeHNNeM paanyca KPHBH3HL, HaLleH-
mbiv B § 138, dopuyna (7), To oOrCloxa CAeAyeT, 4TO COnpukKa-
CAOMuUAcK KpYye W Kpye KPUSUSHbL ecwib IMONL Jice CaMbii Kpye,
Y. T, X

Bhinle KacaTedeHas TpaAMas Oblia Onpeienend Kak NpeaeabHoe
noJosceHIe cexyeil, npopeferHoil yepea Touxy M 1 Gumskylo k well
Touky M' Ha xpHBOil. Mbl BHAHM Te-
neph, 4TO KPYr KpuBM3Hu B rtouxe M
MOXKET OhTh ONPEAETIEH, KAk MNpeaesbHoe
MOJIOMNEHHE KPYra, NPOBEUMeHHOTD Yepea
touky M n uepes mse japyrue Tourmn M
i M" na xpusoif, dau3akne K .

§ 148. lipeneanHasi TOUKa nepeceye-
Yepr. 159 Husl ABYX OAH3KHX HOpMAJEH.

Teopema. llenmp rkpusnsio C 048

motx M rpudorr ecms npedeasnoe NOAONCEHNE HEPECeyeris HOp-
Maan & kpudoii g meouke M ¢ Gausikofl Kk Hell HOPMAABIO.

Hokasareascrro. [lycrs ypasrenne xpugoil Gyner

y=r{x) (A)

Vpasuenne Hopmaneil k kpHBOII B JBYX GaHM3KNX TouKax Al 1
M, oyayr': &

= 5y
(X —X) (3, — ¥) 52 =0,
» ry Y
(6, — X) (0, — ¥) 2 =0.
Ecan nopmaan mepecexaioren B Touxe ' (2, ) (uepr. 159),

TO KOOPANHATEL 3TOH TOukH (af, §') HOJKHEL YJIOBJICTBOPATH oG0IM
YPUBHCHHAM, YTO jgaeT: y
= ' an 4y
=)+, —8) P2 =0, |
=*u
" ¥ w dy
(e, —e) - (v, —3 et I
Pacesorpiy TENEPL giyaKyuo OT X, ONPCAEIACMYI0 Y pasHeRnen

9(x)=(x—a)4(v—§) 5

(B)

FAC y sapalee nywmo samennts wepes f(x) us (A).

' Ha oc 9 & 7
CHiokanun (2) § 77, npiviest X n ¥V cyte mexyuue woopduxam,




T
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Ypasuenua (B) nokasusaior, 4to
#(x) =0, ¢(x)=0. .
Ho no rteopeme Pouas, § 146, ¢ (x) npn HEKOTOPHIX SHAUCHHITK
X, JEKAUWX MEHKAY X, H X,, HANDHNEP NPH X=X', IOMiHa 0Bpa-

WATECA B HYJb, C.rle,mna'le.rmlo o u ' ylOBAETBOPAIOT ypaBue-
HHAM:

(x) =0, ¢ (x)=0.

Ecan Teneps M Oyaer npudaHmKaTea K M, Kak K TPeAeaLHOMY
MONOWENNIO, TO X' OYAET NPHOMDKATECA K X, § B Npeieie nomiy-
HHM:

o (x)=0, ¢ (x)=0;

apaunr C'(a’, §') 6yaer npnu.nmkaﬂﬂ:ﬂ K HEKOTOPOMY TIDEACABHOMY
NOJOKEHNIO, @ NMEHHO K UenTpy Kpupnankl C(z, f), coorBercTayio-
uiemy touse M, va wpusoii. [las nokazaTesbCTBA, ONYCTHB YK43d-
TR H AMICAB JBA NOCAENHNX YDPaBHEHHIA B BHILE:

\—aJ+u—n’“ =0,
Ly it 1
1_':_ \dx _' J"" i) dxt 0‘

YCMATPUEAEM, HTO, PelIas HX OTHOCHTENBHO o M §, moayuwiM Te He
peayantatil, uro 1 pewas (B) u (C) mpeasayero maparpada or-
HOCHTENLIO o 1 #, Y. T. M

§ 149, Teopemsl 0 cpeiuem (3aKOHbI cpennero), Mu maunHaem
M3AACATL PR TEOPEM O CPEIHEM C NPEIIONKEHIS.

Teopesta o cpedwem Kowmu. Ecan, Bo-mepswux, @ysruun
S{x) n F(x) nenpepuaust Ha ompeswe |a, b| n umeom so senxoi
siympennenl eeo motxe nponsgodnwe f'(x) u F'(x); ecan, Bo-BT0-
pux, nponzeodnan F'(x) ne 00paMaeMes 8 HYAb HiL 8 KAKOD 8HY-
mperHen moke ompesia |a, bl, mo Torna wsmeesm pasencingo

=7 fH =
Fo—Fo—rE: e a<li<b. (A)

Howkasareancrro. Bossmerm BenoMoratenbnyio  QyHKImo

B (x), TONIECTEEHIY IO TIPABOIL MACTH PABEHCTRA:
b
() - ",‘rib;_’;fz,JF(—\}—F(a)!—:ﬂ-‘)—f{aﬂ (M

Sleno, wro @ (a)=0, u B{6)=0. [ToaToMy MOMHO NPHMEHITSH

reopemy Poasst. duddepemuipyn, nvee:
5 by — fla t . 3
' () = Fr— e F () —f (). @)

[lo reopene Pontsa sra NPOMIBO/HAT AODVUAHA YHHUTOKATHCA i
HEKOTOPOrO Cpedilezo uueaa 5, T. €. NPOMENRYTOMHOTD Meway a n b.
310 1aeT:

St —fia) poim e
Fo—rFa E O—FE=0. ()
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Pazgesus na F(3) (4ro sakouno, ndo F'(x) uprie B Hyab He
OD[UIAeTCA BUYTPH OTPE3ka |a, b]) n mepenoca uyaeH, saBHCALLHH OT
cpeinero £, Bnpapo, Mbl NOJAyYaeMm paseHCTBO (A), Bbipamarice
Teopeny o cpeanem Homm, 4. T. A, i

Cnegcraie tTeopemb o cpeanenm. Ecan, Bomepsmx,
@ynryun f(x) n F(x) nenpepusas: na ompesie |a, b] mar e, xax
ux uepsse n—1 npoussodise, a ole n-e npoussodusie fU(x) u
F)(x) npocmo NMOJABKO CYUECMBYIONL 80 BCAKON GHYMPERHEN €20
motKe; ecalt, BO-BTOPH X, divirguu f(x) u F(x) max sce, kax ux
nepssie 1n— | npGUIBO0HbIE YHULIMONCAIONCS 8 MOYKe X —a, a Hyo-
uzsodnan FU)(Xx) He VHWUNONCAEMNCS HI 8 KAKOil 6HYIMPeHHen mot-
Ke ompeara |a, b, w0 Toria umeen pagencinso:

4 m(E N
;f:j}:__ﬂ;’;,:; , TIe a<i<h. ®)

JlokasaTEABCTBEO, JT0 CAGACTRIE JAOKASLIBACTCH Wa2 3a Wa-
zoa. [lpescae BCENO 3AMETHM, YT0 HH cama (hyusnpsa F(x) u Hi
OINa M3 Ee TNEPBEIX /& NPOH3BOAHBIX HE YHIYTONAIOTCA HH B KaKOil
BiyTpenneli Touwe orpeska |a, b]. Moo, ecan 6w cayunaocs, 410
F®(x#)=0, rae a<x*< b, 7To, DpHUNB BO BHHMaHWE, YTO
F®({a)=0, mpt no Teopeme Poanst pomkubl myers FE-HD (x##) =0,
rae @< x*F <% 3HaunT, ecan Onl YHA4TOWJACL k-l NPOH3BOJ-
Had BHYTpH oTpeska |a, b], TO TO e camoe nponsounIo Ol U €
k- 1-it nponasonnoil. Taxum oOpasoM, Mel OLI AOHIIH A0 YHHYTO-
MEHHA W nocaenneit n-ii mpomasoamnoit FUY(x), a ona, 1Mo YCJIOBHIO,
HHrae BHYTPH oTpeaka [a@, | He paBHa Hyqi0. 3naunt, sce ¢hyHKyuL
Flx), Fix), F'(x),..., F"(x) omanine om gyan sHympn on-
peska |a, b

Tenepn no Teopeme o cpexnem Konmt amr naees:

S —fla) __fw)
Foy—Fla)~ F{)’

Tax kar f(a)=0 n F(a)=0, 1o nveen npocro:

£ _ g e
O Py 4= b, < b. {4)

rae a<_b, < b.

Mit gompHul 8aMETHTB, 4TO paseHCTRO (4) BhHIpAMAET TNEPEexos

s {1
OT OTHOIEHHA —f‘-"--'? K PilBl[D?\l}' EMY C-'[eﬂ}"lulllc\f}" Sd HHUM OTHOMIEHHIO

: by

j(;::}-} Ho mak wax dymsum f'(x) u F'(x) nuewor GyksaisHo Te
M€ Canble CRoOficTBa, Kak M nepsoHauvaavuple (yuxwmin fx) u F(x),
‘,:it: K cagpylouleMy 3a
HIM PABHOMY €My OTHOMIEHHIO N HallHCaTh paBeHCTEO:

f (B,} it l{"l_) - -
Fay=Fp,) a<b<b,. (9)

TO MLl MOMeM COYCTHTHEHR OT OTHOWIEHHH
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A OT HEro MH MOMEM CHYCTHTBCA K fafbHelmemy GauKaiiimemy
PABEHCTBY:

150, a<b, <y, ©)

Il Tak jajee, NOKAa Ve HANHIIEM TIOCACAHEE PAaBEHCTHO:
A ety O (/)

o Aiid /01 G L 7
FUFRE(G, ) = RO (6,1 B = fuoe ™

Conocrapnsn BCe HamMCaHHEIE paBeHcTBa, Hauuuas ¢ (4) ao ca-
moro jmocacavero (7), #u oBosweuan b, Oykeoit 5, ME TONYUAEM
oKoHuaTeaLHo pasencreo (B)

fy ™M@ s p
L AR i LTI
Fy  rmgr T a<Eh, M &

Teopena o cpednesm Jlazpandxca. Ecom f(x) ecmsy nenpepsis-
Hag wa ompesie |a, b] ghyuicyus, UMeOWaL 60 BCAKOIL BHYMPERHEN
220 movxe npouszsoduyio f'(x), mo niweemcs maroe HNCAO 3, npo-
Mexcymonroe meacdy a u b, o

Fb)—fla)=(b—a)-f'(8), a<<&i<D. (C)
Howxasateancrso. B teopeme o cpeanem Ko, Bhipaiac-
Mol opmyoit (A), et nosaraem F(x)=x. Torma F(b)—F(al=
=b—a n F'(x)=1. 3naunr, F'(5)=1. Hrak, B 570M HaCTHOM
cayuae dopuyaa (A) paer:
{”’-‘-.__fﬂ}zf’(.‘-.}, rie a<E<h. (D)

b—ua

Orcioga, ymuokas wa b— @ NOJAy4eHHOE PAaBEHCTRO, MEL TPHXO-
anv ke thopuyae Jlarpawka (C), 4. T. 4.

Teopeme o cpennen Jlarpawka Jerko MOXHO TPHAATh EIIE H ApY-
roii cmuica. C o osroil ueaso Me, Bmecto Oywkmel @, Gyaem mHCaToL
Gvisy x, 1 muecto Oyksel b Gyaem mcaTh cymmy x—-Ax. Hrak,
nosaraem a-==x, h=x--A4x. Torpa b—a=Ax. Yro me xacacrcs
A0 cpeduezo wncaa 5, SBJAIOMIErOCA TIPOMENCYTKOM Mewdly a u b,
T. €. Mesny X M x-1-Ax, TO Ero TEneph NPHIETCA NHEATh B BUAC:

E=x-+0.Ax,
rae 0l ecth mosoMiITENBHOE HUCAO nposedcymonoe aededy O w 1
Er0 WHOTHA (HE COBCEM BEpHO) HA3LIBAIOT «NPASUALHOL OpolsIOY,
Xotst !l MOMCT OKagaThCA M MppaumonasbHuM uncaom. [loa-
cTapnss yxasanewie oGoswauennn B dopmyay Jlarpamia (D), Ml no-
AyuaEM 38MEYATENLHOE PAaBEHCTHO:
4 Ax)— :
Lot da -l _ w0 bax) (E)

Ax

wit, oboanauas dyaxkmmo f(x) 6yksoil ¥, T. & mosaran _\f-*—-f(x},
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MBI MOMKEM TiepenucaTh moayyennyo dopuyay (E) B Bune:
Ay :
o= (x40ax). (E¥)

Cumica obeux qopuya (E) u (E¥) 1or, 4o xozda wesasucuaoe
nepeMentoe X HOAYHAEN: NPOUIBOABHOE KOREUHOe Npupalyexue Ax,
a fynkgun Y noayiaen scaedcimane 5120 cOONBeMcNEYoNee Ko-

Ay
Heuynoe npupawenue Ay, mo omuomenue f dgyx cxasanHbLx KO-
weyipx npupawenult Ay n Ax e wyycdaemcs 8 cmperienun Ax
K HYAM0, WMOBeL cmans npoussodunol, udo oHo, ene 00 KaKoo-au0d
cmpesAesns AX K HYA10, npR BCAKON KOHEYHOM AX YIHE €CTh

Y
!/
. ‘ag’ff‘*ﬁ)‘ffﬂ}
: K
¢ ! :
Jlizm % § Avd X X

Yepr. 160

TPOMUSBOAHAR, HO MOALKO HE 8 MOuKe X, a & (LU3KOE MoUKe
£ 0Ax.

[Mo sroil mpuunwe Teopema o cpeauem Jlarpamka, sanucanHan B
Buae qopayast (E) n (E*), moayunma mMi TeopeMB O KOHEY-
HOM DpHPALULEHHIL

B srom Buae Teopema Jlarpamima HMEET NPOCTOE FeOMETPHHECKOE
HCTONKOBAHHE.

Ha uwepr. 160 nposemen rpadmic ¢yuiimm v — f(x). Toumm:
Mx, y)u M (x--Ax, y-}-Ay) aexar no xpusoit. Orpessn MK =Ax
KM =Ay. Tosromy:

Ay
rae ¢ vroa nainona xopawt MM’ k ropusonty (1. €. k ocn OX)

Ecin mbl cramem nsirate BuMz npsvywo M, sacrasass ee co-
XpanaTh mpexuuil yroa £ ¢ oceio OX, T. €. nepevellans ee napai-
JeNLHO camoit ceGe, To oma cnepsa OyIeT paspe3ams Hauly KPHBYIO
B TOYHOM CMBICIE 5TOTO CJOBa, T. €. MMETh € TOYKH TI0 00€ CBOM
croponet. Ho satem ona 6yger pce Goaee u Gojee NPHOTHKATHA K
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TAaKOMY TPEAC/ILHOMY TIOJMOMEHHIO, TIPH KOTOPOM Hd HEll OKamyTCd
yike nocaeduue TOMKH KDHBOH AYrM Tak, 4TO 1O OAHY CTOPOHY
9T0il  mpejeskHOH TNApanNenH COBCEM HE OKaMETCd yiKe HHKAKoH
TOMKH JAYPH M, 3HAYNT, BCA JAyra OyneT HAXOMMTECA NO ILPYryio
cropony 310l mapanaemt Ha uepresme nposesesa sta npenesibHas
Tapajaesk C HOCAenHeit Ha Hed Touxoit N kpusoit pyru. Slemo, uto
KacameabHas upsnas 6 maxow mouxe N doadcka cosnacms ¢ amoi
npedeapnon napasdeavio. Slcho, nakomen, 4to Touka N JEHHT
miescny komuamu M o M’ KpuBoOit myTH, Tak uTo abcumcca & Touki
N newnr memony adeumccamu x u x-Ax wonuos M u M, 1. €
HMeeM HepaBeHcTBO X < 3<C.x--4Ax. O71Ciofa, Mbl JLOMKHEL HMETD

PaBeHCTRO:
E—=x-+lAx, roe 0<T0<1.
Ha toro obCTOATEARCTBA, 4TO KacaTeawHasa k ayre MM’ B Toure
N napanseasna xopae MM, creayer paBeHCTBo:
I B=1 (x+x)=tgt. )
Conocrasansn pasecrso (1) n (2), Mu BHANM, HTO

= f (- bAx).

A aro n ecrs Qopyyna Jlarpamia (E*).

Tawm  obpasom, TeopeMa O KOHEUHOM TIDHPAILEHHI BhIpaXaeT
TOT TeoMerpudeciuii (awr, uro na seakoi ayre MN M, crarusac-
Moit xopaoit MM, uMeeTcH Takas IPOMEKYTOYHAR TOUKA N, waca-
Telblan B8 KOTOpoil mapanieasia Xopae MAI'. flcho, uto 310 Mpea-
JOMEHNE A5 Hadaopatens, wayniero 1o xopae MM asaserca
ananoron reopemu Pomas.

Jameria, uro, ymuokne pasencrso (E¥) ma Ax, mul umeenm:

Ay =" (x4-DAx)-Ax. (2)

C apyroit cropousl, Anddepenuuan dy QyHKLHE ONPEAEIAETCA Pa~
BEHCTBOM

dy=J"(x)4x. ()

Cparnngan wpussie uactTi paseHcts (3) n (4), Mel BuuD, UTG
npupaienie Ay QyHKINH ecTh He uTO HHOe, kak aumpdepenunal, B
YHCJCHHBT V15 HCKOTOPOIT TIPOMENCYTOHHON TOUKH, JeKAlled MelcLy
X H X4 Ax.

Hakonen ocsoGodcianch o1 auavenartens B dopuyae Kowm (D),
MBI HMEEM PABEHCTHO:

B =f(a)+-(6—a)f (3} (F)
[ae % eCTh mpoMexyTouHoe («cpeinees) umcao mexay e u b, 1. e
a<_&t<h.

Dro panexcrso F, ABA0ILEECA 10 CYLUECTBY Juiiub ApyToit dop-
MOH Teopembt 0 cpeanem Jlarpawka, OYAeT ceiyac oDODIEHO.
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§ 150. Teopema o cpeatem Tefaopa. Boseyen i npoHaBoabHbX
SHOB €, iy Cap w3 Cp—z H COCTAaBHM IPH NOMOLLH HX BBIPAHCHHE

: Gyor S e Sk fv 3
T(x)=c, 1 (% —a)tg(x—a)t... g —a) ...+
Cp—1 - -1
= ey Tk e (1)
feno, uto T'(x) €crh MHOTOYJIEH CTENEHH /£ — ] OT NIEPEMEHHOTO X.
[Tostomy fi-# NPOH3BOAHAH W BCE Adasuefiinne nponssogueie or T no
X MONCOECMEeHHO PAGHE. HYAI0. :
Msuorounes T (x) HMEET TO 3aMEYaTEJbHOE CBOMCTBO, 4TO OH CaM
W BCE ero NPOM3BOJHBIE, JO 72— l-ii BEMOYNTEILHO, IIPH X =—a CTa-
HOBATCSA PABHBIMH HHCAAMH Cgy €y €4y « v o s Cpye DTHM MbI XOTHM CHa-

3aTh, 4TO MMEEM DaBEHCTBA:
T(a}:fn- 7 (aJ:CH hi [Q,):g:, vy
Y106 LOKA3ATE 3TO, MOCTATOMHO OAHH TOJBKO Pas 1po,
unposarhk Beipamenne T(x). Mneen:

T()=c,+fr—a)+5 G —a)f +...4-5f

Ti—1) (g) =

Mbt Buau, uTO TpoHsBoAHas T (x) nMec:
camulit BHEZ, Kak H caMm MHorodsen 7(x), Tov
CAHMAHLLY HiKe 1 COCTaBJIeHa M3 4YHCea €, €.,

Orcioga npaMo cleayer, 4to Mel nmeem 7(
YTO M5 AAIbHENIIHX NPOH3ROAHLIX A0 12— 1-ft icnoy.
HMETh TO4HO Tak e T"(a)=c¢,, T"(a)l=¢,, ..., LV

A 370 I CyTh paBeHcTsa (2). !
3aMETHB 5T0, BOSBMEM KaKYVIO-HHOYAe QvHsmo f(x), HE

nyio na orpeske [a, b] BMecte co comMm 1 — 1 JIPOH3BOIHBIME
J(x)s .o, [ 1(x) H pMeouly0 -0 nponssoanyio U (x) Bo Bl
KOii BHYTpEHHEIT TOYKe 3TOro oTpeska, Jta NMOCICIHAR TIPOHIBOIHE
BOOOLIE rOBOPH, Y€ PaspuiBHaA (YHKIIA.

Ecan met teneps BHGEpEM 4HCHA €, €,, €y, - - COOTBETL
BeHHO pasubii fla), f'(a), f'(a),..., frE—i{a €. ecam M
HOJTOMKIM

gi=1F(a), . =71 (&) ca=T"(a)r+.s Cacea—=T ()TN

g .

)

TO TOrAa pPAasHOCTh

D(x)=f(x)—T(x) (
CCTh Henpepenuas (yHkmui Ha orpeswxe |a, b], mvenontas Henpepul
HLIMH HA HEH BCE NPOHSBOAHLIE 10 NOpAAKd /12— | BKIIOUHTENLHO
]lpH‘{EM, OYEBHANO, HMEEM:

®(a)=0, @'(a)=0, '(a)=0,..., P==1(a)=0, (B
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[lycth MBl XOTHM HCCNEAOBATL HA MAKCHMYM MJIH HA MUHAMYM
KAKOE-HHGYIh UHCJAEHHOE BHAYCHHE @ aprymenta x. Ml mpeanona-
raeM uccaenyemyio dynxunio f («) nenpepsisroil Ha orpeaxe [d, B,
TAK WEe KAk H BCE €€ # TIEPBHIE IPOH3BO/LHLIE BRIOUHTENBHO. TouKY
@ mpeimoaraeM Jexallel s#ynpu OTPEsKa 1A, Bl

[lycrs B TouKe ¢ OOPAILAIOTCH B HYJb 22— ] TEpBbIc TPOH3BOL-
HE, 1O #-1 TPOH3BONHAA B HYJb B TOUKE @ He oOpaiiaercs. Mrak,
NyCcTh HMEEM

flay=ri(@=...=f"M(@=0, so fe(a)=0, (I

0 A o e LY
= e -
ag X
Uepr, 161

Mpumenan x (yucunn f(x) dopuyay Teiiiopa (G) u yuntsisag
paseuctsa (1), Mbl HAXOAHM:

b b_ It = S :
f(f’}:f(“)—"%f‘"}(:}. a<<g5=<0 2)
Bavennst, aaa yaoberea, Gyxsy b OyKBOI X, ML HMeeM:
te ey = -
flx) :f{a.‘—i_{%f‘"] (8), THe a< E<ik (3)

Tak kak npou3soimas fi)(x) wenpepuigua ma orpeske [A, B

H B Cro TOYKC @ HE YHUMTONAETCH, TO BCEr/a MOXKHO OKDYIKHTH

TOUKY @ CTOJB MaJbM  OTPESKOM

I » [a—#, a-}- /], nrobu npouasos-

gl Has U9 (x) ne N3MEeHAna CBOErO

] D gwaxa wva [a—/h, a4k (sepr. 161).

T s [Tostomy, ecan fiM(a) moaoKi-

/@ r'ff"j TENLHOC YHCA0, TO HA  OTpeske

| [@a—h, @ k] n fi(x) Beane Oy~

a x ACT  NOJAOMUTENLHOM,  SHAYHT,

3 . Gyaem mers JU0(3) >0, Toumo

lepr. 162a TaK e, econ [ (a) ecrs oTpi-

UATENBHOC  WHCTO, TO  GYAeM

umeth F#(3)<70 npn BCAKOM TNONOKEHHII TOUKI X Ha OTpeske
[a—#, a-1-k].

Ha cxasanHOro fACHO, 4TO €Cai 2 €CTh YHCI0 HEeYemmMoe, To b
TOUKE @ HET HM MakCHMyMa, Hu MuummyMa, nGo ckodka (x —a)'
IpH NMepexoje TOYKH X ¢ OJHOI CTOPOHBl OT TOYKH @ Ha APYLYH
CTOPOHY  H3MEHsem 3Hark. 3HAYHT, 1O ONHY CTOPOHY Oyzer
S{x)>f(a), a no apyrywo cropouy 6yner f(x)<<f(a). Msl Bimm,
TakHM  00pasoM, Iepexeoj KpuBoii € OAHOH CTOPOHBL TOPH30OHTAAH
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CD wa papyrywo cropony (uepr. 162a). 3necs, caeaosateqnnuo, wenn
HU AMAQRCUMYMA, HIE MUHUAVAE,

Ecmn e n ects 4ucao semuoe, To ckobka (x—a)" Beeraa
nonoxuTeaBHa, M Torma, ecam fU(a)< 0 mmeem f(x)— f(a)<<0.
[ostomy f(x)<f(a) n nmeem sawcumysn (depr. 162b) B Touke a.
Ecan ke fiM(a) >0, To meem f(x)—f(a) >0, T. e. f(x)>f(e)
3uaunr, uyeeMm munumys (depr. 162c) B Touxe a.

Taxnm 0GpasoM Mbl NOTYHHAM NpH3HAK:

YMOO6 UMEACH MAKCUMYM UWAR MIUHUMVA, HEOBXOANMO, 4ot
nepaas HeoOpau@ioascs 8 Hyab 8 mouke X-=—a' npoussodras
I (x) nmeqa ue Tuwil nopsdor. H mozda, ecan {0 (a) <0, uveen
MakcuMyM; ecan ace fU(a)>>0, uyeenm MHHHMY M.

NMpumep 1, Hecaenosate dynknmo &' — 9 -24¢ — T na MakcHMaisiue n
MHHIMAILILIE 3Haveni,

M,
¢ e ——>p ¢ s =4 D
fia) \ yix) /i), i
. |
a A o X
Yepr. 162b : UYepr. 162¢
Pewenue, ()= 3% — 18x - 24,

Pemaa ypamienne
3% — 1B+ 2 =0,

HAXOAHM KPUTIHMECke anavennt x=2n
Hndspepenunpyen ropusiio; f* (x) = 6x —
Tar kax f7(2) =—06, 1o sakmouaes, 1o f(2)=13 ecrb Makcusy.
Tax wak f*(4) =6, 10 sakmouaey, uto f{4)="0 ectn iy,

Epmlep 2. Meerenopats i Mascinyst i Mumunayy dpyngumo e¥ 42 cosx - e7%,
emenne,

4,1’.‘;u§uut}|‘:|1:130.\1 Fi@=0nf0)=0.

Jx)=e* 4+ 2cos x| e,
flxy=e*—2sinx —e*=0 npu x=02
flix)=e* —2cosx e~ =0 npn x=1,
[ =e L 2sinx —e =0 npn x=10,

SWiy=e*+2cosxt e =4 npn x=0

Caenosavesnno, B cuay npusnaka, f(0)=4 ects Mimmiyy.

! Kak n 5 § 80, kxputuyeckoe suaueine x— a wafines, NPUPABHAE YN0 nep-
BYW NPOUIROAHYIO § Onpeneanst AelcTonTeabibie KOPUIL NOAYIENHOro  YpaBHenm:,
fx=0 ecTb eanucTRenNBl KOPeHb ypaBHENN

e¥ —2sing—e =0
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3ANAYH
Wecaenorath fa MAKCHMYSBL 1 MIIMMVMBL caeayiouHe GyHkn, Noab3yich
METOAUM TOCASQHEro naparpada.
1. Bt — 4L 1,
2. x® — x4 12x - 48, 2 ye gaet MM Max, Wil min,
x=1 naer min =0,

3. (x—1F(x41),
£ L x——] AACT m et
=g HACT MAX=goe.

018, x=1 nact min=0;
0 ne gaer um max, we min,

x——1 e naer Hut max, HH min

4. Heeaenosats X7 — fe!4-5x" —1 npu x=1 n x=3, :
O71B. x—=1 aaer max, x—23 aaer min

5. Mecnenopath x2 — 3x°4-3x 7 npn x=1.
OTB. x=1 ne paer UM max, uw min.

6, [Mokasate, 4TO €CAN NEPBIA TPONIBOAHAN, HE ubpammomaﬂcn H 1IYAb Ipi
¥ =g, Gyier neueTnoro (=) nopauaka, 1o f(x) npu x = Gyaer soapacrawiiei,
ando  yonraiomei gynkunell, cuotps no Tomy, Gyner Jam FU (@) =0 naw < 0.

§ 152. HeonpejenenHbie ¢popmel. Koraa npu nexoTopoM vactHon
SHaueHH HESaBHCHMOrO MEPEMEHHOrD @opiry.aa, Maomas (yHKIHL,
NPUIIMAET OJHY M3 CeMu (OpM: =

L £, 0-00, co—oo, 0", oo l=,

(T
TO roBOpAT, uTO (YHKUHA Heonpedesesna, W NN ITOTO SHAYCHIA
HE38BHCHMOTO IMEPEMEHHOTO d])'HI(IIHH JAHHBIM  AHAJNNTHYECKHM Bblpa-
sennenm (dopmysoit) ne onpeaeasercs. [lycrh, HanpHMep, HMees:

0 HYCTh Il HEKOTOPOrO SHAYEHHA INEPEMEHHOro, Hampumep A
Xx=a, Oyier ;s
f{a}ﬁD, F{ﬂ':l:ﬂ.

Jlaa sroro 3Hauenns TEPEMEHHOro . Hama (pYHKUHA He onpele-
JIeHd, MOTOMY 4YTO JAEJEHHE Hie HYJdb HEBO3MOMCHO, H TIOTOMY MH
MOKEM IDPHANCATH Efi KAKOE YIrOaHO 3HauCHNE,

Kak Oputo ykasano B § 52, esdareqanHo NPUIHCATH  (yHKUMI
TAKOL 3HAYEHHE, KOTOPOE AEJA10 O €8 HEeNPephIBHOH NpH X=a,

ECJAH 9TO TOJBKO BO3MOMKHO.
§ 153, Ouenra sJeMenTaApHLIMH ITpueMami (DyHKIIH, TIPHIHMA-

Iouei Heompenedennyio gopmy. Ecm  (yrxiumns  f(x) noayuaer
HEOnpeae eHny 1o lI]UI))I_\'. Korjga X=—a, TOrjxd, ec.iu

lim f(x)

N=da
cViecmayem o aaagencs KOHEYHO Beupdiitnotl, Mbl paccMaTpHBaEM
3Ty BEJHYHHY KK YHCJIEHHOE SHAYEHHE (i}'\’HI{IlIIII A x—al.

! Bruncaenne storo NPEReALIOre SHaveln HAIhBACTCR UCH PR IMITeAr Heonpe-
HeNennocTy.
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TpuusTie 9T0r0 NPEeAesa Kak “NCACHHOrO siauents casoi qyus-
Wi f(x) B TOUKE @, T. €. JONylieHHe

Tl = I_im Flx)

Aenaet f(.x) HenpepHBHOR TIPH X = @. JT0 CONIACYETCH C HN0KEHHBIM
B § 62, a Tawe n c npakTHueckuyu npumepayi . VI, rae sn-
UHCAEHR TIPEIENHL HECKONBKHX (DYHKIHE, NPHHHMAIOIINX HEQNPe e eH-
0

HY10 (lopmy T

Sta npefesibHan BedndHna tHozda MOMKET OHITh HAllEHA C TOMOUILIO
TPOCTHIX  AATEOPANMECKHX M TPHIOHOMETpPHYECKHX npeodpasosaniil,
KAK TIOKAShIBAIOT CJAELYIOLLNE TIPHMEPSI:
X ;
- Haitie f{2).

e. f(2) ectn ueony Huoets, Ho, npeanoaaras, 4To % €e oTanyo

oT 2, MBl HNMeeM HpapB0 CCOKPaTHTh IJ.FOGIJ!’.‘, T. €. LIJERTIIHECHII PasfednTh YHCANTE b

la spamenaresn, Toraa Mbtivees f(x) = x - 2, 3uawr, ilnu’f(x}z lim{x - 2)=4.
K2 Xeed

Mpinep 1. Jlano fx)="—

I,
!

Hpumep 2, Jano f(x)=sc x — tg x. Haitt f (—‘;) .

i
Pewenue, f( &5 | eTh neonpezeacHuocTh THNA oo — <o, TpeoGpaayeym cies

AYONIHN 0Opas0M:

1 sinx 1 —sinx 1—sinx |siny
X —fpr= —— = = . — —
Logx  cosx Cos X €05 X 1 4 sinx
_l—sn*x cos® ¥ Lcps
T eosx(l4sinx) T cosx(l Fsinx) - 14 sin.”

Toatomy, lim _Ift_.\') — liniﬁ ; _c:—l‘s%-‘-z i_—(::ll =1
Kb g

[Monodno sromy muorne npumepsl ra. VI nogcnsior, xaiy oGpa-
30M MOKHO HaXOAWTh NPEJALJBHLIE 3JHAYEHHA HCKOTOPHIX dyHKiu,
TPHEHMAIONUIK HeonpeaeTenise (opybl, YHOTPEOAAR COOTBETCTBYI0-
WHE aaredpanueckie 1 TPHIOHOMETPHUECKHE TpeobpasoBaHud, H
KAKHM 00pasom, BOODILE, 3TH NPEAE/bHBLIE 3HAYEHIA HENAI0T COOT-.
BETCTBYIOUIME (PYIKINY HeNPEPLIBHLIMH B PACCMATPHBAEMBIX TOUKAX.
Ho Gosee obiie cnocobul packpeITiA HEONPEIETEHHOCTE OCHOBANLL

Ha METOJIAX mu]uhepuulmanhuom HCYHCAENHH,

§ 154. Packpritie Heonpefie eHHocTH % Haia  dynwuus dop-

My ol i

F'i\lu Takoif, uto fla)=0 u F(a)=0. ®Oynxuun CTaHOBMTCH
eonpeaenentoi npin x=ga. TpeSyerca naiirn

£

Fix)*

lim
X
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JLia OTHICKaHus 3TOro TMpeiena Mbl TpHGEraeM K CaeXCTBID
Teopemu o cpeanenm Komn (§ 149). Hna 3Toro Mel npeamo-
aaraem, 4To,

go-nepasix, Gyuxiunn f(x)n F(x) TaK e Kak 1 nx nepssie n—|
TIPOH3BOAHLIE Henpepbisibl Ha OTPE3KE [4, ?];! COLEPHalLeM BHYTPIC
TouKy @; NPOM3BOAHBIE e n-r0 MopsjKa ) (x) u F"™ (x) npocto
TONBKO CYLICCTRYIOT HA OTpE3Ke [A, B], xpose, MokeT GuITh, camoi
mourn @, Ho, BOODIUE, YIKE Pa3pbIBHbL;

AO-BIMOPHLX, DYHKELIHI Fx)u F(x) rar e xax u uX nepssle n—|
TPOH3BOAHBIE VRWHNONCQIOMCR B TOUKE @, HO IPOH3BOAHAR Fi"}[_tj
He yHuHMoNc@emcs HATAE B OTPEsKe [A, B] Bue Touxn a.

B arhx ycaopuax Ml HMeeM dopyyay (B), Beipaxcaroutyio yxasan-
Hoe CJeicTBHe Teopemul o cpeanem Konnn

flx) 1™
Fix)  FNg)e (B)

2de & aexcam eiympn ompesca (a, x).

[Moaromy, xoraa X—-a, TOrAa E ABTOMATHUECKH CTPEMHTCA K
TOYKE , KAK i NPEIeJayY, H Mbl HMEEM paBeHCTBRO:
fim 169 — jjp £0 00 (H)

xvat ¥) x—a

TIE 3qpaiee upednoaazaenics, Mo Npetes npasoi yacmu cyue-
cmayen, .
STa MOCHAEAHAA OrOBOPKA OHEHb Ba{Ha, MOO CCJAH npejen npanoi
uacTi papencrsa (H) ne cyuiecrtsyer, 70 Torja CaMo 3TO PABEHCTBO
(H) yie ne caysnT HH K YeMy, H TOPLd €ro HYIKHO COBCEM OCT4BHTh.
[pasitto, BuiTexalouee u3 pasencrsa (H), nasuiBaercs npasuton
Jloname.an. Heckonbko rpyGoBaTo OHO CJAOBECHO BBIPAMKAETCHA BKPAT-
e Tak:
[lpapuno Jlonmurans pacKPHITHA HEONpELETEHHO-
0 - X .
CTH . Hauen dpods ;‘i{x!j’ 2de fla)=F(a)=0, wyucno npodug-
@epenyupasams: OTXENLHO HHCAUMEAs, OTAECAbHO SHaMEHd-
e Rt a
meap u cocmantns nosywo dpods {(“]’ {_.——-,{M}J n sgum-
e npededon cmaport dpodn, wozda x— a.
Ecim oxamerca, uTo nopafl JpoGh HHCKOJIBLKO HE JYUILE CTapoif
10 Toit npuumne, 4to ounrs f'(a)=F"(a)=0, TOraa RyXHO nOBTO-
i e
piiTe npunenende npapiaa Jlonnrans 1 COCTABHTH APODH '{_q%, R~

. Ee geawinna

JYiina  KoTopoit {J"::] SIRNTCH  NPEeacIoM 00€HX NpeaInecTBYIOUIHN

Apoeil, korga X — da.
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Ecan onars oxamercs, uto f"(a)=F"(a)=0, rorja Haio cny-
CTHTBCA K Caenyiomeit apobu F—{t;., nTom

Huoeda npuxodumes nosmopsins npuienesie npasu.m Jlonu-
. -")? AMHOLO pas, Hnoose CRYCMUNLCE K maxoit dpoﬁu F.f"" -y Y Ka-

J'h‘,!}pﬂu peAumenb U 3HaMeRamens HenpepssHs 8 Motke o i e
VHRUNIONCaiome st oduoapeﬁ:euﬂo.

w ) (x)
Ecan mam ynanock goGurhest TOAYYCHHA TAKoil apodn {;t-‘-,xjm,
TOrjla CAGACTBIE Teopemsl o cpeaumem Koumt xeiicrsyer Ge3yxopi3-
HEHHO, M MBI HNEEM:

lim 1.9 S ()

i
Fln~ FM@)* (o)

E ]

B atom Ciayuae NPABHIO JlonnTanad OKa3aWBACTEs A0CTAaTOY-

4]
HLIM LIS DacKPhLITHA HEONPENEIEHHOCTH T
I'Ipanu.m JlonuTtana ects NPaBHYIO  npakmuieckoe H ero OblBaeT
AQCTATOMHO RO MHOTHX COy4anx.

Ho unorma caysaerca, 4to yuce npn mepBOoM €ro TPHMEHEHHH Mbl
nonataen Ha Japodb F‘%' ¥y KOTOpOit .Au00 HHCANTENb, .Audo 3Ha-

MEHATESL TEPHIOT HETIPEPLIBHOCTE B TOUKE X ==4a. Toraa npasuag Jlo-
THTa NPHXOANTCA OCTARIATE, nbo NPHMEHEHHE €70 HE TOJARKO HH-
HEro He gaer, HO MOMET BBECTH B NPHMOE 336«1} HULEHHE. B amoa

cayuae wosan Opods f—{- Xyoice cmapoii dpoou ‘;—(‘—\'!
I fix) - . 2 1
pumep 1. Packpuits neonpencacunocts Fo) e f (W=x ssin -

F{x)=x npu x=1.
Pewenne, Yicantean f(x) n anavenateas F(£) 8 Touke x =0 Henpepuisiuu

paskn nyae: f{0)=0n F(0)= 0. 3uaunt, nMees HeonpeneasiinncTs miia T . NMpu-

i o 1 i

uenenne npasnaa Jlounraan mnwers we gaer, wio mseem fx)= Jxsin i
= Tl = 1 1

1 Fi{x)=1; nostomy nonas Apobi F "('i')_ Lsm——cns—npucm e Hueer -

1
Kakoro npeaeaa, korfga x—+ 0, Tag Kag neppsifi waen 2x sin & CTPEMUTCH (& 1y-

" 1
A0, A BWIOPOH Yaen cos 7 KoaeGaeTo, coBepuan fecHic e HHOG MHOMECTRO Paima-

xon 0T — 1 po -1, koraa x —+ 0, Taxum ofpasom, npapmao JlonnTans 3ieck no
CAMOMY CYILECTBY NEAd HENpuMeHItMo,

! Mpeaocteperaes y4aulerocs OT BeCKMA HEOCMOTpHTEabioll, MO AOBOALID
niLMHoH  oumGKN AnQpepenunpoBania BCEro BHpaRel 1o npasiay andrpepen-
UNPOBANNA APOfii.
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% umeercs, worga x — 0. B cavom pene, upsasia
i) 1 f19)
XOMNM; = — ¥ §in — = 1 3HaUNT, nneen lim =
Beaenuen (o) na F(x) M@ Fio) e
Snech e NOTKIG KA3ATLOA YARBUTEALUOH ne pllOi:'rh TEOPEeNbl 0 cpe.'uleu Ko,
o, XOTA Mbl MMEEM BCPULIM PaBElCTHO:

fte) __f 6 o e
FO—F@' rae D<TE<

Nanako, npeies ApaGH

I c
s
A% sin —
X

—2

1
= By =Gty

omiaRo, xozda x— 0, datizance K HAVA HERPEBBHG, r,fﬂe{?m‘.ﬂ £ dsuawemen & KV

CRAMCAAL, K Ymo cos .é. He HCHWmueaem RUKAKTN  wodefaniii, HO cmpe-

MUmeR K& HYA0.
Muorna npasnao Jlonntasn ne npuBoanT K ue)-m concen no apyroil nprsmie,

x)
NMEHNO KOTZa MBI HOAVUAEM BCE BpeMs ppodi F) () € YHIM TORCAIONIIMICA YIcT-
FEANMK 1 SHAMEHATEANMI PN ¥ = a. B amon cayiae wodne dpodu He,g yitie cmﬂpu_

Mpumep 2. Packprite neonpeneseniocts !{{( Jrne f(vj=e TRy Flx)=e 8

opi x =0
Pewenye, Uncautens f{x) w auasenatenn F(x) B 1ouxe x—0 nenpepusiu

n pasnsl nyao: f(0)=0n F(0)=0. 3nawrr, nuees HeonpercaennocTs mia T
l']punelielll(e npamiia Jlonurand aneck decnogesyo, noOo LPOHAROAHBIE ELEX 110~
1
aakos dyuxmn e * jenpepeintist B Touke =10 1 pasHb HYID, TAK 4TO
g Ao =f0=F ﬂ):...fl[ I=FlO)=F ({O)=F"(0)..
Oanako npeaea apodeli f[‘_\f] npie x—= 0 ameerca, uio nmcen fx)=~ran

anaunr, 3ra apebs Beeraa pasua 1w ee npeaca tome pasen 1Y

‘3amevanne pas npenojapareae OnuiT HOKAIBBIET, YTO Y4a-
tiecs, npil NEPHOM SHAKOMCTHE ¢ HPABILIOM Jlanuwraan, CEAOHIKL LPENCTARIATS €0
Goee NpocThiM, 4eM Ol0 eCTh B ACHCTENTEeILHoCTH, a |l|J]l ILHCHIINX Pa3MbilLae-
ISR, KOPAA OHH 3MEUA0T, 470 BEUUl ABIMOTCH O0jee CANMINILIMI, 4EM OHI CHAYE-
A3 JAYMAAH, TOUVAE OHI JErKo 3any ThIBAIOTCN 0, YTOOM BLIBECTH 1K 13 JaTpyIHeHns,
TpeGyercd NoMOlLh NpPenniasaTes.

B stom cayuyag noacauo WM YKa3aTh, MTO UPH OMIOKPATHOM NPHNMEHEN npi-
Biva JlonnTaad BOINUKAIOT vembipe JOPHHECKN BOIMOMIINX CAYyUan, 13
KoTophix oaitd nepeaien. Muenno:

(1) tim ','( cyllecrsyer, lim f CYLECTRYET;
(I Lim é He cymectnyer, lim ;‘ CylecTEyeT;
(10 lim % CYHIECTBYET, lim J; CYIMECTBYET;
(IV) Tim ,{: ne cyviecrsyer, lim ;r e CYULECTHYET. "ap
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n puMevanue, [IDEXL'IC uem l'IEpe“TII K NPHMEpaM B 3anauaM na npagiiao
nDHFITII.’[FI, 3AMETHM, MTO ELIH 4= 0, NOACTAHOBKA x:T NPUBOIHT 3ANA4Y K Bld-
HHCAENUID npeneaa nan z2=0; Takmy Oﬁpﬂﬂﬁhl

e (IT)zl f(‘-é)::in——

=1l o
Ze(T fi“u,_v(i) s P
z izt z

Crenosatenbin, NPasiiI0 MMEST CWIY W B 3TOM caywuae.
Hpamep 1. Bevicants

lim
X 00

Cayuaii () ects caydail, kotopuli wMeeT » mHAY Opanwao Jonu-
Taas, nio olMsATEALID NHMEEM PABEHCTDO: limF=llm e

C-’?"I."im‘f’ (1) p pelicToUTEABHOCTH NEBO3 MO K EH, W60 NI CYULESTRO-
Banmy lim jo Cleayer ofsanteabho cyuiectroBanne lim F-

Cayuait (M) mabawnaercn s fefcTBHTENLHOCTH, KK 5T0 NOKa-
awnaer npumep 1, rae ,f-:_\"-sin—l? nF=ux

Caywaii (IV) wctTpewaercs n peficrsnrensuoctu. Hanpuwep
J=xsin— nF=ux

X

! : /
B cavuae (1) nosan apoGu ,{_ xynee cmapoli opodu =5 1 dlech TpIMeHenie
npasiaa Jlonntaas Nero3 MoK N0 1 MOKET NOBECTH K ONACHLIM SAKAIOUEHNAM It
HEIOPAaY MEiIM,

f
Ho u & cayae (1) mioraa okasLEaeTCH, MT0 HOBAR ﬂ_lmﬁb 7 HUEKOIbRD  HE

Ayeuie cmmapoit dpoin -i__-, KAk 5TO OOKASWBAGT DpUMEp 2, e f=F=e *.

3necy npumenienne npagnia Jlonwtaas Gecnonesuo, X018 u He onactio. 3o
ectb cayuall peasanioro Geccnana npasnaa Jonurann
Pacesmorpiy nntepectntii caydail opMasbioro Geccuann npasnaa
=i o 'l.r A.?
Jonnrann, ausemio: f=71 ¥*uF= x. 3naunt, crapan 1pols ecTh %: T
Pazukai npnunmaetcn b apumeTnieckod cMuicae u npasiao Jlonitass npuMenierca

: 2x X

a 3K J ¢ — 0, M e e F
na otpeske [0,1] gan x— 0. Mueen: [ W Ve i
X

=7'.§=-' T.€ pasna nepesepuytoi crapoii. [lo-

=1, TMostomy no-

Baf apolh ecTh

F

CALAOBATEALIOE npuMenenne npanuaa Jlonurass AWl NepesepTLBILT OANR pa3 3a
_ , YA VR

APYTHM TICPBONAYAIRHY IO APODhL: =rem :Ij G
Caywan gopMassiofl nepocratounoc iy npasiaa JJomnTasm Ol BIepenie BhiR-

aenm npod. B H, Jlenyrarosms, oy, «Matematnia B wmodes, 1948, No 5, crp. 2
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0
= ! leonpeaeseniocts.

i HEOHPENLLAEHHOCTE,

i lﬁx__'l x=1 b—2 i
Hpumep 2. Buuicants e
}'_r:'u e —cince
Peienne. - i
};l%j]= [g"‘ = E:i‘“'; 1’“'-‘ = 1_%: Heonpeneaemocth,
( x — St 5= =
T{'_@J_]_. I.ﬁ_g_::.?i] V= #—-;-—2 — -%- i JNIEONPEeACHIOCTh,
x= i
f'(}:& {E S=2 1 =%: HEONpeie1ennocTh,
10 _ P o |
‘3.1” (0} 1 1
SAITAUH i
Brauncantn npi noyouwn npasiaa Jlomiras |||fr.«%c1’_c.u\'mu1lrc BRIpastens b, |
£ SE iy = 4
OTa. q 12, r’]_:_nﬁl, 12“ v O7s. 1. |
1 : ) 1
=5 13. lm‘L I-]—ma s S
1 i
- P
14, lim = fe it o,
2' I=a
13, lim —— = Ge',
= x=s2l¥ — o7
- ¥4x—2 3
e =F 16. EEII] e e v
l T {3—1‘1" s 17. lim - q %
a¥ —bF 774 _Slii 2x
7. lim ——— In 5 18, lim ===, .
-‘_‘ur" —ar*—a’r+4-a* a__’u_\: = sin X 1
8 lim ———yr " 0. 19. ]lmﬂ — '
v X -
9. ﬁlim %;1{1—?. .;— 20 ]irnl Lbotl 3 - %
=i x>
10, lim ﬂx =51 i cos g 1
iy it 21. lim 7
41, i ey = 2 £ .
yad  IN(L4-¥) : :

' lpognpdepenunporas, yyampiica A0IWEN B KAWI0M CIY4ae CNEPBA NPUABCTH
PEIVARTAT K Hi!ULTEflIIle\I} BHAY ® TOAbKO NOCAe 3TOr0 NOACTABRIATE SHAYCHHE HE-

H3BECTHOrO.
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§ 155. PackpuiTie HeonpemreneHiiocTu
Urobut nafiti

]F!v‘f[ﬂ.
Koria obe (yHKuHH ATCH
X —a, Mbl ll[]l]p(ﬂ}i(ll('i

HONEYHBIMH  TIPH
A

Mpasniao packpn Hauesn

o f ) n ; =
dpods oo z0e fla)=oo n Fla it
posanis; OTAENBHO MUCAUMELs, U5 L.
cilasuny HOBYIO Opo0h %‘% Ee geausuna

Aoa emapoii dpoon, xoda x—-a’,
B cayuae, ecan wopas 1poBh ONaMETCH 00
JGHHOTO 3HAYCHIA TEePEeMEHHOro, TOBTOPAEM TOT e Ljiil

HokaszateabcTBo npasuaa. Heonpeaeaenuoc: s

" 0
TNpUBOANM K H3YUCHHOH HaMi HEONpeAeJCHHOCTH i G LY 10 LN

Six)
Fx)

[Notom, szaMeTus, Y10 OHO NPSACTABAAST COGO

pasont. CHauana Mbl IMILIEM JAHHYIO HaM leODh B BHAC ©

1
HEHIA 7ot .
Flx)' fix)
0
HEONPEAGCHHOCTS BIAA -, TPIY
npasao Jlonwransn. 2To HaM JlaeT:

!lmj‘:[k_l — lim {[ F*(x}F‘("w L

K HEMY JOKA3AHHOC BLILL

XSu X-ra
T. €.
fix) : fx ]2 Ea)
tim 785 = tim { [P )
[pexnosaran cnavasa npeaes ApooH ﬂ—}i KOMeH 1 |
O HYAM, Mbl HAXOAUM:
(x) F{x)
e lim‘|r hn 7
N i
OTKY1d NO/YUdeM HCKOMOE NPEBIIo:
llm 1o lir n)r ¥l

fix)
o Fix)
HI,D_VD‘HUCHIE. HLE 'IU."[bl{O 4YTO JMOKA3dHHBIM TNDPABIVIOM Tpexed ,ﬁp\)’j}l

P x) n FT(x) no npeanoioskeniio — @yuKL genpepusime,

e

Ecm ke mpepen hm paBeH Hy/i0, TOrAa Mel OOXOAUAL
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fﬁ"_‘;&’w("" , Tae k& NOCTOSHHOE, OTAMUHOE or muyas. [pexen sToit

APOGIL DABEH, OYEBHAHO, £, WM TOTOMY MBL.MMEEM NpaBo NpHMEHATH
510 npasio. Hueea:

SO REE i SR )
Im === =lIm =% s
Orcioaa

lim [‘Q‘fj}ﬁ k} = lim £ | p— lim £ 4 g

x—+a K il (x) Tra F'.E.A\'-}
W, BRMHTAA 0O & H3 OOEHX vacTed, HAXOAHM OKOHYATEJILHO:

3 1 (x)
lim At P lim %= .
xvaf @) Lo F(X)
3uaunT, TNPABIIO MOKA3AHO BO BCEX CIyuamx.
MoHO TIOKA3aTh, MTO NPaBHIOQ OCTaeTCH BEPHLIM, €CJ

lim 4. — oo,
et (%)
Mpumep 1. Buuncants:
In x
— npiK.x =0,
cosec x
Pewenne.
HOY) [ Inx _— o, ik
_((JJ_- COs6C X R e HEonpeacaen HOCTh,

1
fiy_ [ x ] = sin® x
F'{0) L —cosecx-ctgx Jx=0 {

XQus X
2 sin x cos x

Fo=—m

anBII.J](J Jlonwrans AJI HEONPEAEICHROCTH 2

0
: T o i HoonpeleaelHoCTh,
=

HAONYCKAET TE MKe
CAMBIE OTOBOPDKH B OTHOHIEHIHH CAYYacB €ro HCHPHMEHNMOCTH, peaib-
HOTO H d]Opl\!a.'IbuOl'O Gecclh‘lllﬂ, Kakne oL CAEJaHbl BHIUE JAR
HeonpeaeJeHHoCTH -:;~ .
Npumep 2, (Hpod. B. H. Menyraton.) Haiitn npeaea ¥
Pewenne, Tloapons spaMenaTenh X noa KOPeln, IMees:

vt

108 X o -,

ROrAa x):—-—]—-oo. Pazukaa Oeperca 104K0 B apiiMeriueckon cMbicie (N0
TRUBILIN
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. Mpasuno me Jlomitann AeaneT aneck cAy4al fopmaawnoro Geccu-

aus, udo, nosaran =114 % u F=x, umees: f'=

= =
'[f] o e A
f Vi4x* [ x
Jnaunt: Fe— }‘"':]!_'}; - Mowtopinie  nPUMEISHNA  IpaBita

Jlonurans AMib NOCAGAOBATE L0 NEPEBEPTHIBAINT, Pa3 5a Pa3oM, NePBEOHAUAILIYID
Ipolb:

i VAt S S e N )
F~ & - P o e

X
— W T

§ 156. PackppiTne HeompegeidenHocTH 0:-co. Ecom  dynwums
flx)e-(x) npuunmMaeT neonpenenennyio opmy 0-c0 npy X=a, Ml
TIePenHChIBAEM AAHHYID (DVHKIMIO B BHIE

f(x)-f,a{x):ﬂ—lx‘ (;mn:@)
(%) E3]
TaK, YTOGLI OHA MOT/A TMIPHHATH BHA % HIH E, NpHBOAA, TAKIM 06-
pasoM, Bompoc K paccMmorpenHomy B § 154 wmt § 165.

b
Mpamep. Packpuits Heonpenenennocts sec 3x-cos 5x npw X == 5.
Pewenus,

= 0.0 HCONPEIEAEHHOCTD,

[sec 3x-cos 5x]
Epe—

- T
Moacrasanes Toeay BMecTo sec B, uTo T (yHKWHE BUIL
cosbx _ fix)

cosdx— Fx)’

Hyeen:

0
— -LT 1 HeolpegeeHHoCTh.

oo

__[—sinx:b] — __
| =EnEa T
- "

x=;
§ 157. PacupsiTue HeonpenenennoctT# oc —oo. BooBue Bna-
MOJKHO ﬂpEOf)pﬂﬂOBaTh Taxoe BBIDAXKEHHE B ﬂpﬂﬁb, KOTOpan llp'.ll!\-lel'

0
OIMH M3 BHIOB: — WAl —.
0 w0

; i3
llpumep. Packpuirh neonpejeieniocts secx — tg X npu x = T
Petuenue,

= 00 — 000 HEOUPeNSAeHHOCTD,

[sec x — tgx]
N
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£, xv

Ilo npaswaam TpHTOHOMETPIN
1

seC X — tgxsm— e —

-
o

-
P
]
S
|
L )
|
vl
%
o

wla

sinx 1 —sinx f(x)
sk R

1—1 0 S
T =7 ¢ HEeOHpeneaeliocTh,

SALAYMH
13, lim (z — 2x)fg x.
Tp =

14, lim x sinf- ¥ a
X

x=0
15. lim x® lnx (2> 0L 0.
x=+0
16. lim (1 — tg 0)sec 20, L.
b i -
1 it — B e e et
17. i{].nd[a 77 tg 5 —

8. 1 ?——L] =

i s e 7
- 1 1

0. tim, [~

20, lim (sec O —1igh). 0.
=

21. lim E . A
53 .__..Eg ‘:ii_nit.?__l__— cosg| " iE

2. 1 L._l_l 1
"“'JP_]:H [y—k lny}" il

23, lim

=0

.. X-4-sinx
24, Mokaszate, 410 lim = { o
Nt X — SN X

CYIECTRYET,

Ho 0e Moker GEITL BRMIHCACH No npapuay Anddepeiunporannn  YHCANTES H 3HA-

!.'I' =
ax'1 b
S ——, 018, —
L ¢
clg x
—_— — 00,
2 },’Tn Inx *
in
8 fim . 0.
4, lim = 0.
X-+ o0
6 lim —. «©
X‘Ow] x
b 3
6. lim in S[I:l 2x . 1.
x—0 Insinx
tgl .
7. i RE" 3
LB 25
!n( —-:—)
8. lim s = 0.
ik B ¥
9, lim L 0
X= ) {:tg,\'
10, lim x In sin x. 0.
y=+10
I, lim x ctg nx, L
X0 *
2 lim
12 yI_::]:o S (a>0), 0,
HEHATE RN,
Pewenne,
lim ot
$ros X — sin

x—"

% xsmy 7

lim —— 1.
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. osinx S
TaK KaK lim l._=0. {[sinx]=1).
X-+0a X

Oauako oTuoWweHne NPOHIBOAHLIX MHCANTEAR W 3HAMCHATCAN, pasHoe

X
2:05‘7

1-4¢
+-cosx i f-‘

I—cosx

He CTPeMMTCH 1N & KAKOMY TIPeeay NpH X-wce, OTKYAA M CAGAYET, MTO MPaBHio
AnpepennnpoBaiig YHCANTEIN | AHANEUATEIA HENPUMEHIMO,

§ 158. PacipeiTie neonpeneaennocted 07, 1%, oo, Iaua dyme
LIHA Bia:
Fe.

UroSul (yHKiHA MOLa TIPHHATH OJHY M3 TpeX ykasauuuX dops,
LA H3BECTHOIO 3HAYEHHS X JAOJIKHO OBITh:

f(x)=0, ¢(x)=0, wuro maer 0%

I

fi(x)=1, & (x)=cc,; uTO Haen 1=
T

J(x)=00, u(x)=0, uro maer o
Iycrs

y=rf(x)ty
B3AB OT OAUIX HacTell Jorapudm, nMeeM:
Iny=19(x)In f(x).

B xajic1oM w3 npHUBENEHHLIX BHIUE Caydyaes Jorapui ot ¢
(dynwann) npiurvaer neonperencHHbIL BIL

000,

Packpiitiie  5T0il  HeonpejieJeHHOCTH CNOCOGOM, YKa3aHHLIM B
§ 156, nmaer mnpeaen aorapudma dynxuun. Ho nocremuuit pasen
qorapudmy npesena  QiyHKHE; TakHM  obpasoM npeaen dyHxuwuil
Hapecren ',

Mpumep 1. Buwancantn x¥, ecan x =10,

Pewenne. 'l))'HI{lLHH npu x=0 npuunMaeT uconpe,:tencluluii min 02, n)’tl’h

=%
orcona ¥
Inp=xInx=0-{— ), ecnr x=0.
[o § 156

Inx —=o

hy=-—"=—-, ecmt x=0,
1 @
x

LT, e, ecan limlny=a, 710 mueen Ilnlimy=a u, anauur, limy=2%,
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[To § 155 1
1,1y=.—xl-=-—-x-—0 npn x=10,
: T
i, CAEAORATENBHO, o e
S
Npesep 2. Boncants (14-x)*, ecan x =0,
Pewente. Tlpn x=0 572 OyuKUES OPUHIMACT neonpepesennmii g 1e,
Iycts ;
y=01+27%
CAEAOBATEABHD, ;
Iny=-— In(l 4 x)= -0, ecan x=0,
156
He's e maka 0 o
ny=———=-znps x=0.
No § 154 -
2255 e U R DN
Iny= s g =1, echn x=0.
CaenoBaTensHo, ;
o
[(l +.\:] x=0 e O
Mpumep 3. Briuicanth {etg )™ npn x=0.
Peuenue. Tlpn x=10 31a Qyneuys npuiniMaer nconpeaeseinnii sun o,
Ilycts
_}F=(Ctg stIn.\::
TOr
Iny=sinx:-Inctgx =000, ecan x=10.
Ilo § 156 :
.—'l“g":-—f s s
Iny = cosee koo Ccan x=0
Mo § 155
__cosec*x
Ctg‘t = —S'IE 2z =0, ecnoil - X== (1

ny=————— == —
y cosec x-clg x  cos*x

CacnosareisHo, :
RCIES =
[etg o] _ =1.

SAILAMH
Brimucants npn noMown npasiaa Jomnrain cleayiomie ShpameHut:
e 1 3. lim (sinb)'=f,
E lgex T Ora. =, P Org, 1,
x+1 e 3
hx ’ L
2. lim (_l) p ke 4, lim Kl _f__“. V. &l
xw0 X Bl -1 yJ/
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kS % —-.l min
5 Um (e* -+ x)*. Ora. &% 0. lim (cos mi)™, OrB. e .
x=0 =0
1
6. lim (ctg "% a3 10, Tim (1 < sin %jte¥ e
a1 e x=0
= 11, fim ('3 i 1)‘ e
7 Um (L +n2)? e, Txvon \ X .
el 12, lim (ctg =)* 15
Ig? 1 el
8 1im (tg ‘_) 3 2E. w o
xl 4 & 13, lim (z_f) =2 &=,
x5a a

§ 159. Acumnrorel. Kpupas Moxer HHOrga 061afaTh TaKHM
CBOMCTBOM, 4TO TO4YKa [V, HEOrpaHHYEHHO YHaJsACh N0 3TOH KPHBOM,
BMECTE C TeM Bre OJIHMEe NOAXOAWT K HEKOTODOH NMpAMOH TaK, 4TO

P

PACCTONHHE & MOABHMHON TOM-

KM OT DOpaMoil crpeMmurtea K Y

Hymo'. Toraa rosopar, 4TO :

KPHB2A «aCHMITOTHYECKH» NIPH-

GamiaeTcs x npamMoil, a camyto

TIPAMYIO HASLIBAIOT a C HMII T O-

TOIl_nannoit kpiusoii, X

0
Tak, nanpnyep, s ypaBuenus
1

J' e l_-_
06aaCTH 3HAUENIIL TIOBPEMCHHBIX, CJIEAYIONLIE:

oo —wx<toonl<y=l,
TIPHYEN: lim y=0
Xk
i COOTBETCTBYIOWIAf KpuBag (uepr. 163) Hmeer acHMNTOTON OCb X.
B ypasuennu pasHOCTOpOHHE! runepGoJL

Y

Yepr. 163

xy=—"1
HMEeM: 0<|x|< 4o
0| y|<—4-oo0.
H rax kax
lim y=0mn lin x=0,
X0 X=p 200
a X 1o paccmarpusaeman  ranep6ona
UMEET ABE aCHMOTOTEL — OJIHA OCh-X,
a gpyras oce y (uepr. 164).
Snunc:

ko
Yepr. 164 =t

1 MMpenanosaragcd, 4To ofiacTs uaveitiii xota O OAuOH TekyuLeil KOOPAUHATL
He orpaninvena.

12 mupdepenguasiioe neuncaciie
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He WMEeT ACHMNTOT, TaK Kak OBJacTAMH OGEMX NEPEMEHHBIX KOOpP-
ANHAT CAYXHAT OrpaHHYEHHBIE OTPE3KH:
—a=x=-a

3 —b=y<=-+0b.

§ 160. Haxoxaenue acummnror KPHBOH, OTHECEHHOH K IIPAMO-
YroasHOH cHcTeMe KOOpAMHAT.

[lycrs xpHBas jana CBOAM YPaBHEHHCM: :
! F(x, y)=0. (1)

Hapo HaiiT €€ aCHMIITOTEL

[Tpe ANOJIONHM CHAYANA, YTO CYUIECTBYET ACHMNTOTA, HE Napal-

Jenplag OCH KOOpPJAMHAT, TOrjga OHA  MOMET ObITH NpejcTaBieHa
_}/IJHHHEI{HE‘,M:

r Y =hkX+-b @

H agaya CBOJMTCS K BLIYHCJIEHHID
sHaueHHil napameTpoB & u b.
UroGel BHIYHCANTH PACCTORAHKE ¢
M, Touxn M(x, y) xpusoii (1) o npa-
moit (2), HaZo NPHMBECTH ypaBHEHNE
NPAMOI K HOPMaJbHOMY BHAY H B Je-
BYI0 4acCTh NPeoOpa30BAHHOrO ypas-
LS HEHHSI TOJACTaBHTH BMECTO TEKYIMHX
] 7 X koopanEaT X M ) KOOPHOMHATEHI JaH-
} Hoit Toukn M (x, y), T. e.
Yepr. 165 :ﬁf/';‘;!——';tb

Corsacio onpesesiennio acHMITOTH, IO Mepe TOro kax Touka M
HEOTPAHHYEHHO YphanseTca OT Kpusoit (uepr. 1GB), 4To B nanHoM
Cydae COOTBETCTBYET HEOrpAHHYEHHOMY BO3pacTanmio abCUHCCH X,
€€ paccTosinue ¢ OT acCHMOTOTH CTPEMHTCH K HYJIO.

lim 6= lim M":O;
X-rc0 x=00 V -1

OTCIOMA CIEAYET, 4TO
lim (kx—y-56)=0
=00
N
b= lim (y — kx). (3)
X=00

Iocnennee pasenctso moxco npeo6pa3oBaTh EIIe HHAYE:
b= lim x-(i—k).

x40 X
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Ho npouasencHne JABYX MHOMHTENAEH, NpH HEOTPaHHUEHHOM BO3-
pacTanlii OQHOTO H3 HHX, MOMET HMETb NPEIE] TOJbKO B TOM CAY4de,
KOTJa JpYToil MHOMMTEAbL CTPEMHTCA K HYJ0, T. €.

fim (;‘j-k):a)

x=—+oo
HaH

b= lim &, (4)

B e
Taxum o6pazoM MPAaBUI0O NJA HaXOMAEHHT ACHMIOTOT,
He napaadeabHulX OCH OpPAMHAT, CBOAHICH K CAEAYHIOLIEMY.
Mepeuii mar. Ma ypaBHenua KpHUBOI ONPEJEIACTCA OTHOLIC-

v
HHE TEKYLUIUX KOOpAHHAT 3: H BRIYHCJIAETCA Ero npeues.

k= lim &
Xy IO

Bropoit mar. Tloaydennoe 3Hauedie k£ Halo NOACTAHHTL B

PASHOCTL (¥ — RX) M BBIYHCJNTD €€ Npement:

b= lim (y — kx).

AseD

Tpernit mar. Econ oba spepena & n b cyecrsyior, To OHI
IBIAIOTCH 1IapaMeTPaMil aCHMNTOTH M HX HYMHO NOACTAaBHTb B €

ypaBHeHne:
Y =kX-b.

Npumeuaune, Ecaw nccaenyemas Kpusan HMEET HECKOUALKO betweil, anu-
ranch N0 KoTopeyM Touka M{x, V) MOMET HEOrpAHMMCHHO YAAANTLCH, TO DLIIEnpH-
BEACHHOE HPABIIO TPHMENSeTCs A0 HAXOHIeNNs ACUMITOTh ka0l u3 sTux serseil
B OTIEALHOCTH.

Npumep 1. Haiitn acumntorst runepbons:

ks
- 2 e

9 4

Pewenye, PeutaeM ypasieuie OTHOCHTENLHO OPAHHATHL

by= lim ty—k:x]=—-% lim [V —8—x]=0.
X=n X¥io

127 Auddepernuannioe weuncacune
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[unepboia uveer jApe acHMUTOTEL

2
P=g X M Y= X,

3 - 3

Mpusep 2, Haiith acuMnrory ®puuoit
= sin (%)

%
Peuwienue,
= ) . sin(x*
k= lim L= lim =—(-.§'—} =0
x+00 X xpon X7
2 3
b= lim (y —k¥)= lim y= lim M_’:G.

X2 K= o0 -] X
v Acimnrora gaunolf kpusoli cosnapaer |
¢ ochiD X |

I
| x=40.
[
» ! Ecan apaHuan kpHsan
51 F(x y)=0 (1)

| HMEET UC".\IETOT'V. ﬂﬂpﬂﬂﬂeﬂbl{ylﬂ
| OCH OpPAHHAT, TO YpaBHEHHE STOil
' ACHMOTOTHI MOMN{HO IIPHBECTH s 1
]
[

— X BuAY:
a
5 X=. {5
Yepr. 166 Suauedne napaMerpa a TaKme .:

OnpeJensieTcd H3 YCJIOBHA, “TO N0
mepe ymanemna toukn M(x, y) mo Kpusoil, ee paccrosmne 8 OT acuy- '
ITOTLI JIO/BKHO CTPeMuThCs K Hyso. Ho B maunom cayuae (uepr. 166):

=|x—a|
H, CI1eA0BATEILHO,
lim |x—a|=0 .
Y-+
HJTH =
a= lim x. (6)
Y=o s
Tawim ofpasom juin ONPEAEVIEHHsl NapaMeTpa @ Hax0 M3 ypas-
HCHHA KPHBOH HaliTH IIpejenbHOe 3HadeHue abCHMCCHI TNpH  HEorpa-
HHYEHHOM Bo3pacTaHul opauHaTel. Huoraa yaobuee HaiiTi Te 3Have-
HHA .aﬁcuuccu, NnpH KOTOPHIX opJiHHaTa HEorpaHH4YLHHO aoapacrae*r.
o abcon IOTHOMA BeJIHYHHE,

Hpumep 1. Hafitn acuymrory, Tapaieabiyio oci ¥, Al Kpuuoii
Xt =0yt —x—2=0




§ 161 TPEAEALHOE TOAGHKENIE KACATENLHOMN as57

Pewenrne, Pemaen ypaenenne Kpurofl oTHocnteasno atcupecni

By -2
o )‘.u j_T 5
2 9
lim x= lim s =

)
Yy y—»:o}'a_ 1

W ypaBielnlie HCKOMOIl achMnToTH Gynet:
x=10;
Mpumep 2. Haiitn 12 acumntorsl kpuaoit
aty — 4y —2x =0,

TOrna

KOTOPLIC NAPAJICILHLL OCl Y.

Pewerne, Ypavienie Janioll KPUBoOIT MoneT GBTL ALTLD PEIEHO OTHOCHTE LIS
OPIUNATHY ¥y

Teneps ouesino, 4To ¥ HEOTPa-
HHULHHO BOAPACTACT, KOUda X—+ 222,
ANOTOMY KPHBIH WMCET IRE aCHMNTO-
Bl RapaaleiLiide ocH OpANRAT

el

& 161. lNpeneastoe mnoao-
wenne KacareanHoil. [lpope-
nem B orouxe M(x, y) kaca- 7 X
TCALHYIO X JMauHoil KpuBoii:

Flx, y}=0. (1) Yepr. 167

Ecmit teneps Touka A OyaeT HeOrpanHuCHHO YAAAATLCH 1O K-
RO, TO KacdTedbHas B Hefl Toue GYAET NEPEMEIaThCH; H MOMET
CAYUUTBCS, YTO 3Td KacaTesbHasn, OCTABasACh HA KOHEUHOM PaccTos-
HHH OT Hadala KOOPAMHAT, CTPEMITCH K HEKOTOPOMY ONpEIeneHHoMy
npeseapiomy nodoxenmo 77, (wepr. 167).

Howanten, 4T0 eca Takoe NpeieibHoe NONCHKEHHE KaCaTesLHOH
CYIIECTBYET, TO OHO C/AYMHT aCHMNTOTON KPUBOIL.

Bocnoaeayemcs TeM, HTO KacarTenbHas ik Kpusoit B Touke M (x, y)
HA0OPaKAETCs Yy paBHEHHEM: :

¥F—y=yi(X—x)

HJH
Y=y XA (y—yx). (7)
ﬂ,m c_\«'mccmouamm npencnworo TOSOAEHHA kaca'rem,unﬁ H)‘ HHO,

uToon! KosdiuientTl ypasHenus (7) CTPEMMINIL K ONPCACACHULIM
npeaenaM, T. €. AOMIKIEE HMETh MeCcTo yCJoBHs:

= lim y' =K . &)

- A -rin
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lim (y —y'x) =B. ©)

B rtakoM cayuae ypaBHeHHe TPeesbHoil kacaTeabHoil Gyaer:

OcranoCk T0Ka34Th, HTO ToayyeHuan upamas (10) sasasercs
BMECTE C TeM ACHMITOTOH KpHBOIL.

B camom jgede, ecan CYHIECTBYIOT Npedenbl (8] u (9), To npu
BLIMHCAEHHII NapamMeTpoB k& u O acumnToThl (cn. § 160) moxicHO npH-
MEeHHTH npasuio JlonuTass:

—im = i L —

X =+ T3 X0
H .
sy
b= lim (y — kx) = lim j't_: lim ———=lim(y — y'x)=8,
X000 X0 P X000 ___ i X0
x x

T. €, ACHUMITOTA ACCTBUTENBHO COBNALAET C NPEACbILIN NOJOHEHHEN
KaCATENBHOI, KOrja 910 NMOCJAEAHEE CYUIECTBYET.

Ho menbas oToicAecTBAATL 3TH /1B TOHATHH: €CJIT HE CYIECT-
Byer ogHoro ua npejeqos (8) nam (9), coorsercraylonlan 6GeckoHed-
U4 BETBb KPHROI HE HMEET NpPEAESbHOIl KaCATCALHON W TEM HE ME-
HEE OHA MOMET dCHMITOTHHECKH NPHGIIKATLCA I HEKOTOPOIl NpAMOii.

B § 160 6p10 nokasano, 410 OCh X CJOYHHT acHMITOTON KpHBOIL:

_ sin(x%)
N

Ho KOrjta TOYKa HEOrpaHHYENHO VIANACTCH N0 3T kaBOﬂ.
KaCaTeNbHas B Heil He CTPEMHTCA HHM K KakoMy NpeiejbHOMY NO0J0-
IKEHIMIO, Tak KAk nHe CYLLeCTBYET

_si_n{

lim y'= lim [2 cos (x%) —

E A oo

100 cos (x°) npi x — 0o kogedaercs memay —-1 u —1 1 npezeda
HE Meer,

§ 162. Haxowenne acCHMOTOT aJredpanyeckux kpuebix. Chayuaii,
paccyotpennwii B npeamecrsyomer § 161, worma acumnrora e
HBAHETCH np[’,ﬂe-’lbﬁblﬁ'\l NOJOMEHHEM KacaTe abHOIl, BO3MOMKEH TOJBKO
¥ TPAHCUEHJCHTHLIX KPHUBLIX. 2TO saMeyaune, /[AOKAaTEJIbCTBO KO-



§ 162 HAXOWAEHIE ACHMIITOT AJTEBPANYECKHX KPHBLIX 359

TOpOro 81eCh ONYCKAaeTCA, MHAET YOPOLLEHHLIT METO] HAXOMIEHHS
4CHMNTOT aJre0panyeckoll KpHBOil. y

[lyers nana anredpaHyecKan KpHBas CBOMM YPABHEHHEM:
Flx 3)=0. (11)

JIeBy10 4ACTH STOr0 YPABHEHNA, HE BEOAA HHKAKHX OrpaHHYeHiil,
MOMHO CHMTaTb U0l aarebpanueckoil dyuxuuei a-if crenesd oT-
HOCHTEJBHO JBYX apryMeHTOB X H y, YTO BCErja MOMET ObiTh 0-
CTHTHYTO COOTBETCTBYIOUHMH NpeofpasoBaHuaMiL,

Ecan npamas
y=kx-+b (12)

cays#uT acumnroTol kpusoi (11), To oHa ke ABNAETCA TPEXEIBHEIM
NOJOKEHHEM KACATEJbHON NPH HEOrpaHiHeHHOM YAa/eHHH TOYKH Kaca-
UM, 1 TAK KaK JBE TO4KH mepeceyends kpusoii (11) c mpamoii (12)
CAMBAIOTCH B TOYKE KAaCaHHA, TO KOHEMHBIX TOYEK NEpEeceyeHH:
OCTAETCH JHib /2 — 2, a NOTOMY NPH HCKIIOYEHUH Y W3 ypasreniii (11)

i (12) moanyuaerca ypaBHEHME #— 2-if CTENEHH OTHOCHTEABHO .X.
I[pyrm:n CJI0BaMH, B YPaBHEHHH:

flx, kx-b)=0 (13)

wospprmenTit npn x" B X" nomiHL pasuATscA Hydi0, Ho koadidn-
HHEHTLl 5TH, BOOOUIE roBops, comepxar & u b, u tpeboBanune, 4ToBLI
OHH DABHAJIICH HYJIO, BHPA3UTCA JABYMS YPABHEHHAMH, H3 KOTOPHIX
H ONPENEATCH NapaMeTPbl aCHMITOTHL ',

Ecan xpusan (11) wmmeer acuunrtory, NapamieJsnyo ocu y,
YPaBHEHNHE 3TOH acHMOTOTHl Oymer

*—ng - (14)

i npavas (14) MoMEeT uMETh Ha KOHEYHOM DACCTONHHH JHWb 2 — 2
TOMKH mepecevenus ¢ kpusoil (11); mostomy, HCKIOUMB X H3 ypak-
HEHHIT 3THX JABYX JUHHIf, MBl NOMKHBI TONYYHThL YDPaBHEHNE n— 2-if
CTENCHY OTHOCHTEJLHO Y, T. €. YPaBHEHHE:

fla, y)=0 (15)

HE J0JKHO Comepkark uaeHos ¢ " u y"~%,
Moncer NOKa3aThCA, HUTO [N OnpejeleHHs 3HAYEHHIT TONBKD
OLHOr0 NapaMmMerpa @ HMEIOTCA JBa YCJIOBHA, O,U.HHKD ST0 HE COBCEM

! Ecan, npupaptas nyaio sosdipuunentel npn x” w x"—Y, okamercs, yro nro-
poe u3 9TIHX y]p;mneuuit £CTh CABACTBAE NEPROFO, HALD NPUPABHATL HYAIO KO-
unent npu x"—% Ecan B ypasuenwe (13} nopce ue BXOLAT wiennl ¢ x"—1, x"-%,

-voy X"TP TO 204 NOAYHEHHH BIOPUrO YPAaBHCHIA HAAO HPUPABHATL HYAIC KO-
tutsent npan x"F-L
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TaK: ECHAH YpaBHEHHE (1) wpusoit n-ro Tmopaaxa COMEPIKHT  YJeH
¢ y", T0 KO3(HUNEHT B STOM WIEHE MOXKET OLITh TOJLKO MOCTOMN-
HEM M HE ODPATHTCH B HYJb HW IIPH K4KOM 3HAYEHMH napamerpa a;
B 9TOM C/AyHa€ KpHBAsj 3aBEJOMO HE HMEET aCHMITOT Napa/MIedbHbIX
oct y. Ecom waen c ¥" OTCYTCTBYET B YpaBHEHHH (11), on wue
poiizer # B ypasmenue (15) n jus onpeienexns napavMeTpa @ HMEEM
OHO YPABHENHE, KOTOPOE MNOJYYHM, NPUPABHAB HY.O KO3(D(HIHENT
npa yriTE,

Mpamep. Haiitin acusntorsl kpusoii:
2ty — 20 oy =10,
Pewentte, Ypasienue tpersell cTenewn, 1o wien ¢ y? OTCYTCTRYET; CAGKOBA-
Tejlio, KPHBAR MOMET HMETh ACHMNTOTY NAPAITeALNYHd ocH opumiar. llycrs ee

ypauenue Gyaet:
xX=a.

Hekmoyss w3 oSoux ypaBueunil x, pacnosaraes wieus 1o yOLBaimMM cre-
newnm
—2ay*+yia*+ )+ a* =10
Tpupasunsaes uymo kosdgduunent opu y*
-—-lfﬂ:U,
oricyna a==0.
Aciunroroil caymir ock 3 x=0.

TMepexoany & OTBICKANNO ACHMITOT, lIe MAPAAASALILIY GCH OpANNAT, T. & Wi0-
GpancaeMblX YPaBHEHEM:

J!:kx + b

PesyantaT uckuouelus Y U3 STOMO Ypasuenun u ypasieiun gannoit piuoi
3aumuiieTcn Tak:
X0 - 5% (fx  b) — 2x (BP0 - Dbk 4 0% - (ex D) =0
wan
X1 -k — 28%) 4 x* (b — dbx) - x (B — 2% - b=,

Tl pusg M Hyno Koshd Tht tpit x® uox%
1+A—2F=0 u b(l —4k)=0,

Ha nepooro yeaonua moayuus: kb, =1; k= —

7 -
Hcraﬂﬂﬂﬁ ofa 9TH BHAYCHHA NOCACHNODATEALHO DO BTOPOE yCHoBHe, MoayqHm
Y—=0.—9.
Takum Dﬁpaaﬂu KEPHBAR HMCET €ILEe ABe aCHMOTOThI
1
y=x%x 1 y=—7

—

* Fean ypanuenue (15) ne comepmur uwiena ¢ v" ', HALO NpHPABHATE AYAI0
Ros(dmunent upu 3" F wan, odmee, Ko3QOHUKEHT UpK cTapell creneun s
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3ALAYUYH
Hafiti acuMnToTht CACAYIOMNX KPHUBLIK:

iy —e". il

Otp, y=0.
e J,=,‘_.—J€ i j=
3. y=Inx. x=0.

—X
4oy —p %, x=0 y=1.
b, y—e="sin . y=0.
" 0

6. { "-—.l,_”" A
e y=x-42
5. AcnunToTnt HeT.
9. y+x=0,
10, x==idy,
11.
1d =+ (x4 a),
14, - =a
13, : *4at =1 hy= x+3ii‘ —al.
16. (v —clix a’. y—=ryx—b
17. “—l—v'-—‘lnrr:ﬂ[llm.apmn anct). y+xta=0
18, x'y=—da* (2a — y) (Jlokon Annemsi), _-.r=.U,
19, xy*A-xfy=a’ = x=0 y—0; x-4y=0
0. bty syt 2304yt Dy g, X429 =0 x+y_.! y=x-+1.

§ 163. AcummTOoThl KpUBOH, OTHECEHHOH K TOJAPHOI cHCTeme
koopaunat, [1ycTh kpusan fgaHa ypaBHEHHEM:

F(p H)=0. (16)

Ecmt  unpaman  CD cay-
JKHT  acuMnToToil  31of  KpHBOIL
(uepr. 168), TO paceTOMHUE & TOUKN
M(z, ) OT ACHMIITOTE CTPEMHTCS
K HYJO, KOPJa TOYKa Heorpami-
UEHHO YAANAETCH T0 KPHBOIL.

33 mapaMerphl, Onpejiensio-
Hile  TOJAOKEHHE  ACHMOTOTH,
MOMHO  TDHHHTH  PACCTORHHE
p=0N acumurotsl 0T NoJI0CH
W yroa e HAKJIOHA ACHMITOTEHL
1K TOJAPHOIL OCH.

Toraa yroa MemKIy pajmycoM- Hepr. 168
pexropom Touxn M(p, ) u acum-
nrotoit Gyxer (o W He TPYAHO BLIPA3HTR paccToamue & ucpes
KOOPAHHATEL TOUkH A H NapaMeTpel aCHMNTOTbI:

=0ON—0A=p—p-sin{a—0)\
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A Tak Kak, COIMACHO ONPEAENEHHIO ACHMATOTBL:

lim ¢=0,
(=]

i lim [p—p-sin(e—0)]=0

pro0

e
o= lim p-sin(x—0)".
[+ OO

Jlna CyuiecTBORAHUA ITOTO NpPefesa HeoGXoaAuMo, 4TabH
lim sin(a —0)=0;
poeee
OTKY Aa

a= lim 9 '
p=+o0 ‘3

l— 0 —

)

Yepr. 169

Buuucans yron e« no Qopmyse (18), nogcrasim ero sHaued
B (opmyay (17) u onpemeaum BTOpoil mapaserp acivnrorsl g. [
BLuHCAEHHH npeaeda Gopyybl (17) MONCHO 3aMeHiTh YCIOBHE p—¢
Goaee ynobubiv: O — a.

Npunep. Hailtn acuMntory runepSoanveckoi cmpaim:

e=T-
Peuenne,
1 S
a= lim = lim — =0,
=00 p+00
a-sin(—0) __

p=lim g-sin{a — O)=lim
(-] fi-+0

AcHMOTOTA  mapaieaniia nOAAPHOI 0K M npoxoant waa el 1A PaccToRim
pasuon a (wepr. 169).

! Moabaysich dhopuynoii (17), MOKHO NOAYMHTH KaKk OOIOKNTEABIBE, TIK I
OTpHUaTe bHEIe 3HAYCHNH I8 PACCTORHHA # B 3ABICHMOCTH OT TOP0, [POXOAMT JH
ACUMATOTA COpasa WAaK CAeBa OT N0MI0Ca, eCAH CMUTPETb N0 HANPABISHHID paanyca-

BERTOpA yaammoweics 1ouKn M,



TITABA XVI
*  YACTHBIE NPOH3BO/IHBIE

164. HempepoiBibie (yukuun IByX W 0OoJee He3aBHCHMBIX Ie-

pemelinbX. PyHkust f(X, ¥) ABYX HE3ABHCHMLIX NEPCMEHHBIX X H §
HeNPepsana  Ans  3HAYEHHH

z (@, b) nepevenunx x, ), ecan
: HMEeM:
’;///j%'.,, lim f(x, y)=fla, b),
WA~ oy “

Mgz
KakuM  Onl cnocodoMm X oy
£ y 1H  TPHOMDKAINCH K CBOMM
x npeaetaan a n b, HMuorma 3to
s i OLPELENEeHHE KPATKO BhIPana-
S ax/ r-% 10T, TOBOPH, YTO AeCbMa Maioe
X al uimenerne odioeo nan 66oux
Yepr. 170 HEIABUCUNBLX HEPEMEH HBLX 00-

HopreMenio H,u‘)t)ﬂ.‘]ﬂﬂ{)ﬂ!ﬂ HeCh-

MG MQA0e UINEHeHue 3Hauenus gyixiin’
[ToscHHM 9TO TEOMETPHUECKH: DPACCMOTPHM  TIOBEPXHOCTh, TNpel-

CTaRIHEN Y10 ypam:mmc.\l:
g=f(x, y).

PaccvorpnM, Jgagee, Ha NOBEPXHOCTIE MOCTORHEYIO Touky M,
JLI8 KOTOPOIt:
A= H y=¥

[Npupamienus HE3aBNCHMEIX NEPEMEHHLIX X 1 vy HasopeM Ax i
Ay, @ COOTBETCTBYIONIEE NPHPALLCHIE HEIAHHCHMOTO 1€ PeMEeNHoro
Z HasoseM AZ, M NYCTh;

x--Ax, y4-Ay, zAz
Gvayr xoopanHater Touxn A (vepr. 170).
Suavenne (yuxuun B Touke (@, b) Gyaer:
Z:_ft(.', b =PM.

! Jro Gyaer nonarTHee, ecam yuautnicn npocworpnt

I}‘j‘.‘u.mmx QAHUIO HepeMcnnora,

§ 46 v ueupepHBHLIX
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Ecau 8 rouxe M (yHEUMA HenpepuiBHa, TO, KakuM O 00pa-
oM Ax u Ay uH TpHO/MHIKANHCL K Npeneay, PasHoMy Hymio, Az
Oyner Taiie npubamaThcs K Opegeny uydb, T. €. OTKyAd Ol
Touka M’ um TipuGaMKaachk Mo mosepxuocTi k Touwe M, P Oyaer
BCErJa TPHOMHKATLCA K coBnagemmo ¢ PAM.

[ogoBHoE e ONpEemeJeHHe YIEepiKiBaeTCA M AAA HENpepuisHoil
dynicupn Gosiee uem JBYX HE3aBHCHMBIX TIEPEMEHHBIX.

Bo scem mmbKecaeiylouleM pacCMaTPHBAOTCA TOJBKO Talue aHa-
YEHHH NE3dBHCHMBIX NEPeMEHHBIX, JUIA  KOTOPHIX (yHKuum wenpe-
pHIBHA.

§ 165. YacTune 1poussodnsie. Tak kak B (y g

z=flx ¥

A H Y HEFABUCHMBL, TO MOMKHO TPSANOAOMKITH, HTO X H3MEHALTCH,

B TO BPEMHA KaK V¥ OCTAETCA TMOCTOAHHEBIM, HIH HHUﬁUpD'I‘.
]_[DOIIBBD.E!.HGH OT 2 10 X, KOra H3MeHfeTcsa X, a Y ocCraerca

TIOCTOAHHLIM, HASHIBACTCA YacmHuol npﬂusnudﬂml om z no x obozua-

YACTCH CHMBOJIOM d'; . MomHo, cieloBaTeNkbHD, HANHCATh:
f
) el Ax, ¥)—flx,
0= lim [ftn p=ttn ] (A)
0% e Ax ]
[MopoGuo -aToMy, KOT/lA X OCTAETCS TOCTORHHEIM, A Y H3MeHseTcH,
wacmuas npoussoduas om z no y Gyner:
. Ay) — f(x,
Q'g: lim [frx, SoE :-1 flx g}] A B)
day Ay -0 )
B dz - d af 6 o6
MECTO o mumyT TaKie 5o f(x, y) wim 5% ; noxoGHbM e ofpa-

30M BMecTo d ¥ of
gy THUYT G—)-J[x. V) nm 3
Bo nsGexanne BCAKHX HeA0pa3yMeHHit 1A 0G03HAYEHNHS YaCTHOrO
muddepentnposanis  Beioay TpHHATO 0 Kpyzaoce. Bnpouem, ynotpe-
OHTE/IbHLL M JIPYrHE 0DO3HAYEHHA, KAKOBLI:

£t ), fo(% 95 Dif Dyf.

Hame oGosHauenne MOMHO pPACOPOCTPEHHTD M Ha (YHKUMIO -
KOro YTOLHO YHC/A HE3ABHCHMBIX TepeMennnix. Tak, ana QyHknuu.

ua=FE(x, ¥, 2)
HMEEM TPH 4aCTHBLIE TPOH3BOAHBIE:
u o o
dx' dy' dz

MR e TR S T g . TS, B3
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T, VI

Hau
o~ 0= oF

dx’ dy’ o9z°
Npumep 1. Haiitn 4acrieie nponssoiubie or

z=ax* | 2bxy + oy’

Pewenne,
g‘: =2ux -+ by,
PACCMATPHBAR J KAK ncc‘rnﬂmme;a
a; = 2hx 4 ey,

PACCMATPIBAR X KAk ADCTORHHOC,
MNpumep 2. Haiitn wacTuble npoussoiibie ot

n=sin fax - by - c2).
Pewenne.

an ; . =
g acos {ax 4 by +e2),

paccuarpuean ¥ U 2 KaK nocTofiibie,

3;_1 =bcos(ax - by cz),
PAcCMAaTPHBAN X W 2 KAl nocTomiubie;

o

gz =Ccos (ax - by +cz2),

PaccMaTpigans X o Y KaK NocTosinbie.

Obpawancs chuoBa & (ynxwm
z=f{"’“ y)'

MLl HMeeM B 0G03HAYEHHAX, TIOBCIOAY NPHHATHIN:

0z d a

=5/t N=L=Ffilx, N=Fi=Ff4

d 0 i . ' .
5=l N=2=1 (%, W=F,=2

Taxkwe e oGoawauenust ynorpedasiotest Ana (YHKWE Kakoro

YTOAHO YHC/a HE3aBHCHMBIX TEPEMEHHBIX.
Oopatusumcs § 57, Mol nMeen:

fle - Ax, v)— fx,

Tx(® Yo} = lim ——==—=-4C

Flen A0 — flx, )

(%, ¥)= lim
fJ"( ur y} Ay -0 ‘_\).
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& 166. Meomerpuueckas MHTEPNPETAUNS YACTHLIX NIPOHIBONHLIX.

[lycTs ypaBHEHHE NOBEPXHOCTH, NPEJCTABIEHHON HA IIPHIATAENOM
yeprexe (uepr. 171), Oyner:

z=f(x y)
[poBeneM NJ0CKOCTH
KEMTJ uepez touxky Ma, b)
NOBEPXHOCTH MAPAJIENLHO M0~

ckocrn xOz. Tak kak ypaBHe-
HIE 3TOI MJIOCKOCTH €CTh:

y;: b!
T0 ypasuenue cevenns JMK,

BHIAEJASEMOIO €10 Ha IOBepx-
HOCTH, OyaeT:

z=f(x, D), Yepr. 171

eca EF paccwatpusath kak ock 0z, a FT— KaK ocb 0Ox. B 3toit

i) 0z
MAOCKOCTH e o3navaer TO Xe camoe, uro - H,

dx
dz v
gy PABUO MaHzeHCY Y2A@ HAKAOHA K OCH Ox kacameabioll Kk cexe-
e JMK 8 moyuxe M.

Moaoduwv ke ofpasom, ecan nposecti Taockocts BCDL yepes
M mapaanensno maockocrn yOz, ee ypasHeune Oymper:

==

a,

H B IOCKOCTH cevenns LM npouasonuas OE' 03HAYAET TO HKeE, 4TO
iz d
-, Orciona 3

iy
Oy racamenvron k cevennio [ML 8 mowce M. ;
Mpusep. Dan sasuncons

CJIEIDBATENLHO,

z

S PT'M pasHo maxzeHcy V2A@ HAKAOH@ K aclt

xl \" P

At te=" ‘

naiiTe Tanrenc yraa naknosa k ocaM OX u OF cevennit snaunconsa, odpasyeseix:

a) MIOCKOCTHI ¥=1 B TouKe, rae X =4 ¥ Z NCJOWHTEALUO, D) MACCKOCTEIO
x="2 B TouKe, raE ¥y=3 M Z NOJOMNTENBHO.

Pewenre, PaccmaTpunin ¥ Kak NOCTORHIOE, WMELH:
a9 9

2x 2z0z
halleailar iy

24 6 ox

OTKY

Ecan ne & nocroamio, to
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vl

oTHyAa
dz e b
oy 2z
2) Inn y=1 n x—=4 )
i V—ﬁ-.
CAeJOBATEALID, | : T
[ﬂ].\= = ]/ REH
y=1
b) fan x=2 n y=3 i
Z== V3 3
AL
CARAOBATEALID, [rfz] 7 3] .
i | | e A
Cxlx=d
3ANAYH
HaiiTit wacTieie npoi3BOLNBIE DynKuuiL
O7te.
= ; M
Lo n=ux*+43xy — y\ Pl =Gy
di & o
ay—d\- o 3J .
dhe
2 n=Ax"4BxyCy | Dx4 EyF. J—v =2A4x-- By D;
e :
—_— - o 7
9y Br 20y - I,
3 u={(ax*+4 by*+4 ez 31: — ——1"”" X

i
ar
i
d- —

ot
4. = arc sin —.
)

5. n=x",

8 u=0x’)z 4 bxy2t - cy® Lde2 :‘é =3ax'ylz 4 by's' - d 2
on = 2axiyz - 3pryizt vy e
o 2ax*yz -} 3bxy*z' -} 6ey®y

an

os T ax Wyt dbay’st 4 Szt
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Toa=x"y* —2xy

3x%)7 NOKadaTh, 410

t.'n dit
*dx il dy_‘m
X di
8. “z}‘ji'_‘)‘,"“”‘a"”“' 470 X s +¥ dy =L
9. 1=y — 2z (z — x)(Xx — J); noKA3ATH, 410 3 o4 +6n+0ri
i
10, u=1lun(e* —} e¥); NOKa3arTh, YT0 ﬁ;r; .|..”"
1l =-— Ly NOKAZATH, YTO
e —’,—r*
du | du

eR &_{; ={x-|y—1}u
12

© MOKAATL, Y10
i
X ox +¥ d)r_'_xJ"‘:‘ +lnm

13. v =1In(x" 4 y" 4 =¥ — 3xyz); nokasate, uTO
du , du | dn 3
ax +6v+az x4y xFy+tz

14, u=¢¥sin y 4 7 sin X, noxazare, 470

(l:i) +(%)a=f”+e@+2e*‘”stn{x+)~1‘
w f=In (g x4 1g y 4 g 2); nokaaate, 410

&

sin 2x -—--{-sm2yd —’,—slﬂ"za =2

16, Iycrs BelCOTa NPAMOID KpPyriaoro Kowyca OGyAer ¥, a paamyc ero ocHO-
paunn x, [lokasaTe: a) 4TO ecaw ocuopanne ocraeTca Gea uamenejnd, T0 ofbeM
UIMSHACTCR B =x* pas OncTpee BHICOTHI, b) 4WTO ecAW BRICOTA OCTaerch Ge3 Hame-

nenud, TO O0LEM HAMEUseTcH B ? =Xy pa3 5htf.'l'pl:3 painyca oCHOBaNN.

17, Touka ABmKETCH 1O SAMNTHYECKOMY napaGoaouay 2= A-+ 4 B o
ckocTH, mapaaneawnoif naockoctw XOZ, Ecm x=3 m u poapactaer 0 Chu-
pocthio 9 arfcer, TO MalTH: a) CHOPOCTh Zz o y b) Beanuuuy

CKOPOCTH TOUKH, €) HANPABABHHE e ABHMEeHui.

018, ) ;=6 afeen; b) v=3V 13 afcer; ) wzarctg% — yrod, COCTAU-
amemuil © maockocrwio XOV.

18. Ecam Ha nopepxuocTd Npenmaymedll sanaqn Touka ABIKETCA B IAIOCKOCTH,
napanseasiolt maockoctn XOZ, 1o, mofarad, 4r0 Yy =2 M BOIPACTAET €O CKO-
pocthio B arfcex, naliTe a) CKOPOCTL MIMEHZHNA 2 CO BpeMeucM; b) peamunuy Ciu-
POCTH TOMKIG C) Manpapaelne ee AninKenns.

OtB. a) o atjcex;, b) }’fal"ceﬁ; o r= : — yroa ¢ naockociuw XOV.
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§ 167. MNoanoe npupawmenne. [Tycrh nana nenpepuiBHAf (hyHKILiR
ABYX mepeMennsx z=f (X, y). Ecan x u y nonyyaior o0xospesetto
npupaulenss Ax # Ay, 10 QYHKIHA 2 NOayuaeT NPHPAULEHHE, HA3L-
BACMOE HOAHBIA NPUPGIERUEeN B OTIHHME OT NpHpaLLEHAl (yHKUH,
00pasyloUIXca OT H3MEHEHHS TOJBKO OLHOPO TIEPeMEHHOrO, € ue
MLl BCTPETHJNCH TIPH PACCMOTDEHHH TOHATHS YaCTHOH NPOH3BOJHOML
(OGo3payas NOJHOE DpHpawlenHe QyHkiuy vepes Az, MOXHO Hali-

CaTh:

Az=f(x+A%, y-4y) —f(x, ¥). (A)

Koraa Ax H Ay ONHOBPEMEHHO CTPEMHTCH K HYJQ, TO4YKa
(x-}-Ax, y-4y) na naockoetn XOV ABMMETCA KaKkHM-HUDY Ab 0BPa-
30M K Touke (.x, y), a 3HauYeHHe

Y dyusunn fx--Ax, y--4y) crpe-
MHTCH K 3Hadenmio f(x, ¥). 3acta-

xyeay] (xeax,yr 2y} ,

g Cen b BUM TOMKY (x-|-Ax, y-|-Ay) npi-
i i OJHIKATLCA K Touke (X, V), CAemys
Y| 7O ONpeAEC/EHHOMY NYTH, HMEHHO

ocH OX, a samen 1o npm\toi], napaj-
Jeasnoit ocn OF. OuesnaHo, npn
2 ’ X sr0MT0uKA (X - Ax, ¥ - Ay) nepene-
CTATCA Crepea B TouKY (X, ¥4y,
Yepr. 172 4 3aTeM M3 3ITOH TOUYKH-— B TOUYKY

(x, ¥) (vepr. 172),

COOTBETCTBEHHO 3ITOMY CHOCOOY HepemeileHis TOUYKH SHAYeHH
pyuxuns z==f(x, ¥) OYAYT TONKE H3MEHATHCH ONpPEJETEHNLIM 06pa-
soM: OT sHaveHna f(x--Ax, ¥-+Ay) mbl nepeiinem cuepsa i sHaye-
mio f(x, y--Ay), a sarem or sToro smauennyn k spavenio f(x, y).
Taxum oOpasoM, TOJMHOE TPHPAlEHHe (YHKIUHI MBI MOMKEM IpeicTa-
BHTB CJELYIOLHM 0Dpason:

Az=[f(xAx, y4-Ay) — fx, v -+ Ap) |- [ £ (x, v -+ Ay) — F(x, )]

Paccmartpisas NEpBYIO KBaJpaTHYIO CKOOKY, Mbl BHIHM, 470
nepexon or sHauenna f(x-d4dx, y-}Ay) k snauenmo f(x, ¥4y
NPOHCXOMT OpH NOCTOAHHOM 3HAYEHHH MEPEMENHOro ), MMEHH)
npu Havenud y-i-4y. CnesopaTe/bHO, DpPHpaLIEHNe:

S le+-Ax, y--Ay)—F(x, y-+Ap)

ABJSETCA PesyJIbTATOM H3MEHEHHs TOJBKD OAHOFO X, a NO3TOMY
K 9TOH PasHOCTH MOXHO WPHMEHHTHL (JOpMYyJibi, OTHOCHIIHECH K
(pyuKUHA 0 AHOT O NEPEMEHHOTO; NPHAICHINM, B YaCTHOCTH, (opMyay
Jlarpanxka (§ 149). Ilpn stom samernM, uro Teneps B (hopMydae
Jlarpamica HyM(HO IOCTABHTL HE DNPOCTO NPOH3BOAHYIO, @ HACTHYIO

I
1
xy) -‘-’-’E—E[nnx,yj cnepsa O NPAMOiT, TapaIebHofl
I
I
|
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"NPOH3BOAHYIO 1O ApryMeHTy X, COOTBETCTBEHHO TOMY, UTO Hamil-

CAlHOE TPHPALLEHHE COOTBETCTBYET H3MEHEHMIO X NPH NOCTOAHNOM
y-+Ay. Hrai, Moxem HanucaTh:

Flet-4Ax, y+Ay)—F(x, y-HAy)=F (xF-0Ax, yi-Ap)dy,

rae U, — npapuibHas NONOMKHTENbHAS APOOL.

DTOT pe3yabTat OYEBHAEH H C TEOMETPHYECKON TOYKH SpeHus:
npinepexone ot snavenns f(x - Ax, y-- Ay) k anavenino f(x, ¥y Ay)
Touyka M’ mepeiiieT B TOUKY
M’, cregys 1O NOBEPXHOCTH 21
z=1[(x, y) BroaL nJaockoil
KPHBOH, JEMIKAIUEIT B INIOCKOCTH, e
napaniensHoil naockoctn XOZ, z
ila paccrosnun y-1-Ay oTr Hee | |
{uepr. 173). M ueprexm noxa- | ta [
3LIBAET, YTO B HEKOTOPOH TOY- | M ettt M
ke Q mewny rtouxamu M u [) / X
M" xacatenbHas Oymer mapain-

(Y

JeabHa cexyuieit. A sTo cBoil- [eyl L
CTBO NNOCKON KPHBOH Kak pas
Il COCTABANET ©EOMETPHYECKHIT
cmﬁc.;; dopayast  Jlarpamia y (Kyrayl (xeax.yssy)

) ll:;i:;gi::y}i(.'l{lﬂ COBEpPLIEHHO L e

4HANMOrHYHBIM  ODpasoM, Mbl

npruvenny Qopmyay Jlarpamia nns pasHOCTH, CTOAWE BO BTOPOIL
KBAIPATHOIT CKOOKE, H TakHM 0OpasoM OyJAeM HMETb:

Flx, y+8y) —F(x, )=1, (x y+0.4y) Ay.

Hrax, noanoe¢ npHpaulcHHE MOMHO NPEACTABHTH B CJAEAYIONIEM
BIIE:

Az=Ff, (x4 0Ax, y--Ay)dxf (x, p-1-0,4y)Ay. (B)

Jonycrum Tenepes, uTO “acTHHIE Ipou3aBoAunie mHamel dyngnpg
TaKyKE HENPEPLIBHEL

Jro 03Hnavaer, 4To PasHOCTH:

f;{x—!l"ﬂuﬁ—\‘, }'J[_A_V)_f;{x. .V)ZEU
£, 9-H0,89) — £ (x, 3) =¢,

npa Ax—0 u Ay—0 OGyayT CTpPeMUTBCA K HYJIO, T. €. BEJHYiHIL
s, B g, OyayT OCCKOHCHHO MalibMi.



MPOHIBOIHLIE 1, XVi

372 HACTHBIE

Ha nocneiuux paseHcTB OyaeM HMETh:
fi(e40Ax, y4-A)=f.(x, y)-t+e,
fy (% 30,49 = f, (x, )=,
n paseHctso (B) moxcer OBITB TIPEACTABIEHO B CACAYIOUIEM BIIC:
Az=f(x, 9)Ax - f, (X, ¥) Ay {-e,dx +-e Ay ©)

§ 168. Moansti gudppepenunan. Hanovuum cnepsa, uro npupaure-
HHE OJHOTD NEPEMEHHOIO Y — f(x) BulpantaeTca COOTHOLIEHHEM

Ay =j'(x) Ax |-cAx,
rae e— 0, xorma Ax — 0. Ilepsoe caaraemoe f'(.x) Ax Geuio nazsano

nudppepenianon Gy HKIHA:
dy = f'(x) dx.

CrenopaTessHO, TpHpalledie (yHKUHH OTIYAeTCH OT andepen-
nMana Ha OECKOHEYHO MaJjo€ BBICIHEro NOpAaka CPABHHTENBHO € AX
wan andpepennnan CCTh 2.4a8Ha7 HaACMb TPUPAILEHHA (yHKuMH, 10~
nyl-lalﬂ]].laRCH FayepKiiBanHeM YJEHOB BRICINEH MaJOCTH.

B dopmyse (C) npeasiayiiero naparpada caaracmeie g Ax noedy
TaOKe #ABJIAIOTCA YIEHAMH BRICHIErO TNOPAJAKA MAJOCTH TO OTHONIE-
HHIO, COOTBETCTBEHHO, K Ax n K d)h H no awnanorum c TIOHATHEM
aupdepeniuana ()YHKINH OJHOTO TEPEeMEHHOTO, NOAHGLAL 6ngﬁgﬁepen-
yuasom gyricyun 2= f(x, ¥) MH HA30BEM 2.4QEHVI0 HaACMb TONHOMO

HpHpaLEeHH:, T. €. CYMMY:
Lo, y)Ax - £ (x, y) Ay.

OGosuauan moaueid auddepenunan Qynam cuvMsosoM dz, Takim
06pazoM Moy uHM:

dz =f;: (x, ¥) Ax -j-fj', (v, v) Ay.

[lpapast wacTe 5TOr0 paseHcTBA  €CThL TVABHAA YACTh MpaBoil
uyact pasencrsa (C); sto osmauyaer, uTO «z €CTh BEChMa TOYHOE
NpUOGTHIKEHNe K HeqHuiHe Az s MAMLIX BesHuiH NpHpauieHuil Ay
H Ay (cpasuute § 125). flcwo, uto ecom z==.x, TO TpEeALIAYINEE pa-

Sl o
BEHCTBO Aaer dx— Ax, ndo B_\l: ==]H (-)?‘—:0. Touno Tak e, ecan
__ s OV dy __
z=y, 10 dy=—Ay, nbo [-}-:‘3_0 " a}__l.

[Toaromy mast cayuyas, korja X H Y ABASIOTCS HE3QGUCHUMBLAL
nepemMeHHbiMH, AX —dx, Ay—dy, H, 3HAYNT, Mbl HMEEM:

= e T L Azige pdy e R
dz=f, (%, y)du -7, (x,y)dy = ;- dx —{—ay dy=g- da.—j—a;dy. (1
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Aunanornuno, noaunt andidepentnason QyHKIHE TPeX He3aRHCN-

MBEIX MEPEMEHHBIX U= f(X, }, Z) Ha3bIBAETCA BEIpAKCHHE:
it i du '

B nansweiimes mut yBimM, uro opuyast (1) u (1) coxpausior
CBOIl BHJL B TOM CJyyae, KOrAd INEPEMEHHHE X, ), 2 HE ABIAIOTCH
HEBARMCHMEIMIL,

B rnase, uanarawwmeii yuenue o anddiepennnane qyskunn ognoro
nepemMenHoro, ObJIO TIOKA3aHO, YTO HA [PAKTHKE YacTo BMECTO
CJAOKHOFO TO CBOEIt TPHPOAE Tpupailenua GyHKUuM Oepyt OGoace
upocroit ee audubpepenunan. loayuawolascs npn 31oM ownbxa He
HMEET CYUIECTBEHHOTO SHaMeHHA BCJIEACTBHE TOTO, 4TD NpHpaile-
nie  orTaudaercs  oT  Aundupepennnana Ha uMeH  BHICHIEH  ManocTi
fea § 125).

CoBeplueHto aHaJIOTHYHYI0 POAb IS TIPAKTHKH HIPAET M NOJHLIE
apdepenunas (Y HKINH HECKONBKHX TIEPEMEHHRIX,

P'rltZif.\TD'l‘pHI\l NpUMEp Ha NpHMEHEHHE II0JHOro ,B.IELI)L]]EPCIIU,I!&.-'IH i}
BLIHNCTICHIHNA llol‘pellIHOCTEﬁ.

Hpnsep, Tlepuot Kauauus NPOCTOrO MAATHIKA Bhipamacrci- Gopyyanii

T=2z VZ,
-4

rae | — .'l.'l.llil'd‘ MAfTHHEL W & — ycugpellue cnaut Tamectin Haiimu norpemuecTh B
ompeaeaenint f. 06)’1‘.10[!.11111?[&\[}‘10 e GoabLIHAm NOrPEIIHOCTHMIL Nl HIMEpPEeHEN
Lu g

Pewenne. Otoanaany NOrPElHoCTH, BMEDWHech npu naMeHdennm L £, COoT-
BercTienno wepes ai n dg Moaysaomasca Grarogapn ﬂTﬂMX NOFPENTHOCTE NpH Bl
sreaennn nepuosa I seasercs npupamenuen Ad. 3avenns AT uepes dT, noayvaew:

A AT
h?‘n,.n’}'".-..—‘ji-:ﬂ—{—agt.‘g,
ar_ afE)
GHETE TR
R T 1
TV & (-4):
g (dl g g gdi—idg
e i L L e 08
dl=xa 1/41 % g‘)_" ; FORT
OTHocHTesLan norpemocTs:
ar_1(di_ dg
T BTy
Orciona 3akaosaen:
dT 1 dl | dg
md PSR pal e -
7<= (I7[+%1):

7. €. afcoaoTuasn Beandnna OTHOCHTEALHON NOTPeLHoTTH, I].ll.ﬂ_\"h’lil]ﬂl(!i’i\'i‘l npn wkd-
HHCAEHITN _r, He npeskillasT O YCy MMl A6COMOTHMY BEAUMHK OTHOCHTCALHET LU
tpc}uuuﬂe:i. HMEIOULNE MECTO npi HIMEpENnn tu &
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§ 169. 3akon coxpanennsi (POpMyabl NOIHOTO nudrepeniyana
Npi Tpeo0pasoBaHiy HE3aBHCHMBIX TiepeMenibix. Panee, B § 131, mu

0KA3AMH OJHO U3 BAKHENUIX CROHCTB anddepenunana Gy Humit
OAHOrO HEe3amHCHMOrD TNEepeMenHoro, a HMEHHO Heu3MeHHOCmb €20

PoprYAnt: s

dy—=1"(u)-du, rne y= f(n) (1)
BO BCE X CAyHanx, Koria OyKea & 0003Haiqem He3asucuyioe nepemen-
HOE, M, KOTAA 1L eChib NPUMENCYINOURAS OYHIKQILL HOROZ0 He3aBUCH-
MOZ0 nepeMerH020; TOMbKO R ITOM TOCAEAHEM CIYYde NOX MHOMHTE-
siem dit Hao monHMaTh yKe An(epenunan GyHkunn u no HOBOMY

HE3ABHCHMOMY TIEPEMEHHOMY.
B npenbiayumen § 168 Ml TIO3HAKOMIJIHCH C TIOHATIHEM TIOJHOTO

anpdepenunana (yHKIHE MHOTHX HE3aBHCHMBEIX nepeMennnix. H anecs
TOMHO T4K JKE MMCCTCA HEUZMEHHOCHb €20 @opyyani:

dz=f,(n, v} du—-f, (1, v)-do, rae z= f(u,v) (2)

BO BCEX CAyuanx, Kkorfia n, ¥ o0003HQUQION. He3asucuwe nepe-
JeHHbte, WIH KOTAA I, © CYMb NPOMENCYMOUHbE QYU HOBBX
HeIABUCUMBLX NePEAIEHHN.X, B KAKOM YTOAHO 4HCAE, JIlb OBl TOA
MHOMCHTENAMM dn, dv nouuMajuch noJanble angdepenunani
(yHKUHT #, T 10 HOBLIM HE3aBHCIMEIN TEPEMEHHLIM ',

Yrobel [10KA3aTE ITOT 3akon coXxpauenusn Qopmydan
noaHoro andppepenunana npi acany NpeodPAIOBAHHAX HEd-
BICHMBIX TIEPEMEHHBIX, Mbl JIOKAXXEM €ro CHavyana Aaa TOro cay-
yast, KOTJAa X M J CTAHOBATCA (IYHKIIANN 004620 NCAABICHMOrO Nepe:
Mennoro £

Hrak, nycrs x=u(f) u y==4(¢), riae »u L nenpepssibe GyHE-
UM, HMenuie nponasoanne @'(f) m &'(7). Jamm ¢ npupaniexse
Af; Torma X H Y nonyuat COOTBETCTBEHHBIe npupauleHis Ax u Ay,
nprnyes Mbl 3Haem, 4To korga Af—0, torma Ax—0 n Ay—0,

dx Ay
OTHOLIEHHS ‘-l} 137 HMEIOT NPEAeSaMH COOTBETCTRENITbIE TIPOHIBORHbIE
@ (f) m ' (£). Tax wka 2==f(x, y), T0O 2 TaKHE NOJYUUT HEKOTOPOL
npitpaienne Az, rae:

Az=f(x-|-Ax, y--4y)—f(x, v).

Suawnr, Az eCTh He 4TO MHOE, KAk Ho.anoe npupawenie (om. § 167)
u 1o ero gopmyae (C) sbl nvmeem:

Az=f_ (%, ¥)-Ax - f! (X, y)-Ay -|-e,Adx -} Ay,

rae &, —0n & —0, vorza Ax—0 n Ay—0 u, crexoBaTeasRO,
woraa Af— 0.

awe HpHpatenne .\H, Rall B CAVHae, Koria "J}'h’U.’j i 0003NANALT NEIABNCHMOR
nepeMentoes,
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Heast 310 paseHcTBO na Af, Mbl HMEEM:

Az . Ax X Ay L DX ay
Bt 0 CO8 ) Rty i P EP ) e I vy P ()

Henaa Af —0 n mepexoas K Ipeneay, Mbl, OHEBHAHO, NOJMY4HM
2= (£, )¢ ()1 (xi )4 (@)

Orciona, ymuoxus ofe uyacTit 3Toro papexcrsa Ha andibepeminan
’
df uHesaBHCHMOro TIEpEMEHHOro f, M BCOOMHNB, 4T0 dz=—2z-df,

d c—w' ({)df u dy:dj (t) dt, MH TNOJIYYaEM OKOHHYATENBHO:
z=f(x, ) dx -+, (x.y) dy. (4)

A 3TO paBeHCTBO KaKk Pa3 M BHIPAMAET 3aKOH COXpanenus giop-
MYane noAHO0 Guipdbeperyuana, kozda OYKeb X @ Y Nepecmaom
Obilb  HE3ABUCHAIWNYE NEPeMEHHLAY, @ CMAHO0BAMES GYHAKGUANT
OAHOT O HEIABUCHMO20 NEPeNeHHo0 t.

B svoit dopuyae dx, dy u dz cyrs obuiknopennsie nudidepeninain
OT (yHKUMI X, ¥ B 2 N0 nepeMeHHoMy f, NPHYEM MBL JOJH(HLI NOM-
HUTh, 4TO 2= f(x, ¥).

To, 4TO MEI, SICHOCTH paji, OTPAaHHYINNCH DACCMOTPEHHEM (hymx-
HH f TONbKO ABYX TEPEMEHHBIX X, ¥, @ HE TDEX, YETHIPEX,
I T. [, 9TO, OYCBHIHO, HE NMEEeT HuKaxoro smauenns. Taxum oOpa-
30M, Mbl HMEEM CACYIOUIEE OOLUEE NPENONEHHE:

Teopesa. Fcan a giyuryun w=F(x, y, 2) MHOZUX HE3QBUCUMBLY
HEepeMeHHbLX X, V, 2, UACIOWell HeNpepuanpe YaciiHbe npoussoimse,
samerumy apeyitenmo X, y, z Ougeperyupyesetat Qyrxyuasn
0dro20 u mozo dce nepeiernozo t, moeda OOHMKHOBEHHBIH dug-
depenynanr dw roautecmsa w, cmasweo PyrKuei 00H020 He3asu-
CUMO0 nepeseniozo t, aupanjcaemcs Hepes X, ¥, 2 U Hepes o0sKHo-
sennvie Qudbhepenynans dx, dy, dz no giopayae noanozo dugdepen-

ynara, xax ecan Obt nepesMenusie X, ¥, 2 npodoaicatn ewe ocnia-
BAMbCA HEe3QBUCHMBIAL,

dF (x, y,2)="F dx - gj dy+2 de, (5)

rie
x=uw(t), y=9(t) u z=uw(t).

Paanesns pasenctso (5) ma audpepenunan di Hesasucmioro mne-
PEMEHHOrO £, MLl TOJY4HM (opMyJay:

dw__ dFix,y,z2) _0F dx , oF dy ; OF dz ;

=& o h g ©)

KOTOPY10 CJAUBCCHU HYMKHO MHTATH TdK:
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MNpasuao auddeperurpoBania CJ10K HBIX (yHKLi.

Fean umeesr cAONCHYIO QHYHRIUNIO HEZQBUCUMOZO nepemennozo i,
00pa308aAHHYIO SAMEHON QpYMEHMOS X, ¥V, Z ..., 8 BbPAKICEHIN
(%, 30 Zale e .) giyaryuaNe om £, mo, 4mols. noayLumy npousgad.
Hyto no t amoi CAOJCHOR PYHIHUU, HACO HACHVIO Rpou3sodiyin
antpacenus F no Kascdomy apyMenmy NOMHOINCHME Ha Npous-
SOOHYI0 MO0 apyMeHma no t n gce amu napwsie npoussedenin
CAONCUNLD.

[lpu sTOM, pasyMeeTcs, NPEANONaraeTcs, uTo Belpawenne F
pMeeT HETNpPEDPBIBHBIE YaCTHHIE ITIPOM3BOMAHEIE IO BCEM CBOHM ap-
rymenTaM, 1 4TO 3TH APryMeHTHl 3aMEHAIOTCH A H () q)epe;qm,pyg.
MBIMHE QyHEIHAME OT £

Toxazannoe npapudo AHGOEPEHUUPOBAHHA CHOMKHEX
GyHKuni OT OAHOrO HE3ABHCHMOrO TEPEMEHHOTO
[03BOMAET TOTHAC e [I0KA3aTh 3AKOH COXPAHEHUR QOpMY.AbL NOA-
Hozo dugbghepenyasa yie IpH 6caru. X NpeodpasoBaHHAX He3aBHCHMLIX
NEPEeMEeHHbIX,

Iycrs w=~F(u, 7, w) ecTh (DYHKUMA TPeX apryMeHTos M, ¢, w,
KOTOpLE CaMH, B CBOI0 oOuYepenn, CyTh dyuxuun  Kakx-HUGY Ab
HOBHIX HETHLIPEX HE3aBHCHMEIX TIEPEMEHHBIX X, ¥, 2 H I, T. e
a=u(x, .2 t), v=v(x,y 20 1 w=w(x,y,zi.

Ml XOTHM OTHICKATh HOMHBI  auddepenunan  do  pymgm
w=~F(u, v, W), TAE apryMenthl #, v, @ YKe saMenennl (yHrumMI
wlx, v 2 t), v(x, ¥, 218, w(x,y 2t or x, ¥ 2t cjejos-
TeNLHO, PACCMATPHBANL » KaiK CAOMKHYI0 (DYHKIINO He3aBHCHMBIX M-
peMeHHLIX X, ¥, Z, Zi

[Ipesite BCero, 1o onpedeaernio noanozo duddepenyuaaa, niee:

__fw do dua duw -
dw—a; dx -1"@ dy+ﬂ_; ({Z"{" ot dt. {l]

C apyroil CTOPOHL!, pacCMaTpHBast APryMeHThl X, ¥, 2 # £ 1m0 oa -
HOYKE (T. €. KaNIR B OTAENBHOCTH) KAK OOHO HE3ABHCHMOE ne-
peMeHHoe H, C/IEN0BATEeNbHO, NPeAnoJaras MOCTOAHHBIMH YHCJEHHKE
8HAYEHHA TPEX OCTAJLHLIX OYKB, MBI MOM(EM NPHMEHHTE TOJBKO YTO
BLIBEJEHHOE NPaBHIO0 AH((epeHIHpOBaHNA CAOMHBIX (Y HKIURIE OLHOIO
HE3aBHCHMOro TEpeMeHHOro M, SHAYHT, INOJYYHTh YETHIPE YaCTHhIE

do o @
npoH3BOAHBIE 5, d—;’, S % no dopuyaam:

do aF du aF dv aF ow
e R e ]
dw _ dF ou aF dv aF ow
ay —oua oy Tov oy Tow oy |
do__OF on , OF 0v | OF ow | @
S a W ot |

dw aF du aF dv aF ow

e T i g R J
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YwHo)an STH paBeHCTBa, COOTBeTCTRenHo, Ha muipepenumnant dx,
dy, dz w di ne3aBUCHMBIX NEpeMenHbIX X, y, 2, [ 1 CKAaanBas
110 BEPTHKANLHBIM KOJOHHAM, Mbl B JICBOIL YacTu OyIeM HMETh:

dw dw i dia

he L i LA

E;‘,vd":-4 dydy' d.’dz' :h‘d!’
T. €. B Cuay pasenctsa (7), B JeBOil 4YacTH MH TONYYAeM HO.4HEIE
duggbeperyuas do croxHoli (QYHKINN © MO NCTHHHBIM HE3ABHCHMBIM
NepeMeHHEM x, ¥, 2, L.

Yro e wxacaerca TpaBoil yacTH, TO, CKIAABIBAA KOMIHCCTBA
NEPBOil KOJIOHHEI, MulI GyAeM HMeTh:

aF du aF du oF du daF du
L e e sl i L ]
du dx dx du dy dy+ du dz dz e at

‘ i oF -
HAH, BRIHOCH OONLHE MHOMHTENL 57 338 CKOOKY, MOJY4IM:

d
aF { on du ou o o 0u
e dx - dy+ Sz St ).

Tak wak x, y, 2, £ cyTh HE3aBHCHMEE TNEPEMEHHBIE, TO CyMMa,
HATIMCAHHAA B CKoOKe, ecTh HE 4TO HHOe, Kak No.aHbif dudidieperiyua.a
du (ynxums u (x, y, z,f) mo stum nepemenuniv. [losroyy, npeau-
JYUIEE BLIPAXMEHHC HANHIIETCH NPOCTO B BHAEL:

ar
— -du,

’ " oF
ATIﬂ.‘IOT‘H‘IJ[U. CyMMa KOMHYECTE BTOPOH KOJOHHEI paBHa “&E'd?.'.

rae dov ecth noaublii anddepenunan dyukuun viy, ¥, 2, £) no Hesa-
BICHMBIM NEpEMeHHnM X, ¥, Z, f. F, HakoHen, TPeTbs KOMOHHA AzeT
O i

dw :

Taxum oGpasom, B nesoii yacTH Ml uMeeM do, 4 B NpaBoil yacty
SN , OF aF
cysy o - di Ao du -5 - dw.
Caenosatedbio,

Sl | OF LOF
d-‘(!l—d” dl{—["-d—a'd‘u T E'dtﬂ. (9]

roe dw, dun, dv, dw cyre nomusie anddepentmanit iy
o(x, ¥, 2, 1), ulx, v, 2, t), v(x, ¥, 2, t) nw(x, y, 2, t) no nerun-
HBEIM HE3aBHCHMBIM TIEPEMEHHEIM X, Y, 2, f. Ho Tak kax w=F (u, v, w),
T0 ghopatyaa (9), daiwan 8 aesoit vacmu no-ansi dugdepenguan do
DV © 1O HEMMPeN HeIABUCUMBIIL NEPeNEHHHM X, ¥, 2, 1,
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uateenl & npasoli ceoeli wacmu MAKoR 8ud, Kark ecaun G npoMes)-
mounsie gyl 1, v, W ObAN HE3ABUCUMBING HEpeMeHH M.

A 9T0 B €CTh SAKOH COXPAHEHHRA (GOPMYJL NOJAHOPO
anepennnana Npu NpeodpasoBaHNU HesaBHCHMBX
nepeMeHHb X,

B 9ToM 1 COCTOMT RLIFO4A 3Haka Hoanoro anddepenunana, noo
pasercmeo (9) He SaBHCUM NI OM HUCAC HE3ABUCHAIBLX NEUEMEHHBLY,
Wit OM ux euoopda.

170. lpakTHYECKOE BhiMHCIENHe TOoJaHBIX AuddepeHuHanos.

Jloxaganublii 3aKon coxpaHenua (OpMy.L NOAHOro AH(GhepenaHaa
FOBOPHT HAM O TOM, YTO IOJHBIE anddepeniianst  BeMHCAAITCA
no Tey ke caMbiM (JOPMYJIaM, MO0 KOTOPLIM BhiuHCAmOTCR audidepes-
I ERE q,lymcum‘i 0JIHOrQ HE3aBICHMOro NEPEeMEHHOTO.

Tak, ME HMeCM:
d{u4-v) =du-dv,
d (uv) = vdu - udo,

n vdit — udv
d(8)=tuzude

roe 4 H U CYTh QYHKIIN  KAKIX  YTOAHO  3aRICHMBIX nepeMeHnnx
H B K4KOM YTOIHO “HCIE.

[ostomy nousnuie Aneperimannl HYIKHO BHIUNCANTE 1IPAMO, T. €.
HENOCPEACTBEHHO, N0 OOBIMHLIM Tabauunniy (opuynanm e
PEHINIAJILHOrO  HCHICACHHA, He npuGeeass K  upeosapumesbHomy
BOULHCALHINO NACHIHHLX Hpon3soonsix. [lpeasapiTesbHoe BbYHCIEHNE
YACTHBIX NPOH3BOAHBIX OHL10 OBl GECHOVIE3HLIM OCJ0MHEHHEM paGoThi
BhI4HC/EnHs, 100 MHOrHE BLIKIaAKIl MOBTOPAIOTC OECnpecTanHo Ges
Beakoil nodk3nl. HaoGopor, xoraa moaweii andupepennuan df (x, y)
TOJyHEeH, TO TOrJ4 BCE UYACTHLIE NPON3BOAHLIE CPA3y MOMYHalOTeR
npocteiM oT60poM. Mo, koraa muer nosyunan nomiwit andipepertman
df(x, ¥), TO 4aCTHAA NPOHBBOAHAR NO v GyACT NPOCTO KOIDPULHEH-
TOM NPH dX, H YacTHAA NPOH3BO/HAS NO Y OyAcT KO3((DHIHERTON
npit ¢y B NOJyuEHHOM BRIPAMEHHH noanoro anddepentiana.

Hpumep 1. Haiirn cpasy ofe wactubie nponssoansie Qyniiun are tg{.

Peenune, Haxoam cpaay nonustit audupepenunan:

o arc tg ;‘.’=

3aunT, oTonpan kosddmimental npu dx 0 NP d, NAXOAUM OAUOBPEMENILO:
v A
darctg ¢ 4 darctg =

% L p dy PO
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Mpumep 2. Haiitn ofe uvactibie nponssomnsie ot In 1fx” 4+
Pewedie. Buuncanen HenocpeicTreuno noausiH Anddepenipaa:

e dVEE  Sxdx 3y
din "2 4= Voge et
Orcona: =3
omYEEY x  dhEEP 8 Rt
x T dy e EET

§ 171. YacTHas npou3BOAHAs U HOAHaA npoussoinas. Nudypepen-
uuporanue BA0AL Jnuun. CorsacHo npaenny  andpepesiuporaii
CAGKHBIX (YHKUMH OAHOTO TMEPEMEHHOrO, Mbl HMEeM:

dF _ aF dx  oF iy , 0F ‘dz
e e S kot Sl e e L
dE—="dx ¢££+ dy dt 1 oz n‘n‘4 ik (6)

KOrda 6yvies X, ¥, 2,..., CTOAUUE 00K JHAKOM  (DVHKIHI

F(x, ¥, z,...) CYTb BEJNYMHB!, 3aBICALLIE OT TEPEMEHHOTD [.
Ecan B sroii dopuyae mm npavem f=.x, T. €. TPEUNOJOAKIM,

YTO HeBNCHMEIM TICDEMCHHEIM ABIAeTCA OYKBAa X, a BCE Apvrie

GykBEL ¥, 2,... CYTh (YHKIH 3TOrO NEPEMERHOrO X, TO dopayaa
(6) npuver, oueBljiHO, B

dF __aF | oF dy | OF dz ¥

= bl el i v
dt — ox 1 dy .1‘.:+nz dx—l_ (6%)
B uactnocti, ans QryHxonm aByX nepemennnix F(x, y) useew:

dF (e, ¥ aF(x, 0

aF (x, v dy
P R

el 3 F
dy dx (bl )
H aaa dynxinn Tpex nepevennsx F(x, ¥, 2) nveem:

dE{x, v, 2)_ 0F (%, 3,2 , 0F (%92 dy , 0Fixy,z2) dy *
dx e + dy e dz “dxt (6,%)

Bo scex zmnx dopMyasx yuanimiics JIONMKEH GaMeTHTb, 4TO
aF  dF .
ge 1 gy VMEIOT COBEDUIEHHO PA3MHYREIT CMLICI.

F
YacTuan nponssosuan iy COCTABJRETCH B TPEANOJOMENHH, 4TO
H3MEHACMER MOABKD 00HO HepeMerHnoe X, TOrAA Kk
di AR

M

rae AF ectb noawoe mpnpawenue dynkusn F, nponssopinsioe mase-
HEHHAMH 8CEX NepPeMEeHHH X, NPHUEM STH HAMEHEHHST 3aBHCAT TO/IBKO
OT M3MCHCHHA AX HE3aBHCHMOro NEPEMEHHONO X.
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’a
MoskHo CrasaTh, YTO 9 ectn npoussoanan GyHKEN F no Gyxse
d Y

k=
X, TOil CaMoif, KOTopasi Jullh F8HHAL 00pasosr uryphpyer B_dop-
myae, nsobpaxanoueit sty dymawio F(x, y, 2), Toraa Kai - €cTh

nponssoanas dynknun F no Gykee x, copepxaineiica s F(x, ¥, 2)
HE TOABKO ABHO, HO €UIE H HEABHO, TaK KakK Npeanogaraercd, 4T
GyKBEl ¥ M Z TOXKE HeKoTophie (yHKIM BYKBLI X.

: s F
B oranuue or  uacTHOI I.'IpOI{SBO,'IHOﬁ T NPOH3B0IHAR j_t Ha3bi=

BAETCH HOAHOI NPon3sodHol No ByKse X.

NMpumep 1. dano F = sin"vi, x=¢" y=1¢% naiitn aatl

ot
Pewenne.
OF 1 . OPL e X de g dY o
dx~— LGN = e vl sl et

Moacrannsa 8 (B), naiinem: ; .
dr e y
Ve o

gt e

Tpumep 2. Hawo F=e" (y — 2z}, y=a sin.x, z==cos x; Haliru 5{:
Pewenne. i

e a4 B

dy =
o =08 X,
dx %)

Mopcrasana B (6%), wmeem:

d‘r‘ AN ; " >
de — TV — 2) - ae®™ cos x 4 £7¥ sin & = ™V (1® - 1) sinv.

6 ”__P " ﬁfeqall ne. B npnstepax, nofofusx BeIMSHPUBCLSHTOMY, MOHH0 GHI0
ml;_c{h‘:; PEACTHROM NOACTAHOBKH PRIPA3NTL & 2810 B PYHENHN HEIARNCHMOI0 NepeMel-
S JATEM PO T ehepennponaTh, 1o ROOGUIE ITOT HPOUECE Ghi1 Okl JATNIMICE,
ROTOPBIX CAYHOHX W BoBCe Ohli Obl HeupiMeHNM.
Moo 1t 2eosempuyeciit nosc-
HHTE PA3HBIT  CMBICA YaCTROH Npo-

e .
H3IBOLHOH X I OOJTHOK npmiallﬂll-

HOIL qo n]Jt_','.'Lll(‘.‘IlJ'zl{:ll.\l, YTO HMEEM

QyHRIINO ABYX TEPEMEHbX X 1§,
a mymenno z==>F(x, v). Oua onpeie-
JeHA B HEKOTOPOM KYCKE IMIO0CKOCTH
XOY. Ecan B 3T0M e KYCKe nJjoc-
KOCTH HauepyeHid HEKOTOpAn KpHBaA
ayra AB (uepr. 174), ypasnenne
koropoil ecTs y=f (x), 10 8doas

i

B —————x

Hepr, 174
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armoit dyen dyuxuna z=F(x, v) oueBnano paeua z—F[x, f(x)}].
Ee npouseoinas :%, BLIYHCAEHHAR 408 Toukn M(x, y) AyrH, ecTo,

OMERMANO, NHO.IHAA npon3sooHas; no dopmyae (6,%) nweew:
dz __4F | OF .
Lo L 4
et pe G (10
o
Mot BHINM, YTO NOAHAR NPOUIBO0HAA d—; , GbtucAeHHa L 0.4 MoKl
M (x, y), sasucum om nanpasienus xpusoi Y = f(x), npoxodsues
yepes amy mouxy M.
Mo, ecan uepes 3Ty ke camym To4ky M Mbl TPOBEAEM HAKYID-
HUDYIb HOBYIO KpuBYI0 V=f, (X) ywe C dpyaus wanpaBieHnem
B Toue /M (r. e. C jpyroii KacateasHoi B M), TO MBl Oyaem

= x dE -
HMeTs 1 dpyzyio sediiuisy noanoli nponasosnoll 2 B rouke M (x, y)
BAoAL a10ii Hopoit kpuBsofi, udo, mo ycnoewo, f'(x) =~ f(x), B TO

9F oF
BPEM KAK YACTHLIE NPON3BOAHBIE 5=, ay Ana 00EHX KPHBBIX B TOUKE
M, ouesnaHo, paBHhL.

HaoGopor, ecian HoBaf kpupas ¥ = f, (X) HMeeT Ty e camyio
xacaTensuyio B touxe M{x, y), 10 f'(x)=f,(x) n ncuo, 4o noaHam

dz

NPOHIBOIAHAR e B Touxe M oama H Ta e BAOAL 00EHX KPHBELX,

- lz
Tawnm oGpasoM, noakas NPOR3SOOHAS :—‘,—é 3agucumn He MoasKo ol
maozo, 8 karxoi mowe M (x, V) naockocmn XOY ee swyucagiom, Ho

Elje u onm HanpagAenus o amoit mowce. Yacmuan ace HpURSﬂOdHﬂR

de dasucum moavko om moixu M (x, y), 8 Komopoi ee suucasion,
n Ooapine ML ONL HE20 He 3agucunt.

3710 06CTONTENLCTBO CTAHOBHTCH BIOJAHE NOHATHLIM, ecaH odpa-
THTh BHUMA4HHE WHa TO, YTO, KOTAd HalpasieHHe, M0 KOTOPOMY
BRIMHCIIAIOT TOJIYI0  NPOM3BOAHYIO, [AEJAETCH TNapaiesbHbIM  OCi

abcuuce OX, Torjg nosHas NPOM3BOLHAS T METAETCH YHCAEHHO pas-

o " & 0 3
HOH 4aCTHON 1PON3BOIHOL Fr HeiicTBUTCALHO, €CAN B PABEHCTBE

- iz i)

(10) met caenaem f'(x)=0, Toraa noayuus %::—1—2

Mpumep 3. Buicora gpyronoro kouyca, pasian 100 A, yMenbwaetca co ckopo-
€10 10 arfcer; pagiyc ocnobanus paseit 50 4 # ROIPACTABT CO CKOPOCTHIO 5 Atlcei.
Kak nasmensiercn ofbem koinyca?

Pewenue, [lycTs £ — paiuyc ocHoBauua M ¥ — Duicota Kouyea, Toraa ofbes.

v 2
x =3
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Iloacrapanes 8 dopmyay (6):

JV——- 2 ey f.’g | ,l-—xz fiy
e e e e e T
dx_ . dy

Tak gag x=—250, y=— 100, [-1"1_: o, dT_- — 10, To
dl — 2 5000+ — - 52500 10.= 25 000 =
tls=p =73 3
X =

5 M e,

di 50
00

§ 172. JuddepennnpoBaiiie HesaBHbIX (ymicuui. Vpasuenne

flx 3)=0 0

onpeaeager JnGo x, JnG0 y kak HEABHY 0 (yHKUNO Apyroro
nepevennoro. JIio6oe ypaBHEHHE, CONEMKALLECE OyKBBI X H y, BCE
yJIeHEl KOTOPOrO TEPEHECEHB! B JIEBYIO YaCTh, MOXNET OBITH HATHCAHO
B puge ypasienna (1). Mer oGosnauaem OywBoil u drynxumo or 6yks

X W Y, CTOALLYIO B JIEBOH 4aCTH:

u=f(x, y). 2)

Ecan y ecth nponasodshas xuddepenunpyenas §yukiusa nepesen-
HOTO %, MBI HMEEM:

du__of ,of dw
dx~ dx +d_v Tdx’ @)
Ho y mac Gyxpa y u300paaer HE KakyIiO-HHOY L NPOHSBOJALHYIO
Qynxuuio oT X, a QYHKUHIO HeAsHYI0, NEAIONLYIO BCAHUHHY o TOXE-
cTeeHHO pasHoil Hywo. [Tostomy aas HessHoil dymxiunm y (x) Mbl
du
=UH —=—=0U.
mieen a=0n 72=0

Orciona, ypastenue (3) cTasoBHTCA:

. _of i of dy ;
O=g¢to dx- ()
Pewmas ero, nmeem:
or
dy dx af _«
—— ---67-— ¥ EAan a; 7= 0. [5]
i

Jro u ecrs dopmyaa anddepenniposanis Heasnoil QyHKIHH.

I'eomeTpuyecki ona 03HavaeT, yTO B TO BpPeMs, Kak Touka M (x, y)
ABuHETCA no miaockoctH XOY TtaxuMm  00pasoM, uToOn (pyHKUMA
Jlx, ¥) Heuamenno yaepiupanack Ha TOH Ke camoif YHCAEHHOIT
BeJH4HHe, T. €. 4TOOH [ (X, ¥) = IOCTOAHHON N, CJAEA0BATEJ]bHO,
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dn
uT0Ghl =0, B 370 camoe BpeMA Haupas.ienie SN020 OBUICEHUs

Aaerca seeraa Qopmyaoii (D).

lpumep 1. Jlano 2%y 4-sin y =10, nalitu g::::
Pewenne, Mycts

fix, =x%' +tsiny,

Toraa
o s Uy
g =2ar, = 4x%y - cos .
Ha (3) naxonus:
dy 2xpt
dx Ay t-cosy”

MNpumep 2. Ecan x, koraa ono npoxoanT uepes anauenne x =3 dar, Bodpactaer
€0 ckopocThio 2 darjcer, To © KaKoH CHOPOCTHIO AOTHNO NIMENATHCA Y, KOraa
y=1 da, 17 Toro 4ro6w Gy nKua 2xy® — 3x%) COXPIHATA NOTTOAHNYIO BEAUdHHY?

Peuenue. Tlyers

f(x, y)=2xy*— 3%

HAXOAUM HACTHRE NpoU3ROAHLe 3T QYHEUNH No X W no 3t

af g ik
= — 290 — Gxy, ——=—4dxy—3x%
dx J o dy =
Moacravaan v (5) umeo:
dy 2% —Gxy
ds  dxy 52
Han
dy
dat
dx
dt
Ho x=3, y=—1, '%:'.2; oTCI0Ad
a9
Lif = dut/cer.
dt 15

Pacevorpiyt nosepxuocts, ypaeHenue xotopoit ecrb (uepr. 178)
F(x, 3, 2)=0. (6)

[ycth x=g(t), y="=4(f), z=o(f) Tpi TaKue QyHKIH HE3aBI-
CHMOTO n€pemenHoro f, yto ypasHenue mopepxuocTd (6), mocre mon-
CTAHOBIKH, CTAHOBHTCA TOH(IECTBEHHO ynosﬂe:rnopemlhm. 3ro o3ua-
YAET, YTO ir

x=u(t), y=2(), z=0(l) (7)

CyTh TAPAMETPHYECKHE YPABHEHHA KPIBOIL, Jexaueit Ha  lOBEPA-
HoCcTH ((3).
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Beenn oboshaucHue:
U=F{x "y 2).
MBI, mocae noacTaHoBkn (7), Gyaem myers Toxcaectsenno =0 u,
aHaunT, Er;g:(). 10 paMm jpaer:
[t
aF dx oF dy | oF dz
kT kT e i R (8)

Aas Besxoii kpngoit (7), mexcanieii Ha nosepxnocti (6).

Yepr. 175

Mol paccMOTpHM JIBa CHEUHAJIbHBIE CJ1y4ast.

Bo-nepsaix, Ha veprexme kpusas ayra JAK ecTh miockoe cedene,
Clle/laHHoe TAockocTsio v == const. [Tostromy B (opuyae (8) nmeem
@y="0 1 Mul noJyuaem:

ar

X
dx " dt "
U'l’!{)'ﬂ,ﬂ:
iz o
dt = e
"=

dt dz
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Ho nesasn yacTh 3TOro paBeHCTBA €CTh, OYEBHAHO, TANTEHC HAIOH:
kpusoit JMK x ocu OX, Ortciona:

oF

oz %

SR T e )
iz

Bo-gmoperx, coBepuienHo aHajorduHo Mel noayuaes (opmyay

af

gz e or

e__2. (10)
3

Dopuy.nt (9) 1 (10) ropopaT HaM O CAEAYIOUIEM: KOTAd HMEEM
ypasucuue (6), onpexensioulee Ham 6yKBy z Kak HEABHYIO (yHKUMO
ABYX HE3aBHCHMBIX TEDEMEHHHX X H ¥, Torjga 06e 4aCTHHIC NPOHI-

BOAHLIE g = g—f sroft mesmHol (ymxuuu z mawoted Qopmyaayi (9)
u (10).

i " .
e R
Mpumep, ¥pasueuies 7 _]_Ji‘fa_i_ E:l BEAHYHHA Z ONPEJeaneTon Kak Hedn-

uan pytkunn nepementiwx £ u ., Hafitu wactise nponasonisie 910l (pyHEWIL.
xk yl 2‘
Pewenue, F=_t+—+%—L
24 + 12 8

Orcona g—;: = ]’; i g:: = {—. il = i— Mo dqopuyaan (9) m (10) naxomia

3ALAYH

B CARMYIOMUK WeCTH MpHMepax HaliTi noanbie nponasonikie, ynotpedasa dop-
myant (6), (6,%), (6,7).
Lu=2z{y'tzy, z=sinx y=e"

OTB. E;f — 2¢** |- ¥ (sin x - €08 X) +- sin 2x.
dx

du  e*(14x)

2 u=arc tg(xy), y=e* Ot = T ae
du

3. u=lIn{a*—p*), p=asinl. ‘ﬁ="2‘8"-

i du_ 2vd-y

4 u=v"+4 vy, U=|n3.y=‘-ﬂ"- a—s=—?“+"e’-




386 YACTHHE NPON3BOAHLIE ra. Xvi
i 3
== i == — 3, s =4 OTE. oL ——_——_—
5. n=arcsin{s — r), r=3¢, B. r—n
ey — 2) e _'_!E O
6. "=_n*_-‘{—_l_' P=@asil X, T="C05X. x et sin .

¢ § 168

7. = by*x -+ cx* - gy ex.

B caenyiontix npusepax HaiiTi noausie auddepeniuain, noas3ysch gopuyaoi
8.

OtB.

dir = (by* 4 20x ) el 4 (2hyx L 3gyh) dy,

B, u=Inx". dit= '—: dx—1nx dy.
9, p= yalu ,\'_ di = y:iiu o Iuy cos x dx _'._ sin xy““ x=1 dy.
0. u=x"". du—1n th)'d\_i_!_ﬂ_t d},)_
st _2(sdi —tdy)
W=y du= (3_][”',! , !
12, 1 (pq). i(pg) g dp -+ p dq).
10 =7, du = x¥¥ 7V (yz dx 4 zx Inx dy - xyIn xdz)
14, u=tg* o tg*0 fg* 4. n‘u:“;:: l(;i i LA L
. x ¥ d -7
13. u_—_}——|—?—{~;. du_(}__
16, u=2arc tg:'-E-—I—arc tg%. dn =10,
X Vvdx —xdy
17, uy=arc sin —. dili— e i
y ¥y
18. [punnmas, UTo ypasHewie, xaparepuayiouiee copepiedunil ras ecis
i vp=RT,

rae v — ofnes, p— aasnenne, ' — adcomornas Temueparypa, a R — nocrosnuoe,
Kakopo Oyjet cootnowenne meway andpepenuiasamn dv, dp, di?
Ote. vdp--pdv=Rdl.
19. Cropona Tpeyrosbunka nMeer ganny 24 4 w poapactaer €O CKOPOCTBIO
10 eaefeex, vropan ctopona anmuoil 1,5 v yMeuuwaetes co cKOpoCTbio 5 eM/cex.
Yroa, 3akmouennbii Memay stuMmn croponasmum, cocrapaser 60° n poapacraer o
ckopocTbio 2° B ocexynay. Kak masennetcs naoutais Tpeyroisunga?
Ote. Bospactaer co cropoctbio 444 car/cer.
20. Kok samensercs TpeTks CTOPOHa TPeYroabHika npeiuayuieil sapaun?
Ore. 12,32 cufeex.
2]. Cropona upnMoyroaviuga nmeet 23 e AaNiK U YHeINUHBAeTCH €O CKO-
pocibio b exfeer, Jlpyras cropoua aaunof 37,5 oM YMCHBUIAGTCH O CKOPOCTRIO
2,5 carfeerc, Kak m3Mensercs miowais npaMoyroisiika s kouue sropoll cexynam?
Ote. Bospacraer co ckopocreio 75 car’fcex.
22, PeGpa npAaMoyroaplioro napaasejennunens nmewt ainust 7,5 car, 10 em
0125 car, HOKaMA0E M3 LUK BO3PACTACT co ckopocTLio 0,5 eatfcer. Kak naneuserca
ofnes napajiesenunena?
Ore. Bospacraer co cropoctuio 146,88 carjeex.
28, Yenopex, CTOA Ha MPHCTAHN, NPUTAIIBAET J0AKY 3a BEPeDKY, KOTOPYIO OH
vneT co ckopocteio 0,6 arfeer. Pykit ero naxoanten na paicote 1,8 a4 waa mocom
<k, C KaKOH CKOPOCTRIO AMGHeTCR JAOAKd B MOMEHT, KO OHa NAXoanTcs Ha
paccTonnmnn 2,4 4 o1 npuctann? Ote. 0,75 ajcex.

LAl
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24, O6bey u paamyc UHANHIPIMECKOTO KOTAA BO3PACTAIOT COOTBETCTBEINO CO
chopocteio 27 dar® faran 0,003 darfann., Kak naMmennercs 1amHa KOTA3 B MOMEHT,
Koria ofbheM ero ctanonutcA pasHuM 1,18 & w pagnye 0,6 a2

Ore. 0,228 dar/ s,

25. Boja poiTexkaeT W3 KoMMWeckoro ¢uabTpa pmcotoli 20 car 0 mMelouiero
Auaverp ocnosauns gannoft 15 exe co chopoctoio 0,0125 ea’fwac. C waxoil cro-
POCTBIO YMEHLIMAGTCH MAOILAAL MOBEPXHOCTH BOAM, KOFAJ YPOBEib BOLB ONYCTHTCA
Ha 10 ca?

O1e. 0,0025 eae’fuac.

26, [Mycts % 1 ¥ — KOOPANHATH HEKOTOPOH TOMEM OTHOCHTEALHO NPAMOYIOJb-
ol cucremel KoopauHat, a £ M U — noaspubie kKoopanuate Tol e Toukd. [loka-

8aTh, 4TO
xdy —yde=ridd, dx®ldy*=drt}ridi,
27, Bakpmretil guog, uvewmiit o zamy 10 ean o mnpiny 8 eatu o ssIY
T ear, CHeAAIL 13 ADILEHEK, IMEIOUHX 7 EMB Toniuny, Onpexeants npubunkenio
001eM 3aTPAMENHOro A SUUIK MaTepHana,
OB, 206 car’,
28, ¥ckopeune g nbMHCISNO U3 QOPMYIR

1
L Ag—gfl.
Haiitn nonynienuyio npi sToM NOrpPeuIHOCT B 3aBUCHMOCTI OT HeGoanuIig
norpemnocTei, JONyULEUNLX TPH BIMencHun 8 0 L

2ds — 2ot di
O1B. AGCOAOTHAA MOFPERHOCTh dg= =
de _ds Ddi
OTnocuTebHas NOrPelliocTh Z:? =i

B ocrannumx npmvepax uafitu :—'; , moabayach gopmyaci (7)
S e Z dy  x 2(x4y)—a
20, (x° - y'F — a* (1 — y")=0. OTB'BE‘_T'W'

%2
30, ¥ — ¥ - xy=0. %=H
< by dy  y[eos(xy)—e™ —2x]
31. sin(xy) — e — xy =0, i e Y
g —
82, sin x sin y 4 cos xcos y—y=0. B =l

de sm(z—y—1"
d,f i y¥t _}Jrr' Iny
@ xy =y

33. yx = ¥,
84. f(x, ) — f(y, ¥)=0, Mokasarh, ¥TO NPOH3DOAIAA MOKET OHITh BHPMKEHD
TPY NOMOMH Apoly, YHCANTeNb KOTopoil oayuaeTcs ua Teas neped
GYKB x oy,
§ 173. Ipoussoubie Becmero mnopsnka. Ecan
u=f(x, y), 1)
dt

3;=f-;(x= ) %:ﬁ[x.y) @

CaMH #BNAIOTCH  QYHKUHAMM OyKB X W J H HOSTOMY MOryT GeITh,
B CBOW o4epeAb, HpoaH(depeHunpoBaibl,

TOraa
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Tak, Gepst nepsyio (yHKUHIO H J:Lmilcbepermwpyn ee, HMeeM:
aﬂ M
l_f (I yJ: dydx fy*‘ [x)' [3)

Takuy e ToyHo oOpazoM, H3 smpm‘i hyHKuu (2) MB BRIBOIHM:

dj!gy =/ (%, 9); = fyy (%, ). (4)

dy-

B pasencreax (3) u (4) ma mepBwili BSTAAN HAXOAATCA HeThlpe
YACTHBIX TPOM3BOAHEIX BTOporo mopaaxa. Ho na camom jgene ux Tam
TOALKO TPH, MO0 JajblIé CTPOrO JIOKA3BIBAETCHA TON(AECTBO:

Fu _ du
dydx  0dxdy ' (&)

eca TOALKO 3TH HPOHEBO,’J.HHE HENPEPKIBHEL.
2710 03HAuAET, 4TO
nopadox nocaedosamensiozo dugidepenquposanus no X u no Yy

Geapasaute.,
03TOMY-TO B paBeHCTBax (3) i (4) MMEETCA TOALKO TPH HacTHBIE

anIISBO,ﬂHbIe BTOPDTO HU]J}I,ILKR, HMEHHO:
fex(t9) eyt 9)=Ffre(x, ), Fin (X, ). (5)

Sro pacnpocTPAaHSETcs H Ha BHICIIHE npoudsoausie. Hanpmmep,
‘B cuny Toxcaectsa (A), mveeM:

d'u d [ & S VR R
e e AT Tt T TR T e T
To aite camoe HmeeT cuny o ama (ymamil Tpex i Goaee nepz-

MEHHKIX,

& e

5 = xTy — 3y i S e et
Npumep. dano u=x%y 'y, npoBepnTh 0% —dxdy"

Peuentee.
dut . Pu
— S R - —3x? — 18yt
SF 3xfy — 6xy7, 3y 0% x 18xy
G A B
djr-_"L — 9x%y? d.cﬂy_s"' 1847,

Srtum nposepeno TomaecTso (A)

¢ [HoxaszateanctBo Tomaectsa (A), Paccmorpum BLpa-
AHeHHE:

U=7(x+4ax, y44y)— (%, 349 — F (¥ 1A%, )17 (%, ). (6)
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Beesem scnomorarensuyo (yurmo:
¢(x)=7F(x y+40)—F(x, ),

L 3
CudTas (mOKa) ¥ W AY NOCTOAHHBIMH,
Bripaxenne U/ ectsh npupanigane GyHKUNH @ (X), 8 HMEHHO:

U=y (x+dx)—g(x)=[f(x - dx, y+dy) — f(x+ A% y)] —
— [/, y+39) =7 (% ).
[Ipumenns Teopemy Jlarpamia, moayum:
U =1t (x~+Ax) —g(x)=Axs (x+0,4%),
rae 0<70, <1,
Briunemiy nponseosnyio ¢ (x):
¢ () = fi (%, 9 4-Ay) — fu (%, 3).

Caenosarennyo,
U=Ax[ fa(x-4-0,4x, 9+ Aay)— fe (e +-0,4x, 9).

[pumennyr crosa Teopemy Jlarpamia, CuuTas, 4TO HPHPAUIEHHE
NOJyuaeT apryMent ¥, TOrAa MOJMYuHA:

U = AxAyfye (x+0,4x, y4-14y), (7)
Sl =0 ],
Buipaxcenne [/ moxuo npeofpasosaTh HHAYE, SaMETHB H3BECTHYIO
CHMMETDHIO, ¢ KOTOPOIl BXOAAT B HEro apryMeHtsl X H V.
Has stolt uean coctauM BCMOMOratedbHYIo (yHKIINO:
Y(y)=/(x+Ax, ) —f(% Y)-
Ipr nOMOUH AHANOrHYKLIX pacCysKienuii (MSMEHHB poJif apry-
MEHTOB X H V) NOJYYHM:
U = AyAxfy, (x4-0,4%, 3 +0,A9), (8)

rae 0<7f, <l u 0<70,< 1. -
Mpupasusan swavemns U, npeacrasremisie dopuyxasi (7) u (8),
H COKpaTHB Ha AxAy, mosyuum:

Fon (x—-0,8x, 3 +0,Ay) = foy (x +0,4%, y+0,49).

3actasu Ax—0 u Ay —0 u BenomHHa, 410 Mbl npennonam{ﬂg
BTODBIE NPOM3BONHLIE HENPEPbIBHEIMH, Mbl noJyuaeM OKOHYATEL
TOMAECTBEO:

Ly (%, )= Fay (%, ) )
BEIpaNalonlee Geapasandue o nopadka Ougiepeniuposaii.

13 Nudsbepenunaauioe neancaenne



390 YACTHHE MNPOH3BOIHBIE . xXvi

3ALAUYH

Haittn srn?ue yacTHblE MPOM3BOAHKIE BCAKOH M3 caenyIomix Dy ML

1. S 3. 6y%
fx, y)=#+3xy+ O1B. fia (%, )=2; f1, (%, =3 FLalx y)=12

2. f(x, y)=x 4 3x'y 1 xy* — y
o8, fia (¥, ) =065+ 635 o (%, Y)=6x 4125} [, (%, )= 12 — 6y,
3. 2= x—|—y

e 0z 4y | 0z —2x4y), &z  4x

O Gt = —yF' xdy G—F ' B EF—

4, f(x, y)=e*cos y —e¥ cos x.
5 z—=&% -+ ye* | xe’,
6. Ecan f(x, y)=x* — Bxy* -3y, nokasate, 410
a2, —1)=32 £, — =64 £, —l)=—
7. Ecam f(x, y)=sinx In(y+1)4-cos yIn(l — x), nokasats, uro
£0.0=—1, £,0 0=0, [0, 0=—1, £, 0, =1, f5:(0, 0)=0.

8, Ecan f(x, 1)=x"— 3x"y - 29", naitti seaudimint
Foal=1,2) o (— 1,2 fla (=1, 2)

9, Ecan t1=2x"— 4x*y + 5xy® — 8xy - Ty, npoeeputs, uro

' i e d'u
— =12, ——=— —_— = — =1
H=12% gap=—8 mgm=10 =0

10. Ecan v =(ax® - by* 4 €2, noxasats, w10
& o'u &*u

dxidy  dxdyax  adyoxt

x
11. Ecan u:—y‘ NoKazaTk, 410

-y

alir ou
oty axdy‘H a0
a*u o
=l P Y ) ——— _—
12, Ecan u=In¥ x* -+ y*, noka3ats, 410 o gy 0,
13, Ecamn 11_41—_“, NOKA3ATH, 4TO

/xJ F 2t
d*u Bu_'_dn
dx“+dy dzt

§ 174. Teopems! 0 cpennem 451 (hYHKUHH HeCcKONbKHX HE3aBH-
CHMBIX TlepeMeHHBIX (3aKOHbI CPEeJHEero).

Teopema o cpedmes Jlazpausca. [lycte n=y(x, y) nenpe-
PriBtan yHKUMA C HENPEpPHIBHBIMH YACTHHIMH TPOH3BOHBIMH BOAHIH
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X=a, y=>. Paccmorpum, kak B § 149, nipHpauiente (yHKiHn:
fla—-h, b+k) —f(a, b)

H TOCTapaeMCA BHIDASHTH €ro 4Yepes «CpejiHHe BeJHuHHbl», [Ia sToro
BBejeM 0003HaAveHHE:

¢()=/(a--ht, b kt).

Sleno, uto 9 (0)=/(a, b) n 9 (1)=f(a-th, b-L- k). Mpumenss k
Gynxunn () Teopemy o cpeanem Jlarpamma Ha oTpeake FO, 1], Mot
umeem (cm. § 149):

p(1)—¢(0)=(—0)g'(), rae 0TI (1)
Tax, kax:
¢ (1) =hf (a-ht, b-kt) - kfy (@ ht, b+ ht), 2)
TO paBeHcTBO (1) mepenuceiBaeTCa B BHAE:
Fla--h, b-4-k)—f(a, b)=hf: (@00, b-+-0k) 4
-1 kfy (a--0k, b-}-Ok). (3)
ST0 PAaBEHCTBO H ABJAAETCA meopeaoii 0 cpeduen Jlazpanica das

DYRKLIIL 08YX nEpPeMeHHbLX,
Teopema o cpednes Teiaopa. Tlonpemnemy noaaran:

p()=/(a+-ht, b+ k),
Mbl nHmesm aas @ (f) teopemy o cpepmen Teinopa i OTpeska
%0. 1], npudeM Mol OCTaHaB/AHBAEMCA Ha WY/JEHE 6MOpOZO NOpAAKa
cM. § 150): e
e (1)—9(0)="72g OS5 ¢ 0), 0)
rae 0 <0< 1.
Haiinenm o (f). Jdudepenuupysn pasencrso (2), nmeen:
¢ () = h[hf' (@ ht, b kt) - kfsy (a--ht, b4 RO
k[ hfey (@-tht, b hkt)--kfy (a+-ht, b-+kE)),
TR
" (f) = W'fo (@ ht, b kt)+ 2hkfyy (@—|-ht, b4 kt)+
- k2 fy (@ A, b} kE). ;
M tak xax, B cury Gopyyas (2), ¢ (0)=4fx(a, b)+kfy(a b)
TO PABEHCTBO (4) mepemMineTcH B BHAE
fla—h, b+ k) =1 (a, b)+[hf(a, b)+kfy(a 6)]+
o o [h2 s (@ - Oy b 0k) 42Nk fey (@-1-Oh, b4-0k) +
' A B s (@00, b-OR)) (5)

13*




392 YACTHHE NPON3BOAHLIE L. XVI

DTO paBEHCTBO M ECTh Aeopesa o cpednen Teiiaopa 0asn @yuk-
quii dsyx mnepesennsty, OCTAHOBJEHHAS HA UYJEHaX BTOPOro mo-
pAaKa.

HerpyaHo pacnpocTpaHHTL ofa saKoHa CpelLHEro Ha ]y HKIHH
TpexX HJIH fosiee TEpPEMEHHLIX, TaK e KdK W NPOTOMKHTE CpefHee
Tei’mopa Ha 4YJEHEl TPETHETO, HETBEPTOro H T. J. Nopauxia.

175. HeobxoauMple YCAOBHA MAKCHMYMa H MHHUMYMA (DYHKUHH
HecKOJNbKHUX TlepeMeHHbIX.

Mycrs 2= f(%, ¥). Mot rosopum, 4to QyHeuus f(x, y) aMeer s
touxe M (a, b) maxcusrys, CCIH YHCJIEHHOE SHauYeHue f(a, &) Gonsue,
yeM 4HcaeHHoe gHauenHe f(x, ¥) Bo acsxoi rtouxe M'(x, y), Haxo-
aguefica  BGamwan M.

z =

Ananoruuso, f(a, b) ectn
Maruayy, ecan f(a, b)

Yepr. 15

Yepr. 176

menbure, uem f(x, y), xoraa touxka M'(x, y) Haxomurcs BOausH M

(uepr. 176).
AHaJNHTHYECKH 3TH ONPEAENECHHA MEPEBOAATCA CACHYIOIHM

obpa3aom:
eCIH A4 BCeX K M k, MEHbUIHX NO aGCOMIOTHOIN BEMHYHHE, HeM

HEKOTOPOE &, HMEEM:
Fla—+h, b4 k) — f(a, b) = orpunarensHomy 4HCTY, (6)

Toraa f(a, b) ecte mawcusyn dyuxnun f(x, y), ecan xe
fla—+h, b+ k)— f(a, b) = nonomnteasHoMy dHCTY, (7)

Torna f(a, b) ecte munusyar,
P eoMET p HYECKH 3TH Onpe,ﬂ.f‘_'«‘](_'ﬂllﬂ NePEBOAATCH C'JTC,EL_YIOI].[}IM

obpason;:

Toyka M Ha moBepxXHOCTH 2==f(X, y) ecTh TOYKE MAKCHMyMa,
KOrjia OHa &BHLILIE», 4eM BCE APYIHe TOYKH 3TOH NOBEDXHOCTH, HAXO0-
aaumpecs B6au3n M. Ilpu sTOM KoOpAHHaTHasm TIockocTh XOV cun-
TAETCH TOPH3OHTANBHOI. AHAJOrH4HO, To4Ka /M Ha TOBEPXHOCTH E€CTh
TOUKA MHHHMYMa, KOrja OHa «HHIKE», YeM BCE APYTHe TOHYKH NOBEpPX-

HOCTH nmobausectd ot nee (uept. 177).
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HeoOxodunpie Yoaosus Maxcusysma o MUHUAMYME TOTYYNTH
YPESBLINAITHO Jierko:

wnobst mowxa M(a, b) Owaa Makcuyysr wan NusuAyM, 04
30 HeoGxodurio cobawdenne 08YX GOHOBPENERHELY POBEHCIMA

fe(a, )=0 u fy(a, b)=0. (8)

Hdoxazareascrso. Ecan Touka M(a, b) ecth MakcuMyM Hin
MHIHMYM, TOrfa pasencrsa (6) u (7) noxaselBaior, 4TO PagHOCTH
fla-h b+k)—f(a, b) ne wmoxer usmensth auaka mpH nepevene
gaka uncnami i wm k. Ho ecom 6w, manpumep, BETHUKHA fela, b)
el oTMHUNOIl OT HyJIs, TO TOTa, nogarad B dopuyde Jlarpatia (3)
k=0, mMu nnean 6o

Fla—h, b)— f(a, b)=hf:(a-Uh, b). (9)

Tak kak no Y CJIOBHIO f,:.{a, b)=£0, 10, B CHAY HENPEPEIBHOCTH
bynxuman £ (x, 1), MBI Gynem nmets u fy (a -0k, )70, xoraa h
AOCTATOYHO Majdo. A Torsa mpasas 4acTh PaBEHCTBA (9)
AONKHA NEPEeMEHMHTHh CBOH 3Hak, KoOrjga 4HYHCJHO I
HEPEMCHNET CBOJ a3HaKk. S0 e HEBOIMOXHO, W0 aesas
4acTe pasencrsa (9) He moxkHA MSMEHATH CBOfl 3HAK B TOUKE
M{a, b), econ f(a, b) ects MaKCHMYM HIH MHHHMYM.

Hrak, wmut obssaust umers pasencrso: fy(a, #)=0. Taxm e
00pasoM JI0KASLIBAETCH, YTO Mbl O0A3aHM mMeTh B Touke M(a, b)
MAKCHMYMa MM MHHHMYMa eIlle W BTOPOE paBeHCTBO: }}(G; bJ=0r
H I

Ha ckazaunoro purrexaer caefylomee npasHA0 JAAH  OTbi=
CKaHHS MAKCHMYMOB M MHHMMYMOB Oy HKILILIE Flx )
ABYX HE3ABMCHMBIX mEpEMEHHBIX:

Mepsuii mar. Hatimu e tacmune npoussodnsie nepooeo
nopsidrca fo(x, v) n f,(x, y).

Bropoii mar.  Tlpupasuams natidennse ngouanaﬂme HYAI0
U pemums noAYeHHYIO cucmesty 08y YPasHeRuli ¢ deyas Heusie-

iR AL

fitn =0, £(x, =0, o)
Haiidn ece napu (a, b) delicmaumensnses wices, ydamemsopmomfgt
g.u. o u Gydym mear nasugaeise kpumuteckue Mokl M(a b)
a8 yrreyna f(x, v).
Tper n{ it f‘::(a r.j)Bam.rw Karyio-Hudyds rc)umuqecffj'f% ”"g,:g
M(a, b) u cocmasums pasnocms [(a-th 0 k) — f(@ b). 0
oha ompuyameavna daa scagux h, k, OAusKux K . y S
umeen marxcusmys f(a, b). Ecan ona :w,wgarunwﬁij a{:‘cm
scanux h, k, Gausxux i #yawo, usmeest uHEMYM ] [!ﬁ; Lt
OH@ UIMEHSIEeN. 3Hal npu UIMEeHeHul YicAerHbLy 3Hare:fwﬂyj“ g
mazda 6 mouxe M (a, b) dyuxyun f(x, y) ie useen i Mmar 2

HUL MUOHUMYMQ.

13* Jlud fepenunansrnoe nouNCALHUS
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70T cnocob pacnpocTPaHsIETCs 6e3 BCAKMX H3MEHEHHI N Ha (yHK-
muH Tpex M Gosee HE3ABHCHMLIX MEPEMEHHLIX. Tax, umea dynx-
U0 U= f (x, ¥, Z) Tpex HeaaBHCHMBIX TNCPEMEHHBIX, MLl HAXOZHM BCE
Kpumnueciue ee motiu Mi(a, b, ¢), HanucaB CHCTEMy TpPEX ypasHe-

HHil ¢ TpeMA HEH3BECTHBIMH:
fele, 9, 2)=0, fulx, ¥.2)=0, f:(x, y,2)=0 (11)
i OTHICKHBAS BCE IEHCTBHUTENBHLIE TPOHKH (a, b, ¢,) uucen, ymosner-

popsiontux 9roji cucreme. JIisi OKOHUATEJILHOTO K€ HCC/E/OBAHNA
Halinentoll kputHueckod Toukn M (a, b, ¢) HensGeinHo onpenenerye

3HaKa pasHOCTH:

fla+h bk c+0)—f(a, b, )

t B ey s == oo |
g
=

Hepr. 178

npu k, k, ] pechMa ManibIX.

lNMpamep, Meseannil aucT AMEST BHA ANHHHOTO NPAMOYroabHNKA wnpinof
24 car. TpeGyeTca €ro COrHYTL N0 NYHKTHPULIM JIHMSM § NPIAaTh GOKOBRIM CTOPO-
HaM TakoH HaJIOH, WTOOBI MOAYHMHTL MPH3MATHYECKNH COCYN MAKCHMANLHOH BMECTH-
mocti (depr. 178). H

Pewenne, 3apaua TpeOyer HMeTh MONepeuloe ceyenne MakcnuMmaabHol
maouann, 3To cewelHe ecTh Tpanewus, HMeulas: miuniice ocuopamie 24 — 2x,
Bepxiee ocosanie 24 — 2x-- 2xcosa, BeicOTY xsina [Ilostomy naowans 4

aaerca dopmyaoii:
A=24 x sina— 2x* sina |- x* sin 2 cos 2,

Ipunaras cioza nafiaenHoe npasuao, nMeem:
%] 5
a=24 sin & — 4 sin a 4 2 sin a cos a,
dAsss . " s .
= 4x cos 2 — 2x% cos 2 - 4® (cos®z — sin?a),
[pupasiueas sti vacTible MPON3BONIE HY/O, MEI HMEEM B2 YPABHEHHS:
2sina(l2 — 2x 4 xcosa)=0,

x[24cosa— 2xcosa 4 x(cos®a — sinta)]=0.

Ouno 13 pewennit stoif cucremst ecth a=0 1 £ =0, HO OHO HE UMEET CMHCHA
B noctamnennoll peaawnoft sagave. [Tosaran we 220 u x #0, Mu Haxogum

1
€05 a—— —
= g " x=38,
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uznuecKan We 3amaua Ao TOBOPHT HaM O TOM, 470 MAKCHMYM NOMHEeH cyuie-
CTBORATL. 3UAMHT, O fOMKCH noayunTees, korga a =060 n x=38§ocum.

§ 176. JloctatouHble YCJAOBHS MAKCHMYMA H MUHUMYMa (DYHKUMH
JABYX nepemenHbiX. B npenmayulem npasuie déa nepowe waza, B
NPUHUHTIE, HE TNPeACTaBISIOT BanyJIH(ZHHI'I. Ho HCCJAEL0BaHHE Hail-
AGHHOH KpUTHUECKOH Touxu M(a, b) Ha MaxCHMyM H MHHHMYM,
COCTABJIAIOLLEE CYULHOCTh MPEembes0 Wiaza, YpessbiMaiHo TPYAHO, H
€ro 0OLIKHOBEHHO OOXOMAT, CCHUIAACh Ha uucTo (JH3uueciae coobpa-
HEHHA (Kak, HanpHMep, B IAHHOM BHILIE TPHMEpE).

Ony#ako, B HoMOlLb ITOMY HCCAEI0BAHUIO, HMEETCA JONONHHTENb-
HOE NpaBulQ, CHJILHO ofJIeryalolllee CKaganHoe HCCefoBaHte.

Has BuBoma sToro npasmaa BossMeM kpuruueckyio Touky M (a, b)
W Tpumennm K npupamenmio fa--h, b-4-k)— f(a, b) Teopemy o
cpensem Tefiiopa, OCTaHOBNEHHY0 Ha 4/JEHAX BTOPOrO INOPAAKA
(§ 174, dopuyaa (5)):

flat-h b B)— f(a, b=
=g 1" £ (x, ) 20k (o, ) RS ) (BY

L
FAC X ® V), NOCTABJACHHLIE MOJ 3HAKAMH BTOPBIX TNPOH3BOAHBIX feo
Faxe fuy CcyTH cpeduue seanunsl, a uMenno: x = a -~k u y=>b--0k
Mul monaraem:
- A1 F aw C R o J ( l 2}
A_:f-\’(’\" ,V); B=fxy {":l y}l _f?’{x’ y
H paccMaTPHBAEM TONKAECTBO:

AR 2Bk - Ch* = - [(Ah -+ By +(AC—BY) K], (1)

Ecan nmeen:
AC—B*>0, a4

TOTJa BLIDANCEHHE, CTORIlEE B KBagpaTHON CKOOKE, NIOOKHTEALHO,
U TOTfa JeBas 4acTh Toxclectsa (13) LOMKHA HMETH 3HAK BEJHUMHLI
A (wm Bemwunpn C, uGo A u C B cuay dopuyast (14) pomiis
HMETb OJIHHAKOBLIE 3]{3[{“}.

Tlostomy, Koraa umeem crporoe epasencmso (14) yAOBICTOODEH
HHIM B caMoii Touke M(a, b), 7. e. Korga HMEEM CTPOrog HEpaBeH-
CTBO:

£ (@, b)-fii(a, b)— £y (@ 6)>9, (o)
TOCHA, B CHIY HENPEPHIBHOCTH BCeX TPEX HYaCTHEIX NPOH3BOAHBIX

BCH
BTOporo mopsiuka (12), crporoe nepasenctso (14) 5)”1“::‘?;'0‘05:;“
He ToJbKO npH =04 k=0, o 1 A scex h, k KoCTA »

130+
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T. e. Gauskux k wymo. M Torma ssax A (uwau C) -Gynmer Takoit e,
nma hou k GAM3KHX K HYJO, Kak W 3HaK [ (a, b) [wam fii(a, b))
3uauuT, TipH CcoOJTIONEHKY HepaseHcTBa (15) sieBas uacTh TOXN(IECTBA
(13), a c weifl # npaBai 4YacTb PABEHCTBA (5%), He MOXKET H3MEeHATH
CBOIl 3HAK, KAKAMH OLI HH OB HHCAa /2 ¥ R, JHIIL OB OHM OHUIH
JIOCTATOYHO MaJkbl, H 3TOT 3HaK G}’,ILCT TdKHM ¥e, KaK 3HaK BEeJH-
YHHB! fx'; (a, b) [mam 3maK BENHUHHEL _fy'! (a, b)].

3’[0 HaC TIPHBOIHT K CJIE,I[YIUHLCMY HpEI(TH‘iECKOMy npa-
BHAY nas pacnoaﬁaﬁa HHA Ma I(CHM_)’MH HJAH MHHHMY Ma
dyurunn flx vk

[MepBriii mar. Pewums coBNMECHbE YPABHERU:

8 e B
L—o, F=o.

Bropoit war. Batucaums 0. Imux nap BeAWlH X &y
auipancenue:

d=Geap—(avas)

Tpetuit mar. Hecaedyesas gyrngun f(x, y) useen:

MakcHMYM, ecan A0 u a—e': HaTH ‘ﬂ <0,
¥ ax dy
MuHHMy M, ecan A>0 n %{f— (;mu ST{_) >0.

Ecan ke A ompungameasio, T0 B kputnueckoii Touke M(a, b)
dyuxmna f(x, ¥) nasepioe He uMeem W MaKcuMyMa, Hi MuHi-
ayaa’,

Haxonen, ecan 4 =0, Torga BOTPOC COBEPUIEHHO HE PEHIEH HH
B Ty, HH B JIPyryi0 CTOPOHY M TPEOyeT APYrHX NPHEMOB H METOXOB
pacnosHapaHus,

PacnosHaBaHne MakCHMYyMOB H MiHiMyMoB dyuknuii Tpex mepe-
MEHHBIX, f(X, ¥, 2), Hanaraercs B Gojee NOMIBIX yueOHHKAX.

TMpumep 1. Mecaenosats ynkumo:
Baxy — x'— 3°
Ha MaKCHMYMBI H MHHHMYMBHI, Tpeanonaras a > 0.
Pewenute.
flx, y=3axy — " — y%

1 Heo, ecin AC — B*<0, 1o xeadpamuan cxofxa & moxcdecmee (13) uzme-
HASM c80i 3nak npu Hadaexcawen noddope h u k. B camom nene, ecin R=0,
aTa  cKoBKA  nodowcumeasna; ecan e kR # 0, To, BHOHpas & TaK, YTOOH
Al B =10, Mul uMeeM 3Ty CKOOKY yme ompuyamesnotl.
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MNepspoit war.

d.._.‘f — 2 —
3 =day — 3 =10
of = =
E_‘am:—sy‘._ A

Peman atn ypasueuun COBMECTHO, HaX0LM:

x=0.y=0;x.—.a. y=ua
Bropo#i war.
e =g (i o

dx P dy = d?__ﬁy;
0% 0% gif Nt o
a_.a?@;—(m) = 36y — Ya,

Tperuil mar, Tlpp x=0, y=0 umeen A=—9" T. & A< 0, ncac
nosateanno, np (0, 0) HeT un MaxcuMyMa, Wi MERHMYMA.

[pn x=ua, y=a umeen 4=27a% A >0, a 12K KaK
f £
ox® - Y b,

10 npH
X—a J=a
HMEEM MAKCHMYM.
Toactasans B fauuyio HyHKWIO

X=0; N =10

HAXOANM, MTO €2 BEIUMHHA B TOMKE MAaKCHMYMa paslia a’,

Mpumep 2. Pazgenuts @ na Takue Tpi 9acTi, 4TO5H MX Nponsneiedie Grno
MAKCHMYMOM.

Peiwente. T1ycti nepean wacts GYAST %, BTopas y; TOUfia TPeThA 4acTh GYAer
a—(x+y)=a—x—J
u uccaenyeman dyaxunn Gynet

fle, =(a —x—y)xy
Mepsui mar.

(}-"_ ‘ x T af_ — e
dx =y — 26y — y =0, —a}—ﬂx xy — 5
1
Pewan 9T ypanlenis COBMECTHO, UAXO/M, HTO OAH3 Hapa pewteiufL " ecth
a a@T
xX= 3 Y= i

(r. e. aesemie NPON3BOANTCH HA TPH paBible 4acTi).
Bropoit war.
@ 2
&,
dx? dx dy

a .
—a—2x—2) ‘5}%:_'2'%'

= x=a, Hn
! Mm ne wccremyesm cayuas, worpa x=y=—=0, mn =0, “}::m} = " o
x=a, y=0, TaK KaK BO DCEX STHX TPEX CAyHanX OPOHIBEABHHE XJ="%
STOMY ACHO, Y10 NUAYYAETCH MUHHMYM,



398 YACTHBIE TIPOH3BOMHKE ri. xvi

A=14xy —(a — 2x — 2y).
Tpernit mar. Ecan

St s
—
T0
ﬂ-’
bz?)- a,
a Tak KaK #_ 3
T R
TO, ouesHING, npH
gt g

Hale nponssepenie wMeer MAKCHMYM; BEaiqula ero panHa

3A0AYH
1. Haiite snmpys yukaun x® 4 xy 4 y* — ax — by.
1
Orte. T(nb —at— .
2, H(C.’!E.IlOE!;ITI: Hal MAKCHMYM I MHUIIMYM Ill)"lll{U.F!ID
sin x - sin 3 - cos (x - 3)
(Oaxé L [ —,')

n
O1B. Mpu x = y= & Umeen max=15,

npi X T nMeeM min=—3a.

3. Mokasate, 410 dymans xe? T3 o ynreer s max, ni min,

4. Mecaenosath Ha MAKCHMYM 11 MUHIMYM c]b}'li[\'lllllt)
Xt — e ay —
Ore, Mpn x =0, y=0 umeem max,

1
Tl K= el

3 umeem min,

1
nph ¥=—jy=r=-

5. Mcecaenosath ta MARCIMYM 0 MEHIDIYM iy HKIIIO

u=xyx-+y—1)
1
O18. MNpun x =y = mueem min=—— .
i i

6. IMoitasats, uto NOBEPXHOCTL NPSIMOYIOALHOTO NApalAejCUNNENa A3iloro
OFBEMA UMEET MIIIMYM, KOUd Tedo eCTh Kyo.

7. MNokasare, 470 Han0oAce SKOHOMHUHLIE Pa3MEPLl i NPHMOYToabHOro Gac-
cefiita pannoro ofhema CyTh: KBaapaTioe ocuomaiiie M rayGiuHa, pasnad norosimie
CTOPOII OCHOBANNS.

8. Manatka umeer qiopmy umanmiapa ¢ nacakennoil Ha wero kounyeckoil sep-
xyuncoll, Ilpy kawux paamepax na naroronaciie Takod NasaTKH annoro oobhesma v
UOTPEGYETCs NANMEHLIICE KOANYEC TEO MaTepin?
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OtB. Ecan X — pamnyc ocHoBauis Nanati, ¥ — BLICOTA WHANNAPIYECKOR HacTh,
2z — PBICOTA KOUMMECKOH BEpXyWIKH, TO NPONOPINE PA3MEPoB ONPEeeIsioTcl CooT-
HOWEHNAMI;

i 2

—— e Sy,
VabE s ot

9, Moxasatu, 970 M3 Beex TPEYIOALHHKOR, WMEOULNE Aanubil nepuMeTp, Mai-
BOALLIYIO MIOILAAL HMEeT PasHOCTOPOHINI TPEeYroabiiK.

10. Haitmit nangossninii npamoyroasteill napasiensmines, Kakol MOMHO BIHCATE
B SJaHncoui,. -

2 a b o . Babe
Ote. Pasmepm wuapassenenunena: 2 1—’5 : 2?'_.5_.’ 2}',_—3 Oﬁ‘hm.s—-—-—]fa,-

Ywasanue [MosownTe v=xyz W NOACTADHTL 3HAYEUHE Z, CNPENCNEHLIOE 13
ypasuenus saaunconia, [oayuaum Gyukwmo

4 Mo XE e
2 lgyial

vr=x" (1 i i
TOALKO ABYX HEpeMenibiL,



FMTABA XVII
NPHJOMEHNS YACTHbLIX [MIPOM3BOJJIHbIX
§ 177. Oco6pie TOukH. IIycTh KpHBas HaHa ypaBHEHHEM:

F(x, y)=0, ~ (1)
Torga yraosoi kosdiduusenT ee xacateasHONR onpenemutces mo dop-
myae (cm. § 172):
ar
dy - dx
A @
dy

TpH YCJAOBHH, YTO B TOMKE K4aCaHHA IO KpafiHeli Mepe ojHa H3 MPOoH3-

arF e %
BOOHEIX e HIH g{" OTJIHYHA OT HYy.JIf. KPHEHH B TaKOH TOYKE HMEET

BOOHE ONPENEJEHHOE HANpaBJeHHe H 0 CHX NOp MBI OrpaHHYHBa-
JHCh PACCMOTPEHHEM MMEHHO TaKHX OGBIKHOBEHHBX TOYeK

KPHBOI.
Ecau e okaxercsa, yto ana Hexotopoil Touxu M (x,, ¥,) Kpasoii:

aF oF =
(@)m,'—o B (@)m_..,,—o’
Y=o

y=¥u

HANpap/ieHHe KACATEJLHOH CTAHOBHTCA  HEONPEJENCHHBIM, KPHBasd
06/18/1AET SHECh KAaKOI-TO CYIIECTBEHHON OCOGEHHOCTHIO, HOSTOMY
Taxasd TOUKA HA3bIBAETCH 0COOOH TOUKOI KPHBOIL.
Hrak, woopnumathl ocoGofi Toukn Kpuoi (I) AOMKHEI yHOBAE-
TBODATH CHCTEME TPeX ypaBHeHHil:
ar aF
F(x, y)=0, Ir_0, @_0.

Ho Tpu ypaBHeHns ¢ [ByMA HEHSBECTHBIMU HE BCErJa COBMECTHH,
4 OTCI0/a CIEAYET, 4TO He Ha KawIoil KpPHBOIl CYLIECTBYIOT OCOGEHE
TOYKH,
§ 178. Onpepesenne kacaTeabHBIX B OCOOBIX TOUKaxX aaredpaH-
HeckoH KpuBoi#. IMpH MCcaeloBAHHH XapaKTepa KPHBOI B OKDECTHOCTH
KaKoi-HHOYtb €€ TOYKH, YAOGHO NMpEABAPHTENLHO NMEPEHECTH HAauamio



§ 178 ONPEMENEHHE KACATENBLHEIX B OCOBMWX TOYKAX 401

KOODAHHAT B pacCMAaTPHBAEMYIO TOYKY; TOrAa YpapHeHHe anreGpau-
HECKON KPHBOH HE OyMEeT COAEpHaTh CBOODAHONO YJAEHA H, CrpYyMHmH-
POBAB 4JIEHL! OJHHAKOBOH CTENEHM, €FO MOX(HO TPHBECTH K BHAY:

f% 3) =(ax 4 by) +(cx* +dxy +e9) - (F5 ) o =0. ()

Hac unrepecyer maxomaenne wacarensnoit k kpusoit (3) B navaze
KOOpAHHAT,

PaCCMOTpHM LYHOK OpPAMBIX, NPOXOMALLHX HYEPE3 HAYANO0 KOOpAHHAT

i [0 XapakTepy NepeceveHHs STHX NMPAMBIX C KPHBOI BHIAETHM CPELN
HHX KacaTensbHyIo.

Hekmiouns y ua (3) u (4), moayumy ypasHenHe, ONpeiensioulee
abCUHCCHl TOUCK MEPECeuEHH:

Flx, k)= x (@ + bk} +x* (e db -1 ek?) L (f+o) 4. =0. ()

Onnn u3 xopueit 5TOr0 ypaBHEHHS PABeH HyJI0 NpH aioGoM SHa-
YEHWH &, T. €. OJHA M3 TOUeK mNepeceueHusi KamAOH mMpAMOil myuka
W KPHBOI COBNAJAET € HAYAZOM KOOPMHHAT, A OCTaJbHBIE TOMKH M-
pecedeHusl uMeloT abCUHCChl, OTIHHHLIE OT HYJ,

Ecan e anauenne k soiGpano Tak, utobnl

a-+-bk—0,
T. e.
e i 6
h=— (6)

TO [BA KOPHA ypaBHeHus (5) paBHBl HYJIO W COOTBETCTBYIOMLdA
npaMan

HIH

ax--by=0 (7

HMEET B HA4aNe KOOPAHHAT JBE CHHBIIHECH ofHe TOYKH C KPHBOH.
Mpavas (7) 1 GyAeT eMHCTBeHHO! KacaTe/bHOfl K KpuBol B Ha-
yane xKoopauHat. Touia, B KOTODYIO MEPEHECEHO HAYAID KOOPAHHAT,
ABJIAETCH OOLIKHOBEHHON TOYKONA KpPHBOIL. G
OTMeTHM, YTO ypaBHeHHe KacaTensHoR (7) MOXHO TOAY s
IPHPABHAB HYJID TPYNNy 4YIEHOB NEPBOil CTENEHH W3 ypaBHERHA KD

so———

e
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Bol (3). Ouepmano, 4TO 3T0 3aKIOHEHHE CODABEIUIHBO, ecaH b=0

i a==0,
[lepexomiy K PAacCMOTPEHHIO CJydas, KOraa

a=0u b=0,

10 1o KpaiiHel MEpe OHH H3 k03 pHUHEHTOB ¢, 0 HIH e OTAHYEH OT

HyJIf. -
B ypapHeHHH KPHBOH:

flx, y)=(cx*+oxy+ey) +(fx"+ ) +...=0 (@)

OTCYTCTBYET HE TOJBKO CBOGOAHBIE ‘WIEH, HO H BCE YJEHBI NEpROif
creneHi; yraosoi wos(hrumuenT xacareasnoi (6) B Hayane KoopAHHAT

CTAHOBHTCH HEONPCAEHEHHEIM,
Jlerxo mposeputs, andipepenuupys ypas-

Y HeHue KpHBOH (3), uTo
/ af P X a7\ L
~a | (E)x:u—a_f) U (8 s l__!)—0,
y=0 y=
Ve N
~ T. € TOYKa, B KOTOPYIO  NEepeHeceHo
Yepr, 179 HAYaJ0 KOODPAMHAT, B 3TOM CHYydae siB/IHETCH
ocoboit Toukoll kpupoil (§ 177).
Jlig HCCHAeloBaHHA TepecedeHus Kpusoil (3°) ¢ npaMbiMu Imyuxa

(4) nonyumnm:
Flx, kx)=x*(c -0k ek®) f X (f--...) - ... =0. (5)

Ypapuenne (5') umeer npu JmoGoM sHauemHn £ apa  KOpHA, pap-
HBIE HYJIO, OTKYJa CJAEAYET, YTO Kax(iaa npsaMas NyUka Iepecexaer
B HAayaJe KOOPAHHAT KPHBYIO B ABYX CAHBIIHXCA TOYKaXx, T. €. CaMa
KpHBasg HMEET B HauajJe KOOpAMHAT kak Obl ABOMHYIO TOYKY, 470,
HANpPHMED, MOXKET HMETL MECTO, €CJM B HEIl HepPEeceKkaloTces ABe BeTBH
xpuBoii (vepr. 179)..

Tourca wxpusoll, ofaadaiowas mes csolCMBOM, 4INO 6CAKQR NPA:
Mas, 4epe3 Hee npoxolamas, uieenm 8 well doe causiiuecs obuue
MOYKH € KpreoN, Hasssaemes ABYKPaTHOH wau JABOHHOI
MOtKON.

[TocvoTpim, Het an cpeau npaMbix myuia (4) Taxux, KOTOpLe
€llle TEeCHee NPUMLIKAIOT K KPHBOIL H HMEIOT C Heil ne aBse, a Tpi
CAHBIIHECH TOYKH NCPCCCYEHHA B HaqaJqe KOOpPAHHAT.

O‘ICBH}.{HO, ITOMY  YCJAOBHIO )’,'lGB.‘ICTEOpH[OT NpAMBIE, YTIOBHIE
K03(hpuLIenTH KOTOPHX 0OpalllaldT B HYJbL KO3(HUHEHT npu X° B

Ypasuenun (5°), 1. e,
¢ 0k J-ek*=0; (8)
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TaK KaK yPAaBHEHHE KBaIpaTHOE, TO CYINECTBYIOT JBe NpaMue, of6na-
AaIoHe BBIUICY Ka3aHHLIM CBOMCTBOM. 2TH npAMBIE HASHIBAIOTCA Ka-
CATEJNHhHBIMH B ABYKpPaTHOH TOYKE KPHBOIL 3

Hewmouns & na (8) u (4), monyunv ypasHeHHe Tapel HCKOMBbIX

KACATELHBIX:
cx* 4-dxy ey =0. ©)

Taiv 0GpasoM, ecli HAYaJ0 KOOPAMHAT TEPERECEHO B JBYHPAT-
HYI0 TOYUKY KPHBOMi W NOTOMY YpaBHEHHE KPHBOI He COAEPIKHT “Je-
HOB HYJIEROM W Tepnoil CTEeNeHH, TO, IPHPABHAB HYJIO FPYNOY YJEHOB
BTOPOH CTEMEHI, NOJAYYMM YDaBHEHHE NAPL KACATENLHHIX B 3701
ABOHHOH TOYHKE.

[NoxoGupm e oﬁpason, ecnn

e=b=c=d=—e=10),

HO no kpaiiveli Mepe OIMH M3 YJEHOB TPETHEH CTEnenn BXOMHT B
ypasHeune (3), kpupas HMeeT B HAYANE KOOPAMHAT TPeXKpaTHY IO
TOUYKY M YPaBHCHHE KacaTEbHBIX B HEH NOJY4HM, TIPHPABHIE K
HYJIO IPyImy 4ienos TPerTseil CTeneHn u3 ypapHeHus Kpusoil o 7. A

§ 179. Pazauunble THOB ABYKPATHSIX TOuEK ajredpanyecioii
KpUBOW. Xapawrep Kpusoil B JAByKpaTHOll Touke 3ABHCHT OT KOHEH
ypasuenust (8), T. €. OT TOro, MMEET JM OHa B STl TOYKE ABE Heil-
CTBHTE/ILHEIC N PANIHYHBIE KACATENBLHLIE, [Be COBNaAAIoNIHE  HACH-
TEJbHBIC W, HAKOHE!l, ABE MHUMBIE KacaTeJhbHGIE.

Brenes Govee ynodume oGosuavenns, ::

Briuncsains uacTnbie NPOMSBOLHEIE BTOPOrO MopAjka OT JEBOH HacTH
YpasHeHns kpusoii (3), Jerko npoBepHTh, YTO

—{a 5 el
0_(6xdy)_‘.:n’ S (ﬂ}"')x.—_n'
y=0 y=0
a notoMy ypapnenne (8) npusoxures K Buay
f g a*f 2 8
r'i:v"k +2 dx dyk-t—dx"_u' )

I cayuait:
BN >0
Fxdy) 0w oo
Hpusasn useem o dgoiinoi mouwe dse pasaninble KACcameasbie.

Mepeveimasich 10 KPUBOII, NOABHNHAA TOMKA MONET NOHTH :85:;
HBOHHYIO TOYKY B ABYyX pasHblX HanpasAeHdsx, T. €. KpHBad

a*f r]’_f) T
1 n - - i = .
JLas ynpoutenin sanucy Ml GyAeM 1HCATL Pl 5=

yL‘
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cama cebs mepecekaeT HMIH NEPecexaloTCs JBE BETBH kpuBoii. Takas
nEoitHad TOYKa HA3MBaeTcd yaJaoMm (uepr. 179).

3 - Gl ke
Il cayuafi (m) —a g
Ofie wacameabible 6 OQHHOIL MOUKE CARBLIOMER, 1. €. 00E senil

Kpugon, npoxods #epes dgoiinyro mouxy, kacawomes dpye dpyza,

Ecan npy 3TOM BETBH KPHBOH HMEIT TOYKH B HEMOCPEACTBEHHON
6aM30CTH OT TOUKH Kacandd 10 00 CTOPOHBI OT HEe, TOYKA Hash-
BAETCA TOYKON CAaMONDHKOCHOBEHHA
(uepr. 180).

Ecnn ke obe BeTsBn KpHBOI npocTHpa-
[0TCA MO OAHY CTOPOHY OT TOMKH KACAHHA,
9Ta TOYKA HA3LIBAETCA TO4KOH BO3Bpa-
Ta HIH BQDCTPEHHHA

B sapHcHMOCTH OT TOr0, PacHoJOXeHbl JH o0& BeTBH BOMHIH
TOMKH KacaHWA 1O pasHele CTOPOHE! OT O6uIeli KACATENBHON HAH 10
OIHY CTOPOHY OT HEg, pa3JIH4YaloTCsd TOYKH BO3BpATA | poxa (uepr. 181)
H TouKH Bosppata Il poma (uepr. 182).

2 ? at a°

FIT cayuah (%) =

Kpusas OeficmsumeabiblX KacameAvnsix 8 Oooldoll moike He
ameem. Jpolinas Touka ABIAETCA UEHCTBHTEbHO TOUKOH nepeceye-
HHH ABYX MHHMbIX BETBEH H B HCHOCPEI_[CTE&HHGH OJH30CTH OT Hee
HET JDYTHX JEHCTBHTEMBHLIX TOYEK KPHBOM. Taxast ocobasi TOuka
HasblBaeTcd H30JHPOBAHHOH TOYKOH.

Yepr. 180

]
Yepr. 181 Yepr. 182

HamoMuHM €IE pa3 BCE STanel, N0 KOTOPLIM BEAETCA HCCJEI0Ba-
Hpe anreGpanyeckoii KpHBoit Ha OCOOLIE TOYMKH.
Ecan anreGpauyeckan KpHBasg aHa CBOHM YpaBHEHHEM

F{X, ¥)=0,

TO BOTMPOC O CYUIECTBOBAHHM Ha Heli OCOOLIX TOYEK CBA3aH C pac-
CMOTPEHHEM CHCTEMEI YpaBHEHHIT:
aF aF
F{X. }’):0, 6‘7:0’ —},:0-
Ecmi 3ti ypasHeHHs OKkaMcyTCH HECOBMEGCTHMBIMH, KPHBasi OCODBIX
TOYEK HE HMEET.
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Ecai Boilienprse/ienHple  yPaBHEHHS HMEIOT OGIIHE pelleH:s, TO
Kamnasg mapa (X, ¥,) TAaKMX pEIIEHWA JaeT KOOPAMHATBI OCODO
Touii. [lepenocum wayano koopauuaT B Toumn M(x,, ¥,), He MeHsd
HATIDABJICHHSA OCEH M, CJEJ0BAaTENLHO, MOMLAYACH (OpPMYIaMH:

X=x-tux, Y=yp+y, (10)
[peotpasosannoe ypasHenne Kpaeoifl Gy mer:
Flx4x,, y+)=rf(x y)=0. (11)

Briupcasiem snayenns yaCTHBIX TIPOHEBOIHELX:

(%), (#5),. ().

y=0 =0 y=0

H eciH 1o Kpafineid mepe onma W3 HMX OTAHMYHA OT HYJH, TOUKA
M(x,, y,) ABAACTCA ABYKPAaTHOH TOMKO, THI KOTOPO ONpeAenfercd
HCCEMoBaHHEM PEsHOCTH:

() =5 5]

y=0

[pumewanue 1. INpumenss xk pasenctsy (11) npasiio aud-
depenunpopanns CAOMHLIX ()yHKUMI H yuuTHBAA COOTHOLIGHHSA (10),
HMeenm:

af { aF af a*F
A e . S —f = Ta I
(dx )_\'-_—ll I\"}X ),\':xu ' (ﬂx“)x-__“ (dX,)X=:, A
Y=o v

=¥ y=0 V=y
OTKY 1a

[E R A (o

y=0

TakiM 06pasoM /1A Onpesiedenys xapakrepa JABOIHON TOUKH
M(x, y,) HEeT HANOGHOCTH TEPEHOCHThL HAYAJO KOOpAHHAT B STY
TOMKY, @ MOMHO BLIMHC/JANTH YaCTHLE TIPOMSBOAHLIE BTO[OTO nopAaaka
OT JeROIl YACTH HE NPEOBPA3OBAaHHOrO ypapHeHHa H HCCIEN0BATR
PasHOCTh, CTOMNLYIO B NPaBOH YacTH paBeHcTsd (2).

Mpumeuanne 2. Meron, ykasaumsii Ans WCCHCAOBAHHA A/TE:
Gpanyecknx KpPHBLIX, ocTaeTcd B chae s moboil kpusoil.

B (X, ¥)=0,

ecnn Tobko  (yHxumm @ (X, ¥) moxer Gurh pasnonesa B paA
Teitopa B obaactu ocoboit touku M(x,, ¥,), T €

DX, Y)==0(x, 9,)+ B, (%0 9%+, (X $)IT

+ %{[{b;(xm o) x‘—!—?(b;y (xov yn}xy"i—‘p;!(xnl yu]y‘j_l-""
e x=X—x, H y=Y —y,.
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Mpumep L. Hcecrenosats Ha ocofble TOUKH KpHBYIO:
P=X(X—1p3
Peutenite,
F(X, )= —X{X—1p
OTKYAA Sp b
3 — = — (A —1){3X — ——9
E (X —1)(3 1y n a7 ay.
Pewan copMecTio ypasHemus:
PP X(X—1PF=0, (X—1){3X—1)=0, 2y =0,
nony4iM eanHcTEeHHOE pemeine: x, =1, y,=0.

¥y Kpinan  umeer ocobyio  touky M(l, 0).
Mepetiocuy  masano xoopaunar o sty TOUKY

y
} X=x+41, ¥= ¥
1' MpeoGpasorannoe  ypaouense  kpuuoft
1 Gynet: i,
| flx, =y — x*(x+1)=0
nan
> X Y —x =0,
I' Hauazo woopammar smaserca  psofinodi
| TOMKOH KpUBOH; YpaBueHie KACATCALHEIX Mo~
I Y UnM:
Yepr. 183 P=—x=0um y—x=0u y+x=0.

Kpupan uveer yaapnywo Touky (depr. 183).
Tor me peayabTar Mor GbiTe noayuen nHave:

aF a'F 2"
— M i e =— T
g A sEay Tt a2
@F \* OF °F
[ (sxa7) —aé'a?é]x:,—“)“-
¥=o

Mpamep 2, Mccaenosath Ha ocoGble ToMEN KPHBYIO:
Y=z (x—1)

Fe, =ut 4 y? — %

Ypasuenie kpusoll ne cogepmut waenos uyaesoil n nepnoil crenewn, caenc-
BATEALHO, KPUBAR HMEET B Havane KOOPAMHAT ABYKPaTUYIO TOMKY.
YpasHenne KacaTeJbHbIX B ocoboil Touke:

x! —f—y: —31¥

Kacateasunie MupMbie, WAYan0 KOOPAMUAT ABAAETCA H3oAHpobaiioll Touxoll
kpusoil. B camom neae, koopanuatw (0, U) yaos1eTBOpPAIOT YpaBHeHmo kpusof, no
Ha Heil HeT WM OAHOH TOMKH BOJH3N HAYANA KOOPAMHAT, TaK KAk neilcTBHTeAbHHE.
sHavenna aas y noayswaworea anns npy x=0.u x =1 (sepr. 184).

lpumep 3. Hccaeaosats na ocobsie TOMKN NOAyRyOSuueckyw napaboay:

5T

Pewenite,
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Pewenue. Kpusas umeet Avofiylo TouKY B HAUAZe KOOPAMHAT, KacaTeduiine
B Hell onpenesmiores  ypasHeines y'=0, 7. ¢. ofe KacaTeAbHBIE CAHBAICH C
OCBID X,

Kpusan nmeer aefictsnreds-
HHle TOUKH TOABKO TipH x =0, Y

BC OMA pAcCHOAOKENa N0 OAHY
CTOPOHY 0T apoifoil Toukit 1 Tes
COMBIM  OTOAJAET  BOIMOIILOCTH
CAMONPHKOCHOBERNS I Ml MOMEM
YIBEDHUIATL, 4TD WMEETCH Touka
BO3BPATA,

F

X
7
7 s
Hepr. 184 Hepr. 183

KpoMe Toro, kpunags cHUMMETpIMHA OTHOCHTEABNO OCH X, O0E BETAIl pacma™
HEHW Mo pasupe CTopolint 0T obulell kacatensuoil. 15
Hostomy nauaso xoopaunar asaserca Toukoii sosppata [ poia (sepr. IS5

= ITo CHX EOP
§ 180. OcoGsie TOUKM TpaHCUeHAEHTHHIX KpuBbIX. HO CHX =02
NDH ONPEAENICHHH M OTHICKAHMH OCOBLIX TOYEK KPHBOIL:

F(x, y)=0,

OPENO/aranocs, 4ro (iyuiuna F(x, y), CToOAllan B JeBOf HacTH
YPABHEHHA KDHBOIl, HENPEpPLIBHA W HMeET HENMPEepHBHBIE YACTHHE NpO-
Haponunie. [pn cobaopennn stux ycnosnii, Kak, HanpiMep, B Caydae
arrebpanyeckiX KPHBHIX, BCE OCOBhE TOUKH HOCHAN XapakTep Kpat-
HEX TOUEK: ABYKPATHRIX, TPEXKPATHEIX H T. A.

Ecan e ,\1{1 E‘TI{&HCElMCS}I) orrps-mx orpanu4ennii u Oy aen Paccmac'r-
PHEATE MOGKLIE TPAHCUEHAEHTHLIE KPHBGLIE, TO MOryT BchETHTbm;
0COOBIE TOUKH COBEDIIEHHO HHOPQ THNA, CyUIECTBOBAHHE Kﬁngg-
06YCJIOBNCHO PaspblBAMH HENpEpHLIBHOCTH MAM CaMiX (iyHKLHH,
MAUWMX B yDaBHEHHE KDHBOI, WA HX MPOH3BOAHBIX.

B IcaqcycTBe nprmeplz)s TakuX 0coGBIX TOMEK MPHBEAEM W;‘;‘;ﬁ’f
mOuKy, B KOTOPOH KpPHBAA BHESANHO OOGpHIEAETCA; B Y2A08)10 gl
061137110111y 10 TeM CBOHCTBOM, YTO N0 Mepe Toro, Kak na..uK ABYM
TOYKa KPHBOH K HEH mpuGamiaeTcs, KacaTeqbHan c-rpemncnc e
PasHBEIM MPEAEJBHBIM NOMOMEHNAM, B 3aBHCHMOCTH OT TOMO,
CTOPOHE! NPHOJHIKAETCA TOYKE,
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Mpumep 1. Tposeputs, YTO KpHBas =
y=cas Vz

HMEET KOHUERYID TOHKY.
Pewenite, JleficTeUTEALIHE TOUKH KPHBOH CyllecTByloT nmb npin x=0j mo-
STOMY C/ERa OT OCH y KpHBAA NPOAOMKEHA OblTh Me MOWET; ¢ OCHIO 3y OHa HMEET
T0abKO oMty odugylo Touky M

¥, 0, 1).

Cnpasa or ot kpuBat
COCTONT W3 OfHosHaYnol BeTeH &
KOTOpast npocTupaeTca B OECHO-
neunocTe, Taxum oGpasoM, KpHBad
0 — X ofpmpaercs n touke M (0 I

KOTOpas 1f SEASETCH ee KOHUEBOH
TOYKOI [l;c|]1_ir. 186).
pumevanie M
NpojcIKaeM Ha3kBaTe TOY-
ky M wounenoif Toukol
KpHBOM, KOTA CaMa ONA M HE NPUHALIEHHT KPHBOH, HO CAYMHT npefedh-
HBIM TIOJOMCEHHEM TOMKH, ABIOKYUteidicss no kpupoil, ecan 310 ABHIKEHHE HE
MOKET GHITE NPOAOMIKEND 33 Touky AL
Mpumep 2. Tokasats, UTO KpuBas

y=x:Inx

UMEET KOHUEBYID TOMKY B Hauane KOOPAHHAT,
Peienne, Tlpn x =0 onpefeants 3navueHne y w3 ypasueiins kpupol Heasad

M

Yepr. 186

Ho
1
lim y= lim x-Inx= lim I—n-f= lim -5 — lim x=0.

T | X -0 E e _L x-—--;—u_l_ X ol

x A

Y

Y
o /
X
0 X

Yepr. 187 Yepr. 188

Hauano HOODUINIAT ABAASTCA MPCASALHLIM TMOMOCHNEM  TOUKN, ArmKyneica
1:3“2;'(’-";1?“0]!111[11}{ BETHH J:pnnni‘i B obaacTit nosouciTeabimx adeuuce. lpi x <0
i PUBoit ne cymecpyer. Coracio caeaaniony HpHMEUaniio, MO0 CHITATh

110 KoOpAHNAT komuesolt toukoll kpusoit (wepr. 187).
pumep 3. Iposepnts, uto Kpusan

S

J= 1

: Lge®
HMEET yriomyio Touky B Mauaze KOOpAMHAT.

—_—

1y i — -
o6e Beﬁ““ Vx ectn dymkuua anyxauaunas, o COS{—[—]-"rx}z cos (— Vx)u
BH CAMBAIOTCA BO BEeX CBOMX TOMKAX.



§ 180 DCOBME TOHKI TPAHCIUEHAEHTHEX KPHBHIX 409

Pegenne, Tlpn =10 umeerca xamyuliiica paspss HenpepuBIOCTI GyHELR Y,
Ho Tak kax

lim y= lim y=0,

x40 x—==0

TO MOMHO cyiiath, uto y=0 npu x=10, n Toraa opauuata Gyder menmpepuBHOR

N onHO3RauHoH pynkuned npn MoOHX 3HAYSURAX X, T. €. KPHBAR COCTONT K3 Oauo
HENpepuiBHoH, OANO3IHaYHOH BETHI,

EPEXOANM K HAaXOHIENHKD kacatensiol B 1avane HOOpANNAT:

B
Ay . ¥

The-
it slipe)
Bruucauth 3uadeine npouzscinoi pa x=~0 neanas, 1o
o Y et
im P —on 1im 2=,
x-s 400X x =0
KPIIIla‘L HMEET B NAYAJAE KOOpANHAT ABE KACATENLHLIE: HacaTenbHad Ayrd, pac-
NOAOMEHHON cnpaBa OT ocy Y, C NPNGANMEHNEN TOUKI KACAHHA K HAHALY KOOpMLi-

HAT CTPeMHTCS COBMIACTH C OChID X, 8 KacaTenbuas ONTH, pﬂCHGJTU)KEIHIE]"i Caesa oT
OCH ¥, UMECT CBOUM NPEISNbIhM TONoHEenneM TpsiMyLo | = X

Hauazo woopaiiar asanetcs yraoso Toukol kpusol (uepr. 188).

SANLAUH

1. g caeayouus  kpissix naflie ocoGuie TOWKM, MCCASAOBATH UX XapaKkTep
W COCTANNTL Vpamneunsg KacaTelblibix B HIX.

1) x* 3 — Baxy =0, Ore, Yaea (0; 0) =0, y=0.
b) aty® = x* (a® = x¥). Touka CaMOTIpHKOCIDREIA (0; 0

2

2 ' “poaa (0; 0%
g yi— ——. Touka uosparay’l._p_?a_n (0; 0
d) yi = (9 — ), Yaen (0; 0) y==3x.
el %+ =1 Maoanposanuan touka (0, 0),
) x'— 2ax?

Touxa sosspata [I pona (0; 03 y*=0.
Yaea (0, O) y==x.
Touna camonpukocuosennn (0; 0f

) v (a4 7
h) a®y® — 2abx®y — x*-

I) x'-2axty —ay =0. Tpofiian Touia (0;_6);‘ y=0

y== ]”—2-.\:.

2. Mokasarte, uto kpueag ¥* = x (2 + x)* uMeer u30ANpoBAIILYIO TOUKY (— a; (),
ecan a > 0.

3. [poseputs, 4T0 Ha4a0 KOOPAWHAT OyneT wuaoawponanuoll Touol Kpieoi
ay? — x* - bx*=10, worna a u b umeor oannakosefl auak, ¥ OYAET YraoBol Tou-
wofl, Korna a w b WMeEOT NPOTHBONOJCHHEIR HAKN,

4, TokazaTe, 4TO Hauafo KOOpAMHAT ABngercs Aam kpubol (¥ — %' =x"
yraosoft Toukodl npn n=2, Touxoil noaspata I posa npu n=3, TouKol casonpu-
KOCHOBENMA npn 71 =4 (KpnbaA pacnagaercs) i Toukoll sosspara I posa npu n>>4,

L\ A
5, JlokasaTte, 4T0 TOYKI TEPECceqenns KPHBOH (F) 3 -{—(%) ¥ =1 ¢ oo
KOODAMNAT CYTL Touku mosspata | pona
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6. Wccnenosars na ocofibie TOUKH KPHBYIO
y=@Ex—px—gx—r

B |I|‘JE.J1110JIO)KEIHII1, Y10
a) p<g<n ¢ p=q<n
b) p<Lg=nr d) p=p=r.
Oteer: a) Ocoboit Toditn ner. b) Yaea (g 0). ¢) Maoiuposaunan touka (p; 0)

d) Touxa moaspata [ popa (p; 0). :
7. TloKa3aTh, 4TO HAYAZ0 KODPAMHAT CAYMNT KOUUEBOH TOMKOH Ans KpHBBIX
1

a) y=e*; byylnx=1

1
8. [lpopeputn, 4TO KpHBAH = X-arc tg? HMEET YTJOBYID TOUKY B liauane
114
KOOPAMHAT If Kacaerch B Hefl NpaMblx y === - X,

181. CemeifcTBO KPHBBEIX H HX OrHOalomasn. ITonoxenue KpHBOI

OTHOCHTE/ILHO BHIGPAHHON CHCTEMEl KOOPAHHAT, ee (popMa H pasMepl
ONPE’eNsIOTCA HEKOTOPHIMH  TOCTOAH-

HEIMH BEJHYHHAMH, — NapaMeTpaMH
KPHBOH, — BXOIAIIHMH B €€ YpaBHEHHE.

Y

Y

SO A
NS

HYepr. 190

Hepr. 189

Ecan ypasienie, kpoMe nepeMeHHBIX KOODAHHAT, COAEPIKIHT NapaMerp,
KOTOPBIH TaiiKe MOKeT NPHHHMATL Pa3JIHYHBIE YHCJIOBLIZ JHAa4YEHHH,
TO ypaBHEHHe H30Opa)cacT HE OJHY, a OGecuHcJIeHHoe MHOMECTRO
JHKME, yPaBHEHHE KaA0# M3 KOTOPBIX TOJYYaeTCd M3 JAaHHOIO
YPABHEHHS IIDH ONPEJCNCHHOM YHCJOBOM BHAUGHHH IEPEMEHHOTO na-
pameTpa. Takas coBoKynHOCTb KPHBBIX Ha3bIBAETCA CEMENCTBOM
KPHBBIX, 3aBHCAWIHX OT OAHOMO NEPEMEHHOro mapa-
MeT pa.

Tax, HAanpuMep, ypasHeHue x.cosa---y-sine—4=—0 npi nepe-
MEHHOM Hapamerpe « H306paaeT COBOKYITHOCThL TIPSMEIX PasJH4HOrO
HAUPABJICHHA, HO BCe OHM NPOXOMAT Ha PACCTOAHHH YETBHIPEX €IHHHIL
OT Hauana koopmumar (uepr. 188).

ey W ey
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§ 181 CEMEHCTBO KPWBHRIX M HX OTHBAKLIAT 411

Vpasuenue (x — a*)---y*=1 onpegenser ceymeHCTBO OAHHAKOBHIX
OKPYIKHOCTEH, UEHTPH KOTODBIX PaclONOMEHh HA OCH X, HO Ha
P43HOM PaCCTOSHHH o OT Hauasa koopauHat (uepr. 190).

2 L 3 »
YpaBHeHHe ‘:— - @ = 71 n3obpakaerT CeMeHCTBO 3JLIHTICOB,

OT/MHAIONIMXCS JAPYT OT Apyra (opmof W pa3aMepamy, HO BCE OHH
CHMMETPHYHBI OTHOCHTEJBLHO

ocelt koopamsaT M 06Ja- ¥
JAl0T TeM CHOHCTBOM, 4YTO
CyMMa HX TIONyOCEit coxpa-
HET TIOCTOSHHYIO BEJIHYH-
Hy: a--b=o--(5 —a)=5
(sepr. 191).

B ofuiem Blioe cemei-
CTBO  KPHBHIX, 3aBHCHALLHX o
OT ONHOrO NMEPEMEHHOTO Ma-
pametpa @, u3obpamaercs 1]
YPaBHEHHEM:

Flx, y, a) =0,

raie non CHMBOM ['byHK[lFIIi
F wapany ¢ mnepeMeHHBIMH
KOODAMHATAMI  BBEJEH W Hepr. 191

NEPEMEHHbI MapaMerp a.

HMnorpa wpHpnie cemeficTsa pacmoNOKEHHl Ta, HTO 808 OHU Ka-

camen ooHow ol Jice AuKuw, NPUYEM TOYKH, B KOTOPGLIX Pa3-

v HElE  KPHBRIE CEMeficTBA  KacaioTed
9TOI MHHHMH, HE COBHafaloT (mooGiile
rosopa). Jurug, oGiadaiowas 3smus
COOLCIA0A, Ha3bieaemes oubaowen
danHo0 ceMellcmea, a KpusLe ceneli-
cinaa N0 OMAGHIEHUI0 K HEl Halw-
8aOMER 02UTALMUMIL.

CyYUIECTBEHHO, HTO Ka)aas TO4KA
ornbaiomielt ecth  TOYKA MPHKOCHO-
BEHHA C ONHOM W3 KPHBHIX cemeficTsa,
| Hampumep, 17s  ceMeiicTBa MPAMBIX

; > x-cosa—+ y-sing—4=0 (uepr. 189)

lepr. 192 orHBAlONIel  CAOYKHT  OKDYIKHOCTD

x*4-y*=I16, Taxk Kak BCE npAMbIE

CEMEHCTBA KACAIOTCH STOH OKPYMHOCTH H KaMAads TOYKA OKDYNc-

HOCTH NPHHAIMENHT ONHOH M3 TIPAMLIX CEMeHcTBa, a HMEHHO TOi,
KOTOPas KaCaeTCH OKPYIKHOCTH B STOH TOHKe,

Ecn me Mbl BosbMeM CeMeiiCTBO OKpysHocTed A*4(y —a)f=a?,
TO OCh X, XOTA ¥ KacaeTcs BCEX 3THX OKDY:KHOCTEH B Havane ko-
OpAMHAT, HO He sBaserca ux orubaiowed (uepr. 192). Touno Tak
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i e vt
ske  ofiuiue acuMnToTel runepbon cemeicTsa @ 1, xorA M

SBNSIOTCH OBIHMH TPEAEHbHBIMH KacaTeJbHLIMM BCEX 3THX THIEP-
Gos, HO me cayxar orubaiolled paccNaTPHBAEMOro CeMmeficTsa ru-

nepboa (uepr. 193). 3
MozeT cayuynThes, 4TO Orubaiollas Kacaercs kaulof ornbaeMoil

4e B omHOl, a B HECKOJBKHX Toukax. Hampumep, cemeiicrso amamn-
=1 (uepr. 191) umeer cpoew ornbawuieil acTpoH-

: .=
cos 3+ {5f— ay
Ay, KOTOpas  KACAGTCH  KAMCAOrO
SJIIHIICA B YETLIPEX TOYKax, CHM- F(J«'yd;}—‘ﬂ
METPHYHO ]’)aCI‘IO.HOH{QHHbIX OTHOCH-
TeqbHO Oceli koopausaT (Ha uYef-

Y
F [xyas)=0
7 i
X
\ )0
Hepr. 193 Yepr. 194

TEMe HI0OPAMEHa TONBKO METBEPTH ACTPOMALI, KACAIOIAACH KaMNIOro
JAMHICA B OAHOI TOUYKe).

3ameTHM ellle, YTO OrHGalolias MOMET COCTOATh U3 HECKO.b-
iwnx  smpuid,  Hanpuwmep, ornbaomeli  cemeiicTBa  okpyHOCTEl
(x—ea) - p'=1 cayxur COBOKYNHOCTb ABYX nIpaMbix: y=
H y=—1 (uepr. 190).

§ 182, Haxomenue orudaroulesi ceMeiCTBA KPHUBBIX, 3ABUCS IHX
OT oanoro mapamerpa. IlycTe paHo cemeficTBO KPHBLIX:

F(xy,a) =0 (1)

H TIPEANOJOMHM, HYTO OHO HMEET HEKOTOPYIO OrHbaioulyio JHHuO £
(uepr. 194).

Masas nepemeHHOMY napaMeTpy @ pPA3NHUHLIE YMC/IOBBIE 3HAYE-
HHA

Ty Tgy Fgeey Hppeeey

! Nepan uacts ypasuenns (1) ects nenpepninnas QyNKLE BCeX Tpex apryMmed-
TOB, HMEIOWAn HACTHLIE NPOHIBOAHKIE.
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§ 182 HAXOW/IEHUE OrHBAIOLIEN 413

MBI Gyne.\! NoJAy4aTk OTAEMBHBEIE KPHBRIE cemeficTaa:
F{_\‘, B q,}=0| F(I, ¥, a2}=0r-‘-n F{xl W G‘-]—D

Bee otn kpuBbie KacawTcs OraGaouiel B COOTBETCTBYIOMIHX T04-

Kax
zwl {XU Y1}-ﬂ Ma{Xzs yn)v--s Ml‘[){f’ y!}f'“

W TaK Kak Kaucaas Touka orubaiomell ecTh TOYKA NPHKOCHOBEHHA
oruBammieii ¢ oxHoil M3 orufaeMLIX, TO MOMHO YCTAHOBHTH COOTBET-
CTBHE MEMUY TouKaMH Orubauieli W 3HayeHHAMH napanerpa o,
kayenoit Touke M, (X, Y;) Oyner COOTBETCTBOBAThH TO 3HAYEHHE MA-
pameTpa o; KOTOPOE ONpPENeJseT KPHBYI0 CEMeiicTBa, Kacaloulyioca
ornbaionieir B 3Toil Touke. [IpH HENPEPLIBHOM J3MEHEHHH NapaMeTrpa
o cooTBerTcTRylomas rtouka M (X, Y) Oynaer aBuraTeCH, ONHCHBAf
orsbaoityo £. JIpyrHMd  ClOBaMH, TEKYIU(HE KOOPAMHATE OrHOal-
el A0KHBL OuITh (YHIKOHAMKE NEPEMEHHOr0 napamMeTpa «

X=X n¥=¥(2)" (2)

Ecan nam ynacrea onperenuts qynkumn X (2) u ¥ («), 10 ypas-
HeHuA (2) GyxyT CayHiTh napaMeTPHYECKHMH YPaBHEHHAMH orubaio-

meil M sanaua O HAXOXKIEHHH OrHOAaioNIeil JaHHOro CeMeiicTBa KpH-
BRIX Oyner peuexa.

B!,Ipaam[ lpexiae BCero aHaJ HTHYECKH TOT d}ax‘r YTO Kaxnan

TOYKA orudalone M X }’} JENHT HA OAHOH 13 KPHBHIX CEMENl-
crBa F(x, y, o)) =

F(Xp Y ipa)=0
HaK, yuntmBas hopyyabt (2),
F[X (%), Y(a), ¢]=0;
d TaK Kaxk 3TO P4BEHCTBO CNpaBeLIiBO NpH n10D0M aHAYEHHH napa-
METDa e, TO eMy MOMHO npuAarte Goaee ofuini BuI:
F[X(a), ¥(9), «]=0. (3)

Hano 7Toapxo noMuuTh, 4T0 mNapaMeTp « JOMKEH OLHOBPEMEHHO
UPHHHMATE  OJHHAKOBBIE 3HAYEHMA BO BCEX TPEX apryMeHTax Jesoif
4acTH ypaBrenus (3).

lponuddepentnpyem pasenctso (3), IpunHMas B0 BHUMaHHE, 4TO

JEBad YAacTh €ro ecTh CJKHAR (YHKUHA OXHOTO HE3aBHCHMOLO ne-
PEMEHHOTO o

FUX, ¥, 0) X (@) Fo (X, ¥, a) Y (@) -Fo(X, ¥, 9)=0... (4)

.«\lﬂ Yy 11} '\I{II\T OKAZATHCH 1 HE OAHOINAMHBIMN II!\:ITK!.L“H\[I[ CUAR OTH=
fAoman Kacaercs Kamaoh orudaemoll Gonee e B oIHOR TOYKE,

14 Ouddepenii@aanuos neycacn e
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Mpr moay4msii 0AHO COOTHOLIEHHE, KOTOPOMY
TBOPATH HCKOMBIE (DY HKLILH Xfa) u ¥(z), 1. e. &
TOYKH OrHoaiouIet.

Jlna nodydesns BTOPOrO AHAJOMYHOrO COOTH
ayemca TeM, 4TO Kayaaa TOuKa orudaiouteit M, (X,
TIPHKOCHOBEHHA orufamomel ¢ COOTBETCTBYIoN
Flx, ¥, a)=0 t¢6 obe KpHBBIC IMEIOT 001y
3TOI TOYKE.

Yraopoii KO3(HINERT KacaTenbHol K ornGaenoj
B Touxe M (X, V) BhuHCIAETCA IO (opMyTe (§ 17
FLtXy, Vi, o)

o=— e e
f'J, ['."‘,', ¥, a;]

a yraopoil Ko3(hHUHCHT KacaTeJsHOl i ornGaloneji:
X=X(a), V=VF(a)

B TOuKe M, (X, ¥;) Beincaserca no gopmyae (§ 110):

P
b= s

Ho no ycnosdio obe 3TH KacaTesbHBIE COBIAJAIOT, 3
Te4bHO, HX YIIOBBIC KOI()(PHUHEHTHI DaBHBI:
FelXn Vo) V()

Foldn Yo @) Xy

TICYAa:
FulXy ¥ 0)- X (@) F-Fy (X, ¥,y a) V' (z) =0,
Vanrsipas, 410 HOCHACANEe PABEHCTBO BHPAKAET CBOICTEO 4y,

< orabaiomieri, a MOTOMY OHO NOJKHO ObITh CUPABEMIHRE
0N SHAYCHHH NapaMeTpa @ H MOXHO HallHcarh:

’ = ’ 5
(N F, a) X (a) A (X F, o)V (z)=0.
) H €CTh HOBOE COOTHOUICHHE, KOTOPOMY OB JAORIETROp G-
HATH! OO0 TOYKH orudaoulei. =
OCTaRIAA yeiaosia (4) n (5), moayymn:
Vo {""-: F, al=0. (IG?‘
HIfM, 4TO Mbl Ha4aJii OTLICKHBAHHE OrHOAIOUIed CceMelicrpy

Ay, a)=0. (1)
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§ 182

- » B i e
Ykasamnew, yro sobas Touxa M (X-‘} ) 0”[?;;2;];‘;6 IV-‘ID'.—
HOIf M3 Kpusbix cemeiicTsa, a MOTOMY €€ KOOPX KOTOP=
ypasrenmo (1). Ho mwe BCAKast TOUKA, KOODAHHATH g
TBOPAIOT ypasnenmio (1), T. €. He BOAKan TOYKA arrgﬁ s
JEHNHT  orpdaioineii. M BoT monyueHHOE PABEHCTEO ( }'[ =
AOnosHHTeBHOE yenoBHe, NO3BOIAIONIEE BHLICAHTH TE TO g‘}:
MbIX, KOTOpLIG BrecTe © TeM ABIAIOTCA TOUKAMH ",.‘"”oammu#

Takinr ogpason KOODAHHATH! TOYEK OFnGalouieii AGLKH

TBOPATL chereare ABYX ypasHeHik:
Flx, ne)=0] '
Eie iy al=07

: {
Pewas ypasienns (7) OTHOCHTEABHO X M J, Mid TOJYYH)
MHE napaverpyecine ypaswenis ornoaomeit:

x=f{(a) }
y=49(z)

Hewmoug napametp o na (8) i HEMOCPEACTBEHHO HA (.f);fo
rame  obhiynoe Ypasenne orndawomeli B IPIMOYTOJbHEX
71€.108a- AltHargy.
D (x, y)=0. (
T | " e B
: Hialf. npapugo HaxoxpeHus ornbaioure ce.\teirr.:'l‘m
DUBLIX, - sagicauny o OHOrO MapaMerpa, 3aKAIOYaeTea B CACLY

e
[Te PBUI mpgp, Lugigiepenyupyert ypaskesue CEMENCMB zrp;-"'
CHKOMY napanemypy, paccuampusan sce ocima

by “} Hno nepe
0GRLUNe 8 YPasHERNE, KaK NOCINORRKYE,

AUE ety gy i
TOPOIl mar. [oayvernoe mawun oopasos ypaswenue (6)

cenericmea Kpusex (1) pewaeir omuocumeAsro

daroe Ypasuenne .
wezo Gydesr unemy NapaMemprieckie ypa

XUy g Pesyasmane
HeHIs GetGapyer; (8), y =
Quetanue, Ecan Yo HaiiTi ypapHeHHe ormoaiouled s _npn
=5) MOYEOL 1y KOODAHAATAX, BTOPO/T WAr MOMET ObiTh 3aMEHEH HCKIIO:
CHHE N Napaverpa e ps ypasuennit (1) n (6). [lomyuennsii pesy.b-

HHA W GVAET HCKOMEIM VpPaBHEHHEM orxoaronief,

m 0011
wipH

T4t ncxmoye

! Hpumep 1. Hajiry oruga o1ty cenedcTsa npaMsix
X cosz -y sing — 4=10.

Peienie,
' Meppuii mar: — xsina -+ yeos 2 =0,
BTUP odf e
x=49 cosa }
y= 4 sina

j 14%
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Hekmouan napaMerp o, f10aydus obhiuHoe ypasHenue oruGaiouteii:
x84 2 =16,
Tpurep 2. Haiitu ornbaiomyio cemeiictsa orpymuocTeil:
(x—af =1
Pewenue,
Mepeuit mari—2(x—a)=0 nm x —a=0.
Hexmouaes napaserp a: =
Orufaions COCTOMT W3 JBYX NPAMBN:

y= +1n y==1
Mpumep 3. Halitn ornGaomyio cemefictsa saaumcon:

4 ]
'x_:: rJ _'x:l'
a {0 — af

Pemedne,
2.\: 2 9 vﬁ =3 2

X
[lepopff mar: —— (S;T)""_G MR o ==

Bropoii Luag:- " » :
F=u—a

2, J y=Y

Hegaouene napaMerpa & aact

.\:'-'_+)= L LIS

T. €. orubaiomei CAYKHT acTpoima.
Mpumevanwe Ecan nocae pewenns ypasuesnii (1) n (6) orsocuteasio £ u

N, UApaMeTp @ OKAIKETCH HCKMOYEHHBIM W Mbl NOJYHIM ZA8 X W ¥ HCKOTOPBI®
NOCTOANNBIE 3HAYEHIH,— COOTBETCTRYIONEe cemelicTeo ne nyeer orndalontedi i, npH-
MEHfA BEILUENPUBENCINOE NPABIAD, ML NOAYUHM OIHY HAH HECKObKO OTASAbHBIX
TOUEK,

Hpumep 4. Halfitw orudaiomyso cemeilcrsa oxpyninocteii:

x’-,'—(y— afl —at

Pewenue.
Mepouii war:—2(y—a)=22 wm y=0.
Bropoit mar: jf :

Byecto orndaiontelt noayunam wavano soopanuart,— CHIMCTBEHIYIO TOMKY, 00
ULYIO BCeM OKpPYIRHOCTAM aunoro cemeficTna.

Econ  kpupble mammoro cemeiictea  wmelor kpaTHble  (ocoGhie)
TOUKH, TO ypaBHenusMm (7) yAOBNETBOPAIOT HE TOJbKO KOODAHHATHI
roueKc orubaloleit JHHHH, HO W KOOPAHHATBHI BCEX KPAaTHBIX TOUEx
orufaeMbix.

B camom nzene, ecan cemeiicTso kpHBEIX 1aHO YpaBHEHHEM:

Eix, 3ya)=0; (1)
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TO KOOPAMHATH! OCOOEIX TOYEK 3THX KDPUBHIX YMOBJIETBODAIOT HE
TOALKO ypaBHeHuio (1), HO H ypaBHEHHAM:

Fe(x, 3,8)=0 n Fy(x,y,a)=0. (10)
Tax wax Ha wxaxcaoit Kkpueoil cemeiicTea JexnT cBoa ocofias
TOYKA, TO KOOPAMHATHI OCOOHIX TOYEK HBAMIOTCH (YHKOHAMH na-
pamerpa o
x=2x(z) n y=y(z)

W OHHM YJIOBJETBOPAIOT YPaBHEHHIO cemeitcTsa (1) Npi COOTBETCTRYH-
WHX 3HAUCHMAX NapaMeTpa ¢, T. €

Flx(a), ¥ (x)a]=0.

Huddepenunpyes 270 paBescTsBo NO eAHHCTBEHHOMY HE3ABHCH-
MOMY nEpeMeHHOMYy u:

Fi(x, 9, a)-x (@) F) (e, 3, @)y (a) =+ Fu(x, 3, 2)=0.

Yunrmean ycaosua (10), nojyuuM ypaBHEHHE:

F;{A‘, W a‘]=0|

KOTOpOMY YI0OBAETBOPAIOT KOOPAHHATH KPATHBIX TOHUEK KDHBBIX HaH-
HOFO cemeiicTsa.

Taxum oGpason, ypaBHenust, TOJYUEHHHE HaMH Jaa oruGawuiei,
nsoﬁpa;icatm‘ HC TOJBKO OI‘HﬁBHJIJ.ly}(), HO H I'E.OME'T])!I'{QCKOE MECTO
0COOLIX TOUEK KpHBHIX cemeilcTsa. [T03TOMY DpPH HAJIHYHH KPATHBIX
TOYEK HA KPHBLIX CemeiicTBa, HEOOXOAMMO KaMALU Pas NpOBOANTE
JAONOAHHTEIALHOE HCCACI0BaHNE MOAYYEHHOr Y paBHEHHA.

Mpumep 5. Halitn orndaiowyin ceseiictaa noayiyGuueckis napadou:
x'—(y—af=0.
Peenne.

Neppmit mar, 3(y —af =0 ym y—a=0.
Bropoii war, x=0.

Tawuy obpazon, oruGalonieil MOMET CAyHNTL TOABKO OCh Y.
Meeaeaonanne gpuouix na ocobuie TOWKN:

Flg yaj=xt—(y— afl— 0]

L-I: (%, ¥y 2)= Dy —10 M, =)
F}:{,\:, yaj=—3(y—a)=0 ]

Kaampan HPHEAN HMeeT JI.BCII.-TH'HU TOYKY Ha OCi Y, npll H3MEHEHNN NApaMETPd =
ITH ABOiNBE TOMKH IanonmsoT ock y. Tagus 0431!}]303[ YpasHenie x= onpee-

9T reomeTpuMeckne Mecto asoifiisiy Touek, a orndaiomefl 1amioe cemeiicTso He
umeer (wepr, 195).

Rp——

T T—_—
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Mpumewanne. [lpn pemennn MHOFMX 32139 pa OThICKan#e orubamined
VEA3HBAOTCA AMIIb CBOHCTDA OTHOABMEIX KPHBLIX, HO lie N3eTCi TOTOROCO §pan-
Heuna cemeiieTra atux wpusbix. [osTOMY NPHEDANTCS HPENRAPHTEALNO COCTARIATE
ypamuienne cemeficTaa KPUEBIX 10 WX TEOMETRHYSCKHM CHOHCTBAM It OUElih Yacto
fipaer yanbiuee BROJAUTL B YPADIEIE U 0NN, 4 ABa MepeMeliblx NapaseTpa, 47

HeHHE BIial
£REE YRS F(x, 3, 2, B)=0. ay

Hao ecan cevelicTno ‘KPHBKIX N0 CYIIECTBY 3aBHCHT OT OANOCO  MEPEMENtorn
napameTpa, TO MENAY & M f AOANKNA CYLIECTROBATL (YHKUUOHAALHAT 3ABICHMOCTE,
KOTOPYI0 TOWE NCOGXOAMMO  BHIPAZNTE HEKOTOPMM

AONOAHATEILNRIM OTHOUIEHIEM;
#(x =0 (12

Moo Gpifio Gbl H3 3TOFO NOCAETNEro PaBeHCTRA
nhlpasuTh f Wepes =z i, BCTABHE NOJYHCHHOE BRpAME-
ime B ypasnenne (l1), csectm sanayy Kk yme nsy-
YelHOMY CAYHalD, O TAKOE peilcHie HHOrAd Okd-
SHIBAETCA BEChMA CJIOMHEIM I BRIFONNEE COXPANHTH
B ypaouenun (11) ofa napamerpa, o npn auddepei-

X UNpOBAMMH NOMHMTh, 4TO B ecTb (yuiuia or e, onpe-
Resennan cooTnomennes (12

Toraa pesyastat andupepenunponannsa (1) no

EAMHCTBEHHOMY HE3aBiCHMOMY LiapaMerpy a OGyaer

e

B
\

-

oF , OF dj __
E_{.E.E... 0, (13}

N

i}
Ina onpeaesenus nponasoanoil i :'; mndipepeitii-

pyes coorHowenne (12):

= do  dy df
18 o il £ . —i]
Jepr. 195 o ] {14)

Tenepw, wtolll Hafitn ypabuenue ornfawmedl, AocTaTOMHO HCKMOYNTL =, f 1

o,
a—f nz (11, (12), (13) n (14).
Ipumep 6. Haiitu orndaoniyio cemelicTea s4an0coB, oci KOTOpIME CORIAZAINT
C OCHMH KOOPANHAT, 3 NAOWALL UMEET NOCTOSHHYID BeAHHINY.
Pemiepe. Bee s1mimenl, CHMMETPIIILIE OTHOCHTEALHO OCell KOOPANNAT, MORYT

GOBITE npeacTasienhl YpaBineumen:

52 P2
St+h=1 (Al

ST0 CCMCHCTRO SAMCOB, 3ARICAINCE OT ARYX NEPCMENHEX NAPAMETPOB @ 1t b
Buiaeaun wa nux cemefictno saamncon, sanncauiitx or  omoro napaMerpa, Wenoh-
30BAH BTONOC MAHNOE CROMCTHO: MAOIMAAL SATWACOB, T, e. ©-a@-b, AOMKHA COXPANSTE
nocrosunyio peanunny. OGo3nauns 3Ty HOCTOANNYI0 Gyvknoli K TOrna  moncdii-
Tedbloe COOTHOWEHNE MeHLy napaverparn Gyier: =

wah=1I. (B

Hupdepemumpyest (A) u (B) no a, nouns, uto & ects dynguwm ot a

1
db dfl__“

_.m_...o il .r‘a—]—md?
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§ 183 IBONOTA KPUBOR

410

dh
MNocae ncwmouenis [ 118 STUX nBys PaBeUCTH NoAYIM
: i il
i

ConocTanans 3T0T Pe3yawTaT c ypasneines (A), Oyaes uMers:

R oo Sk
P MR
OTKyna: &, B
a==x}V7 u b=ty Ve

Monyuennne puipanens 8 na- L

PaMeTpoB NoACTaBIM B ypasienne (&)
Xy =1 5=

Hekoman  orubalonias  cOCTOMT
WY CONPKEHNBIX  PABHOCTO=
ponix runeptoa (vwept. 196)

§ 183. 3poaora KpuBOWH ‘,ﬁ
lax Ol'ilﬁaIOHiR!! cemeilcTBa ee

TN

Hopmadeil. Bosbmem o6y

KPUBYIO
y==7J(x)
I COCTABUM ypamueHne cemeii-
CTEQ KaCATEe/IbILIX K 3TOI KpH-
BOI, TIPHHAB 53 TIepeMeHHHIT
napamerp abcuuccy X, TOUKH
NPHKOCHOBEHHS:
y-—f{x,]:f’ ("ﬁ){x == xl}'
Haitnes ornGatoutyio storo cemeiictsa npssuix.,
Huddepentnpyen ero ypabHeHHe IO mapaMerpy X,:
'_'_.fr{xJ=fﬂ('¥1]{x_"x1)"fj{xx}l
Flx) (x—x)=0,

f{x)=%=0" 10 x—x, =0

Yepr. 196

OTKY 1a:
d TaK Kai:
Il napaMerpuueckue ypapHenns orubaomelt Gyayr:

X=Xy }

y=7(x)

Mcwmouast 13 HUX mapaMetp Xx,, NOJYHHM ypaBHeHne oruGaiouief

O NPAMOYTONBHLIX KOODAHHATAX:

y=f(x).

b Ecan f*(x)=0 npw mofom awadennn X, pauuan amias y=f(v) ectn

npAMan 1 BCE €e Kacaredblible causaoTca o Hedl camoil




420 NPHIOWENNA YACTHRIX NMPON3BOIOHLIX ri. Xvi

Ho sto ecrs ypaBHeHHe AaHHON KPHBOH.
Taxum oBpasoM, SCAKAA KPREAS CAYIHCUIN OzubaIOerl CeMelcmoa

CBOUX KKACameabubix.
JloxasaHHOE TOJMOMEHHE HETMOCPEJACTBEHHO BRITEKAET i M3 CAMOro

onpenesenus oruGaiouied. 3

B § 143 Owio /10KA32HO, 4YTO HOPMa/JH KDHBOH CIyJaT Kaca-
TeAbHBIMH K €€ 5BOJIOTE; APYTHMH CIOBAMM, 3BOJIOTd KPHBOI
ABASETCA orudawuiell cemeiicTea
HopMmadael nanHoii kpupoi. Taxim obpa-
80M MBI TENEPb HMEEeM BTOPOH METOZX AMA OThi-
CKaHHA 3BOJIOTHl KPHBOH: HA/O COCTABHTH ypaB-
HEeHHE CeMeNCTBa HOpMaJsell IaHHON KPHBOH H
naiiTH nx orubaiolyio, npivensa npasuio § 182,

Kpome Ttoro, M3BectHo, YTO TOYKA MPHKOC-
HOBEHHA Ka#cIOH HOPMaAM KPHBOH K ee SBOMOTE
€CTh LUEHTD KPHBH3HBI KPUBOI B COOTBETCTBYIO-
uiefi Touke (wepr. 197); nmosromy mapaMeTpHYe-
Ciine ypaBHeHHs oruOaiouIeit cemelicTBa HOpMaJiefi SIBITIOTCH BMECTe
¢ TeM opMyJIaMH [V BBIMHCICHHA KOODAMHAT LEHTPA KPHBHSHLI KPH-
Boil B JI00OI ee TO4Yke.

Koueuno, pesyJbTaThl, OJy4YaeMEIE 3THM BTOPHIM METOXOM, HIHEM
HE OTJHYAIOTCA OT TeX, KOTOpLIe OBLIH NOJy4YeHbl panbile, HO B LE-
JIOM pAfe CAy4ace oHH OyAyT HOCTHTHYTEI IpPOLLE.

Mpumep, Haiitn snoniory napadonnt 3° = 4px, paccMatpusan ce, Kak orudain-

uyio_Hopsaneii napatosst,
Pewenue. Ypasnenne nopmann Kk gaunoif napatose B Touke £(x,, y,) nmeer

Bl

Hepr, 197

vl -
Y= = _'-!.f‘ (x— "'1}'

Hpu paccMoTpeHm cemeiicTna HOpbl-‘!.‘iE“ NpHASTCH B 9TOM YVPaBHEHHH CHHTATh
Ay, WY, NepeMeHlBIME DapaMeTpaMil; 10 Tak KaK Ol SRJHI0TCH KoopAnHaTaMil

Touer Napaboibl, TO CHA3ANLL 01N Meway colioli ypasiennen yi==dpx,, 0 B LaHHOM

cayuae }'.’.l(]ﬁllﬁ BLIpA3UTL Xy Yeped y,, a HUMeHHO X, :i—l I ypasHenne ceMedcToa
J P R

Hopuanedl Gyjer coaepiaTh TOALKO OHH MepeMeHHil napasmerp y,:

ALY
== a— JFl . (A

Junpdepenipyent (A) no mapaserpy v,

—1=M_ =
8t 2p'
oTiya:
e 3yi 4 8p*

e (B
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§ 183 IALAYL 421

Tonctanmyt 910 Buipamenue B (A) u PCUIHM  TIOAVYEHOe YpParHEeHHe oTHOCH-
TEALHO y. :
y=—21 ©
4p
Ypanuennsn (B) u (C) onpesemiior KOOPANNATHl UEHTPA KPHBN3HE mapaboant
B moooll ee Touxe,

Hckaouan wa stax ypapnenuii napaMeTp y,, NOAYYHM HCKOMOE YPaBHEHWE 380
MAThl Napaboab;

27T pyi=4(x —2p)2

JAAYH
1. Haiitn orndaomyio crenyiousix ceveitcrs npuaMsx il
1) y=ax 4o’ Ora. 2"+ 4y=0,
9Tt = 4y,
2y =4x"
d) afxJay —1=0. A 4e=0.

2, Haiitn oruGawimyio # cuesath CcoOTBETCTBYIOULME MEpTEil LA CACIYIONUIT

ceselTn kpyron:
a) (x — aff 4= (v — af =at, O1p. Ode ocn KDOPAHHAT.
b} (¥ — a) Ly . yY=dr4 4
€) (¥ —af - [y —af =4 {x— =8
3. Haiin ornGmomyo cemefictoa napadon:
£x® 4 'y =1, rae { — nepemeunstil napaverp.

O1p. X' 4y=0.

4. Tlpuvan népeseutaetes TaK, UT0 CyMMa OTPE3KOB, OTCEKAEMBIX CIO z'.[ﬁom:;
KOODAMHAT, COXpanaeT NOCTORNYI0 Reanyiney L, CocTaniTh ypasileine oruGaioll
Bex moacaicennit noamsnol npuuoh._

OTe. Hapationa V x i =

i 3 TCR-

5. Halirn orudaoiyio ceMeiictsa npaMuly, 112 KOTOPLIX OCH KOOpAHAT O

KT otpeaok necronmnofl pame L

8 2

Ot Actponna x+ —LEE :
6. Haijiru Fu|'||0:n¢'1u.ly-|.{i‘r_Jr.::auzi-'mlm oKpyIKiocTel, AHaMETPAMIT KOTOPLIX CAVIKAT
nnuligmc nﬁﬂﬂ!mnﬂ n.}.‘pnémul Bl =)4px.
TB. llapatona 1#=dp (x4 p) -
7 H:liimpm'uﬂmémym !cém icﬁna mlppmch.eﬁ, JUAMETPalit KOTOBIX CAYIKAT
nepuenankyanpisie K ot X x;)ljnlﬁ samitica bix® - a®y? =a'ht
OTe. Danunc —"—x _—}-'!-'-! 4
& + b b TRl HUEHTPL ROTO-
8. Coctaputs ypasuenwe orndaioied cemefictea oRpy#ioC eflcTaa fipoXOLAT
PRIX Aewar ua papadose = 4ax, npuues Bee OKPYIKHOCTH CeM
“epea mepuimny stoit napatoast,
Ota. Hucconna &%+ ¢* (x -+ 2a)=0.
9. Haiitu ornGawomyio kpyros, npoxommiis uepes H
IMHX HeHTpHl Ha runeplone x* — y*—a’
OB, Jlemmuckata (1 4= ¥ =4a* (x* — ).
10. Haliti ssomory anaunca:
Yt aty = atl,
CCJHl ero HOPMAAN Jalbl ypapienues: .
by=ax tg v — (a® — b%)sin %,
Tle $ — nepemennstil napaMetp.

AMaa0 KOOpAHIAT i usel-
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2z C o O
O71R. (ax)® +(01)* =(a® —b%)7,
11. Haiitu spomoTy @cTpoHIbLL:

1=

2% 4y =at,

iag, 4TO ee HOPMAM MOUYT OTb Halbl ypasueunes:
yoost—xsint=—uncos2,
rae ¢ — nepexenlibtil mapaerp.

3 2 22
Ote. (x-43)* +(x—y)? :“2.*:3,
12. Haiitn orudaiouyio cesmeiicTsa KpuBbix:

(£ — 1) — 3 =0

il CAETATH COOTBETCTBYIOULLE depies.
Ots, Orydaonieil NeT; OCh X €CTh TCOMETPHUECKOE MECTO ToWYel No3IBpata.
¥ 13. Haiirn orudaiomyio cemeiictsa
SLTLICOB:

Bx® L aty? = o,
cymya noayoceil KoTopnX pasmsa c,

2 2 2
OTte. Actponga x¥% 4 g3 =¢3.
X 14. Hailtn orudamoumyw anmncos,
OCH KOTOPBIX COBOAAMIOT © OCHMIl KOOPAN-
1AT, IpHYEN paccToduie MeMily Koi-
uamit Goaswoil 1 maaoii ocell coxpanser
HOCTOAUNYIO BeJuuny, paegnyio [
Yepr. 198 Otes. Kvanpar, cropousl KoToporo
(2= =",
15. $lapa muOpackiBalOTCA nywroff © wavaanuod ckopocteio v, pexnonaras,
410 myuiie moser GbiTh Aalo J000E HAKAOHEHHE | MTO OH BCerjia MAXOAMTCH B
OMHOI 1 TOH e BEPTHRAALMON NAOCKOCTH, HAHTH OrHGAIOULYI0 BCEBO3MOMUBLX
1paekTOpii faaep, npeneGperan coONpOTHBASIHEM BO3LYXA.
Yiasaune. Ypasueune moGoli Tpaekropun iMeer But
el

y=xtgx =

gl
“Uglos™

rie a — pepemMennbit napametp,
ik gx?

Ote, [lapaGona P (4epr. 198).
=& =U5

16. Haitru ornGatomyto cemeiicta crpodon;:

[y —aflix—2)+x=0.

Ora, Och y. [prvas x=1 BASETCA TEOMETPUUCCIIN MECTOM YII0DLIX TOYEK
Crpodions, a npaMan Xx=2 cayKuT Nx odumeit acHMOTOTON.

§ 184. IpocTpancTeennas Kpupas i ee ypasnennst, Ecam Bce
TOUKH KPHBOI JEXKaT B OAHOH M TOM e INIOCKOCTH, KpHBas Hasbi-
BACTCH nA0cKoll Kpusoid W, NPHEAB 3TY TJAOCKOCTh 33 KOODANHATHYIC
(€, J1), MOMCHO NPEACTABHTL KPHBYIO OAHHM YPABHCHHEM:

F(x, y)=0.
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§ 184 NPOCTPAHCTBEHHAR KPIBAT 423

Ecin sice kpHBam e JMEKHT B OAHON IMIOCKOCTH, ee TOMKH MO-
YT ObITh OTHECEHBI K HEKOTOPOt NPOCTPAHCTBEHHO CHCTEMe KOO}~
AHHAT M TOrAa 5Ta NPOCTPAHCTBEHHAR KDHBAA ONPEAE/SETCA CHCTE-
MOM HBYX ypaBHEHi:

Ef(x, 0 21=0 1} 1
D(x, ¥, 2)=0 [’ ()

T. €. PACCMATPHBAETCA Kak JHHMA TEPECEueHHA ABYX NOBEPXHOCTEIl,
Ka}(laf M3 KOTOPBLIX 3ajiaHa OAHMM 43 ypasHemuit (1).

Onnako B nenmoM paxe ciyuses Gusaer yA0GHEE TNOALIOBATHCA
TaK HA3LIBAEMLIMI TAPAMETPHYCCKUMH YPABHEHMAMH KPHBOI, K KO-
TOPLIM €CTECTREHHO TEPEHTH, PAcCMATPHBAT IIPOCTPAHCTBEHHYIO KDIl-
BYIO, Kai TPAGKTOPHIO TIOABHIKHON TOYKH, T. €, KAK TEOMETPHUECKOS
MECTO BCEX €€ TOC/eM0BaTEJNbLHEX TOJOKEHHT B NPOCTPAHCTBE.

 HBiicenie Toukn B MPOCTPaHCTBE BIIO/HE ONPEAEAEHHO, ECH B 0=
6ol MOMEHT BpemeHi £ M3BECTHO NOJIOKEMHE TOUKM, HHAue FOBOPA,
CCMH sl KAIKAOTO SHAYEHNA { MOMHO BRIMHCJHTH KOOPAHMHATHEL X, ¥
H 2 NOABHMHOI TouKIL

Taum o6pazoy Mbl MPHXOAMM K YPABHEHHAM JABIGKEHHS TONKH
B IpocTpancrae:
x=fl), y=¢(®) z=%(0 @

Ho stu e YPABHEHNA ONPEAeNaioT M TPAEKTODHIO TOHKH, 0614~
WHIE  YpaBuenus KOTOPOHl NMoaydaiorest HCKIIYEHHEM NEepeMEHHOro
napametpa { ua (2),

YpaBuenns (2) 1a3LIBAIOTCH napaAempuiecKusl  ypasHenuail
npocTpaHeTBenHoil KpuBoi, Mmorma ygoOHee Bhipath B KAa4ECTHE
TNIEPEMEIHOro NAPAMETPa He BPeMs, a Kakylo-HHOYAb HHYIO BEAHHHHY,
Iﬂ:El!ﬂmm_\-mcn npil JIBHIKEHHH TOYKH, Hampivep, yrod NOBOPOTA

np.

Mpumep 1. [lycrs aana kpupan Coomyit mapaMeTPUECKIMI YpapHEmImGl
x={da; y= VadE—1 z= Viala—1)

”Pc-’lgﬂlm!'l‘h ©e, WAK nepecedenie JBYX nopepxrocTei.

Pementie, Hroin nckmiounth napamerp { n3 Tpex fa

NepRoe 13 HUX OTHOCHTEALID £ 1 BCTARNM ITU.‘I}"ICIIIIOG
YpaBuenus:

JigE ypasnennit, pemacs
ajadenne B AB1 ApyTHE

l=x—a
Y (x—af=a% 2=da®—2ax.

110 nepecedeltia Kpyraos

nﬂ]l“\'l[l KPHEYID MOMHO aceMaTpHBATL, KAk A
i il el 1 ARG CODTEETCTBEHID U7

0 Mapatoseckor  WIIAPOs, NPOSKTHPYIOUHE TY
miockoeTir (x, y) u (x, 2).

ITO He eANNCTREHNO BOIMONCILIL OTHET NpelIoKed
npusep, ypapienne ofonx NHINHAPOD, TOAYUIM:

X yi 2t =’

woft aagau, Caoumns, wi
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T, £. JaUHAA KPWBAA JCHHT H HA 970l CiepHYECKOH TOBEPXHOCTH, a NOTOMY €e
MOWHO NpPeJCTABNTH, Kak IEPECEMENHE 1IApA C ONHMM M3 NPERHIX ILTHHIPOB
HiTe L.

[pumep 2. CocTanrnTh NapaMeTpHyecKHe YpasHeHus BHHTOBON duinm, gemameil
1A TNPAMOM KPYTAOM WHANKHAPE U nepecexaomell sce ero ofpasyiomue nog OAHHM

N TeM e yraom.
Peweritte, [lpuMes ock WpAMAIPa 33 OCH 7, INOCKOCT OJHONO H3 MEpHEHAHKY-
ApuBix cedennli 3a NAOCKOCTb (X, ¥) i 4epes TO4KY A mepeceueius STOH MIOCKOCTH
¢ BHHTOBOH JuuHed nposesesM och X

(uepr. 199). TlocTomHHLIMM DapasmeTpaMu
BIHTOROI JMHINE ABARIOTCA PAIHYC @ KPY-
FOBOFO CEUeHNS IWLAHHAPA . Yrol a, [og
KOTOpHIM BHUTOBAA JNIHA Nepecekaet Boe

ofipazyioune,

¢

Yepr. 199 Hepr, 200

Caeayiomee cooGpazenne o0IerynT BuEOL TpeGyeMbix ‘_\'pﬂulleuilii: ecan paspe-
3aTh llll.illliﬂpll'{ECKj’lO NOBEPXHOCTL 1O OﬁpEJ)’IOI]I.EH AC u PEA3BECPHYTE ce m

IAOCKOCTH, TO OKPYIKHOCTL OCHOBaNNs WiAHIApa passeprercs i npsuyio A’ A;, sce

ofpazyionine COCTABAT CHCTEMY NpPAMBIX Jnunil, nepnespuky aspuwmx g A’ A,

BIITOBAA JUANA, NEPeCceKAlomlan BCe ITH NAPAIIeIblBe NPIMbe 1oL OANNM U TeM
o

e yrapM a, paspepHerca Tome B npamyw ALY, nagsopennyio k A'A; non yr-

n
A0M —-—a (4epr. 200).

Boasmes na suntonoii s modvio Touky M on nocrpons ee Koopamn
amnmy MM, =2z, BM, =y, OB=x.

3a pepemennwii napamerp ¢ npuveym yroa AOM,, Toraa uz A OB, nueex;

Hhie

Xx=a-cosf;, y==a-sint.

Anmgary MM, = MM, onpeneages u3 tpeyroauuuna AN, npumimasn
Bo pinmanue, 910 AM', = — AM, =a-¥,
z2=MM=MM, =AM ctga=uactga.{

HT @-clga vepes b, noaydHM napaserpu-

Odoanawns  nocTosHieil  Koaggumy
ueckie ypasuenis BINTOBOI A

Xx=a-cosf, y=a-sinf, z=0d.

Mekmouus ¢ 63 nepousx apyx ypasueunii, noayuns
¥ '{'J':— as
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Ato TOATBEPHAALT, YTO BHHTOBAA JHUHA JEHHT HA MAHHOM EPYraoM Hiimnape.

Ecam e uckmounth mapametp f W3 ABYX NOCAGANUX YpapHemid, 10 oKa-
WeTCH, yTO:

y=a-sini,
b

T. € WNJHHAP, NPOSKTHPYIOWMH BUHTOBYIO AHUMID HA TUIDCKOCTH (y2), MMeer ciity-
COMABNLHYIO HANPABAAIONIYIO.

§ 185. Kacatennhnasm mpamas W HOpMaiblias MJOCKOCTH Tpo-
CTPAHCTBEHHON KPHBOH. [lycth naWa xpuBan CHOMMH TapaMeTpHut-
CKIUMH Y PABHEHHAMH:

x=F(t) y=u(th =4 (2) g
H Ha Heii touxka M(x, y, 2), coorBer-
CTBYl1OUIan HEKOTOPOMY  HayaJbLHOMY
3Hauenuio mapamerpa ¢ (yepr. 201).

Ecmn nark ¢ npupamenne Af, Bee
KOOPAHHATEL HOJY4aT COOTBETCTBY IOLHE
npupatenna Ax, Ay, Az H TOuYKa 3aH-
MET HA KPHEOIT HOBOE 1OJOMKEHHE
M (x--Ax, y--Ay, z-+4z). Ilpo-
Benem uepes M n M, cexyulyo mps-
MY10, ee ypasuenns OymyT:

X—x Y—y Z—ag, (3)
ax Ay Az

Kacarteannoit x xpusoi g mowe M nasusaemcs nﬁff;f:n
noe noaoncenue MT cexywed, xoeda MOiKa o Heurpaaﬂ}:ermﬁ
npubmikaeTcea no kpusoii x Touke M. IE.ua Moy 4eHHA annpcnﬂﬂ-
KacaTensHOli Hago B ypapHeHnsx (3) mepedTH K npen&aykz_,[}}- HO
wenun, uro Af—0 (a caenopatensto, Ax—0, dy— '3HahieHaTlE-’lH
570 yAOGHEe CuejaTh, NpeABAPHTE]BHO PA3LeNB BCEEK N
npoGeit, mxomsumx B (3), na Af. Toraa ypasHeHia CEKY 1
OPHMYT B

Yepr, 201

Xk Yo g et (3)
TS
af Af At
0, Nepeiing k npesesy, noaAyyHM ypapHCHHT KacaTenbHOM:
X—x_ Y=g Loz 4
dx o Y e
dt dt dt

® B nasenefimew Gynem mciony upen.l‘.oﬂarilhv“cpmm 1 BTOPOIO MOPALKD.
HENpepelREl 1 HMCIOT HENPephisibie TPoH3R0LH Jmpte TOUKH (S Vi EAR
** Ypasneune npawoff, npoxogaumelt sepes ABC, e gt
s x, -_}.v__ v, = .1 Y B JaHHOM yu
=% K=Y AA
Xy —x,=0Ax, p,—y, =4y, z,—z/=42%

aro yuicmnn (), @0 0 blf)

(€, ¥ 2z) uMewT BuE:
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Orclona BHAHO, YTO HANPABJISAIONINE KOCHHYCHI KacaTEALHOH K
KPUBOH (2) NPONOPUHOHAALHE! MDOHSBOJAHLIM KOODAHHAT IO IEpeMeH-

HOMY napameTpy [:
Y P Py ; o L dwdy dz_ df dpidd
COs o: COos j:Cos IH&I-'EJ_-ZI?_}H‘JI T

B cayuae niockoll  KpHBOIi, B Kamaoil ee TOuKe ModHo Owo
HPOBECTH OUTY HOPMAJb, NPAMYIO, NEPACHAHKYJNADHYIO I KacaTe/b
Hoit B 3roii Touke. Ho B mpocrpan-
cTBe K KacateawHoit MT B rTouxe M
MONCHO TIPOBECTH HE OZHY, a DecuHc-
JeHHOE MHOMKECTBO — HEPHCHAHKYIAP-
HBIX NPAMBIX; BCE STH HPAMBIE Ha3bl-
T BAIOTCA HOPMAJTAMI HPOCTPaHCTREHHOIT
KpHBOH M JieWaT OHH B OmHOIT  10-
ckocTH, nepnenanxyaspuoit k¥ MT B
0 y Touke M.

TlnockocTh, ABJISIOUIAACA  rEoMe-
/ TPHUECKIM MECTOM HOpMaJeil i KpuBoil
A B Touxe JM, HashBAETCA HOPMAJhb-
Hoit maockocThio (uepr. 202

YpaBHeHHE ee caegyiouiee :

2

Yepr. 202
dx dy 3 dz =
Tt X — 0+ G0 (¥ = )+ 57 (Z — 2)=0, (5)

Mpumep. CocTanuTs ypasnenus kacateawstoll npsisolf 1 nopaaabiol naockocT

K BuuToBOl aumme
x=acost; y=asint, i=bt

B moboii ee To4Ke u B TOuKe, rae f=10.
Pewenne.
dx ay dz
——=——gsini=—9y -—actosli=yx —=10
PT; : T ST

Ypapuennn wacateavnoil 8 touke Mix, y, 2
A= Y=y F—2
—y  x = b

Ypasueunsn kacareasuoli o touxe A(a, 0, O)

X—un L = .
e =T J A= — aZ =1
0 = 5 N=uau b¥ aeZ=1);

! ¥papHenne ncukoil naockocty, npoxoamitedt wepes Mix, ¥, 2), umeer mni
A(X — x)++ B — y)+ C(Z — 2)=0; koshiunentsi 4, B 1 € nponopunonaisiis
ldnpapinouny  Kocuuycay npamoll, nepueusnkyaspuoll K nAIOCKOCTH, B AaHEOM
CAYHAE TOKMM NEPOSNNEYAAPOM CAVIMNT KacaTeibuan,



§ 185 . KACATEALHAR NPAMAR 4z

Ypasneune nopmanuiolt maockocTi v 1ouke Mlz, B
=P X =X)LV — V- U(Z—2)=0 nan yX — 2F b7 — bz—=0 k & 1oies
Afa, 0, 0): a¥ L pz=0.

TEDpr“ mepeiiieM K BBIBOLY YPaBHEHHH KacaTeanHod npauoi i
HOPMaJILHON IWIOCKOCTH NPOCTPAHCTREHHON KPHEDE B TOM Cayuse,
KOrja KpHUBAfA Jlana ypaBHEeHHSMM:

F(x, v, 2)=0,
O x, 3, 2)=0. |
Moo Beeraa mpeanoviosnTs, UTO Ta e KpiHBAT 11306paiKaeTCH
TPEMi ypaBHeHHAMI B napaMeTpuyeckoi (opme. B cayown aee,
AOCTATOMHO TOJI0NHTL B ypapuenusx (1) x=f(f), rae f(f) npous-

BOJBHO pribpannas yskiua’, m, PElUAB 3TH YPABHEHIA OTHOCH-

TEIBHO Y M 2, MOJyuynTh AJIA WX ONpPeleJeHHLIE BHIPAKEHNA, Conep-
waue 7,

Ho Taic wak wpusass, naoGpaiaesas moayueHRBIMA Taimt ofpa-
30M Y paBHEHHsMI:

x=f(t) y=so(t) z=490), (2)
HENHKOM JIeKUT Ha KaxAoll H3 NoBepXHOCTEiln:
F(x, ¥y, 2)=0 u @(x, v, 2)=0,

TO YDABHEHISL 3THX TOBEPXHOCTEl YAOBNETBOPSIOTCA KOOPAHHATANIL
M000# TouKn KpHBOIL (2), T. €.

FLf(t), 9(t), 4(H)]=0 n B[f (), 2 $@1=0 (&

Tponuddepenmpyest sti pasencrsa, N0/b3YICh NPABRION G-
thepentmposanis CA0MHBIX (Y HIRIT
aF dx ; OF dy | OF dz __
TR T [ e
ob dx | ab dy | 0P dz__
U_Tn’_f_r.rF dr | oz dt

()

(7)

nIJHHH.\Ji]F[ BO BHHMaHHE, 4YTO TIPEIIBBD.EHHIC:
dy  dy o dz
TR T

XAPAKTEPHIYIOT HanpaBpieHne kacarensHoli KpHBO f),'?;nxomlm
HX OTHOMIENHSt W3 CHCTEMB! JIBYX OLHOPOAHLIX yPaBHEHIRD iy
dy dy dz (d!-‘ o _d_{',d‘l‘):
ar i dEt @i \oy 0z 02y
_(OF ab  aF ad\ (oF o® dF ‘J‘E\.
Al i o o (‘

ox @y ay ")

1 mrere .
Moo Aake noaowNTL N==1
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Tonyyennsie pesy/bTaTHl NO3BOJAT IIPOBECTH yPaBHEHHA Kaca-
TEJILHOH NPAMOH K BHAY:
X—x u i S e (8)
GF a® oF d® oFf dob dF o~ dF ¢b oF oD

Gy oz 0z 3y 0z 0% 0% 0z Ox 0y dy o%

0, NoaL3YACkE AETEePMHHAHTAMH:

G e ®)
|aF 6F |~ |dF dF | |dF dF |*

ay 0z 9z dx dx oy

ad ab ad g ad ad

dy 0z 9z dx dx dy

HopMasBHast TWIOCKOCTh MOMET GLITh NpPEACTaBieHa B AAHHOM Cy-
uae ypaBHEHHEM:

aF aF aF daF ar of |
Iy 0. dz Ox dx oy
56 |(X— )+ a6 ao [(¥ — )+ |6 o [(Z—2)=0. (9)
W %= 2= ar % 0y |

npl!lle‘lﬂ!ll[e. Hano mnoMunTh, 4TO B0 BCEX MACTHRIX NPOHIBOIHKELY

=—, —— § T. A, nxoasunx o ypasuenus (8, (9), nepemennsie KoopANHATHEL 3aMe-

de' dx Hellbl  KOOPAHNATAMH  TOMKH  NIPHKOCHO-

i BEHL

Mpumep. Hafitn ypasuenns kacareas-

noit npamoll ¥ NOPMAaALHOI NAOCKOCTH K AN-

nHH nepecedens mwapa x* - pi 4 2i—dp?

noowmaAnEApa X4 P=32ry B TONKE
W ror ¥ 2) (depr. 203).

Pewenne.
Fix, ¥, Sf=xt 4 p? 22 — 4P,

Dy, yy 2d=x*y* —2ryp
BF o OF G I
e At — =2 0
dx Fd dy =1 dz e ¥
dp g ad
~—=1r =N =
ox : ay oz 0
Cosaicos jicosy —
Uepr. 203 =0 +47VE — 4 =003 — 1.

Ypaeuenus xacareasnofi npamoii;

X—r_Y—r_ Z—rV3
R T —1
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nau
X=r, Y4+VZZ=0
Ypasuemne Hopmanuuoil niockoctin:

V2 —n—@Z—r¥a=0
nan

V3y—ZzZ=0

§ 186. Conpuikacamoancs II0CKOCTs MPOCTPaH(
[lpunumast BO BHMMAHHE, YTO TIOJOXEHHE MIOCKOCTH|
ONPEEJNAeTCs TPEMS TOYKAMM, BCErja BO3MOMHO TP l
YEPE3 TPH NPOH3BOJILHO BLIOPaHHBIE TOYKH KPHBOH. IT:
NAOCKOCT b MOXET HMETh C KpHBOH eme apyrie of
HO BBIOpaTh HX [0 CBOEMY YCMOTPEHHIO YHE HE/b3d, o7

Ecii ape 13 BLIOPaHHBIX TOMEK TIEPECEYEHHA KkpUBOH M MAOCKOL
CAHBAIOTCH, TO IJIOCKOCTh COUEPIHT KacaTedbhyio npamyio, PO -
JEHHYI0 K KpHBOil B 3TOM Touke. Yepes xaxayio kacatensiyto “,p_‘_
MYIO MOJKHO MPOBECTH GECUHC/IEHHOR MHOMKECTBO,— nednifi myo
IMOCKOCTell; BCE OHM HA3LIBAIOTCA KACATeJbHbMH NaA0C cf
CTAMNI M Kamaag H3 HHX MMEET B TOUKE KAcaHua JOpe C/O ““ﬂ
TOMKH TIEPECCHCHs ¢ KpUBOfl, ECAM e M Tperest Touka mepecede

Hy

COBMAJAeT C MEPBLIMH ABYMSI, TO, BGAM3H DAaCCMATDPHBAEMOI 704 &
COOTBETCTBY IOLIAS KaCATE/LHAR TOCKOCTh Oy/er Techee NPAME!
K KPUBOIT, 4eM BCE OCTaJbHEIE TIOCKOCTH.
flpedeaviioe noaoacenne naockocmu, mpu mouxn nepece
KOMOpoil ¢ npocmpancmBeRnor Kpusoi causaomen & 00#0i 7
nHasbigaemes COnpHKacalmeilcs NNOCKOCTHIO H?"‘Z‘, =
[lycrs wpusast nawa YPaBHEHHAMH B NapaMeTpHHecsos .
x=ft), y=¢(t), z=4().
Bospvem ma ueit mofue Tpi Tourn: M, (x,, ¥, =), cootE
ILY10 3HauCHIO napametpa £, M, (x,, ¥, z,). coorse
3Havenmmo f, u M, (x,, y,, 2,), COOTBETCTBYIOILYVIO 3uaueH:
BEJEM IJIOCKOCTE HEpes 3TH TPH TOYKH.
Ypasnenne BCAKON NMIOCKOCTH MMEET BI:

Ax--By--Cz-+-D=0. ‘
Hano ronnko momoGpars kos(iumientut ypamsemis (0 e

. -.‘-“-
YTOOK! MVIOCKOCTL TIPONIIA YEpes BHOPAHNME TP Touss, & &
MEIE KOS(OOUUHEHTEL HO/KHB YOBICTEOPAT VCAORISM:

qgl!ﬂq

Ax, By, +Cz, D=0, (1
Ax, -+ By, -Gz, -- D=0,
Ax, By, --Cz, 4+ D=0. |

ul‘l
3 - m ¥ '.‘l"l'li
Conpugtacaiomancst n10ckoeTh nAoCKoil kpusoll o peex ee 1oukaX ¢
¢ MAGCKOCTBIO caMoil Kpnnoil,
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Tonbayscs Tem, uto Touknm M,, MM, u M, B3aTEl Ha KpuBoi (2),
MONHO TIpHAaTh ycaosuaMm (11) Gonee ymoGuyio thopry, a HMeHHD:
NOJCTABHM B ypasHEHHE IIOCKOCTH (10) KOOPAHHATEL TOYEK, BHIDE-

MEEHLIE UEpes mapamerp f:
Af () +Bs (6) +-Cy(6) D=0 (12

W, TAK Kai Jesas 4acTh NOJYUEHHOTO YPaBHEHHA €CTh (yHKIHA 0l
HOTO apryMeHTa f, €e MOMHO COKpAlIEHHO 0003HAuHTL uepes F (t):

F(t)=Af(t)-+ B3 (t) 4 Cb() 4- D=0. (12))

Vpapuenmo (12) ZOMKHE! YAOBAETBOPATE 3HAYMEHHs 7, f,, f,, 410

MOMHO 3alHCATb:
F(t)=0, F(t)=0, F(t)=0.

Ho, ecan F(f) obpaiiaeTca B HyJb TIpH TPEX 3HAUCHHAX apry-
menta, ee npoussouuas F (f), corzacwo Teopeme Posus, o/
obpallaThesl B HyJb TI0 Kpaiineil Mepe npH ABYX SHaUCHHIX apryMentd
LT T el

F'(i)y=0 n F'(£)=0,
rae:
e T < (13)

[Mpumennsn eme paa Teopesy Pouaa, no ywe i npouasoanoil F(f),
noryuns F'(x)=0, rae:

ek (14)

Tawum ofpasom ycaosua (11) paBHOSHAYHLI yCHOBHAM:
F{l)=0 F'({t)=0; F’(z)=0. (11°)
Yro6ut noayunTh KO3(QQHINENTLE 115 Y DaBHeHNA ConprKacaloutelics

NVIOCKOCTH, NPHACTCA NPEANOJONKHTE, YTO ToukH M, n M, Heorpaun-
YeHHO npubmkaloTcs no kpusoil k M, T. e, {,— 1, n {,— 1, HO

Torna, B cuay (13) u (14), & —4¢,, t"— 1, n =—{,; nna sroro
npejensHoro cayuan ycnaosus (11°) npumyT Bum:
F(t)=0 F({)=0 F({)=0 (15)

IJH B MEHEE COKpauleHHbIX 0003nave HIAX:

E (L,)=Af ({)+Be (4,)1-CY (f)+ D=0,
F'(6)=A[" (t,) By’ ({,) - CY' (1,)=0, b (157)
Fr{t,)=Af"(t,)--B¢" (1,)-- C}" (1) =0.
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Tax wax CONpHKACAIINAnCia IIOCKOCTL NPOXOANT HEPes ToMiy
My(xy ¥ 2,), ona MONET GLITh H300pAKEN Y PaBHEHHEN:
A(x—x)+B(y—y,)+Clz—2,)=0
I ornomenist xosddumuentos A, B i C onpesessiorca #3 ABYX
noCaenHuX ypasueni (15°):
’ o (E) W' (£)] 107 (£)f (£,) Jf‘(f)‘r'*'{fu)
‘4!8‘ :—I'—,{_n ET Rl R B b e 2 a,u
C= ettt el e
|z | zex| |y,
T e N Rl
1, OKOHYATE/LID, ypaBHeHHe Conpuracaloltefics muockoeTi kpnsoit (2)
B 10uke M, (x,, y,, 2,) 6yzer:

[ | 2; %, ey ot (16
|95 25| (X = %) | 223 | F —yol+ === 19

Hpunep, Cocrapurs ypasienne conpikacaioirelics nockocTi BiniTosol At
xX=gq-cost, y=asinf, z=0bt

Boroukax My, v, 2z} u A(a, 0, O)

“‘ Popuyant (15), noayaennse nin onpeaeaeiis KoIduUNSITOn COnNpHKacao-
HLEHCA BAOCKOCTIL, NOIBOSNIOT AETKO 10Ka3aTh TEOpeMy. .
-"'Lror.r.'m-nw..-rpn.\‘omm{au Heped Kacamenpiyio s moixe My (xg Vo gn‘”"“f:g;‘ £
ACABHO Racamesnoil 6 mouge M, (x,, y, Z) CmpeMumen K conpuEacanty
HAGCKOCI, Kaic i cooeaty npedeabioacy noaodicedo, kozda M, —"““a_mb"w
CAMOM sieae, yeaomwe mpoxomaenws naockocti (10) epes
U T0UKE M, DUIPAZHTCH ARYMH paBenCTBAMIL

A%y 4 By, C2, 4 D= F(t)="0; Av; 4By, -+ Co=F(L)=0
YUIORIE TapatteabiocT ol e miockorTh Kacareannoil npavoit B Touke My
UMeeT Bua:

Ax, 4 By L Cr, =F(6)=0

: > g jee  yCAOBHE
[Mpustensn Teopesy Poxan i /7 (f), yOemaaesed, 110 910 pocieatee y
MOMILG BAMCHHTL HOBHM:

F'a)=0, rae f<nu<b
Hrak, kosddumunentil kacateasuoll niockocti B T04KE: My,
careasuoll npasoll B 10uKe M,, BEMHCAHIONCH N3 PABEUCTE:
Fty=0, F'(t)=0, F'()=0
- 105 ACCM
Ilas sruncaenns Kos(hdmunenTos npesenLoro nf}.lU:KeEL_Ililillm F:I :
IADCKOCTH, CAenyer PeAnOnoKITh, 410 £, =« &, A c.-‘le..mﬂdr Al 1
TOMY 3TH ROIPQUUHEHTL BEMICINIOTCH 13 _\'[Janllellllﬁ.
Ft)=0, Fty=0 n F'{)=0

il
KOTOpBIe TOMAeCTEEHHB ypapucunay (13), T e "Pe?;enb“ﬁ_:mﬁuc'rb
TPHEAEMON MAOCKOCTH cobnajaer ¢ conpugacaomedca
B Touke M.

napaateaphiof Ha-

;|-;p||naellﬂﬂ
-l a

AosKeie pacca-
& o K kpuso
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Y =acost=ux; 2'=8,
W=—asint=—y; z'=0,

¥panuenne conpuracaromedics niockoctn 8 Mix, y, 2)
by (X — x) — bx (¥ — 3) + (X + 3% (Z — 2) =0

HIM, YYHTHIBASK, 4TO HA5 BUHTOBOH AHHNH X° - y'=—a%
(X —x)—bx (¥ — )+ a*(Z —z)=0

X =—gsinti=—y;
A=—acost=—x,

Pewenne,

I nocAe NpUBENEHIA NOAOSHLIX HIEHOB:
by X —bxV 4 atZ —atz=0.

Ypasiemie conpukacawomeiics miockocti 8 touke A(aq, 0, Ok

—ab¥+atZ=0 wm B —aZ=0.

S3AIAYN

Haitrnr ypasnenns kacareabiuofl npamoil, HopMaALHON MAOCKOTTI 1 CONPHKACAI0-
uteiics HACCKOCTH A8 KiMA0H 13 CASTYIONUIN KPHBBIX B YKa3aunbx TO4Kax:

Lx=2 y=¢; z=4t ors. = l_zz-"_T-l ‘7'_;—4;
npn t=1. xt+yv|f82—35=0
162 — 24y -z — 12==10.
e S e x—3_ y—3 =z—8§,
P B TE— ) L Y o e g
t=2. 4% 4 9 4122 — 111 =0;
6x — 12y —2-4-26=0
Box—=B— |} ym by 2= 48— BE - I ’]”_."I“‘:zT—?;

J\.+ y4-3z—8=0;

PR
Ox 3y — 2z -4 10==0,
e L,
4, x=4t y=sint; z=cost, 4z 1::=.-.l 2'-\'_131 2:z—1
4 1 —1 ¥
™ e ®
= T eV 2y—1 "-z——gv=[l;
2 — 12y VEz — 2=,
5 x=at, y=>bf, z=c% =1, ) 5
6. x=£& y—l—t- =304 =2,
7. x=t y=¢él z—g t=10.

¢

B. x=asint, y=bcost z=t

.o

9. Haitrn ypasnenns kacatensnoil & npssoil okpysHOCTH

Xt 4-2'=125
y+z=3>5
B Touke (2; 2173 3),
N =
et U ek M AT e
| -2} 3

|
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10, Hafitn ypasienus kacaTeautioii mpayoii 1 nopMaabHOR 040CKOCTH K KpHEOH
2% - 3y7f 2 =9
2F=3x !
b Tovke (1; — 1; 2).
x—1_ y41 =22

018, = —="1—=222 8e 10y 472 —12=0.
11, Halitin nanpasasionine xocuiuycsl kacatensHoll K Kanaoit 113 KpUBHY:
) x=t% y==~; z=p b) xyz=1 } g) y=x* }
e | —-g'
B TOuKe, rie x= 1. v Toue (1; 1 1. n Touxe (0; 0 1),

§ 187. Kacarteapnast mAOCKOCTH M HOPMATH K NOBEPXHOCTH.

[lycts pana nosepxmocts Y paBHEHHEM.
F(x, y, 2)=0. ()

Bospuen na weit mobue npe Toukn M(x, 3, 2) # M(X, Yo ﬁa}i'i
npanan MV, ux coesunsiollas, HasuBAETCH CeKY UEH ﬂa‘:’m
NOBEPXHOCTH. Eean mouxa M,, Osuzascy 1O HEKOMOPO Kpuior,
UMeomen Kacameabu o o
mouke M u aencaweti na z
HOBE,UXHOC.’HH, Heozparuyen-
HO npudauNCaemen Kk moyke
M, mo cekyuan MM cmpe-
AUINCSE 3ansING Hekomopoe
Hpedeabioe noaoacenne MT,
h'DHlU.U{}L“ Halmeaemca Ka-
Carteawnoit xk nosepxuo-
cnut 8 motre M (uepr. 204). .
Hdpyrnyvn  cropamm,  Kaca- 0
TENBHON K NOBEPXHOCTH B
HaHHOI TOMKE HA3LIBAETCH
HACATEALHARA B TOH Me Tou- X
KE K& KPHBOI, uyepes mee
ﬂpOXOJlii[!lC:I[ H LETHKOM
JEHKANUIEH 1A TOREPXHOCTH. i 1

Ho Tak wak na ﬁ)uepxnoun uepes JAHHYI0 TOHKY & ;?xlﬂge K
BECTH DECUHCACHHOE MHOKECTBO KPHBHIX, ||Me|nn11’§ﬁpioqxe fyaer
IpABAEHIE, TO ¥ KACATCABHLIX K NOBEPXHOCTH B 3; reoMeTpHIECKoM
TOME HEOrPAHNYCHHOE UIC/0 1 BO3HHKAET HONPOC
MECTE BLEX 3THX HACATENLHBIX NPAMBIX. MbE K MOBEPX-

Hokakem, uTo Bce gacaTedbiibe NPl it u roit KE
HOCTH B JgaHHuoll ToOyke J¢Xar B OAHO
naockocTu’.

Yepr. 204

. 1, 2=l
/ ceprnoeT F6 5
! Tlpeanoaaraercs, 410 paccmatprpaenas T?'"“}[ l‘[!g;::po;uﬂ ug Hacubix Npo-
He ABMIETCH oco G o ee Toukoil, T. e no kpainei 3

aF dF oF 2 i OT WY
X =—, =, == B 97O TOYKE OTMIIHY
HaBoANIT oy oz
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PacemoTpuM HOBEpPXEOCT:
F(x ¥, 2)=0, (17)

noabven na Heii Touky M(x, ¥, 2) M OpOBEIEM Ha nczsepxnocm He-
pes Touky M moGyio KPHBYIO. YpaBHEHHA 3TOi KPHBOI MyCTh Gyay1:
x=f@) y=qp(t) z=4(i. 2

Kaic 610 nokasano B § 185, nanpapnenue wacaTesbHOH K KPHBOI

(2) onpexesseTcss YraoBbivi KOGQHUHEHTaMH '

dx dy gz
dr . dt? dit

Bocnoasayenmcst TeM, YT0 Kkpusas (2) HeJHKoM JeMHT Ha TOBEpX-
nocrn (17), 7. e. IpH J100OM SHauYeHHH NlapaMeTpa £ CIPABEJHAD

PaBeHcTBO:
E[f(Z), 2(8), 4(6)]=0.
Oty xa: s
ar =0

WAH, CONACHO TpaBiny AH(QEpeHuHPOBAHUA CHOMHOI (Y HKIHH:
dF_0F dx | OF dv ; oF dz
= @ity at o w="0

(18)

Ecan B nonyuenHoe cooTHowenne (18) mocraBHTh BMECTO Nepe-
MEHHBIX KOODAHHAT KOODAHHATLI TOMKH /[, TO BTOPHIE COMHOMHTEH
B NPOH3BEAEHHAX JEBOH 4acTH paBeHctna (18) OyayT paBHBI yIVIOBBI
Ko3(hpuiiientan  kacaveabHofl K wpusoifi (2) B Touke M, a mepeue
COMHOMCHTETH,— YaCTHLIE NIPOH3BOIHRIE gi- 5 j;: ::i; ,— OyAyT He-
KOTOpBIE NMOCTOAHHBIE 4YHCIA, 3dBHCALIHE TOJNLKO OT m:lﬁopa NOBEPX-

nocrd (17) u rouxn M na meil.
Pacesorpuy npavyio MN, npoxoasiuyo sepes Toury M u umeio-

IYI0 CBOEMIL YIVIOBBIMM KO3()(HUHEHTAMH 3HAUCHHA UYACTHBLIX TPON3-
o F A

H BLIYHCIEHHBIE 100 TOMKH J:

.
BOAHBIN 5~ 58 57

¥ _P=¥ Z—z .
—9F — aF " (19)
dy dz

e
! Yeaowsmn kosdipuentami npaxoll B NpOCTPANCTBE HA3LIBAIOTCS TPH 4NCaa,

HPUIIOPI(II'(lHE].ﬂ-IJNI’_‘ Ce HAPABIAIONLINA ROCHHYCaM.
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Jta npamasn Ha3LBAGTCH HOPMAJbI0 K nopepxuocty (17) B ToUKe
M(x, y, z), a paseucteo (I8) nokaseliaer, uTO Kacareastas B
Touke Mk mooii KkpuBoil (2), JMexalleli Ha NOBEPXHOCTH Nepnei-
AIKYJIAPHE K HOPMaJiil, IPOBEAEHHON K NOBEPXHOCTI B TOH MKE TOUKE.

Econ BsaTte na nosepx- Zo
HOCTH  JIpYTYIO  KPHBYIO,
yraosple koadiuuuentr ee
Kacateqasuoii B roure M By- T
AYT HHBEIE, HO OHU BCE KE
Y AyT yOBACTBOPATS COOT- 7,
Homenmo (18).

Taxnm o6pason ece raea-
Mmeasibie i nocepxnocmu g
notrce M nepnencury asnprst
K 00RO 1 Moti rce npaIon—
K Hopauaan nosepxwnocmu;
caedoeame.nvro, sce onu Ae-
a;eam 6 oduoti naocroc,
NePNeRdni VARPHOIL K HOP-
Maau (uepr. 205).

Bmgz fi‘ﬂﬂd’.‘h‘ﬂt‘}ﬂb, ABARIOUARCT 2EOMEIMPIAECHIIL e"’ﬁ;ﬂﬂiéﬁ
KACQMEALRBIX UPAMBLX K HOGEPXHOCINIL 8 CRHHOI MOME,
KacaTeawbHoH NAOCKOCTLIO. ) ozZ) u

Kacaressuan naockocTs nmpoxomnt Hepes bk ;ﬂ,:}g‘s y]];an-
nepnenaukyinpua Kk HopMamn (19); nosToMy OHa H300P
HEHHEM: (20)

= : daF =
X — 0+ G —tEE=d=t

Yepr. 205

ii : it SACony:
Hpusyep, Coctannrs ypasuenne gacateapiofi na0cKOCTI
-2 2 : 5
mr P # —1 u rouke Mixy Yo ik
at T T

. XY 2
Pewenne, Fx, ¥o3l= lﬁh]-vb.:._}_gi -1
iRy ia;::__'.f
ox —at g e
Ypasienne kacareanuoli naockoctil:
z)=0

. ! L ——
X — ) (=2
i :

: r,j’ :IZ__-
oX ol o=t
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§ 188. I'eomeTpuueckas HHTEPIPETALUSA [OJAHOTO Aud (heperuyana

DyHKUMN ABYX aprymMenTos. CocTaBHM YypaBHEHHE KacaTeJbHOH TI0-
CKOCTH K TIOBEPXHOCTH,

£ VpaBHEHHE KOTOpOiH pad-
PElIeHO OTHOCHTEJBHO Z:

z=f(x, ¥). (21)
lNepenecs BCe YJAEHH

YPaBHEHNA B OAHY CTO-
POHY, HOJYUYHM:

Flx s ei—
=f(% 3)—=z=0
¥  oTKyAa BBIMHCIHM TPOH3-
BO/LHEIC:

Yepr. 206

MoxcTaBue 3TH BLIpaxceHns BMecto xoaddunuentos B (20), moay-
YHM YPAaBHEHHE KACATEJIbHOIl IMIOCKOCTH:

STZ,(X—-V)—!-S%(}' — ) =Z —z, @)

rae X, Y, Z—koopmuHaTh mo6oil Tourn N xkacareasHoil miockocTi,
a x, ¥, 2— KOODAHHATH TOYKH TNPHKOCHOBEHHS,
Beenem oGoanayenns (uepr. 206):
X—x=dx n Y —y=dy,

TOr/la YPABHEHHE KACATENLHOH NPHMET BHA:

oz dz .
By | ey = —Z. 9¢
rdxtgdy=2 (22)
Ho nepast 4acTh 3TOr0 PaBEHCTBA NPEACTABIAET MONHBIH aH(e-
penuuan QyHxuHn 2z =f(x, y), T. €.

dz—Z—z.

Tarun ofpasom noansii duighepenynaan dynxyun dayx apzy-
MEeHmOos, COOMBEMCMBYIOWRX ux npupamenuay dx u dy, paged
COOMBEMCMBYIOWENY NPUPQUIEHII0 QnnARKamb. KACameasHol nio-
CKOCIMU K MO NOBEPXHOCING, KOMOPAT 2e0MeMPULECKT n300pancasm

Qanuyo GYHKGLIO.



§ 188 IAZAUN 137

3ATAUH

1. Halitn_ypapuenne kacateantoif MAOCKOCTH W ypaBHeHiln NHOPMATH K S7Mil=
comay 4x* 4 9y | 362* =136 b TouKe, rpe x=2, y=1unz>0

OB, 8(x — 24 9(y — 1+61f1_1(z_%1fﬁ)=0;

x—2 y—1 62—V 11

8 g~ o LapphTas
2. Haiiti ypaniienue kacatepiofl miockocTit & SAANNTHHECKOMY Napaborouy

z=2x*-1 4y B Touke (2; 1; 12).
Ots, 8x 8y — 2—=12.
3. CoctasiTh, ypabienns HOPMAM 1 0AHONOAOCHGMY rimepbonony x* — 4y +
sk

4222 =06 u Touxe (2; 2; 3).
4
Ote. x—a_y—2 =_3
1 — —4 - 3

4. Halltn ypannenne xacaTeasnofl naockocTi K ABYXKNOIOCHOMY THIEpOOAOHAY
x 2t
P e =1 B TouKe (%, ¥, Z,).

ora. ¥ b _BE_ g,

a* b= Foi

HOETH ax® -4 by |- p2? ==,
O7TB, ax,x - i:_v,_vi ez z+d=0. s
A Hokaaats, 410 ypasienne kacareauiiofi miockocT & mapy x* Fyet
+2Lx 4+ 2My - 2Nz G- D=0 B T0uKE (X, My 2;) HMEeT BifL
X003 207 L )+ M )+ N 20+ D=0
7. Halitn ypanuenne kacatenniiol niockocTi B Aio60fi TOuKE TOBEPXIOCTI:
] 2 2 i
x 3 +}'3 _}_zh —g?
Il NOKA3ATh, 4TO CYMMA KDANPATOR OTPEIKOR, OTCCKAGMBIX KACATeAwiOll NAOCKOCTL
Ha OCA%, ECTh BENHMHHA NOCTONHAAN. W C -
8, Mokazate, uro TeTpasnp, oOpaIyemblil KOOPAMHATIHMIL TIQCKOCTHA

Golf KacaTenbuoii IWIOCKOCTLIO NOBEPXUOCTH X)z= a’, WHMEeT nocronHitkil 0ObeN.

9, CocTaBiTh ypaRHGHUA HOPMANM K CACAYIOULM TOBEPXHOCTSM B YRIZAMILIE
TOuKAX;

a) At 4yt — 1720 = (132 —1). d) xayul..ax-l—z‘-:lﬁ'. .\'=f_§ Jf:
B 2 -3 2= 11; (& 13 1), e) 2 By 20=0 y=H F=4
O BxE - gt (el p=iL

5. Haitru ypanueune xacareannoi naockocTd B TOMKE (%, ¥y ) K nosepx-




CIOABA XVIT

OCHOBbI BEKTOPHOI'O AHAJIM3A H Er0O NPHMEHEHHE
B TEOPHH NPOCTPAHCTBEHHBIX KPHBbIX

§ 189. Bexrop-(hyHKUMS CKalApHOro aprymenrta'. Hempephis-
nocth. [ponaBoatas. Bee nepeMEHHEIE BEJNYHHDLL, C KOTOPBIMI Mbl
jvenn geno B audiepesinaasioM HCURCIeHHH,— 0e3pasauyHo, 6yab
TO HEIABHCHMBIE MNEPEMEHHBIE HJAH HX {IJ)"IIKILIIH,—- BCErJa HOCHII
XapaKkTep CKaJfAPHbIX BeJHYHH,

Quuaxo He ropopa Aaice o Oonee CHACMHLIX 3alauvax TEXHHKI,
§i CaMBlX OCHOBHBLIX BONPOCAX (PH3HKH HAH MEXauHKi TPYAHO 00OITHCH
683 pacCMOTPeHHA TNEPEMEHHBIX BEKTOPHLIX Besmunn. Ilprmepom nepe-
MECHHLIX BEKTODOB MOCYT CJAYXHTh: CHOPOCTH Ka4alollerocs MafTHHKD]
CHid, TION JNeliCTBHEM KOTOPOll 3eMaA JBHMETCH IO CcBoeil opbure;
Pa1HYC-BEKTOP MOABHIKHON TOUKH H T. M.

B nanbueiilem Mel OrpaHHYUMCcAa  pacCMOTPEHHEM HEPEMEHHLIX
BCI(‘TO{)OB, MOJLYJTL [ﬂ.JH!Im} H HANpasaeHHEe KOTOPLIX 3dBHCAT OT KAdKOro-

z H:-[dym: CKaNAPHOro apryMeHTa,
XoTA OBLI OT BpeMeHH, HAH OT
AJAHHBL AYTH, OT BEJAHYHHE
yrana H T. A

Ecan Q sBasercs TaxnM
BEKTOPOM-(DYHKIME  apryMeH-
Ta f, Mbl Bolpadaem 9Ty aa-
BHCHMOCTb PaBEHCTBOM:

Q=Q(/). (1)

3azamie OAHOrO  BEKTOpd-

(Gyuxmin (1) paBHOCHABHO

3a.1aHHD TIJE‘X O'Sb.ll\'ﬂoﬂel![ﬂ:lx

Yepr, 207 CKaJIAPHLIX  YHKIMIT TOro e
aprymenra f.

B camom pnene, BCfKHIT BEKTOP B NPOCTPaHCTBE MOMKET GHITH

pagnoxen no JA00WMM TPEM (HEKOMILIAHADHLIM) HaNpaBleHUAM, Ha-

T z - e s i
B naabneiimen npeancaaracics, 4To yuautuiics 31nakodM ¢ oCHOBaMH BekTapuali
20 eAphl,
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TpHMED, 1O TPEM OCAM KOOPAWHAT, T. €. Ero MOKHO MPEACTamnTE,
KaK reOMETPHUYECKYIO CYMMY TPEX BEKTOPOB (KOMIOHEHTOB), COOTHET-
CTBEHHO TIapa/uIebHLIX OCAM KOOpaMHatT, Ecan MBI 0OOBHAHAN OPTH
(enuunynne BEKTOPHI) ocelf KOOpAMHAT Hepea i, j, k, a mpoexuy
BEKTODa Q Hd OCH KOOpAMHAT 0003HAYMM COOTEETCTBEHHO YEPE3 (),
9: Gy TO (uepr. 207)

Q=qi+¢.j+g:k. @

Ho, nockoabiy mextop @) memseres 8 sasucumoct ot f, T‘]m’f
NPORKIMH €ro TaK JKE MENAIOTCA B 3ABHCHMOCTH O { M, CAEID
TEJABHO, MLl HMEeM:

q$=f1 (”, q-_- _f:{t)-_(]n=f:?} {Bj}
QO=FO) i+ 7. ]+ f Ok )

aki-
Hanomunwm, uro TIPOGKIHH HEKTOpa Ha OCH KOOpAMIAT Ha

0 3AMHCk-
RAIOTCA HMHAYE KOOPAMHATAMH 3TOFO BEKTOpa, YTO KpaTko 34
BAETCH Tak:

Q191 g. g5} nam QU L) fulf))

opan-
Koopamnnater sextopa puosme onpejeasion ero, T. € [;?ouﬁepm-
HaTaM BEKTOPA MOMKHO BHIHCAUTH €r0 MOAYAL H HANPABT
CHHY CBI:

QY 0.+ g+ @ =VIROr FIAOr 00 )

A S
cos (Q i) = l’_f_‘—*f cos(Qf)= Vata+d
q‘ q. -|—(J i
L4
cos(Qk) s

—— —— __-_!_;'én
l_—' q:—l—ff,'i“-’,
& = il CHanpuLE
B nanwueiinem Gyaem npemnosarats, 4to Bee TP

‘ peonawe. [1o-
dyuicun (3) HENPEPLIBHLI I HMEloT HEenpephiBHEe Tpol
KAMKEM, YTO HOPH ITHX YCIOBHAX BEKTOP:

Q)y=1, (1) I+ £, ()-J+Lilt)

. . ruscteit apry=
TaKe Gyner menpepwsmofi u gudepenuipyenol (Y
menta f. enta 1,
i : T apr,
Bexrop Q (¢) naswBaerca HenpepusHoil ¢)’“1"'“'e'-.i_ﬂj| II:S,{H yrOHo
ECNMH MOAYJIb ET0  IeOMETPHYECKOro ﬂplipamemm-r= e, AR KaHAOLO
MaJ, NPH YCA0BHH, uTto |Af| pocraTOMHO MO, T
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CHOMBe YTOAHO MAJ0ro NOVOMHTEJBHOrO 4HHCGIA & MOMHO ﬂOﬂUﬁpaTb

Takoe &, 4To: )
8QI <, ecm |at]|<e.

[ycts gas BexTop:

Q=L i+ LT+ 1 (&) )
Hamm aprymenty npupailerue Af; Toraa:
Q88 =Ff, (t+A0)i [, (t-+ A8/ f, (¢ +At) R
Briutem H3 9TOrO H3MEHEHHOTO BEKTOPA NEpBOHAYaJbHBIH (2'):
8Q=Q(+4)—QW)=[/, (¢t +40)—f.(O)]i+
+[f (20— £ O) +Lfo (E 80— f, ()] .
Mony/is nosyyeHHOrO NPHPALIEHAT BEKTOPA MOMCHO BBIYHCIHTH 1O
topryse (4):- =
|4Q|= ’
=V [/, 80—/, O+, (t+-80)—F, (O 7, (tH80)—f, (O <
<AEHA)—L O L EF 20— L @+ ¢ +Ha) — @),

Ho, Tak kax Qymxumn £ (£), f, () n f,(f) no npeanosokenmio ne-
NPEPHIBHEL, TO MONCHO BEIOpATh NPHPALEHHE apryMeHTa HACTOJbKO

maabin, |Af|< €', uTobhI:

LEHA)—f )< 35 |LEFA)—F ()< 5,
[fa(t'i"dt)_fa(t”<';_ ’

a NnoToMY:

[4Q] <.

Taxun o6pason, HenmpephiBHOCTH Crannpubix (ynxnmii f, (¢), f,(£)
i f,(f) Baeyer sa coGoii HENPEPRIBHOCTL BEKTOPA-()yHICIN;

Q=1 ()i, OV ]+ 1. (&) R

Ipupamesne AQ=Q (£ -}-At)— Q(¢), Kax pasHOCTh JBVX BEKTO-
POB, ONATH ABMIHETCH BEKTOPOM; DPASHETHM €ro Ha COOTBETCTBYIOLIEE
UpPHPALICHHE apryMenTa, T. €. Ha CKaJAAPHYi0 BeImuuHy Af; peayas-

' Kak u B caywae CKajsApHBix dynguuil, yeaonmo nenpepLisHocTi BEKTOpa-
diymcunn yoxno npugate gopuy: lim Q (£ 4 Afj =@ (4).
A0
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TaT HeNeHHA %? ecrb BexTop, nmapamtensuuii AQ. Ecan At — 0, Bex:

A
TOp A—? Oyner MeusThCA TO BeJAHYHHE W HANPABJIEHHIO, HO BO3MOIKHO,
4ro oi Oyner npubmKaThCA K ONpPeXeNeHHOMY BEKTOpPY, Kak K CBO-
€My npeaeny. 3TOT NPEAENBHEIT BEKTOD H HA3HIBAETCA MPOH3BO X
Hoil ‘Bexktopa-dyunkunn Q(f) no aprymenry t, T. e

49 __ lim 49 : (5)
dt Ar—0 At

Mu ysxe sumemi, uto was sexropa:

Q=1 (O i+, O]+ f. () F
FEOMETPHUCCKOR TIPHPALICHNE BBIPAXKAGTCH CJEAYIONIHM 06pasoi:

AQ=[1, (¢4 20— f, ) T+ [ £, (A0 — £ O+
3-8 — 1, (B)] %
OTKY 14:
A0 L an—f = 1 —fu(fy =, LA —£0O F
“H=_("+—£'J i, ,+L1ffr-“§: Lt 5o LU0 LD. R,

Hepexoanuy & npepeny B npeanososkenun, uto Af—-0, 1 NOMHH,
4T0 mee TpH Qyuruwn fo(¢), f.(f) n fa(f) muelor npousBoLHLE, &
i,/ M R SIBASIOTCH TIOCTOSHHBIMI OpTanu:

do _ AQ.
o —

@ = lm G = f, OT+1. T+ L OF ®)

Takin oGpasom, ecmt QUf, (&) f, (1) fu(t)}-
TO
.r!ij

i VL5 L@y fL@h

-
T.’E. IPOUSBOAHYI0 BEeKTOpa-(pyHKIHH MOMKHO oﬂnopru
AGNHTH KaK HOBLII BEKTOp, KOOPAHHATEH Ko'rm}:ﬂ”
PABHB TMPOM3BOAHBM COOTBETCTBYOUWHX KOOP
NEeEPpBOHAYAMNBHOTO BCKTOPpa.
ke TPa-
§ 190. Mpaeuna audpdepenunpoBanna BeKTOPOB. Ocm:mem?w-
BuAa anddepenuuposanns BeKTOPoB-QyHiumil COACPHATC ;
KX (hopuynax:
I. %?:0, rae C — noCTOSHHBI BEKTOD.
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AP0 dP | dQ
L=

I11. d(«Q):a_d_O TJIe ¢ —TTOCTORHHOE YHCJIO.

dt di’
alls di = 2
v, du [i.}f:‘—‘)(_]:ff'_!: : Q{f)—i—”(ﬂﬁ E
V. frqdilff} o (I%L . Q) e (P, %g) , rae (P, Q)— cxamsproe

npoHasegeHne JABYX BEKTOPOB.
dip, Py dP*__, ([3_ d’P) :

v = £
Ea dt dt
VI. d[J:lO]: [g:‘:—), @J - [;5, %i?' , rae [P, Q]— sexropuoe npo-

HagejeHne ABYX BEKTOPOB.
B sroif nocnegneii QopyyJe HEeab3A MEHATh NOPAACK COMHOMKH-

Teaeit.

VII. %?—_-::?’E. rze P=P(s) u s=u(l).

Ipu BEIBOZE 3THX (DOPMYVT MOMKHO /M HENOCPEACTBEHNHO IIOJb30-
BaThCA ONpPEACJEHHEM NPOH3BOIHOI BexTopa-(yHrumn (5), KoTopoe
HHYEM HE OTVIHYAETCH OT ONPEAEaEH! IPOH3BOAHOI CKAMAPHOI (DyHK-
UHH, WIH ke MoxcHo ceectH Juiddepeninpopanie BEKTOPOB K JH(- .
(pepeHnpoBanHio CraTAPHEIX (DYHKUHIT — HX KOODAMHAT.

Jokaxewm, nanpumep, cnpasepansocts VI Qopmyvier, noassyacs
NEPBBLIM H3 3THX METOLOB.

Tak Kak BEKTOPHOE IPOHSBEAEHHE MABYX BEKTOPOB €CTh HOBBIl
BEKTOp, BEEJEM 0003HAUEHHE:

M (H)=IP (0, Q(0))
JanuM apryMenty npupauiense Af, Toraa:
M(t+At)=[P(t+Af), Q(t-+Af)].
[Tocuie BHIMHTAHHA TIONYSHM;
AM=[P(t4 A1), Q(t-+A]—[P(t), Q(1)).

Jenm: NpupauicHHE BEKTOPOB TPOHSBEICHHA Ha NPHPAlICHHE ap-
ryMeHTa:

AN __[P(¢440,Q (¢4 A0 — [P0), Q (0]
SRR dt 7

YroBer HaliTH NPOM3BOANYI0 BEKTOPHOTO NPOHSBEASHIA, OCTAJ0CH
nepeiTit K npefeny, HO A BRIMHCJACHNA 3TOrO NPEieta NpHaeTcd



"

§ 191 BEKTOPHO-TTAPAMETPIMECKOE YPABHEHHE KpHuol 43

NPEABAPHTE/BHO TPEOSPAZ0BATL TIEPEMENNbI BEKTOD AT'?; nprdasny
H DTHEMEE\( OT YHCAHUTEIH A:"'f_’f OIHO H TO Xe BBI{TOPHGE ﬂpD!!3E£‘Z<’:-
ime [P(t), Q(£-Af)]; toraa, Grarojaps CBONCTBY paCHpeaeTHTE S
HOCTH B(‘.[{TODHOI‘U TNPON3BENEHHA, HMEEM:
[P(t-48), Q(t A1) —[P(t), Q(t--A8))=[AP, Q(t+AH)]
n
[P(t), Qt-+ At —[P(1), Q)] =[P (), 4Q],

da HOTDMy
AM __[AQ, Pl AN 4-[P (1), AQ NP = = AD
= RALEIRO. 0 [, Q449 | + [P0, 57

(UTOBB pasgesnTh BEKTOPHOE TIPOMIBEJEHHE HA CKAMIDP, AOCTATOMHO
P3ACHNTD HA HErO OIMH H3 COMHOMHTENeH).

Tenepn nepexoa k npeaeny He NPEACTABAAET HHKAKIX 3aTPYLHE-
Hiii:

d [Pty Q1 . AM dP = = a0
S ';n—@‘('}] = Al e [}'fz -Q(t}] S [P(f). E] :

af =0

Hamm eme numox Qopmyss V, npHMenss Ha STOT pas BTOPOIE
METOL.

llyers Pip,, p., p,} v Qlq,, 9., @} T8E Py Py Pos @ Ges 45
ABAAIOTCA  DYHKIMSIMIL  apryMeHTa f, HMEIONDIMI —MpOHSBOSE
£ ‘ -
P Py ++4 5 ¢, TOTHA:
[i‘;__' ’ ' ’ da ' ’ T
i {P.»,U:.f)-_.} H ot {‘Fn'q:"T:n}-
Kak wuapectno, crajspHoe MOPOM3BEIACHHE ARBYX BEKTODOR passo

CYMME TAPHLIX NPOHIBEICHMIT OJHOMMEHHBIX KOOPIIHAT 3THN Siaios-
poB, T. €.

(P, Q=p.q, -} p.g. 04,
i, CICAOBATEIBHO:

dP)  d (- pots = Putt) ¢ Mkt A

o =L E ) (g, -plg, - pla)

\ L} oy ' anr 5 A
_l{p U P L '—I[_Jr};'.q:l} == ( aes (\}\! - |\|J W L

§ 191. BexTopHo-mapamMeTpHUYSCKOR YPanuenue Kpusai, e
K TEOMETPHUECKHM TIPHAOMEHNAM BekTopon-(hy nkunil, vanowus
HMONOMKEHHE TOYKH M H ]‘II)UC’I'pﬂlIC‘I’HL‘ POV |lll}‘k‘ LEATETOR. QAN
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BEKTOPOM — PaJHYCOM-BEKTOPOM 7 9TOIi TOYKH OTHOCHTEJBHO MPOH3-
BOJIbHO BhiGpanHoro momoca O, T. €.

r=0M.

Ecan mut Bblﬁepen{ NoJaC O 3a wHauamo KOOPANHAT, a Hanpae-

JeHHe oceil ompeieaHM TPEMs B3AHMHO IEPNCHINKYJIADHBLIMH OpTaMu

i, /, &, TO nosioxeHue Touxu M

Z MOMKET OBITH JagaHo JIBOAKHM

06pa3on,— HJIH TPEMA KOOPIH-

HATAMH, HJIH OJHIM PalHyCOM-
Bekropoym (yepr. 208):

M(x, ¥, z) nan M(r),

IpPHYEM:
r=xi-\-yj-+zk,
Yepr. 208 T. €. KOOPAHHATH! AAHHON TOYKN

ABAAIOTCSL BMECTE C TeM X
KOODAMHATAMH €€ pajHyca-BeKTopa:
rix, v, 2.
Ecait Touka M TepeMeimiaeTcs B NPOCTPANCTBE, ONHCHIBAR HEKo-
TOPYIO KPHBYI0, TO KOOPAMHATEI €€ MEHSIOTCH B 3aBHCHMOCTH OT Bpe-

MEHH WJIH APYroro CKalfipHoro napaMerpa ti TPaeKTOpHS TOUKH MOMEr
ObITh 33siaHa Yy paBHEHHAMH:

x=f(t) y=g9() ==u(0).

Ho NpH IBHAEHHN TOYKH M wmensercs u ee painyc-BeKTop ;;
€ro 3aBHCHMOCTh OT BBIOPAHHOTO NdpaMmeTpa ¢ BBIPA3HTCA PaBeH-

CTBOM:
r()=f(t)i4o(t)j--4(2) k.
OGpatno, ecTH Aau 3aKOH H3MEHenus pajAHyCa-BEKTOpa Toukn M
B 3aBHCHMOCTH OT Hapaserpa f:
r=r(t), (6)

TO SaKOH ABIDKEUWHA TOYKH B NPOCTPAHCTBE, a CJAEROBATEIbHO, I ee
TPACKTOPHSL OYACT BIOJHE ONPEiEagHa,



§ 192 NPOU3BOAHAR PAMNYCA-BEETOPA o

Tawit  obpasoM, BMECTO TPEX NApaMeTpHULCEss
NPOCTPAHCTBEHHON  KPHBOIL, MOl [OJAYUHIH O
NapaMeTpPHYECKOE ypaBuHEHHE
KpHBOWH (6).

§ 192. Mpouseonnas pagnyca-pek-
T0pa. Opt Kacatensioi. [lycth nama
NPOCTPAHCTBEHHAS KpHBasi BEKTOPHO-
N3PAMETPHUBCKHM Y DABHEHHEM:

r=r(t).

Hauasnomy anauemmio napametpa f
COOTBETCTBYET Ha Kpusoii Touka M
(vepr. 209). Magmv napameTpy mpH-
pamenue Af, Torza wa KkpHBOi moay-

YHM HOBOE mnousodkenue /M’ monBHMCHOI Y 2049
ToYKH 1t g

™
.

N
v

OM =T (t -+ At).

TeomeTpuyeckoe npupauiesue paguyca-BeKTopa:
Ar=r(t 4 At)—7(2)
U300PaBHTCH HA YEPTENE BEKTOPOM XOPLH Ar=MM. Pasaenms ir
HA npupalenne dPrymMenTa:
Ay MW _ —=s
i

Korna Af—-0, touwa M’ mneorpaniueHHO ppuomLKaeTe K M,
ABITAsCh TIO KPHBOI, HanpaBTeme § A CEKyMero Bextopa MC
Mensiotest. [lpeneasuoe nososenue 3roro BeKTOpd HANPARICHO mo
KacaTeabHoll Kk KpuBOil B Touke M:

S}W-u

=

L
de™ "y bt

€CTh BEKT
MTak, npoussosmas mnepemMeHHoro pa.unyca-nemaggmg pami}'?'
HANPABJECHHLIT no KacarenpHoil Kk Tpaekropdt K 5
BEKTOPA.

~ v
¥ EOK BEKTOPn =
1 Yeprew caeaan  npemnoaoweir, uro 0< Af<1 T

it
= APl a7,
n Ar B MMEIOT OAHHAKOBOE Hanpasaenne SF \ P l‘lrl

10 Mugdepennnansnos scuncaenne

[99)

T

S
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Tak Kax HAM TOCTOAHHO IPHAETCS HMETh JEJ0 C HampaBieHHev
KACATE/BHON, BBEACM 0O003HAMEHHE < JJIA OPTAa KACATeJBHOH, TOrja:
dr
dt

Lo

dat

Moayap TIPOHSBOXHON DajHyCa-BEKTOPA MOMHO BBIMHCAHTE, MpH-
HHMas BO BHHMAHHE, YTO:

r{x, y, 2},

a CJIELOBATEMBHO:

dr jdx dy dz
di {E'E’E}'

e dx \? dy\* | (dz \?

=V & +HZ) +&E)-

-

Bektop &7 Toayunt Goee KONKPETHOE TONKOBAME, CCAM TOX

napaverpoM f Mel GyAeM NOApa3yMeBaTb BpEMA, H KPOME TOro, B
KaYecTBE IPOMEN(YTOYHOrO aprymenta Beibepem [IHHY JJLYPH KDH-
BOH §, HBMEPAGMOH OT NPOM3BOJLHO BLIOPAHHOI Ha KPHBOI Hava/lb-

Hoifi Toukn A:
— AM=5s(l); —AM =s(t-+Al); — MM =As.

oTKYyAa:

dr
di

Torga, cormacno Qopmyae VII, nueen:
dr __ dr ds

di T ds dit
Ho:

—

T —lim o= tim 2T
a8 po0 85 gy m—MM

dr =
TAK KaK BEKTOp FE HMEET HalpaBJIeHHE KacaTeabHOH, a MOAYIL

€0 paBeH eAMHHNIE, KAk Ipefe)l OTHOMIEHHA JIHHE XOpAbl K JUTIHHE

COOTBETCTBYIOINEIT OYIH, KOrIA@ 3Ta INOCJACAHAS CTPEMHTCH K HYJHo.
C npyroil cropoust, As ecTb nyTh, NPOHAEHHLIT NOABIMHON TOY-
A A

KOH 3a TMPOMEXYTOK Bpemenn Af; oOTHOLIeHHe -ﬁ €CThb CPe/HAA CKO-

poctTh TOHMKH 33 3TOT NPOMEXYTOK BPEMEHH, a TPEAes OTHOUICHHA

JIaCT HCTHHHYI) CKOPOCTB, C KOTOPOil MBHIKETCA NO KpHBOI TOuka M

8 MOMEHT £:



§ 193 ANSSEPENUIAT VUL DBOCTRARG TR i v

I ME OKOHMATEIBHO NOAYHRAM:

ik

T. €. OponsBOaHas 1o BPEMEHI  PALNYCA-BEKTONN  NOABA#NGE Torns
PaBHA BEKTOPY-CKOPOCTIE 3TON TOUKN; JIPYIHMHM (OB MA, Boerons
HaNPaBJARHHOMY TIO KACATRALHOI K TPAEKTOPHN W HMEIGHISIey o o
[HBHHI CraAspHOIT BeMilHe CKOPOCTI.

§ 193. Mudbcpepenunan AYrH MPOCTPANCTRENHON Kpysos. 7
AYR WPOH3BOIHYIO PAAHVCA-BEKTOPA, MLl BIJIMM, WI6 npoes -rt, s
Pammyca-pexTopa mo Ivre paBHa OPTY KacaTeALHO:

.Tfﬁ ] i) 7

Ho sror MOAVAbL  MOMKHO BbIMHCAHTE H TIPH TIOMOLL
BEKTD?{I-II]}DHSBOJHOH eCJIn:

Tix, 0h2h To == Noey e o
I, CAeAOBATEILHO,

| dr [dx\* | [dy dz
=V (&) +@)+&)
Conocrapans s1ov peayavrar ¢ (7), nmeea:
S Tdx \® | fdy\® | [dz)\? dy dz
NiE ) =
-l/ \ ds / || (ffs) (u‘s) L

0TKYAa noayyaem dopyyay aas muddepenuiaia Ay SpocTaecs
BEHHOI KpHBOIi:

dr (dx dy a‘z}

ds=V dx - dy |- d=". %

Tor thaxt, urto NPOHABOAHAT  PAJULY CA-BCRTORG W ‘\.‘x\
NPOCTOE 3HAYEHNE, €CJH 3a APryMEeHT IMPHIATH AJWNY 2N N
JHET npeAnonarath, YTO IPH  TAKOM BHIGOPE 1 1Bod -_ a\"‘
MyJbl NosyqaT OGoJiee npocToi B, O HOTOMY B Aa
'ﬁpﬂ)ﬂﬂﬂ NPOCTPAHCTREHHY 1O KpuBy1o 1!{' RTOPRO- IR PO TR
YpaBHeHHeM, mut Oy aem ﬁpa'rr. JJIHY JLYTH S 1 KANOUTRG By
napaMeTpa. YpapHeHHE KPHBOM HpUMCT W

r==r(s)

§ 194. Kpupuzna npocTpaicTienioi xpnmoil, s s e
BMSHBI, A2HHOE OJ7 MJAOCKOH KPIUOI, Mepesicimn s ous w o ~
MEHEHUIL H@ MPOCIPARCIGCITYID K[

157
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Mycts kpusas (uepr. 210) naua ypapnesnem:
T=r(s)

{ HauaJLHOMY SHAYEHHI0 TIAPAMETpa § COOTBETCTBYET Ha KDHBOM
Touka M. Ecaw paTe Ayre npHpauleHHe As, Ha KpHBOH moayumM
) Bropyio Touky /M’'. IlocTpoum opTHl Ka-
z careJbHEIX B HauaJe W B KOHLUE JAYTH
MM, 1. e. =(s)u<(s--As). Dt opTH
OT/HYAIOTCA APYr OT Jpyra Hampasie-
HHEM If Yroa Mexcny HHMH Ha3LIBAETCH
yriaom cuexHocT gyru MM,
Cpeaneil wpupusuoii  ayrn MM’
HA3bIBAEGTCA OTHOINEHHE Yraa  CMex-
HOCTH K jtnne camoit ayrn. Ho Tak iak
KacaTe/JbHbIE NpPAMBIE, HpOBeﬂeHHble b
JABYX pasHbIX TOYKaX ﬂ]Tf}CTDaIICTEEH‘
HOIf KpHBOI, BoOOIIE FOROPI, HE Nepece-
A i KaloTCsl, TO AMA NOJgYy4YeHHs yria CMEH-
Hepr, 210 HOCTH mocTpouM B Touxe M He

TOMBKO OPT KacaTeabHOH B 3TOl Toue MT,==(s), ®o 1 BEKTOD
MT, =7 (s As). Yron T\MT,=A4% n 6yaer yraoM CMEHHOCTH
ayrn MM’
Tawim 00pazoM, CPeauan KpHBH3HA ayru MM =
Kpusuauoit KpHBoii B Touke A HA3LIBAETCA MPEAE Cpeaneil Kpi-
guaant pyrn MM, worna M'—M, 7. e,

e
As '

a5

K= lim e

As— 0

Jlan yaoOCTBAa BHMHCAEHHA STOrO Npejesa JeaaeM Caeayioniee
JoGaBoMHOE MOCTPOCHHE: COEANHNM KoHUb 7, H 7, OPTOB BEKTOPOM:

7,7, ==(s+As)—=(s)=Ax
W 9TH MC TOUKH COCAHHIM AYTOH OKPYMCHOCTI, IEHTD KOTOpOil COB-
pajaer ¢ Todkoil M, a pamuyc paBen eamHiue:

— T, =4y

Teneps NEPEXOAHM i BhIUHCICHHIO KPHBHBHE KpHBOIT B Touxe M.

A . AS Az
K= lim _\'?: lim .I.-"_f- LG —
ax—0 =8 50 | Az as b5 U
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HO TA4K KaK Tpenes OTHOLIEHHT AYrd K XOophe, ee CTArHBAIOIED,
PaBEH E€auHHUE, TO:

P [ | d=
— ]llTI ! ==,
K PR ds
[lpunumas Bo BHUMaHNe, YyTO:
- dr.
Tds !
HMEEM!
il [ rt_‘r‘ 9)
WIH TNOMbL3YACE KOOPAHHATHEIMA 0003HAYEHHAMH:
e Ldr |dx dy dz\, & |dx d'y gg}
r{6 02k G \Gs 0 @ @l aE @ @ an
TIOJY YHM;
d’Fl_]/ dx\* | (dy\P | [d2\ 10)
o= ast| = (n‘_s* ) T\@9) - (

i = i
KpuBiany npoctpascTsenHoif KpHBOf BCEria cumTalor Beandnto
TOJOMCUTENBIOH,

Bemuunna, ofpaThan KpuBHIHE KDUBOH B mamioit TOuKe, HA3
BACTCA PA/MYCOM KPHBM3HLI B OTOH TOHKE:
il 1 (10

Y )

H-
§ 195. [naBkasn nopmadb KPHBOI. Msyuenne pusuanst NPOCTPA
CTHEHNOI KPHBOIi HPUBENO HAC K HOBOMY BRKTOPY-MPOHSBOAHOM:

& dr

dr o de
1 HAM YJAan0Ch BRIMHCANTB ero Momyas (10).

- dz
llepexonmm k mceneA0BaHHI0 HANPABIEHHS BeKTOPA )

Bocnoasayemcs Tem, 4To NepeMeHHulii Bexrop © MEHSeT CE": H:f\{
NPABJIEHHE B 3aBHCHMOCTH OT NapaMeTpa §, HO COXpaHAET Hen3Me i
MOZLY:lb, PaBHull BLIOPARHON eMHMNE AmiHL, T. e, Bo BCEX 10
KDHBOI Y /IOBIETBOPSIETCA COOTHOMICHIIE:

B
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[poauddeperuuposas 310 paBeHcTBO, cornacHo Qopmyae V noay-
YHM:

Ho ckasnpHoe MpOH3BeJEHHE ABYX BEKTOPOB PABHO HyJIO, KOraa

T
5TH BEKTOPL! B3AHMHO TEPHEHIHKYJIAPHBL = | =

Taxum 006pasoM, BEKTOP-NPOH3BOAHAA OPTd KACATENLHOH TEpHeH-
JINKYJISPEn K KacaTeabHOH NPAMOIL, a, C/IeL0BaTe1bHO, IIMEET Hanpas-
JienHe OfHOM 113 HopManell NpoCTPaHCTBEHHOH KPHBOIL.

. =
Ta wopMaAs, 00 KOMOPOH HANPGBALH BEKMOP —— , HASHIBAEMCH
raaBHOil HOPMAaJAbIO KPUBOH, Opm 2AQBHOT HOPMAL 0003KaLUM

4epes v Al =
dz 1 dr =
VunreiBas, uTO ‘ES—I=K-—-—F~ U ==Y, HMEeM:
dz = iy
5—:."('1——?—. (l”

TTokaycenm, YTO TIaBHAA HOPMAJh KPHBOH B pauuoil Touxe Af
JIeMHT B Ccompikacalouieiica naockoctn (cv. § 186), npopenennoit
B 9TOH TOuKE.

C sroii neasio npocaenuy (uepr. 211), wax reoMerpHueckH noay-

d
yaeTcsl IPOH3BOAHASA E;—. K Touxe M otmecenn apa BexTopa: opr

KACATEJIBHOM B jJaHHOI  TOUKe
MT==<(s) n Bexrop MT,, pas-
Hell 0pTy KacateanHoil B Touxe M’

MT, == (s--As).
Ha mnocrpoennst caenyer, wuro
7.7, =4
tlepr. 211 Pasnemie stor nocaemiii Bek-
TOp Ha cKaaap As, NOJYYHM BEk-

N At = ez
TOP T|B=.ﬂ-_s- TOr0 e HanpapJeHHH, 4YTO H Az,

AT == . o
Taxuy 00pasoM, BEKTOp ==T7B u pasHuii emy Bexrop MC,

npoBeAEHHbIT H3 TOUKH M, Jexar B IVIOCKOCTH TPeyrombika M T,
7. € B ILIOCKOCTH, npoxogﬂuuleﬁ UEPEL3 KACATEJLHYIO NPAMYIO B TOYKE
M napannensuo kacaTemenoif B Touxe M'. Korma M — M, sma
I0CKOCTh BPaUAETCA BOKPYT kacareaswoli M7, u B mpeaene cipe-

_‘ L R RRRRRE—————
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MHTCS COBOACTH C CONpHKacaiolmeiica niockocteio (cv. § 186). Ho

2 A omem
nepemenupii BexTop 5o =—7,B=/MC Bce BpeNA JEKHT B ST0H Bpa-
wialouieiics MI0CKOCTH, a NOTOMY NpEAeabHbIl BEKTOD:

LT S IR d=
f = —_—
MN _a].rimc‘h —

JEMHT B TIpelesbHON, T. €. B CONPHKACAIOMIEHCA MI0CKOCTIL.

dr ”
Panbuie Mo BHAEMAH, 4YTO BEKTOP a5 OTHECEHHBIH K TOYKE M.

HANpaBaeH Mo TAdBHOH HODMaJH KPHBOM, TEneph Mbl yOemummcs,
4TO OH JIEJHT B COmpHKacaioulgica maockoctTi. Jpyrumu cuosamy,
TIABHOI HOPMAMBIO MPOCTPAHCTBERHOH KPHBOH HASLIBAETCA T4 HOp-
MaJlb, KOTOpaA JIEXKHT B CONPHKACAIOMIEHCH ILIOCKOCTIL

§ 196. Ocnosnodl Tpexrpansuk. C xaxucaoii Toukoit M npocrpau-
CTBEHHOI KPHBOIL:

r=r(s)

MON(HO (BA3aThH TPH B3IAHMHO TEpPNEHIHKYJAPHbIE HANDABNEHHA —
IVIaBHEIE HaNpaBIeHHA. ﬂ,ﬁﬂ H3 HHX onpene:ieuhi OIJTOM KaCaTeIsHOi
T, HANPapJIEHHLIM B CTOPOHY
Boapacmmm napamerpa s,
H OPTOM [IVIaBHOH HOPMaJH
Yy liiil‘lpﬁli.'!t_'ililhl‘.\‘l B TY CTO-
pony, B KOTOPYI0 IIOBOpa-
YHBAETCA KacaTeNLHasd npH
apmkenn  rouxd M no
KPHBOIl B €e IONONCHTENLHOM
nanpasjennd  (uepr. 212),
T. €. B CTOPOHY BOTHYTOCTH
Kpipoii. Yepea atn apa opra
NPOXOAXT CONPHKACAIONIAACH
MIOCKOCTh, TPEThE IJIaBHOE
l!aﬂpii.BJ'I.L’.H!I.E JOJHO OHITh
HEPHEHAHKYISPHO K IEp- Yepr, 212
BhLIM ,H.B_\’M, Tei 18 ‘ITE[)IIEH"

ﬂ.iIJ{_‘.’JIFIpHG K CD]'I]JH!{EI.CRK}"

migfica nnockoctu. [lpaAmas, npoBejenHan uepea Touky M mepnen-
J'JI.K_}'.‘[SIDIIO oo COH])HI(HCSEDIILEiiCSi MAOCKOCTH, C.’Iy)KIIT TOME ]iOpMa.]'[l;lU
K KpilBoil, STd BTOpaA 3aMeyaTeNbHad HOPMa/h HA3HBaeTCA DHHOP-
Manabio. Jus onpefencHus NOJOMHTENLHOrO Hanpasienus u3 Ou-
HopMaJsH Buibupaes ee opr f Tak, uTobH T, v, [ COCTABUAN NpaByio
TPOIKY BEKTOPOR, APYTHMI CHIOBaMIl, } PACHOAOMKEHO OTHOCUTELHO
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< W v, KAK OCb Z OTHOCHTETHHO X H y. Moxuo Obvio GH ompene-

auTh OPT 3, KaK BEKTOPHOE NPOH3BEJEHHE OPTOB KAaCAaTENbHOH M
[VIaBHOIl HOPMAJIH:

B=[x, ¥]- (12)

TTnockoCTs, MPOXOAAIIAA yepes ofe HOpMANH, MEPHEHAWKYJIAPHA
& KacATeJBHOI H, CHENOBATENbHO, SBJIACTCH HOPMAJIbHOH IJIOCKOCTHIO
i kpnBoit. HakoHell, MOXHO ell¢ NPOBECTH IVIOCKOCTh uepes Kaca-
TesbHyl0 W OMHODMaTb; 3Td NOCHEAHAN IVIOCKOCTH HA3BIBAETCH
copAMAAIOULEHd DI0CKOCTHIO KkpuBoii (uepr. 212).

TpH B3AHMHO HEPI]EII,RIII{YHHPIH;I& NAOCKOCTH,— CONPHKACAIOIIAACH,
HopMa/IbHAs M CHOPAM/SIOLIAH, — COCTABAIOT OCHOBHO# TPEXTPAHHHK
K«pHBOiL; pebpayMu ITOFO TPEXTPAHHIKA CJHYMHAT KaCaTelbHAsl, TJaB-
pas Hopuasb # Gunopyads. [lo mepe Toro, kax Touka M asmkercs
no KpHBOil, TJAaBHBIE HANPABJCHIA MEHAIOTCHA, BECh TPEXTPAHHHK
nepemMeiaerca B MPOCTPANCTEE, npuueM BepurHHa ero WV ckoMbANT
no KpUBOIi- U BIAHMHOE pACNONOKEHHE €ro SMIEMEHTOB COXpaHSETCH
nenavennpn. OCHOBHOI TPEXTpaHHMK, CONpoBONcAaiomuii Tourky M
np ee JBHMEHHI 110 KPHBOIi, CAYMXHT ECTECTBEHHOH OABIKHOI
cHCTeMOl KOOPAMHAT, CBA3aHHOA ¢ 570l KpuBOIt,

CocTagHM YpaBHEHHfl BCEX rpaHeif W pebep OCHOBHOrO TPEXrpaH-
HHKA, DTO CAEIaTh OCOGEHHO JIErKo, WOJB3YACH BEKTOPHLIMH 060-

aHAYEHHAMH,
HanoMmiM, 9T0 INIOCKOCTh, NPOXOAsulas uepes Touky M (r) mep-

[EeHAHKYISPHO BEKTOPY &, H300paNaeTcs ypaBHeHHEM:

(R—7, a)=0",

rae R —TeKyuulil pamIyc-BeKTOp, T. €. Pamiyc-Bextop modoii
Touki N paccMaTPHBACMOI TIOCKOCTH,

1 [Ipupedeiiioe ypanieuie mokaawpact, 4r0 BekTop R — 7, coeanmomni
samtiyto TouRY M ¢ Ai000i TOYKQI N USYUACMOrO reOMETPHYECKOTD MecTa, neprel-
AMKYIpEH K AAHHOMY DEKTOPY @, T. e. BCe Toukn N (R) Aewar B nacckocTi, npo-

xonaueil ueped M(r) mepreiankyaspuo & a (vept. 213),

Hepr. 213 Hepr, 214
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Tak xak BCe OCHOBHHE IJIOCKOCTH TpoXoAsT uepea Touky M (r)
HAHHOI KPHBOH M COOTBETCTBEHHO NEPNEHIMKYJAPHBI OpTaM TIaBHLIX
HaNpasAenuit, T0 X MOMHO H30GPA3NTL YPaBHEHUAMH:

CONpPHKACAIOMIAACA TIIOCKOCTE (R—7, §)=0;
cnpsmasiowas mocgoets  (R—r, y)=0;
HOPMA/BbHAs TJIOCKOCTH (B—F, D=0

Jaisn cocrapnenus ypasHeHHit peSep Tpexrpanmika BCHOMEHM, HTO
YP4BHEHHE TIpAMOi, TPOXOAALUIeH uepes jannyn Touky M (r), mapai
JETBHO JAHHOMY BEKTOPY @, OTHYACTCH OT BbllIENpHBEIEHHOMO
YPaBHEHUS TIIOCKOCTH TOJMBKO TEM, YTO B HEro BXOMIT HE CKAMAP:

W B-
HOE, a BEKTODHOE NIPOM3BENEHHE TeX e conEoxutenell, T. € YP4
HCHHE TaKoil mpAMOI HMCET BHA:

U_? 7 [_1] — i
OTKYa mostyum:
VPABHEHHE KACATEALHOH [§ —7 '—C] —=0;
ypaspenne riasoli mopmami [R—r, v]=0;
ypaBHeHHe GHHODMATH [R—r, f]1=0

= OBHOTO
UToOH COCTaBHT, ypaBHEHHS 5THX e saementos OCH

: pOo3aHa-

TPEXrpanunia, no B Gonee YHOTPEGHTEABHEIX mcrpmllfﬂ'““’mK OpTOB.

HEHHAX, HANO BLIYHCANTE YTVIOBME KOI((HUIHEHTH OCHOBHP!
INpunivan so sruManue, 4TO:

__dr =
t=x U orixy, 2}
HMeeM:

. (13)
=z 2 %)

m{HﬂT'
Ho woopnuuati opra, T. e. ero mpoesuun ma 00! H00p

.
i
oro 0pT
SIBTAIOTCA BMECTe ¢ TeM H HATPABARIONIMMH KOCHHYCAMH i

dz (13)

N A A
cos (i =)= 7; cos(j —.]:E*:; cos (kt)=75 "

— . = papamne-

1 B T "'_'N_‘-'R"'r i it
Ypasuemie [R— 7, a)=10 nokasusaer, 9o peirop MN= 10 nposec

78N NaiHOMY BeKTOpY @; 1O TaK Kat depes mammyio toury M(1) MT ya aoft BPA°

TOABKO OLIY MpsiMylo, NAPAAIEALHYIO @, T0 Bee Touxw N(R) AcH2

moit (vepr 214),

d i )

* 3:=ﬂp it=[3-cos(isj=cos(@3) u 1. .
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11,

NO3TOMY KacaTeqbHas MpAMas M300PaaeTcs YpaBHEHHAMIL:
dep ey
dx S
ds s

a ypapHEHHe HOPMAJIBHOI [VIOCKOCTH oyner:
dx
b (X —x)+ 2 —y)+ 5 (Z—2)=0.

onpejeanTs yraosie Kos(QHUHENTH! IMaBHOH  HOPMAnNH,

YroGu!
BCHOMHHM, 4TO:
&i__dr__ v :
G R Y=g
a TaK Kak:
d'r {d’ x .qrﬂy dtz
dst \ds® * dst’ E} *
TO!

ol &% d*y iz
Woga, 022 150 (14)
11, CJICJOBATENBHO:

sl
i d'x ks i A
cos(iv)=p 75 iy )=—g- %, Z3 d’z
(iv) P s cos(fv)=p¢ g COS(k“}zp-;.;.

il B KauecTee YIJIOBBIX KOS()/(HLHENTOB IJIaBHOII HOPMAJl MOMKHO
BaATh NPOH3BOLHBIE BTOPOrO nopsmua xcop;muar no ayre:

L, = cos (iv):cos (j')) cos(kvj :L::j:'f‘i—;": (14)
=t

u ypaBHenns raaBHOll HOPMaan TPUMYT BHA:
XN—x Y —3 Z—z

Gl ST ke
ds? a5t a5t

a Cnpgl‘iﬂﬂlﬂmﬂ" NJIOCKOCTh, "epllﬁllﬂlllnb -'IﬂpHa}I 1aBHOII
K Tk
: : = HOH ]Iﬂp_\iaﬂ!l,

t!‘a. 2
A (X—x)+ 22 (¥ —y)+ 25z —2)=0

Qcranoch ?bl‘itIC-’Ill‘l'b yraoswe kosdguimentit Gunopymam, Boc
OL3YENCH PAHEE AANHLIM ONPEieICHHEM OpTa OHHOPMAJIL:

d=[ v,
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< rfz} : ;{ e s
ds ' ds’ ds

TpHueM: T B P o

H, CJAEA0BATENBHO

dy dz dz dx dx dy
Jlewl |am (el -
: 5 : 3}
pio dy d'z|? i ‘E & i p d*x dy I (
ds® ds* ds® ds® ds® ds*

Tawuv obpasom, yraossie kosh@numentsr Gunopyann GyLyT:

dy dz| | dz dx| |dx dy
ds ds | |ds ds | | ds ds (15)
dy dz| |d'z dx| | dix diy
ds* @5t | |dst dst | |4t st

I e e

1 6[[][[!!}.\[2.‘“: liSO()pEIBI‘ITCR Y paBHCHHAMI

X=% o ¥y Oy
dy G ] T ]
|:f.$‘ ds ds ds ds ds

e N - B P!
| s® ds* ds? ds® ds?

4 YpaBHeHHe COMPHKACAIONICHCA LIOCKOCTH, Tepnexauiyaapuol
GrHopMasi, npUMeT BHIL

dy dz| dz dx dx dy

ds ds | - ds ds ds ds —B,
&2y &z (X _'\')'1" d'z dx {Y_y)+ El—x dy (Z—Z)

ds® ds® ds* ds* ds® ds®

& ent:
§ 197. Kpyuenne mpocTpanCTBEHHON KpuBOi. dopMyb! deNc_“

Mer miaesn, 4ro nmpocTpaHCTBenHAR KDHBAT MMEET KpHBHSHY

HE OTVIMYAIOUIYIOCA OT KPHBH3HLI MJIOCKOH KPHBOIL:

-V

b s
— fim 82 = | 95| |47
K_"'i:!_?g As = |ds| — |ds*

KO-
! Ecant aansl KOOPAMHATHL [BYX BEKTOOR alx,y, e b e, S g’t'[,:: ud?
OpANHaTH HX BEKTOPHOrO nponspefenns [a, b] pasun neTepyimanTay BT ep”
pAfKa, KOTOpEIE NOAYHAIOTCA M3 MATPHUL! ”:;-‘:,;;;‘ mmnona'rcnbnhﬂ :“mﬁa
KHBAINEN NepEOro, BTOPOrO H TPETHEro CTOAONE, NpuieM y cpeanero perept
3NAK MEHSeTCH HA NPOTHEONOOHKMULLIL.
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Kpneusna Kkpnsoil XapakTepHayer GRICTPOTY H3MEHEHHA ee Ha-
TpaBienns uan, uHade, OHICTPOTY OTKJOHEHH] KPHMBOI OT mpsMoi
(ot ee xacarennHOIl).

Ho npocrpancrsennast kpueas, He YMEWaollascs HH B Kakoil mio-
CKOCTH, 00/3/1aeT eule BTOPOH KPHBH3HON — KpyueHHeM, KOTOpoe
XapaKTepusyer OBICTPOTY OTKJOHEHHH KpH-
BOH or maockocrH. HMa Beex maockocrei,
NPOBE/MEHHBIX ueped Touky /M npocrpan-
CTBEHHOH KPHBOH, TECHEE BCEX NPHMBIKAET
K KpHBOH, — BOJIM3H JAaHHOI  TOYKH, — CO-
TPHKACAIOASICH IIOCKOCTh. EC/H Mbl Bo3bMeM
Ha KpHBOIl aBe Toukn M u M’ u npoeeiem
B HHX COOTBETCTBYIOUIME CONPHKACAIOUIHECH
OJOCKOCTH, TO 3TH JIBE MAOCKOCTH 006paaylor
mMescy coboit nexoTopaiit yron Al — yroua kpy-
* ueHHs; H uem Oosnure yroa Al (npu coxpa-

Uepr. 215 HeHHH amud  ayrn  MAM'), tem OGeictpee
OTXOANT KPHBAs OT CRBOEH CONpHKACAIoLLecs
fanockocTH, TeM Goabie kpyuenue, :

[lpeses OTHOMIEHHA YTJia KDY4EHHs! Al k ganne COOTBETCTBYIOLIE]
ayrn MM, xorza M'— M masuiBaetcs KpyHeHHEM KPHBOW B
touxe M 1 obosnauaercs Oyxsoil 7%

T=lim _',':‘—ﬂ L
Ay 02

3ameTHM, HTO YTOJ MEXCAY IBYMs INIOCKOCTAMH HIMEPSETcs YIaoM
MeKLY HX HOPMaJAMH, a4 1oTOMY yroa KpyudeHpsa e—A40 ecrb yroa
Mescny GHHOPMAJANH, NPOBEACHHBIMH B Touiax M u M’ (uepr. 215),
T. e. MEMCLY OpTamMit {(s)u f(s-}-As). YroGel moCTpoNTh yroa Kpy-
veni A, npopeaeM B Touke Al He TOABKO OPT COOTBETCTBYIOLLLH
Guuopyiaa MB, =3 (s), no u MB, =3 (s--As). Bexrop, coemmsio-
puti konue! B, n B, 3THX nByx opros, Oyuer:

BB, =3 (s--As) — 5 (s) = AZ.

[TporeseM Uepea 3TH Ke JBe Toukn B, n B, AYTY OKPY:KHOCTH, LEHTD
KoTOpOIl HAXOANTCA B TOUKe M U pajuyC pasen ejuHuie:

— BB, = \l.

e

1 Kpyuenne sooll nmaockoit kpusoil pantio nyao, NOTOMY 4TO CONPHKACAI0-
jpnecs TAOCKOCTH, NPOBEACHHBIC B PAa3iudibl TOUKAX TAKON KpHBOH, CaAuBaOTCA
AY=10.

JIpocTPANCTHEHIEIE KPUBLIC, TOYKH KOTOPLIX e AEMAT B OANOH MAOCKOCTI, B
OTANMIe OT IAOCKIX KPUELLS, HA3bBA0TC KPUHBLIMI ABOAKON KPUB SN L.
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i

Teneps HETPYNHO BHIMHCJIHTH Iqﬁyqenue H

T=tim 2y 2 AL, BRI EE EE
wos 0B a:TuH_p! as al:-»oli?lf,l As ""}' 19
TaK Kak:

tim 28—,

850 | BB, |

Taxum oBpasom, KDy4€HHE TPOCTPAHCTBEHHON KpHBOH B JanHoit
TOYKE paBHO MOAYJNIO BEKTOPA-NPOH3BOAHON Opra GuHopMai# MO
Lyre.

XoTa MLl yike OnpeAeNHIH KOOPmHHATH opra § (15), HO WX MpO-
H3BO/IHBIE HACTONBKO CJIOXCHEI, YTO BOCIHOJB3OBATHCS HMH AAA Bbltlls

e dj
CICHHA KpyyeHia T:‘%i HE Ieec006paaHo.

[Mpeskne uem nckarb BbIDAMEHHA IR KPYYEHHA B KOOpAHHATHEIX
Oﬁoauaqelmnx, OCTAHOBMMCS Ha Gonee TIOAPOOHOM HCC/eA0BaHItH TOro

df
BEKTORA iy * © KOTOpLIM CBA3aHA BEJHYHHA KDyYeHusd,

3 &
Hans ONpeJIeJieHHa HanpasJeHH Belﬂopa—nponanonuoﬁ —a.-z— 3ane

: e o d} @ 5 ’

THM, 4TO §* =1, caenoBaTe/bHO, 2(5,%)—_—0, To B 'dLs 15 [loaro-
; di

My, ECAM MBI OTHECEM BEKTOP - ¥ Touke M, To oH ByAeT aeHaTs

B CONPHKACAIONIENCA TIOCKOCTH; HO 3THM ElIe He BroHe onpeAeaneicl
€ro HanpasJienue.
d§ :
Jlnst yrousenus wanpapienns 75 TIPHMEM BO BHHMaHHE, 470!
B=x v}
OTKY 14z ;
- - = 2k
di__d{z 9 [d e T i L L
H__—}-f.f e =3 .’] —l—l"t, EI:{?,V]+[t, E]: s

ey pHG
Ho Bewropuoe nponsseienne aByX BeKTopos neprenAky 1P
K KQKAOMY N3 COMHOMHTENEH, CJIeI0BATENBHO:

3 di 3 : 1 mep-
Hrax, mextop ds TIEHHT B CONPHKACAIOMIEHCA maockoeTi ! 2
; 7 # opMal
UEHHKYNADEH K KACATENBHOM, T. &, OH Jexcur Ha raapoll HOP

x| b
l; ,v] —0, TaK KaK %]I ¥s
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ConocTasias [Ba NOAYYCHHBIX De3ay.ibTarTa:

e (T
'ﬁ’_ B as=="us |’
HMEEM:
df o
as —==1.

[lpicyTCTBHE ABYX 3HAKOB B mocieameil Qopmyne oObacHsercs
di s
TeM, YTO BEKTOP -, OyJyul napajieieH [/aBHOIl HOPMaJii, MOMKET

UMETh HAnpas/enHe, COBNAjalollee C HATIPABJEHHEM Opta y, M
panpanJeHse NPAMO NPOTHBONOJIOXNKHOE, DTO 3aBHCHT OT TOrO, B KAKOM
panpasJeHHl BPAllaeTcs OpT GHHOPMAJH (8, CIEI0BATEJBHO, M COMpH-
Kacalolanca IOCKOCT ) NPH Nepeme et Toukn 1o kpisoii ua M B M.
Ecan e Mbl YCJAOBHMCHA NPHIHCHIBATH STOT 3HAX CaMOMY Kpyde-
HHio, T. €. OYJeM CHHTAThL, 4TO KpyuyeHne 7 MOMET OLITh KaK NOJO-
JKHTEJIbHOMN, TaK M OTPHIATEJbHOM BeJTHYHRONA, TO (hopmysa npHMET
Goaee npocToil BHA:
r!}_ =
RTS- =Ty
pair, BBEdfl B PACCMOTDEHHE PaluyC KpyHenus p, Kai BeJ-
upy OGPAaTHYIO KPYHYEHHIO, MOJYHHM:
di =i ¥
OTMeTHM, HMTO Mbl TENEPh HMEEM NPOCTHIE BLIPAMEHHH AJA NPOHI-
BOAHBIX ABYX OCHOBHLIX opToB (11) u (17):
dr__ v
dsiv s P
rae p— PajHyC KPHBH3HBI, a p, — PAaAHYC KPyueHI.
JlonoanHM  STH  PE3YVILTATLI  BLIBOAOM (Imp.\r_v.'u.l npﬂuaaojmoﬁ

opra v. A =
CorsiacHo ONPEAEAEHHIO T, ¥ H § COCTaBJNIOT NPaBy10 TPOIiKy B3a-
M0 NepNenAHKYIAPHBIX ODTOB, & MOsTOMY:
y={8, =]
1, audepesuupya STO BCKTODHOE NPOU3DCAEHHE, TOJYYHM:
dv _.4[5. =_]_ ‘E!’: | e = -u' v 5 =
G Ay s | st S 4y =} 5’ TJ=

= [ 4100 )
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HJH, Y4YHTHIEAf, 410:

(B )=—D

tu=—[v=—h

MOMHO npuaavh mochenueit diopuydse Gonee mpocToi BHL

di__i__f

a5

Teneps oxoHYAaTENBHO TONYYHM Tak HasuBaevele (oOPMY AH

Dpene mis nPOUSBOAMBIX BCEX TPEX OCHOBHBIX OPTOB MPOCTPAHCT=
BEHHOIT KPuHBOii:

LB IR (18)

- - 3010~

St opuy.asl oBHADYIKHBAIOT TECHYIO 3ABUCHMOCTb MEHCLY f“ﬂe
HOM USMEHEHIS IMaBHLIX HANPABJCHHH MPOCTPaHCTBEHHOl KPHBOW
KPHBHANOI 1 kpyueunem’.

: fl
Dopyyant dpene 06aeruaoT BHBOA (OPMYJL LA pelaHCTCHH
KD YUEHHSA KPIBOK.

B
P Mt maan dopyyast @pene B BeKTOPHEIX 0G03HAYSHNAX, 10, EEW“T"E;::H
KAOWNYIO 13 s7ux dopMyn NOCAeNoBaTeaLHO Ha TP oCH Koopauwuar, MM ‘“[?‘nuai“'
Aeuth opuya dpeie, BLpaKaONIK NPOUIBOLILE HINPARIFIONY “5‘:"“):[“‘ na-
AOTO W3 rAaBHLIK  nanpaniendil 4epes HanparImolHe KOCHMYCH ABYX n?“:.;u;it
NpaBacunii 11 uepea pauuychl KPUDHALE 1 KpYyuewns npoctpanctaennof KD

deosa,  cosa,  dcosB,  cosh, deosy,  cosys.

is TR T T P e o
deosa,  cosa,  cosay, deosi,  cosh,  cosBs.
TR T g T ST et e

deosy, costy  cosy,,

dei=an P f1
__cosa, dcﬂs?'a:%. dcns-fa:ml
T gy e g | ds B

rae oGo3nAYCHUR YIIOB BIATHL U3 TaGANLLE:
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PaccyorpuM NPOH3BOJAHYIO TPETHErO NOPRAKA DPaiHyCa-BEeKTOpd:
= .(s}'

BPe o dP ol (hY o LN S 1

a9 ds\ds®) ds\p ) das\% /) " zds

WM, BOCHOJB30BABIINCE BTOpOil dopmy.oii Ppeue:

.

2 et i AV T R
& m\e) . P e

Takum 06pasoM, BEKTOP-NPOH3BOJHAA TPETHETO NOpsika OT paln-
yCa-BEKTOPa OKa3aJCs Pas/OMEHHbIM 1O TPEM FJaBHEIM HanpapsJieHHiM.
" YMHONKHM BCE 4JEHbL HOJYYEHHOTO PaBEHCTBA CKaJIAIPHO Ha BEKTOD

¥ n yurew, uto: J -
(s B)=0; (= p)=0u(} f)=1L.

Torsa GYIEM HMETh:
&r = 1
(It‘s'?’ F) ==

oTKyna onpemenenm kpydenie 7= ;—:
1

= d* = a5
T=—p (t“: ;}j;;-) =—p ({r. v], ::T:) =

o dar  dr| o\ [dr atr | a7
=—f\|as'Pas|* @0 ) =0 \|as» ae | as)

dr  d\ d'r
0¢ MNpPOH3BEICHHE T . BEKT - sl e
Cyenasn p PEX BEKTOpPOB (L"-" v e ) 3 dr’)

PaBHO JICTEPMHHAHTY TPETBErO NOPAAKA, COCTABJACHHOMY M3 KOOP.H-
HAT BEKTOPOB-COMHOXKHTENEN H, Tak Kak:

dr {dx dy rrz}_ d*r {.ri’.\: dty aﬂz} » dr Jd'x dv  d’z|

ds \ds tds ? ds |7 dst \ds®' @5 dst ds® \ds* ' a5 r as
T0:
ax dy s
ds ds ds

dr dr| &' % d'y d'z
ds* ds* E;J: ds* ds® ds*
dx d%y d'z
ds® ds* ds°
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Kpome toro, mut mmenu (10): 1

= dxNE, [\, (L)
V (@) + (@) + (@)
H Teneps MOXKHO MOJNYUHTH OKOHYATennHyio Gopyyxy And kpyuyesHi
KPHEOIl B KOODAMHATHHIX OBO3HAUEHHAX:
dx dy dz
ds ds ds
dix d*y d*z
ds* ds* ds*
d’x d'y d’z
ds* ds® ds®
e

—_— PIRY) ffiy T dazjl . “g)
(&) +(@) +(&

Hamo nomHuts, 4To BO BCeX TOJYYEHHBIX CODTHOLIEHHAX NPOH3-
HOIHbIE OEpyTCH TO Jyre; ecan ke Apyras BeanduHa Gyjer BuOpana
33 NMEepeMEeHHbIH MapaMeTp B NapaMETPHUECKHX YDABHEHHAX KPHBOH,—
BCe (hOPMYVIBI OKANKYTCH 3HAYHTEABHO CIIOKHEE.

Tpusmep 1. Buuucants yraosste kosq:duunesTs rasibix Hanpasaenif, Kpueusny
W pyuenne 8 moGoit Touke M(x, ¥, 2) BHNTOBON AmNIL

x=ua-cos(g-s), y=a-sin(g-5), z=5-cosa"

Pewenne.,

Busicann  nponzsonnue NEPALIX TPex NOPAIKOB BCEX KOODAMHAT MO AyTe:
x dy

; <1 el LA
qs = ag-sin (g8) = — q¥; A =aq.cos(gs)=q-x; ds":‘n“'
d*x 7, d? - z

dst — — g cos(gs) = — g'x; I;:’; = — ag* sin (gs)=— ¢*); T —1;
d®x 5 d*y oz
S —ag” sin (gs) = ¢°y; A= aq’cos (g5l = — g'x; ) =tk

MNoavayacy dopuyaann (137, (14) n (159, cocrasages Tabanny yraosux ro3g-
duwiciTon raasimx nanpasaeundl;

\ /) | n 1 n
T ‘ —qy l gc | cosa
Y l x I ¥ 0

B ]—ycnszl X C0s &

= a’q

! 3n ypannenusa BUHTOROH AMHKH MOTYT GWTL MOIYueHE W3 ypaull.eullﬂ
x=acost, y—asin{, rz=—actga-f, npusereninx B § 184, ecan napalﬂlﬂz
t= £ AOM,(uepr. 199) meipaants, wepes ayry s= — AM=A'M' Hysuoc coo
HOUlgHIe NPOCTO MONYHASTCA M3 TPEYroAbHINA A‘M‘M‘ (uepr. 200), a uwmenHo

, sina
A'M‘z A'M'-sina um a-f = s.sin 2, oriyaa £=~T -5, Tpu aaumnap:mel‘?“

sing_ . g
B NepBEX ABYX YPasHeuusx BUHTORCH aumui Beefenc ofosuauenue T...f,l h
CAGAOBATENLNG, {= g-&.
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Kpusnany K esiuucasen no diopuyae (10):
K=V ¢ & +y)1=ag.

TLas naxomacing Kpyuenns I BHYNCAAEM NPEABAPHTEALHO NeTEPMItHANT TPETHETD
nopaaka, exoasutii B (19):

— ag sin (75) agcos (45) cosa

D= —a'¢* cos(qs) sin(gs) 0O =+t a%¢*-cosa
sin (gs) — cos(gs) 0
D ata cosa
T:—R—,r_-— —“E-q‘—v=—qL‘OS:z.

OGpatiM BHIMaNNe Had XapakTepuoe CRoficTEO BHNTOBON mimm: KPUBH3HA W
KpyueHie BHHTOBON MMM ARAMIOTCH NOCTONHNEIMI BEANHIANMIL

“lI)"mp 92, BRiyucants pajiyc KPHBE3NG! I painyc kpydedus s awGoll Touke
KpHBOit:

=

sin'd, y= }T:r—{— sin f-cosf), z=sint

X ===

b

Pemenge, ['eoMeTplueckos anayerne napaMerpa £ Has HEH3BECTNO, NOITOMY

LASE dx\? dy \E o Fdz\?
HAYIEM € BEIUICASHINL e l/(ﬁ) -1- (d_t) +(E) '

de. . sl =F 2 aa g BE
g =sin t-cost; iy {1 4 cos®t — sin®f)=rcos*{; 7 —cos 4
%’} —cost } st f4-costi 1=V "2.cos¢,

ds y
TaK KaKk oo # 1, £ ne apagetca ayroll xpusoii ¥, cACIORATEABHO, IPH REYHCACUNH
MPON3BOAKKIX KODPANNAT N0 JIYTe HAA0 NONLOBATLCA Npasuion mupdepeunuposain
1

t
caomnbx Gyukupit, yunTRIRAg, 4T0 — = ———
s Y'2.cost

de__dx di_sint, dy dydf cost dz dz df 1 |
ds —dt ds™ ) dt

p'ds dtds y3'ds dt ds Y3
it At i T S e o Y i B
@~ at (],-:) b e R s B A
d_:"f 0 ﬂ—f"._. _I_t i ‘“__ ..l‘ ' dn"— 2
oA e R e pe Rl S
1
K= ]/T—%;Il—tg’f:?secr;p:hos:.
sint cost 1
1] 1 —fge 0 1 1
D= damas ' » P 1 g s *
8 0 1 0 Scos't! 2 R 2cose’

pa=2c0sL



3
1. Burancmir anddepeniuan ayri pi

2. Bumncanth kpH ;

B TOuKe, rae =1,

3. CocranuTh ypasieimis ¢
x=

B TouKe, rae i=— .

18

5. CocrapiTh ypasueHus
= ,é_ sin? !:
B TOUKE, THe =1,
X—x ¥ —
sinf, ~ cosf,
X%
Tsing,
6. Buiwncaurs kpusnany » modof

Ote.



NPHUNOKEHHE
KPHBBIE AJis1 CIIPABOK

TN ynoGCTBa yHalUlerocs 8Aechk COGPAHO HEKOTOPOE 4HHCIO Hau-
Go/ice M3BECTHBIX KPHBBLIX, BCTPEYAIOUIMXCA B TEKCTE,

Yepr. 1. Ky6nueckan Uepr. 1I. TloaykyGuueckas
napabona. napaboaa.
y %
9
'I X
7 X
Y=ax" SThe—a

Iy



W

KPHBHE IJf CHPABOK

Yepr. 1V,
[ucconaa [uoiaeca.
Y
Yepr. 1. Jloxkon Ausean.
Y
o
a
g X a =
a
x'y=4a*(2a—y). yi(2a—x)=x"
Yepr. V. Jlemnnckata Yepr. VI. Komxona2
Bepuymm, HuroneAd.
v
Y
a o 0 £
N_/ * ’
2
Lo s : = i~y )
(W yr=a'(x—y) Xy =(y4ar (¥,
p* = a* cos 20 s=acscl+7
A=
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Yepr. V1. Luxaonaa oGbiKkHOBeHmAs.

Y

X = @ arc cos (1 -——;) —V 2ay—y*

{ x=a(l—sinl)
y=a(l — cosl).

Yepr. VII. uxasonga ¢ sepuioft B Havade.

¥

2 é
2| NG
J

X = @ arc cos (]__ _:_) +Vig—p

{ x=a (b} sinl)

y=a(l —cosh).
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Yepr. IX. Uennan Juaus. Yepr. X. Tapatose,
Y Y]
= a[\xXF
0| X o) a X
B i L 1 x
V=2 (e e 7). ¥t ys=at
Yepr. XI. Tunounxaonaa Yepr, XII. Spoaiord
¢ 4 ocrpuamu, LRI

(@) byt =(a =0T
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NPHACKEHNE

Yepr. XIII. Kapaunouna.

2ty tax=aV x5
p=a(l —cos ).

Yepr. XV. Cunyconaa.

Yepr. XVIL. Vaurka [Mackans.

Yepr. XIV. lexaproB JHCT.
¥

N2
\

x* -y —3axy =0.

Yepr. XVI. Kocunyconza.
Y
| b an
LG 2722
Z g' \\J/ X

Y= Cos .x.

3

Yepr. XVIII. Crpodornna.

4




KPHBLIE JIIS CHPARBOR A0

Yepr. XIX. Cnupans Yepr, XX. Jlorapuipuuieckan
Apxumena. CrHpaih,
Y
-
7
/
/
!:l \f“\'u

p=al. ot
o=
HITH
]}]_j‘:ﬁ&
Yepr. XXI. I'nnepGonuye- Yepr. XXIL
CKast CIHpAaJb. Heam
--———
AR
< A %—
h=a =2
Hepr. XXIII, MapaGoamue- Yepr. XXIV s
CKaa Cnnupub.
Y
X
0

yﬁ]ﬂlﬁ
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470
Yepr. XXV. INokaza- Yepr. XXVI. Kpupas
Te/bHasA Kpliﬁiiﬂ. BE[JGHTHOCTH.
Y ¥
al g4 7 x
y= e*. y= 2. J"

UYepr. XXVIII. Tanres-

Yepr. XXVII. Kpnpan
conza.

CEeKaHCa.

-
-

e
———e e

E
7 1] 7 S ofaw J
; a 1 -1 | X ! | a X
) | I 1 {
I | I !
h i I I I
y=sc.x. y=lgx
Yepr. XXIX. Tpexaenect- Yepr. XXX. Tpexaenecr-
KOBaf po3a. KOBAsi po3a.

p == a cos 30,

p=asin 3.
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Hepr. XXXI. Yernipexaenect- Yepr. XXXII. Yermpziacier-
KOBasfk posa. KOBag PO3a.

p—=asin20.

Hepr. XXXII. JIpyxsenectio- Yepr. XXXIV. Bocenenecr
Bas posa. Jlemmuckara. KOBas Po3a.

©

7 X
a

p* =a® sin 20. p=uasin 48,

Yepr. XXXV, Kpnsas ¢ Touxoit Yepr. XXXVI. Kpupas C J'"mowﬂ

OCTanoBKM B Hauane, TOUKOH B Hauaie:
r y
7
dot A
y=xlnx. y(l-i—e‘;-)ﬁx'
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Uepr. XXXVII. Kpusasn c mao- Hepr. XXXVIIL. Kpnsas c imosom

JIMPOBANNOIl Toukoll B Hauane.  (OCTPHEM BTOpOrO pO/ia) B Ha'dJe.
Y
Y
X
[
) A
ygzxs — X, (}, Pt xs)a — x5,
Yepr. XXXIX. Yepr. XL. Papnocroponnna
apabosa. runepooaa.
| 4
I
éa
7, @ X
I -
I
I
1
p=a S(.’-g,— )

1 B &1



OT NABJIEHHE

aasa | Daementapusie Hopuyis

(1) Dopnyast saementapuolt asrefpst u reometpin, (2 Gopuyas TpEro-
HoMeTpi. (3) ‘Pcpm}'.'lht A1LANHTHYECHONH reoMeTPHN HA NAOCKOCTH. 14 Popuyis
aHannTHdeckoll reoMeTpuir 8 npocrpancTee, (D) Ipeveckuii aadasut. . . - -

Faaea IL Yucao

(61 Paunionaasusie wicaa. (7) Mpartiyeckoe aiayenie pauionaibieL Hices.
(8) Conocransenne pamionaibibLX uiicen ¢ Toukas npmioit i, (9) Heco-
aMepumbie ortpeaki. (10) Hppawnonaasnsie wncaa. (11) Mppaunonassioe 41cio
CCTh Heneploliuieckan Geckoueunan NecATndnan apods. (12) deficTerteisHbie
Hncaa. (13) AGcomornas seanmma. (14) deaenne Ha uylb sanpeusaerca . -

Fanasa [l Bennynna

5 O Benwunnax vootiue, (16) Mepemennan pemwupna, (17) Moctomiuas
Beandnna. (18) leometpuueckoe naodpasenne seanyi. (19) O8aacte anauelnit

uepesmenioro. (20) Orpesok u npomekyTok. (21) Kaaccud it
Beanani, (22) Tipupawenne nep 1ol peaiannsl, (23) Moc Bedii
KaK nepemennas . .o, .

T aana IV, dynkuus

(24) dynknus, (25) 3apmcuyuie 1 HeaapicHMble nepemcnie. (26) Xapante-
PUCTHRS dyimcumn, (27) Bayncaenne dynkumil. (28) O6aacts ussenenis apry-
Menta, (29) Tlpnpatenne dynrwne, (30) CeoneTpiueckoe naobpamenne st
{31) Feomerpiveckoes naobpanenne npipamen yukn, (32) O pataicit
upoucxomienun dynkunir, (33) Kaaccnduramns gyl

Tanasa V. Tipegea

(34) Mpeaea nepemennoro, (35) O cnocofas nepeves
GAKATLCA K CRoeMy npefeay. (36) Beckomequo masme
npenena n Geckonedno Manoro, (38) Mpeasapure
BEAHYNMH, CTPeMAulMxcs & upepeay. (39) Bawneliwme o
Maanx. (40) Ocnopusie Teopeyn o npenenax, (41 Honarue o
wom. (42) Ceaab Geckoneduo Goabiiora u Gechonenie
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[naesa VI. HenpepbiBHOCTH

(43) Toustie nenpeprinnacti Gy, (44) Onpeseieriie HenpeprsHOCTI
Gyukuun B Todre. (458) eomerputieckoe HI00paKeHe HENPePLIBHOCTH (yngunn
B Touke, (46) Henpepuipnocts B ToUKE ABYCTOPOHHAN 1 ORHOCTOPOHHAA.
(47) Bamnefiue coolfictea ¢uyﬂ|(gmi, HENpEpLIBHLLY B TOUKE. (48) TTpapua0 Henbi=
Taunn Ha nenpepsisiocts, (49) CnoiicTsa GyUKIILE, Nenpephlsiblx 1A oTpeake,
(50) [Npenean yusmum # 1ux oGosnavenind. [lpeneant B GecKoHEWIOCTH.
(51) Tunpt paspuison  QyHKUNE; HEYCTPAHWMBIE W YCTPAHUMBL PaspbiBHL
(62) Kancyuuificss pasphi it Tak HasbIBAMas «CHCTHHHAN BEAMUHIDY YKL
Packpuitite neonpeaeennocted. (53) Harypasbune sovapupmnt . . « .

[aapa VI dInddepenunpoanne

(54) Beepemne. (35) [pmpamenue. (56) Cpasueune npupaienii.
(57) [Tponanognan yHKIL OXHONO NEPEMEHHOro, (88) Pazanunnie oGosiavenna
nponasonoit. (39) Juddepenunpyensie Gyniunn. (60) Obimee npasiio andipe-
peniupopanng, (61) Ceomerpuueckndl cubica npomssommofi . . . . . . . .

Faapa VI TNpasuna gan gudhepenunponanng
aarefpanyecKiuX BLIpameHMi

62) Bamnocts oduiero npasmna. (63) duddbepenunposanue noctonnioro.
(64) [dupdrepenunposaniie NEPeMeltoro o STOMY e CaMoMy HepescHiony.
(66) Jngepepeniiponan e cymMmbt (aaredpanueckol), (66) dnddepenunpormiie
NpoH3BeAeHHA NOCTOANNOrO Ha Ppynkumio, (67) dudpepeniposatiie nponaseie-
i Asyx dynunit, (68) Mudupepenunposanne npoussefenns aoGoro 3a-
AANHOro KoHeynoro uncaa dynsuui. (69) Mudpepenppopanne QyHkunn ¢
NoCTOAKMEIN noKasaTedem crenenn, (TU) Hudpepenunposanne wactnoro. (71)
Huipdpepenunpopaiine gylkuun o7 dynkwm. (72) O6 ownGkax, vacio cayvam-
nxea npu apdepenunposannn gyusunn ot dynkiunt, (73) Mpaxriea and-
pepentnposanig Gynkim ot gyukuun, (74) Jnddepenunposanie oSpaTibnx
dyusunii, (75) Anddepenunposaling nensHbX ymkanid . . . . . . . . . .

Faapsa 1X. Pasimynbe npHiokeHHs nPONSBOAHOI

(76) Hanpansenue wpupoit, (77) Ypasuenun kacateavholf o nwopmain;
AAuEL noAkacateasnoll n nogpopmaan. (78) HanGoasiuan i HanMensIIan Bemi-
anna ynsiay; seenemie. (79 bynxunn sospactaioniue yobsaomne, Mx
OTAHHNTERALH DI OPHIHAKH, 180} Makcumaabime n MHHHMAAbHBIE BCJIHYAHBI
thynsunm; ux gorudeckne onpefenenus. (81) lepemil cnocod nccaenomannn
GynKwIi ua Makeamys uoannnmys, Padouee npasiao, (82) Makcumaabnas i
,\IIII‘N!MH,’EblIﬂ}! BEJAHYHHBL Hel )eprUHOﬁ J:!‘II)'II'I\'IJ.H!I. KOUrga y Hee Hetr UpPOH3ROA-
10il B HEKOTOPHX ToMKaX. (83) Obwne ykasauust pan nanGoace NPaKTHYHOTO
OTHICKINNA MAKCHMAIBHBLX M MUMHMAALHKX Beanuun, (84) [lpouzsoanas kax
OnicTpoTa Hasenenns, (85) Cropocts npasoanneiiioro ameni. (86) Cunaai-

T e e s i

[aasa X, Mocaegosarenvuoe mndiepenunposanne
H ero npujioKeHus

{3‘7] Onpenesienne nocAeAOBATENLILX nponasoAnbx. (88) n-u npowasoa-
nan, (89) [Nocaeronarenstoe andupepentinposanne Hesminix dynkuuii. (90) Ha-
npasaenne i3rnGa kpunol. (91) Bropoii ¢noco6 nenbrramis na Maxcmuyn it -
niyn. (92) Toukn neperuta. (93) Buuepunsamie xpusmx. (94) Vcwopenie
ApANOFIEATOrOTRENREGIE' |, e, S Tl S W S e

83

126

145

169

199
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Faasa XL LuddepeHunposanne TpaHCUEHIEHTHHX (yHKLHI

(95) PopMyaB NPOHIBOANBIX; BTOPOIE OCHORNON CIHCOK, {96) dudpepermm-
posanne aorapudma. (97) Juddepenunponaiie nokasateabioil dyukui.
(98) Juddepenunponanne obuell nosasateisHoll QymKIHN. Jloka3aTeabeTio
npapnaa cremeni. (99) Tlpaktuka anddepenuuponanig fOTapHAMIHECKIX
serpancennit, (100) Iuddepenunposane sin v, (101) Auddepenyuposanie cos v.
(102) dudipepenunposanue tg v. (103) Muddepenumporaiie clg o, (104) Io-
genenne, (105) Odpatusie Tpuronomerpuseciie dynxmmm. (100) dnddepen-
wnposanne arc sin v. (107) Juddepennnposanie arc cos v. (108) dndhepen-
wiposaime arc ig v, (109) Jndipepeuunponanne arcelge. . .+ o+ o .

FCaapa X Mpaaowenus ¥ napaMeTpPHYECKHM YPanHEHHM,
NOJASIPHEIM YPABHCHHAM B K KODHAM

(110) Tlapamerpuweckue ypacuemns kpueoil, Hawson. (111) Tapaverpu-
weckie ypasieuns, Bropas npowasonnas. (112) Ki iiune

Cropoctn. (113) Kpneonnneiinoe apmsenne. Komnonentil yexopena. (114) [o-
AAPHBIE KOOPMHATEL Y'ToN MERAY Pamily CoM-BeKTOPOM I Kacareastoir.|1 15)Lm-
1L noaspuoli noakacatessuoll w noaspuofl noanopmad, (116) Otaencune
KpaTHEX wopuedl y muorowsenon. (117) JleficTsnteabHue Kopus ypasuennii,

Ppagmueckne meronm, (118) Bropoil meton otaeacnna fellcTBimesinx Kop-
neit, (119) Meron Huwotona

B w e v om o osom s owoad T EA R A e

Manawsa Xl Anddepennnas

(120) Buenewme: (121) Onpexenenns, (122) Teomerprieckos naofpase-
mll;._' Anpdrepenunana, (123) Npupamenue yikunn 1 pudhepeiunan dyuguimn,
(}--h O epaunenny Geckoneuno Maabix apyr ¢ apyrox. (123) TlpnGaingenioe
BHNCACHIE pupatenis dynki npr novouu fiddepemuana. (126) Mamnse
s:‘munl\u.l 127)bopmyant ana tazosaenns tuddepentiaion by, (128) fud-
:.]cunmm:m AV B NPAMOYFONLNLIX IeKAPTOBBIX Koopaunartax. (129) Rﬂ-
;‘::sz}inun:l YT B noaspumx koopauuatax, (130) Cropocts punommmeiinoro
x ey Kaig Guctpora navmenenin ayrn. (131) HenaMennocTs qopMyast aus

ldhepenunana @yuknps, (132) Nuddepeniantl BHCINE NOPRAKDE , , .

Faana XIV. Kpuenaua, Paguyc i KpYT KPHBH3HEL

vro fios) "_1_“lmi31|a. (134) Kpnnuana oxpymuoctd. (133) l'}punmana B 1IpAMo-
I-‘“_!-!'t:;"'ﬂx woopannarax. (136) Kpuenana s napamerpiuecko q’o&me. (137) Kpu-
i "‘ noapuLx koopasmarax, (138) Pamye wpususan. (139) Pensconmii
(T42) :;”“ nepexomime ikpunwie, (140) Kpyr kpnansiiat. (141) Lentp kpiai,
o eomoTeL (143) Crofictea snomotit, (144) JeobBEITH 1 HE MeXamiue-

H0¢ Tocipoeime, (145) MpeoGpasosanie OPOHIBOANEX + « v o v 4 4 o 4 s

Faana XV, Teopema o cpepnent i ee NPHAOHEHHA

(146) Teopema Poaas (147) Conpugacaiomufica kpyr. (148) [lpenes
) s, ; b

;‘31":‘ TONKA Niepeceenus ayx !'JJHI]]G]UI(-. nopyanedi. (149) Tenfcm ocl:;:n“w
Mmlﬁlnm cpeniero). (150) Teopema o cpenuen Tefiaopa. (151) Makcusym o
153) 1yM, nccaepyemite auanntnseckn. (152) Heonpereteiiue dopa,
( Uenka snemenTapHMMy  mpueMaMi  (yHKLuM, UpHUMMAOuEH  me-

Oupeieentyo  gopuy. (154) Packpuitie NeompeACICHNOLTY . (155)

218

246

=
-

301
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(=]
Packpuitite neonpenenenHocTin = (136) Packprite neonpeneseiiocTi

0-co. (157) PackpeiTie HeonpeaeneniocTn o — co. (158) Packpuitie neonpe-
sexennocreit 09 1%, ol (159) Acumnrors. (160) Haxoxnenue acumnror kpi-
BOH, oTHecenuoli i npnuayrmmms‘i cncreme koopaunat. (161) Tpexgensnos no-
Jomenie kacateastoif, (102) Haxomaenne acumntor aareSpanieckux kpisbix.
(163) Acusmiors kpupoi, OTHeceHHOH K moanpHoli ciucrene KOOPAHNAT o

Faasa X VI Yactusie nponseoguuie

(164) Henpepripunte (yHKumn ABYX u Goiee HE3aBUCHMEIX NEpeMEHHbIS.
(165) Yactuwe nponaponntie. (166) eomerpuyeckan HHTEpnpeTalis YACTHEIX
nponseoannix. (167) TMoanoe npupawenue. (168) TMoauwi aupdepenunan.
(169) 3aon coxpaneuns GOpMynt 10a10r0 anddepenunana npn npeobpasona-
HHN He3zaBicuMbIX nepemednuX. (170) [IpakTuyeckoe spiYHCICHHE NOAHEIX
andipepenunanon. (171) Yacrias npoussoanasn u noauan nponssoanan. Judibe-
penumypopanne saoab annui. (172) Jnddepenunposanne neasunx Qyusimii.
(173) [Iponaponunie Beicmero nopauka, (174) Teopemsl o cpeanes aaf dyik-
il HECKOJBKIX HE3ABHCHMBLIX NEPEMEHHEIX (3akoHkl cpeanero). (175) Hen6-
XOAHMBIC YCAOBHA MAKCHMYMA W MUHIMYMA dyukunl HECKOIbKHX NepeMeniblx,
(176) doctaTounpie yCAOBMA MaKCHMYMa H MUHHMYMA (yugumil ABYX nepe-
MEHHLIX . . & & =« « ¢ & = a + = L R

Fnasa XVIL Mpuaowenne YacTHLIX DPOU3BOJHEIX

- {177} Ocobpte Touku. (178) OnpenescHie KacaTeabiblXx B OCOBEIX TOMKAX
aarcapanteckolt kpupoil. (179) Pazamunsie THNR ABYKPATHRIX TOMEK airelpai-
ueckoii kpuroil. (180) OcoGuie Toukn TpaucuennentHux kpuskix. (181) Ceseli-
CTi0 KpHBRY 11 X orn6aiowas. (182) Haxomaenne ornGaoweil cemedictua
KPUBBIXE, 3aBUCAIINE OT OAHOro napamerpa. (183) Jpomorta KpHBoH Kak oru-
Gawian cemeitctea ee nopmaseil. (184) IlpocTpancToennan kpunan u ee ypan-
nenns. (185) Kacateasnaa npamas # HOPMa/kias IMOCKOCTE NPOCTPaHCTRENNOM
wpupoil. (186) Conpuracaloutyscs HAOCKOCTL  NPOCTPANCTBENNON  KpuBoil.
(187) KacaTeannan nJockocTh H HOPMadh K nosepxuoctit. (188) Feomerpuueckas
HHTEPHpETans NoAH0ro Anddepenunaia Gy AnyX apryMedsn . . .

Taapa XVIIL Ocnosn BeKTOPHOTO aHANH3IA H Ero NpHMEHEHHE
B TCOPHH NPOCTPAHCTBECHHBIX KPHELIX

(189) Bektop — dynkunsa ckaasproro aprysenta. Henpepuisnocts, Ipons-
poanas. (190) Mpasnra xuddepenunponanis sextopos. (191) Bextopro-napawer-
puuecioe ypasnenne kpupofi. (192) [Npoussoanan patuyca-nekTopa. Opr  &i-
careabuoil. (193) Dnddiepenunas ayri npoctpanctsentol kpnpoii. (194) Kpi-
puana npocTpanctocHioll kpnsoil, (195) Maasnag wopuait wpunoit. (196) Ocnos-
noit  Tpexrpamnng. (197) Kpydehie npoctpaicTeenion  Kpusoi. dopuyan

DR T s s ee e e .
[pnaomeune. Kpupsie 240 cOpanok. . .« « o« s o 0 0 s e

325

364

400

463
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