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General Preface

) s : P oughttobe
The seven volumes of the series Basic Course: Theoretical Physics are thoug!

textbook matenial for the study of university-level physics. They are ﬂlmcd' o m;zd;lc-
in a compact form, the most important skills of theoretical physics WI"CZ f;.nccd
used as basis for handling more sophisticated topics and problems in the a \c )
study of physics as well as in the subsequent physics research. The concep
design of the presentation is organized in such a way that

Classical Mechanics (volume 1)
Analyncal Mechanics (volume 2)
Electrodynamics (volume 3)

Special Theory of Relafi vily (volume 4)
Thermodynamics (volume 5)

2 . al and
are considered as the theory part of an integrated course of FXPC”'“C'::::I first
theoretical physics as is being offered at many universities starting ﬁlo:(yralc and
semester. Therefore, the presentation is consciously chosen to be very ? nmc course
self-contaied, sometimes surely at the cost of certain elegance, 50 lllnfl D relAL
i suitable even for self-study, at first without any need of secondary I;]IU;:X( o
any stage, no material 1s used which has not been dealt with carlier in ¢ C,hen;ivcl)’
holds in particular for the mathematical tools, which have been C”-mp:; form of
developed starting from the school level, of course more or less Iﬁ‘ L ]ohlcmﬁ i
recipes, such that night from the beginning of the study, onc can solve {Wd v
theoretical physics. The mathematical insertions are always then P'“‘g%ill physics.
they become indispensable to proceed further in the program of ‘!‘C““f':c'mcn ts can
It goes without saying that in such a context, not all the mulhc.muncul s‘l}lw"w ey
be proved and derived with absolute rigour. Instead, sometim deL‘ o lin
be made to an appropriate course in mathematics or (o an advance t,.\unlil‘i“"
mathematics. Nevertheless, T have tried for a reasonably balanced rcl’»‘lb s
50 that the mathematical ools are not only applicable but also appear
‘plausible’.

his




Vi General Preface

The mathematical interludes are of course necessary only in the first volumes of
this series, which incorporate more or less the material of a bachelor program. In the
second part of the series which comprises the modern aspects of theoretical physics,

Quantum Mechanics: Basics (volume 6)

[0 Mechanics: Methods and Applications (volume 7)

Statistical Physics (volume 8)

Many-Body Theory (volumne 9),

mathematical insertions are no longer necessary. This is partly because, by the
time one comes to this stage, the obligatory mathematics courses one has to take
in order to study physics would have provided the required tools. The fact that
training in theory has already started in the first semester itself permits inclusion
of parts of quantum mechanics and statistical physics in the bachelor program
itself. Tt is clear that the content of the last three volumes cannot be part of an
integrated course but rather the subject matter of pure theory lectures. This holds in
particular for Many-Body Theory which is offered, sometimes under different names
as, e.g., Advanced Quantum Mechanics, in the eighth or so semester of study. In this
part, new methods and concepts beyond basic studies are introduced and discussed
which are developed in particular for correlated many particle systems which in the
meantime have become indispensable for a student pursuing master’s or a higher
degree and for being able to read current research literature
In all the volumes of the series Basic Cours:

: Theoretical Physics, numerous
exercises are included to deepen the understanding and to help correctly apply the
abstractly acquired knowledge. It is obligatory for a student to attempt on his own
to adapt and apply the abstract concepts of theoretical physics to solve realistic
problems. Detailed solutions 1o the exercises are given at the end of each volume.
The 1dea s 10 help a student to overcome any difficulty at a particular step of the
solution or to check one’s own effort. Importantly these solutions should not seduce
the student to follow the easy way our as a substitute for his own effort. At the end
of each bigger chapter, T have added self-examination questions which shall serve
as a self-test and may be useful while preparing for examinations.

[ should not forget to thank all the people who have contributed one way or
an other to the success of the book series. The single volumes arose mainly from
lectures which I gave at the universities of Muenster, Wuerzburg, Osnabrueck,
and Berlin in Germany, Vi

ladolid in Spain and Warangal in India. The interest
and constructive criticism of the students provided me the decisive motivation for
preparing the rather extensive manuscripts. After the publication of the German
version, T received a lot of suggestions from numerous colleagues for improvement,
and this helped to further develop and enhance the concept and the performance
of the series. In particular T appreciate very much the support by Prof. Dr. A.
Ramakanth, a long-standing scientific partner and friend, who helped me in many

respects, ¢.g. what concerns the checking of the translation of the German text into
the present English version.
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Preface to Volume 1

The firer. v < T S ore
 irst volume of the series Basic Course: Theoretical Physics presented he

deals w, f i
S Wit Classical Mechanics, a topic which may be described as
and (ime

analysis of the lays and nules acconding 10 which physical bodies move in space
under the inflyence of forces g
1-1“-"'& {ormulsion aleady contains certain fundamental concepts whose rignrf{llls
M:;:]nc':‘:‘[\«\"uppcnr tather non-trivial and therefore have to be .\vnr.k'c’dv(.ll(l:’ C":i‘n’
Sl .Ldrc Inthe case of a few of these fundamental concepts, We “‘._" woi
€I, (0 start with, as more o less plausible facts of everyday experie i
¢ m“’_‘" £0Ing into the exact physical definitions. We assume a material body 10 "
::I“bfm Whichis localized in space and time and possesses an ( i/_u'rliul) mu_,f.\:. Tht
i I8 stillto be discussed. This is also valid for the concept of force. The force
[ CAusing changes of (he shape and/or in the state of motion of the body u,;dt"-'
:“.I,dmuon' What we mean by space is the three-dimensional Euclidcim4»\P‘_“'_L
e
T e S ‘r\\ur .l\d\‘«h“lblﬂ”’l.\ spi Gl o ot
”ng unif dfact of expencnce from which we only know that B
pointi un:c"i"ﬁly and llmdlrccuona]l)’. It 15 also humugcnc(‘ms‘\vh_lt l means
I s u: -:Ipnun SUPErior In any manner (o any ('nhcr puml.ln “.':;,Lc.mmics 2
I""I,’llukqn = “cscr!bc natural phenomena, a physicist needs 13.1 e
imparted g e dilemma lies 1n the fact that lhuumlltvu/ mec u'ml‘: "nilhhlc-
IF theoreticy) pr:mrw“y only when the necessary mathematical tools are .:l\.m; 94
equipped \\‘ilhp dy‘““ 1S started right in the first semester, the .\ludcnf I5(| gy
Theshetonif] ,w.sc loo.]'" That is why the first volume fyl the ll‘mu ,|{' -h‘ i;
Presented in ;,,"."u'r beging with a concise mathematical introduction W |"'t-|, i;
absolutely "eccv.o'nccmmlcd and focused form including all the mu(crml.\.vllltv 1-;
without aayis “l‘;'"'y_l’orlhcdcvclupmcnlnl'llmm'lirul ¢ lassic u/r‘um hanics. (g(’ Ll]
i "8 that in such a context not all mathematical theories can be .pm\.t :
: ‘ed with absolute stringency and exactness. Nevertheless, I have tried for
 reasonably balanced representation so that mathematical theorics are not only




Preface to Volume |

readily applicable but also at least appear plausible. Thereby only that much math-
ematics is offered which is necessary to proceed with the presentation of theoretical
physics. Whenever in the presentation one meets new mathematical barriers, a
corresponding mathematical insertion appears in the text. Therefore, mathematical
discourses are found only at the positions where they are directly needed. In this
connection, the numerous exercises provided are of special importance and should
be worked without fail in order to evaluate oneself in self-examination.

This volume on classical mechanics arose from respective lectures I gave at the
German Universities in Muenster and Berlin. The animating interest of the students
in my lecture notes has induced me to prepare the text with special care. This
volume as well as the subsequent volumes is thought to be a textbook material
for the study of basic physics, primarily intended for the students rather than for
the teachers. Tt is presented in such a way that it enables self-study without the
need for a demanding and laborious reference to secondary literature. T had to
focus on the essentials, presenting them in a detailed and elaborate form, sometimes
consciously sacrificing certain elegance. It goes without saying that after the basic
course, secondary literature is needed to deepen the understanding of physics and
mathematics.

1 am thankful to the Springer company, especially to Dr. Th. Schneider, for
accepting and supporting the concept of my proposal. The collaboration was always
delightful and very professional. A decisive contribution to the book was provided

by Prof. Dr. A. Ramakanth from the Kakatiya University of Warangal (India). Many
thanks for it!

Berlin. Germany Wolfgang Nolting
May 2015
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Chapter 1
Mathematical Preparations

he content of
he knowledge
The things

The basic differenti

"“mtulu:n?,:[if‘[:::;l and mntegral calculus are normally part of t
of basic mllhcmalic\? 'ﬁchuul, Hm\'c\"cr. experience has shown that t
Wwhich are °°mplc[c]., I“LS a large \'qnalion from student to studen
Therefore, in this ml) Cdc,\, or even trivial to one can pose high barrie
and integra] Cﬂlculusiﬂr I“W’f)’ chapter the most important elements ©
Theoretical Physics ]:I l?'cc“l’llu[afd which are vital for the following
a mathemyics ou.rgc l'sflw that this cannot replace the precise represen 4
the basic tools for g Lis to understand only as an auxiliary program " 10 P™ ovide
clementary diWCrcn;z:n.mg _n'“"""t'al Physics. The reader who is familiar with
Tevision for g king ofnscr;d integral calculus may either use Sects. |.land .25

-examination or simply skip them.

L
rs (0 another.

{dift‘crcmial
course of
tation of

L1 E
lements of Differential Calculus
1,
L1 Set of Numpers

One defy
nes the following types of numbers.

'Illlllrll/ llll"l')('ﬁ\

2 ) nteger numbers
=iy =L -
R=| ¢ PELqE N} rational numbers
= X cont
nuous number line) real numbers
Therefore
NcZcQcR

© Springer Intes
S 'L’,; l;ll':l"’nn'n.umnl Publishing Switzerland 2016
retical Physics 1,DOT 10.1007/978-3-319-40108-9_1
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I Mathematical Preparations

The body of complex numbers C will be introduced and discussed later in
Sect. 2.3.5. For the above-mentioned set of numbers the basic operations addition

and multiplication are defined in the well-known manner. We will remind here only
shortly to the process of raising to a power.

For an arbitrary real number a the n-th power is defined as:

d'=a-a-a-.

a nelN. (1.1)
n-fold
There are the following rules:
1.
(a-b)'=(a-b)-(a-b)-...-(a-b)y=a"-b" (1.2)
N —— —
n-fold
25
d-d"=a.a-...-a-a-a-...-a=d*" (1.3)
(s oty el
k-fold n-fold
2,
@ =d"-a"-... a"=a"". (14)
Rma e el )
k-fold

Even negative exponents are defined as can be seen by the following consideration:

) s e e

Therefore we have:

|

a"=— VaeR (a#0).
a

Furthermore, we recognize the important special case:

A *=a"=1 VaeR. (1.6)

This relation is valid also fora = (.

Analogously and as an extension of (1.41) split exponents can be defined

s 1\" "
4 »u:(u") N bi=ians;



L1 Elements of Differential Calculus

One denotes

I (1.7
an=3a: n-th root of a

Thos 115 a number the -th power of which s just .

Exanples

Vi=4i =2 becase: 2=2-2=4
=21 =3 because: ¥ =3-3-3=27

Y000 =

! — 0.0001 -
= 00001 = 0.1 because; 0.1 =0.1-0.1-0.1-0.1

Eventually we can accept also rational exponents:

1.8)
ai= Jw = (m" 4 {
The fina) generalization (o arbitrary real numbers will be done at & Jater Stage-
112 Sequence of Numbers and Limiting Values
By asequence Ofmumbers we will understand a sequence of ( indexed) real numbers 2
9
ay,a3.a3,+++ dy, aeR. g
e the

We have fin Fa finite seducts
£ nite and infip; ase of a finite s¢1 :
e nile sequences of numbers. In case denoted by the

XIS restricted : T,
symbol 10 finite subset of 1Y, The sequence is formally

la,}
nd represents ™apping of the natural numbers 1 on the body of real numbers ©=

finellsger  (n—ray).
Examples

i

! Ligw (1.10)

I
1
L}
1

y =~ N
n TTa=la=— g

o] —
S



1 Mathematical Preparations
2%
1 1 14 1
= ————— — A= ——F. = ——, a3 = —, -
cn n(n+1) ) ) OV 5 3.4 (111
35
3 4 5
u,,=|+”- ——‘U|=2‘llg=5.tl3=§.£l4=14~ 1.12)

Now we define the

Limiting value (limit) of a sequence of numbers

If @, approaches for n — oc a single finite number a, then a is the limiting value
(limes) of the sequence {a,}:

: n—00
ima,=a :a, — a.
- 00

n (1.13)
The mathematical definition reads:
{a,} convergestoa
< Ve>0 3n €N sothat |a,—a|<e Vn>n,. (1.14)

Does such an a not exist then the sequence is called divergent. In case {a,,) converges

to a, then for each & > 0 only a finite number of sequence elements has a distance
greater than € o a.

Examples
1

el

W} = l;l — 0 (null sequence) (1.15)
2

o n ]
\py = ‘,%AI‘ — 1 (1.16)
because:

e 1 | i
HERI T T

In anticipation, we have here already used the rule (1.22).



L1 Efements of Differential Calculus

g
={'}1—0 1.17
{d iq" sl ,q] =2 11 ( )

special function
The proofof this statementis provided clegantly by the use OL_ ‘h"(fp::;" T
logarithm, which, however, will be introduced f)nly W'Ilfl‘))q- 25
; present the justification of (1.17) after the derivation of (1.70).

(1.18)

e (l X l)r-—’ e=271828... Euler number .

o ¥ of thy sequence, Wi S vel Il T d ications, is
ich i i ant for applications,

iy [ this s e, which is very unp. ortant p 5 :

ENztbere wilh ut proof. For details the reader is referred to special tex thooks

0n mathemaics,
Again withoy proof we lst up the following
rules for sequences of numbers

reader.
: all be left to the

the explicir, tather straightforward derivation of which shZ‘ 1

Assuming the comvergence of the two sequences {a, } and {bn}:

im a,=a; limb,=b-
Rlin;ﬂn & n—»oc “

We get:
(1.19)
lim (g, £ b,) =a+b
100
(1.20)
lim (c:ay)=c-a (ceR)
=00
(1.21)
lim (a,-b,) = a.b
=00
(1.22)

lim (2} =%, £0Vn) .
b, b

n-pc

113 Serjg and Limiting Valyes

: an hat is called a
dding up (he Lerms of an infipire sequence of numbers leads to what is calle
series;

o0

BN (1.23)
ur.dz.llg,-.‘.u,,.... n ﬂ|+tlg+u_‘ o i
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Strictly, the series is defined as limiting value of a sequence of (finite) partial sums:

5= 2 e (1.24)

m=1

The series converges to § if

lim §, =58
r—ro00

(1.25)
does exist. If not then it is called divergent.
A necessary condition for the series 300 | dm to be convergent is
lim a, =0 (1.26)
m—» 00

For, if z;"_ﬂ a,, is indeed convergent then it must hold:
lim a, = lim (Sy—Sw-1)= lim S, — lim §,.;=5-8=0.
m=+00 m= 00 m=» 00 m— oo

However, Eq.(1.26) is not a sufficient condition. A prominent counter-example
represents the harmonic series:

1 18 51
—=l4+-4+=+4-. 2
= 2t3 s (1.27)
m=1
It 1s divergent, although lim.,,_.m# = 0! The proof of this is given as an
E

reise 1.1.3. In mathematics (analysis) one learns of different necessary and
sufficient conditions of convergence for infinite serie

comparison criterion ,
ratio test ,
root test

In the course of this book we do not need these criteria explicitly and thus restrict
ourselves to only making a remark.

The geometric series (urns out to be an important special case of an infinite
series being defined as

@ +q"

gt ot gl e = Y g (1.28)
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The partial sums

S=q"+q' +tq

. . i last equation
can easily be calculuted analytically. For this purpose we multiply the last ¢d
by g,

¢S =q' + Gty
and build the difference:
S¢S, =8(1-g)=¢"-¢"=1-9¢"-
Then we get the important result:

(1.29)

Interesting is the limit:

2 ’
1 =lim, ~ o0 ¢
—_

’IlmxS,= =7

e arrive at:

« scause of (1.17) W
For his. Eqs. (1.19) and (1.20) have been exploited. Because of (

. iflgl <1 (1.30)

§ = lim §, =
=00

not existent, if Jg[ = 1

14 Functions and Limits

I - a dependent
By the term function f(x) one understands the unique attribution t(r: .l'j“"/‘mi" of
variable y from the co-domain W to an independent variable x from the

definition 1) of (he function f(x):

(1.31)
y=ft) : bcRL WcR.
We ask ourselves how [(x) changes with x. All elements of the sequence

{(t}=xy,02, 23,4+ , Xy, e+
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shall be from the domain of definition of the function f. Then for each x, there
exists a

Y = fxn)
and therewith a ‘new’ sequence { f(x,)}.

Definition f(x) possesses at xo a limiting value fy, if for each sequence {x,} — xg
holds:

lim f(x,) = fo. (1.32)
n—>00
That is written as:
lim f(x) = fo . (1.33)
1= g
Examples
15
i)
e . 3 A=)
RN = ey ; Jim 7(x) =2 (1.34)

This expression can be reformulated for all x # 0:

f(x) :
bt} ) e e
: S

x

For all sequences {x,}, which tend to oo, ‘l and ﬁ become null sequences. That
means:

3
==l
=00 x3 +x—1

9

() = (1 + %)} ; lim f(x) = ? (1.35)

For the special null sequence {x,} =
of this function. It can be shown, how
sequences:

according to (1.18) we know the limit

I
nt % %
ver, that the same is true for arbitrary null

!
\
(9

Tim (14 \)“ =e. (1.36)
s



L1 Elements of Differential Calculus

In case of a one-to-one mapping

one can define the so-called
g SR
‘inverse function’ f

— £(x) with respect to x:
belonging to f which comes out by solving y = f(x) with resp

(1.38)
() =x.
Example
y=fx)=ax+h abel
nox=0)=
at in general
Later we will encounter some further examples. Note that in gencrd
') # l
X P
2 fx) e
; B onlythcn )
Itis important to stress once more the uniqueness nff‘ 4 AthaUt; :q ot Unique:
can be defined as function’, Tn this respect the ‘inverse’ of y = -~ ¥ {0 non-

3 = i¢ restricted, €-£-
¥ = L /5. However, if the domain of definition for f is restric
negative x, then the inverse does XISt

LL5  Continuity

We are now coming to the very important concept
continuity Il 0
: Y crifforall € >
¥ =f(x)is called continuous at x; from the domain of definition of fiffe
ad > 0 exists so that for each x with

lx=xg| <6

holds:

)= flx)] <&
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I Mathematical Preparations
Alternative formulation:
y = f(x) is continuous at xq from the domain of definition of f if for each
sequence {x,} — xo follows:

‘“_['!" J(x) =f(x0) =fo.

The limiting value fj is therefore just the function value f(xo). We clucidate the term
of continuity by two examples:

e (s B> 1.
f(")_]l Sl e (@)

The function (1.39), represented in Fig. 1.1, is obviously continuous, in contrary
to the function from Fig. 1 2:

Se{fEraE o
v l 1 S o (1.40)

which is apparently discontinuous at x = 1:

linll_ fx)=+1%# lim f(x)=0.
x— =1t

Fig. 1.1 Example of a
continuous function

Fig. 1.2 Example of a
discontinuous function
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L.L6 Trigonometric Functions

: Ehool-
. » well-known from schoo!
It can be assumed that the trigonometric functions are w chll ,llslll:: compiled in this
mathenatics. Therefore, only the most important relations shal
subsection,

* Radian measure A
cpressed not only
Figure | 3 illustrates that the angle ¢ can be cxpn‘:..ss‘eltcl g
degrees . but equally uniquely also via the arc of the circle s:

by angular

b4
oy A
S=5lp) : 5(360°) = 2ar: s(180°) = 7r; $(90°) = 3

One introduces the dimensionless quantity

A1)
s P d
¢=- ‘radian
r 1.42)
. LAY il
¢ (%) = 360(180, 90,45, 1) —> 27 ("-5'?' 180
* Trigonometric functions L osite (0 angle
Inthe right-angled triangle in Fig. 1.4 a and b, adjaccn(h .m: (;,‘:,F:h'-' nuse. With
{6 Tespectvely, are called the leg (side, cathetus) and ¢ the hy|
these terms ope defines:
1.43)
! (
sing = -
c (1.44)
a
cose = -
1.45)
smou e k :
e %
)
wsu_ 1 _a 3

Fig. 1.3 To the definition of

radian measure /
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Fig. 1.4 To the defimtion of tri ic fi

Fig. 1.5 Graphical rcprcsc:nmlmn of the sine function

According to Pythagoras’ theorem it holds:

5
75 S TR a5
a+b =c

That leads to the important and frequently used formula:

sinfa +cosa = 1. (1.47)

Sine function

The sine function can be graphically illustrated as in Fig. 1.5, Thereby one
should notice that the angle @ has to be counted in the mathematically positive

sense, i.e. counterclockwise. The sine is periodic with the period 2. Itis an odd
function of the angle o:

sin(—a) = —sin(a) . (1.48)

As an insertion, let us investigate a special limiting case in connection with the
sinc:

sinx

fx) = lim f(x) =? (1.49)
2 A0

A first glance the limit appears to be undefined (‘0/0'). We try a graphic solution

by use of Fig. 1.6, x shall be a piece (from B to €) of a circle with radius R = |

around the center O (radian measure). Then it holds for the segment fixed by the
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D
Fig. 16 For the calculation
of lim, g sinx/x

points O, B and C;

D xR
F(OBC) =7!R'-2'7( i1

Furthermore, one reads from the sketch:

OB=0C=1 : OA = cosx ; BA =sinx.
In addition the intercept theorem yields:

DC _0C

1
—==— n, DC=sinx: — =lanx.
Mot cosx
Obviously, the following estimation for the areas holds:

F(OBA) < F(OBC) < F(ODC) .
That means:

sl
~COSxsSINY < — < —fanx
2 /) )

x
Yy COSY < — < ——
snx cosx
1 sinx

— > —— > COoSX.
cosx X

(sinx > 0)

Eventually we can exploit that for the limiting process.x — 01t follows

cosv — |
P ! [ o
and == — | leading therewith to:

1.50)
lim — =1, (
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= y(@) = cosa
y S04

ary

aw -m/2, %
cosa |
Fig. 1.7 Graphical representation of the cosine function
In (1.94) we shall derive a series expansion for the sine:
e o0 g2+l
sind=0——a' +—a’ +...= —1) —. (1.51)
3! 51 ng(l( ) (2n+ 1)!
Here we used the term
nl=il-2-3-__ s =0l = 11'=1 (n-factorial) . (1.52)

In particular, the series expansion makes clear that for small angles « (radian
measure!) it is approximately

sina &~ o (1.53)

This once more confirms the limit (1.50).

If the angle e is restricted to the interval [—7 /2. 47 /2], then the sine function
has a unique inverse which is denoted as ‘arc sine’:

o= .sin_‘(.\') = aresin(y) . (1.54)

This function mz

s the interval [—1, +1] for y onto the interval [—7/2, 4+7/2]
for . This inverse function delivers the value of the angle « in radian measure,
whose sine-value is just y.

Cosine-function

While, according to Fig. 1.5, the

ine is fixed by the side opposite to the angle in
the right-angled triangle the cosine-function is determined in a analogous manner
by the adjacent side (Fig. 1.7). One recognizes from the right-angled triangles in
the Figs. | 5 and 1.7 that the cosine is nothing else but the 7r/2-shifted sine:

cos(er) = sin (d + n;) . (1.55)
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3 . . . A uni inverse function
If the angle  is restricted to the interval 0 < @ < 7 a unique Inve

does exist which is called the *are cosine’:

(1.56)
= cos”'(y) = arccos(y) -
The cosine is an even function of ¢:
(1.57)
cos(—a) = cos(@) -
As Exercise 1.1.12 we derive the series expansion of the cosine:
o 20 1.58)
o o o e (1
S e > =0 Gy
24 6 =

-0l
. ure!)
gy i adian meas
from this expansion we conclude that for small angles @ (°
approximately holds;
(1.59)
cosa ~ |
ic functions:
i etric functio
Extremely useful are the ‘addition theorems’ for Ln;_:onu;nbequcm e otion
Uhe relavely Simple. proofs of which are provided in 2 54

1 1 {-H
(Exercise 2.3.9) with the 4id of Euler’s formula for complex numbe

(1.60)
sinfa % f) = sina cos f £ sin cfisﬂ (1.61)
cos(e £ f) = cosar cos fp 7 sinet sin B
LL7" Exponential Function and Logarithm
* Exponentig) function
By this one undersands e following function:
(1.62)

Ve=ra":

i . arbiteary real
415 called the *basis’ anq y (he ‘exponent’. Here a may be an arbitrary
number. Very often one uses Fuler's puraber ¢ (1 11) Wiiting:

(1.63)

o

Y=y = yg explax) .

| appears often in

This function is ‘ ‘ b
on is of great importance in theoretical physics anc , 3
- ; o aw of radioactive

a variely of contexts (rae of growth, increase of population, |
decay, capacitor charge and discharge,...) (Fig. | %),
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Fig. 1.8 Schematic behavior
of the exponential function

In Sect. 1.1.10 we will be able to prove, by using the Taylor expansion, the
following important series expansion of the exponential function:

= X
e'=27. (1.64)

Logarithm
Itis just the inverse function of y = a* being defined only for y > 0:
Logarithm to the base a

x=log,y. (1.65)

sed to the power of log, y one gets y. Rather often onc uses
a = 10 and calls it then ‘common (decimal) logarithm’:

log4100 =2 ; log;, 1000 =3 ;...

However, in physics we use most frequently the *natural logarithm’ with base

a = ¢ denoted by the symbol log, = In. In this case the explicit indication of the
base is left out:

In(e') =x < ™=y, (1.66)

With y = ¢' and )’ = ¢* as well as a.c € & we can derive some important rules
for the logarithm:

In(yy') =1 (r" »v") =In (("" ") = v

=lny-+ Iny (1.67)

In(c-y) =In(c-e') =In (" ¢*) =1n (") =Inc+x

=lInc+Iny (1.68)
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InG*) = In (")) = In () = ax

=alny (1.69)

One still recognizes the special cases:
2 1.70)
Wl)=he)=0 : Ilx<0 if 0<x<I. (
ostpone because

Finally letus stll work out the proof of (1.17) which we had to p! d with the

0 ; ey cerne
It explois properties of the logarithm. Equation (1.17) is concern
following statement about the limit of the sequence

lal=1g}— 0, if lgl<1.
We assume
=0l <e<T.
That means (Fig. 1.9):

Ifl=lg'<c<1 & Injgl" <Ine<0
Ine

0"

0= n>
& nl\n]ﬁll<lns< inlgl

<l
Ifn, is the smallest natural number (integer) with

L
)
= Ing]

2 . limit of
then the starting inequality is fulfilled for all n = n, and 015 indeed the

the sequence for o] lgl < 1.

Fig. 1.9 Schematic behayior e
of the natury] loganithm

Vw
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In addition one sees:

Ine s
lgf>1 = n< 1—|| <0 = sequence divergent
nlg

g=1 = lim a,=1 = sequence convergent
n—roo

g=-1 = =1, +1,=1,+1,--- = sequence divergent (but bounded) .

1.1.8 Differential Quotient

The ‘slope (gradient)’ of a straight line is the quotient of ‘height difference’ Ay and
‘base line” Ax (see Fig. 1.10). For the gradient angle a we obviously have:

Ay

@ =—. 1.71
an o e ( )

Analogously one defines the slopg__(gmdiem) of an arbitrary function f(x) at a
point P (see Fig. 1.11). The secant PQ has the increase

Ay

) '
— =lana' .
A

One denotes

Ay  fx+ Ax) —f(x)
e 72
Ax Ax ()

as ‘difference quotient’. Il we now shift the point Q along the curve towards the
point P then the increase of the secant becomes the increase of the tangent on the

Fig. 1,10 Slope of a straight
line
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Fig. LIL Tothe definstion of
the denvative of a function
y=1

curve f(x) at P (broken line in Fig. 1.11),

Ay
: Ar—0 Ax

o'—a

tne = lim tana’ = lim

and one arrives at the *differential quotient”

Ay _dy (1.73)

AR S

5 «spect to x at the
Which i calld the “first derivative of the function /(x) with respect
point x';

4)
dy d d 7
=)
dr !l‘[ ?
Example
f) = )G
Difference quotient:

(A2 At (A, Ay,

Ax Ax

Ay i
Ax

Thus the first derivative is:
) =2

¢ T « warvwhere! The curve

All the differential quotients do not exhibit a unique limit everywhere! T I"I?‘ v
s > - » respectively,
inFig. .12 is continuous at P, but has there different slopes if we come, respec 3
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Fig. 1.12 Example of a 2
function y = f(x) being not
differentiable in the point P

from the left and the right hand side. One says that f(x) is ‘not differentiable’ at
the point P.

Definition

» y = f(x) is differentiable at xo if and only if f(xg) is defined and a unique
limiting value of the difference quotient exists:

fxo + Ax) = f(xo)

flx) = _\l.lT-n Ax

« The function y = f(x) is differentiable in the interval [a. b] if it is differentiable
forall x € [a.b]!
From a graphic view, one denotes f”(x) as the ‘slope’ of the curve f(x) in x.

If we look at the change of the value of the function between the two points P
and Q (Fig. 1.11),

Ay =flx + Ax) —f(x) = W Ax,
X

then we realize that for Ax — 0 the prefactor becomes the tangent in x. That leads
to the

‘differential’ of the function y = f(x)

dy = f'(x)dx . (1.75)
In general it holds dy # Ay.
Examples

18

y=f(x)=c-x" ;neN ;ceR. (1.76)
This function is differentiable for all x yielding:

fl(x) =nc-x" (.77
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That can be seen as follows:

n '
(x+Ay)" = (8).\"+ ('I,) Ax+ .+ (") AY

(n) 3 !
r] fn- !

Ay E (x4 Ay)" —x =2

o Ax
(AT B2 A2
e (0)

e

ot s (1) s )

Ay A
& .\lnl[lilr E =™,

Forn = 0 orn = 1) the difference quotient is already identical 10 76T g
v independentof Av, so that the asertion is immediately fulfilled-

2
(1.78)
y=fl)=c;ceR = f()=0
because:
Ay c—c
=S .
Ax  Ax
This i ofcoure simply the n = (-special case of the first example.
(1.79)

y=f= = fN=¢".

as follows:

The exy function s differentiable for all x as can be seen
JHAY 1 Ax
o L L)
Ax Ax Ax
1+ A4 202 4.~ 1
e

Ax
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1 i
o AT A
¢ (1+2A.\+6A.\ +)

Ay

lim — x
Av—0 Ax

~

—

Here we have used the anticipated series expansion (1.64) of the exponential
function, which will be explicitly derived in (1.95).

4.
y=f(x) =sinx = f'(x) =cosx. (1.80)
sinx 1s differentiable for all real x, because:
Ay  sin(x + Ax) —sinx
Ax Ax
sin.x cos Ax + cosx sin Ax — sinx
Ax
sinx(cos Ax—1) sin Ax
Ax
In the second step we have applied the addition theorem (1.60). If we furthermore
use the relation proved as Exercise 1.1.5,
SR TAY
1 — cos Ax = 2sin® — ,
2
then it remains to calculate:
0 i . _ Ax sin sin Ax
x) = lim | —sinx sin — ——= + cosx = COSX .
Ar—0 > D % APE Ax
At the end we exploited (1 50) for the terms in the parenthesis.
S

y=f{x)=cosx: = fl(x)=—sinx. (1.81)

The cosine, too. is differenuable for all real x. The calculation of the first
derivative is performed in a completely analogous manner as that for the sine
in the preceding example and will be explicitly done as Exercise 1.1.6.

The denvative of a function f(x) is in general agamn a function of x and can
possibly also be further differentiated. That leads to the concept of

‘higher’ derivatives



1.1 Elemeats of Diffcrential Calculus

In case the respective limits exists, one writes:
y=f) ="

Y =r0)= %ﬂ ]

o Pl
) —ft.\l—drll(‘\l

! dii )
/0 = 7 (") = 0)

“M*HD =f"+]’(.t) =

Examples

=2 A =31 A f'(x) = 6x
Af=6nfP=0 A" =0 Vnz4

Fanctions which are differentizble to arbitrary order are called ‘smooth’.

LLY Rules of Differentiation

We list some of the central rules for differentiating functions of one independent
Variable:

1. constant factor:

9
y=el) =y =c/ ). gL
proof:
S i cfle+Ay)—c-f(x)
Ar=0 Ax
=c- lim "/“+ DA =c-f'(x).
Ar=0 Arx
2. sum;

(1.83)

y=fW+g) = y=f(0+¢(x).

This can directly be read off from the definition.
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3. product:

y=f()-g) = Y =f()-g0) +f() &) . (1.84)

proof:

Il

A‘_”]A—(f(\JrA\) gx + Ax) = f(x) - g(x))

Jim ((I(H Ax) —f(x) - glx + A)
g+ Ax) 1) ~ () - 8()
[t A = ()
lm ————
Ax—10 Ax
g(x + Ax) — g(x)
Ax
=f1(x)-g(x) +/(x) - g' ) .

Il

- g(x + Ax)

i

In the last step we have exploited the fact that the functions g and f of course
have to be continuous since otherwise the derivatives would not exist.

Example Suppose n € I, then:

As an extension to (1.77) we now have a code for how to differentiate a power
of x with negative exponent:

=My =D | (1.85)

-~

. quotient

BTty g ey o (0220100860

(1.86)
) @) 4

proof:

First we investigate the derivative of

h(x) d
) == ——
2(x)
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where we can again presume the continuity of g(x):

I I I )
W= lim —[———-—
) ;.'Tom(g(.wm) )

T glr+ Ax) —glx) : __’]__
ey Ax gl + Ax) - g(x)
=) 5—.

k) ()

With the product rule (1 #4) the assertion is then proven.

5. chain rule:
(1.87)

dfes
o e oY),
y=fgx) =y s 8
Proof Letu = g(x) be differentiable in x and y = /(1) differentiable in 1 = g(1).
then it can be writien with g(x + Ax) = u + Au (continuity!):
[+ A0) = (s09)  flut Aw)—f(u) glx+ A1) —8()
TR T ey v

Au
Utilizing once more he continuity of u = g(x) (Ax — 0 ~ Au=0)we get
) : !
fim LB+ A%) ~f (39) _ Gy L) .
A= Ax du dx
‘normal

Formally we thus obtain a result which appears to be taken from
Jractional arithmetic

dy dy du

de  du de’
Eu.l”""" We demonstrate the chain rule in connection with an important appli-
cation. For this purpose we calculate the first derivative of

y=fy=Inr,
Which exists for all positive . We use the chain rule together with (1.79) 1o
differentiate the expression x = ¢ with respect o v:

»'0
I =e"—Inx

dx
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Obviously this yields:

(1.88)
Now we can generalize once more the rules of differentiation (1.77) and (1.85),

respectively. Suppose that @ is now an arbitrary real number. Then we have:
= ! = i
dx* det
e

d(aInx) e
dx ~ du o

ok TR
u=alnx dx x
That yields the generalization of (1.77) and (1.85), respectively,

dx*

o—1
el [0
dx

a2

(1.89)
which is thus proven now for arbitrary real numbers o.

Finally, we will consider the inverse function (1.38):

I (7)) =k

With the chain rule we have:

Al 50 o
ZIT(, Y f ) =1.

That means:

= (el =
g 0=
With

(1.90)

V=T L= )

d dx
~1
VR () e
ll}‘( ~ ) dy
we get an expression which ags
arithmetic:

un seems (o stem from elementary fractional

dx 1

A A

v

(1.91)
At the end, to demonstrate the above-derived rules, let us inspect the following



11 Elements of Differential Calculus

Examples
s tod
f)=asinx ; aeR = f'(x) = a cosx
¢ 102
5 . nrs
fl)=x =3Inx = f(x) = 5" — T
* 3
()= 2 cosx = f'(x) = 327 cosx — x° sinx
' lod:
= 2 sinx — x° cos X
()= — = .
&) sinx il sin”x
* 105:

f)=3sin(c’) = /(1) = 3cos(x’) - 35° = 9 cos(x’)

L110 Taylor Expansion

Occasionally it is unavoidable for a physicist to digress from rigorous mathemalic al
exaciness in order (o come by ndopu’ng‘ some ‘reasonable” mathematical sim plifica-
tions to concrete physical results, In this respect, the so-called ‘Taylor expansion
(Jfﬂ(’S[' of a malhcmnlical funclinn V= f(\] rl.'pl'C\L'lllh a very il"l)“l’l(llll and
frequently used auxiliary means. We assume that this function possesses arbitrari ¢
A, continuous derivatives at x = ;. Then the following power serics Egpasion
is valid what is explicitly proved as Exercise | 1 9:

/(v) =/(m)+#u-w + ’—-2‘—,“—’ (x—x0) -
o /()
= Z‘f_"“_,”,n (1.92)
n

n=0

IPm) =7, .

The assumption [x Wl < | guarantees the convergence of the serics Then one
can assume that the terms of the series become smaller and smaller with increasing
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index n, so that it should be allowed, in the sense of a controlled approximation, to
cut the series after a finite number of summands, The error can strictly be estimated
as will be demonstrated in Sect. 1.2 of volume 3.

However, the Taylor expansion can also be used for the derivation of exact series
as is shown by the following examples:

il

f("-)=l+.\- ;X%=0;|x|<1.

We use

fO=1:70)=-1(1+072=

O =20+07 =
~ SO0 = (=1)"n! s x—xo=x.

That means

TT-\ = Z (—x)" . (1.93)

n=0

Compare this result with (1.30)!

ifi(x) ' =Isinix" ;3xp =05
Now we apply the following terms in the Taylor series (1.92):

£00) =0 & f(0) = cos(0) = 1 : f(0) = —sin(0) =0 :
1"(0) =—cos(0) = —1
% ,"ln)(()) =0 : ’~(:r.+n(m = (=1)"

Thus we find in this case:

’:wl

oot S Tl A 31 -
sinx r.\—i.\ !—~. :-L

This expansion has already been anticipated in (1.5

S1).

A 1.94
(7n + 1)! { )
9

(o0 =T S =a O
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With (1. 79) it holds:
d G .ﬂ g‘) =
R ax" =0

==
& ~ I

Therewith we get:
(1.95)

x
F= Z =
n=0
We have already used this resultin (1.64).

LLII Limiting Values of Indeterminate Expressions
oo, respec-

We now consider expressions of limiting values of type 0/0 and 00/ , specil
tiely, which, of course, are not defined as well as in the following ¢
examples:

In(l+x) 0 0
S
0

X

sinx -0 0
R0

Inx 10 —00

J 00

.
: OF expressions of this kind we have the very uscful ['Hospital's yule. which
owever, has to be presented here without proof. If the function

=
=

&Ives for x — g an indetermined expression of the above kind then one can use
(1.96)

: ]
lim f(x) = lim ==
Jim (9 = lim Vi
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If the right-hand side persists to be not defined one replaces the first by the
second derivatives. If even then the quotient on the right-hand side continues to be
undetermined one takes the third derivatives, and so on. Hence, the above examples
are calculated as follows:

In(1 + » = L5
e (1.97)
=0 X =0 1
i S i SR (1.98)
=0 X =0 1
Inx 1
lim T = lim —+ = lim (—x) =0 (1.99)
x—0 T x>0 —‘1 x—=0

1.1.12 Extreme Values

For an actual sketching of a curve it is useful and necessary to know the (local,
global) minima and maxima of the corresponding function f(x). We establish:

[f(x) has a local maximum (minimum) at xo,
if there exists a § > 0 so that it holds for all x € Us(xq):
fQ) < fxo) = maxinum

fQ) = f(xo) = muinimum

Here we understand by Uy (xo) the §-neighbourhood of xy:

Us(xg) = {x: |x—xo| < 8} . (1.100)
Proposition
Iff(x) is differentiable at x,
having there a (local) extremum, then it must hold:
['(x0) =0

We demonstrate the proof for the case of a minimum (Fig. 1.13). In this case it holds
if only |x — xq| is sufficiently small:

) for

1) = x0)

X=Xy

XX

e el
l <0 for x<xp
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Fig. 113 Example of a Ui Maximum
function y = f(x) with,

tespectively, a (local)

maumum and minimum al X

Fig. L4 Inflection point of
afunction f(x) atx = x,

Then 1t must necessarily be concluded:

- [ =fl)
lim

=5 X=X

=fx)=0.

a necessary but

However, one has to bearin mind that f'(1) = 0 turns out to be only tion point’!
sinfle
not a sufficient condition for an extremum. It could also be an ‘inflecti

R erpasinge if X < X0
For the example in Fig. 1 14 the slope /'(x) is monotonically decreasing 1 .
and monotonically increasing if x > x5, That means:
ny | S0 for x<x
;
AL |20 for x>x
and therewith:

(1.101)

S =0 (inflection point)
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Fig. 1.15 Function f(x) with

a maximum at.x = xg and its H
denvative f'(x) B
1
1
|
1
1
T % x
’ 1
f \
1
1
1
1
\J

Fig. 1.16 Function f(x) with if
a minimum al x = xq and 1ts
derivative f*(x)

A sufficient criterion for an extremum at the point x = xg can easily be read off

from Figs. | 15 and 1.16:

=01 and o) {>() : minimum

3 (1.102)
<0 : maximum

Regarding (1.101) it is to be noted that it is also only a necessary condition for an
inflection point, while a sufficient condition would be:

fixo) = f"(x) =0 and f"(x)5£0. (1.103)
The general case, however, must be accepted here again without proof:

Let us assume a sufficiently often differentiable function f(x) with the following
properties al X = Xy!

') =f"(x0) = ... =f"(xp) = 0 with " V(x)£0 (n>3), (1.104)
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e

and fo(x) = % in the vicinity 0
Fig 117 Schematic behavior of the functions £ (x) = x* and /2(x)

fr=0

then f(v) exhubits at y = 5,

m 1) (y0) < 0,
* dmasiman if n is an odd integer and f* i (x0) A
2 n }
* @minmmum ifn is an odd integer and f"*( .y!) e R,
* annflection pownt (with horizontal tangent) if n is @

2 ained herein.
The above discussed special cases are obviously Coflld".lzllj‘_i; 117)
Letus consider o examples to visualize (1.104) (se

1.
fig=r a x=0
One immediately finds:
KO=f0)=0 : f(0)=6>0.

Thus the function has an inlection pointat x = 0.
2

h=x a x=0

In this case holds:

A 1070
RO =) =f10)=0 : f0) =24 > (

This function exhibits aminimum at x = 0,

L1113 Exercises

o } s> - 'OC
Exercise 1,11 Determine the limiting values of the sequences {a,} for
(nel)
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n

n

a, =

9

n+1

= ———5—
" a4 nt+n

w

Gpi— ————1=
Exercise 1.1.2
1. Calculate the following sums:
3 1 m oo
S3=Z3(§) 3 s:Za(
m=1
2. Is 1.111... arational number? If yes, which one?

Exercise 1.1.3 Show that the harmonic series (1.27) does not converge in spite of
lim, . 0o = 0!

Exercise 1.1.4 Try to simplify the following expressions for trigonometric func-
tions:

2 B B
COS™ ¢ - lan” ¢ + cos™ ¢

1 —cos’ ¢

sing - cos @

—_— ,‘.. —_—
1—sing 1 +4sing



erivatives

of the trigono-
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4.
i) =

o

fil) = V1422
6.

Jo(x) = 3 cos(6x)
i

f2(x) = sin(x?)
8.
fe(x) = exp(2 —4)

9.

Jo(x) = In(2x + 1) .

Exercise 1.1.8 Use the rule of differentiation for the inverse function (! 90) in

order to find the derivatives of the arc functions (inverses of the trigonometric
functions):

I3
: 1
— aresiny = ——
dx Vi—x
“
— ArCCOS X = —
dx
g%
a 1
— arclanx = 5
dx I+ x
4.
1

«
— arccoly = —
dx
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Exercise 119 Assume that the function f(x) is arbitrarily often diffcrentiab

addition, an expansion into a power series shall exist:

oo
)= % B
n=0

. v ergenc
. eoion of converge
Allx for which the series converges constitute the so-called region o
and its

of the function f(x). o0/
- = function |
1. Determine the coefficients a, from the behavior of the func

denvatives at x = 0,
2 Venfy Eq, (1.92);
o
)
flx)= z T (x )

=0

Exercise 1,1.10 Why can the function
fly)=(1+x)"

forr & | pe replaced 10 a good approximation by
nn=1) 5,
f=1+nr+ e

Exercise 11,11 Verify the series expansion of the logarithm (Jx] < 1):
o . 1
—py) el 5 AT
RURRIES L Lo s

E n e 2 & 3 4

Exercise 1,1,12 Verify the series expansion (1 54) of the cosine!

Exercise 1.1,13 Given the function

ﬂ,() = :

Find the value £(0), on e one hand by wse of the series expansions for ,',,:
CEXponential function g the sine, on the other hand by applying 1"Hospital’
rule (1.9¢),

following functions:

Exercise 1.1.14 Find the zeros and the extreme values of the

1.
f) =2 g
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(]

e
g(x) = sin (5\) d
1.2 Elements of Integral Calculus
1.2.1 Notions

The technique of ‘differentiation’, which we discussed in the previous section,
follows the scope of work:

given: y = f(x)
finding: N= ",—" : ‘derivation’,

The reverse program, namely

given: fy =4
finding: Yy = f(x)

leads to the technique of ‘integrarion’. Consider for example

fi(x)'='c’='const ,

then we remember according to (1.77) that

fulfills the condition ['(x) = c.
Definition F(x) is the ‘antiderivative (primitive function)” of f(x), if it holds:
F()=f(x) Vx. (1.105)

In this connection the above example means:

fX)=¢c n Fx)=c-x+d. (1.106)
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family of curves. Fixing
Because of the constant d the result comes out as a full t:m:;l l)[ .u
111 ¢’ e o L at:
needs the introduction of ‘boundary conditions’. We accep r
iderivativi imitive function
‘Integration’ : Searching for the antiderivative (primitive d
: i as the area unde
To generate a graphic image, the mtegral can be mlcrprclirc’l Tk L
the cu;\c y= f{vi If the curve y = f(x) is given then we asi S
_ : 4 o *n 8]
e can determine the area F in Fig. .15 under the curve bcll:w(:uf B s
aand x = b, This can easily be done for the special case l i;,'lm;y B
straightline. However, how can we calculate the area under an ar’
byl [ ared >composing the
Ina l{rsl siep, we approach the calculation of the area by de p
interval [a.b] in n equal sub-intervals Ax,,

1.107)
s N, (
Y n
Whete 3,15 the center of the j-th partial interval:
(1.108)

.\',=ﬂ+(l—21) O — 192 .

i approximately
Then (x) Ax, isthe area ofthe i-th pillar in Fig. 1.19. Hence it holds appi
for the area F-

" (1.109)
Fx Y f()Ax, .
i=1
Fig. LIS Interpretsiion of s
the integral as ares under the
curve y = f(y)
F
x
T b

Fig. 119 Riemunn sum for
caleulating the integral
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For n — oo the sub-intervals become arbitrarily small (Ax, — 0), and it appears
obvious that the mistake which results from approximating F by the sum of the
‘pillar areas’ also becomes arbitrarily small. The limiting value for n — oc comes
out as a real number and is called:

‘definite (Riemann) integral’

5 b
F= lim_ Zf(x,)A_\',,E-/; f(x)dx. (1.110)

i=1

One identifies @ as the lower and b as the upper limit of integration. f(x) is the
integrand and x the integration variable. The equivalence of the definition (1.105) of
F(x) as antiderivative of f(x) and the above definition as definite integral, however,
has still to be demonstrated.

1.2.2  First Rules of Integration

Some important rules follow directly from the definition of the integral:

e Identical bounds of integration:

f f)dx=0 (1.111)

+ The ‘area’ in the sense of an integral has a sign because of f(x) < 0!
For the example in Fig. 1.20 one recognizes:

F, = f f(x)dx >0

F

]

[ g f(x)dx <0
Ju

gt / f(x)dx >0

Fig. 1.20 Nlustration of the y
stgn fixing of the defimite
integral
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Fig. 1.21 Partiuoning the >/
interval of integration
1
1
1
1
]
. b
| a Xy b
x:"z’ are defined as in (1.108) with corresponding A.\'f,' 2) (,\':” =a+ (i—
'5)1%" ’ .\:2' =20+ (i— %)""%) (Fig. 1.21). Thus it holds:
b X0 b
fx)dx = / flx)dx + f(x)dx (@<x0<b). (1.114)
a a X0
 Interchanged bounds of integration:
Formally (1.111) and (1.114) imply:
a b a
0= / f(x)dx = / f(x)dx+ / S dx.
a a b
Consequently:
b a
](,\')zl.\'=—/ f(x)dx. (1.115)
a b

One should notice that on the right-hand side it must hold that dx < 0 because of
b > a!

1.2.3 Fundamental Theorem of Calculus

We consider the definite integral over a continuous function f(r), but now with
variable upper limit:

Flx) = [ f(1)dt ‘area function’ (1.116)
Ja
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Fig. 1.21 Partitioning the )
interval of integration

1
1
|
1
i
. X
| a X b
.\‘:"3’ are defined as in (1.108) with corresponding A,\‘f,"” (.\':” =a+ (i—
%)1’-',—‘_4' < .\:2’ =xo+ (i— 12)"7%) (Fig. 1.21). Thus it holds:
b 0 b
fx)dx = / fx)dx+ | f(x)dx (a<xg<b). (1.114)
a a X
o Interchanged bounds of integration:
Formally (1.111) and (1.114) imply:
a b a
0= / f(x)dx = f(x)dx + f(x)dx.
a a b
Consequently:
b a
f(.\)zl.\':—f f(x)dx . (1.115)
Ya b

One should notice that on the right-hand side it must hold that dx < 0 because of
b > al

1.2.3 Fundamental Theorem of Calculus

We consider the definite integral over a continuous function f(r), but now with
variable upper limit:

F(x) = [ f(r) dt ‘area function’ (1.116)
Ja
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The area under the curve £(1) in this case is not constant but a func::or;h?nlV
(Fig. 1. 22). If the upper bound of integration is shifted by Ax the area will chang

by:

vAx
1+An x
AF =F(y+ Ay~ F() = f{l)d/—/f(r)(h:'/‘ f()dr.

u
icit proof we acce { the
In the last step we have used the rule (1.114). Without explicit proof we accep!
important
‘mean value theorem of integral calculus’
This theorem implies:
T 1.117)
Jie[ny+ Ay with AF=Ax-f(3). (

e rding 10
Although not exctly proven the theorem appears rather plausible according
Fig. 123 So we can further conclude:

Fly= lim A lim f(3) =f(x) .
A=0 Ar A0

Thus after (1.105), the area function is the antiderivative of f !.VJ!' rU”er\ ':;]‘:’L ‘h
the equivalence of the definitions (1.105) and (1 110) for the antiderivative,

Fig. 122 Definution of the o/
arca funcuon S
I
B~ Ar
1 > 1
T 7 x x+Ax
Fig. 123 To the mean value %
theorem (] 117)
! AF
1
1
]
h 1
, = x x4+ Ax
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Fig. 1.24 To the influence of 2/
the lower bound of integration
on fixing the antiderivative

o
i
\
|
E
| d a e :
remained unsettled in Sect. 1.2.1, is now settled.
‘fundamental theorem of calculus’
/! @b
ZFy =< f Fyde = f(x) - (1.118)
dx dx J,

The successive performing of integration and differentiation obviously cancel each
other!

integration = inversion of differentiation

The influence of the lower limit of integration in (1.118) still appears unsettled
(Fig. |.24). To clarify this we therefore investigate:

F(\'):]]Md!: /[(r)d: +/f(r)d/.
“w \L\‘—_’ a

=A, independent of © Flx)
Therewith it follows that both F(x) and ffl.\') are antiderivatives of f(x):
s 1= 1
F)=F&)+A ~n —F@) = —FQx) =f() .
dx dx

The lower limit of integration is therefore in a certain sense dummy, the antideriva-
tive is uniquely fixed except for an additive constant:

F(x) <= F)=Fx)+A. (1.119)

Therefore one introduces the
‘indefinite integral®: F(x) = [{(\)1/\ . (1.120)

defining therewith the set of all antiderivatives of f(x)!



12 Elements of Integral Calculus

Fig 125 Tothe definite
mtegral of the cosine

P ; the
¥ - expressed by
The “defiite miegral’, already known to us, can also be exp
antidenvative:

rm+ﬂ=/fum n Fl+e=0 ~ Fl@=-¢:

Therewith it follows that whe we take x = b:
b 12 (1.121)
/ fWdv=F(b) +o = F(b) - Fla) = F)| -

% Gnite 'mcnrul.
Atthe extreme we haye introduced the usual symbol for the definite ez

Example
(1.122)
IW=cosx n Fxy=sinx+c (ceR).

% snee we obtain
The AMGETVANGcan easly e guessed with (1.60) (Fig. 1.25). Hence we
the following definite integrals for the cosine:

+ .
/ cosxdy = sin 1-(-1)=2

(<1)=1=-2 (sign of the arca!)

/ cosxdy = sin
; H

2
/ cosxdy = sina|’7 = - (- =1
& 1
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n
/ cosxdxy = sin,\'l"'. =0-0=0 (signof the arca!)
0

1.2.4 The Technique of Integration

The goal is to find the antiderivative F(x) of a given function f(x) such that F'(x) =
f(x)! Firstly one has to realize that there does not exist a generally valid algorithmic
procedure of integration. Instead of this one has to act heuristically.

1. ‘Guess’ and “Verify’

Let the function f(x) be given, then the correct form of F(x) can be ‘guessed’ and
subsequently be verified by differentiation: F’'(x) = f(x)! An important help in this
respect are of course integral tables. We list here some examples:

1 \11+l
)= = ) = e
) =x" m#-1) n Fix) o)

+

A=y 4x A Fe)=>

1
()= = x>0 A FKE) =Ilhx+c

fa(x) =sinx A Fyx) = —cosx + ¢y
f5(x) =cosx

Fs(x) = sinx 4 ¢5

Jo(@)=¢" A  Fe(x) =€ + ¢
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The lst three relations can of course be provenalso directly via corresponding seri¢
expansions. We briefly demonstrate them:

22
/sm\dr Z( l)/(_" Z( (.,”Jr—,).
B o " 5 ’~¢ _l e 2n’ l R
g @t ’;,( ’ (7 @ "

=—cosat ey
1

et
/cwdx-zr-l) /—rlr— l)"m +¢5

=siny+cs

© o 1

i sy
ddi= —dr= — +c
/ : ;/n!‘ n‘;ﬂ(u{»l)!?[

P

’xl‘ oo
E—. Z(,,,. L
=4

i

2. Substitution of the Variable

One trics 1o modify the integration varizble in such a way that the integral becomes
awell-known standard integral. That is done according to the following steps:

* Replace

=i
7
Y= u=ux) r, dr— du= i"dx . dx = (I—"’) (u) du.
dx dx

In case of a define ntegral we have to notice that the limits of integration are

also usually changed with the substitution (r, —» ;= u(x,)).
* Iuis integrated now with respect (0 1, The integrand changes accordingly:

J0) = [lu) = f(x(u)) .

* Anuderivative is now £(u):

- L
Flu) = /(uj(——) (') dut
dx
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» Back transformation:

F(u) — F(u(x)) = F(x) .

We demonstrate the procedure by two examples:

(a)

F(x):fe‘“dx (aeR).

We substitute advantageously u =

ax ry du = adx : i (1) = ¢". Therewith
follows:

1 1 ~
fe"‘d.\': -/L‘"(h(: -+ c=Flu).
a a

Hence we have found:

1
fc“‘d.\‘:—e"‘+c4 (1.123)
a

¢ is a real constant.
(b)

F(x) = /(3 + 4x)° dx.

In this case we substitute u = 3 + 4x A, du = 4dx ; f(u) = 1°. That leads to:

= 1 6 2
fll +4x) dy = -J:flfrlu = ;—4 +c=F(u).

So we are left with:

1
[(H 40 dx = 7‘(3 +4x)° 4 c. (1.124)

¢ is again an arbitrary real constant.
3. Integration by Parts
Starting point is the product rule of differentiation (1.54)

1 1f (v df>(x
() o) = L2 p oy 4 LD
dx dx dx




(1.126)
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Then it must hold:

filx) =cosx and fo(x) = —cosx.

That can be evaluated as follows:
fsin: xdx = —sinx cosx + ¢ + fcosz xdx
= —sinx cosx + ¢ + /(1 — sin® x) dx

: ~ T
= —sinx cos.\'+c+,\-—/sm xdx .

Therewith the antiderivative is found:

2 1 x
/sin‘ xdx = —= sinxcosx + —‘2- +d. (1.127)

1.2.5 Multiple Integrals

Multiple integrals as volume or surface integrals are reduced for their calculation to
a set of simple one-dimensional integrals of the kind we have inspected up to now

in the preceding sections (Fig. 1.26). Let us consider, as an popular example, of the
total mass of a sphere with

‘mass density”’ pr) = p(x,y,2) = —

dm dm
dv|,  dxdydz|,

The volume element dV = dydydz

= d*r at r then contains the (infinitesimal)
mass dim = p(r) dV. Thus the total mass is given by the triple integral:

M= /:I‘rp(ri:/—/ / dxdydzp(x,y.z) .
JV Jv

Fig. 1.26 To the calculation
of the mass of a sphere by a
triple mtegral

wED
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Therefore we have to perform three integrations over integrals which are fixed by
total volume. Here the limits of a particular integration may depend on the variab
of the other integrations. For this reason we will distinguish two cases:

L. Constant Bounds of Integration

This is the simpler case. All single integrations are performed one after anothe
according to the rules of the preceding subsections where while performing one h

other variables are fixed:

M= d’r/;(r)=/‘//dxd)'d:p(x,)xsj
|4 v

2 by az
= / dz / dy / dxp(x.y.2)
o By ay

y.ziay.az)

Q by
= / dz dyply. z: ay, az)
[ by

Flziayay br.bz)

=/ dzp (7 ay.az, by b2)
ot

= M (ay,az, by, bs.c1,¢2) -
{ constant bounds of integration and a
allowed to be interchanged.

crangular atr colunn above the
18). As a consequence of

T"L'_Tc.\ull 15 @ real number. In the case O
continuoug ntegrand the various integrations arc

Letug calculate as an example the mass of a re
anh’s suface assuming it to be flat (Figs. 1.27 and |-

Fig,
o ll.hf.27 To the caleulation
i Ll Mass of a regy ulir
Column aboy, y
© e
Surface ji
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Fig. 1.28 Massof a M
rectangular air column of
height A above carth’s surface
as function of /1
@& abla

gravitation the air density decreases exponentially with increasing height:

«z

p=pE)=pye”

h b a h b
[ (I:/ dy / dxpye = py ~a/ zl:/ dye™™@
0 0 Jo 0 0
h l
cab | dze™™ = py-ab (——) (e
Po /; & Po =

ab Ay
=p— (1 —¢ "") i
[

M

]

i

2. Non-constant Bounds of Integration

For at least one of the variables the multiple integral must have fixed bounds of
integration and one of the variables must not appear in any of the other bounds
of mtegration. The latter is the first to be integrated. Subsequently, that variable is
integrated which after the first integration does not appear in any of the remaining
bounds, and so on:

02 b t2) g
M = [ 41:/ :l\'/
vy Jhy(z)

Javo

(1.128)

piz)
Let us practice the procedure by inspecting two special examples.

(a) surface integral
As sketched in Fig. 1.29 the two curves y; = 247 and y; = x* enclose between
A = Oand x = 2 an area the amount of which shall be calculated. That can be




5
1.2 Elements of Integral Calculus
Fig. 1.29 Area § as example %
for the calculation of a double
integral 5
lxl
4 *
e

Fig. 1.30 To the calculation
of the sphere volume

__2)1/1
-(R* -2 §

W ih
ipe’ infinitesimal widl
managed by ‘adding stripe by stripe” the area elements of infin

d:

&8
2 2 v 2 2, —!rd = A :
= dx / 1])':/ dx (2 —x') = —‘.“1 T .3
0 Jul )
v J or the (wo
We can verify the result by subtracting the two areas Sy and 52 under

curves in between 0 and 2:
5 /: . 0 ! 16
= 2 = =x| = —

0 1 0 'X

Itisindeed § = 5, — §, = 4

() volume integral s
We caleulate the volume of u sphere of radius R by applying

coordinates (Fig. 1.30). On the surface we have

)

R=x+yv 432

. £ o oy ; " e V of the
That defines the limits of integration for the caleulation of the volum

sphere:

AT +of R

+R
Die= / d- / dy dy.
-k ST —R3-2
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This can be evaluated: ~

in the second step, for the y integration, we had to take the help of an appropriate
table of integrals.

Later in this course, we will see that v

often multiple integrals with
not constant bounds can be substantially simplified by a transformation to so-
called ‘curvilinear coordinates’ which we introduce and inspect in Sect. 1.7.
The calculation of the volume of a sphere, by usc of spherical coordinates

2
(Sect. 174 turns out to be much quicker and distinctly more elegant than that
with the above used Cartesian coordinates.

1.2.6 Exercises

Exercise 1.2.1 Solve using integration by parts:

)

19

[cns’ Xdx
Doy 5
x* cos” xdx
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w

/xsinxd.r
/.\'lnl\‘d\'

o :r substi
Exercise 1.2.2 Calculate the following definite integrals by proper st 2

variables;

(ution of

15
ol ~
/ (5x—4) dx
0
2
. 5m
/| sin (n.r + —2—) dx
3,
‘/1 d‘
1 7—3x
4,

+1 - |
/ |7ﬁ|‘ 4 4dx
1

Exercice S
Xercise 1.2.3 Evaluate (he following multiple integrals:

1
1 98
/ / o drdy
va=() Jys=l)
/ / siny - sinydvdy
Ji=0hy=ln
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5, et
/ / X dxdy
=0 Jy=
L2ty
f / f dxdydz
A=0Jy=0J:=0

1.3 Vectors

In order to fix a physical quantity one needs three specifications:
dimension, unit of measure, coefficient of measure.
Physical quantities are classified as
scalars, vectors, tensors, . ..

Tensors will not appear in the first parts of this course. Thus we explain the term
tensor at a later stage.

Scalar:

An object which after fixing the dimension and the unit of measure is completely
characterized by stating one coefficient of measure

(c.g. mass, volume, temperature, pressure, wavelength,

Vector:
An object which in addition needs the specification of a direction

(c.g. displacement, velocity, acceleration, momentum, force, . ..)
The conceptually simplest vector is the displacement or
position vector

by which the points of the Euclidean space Ey can be specified. For this purpose one
first defines an

origin of coordinates O
and connects it by a straight line with the considered pomt A of the E; (Fig. |

31).

Fig. 1,31 To the definition of
the position vector



1.3 Vectors

Th e e o
& 0:— Ci::ﬂn:Cllng {mc gets a direction by convention to run through the line .
e EF (;1 coordinates O to A. In the following we will mark vectors by b

. Each vector a has a length, also called magnitude,

a=|a|

nee direction, 1¢ ¢
three straightlins:
the origin of
s, and thatin

::f(ir:ni:.:cgzn’ E::‘e urfique fixing of which requires a refere
Perpendicu)llm :“ 'hve simplest system ofrgfcrt?nce is built up by th:
it :)_e.mh other and mlel.'sccun.g in one common point,
sucha way to bu?::j( s star). One assigns directions (o the l.hn?e lines, :
(right-handed ,l i inthe sequence(IEes 3) and (x, . 2). respectively. arightsyses
axis 3 has the di 4 ufdr”," ). If one rotates on the shortest way from axis o
This is called 2 irection into which a right-twisted screw would move (sce Fig:
cda

Cartesian coordinate system
n vector in the Es 18
dcmunslruludun

Onbsitsar

“':tl:illl; Jt:trr:“nq system is fixed the orientation of a positio

the unit sphere ("de by two numbers, ¢.g. (WO angles what can be
One denote sce Fig. 1.33).

cnotes two vectors as (:quzl if lhcy have the same I

uired that they have

in this sense ‘cqu

engths and the same

directigy i

ns. . i
starting p\oiNOhC,L' however, that it is not at all req the same
Fig. 1.34) nts. Parallel vectors of the same lengths are

al’ (see

Fig. 1.32

32 Cantesiun
Bl St inaagise e e
hic ates as a right )

Fig. 133
direetion of
quoting twy,

Description of the
Avector by
angles
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Fig. 1.34 Example of two
‘equal’ vectors

Fig. 1.35 Two ‘antiparallcl’
vectors

Fig. 1.36 Addition of two
vectors

To each vector a there does exist an equally long but antiparallel vector
(Fig. 1.35) which we denote —a.

A unit vector is a vector of the magnitude 1.

1.3.1 Elementary Mathematical Operations

(a) Addition

Two vectors a and b are added by a parallel transl

ation of one of the vectors, say
b, such that the base point of b coineides with the arrowhead of the other vector a
(Fig. 1 76). The sum veetor (a + b) then starts at the base point of a and goes to
the arrowhead of b, One recognizes that (a | b) corresponds to the diagonal of the

parallelogram spanned by a and b (parallelogram law). We list up some obvious
rules for vector sums:

() Commutativity
a+b=b+a. (1.129)

clear with Fig. |

This follows directly from the definition of the sum veetor and becomes immediately
7. Decisive for the commutativity is the free paraliel mobility of
the vectors in the plane

() Associativity

(@a+b)+c=a+(b+c) (1.130)



Fig 1.3 « \

g LY Ao viny

(a+b)+c

a+(bic)

Fig. 1.3 Suberactc

veunon

The validity of ) can easily be read off from Fig. | 38.

() Vector Subtraction
a—bmoh) (1.131)
Subtracting a from 1tself yields the so-called
zero (null) vector: 0 =a—a. (1.132)
the only vector which has no definite direction (Fig. 1.39). For all vectors holds:
at+0=a. (ks

3)

Because of (1.129), (1

1).(1 132 and (1 133) the set of all position vectors build
2 (commutative) group

(b) Multiplication by a (Real) Number

Let o be a real number (@ € K) and a be an arbitrary vector.



=4

w0 G Wt P s

Definition (o a) is 4 vector with the following properes.

i fadas0
H i Hlado <o
2)  oal = ola R
Special cases:
ln=a, On=0. (=1)a = ~a (L1
rules:

In the following let a, f, . .. be real numbers and a. b, . any by wecsoes,

(@) Distributivity
Valid are the following distributive laws:

(@+ f)a=oa+ fa. [IRE
afa +b) =ca+oh. (LAsh

The proof of (1.136) immediately results from the definition of the vecwor The el
of (1.137) runs as follows:

Proof According to Fig. | 40 it holds (& > 0) .

ca+x =y,
x=ab (@>0).
y=a(a+h) @>0)

The assertion is proved if ¢ = @ = o
1. Intercept theorem:

Fig. 1.40 Demonstration of
the distnbutivity of a vector
sum with respect 10
multiplication with a real
number




I a
\ \ C on ( I
(fa (aff)a = afia
f1s immediately clear
t

Sl jon of &
can construct a unit vector in the directic

i nagnitude |a
[ a with Je,|=a"a=1
1
e a

lenoted by the letters e or n

ons have been focussed more or less
However we

wever. we can also interpret the above listed prc

general axioms. A objects which fulfill these axioms S

~1OT ynly a sell
lollowing as veciors. The position vector is onl

) 1 vec
f the abstract term vector. The ensemble of all

vector) space V over the body of real numbers &

fills the following axioms:

xiom 1.1

a. b € V a connection (‘addition’) is ¢

(associauvity)




1 WhuSemate 4l P wwans

3. (additive) inverse: For all a ¢ Vexists an clomont (~8) € V 1o e

ati-a)=0
4 a+b=hia Coamtngt s oy |

Axiom 1.2 Multiplication of & vector with clements o f. « ¥
oeR aeVenoaeV
1 (o fm=unt fin

a(m 4 b) = au+ob
2. alfa) = (af)a

{(datrdunury )

| HNNOOUR Ty )
3. Itexists a wnity (identiry) element 1, w0 that

lca=aforall aeV

We have introduced in this section the multipl of vecion walh scalluey. b
it also possible to multiply vectors with vectors? The answer & yes, bt the sope of
multiplication must be specified with care. One knows two types of producs bk

by vectors, the scalar (inner, dot) product and the vector (outer, crom ) pradact

1.3.2 Scalar Product

Asscallr(innendot)pmdmofmovmamdhxsdm‘cdhggmw
number (scalar): .

(a.b)=a-b=abcos? , ¥ = <ia.b) gt 2

Tlustratively, it is the product of the length of the seoomd vecwor wulh Be
projection of the first vector on the direction of the second (see Fag 1 41,

a:-b=0.if Da=0 ovandd =0

ord) P =x/2 IR
Fig. 1.41 To the definition of =
the scalar product between e
Two vecton oy
kO A
e '\ P
—— ]



n.w To the proof of the

-
ikmcarity of the scalar
product of two vecton ~
-
== w(a-b) = (on)-b
a<0: a'b = abcosd
(o) b = |alabeos(x - #) =
= ~|ajabeosd =
= aaboos ) =
= ol(a h)
(d) Magnitude (Norm) of a Vector
Because cos (0) = 1 we have:
l-:=a’30¢=»a—-,/.~l. (1 Lak
The equality sign is vahid only for the zero vector:
e-e=1 <= unil vector .
(e) Schwarz's Inequality
la-b| <ab. (LI

Since |cos#| < 1 this statement follows directly from the defmmom (1 140 The
latter, however, is related to the infuitive position vectors of the Fy Fon the chomenss

of an abstract vector space the scalar product is defined by the proparsies (1 140
(1.146). More strictly that means:

A connection between two elements a and b of the voctor space Ve sssgms
toita real numbera € R

ab=a,



o denoied as scalar product of the axioms (1 145)=(1 146) are fultilled. A velo
space. Tor which a scalar product is defined is called a unitary vector space
Mherefore, we want 1o prove (1 147) by using these properties without referminy
to the speaial case of position vectors,
e = Dovand & = 0 holds, Eq. (1 147) s fulfilled with the equal sign. Thercforc
# Oand b # 0. Then one finds for all real a:

WO NOW assume @

0 < ‘u+ah)~(l+ubl=

'@ +a’h +ab-a+ an-b=

@ a4 2a-b.

Since @ is arbutrary we can specifically choose
a-b
a=—-—€R
»
But therewith follows
., @b @by
0<a + —_I;‘—— —27‘ J
< 0<db-(@-bP=>g.cd

(N Triangle Inequality
la—b] <la+b]<a+b. (1.148)
The proof exploits the Schwarz's inequality:
—ab <a-b<ab
= o+ ~2ab<a+b +2a-b<a’+b +2ab
= la=bF<@+b’ <@+
<= la—b <ja+bl<la+bl=a+b.

A special application of the scalar product leads to the cosine rule (Fig. 1.44)
c=a-b,
F=@-bP=d-2a-b+¥

= A =d + b - 2abcos<(a.b) . (1.149)



Pig. 144 Demonstration of
the cosine rule

Fig. 1.45 To the definition of
the vecior product

1.3.3  Vector (Quter, Cross) Product

The product discussed in the last section assigns a number. (e & sole w0 e
product of two vectors of a vector space. However, there exaits & sooomd tagee of
product which addresses to two vectors a third vector from the same v e
This is known as vector product, outer product, or cross prodect

c=axh

This vector has the following properties:
Fy

c=absind ; ¥ =alab) (A5

The magnitude ¢ of the resulting vector correspond 10 the arca of the parailiche-
gram spanned by the vectors a and b (Fig. | 45),
€ is ori dicul

i d perp ‘lo!healu“ d by aand b wm such 2 way Buaa b
¢ in this seq) build a right-handed dinate system

The second point indicates that the vector product does mot sy chacscris &
direction but more a “direction of rotation, rotation semse” Thias, im xurions gt
the properties of a vector product are different from those of 2 “emiimary” (polar)
Vector. ¢ is a so-called axial vector (pscudovector) The sunct dstmcson hecomes
clear with the term

Space Inversion

Reflection of all space points (Ey ) wish respuect 3 @ fued e powe,
e.g. the ongin of covndimnates.



1.3 Vectors

Fig. 146 Space inversion of a polar vector

axb

Fig. 147 Space inversion of an axial vector

2 : A : ¢ other hand,
Polar vectors change their signs by inversion (see Fig. 1.46). On th or will not
: : ‘ : vecl
since the rotation sense does not change after inversion, the axial v
ectors 0f

change its sign (see Fig. 1.47).
genuine

We add a remark. Tt is clear that the scalar product of either only P‘?"“: ‘
only axial vectors does not change its sign with inversion, being therefore '1 i
scalar. The scalar product of a polar and an axial vector, however, changes in
negative and is for this reason called a pseudoscalar. y <ned between

One has to bear in mind that the scalar product (Sect. 1.3.2) is defined bc holds
vectors of an arbitrary-dimensional vector space, while the vector product

only for three-dimensional vectors,

13.3.1 Properties of the Vector Product
(a) Anticommutative
51
axb=—bxa. (1.1

. % ? f ioht-handed
This property becomes immediately evident as consequence of the right hand

cork rule (see Fig. 1.45).

(b)

axb=0.if )a=0or/andb=0.
2)b=qa; aek.

Two collinear (equidirectional) vectors cannot span a surface area (sin 0 = 0).
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Fig. 1.48  Auxiliary sketch
for the proof of the
distributivity of the vector
product

(c) Distributive

(a+b)xc=axc+bxec. (1.152)
Proof The proof is done in two steps:
(@) The vector ¢ in (1.152) is obviously in some way distinguished. We decom-

pose therefore the three vectors a, b and (a + b) into components, respectively,
parallel and perpendicular to ¢ (Fig. 1.48):

=aj+ay ' 1153
BRI at+b=(@+b)y+@+b)r. (1.153)

Only the components perpendicular to ¢, however. contribute to the vector
product:

axc=a) xXc. (1.154)

For it holds:

lag x¢| = apesin

(SRR

ajc=acsind =

Il

laxe|.

Since, in addition, the directions of axcand a; x ¢ coincide. (1 154) is obviously
correct. Thus we can assume, without loss of generality. for the second part of
the proof that a and b are already orthogonat to c.

(B) By the vector products a X ¢, b x ¢, (a + b) X ¢ new vectors arise from
a.b, (a + b), the magnitudes of which are altered by a factor ¢. All the three
vectors are located in the plane orthogonal to ¢ which is spanned by a and b.
They are rotated relatively to the original vectors by 7/2. The angles between
axc, bxcand (a+b) xc, on the one hand, are thus the same as those between
a,b and (a -+ b), on the other hand (Fig. | 19):

1

\ |
axc)+-(bxe)=-[(a+b)xc].
{ o C

(1.155)
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Fig. 149  Another auxiliary
sketch for the proof of the
distnbutwvity of the vector
product

With (1.137) follows:
1 1 q (1.156)
~[axc)+ (bxo)] = ;[(a+h)x A

c

That proves the above statement.

(d) Not Associative
ot arbitrary. I
The positions of the brackets in the double vector product are i

general it holds;
(1.157)
ax(bxc)#(axh)xc.
E ereas the one on
The resulting vector on the left-hand side lies in the (b, ¢) area, whereas
the right-hand side, however, in the (a, b) area.

(e) Bilinear for Real Numbers o

(1.158)
(@a) xb =ax (ab) = a(axb) .
to take
Fora > 0 the proof follows directly from the definition, for & < 0 one has (¢
into consideration the right-handed cork screw rule.

Example (Fig. 1.50)

a+b+c=0
= axb=ax(0-a—c)=
=ax(—¢c)=

=cxa.
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Fig. 1.50 To the derivation

of the sine rule d
a

b
I
c
Simultaneously it holds:
axb=0-b—-c¢c)xb=(—¢)xb=bxc.
That means:
axb=cxa=bxc, ifa+b+c=0. (1.159)
For the magnitudes it follows that:
absin(z —y) = casin(z — f) = be sin(7 — «)
or
SOk Gl (1.160)

sine  siny  sinf’

This is the well-known sine rule of trigonometry.

1.3.4 ‘Higher’ Vector Products

We have learned about two possibilities to connect two vectors multiplicatively. Let
us now investigate how to build products of more than two vectors. The
product of two vectors leads 1o a (real) number, which, as defined in (!
of course be multiplied with a third vector.

ar
34), can

(a-b)e=d. (1.161)
d has the same direction as c.

The vector product results in a new vector and can therefore be multiplicatively
connected with a further vector in the already discussed two different manners:

(axb)-c: (axb)xe.
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We discuss at first the scalar triple product:

9 .162
Via,b.¢)=(axh)-c. (10

Geometrically the scalar triple product can be understood as the volume of the
parallelepiped spanned by the three vectors a, b, and ¢ (see Fig. 1.51)-

volume = basal plane F- height & =

laxb|-c-cosp =

(axb)-c.

Il

asal plane F,

Since it does not matter which side of the parallelepiped is chosen as b
hree vectors

the scalar triple product will not change by a cyclic permutation of the t
(Fig. 1.52):

V=(axb)-c=(bxc)-a=(cxa)-b. (1.163)
One sees that for a fixed (!) sequence of vectors one can interchange the symbols X
and -

(axb)-c=a-(bxc).
. T <V as
In case of an anticyclic interchange V changes its sign. Therefore one denotes V as
a pseudoscalar.
Another ‘higher" product of vectors is the double vector product:

p—a<(bron (1.164)

Fig. 1.51 Tllustration of the
scalar triple product as the
volume of a parallelepiped
spanned by three vectors

Fig. 1.52 Possible cyclic (!)
interchanges in the scalar
triple product
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Fig. 1.53 Direction of the

vector product of two vectors
(bxc)

The vector (b x ¢) is perpendicular to the (b, ¢)-plane, so that p must lie within this
plane. Thus we can start with (Fig. 1.53):

p=fb+yc. (1.165)
On the other hand p is also orthogonal to a:
O=a-p=pf@a-b)+y@-c.
That means:
B=ca(@-c): y=—a(a-b). (1.166)
Insertion into (1.165) yields the intermediate result:
p=alb(a-c)—c(a-b)] . (1.167)

Later we will show explicitly that @ = 1 must be. The result is the expansion rule
for the double vector product:

ax(bxc)=b(a-c)—c(a-b). (1.168)

By this equation one can casily demonstrate the non-associativity of the vector
product:
(axb)xec = —ex(axb)=—a(c-b)+b(c-a)

# ax(bxec). (1.169)

Finally one can prove with the aid of this expansion rule the important Jacobi
identity (Exercise 1.3.12):

ax(bxc)+bx(exa)+ex(axh)=0. (1.170)



1.3 Vectors

1.3.5 Basis Vectors
inition

: defin!

) we have defined what are known as unit vectors. Sinc¢: * dirccliof“

itude is equal Lo 1 they are in particular suitable to ident! s, the

arate statements on direction and magnitude of 2 ve

s recommendable:

In (

their mag
If one intends to sej
following representation i

2 o (1.171)
a=ae,;.
rectors
i irecti - - such V€€
Two vectors a and b with the same direction e are called collinear. For 5!

one can find real numbers @ # 0, 8 # 050 that the equation
(1.172)

aa+ b =0

= .. this lerm
is fulfilled. One says that a and b are linearly dependent. We generaliz® this (€

as follows:
2 . tion
Definition # vectors aj, a, ..., 4, are called linearly independent if th¢ equd
= (1.173)
can be fulfilled only by
(1.174)

g =ar=...=a,=0

Otherwise they are called linearly dependent.

Definition The dimension of a vector space is given by the maximal number of
linearly independent vectors required to span the space.

Theorem 1.3.1 In a d-dimensional vector space each ensemble of d linearly
independent vectors build a basis of the space, i.e. any other element of 1his space
can be expressed as linear combination of these d vectors.

Proof Let ay, ..., a, be linearly independent vectors of the o dimensional space
V and b another arbitrary vector in V. Then {b.a;,... a,} are certainly linearly
dependent because otherwise V would be at least (d + 1)-dimensional.

Thus there exist coefficients
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with

d
Zu,nl +pfb=0.
J

Moreover  # 0 must hold because otherwise it would be:

Contrary to the initial assumption the a; ;= 4 then would be linearly dependent.
With f # 0, however, we can write:

d

d
b _Z%al = Z)f,a, g.c.d.

j=1 =1

In many cases especially comfortable as basis vectors arc unit vi
pairwise orthogonal to each other. Then one speaks of an

orthonormal systeme;, i=1.2,....d.

A

for which holds:

. i AT = iy =

e =4, = s ) (1.173)
l QRSfores

An orthonormal system being simultaneously the basis of the vector space V is

denoted as ‘complete’. For an arbitrary vector a € V we can then write:

d
a= E age; . (1.176)
=y
The a; are the components of the respective vector a with respect to the basis
©€]y.00,€4.

The components a; are of course dependent on the non-unique choice of the
basis. They are nothing but the orthogonal projections of a onto the basis vectors:

d d

c,~u=Zuj(e,-e,)=Zu,h',,=u,. 1= 1180 S d. (1.177)

=i j=1




1.3 Vectors

1.3.5 Basis Vectors

efinitio”
ctions
a, the

In (! ) we have defined what are known as unit vectors. Since, by d
their magnitude is equal to 1 they are in particular suitable to identify dire

If one intends to separate staiements on direction and magnitude of a vector

following representation is recommendable:

a=ae,. (1.|7|l
5 -~ s
Two vectors a and b with the same direction e are called collinear. For such vecl
one can find real numbers & # 0, B # 0 so that the equation
2
aa+pb=0 (1,]7_1
m

is fulfilled. One says that a and b are linearly dependent. We generalize this 1©

as follows:
Definition 7 vectors aj, @, . - -, @, are called linearly independent if the equation

n
Z aa, =0
J

(1,173'

can be fulfilled only by
(1.174)

g=r=...=ay=0
Otherwise they are called linearly dependent.
Definition The dimension of a vector space is given by the maximal number of
linearly independent vectors required to span the space.

Theorem 1.3.1 In a d-dimensional vector space each ensemble of d linearly
independent vectors build a basis of the space, i.e. any other element of this spac
can be expressed as lincar combination of these d vectors.

Proof Let ay, ..., ay be linearly independent vectors of the d dimensional space
V and b another arbitrary vector in V. Then {b,a,.... a,} are certainly linearly
dependent because otherwise V would be at least (d + 1)-dimensional.

Thus there exist coefficients

{B, 01,50 aq} #{0.0.....0}
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with

Morcover  # 0 must hold because otherwise it would be:

d
Za,u, =10 ESvIth e o/ SSes } # {0

Contrary to the initial assumption the a; ;= ;4 then would be linearly dependent.
With B # 0, however, we can write:

1=

d d
b _Z%a/ = Z)f]aj g.e.d.
=

In many cases especially comfortable as basis vectors are unit vectors which are
pairwise orthogonal to each other. Then one speaks of an

orthonormal systeme;, i=1,2
for which holds:

fori=j,

1
e ¢ =4;= (1.175)
l() fori#j.

An orthonormal system being simultancously the basis of the vector space V is
denoted as ‘complete’. For an arbitrary vector a € V we can then write:

d

u:Za,c,. (1.176)

=1

The g; are the components of the respective vector a with respect to the basis
GlgnoonGb

The components @, are of course dependent on the non-unique choice of the
basis. They are nothing but the orthogonal projections of a onto the basis vectors:

d d

e,w:lzg aj(e -¢) = E abj=a;, i=

=125 d. (1.177)
j=1



1.3 Vectors
ents
2 2 . . compon
For a fixed given basis the vector @ is uniquely determined by its ¢© p
other representations of the vector may appear reasonable, e.g. 45

ap
daz
columnvector: a=| or

aq
rowveetor:  a = (aj,a,, ... .ay)

Examples
1. Plane (Fig. | 54
All pairs of non-collinear vectors a and b are linearly independent hus build

Each third vector ¢ in the plane is then linearly dependent. a and DE mal:
possible basis which of course does not necessarily need to be orthonof

178

c=ca+fb=(a,p). b

2. Euclidean space E;3 same planc)
All sets of three non-complanar vectors (not lying in one and the 5Jllpcﬂd(.'nl.

are always lincarly independent. Each fourth vector is then lincarly dCA
So the dimension of the Es is d = 3. A often used orthonormal basis nf'lh:
E; is the Cartesian system of coordinates as plotted in Fig. 1.55 with the basis
vectors: eq, €2, €3 (also ey, . €;). For the vector a € E; then holds:

(1.179)

a=ae; +ae: + aze; = ae, + aye, + ae- .

Fig. 1.54 Two non-collinear pb
- _

vectors as basis vectors for -

the plane

Fig. 1.55 Cantesian system 3(z)
of coordinates

€3
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For the (Cartesian) components ¢, it can be written:

a; = e -a=acos?,, Y = < (e, a) , (1.180)
cosd; = % : directional cosine . (1.181)

The components g, also fix uniquely the magnitude (norm) of the vector:

3
a=ya-a= " z aa; (c: .cj) = le,ll,‘ts,}' = ‘l(l; + u% +a3.
L

\ =1

(1.182)
The magnitude (length) of the vector a is therefore determined by the square root

of the sum of the component squares. Thus it also holds:
cos™ ¥y + cos® P, + cos” Dz = 1, (1.183)

so that by two directional cosines the third is already fixed, at least except for the
sign.

1.3.6 Component Representations

In this section we want to rewrite the previously derived calculation rules for vectors
by use of components. We restrict our considerations to the E3:

e;. e,. 3, orthonormal basis of the Es,
3
a= (aj. az. a3) = Zu,e, vector of the E5 .

=1
analogously : b.c.d, ...
(a) Special Vectors
Zero vector:
0=(0.0.0). (1.184)
basis vectors:

e =(1,0,0), e&=(0,1.0), e=(0,01). (1.185)
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(h) Addition

; 3
c=a+b=) (4+b)e= Zc,e,
= =
P23 (L185

= ¢-a+b)=a+b=c.

c= (@ +bi.az+b2.az +b3) - e

=
¥ : ing for both th:
One therefore adds two vectors by adding their components using

vectors the same basis.

(c) Multiplication by Real Numbers

b =oa: a€eR,
3 3

oa = Z(aa,) = ijej ;
1=1 j=1

(1.188)

by = aap; aa = (aa).aaz.qas) -

Thus one multiplies a vector by a real number by multiplying each component by

this number.

(d) Scalar Product
3 3
@-b) = (Za.e-) Dby | =
b= j=1
3 3
= Y ab(e-e) = Z aibyy
=1 Lj=1
3 2
:(mb):Za,b,. (LI
U=l

We see that the scalar product of two vectors can be written as the sum of the
component products. Consider herewith the projection of a given vector a onto
a given direction n:

n=(m,m.nm): |nj=1; mn=cos<(ne)-.
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According to (1.189) holds:

k)

(a-n) = Zu,n, =acos<(n,a).
j=1

where in view of (1.180) we must also have a; = a cos <(a. ¢;). Combining these
equations one comes to the useful relation:

3
cos<(n,a) = Zcos<( (a.¢))cos <t (n.¢e) . (1.190)
j=1

(e) Vector Product

We start with the orthonormal basis vectors which are thought to build a right-
handed system:

e Xe=¢e3 e Xe =¢€e; e3Xe =€ . (1.191)
Together with the anticommutativity of the vector product and the orthonormality

relation (1.175) one finds:

1. if (i, /. k) eyelic permutation
of (1,2,3) ,

—1 . if (i, ], k) anticyclic permutation (1.192)
ofi(115253)8

0 in all other cases .

As an abbreviation one writes:

Sk =€

(

e xep) = (e, xe)-e. (1.193)

These are the components of the so-called fully antisymmetric tensor of third
rank.

Therewith the vector products of the basis vectors can be formulated in a compact
manner:

(eixe) = eper. (1.194)
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For the general vector product we then have:

Yab (ex6) = Y- eabies = i

k

c=axb
5] ny.k

= o, = Zs,,m,b,.
¥}

(1.193

This is a condensed version of the following three equations:

. (1196

¢ =mby—a3by: ¢ =aiby—aybs :
(f) Scalar Triple Product

With (1.192) and (1.193) this is simply expressible:

a-(bxc)= Zu,h,qc, - (e x ek) E Zfi/k”ib/“’ 2

1.k 1)k

(1.197

(g) Double Vector Product

We consider the £-th component of the double vector product a X (b x¢)

lax(bxo)= Y epabxc), =3 > Ejilima@bicm =
i

) lm

= X ew€maibicm -

i) Lm

One can apply here the following formula (proof as exercise!):

X ujesin = Subton — Sini -

i

(1.198)

That we use in the above equation:

[ax (bx o)l = 3" aibicy By — Subkm) =

idom

= Z (aibye, — aibicr) = bi(a-¢) — ci(a-b) =

= [bia-¢)— c(a-b)] .
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This holds for k = 1,2,3, so that the expansion rule for the double vector
product (1.168) is now completely proven:

ax(bxc)=b(a-c)—c(a-b) (1.199)
Further, the reader should verify as an exercise the following important relations:

(@axb)-(exd)=(a-c)(b-d)—(a-d)(b-c). (1.200)
(axb)® =a*h>—(a-b)*. (1.201)

1.3.7 Exercises
Exercise 1.3.1 e, e;, e; are orthogonal unit vectors in x, y, z-direction. respec-
tively.
1. Calculate
e3- (e +e)

(Se; + 3e3) - (Te; — 16e3)

(e + 7e; — 3e;3) - (12¢) — 3e; — des) .

2. Determine « so, that the vectors
a = 3e; — 6e; + aes
and
b = —e; + 2e; — 3e;
are orthogonal to cach other!
3. How long is the projection of the vector
a=3e; + e —de;
onto the direction of
b = 4es + 3e3?
4. Decompose the vector

a=e¢ —2e +3e;=ay+ay



the vector

— 9cm enclosing the
‘Determine the length

s the angles each of

3. Find the equationofthe
i hrough the point Po whose
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9

(axh)-(cxd)=(a-c)(b-d)—(a-d)(b-c),

(axb)-[(bxc)x(cxa)= [a-(hzc)]{
Exercise 1.3.4 Let e, e,, e3 be unit vectors along x, v, z directions, respectively.
1. For the vectors
a = 2e; + 4e+ 2e3
and
b = 3e; —2e;—Te;
find the components along the above unit vectors for the following expressions:

(a+b), (a —b), (—a), 6(2a — 3b). Calculate the lengths of these vectors and
demonstrate the validity of the triangle inequality:

la+bl<a+b.
2. Calculate:
axb. (a+byx(a-=b), a-(a—bh).

3. Calculate the area of the parallelogram spanned by the vectors a and b
determine the unit vector orthogonal to this area.

Exercise 1.3.5 Prove Thales’ theorem by use of the vector calculation.

Exercise 1.3.6 Prove the distributive law for the multiplication of vectors a. b by a
negative real number o:

a(a+b) =aa+ab

Exercise 1.3.7 Decompose the vector b into a parallel and a perpendicular part
relatively to vector a (Fig. 1.56):

b=b;+b,



13 Vectors
tor
llel to the vec
perpendicular and a vector aj para
1t 4 vectora,

b=e +e +e;.

Venfy:
aj-aL = 0.

rs
3. Detemine the angle between the vectol

a=(2+ V3e +e
and

b=e + 2+ V3)er .

3 inglt
Exercise 1.32 b = 9cm enclosing ,

dbwith the lengths @ = 6, he leng
1. Given are tyo vectors a and b wii

inet
°, 180°. Determin
{llmvingangles: s = (a,b) = 0. 60°, 90°, 150°.
Ofthe vector sum a + b and the angle f

p=<(a+ b,a) .
2 Given are (g veclors a and b

a=6em: <(ae)=36".

b=Tem: <(b.e)) = 180° . -
rell as the angles ¢4
- d difference of the two vectors as well )
them enclye With the g-axis y .
g 1alon of he straight line which passes throug
Position vegigy i

o whose

To.= e, + yoez + 20€3
and which i Parallelto the vegqor
= ae + be; + ce;

Exercise 1.33 Prove:
i

(@xb) = g% — (a.b)?,
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(axb)-(exd)=(a-c)(b-d)—(a-d)(b-c),

(axb)-[(bxe)x(cxa)= [:1|~(h><c)]2 "
Exercise 1.3.4 Let e}, e, €3 be unit vectors along x, y. z directions, respectively.
1. For the vectors
a = 2¢; + 4er + 2¢;
and
b = 3¢, —2e, — Tey

find the components along the above unit vectors for the following expressions:
(a + b), (a—b), (—a), 6(2a — 3b). Calculate the lengths of these vectors and
demonstrate the validity of the triangle inequality:

la+bl<a+b.

2. Calculate:
axb. (a+b)x(a=b)., a-(a=bh).

3. Calculate the area of the parallelogram spanned by the vectors a and b and
determine the unit vector orthogonal to this area.

Exercise 1.3.5 Prove Thales’ theorem by use of the vector calculation.

Exercise 1.3.6 Prove the distributive law for the multiplication of vectors a. b by a

negative real number o:

a(a+b) =cea+ab

Exercise 1.3.7 Decompose the vector b into a parallel and a perpendicular part
relatively to vector a (Fig. 1.56):

b=b;+by



Fig. 1.56 Decomposition of
vector b into a perpendicular
and parallel component with
respect to vector a

and show:
1
b =—(a-b)a.
as

|
b; = <ax(bxa)
a-

Exercise 1.3.8 Venfy the following equality
(a=b)-[(a+b)xc]=2a-(bxc)
Exercise 139 Calculate for the three vectors
1=(-1,2,-3), b=(3,-1.5, c¢=(-1,0,2)
the following expressions:

a-(bxc), (axh)-c, [axb)xc| .
lax(bxc). (axb)x(bxc). (axb)(b-c).

Exercise 1.310 Calculate:
(axb)-(cxd)+(bxe) (axd)+ (cxa)- (bxd).
Exercise 1.3.11 a.and b are two noncollinear vectors. Does the equation
axy=b

have a solution for y? Justify!

=xercise 13,12 Prove the Jacobi identity (1.170):

ax(bxe)+bx(cxa)+ex(axh)=0.



84 !

Mathematical Preparations

Exercise 1.3.13 a,, a,, a3 are three noncoplanar (not lying in the same plane)
vectors. Three so-called reciprocal vectors by, b. bz are defined by:

a; X ay
b, =

a - (a xa3)
b>, bj are given by cyclic permutation of the indexes (1, 2, 3).
1. Show fori,j = 1.2, 3:
a,-b=34;.
2. Verify:
by - (b2 x b3) = [a; - (a2 x a3)] 7" .
3. Show that the a; are the reciprocal vectors of the b;!
4.1fe, i = 1, 2.3, are three orthonormal basis vectors. Find the corresponding
reciprocal vectors!
Exercise 1.3.14 For two vectors a, b € [, the following relations are found:

1y

a-b = 4da\b, — 2a,b> — 2ayby + 3asb, .

(]

a-b = a\by + aabs + arby + 2a,b> .
Are these products scalar products? Justify!

Exercise 1.3.15 Consider the ensemble V of real polynomials in one variable
(degree < 3):

V={p(x) =ay+ax+ax*+ax’; ap ... a3 eR)

1. Show that V is a vector space over the body of real numbers.
2. Are the following elements lincarly independent?

(a)

pa(x) = IR —=2 Palx) = 24118
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(b) ) :
b, p3(x) = —X .
P =-182+15; p(x) =3 +6°=5: p3

14" Vector-Valued Functions

; S en

. independen!

: ion of one

By a Vector-valued finction® one understands .4 lru"::ls signed but in facts > I
ariable 10 which not Jﬁsl one single dependent variable i

( i i vector:
entiies which together form an n-dimensional

f:MCR—VCR,. .

] ies of such functions,
In this section we wan to work out some important Plr‘;i;f:; We presume that
Which have a wide field of application in Theoretical B lecration of ,uncuonls
the basic rules concerning continuity, differentiation, z:)ur B ictory _Scclslll ‘q
of one independent variable are known, e.g. from lgebra developed in the las
and 1.2, We shall combine these tools with the vector a g

chapter.

141 Parametrization of Space Curves

PAYSICS space curves are t - <
with typical examples of vects r-valued functions. To star
we chy P 0
IXCH n of coordinates @. Then the
‘ 3 an arbitrary but d onigin o

» position vector r = (.)l’
3 15 b e de'“""i"Cd_ & tli;tdl;'n:)f mass m but with
b, el P'l)’ﬁl}‘ﬂ' ncc for it the term ‘mass
negligiblccxlcnxionm all directions. Later we will m(rof:uungc e
o bl Ll ‘I complete orthonormal
will change direction and magnitude. In a time-independen .bccomc e
system (CONS) e, the components of the position vector

Fig. 57 Definition of the
SPace curve of a particle by
the temporally vangbje
Position vector
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dependent functions:

3

() = Y x(e = (W), x), x:0) - (1.202)

J=1
This is called the trajectory or the path line of the particle.

The set of space points the particle passes through over the time define the so-
called

spacecurve := {r(1), 1, <1<t} . (1.203)

One calls (1 202) a parametrization of the space curve (|

203). The independent
parameter in this case is the time 7. Of course there also exist other possibilities of
parametrization as we will see later in this section. Furthermore, it is clear that
different path lines may parametrize the same space curve. For example this is
already true when one and the same space curve is run through in opposite directions
or in different time intervals.

Examples

1. Circular motion in the xz-plane

Let the circle have the radius R and let its center point be at the origin of
coordinates (Fig. 1.58). Then a self-evident parametrization is via the angle ¢:

M={p: 0<¢<2a},
r(¢) = R(cos g, 0, sing) . (1.204)

Another parametrization can use, ¢.g., the x component x; :
M={x: —R<x <+R}.
r(x) = (.\'.. 0, &/ R? —-.\'f) .

where the plus sign holds for the upper, the minus sign for the lower half-pl

Fig. 1.58 Parametrization of
acircular motion by the angle

[




59 Helical line as

nzed space cune

2. Helical line
Let the independent parameter be f with

M={1; -00<t< 400},

(1.205)

r(t) = (Reoswt. Rsinwt. bi) .

R b and o are constants (Fig 1.59). After one circulation w At = 21 X “": :
components come back again to their initial values, while the z component ha:
mncreased by the pitch of the screw (also called height of ascent) Zo:

a=bAr=b (1.206)

e |y

The continuity of path lines is defined analogously to that of normal functions
( see Sect. 1.15),

Definition 1.4.1 r(1) is continuous at 1 = 1o, if for each & > 0 there exists a 8(&, o)
50 that for [t = 1| < §is always valid [r(1) = £(fo)] < &

If one realizes that

[r(0) = r ()] = \/{.n(l)-,u ()] + [xalt) = x2 ()] + [xa(t) — X3 (10)]” =

V3 =m]ﬂ§]]x,(l)—,\',(lu)[ .

then it becomes clear that r(r) is continuous if and only if all component functions
are continuous in the ordinary sense.
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14.2 Differentiation of Vector-Valued Functions

We consider a vector-valued function a(r) and look into the differential changes
of the vector, i.e. the changes due to very small changes in time. Practically
such a time interval, being determined by the measuring process, is of course
always finite. Mathematically, however, an infinitely small time interval shall be
considered. Furthermore, instead of time 1 any other parameter can also be used in
the following formulae. The vector-valued function a(r) in general has at different

times (parameters) 7 and 1+ At different magnitudes and/or different directions. The
magnitude of the difference vector

Aa = a(r + Ar) —a(1)

will become smaller with decreasing time difference Az, whereby its direction can

change continuously in order to arrive for very small Ar in the corresponding
direction of the respective tangent.

Definition 1.4.2 Derivation of a Vector-Valued Function

da o a(t + Ar) —a(r) X
ar Ao A1 : Sl

This definition clearly presumes that such a limiting vector does exist at all
(Fig. 1.60). For time-derivatives sometimes one writes briefly:

d

9

a() =

=

Fig. 1.60 To the definition of
the derivative of a
vector-valued function

a(t) Aal(r)

a(t+At)
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We represent a(r) i a time-independent basis system {e;} :

al) = a(0)e; -
!4

Then it holds:

alt+ A)-al) = Y [ae+ A0 = 4] & -
J

G 5 ; and com-
Therewih the differentiation of a vector-valued function is obwouSlzmcm func-
pleely expressed i (e of derivatives of the time-dependent comPp

tions;

da w (1209
i) =—=Y al(e -
)= Y d0e;
J
C"""Sl’“ﬂdmgly itholds also for all higher derivatives:
& & (1.209)
5211) = Z(]:_""’“)) eg; n=012 ...
J
Thentis not dificul 1o prove the following rules of differen gation
d : (1.210)
1) 21180+ b] = i + bo)
d - a.2in
D ZU0a0] =a) + 700 .
iff(1)isa differentiable, scalar function,
d 212)
d ) § (1.2
3) 3 80-b0) = () b + () - b1
d 213
d " g (1.213)
9 a [a(0) <b(n)] = ar) x b(1) +a(0) x b(1) -
In4) we have
14 we have to be very careful about the correct order of the factors.
Examples
4) velocity: v(f) = (1) (1.219)
(always tangential to the path line) .
(1.215)

acceleration: a(r) = V(1) =#(1) .
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. a(r)
b) unit vector: e, (1) =

la(n)]

€0 =1 = Zex) = 02" 26,0 - &)

d
= T,e,.(t) L eq(t) - (1.216)
«

The derivation of a unit vector with respect to a parameter yields a vector which is
always orthogonal to the original unit vector.

1.4.3 Arc Length

The integration of vector-valued functions can also be transferred to the corre-
sponding integration of parameter-dependent component functions:

(1.217)

e 3 1

f a(r)dt = 2 [ f a;(1)dr .
ta (U

If the basis vectors are parameter-independent they can be drawn in front of the
integral. Thus in such a case one integrates the vector by integrating its components
in the ordinary manner. However, it should be expressly indicated that the so defined
integral of course depends on the special choice of the parameters and therefore does
not at all represent a genuine curve property. During the course of this book we will
meet other integrals of totally different type. However, at this stage we will make do
with (1.217).

From now on, temporarily, we want to concentrate ourselves exclusively on space
curves and path lines as examples of vector-valued functions. Thereby we assume
for the following that the curve under consideration is ‘smooth’
Definition 1.4.3 A space curve is denoted as smooth, if there exists at least one
continuously differentiable parametrization r = r(7) for which at no point we have:
dr 0
dt
For such smooth space curves it often appears convenient to use the so-called are

length s as curve parameter.

Definition 1.4.4 The arc length s is the length of the space curve, measured along
the curved line starting from an arbitrarily chosen initial point.



91

14 Vector-Valued Functions

Fig. L61 Definution of the
S CUIVe parameter

This we want to explain a bit in more detail. For this purpose and to !Jc ucAmcrcl“ci
at first we stll consider the time as the curve parameter and divide the time intery a,
from £, = fy 01, = ty into N partial intervals Aty such that (see the marks on e
space curve (Fig. |.61));

h=ti+nAty; n=012,....N withto=1laIn = Ie -

L « » time marks
These time marks corespond to posttion vectors r(r,). If we connect the time m
by straight ines then we get a polygonal line of the length:

N-1 N-]
r(ty+1) — T (tn)
Lilut) = Y () =r ()] = Y _*—A’N——— Aty .
n=0 n=0

elimtN' = oo the length Ly of the polygonal line corrcspond's to the arc
s between the endpoints (1) and r(r,). N — oo, however, implies that AI\
tches zero. Then, according to (1 207), we have, after the sum symbol, just
nvative of the position vector with respect to time:

Elp)=r () ——2 dr
T oo AN —
Aty

=1y

. . cn
S0 the sum becomes an integral in Riemannien sense. If we now replace f by 1 the
we have as arc length

1

s(1) :/

1,

(1.218)

dr(f)
5 dr' .

s

Furthermore, we have also shown that for differential changes of the arc length it
holds:

& | Eh e (1.219)
di | di

Thus according to (1.215) we calculate the arc length 5(¢) by use of the pfuh line
r = r(1). The arc length is obviously a monotonically increasing function of 1
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which therefore can be uniquely inverted to give 1(s). Therewith we obtain the
unambiguous parametrization of the space curve by the arc length s

r(1) = r(1(s)) = r(s) . (1.220)

This representation is denoted as natural parametrization of the space curve.
Examples

1. Circular motion

In (1.204) we set ¢ = wt (uniform circular motion) getting therewith as path
line:

r(1) = R(coswt, 0, sin wf)

S e Ro(—sinwt, 0, cos wr)

1
dr
= |—| = Rw
dt
1

= s(1) = f Row dl' = Rwt (t. =0)

8
3 1“-) = —
Rw
Therewith we have the natural representation of the circular motion:

r(s) = R (cos%, 0, sin%) : (1.221)

Affter going through a full circle we must have

That corresponds to the arc length s = 2R being just the circumference.
2. Helical line

We derive from (1.205):

dr g
ir = (—Rw sinwt, Ro coswt. b)
d

dr T
= |—| = VR*w?> + b?
dt
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= s(t) = VR*w> +b* 1t
%

= e

Then we get the natural representation of the helical line:

s ws bs )

r(s) = (Rcos —————, Rsin o B =
R*w?* + b2 VR2w? + b2 Rw? + b’
(1.222)

1.4.4 Moving Trihedron

In this section we introduce a new system of orthonormal basis vectors. the
directions of which can be different from point to point on the space curve. Thus
they are functions of the arc length, in a certain sense accompanying the mass point
as it moves along the space curve. One therefore speaks of a moving trihedron

consisting of
tangent-unit vector ,

normal-unit vector ,
binormal-unit vector .

o5 e

The three unit vectors build an orthonormal right-handed trihedron. That means:
f=hxb andcyclic. (1.223)

We know that the vector #(1) = %r(/) is oriented tangentially to the path line. The
tangent-unit vector is therefore defined in an obvious manner as follows:

dr dr

§ = —dC SIS (1.224)
dr ds
| di

On the right-hand side we have used Eq.(1.219). If r is parametrized by the arc
length s, r = r(s), then we can exploit in (1.224) the chain rule (1.87):

dr(s)

ds

=1(s) . (1.225)

i=

t thus lies tangentially to the path line in direction of increasing arc length
(Fig. 1.62). t(s) can change its direction as function of s so that it can be considered
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Fig. 1.62 Tlustration of the
tangent-umt vector

f(s)

r(s+As) LG
as a measure of the curvature of the path. Logically consistently one defines:
rli(.v)
= 0 curvature ,
2 (1.226)
=l

radius of curvature .

If the direction of 1(s) is constant for all s then the path 1s obviously a straight line.
In this case k is zero and p = oo.

Since t is oriented tangentially to the path line the two other unit vectors must lie
within the plane perpendicular to the tangent. Because of (1.216) the vector
dt
ds

will definitely be orthogonal to {. In addition, normalizing to unity will result in a
unit vector which is called

normal-unit vector: (1.227)

The plane spanned by the vectors #i and t is referred to as osculating plane. For a

complete characterization of the motion in space we still need a third unit vector,
namely the

binormal-unit vector  b(s) = 1(s) X R(s) (1.228)
b stands perpendicular to the osculating plane. If the motion happens in a fixed
plane then this plane is simultancously also the osculating plane, and therefore
is independent of s. Consequently, the direction of b is certainly constant, the
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Fig. 1.63 Representation of
the moving trihedron

magnitude is anyway constant, so that it must generally hold:
b = const. if the motion happens in a fixed plane .

i b ici i i ides yiously a measure
If however b does explicitly change with s, then it provides ob\lou.sl? a pg
to which degree the space curve is screwing itself out of the osculaung p!

i ivati i ill be erest:
(Fig. 1.63). Therefore again, the derivative with respect to § will be of inte
B bl fpix D= ehx A+ Ex D
ds — ds ds ds
b o i 229)
db _ di (1.22
=

From this we can conclude:

da ~
ablt.

‘rthermore, since b is a unit vector we have,

diaaes
—blb.
ds

so that the following ansatz appears reasonable:

S

e X (1.230)

a

A

: ’ ol : P A [ the principal
The binormal is thus twisting perpendicular to { into the direction of the princip:
normal fi:

T: torsion of the space curve
6 =1/t: torsion radius .
We still do not have the change of the normal-unit vector it with the arc length s:

i diy - dbys ST .
ﬁ:hxl=>ﬂ=’—xt+bxﬂ=_rﬁxt+,(bxn=rb—;.t.
ds ds ds
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The three relations which describe the change of the moving trihedron as function
of the arc length s are known as the Frenet’s formulae:

1.

di KTl
— = ki
ds
db -
g
ds
dn A A i
— = th—«t. (1.231)
ds
1.4.4.1 Applications
Circular motion:
With the natural representation of the space curve r = r(s) (1.221) the
tangent-unit vector is very casily calculated:
t d ( s'\x 0 x) (1.232
=—={1—8Sn—,0,co5—) . —da
T R cos R )

It is obviously a vector of length 1. Differentiating once more with resp
yields the curvature k:

dt 1 ( s 0 s
— = —|—cos—, 0, —sin—
e e R me)
= d—t = 3 . (1.233)
ds R

For the radius of curvature we thus have found the self-evident result:
P=R. (1.234)

The normal-unit vector fi lies in the xz plane pointing to the center of the circl
(Fig. 1.64) (Verify fi - t = 0!).

s S e
n=p— = (— cns—;;,‘ 0, —sin 1—\1) (1.235)

Since the motion takes place n a fixed plane we have to expect that
the binormal-unit vector b(s) is constant with respect to direction and
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Fig. 1.64 Normal- and
tangent-unit vectors at a circle

magnitude:
b(s) = e (tans — 13m) + €3 (t3n) — tyn3) + 3 (tynz — famy) =

s s,
c[-0+c;(—c053E—5m'E)+c3-().

This indeed is the case:

b(s) = (0, =1, 0) . (1.236)

The unit vector points into the negative y-direction.
2. Helical line
According to (1.222), introducing the abbreviation A = 1/+/R?w? + b?, we
have for the helical line:

dt = (—RwA sin(wsA), RwA cos (wsA), bA) . (1.237)

ds

For the magnitude of £ one finds
il = V(Ra&? + b)A2 =1,

as it must be.

it 5 et
L (—Rw*A? cos(wsA), —Rw*A? sin(wsA), 0) .

ds

The curvature « then reads:
” 2
|t Rw (1.238)
ds

=R*A’= ——— .
i Rw? + b?

The curvature of the helical line is obviously smaller than that of the circle, as
it is geometrically evident since the elongation along the spiral axis of course
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reduces the curvature.

4 R*w* + b* o
radius of curvature : p = SRR >R. (1.239)
w-

The normal-unit vector lics in the xy plane and points into the inside of the
Screw

n = (—cos(wsA). —sin(wsA). 0) . (1.240)

The binormal-unit vector is now a function of the arc length s because the
motion is not bounded to a fixed plane:

b(s) = e [+bA sin(w sA)] + €2 [=bA cos(w sA)] +
+e; [RwA sin®(w sA) + RwA cos*(w x.\)]
— f)(.\') = A(bsin(wsA), —bcos (v sA).Rw) . (1.241)
The torsion 7 of the space curve is calculated according to (1.230) by a
comparison of
db ) A
Srie bwA~ (cos(w sA), sin(w sA), 0)

with fi (1.240) so that we get

t=bwA’. (1.242)
The torsion radius
2%
,,=_l.=_R‘_”l[L (1.243)
T bw

will become infinitely large for b — 0 (circular motion).

. Velocity and acceleration of a mass point

According to (1.214) the velocity v is always tangentially oriented to the path
line r(r):

dr - dr ds & J_\
W= ATk @

ds

= |v(b)] Sl
¢

Il

(1.244)
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Differentiating once more with respect to time gives the acceleration a:
@ ox L8 i dt i dt ds
a() = =0 vV— = vV——
dr? di ds di
L (1.245)

~
= a() = it+ —n.
P

The acceleration vector thus always lies in the osculating plane. One distin-

guishes:
(tangential acceleration) (1.246)

ap—1

and
(1.247)

5

(normal , centripetal acceleration) .

v
Qu= o

We notice that for curved path lines (p # oco) an accelerated motion occurs cven
when the velocity magnitude v does not change with time (¢ = 0). An exception

is only the straight line (p = c0), only.

1.4.5 Exercises

Exercise 1.4.1 ] and €} are two orthonormal vectors which define the x’ axis and
the y" axis, respectively. A mass point moves along the path line:

1 | 2
r(f) = — (a; cos wt + a, sin wt) e'| + 7 (—a cos wt + as sinwl) E; '
2

ay, az, w are constant and > 0.

1. Go over from e{, ¢, to a new basis e;. e, i.e. to new x and y axis, and that in
such a way that the representation of the space curve becomes especially simple.
What is the parameter representation of the space curve in the x, y-system with
wl as parameter?

2. Which geomeltrical form does the space curve have?

3. Determine the angles

o) = <(ey, r(1) ,
V(1) = <(e2 x(1) .

4. Calculate the magnitudes of r(1), v(1) = £(1), a(r) = (). Which relation does
exist between [r(1)] and |a(r)]?
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Fig. 1.65 Mass point m on a

A
|
thread which 1s fixed on an e
honizontally mobile |
suspension A | 1
| 9
|

€9

S

5. Calculate i(1) = %lr(l)\.
6. Determine the angles:

a(r)y = < (r(r), v(n) .
B = < (v(1), a(r)) ,
y(n = <(r(r), a() .

Exercise 1.4.2

1. Determine the parameter representation of the cycloid. This curve is described
by a fixed point on a circle where the latter rolls off on a straight line.

What is the parameter representation of a mass point on a thread which swings
back and forth with a time-dependent angle ¢(1) where simultancously the
suspension A moves with constant velocity v in e direction (Fig. 1.63)2

19

Exercise 1.4.3 Calculate for the path line

1 2
(1) = e e, + —er+In(1+1) ¢
cott

the expressions:

Dir@l: i@ : HEOI: HEO: DIFEO]
and that always for the time 1 = 0.
Exercise 1.4.4 Prove the following rules of differentiation for vector-valued func-

tions a(r), b(y):

1) %lam -b()] = a() -b(r) +a() - (o) .
dt

2) :]—I[uu) x b()] = () x b(¢) + alt) xbo) .
i

d |
—{a(r)
11!‘ |

3) :\(I)M = ‘n(!)
dt




hedron (T, A b) fort = Sz,

t the space curve.
Exercise 1.4.6 Show that the curvature « of a space curve fulfills the relation

r],_%ji-x B

—

Exercise 1.4.7 Express in a as simple as possible manner

dr (dr dr )
— e
ds \ds® = ds

in terms of the curvature x and the torsion t of the space curve.
Exercise 1.4.8 Given is the path line

2
) = (R
=7 (5)7)

d to have coefficients of magnitude I in order to provide

The components are
for correct dimensions.

1. Determine the arc length s(r) where s(t = 0) = 0.

2. Calculate the tangent-unit vector € as function of time 7.
3. Express the curvature x as a function of 7.

4. Determine the moving trihedron as function of .

5. Derive the torsion 7 as function of 7.

Exercise 1.4.9
1. Calculate the curvature, the torsion, and the moving trihedron of the space cune

rg) =R(g +sing. 1 + cosg.0) .
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2. Determine the curvature of the planar space curve

r(p) = (¢.f(¢).0) .

1.5 Fields

In the last section we have become acquainted with vector-valued functions as e.2.
the path line of a particle. Therewith we describe the trajectory of the particle
through space. However, we do not yet know what ‘happens’ to the mass point on
its path, which situations it encounters. For instance, the temperature might differ at
different space points and therefore could influence therewith the nature of motion.
The electric field intensity can be space dependent what would be of importance
for the path of a charged particle. For the description of physical phenomena it
is therefore very often necessary to attach to each space point r the value A(r)
of a certain physical quantity. This can be a scalar, a vector, a tensor ... as e.g.
the temperature, the mass density, the charge density as scalars or the gravitational
force, the electric field strength, the flow velocity of a liquid as vectors and the
stress tensor as a tensorial quantity. One speaks of a scalar, vectorial, tensorial
field of the physical quantity A. In general the attached values will still depend on
tume: A = A(r,1). The following considerations will, however. be restricted to time
independent, i.e. static fields. An orthonormal basis is assumed to be given.

1.5.1 Classification of the Fields

Definition 1.5.1 A scalar field is the ensemble of numerical values ¢(r)

@(x1, X2, x3) of a physical quantity ¢ which are ascribed to cach pomtr = (x1. x2.
in a particular region of space:

MCR; 5 NCR,.

Then it is a scalar-valued function of three independent variables. The domain of
definition M is fixed by the physical problem under study.

Graphically such fields are exhibited by two-dimensional profiles in w hich the
areas ¢(r) = const appear as so-called contour lines. The distance between
the lines corresponds 10 a predetermined increase or decrease of the value of the
constant (Fig. 1.66).

There are some other possibilities of field characterization. For instanee, one can
plot ¢ in dependence of one especially significant variable Keeping thereby the other
variables constant (Fig. | .¢
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e o(r)=pr; r=,/ x§+x§.
7
)

/ Gt

N

Fig. 1.66 Contour lines of the scalar field ¢(r) = fr

€

—

I
SR

= ¢(n)

Fig. 1.67 The scalar ficld ¢(r) = (a/r) represented by its contour lines (left) and by its radial

dependency (right)

Definition 1.5.2 The vector field is the collection of vectors, each marked by a

direction and a magnitude (length, norm)

a(r) = (a) (x1.%2,x3) , a2 (x¥1,%2,X3) , a3 (x1,%2,X3)) -
which are dedicated (o each point r = (x;, x,x3) in a region of space M of interest
MCR; >NCRj3.
Hence it is about a vector-valued function of three independent variables.

Examples

(electrical field of a point charge ¢) .
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o

ar) = ————¢
® B+ 40

1: «,f =const,

1
a(r) = —lw xr]: = wpe;: wy=const.
f g7

Graphically these vector fields can be exhibited by two-dimensional profiles (cuts)
in which the areas of constant field strength |a(r)| = const appear as contour lines
to which the field itself is locally attached as a vector arrow (Fig. 1.65).

Example

a(r) =ar (x>0).

The length of the vector arrow is equal to @ r and the direction of the arrow
perpendicular to the circles |a(r)| =const.

A further frequently used possibility of representation applies so-called ‘“field
(force) lines’, the local directions of which characterize the respective field direction
while their line density is a measure of the strength of the field (see Fig. 1.69).

In the following we want to investigate the special properties of fields, where,
however, because of the necessary conciseness of the presentation extensive and
precise considerations must be left (o relevant mathematics courses

Fig. 1.68 Representation of
the vector field ar

Length of the arrow: a-r
Direction : radial, perpendicular of the circler |a(r)] = const

Fig. 1.69 Field line

7,
representation of the velocity / /
of a flowing liquid



108

15 Fields

Fig. 1.70 Schematic field
Itne representation of the
carth magnetic field

Since the fields (Fig. 1.70) are functions of several independent variables terms
such as continuity, derivative and integral must be handled with care.

Definition 1.5.3
1. A scalar field ¢(r) is called ‘continuous’ at the point ro. if there does exist to

each & > 0 ad(rg. £) > 0so that for all r with [r — ry| < & it holds:
le(r) —p(ro)| < &

2. The field g is called continuous in a region of space M if it is continuous in each

point of M. . . ;
3. Avector field a(r) = (a(r). a,(r), as(r)) is continuous at ry if this is true in the
above sense for each of the scalar component fields a;(r).

We have to investigate a little further when we think of the derivatives of fields.

1.5.2  Partial Derivatives

Now we are interested in how a field changes from space point to space point.
Information about this will be given by the derivative of the field with respect
to position. We comment on this aperation at first for a scalar field. Generalizations
to vector fields will then be not too difficult. We demand basically only that the
criteria which we derive for scalar functions are fulfilled by each of the component
function.

We first consider the change of the field ¢ along a way

parallel to an axis of the coordinates,
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then, strictly speaking, on this path the field depends only on one true variable
since the other two are held constant. Then one can differentiate with respect to
this effectively single variable in the usual manner,

N bau 0. 1) — ¢ (0, x2,%) (i’ﬁ) : (1.248)

Ay —0 Axy dxy

and one speaks of a partial derivative of ¢ with respect to x;.

X d il

Notations: (_‘P) = 74 = 0,9 = 010 &= 0y | -
01 ) axy

During the process of differentiation the other variables are strictly kept constant.

The result is again a scalar field which depends on the three variables xy, x2, x3. The

partial derivatives with respect to the two other variables are of course defined fully
analogously:

. @ (x.x + Axo,az) — 1, X2, X il
fim <02 il ACTE TR0 (i) =y . (1249)

An—0 Axa ),
et totn) o (op,0) - (B s . (1.250)
Ax—0 Axy xy e
3 x.x
Examples
P =0+ = D9 =23; dp =50y hp=1,

. X
¢ =x3lny) = 99 = \—‘ O =0: 03¢ =Inx,
Al

p=r=yB4+2+2=dp="0; dp=2
T L

Tyl
;0

Vector fields are differentiated partially by differentiating partially each of its scalar
component functions.

Examples

a(r) = ar = o (x.12.13)

= dja = «(1,0,0) = ae; ,
dra = (0. 1,0) = aer |

dya = (0,0, 1) = «e; .



167

1.5 Fields

a(r) = a; (e.g. electrical field)
=

: X 1 3x1 X o 5 2
= diay(r) = 0, (a—l) = (r—3 - 7'—’—) == (r* —3x7) .

2 : X2\ X2X|
dyas(r) = d, (aﬁ) =-3 S
X3 X3X]
d =0 (a5 )=—-3a——
dyasz(r) 1 (“’,.3) =

Altogether we then get:

a
da(r) = — (=353, —3xx2. —3xpa3) .
=
The other two partial derivatives are recommended as exercises.
Looking at the definition (1.248) one realizes that for the partial derivative practi-
cally the same differentiation rules are valid as for scalar and vectorial functions

of one variable:

di (g1 + @2) = dipr + dipa (1.251)
di(a-b) = (da)-b+a- (db) . (1:25)
(1.253)

di(axb) = (d;a) xb 4+ a x (d,b) .

Since the partial derivative of a ficld is again a field multiple differentiations arc

recursively definable:

G ) (”_‘/’) (1.2549)
i).\;7 o \ox; )

o 2 (o) SERERERE
g ox\ S dx; | O, \ a2

Even mixed derivatives make sense:

o . B8 (1.256)
dgdy, O \dx; )

In general, however, one has to respect the sequence of the derivatives. The
differentiation processes are to be performed step by step one after the other from
the right to the left. In the case, however. when the field has continuous partial
derivatives at least up to second order one can prove the permutability of the
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differentiations:

2 2
Oa NS 02 VRS (1.257)
0x;0x; ;0

The explicit proof of this statement must be reserved for relevant textbooks of
mathematics.

Example
il R
Q= Ajl + 0% = ip— =545 4 = 20x; ;
0xy oxy
dJ > d
Y =3 2=
axs & 0x3 3
Fe g
W dxa x|
9? - %
. ‘p =3x;=,aw and so on.
0x7 dxy = 0x30x

All that we have learned up to now in connection with partial derivatives could
be transferred more or less directly to the already familiar differentiation rules for

scalar functions of one single variable. The situation is somewhat different for the
chain rule which we know in the form:

dfix0) _df d

(1.258)
di dx di

In case of more than one variable nothing changes as long as each of these variables
depends on a different parameter:

1 do dx .
R (B G — e = (1.259)
dn dxy dn

It becomes interesting when all the components depend on the same parameter .
That means all the variables simultaneously change as functions of :

@ [r(0] = @ [xi (1), x20). :(0] -

We set

Ax; = (1 + A1) = xi(0)
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and calculate therewith the difference quotient D:

e @ [xi (1 + A1), xa(t + A1), x3(1 + AD)] — @ [x1(2). x2(2), x3(1)]
= At ]

Later we shall interpret the limiting value of D due to the transition Ar — 0
derivative of ¢ with respect to . For this purpose we reformulate D a little bit:

|

D = Ar [o (x1 + Axp. 22 + Axz. x3 + Axz) — @ (X1, %2 + Axz, x5 + Axz) +
+¢ (x1.x2 + Axa, x5 + Axs) — @ (31, X2, x5 + Axz) +
+¢ (x1.x2.03 + Axz) — ¢ (V1. X2,.3)] =

|
= [ (x1 + Axy,x2 + Axz, x3 + Axz) —
X

Ax
—¢ (x).0 + Avs. x3 + Axz)] A_ll -+

1 Axs
+R ¢ (x1.x02 + Axz. x5 + Axz) — @ (x1. X2, X3 + Ax3)] E +

1 Ax:
+r\} [p (x1,x2, x3 + Ax3) — @ (x1. X2, 33)] A—‘I‘

> can now conclude, because of the continuity of the functions x,(7), that Ay, =
if Ar — 0. If we furthermore presume continuity of the first partial derivatives

w then it obviously follows:

lim po dedn | dpdu g dy
Ar—0 dxy dt x> di o di

- denotes this limit as the total derivative of ¢ with respect to r:

3
dyg — do dy;
— = S 1.260)
@~ 2 i e
lenotes
L)
dp=3" b—f—_d.\', (1.261)
=R

total differential of the function .
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1.5.3 Gradient

With the aid of the partial derivative we have the possibility to find out how a ficld
alters as we proceed along one of the axis of coordinates. We want to investigate
now how a scalar field changes along an arbitrary (!) space direction e, i.c. we are
interested in the term

Il

Ag
Ar

¢(r+ Ar) — ¢(r) ,

(Axy, Axa, Ax3) 11 e. (1.262)

If Ar were, e.g., parallel to the 1-axis then for sufficiently small changes Ar =
Axye; we would have:

dp
Ap=g=bx o+ A0 =g (x + A0, x)] -
This presumption is not in general fulfilled (Fig. 1.71). It ishowever, possible to
realize it by a proper rotation of the coordinate axes. The physical field ¢ is of

course not affected by such a redefinition of the axes directions. We execute the

rotation in such a way that the new 1 axis coincides with the e direction. Then we
must have:

Ap = (JT({)A'_“ : (1.263)
ax)

;VC Now can express Ar in the new and old system of coordinates, respectively. as
ollows:

Ar = A = Axje; + Aves + Axses - (1.264)

From this relation it follows in particular that after scalar multiplication with e; :
s 265
Axi = AX) (8 -¢) | (1.263)

Fig. L71 To the introduction
of the gradient




b
..

L5 Ficlgg

: ng the X;-axis:
fts alo
d mall SD1
50 that we can Write for sufficiently smd .
dxi _@gy-€i-
—a %
i le in Eq. (1.263):
- chain ru
i  and the
his we exp. .- ; oin
This we Explojy together with (1.263) e -
Z = (01 ~c,) X .
Agp — : ?—w-'[!;‘lA’?' W =7 &y
PE= Z 0x; dxy J ion is thus additively compose
ed]recuorl l.\“ us
€ in the field in an arbitrary spac <is directions:

" & b
of the currcxpuming changes in the thre!

=1
The chung

(1.267)

the vectors
(ween
uct be

dp o '7_‘/’)
(Ax,. Ax,, Axs) and (3"; xz” 0x3
X1, Axy, Axs

The resull g the form of 4 scalar prod

as leads 1 the l'ulln\ving definition:
Definition 154
is ascribed. c

jal field
o a vectorial fie
ntiable scalar field o(r) a
: iffere
To a continuously di
alled (he gradient field:

268)
L mp) (1.26
OYENET 5 ST e
s — (3.\14 axy’ O3

th component 1 just the part |
S h sj i
dcl]o[c S

i
r whos¢
45 gradient of ¢ the vecto
derivative of )

With respect o X
ia o= erator
Definition 155 The vector-differential ope

F] d (1.269)
Wi (B8 )=e|_‘l+c:g;+e’a\-;
% (E E x3 dxi

is called the ‘nabl:l-operatorﬂ f it. One can write:
ight of it.
The operator 4cts on all functions to the righ (1.270)
gradp = Vo ,
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and for the field change Ag in Eq. (1.267) now holds:
Ag = gradp - Ar = Vg - Ar. (1.271)

For the interpretation of the gradient vector we inspect in particular a direction in
which ¢ does not change:

0 = gradg - Ar <= gradg LAr.

We see that the gradient vector grad ¢ = Vg is oriented perpendicular to the planes

¢ = const. The magnitude |gradg| is a measure of the degree of the change in ¢ if
one proceeds perpendicular to the ¢ = const planes.

By using the calculation rules (1.251) and (1.252) for partial differentiations one
proves dircctly the following rules of gradient formation:
grad (¢ + ¢2) = gradg, + gradg, . (1.272)
grad (¢1¢2) = gogrady, + ¢ gradys . (1.273)
We want to practice, what we have derived, by some examples:
Examples

1. grad(a-r) =? (a : constant vector)

3

- N d(a-r)
ar= Yoy = 200
U=l 4

2. gradr="1 (r = s 2+ \1‘)

=a; = grad(a-r) =a. (1.274)

ar

I r e
— === grdr=-=e¢, (1.275)
dy, r r

3. grad 1/t =9

_O_L_(d l)i)r i
ax, 12 drrt ) dx,

4. gradf(r) =?

(1.276)

i (r) = (d—f) i = f'(r)'\i — gradf(r) = f (e, . (1.277)
x; » I =

dr) oy,

2., 3. are special examples for f(r).
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! 'aﬂ)
1.54 Divergence and Curl (Ro18%

tion acts exclusively ons

B Rt or. An obvioy
The gradient, nabla operator introduced 1™ (:b =Vl l}:;:Z:V‘LF;S:lluI[\ dcl"mjc
fields ¢, while the resulting gradient field gr he n"bla?p;-he uns; ris )'L:sf There
question then is whether i i possible L0 applso t vcc?olh' discussed multiplicati
in (1.269) as vector-differential operators the pr"'Ou_hly. ~|ur~pr0duct. the oth
are again two kinds of application, similar t© he sense OB aEE?

connection of two ordinary vectors, 0n¢ i

in the sense of a vector product. )) be a continuously differentiable
i 2 13(F

Definition 1.5.6 Let a (r) = (a; (r). a2()- 93

vector field.

Then one calls

(1.278)

_ v -a(r)
ﬂ = di"ﬂ(r) -2

j=1

the divergence (the source field) of a(r)- 1
By this definition, (o 4 given vector ﬁfd‘va

i 7

m physics. "

ples frol inpg calculation rules:

) a new scalar field diva(r) is
a(r ¥ old of a(r) will
s a source field c
: ; et
assigned. The illustrative interpretation of
become understandable later by some exam follow
The reader should prove as an exercise the (1.279)
div(a + b) = diva + divP -

(1.280)
y eR,

div(ya) = pdiva: " (1.281)
div(pa) = pdiva-+a-grac?

(: scalar field; a: vectorial field) crator:
: a . : ant operator:
Via the divergence we introduce a further importan &
Definition 1.5.7 Divergence of a gradient field:
3502
“ ¢ =Ag.
divgradg = Z e
JEIg
where

32 9 (1.282)

7
= o N
A% e 9

is called the Laplace operator.
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Examples

1) & : constant vector == diva = 0 .

(1.283)
(1.284)
3) @ : constant vector
0 9
div(rx o) = —(rxa)= — (epvi)) =
( ) Z oxp )i Z d.\L( g J
k=1 ik
= zeuk&ka, = Ze,,,a, =0 (1.285)

1)k )

One calls (r x &) a source-free field.
The vectorial application of the nabla operator on a vector field leads to the
following definition:

Definition 1.5.8 Let a(r) = (a,(r). aa(r). as(r)) be a continuously differentiable
vector field.

Then

day  day da, day da, day
arla=|-—--——Je+|———|ea+t|(—-—]e
Oy dxy dxy  dxy Xy 0x

is denoted as curl or rotation (the curl field) of a(r). Short-hand notation:

a e
curla=Vxa= ZE'"“ (F.\'_.“') e . (1.286)

ig.k

By this operation the vector field a(r) is related to another vector field. The
illustrative interpretation of curla as curl field of a will later become evident in
connection with certain examples. ’

The following properties and calculation rules are rather directly derivable from
the bare definition of the curl.

15

Vx(a+b)=Vxa+Vxb (1.287)

[}

Vx(ea)=aVxa; a€ck. (1.288)
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xa (1.289)
A2
xa+t
V x (pa) = oV
(9 2 scalar 6
4. tar fielq; Proof as Exercise 1.5-7")
(1.290)
)
vx(Ve) =~

( 4 4 S
P WO timeg onsiderations, is that the

Continy le) r C f
ously differentiab 1115 the correctness of this

i men, n e
ar 2 which j importa trd
adieng fields Is very 1mp! dcm"

are always curl-free. W€

mxpuum;: the 1-component: 52
e Rl
. S — X3 0X>

Vxvy), = —(W);——«(VW“ dxz 953
( r components.
5

the
accord; ¢ the ol
RELI(1557)); One can show the s4M¢ 50
(1.29D
v.vxa)="0
(@ two (imec
L‘url.l,r~".fh continuously differentiable)
elds are always source-free!
Proof
P) dam _
3 ¢ G
v R > -
(Vxa) = Z——(V x a)j = Z o
=1 & J
o ZZ Pan _
im0 01
m
22 Z am
1 Am ST
T2 dx; 0x
Z 2 ZE'""J\ Iy i Vi
m
] Pam _
125 e
=3 2 Z Z (E""/ i g/,,,,) dx; ax;
m gl (=0 why?)
(1.292)

Vx[f(r)r]=0.
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f(r) may be any scalar-valued function which depends only on r = |r|. The proof
of this important relation will be provided in Exercise 1.5.7

7

Vx(Vxa)=V(V-a)—Aa. (1.293)

This statement can be verified component by component (Proof in Exer-
cise 1.5.7!).

1.5.5 Exercises

Exercise 1.5.1 Given are the following vector fields:
@ ar) =twxr]; ©=wes;
() ar)=ar: a<0,

(©) a(r) =a (x; +x2)e; +a(xs—x1)es;
(d) a(r) = mel O8N B ET0 18

@y = const ,

a>0,

1. Plot the pictures of the field lines for cuts perpendicular to the xz-axis (x: = 0).
2. Calculate the partial derivatives of the fields!
3. Calculate V - a(r) and V x a(r).

Exercise 1.5.2 To a good approximation the scalar electrostatic potential of a

point charge embedded in a plasma (gas’ consisting of charged particles) can be
described by the following formula:

q

dmey 1

¢(r) =

1. Determine the partial derivatives of ¢ and write down V.
2. Caleulate Ag where A is the Laplace operator (1.282)
g

0x3 g

A=

_(l—\i

Exercise 1.5.3 A prolate atomic nucleus can be described as an cllipsoid
revolution (‘cigar’):

1 ) . -mal vee! 1
1. Determine the outwardly pointing surface normal vector nt
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19

. Calculate and plot n at the points

(a) (a/V2. a/+/2,0.),
() (/3. a/~/3, b//3).
©) (—a/2, a/V2, —b/2),
(d) (0.0.0).

@© (0, —a, 0).

Exercise 1.5.4
1. Given are the scalar fields

o =cos@-r); @ = e (@ = const , y = const) .

Calculate the gradient fields grad ¢, and their sources
V-Vg, = Ag; .

2. Calculate the divergence of the unit vector e, = 7 2

3. Under what conditions is the vector field a(r) = f(r)r source-free?

4. Determine the divergence of the vector field a(r) = Vi x V¢2
(g1, g2: two times continuously differentiable scalar fields ).
 shall be a scalar field, a a vector field. Prove:

V(pa)=¢V-a+a-Vo.
Exercise 1.5.5 How must the constant y be chosen so that the vector field
2
a(r) = (yxpx — a3, (y — 2).!’:. (1 —y)x1x3)

becomes ‘curl-free’ (V x a = 0)? Is it also possible to make a(r) source-frec

(V-a=0)?
Exercise 1.5.6

1. Show that the vector field

2
b(r) = (xox3 + 120135, x1x3 — 81203 + 627, xix2 — 12304

is ‘curl-free’ (V x b = ().
2. Determine a scalar field ¢(r) if:

Vo(r) = b(r)
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Exercise 1.5.7

1. Show: V x [f(r)r] = 0.

2. ¢ shall be a scalar field, a a vector field.
Prove: V x (ga) = ¢V xa + (Vo) x a.

3. Verify: Vx (V xa) = V(V-a)— Aa.

The components of a are two times continuously differentiable.
4. What do we find for V x (%u % r) if @ is a constant vector?

Exercise 1.5.8

1. Prove:
d d d
.—(axb):(}—a)xb+ax —b); i=123
ax; ox; ox,

a(r). b(r): vector fields; r = (x1,x7.x3).
. Prove:

()

V(gip2) = 91 Vs + 92V

¢1(r), ga2(r): scalar fields.

. Let a(r) and b(r) be two vector fields.
Express

w

V.(axb)
by Vxaand V x b!

&

¢i(r) and ¢(r) shall be two times continuously differentiable scalar fields.
Calculate the divergence of the vector field

d(r) = Vg (r) x Vga(r) .

1.6 Matrices and Determinants

Matrices and determinants are important auxiliary means for the mathematician with
the aid of which many statements and formulations can be written in an elegant,
compact, and neatly arranged manner. Therefore, the prospective physicist must
learn the correct handling of matrices and determinants as soon as possible. Here
we wanl to gather the most important theorems and definitions for matrices and
determinants and demonstrate their usefulness by some simple applications
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1.6.1 Matrices

eR) of the kind

e - ers (44
Definition 1.6.1 A rectangular array of numbe

ay ... din e (1%
] : = ("'l);,l,_..u
CE e (70 Mand I
., m) and n columns
ws (1 = ot
is called an (m x n)-matrix. It consists of 7 'jo‘sqllare matrix.
— 1.9 =y 3 aks of 4 . 2 5
(b =142 1). If m = n then one speaks (5y) a5 equal (identical) if:
= (Py

Definition 1.6.2 Two matrices A = (ay).- B

Vi.Jj

a, = by .

Above all A and B must be of the same (#1 X n)-type:

i tril
; ' special ma
[n the following we define and list up a few 5P¢
e ele f
ments of which obey:

. < all th
1. By a zero matrix one understands a matrix il ler
2. A symmetric matrix is an (n x n)-matrix the €

Yi.J

a; = Gji +

2 ) AL jagon
Itis symmetric for reflection at the prmapul diag

Example

; = e prin
3. A diagonal matrix has non-zero clements only on the pr

d,
d>

djy=d; -y A —

al.

(1.295

CeS:

ments of which are zero

(1.296)

cipal diagonal:

(1.297)
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4. A unit matrix 1 is a special diagonal matrix with

[“J = 8'1. — (1.298)

5. To each given (m x n)-matrix A = (a;) belongs a corresponding transposed
matrix A7 resulting from an interchange of rows and columns:

ang a; ... am

AT = (af = a;)) = (1.299)
Ap A2 Amn

AT is a (n x m)-matrix.
6. A column vector is a (7 % 1)-matrix.
7. A row vectoris a (1 x n)-matrix.

One can interpret the rows (columns) of a matrix as row- (column-) vectors. The
maximal number of linearly independent row vectors (column vectors) of a given
matrix is denoted as row rank (column rank). Since one can show very generally
that always row rank and column rank are identical one speaks ounly of the *rank of
amatrix’.

Example

s (3 0 1
=T gl
The row rank is 2 since the two row vectors (3, 0, 1) and (4, 1, 2) are not proportional

2 . : = 0
to cach other and therefore are linearly independent. The column vectors ( ) and

(7) are also linearly independent, while this does not hold for the third vector

9 because of: 2 =3 AV 7) (0) Hence the column rank is also 2.
4 4 2 1
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A\
h
e
=
D
|l
T
(S
N

6 B.A:(4 5
10 9 6 11
= A.-B#B-A

¢ next seetion we will get to know of a first 1mp0n.\m
n 101 ation.

T8
Q.
(f I Q
¥ 1““
Qg
LR " 5 4
p 3 Transformation of Coordinates (Rotations) N
. f be tWO systems of coordinates specified by the orthong,. ;
[,C. ( 72): Q 5
(Fr:-" (‘Xix .
e ey ey and @, &, €3 . respectively Ny
‘ N
1512 ations are relatively uninteresting. We therefore assume thag
,lbd < coincide. Letus now consider an arbitrarily chosen POSitioy, | Ui o
an (S l,l\“
P r QO
T= (x,x,x3) in 2 [r(2)] t Oy
r= (G %) nT [ (T)].
Lot us presume that the elements x; in ¥ are known while the
(S
, (o be determined. r itself is of course independent of (he y Incnl\ -
are SDe. X
315! stem of coordinates, both with respect to direction ag “'(.||L 1a] q]"_ n
AR \lpk_ 4

2 Rotation of a

Fig. 1 7

(em of coordinates
sys




124 | Mathematical Preparations

Therefore:

Dhis =D

(1.304)
=1 =1
The basis vectors & can be represented in X:
CEDI TS (1.303)
k

We determine the expansion coefficients dji by scalar multiplication of this equation
by e,

d

[ = €+ €y = COSQjy, . (1.306)

@m 15 the angle enclosed by the j-th axis in T and the m-th axis in E. The ensemble
of real numbers d;, defines the (3 x 3)-rotation matrix D:

dn (1\2 {1\}
D=(dy=cosgy) = |dn dn dy). (1.307)

dy  dy  dy

Some |mpon‘am properties of the rotation matrix are the direct consequences of the
orthonormality of the basis vectors e

CE é, = 81_1 = Edlk‘lﬂn (ex-e,) = Zdundm .

kom m

T .‘ ¢ o calar o . 3 .
Hh“ refers 1o the scalar product of two row vectors of the rotation matrix D.
iu(‘lLL the rows of the rotation matrix D are obviously orthonormal-
zed: J

zdlmd]m = ZCOS([?,”,COS Dha = 0i - (1.308)

T“ get more information about D we multiply (1.30+4) scalarly by the basis vector
[ 3 g

3 3

= e w .
X = Z.\‘j (e, @)= LC(\S({,,\IZ i

=1 =1

Il

oia (1.309)
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In matrix notation this linear system of equations reads:

X dy dip diz\ (x1
| =|dn dn dy Xy | = I‘(f) =D-r(3%). (1.310)
X3 dy  dy  dy X3

specting this expression component by component we can satisfy ourselves of the
yrrectness of this relation. Hence D obviously describes the rotation £ — .
We introduce via
D'D=DD' =1 (1311)

the inverse matrix D~' belonging to D and apply this to (1.310):

D7'r(T) =D 'Dr(S) = Exr(Z) = r(D)

X X1 X £
D'|% | =D"'D n|=Elx|=[x]. (1.312)
X3 X3 X3 X3

D! describes apparently the back rotation from T to . We get the elements of
D! by scalarly multiplying (1.304) now by e;:

3 3
v= ) X%(&-e)= X cosgixi; i=1,2,3, (1.313)
j=1 =1
X dyy  dy  dy X1 e
x|l=da dn dp||Bm]s=r(@)=D"rX). 1314

a3 diz  dry  dyp3 X3

D' thus results from D by interchanging rows and columns and therefore,
according to (1.299) D~ is the transposed matrix of D:

D™ = D" = (@), = dy) - (1315)

From (1.311) we then get the relations:

8= din(d"),; =D dindim »

m m

85 =0 (dal) = C (1.316)

m m
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Fig. 1.73 Rotation of the
axes of coordinates in the
plane

The first equation is identical to (1.308) expressing the orthonormality of the rows
of the rotation matrix which is already known. The second equation tells us that the
columns, too, are orthonormal.

Examples

(1) Rotation in the plane

We start with a purely geometrical consideration (Fig.

X1€] = X1 COSQ € —x Singe, .
X2€3 = X2C08¢ € + Xa8ing e .

Tt follows:

=X +x€ = (¥ 08¢ +x25in¢) € + (v2c08¢ —x;sing) & =

The comparison yields:

X = X1 COSQ + x28inQ .
X2 = XC08¢ — Xy SIng . (1.317)
Which result would we have got by the use of the rotation matrix?

COSQI| = € -¢ = cosy ; cos@pr = & - e = cos(/2—¢):
COS@a = €r-€; = cos(T/2+ @)  COSPa = E1-€r = COSY .

Therewith the rotation matrix D has the following form:

D= cos¥ .\‘\Ilg). (1318)
—sing  cosg
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. i ob\'i(’“"
The orthonormality of rows and columns 1S
corresponds (0 a rotation by the angle (—@)-

in¢

2 g )
X\ X\ _ [ xcos? _cos¥
(A ) % D( ) &S (—-\‘1 sing 2

X X

This resultis identical to (1.317) as it should be-
(2) Multiple rotation in the plane o
in series:
We execute two rotations by the angles @1, 2 i

|

e . . =

), = ( Ln:\zp, mn(ﬂ:) :
—Sing; cos i

X1
(‘l) =D, [Dl (\l)] = (D2’ Dy) (-"3)
X2 X2 D For this holds:
. D, - D1-
The total rotation is mediated by the product matriX D

% + sin @205y
@2 sin @1

cos 4 COS Y2C08 ¢

COS @2 COS @) — Sin @5 sin @ sin g2 SIN P!

DDy = (—slnw; COS @) — COS > Sin @y

With the aid of the addition theorems (1.60) and (1.61)

dnxsiny
cos(x + y) = cosxcosy — Sit
3 : .osxsiny
sin(x + y) = sinxcosy + €08

we can cast D - Dy into the form
(1.319)
cos (g1 + @) sin(gn + v'z)) =D D2

D>-D, =
2! (——sin((/1|+q72) cos (g1 + ¢2)

which apparently fits our expectation.

(3) Space rotation around the 3-axis — 1.2 aretobe

e pford,
The rotation around the 3-axis (z-axis) means lh.\vl lhc_ W:i_ -
chosen as in example (1). The 3-axis remains fixed, i.¢. €3 =
=n/2.

Y3 =0: @3 = @3 = @3 = ¢¥3
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That means for the rotation matrix:

cos ¢ sing 0
D=| —sing cosg O (1.320)
0 0 1

We have already compiled quite a number of typical properties of the rotation
matrix. Let us now assume that a ‘complete orthonormal basis system’ (CONS)
{e;} and an arbitrary matrix D are given. Let us find the conditions which must
be fulfilled by D in order to describe a rotation. Firstly the orthonormality of
rows (1.308) and columns (1.309) must be realized. That, however, is not quite
sufficient, since we still have to require that the new system of coordinates, too,

must represent a right system, i.e. along with
e -(e;xe3) =1

it should also hold:

e -(eaxe) =1 (1.321)

This is ensured by the use of the ‘determinant’ of D which must be equal to 1.
That leads us to a new term which is dealt with in the next section.

1.6.4 Determinants

Definition 1.6.6 1f

an an

A= (u,,) =

An) Qnn

isan (n x n)-matrix then one defines as ‘determinant’ of A the following number:

(h5h on (@
detA = = E (signP) aip(1) - A2p(2) * - - - Aup(n)

(1.322)
aye G @

Here the sequence of numbers

Ip(L)ysas.5 p)) = P(1.2
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i i 3 sequence
represents a special permutation of the natural $

includi"i—' the u!cfur.;

s (remember (1.52)
.y obviously contais
h column of the

The sum contains all the thinkable pc:rmum“ons
The expression in (1.322) thus consists of 7! sUfu m: o
n! = 1-2-3....n; read: n-factorial). Each bnl from €4¢
exactly one element from each row and one elem®
matrix A.
sign P sign of the permutai” 4 ise permutation of

2irwise ’ i
Each permutation can be realized successively ©Y ermutation ls_dp:j“‘::k_t
neighboring elements (transposition). The sign of l,_gp ejpeanutec el
the number of transpositions necessary to reach theLes
of numbers is even. Otherwise it is negative.

ectiV

Example

P(123) = (231) .
sitions:
realizable by two transpos!
(123) — (213) — (231

= signP = +1 . ‘ )
s thercfore mspec
s+ teds Let US
The general definition (1.322) looks rather comphc‘\ltd

how one can calculate det A explicitly.

(1.323)
n=1: detA = |ay|=an -
»,"(21)11131'” =
n=2: detA= )”” "'2’ = sign(12)ayjaz2 + 318
gl e (1.324)

= ay1azx — d12dzl -

Scheme (Rule of Thumb)

a l\\'ﬂu
a1’ Nax
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The connecting lines symbolize the products of the various summands, solid line

with positive sign, broken line with negative sign.

n=3"

There appear 3! = 6 summands:

detA = |ay

ap  dais
an ax
asn as;

P sign P
123 +1
132 =l
213 =i
231 +1
312 +1
321 =il

This means:

detA =ay (a2 a3 — axy ayn) —ayn (an as; — axas) +

+ a3 (as ay —anasy) .

With (1.324) this expression can also be written in the following form:

an  an an ay  anl Z
detA = ayy —ap| 2 B s S (1.325)
a3y ds3 azy  dzy az  an
This is called the determinant expansion with respect to the first row (see (1 327)).
Scheme (Sarrus-Rule)
an_ ap. @3 an an
an ap as N
a 22 iy axy a
a2 an o ax (N NS (1.326)
a3 @327 A3z A3 axn
ay ay as NASN TN

(G (&) (&) 26) DEED)
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1.6 Matrices and Determinants ,gsemﬂli“" becomes very sou

the lications in Theoretical Physis

It goes without saying that for 7 .5'0._“): of & e so-called expansion theorey
very much more complicated. The mal 1f not

3 . <
however, fortunately manages with 72 e
helps. which we quote here without pro oW,
17
. : PR 1 (L.
Theorem 1.6.1 Expansion with respe¢
(1.327)

Ul" =
+ din
detA = ay Uy + apUnn + -+ '

U ent 10 Ay 1) % (n— 1))-matrix originating
i =

Ay

from A by eliminating the i-th row @

= (=1)'YIA,: algebraic complem: /
subdeterminant — determinant of e j-
nd 11 Jaced by the expansion rule to that
srep ¢ can apply again the expansion
latter L?n aining determinants further on
the ::r:ra(iOH- The practical evaluation
o

th colwmn.

: 3 inanti
The calculation of the (1 xn)-determift

= & e
of ((n—1) x (n— 1))-determinants. To lho
theorem thereby reducing the dimensions

. ¢ -omes int F expansion, In this respect,
After (n — 2)-fold expansion (| e in the roW of expansion P
appears (o be the simpler the more zeros arc !

> e following

one or more of the fol o
- the row; : ;

in order to enhance the number of zeros m- :)h( the determinant may be helpful.

. - . - ings
calculation rules for equivalent rearranging

inants
1.6.5 Calculation Rules for Deternti

.an be read off rather directly
inant can be read of Y
Some of the important properties of the determindt

2):

from the definition (1.3:
SE s are
1. Multiplication of a row or a column by & I

al number &

7 din
ajy’ oo amann 2t
: 4 1.32§)
ain (
oa, ... oay| = o |di
Ann
[ o dnl

: 7 " the n! mands in
2 NI s < .ar since each of the n! summ
After (1.322) the proof is immediately clear sInce €

y -nectively. each row and each column
detA contains exactly one element from, respectively. ca
of A. In particular it holds:

det(wA) = o detA . (1.329)
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. Likewise directly from the definition (1.322) it follows for the addition with
respect 10 a row or a column, respectively:

an+bu ... @t b
as oy
() Apn
ajee ey, by e By
an aa, anty S adn
(1.330)
Ay ghe () ay pn

The permutation of two neighboring rows (columns) changes the sign of the
determinant. For a proof one should remember that thereby sign P reverses since
the number of transpositions necessary for P alters by +1.

The matrix A may possess two identical rows (columns). By a sufficient number
of permutations we can bring these two rows (columns) into neighboring
POSiliOnS (A — A). The value of detA can thereby have changed at most by
its sign:

detA = +detA’ .

Now we interchange still once more in A’ the two identical rows (columns) where
the matrix A’ does not change, however, the determinant does:

detA’ = —detaA’ .

That means the determinant must vanish:

detA’ =0 =detA .

detA = detA” 33

The proof is recommended as Exercise 1.6.4. It exploits again directly the
definition (1.3

22). The statement (1.331) has the important consequence
that one can expand a determinant obviously not only with respe

cl 10 2
row but also with respect to a column. Namely. along with (1.3

27) we also
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haye:
n n
detA = detA” = E a Uy = E a,Uji . (L33
=1 1=1

6. If one adds to a certain row (column) the elements of another TOW (col.
umn) multiplied by any real number « then the determinant Temains ung.

fected:

aj+aay ... ap+aap
: ol (1.3
ay L Qj
dapn. {uaan aj1 En
= + o
a0l a1 i
e
=0
- Multiplication theorem (without proof!):
1.334
det(A - B) = detA - det B . S
) : :
8. For a matrix with triangle shape
ay ap -+ din
0 axn - axy
IR =
0 Ann
one easily finds by expansion with respect to the first column:
det7TR =ay; - azp - -+ -- dpp -
In particular it follows then for the diagonal matrix D from (1.297):

detD=dj -dy-+--- dne



134 | Mathematical Preparations

That means for the unit matrix 1 (1.298):

detl =1 (1.335)

9. Multiplying the elements of a row (column) of a determinant with the algebraic

complement Uj; of another row (column) and summing these products yields
Zero:

n
Z apUp =0 (rows),
k=1

"
Zm.—.UL», =0 (columns). (1.336)

k=1

Proof Let B be an (n x n)-matrix, which except for the j-th row is identical to A. In
the j-th row of B there appears once more the i-th row of A. Because of point 4. then:

detB=0.

One expands B according to (1.327) with respect to the j-th row:

0 =detB = Zb,kU,k = ZIMU,L seuqiends
k k
1.6.6 Special Applications

1.6.6.1 Inverse Matrix

Definition 1.6.7 A = (a;)) is a given (nxn)-matrix. Then one denotes as its inverse
matrix

=)

just the (1 X n)-matrix, for which holds:

337)
A'A=AA"'=1. (1.337
Theorem 1.6.2 A~" exists only when detA # 0. The elements are then found by:

Uji
detA

(@), =

(1.338)

(Note the order of the indexes!)
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Proof Let A= (@; = Uy) be an (7 x n)-matrix. With the expansion theo-

rems (1.327) and (1.332) we find:

detA = Za,,U,v, = Zu,-,ozj, = (A v;i)“ 5

i

iy
detA = Za,jU,, - aa, = (/’1\~A)U 3

i

The diagonal elements of the product matrices A - A and A - A are thus all identicz
to detA. What about the non-diagonal elements? With (1.336) one finds:

(/\ :i) = Za,ka‘, = Zt:,kl]jk =0 fori#j.
T

k
‘ollows that A - A and A - A are diagonal matrices with
AA=A-A=detA-1.
With detA # 0 and by comparison with (1.337) the theorem is proved:

Uj: =4 (a—l)u ‘

=A""=
detA detA

1.6.6.2 Vector Product

The vector product can be written as determinant in a very memorable form
According to (1.196) holds:

axh= Z(.,jku,h]ek =

(] -
= e| (a2b3 — ashs) + €3 (a3by — ayb3) + e; (a1b2 — azxby) =

a> a3 1 a

by by

@ as| e
3
by b

T B> b

€

This can be written as (3 x 3)-determinant:

€ € €3
) (1.339)

axb=l|a, a a
by by b;
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1.6.6.3 Curl (Rotation)
Also this vector differential operator can be expressed as determinant:

e e €3
Vxa==[d; d» 93| - (1.340)

a a» as

1.6.64 Scalar Triple Product

a, a ax

a-(bxc)=ib b b (1.341)

1 2 3

One recognizes the correctness of this representation by (1.339) or by a direct
evaluation. A cyclic permutation of the vectors in the scalar triple product in any
case means two interchanges in the determinant each involving two rows. so that
the value of the determinant remains unchanged.

In particular for orthonormalized basis vectors e; we get:

18580 20
ei-(e2xe)=10 1 0l=1- (1.342)
Ll
1.6.6.5 Rotation Matrix
We remember the question which came up in connection with (! 221). Under what

conditions an arbitrary matrix D based in a given CONS {e,} is a rotation matrix?
At first it must satisfy the orthonormality relations (1 3

308) and (1.316):
dex im = 8ij .

m

> duidny = 85 .
=

What is more, the new basis system {€;} originating from the original system {e;} by
rotation shall again be a right-handed trihedron, i.c. (1.342) m[xs\ also be valid for
the €. Thatis f““ yet guaranteed by the conditions (1. 30%) and (1.3 16). For instance,
if we replace in the i-th row of D the dj; by (—d,;). the orthonormality relations will
still be valid. On the other hand, however, according to (1.305) {€;} transfers into
(~€,). Thus the right-handed trihedron becomes a left-handed one. However, we
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notice with (1.305):

€ - (8 x8&) = E dydondsy €y - (€4 X €)) =

monp
1343
= Y Enpdindodsy = detD . (
monp
4 y ) ation matrx
That means that besides the orthonormality of rows and columns a rotatio
D still must fulfill:
(1.34)

detD =1

1.6.6.6 Linear Systems of Equations

R i . we finally
As the fourth very important field of application of duurmm{:mls»lmit(mS o
discuss solutions and solvability conditions for linear systems oA ;q ‘unkno\\'m
3 g n s

ask ourselves under which conditions a system of » equations Wil

YRt 2 Y, of the following type

anxy +  apn 4+ ...+ ll‘ln-\'n = .b' 5

Xl + apxon o REEREEG = bn

. : 5 icients a; are
possesses a uniquely determined solution. Let us assume that the coeffic iy

all real. They build up the so-called matrix of coefficients A:

ap ap e vy
GEFE o (6m b gart s et (1.346)

R RN

If only one of the b, in (1.345) turns out to be unequal zero, onc speaks n‘l ‘un
inhomogeneous system of equations. If all b, = 0, then it is a homogencous systcm
of equations. ;
Now we multiply each of the n equations in (1.345) by the F‘mmp?”dm_g
algebraic complement Uy, where k is kept fixed while i is the respective row index

[auxi o+ G apxn] Ui = bilUu

[omxei + g + 0+ Ain] U = buUni -
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We then add all the equations together:

Mathematioal Peeparation
E ( ; ayU, )
T
=1

& 15 = D) Un
i=1
left with:

} 1
Because of (1.336) the expression in the bracket vanishes tor g

; «
L
i=1

A sothat we e
taUnxy = "
-

h-U.

L
10 the k-th column:

=1
On the left-hand side we recognize dezA, expanded according to (1 332 with respect

detd -x; = Zb;l.'_.\

We define a new matrix Ax as the matrix identical to A except for the fact that the
of the linear system of equations (1 345):

by

(1.347)
k-th column is replaced by a column vector which is built up by the inhomogencities

by
But then the right-hand side of (1.347) is just det A;
column:

Therewith follows the

. expanded according to the k-th
xpdetA = detAy .

Cramer’s rule.
only when

(1.348)
The linear inhomogencous system of equations (1 345) possesses a unigue solution

detA # 0.
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The solution is then given by:

_ detAy e 1.2 (134

T L

Let us illustrate the procedure by the following
Example

N+ v+rn=2,
3y + 20 +x3=4,
561 — 3% +x=0

1 1 1

A=[3 2 1|=deta=-12.
5 =38l
7 1 1

A=[4 2 1)]|= deta, =-6,
0 -3 1
1 = 2]

Ar=[3 4 1 |=>detdr=-12,
5 0 1

1 1 2

As=[13 2 4]=>detA3=-6.

5, =380

% | . lv solvable since

According to Cramer’s rule the system of equations IS uniquely soly bl
detA # 0 and the solution is:

1
Xj S Sl 5 X3
2)
, c aquations, i.c. We
We now consider the special case of homogeneous systems of ‘.qu.um‘n: L” (;
assume that all b, in (1.345) are zero. But then it must also hold that detA; =0,
that according to (1.348) what remains is to solve:

.350)
xpdetA =0 &

X 3 » trivial zeo
If detA # 0, then the homogeneous system of equations has only the trivial zen
solution, which of course always exists:

(1.351)
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Hence, non-trivial solutions of a homogeneous system of equations can be expected
only if

detA =0 (1.352)
That means, however, that not all rows (columns) can be linearly independent. For

the rank of the matrix one therefore has to conclude:

rankA =m <n. (1.353)

Letus presume that the first 72 equations in ( |

5) are the linearly independent ones.
(If that is not the case we can arbitrarily interchange the order of the equations!)
Then we can write for these equations:

anxp .o aimXn =

—(@m+1Xm+1 + ...+ A1aXn)

] 2 (1.354)
A1+t A = — (@1 Xm+1 + -2 AunXn) -

For the (m x m) matrix of coefficients A’,

apn - [P

A= S 5 (1.355)

Am1 Aymm

ONC Can now assume
detA’ # 0

50 that Cramer’s rule (1.349) becomes applicable. The matrix A; then has, as k-th
column vector, the following expression:

(1.356)

n

- X awy

j=mA

The solution thus will still depend on the arbitrarily choosable parameters
BT Xn-
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Example
X +4x; —x3 =0, ' .
2%y —3xy CLOEEESOBMSEA 2 -3 14 :
4y +16x; —4xz =0: -

[tis obviously
detA=0.
The first two rows are linearly independent:

x+4x0 = X3 — detA’ =—11.
20 —3x = —X3

With
4
! =5
detA; = ‘_\3 _3,
1 X
dc[A2='7 _;}I.—_—Su
follows
3
X 5= —2X3 .
A== 2 Tl

where v; remains arbitrary.

1.6.7 Exercises

Exercise 1.6.1 Construct for the matrices

the product matrices A - B,B-A.
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Exercise 1.6.2

A = (ay) : (m % n) — matrix

B = (by) : (n % r) — matrix

1. Show that for the transposed matrices holds:
(A-B)T = BTAT
2. Letm = n. Then A" is the inverse matrix of A if it fulfills the relation
AN A=AAT =1
Prove the validity of
AN = @7y
3. Letm = n = r. Verify the relation

(A-B' =B 'A™!

Exercise 1.6.3 Calculate the following determinants:

4 3 2 1 6 218! 7_
DR RO O = 2) =0 MRl 55
5 2 5 () 7
-1 9 19 12

A T Y

6. LaaT/s 28 =1

8
) (0
3 -4 0 6

Exercise 1.6.4

1. Let A7 be the transposed matrix of the (n x n)-matrix A. Prove:
detA” = detA .

2. Let B be an antisymmetric (1 x n)-matrix

B=(b;) with by=—b;-
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Demonstrate that
detB=0.

must be if 7 is an odd integer.

Exercise 1.6.5 The matrix A is given by

Show that

detA = (i + b + P + d°)°

Hint: Multiply first A by its transposed matrix A7.

’ to solvabil
Exercise 1.6.6 Inspect the following systems of equations with respectto
ity and, if solvable, find the solution

1) 2x1+ x5+ 2
X+ S50+ 2= 19,
5004+ 20+ a3 = 2.

2) - xn+ 3= 4.
9 + 3x; — 123 = —3.
I+ x— 4= —1.

3) 4+ xx— x3= 0.
—x; + 30+ 3= 0.
SHEE = 0.

4) 2x) — 3+ a3 = 0.
4+ 4 — x3= 0.
m—3n+ dn= 0.
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. Does A describe a rotation? If yes what kind of rotation?
. How do the vectors

a=(0,-2,1), b=(3.,5-4)

change after the rotation? Calculate the scalar product a - b before and after the
rotation.

Exercise 1.6.8

= w19

. Determine for the matrices
1 -1 0 -1 1 01
A= — 2 2= W50
o V2 0 B {
= I 0 -1 -101

the product matrices AB and BA!

- Calculate the determinants of A and B as well as those of AB and BA!

. Are A and B rotation matrices? Give reasons for your answer!
. Determine the inverse matrix A='!

Exercise 1.6.9 Prove the following statements!

1

2

Ol

- During a rotation the length of a vector is unchanged.
. For the elements d;; of the rotation matrix the relations

dy=1Ty v wiyj=1,2,3),

are valid, where Uj; is the algebraic complement to d;

Exercise 1.6.10 D, and D5 are two rotation matrices. Show that rows and columns

f the product matrix D = D, - D5 are orthonormal.

1.7 Coordinate Systems

1.7.1 Transformation of Variables, Jacobian Determinant

For our considerations so far we have presupposed, directly or at lc..m l»“dl-m]l‘l.'\li
a Cartesian system of coordinates. However, in subsequent “Wlf“"“n’ bdie o
use, as a rule, those coordinate systems which best fit the undc}'l_\m:l P“:b(l_"“: -\:i‘un
respect to its inherent symmetry. That will then not neces arily be the Cartes

s 5 5 5 » principles f
coordinates. Therefore we consider in the following the principles
from one set of coordinates to another one.

or the transition

; ’ ; e polar coordinates by
Let us inspect first, as an introductory example, plane polar

< be defined as
3 i 3 . 5 st always be define
which the position of a point P in the plane can almost ¢
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Fig. 1.74 To the definition of
plane polar coordinates

conveniently as by Cartesian coordinates x;, x». In Fig. 1.74 ris the dlslu‘ncc tlk’l\" -
P and the origin of coordinates @ and ¢ is the angle between the straight line 07
and the 1-axis.

The mapping

(r.¢) = (x1.x2)

is described by the transformation Sormulae

xp =rcosg = x(r.¢)
(1.357)
X2 = rsing = x2(r, @)

One speaks of a two-dimensional point transformation which maps ,lhfeo‘,;':ht
plane point by point onto the (x1,x2)-plane. We must renso‘na.bl)’ rel]ullf"-m;sh, “,:
new coordinates that they catch each point of the plnne.- This is hf’-fe'o ),\_ i 'uel;
case. However, it should also be guaranteed that each point P = (.\|.~ -‘2_) :; 2 q:{])
ascribed to a definite (7, @) pair. But here difficulties appear V\f’_‘l] ('.‘.' 1-‘_ d _20 ot
since all pairs (0, ¢) are mapped on (0, 0). The mapping (1.357) is for =
uniquely reversible, but otherwise for # 0:

r= .vf e j:.' .
X2 (1.358)
¢ = arctan — .
X

The trigonometric function arc tangent has to be restricted to the branch \\l.uch
delivers the values 0 < @ < 27. Hence the transformation (1.357) is almost always
reversible. .

Let us now consider a general transformation of variables in a d-dimensional
space:
Xt =X (1S R — e d (1.359)
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As in the introductory example we require:

1. Each point of the space under consideration must be specifiable by the general-
ized coordinates y,.

2. The transformation must be *almost always locally reversible’.

That means:

(a) “Locally reversible’: To any arbitrary point P there exists a neighborhood
U(P) in which the mapping is absolutely unique, i.c. to each set of d elements
(N xg) there belongs exactly one set of d elements (vy... ., Yd)-

(b) ‘Almost always’: The condition of local reversibility is allowed to be violated
atmost in regions of lower dimensionality d’ < d. The transformation between
Cartesian coordinates and plane polar coordinates is, as we have seen, almost

always locally reversible except for the one-dimensional manifold {r = 0: 0 =
¢ <2m}.

HO_\\' can we check the local reversibility? P may be an arbitrarily chosen but fixed
point of the d dimensional space with the coordinates

(¥1,...,xg)  and  (yy,...,yq) . respectively .

A differentially small neighborhood of P will then be covered by:

O +dyi, ... ya +dvg) -
For the corresponding coordinates x; one thus has to assume :

a6 =X O01 +dyy, ...y + dya) — % G- yo); i=1,....d.

Smcc‘lhc coordinates of P have to remain fixed, the requirement of a one-to-one
gfaPP‘ng_nmans that the differential changes dy, are in one-to-one relation 0 the
ifferential changes dy,. For the latter according to (1.261) we have:

1
d

ox; 3
dx'=z€l_\~,d"l’\ =BTl d. (1.360)

=1 /2

With the so-called Jacobian matrix,

oy axy
o S0 Bvd
e e (1.361)
ey dxy
Wy g
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which of course depends on the coordinates of the point under consideration P, %
can write (1.360) also in matrix form:

dv dy,
E el F;;n') (1.362)
dxy dyy

-1
; (1) s A ccont

An inversion is possible exactly then when the inverse (F 5 does exis tt
i erminant’ mud

), however, that means that the so-called ‘Jacobian determinant

ing to (1
be unequal zero:

Dy iy
ETE e L T 3
det F) — Xy, Xa) = . (1.363)
IOts .- Ya) 2y o
AR dy

Let us formulate this issue as follows:
Theorem 1.7.1 The transformation of variables
Xi =X 1. -2 Yd);
] ; : 3 o gioms x, is in the proximity of a poit
with continuously partially differentiable functions x; is in the proxi 2
P bijective, i.e. uniquely solvable, if and only if:
(1.364)

dExT s xl) 0
aon,.... ya) lp =

As an example we consider planc polar coordinates d = 2:

dx; ax; 2

— —cosyp, — =-—rsing,

3, = CO8¢ 90

dxs axs

== 5 — = rcosy

oy = Sing P
a(xy, _ |cose —rsing 5
a(r, @) sing  rcosg

We see that the mapping is everywhere locally reversible except for 1 = 0.
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The following statement is important and also is easily provable:

Theorem 1.7.2 Let

X=X (s 00 V) |

be two continuously partially differentiable transformations. Then it holds for the
double transformation:

5= o B 6 o o n i ey s V(@15 - Rz

(X1, .., xg) ! (X1, .02 Xg) ) OV, .. Va)
9@zi,....2 2) e Tz e

(1.365)

Proof The proof uses the chain rule (1.87):

— F&2 — py) 02

Applying the multiplication theorem (1.334) immediately leads to the above
statement:

detFS={dct F™Y) det FO2) .
In particular it follows from this theorem for the special case z; = x;:

ﬂ()‘.,,,,_ Y,
o(xy, ..

(1.366)

AT eatieATE ey i 201:00d).
That means: If H # 0, then it must also be true that ",:“"

# 0. This, in
turn, corresponds to the almost self-evident conclusion that

together with

represents an unambiguously reversible transformation.
For the cases d = 2 and d = 3, which we

are of course most interested in,
the Jacobian determinant has a rather illustrative

geometrical meaning. Ford = 2,
it indicates how a surface element will be changed by the transformation and for
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d = 3 it characterizes the change of a volume element. Let us inspect the sifu:
ford = 3 in a bit more detail. For this purpose we first introduce a new term, nar|

the ‘coordinate line’.

Definition 1.7.1 If in all formulae of the transformation
X=X ... Va)

. = e S| i then
one keeps (d — 1) of the d coordinates y; constant, i.e. y; = const f‘{” #]/‘;um
results a space curve parametrized by y; which is called the y;-coordinatcli
Examples (d = 2)

(@) Cartesian coordinates: d (Fig. 1
- - rectilinear 1g.
The coordinate lines build a rectangular; rectilinear grid (Fig

(b) Plane polar coordinates: > 1. howevet
The lines ¢ = const are again straight lines, the lines r = const,

76). One therefore speaks of ‘curvilinear courdlnut(;s[
s : sul

are circles (Fig. | % e e is Tocally
Nevertheless. one recognizes that the network of coordinate lines 1s locally
rectangular (curvilinear-orthogonal).
We now consider an infinitesimally small volume Flcmc'“ d‘( m) lth:hr;;
dimensional space which is restricted by such curvilinear coordma‘lc I;n;:., 7
sufficiently small edges one can approximate the small volume by a parallelepip

Fig. 175 Coordinate lines in 2 Xlt":lcomll
case of Cartesian coordinates I T 2

1

|
B s

(x; =const)

Fig. 1.76 Coordinate lines in
case of plane polar
coordinates

@-Line (r=const)
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\ 2
N Nilez
\ 5 A\ e V=
\
S
s fe— J1, )3 =const

le— y,,y,=const
/

e ia o —\~

— / Y21 y3=const
Fig. 1.77 Coordinate lines in the case of arbitrary curvilinear coordinates

bounded by the vectors:

dxy x> dxy dr
da = | —dy,. —dy,, —dy —dy, ,
4 (3.\‘1 o4 3_\'1’"I U.\'Il'\l) i

il

ox, Oxa dxs ar
db = | —dy>, —dy,, —dy» ==y
(ﬂyzd"' ﬂ,\'zd"' 2 .\_) dy

ox; dxa a3 dr
de = | —dyz, —dyz, —dy; | = —dy; .
a (i)_\'x V3 0,\'1 V3 H_\'}l-h) .r'\;

The volume dV of the parallelepiped is then given by the scalar triple product built
by da, db, dc (Fig. 1.77). For this holds:

A% x> 0x3
==l T
ay]’.‘l ay,"" B_\qd'\'

dx dxs ox;
‘ld_\': ;d\‘z fi\'z =
dy2 ~ By’

dv =
r')\'z

8,\“ dxs a.\'z
—dys —=dy; —=dy:
PN ays
Ox; dxy Oy
vy dyr dyi

g i,
“=\]d.\'|l’,"zd,\'1 ('l L

(1381 i
— = dyidyadys |3
dya dya i

dxy dxy dxy

v : |
dyy dys dya {dy; dy2 By

3;tln dyydyy = dxydxadx; .
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Hence the Jacobian determinant describes indeed how the representation of It
volume element will change as a consequence of the variable transformation. Tt
relation (1.367) is of course not only valid for d = 3 but holds with an analogo
generalization for all dimensions . This turns out to be especially important for::

change of variables in multiple integrals.

1.7.2  Curvilinear Coordinates

4 . - i ina !
We want to investigate with which basis vectors the curvilinear cooll’dl"-llf5 an
be described. We first start with the already familiar Cartesian coordinates,

X, X2, A3,
defined by the CONS:
I W y
ee=10]: e=|1 e3= |0 il
0 0 !
For the position vector r we then have,
3
r=> xe,
J=1
and for its differential:
That means
gy ﬁ (1.368)
7 o

which obviously agrees with (1.367). ¢ is the tangent-unit vector to the x; coordinae
line.

This we now generalize to arbitrary curvilinear coordinates yi, Y2, Y3 The
basis vectors are defined in such a way that they are oriented tangentially to the
coordinate lines. The vector dr/dy; lies obviously tangentially to the y, coordinate
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Fig. 1.78 Basis vectors for
curvilinear coordinates

line which, however, in general is not normalized to one. With

dr
by, = ’_ (1.369)
2 ay;
one then obtains as unit vector:
o b‘—l'd_r : (1.370)
’ l))',

In contrast to the Cartesian basis vectors (1.368) the above unit vectors in
general do not form a space-fixed orthonormal trihedron but rather will be position
dependent, namely the so-called ‘local trihedron® (Fig. 1.78).

Example: Plane Polar Coordinates

dr Pt
ﬂ_w = (—rsing, rcosg) .
g o | LT

dg
or

T = (cos @, sing) .

ar
br=|=—]=1.
2" ‘i)r‘ :

This yields as basis vectors:
= 5 < ) (1.371)
€, = (=sing.cosp) : e, = (cosg.sin¢)

These basis vectors are evidently orthonormal. One speaks of

curvilinear-orthogonal
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Fig. 1.79 Basis vectors for
plane polar coordinates

basis vectors if

€,

21

ey =0

is fulfilled (Fig. 1.79). .
ith curvilinear coordinates
For the differential of the position vector r one finds with curvilinear co

3 3
Jr ; (1.373)
=Y 5oy = > bydyjey, -
= j=1
Example: Plane Polar Coordinates
(1.374)

dr =dre, + rdype, .

) sop . prators, ntro-
To conclude we still want to rewrite the vector-differential oper:
duced in Sect. 1.5.3, for curvilinear coordinates:

(a) Gradient

cten differentiable field
For the y, component of the gradient of a scalar, sufficiently often diffcrenti able field
@ holds:

Jr
Vip=e, - Vp= b;“;—. -Vp =
% 357

=b;x(?-10_¢ 000, Lﬁz) :
o\ Ay, dxy Ay, 0xa dy; 0x3
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With the chain rule (1.260) we get:

Tt s (1.375)
oy
The nabla-operator introduced in (1.269) has here the more general shape:
0 i) d
V=) — b b} (1.376)
( Al n.‘,l b.\: n.\,z’ \\ 3\' ) ZL‘ ; y
(b) Divergence
Let
3
a=) aney
i=1

be a sufficiently often partially differentiable vector field. Then we have:

Voa= ; d i)
by byb,, (b‘ byay,) + v (bul’\.“ e ( 2 |
(

1.377)
Proof In the first step with (1.376) we have:
V-u=2(t\b 2 - (ayey,) =
Lo 1€
n)
o 1 day, 5t Z lh a_“\_ (1.378)
— b, by, By B
We exploit
’r w or
Ayidy, Oy,
and deduce with (1.370):
b d
e = (Byen)
o ()] o, (by,

ab,,
o o)
ay

9
<= by, W\Te" +
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We multiply this expression scalarly by e,,:

b b, de,,  dby,
o — 5 L, — + .
bye,, - i)T‘,e"' + &ij I by.ey, o, %,
de 180 o8
o= (e) =0
Cody 20y
so that we have:
0 fori=j,
ab, _, by _ |9, :
bye,, ) ey, 5 = 0./‘——’,)"’ = Y fori#j.
5 Yj
This result we now use in (1.378):
day, = ay, ﬁ =

. i#)

Ay 1 0ay, ay by, _ 2 ‘ =+ b oy

V.a= Zb“ i a5 by, 3 : e \ oy - by, 0y
i 2 i

1 d ] 3 d
| C o o ) 2| 8 GRECH
by, by, by, [3)'| (@ibyabin)

. od the indexes i and}
In the second step, in the double sum we have interchanged the inde

(¢) Curl (Rotation)

L = expression for the
Analogously to the derivation of the divergence one gets the expres
rotation:

by ey, b.r:a e, b ) €y

v ! (1.379)
A= — o N = R
AT bbby | Bi O s

bya,,  by,ay,  byay

1.7.3 Cylindrical Coordinates

Cylindrical coordinates (p, ¢, 7) correspond to the planar polar C(m»rq“",lm,!p'.v.l;
which are for the three-dimensional space supplcmcn(cd by '(lll addlltl(fntll \LT“'L«
coordinate z. They are conveniently used for problems which exhibit a rf\luf!@
symmetry with respect to a fixed axis. The latter is then declared as x; axs

(Fig. 1.80).
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Fig. 1.80 Cylindrical
coordinates

Fig. 1.81 Volume clement in
cylindrical coordinates

1.7.3.1 Transformation Formulae

X| = pcosg .

X = psing .

380)
Bw= oz (1.3

1.7.3.2 Jacobian Determinant

5 s —psing 0

e | —PSng e (1.381)
ray e~ — | sl COSV} —

Ap.¢.2) Ow 2 0 1

Thus the mapping is uniquely reversible except for p = 0. e mal changes
The volume element, which is the volume increase due (0 infiilesimEt =
of the coordinates, can be read off from Fig. |.81:

dV = pdpdyd: .

This follows already from the general relation (1.367):

= 0 ®) 4 dz.
b2
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1.7.3.3 Coordinate Lines [ r = r(y; : y; = const forj # i)]

p line: radial ray in the x|, x» plane starting from the z-axis.
¢ line: circle in the xy, x> plane with its center on the z-axis.
2 line: straight line parallel to the x3 axis.

We derive the unit vectors:

;ir_ = (cosg, sing, 0) = b, =1,
P
ar e e (1.384
— = (—psing, pcosg, 0) = b, =p,
dp
ar
5. =00 )= b.=1.
Therewith the unit vectors in cylindrical coordinates are given by:
e, = (cosg. sing, 0) .
(1.383)

¢, = (—sing, cosyp, 0) ,
e.=(0,0,1).

. - : especlive
These are curvilinear-orthogonal and are oriented tangentially ‘dl IhC“f ;[77;)“:
coordinate line. For the differential of the position vector according to (1.37

have with cylindrical coordinates:

.386)
dr =dpe, + pdpe, + dze: . (1
/.34  Gradient
It follows immediately from (1.376):
Vz(l 150584 =e_;)_+e l_")__,_crlll’.‘ (1.387)
ap' pdgp’ Iz Pop T Ypagp dz

Divergence and curl can be read off with (1.384) directly from (1.377) and (1.37)

1.7.4  Spherical Coordinates

Spherical (polar) coordinates are especially suited to problems with radial symme
try.
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B
¢ 1
r: Length of the position vector,
B <(r, x3-axis) with 0 < & < 7 (polar angle),
¢: < (projection of r on xy, x2-plane, x;-axis) with 0 < ¢ < 27 (azimuth)
Fig. 1.82 To the definition of spherical coordinates

1.7.4.1 Transformation Formulae

x| = rsind cosg ,

X, = rsiny sing , (1.388)
X3 =rcosd .
ris the length of the position vector (Fig. 1.52):
U = <(r, x;3 axis) with 0 < 9 < 7 (‘polar angle’); ' 52l
¢ = <(projection of r onto the X1,x2 plane, xj axis) with0 < ¢ < 27
(‘azimuthal angle")
1742 Jacobian Determinant
91(x1h 5, 03) sind) cosg  rcosd cosg —rsindsin ¢
1,42,X3 2 : ; coso| =
A 0. 0) sind sing  rcos¥sing  rsindcos¢ :
e cos ¥ —rsind 0 |
0y iAo R e
=17 cos® U sin ) cos’ @+ risin’ UsinT¢
+ 2 sin ¥ cos? ¥ sin’ @+ rsin° doos 9 =
(1.389)

sind} .

et L ] 5 — (andlor? = 0. 7.
So the mapping is uniquely reversible except for r = 0 and/or
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1.7.4.3 Volume Element

A (xp,x2.x3) (139

dV = —2"2 e d dp = 1 sind drdd do .
a(r, 0, ¢)

One should try to visualize this result geometrically! { .
As an example of use we calculate the volume of a sphere with radius R Fortt
purpose we have to sum up all volume elements ¢V within the sphere in Riemanni:
sense.
R x 27 . 4 2 41/(‘
V= / dv = ///r?dr sind dddp = ¢ [y" - (—cosN) Iy 5| =7
0o 0 0

sphere

is wi calculation i 2510

Compare this with the much more cumbersome calculation in Sect.! )
€ i ; - 1
appreciate the usefulness of curvilinear (here spherical) coordinates!

1.7.4.4  Coordinate Lines

r line: radial ray starting from the origin of coordinates.

¢ line: circle, parallel to the ¥y, x> plane with its center on the x3 :
¥ line: marginated by a semicircle with the origin of coordinates as its cel
by the x;3 axis.

nter and

For the unit vectors we need:

ar 5
T (sin? cos g, sind sing, cos?) => b, = 1.
ar : :
W= r(cos 1} cos g, cos?? sing, —sind) = by =1,
i i ; i (1.39)
% = r(—sin¥ sing, sin? cos @, 0) = b, = rsint) . -
This yields the curvilinear unit vectors (Fig. 1.83):
e, = (sind) cos ¢, sind sing, cos?) ,
(1.392)

ey = (cos ¥ cosgp, cos ¥ sing, —sind) ,

e, = (—sing, cosg, 0) .

By construction these basis vectors are oriented tangentially to the coordinate
lines. Obviously they are curvilinear-orthogonal. For the differential dr of the
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Fig. 1.83 Basis vectors for 3
spherical coordinates

(=

position vector we find according to (1.373) and (1.385):

dr =dre, + rdde; + rsintdge, . (1.393)

1.7.4.5 Nabla Operator (Gradient)

v a 19 1 i)) i)+ 19 . 1 9 (1.394)

==, ==, —|=e—+tep-——+e,———. .39
dr’ rdd rsind dg “rar v " Frsind dy

Divergence and curl can be directly found with (1.391) from (1.377)and (1.579).

respectively.

1.7.5 Exercises
Exercise 1.7.1
1. Verify for the variable transformation
x=x(y): i=12
the following symmetries:

v, x2) _ da.x) _ dx.x)
Ovi.ya)  0van) 023
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2. Calculate the Jacobian determinants

d(xy.x2) e d(x1,¥2)
d(x1,x2) a(.y2)

Exercise 1.7.2 Derive for

=02,
y=y3).

z=2z(xy)
the following relations:
P P =1 - > Oz
i) _[( ) -
(E)z[(ﬁ)‘] and (3)' 2 \dz/ \ox/,

A 3 5 . ica ord:-
Exercise 1.7.3 x|, x5, x3 are Cartesian coordinates. Parabolic cylindrical coor
nates (. v, z) satisfy the transformation formulae:

(*=2?) .

o) =

X =

X2 = UV ,

A3 =2

1. Calculate the Jacobian determinant
d(xy, x2,x3)
u, v,2)

3 iteelf?
2. How does the volume element dV = dxdxadx; transform itself?
3. Determine the unit vectors

€y ey, e !

Ilustrate the coordinate lines! v
4. Derive the differential dr of the position veetor and the nabla-operator Vin
parabolic cylindrical coordinates.
Exercise 1.7.4 If a point P has the Cartesian coordinates (3. 3). What are its plane
polar coordinates?
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Exercise 1.7.5 Represent the points P, = (x;.y,.5,):

Py=(1,0,1);: Pa=(0,1,—1): P3;=(0.-3.0)
by

1. spherical coordinates (r, 9, ¢),
2. cylindrical coordinates (p, ¢, z)!

Exercise 1.7.6 How does the equation of the circle with radius R look like in
Cartesian coordinates and in plane polar coordinates, respectively.

Exercise 1.7.7 Formulate the vector field
a = x3e; + 2y ex + xoe3

in cylindrical coordinates and in spherical coordinates!

Exercise 1.7.8

. Calculate the area of circle by use of

(a) Cartesian coordinates (x, y) (Fig. 1.84),

(b) plane polar coordinates (p. @) (Fig. 1.85).
2. Calculate the volume of a sphere with radius R!
3

. Calculate the cylinder segment plotted in Fig. 1.86. Thereby Ry is the inner
radius, R, the outer radius and z the height of the cylinder!

Fig. 1.84 Calculation of the s
area of a circle by use of

Cartesian coordinates 5\

Fig. 1.85 Calculation of the
area of a circle by use of
planar polar coordinates
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Fig. 1.86 To the calculation R

o . 1
of the volume of a cylinder
cgment

1.8 Self-Examination Questions

To Section 1.1
Denominate the most important types of numbers! y pers?
What does one understand by a convergent, divergent sequence of Sum =
Which calculation rules hold for convergent sequences of numbers?

How are harmonic and geometric series defined? domain¥
What does one understand by the domain of definition D and the co-dom
of a function f(x)?

When is f(x) continuous at xy?

When does f(x) have a unique inverse function f~'? .

Give the series expansions of the cosine and the sine function! e

To which function the logarithm to the basis « is the inverse function’

+0. When is f(x) differentiable at x;? N

11. How is the quotient f(x) /g(x) (g(x) # 0) to be differentiated?

12. What does the chain rule tell us? 3

13. Under which conditions does I'Hospital’s rule become useful? y b
14. When does f(x) exhibit a maximum, a minimum, an inflection point at %y

AREEDAN

Oy

o

5

Section 1.2

. 3 - s & aorati 7
What is the relationship between differentiation and integration?

18

2. What do we understand by antiderivative (primitive function) of /(x)?

3. Formulate the antiderivative of sin x! . 5

4. What is the illustrative meaning of the (definite) integral of the function f(x)

5. How does the value of a definite integral change when we interchange the lower
and the upper limits?

6. What does the mean value theorem of integral calculus imply?

7. Formulate the fundamental theorem of calculus!

8. Explain the technique of integration by parts!
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9. When is the substitution of the variable useful?
10. What is to be taken care of in multiple integrals with non-constant limits of
integration?
To Section 1.3

1. Which parameters are needed to define a vector?

2. Which vector does not have a well-defined direction?

3. Which multiplicative connections do exist for vectors?

4. Formulate Schwarz's inequality! Try to outline the proof!

5. What is a linear vector space? When is it called unita

6. What is the illustrative meaning of the magnitude of a vector product? How can
we fix its direction?

%

7. What is the difference between a polar and an axial vector?
8. What is a pseudoscalar?
9. Formulate the sine (cosine) rule!
10. Which geometrical meaning can be given to the scalar triple product?
11. How can we treat the double vector product?
12. How is the basis of a linear vector space defined?
13. What do we interpret as directional cosine?
14. Give the component representation of the scalar product between two vectors!
15. Find the component representations of the vector product, the double vector
product, and the scalar triple product!
To Section 1.4

1. What is a space curve? How is the path line (trajectory) of a mass point defined?
2. How does one parametrize a space curve?
3. What is a vector-valued function?
4. Parametrize the planar circular motion and helical line!
5. Define the continuity of space curves!
6. How is the derivative of a vector-valued function defined?
7. What is the arc length of a space curve?
8. What is called the nanral parametrization of a space curve?
9. Which are the unit vectors of the moving trihedron?
10. Explain the terms curvature, radius of curvature, osculating plane, torsion. and
torsion radius!
11. Formulate Frenet’s formulae! .
12. Which space curve has the smaller curvature: the circle or the helical line. if
both have the same radius in the xy plane?
13. Which torsion radius has the circular motion?
14. Which direction does the normal-unit vector of the helical line have? ‘
15. What do you understand by tangent acceleration and centripetal acceleration of
a mass point?




1.8 Self-Examination Questions

To Section 1.5

1. What is a scalar field and what is a vector field? Give examples!

2. Interpret the term contour line! What is a field line?

3. Define the continuity of fields! ‘

4. What do we understand by the partial derivative of a scalar field with respectt
a space coordinate? :

5. Give the toral derivative of a scalar field with respect to a space coordinzc

6. What 1s adient field? Which direction does the gradient vector have?

7. Define the divergence and the curl of a vector field!

8. How is the Laplace operator defined?

9. When is a vector field source-free and when is it curl-free? Y ;

10. What can generally be said about the curl (rotation) of a gradient field, wh:
about the divergence of a curl-field?

To Section 1.6

1. What 1s a matrix? e
2. What do we understand in particular by a zero matrix, a diagonal matrix, aunt
matrix, a symmeltric matrix, a transposed matrix?
3. How is the rank of a matrix defined? : el
4. Explain the sum of two matrices, the multiplication of a matrix with a red
number, and the product of two matrices!
5. Is the matrix multiplication commutative?
6. How is the rotation matrix defined? |
7. Show that the columns and the rows of the rotation matrix are or_lhnnonn:l.lq.
8. How is the transposed rotation matrix related to the inverse rotation mnlm; *
9. How does the rotation matrix look like for the special case of a rotation by the
angle ¢ within the plane?
10. Which conditions are to be fulfilled by a rotation matrix?
I1. How is the determinant of a square matrix defined?
12. When does the Sarrus-rule help? y 9
I3. What is meant by the algebraic complement to a certain matrix clement
14. How can we expand a determinant with respect to a row? 1 )
I5. Justify why it is allowed to add to a row (column) of a determinant another
row (column) of the same determinant multiplied by a real number @ without
changing the value of the determinant.
16. When does the inverse to a given matrix exist? How can we calculate the
clements of the inverse matrix?
17. Write down the vector product of two vectors, the rotation of a vector, o l'llc
scalar triple product of three non-complanar vectors in terms of dgjlurmmflnls
18. Under which condition is a lincar inhomogeneous system of equations uniquely
solvable? What does the Cramer's rule tell us? .
19. When does a homogeneous system of equations possess non-trivial solutions
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To Section 1.7

1. Which general conditions must be fulfilled by a correct transformation of

el

W

=

o

. When do we sp

variables?

. What do we understand by a Jacobian determinant?

‘What is a coordinate line?

< of a curviline:

-orthogonal coordinate?

. How does one calculate the volume element dV = dx; dx, dx; after transforma-

tion of vartables (xy. x2,x3) = (y1. 2, v3) in the new variables y;. y2. 337
How are the basis vectors of curvilinear systems of (.nurdm.uu oriented
relatively to the coordinate lines? How can we determine such basis vectors?

. How does the nabla operator generally look like by the use of curvilinear

coordinates?

. What are the transformation formulae between Cartesian and cylindrical (spher-

ical) coordinates?
Formulate the volume element dV in cylindrical (spherical) coordinates!
Characterize the coordinate lines for cylindrical and spherical coordinates!



Chapter 2
Mechanics of the Free Mass Point

The concept of the mass point is basic to the theory of mechanics. As we h‘~
already defined earlier (Sect. 1.4.1) we understand by the term ‘mass lw"“h:
physical body of mass m but with negligible extension in all directions Ollkh-‘
to note that the concept of mass point does not necessarily presume small ;’m’(l‘e
The term mass point is rather used for problems for which it is sufficient l().(! se 0;‘
only the behavior of one salient point of the macroscopic quy, eg. the L:-“;:\ "
gravity, without considering the movement of all the other points of the Fm Y- .
is to treat even the whole earth as a mass point if one is interested only in the path
of the earth around the sun. That is obviously no longer allowed when we \van:l;:
understand the origin of earth tides. We denote a mass point as frce whenitc
react to the applied forces without being bound by any restraining condition.

2.1 Kinematics

Kinematics compiles the mathematical and physical terms and lhc(?rems ncc.essar)‘
to describe the movement of a mass point, at first without explicitly quc.\lmll‘ll‘lg
for the cause of this motion. The necessary preparations for this purposc have h‘a.cr‘l
made in the introductory Chap. I. Hence we can restrict ourselves here (0 a conciss
recapitulation.

© Springer International Publishing Switzerland 2016
W. Nolting, Theoretical Physics 1, DOI 10.1007/978-3-319-401 08-9_2
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2.1.1 Velocity and Acceleration
The motion of a mass point is characterized by:

position vector : - r(1) ,
velocity vector :  v(1r) = ¥(1) .

acceleration vector :  a(r) = F(1) .

Higher time derivatives do not interest us in mechanics; very often they even fail to
exist because in many realistic cases the acceleration is not a continuous function of
time.

The typical task for mechanics consists of the calculation of the path line
(trajectory) (1) on the basis of a given acceleration a(r) = F(f). For this purpose
one has obviously to integrate a(r) twice with respect to time. After each integration
an integration constant appears which remains undetermined unless we have two
initial conditions at our disposal to fix these constants. In this connection let us

assume that we know the velocity and the position of the mass point (particle) at 2
certain time 1, i.e.

a(r) forall 7, v(rg) . and r(ry)
are given. Then the velocity of the particle is determined by

T

V(1) = v (1) + /dr’a () =
o
and the position vector by:
1 Hy
£(1) = r(10) + V(1) (1 — tg) + f f di'a (") | dr - s

Lo

3 . f e
Before we inspect these relations using simple examples we \\am_ to formulat
the characteristic parameters of a mass point r(1), ¥(r). a(r) in different systems
of coordinates.

(a) Cartesian Coordinates

. . : 5 = ont functions
The trajectory is described by the three time-dependent component functions
x1(0), xa(1), x3(1):

e 23)
r() = (10, xa(0). x3(0) = Y508 - 23
j=1
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Fig. 2.1 Trajectory of a mass
point in Cartesian coordinates

The basis vectors are time-independent and fixed in space (Fig. 2.1). The velocity

3

V() =Y %(e

)=

4l

is a vector which is oriented tangentially to the trajectory. It provides information
about the distance covered by the mass point in the time interval dr. For a con-
parison with the experiment, however, one has to bear in mind that a nlmflsurcn‘)cm
always happens in a finite time interval so that the mathematical limit in (2 :)!i
in a sense a fiction which can only be ‘guessed’ by performing finer and finet
experiments.

The temporal change of the velocity is called acceleration:

3

a@) = Y x(ne

=1

(b) Natural Coordinates

The ‘moving trihedron’, discussed in Sect. 1.4.4, represents a coordinate system
directly attached to the space curve. We found in (1.244) and (1.245):

- ds
D=t = (26
v(it)=wvt: v 7

AERUE
a(t) =vt+ —n.
P

t is the tangent-unit vector, s the arc length, p the radius of curvatures, and i the
normal-unit vector. t lies tangentially on the path line and i describes the change of
the t direction with s (1.227). The vector of acceleration always lies in the so-called

osculating plane spanned by the vectors i and t (Fig. 2.2) and is decomposed info
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Fig. 2.2 Definition of the
osculating plane spanned by
the tangent- and the
normal-unit vector

Fig. 2.3 Representation of
the mass point velocity in
plane polar coordinates

—
A dr

two parts which are due to, respectively, the change of magnitude and the change of
direction of the velocity.

(¢) Plane Polar Coordinates

These coordinates, which we considered several times in Sect.!.7 in dner,s.e
examples. are of course applicable only for motions in a fixed plane. The basis
vectors e, . e, are given in Eq. (1.371). For the position vector holds:

r(1) = r(t)e, . 238

For the differential dr we find with (1.374):

dr = dre, + rdge, .

The velocity follows immediately from above (Fig. 2.3):

. o (2.9
v(t)=re +rge,.

Furthermore, one can also directly differentiate (2.5):

g : (2.10)
v(t) =re. +re;.

2 jerivative
i . - o ¢ time-derivaiive
The comparison of these two expressions for the velocity yields the time
of the unit vector e, :

g a0 2.1h
e =@ey.
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According to (1.216) the time-derivative of the unit vector e, must be orthogonalts

e, and therefore parallel or antiparallel to e, :
&, =ae,.
Because of e, - e, = 0 itis ¢, - e, = —e, - &, and therewith

a=e. -8 =—€-6 =—@€,-€ =—¢.

¥

Hence we have:

6, = —( (212
&, =—ge,.

The differentiation with respect to time in (2.9) thus results in the following
2xpression for the acceleration:

a(t) = ase, + age, .
2 £
a,=r—reo-,

S 113
ay, = rg + 2i¢p . @13

s Cylindrical Coordinates

These were broadly discussed in Sect. 1.7.3. For the position vector we have here

r(r) = pe, + ze: . (2.14)
The differential appeared already in (1.386):
dr=dpe, + pdype, + dze: . (.15
This yields the velocity:
V(1) =pe,+pgpe, + ze. . (2.16)
e; is constant with respect to direction as well as magnitude, i.c. & = 0. Bolh

the other unit vectors, however, can change as function of time. The differentiation
of (2.14) yields:

©(f) = pe, + pé, + Ze. .
The comparison with (2.16) leads to

. . n
e, =ge,. 2.17)



172 2 Mechanics of the Free Mass Point

¢, is perpendicular to e, :

Because of

the first consequence is f = 0 and furthermore:
a=ep by =—€,-,=—0.
This shows the change of the basis vector e, as function of time:
& =—ge,. (2.18)

Hereafter it does not pose any difficulty to fix the acceleration in cylindrical
coordinates by time differentiation of (2.16):

a(f) = a,e, + age, +a:e:,

ap = ﬁ"ﬁ‘i’: .

ag = pj +2p .

A = (2.19)
a. =72

(e) Spherical Coordinates

5 : : ” ¢ position vector is
These coordinates have been introduced in Sect. |.7.4. The position
written as:

(2.20)
r(r) =re,.
With the differential derived in (1.203)
dr = dre, + rdd ey + rsint dpe,
it follows immediately for the velocity:
A £ (2:21)
v(t) = ie, +rdey +rsmige,
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The calculation of the acceleration turns out to be rather lengthy. First we differ
tiate (2.20) with respect to time,
(1) = re.+re,,
and compare this with (2.21):
@

é=Dey+sindge, .

We still need the time-derivatives of the two other basis vectors. Since both areunt
vectors €, and ¢, are orthogonal to ey and e, respectively:

&y =ae, + fe,,
é, = yep + de, .
Furthermore it holds:

O=ep-e,=ey-e, =6, €

= éy-e, = —ey

«t follows:

=éy-e,=—ey-€ =—0,

éy-e, = —e€)

Il

ép €, =—e,-& =—sind¢g.

We have now the intermediate result:
é) =ae,—Ve,,
¢, = —aey —sind ge, .

Obviously we still need a further conditional equation. e, has in Cartesian coordi-
nates a vanishing x; component (1.392). That holds of course also for é,. Thus we

can conclude with (1.392):
0= —a(—=sind) —sind ¢pcos ) = & = ¢ cos? .
That leads to:

¢ =¢gcosde,—de, .

e, =—g@costey —sind ge, .
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By a further differentiation in (2.21) we eventually arrive at the acceleration in
spherical coordinates:

o5
a(t) = a,e, + ayey + age, . (2.25)

= 32 <D a9
ay F—riT —rsin ¢,
ay = rv + 2r) —rsind cost ¢ .

ay = rsin ¥ + 2sin ¢ + 2reost i ¢ .

2.1.2 Simple Examples
(a) Mass Point on a Straight Line
We can describe the motion without referring to any special system of CCOI’JI:HJ!Um
If ¢is a vector in the direction of the motion and b a vector perpendicular to it then
we can write for the position vector of the mass point (Fig.2.4):
29

r() =b+a(nc. (226)

From this, the respective time derivatives give us the velocity and acceleration

227

vi)=a(e: a@) =d()c.

(b) Uniform Straight-Line Motion

Therewith it is meant the most simple form of motion. namely the one without any
acceleration:

a()=0; v()=vy foralz.

Fig. 24 Rectilincar motion )
of a mass point
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2.5 Acceleration-free
motion of a mass point

The third summand in (2.2) then disappears:

22

r(1) =r (1) + vo (1 —10) -
This formally agrees with (2.26). The motion is thus carried out reuihnearlly n [L‘:
direction of the constant velocity vector vo. It is called ‘wniform’ since the s
distances are covered in equal time intervals (Fig. 2.5).
(c) Uniformly Accelerated Motion

Now we assume a constant acceleration

I N
a(r) = ao L
That means in (
r I 4
[|[ara@) |at = [ fan(=w))ar =
o i n
HE 50
2B
=ay IE— EU) — agty (1 —10) =
1
=3 (t—1t0)” .
We therewith get as path line:
| 2 (2300
r(1) = r(fo) + v (1) (1 — 1) + 530 r—1)" . =
The velocity of the mass point increases linearly with time (Fig. 2.6):
(231

V(1) = v (1) + ap (1 — 1) -
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Fig. 2.6 Typical course of a 3.1
: Q
uniformly accelerated motion \‘_‘/“,/
)
o

1 2
1 —agt,—1ty)°
e =) 30

Fig. 2.7 Circular motion of a
mass point

The trajectory results from a superposition of a uniform straight-line motion in the

direction of the initial velocity v(fy) and a straight-line accelerated motion in the
direction of a,,

(d) Circular Motion

e c o 2 5 143 ¢ the
This we have already extensively investigated in Sect. | 4.4 in connection with

1 3 - are o ane po!
introduction of natural coordinates. Other suitable coordinates are the F[J“L po 3
coordinates. Since the radius of the circle is constant it follows from (2.5). (%
and (2.13):

r() =Re,. v()=Rge,.

a() =a,e, +age,, a,=-Rp*, a,=R§.

% SRt A ~ therefore defines:
#(1) denotes the change in angle per time unit (Fig. 2.7). One therefore 2

i-

23

w=¢ angular velocity .
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Therewith it also holds:

) =Rw (velocity magnitude) , (23§
a4, =—Ra* (centripetal acceleration) , (234
a, =Ro (tangential acceleration) @3

(compare with (1.246) and (1.247)). A special case is:

= const <= uniform circular motion . 23
Sometimes it appears reasonable to assign to the angular velocity an ax al vectorin
the direction of the axis of rotation. In the present case that is the 3-axis:

7 30,
w=wes. 23

Hence the magnitude of this vector is w. So we can write:

v(t) =w xr(t) =wRe, . 240

1.3 Exercises

Exercise 2.1.1 A mass point moves on a circular path with constant \-ilocuyn =
50 cm/s. Thereby the velocity vector v changes its direction in 2s by 60°.

1. Calculate the velocity change |Av| in the time interval of 2s. ] n.
2. What is the magnitude of centripetal acceleration of the uniform circular motion

Exercise 2.1.2

1. A body rotates around an axis through the origin of coordinates with the angulir
velocity

What is the velocity of the point P of the body with the position vector

rp=(2.0,1)7

2. How would its velocity change when the rotation axis is shifted parallel in such
a way that the origin (on the axis) now comes toa = (I, 1. 1)?

Exercise 2.1.3 Consider the equation of motion

F=-—-g
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of a particle in the earth’s field near the earth surface. The xa-axis of a Cartesian
system of coordinates is upwardly oriented, i.e. g = (0. 0. g).

. Find the solution of the equation of motion for the case that the particle starts at
the time 7 = 0 from the origin with the initial velocity

vo = (vg, . Vo, , Vo)

12

. Show that the motion is restricted to a fixed plane. What is the direction of the
surface normal of the orbital plane?

w

Now choose the direction of the initial velocity as 1’-axis of a new system of
coordinates with the same origin given by the unit vector ;. Find another unit

vector ¢; orthogonal to €] which together with €| spans the orbital plane and
defines the 2'-axis.
4. Choose ¢ so that e|, ¢, €} represent an orthonormal right-handed system.

Exercise 2.1.4 For the movement of a crashing earth satellite, which experiences

the gravitational as well as a frictional force, the following space dependent
acceleration is found:

: distance from the earth’s center.

Which conditional equations are fulfilled by the components a,. ;. @ of the
acceleration in spherical coordinates?

- How should «(r) and B be chosen so that

I

r(t) = ro(1 — ﬂ’)y"
V(1) = —dpIn(1 — >3 >0

@() = const

solve the conditional equations. Calculate the trajectory r = 7(#)-
. Calculate the magnitude |v] of the velocity!

w

2.2 Fundamental Laws of Dynamics

Up to now we have restricted ourselves to describe the motion of a ""ﬁ'\‘r::-li‘;:
without investigating the primary cause of the motion. From 1o un: m_: pll“l: one
be the focus of our considerations. The goal is to develop P"“""‘mrcl\ o V“AHL:“
can derive the explicit movement of the mass point from a knows driving Cas5=




2.2 Fundamental Laws of Dynanucs

We start with a few very general remarks concerning the challenges
s of every physical theory: here, however, with the special perspectiz
cal Mechanics. Like any physical theory mechanics also is based on

possibil
on Cle

definitions and theorems
The definitions are reasonably separated into basis definitions and following
definitions:
definitions
basis definitions Sfollowing definitions

on, time, mass, . .., which aren

By basis definitions we mean concepts like posi
further commented on in the course of the theory. Following definitions are entili
derived from the basis definitions such as velocity, acceleration, momentum

Analogously we have also to decompose the theorens:

theorems

azioms, principles conclusions

Axioms are a matter of basic empirical facts which are mathematically not provable
and will not be further justified within the theory. In the framework of Classical
Mechanics these are ‘Newton’s axioms of motion’. By conclusions we understand
the actual results of the physical theory. By use of the concept of the ‘mathenaii al
proof’ they emerge out of the basis definitions and axioms which together are called
the postulates of the theory.

The ‘ultimate judge' of any physical theory is the experiment. The value of
a theory is measured by the degree of agreement of its conclusions with the
manifestations of nature. It is known today that Classical Mechanics is not able
to correctly describe all movements and manifestations of the inanimate nature.In
particular in atomic and subatomic regions modifications have become necessary
But one can regard Classical Mechanics as a self-consistent limiting case of a higher
all-embracing theory, if it is finally found.

2.2.1 Newton’s Laws of Motion

ics we find ourselves in a harsh

When formulating the funda I laws of dynz
dilemma. We have to introduce two new terms, namely

force and mass
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The physical term ‘force’ can be defined only indirectly via its effect. If we want
(0 change the state of motion or the shape of a body by exertion of our muscles,
e.g., it needs an effort, which must be the bigger the greater the temporal change
in velocity (acceleration) should be or the stronger the deformation has to result.
This effort is called ‘force’. As an immediate sensation it can not be defined more
precisely. The direction along which we let our muscles work fixes the direction of

the velocity change and the direction of the deformation, respectively. That has the
important implication:

force is a vectorial physical quantity.

As a matter of fact, we observe all over in our environment changes in the state
‘_’f motion of bodies, and that, too, without being influenced by our muscles. We
interpret the cause also as force which in the same manner as our muscles act on

the bodies. The investigation of the nature of such forces constitutes @ central task
of physics.

We are left with the simple statement

force = cause of movement

IIT this form the statement is certainly not generally valid and can quickly be
dl.sprovcd by several counterexamples. A disk gliding on a frozen surface moves
Vith almost constant velocity, and without any applic:nion of force. A body which
In principle is at rest appears to move if one observes it from a moving train, i.c.
$h€ state of motion does depend on the system of coordinates chosen. In order to
mnvestigate this issue we start with the definition

Force-Free Body

body which does not experience any external influence.

This c'leﬁnilion contains a rather risky, albeit plausible extrapolation of our daily
experience. A completely isolated body does not exist!

Axiom 2.1 (Lex Prima, Galilei’s Law of Inertia) There are systems of coordi-
nates in which a force-free body (mass point) persists in the state of rest or iz
state of uniform straight-line motion. Such systems shall be called ‘inertial systems
Newton's original formulation is a bit less restrictive:

Each body persists in the state of rest or in the state of uniform straight-line motion
if it does not experience any forces to change its state. :

Next we ask ourselves ho\\; the bodies behave in such special incm;\lf\'slcm*‘ under
the influence of forces. Here again we have to make use of our qii‘ Al
We observe that to produce \hcvs me acceleration of different bodies W 1}h i Lk;\:::‘:]
volumes different exertions are necessary. It is easier 10 move ablock of N.u“rg 1l
ablock of iron. The effect of the force is obviously also *‘"p:n_‘l,mi:":z: :w‘;‘.\;r\ ;
property of the body which is to be moved. This property "Ppt‘t;;l‘:l:r-‘"d on the
the change of motion a certain resistance of inertia which does

actual strength of the influencing force.

experenc
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Postulate
Every body (every particle) possesses a scalar property given by a posiuve re:
number which we call

inertial mass  m,,

Definition 2.2.1 The product of inertial mass and velocity is denoted as
(linear) momentum : P=mp,V.

Therewith we now formulate:

Axiom 2.2 (Lex Secunda, Law of Motion) The rate of change in the moneiii
is proportional to the impact of the driving force and takes place in the direciion
the force:

» d 20
F=p=z(m,,,v). (&4
It is important to stress that this axiom is exclusively formulated for the inertiz!

systems defined by Axiom 2.1. Let us add some auxiliary remarks:
1. If the mass does not depend on time, then, but really only then, we have:

. )43
F = m;,,i = my,a. 24)

This relation can be regarded as basic dynamical equation of Classical Mechan-
ics. Like the most physical laws it also has the form of a differential equation
from which one eventually arrives at the path of the particle r(r) by continued
integration provided the force is known. The dynamical equation will therefore
be at the center of the following considerations.

2. In the definition (2.41) of the momentum the mass 1, is considered as constant.
In relativistic mechanics the latter remains true only if we understand by mas
the rest mass . In the definition of the momentum we then have (o interpret
m;, as

L 24

m, =

v is here the particle velocity and ¢ the velocity of light in vacuum. The latter
represents an absolute upper bound for v. However, in almost all the cases which
we are interested in here it is v < ¢ and therefore m;, ~ mo.
3. Temporal changes of mass do appear of course not only in the relatvisic
mechanics. Examples are
the rocket, the car with internal-combustion engine. . ..
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=

i ionality betwe and p is

. In Newton's original formulation only a proportionality between ‘F n p d

postulated. But since up to now we are not able to concretely define force o
mass, nothing can hinder us to choose the equality sign.

- The law of motion (2.43) anyway allows us already to define the ratio of force
and mass:

o

— =a.
My

The acceleration on the right-hand side is measurable as well as well-defined.

One should notice, however, that Eq.(2.43) actually does not define either force
Or mass.

As yetwe have discussed only the action of a force on a mass point (body), but not
the retroaction of the mass point on the source of force. That is the subject of

Axiom 2.3 (Lex Tertia, Law of Reaction, ‘actio=reactio’)

Fio:  Force of body 2 on body 1 ,
F21: Force of body | on body 2 .

Action and retroaction are equal:

2.45)
T = =i - &

Example Support pressure of a sphere shown in Fig. 2.8

. . . i < L s i : ye
This third axiom now provides the way to indeed define the inertial mass If ‘;
3 “ A o Ces O
combine (2.43) with (2.45) so it holds for two mass points which exeeute fore
cach other if all other influences are swirched off:

(2.46)
My 1A = =My 2 A2 .

In this equation the forc
by

are completely eliminated so lhill.lhc nm\;\ r.u.mlu fixed
the measurement of accelerations. Let us consider a practical renh?fl“":“'rcqm"
On two mass points we let two forces equal in magnitude and UPP}“““I l:l“\ 0 MAss
dct. This can be realized by cutting a compressed spring C“"""Cl'l‘_%ll“:lics v, 02
points (Fig.2.9). One observes that the ratio of, respectively. the velo

Fig. 2.8 Support pressure of
example for
“actio=reactio’
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Fig. 2.9 Thought experiment
for fixing the inertial mass

and accelerations ay, a, is independent of the acting force |F\2|. This shows th
mass is indeed a material property and is independent of the s(rcnglh of the ac
forces. We can now introduce a mass standard having therewith umqucl}j defi
the measurement of the mass. We can add the mass, more precisely the i!u’rll(l[l‘rl.ui‘-
s definitions, whilst the definition of the force then represents accoriiz

to the bas
10 (2.-42) a following definition.

SI: International System of Units

[mi] = 1kg .
-
[F] = IN(= 1 Newton) = l kgms™ .
. ot . : . er of C after we
The last axiom that is still to be considered is almost a matter of coursc afl¢
have identified beforchand the force as a vectorial entity:
. = o o es FI.F
Axiom 2.4 (Corollarium, Superposition Principle) If several ﬁ"[“‘ “:(
ike 7 eclors
.F,, act on a mass point then these add up to a vesultant like normat vec

F=’Z'F,.

(247)

2.2.2 Forces

AL the beginning of this chapter we recognized as the clementary mslf of f"(“
physical theory, in particular the Classical Mechanics, to derive com-/u.fmnx from
preformulated postulates (basis definitions, axioms). The axioms and the fundamer-
tal definition of mass are now available. The law of motion (2.42) and (2.43), R
tively, have become the principal dynamical equation of Cl: ical Mechanics.
This equation is to be solved. As a rule, mathematically that means, for a give
force F, one has to solve a differential equation of second order. 4

More precise than the term force in this connection is, strictly speaking. the
concept of the

‘Force Field’

F=F(r,r1) .
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To each space point a force that acts on the mass point is assigned, which in gcnc.ml
can even be time dependent and, additionally, may depend on the particle velocity.
Dependence on acceleration i, however, will not appear.

All the matter is built by elementary constituents (molecules, atoms, nucleons,
clectrons, ...). Therefore, in the last analysis cach force can be traced back to
the interactions between these clementary constituents. To do this in all detail.
however, is beyond the framework of Classical Mechanics which only asks for
the consequences and not for the elementary causes of the forces. Normally one
restricts oneself to mathematically as simple as possible and empirically reasoned

model representations

Some frequently used examples are listed in the following:

(a) Weight, Gravitational Force

Each body is ‘heavy’. I m? of iron is ‘heavier’ than 1 cm? of iron. By this everyday
experience a new material quantity is documented which is denoted as
gravitational (heavy) mass »i, .

Itmanifests itself in the ‘gravitational force’

248)
=m,g, \e-

which acts on a stationary (motionless) mass point in the gravitational ﬁtfld of
the carth. g close to the carth’s surface is a nearly constant vector always pointing
downwards in direction to the carth’s center. I'f we define this direction as the
negative x3 direction of a Cartesian coordinate system then we write

b A A 2.49)
8=-(0.0,8): g=981ms> ‘gravity acceleration’. (24

Ryns A < > be
The Eravitational mass my,, which in homogeneous materials turns out (o

. seaes oot force (2-45),
Proportional to the volume, can be determined via the ‘_1”““:“{“"‘1‘ fors ‘A:‘ d
€., by use of a spring balance (Fig.2.10). The deflection Ax of the spring ¢

by my, can be normalized which fixes the unit of the heavy mass. As l}lJ.\& Mfﬁ

a platinum-iridium brick is stored in a special laboratory near Paris. K ".‘r:dun.

1 kilogram (1 kg) corresponds exactly to the mass of 1 dm’ of water at 3 1emPees

of4°C, 1y acts on the body
As weight of a body one denotes the force Fy from (2.48) which ac o “‘l force of

on the carth’s surface. Here the mass of 1 kg experiences the gravitaior

9.81N.
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Fig. 2.10 Thought
ment for the description
of the gravitatonal (heavy)

mass

g - .I
=

The inertial mass m,, has been introduced as resistance of inertia with “h]di ;
body opposes a change of its state of motion. Because of the different experiment
situations the identity

250
my = my; =m (

is therefore not at all a matter of course. However, it can be experimentally shoi

that for all bodies the ratio my,/m,, is constant so that in any case at least m; &

my, holds. To demonstrate this one measures the acceleration of a body \vllh. the
gravitational mass my, during its free fall in the earth’s gravitational ficld. One finds
1at

{0h} (250

a—
mg,

is independent of the respective substance so that it necessarily follows that
my o< my,

Einstein’s Equivalence Principle

The measuring methods for my, and my,, are in principle equivalent. Therefore
Eq.(2.50) is valid.

This principle represents the basis of the ‘general theory of relativity’. For the
following we thus drop the indexes in and /.

(b) Central Forces
Forces of the type
F(r)=f(r.t,0) r = (f(r, . 1) 1) e 23)

appear very often in nature. The force acts radially from a center at r = 0 outwardly
(f > 0) or inwardly towards the center (f <0).
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Examples

(1) Isotropic harmonic oscillator

e
f(r) = const < 0. 2.54)

(2) Gravitational force,

o icle wi g at the
executed by a mass M, located at the origin, on a particle with mass m a
point r:

] (2.53)
f@)=—y T
(3) Coulomb force, ey
executed by a charge ¢, located at the origin, on another charge g at r:
f(r) = _N92 (2.56)

47 gor?

In the end, practically all clz
either (2.5

.

ical interactions can be traced back I
5 )1 e ox 21N ater.

)or (2.56). The constants y, &, g; will be explained late

(¢) Lorentz Force

. ole gnetic field:
Itis the force experienced by a particle with the charge g in an electromagneti
2.57)
F = ¢[E(r, 1) + (v x B(r. 1)] {

~cial aspect of this force is
(B: magnetic induction; E: electric field strength). The special .:sp.u{l(:; s
its dependence on the particle velocity v. The same is the case also

(d) Frictional Force

=

n

(2.58)
F=—a(v)-v.
o = ich. strictly
. R ce for which, s 3
In many respects this represents a very cnmphc;\lcd. l_\AI.7L “{l"“::‘: Tt merely appears
speaking, up to now there does not exist a closed satisfy '_"f‘ 2 '_.ﬂ hotds. The most
confirmed that to a good approximation the dependency ¢
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frequently used entries for the coefficient & are:

a(v) = a = const  (Stokes-friction) ,

a(v) = a-v (Newton-friction) . (260)

2.2.3 Inertial Systems, Galilean Transformation

Newton's axioms deal with the motion of physical bodies. But motion is a rel
term: the motion of a body can be defined only relative to a system of coordin
However, regarding the choice of such systems of coordinates there zlrLt hardly )
limits. Coordinate systems which are solely rigidly shifted or rigidly inclined toeact
other are completely equivalent with respect to the dynamics of the mass point. Th:
components of the trajectory r(r) will of course change from system m..\_\'.\lcm.h,:
not the geometrical shape of the path or the temporal process of the particle motion
If the different frames of reference are moving relatively to each other then of
course the situation is different. A mass point which in a certain frame moves
“raight-line uniformly will experience an acceleration in another I'rzunc'\\luch Is
rating relative to the first. Hence, Newton’s axioms make sense only 11. they are
ferred to a definite system of coordinates or, at least, to a definite class of .\ysmm
The genuine coordinate systems of Classical Mechanics are the ‘inertial sys
‘ems’, introduced by Axiom 2.1, in which a force-free mass point moves on#

straight line with
v = const

‘We want to investigate these systems, which are obviously somehow highlighted.in
a little more detail. For this purpose we study the forces which act on a mass poi
i two different systems of coordinates moving relative to each other. For simpliciy
we choose two Cartesian systems. In both systems the observer sits at the originof
coordinates.
1. Statement:

Not all systems of coordinates are inertial systens.

This statement is more or less trivial. In a system, which rotates relative to an inertial
system, a force-free mass point executes an accelerated motion.

2. Statement:
There exists at least one inertial system, for instance that in which the fived stars
are at rest.

In a certain sense, here Newton’s fiction of the *absolute space’ is hidden away
This idea is lost in the theory of Special Relativity. However. there is no need 0
postulate here the existence of the absolute space. The second statement refers only
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1 in whic /ton’s mechanics
to the indisputable fact that there indeed exist systems in which Newton's m c
e indi ich transforma-
We determine the totality of all inertial systems by finding out which trans
tions of coordinates transfer one inertial system into another nne,‘ S
Let ¥ and T be two different coordinate systems where we J\\lll ‘v-[‘m s
1= 0.Let X be an inertial system. We know that X is also an inertial syste )

mr = 0 results in: mr =0

A time-dependent rotation of 3 relative to ¥ is therewith cxclu‘dcd.fmnj ll}zz ‘\\Lx:]\]
beginning because it always automatically generates an uujC:lﬁ.’xlm{\ u)n_ni.; Lij«m
the change of the direction of velocity. A constant inclination (time-indepe ;"
rotation) is of course thinkable since it does not lead to any acceleration. But l.ld"
is not inlcrcsling here. Hence, we can restrict our considerations to systems moving

relatively with parallel (Cartesian) axes. Fie.2.11)
% ; o g.2.11
The mass point m is described at time 1 by the position vector (Fig

(1) = ro(1) + (1)

) » acceleration
The transformation is completely characterized by ry = ry(r). For the accele
of the mass point holds:

F=ty+r.

¥ > transformation fulfills
Tis ob\'iuusly also an inertial system exactly then when the transformatio
the condition:

(2.61)
Fo = 0 <= ro(1) = Vol

e =on® which transforms one
This equation defines a so-called ‘Galilean transformation’ which tr
inertial system into another inertial system.

= (2.62)
r=vol+r; =1.

2 es the assumption of
Notice that we have not transformed time as well. This ”“?:I;‘.:I:;\»m: e
an absolute time, a view no longer maintainable in Special Vi M

Fig. 2.11 Position vector of
the mass point m in two
reference systems that move
relative to cach other
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Galilean transformation is to be replaced by the Lorentz-transformation whi
affects also the time variable.
3. Statement:
There are infinitely many inertial systems moving relatively 1o each other i
constant velocities.

In such systems it holds:
. = 5 263)
F=F < mr=mfF, (26

s : At affected b
so that not only the first but also the second Newton’s axiom Arcm‘uns undlﬁlcl‘.lt u,:
the transformation. One should bear in mind, however, that in case of a 5p‘;u,r\:
velocity dependent force F = F(r. £, 7) the vectors r and £ have to be transforms
properly.

. e
2.2.4 Rotating Reference Systems, Pseudo Forces (Fictitiot
Forces)

o e 3 /e consider
In this section we want to discuss an example for n0|1-}nerl.lal sys_u,msl, \]\]L t()(:mdc
two coordinate systems ¥, 3, the origins of which, for slmplfcll)" Sm, ::ﬂn ular
Let ¥ be an inertial system while X rotates relative to z “’"h_ mnsl(‘;ﬂ,d 137 3
velocity w around the x3 axis. The application of cylindrical coordinates (Sect.
is certainly convenient in this case.

S (oo g (0, 0, D -

The following relations of the coordinates are obvious:

2
p=p: g=p+owt; (2.6

-According to (2.19) in ¥ we have for the force components:
e e 2,65
Fp=m(p—pg?) 1 Fp=m(pf+2p¢) i F.=mi. 283

We now want to convert these force components into the rotating reference system
X (Fig.2.12). From (2.64) follows:

10

=1
o

b=
p=

I



190 2 Mechanics of the Free Mass Point

Fig. 2.12 Two reference
frames with & common origin
rotating relative to each other

By insertion into (2.65) we obtain the force equations in >:

o) - e =
m (p—pq) ) = F,+2mpwyg + mw’p =F, (2.66)
m (p-—<{;+2ﬁ ) = FG—'_'mm'ﬁ =F, (2.67)
i —F.. (2.68)

IS were an inertial system, then we would have had: Fp=F,,F;

F.. However, since ¥ is not an inertial system there appear additional forces which
one calls

‘pseudo forces’

even though they exhibit rather real consequences. They are called pseudo because
they appear only in non-inertial systems and because they appear there 70 bring
the Newton mechanics into order. They take care that a force-free mass point
eXp?ri:nces in the non-inertial system 3 such a pseudo force so that, observed from
the inertial system X, its motion appears uniformly rectilincar.

2.2.5 Arbitrarily Accelerated Reference Systems

? 5 o A alerated relative 10
We consider two coordinate systems which are arbitrarily accelerated relative 1
cach other:

T (x,x2.x3) 3 (e.exe3) .
X: (1,%.%) ; (@,62.8) .

thought to be

Let  be an inertial system. The full relative movement can be S oand

—= Eshmiaxesior
composed of a motion of the origin of ¥ and a rotation of the axes €
its own origin, both relative to ¥ (Fig. 2.13).
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3A

1
nce systems

It holds for the position vector of the mass point m:
3

=ro+r=ry+ Y€ -
(=

This we use to calculate the velocities in both systems by time different

= ely
For a co-rotating observer the axes in = of course do not change, but surely

observerin X:

3
B: i=h+ )y (K&§+5E) -

=1

is easy to interpret the three terms on the right-hand side:
fo: Relative velocity of the origins of coordinates.
2~ % €;: Velocity of the mass pointin X (2.70).
J

L A ol itrarily accel
2.13 Position vector of a mass point in two relative to each other arbitrarily acce

(269

ation:

(270)

for the

(271)

X, éj: Velocity of a rigidly with co-rotating point seen from 3. For such apoint

J
the directions of the axes change, but not the components ;.

We reformulate this last term with the aid of the angular velocity @ which describes
the rotation of ¥ around its own origin. @ has the direction of the mmncnmq axis
of rotation. The velocity of the rigidly co-rotating point is PCTI’U"‘I'C“I“”" Fand

also perpendicular to @ (Fig. 2.14). For the magnitude holds:

8F = [F|sina w dr

= |(F x w)]dr .
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Fig. 2.14 Temporal change
of the position vector of a
mass pont which 1s rigidly
co-rotating with a certain
reference system, observed
from a space-fixed system

Allogether we thus have:

This we insert into Eq. (2.71):

F=r)+r+Xr.

With (2.69) this can also be read as follows:

time derivative time derivative
done in & done in ¥

differentiate

This equati ides very generally a prescription how one has to
quation provides very generally a prescrip esented in 4

with respect to time a vector in the inertial system . which is repr
rotating reference system .
= 2.75)
1 d (=272
1% =—4w X .
drdi

i

derivative  derivative

in ¥ in 3. which only
concerns
the components

influence of the
rotation



2.2 Fundamental Laws of Dynamics

We directly apply this prescription once more to (2.73):

dage . dez —eliadt el
d—’(r—r..) = d-/(r+a) ) = Zr—!» (I’(w X F)
=i+ (0 xT) + ((@ xF) + (@ XT)) + (@ x (@ x7) =
=T+ (@ X (@ xT)) +2(w x ) + (& XT) . (21
That eventually gives the equation of motion in the non-inertial systems £
mt = F — miy —ma x (@ xT) — m(@ x ) —2m (@ xT). (27
F.=—2m(w xt): Coriolis force . (275
(2%

F.= —m(w x (0 xF)) : centrifugal force .

The implication of these rather involved pseudo forces, whic'h ShO‘A" ity d,c,lm:_
to F on the right-hand side of the equation of motion (2.77), is again "Ufh[?r‘;:l:-[
that they fix the motion of a force-free mass point in the r,'?"'lncnl?l & “LL",
such a (complicated) manner that this motion appears rccnlmlcurl)i for.un ol ‘.\Lf\-:,f
in the inertial system 3. In the final analysis they rely on the inertia of the partic:
and are therefore sometimes also called:

‘inertia forces’

2.6 Exercises

ise2.2.1 Let ¥ and ¥ be two Cartesian systems of cgordnmlcs nt:m'ln;:
@ to each other with parallel axes. The position of a particle at an arbitry
tis described in £ by

1(0) = (6aur* — dao1) € — 3ot es + 3o
andin © by

F(1) = (6a;* + 3aat) e — (3asr® — 1las) ez + 4ugles

1. What is the velocity of T relative to 52 =
2. Which acceleration does the particle experience in. respectively, X and £?
3. If X is an inertial system, is then %, too, an inertial system?

Exercise 2.2.2 Tn an inertial system the time ¢/ is measured with a somewha
‘inaccurate’ clock. The ‘true’ time in the inertial system is 2. However, it is found
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that:
r=t+a().

With the ‘inaccurate’ clock it is (misleadingly) observed for the force-free, one-
dimensional movement of a mass point m an acceleration to be of the form:

T
d=—= \#0

m di”?

Calculate the correspondingly acting force F'!

Exercise 2.2.3 Although equations of motion in inertial systems are simpler, one
describes movements on the earth normally in the reference system co-rotating with
the earth (laboratory coordinate (lab) system). This system, strictly speaking. is no
longer an inertial system because of the earth’s rotation.

On the earth’s surface let there be a Cartesian coordinate system T fixed at
certain point whose geographical latitude angle is ¢:
X;axis:  vertically upwards
Taxis: northward
Yjaxis:  castward.

The angular velocity of the earth amounts to

| _2rrl_|_ : =
h)l—al = 7.27-107s

. How does the equation of motion of a mass point appearin this coordinate sys!
close to the earth’s surface? Neglect terms of order !

. Calculate the acceleration ¥ of the origin of I relative to a reference sysien
fixed and at rest in the earth’s center.

12

[

How big is the true earth’s acceleration g measured in %2 How does the carth's

surface adjust itself?

. How does the Coriolis force depend on the geographical latitude?

. Locate the coordinate system X in such a way that the ¥; axis stands perpendic-
ular to the real earth’s surface. Which equations of motion are then to be solved

for a mass point near the earth’s surface? The Coriolis force can be taken to a

good approximation from 4. since g and § enclose only a very small angle

A body is dropped from rest in a free fall from the height H. Solve the equations

of motion in 5. under the assumption that X; and ¥, remain small during the time

of the fall. Determine the castward-deviation as a consequence of the carth’s
rotation!

(TS

o
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2.3 Simple Problems of Dynamics

The basic program of Classical Mechanics consists of the calculation of the path
of motion of a physical system with the aid of Newton’s laws of motion (24)
and (2.43), respectively. For this purpose the force F must be known. The solutios
of the fundamental task generally takes place in three steps:
1. Setting up the equation of motion,
2. Solution of the differential equation by use of purely mathematical methods,
3. Physical interpretation of the solution.
Until otherwise stated, let us consider in the following treatments the n.m.ssrm &
time-independent material constant so that we can apply the law of motion in the
form (2.43).

The simplest problem is of course given by the force-free motion, the result of
which must agree with Axiom 2.1. The equation of motion has the form:

F=mr=0. @80

Strictly speaking, this equation must be solved separately for each componenl. I

actually represents therefore a short-hand notation for a set of three equation of the
type.

(281

vhere each of them is a so-called differential equation of second qrdcr, In simple
ases, such as the present one, it is, however. reasonable to discuss directly the more
ompact representation (2.50), the solution of which is immediately found:

7
Y1) = Vot + 1y . (2.82)

It describes cither a motionless mass point (vo = ) or a mass point moving
with constant velocity vo. The mass m does not influence the solution. What is the
meaning of the two constant vectors vo and ro? That is already indicated by the

chosen notation:

Vo=T1(=0): velocityattimes=0.

Fo =r(r=0): particle position at time 7 =0 .

The motion of the mass-point is completely fixed if the initial position ry and the
initial velocity vy are given. Since these are vectors that means the specification of
six initial conditions, two per each of the three equations in (2.81).
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2.3.1 Motion in the Homogeneous Gravitational Field

According to the above-given program we have to at first formulate the equation of
motion. Using (2.48) together with (2.43) and exploiting the equality of inertial and
heavy mass we can write:

F=g; g=(0,0,—g). (2.83)

The mass is eliminated; in the gravitational field all bodies are therefrom equally
accelerated. Tt results in a

uniformly accelerated motion

as we have discussed it already in Sect.2.1.2. We can directly take the former
results (2.30) and (2.31):

V(1) =v(to) +g-(1—1) .

1 5 =

r(0) = (1) + v (1) (1 = to) + 58 (1= 10)” - 283

This is the purely mathematical result which we want to interpret physically a little
bit more:

To begin with, we recognize that the actual geometrical shape of the path line

depends strongly on the initial conditions r(fy), v(fy). That we demonstrate with
two special cases:

(a) Free Fall from the Height it

The initial conditions in this case are (to = 0):

r(t=0) = (0,0.h) .

(2.86)
v({t=10)=10.
Then we have the solution:
() =x=0; Hn)=ik0n=0
Hence, it turns out o be a one-dimensional motion (Fig. 2.15):
JT R @87
B =h—-gr; X()=-8!

A . -+ arrive at the earth’s surface
As ‘fall time’ ;- one denotes the time the body needs to arrive at
(x3 =0).
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Fig. 2.15 Time-dependence X3
of the distance between a
arth’s

he [ree fall in
the gravitational field

(]
X3 () =0=h—tgif @85
— s = /2h/g .
For the final velocity at the impingement then holds:
ve = |¥3 (15)| = V/2hg 28)
(b) Vertical Throw Upwards
This corresponds to the initial conditions (fy = 0):
rr=0)=0, (290
v(r=0) = (0.0.vg) -
Inserting into (2.84) and (2.85) we first get:
() =x()=0; &) =i@)=0.
“hus it is again a one-dimensional motion:
290

B 2
x3(1) = vot — Eg t“; x3() =vo—g!-

‘e add a brief interpretation of the result (Fig. 2.16): The velocity of the thrown
b"d)’ decreases at first with increasing time becoming zero as soon as the maximum
height is reached. That is the case after the time #y:

B () =0=vo— g
o) (2.92)
8

i
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Fig. 2.16 Time-dependent X3
devolution of the distance of a

mass m from the earth’s

bottom during the vertical H
throw upwards in the

gravitational field

oo e S =k

2y t

Subsequently the direction of the motion reverses and J;3(1) becomes negative. For
the maximal flight altitude holds:

2 293)
H = x (i) = 22 . ek

After the time 27y the projectile reaches the earth’s surface again with the velocity
=V at the impingement. - 285
Forarbitrary initial conditions we have to evaluate the general result (2.54). (2.5 I
in the same manner as demonstrated for the above WO fpff’“l i 1
general procedure was already performed in Sect. 2.1.2 (see Fig.2.6. RicCOry
parabola’). One can show (Exercise 2. 1.3) that thereby the motion happens always
mn a fixed plane spanned v(7 = 1) and g. { we now turm
Up to now we could refer to previous calculations and resulls. IT it Tepriile
to somewhat more sophisticated problems of motion (hc.n we ha\e-ll‘ "'\“ ., ':nl
eplicitly a linear differential equation of second order. For IhlS- rc1~;Til._‘;11~‘7:_J
to first deal with the general theory of linear differential equations in the i€
short mathematical insertion,

232 Linear Differential Equations
We refer to

s 204
(n) 8 ) (294
X 1) = —X
el dr
contains one Or more

S 3 a2 ‘hich
as the n-th derivative of the function x(1). A relation whic el

et B 3 . erivative appe
derivatives of a given function, where the n-th derivative 3pp

(2.95)
£ (3, 3 v ax) =0,
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is called a differential equation of n-th order. The goal is to derive the solution
function x(7) from such a relation. The basic dynamical equation of Classiczl
Mechanics (2.43) written in Cartesian coordinates, e.g., has just this shape:

mi; — F; (%), %2, %3,X1,%2,x3,) =0, i=1,23. (2.96)

This is a coupled system of three differential equations of second order for the threz
functions x; (7), x2(7), x3 (7).

Let us first focus, however. on a general relation of the type (2.95). The central
statement is formulated in the following
Theorem 2.3.1 The general solution of a differential equation of n-th order (25

is an ensemble of solutions

x=x|V1,V20---+Vn) »
which depends on n independent parameters yi, ya. . . - . V- Every set of y,'s which
are fixed in advance then leads to a special (particular) solution.

One should compare, e.g., the solution (2.85) for the motion in the homogencous
gravitational field with this thcorem. Tt represents the solution of a differenuil
equation of second order. For ecach component solution x;(7) there appear (wo
independent parameters x, (7o) and v;(#). Equation (2.85) therefore turns out to b2
the general solution. Special solutions we found in the examples (a) and (b) by
fixing the initial values in (2.86) and (2.90), respectively.

Tt is important that the reverse of the above theorem is also valid.

Theorem 2.3.2 If the solution of a differential equation of n-th order (2.95) does
depend on n independent parameters then it is the general solution.
¥n With the

"t is usual but not at all necessary to identify the parameters yi
nitial values x(1y), ¥(19). .. ..x" V().
The special case important for us is the

linear differential equation.

So one denotes a relation of the type (2.95) in which the derivatives xU) appear solely
linearly,

n
Z'X»’(’) \A(ll(,) =) . (297
J=0
where the differential equation with B(1) = 0 is called homogeneous and with

B(1) 3 0 inhomogeneous.
We consider first the homogeneous, linear differential equations. For these the

superposition principle
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holds. This confirms that when x; (1) and x»(1) solve the differential equation then
axi(f) + caxa(r) with arbitrary coefficients ¢y, ¢2 also solves it. Because of the
linearity of the differential equation the proof is obvious.

Furthermore, as for normal vectors, onc can define a linear independency of
solutions:

m solution functions x; (1), . ... , x,,(f) are called linearly independent it

m

> e =0 (2.98)

=1

isan identity only foray, = > = ... = a,, = 0.
If m is the maximal number of lincarly independent solution functions then one

can write the general solution x(¢|y;. .. ., y,) for any fixed choice of the parameters
¥ in the form:

m

(i B ) = Zal.\‘/(t)A (299
=1

If that were not possible then x(z|..) itself would be a lincarly independent solution
and therefore 1 is not the maximal number. Furthermore. the right-hand side in
principle depends on i independent parameters a,. That means that 1 must not be
smaller than 1 because otherwise x(1]..) would not be the general solution. It
it is also true that m must not be greater than n because otherwise () would
depend on more than 1 independent parameters. Consequently, we must S
n. We conclude:

The general solution of the homogeneous, linear differential equation of n-th order
can be written as lincar cmnl)in;nion of n linearly independent bt
functions. :

In a certain sense, this fact can be used as recipe for the solution ofa l\\\llulﬂgdr‘::‘ufi
linear differential equation of n-th order. One tries to find by ‘guesss and Iry ”:
nlinearly independent solutions. Then we can be sure that every linear ConniEs:
of them represents the general solution. 4

Let us now inspect the inhomogeneous differential equatic
presume to have found with x(1]y..... ya) the general soluti
homogeneous equation and, additionally. with xo(1) @ special.so
mogeneous equation. Then it becomes immediately clear, because @
the differential equation, that

on of n-th order. v
on of the associate
Jution of the inho ]
{ the linearity of

(2.100)
Xty Vo) = X(]y1e.ee ) + Xolf)
n. But what's

i i . . o seneous ¢ uato!
is in the first place certainly a solution of the inhomogeneo a ndependent

R 2 5 rcady on 1t i
more, it is already the general solution since it depends already
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parameters. Out of this fact we derive a practicable recipe for solving linczr,
inhomogeneous differential equations:

Look for the general solution of the associated homogeneous differential equation
and try to find any special solution of rthe inhomogeneous equation. According

1o (2.100) the sum is then already the required general solution of the inhomoge-
neous differential equation.
We shall apply this recipe over and over in the following.

2.3.3 Motion with Friction in the Homogeneous Gravitational
Field

Every moving macroscopic body becomes to a certain degree decelerated by
interaction with its environment. Thus during the motion frictional forces appeur
which are opposed to the motion. Although little is known till today about lhc.caus:s
of friction it is clear that it must be a macroscopic phenomenon. The cquations of
motion of atomic and nuclear physics do not contain friction terms.

(a) Friction in Gases and Liquids

7 (2.58) can be considered as a good approximation:

(2.101)

In viscous media the ansa

Fr = —a(v)v.

where o(v) has to be determined empirically. The versions given in (2.59)and (2.60)
are special types:
1) Newton’s law of friction

Fr=—cvv. (2.102)

For the usefulness of this ansatz the velocity of the moving body mast cxn.'cd
4 certain limiting value which depends on the respective rubbing matenal (fast
projectiles, movement in viscous liquids, ... ).

(2) Stokes’s law of friction
If the relative velocities in viscous media are smaller than the mentioned
limiting velocity then it appears to be better to apply the ansatz:

g (2.103)

T——
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Fig. 217 Simple
arrangement for the
tllustration of friction
between solids

<

(b) Friction Between Solids

A solid body presses with the force F 1 on a substratum. For l"or\\';{rq _molion only
the tangential component Fy; of the external force plays a role (Fig. 2.17).
(1) Sliding friction

e 8 S . ent of the
One observes that the force of friction is to a large extent independent of the
supporting surface and also of the relative velocity:

Fr=—p, F1>, ifv>0. 2.104)
5

One speaks of Coulomb friction. g is the sliding friction coefficient.
(2) Static friction

For the case v =

s arallel
0 static friction occurs which compensates the pa
component Fy of the external force:

(2.105)
Fr=-F (v=0).

) 5 cceed a certain upper
Of course that holds only as long as the pulling force does not exceedace
bound which is fixed by the static friction coefficient ju:
(2.106)
Fy<puFy.
Experiments show that in general 0 < 1, < jy is valid. ovement of a body,
. . ‘ HTY < A
After these preliminary remarks we now want (o discuss t.he ‘nl;er the influence of
¢.g. a parachute, in the earth’s gravitational field, which is un

ati f motion
0y v« fiction. The equation 0!
friction. As a reasonable model we assume Stokes’s friction. The 4
then reads:

(2.107)
mi¥ = —mg—ai g=0.08-

Ha : fd A ¥ - cocond order.
This is an inhomogencous differential equation of secor

mi 4 ot = —mg.
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with the inhomogeneity (—m g). In order to find the general solution of this equation
we at first seck the general solution of the associated homogeneous equation:

mr+ar=0. (2.108)

Strictly speaking, we have to solve this equation for each component separately:

mi; + oax; =05 i=1,2;3% (2.109)

For such differential equations with constant coefficients the following ansatz is
typical and mostly successful:

T
boi— i

Insertion yields:

e (my> +ay) =0 < my> +ay =0.

This equation has the solutions:
a

Bl ===

5 s S i 2.109):
That corresponds to the two linearly independent solutions of (2.109)
) B (2) _ ,—la/m)t !
i N=1; x@O=e
s ot senls
As explained in Sect. 2.3 2 the linear combination of these two functions represent
the general solution:

(0)

(1) ) —(a/m)t (2.110)
X3 e .

(0=a'" +a,

i : i ce of friction
1is result corresponds to the motion under the sole influence o'l the :
ot > ~ . . 5 Cf S We neel

\Fig. 2.1%). For the general solution of the inhomogeneous equations we nee

Fig. 2.18 Schematic
representation of the time
dependence of the three
Cartesian components

(i = x.y.2) of the position
vecetor of a mass point under
the sole action of friction (q,:
initial conditions)
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to investigate only the x3-component since g = (0. 0. g). For the two other
components the respective inhomogeneity vanishes so that Eq.(2.110) is alrcady
the complete solution:

mixs + axy = —mg . (2.111)

We look after a special solution in order to combine it then with the general solution
of the homogeneous equation. We can arrive at this by the following consideration.
The gravitational force will enhance the velocity of the mass point until the frictional
force, increasing simultaneously with the velocity, will balance the gravitation:

(E)

-AE m
axy

=—mg = P =—_8. (2.112)

As soon as the mass point has reached this velocity, according to (2.107) a force-free
motion sets in. The same motion, however, occurs when we release the mass point
directly with the initial velocity P Ttthen performs a uniform straight-line motion

with the constant velocity i\ . Therewith we have already found a special solution
of the inhomogeneous equation (2.111):

xa(f) = —- (2.113)
- a
That helps us to formulate the general solution for the x; component:
m v )
x(0) = oV + a(‘:)[‘—m mi_ Doy, (2.114)
S o
For the two other components (2.110) is already the final solution:
2) | t
X(1) = ug” + 11(2"4.’ (oTmis
2 G (2.115)
xi(n = ul‘“ + u‘l"c Ot

. e B e velocities it
Each component solution contains two independent parameters. For the velo
holds:

) O i
n(r) = —"llJ_" (a/m)t
m
2.116)
o AT =
va(1) = —(1(1:‘—1’ (a/my
S m
Q2.117

va(r) =
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Fig. 2.19 Time dependence
of the velocity of « mass m
during its vertical fall with
friction & in the earth’s
gravitational field

If we choose as initial conditions those of the vertical fall,

r(t=0)=(0,0.H), v(=0)=(00.0),

we first get:

2
X)) =x@ =0. a1
So it turns out to be a linear motion.
H = agn + a‘f) y
2 2
(2) & m ) m- a(l) JElaE il
O=ay —+—g=—a; =———8 a3 =
3= ag 3 2
Hence, we get the concrete result:
m. e S
vi(r) = —g (e (a/m)t _ l) 3 (2.119)
o
m_m . 212
() =H+ —g [— (1—e (e/mt) —'] ¢ @2.120)
ala

2 ; g oy ; B 05 (0
“or1 — oo the velocity v3(r) approaches the limiting value 5 (Fig.2.19).

2.3.4  Simple Pendulum

As an additional simple problem of dynamics we will now discuss lh.c simple
(thread) pendulum (Fig. 2.20), which sometimes is also called mathematical Pen-
dulum because it represents a somewhat mathematical abstraction. One considers
the motion of a mass point which is fixed by a massless thread. The |.jll[v:r has a
constant length / so that the mass point performs a planar motion on a circular arc
with radius /. The gravitational force acts on the mass point:

F=mg: g=1(g0,0). (2.121)

e
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Fig. 220 Forces and =
coordinates concerning the ki
simple (thread) pendulum |
1 12
| Fr
I
|

Vo
\_L//

<
e»’

&
‘4/_'\
.

The simple pendulum is excellently suited to demonstrate the equivalence of ll}c
inertial and the gravitational mass. To show this, we will first distinguish again
between these two masses.

The application of plane polar coordinates is the natural choice:

F = Fe, + Fye,,
Fy

Il

mpgeosy .

¢ = —Mgsing .

The equation of motion written in detail by use of (2.13) reads

i [(F = 1%) e + (rj + 2i4) e, = (F, + Fr)e, + Foeg -

Fr is called the

‘thread tension’

3 i : < e cortain ‘constraints’.
It is about a so-called ‘constraining force’ which realizes certain “cOns|

i A E st fi e center of
Here the constraint is the constant distance of the mass point from the ¢
Totation:

r=l=const; r=7r=0.

2% ) : s care for a static problem in
Fy: thus prevents the free fall of the mass point and takes care fora s P
the radial direction:

.2 (2.123)
Fr = —my, g cosg —mu ¢~ -
So only the movement in e -direction is of interest:
(2.124)
My 1§ = —my, g sing ==
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The non-linear function of ¢ which appears together with ¢ makes the solutionz b
elaborate. The calculation leads to the so-called elliptic integrals of the first kind.

To simplify the task we restrict ourselves here to small deflections of th:
pendulum so that we can assume:

sing ~ ¢
The equation of motion then takes the form of an oscillation equation:

P L. (21%)
[ nyy,

That is again a homogeneous differential equation of second order. ¢(f) must be
function which after twofold differentiating, except for the sign, reproduces itelf

Therefore
@i (1) =sinwt  and  @(1) = coswt
are two linearly independent solutions provided one chooses:

2 _ gmy
[ my,

The general solution is then:
@(t) = Asinwt + Beoswi . (2126
A and B can be fixed by initial conditions:
15
A=—g¢@it=0), B=gpt=0).
w
Experimentally the angular frequency  turns out to be independentof the mass of

the oscillating particle. That in turn can be explained only if 7, o my,. We therefore
assume as in (2.50) my, = My

5
angular frequency o = \/7

As (oscillation) period 7 one denotes the time needed for a full oscillation, i.e. the
time after which the mass point arrives again at its starting point:

(2.127)

T =27 &< 1t =21 d g (2.128)
&
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s ot 3 avitational accelera-
This result enables a rather accurate determination of the gravitational accele
tion g.

By frequency one means the number of full oscillations per second:

ot (2.129)
2T

it v cillati with the
The solution (2.126) corresponds to a superposition of two Or:”‘l_[‘lvu::lzl\y'rcb'.' o
same frequency but with different amplitudes A and B. The amplitude i )

ilibri i ead of (2.126) we can also
maximal deflection out of the equilibrium position. Instead of (2.
write:

TR B

4 i coswi | .
= & 2 [+ = COS )
T (\/AlarB2 g vy
If we now define

B
/ == A Sl
Ao= VA2 +B; cosa =

——~Az i sing = __#_\/—_—_M =5

and exploit the addition theorem (1.60)
Sin(x + y) = sinxcosy -+ cosxsiny
then we arrive at an alternative representation of the solution ¢(1):
2.130)
(1) = Agsin(wt + @) . 2

n res ai n oscillation ©
ain in an 0S¢
e two oscillations in (2.126) <l||ls ag

exactly the same l'n.quuuy but with a phase shift « (

Fig. 221 Time dependence
of the angle deflection for the
thread pendulum
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2.3.5 Complex Numbers

For the solution of the oscillation equation (2.125) we looked for a function which
essentially reproduces itself after twofold differentiation. That happens indeed 1o
the trigonometric functions sine and cosine. But the exponential function, whik
for a variety of reasons is rractable mathematically easier, also possesses a similar
property. However, the ansatz ¢ would have led to the conditional equation

e‘“(u3+§)=0; A0

an equation being not solvable for real a. The equation becomes, however, solvable
if one allows for complex numbers which we did not yet introduce so far.

By application of complex numbers and functions many issues in Theoretical
Physics turn out to be mathematically essentially simpler. it is needless to say that
all measurable quantities, which we call ‘observables’, are in any case real so that
we must be able uniquely to relate real and complex representations. That will be

treated in this section.

(a) Imaginary Numbers

The new number type of the imaginary numbers is characterized by the fact that

their squares are always negative real numbers.
Definition 2.3.1 “Unit of imaginary numbers’

p oA @131

Each imaginary number can be written as

with real y.

Examples

() V=i = V=T /3 =42,

@ =7
) “:+Tv=0=>0’11=:!:i‘/'§—'.

e By
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(b) Complex Numbers

Definition 2.3.2 The complex number z is the sum of a real and an imaginary
number:

=y (2.132)
where x is the real part and y the imaginary part of z.
One calls

7 =x—iy (2.133)
the conjugated plex ber (o z.

A complex number is equal to zero only if both real and imugin:_lf.\' P“: “‘:‘":‘l;
The purely real and purely imaginary numbers are special complex numbers %
vanishing imaginary and real part, respectively.

(c) Calculation Rules

3 5 . ; c ing rules
For setting up calculation rules we allow us to be guided by the LorrespU‘f_lni 2
> oy X ers.
of the real numbers since these can be considered as special complex nu
One adds (subtracts) two complex numbers

<

=x1+in: n=x+in,

by adding (subtracting) separately the real and the imaginary parts:

(2.134)
2=z k2= (xy£x) +iln £
RO . S jon (2.131):
The product is given by a formal expansion taking into consideratio
(2.135)

U2 = (XX — yya) + i (vy2 +3ix2) -

; S hes. Inth
: i i e of the factors vanishes.
bviously the product is equal to zero only if one of the two f ‘:np‘e\ o
same manner one can introduce the quotient (ratio) of two €@

(2.136)

;’ (G + yn) + 0w = LR
.\2 +\:

where z; # 0 has to be stipulated.
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(d) Complex Plane

One can interpret real and imaginary part of a complex number as the o
components of a two-dimensional vector:

(=)

z=x+iy=(v.y).

The real part then corresponds to the projection on the real axis, the imaginary pat
to that on the imaginary axis. Basis vectors of the so-called complex plane 2

then:
1=(1,0); i=(0,1). (2.138)

Like the normal two-dimensional vectors one can represent the complex num-
5

bers. 00, by plane polar coordinates (‘polar representation’) (Fig.2.22):

= rcos¢ ., z = r(cosg + ising) , 19

y=rsing z* = r(cosg —ising) .

*

Thus z* follows from z by reflection on the real axis. One defines:

Magnitude (Absolute Value) of z

lz2l =r= a2+ 2. (2.140)

nent of z

y
@ = arg(z) = urcrani‘—' 3 (2.141)

For each value of y/x = tan g in between —oo and +oo there exist (wo @-values
between 0 and 27 (see Fig. 2.23). One has (o take just that g-value with which the
transformation formulae (2.139) can be exactly fulfilled.

Fig. 2.22 Polar
representation of a complex
number

z=i—1
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Fig. 2.23 General behavior tan ¢ 4 i
of the trigonometric function 1 : : :
tang s ' ‘ :
1 ! 1 1
' ' ' 1
1 1 1 1
1 1 1 1
. :
( 2 ¢
:rr/Z ' !
' ' '
1 ' 1
' ' '
| ' '
1 '
' '

For the magnitude holds

as can easily be verified:

= ia—i) =2+ +igx—xy) =<+ =L

(¢) Exponential form of a Complex Number

For the exponential function ¢* the series expansion (1.64) holds:

=14+x4+2 42
‘2 3'+

(2.142)

(2.143)

3 . . : etric  functions
Corresponding expansions one knows also for the trigonomet

sine (1.51) and cosine (1 58):

\ X oo ’n-ﬁl 1
siny=x—"—+4_—— = P =
3!+ S 2:‘( @2n+1)!
n=0
2 2 < >
cosx = | — ol + = Z(‘ ]"(,,”), = Z\ (2n)!
n=0 LI

From this one reads off the very important

Euler’s Formula

€Y = cosg +ising

(i

(2.144)

(.14

(2.146)
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Therewith and according to (2.139) the complex number can now be represented

also as follows:
z =|z]e%= (2.147)
Since the cosine is an even and the sine an uneven function of ¢ it holds:
e =cosp —ising (2.148)
That means for the conjugated complex number:
ZH=|z|cmite (2.149)

The inversion formulae are also useful:

1
(e +e) ; sing= b (e —ec™) . (2.150)

ST

cosg =

Notice the important fact that every complex number, considered as a function of
@, is periodic with the period 27:

lele® = |zl | p= 1,42, ... (2.151)

(f) Further Calculation Rules
Multiplication: [cf. (2.135)]

z=z1-22= |z |Czlf'“ﬁ' +¢2)

= lz| = lai] - |z2| :  arg(z) = @1 + ¢a . (2.152)

Division: [cf. (2.136)]

% ! =L E ol—e2)

22

[®)
[y
=

arg(z) = @1 — @2 .




214 2 Mechanics of the Free Mass Point
Fig. 2.24 The number
2= 1—iinthe complex
plane

b -0
Raising to a Power: [cf. (1.1)]
=2 = |y e
= |zl = lal";  arg@) = ngu . Ll
Extracting a Root: [cf. (1.7)]
2= 3z = Jlal "
2155
= |zl = V|z|; argz) =¢/n- 122

Examples

LIn(=5) =In(5-¢") =S+ Ine”™ =In5+ir.
2. z=1—i(seeFig.2.24)

l.‘,l = ﬁ
-1
aro(F)ie= arats - | =7x/4.
arg(z) = arctan (+1) n/

o 2(,117.1'-0 ¥

o, /l — =24 e'72/8) £
4. In(1 +3i) = In (\/l()z"‘"‘"““") = 1n10+jarctan3 .
55

e
:

6. |e¥| = (cos® ¢ + sin® (p)l’l2 =J/1=1. i
The complex numbers ¢ thus lie in the complex plane on t
the origin of coordinates.

e unit circle around

2.3.6 Linear Harmonic Oscillator

& ¢ mos| poT 0 ost intensively
: ‘ i i ant and to the most i
e ngs to the most important af d

£ite 8 sation range
i~ > % + ranac of its applicatior £
discussed model systems of Theoretical Physics. The rang
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Fig. 2.25 Elastic spring as a
on of a free

possible rea
harmonic oscillator

seds thee canopy of Classical Mechanics. We will b_c dealing ugam.uud
again with this model in Electrodynamics and in purticulul: in Quun}um T[uo,r,\
The relevance of this model lies above all in the fact that it belongs to l'hL \‘r\I
few mathematically striclly tractable systems by which many of lhc‘fu‘ljldu;u::‘
principles of Theoretical Physics can be illustrated. One undu"rsl.m .\' y ;
harmonic oscillator a self-oscillating system that obeys a charafc(cn,\uc equation of
motion of the same type as that for the simple pendulum (2.125). L
In order to discuss the basic phenomena we first have in mind an C|iL\ll(.I \Pnnblo
which a mass point m is attached. For small deflections the mass point cxpf.‘m:;u:
a backwards directed force being proportional to the displacement ]\] Al:u)[ |:]:
to the sketched arrangement in Fig. 2.25 the gravitational fo'rcc will be Leno;u“v
The movement happens one-dimensionally along the spring axis. Then Hooke'sla

holds:

(2.156)

5 p . ave the fc ng lincar
& is the spring constant. As equation of motion er have the following
homogeneous differential equation:

215
mx+bkx=0. (2.157)

e . A 3 : e 2.125). From
In itis the same differential equation as that for the simple pendulum ( )
reasons which become clear later the entity

o (2.158)
m

is called eigen frequency of the harmonic oscillator. When a physical system is
described by an equation of motion of the type given in (2.157) then we always

speak of a linear harmonic oscillator. k .
An interesting non-mechanical realization of the harmonic nsmllul(_vr 18 repre-
sented by the electrical oscillator circuit consisting of a coil with the sclf—luduyluvcc
L and a capacitor with the capacity C (Fig. 2.26). The electrical current/ then fulfills
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Fig. 2.26 Electrical

oscillator circuit as a possible
realization of the free e
harmonic oscillator L <

the differential equation

=L > 215
LI+EI=(): wy=— . @159

We already solved the differential equation (2.157) in Sect. 2.3.4 (see (
and (2.130)):

X(1) = Asinwgt + Beoswyt ;  x(f) = Agsin (wol + @) - (2.160)

Itis a characteristic of the harmonic behavior of the oscillator that the frequency

@ is independent of the amplitude of the oscillation. Hence ey must be considered
4s a pure system property.

After having introduced in the last section the complex numbers we want i solve
the equation

i+wix=0
once more, but now with the ansatz ¢*'. One finds by insertion:
al (2 2 2 2
(@’ tof)=0e=a’ =0

This yields two imaginary values for o

ws = tioy
and therewith the following two linearly independent solutions.

xe(t) = (,knvw ’

from which we get the general solution:

e (2.161)
x(1) =A+‘_x.~., +Ae
be a bit cautious. x(f) must

When interpreting this type of solution one has © omplex. The

4 . it gre. however, ¢
of course be a real quantity. The functions ¢ .
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coefficients Ay therefore have to fulfill certain conditions. First it follows
with (2.146):

(1) = (Ay +A_)coswot + i (Ay. —A_) sinwot . (2.162)

If the quantities A+ were real, then we would have necessarily to require that
Ay = A_. However, the consequence would then be that x(r) contains only one
independent parameter and thus could not be the general solution. Consequently ve
have to assume that Ay and A— are complex. At first glance this, however, would
mean that there were four independent parameters. But this is really not the case
because the requirement of a real x(z) leads to:

x(1) = x*(1) Ay + A_e il = A:_ et 4 A% ool

Because of the linear independency of ¢ and e~™' this equation can only be
fulfilled if Ay = A~ and A~ = A% hold. So A4 and A_ are conjugate-complex

quantities,
AL =AT=a-+ib,

so that indeed we are left with only two independent parameters a and b. Inserted
into (2.162) it follows:

x(t) = 2acos wot — 2b sinwot .

he two types of solution (2.161) and (2.160) are therefore absolutely equivalent.
As general solution of a homogencous differential equation of second order
both (2.160) and (2.161) still contain two free parameters which must be fixed by
initial conditions. We discuss two different situations:

(a) Attime 7 = 0 let the oscillator be displaced by x = xg and then released. That
corresponds to the initial conditions:

Mi=0)=xp; i(t=0)=0. (2.163)
This we insert into (2.160):

X=B; 0=wA=—=A=0.
The special solution then reads:
(2.164)

x(1) = xp cos wyf .

The initial displacement becomes the amplitude of the oscillation.
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(b) Let the oscillator be kicked off from its equilibrium position with the initial
velocity vg:
x(0)=0; x(0)=uvo. (2.165)
We use again (2.160):
B=0; vy=Awy.

In this case we obtain a further special solution:

Uy
x(1) = —> sinawyt . (2.166)
wy

2.3.7 Free Damped Linear Oscillator

Each real oscillator eventually comes to stop because of the unu\‘uxduh}c frictional
forces. We therefore want to now include them into our considcrai!oqs where,
however, we will restrict ourselves to the simplest case of the Stokes's friction. Then
the extended equation of motion reads:

my = —kv—ax . (2.167)
One can realize this situation by a ‘tongue’, dipping into a liquid and being fixed kf
the mass m (Fig. 2.27). While the frictional term in Eq. (2.167)in ?e“:,ml FepresélL:
a certain approximation, there exists an exact non-mechanical realization Ornli:
damped harmonic oscillator by the electrical oscillator circuit. The sum OAf he lun,r
voltages in the circuit sketched in Fig.2.28 must be zero. The clectrical curren
therefore obeys the following differential equation:

(2.168)

. 3 1
LI + RI + Z,I:O.
The ohmic resistance R simulates the frictional term.

Fig. 2.27 Elastic spring as a
possible realization of a free
harmonic oscillator with
friction
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Fig. 2.28 Electrical

possible

realization of a free harmonic
oscillator with friction R

After division by m we get from (2.167) the following homogeneous differenticl

equation of second order:

o
i+2Bi+0ix=0; B= T (2.169)

As ansatz an exponential function appears again plausible:
x(r) =M.
Ttis exactly then a solution if A fulfills the following relation:

A+ 2 +wi =0.

Ma=—f=+ /,g:'_,,,g, (2.170)

If the root is not equal to zero then we have found two linecarly independent

Therefrom one finds:

solutions. The general solution therefore reads:
A2 (2.171)

X =a M +are

When discussing the solutions we have to distinguish three cases.

(a) Weak Damping (Oscillatory Case)

It refers to the situation:

B <aw.
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Then the root in Eq. (2.170) is purely imaginary:

w = /¢ 2 A= +iw. (2.172)

The general solution (2.171) is therewith written as:

x(t) =eH ((u ¢ 4 oay ) (2.173)
A comparison with (2.161), the solution for the free oscillation, shows that it comes
out as an oscillation with smaller frequency (o < wg) and with an exponentially

decaying amplitude as function of time.
With the initial conditions

xo=x(t=0), vo=x(r=0)
we can bring (2.173) into yet another form :
Xo=a+ay. vo=-—P(a+a)+iw(a—a)=—Px;+io(a;—as) .

That means:

= vy + P
x(t) = e M (.\1, coswi + ”—uﬂ” sin wr) ; (2.174)
«

We find a third representation herefrom by the following definitions:

1 >
A= — R0+ (v + fxo) . .17

L -:%‘.,w ,“l = ‘pzarcmn(&) 5 (2.176)
cosp = —-¢ ‘ vo + Bxo
Therewith we get:
x(1) = Ae P sin(wr + ¢) . .177)

Now A and the phase shift ¢ are the free parameters of the general solution. The
amplitude of the oscillation

A

is exponentially damped. Thus in a strict sense one cannot speak of a purely
periodic motion since the initial situation is not periodically reproduced. Terms
like frequency and time period are therefore no longer uniquely defined (Fig. 2.29).
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Fig. 2.29 Time dependence l
of the amplitude of a weakly Ag
damped linear harmonic >
oscillator ‘:{t‘ﬂl
Asin s
<1/2> S
i 1 Soma
bt =t
(r—¢)/w \/\ A
T @en-g)le
-7 B
,—‘/ Ae
= A

Merely the zero crossings are still periodic with the time separation 7/2 where

o P @178

Sometimes one calls

AePr

the envelope of the damped oscillation.

») Critical Damping (Aperiodic Limiting Case)

This is the limiting case
@ =dkm; P=w; = 0=0. 2.179)
Now the root in (2.170) disappears so that one gets with the ansatz (1) =rett

because of
Az=—p

only one special solution. From this one can not yet construct the general solution
We still need a second special solution. For that the following trick helps. In the
solution (2.174) we perform the limiting process w — 0 whereby we exploit the
fact that according to (2.144) and (2.145) it must hold:

coswt — 1; sinwr — wt.
w0 =0
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Therewith follows:

) | (.
x(t) = ¢ P [xo + (vo + Bxo)1] - (2.180)

i 5 X It fulfills
This solution contains the two independent parameters Xo and vp

i i 2169) and i the
with (2.179) the homogeneous differential equation (2.169) and is therefore
general solution.

2.18 ittle bit more
It is interesting that one can also find the result (2.180) a little bi
systematically. The ansatz x(1) =

— ¢ leads to only one special solution. We
therefore tentatively extend it:
x() = () e ™. (2.181)

Then for the derivatives needed in (2.169) we have:

x(1) = (¢ — By) i
(1) = (¢ —2p¢ + o)

ko ) T
Insertion into (2.169) with w? = f2 leads to ¢ = 0 and therewi

@(1) = ay + aal

and finally to

i (2.182)
x(1) = (a + aaf) eRee

That is identical to (2.180).

¢ initia)
. depends on the inil
Th e : ‘e very ngly depen:
¢ actual behavior of the solution curve very SUrongD

conditions (Fig. 2 3

n only one ZCro Crosstt

:  oscillatio
0)). There does not appear any oscil

Fig. 230 Possible
(schematic) time
dependencies of the harmonic
oscillator in the aperiodic
limiting case (critical
damping)
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is still possible, and that if the initial conditions are chosen just so that

X0 2
t=ty = ——"-— (2.183)
! vo + Bxo
can be realized with 7y > 0.
(¢) Strong Damping (Creeping Case)
We now assume:
B>aw.

According to (2.170) there are now two negative-real solutions:

Aa=—Bxy; 0<y=+‘/ﬁ:‘—wﬁ</3.

Hence, the general solution in this case reads:

x()=e P (ay e +aze™) . (2.184)
Because y > 0 the second summand will be quickly damped. The system is not
capable of oscillation. It displays at most still one zero crossing. a; and a; are again
fixed by initial conditions:

1 v + P
,,,=_(x(,+ﬂ_yf’_z) ]

2

1 7 X 2
s L (,\u it M‘_") v (.185)

2 ¥y

A zero crossing happens if

a, = 1 ay
—=—e ey = In (_._)
as 2y

can be fulfilled. That means that

ap
— <0 and
ar

<1

must be realized by the initial conditions. One can demonstrate that in the aperiodic
limiting case the system is damped quicker than in the genuine creeping case.
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2.3.8 Damped Linear Oscillator Under the Influence of an
External Force

Because of the unavoidable friction every oscillating process is exponentially
damped unless an additional external force acts. We will now include the latter in
our considerations. The equation of motion (2.169) is then to be replaced by

2 1
X+ 2Bx + wpx = —F(1) . (2.186)
m

We choose the same denotations as in the last section and restrict ourselves to the
important special case of a periodic force:

F(1) = fcoswr . (2.187)

One can realize the periodic force by, for instance, a wheel spinning with constant
angular velocity and being connected via a drive rod to the oscillating body
(Fig. 2.31).

Here again we have an exact non-mechanical realization (Fig.2.32) by the
clectrical oscillator circuit if one applies to it a periodic alternating voltage Ly sin@r:

dih g s g
LI + RI + El = Uyw cos ot . (2.188)

cof a

Fig. 231 Mechanical realization of the damped harmonic oscillator under the influ
periodic external force

Upsin@t

e
Fig. 2.32 Electncal realization of the damped harmonic oscillator under the influence ofa periodic
external force
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The eigen frequency of the oscillator circuit is obviously:

B 1
wy = c’
while the damping constant is given by:
R
A

We look for the general solution of the inhomogeneous differenual equation
of second order (2.186). We know already the general solution of the associated
homogeneous equation from the last section. Therefore we first try to find a special
solution of the inhomogeneous differential equation. The casiest way (o do this
is probably if we first rewrite the differential equation (2.186) by usc of complex
quantities:

P4 2Bz + wpz = ik

Naturally, physical forces are always real. However, to calculate with the expo-
nential function is especially comfortable. That is the reason why one uscs such
complex ansatz-functions. One therewith comes to a complex solution from which
one eventually takes the real part as the physically relevant result. This works
because of the linearity of the differential equation which prevents the real and
imaginary parts from mixing.

After a certain settling time the oscillator will essentially follow the driving force
F(1). A self-evident solution ansatz therefore should be

2(f) =A™
Insertion into (2.189) yields in this case a conditional equation for the anplitude A
[A (—@” +2iB@ + wy) — LJ ePli=0.
m
Thus for A must hold:

(2.190)

A is of course complex:
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whose magnitude is

Al =

(2.191)
Real and imaginary parts can then be written as follows:
ReA = —— Al (@ - ) .
f
mp e i
ImA = —27ﬂ|/\|'m A (2.192)
For @ = arg(A) it therefore holds:
1 2o
s e AT (2.193)

ReA @' -}

Since for positive @ the numerator ImA is always less than zero. @ will always lie
in between —z and 0.

‘We have now found a special solution for (2.189), namely:
2(1) = |A| £@FP) |

Only the real part is physically relevant which represents a special solutic
of (2.186):

xo(1) = |A] cos (@1 +§) - (2.194)

Therewith the problem is in principle solved because we know the general solution
of the associated homogeneous equation:

Xinh (1) = Xpom (1) + Xo(1) - (2.195)

Independently of which of the three cases discussed in the last section (oscillatory
case, aperiodic limiting case, creeping case) does appear, the homogeneous solution
exhibits in any case an exponentially damped motion which after a sufficiently long
time (r > 1/B) will hardly carry any significant weight. It plays a role only during
the so-called ‘settling process’. One can use it to fulfill the given preconditions.
After a certain time the mass point z oscillates with the frequency ® of the driving
force. The motion then becomes independent of the initial conditions. Therefore, we
can concentrate the following discussions on the special solution xo(r).

The amplitude |A| of the enforced oscillation is proportional to the amplitude f of
the driving force and otherwise is essentially dependent on system properties )l{(‘h
as (m, wy, B) as well as the frequency @. Furthermore, |A] is a symmetric function
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of w. The limiting cases
lAlg=0 =
m

|Alz— 00 ~ (2.196)

one can read off directly from (2.191).
If one sets the derivative of |A| with respect to @ equal to zero one finds a
conditional equation for the extreme values of [A|:

@ =0: wi=+Jo}—2p. @197

The values @+ have a certain formal similarity to the eigen frequency o of the
damped harmonic oscillator (2.172) being, however, because of the factor 2 in front
of B, not identical to it. The @+ are of course frequencies for A extreme values only
as long as they are real, i.c. for 2% < w&. In case @+ are real, then one finds at; a
minimum and at @+ maxima. If however the @+ turn out to be imaginary numbers,
then [A[ has a single maximum at @; = 0 (Fig. 2.33).
The appearance of a pronounced maximum of the amplitude is called
‘resonance’

282 shifts with increasing friction to lower

The resonance frequency /w;
values. In the special case of the undamped oscillator it coincides with the cigen

—
w

Fig. 2.33 Resonance behavior of the amplitude of the harmonic oscillator under the influence of
a periodic external force for different damping strengths
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—m/2

- |

o = v . _- nd the driving
Fig. 2.34 Phase shift between the oscillation amplitude of the harmonic oscillator and the driving
foree as function of the frequency of the periodic external force

p=0

frequency wy of the oscillator. The amplitude then becomes infinitely large and one
speaks of a resonance catastrophy. For real systems, however, one has o take
into consideration that near the resonance the amplitude can become so big that
the preconditions of the harmonic oscillator are no longer fulfilled. We think, as an
example, of the assumed small deflections of the simple thread pendulum._ _
Let us finally still consider the phase shift 7 of the oscillation amplitude

relatively to the driving force for which we have already found out i (2.152)
and (2.193) that always

-r<g=<0

holds. The amplitude thus drags behind the force (Fig.2.34). The displacement
maximum is reached only after the force reaches maximum. For @ = ey the phase
shift @ independently of f is always equal to —/2. For the undamped oscillator
P jumps al @ = wy discontinuously from 0 to —z. With f§ # 0 the phase sul
becomes a continuous function of @.

2.3.9 Arbitrary One-Dimensional Space-Dependcnl Force

5 4 . < the case of an in principle
As a last simple problem of dynamics we want to discuss the case of an in princip
arbitrary but one-dimensional and only space-dependent force:

(2.198)
F = F(x)



2.3 Simple Problems of Dynamics 2

In such a case a general procedure for solving the equation of motion
mi = F(x) (2.199)

can be developed that ultimately reduces the problem to so-called ‘quadratures’,
i.e. to the explicit evaluation of well-defined integrals. This method leads at first
to purely mathematically defined auxiliary quantities (e.g. constants of integration),
which, however, later will acquire fund al physical r such as energy,
potential, work, power, . . ..

We multiply (2.199) with &:

myxx = F(x)x .
This can then obviously also be written in the following form:
d /m d
—(=2) =——V(x), (2.200)
a(3%)=73"®

if one understands by V(x) the following indefinite integral:

V(ix) = — / F(x)dx' . (2.201)

V(x) is in a certain sense the antiderivative of the force F(x) being therefore a known
quantity except for an additive constant. The minus sign is simply a convention
without any deeper physical meaning.

By the integration process the Eq.(2.200) provides a new constant which we
want to denote by E:

ZR=E-V. (2202)

This equation can further be rewritten by use of the so-called separation of
variables:

:

.,

dt = 2 e f & (2.203)
0

V2 E=—Ve) JZE-Vw)

Therewith the problem is in principle solved. After the evaluation of the integral we
obtain

1= 1(x)
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and after reversal

X—x(1)%

The two independent parameters of this solution are now o and E. Notice that x; is
not an additional free parameter. :
The expressions (2.201) and (2.203) contain some terms with a deep ph\_\'c-‘ﬂ
meaning. Such a double role, namely on the one hand being simply an auxiliary
quantity in connection with the integration of equations of motion and on the othe

hand manifesting fundamental physical statements, is rather typical for many terms
in physics.

(1) Work

A - e ince

Let us consider at first the integrand in (2.201). There is no need to ruthcm;\ IRIO
) ’ - s
that the motion of a body in a force field requires an ‘effort’. One says one has

COV stance.
€arry out work. A measure for that is the product of force and the covered distanc
One thus defines

2204
dW = —Fdx G5t

X 5 .ss point by a distance dx
as (infinitesimal) work which must be done to shift the mass point by 2 di £
in the force field F. For a finite piece of path it holds then:

u

Way = —/F(.v)d.\'.

1

5 xneriences work from outside.
If a mass point is moved against an acting force l.l dpkm.l:c:: then the mass point
This we count as positive. In case of a motion in field directic
self executes work which we define as negative.

Examples
(@) Harmonic oscillator (spring): F = —kx

e (2.206)
— A= 5 (x - %) -
(b) Gravitational field: F = —mg €«

(2.207)
— Wy =mgl=%) -



2.3 Simple Problems of Dynamics

(2) Potential, Potential Energy

If it is possible to find for a force F an antiderivative as in (2.201) then one callsita
conservative force and

V(x) : potential of the force F .

In the simple special case F = F(x) considered here such an antiderivative can
always be found. That does not hold for velocity- and/or time-dependent force fields
In the next section we will derive the general criteria for the existence of a potential

At this stage we have to point out a certain definition muddle in literature
concerning the terms potential and potential energy. Under a potential one
understands in the framework of Classical Mechanics the potential energy per mass
unit. The discrimination does not appear very profound; so we will not retrace i
here. But one should bear in mind that in some textbooks the two terms do not
exactly mean the same.

Obviously it holds:

Woy =V(x)—Vix) . (2.208)

If a mass point possesses the potential energy V then itis ‘potentially’ able to carry
out work.
Examples

(a) Harmonic oscillator (spring):

(2.209)

(b) Gravitational field:

x
V(x) = mg / dx' =mgx+c. (2.210)

Potentials are defined only up to an additive constants. Only potential differences
are unique and therefore physically meaningful.

(3) Kinetic Energy

In the Egs. (2.200) and (2.202) there appears a quantity which is unequal zero only
for moving masses (¥ # 0). One calls it the kinetic energy:

(2.211)

T
2
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One reads off from (2.200) and (2.208) that the change AT of the kinetic ene

comesponds to the work done on the body by the external force

AT =-AW. 2212

Hence T has the dimension of work.

4) Total Energy

The integration constant £ represents

For conservative forces s

3 = EReTEy

conservation law holds:
dE - =
— =0 E=cams =
dr

Like V of course £ is also fixed only up to0 an

() Classical Paricle Paths

Our very general considerations already pe wpv rra

about possible particle paths. Since T is non-n

('Iu.\‘.\'i('ully allowed region of motion -

classically forbidden region of motior
22
A 5 s ocs E= VI(X)~ =3
classical turning pomis - E=V{

nt has to be com-

The supplement classical is important since the above .\r o
mented on when dealing with the all-embracing quanium HESE:

Examples

@) Harmonic oscillator:
Because of (2.215) it is to be expected that
between the two turning points o The diste
a measure for the velocity of the mass point (F
the velocity of the particle is zero. The direction

() General state dependence of potential:
Forx < x; no movement s possible, &
Between x; and x» an oscillatory behavior take:

an oscillatory motion takes pl'JCF
ce between E = Ep and V(\‘A) is
».2.35). At the turning ponts
of motion reverses.

ad so is the case between X and xz. also.
s place, whilsta particle coming
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Fig. 2.35 Potential course V(x)
for the lincar harmonic
oscillator with turning points

E=E,
' f
1 '
1 !
' '
' '
1 '
—Xp 0 +x  *
< ¢ . Y
Fig. 2.36 Regions of motion V(x)
of a particle of energy E, with E
o state dependence of E=E,
potential X A X

from +oo is reflected at x3 (Fig. 2.36). Possible equilibrium positions of the
particle are those points where no forces act. Obviously these are the extremal
values of the potential V:

F=0= —Z—V <> V extremal .
AY

In case of a maximum the particle is in an unstable equilibrium. Tllc smallest
position change lets it fall down the potential wall. In case of a minimum the
particle finds itself in a stable equilibrium.

inally we add a remark about the dimension, which is the same for T, W, Vand E

|E] = kgm®s™> = Joule . (2.218)

2.3.10 Exercises
Exercise 2.3.1

1. Given the linear homogeneous differential equation of third order:

3
> a0 =0,
Jj=0

demonstrate that the three solution functions

(). xa(). x3()
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are exactly then linearly independent when the so-called Wronski-determinant

x1(1) xa(r) xalr)
Wi(xy. x2,x300) = | 3y(1) ¥a(r) is(r)
1) () i) |
does not vanish.

2. Given is the linear homogeneous differential equation

6 12
X (1) — ’—z.i'(r) + —=x() =

Examine by insertion whether or not

x (1) =

nH=7r: un=r~

- A 3 X Tha > general
are special solutions. Are they linearly independent? What is the gener:
solution?

. , o ac 3 ertically own

Exercise 2.3.2 In the carth’s gravitational field two stones are \Lﬂlkdl-l) thro

upwards with identical initial velocitics vo but in a temporal separation of 7.

1. Formulate and integrate the equations of motion!
2. After what time do the two stones meet each other?

. i . ool 9
3. How big are then their velocities at the time of their meeting?

. e conne v a thread of
Exercise 2.3.3 Two masses m, and my (my < my) are ‘0“""Clc‘{ b-“djl iy
length L. The carth's gravitational field acts along x direction (see Fig

- What are the equations of motion for m; and m> R d
g 2 = L and my

Calculate the accelerations of both the masses as functions of 713

. How large is the thread tension?

LR =

Exercise 2.3.4 Two masses n7, and s (ma > my) can move “_“h“m ;‘“{ fm.mj
the earth’s gravitational field on two planes being inclined relatively t0 lh: I:]ozhl
by angles & and . They are connected by a thread of cun.\l-ﬂ.ﬂ length L.
therefore perform in principle one-dimensional motions (see Fig. 2.55)

1. Formulate the equations of motion of the two masses z; and 712

2. Express the accelerations in terms of my, ma. . f and g

3. Calculate the thread tension . i Jicht-line motion?
4. Under what conditions are the masses at rest or in uniform straight-iie

iding over an edge under the
Exercise 2.3.5 A rope of mass m and length [ is sliding ““_" > 39). The friction
influence of the earth’s gravitational field in x direction L(lskL £

between the rope and the supporting surface is neglected.
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Fig. 2.37 Atwood’s
(free-fall) machine

e

Ry
=

"

\
.
i
;
;
i
|
1
n ¢

S REEEE |

Fig. 2.38 Two masses
connected with each other on
a wedge in the earth’s
gravitational field

n,

m
a B

Fig. 2.39 A rope moving 1
over an edge under the

influence of the earth®

gravitational field

1. What is the equation of motion?

2. Find the solution for the case that at the time 7 = 0 the rope is released where the
piece xp of the rope is already suspended? i

3. How big is the velocity when the end of the rope is just slipping over the edge?

-

Exercise 2.3.6 An inclined plane with the inclination angle a is balanced on a
scales. On the inclined plane there is, somehow fixed, a mass 7. The scales exhibits

the weight.
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1. The fixing is removed and the mass slides frictionlessly down the inclined plane.
Will the display of the scales change?
2. How does the contact force change?

Exercise 2.3.7 Discuss the vertical throw of a mass m in the carth’s gravitational
i = —ymM
field (F = —y24r).

. The initial velocity at the time of throwing of the mass from the carth’s surface

is vy. Find the velocity v of the mass as function of its distance z from the earth’s
center.

(8]

How large must the minimum value of vy be for the mass to leave the gravity
region?

Exercise 2.3.8 Test by the following arithmetic problems your capazbility to work
with complex numbers.

1. Calculate

(=), ', VAE2S). In(l+i), Y, T

. Calculate the productz = z

(8]

3
ZU—102L8

4. Find the polar representation of the following complex numbers:

Yspatshil

a=i—-1, n=—-(1+i), z=£1%, :4=;\"3‘—5- s=—4
5. Determine real and imaginary parts of the following complex numbers:
o= c' /24 i L n= C#I—v(.‘-':m SR
z(1) 1s a linear function of time:

oy

a) z(r) = —t +i2xt.

b) z(f) = 2r—i3/2t

How does the real part of &) read and what is its period?



23 Simple Problems of Dynamics

Exercise 2.3.9 Prove by exploiling certain properties of the complex numbers the
following addition theorems of the trigonomeltric functions:

1) sin(e + f) = sina cos B + sin B cosa
2) cos(a + B) = cosa cos f — sina sin

Exercise 2.3.10 Determine the general solution of the following inhomogencous

differential equations:

Il
o

1) 7% — 4% — 3x
2)z—10z+9z=9¢.
Exercise 2.3.11 Try to guess (‘targetedly’) for each of the following inhomoge-
neous differential equations a special solution:
Dy+y+y=2t+3,
2)4¥+2y+3y=—-2r+5.

Exercise 2.3.12 Solve the differential equation:

4 4z=

with the boundary conditions:

HDzO0)=0: z(n/4)=1,

2)z(n/2) =—1; Zx/2)=1.

Exercise 2.3.13 A body of mass m is moving in the earth’s gravitational field under

the influence of Newton-friction.

- What is its equation of motion? You may restrict yourself to the vertical
component.

- At which initial velocity would a uniform straight-line motion occur?

. Determine the time dependence of the velocity in the case where the body starts
to fall at £ = 0 with the velocity v(r = 0) = 0.

4. Calculate the drop distance as function of the time if the body is released atr =0

in the height 4. Discuss also the limiting case @ — 0.

W

Exercise 2.3.14 A body of mass m is subjected to the gravitational force and

Stokes-[riction. Z

1. Write down its equation of motion. Which type of differential equation one has
to deal with?

2. Determine the general solution of the differential equation!
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3. The body is shot at time # = 0 from the ground under the angle of inclination
y = 45° relative to the earth’s surface with the velocity /2 vg. What are the
initial conditions?

4. Calculate the path line r = r(r) with the initial conditions of 3

5. Calculate the maximum flight altitude attained by the body. After what time is
this altitude reached?

Exercise 2.3.15 We discuss the general solution

x(1) = Acoswyt + Bsinwgl (A, B known)

of the linear harmonic oscillator

o 3
X+ wpx=0.

- At which time 1, does the oscillator achieve its maximum displacement ...
How big is xy.? What is the value of the acceleration at time 7,
. z 2 AL 2 What is the
. Atwhat time 1, does the oscillator reach its maximum velocity T ? What is th

value of &, ? How large is the displacement at 1,? Which simple relation exists
between Xy and Xy ?

(]

- )
At what time 73 does the oscillator experience the maximum acceleration X

How large is it? What are the values of dl\leCLlell and velocity at time 37

2ss)
Exercise 2.3.16 A lincar harmonic oscillator (@] = £: k: spring constant. 72 ‘ln “_
is subjected to Stokes-friction (Fr = —ax) and gets m its rest position (x = 0..x
0) an external impulse at time ¢ = 0:

n . o
== forO<r<n
E() = Io

0 otherwise

. Determine the deflection x(1) for 0 < 1 < 1! y

. The force F(1) performs u)(inile jump at r = . Find out which boundary
conditions follow from that for ¢ >-tn, Fix therewith x(f) for r > fo.

3. Discuss the extremely short impulse of force: fo — 0! ¥

4. What are the results for the long-lasting impulse of force fo > mja:

19

e V ) falls
Exercise 2.3.17 A ball-shaped waterdrop (radius R, volume V. mass m

on the drop acts
vertically downwards in the earth’s gravitational ficld. Thereby © P
a friction force

Fr=-aR*-v @>0

e of the drop increases
The fall starts at 1 = 0 (v(0) = 0). In the air the volume of ll‘\:(m)]mp“mo“ul
because of condensation of water vapour from the atmosphere, and 1018
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to its surface:

v 2
T’ =y-4n-R°(1) (Rt=0)=Ry).

The density p of the water thereby remains constant so that the mass of the
drop increases. Formulate the equation of motion and try to integrate it. It is
recommended to use R instead of the time ¢ as independent variable.

Exercise 2.3.18 A particle of mass m and charge ¢ moves under the influence of a
temporally and spatially constant magnetic induction B. It experiences the Lorentz
force F = g(v x B) where v is the particle velocity.

What is its equation of motion?

. Show that |#| is constant.

. Show that the angle between I and B is constant.

. Find out by a first integration a relation between r and F. Use the iniual
conditions r(r = 0) = rp and F(r = 0) = vy.

. What can be said about the field-parallel component ry and the component

perpendicular to the field ¥ of the velocity ¥?

If @(1) is the angle between ¥ and ej-axis, show that

o =

W

N

gB
g(t)=—wl+a: w=-—; «=const.
m

. The choice of the directions of e; and e is still available. Choose

~

e> 11 vou = (e3 x (vo x €3)) (see Exercise 1.3.7) .
Verify that then we must have
e 11 (voxe3) and o = /2

Give therewith the full solution for (7).
8. Find by a further integration r(r).
9. Under what conditions does the particle move on a circular path perpendicular
to the field B? Express the radius R by the magnitude of the initial velocity vo
10. Which geometrical form does the general solution have?

Exercise 2.3.19 A mass point moves linearly under the influence of the force

F=F(x) = —hkx—yx> .
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Here y is a very small correction. Calculate the period of the (weakly) anharmonic
oscillation, For an approximate solution use:

1
DVI+xx1+=x

2

1 it 5
2)\/1+.r:::1+;\'—§.\‘A

24 Fundamental Concepts and Theorems

In this section we want to investigate in more detail some of the fundamental
concepts and terms of Classical Mechanics such as

work, power, energy, |}

um, torque (

which, to some extent, we have already introduced in the last chapter for the
special case F = F(x)e,. For these terms, under certain conditions, conservation
laws become valid which can provide important information about the particle’s
movement pattern and in addition, more technically, can substantially simplify the
integration of the equations of motion.

2.4.1 Work, Power, and Energy

We start with the term ‘work” which has to be generalized for arbirrary force fields,

F=F(,r,0)

in analogy and compared to (

_a
)4). To produce an infinitesimal displacement &F
the work

8W = —F-dr e2ia)

)

has to be invested. The sign convention is the same as explained after (= l-
v

The symbol § is chosen consciously since this expression dogs not necessart ;
represent a total differential as we will see in the following. Here it merely denotes
an infinitesimally small quantity.

For finite pathways (Fig. 2.40) it holds:

8.2

r;
22200
Wy =— [l-’ (r.&,0)-dr. (=2

S



2.4 Fundamental Concepts and Theorems. A4l

Fig. 2.40 To the illustration

of the line integral of the Rn.n)

work
B(r,1)
Fig. 2.41 For the evaluation )]
of the line integral of the c
work by parametrization of T
the corresponding space R = n=rla)
1
n=r@a,)

curve

This quantity normally depends on:

1) force field F,
2) endpoints Py, P>,
3) path C,

4) temporal course of movement.

If F = F(r) then of course point 4) becomes meaningless, i.c. W depends

only on the shape of the path and no longer on the temporal course of motion
of the mass point along the trajectory. The integration in (2.220) represents a so-
called curvilinear (line) integral. One evaluates such line integrals by tracing

them back, in some way, to normal Riemann-integrals. That can be done with

the parametrization of the space curve C introduced in Sect. 1.4.1 (Fig. 2.41). The
parameter & can but need not necessarily be the time 7:
C:r=r(@): o =o=za:
dr(a)
h— lo
« da «
Therewith Eq. (2.220) can also be written as follows:
a ;
r(a
Wa =—/F(r,;—_n--—‘ &) e @221
da
)y

The shape of the path C manifests itself in the term d%r(a). In order to become

familiar with such curvilinear integrals let us insert an exercising example.
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Fig. 242 For the 3
demonstration of the possible

path dependence of the work

integral for a given force field

P:(1,1,1)

Example 'We consider the vector field
F = (227 — 3x2. 41013, 3xx3) (2.222)
and calculate the work along two different paths C; and C; (Fig. 2 42):

C : straight line: r(e) = (@.a,a); 0<a<l.
G ir(e) = (e.o’e’); 0<a<l.

At first we need:

dr  {(1,1.1) G

da (1,22,3¢%) : Ca.
o (20% —30.407.3¢%)  : G

= F = g
(20® =302, 40°.3¢%) : Ca.
= dr 30} + 62 =3 : G
o === 2 ~
da 9¢7 + 82 —a® : Ci.

Now we are able to calculate the works carried out on the two different paths:

1
We, = — / (3e + 6a” - 3a) do =

0

1
We, = -/ (9¢7 + 8a° —a?) da = —325/168.
0
" S - » depende : chosen
This example demonstrates that the work performed can be .1} pendent \;x; {l\; L‘ s
path. This path dependence is a very important point to which we shall come
more elaborately in the next section.
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1) we now define as the next fundamental term, namely, the power P.

With (2.
as ‘rate of work done’:

1

L sw I

P=t= d’/F(r(l)‘r(l).l) £ (1) dr
o

—F (x(1).¥(1), 1) - (1) .

=7

The dimension comes out according to (2.218):

(2224)

[P] = Joule/s = Watt .
The power P naturally depends, for all types of force fields, on the time schedule of
the particle motion. We encounter P when we multiply Newton's equation of motion
scalarly with the velocity:

mr-r=F-F .
The left-hand side we recognize to be the time derivative of the

Kinetic Energy
r=2, (2225
7

which we have already introduced in (2.21 1) for the one-dimensional motion:

e (2.226)
dr
The comparison with (2.223) then yields after integration from 7, t0 £, > 11:
(2.227)

War =Ty =75 = 2 [ (n) - ()] -

The work done on a mass point along its path produces a change in its statc of
motion,

In case of a one-dimensional motion it was always possible to interpret in
Eq. (2.200), which is the analogue to (2.226), the right-hand side as time derivative
of a pure space function. For three-dimensional motion and arbitrary forces that
does not necessarily remain valid. Forces for which this nevertheless holds are
special cases which are called ‘conservative’:

d
V@)= —F-r. (2.228)
dr
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One then refers to V(r) as the ‘potential of the force F’ or as the *potential energy”.
We shall investigate in the next section how one can find out whether a given force
is conservative or not. The friction is an example for a non-conservative force.

We decompose the forces acting on the mass point into conser’
conservative parts, where the latter are also denoted as “dissipative’:

ative and non-

F = Feons + Fuiss -
Feous has a potential V(r). That we insert into (2.226):
4 i 22726
5T+ VO] = Fu F (2229)

One defines ¢

Energy of the Mass Point

E= "’r + V(). (2.230)

Equation (2.229) then represents the energy theorem:
The time rate of change of energy is equal 1o the power of the dissipative forces.
If all the forces are conservative, then we have the

energy conservation law

(i 1
—l‘ + V(r) = E = const . (2.231)

One has (o bear in mind that ‘energy’ here always means mechanical energy.
Dissipative forces transform this energy into other types of energy such as. for
instance, heat. The sum of all energy contributions of course remains always
constant.

2.4.2 Potential

Let us now investigate under what conditions a force is conservative. For this
purpose we explicitly perform the time differentiation in (2.225):
WVdy, Vdx, Vda

dx; dt
=LeVIVE,

dxy dt

Il

1
f—V(.\'...\'g‘.\';)
di
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Therewith we get the result that if F is conservative:
(2232)

r-VV=—-F-r.

From this we conclude that a force is conservative if it can be written as the gradient
of a scalar potential. That means in particular that F must not depend either on  or
onir:

F=F(@)=-VV(I). (2.233)
The minus sign is a convention. We presume that the potential V' possesses
continuous partial derivatives up to at least second order. Then, according to (1.257),
the second partial derivatives of V are interchangeable:

P*V 2V
JYV ij=1273
dx,0. ox;0x;
3) this leads to:
el O A

g o
By comparing this equation with (1.286) one recognizes that a conservative forceF
has to fulfill (cf. (1.290)):

VxF=0 (2.234)
One can show that this condition is not only necessary but also sufficient:
A force F has a potential if and only if V x F vanishes!
Further we can formulate a third, now an integral criterion. With (1.261) it holds for
the total differential of the scalar function V:

dV =VV.-dr.

If we denote by ¢ the line integral over a closed path then it follows:
9§Vv~dr = 9§dv = Viinal — Viniiat = 0 -
This, however, means with (2.233):

¢ F.dr = 0 <= F conservative .

A conservative force does not carry out any work on a closed path!
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Fig. 243 Decomposition of

G
aclosed path

Now we can construct a closed path also by combination of two different paths €,
and C; which are connected at two points Py, P> (Fig. 2 43):

0=/F-dr+ /F~rlr= /F-dr-fF-dr

Ci -Ca (&) G
m/F-dr:[F-(lr. (2.236)
C C

A force field F is conservative if and only if the work necessary 1o move the 1
point between rwo space points turns out 1o be path-independent!

For this reason, the force field (2.222), previously considered as an example. is not
conservative!

If one wants to calculate the potential of a force one should first check whether
ornot V x F = 0 is fulfilled. If yes, then one can exploit the path-independence
in order to determine the potential at the point P via a ‘calculationally convenient
path:

o) i ol

V(P) = [d\': -/F-dr (2.237)
Po

Po

It is fixed only up to an additive constant. One therefore sets the potential of @
arbitrarily chosen reference point P equal to zero. Very ofien it appears convenict
to choose the infinitely distant point. The potential V(P) then corresponds to the
work that is needed to bring the mass point from the reference point Py to P
Examples
(a) Linear harmonic oscillator ] f

As discussed elaborately in Sect. 2.3.9 the forces F = Flx) of one-dimensional

motion always possess a potential. The oscillator potential we have already

given in (2.209):

|
Vix) = S+

Here one normally agrees to put Vix = 0) =0 and consequently ¢ = 0.



24 Fundamental Concepts and Theorems

Therewith we get the result that if F is conservative:
F-VV=-F-r. (2.232)
From this we conclude that a force is conservative if it can be written as the gradient
of a scalar potential. That means in particular that F must not depend either on r or
onr
F = F(r) = -VV(r). (2.233)
The minus sign is a convention. We presume that the potential V possesses

continuous partial derivatives up to at least second order. Then, according to (1
the second partial derivatives of V are interchangeable:

With (2.233) this leads to:

oF;

iy

By comparing this equation with (1.286) one recognizes that a conservative force F
has to fulfill (cf. (1.290)):
VxF=0 (2.234)

One can show that this condition is not only necessary but also sufficient:

A force F has a potential if and only if V x F vanishes!
~we can formulate a third, now an integral criterion. With (1.261) it holds for

lifferential of the scalar function V:
dV =VV-dr.

te by  the line integral over a closed path then it follows:
?gVV-dr = ?ng = Viinat — Vintis = 0 .
tis, however, means with (2.233):
9§ F.dr =0 <= F conservative . (2.235)

conservative force does not carry out any work on a closed path!

T



46

&)

Mechanics of the Free Mass Point

Fig. 243 Decomposition of C,
aclosed path

e,
G

Now we can construct a closed path also by combination of two different paths C;
and G, which are connected at two points Py, P (Fig.2.43

43):
0=/F~dr+ /F-dr:/F~dr—/F~zlr
[ - G &
=>fF~dr=/Frdr. (2.236)
(& (&)

A force field F is conservative if and only if the work necessary to move the mass
Point between two space poinis urns out 1o be path-independent!
For this reason, the force field (2.222), previously considered as an example, is not
Conservative! " sy

1f one wants to calculate the potential of a force one should first check whether
ornot V x F = 0 is fulfilled. If yes, then one can exploit the path-independence
in order to determine the potential at the point P via a ‘calculationally convenient”
path:

5] r
V(P) = fd\’: _fF~¢ir (2237
Po Py

It is fixed only up to an additive constant. One llln;rcfurc sv:l:s the !mln}(‘i.x\l \:‘I‘ x:ll
arbitrarily chosen reference point Py equal to zero. \cr;\' often it {ppgj\ra:x:\ :L‘ :1; -
to choose the infinitely distant point. TI_\c potential (_P) [h}:ﬂ L}\ng':r; :np e
work that is needed to bring the mass point from the reference point o P.

Examples

Dilinenr h ic oscillator X : e

S mer‘r lmn“o]m:or'ucly in Sect. 2.3.9 the forces F = F(x) of one-dime “M““Jl.
v e \-‘ s a potential. The oscillator potential we have already
motion always pOSSEs:

given in (2.209):

k5
Vi) = ;.\" ~Hion

cre - agrees (¢ = = 0 sequently ¢ = 0.
normally agrees Vix=0)= 02 nd consequently ¢
Here one Q a to put
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(b) Linear harmonic oscillator with friction
For the total force it holds according to (2.167):

F=—kx—ai.

Because of the i-dependency it can mot be conservative. The energy theo-
rem (2.229) reads in this case:

xl(m_, k
e g =

Lo faleonn &, 2.238
T\ o 2:238)

The energy steadily decreases because of the friction.
Spat! otropic harmonic oscillator
This oscillator is defined by the force

(c

F(r) = —kr. (2.239)
One easily checks (see (1.292)) that
VxF=0

The force thus possesses a potential which we calculate using (2.257):

r r=(xyz)
V(r) = - / F.dt' =k / Wy +y'dy + Zdf) =
0

0

=k / Xy +k / Yay +k / Zd7 =
0 0

0

(P+y+2) .

This yields:

(2.240)

191 >
355

V(r) =

2.4.3 Angular Momentum and Torque (Moment)

If we multiply the basic dynamical equation (2.43) vectorially by r,

m(rxi)=(rxF), (2.241)
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then there appears on the left-hand side the time-derivative of an important physical
quantity:

L=m(rxi)=(rxp) angular momentum . (2.242)

Sm"‘bmh position r and momentum p are polar vectors the resulting L must be
in axial vector oriented perpendicularly to the plane spanned by r and p. With the

further definition,
M= (cxF) torque (moment) . (2.243)
it follows from (2.241):
—L=M. S
dt

This equation represents the angular-momentum law:
The time rate of the change of angular momentum is equal to the applied torque.
If the torque is identical to zero then this theorem becomes the

Law of Conservation of Angular-Momentum
d C (2.245)
M=0<4= —L=0: L=const. 2243
dt
There are two possibilities for getting M = 0:

HDE=0 (trivial case) .

(2.240)
2)F 11 r (central field) .

Case (1) s identical to the uniform straight-line motion of the mass point:

= v =const.
At first glance it appears astonishing that a uniform >u’mghlﬂmc nm\;m:lm
44 erpendicular
possesses any, even if constant, angular momentum. Ink & L is perpendictt ;
to the plane of the paper with the magnitude mv d. Only if the reference poin

Fig. 2.44 To the angular
momentum of a uniform
straight-line movement
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(origin of coordinates) lies on the straight line then L indeed disappears. That gives
evidence that the angular momentum is not at all a genuine particle property, but
rather depends on the choice of the reference point.

A shift of the origin of coordinates by the constant vector a,

r=r+a; ¢=p=—Sinl=Sns
means for the angular momentum:
L'=(r'xp)=(xp)+@xp)=L+(axp). (2.247)

If L is constant then L/ is also constant only if simultaneously the conservation of
momentum also holds p = const. Furthermore, it does not necessarily follow from
L = 0 that also L.” = 0. In general that is indeed not the case.

The second possibility for M = 0 in (2.246) shall be discussed in a separate

section.

2.4.4 Central Forces

A force-type of the profile

F=f(r.r.1)e, (2.248)
is called a ‘central force’. Thus the force is directed along the radial rays which
start from the center (origin) of the force (Fig.2.45). For such forces the angular

momentum L, if referred to the force center, is constant, according to (2.245).
Central forces in the general form (2.248) are not necessarily conservative. It

rather holds:

Cenrral force F conservative <= F = f(r)e, . (2.249)

Fig. 2.45 Tmpact hines of a
central force
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Tt is clear that F must not depend on - and 7 to be conservative. For a proof of (2 249)
we therefore can restrict ourselves to forces F of the form:

F=f(r)e, .

According to (2.234) the force F is conservative if and only if the curl of F vanishes
That we inspect with (1.289):

VxF:‘f—-(L)er-{h[(V‘ﬁ—r—,) xr] Y
r r

After (1.292) we can exploit V x r = 0, so it remains to require:

()é[V([(’—T))xr] .

Hence the two vectors in the square bracket have to be parallel. In view of (1.271)
and the subsequent discussion one realizes that the gradient vector is orthogonal to
the planes f(r)/r = const. Hence these planes must simultaneously be orthogonal
to r. That means, however, that f(r) /7 has to be constant on the surface of a sphere.
This is possible only if f(r) = f(r). That proves (2.249)!

‘We can add a further statement:
A conservative force F is a central force if and only if it holds:

V(r) = V(r) (2.250)

Proof
(a) We assume that F is conservative and V(r) = V(r) then it follows:
2 dv
F=-Vv(n "2’ e, .
(r) T

Thus F is a central force of type (2.249).
(b) We assume that F is a conservative central force then it follows:

e
9 i = i s L I
ox; r
) or
=—f(r)— .
ZAt T

We choosci(r) so, that f(r)

df 5
‘%'—'. Then the last relation reads:

Therewith V can depend only on r.
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If conservation of angular momentum is valid as in the case of central forces,
then quite f; ching statements about the type of motion of the mass point can
already be formulated. From the definition of L it follows after scalar multiplication

with r:
rm(rxr)=0=r-L.

If L. 1s a constant vector then this equation represents a plane which is perpendicular
to L. and contains the origin:

In the case the angular-momentum is conserved the mass point moves on a plane
which is perpendicular to the angular momentum and contains the origin of
coordinates!

From the constancy of |L| follows a further important statement. If the position
vector sweeps an arca dS in time df then dS is just half of the parallelogram spanned

by r(7) and r(r + dr) (see Fig. 2.40):

1 "
dS = %[(ru) xr(t+d))| = = [(x(1) X (x(r) + F(r)dD)| =

de|(r(r) x ¥(2)] .

That means:

) = _I-[Ll (2.251)
dr 2m

Therewith we have found the ‘area conservation principle’:
In the case of angular-momentum conservation the position (radius) vector of the

mass point sweeps equal areas in equal times.

Fig. 246 Sketch for the
denivation of the arca
conservation principle Ay dr
r(t)
ds
r(t+dr)
0
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2.4.5 Integration of the Equations of Motion
If the law of conservation of angular-momentum

L = m(r x 1) = const

or the energy conservation law

= const

are valid then one speaks of

first integrals of motion

The original equations of motion are always differential equations of second order,
the conservation laws, on the other hand, are only of first order. Furthermore. on the
basis of the conservation laws a general procedure for the complete solution of the

equations of motion can be developed.
We have shown that the angular-momentum conservation law holds if and only
if the acting force is a central force:

F=f(r.t.0r.

(The trivial case F = 0 shall be excluded!)

If simultaneously the energy conservation law holds then definitely a potential
must exist. Hence, the central force is conservative and must be of the form:

F = f(nr.

Moreover we know that in such a case the potential can depend only on the
magnitude of r:

V=V .

Therewith we will further evaluate the conservation laws. Because of the constancy
of the angular momentum the motion will happen in a fixed plane. Let this be the

xy plane. For the description we choose spherical coordinates (7. 1. ¢) where we can
directly exploit

= =0

%
Il
(SIR]
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In (2.21) we derived:

T =€

r=re,+ o ey +rsindge, .

That means here:

r=ie +rpe,, (2.252)
and for the angular momentum we get:
L=-mrgey =mripe; .
Because of
P =F-F=P7+rg
the energy theorem reads:
(2.253)

E=2 (P + rgd) + V() .

Using the angular-momentum law we can now eliminate ¢ from the energy theorem:

-
E= Zpy Ry (2.254)
2 2mr?

When we introduce the effective potential

2

L
Ver(r) = 5— +V(2)

=
2mr=

(2:255)

the energy theorem has mathematically the same structure as that for the one-
dimensional movement discussed in Sect. 2.3.9. We therefore can proceed for the
integration in the same manner. Analogously to (2.203) we now get:

iy =/___—, (2.256)
w Vi [E=Ver()]

By inversion one comes (0:

r=n{1e
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For the complete solution r(1) = r(r)(cos (1), sin @(1). 0) we .sti_ll need ¢ = @(1).
Atfirst we can exploit the angular-momentum law in order to derive ¢ = @(r):

L L di L dr
dp= —dr= —<

2. er o A
mr= mr= r mr- 2 Sed 1
V2 [E— Ver(r)]

That can formally be integrated:

i f Ldr :
AN ”2/2m [E — Veu ()]

o

By inversion we obtain herefrom the path r = r(¢) and after insertion of » = (1)

also ¢ = (1), -
The shape of the trajectory and its the temporal evolution depend on two css_enlml

integration constants L and E. The other constants ro, To. ¢o. Io can be fixed for the

sake of convenience by a suitable choice of the system of coordinates and the time
zero!

The discussion in Sect. 2.3.9 about classically forbidden and allowed rcgi?na of
the respective motion can be transferred literally by simply replacing V(x) by Veg(r).

Example: Attractive Coulomb Potential

LI
q\q2 4

i e (2.258)

4 gor 2mr?
For E = E;, < 0 we have a bonded oscillatory motion. For E = E; > 0 lh'f p;:r\:«ilc
can in principle run up to infinity (’scattering states’) without returning (Fig. 2.47).

Fig. 247 The effective
potential belonging to the
Coulomb potential

L1/2mr2
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2.4.6 Exercises

Exercise 2.4.1
L. Investigate whether or not the following force field is conservative:
13 > 3 3 R a:) e
F(r) = (e’ — 6ma®) e + 2oy e, + (3aiy’s — 6a2x°7) e

. A mass point ts moved in the force field F from the origin O to the space point

4
P(xq.y0.20) along the following path (Fig. 2.48),
(s (e &
0—5P—5P,—>P.,
i.e. piecewise along the coordinate axes.
Give a parametrization of the path and calculate therewith the work executed on
the body when it is shifted from O to P.
3. Does F have a potential? If yes, find it?

Exercise 2.4.2 Calculate the work which has to be performed against the field
F(r)=a-r (o = const)

when going from the point P; to the point Pa. Evaluate the relevant line integrals
along the paths in, respectively, Figs. 2.49, 2.50, and 2.51:
Determine the potential of the given force and verify therewith the above results.

Fig. 248 Sketch of the path.

J P(x0, Y01 20)
mentioned i Exercise 2 4.1, (0r Yo%
between the points (0, 0, 0)

and (xg, yo. 20)

Fig. 2.49 Special path for

the calculation of the work Cp
that must be carried out

inst the ficld F = a -ron 0

ay from P, to P

c1 )
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Fig. 2.50 Special path for
the calculation of the work
that must be carried out
against the field F = « - ron
the way from P, to P>

Fig. 2.51 Special path for
the calculation of the work
that must be carried out
against the field F = a - ron
the way from P, to P>

Exercise 2.4.3 Given is the force field

B 72 9
F(x,y.2) =f(;1-.\" + s

) @ = const .

. Is the force conservative?

O —

2. Which work must be done in order to move the mass point 71 in the field F on a
straight line from (0, 0. 0) to (o, @. )?

. Calculate the work for the case where as the path the polygonal line (0.0.0) —
(2.0.0) — (¢, 2. 0) — (@, . @) is chosen.

. Which work must be brought up on the parabolic arc (y = x°
(0.0.0) to (. e, )?

- The mass point moves on a circle with radius @ within the xy-plane around the

origin of coordinates. What work has to be performed for a motion over a full
circle?

w

'S

;2= »?*) from

n

Exercise 2.4.4 A force

F(r) =F(x.y.2) = a (xy.—2°.0) .

acts on a mass point m.
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L IsF conservative? Justify your answer!
2. What work is nece sary to move the mass point linearly

from P, = (0.0, 0)to Py = (d52553)52
3. Calculate the work necessary for moving the mass point on the ‘curved’ path
=9y%2=13: V) from Py to P,!
Exercise 2.4.5 Given is the force field
F(r)=(axr) (2 = const) .
Calculate the work using the same line integrals as in Exercise 2.4.2. Does a

potential exist?

Exercise 2.4.6 A mass point moves in the force field

F(r) = (ay. ax, b) ,

where a. b are positive constants.

. Show that it is a conservative force.
Calculate the needed work to move the mass point along a straight line from
Py :(0.0.0)to P: (x.y,2)-

. What is the potential of the force F? i
How does the needed work change when the mass point is moved parallel to the

19

w)

coordinate axes from Py to P:

(0.0,0) = (x.0.0) = (x.3.0) = (x.y.2) ?

Exercise 2.4.7 Given are the potentials:

Il

| 2 5 2
Ek(,\- 4y +2°),
2 V) =2 [1w -r)?— wzr"]
(@: constant vector).
Calculate the force F = F(r) which is generated by the potentials. Are they central
forces? What is the physical meaning of the given potentials?

1. V(r)

Exercise 2.4.8 A particle of mass m moves under the influence of a conservative
central force on a circular path with radius R through the origin of coordinates as
plotted in Fig, 2 52,

1. Determine r — ().

2. Formulate the nergy conservation law in terms of » and dr/dg.

3. Which force acts on the mass point?
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Fig. 2.52 Motion of a mass 5,4
point 1 on a circular path

Exercise 2.4.9 A particle with the mass m = 3g moves in a homogeneous time-
dependent force field

F = (45, 61— 3, —181) - 107°N
(t: time measured in seconds) with the initial conditions:
r(r=0) = (0,0.0)cm .,
F(r=0) = (0,0,6)cms™" .
. Calculate the velocity of the particle after 1s.
. Which kinetic energy does the particle have after 1s?

. What is the work Wjo done by the field when moving the particle from r(r = 0)
tor(r=1)?

W -

Exercise 2.4.10 We discuss once more. just as in Exercise 2.3 15, the general
solution of the linear harmonic oscillator; however now starting from the energy
conservation law:

. Why is this law valid?

. Use the energy conservation law for calculating x(r). Thereby the independent
parameters shall be the total energy E and the time 7, at which the oscillator
reaches its maximum deflection Xy,

3. Now choose the solution so that E and 7, become the independent parameters,

where £; is the time at which the oscillator assumes its maximum velocity.

[N}

Exercise 2.4.11 A mass point m moves frictionless in a potential V(x) that has a
minimum at.x = 0 (see Fig.2.53).
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Fig. 2.53 Moton of the mass
point m in a one-dimensional
potential V(x)

. How can one generally solve the equation of motion

dav
dx

mx = —

by a quadrature (integral)?
For not too high energies E, (E < Vq), the mass point performs in general an
anharmonic oscillation. How are the oscillation amplitudes (= turning points)

for given energy E determined?

19

Xmin = —ds  Xmax = b

How can we fix the oscillation period with the result from 1.? Which symmetry

properties must V(x) have in order to ensure @ = b for all energies E?

Calculate with the result from 2. the period of the harmonic oscillation.

. Under what conditions for V(x) and E will the oscillation period r become
infinite with a finite oscillation width 5?

. Let us assume an equation of motion of the form

=0

w

2 B
mi = —m (wgx + &x’) = —— ,

where for the energy E of the mass point holds:
eE < mwy

Calculate approximately the oscillation period 7 in dependence of the oscillation
amplitude @ up to linear terms in &!

For the potential V(x) from 5. solve the equation of motion of the mass point up
to linear terms in & by use of the quadrature from 1.. Choose as initial condition
X(0) = 0. Calculate within the same approximation out of E = V(—a) the initial
velocity 1(0).

o
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.54 Different ways of
the mass point z1 in the
gravitational potential

Exercise 2.4.12 A mass point m moves in the gravitational field

[
V(r) = T ymM

m <KL M, y: gravitational constant)

. Calculate the time which the mass point needs to come from point A to B (see
Fig. 2.54) if it travels

(a) on acircle (time ;)
(b) on a parabola (time 1)

IS

Calculate for both cases the Kinetic energy at A and the corresponding velocity.
How much time would the mass point need if it traveled with the same velocity
(uniformly in a straight-line) directly from A to B? i
_ On the mass point in addition to the gravitational atiraction also acts a small
friction force

[

Fp = —mar (IFRI < \;D

(1) Write down the equation of motion!

(2) Starting from a circular path (radius R. angular velocity ey) it shall be shown
that for small times the ansatz

r=R( +c11): ¢ =gl +can)

fulfills the equation of motion to first approximation Calculate ¢y and ¢ and
estimate for which times the approach is useful.
(3) In the framework of the approximation (2) how do the radius, angular
velocity, path velocity, Kinetic, potential, and total energy change with time?
(4) How much of the (mechanical) energy is destroyed by friction? Where does
it come from?
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Exercise 2.4.13 A mass point moves on an ellipse in the xy plane

and runs through it three times in 2.
I. What is the trajectory

r(1) = (x(0),y(1).z(1) .

if x(1) = acoswt is given?
. Which force does act on the mass point?
Calculate the angular momentum of the mass point. Why should this be constant
with respect to direction as well as magnitude?
4. Calculate the area AS which the position vector sweeps in 1s.

w1

2.5 Planetary Motion

The potential

V(r) = —% (2.259)

is the most important example that leads to a central force field. It has significant
applications in celestial mechanics and for the semiclassical atom model. We want
to investigate its properties in connection with the special example of the planetary

motion around the sun.
Starting point for the solution of the equation of motion in a conservative central

field is the validity of the energy and the angular-momentum conservation law which
manifests itself in the equation (m: planct mass):

F — — /|
E= 5 A PF + V(r) (2.260)
Here V(r) is the gravitational potential:
mM
L)="—"— (2.261)

(M: mass of the sun; y: Newton’s gravitational constant (6.67 - 10~ m? kg~'s73)).
For the explicit solution of the problem. however, we will not choose the general
procedure described in the last section, but prefer a more direct integration. For this
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and try at first to determine s as function of ¢:

ds _d (l) dr
dp  dt\r)dp

—=

(2.262)

mdyp

With V(1/s) = V(s) = —ymM s (2.260) reads:

Lz ds\* 2 o —
o ‘I_‘-P +s|+V(E)=E. (2.263)

We differentiate this equation once more with respect to ¢:

L [_ds &s ds . dVds
L ||t SR R CAECHE S
2m | dy dg? dy ds dy

It follows:

d’s T m dV 4 M (2264
s Y 15 BT il

This is an inhomogencous differential equation of second order. The general

solution of the associated homogeneous equation reads:

Solp) = asing + feosy .

It is not difficult to identify the following function as a special solution of the full
inhomogencous equation:

silg) =y’

That leads immediately to the general solution of the inhomogeneous differential

equation of second order:

: M
s(p) =asing + fcosg +ym i (2.265)
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The two independent parameters « and f are fixed by the initial conditions. So we
demand that the point closest to the sun (s maximal) is found at ¢ = 0:

ds ! o
— =0= (acosyp — fsing)|, _y=a,
dy p=0
d*s

'
— = (—asing —fcosg)|, -y =—p <0
dg?

g=0

= f=0.

That leads to the trajectory:

M
s = fcosg +ym— . (2.266)
r 12
We introduce the following constants
2 &
= =2 e 2267
x yMm? e ¢ )
Therewith we have found:
1 1
- = Z“ + £cosg) . (2.268)
= :

This is the equation of a conic section in polar coordinates. Therewith the
geometrical shapes of the planctary paths are determined. The parameter &, which is
related to the positive integration constant 8, can assume arbitrary positive values:

g<1: ellipse,
£=1: parabola,

&> 1: hyperbola.

Finally we want to consider how the crucial integration constants L and E will
influence the shape of the path:
(a) Ellipse

The ellipse is the geometric locus of all those points for which the sum of their
distances to two different ‘focal points’ is constant = 2a (Fig. 2 55). Therewith
evidently a represents the semi-major axis. Furthermore we have according to

Pythagoras’s theorem:

B 5 > > 2
a=e+b” = b =a—e.
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Fig. Charactenstic
parameters of the cllipse

With (2.268) we have for the ‘point closest to the sun':

n=rpg=0)=a—ec=

1+e¢

and for the point ‘point farthest from the sun’:

This we insert into rq,

ka

n=a—e¢= 4
ate

finding therewith

(2.269)

Thus the angular momentum L influences both the semi-axes!
We recognize the influence of the energy when we inspect (2.26%) for the point
closest to the sun:

(e = 0) 2] _Lds
mdy
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This yields for the total energy E:

i M L]
E= —i——,—yﬂ—— =)'mM(—.;——) =
2mry o 2ry 1o
25
a’*—e¢*—2a(a—e)
= M——————————
LA 2a(a —e)-
i ymM gy mM b
:k:——?—:a— ——ZE s (2.270)

We see that the energy E determines uniquely the semi-major axis a of the ellipse.
Since it is a bounded motion we have E < 0. For the semi-minor axis it then
immediately results from (2.269):
L
)= ———— (2.271)

v=2mE 3
(b) Hyperbola
The path of hyperbola is often marked by the
‘impact parameter’ d,
which is the distance by which the particle would pass the scattering center if there
were no deviation, and by the angle ¢ by which it is actually deflected when flying

around the center (see Fig. 2.56). How are these quantities linked with L and E?
The directions of the asymptotes (- — oo) according to (2.268) are given by

COS oo = ——
£

Obviously it holds:
T=1 =2(T — o) => V/2 = oo —7/2 .
Hence it follows:

sind/2 = sin (Yoo — 7/2) = —COS P = 1 /£ .

Fig. 2.56 Characteristic
parameters of the hyperbola
P
/(d
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Let Fo be the velocity of the particle at the point at infinity. From the energy
conservation law follows then:

(2.272)
and from the angular-momentum conservation law:
L=m|(rx¥)| =m|(foo % Fac)| = md|Fac] .
That yields the relation:
I’ =2mEd’ . (2.273)
Just as for the ellipse it also holds here for the point closest to the sun 7, = 0 and
ro = k/(1 + €) and thereby for the energy:
2
3 1 k 1
—s —ymM— = )'Mm(—-—, - —-) =
2mry o 2rg 1o
(1+e? (+9) e+ =1
=yM ml: FIEE T =yMm T -
It follows:
R LB UL E S A R 1 ; .
T yMm o pIMEm3 T PMPm? sinl )2 o 74

For the hyperbolic path we have therewith found the following relations for the
impact parameter d and the deflection angle 9:

A i e o 3 yMm o
B e T) S S e )

We notice that the energy E and the angular momentum L uniquely establish d and
Y. These relations play an important role also in atomic physics, since the defiection
of charged particles due to the positively charged nucleus takes place by the same
type of potential e/r.

(¢) Curve Sketching

We close this section with a descriptive discussion of the types of motion in the
gravitational potential (see Fig. 2.57).

The mass point can reach only those regions for which holds:

=

mM E
- —y—— <E 2975
7h () A (2.275)

Vei(r) =
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L=1,>1L

Fig. 2.57 The effective potential belonging to the gravitational potential for two different values

of the angular momentum L

The angular momentum contributes a repulsive term to the effective potential which

dominates for small r.

For negative energies (E = E1) there is always only a finite region of allowed
values for the magnitude of the position vector. A satellite, as an example, will
thus always stay within the attraction region of the earth if £ < 0. On the other
hand, it should not penetrate the earth. Therefore, the region r < R must be
excluded by a sufficiently large angular momentum. The required minimum angular
momentum determines the minimum velocity tangential to the earth’s surface. This

consideration leads to (see Exercise 2.5.4):
First Cosmic Velocity

v = gR=79kms™" . (2.276)

In order to leave the attraction region of the earth the satellite needs at least
the energy E = (. On the earth’s surface it has the potential _,;L"R_" where the

gravitational force amounts to m g = y%’_". From that follows

m

0= Evg—mgk.

The satellite therefore needs as minimum initial velocity the so-called
Second Cosmic Velocity

va = /2gR = 11.2kms" . (2.277)
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(d) Kepler’s Laws  Let us finally still recall Kepler’s laws, which we hav,

e derived
in this section in a rather general manner:

1. The planets move along ellipses with the sun at one of the focal points.

2. The radius vector from the sun to the planet sweeps equal areas in equal times
(‘areal velocity is constant”).

3. The ratio of the squares of the orbital periods of two planets is the same as that

of the cubes of the respective semi-major axes of the ellipses.

The first and second law follow directly from the energy and angular-momentum
conservation laws. The second law is nothing else but the area conservation
principle (2.25 1). The validity of the third law is not yet clear up to now. Tm~ is,

however, casily done when we inspect the total area of the ellipse and apply suitz
the area conservation principle (2.251):

s=rab=t1— = 2 ital peri
‘ T o (7 : orbital period)

n2b*4m®  dmPnik  4x?
L*a T yM

= const . (2.278)

2.5.1 Exercises

Exercise 2.5.1 The cllipse is the geometric locus of all those points M
for which the sum of their distances to two given fixed points F,
= (—e¢,0) (F\, Fa: focal points) is constant = 2a (Fig. 2

= (uy)

= (e,0) and

58).

. Express b by a and e.

. Determine the equation of the ellipse in Cartesian coordinates

. Determine the equation of the ellipse in polar coordinates. i.
that use the quantities k = b?/aand ¢ = e/a <

w10 =

ind r = r(g). For
1 (e: eccentricity).

4. Determine the parameter form of the ellipse: (\) = (H”)
v gl(n

Exercise 2.5.2 A particle of mass m possesses in a force field the potential

Fig. 2.58 Chaructenstic
parameters of the ellipse
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. What can generally be said about force, energy, and angular momentum?
Time zero and origin of coordinates are chosen just so that for & > 0 (repulsive

19

potential) it holds:
Fan =10 =0) . @(rmm) =0

Calculate 7y, as function of L and E.

. Determine the function r = r(z) and the path = r(p) for E > 0 and o > 0.
What is the path for the special case @ = 0?

. Under which conditions will an attractive potential (@ < 0) lead to a bound
motion? Determine for this case Fmax.

. Calculate with the initial condition 7(r = 0) = ry. the time 7o, after which the

w

IS

7

particle will land in the center r = 0.
. Calculate the trajectory r = r(¢) with @(7ma) = 0.

Exercise 2.5.3 The vector
A= (rxL)+ V(r)r (L: angular momentum)

is denoted as ‘Lenz vector’ belonging to the central potential V(r).

1. Demonstrate that for the potential

V(r) = (e > 0, Kepler, Coulomb)

7

the Lenz vector is a conserved quantity.
2. Calculate the magnitude of A.
3. Bring the path equation by use of the Lenz vector into the form

1 1 4 ecosg

-=—— (p=<a(A.r)

7 k
and express the parameters k and & by the mass m, the constant e, the total energy
E and the angular momentum L. Hint: Investigate the scalar product A - r.

Exercise 2.5.4

1. How does the effective potential V() for the path of an earth satellite of mass m

read? Assume that the earth satellite moves on a circular path. Determine the
radius R, as a function of the rotational frequency of the satellite. Find the radius
In case of a geostationary orbit?
- The satellite moves in the attractive region of the earth. Determine the first cosmic
Ve

19

_rc'luci 76) as the minimum velocity tangential to the earth’s surface which
I8 necessary for the satellite in order not to drop back to earth!

- Which minimum initial velocity (second cosmic velocity, (2.277)) must the
satellite get to be able to leave the attraction region of the c'urth’! ;

W
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Exercise 2.5.5 For a conservative central force field
F(r)=7f(ne

the path line » = r(g) is given. Using this path line the function f(r) can be
deduced.

1. Verify the relation

e (GBI EI
D= | e T e
70 mrt (dqﬁ r (:1¢) r) :
L is the magnitude of the angular momentum.

2. The path line may be an ellipse with the force center in one of its focal points.
Show that it must hold:

1
flr) o =5
3. The path line 1s given by
r=rpe ¥
Find f(r)?
Exercise 2.5.6
1. Show that the force
[
F(r)=—’—;¥er s >0k

is conservative!

. Verify that the angular momentum L of a particle of mass n1 in the force field F
from 1. is a conserved quantity. What does follow from that for the particle
motion?

[}

3. For the field F from 1. the energy theorem is brought into the form
m
E= 5 7 + Vea(r) .
How does the effective potential Vg (r) look like?
4

. Determine under which conditions concerning 2 the particle can move in a stable
circular orbit (» = 1). Caleulate the radius !
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2.6 Self-Examination Questions

To

D319 =

+

6.
To

W N

(VS

E

To
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w

A

~N o

oo

10.
11.

. What are the most popular ai

. What do we understand by a simple (i
. What is thread tension? What kind of force is it?

Section 2.1

v point mean?

What does the term 71

. What is provided by kinematics?
. What do we unders

and by path line, position vector, velocity, and acceleration

of a mass point?

. Formulate the components of the velocity of a mass point in, respectively,

cylindrical and spherical coordinates!

Sketch the position and the velocity vector of a mass point for the uniform
straight-line and the uniformly accelerated motion!

What is characteristic for a uniform circular motion?

Section 2.2
ist Newton's axioms.
What do we understand as inertial and gravitational (heavy) mass? What is the

connection between them?
Which law is called the basic dynamical equation of Classical Mechanics?
What is a central force?

. What is an inertial system?

What are the rules of a Galilean transformation?
Define the term pseudo force.

. Interpret the meaning of the Coriolis force and the centrifugal force!

Section 2.3

. What is the equation of a force-free motion?
. Which kind of movement does the mass point perform in the homogencous

gravitational field?

. How does the final velocity of a body of mass m, which is dropped with the

initial velocity zero from the height / in the earth’s gravitational field, depend
on the height / and the mass m at the impingement on the earth’s surface?
Which equation is called a lincar differential equation of n-th order?

- Describe the general procedure for solving linear inhomogeneous differential

equations.

saetze for frictional forces?

How does the equation of motion of a material body read when the motion takes
place in the carth’s gravitational field under the influence of Stokes’s friction?
Which type of differential equation does one get? Find a special solution!

/ ical, thread) pendulum?

Formulate the oscillation equation of the simple pendulum!
le-h respect o the example of the thread pendulum interpret the terms
oscillation period, frequency, and angular frequency!
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15.
16.

20.

24.

. Describe the term resonance. How is the resonance frequency influenced by

. What is meant by phase shift? How does it depend in the case of

2 Mechanics of the Free Mass Point

How can we use the thread pendulum to demonstrate the equivalence of inertial
and heavy mass?

How is the unit i of imaginary numbers defined?

. What is meant by the polar representation of a complex numbe

What do we understand by Euler’s formula?

Define the harmonic oscillator and name some possibilities of realization. What
is called the eigen-frequency of an oscillator?

. Formulate the equation of motion of the free damped linear harmonic oscillator

(Stokes’s friction). Distinguish the oscillatory case, the aperiodic limiting case
and the creeping case!

Plot qualitatively for the aperiodic limiting case the solution x(7) of the dampe
harmonic oscillator. How many zero crossings are possible’

. In which case is the harmonic oscillator more strongly damped. in the aperiodic

limiting case or in the creeping case?
Formulate the equation of motion of the linear damped harmonic oscillato

under the influence of a time-dependent external force F(1). Find a mechanical
and a non-mechanical realization!

friction? Plot qualitatively the behavior of the oscillation amplitude as function

of the frequency of a periodic external force, and that for different values of the
damping!

a damped
oscillator on the frequency of the driving periodic force?
Derive by integration of the basic dynamical equation for one-dimensional
motion the fundamental terms of work, potential and kinetic energy, as well
as the total energy. Define therewith the classically allowed and the classically
forbidden regions of motion!

Starting from a given potential discuss qualitatively the one-dimensional
motion of a mass point.

To Section 2.4

1.

(&)

o RV

O oo N

1(

Which work has to be done to move a mass point in the field F = F(r. 7 .1) by
the distance dr? Discuss in particular the choice of the sign!

. Which factors do determine the work to be done for shifts of the mass point via

finite distances?

. How is the power P defined? What 1s the dimension of power?

When are forces conservative? Name a few criteria!
What do we understand by the potential of a force?
Formulate the energy theorem!

How does the potential of the spatially isotropic harmonic oscillator look like

. Define angular momentum and torque!

Investigate with the example of a uniform straight-line motion whether or not
the angular momentum is a pure particle property! How does L depend on the
choice of the reference point?

What is the angular-momentum law?
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I'1. Under which conditions is a central force conservative:

2. When does conservation of angular-momentum hold?

13. What is stated by the area conservation principle?

14. How can we construct by use of angular-momentum conservation law and
energy conservation law a general procedure for the solution of the equation

of motion?
To Section 2.5
1. Which type of potential determines the planetary motion?
2. What are the types of geometrical shapes of planetary paths?
3. If the planetary path is an ellipse how do angular momentum L and total energy E
determine the two semi axes?
4. What are the indicators for the path of hyperbola?
5. What is meant by the impact parameter d?
6. How do the impact parameter d and the deflection angle ¥ depend on L and E?
7. Define the first and second cosmic velocities!
8. State and interpret Kepler’s laws!
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Chapter 3
Mechanics of Many-Particle Systems

The most real physical systems are composed of many single particles which are
influencing each other, i.e. interacting with each other. Think of the atoms of a solid,
of a several-atom molecule, of the planetary system of the sun, .... Normally it
is inexpedient or even impossible to consider separately the equation of motion
for each of the mass points of the many-particle system. One therefore gathers the
particles into a
mass-point system

and tries to derive statements about the total system as a whole. Let N be the total
number of mass points in this system which we number fromi = [ toi = N:

m,; : mass of the i-th particle ,
r, : position vector of the i-th particle ,
F, : total force acting on particle i ,
F'* . external force acting on particle i .
F; : force executed by the particle j on the particle i (internal force) .
One distinguishes between internal and external forces. By ‘internal’ forces one
understands those forces which are executed from the particles of a mass-point

system on cach other. ‘External’ forces have their origin outside the system, as c.g.
the gravitational force. We denote the mass-point system as closed if no external

forces are present. In mechanics, in fact practically in all branches of physics,
one takes into consideration as internal forces only two-particle forces, which
exclusively depend on the positions and possibly also on the velocities of two
particles,

Spnngcr International Publishing Switzerland 2016 275
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For each single particle, of course, Newton’s equation of motion holds:

mit; =F; = F:C\' + ZF" . 3D

1

Obviously the third of Newton’s axioms is important for the treatment of internal
forces:

Fy=-F;;: F;=0. (32)

We discuss at first some conservation laws which indicate under which conditions
certain mechanical quantitics are time invariant.
3.1 Conservation Laws

3.1.1 Principle of Conservation of Linear Momentum (Center
of Mass Theorem)

We add up the equations of motion (3.1) for all N particles. Because of (3.2} the
contributions of the internal forces fall out of the sum:

1
D Fy=5) (Fy+Fp)=0. (3.3)
iyl hz: )
So we are left with:
N
Zm,i‘, = ZF:N 5
=1 =1
This equation is given a compact form by the following definitions:
Definition 3.1.1
M= Zm, : total mass . 34
'
1 :
RE= ﬁ Zm, r; : center of mass . 3.5
f
iv= Zm,i“ = MR : total linear momentum . 3.6)
f

G = Z FI : total external force . (&)
i



277

3.1 Conservation Laws

Therewith follows:

e ZFtcn — F&x) | (3.8)

i

That is the

center of mass theorem:
The center of mass of a lml.\'.\'-puinl system moves as if the total mass is

concentrated at this point and all external forces are acting on it.

The internal forces have no influence on the movement of the center of mass. The
center of mass theorem provides retroactively the justification for the introduction
of the mass-point concept. As long as onc is not interested in particular details of
the single particle movements one can indeed replace the motion of the total body
consisting of N individual particles by that of a single mass point, namely, the center

of gravity.
The center of mass theorem corresponds to the principle of linear momentum

of the N particle system:

pP=F, (3.9)

Momentum Conservation Law

F) = 0 <= P = const . (3.10)

In the case of vanishing total external force the total linear momentum remains
constant both with respect to direction and magnitude.
Examples

(1) Exploding grenade:
The motion of the center of mass remains uninfluenced by the explosion.

(2) Rocket:
The expulsion of the exhaust gas is compensated by the forward motion of

the rocket.

3.1.2  Conservation of Angular Momentum

We define as total angular momentum of the N particle system:

N N
L=ZL,=ZHI,(I',XI",). 3.11)
1
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Fig. 3.1 The distance vector
1, for the determination of
the contribution of the
intemal forces to the total
angular momentum

For its time-dependence holds:
L= m [ X ) + (r x )] = D mi(rxE) = D (r «F) =
=3 (r, x Ff‘“) + ) (i xFy) .
i L

Again we are able to demonstrate that the contribution of the internal forces
out (Fig.3.1):

Z(r,xF,,)——Z[(r xl‘,j)+(r}xl",,) Z(r xF;)=0.

since, as a general rule, the two-body forces have the property:

Fj ocry .

With

{ex) (e
S (r, X F“") external torque
we therewith have derived the angular-momentum law:

N N
:!—IIL =B (mER) =DRME = ME

=1 i=1

The time rate of change of the total angular momentum is equal to the sum
external torques. The internal forces have no influence.

drops

(3.13)

of the

In a closed system the angular-momentum conservation law also holds:

MY = () <= L = const .

(3.14)
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3.2 Defhinition of the

mass center

MZ

Sometimes the decomposition of the angular momentum into relative and center of
mass contributions appears reasonable:

L= Z:n,(r, X F) = Zm, [(R+ r) x (R-{-E)] =

1 1

= ZIH,[(R X R) + (Rx f',) + (f', x R) + (F, x i-,)] 5
Now it is (Fig.3.2)

Y omii=Y mr,—y mR=MR—MR=0.

i

Therewith the angular momentum of the NV particle system reads:

N
L=RxP)+ ) (FixP)=L+L. (3.15)

=1
L, = (R xP) : angular momentum of the total mass (3.16)

concentrated in the center of mass,

with reference to the origin of coordinates

N
L= Z (F, xp,) = toral angular momentum of N particles, (3.17)
=1

with reference to the center of mass

Unlike the total linear momentum (3.6) the total angular momentum is not
exclusively expressible only by coordinates of the center of gravity.
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3.1.3 Conservation of Energy

We multiply the equation of motion (3.1) for the single particles scalarly by
then sum up over all the N particles:

SomiEi-t) =) Fi-fi.

On the left-hand side we recognize the time derivative of the total Kinetic energy:

5
1 a2
T=EZ"M’?~ (3.18)

i=1
If F, 1s a conservative force, for which
VixEi=03 i=1,2 N

(3.19)
holds, then a potential V does exist with
Fi = -ViV(ry,..., ry) . (3.20)

where the index 7 indicates that the partial differentiations are only with respect to
> e : ) pec
the coordinates of the i-th particle. But from that we can also argue:

TR fi=- W) h=-2 32
5 i dar

3.2

We want to generalize the issue, as we previously did for the single mass point. by
splitting the actual forces into conservative and dissipative paris, where of mur\"
only for the conservative part the Eq. (3.21) can be used. We then obtain the

Energy Theorem

d i
ST+ = (diss) -
(11( =) E F; Y-

=1

(322)

The rate of time change of the total mechanical energy of a mass-point system is
equal to the power of the dissipative forces. If the latter are absent then we get the

Energy Conservation Law

Rafindits ol diss -
T+ V=E=const, if F“ b=0! Vi (3.23)
It is useful also to split the potential with respect to

internal and exrernal contribu-
tions.
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The two-particle force: = —F}, acting between the particles 7 :fndj are IU
be assumed as conservative in all known physically relevant cases. F; is the foru..
which particle j exerts on particle . If one chooses the current site of the parucl.e‘_l
as the origin of coordinates (force center) then F,; represents a central force \Vhl.(.h
uddilimlilil) is supposed to be conservative. Consequently, the interaction polcnuul
V,; can depend only on the particle distance:

24)
ry = |ri—x) 3
That means:

Vy =V, (ri.n) =V, (r)

— Vi =V, Vi—08 (3.25)
With
N dd
Vi=l—=—.—) .,
dx; dy; " 9z )
d. 0NN,
SEE
¢ dxy Ay, dzy
Xij = X — Xy -an
follows:

Vi=V;
Fj=—ViVj=~VV, = +V,V; =" _F,. (3.26)

Therewith we can write:

ZF,,.h:;'Z(F,,.f,+F,,-'
Ly -I.J

=%ZF,,~:’-,,=
L)

1 ] 1d
_;Zv,,v,,-r,,=—;EZv,,. (3.27)
L)

r

The external force acting on particle i is of course independent of the coordinates of

the other mass points. If it is, additionally, conservative then the associated potential
can also depend only on r,:

Vi=V:(x) ; F"k'\r =-VV,. (3.28)

That means:

S 1..\).+,=—Zv,v,-i,=_%zv,. (3.29)
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Therewith we finally get for the total potential used in (3.22) and (3.25):

(ks rv)—Z\'(r.)+ Z\.J(r.,) (3.30)

3.1.4 Virial Theorem

Due to the particle motion in mass-point systems Kinetic energy is steadily converted
into potential energy and vice versa. Think of harmonic oscillators which possess at
the turning points only potential energy while the kinetic energy becomes maximal
when passing through the zero level of potential energy. So the virial theorem
is sometimes useful because it provides information about the time-averaged
contributions of kinetic and potential energy to the total energy. To derive the
theorem we at first multiply the equation of motion scalarly by r;:

DomiEer) =) Foer.

This can be reformulated as follows:

We restrict ourselves here to conservative forces.
The time average of an arbitrary time function f(7) is defined as follows:

A
N = lim — f.r‘(r)dr (3.32)
0

We now apply this prescription to the first summand in (3 31):

d ’ et 1 =
Z;{/[m, (F; - xy)] =Z‘::l.‘l'k;[:]l’"‘“"'“’]‘“:

0

= luu - Zm (r;-1) \

0
If we restrict ourselves to motions which take place in a finite region of space
(hyperbolic comet orbits, e.g., are excluded) and the velocities of the particles
are always finite, then the right-hand side of this equation vanishes. Hence after
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averaging what remains of (3.31) is:

2T) = <Zr, . v,v> . (3.33)

The right-hand side is the so-called virial of the forces. The virial theorem (3.33)
tells us that under the mentioned assumptions the time average of the kinetic energy

is equal to one half of the virial of the system.
Special statements can be derived for closed systems

1
Ve ....tn) =5 3 Vi) (339
¥

i the internal potential V;, can be written as

Vi =oy r{/" ;. meZ (3.35)
Then it follows (proof?):
Zr,-V,V:mV, (3.36)
whereby the virial theorem simplifies to
2(T) = m (V) (3.37)
Examples
(1) coupled oscillators
) 18
vV, = Ek,, T
m =2=—>|TY=A () (3.38)
m=—1==2(T)=—(V) . (3.39)

So it holds for the total energy:

E=(T)+ (V) =—(T) . (340)
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We see that the total energy is always negative as long as the movement i1s
restricted to a finite space region (bounded motion).

3.2 Two-Particle Systems

3.2.1 Relative Motion

We now want to discuss a system of two mass points as an important special case
of our considerations of the last section. For this purpose we introduce according
(o (3.5) a center-of-mass coordinate

nmyry + mary

R= == (3.41)
my + my
and a relative coordinate
r=r-—n; 342)

The position vectors of the two particles ry and r;. respectively, can be expressed
by r and R:

nm»

n=R+—r. (343)
M &
my

n=R-—r. (349
M

We transform the coupled equations of motion for r; » into those for r and R
According to the center of mass theorem (3.8) it directly holds:

MR =F'V (

For the relative coordinate we find:

Definition 3.2.1 ‘Reduced mass’

1 1 1 nym,
e e e (3.46)
" my ns my + my
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That yields as relative acceleration:

Flul l‘-(u) 1
PRReST o Ly (3.47)
n na M

In a closed system (F:“’ =0) the two equations of motion (3.45) and (3.47)

completely decouple. Strictly speaking, only for a closed system the splitting into
relative and center-of-mass parts makes sense:

P =MR = const, (3.48)

Fo=puror. (3.49)

Thus the relative motion takes place as if the reduced mass 2 moves in the central

ficld Fy» which has its origin at ra (== ¢ffective one-particle problem!).
In a similar manner we can decompose the Kinetic energy 7 by use of (3.43)

and (3.44) into a relative and a center-of-mass part. One easily finds:
T =T 5%
1o
T, = SMR*. (3.50
1 %
T = 5’"2 5

If we still assume that all forces are conservative then we can define as in (3.30) a

potential:

2 13
ViEnm) =3 Vi) + 5 D0 Vil

=1 Lj=1
F =-ViV,(x) .
Fj=-VV,;.

This yields for the total energy E:

E=E+E,
E=L+V+Vy, (3.51)
E=T+Va,

where for closed systems one has to put V; =
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Analogously a decomposition of the angular momentum is also possible. We
had already found in (3.15):

L=L +Ls,
L.=@RxP)=M (RxR) :

For the two-particle system we reformulate the relative part that represents the
angular momentum of the mass-point system with respect to the center of mass:

L= Zm, (B % i-,) =

(&) (8] (2] -
1 (rx ) (i + %) .

|

That results in:

Li=p(rxr) . (354

In a closed system all relevant quantities are thus decomposable nto relative and
center-of-mass portions. The original two-body problem has changed into two
effective one-particle problems.

3.2.2 Two-Body Collision

By collision or scattering one denotes the interaction of two mass points m; and
ms, which together represent a closed system. As to the interaction we assume
that the potential between them depends only on the separation of the particles
and is sufficiently short-range. For large distances between the particles the
interaction potential V' becomes ineffective. Details concerning the immediate
region of interaction are normally not available. Nevertheless it is possible to derive
statements about the movement of the bodies after the collision since the (in general
rather involved) internal forces do not influence the center-of-mass motion. Quiside

the interaction zone both bodies perform a force-free and therefore uniformly
straight-line motion.
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We assume that the initial momenta p;, p2 are known. We look for general

- - / / < S o

statements about the final momenta py, Pa- Tht:. number and the masses of the
particles are assumed to remain unchanged during the collision process (non-

reactive collisions). 3 s
For the investigation of the collision processes one uses two different reference

systems. Experiments are done in the
lab(oratory) system Xy ;
theoretically better tractable system is often the
center-of-gravity (mass) system Xg,
in which the center of mass is assumed to be stationary. The conversion between the
two systems is simple:
i, © : velocities in Iy,

r., r, : velocities in B .

It holds the connection (Fig. 3.3):

,\
)
n
)

Since we presume a closed system s is an inertial system (Fig.3.4). Decisive
support for the study of collisions is given by the energy and momentum theorems
which we now want to formulate for both the reference systems:

Fig. 3.3 Center-of-mass and
relative coordinates of two
mass points

Fig. 3.4 Schematic sketch of
the collision process between
W0 mass points




288 3 Mechanics of Ma

(a) Momentum Conservation

The conservation of the linear momentum holds in both reference systems since X
represents an inertial system:

EL i pi+p2=p)+ps=P=const.
Ss P+ =p +py=0 (pi=mt). (3.57)
This results in:

Pr=-p2: Dj=-P5. (3.58)
The momentum theorem thus provides three equations for the determination of the

six unknowns pj. p5.

(b) Energy Conservation

(3.60)

The quantties Q and Q include the conversion of mechanical energy into other

forms of energy during the collision process. We show at first that 0 = 0 must
hold:

0= 50 (- 0f) = S om (- #) =

: T [ ) - (o r) ] -
O+ my(F—7) R =

= Q. since E mt = E mE =0,
i

'
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Q = 0 : elastic collision

Q > 0 : inelastic (endothermal) collision; kinetic energy
is converted into internal energy of the collision partners
(excitation of the collision partners) .

Q < 0 : inelastic (exothermal) collision; internal energy
is converted into kinetic translational energy
(de-excitation of the collision partners).

From (3.58) follows:

(3.61)

so that the energy theorem (3.60) in the center-of-gravity system can also be brought

into the form

p; _ b’
T,=—Lt ==t = 3.62)
2u 21 +oSleg !

That holds both fori = 1 and i = 2. Therewith the energy theorem provides one
further parameter. It fixes the magnitude of p/:

= / 210. (3.63)

The direction is still free, i.e. two further parameters are lacking. These are available
only in case of a more detailed knowledge of the collision process.
InFig. 359 = < (p;. p}) denotes the scattering angle in T, which can assume

arbitrary values:

5
S
Q=0 Q>0 Q<0

Fu?v. 3.5 Scuucr.mg angle and momenta before and after the elastic (/eff), the inelastic endothermal
(middle), inelastic exothermal (right) collision of two mass points
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Furthermore, we have to take into consideration that the py., pz- and the p!. pi-planes
of course do not necessarily comncide in Xy . The azimuthal angle 7 therefore also is
undetermined.

3.2.3 Elastic Collision

Let us investigate the special case Q = 0 a bit more in detail. For that we start from
the usual assumption that one of the collision partners does not move before the
collision (stationary target):
n=0: Hp=0.
That means:

p=P; p=0. (3.64)

With (2.55) we have for the momenta after the collision:

- o m .
P, = mRL + P} = — pi + P} . (3.65)
M
The momentum theorem (3.57) still delivers:
. o, ey
Dz—PI*P|=ﬁD|—Pl< (3.66)

Therewith the momenta p; , are fixed except for the summand pj. So there are still
lacking three unknowns. For pj we still can find the magnitude with (2.63) 1Py =Pi-
Because of

3 . < my M
py =my (T} + R ) = aLs = = 167
P U l(l L) P Mm ”’!m (3.67)
we get
s nms
Dy =Py = —
1 =Pi M P

Thus, except for the directions of pj, given by U, 7, the momenta after the collision
are fixed in the lab system.
In the special case dis

ssed here of a stationary target (2 64) all involved
momenta lie in the same plane (scattering plane). Thus there is no need to look
for the azimuth (¢ = @). The relation between the scattering angles ¢ and ¥ is
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determined as follows:
. , =
x=pjsind: y=p|cos?d

X sin Y. 3.68)
=)= —f— = ————. 3.
Y+ 5P cos?+y

where we have defined:

Iy p OS] (3.69)

Mp,  m

@y>1: m>m

This case is represented in Fig. 3.6:

m,
=

PU< MI’I 0

Obviously there exists a maximal scattering angle Yyy:

7 na 1
Sin Bae = g = o = = < |
m my y
7]
== 0= 0 < Doy < % . (3.70)

Thus the scattering takes place independently of the type of particle interaction only
in the forward direction. For each ¥ < . two scattering angles ¥ and therewith
two pairs of final momenta exist in Z,.

Fig. 3.6 Momenta and

gles in the

ing plane for the elastic
collision of two mass points
(my = s, mi> at rest before
the collision)
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Fig. 3.7 Momenta and
tering angles in the
scattering plane for the elastic
collision between two mass
points (my < my, n> atrest
before the collision)

Fig. Momenta and
scattering angles within the
scattering plane for the elastic
collision of two mass points
(my = ma, m; at rest before
the collision)

b))y <1: m <m;
According to (3.67) it is now

e my
RSP

M

That means that ultimately all scattering angles ¥ between 0 and 7 are possible
(Fig. 3.7).

@y=1: m=m

After the Thales theorem, in this special case the angle between the two final

momenta just amounts to 77/2. The two particles are always scattered into directions

which are perpendicular to each other, forming a right angle, and that again

independent of the actual interaction (Fig. 3.8). &
The central collision defined by

O =n (3.71)
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constitutes an exception. In this case it is obviously pj = pi : pj = 0 . Hence.
particle 1 is at rest after the collision while particle 2, which was at rest before the
collision, now takes over the whole momentum.

Let us ask ourselves at the end about the energy transfer for the elastic collision
in the laboratory system:

. you I’I .
before the collision: 7=Ti = 5=, T2 =0

after the collision: 77/ = 7| + 15 = % ar s
Definition 3.2.2 ‘energy transfer’
T
=122 (3.72)
T

For this one finds:

my p ey m | (my 5 2m ) el
zl:"T:;)—f‘ = EE(MZIH- MP:'P|+I’1)—
_omy () i
Tom (AF i
- '.’% (I —cusﬁ) : (3.73)

Obviously the energy transfer is maximal for the central collision 9 = mr:

— nym;
} = = 4 3.74)
n (1) 71) T (
In case of equal masses m; = ms itis n = 1. i.e., particle 2 takes the whole kinetic
energy from particle 1 after the collision.

3.2.4  Inelastic Collision

The inclastic collision is defined by @ # 0. The total kinetic energy after the
collision is therefore different from that before. In principle the same considerations
are applicable as for the clastic collision. The momentum relations (3.57) and (3.58)
do not change, i.c. the motion of the center of gravity remains unaffected, However
it now holds (3.63):

Pi=\Pi =210 #pi. (3.75)
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Because of (3.67)

Pii=t===pJ (3.76)

_mp_m
T MP, T m

s expression for y, slightly different compared to (3.69), the case-by-case
analysis of the last section has to be repeated which will not be done here in detail.
y Z 1 is now realizable not only by m; = m; but is also determined by Q.

(1) Capture Reaction

By this we understand the case where the two particles move on as @ unit after the
collision excluding therewith any relative motion:

==l e O e Y00

(3.78)
For the velocities in the laboratory system then holds:
3 5 - e s L
r'l=r':,=RL=—r|=>p'l=_l_pl_
my + niy ms
[l
pr=—p=9=0. (3.79)
m

Hence, no change of direction takes place.

(2) Particle Decay

Both particles are at first bound to as a single unit, the energy before the collision is
Ze10:

K=o =0k

But that means also:

!.11, =0 and p'l = —p': o,
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With (3.55) it follows ¥ = F;: so the velocities in £ and Ty are equal:

, —r =

p=p: Pi=p=0.

Furthermore, according to (3.62) it must be:

2
i

That leads to:
Pl =py=V-210. (3.80)

The two particles thus fly apart in opposite directions with velocity magnitudes
according to:

g my 20 ms Z 20
) = ee———— = | — AF 4 3.81)
(r,) my + my my (nn ) (r_) ;
(- (3.82)
]r'Z my

3.2.5 Planetary Motion as a Two-Particle Problem

We have already extensively discussed the planetary motion in Sect. 2.5 as a one-
body problem by assuming a space-fixed center of force thereby neglecting its co-
movement. Strictly speaking, that is an approximation. We want to show in this
section that this simplification is allowed as long as the masses of the interacting
bodies (sun—planet, earth-satellite) are of different orders of magnitude, however, it
is not allowed if they are of the same order of magnitude.
Between two masses 7. m» with position vectors ry, ra, if only the gravitational
force acts, the potential is given as in (2.261) by
V(r.r) = —yM (3.83)

ra

This corresponds to the internal force:

d
Fia=-ViV=-VoV(rp) = =——V (rpa) Viary, =
dria =

t mymy
) 2 (3.84)

2
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We assume that there are no external forces so that the center of gravity performs o
uniform straight-line motion:

P = const. (3.85)

We can therefore concentrate ourselves according to (2 49) exclusively on the
relative motion,

myr

Fio=pfp~ip: =—)
ny + my

(3.86)

which represents an effective one-particle central problem. It is to solve the
following equation of motion:

ME = —)//U\Irl: -

(3.87)
h
The mathematical scope of work is formally the same as in Sect. 2.5. It corresponds
to the movement of a mass /¢ in the gravitational field of a motionless force center
of the mass M = my + m;, so that in particular according to (2.260) conservation of
relauve energy and relative angular momentum hold:

e 72
E = I?"?? Bl VA (713)

N (3.88)
2ur, :
Lo=p(rpxip) . (3.89)

The relative movement takes place in a fixed plane. With the same procedure as in
Sect. 3.2.5, we find that the solutions of the differential equation (3.85) represent

conic sections:
- (1=
= Cos @) . 3.9
Tl £cosg) (3.90)
5
= — 34
r Y M2 3.91)

(& < l:ellipse; & = 1: parabola: & > 1: hyperbola).

The vector ry3 thus describes, for instance. an ellipse for & < 1. Now we can
easily find expressions for the space coordinates ry. > of the two interacting bodies
If we put the zero of the coordinates imnto the center of gravity. R = 0 (center-of-
mass system), then it holds according to (3.43) and (2 44):

-~ nn my -
I=—Tp, h=——rIp. 3.92)
ME E M {
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Fig. 3.9 Relative motion of

two masses under the
influence of the gravitational

force

The two masses thus move on geometrically similar and equidirectionally placed
ellipses around the common center of gravity which coincides with one of the 0
focal points of cach ellipse (Fig. 3.9). For the semi-major axis a; of the ellipse of the
relative movement one finds according to (2.270):
_yuM

2B

ag =

The paths of the two masses 71, and mi, are then ellipses with semi-major axes:

i Jm
o =—y—— e
2F; 2F;
That means:
a m
g (3.93)
a m

Just as L, the angular momenta of the two masses are also constants of motion:

Lo=mrxi)=2L; i=12. (3949
m;

The orbital periods are of course identical!
If lh_c mass of one of the bodies is very much larger than that of the other (¢.£-
mass of the sun >> mass of a planet),
my > nn
then one can assume

HEm., a La,

SO0 ¢ 5 " .
Ththm the co-movement of the mass 1, can be neglected to a good approximation.
en the results of Sect. 2.5 become valid.
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3.2.6 Coupled Oscillations

As a further example of a two-particle system we now consider a pair of mass
points which are connected with cach other by springs and with two fixed walls
(Fig. 3.10). Thereby the masses shall perform only a one-dimensional motion along

the x axis. This is a simple system with both internal and external forces which are
all conservative:

= k y
™ = —k (11— x01) <= Vi (1) = 7‘ (x1—=x01)" ,

F = —ky (02— x2) <= Va(x2) = = (x2 — x02)” . (3.95)

(3.96)

— .\‘u:)]: -

xo1 and xq> are the equilibrium positions of the two masses. Since all forces present
are conservative the energy conservation law holds:

m ., m

E=—-H + —2-\§ + Vi(x1) + Va(xa) + Via(x12) = const . (3.97)
It 1s convenient to introduce new coordinates:
yi=xi—x0i; i=1,2
Then we have to solve the following system of coupled equations of motion:
- ::\\lz‘\lz :-’;\'lllz (()‘ll ——T\.'::)) .. S99
We seck the solution using the ansatz:
Yi=aicoswr; i=1.2. (3.99)

Fig. 3.10 Coupled

oscillation of two mass points
under the influence of spring YN o " :
forces N < . =0 4 N—8—AN

77777

N




B

299
3.2 Two-Particle Systems

It results in the following homogeneous system of equations:

ky + kyp —m? —kia ll'l) A (0) : (3.100)
—ki> ks + ki — maw?® ) \aa 0

Condition for a non-trivial solution is according to (1.352) that the delcrm{nanl of
the (2 x 2)-matrix of coefficients (secular (characteristic) determinant) vanishes:

0= (k1 + ki — mlml) (k2 + k12 —mng) —k%z 5

This is a quadratic equation for w? the solution of which yields the following two

eigen frequencies:

l[ 1 1
5= —={—/(k ki — (ks + kyp) =
Cr= G (ky + l.)+"': (ka 12)

1 SR
= \/[L (ky +1~'l:)——(/\'2+k12)] +—2 3 (310D
my s my

In case of a switched off inter particle interaction kj2 = 0 and one gets the eigen
frequencies of two independent oscillators:
5 ky ks
m(“’" == (:)Lmz = —.
my my

The interaction obviously modifies the eigen frequencies. For the amplitude ratio
of our solution ansatz ( 3.99) one finds:

)

(+
oy 1 5) I

(5] o (k1 + k12 —mwi) = kia (ko + kya —mw3) 5 (3.102)
a, 12

For clarity let us focus the following discussion on a symmetric system of coupled
oscillators, i.e. we assume:

m=m=m; k =k =k ' (3.103)
Then the eigen frequencies simplify to

2 k + 2k;> k
wi=—""F. 22 (3.104)
m m
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and for the associated amplitudes follows:

(+)
5 -

In the first case the two masses are oscillating synchronously with
amplitudes in the same direction. The inner spring is thereby neither stretch
compressed playing therewith no active role. That explains why . agrees wit
eigen frequency of the uncoupled oscillators. In the second case the two m
oscillating against each other with equal amplitudes. That affects of course
spring; kja therefore appears explicitly in @

Hence we have found the two special solutions

_\[l—)(l) = acosw_1 = \"3“
+
WPw =

(3.106

The general solution can then be written as linear combination and represents
superposition of two harmonic oscillations with different frequencies:

xi(1) = xo1 + @cos (0-1 + @) + Beos (wet + gr)) . o
2(1) = xo2 + @cos (01 + 9)) — B cos (w1 + @1 ) - Y ?

a, B. ¢+ ¢ are to be fixed by initial conditions.

3.3 Exercises

Exercise 3.3.1 Two masses m; and m; are connected by springs with each other
and with two fixed walls. The movement takes place in x direction: xq; and v,» are
the equilibrium positions of the masses and k;, k>

. ki are the spring constants
(Fig. 3.11). We choose:

m = zm;=m,
1 Dhe

_l. .
=zh=k.

Fig. 3.11 Coupled
oscillation of two mass points
under the influence of spring
forces
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Excrcises

Fig. 3.12 Planar oscillations of a coupled thread pendulum

Fig. 3.13 Onc-dimensional movement of two coupled thread pendula

a
k -
x
Rot Ry Ryn

Fig. 3.14 Lincar chain as one-dimensional model of a crystal for investigating lattice vibrations

1. Which forces act on the two masses?
2. Write down the equations of motion!
3. Calculate the eigen frequencies w of the coupled oscillation!

Exercise 3.3.2 Two simple thread pendula of equal lengths L are coupled by 2
spring k (Fig. 3.12). The pendular oscillation takes place in a fixed plane. Discuss
the motion for small oscillations about the equilibrium positions. Use the initial
conditions: x;(0) = 0, x,(0) = xo. £1(0) = %(0) = 0.

Exercise 3.3.3 Two masses m; and m, are connected with each other by springs
and with a fixed wall (Fig. 3.13). The two spring constants are equal. Write down
and solve the equations of motion! Determine the oscillation frequencies!

Exercise 3.3.4 ‘One-dimensional model of a crystal’

1. The masses m, = m with n = 0.£1.42, ... are able to move along the
X axis. Springs (spring constants k) take care for restoring forces (Hooke's law)
between neighboring masses therewith defining equilibrium positions R, = n-a.
The length a is the latice constant of this infinite linear chain (Fig. 3.14). The
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S R IR

Ryq Ry R

n+l
Fig. 3.15 Lincar chain with alternating spring constants
displacements out of the equilibrium are denoted by
Un(t) = xa(t) — R, .
Solve the equations of motion with the ansatz:
Un (1) = AORn=00)
Determine the ‘dispersion relation’
w = wlg) .

State a reason why the ‘wave number’ g can be restricted to the region

19

. Investigate the same problem for the case where the spring constants possess
alternatingly the values fi and f> # f; (Fig.3.15).
How should the ansatz for u,(7) from part 1. be modified?

Exercise 3.3.5 Two masses m;, m; are connected with each other by a ‘mass-less’

bar of length /. The dumbbell, being in the earth’s gravitational field. is thrown from

the origin of coordinates in an arbitrary direction.

. Write down the equation of motion of the center of mas

. Which path does the center of mass follow if the initial velocity is v,?

. Decompose the total angular momentum into a relative and a center-of-mass part
L, and L. Calculate L,.

. Formulate the equation of motion for the relative motion. What can be said about
the relative angular momentum L, ?

w9 —

'S

wn

. Show that the masses 1, and m; describe circular paths around the center of mass
with constant angular velocity. What can be said about the radii?

Exercise 3.3.6 A particle of mass m with momentum p hits a particle of the same

mass which is at rest in the laboratory system (see Fig. 3.16).

1. Derive a relation between |p| and the angles « and f.

2. Discuss the case @ = . How large is « if the collision is elastic (Q = 0)? Which
part of the kinetic energy can be maximally lost during an inelastic collision

(0>0)?
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Examination Questions

Fig. 3.16 Collision between
two particles of the same

mass

3.17 Collision of two
billiard balls with the same
radius A and a center-of-mass
distance A

Exercise 3.3.7 Consider the clastic collision between two hard spheres (billiard
balls) with masses 71y, m, and equal radii A (see Fig. 3.17). In the laboratory system
sphere 2 is at rest with its center on the x axis. Sphere 1 moves before the co.Ills‘10"
with constant momentum p; = pie, (p1 > 0). The path of the center of gravity 1S 2
parallel line to the x axis at a distance A.

. =

1. Which momenta p}.p5 are found in the laboratory system after the collision”
(No friction effects during the collision!)

2. What are the momenta p; ». pj , in the center-of-mass system?

3.4 Self-Examination Questions

To Section 3.1

- What do we understand by internal and external forces acting on a mass-point

system? When is such a mass-point system denoted as closed?

What is the definition of the center of mass?

- Formulate and describe by examples the center of mass theorem!

Which information is given by the angular-momentum law?

. Decompose the total angular momentum of a mass-point system in relative and
center of mass contributions L, and L,. Which are the reference points of L, and
L2

6. Which information is given by the energy theorem?

- What is the physical statement of the virial theorem?

w19

o b

~

To Section 3.2

- How are center-of-mass coordinate and relative coordinate defined for a two-
particle system?

2. How is the reduced mass defined?

3. How do the relative parts of angular momentum and energy look like in a two-
particle system?
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. Discuss qualitatively the plane

3 Mechanics of Many-Particle

. What does one understand by the collision of two mass points?
. What are elastic and inelastic collisions?
. Under which special conditions are two particles scattered into mutually per-

pendicular directions, independent of the actual interaction during the collision
process?

. Discuss the central collision!
. Describe qualitatively two-particle collisions as the caprure reaction and the

particle decay as special cases!

ary motion as a two-body problem! What arc
the trajectories of the moving sun and planet? In case of elliptical paths what
can be said about the semi axes and the orbital periods?

. Formulate the (one-dimensional) equations of motion for the coupled oscilla-

tion of a pair of mass points being connected with each other by springs and
with two walls!

. Determine the eigen frequencies of the above coupled oscillation for the special

case when the two masses and also the two spring constants, which connect the
two masses with the external walls, are identical!




Chapter 4
The Rigid Body

4.1 Model of a Rigid Body

Up to now we have discussed the phenomena of Classical Mechanics l"or the single
mass point and for systems of mass points. Thereby, the respective physical problem
was always considered to be solved as soon as the path line r, (1) of each mass pn.ml
had been derived from given force equations. For a macroscopic solid bofi)’ “'"‘h
its particle number in the range of 10?* per em?® the mass-point concept of course
becomes questionable. On the other hand. however, it s to be reflected whether onc
is really interested in the detailed microscopic particle motions. From a macroscopic
point of view the solid appears as a continuum. Observables such as

1. displacements, translations,

2. rotations,

3. deformations

are applicable to microscopic particle paths only to a very limited degree. Thus ‘."C
would rather treat the body as a whole, as a macroscopic unit. This fact allows for
drastic idealizations (‘models’) which, on their part, are often necessary (o ma ¢
mathematical treatment of the problem feasible in the first place. The construction
of

theoretical models

is typical for (theoretical) physics. In a certain sense a model can be compared with
4 caricature which tries to emphasize the essentials of the current problem while all
the ‘unnecessary ballast’ is dumped. That means, as a down side, normally a model
can be valid only in a restricted, well-defined context; outside that it is either useless
oreven misleading.

‘O’Sl’fingcr International Publishing Switzerland 2016 305
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Fig. 4.1 Model of the rigid
body (fixed particle
distances r;,)

\!
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Fig. 4.2 To the

determination of the degrees

The ‘model of a rigid body' is a system of N mass points such that the distances
between the mass points are fixed for ever (Fig.4.1)

ry = |ri—r| = ¢; = const. “.1

Hence the rigid body is by definition not deformable. Investigations concerning
deformations, typical for elasticity theory, hydrodynamics, .. .. are excluded from
the very beginning. 3

Let us first try to find out the number of degrees of freedom of a rigid body.
For this purpose we pick out three non-collinear (Fig. +.2). For the description we
need for each of them three Cartesian coordinates. These are at first nine parameters,
which, however, have to fulfill, because of (<.1), three constraints:

So there are only six independent parameters. Each additional mass point of the rigid
body introduces three more new coordinates, but also three more new constraints,

m=c, np=c, I3=Ca.

so that no additional free parameters come into play. The rigid body has therefore
only

six degrees of freedom.

For a complete description of a rigid body one therefore needs only six
independent quantities. Normally, however, one does not choose for this purpose the
coordinates of three arbitrarily selected points of the body. but prefers to describe
the movement as a whole in space:

1. By the translation of a special point § which is very often, but not necessarily
always, the center of gravity of the body. It must be a point which is fixedly



307

4.1 Model of a Rigid Body

4.3 Translation and
rotation of the rigid body

connected with the body, which, however, need not necessarily lie \\‘ilh.m the
body. That means we then have three degrees of freedom for the translation of
the body (Fig. 4.3).

- By the rotation around an axis through the point §. The axis does not need to be
body- or space-fixed. it must only go through the point §. That yields three more
deg; rees of freedom due to the rotation, namely two specifications of angles for
specifying the rotation axis and one for the rotation angle.

12

For a general motion of the rigid body translation and rotation are coupledina rather
complicated manner. The translation, however, we have elaborately discussed as
mechanics of the free mass point in Chap. 2. Therefore we will concentrate ourselves
here primarily on two special cases:

(a) (spinning) top: 2
The rigid body is fixed at one point (no translation) therewith being left with
only three degrees of freedom,

(b) physical pendulum:

The rigid body can rotate only around a fixed axis being therefore left with only

one degree of freedom, namely the rotation angle.

For later applications an essential complication will arise, e.g., in the fact that
rotations around different axis are not commutable.

We have introduced in Sect.3.1 for the N-particle systems some important
quantities which are of significance for the total system. e.g.:

total mass: M= E mj .
'
5 1
center of gravity: R = — Zm,- r,
M 1
total momentum: P = E mr;
'
total angular momentum: L = E mi (X XK e- 5
i

They are given by summation over the respective single-particle quantities. How
we these terms now calculated for the continuum? We explain the procedure by the
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Fig. 44 Volume
decomposition for continuum
integrations

example of the total mass: One first decomposes the rigid body into small partial
volume elements AV;(r;), each of which contains a mass Am(r;). r; is the position

vector of a certain point in the i-th volume element (Fig.+.4). Then it holds of
course:

Am,
M=) Am= Z Ay AV
:
In a limiting process we now let the volumes AV; become smaller and smaller
(AV; — 0 = Am, — 0) finding therewith the definition of the

) Am(r)

mass density :  p(r) = A‘J'Hu NTCR (4.2)

Since both Am and AV are quantity terms (extensive quantities) this limiting value
will in general be unequal zero. It is then:

p(r)(l‘r = mass of the volume element
&*r = dxdydz atr = (x,y.2) .

The sum over all volume elements now becomes in the familiar Riemann’s sense a
so-called volume (triple) integral introduced in Sect. 1.2.5:

M= fd‘rpm. [C)
R=— [ 4.5

_M‘/(Ip(r)!ﬂ “4.5)
P= ‘/.{[-‘rp(r)\'(n.“. 4.6)

The integration is formally done over the entire space where, however. finite
contributions come only from the space region occupied by the rigid body.
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4.2 Rotation Around an Axis

We investigate at first a special form of motion of the rigid body, namely the rnl;um'n
around a fixed axis. The system then possesses only one degree of freedom, that is
the rotation angle around the axis. We will see in the following that energy theorem,
ar-momentum law and center-of-mass theorem are sufficient to write down the

ar
equations of motions which in principle can be solved.

4.2.1 Conservation of Energy
We presume that all external forces are conservative thus possessing a potential. So

the energy conservation law (2.231) holds. For its evaluation we first discuss the
kinetic energy

m; .5
T=) 5%
;

of the rigid body. We assume a space-fixed axis and choose the z axis of the system
of coordinates in such a way that it coincides with the rotation axis (Fig. 4.5). For
the angular velocity  then holds:

o= 00w:; w=¢. “.7

Each point of the rigid body performs a circular motion, the linear velocity of which
results according to (2.40) in

£ = (0x1)=o(-y.x.0) . “8

Fig. 4.5 Rotation of a rigid ¥
body around a space-fixed
axis
7
]
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Therewith we can specify the kinetic energy:
! Duanaos 4.9
T:;;Zm,(,\,i—\,)m =3lo*. 4.9)
'

This equation defines the

Moment of Inertia

i — Zm, (3 +57) (4.10)

as the sum of the products of the masses with the square of their distances from
the rotation axis. J is a temporally constant scalar quantity which depends on the
position and the direction of the axis within the rigid body. For concrete calculations
one in general goes over from the discrete summation to an integration:

J= /p(.r.y.:) (x* +3?) dxdydz = [djrp(r)(n xr)?. “.11)

wheren = w/w .
Examples

(1) Sphere with homogeneous mass distribution
The axis runs through the center of gravity (center of the sphere) but, apart from

that, having an arbitrary direction (Fig. 4.6). For the mass density holds in this
case:

po . forr <R
p(r) =
0, otherwise.

Fig. 4.6 For the calculation ©
of the moment of nertia of a

sphere with homogencous

mass distribution
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That yields with (4.11):

R n 2x

= / &rp(r)Psin Y = pn/‘/‘/r‘drsinlz?dﬁ dp =
0 0 0

R +1 2 9
T s £
27 p.,/r"{[r/ (1 — cos? ¥) dcos ¥ = ?puR’ (2— 3) =
-1

Il

4 2 2
:(—TR-‘,)(,) ZR* = ZMR?. 4.12)
3 5} 5
(2) Cylinder with | g mass distril

we choose the symmetry axis of the cylinder (length L, radius R,
7). It is recommendable to use the cylindrical coordinates (p-9.3)
(coordinate p not to be confused with the density p!) for the calculation:

As

R 27 +%
J= /zl‘rp(r)pz = p‘,// pldpd(pdz=
00 L
RS e
=2 — = —-MR? (4.13)
27 Lpo 7 2Mli’ .

Let us now come back to the energy theorem, for the formulation of which (Iu:.
potential energy is still lacking. Since the body has only one rotational degree of

freedom the potential V can depend only on the rotation angle ¢: V = V(). The

Fig. 4.7 For the calculation
of the moment of inertia of a
cylinder with homogeneous

mass distribution
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energy conservation law

1 > 122y
E=T+V=ij“+\’((p)=;.l(p'+\’((p) (4.14)

has then mathematically the same structure as that for the one-dimensional

motion (2.202). Hence it can be integrated in the same manner by separation
of variables:

-
o
,_,,_:f__ﬁ’_..__ (4.15)
o V7 E=V(ED)

The function 1 = (), therewith in principle deduced, or its inverse ¢ = @(1)
determine uniquely and completely the motion of a rigid body which is rotatable

around a fixed axis. This we will demonstrate with an example in section after the
next.

4.2.2 Angular-Momentum Law

Only in special cases, e.g. for rotationally symmetric mass distributions. the angular
momentum L is parallel to . We will therefore be interested here only in the
component parallel to @, i.e. the z component of the angular momentum:

L,.,=L-n=2m,(r,xi,)-n = Zm, mxr)-r =

= Zm, mxr) -(wxr,) = (Zm, (n x r,]:)  ,

= L,=L-n=Jo=Jp. (+4.16)

From that we can construct an equation of motion where we exploit the general
angular-momentum law (3.13):

d

L= Z (rex F) = Z‘M‘,‘“ =M,

At first it follows for the component along the rotation axis:

J¢=er=Z(r,xF:m)~n — e “.17)

i
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Fig. 4.8 Parameters for the
calculation of the paraxial
component of the angular
momentum of a rigid body

The right-hand side can further be rewritten:
| e 1 (cx) (ex)
— rxl-“")-w:— wxr)-F° = (F € ) -
= Z( o F| = Z':( ) - F| Zp. ;

Hence the equation of motion reads:

5= pr (F:m i Ev’.) ) “4.18)

€, is the azimuthal unit vector (1.392) for the i-th mass element:
e, = (—sing. cosgi. 0) i @ =¢o+@-

In case of a vanishing external torque MY, we know that @ = const. This means
according to (-1.9) the kinetic energy of the rotation is a conserved quantity:

MY = M . p = 0 = w = const => T = const . .19

It is clear from (4.16) that then the paraxial component of the angular momentum I8
also constant (Fig. 4.8).

423 Physical Pendulum

By the term . ; is si i

lh?: th term ‘physical pendulum’ one understands a rigid body which is situated in

(Fig T‘:.l;g;:mus carth’s gravitational field and is rotatable around a horizontal axis
& 77). The latter is again assumed to coincide with the z axis (4.7):

F = (m,g.0,0) . (4.20)
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Fig. 4.9 Rugid body as
physical pendulum

With (4.17) it then holds:
Jg == myg=—MgR,. @21

R, is the y component of the position vector of the center-of-gravity. If we choose
the zero on the rotation axis such that

R = (R..Ry.0) = R(cos ¢.sing.0) .

then it follows from (4.21) for the pendular motion ¢ = ¢(r) a non-linear
differential equation of second order:

Jg 4+ MgRsing =0 . (4.22)

Therewith we have derived the equation of motion from the angular-momentum
law. The comparison with the equation of motion (2.124) of the thread (simple)
pendulum (‘mathematical pendulum’"),

¢+§sinzp=(l,

shows that the physical pendulum oscillates just like the mathematical pendulum
with a thread length of

1= o 4.23)
= MR" (4

With this substitution we can thus adopt all the statements of Sect. 2.3 4. For small
amplitudes we can approximate sin ¢ ~ ¢. Then (4.22) is solvable with the ansatz:

@(1) = Asinwr + Bceoswr
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and the angular frequency

= 4.24)
7

A and B are fixed by the necessary initial conditions.
The equation of motion (+.22) can also be derived via the energy theorem. For

the potential of the mass m, in the gravitational field holds (2.210)

Vi=—mguxi. (4.25)
The total potential of the external forces is then given by:
V= Z Vi=—g Zm,,\', =—MgR, .
f f
V = —MgRcosgp = V(p) . (4.26)
That yields the energy conservation law of the physical pendulum:
4.27)

|
B= E.I:ﬁ3 — Mg Rcos ¢ = const.
After differentiating this expression once more with respect (o time we indeed get
again the equation of motion (4.22).

4.2.4 Steiner’s Theorem

The moment of inertia J defined in (4.11) is an important characteristic parameter
of the rotary motion of a rigid body which depends on both the direction and lhc_
actual position of the rotation axis. According to Steiner’s theorem the moment of
inertia about a given axis can be determined in a simple manner if the moment of
inertia J, with regard to an axis through the center of gravity and parallel to the given
one is known.

The moment of inertia J about an arbitrary rotation axis is additively composed by
the moment of inertia J, about a parallel axis through the center of gravity and the
moment of inertia for the total mass M concentrated in the center of gravity about

the original axis:

J=J +MS* (4.28)

(5 = perpendicular distance of the center of gravity from the rotation axis, i.c.
‘distance between the axes").
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Fig. 4.10 Tllustrauon for the
denivation of Steiner's
theorem

Proof Without loss of generality we can as usual assume that the rotation axis
defines the z axis. Then the moment of inertia about the actual rotation axis is

J = Zm, (7 +57)
and that about the parallel axis through the center of gravity (Fig.4.10):
Jy= Zm, (& +37) .

From Fig. .10 we have:

Therewith follows:

1= m G+ S0+ G+ )7

]
= Zm, (¥ +37) + (8% + 82) Zm, + 28, Zm,i‘, + 28, Zm,}',- =
i i i i

=J,+MS*+ 2S.M Rz + 2S, M R; .

I

With Rz = Ry = 0 (x and y components of the center of gravity in a coordinate
system in which the center of gravity lies on the z axis) it results:

J=J, +MS%
As a special detail one reads off from (4.28) that out of an ensemble of parallel

axes the one through the center of gravity always yields the smallest moment of
inertia.
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4.2.5 Rolling Motion

As a further important example of a rigid body with only ene rotational degree of
freedom we consider the
homogeneous cylinder rolling off an inclined plane

Though the rotation axis is again body-fixed it is not space-fixed. It is shifting in
parallel to itself (Fig. 4.11). The velocity of each of the cylinder points is composed
by two contributions, a rotational contribution due to the rotation arnung lh‘L‘
cylinder axis during the rolling motion and a translational contribution which is
the same for all points of the cylinder and happens in s direction:

= b+ b (429
The rotational contribution we have already calculated in (4.8):
Ir=(wXnK,). (4.30)
The translational contribution is obtained from the rolling off condition
(4.31)

As=RAp = [tz = [S| = R|¢] .

The cylinder shall roll, not slide.

(a) Kinetic Energy

1 i e 3 =
T= 3 Zm,i-" = 5 Zm,[(m X)) +2§-(wx1,) +
¢ i

The mixed term disappears because in a homogeneous cylinder two volume
elements located diametrally opposite to the rotation axis have the same mass but

Fig. 4.11 Rolling cylinder
on an inclined plane under the
influence of the gravitational
force
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Fig. 4.12 Sketch for the

derivation of the Kinetic

energy of a cylinder rolling =

22 WX,
on an inclined plane i

rotation velocities are in opposite directions (Fig.4.12). The sum over all elements
is therefore zero. It can of course be shown also by a direct calculation that

Zm, (@x1)=0

must hold.

The first term is the Kinetic energy of the rotational motion as we have found
n (4.9). Thus it remains if one exploits (4.9), (4.13). and (+.30):

L ERE
T_ijm +§Mx =

W=

This results in the simple expression:

T==-M:>.

=
i

3
4

(b) Potential Energy

The gravitational force acts on the cylinder:

= ZV, = Zm,g.\', = MgR,. (4.33)
i i

Ry is the x-component of the center of gravity of the cylinder. By use of (4.5) it can

be shown that the center of gravity of the homogeneous cylinder lies at the mid-point
of the axis. So it is (Fig.4.11)

R, = (I—s)sina
and therewith
V = Mg(l—s)sinc . @34

Hence the total potential agrees with the potential of the total mass concentrated at
the center of gravity.
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(c) Energy Theorem
Since only conservative forces act the total energy E is a conserved quantity:

3

E=T+V= ZM&Z + (I—s)Mgsina = const . (4.35)

Differentiating this relation with respect to time and then dividing it by (3/2) M5
leads to the equation of motion

(4.36)

§=-gsina .

Wi

In case of a frictionless sliding of the body the acceleration on the inclined plane

would be
§=gsina

as can easily be demonstrated with Fig.4.11. The acceleration of the rolling off
cylinder thus amounts to only two-thirds of this value.

4.2.6 Analogy Between Translational and Rotational Motion
We have discovered in the preceding sections a strong analogy between FIIC
rotational motion around a body-fixed axis and the one-dimensional particle motion
which, finally, we want to gather once more at the end of this section:

particle rotator
position: x rotation angle: ¢
mass: m moment of inertia: J

angular velocity: = ¢
angular momentum: rS=Jo

velocity: v = &
momentum: p = mv
force: F torque: M&Y

kinetic energy: T = (1/2)J ®
equation of motion: MY = J¢

kinetic energy: T = (m/2)v?
equation of motion: F = m¥

4.3 Inertial Tensor

F:' Sect. 4.2 we discussed the motion of a rigid body around a fixed axis. Thereby
Nty found that the moment of inertia J about a rotation axis is the fundamental
quantity for the rotational movement. If the rotation axis has a temporally changing
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direction,

o) 4.37)
n() = o

then the moment of inertia, too, will become a time-dependent quantity. Problems

of this kind are dealt with by the introduction of the inertia tensor. To understand
this some preparations are necessary.

4.3.1 Kinematics of the Rigid Body

In our introductory Sect. 4.1 we had already decomposed the general motion of a
rigid body into

1. the translation of an arbitrarily chosen point S of the body
and
2. the rotation around an axis through this point S .
_ We now introduce two reference systems which are initially both Cartesian:
I: space-fixed reference system with a space-fixed origin of coordinates O. It is
assumed to be an inertial system. Axis : &,.a = 1,2, 3.
T: body-fixed reference system with the body-fixed origin §. Axes: e, (1), @ =
253

The point § has the position vector ro(r) as seen from $. Then it holds for the
points of the rigid body:

3
B =Y t@e (@),
=it

(4.38)
k}
r() =) veel (03 Sed
a=1
with the obvious relation:
5(1) = ro(r) +1i(0) - (440)

The coordinates x,, in the body-fixed system ¥ are by the definition of the rigid body
time-independent quantities. The position of the rigid body is therewith completely
given by the position of ¥ relative to £.

We are now interested in the velocities of the mass points of the rigid lmvd_\
(Fig.4.13). These we find rather easily with the general theory of arbitrarily rcl.@\;
to each other moving reference systems that we derived in Sect. 2.2.5. The full ime
derivative of a vector represented in £ seen from £ can be written as the operator
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Fig. 4.13 Sketch for the
calculation of the velocity of e
amass pomnt in a rigid body

identity (2.

d
= RO
dt dt
deri- e derivative influence of the
vative in X in X, which only rotation of X
concerns the relative to X
components

rigid body.

The first term on the right-hand side plays by definition no role for the
Thus it remains:

B (4.41)
or with (4.40):
. )
f(1) = o) + (@ 1) . i
onof a

This is an important result. It signifies that at any moment of time the motion
rigid body can be resolved into the translational motion ro(r) of the origin of the
body-fixed system and the rotation around the momentary rotation axis @ (f) where
the latter always passes through the origin § of the body-fixed system.

4.3.2  Kinetic Energy of the Rigid Body
We start from the definition of the kinetic energy T,

= Zm,i’,z o
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and insert the expression (4 42) for the velocity:

1 . 1 B .
=;Zm,rf’,+ Zm,(w xr,]2+2m,(wxr,)-r.., (443)
b i i

The third term is a scalar triple product and can therefore be rewritten as follows:

Zm.r,-(l"n Xw) .

There are two typical cases for the discussion of the rigid body:

1. One point of the body remains space-fixed, while the body rotates with the

angular velocity . Then it appears absolutely reasonable to choose this point
as the origin § of X and in general also as the origin of . One then speaks of 2
spinning top for which holds:

=0, rg=0

&)

- If no point is space-fixed one usually chooses the origin § at the center of mass
and that means:

Zm,r, =05

We see that these two cases, the only relevant ones, both let the third term in (+43)
disappear. We therefore apply from the beginning the kinetic energy in the form:

Thie B, 2 3
T =2 Mij+ > miwx ) =Tr +Tx . (349
T

Hence we have a clear separation of the Kinetic energy into a rotational and
translational part where we are interested mainly in the rotational part. We will
inspect its dependence on the angular momentum 2 bit more in detail. The
translational energy appears only in the case 2. stated above being then identical
to the Kinetic energy of the total mass concentrated at the center of mass

It holds according to (1.201),

(ax b)? =a'h’ —(a-b) .

and therewith

(@ xr) =w’r — (01,

= (w;+m§—n

— (x5 + X + @3x3)" .
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Insertion into (4.-4) and arranging according to the components of @ yields:
2Tr = ml" Zm, (,\',?3 + _\f_,) — W Zm,.\'“x,g — w3 Zm,,\',].\‘,;—
— wrw, ZIII,.\‘,:A, |+ @7 Em, (33 +25) — w23 Zm,.\'xz,\’,.\—
— w3 Zm,.\’,;.\,l — w3w> Zm,.\',gx,g -+ a);2 Zm, (\,l[ + .\,Z_

We define as

Components of the Inertial Tensor

45
Jim = an, (78m — XiXim) 2 hm=1,2,3. (4:45)
'
Therewith we can abbreviate and write as rotational kinetic energy:
(4.46)

3
o
To=5 Y Jnoon: ©= (00203 .

Tlm=1

) s of the
We sce that 7y, is homogeneously quadratic with respect to the components 0
angular velocity. That means:

The ensemble of coefficients is called
Inertial Tensor
Yoy (x5 +a%) =S mpaxe = nixaks
L 1 1
g ;
I=) = | —Zmaoxa Yom(f +x3) — X manxs
i 7 .
2
=Y mxaxy = mxaxa  Yomi (x40
i 7 7

.47

With a given system of coordinates the elements of the inertia tensor are uniquely
fixed by the mass distribution of the rigid body. If the mass is continuously
distributed with a known mass density p(r) then one can switch for the ac_lunl
calculation of the elements from the discrete summation to a continuous integration:

= / &r () (P8 — i) - (448)

Before Proceeding with the physical discussion let us first inspect in the next section
me of the most important tensor propertics.
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4.3.3 Properties of the Inertial Tensor

(1) What Is a Tensor?

Strictly speaking it is nothing other than a proper extension of the term ‘vector’.
Bya

tensor of k-th rank in an n-dimensional space

one understands an n* number of elements

(o) B L= = n,

which for coordinate rotations transform linearly satisfying certain rules. The
elements are called the components of the tensor. They carry & indexes each of
which runs from 1 to n. The rules are chosen just so that the ‘normal” vectors
first-rank tensors. One requires that in connection with coordinate rotations a tensor
of k-th rank transforms itself with respect to all k indexes like a ‘normal” vector.
According to our underlying physical problems of course only the cases n = 1,2.3

& )
are interesting. Furthermore, in physics we can restrict ourselves to & = 0.1.2.
k = 0: scalar: X=x

k= 1: vector, n = 3 components (in the three-dimensional space). for which,
according to (1.309), it holds after a coordinate rotation:

X= Zd,l.,\',
J

omponents of the rotation matrix (1.307)),
k=2:(F)ij=121

) ;
: n= = 9 components with

2 diidpmFim (4.49)

Lm

F,

and so on.

Second-rank tensors can always be written as square matrices. However, in contrast
to normal matrices which are represented by collections of elements (numbers),
which may behave arbitrarily with coordinate transformations, the abov c-mentioned

transformation behavior is absolutely mandatory for the clements of @ tensor.
Why is it neces

ary that the system of coefficients (447) does exhibit tensor
properties? The components of the inertial tensor in a given system of coordinates
are uniquely determined by the mass distribution of the rigid body. But with a
rotation of the system of coordinates the components will change. Furthermore,
of course also the components of the angular velocity @ will undergo a change.
However, it is clear that a rotation of the coordinate system should not inll\-x:ncc the
(measurable) rotational Kinetic energy Tx. Equation (4.40) shows that this

is then



4.3 Incrtial Tensor 325

and only then the case when J exhibits the transformation properties of a second-

rank tensor:

Tr = % > Tn@ion = % Do) duduily Y s =

=Tk Lm i st

1 1
5 Z Z],,w,m,&,j,, =5 Z],,-w.wj =Tr .
i st )

In the penultimate step we have exploited the orthonormality relations (1.316) for
rows and columns of the rotation matrix.

(2) Connection Between Moment of Inertia and Inertial Tensor

For the case of a fixed axis we had introduced the moment of inertia by the

relation (4.9)
1 o
==JWw"
Tr 2J

With the components 7;, n>, 13 of the unit vector in the direction of the rotation axis

[}
n=—
w
we can alternatively write for (4.46):

1 )
Tk = 3 lemmnm w®

Lm

The comparison yields the following important relationship between the moment

of inertia, related to a fixed axis, and the inertial tensor:
= Z],,,,mn,,, s (4.50)
Lm

So we see that from a known inertial tensor it is rather casy to calculate the moment
,Uf inertia related to an arbitrary axis n. The terms on the principal diagonal of the
inertial tensor are then obviously the moments of inertia along the Cartesian coor-
dinate axes since it holds for these rotation axes n = (1,0.0) . (0,1.0), (0.0.1).
In general one can say that by the inertia tensor J there is assigned to each space-
direction n a moment of inertia Ju.
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Fig. 4.14 For the calculation
of the inertial tensor of a cube
of edge length a with
homogeneous mass density

(3) Example

We calculate the inertial tensor of a cube with homogeneous mass density. The point
of reference S shall be in the bottom left corner of the cube (Fig.-.1+4)

a

J ff[ Ix dy d: (1+ - 2 a-‘+u3) 2\!::
= ) v dz (v )= & —_— — = —Ma .
n=po , \ ) = poa 5 3 3
0
S e
Ji3 = —po /ff dvdydzxz = —py—
0 -

The other elements are determined analogously:

VR = =iy
I=Md|-1/4 2/3 -1/4]. 50
/AR A s

(4) Principal Axes of Inertia
The inertial tensor J is

symmetric (J;,, = J,,;) and real (Ji. = J5,).

For such a tensor it can generally be shown that for a fixed origin of coordinates

there does exist a special rotation of the reference system so that all the off-diagonal
elements disappear:
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One speaks of a ‘principal axes transformation’ and denotes the respective
coordinate axes as principal axes of inertia. A. B, C are the principal moments
of inertia. Later we will show how to determine the principal moments of inertia in

practical applications.

(5) Inertial Ellipsoid

The inertial ellipsoid is introduced to illustrate the connection between moment of
inertia and inertial tensor. Starting from the relation (4.50) between these two terms
one ascribes to J an area in the three-dimensional space, and that by the equation:

= Z]/,,,.\',.\',,, = Jn.\',3 + Jg;u\'g + J;;.r§+
Lm

+ 2110100 + 27130103 + 2530013 . (4.53)

Itis the equation of an ellipsoid.
If we insert into the picture of the ellipsoid (Fig. 4.15) an arbitrary axis defined

by the unit vector n, then we can read off the coordinates of the intersection point
P. Because of (4.50) it must hold:

n,
P:xi=—. 4.54)
V]

The distance p between this point and the origin of coordinates S

1 1 =
=N 2 424 n2) = % (4.55)
P \ §' X 7 (n} + 3 + ) T

delivers immediately the moment of inertia J with respect to the axis n. If the inertial
cllipsoid is known then J can very easily determined for arbitrary directions of the
axis.

Fig. 4.15 Representation of
the inertial ellipsoid of a ngd
body rotating around the

axis n
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Every ellipsoid can be brought by a proper rotation of the coordinate system
into its ‘normal form’ for which the coordinate axes coincide with the symmetry
axes so that the mixed terms disappear. That corresponds to the principal axes

transformation mentioned under point (4). One denotes these special coordinate
axes by

£t
for which then holds with (4.52) and (4.53):
1 =AE 4+ By + CL*. (4.56)
The inertial ellipsoid thus has the edge lengths
1/~A, /B, 1/JC.
The rotational kinetic energy adopts in the principal axes system &, 7. { according
10 (4.46) the simple form: : i
1 ) ) B

T 5 (/\mg + Bo} + Cm;) A @57
'(I:':c syml.nclric inL.'nifxl tensor J contains six independent elements being therefore
n]?raclcltlchc! by Six independent quantities. We can consider the three principal

oments of inertia A, B, C and the three angles which fix the spatial orientation of

the principal axes of inertiz 20 e >
principal axes of inertia ¢, 1. as the six independent quantities. Later we will

:;:hdl these are just the so-called Euler’s angle to be discussed in  forthcoming
section. & <

(6) Denotations

asymmetric spinning top:
symmetric spinning top:

spherical spinning top:
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4.3.4  Angular Momentum of the Rigid Body

In this section we want to find out the connection between the angular momc.mum
and the nertial tensor of a rigid body. For the rotation around a fixed axis we
found the relatively simple expression (4.16) for the paraxial angular-momentum
component

Loi—=J00

Via the general relation for the angular momentum

£= S (exh)

i

one gets by insertion of (4.40) for t; and (4.42) for 1;',:

L= Z'"‘ ry X ro(t) + Zm, rp X (w xr,)+
i 1
+ Zm, r, X (1) + Zm, X (0 Xr) .
i i

The second and the third summand vanish since we had agreed uporn in S?Cl: -I:,‘V.—
to choose as origin S in X a point in the rigid body which is fixed in space if sur.'_l }
point exists (ry = 0, ¥y = 0) o, if it does not exist, to identify the center of gravity
withS (3 i, = 0):

L= Mro() x ko) + 3 mry x (@ x 1) = Ly + L. "

The first summand is zero, when § as space-fixed point is simultancously the origin
n both  and , otherwise it represents the angular momentum of the Amml o
concentrated 1n the center of gravity and therefore is relatively uninteresting. Hence
WE can restrict our considerations to the body’s own angular momentum g
refers to the origin § in :

-

= Zm,r, X (w X 1)
i

= Zm, [If w—(ri-w) r,] 5 (4.59)



4 The Rigid Body
330

Multiplying this expression scalarly with @ leads to:

w-L= Zm, [l‘,:f-l)z —(r; - a))z] = Em, (r; * au)2 e

i
The comparison with (4.44) shows that between angular momentum and rotational

Kinetic energy the following relation exists:

Tr==(0-L). (4.60)

(S

As will be shown later, in general L does not have the same direction as @. However,

since Ty is definitely a positive number we can conclude from (+.60) that @ and L
will always enclose an acute angle.

Let us explicitly write down according to (4.59) the components of L:
Ly = w 2"1; (€ 2+ X,
B

L, =

oy
2= —w, E mixpxi + o E my () + x33) — s E mx;
; ; ;

I

—w E mXjXp — w3 E mxXgxs .
' 1

—w, E NLXBX — @2 2 mixaXp + w3y E n, (.\,:\ +x3) .
i ] i

In yiew 91 (~.! 47) the following relationship between angular momentum and angular
velocity 1s found:

L= 2 Jinom <=L =Jo.

m=1\

[EX8)

The components of the angular momentum are thus linear functions of the angular-

v;locuy components. In the principal axes system the relations become especially
simple:

L = (Aw;. Bw,. Cay) . (4.62)

The connection between angular momentum and angular velocity can also be
(Ilcmt_)nslralcd graphically by the use of the inertial ellipsoid. For the surface of the
inertial ellipsoid (4.56) holds F(£.1.¢) = 1 with

F = AE + By’ + C* = F(§.1).0) .

From (1.271) we know that the gradient of F is orthogonal to the area I = const:

VF = (2AE, 2By, 2CY) .
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Fig. 4.16 Angular
momentum and inertial
ellipsoid in the principal axes
system of a rigid body

e cllipsmd

For the components of the intersection point P of the rotation axis with th
surface (Fig.4.16) one gets because of (4.54):

£, o e e T NN (4.63)
,.——v,j- I Vi P T

Therewith follows:
2,

2 2
VF|, = Vi (Ang, Bny, Cny) = ;7_J-L ¥
e tangential
the inertial
S of Z.

ation

The angular-momentum vector therefore stands perpendicularly °"'lh
plane constructed at the intersection point P of the rotation axis wnl_h 2
cllipsoid (Fig.4.16). Furthermore, L is of course related to the origin o
Figure .16 illustrates that  and L are parallel then and only then when the rot =
is carried out around one of the principal axes of inertia. Then only one cuml’nncg
n (4.62) is different from zero and the proportionality of @ and L becomcs ol_)"l.l_’“]

This last fact can be exploited to determine the principal axes and 'h,c p.».[uqx_llmc
moments of inertia. We assume an arbitrary body-fixed system of Eoprdinaics: '?,
angular velocity @ may have the direction of one of the principal axes of s
Then it must hold:

= 4
= l5=75. (4.64)

That is a so-called ‘eigenvalue equation’ of the matrix J. Unknowns ar¢ l c
alar T . . . i
scalar 7, which is named the eigenvalue of the matrix J, and the corresponding

eigenvector of the matrix @. Equation (4.64) is equivalent to the following
homogeneous system of equations:

(11 =7) @y + 2@ + 3 @3 = 0,
Sy o) + (J:z —.7) wr+Jnwy =0, (4.65)

S + 0@ + (Ja—J) @3 =0 .
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this homogeneous system of equations has non-trivial solutions according to (1
only when the determinant of the coefficient matrix vanishes:

=T Jo I £ /
det| Jo Jn—J Ju =det(J—-J-E)=0.

(4.66)
Ju  Jn Ja-—17

If we evaluate this equation by the use of the Sarrus’rule (1.326) then it results in
a polynomial of third degree for the unknown moment J, which is called
characteristic (secular) equation.
Such an equation has three solutions:
M=A, Th=id, Ih=E-

Since J is symmetric and real each of the three solutions is real. They are just the
principal moments of inertia.

Inserting the solutions for J one after another into the system of equations (+ ©5)

leads to conditional equations for the three components of the angular velocity in
direction of the respective principal axis of inertiz

The rank of the coefficient matrix
is according to (1.353) smaller than three so that always only the ratios @ -
—(i)

03

of the components of the eigenvector @, i = 1,2, 3 are determinable. Th
however, turns out to be sufficient to fix the directions of the @', which as per the
ansatz (+.64) do agree with the principal axes of inertia.

44 Theory of the Spinning Top

From now on wi

ume that the rigid body possesses one space-fixed point which
we take as the origin § of the body-fixed system of coordinates .

4.4.1 Euler’s Equations

We exploit the angular-momentum law (3.13)

4.67)

in order to derive equations of motion for the spinning top. Mis the external torque
where, for simplicity, we leave out from now on the superseript ex. In this form,
however, the angular-momentum law holds only in the inertial system X In this
system, however, not only the components of the angular veloeity but also the
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elements of the inertial tensor turn out to be time-dependent. It appears therefore
not very reasonable for L to work with the result (4.61) of the last section. )
It is more advisable to formulate the angular-momentum law in the CO-I’OI‘..IUIH_.'
body-fixed reference system ¥ where we choose as coordinate axes just the princi-
pal axes of inertia. Following convention we denote from now on the components

of the angular velocity by p, g, r:
(4.68)

w=pe:+qge,t+reg,
(4.69)

L=Ape;+Bqge,+ Crec.

2 Vit 4 I = ’ . . e operator
For the time differentiation required in (4.67) we now apply again the ope

identity (Sect.4.2.1)
Bl
dt)s dt]y

by which we are led to the following angular-momentum law:

: 71
M=L+ (0 xL). ot
‘ 3 in the
The time differentiation on the right-hand side has now to he. performed x:me‘:
body-fixed system for which the components A, B, C of the inertial tensor are
independent:
e: e £
M=Ape; +Bge,+Ciec+|p ¢ 4
Ap Bq Cr|
In detail that means:
M¢=Ap+ (C—B)gr.
4.72)

My=Bg+ (A-C)rp.
My =Cr+ (B—A)pq.

These €quations are called Euler’s equations which for known components of |hc_
{oraue M in the body-fixed principal axes system represent a coupled system of
differential equations for (he components p, g, r of the angular velocity @. They are
the equations of motion for the rotational motion of the rigid body.
. :;ocr ::c concrete cvaluation of the system of equations one llce(!s the cor.npnncHIJ
by exlcn:ql:c( M. ‘f'“h respect to the principal axes of inertia. Since M is CuL'l.SL‘
qu“mmmi‘l.hA()ru:s there \\'I|-l appear on the left-hand iidc of (4.72) therefore u.l.To
B »b} ich are dcﬁrlcd in the space-fixed system . Thus we have to establish
s between space-fixed and body-fixed reference systems. Of course we also
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need them in order (o be able to find the actual position of the rigid body in the
space-fixed system S from the solutions p, ¢,  of Euler’s equations.

4.4.2 Euler’s Angles

Euler’s angles indicate how a body-fixed co-rotating system is oriented with respect
to a space-fixed system.
The space-fixed system of coordinates 53 may be defined by the coordinates
. the body-fixed system by x.y,z. As line of nodes K one denotes the
mlcrsccuon line of both the (&, §)- and (.\,y) equatorial planes perpendicular to 2
and z, respectively. There appear the following angles (Fig.<.17):

I

<(X axis, line of nodes) ,

<(Z axis, z axis) ,

¥ = <(line of nodes, x axis) .

We can make the two systems of coordinates T and T coincide with each othe
by three single rotations. At first we perform a rotation of the space-fixed imiu
system around the Z axis in the mathematically positive sense by the angle ¢; the
X axis then coincides with line of nodes. In the next step we rotate the system
around this line by the angle ; the  axis therewith becomes the new z axis. Around
that we finally rotate the reference system by the angle 1/ in order to get the naw
xaxis. The order of the various rotations is very important. Rotations by finite angles
are normally not commutable. For given Euler’s angles ¢. . v we therefore are
always able to rotate the space-fixed axis system in such a way that it coincides
with the body-fixed system. That means that for known ¢ = ¢(7). v
= Yr(2) the position of the spinning top is determinable for ail times.

= ¥(t), and

Fig. 4.17 Demonstration of
Euler’s angles for the motion
of a spinning top
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We now need the time-derivatives of Euler’s angles and the components of the
angular momentum. Rotation means changing the angles . ¢. v

¥ = rotation around the line of nodes .
¢ = rotation around the Z axis ,
yy = rotation around the z axis .

We can treat these partial rotations as vectors along the respective directions and
decompose them into components along the body-fixed axes:

dex = dcosyre,—dsinve, .
@sind siny e, + @sind cos ¥ ey + gcosve: .

Ve =vye;.
The total angular momentum is then the vector sum of these three contributions. If
we choose the body-fixed system as the principal axis system
e, =eg, ey —teraNe —tes
ar velocity:

then the comparison with (4.68) gives us the components of the angul

p=g@sindsiny + 9 cosy .
g =@sindcosy — I siny , @73
r=gcosd + v .
l';\»\ Soon as one has determined p, g, r as solutions of Euler's equations ( 1.72)
(hlL-" Via (4.73) the equations of motion for Euler’s angles are known. by which
ThL Pumlmn of the rigid body relative to the space-fixed system can be finally found.
m\ls 18 the general procedure which will now be tested by some relevant special
e : s

44.3 Rotations Around Free Axes

If we assume a f;

L WEE © atfirst that the external torques vanish so tha et from (4.72) the

C4uations of the force-free spinning topq: R o
Ap+ (C—B){Ir:().
BGg+(A-Orp=o, .74
Cit(B-A)pg=0.
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Multiplying the first equation by p, the second by ¢, the third by r and then adding
up the three equations leads to:

d1 2 b3 n@snd. i
——(Ap’+ B¢’ 2) 2" S =0. 475
dl:(/\p +Bg* +Cr) ZTr )
This is the energy conservation law for the body-fixed system.
Now we multiply the first equation in (4.74) by A p. the sccond by B g. the third
by Cr, and add them together to get:

dile -, o 0 2 a0 @6 dl o, -
——Ap +Bq¢g+Cr) = —<|L =0. 476

T S L e
The magnitude of L is thus a conserved quantity in the body-fixed system,
that the torque vanishes. If the direction of L is also to be constant, then according
10 (4.69) we get Ap = Bg = Ci- = 0. So it follows from (4 74):

(C—B)gr=(A-Crp=B-A)pqg=0. .77

If we assume that the principal moments of inertia A, B, C are pairwise different
then necessarily two of the components g, p. r must be zero. @ has therewith the
direction of one of the principal axes of inertia, i.e. L and @ are parallel. Since L
is constant with respect to both direction and magnitude in the space-fixed system,
100, the same must also hold for w. Therewith the direction of the rotation axis 1s
constant in the body-fixed as well as in the space-fixed system. One calls such axes
‘“free axes’. A rigid body rotating around a free axis does not swerve from side to
side.

Whether or not such a rotation represents a really stable state of motion one finds
out by inspecting the influence of a small perturbation. The rotation may take
place, e.g., around an axis close to the £ axis, i.e. close to the axis belonging to the
principal moment of inertia A. Then we have

p=w; =py+ Apg: po= const
with a small correction Apg. The other components
q= Aq: r=Ar

are then also small. That we insert into (4.74) and neglect the terms of second order
in the corrections:
A Apy=0=> Apy = const ,
BAG+ (A=C)poAr=0,
CAir+(B—=A)paAg=0.
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We differentiate once more with respect to time:

: A eB=A
BAG+(A—C)pyAi = BAG— (——C———PGA’/="'

(B—AgA—OpSAr:u

CA¥+ (B—A)poAg=CAF—

With the definition

2 l’g (4.78)
=—([A—-CA-B
D BC ( ) )
we find the differential equations
AG+D*Ag=0.
.79

AP+ D*Ar=0.
which can easily be solved. One gets oscillations in case of D* > 0. If the quunl'uu:
Ag and Ar are small at the beginning they remain small for ever. The .]XIS' E
therefore stable. However, in case of D < 0 there result exponentially decreasing
and increasing solutions of the type

Ag= Aqy eilD]l »

Ar= Any eEIDI (430)

The initial state is therefore not stable. The axis is unstable, D? > 0 holds if A >
C. A>BorA < C. A < B.Rotations around the axis with the Jargest and smnllcs.(‘
respectively, principal moment of inertia are thus stable. The rotation around the flx-ls
with the intermediate principal moment of inertia (C < A < Bor B <A < o)
unstable because D? < 0. Already very small deviations of the rotation axis from
the & direction increase exponentially according to (4.80).

444 Force-Free Symmetric Spinning Top

We speak of a s i innif ‘ :
) Symmetric spinning top if two of the principal moments of inertia
are equal, for instance: = gikes

A=B#C. “4.81)

1 such a case the directi 3
e ldh':d- fh‘ c!:rcumn of the rotation axis, i.e. @, cannot remain fixed. One
S the distinguished third axis (here: ¢ axis) as the

body axis
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of the rigid body. The force-freeness can always be realized for a rigid body by
choosing the center of gravity as fixpoint § because then the total torque due to the
gravitational field disappears:

M=Zr,xm,g=M(Rxg)=(l forR=0.

Under the precondition (.81) the equations of motion (4.74) of the force-free
spinning top simplify as follows:

Ap+ (C—=A)gr=0,
Ag+ A-C)rp=0, (4.82)
G =1{1)-

The solution for r = @, comes out immediately:

r=ry = const . (48

0
(]

We can always choose the ¢ direction so that r is positive. Then

=G 3
= o (484)

A

becomes positive forA > C and negative for A < C. From (4.52) we find with (+ =3)
and (4.84):

p—Rq=0; q+Qp=0. (4.85)
We differentiate once more with respect to the time:
p-Qa=p+Qp=0.
G+ Qp=4+9Qq=0. (4.86)

These are again oscillation equations. The solutions which simultancously sat-
isfy (4.85) are:

p=asin(Qr+f).
g=uacos(Qt+p). +.87)

a, B are integration constants. From (4.83) and (+.87) we draw the following
conclusions:
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4.4 Theory of the Spinning Top

T i B y axI1s

1. The ¢ component r of the angular velocity @, i.e. the projection on the body a

is constant,
: 5 e et S - mponents,
; :llic prl::jgl:l\u::l of @ on the &,  plane, which corresponds to the p, ¢ comp

describes a circle of radius . : o
Conclusion 1. is just the statement (4.83), conclusion 3. results
conclusion 2. holds because of:

.88)
2= P+ p*+¢*> =12+ a* = const . “
W =r4+p+qg=n

5 4 e anvle v:
axis the aperture angle )
@ thus describes a circular cone around the body axis with p

o (4.89)
ny = — .
tany i
3 angular
- antle with the ang
One calls this cone the pole cone. @ moves on the pole-cone m,
R, ood approximation
idof 510 g .
Example The earth is an oblate ellipsoid of rcvolulmn.. lhl:;"c bidy axis (geomelric
4 Symmetric spinning top (Fig. 4.18). During the "’m“[o;';m not exactly coincide. ©
rm;lh pole) and the rotation axis @ (kinematic fmﬂhpf{ e wth pole describes a Bitcle
moves on a cone around the body axis. The kmf:mnm_ nol le with a period of about
with a radius of about 10 m around the geometric north pol
433 days (Chandler’s period). metric force-free spinning
Up to now we have discussed the movement 9f the sym o (he space-
top in the body-fixed (&, 1, ) system. We still h‘nvc to lm;‘[un"'u'ons of time. For
fixed system. For this purpose we determine Euler’s angles as
astart we have with ):

. 3 Jr
P=asin(Qr+ f) = gsindsiny + I cosy .

3 o (4.90)
g=acos(Qr+ f) = gsind cosy — Isinyr .

r=10=gcosd + i .

Fig. 4.18 Movement of the
fotation axis around (he body
AXis for the case of 4
force-free Symmetric
SPinning (op
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Since the motion is force- free the angular momentum L in the space-fixed system
$ is a constant with respect to both direction and magnitude. We can then always
place the Z axis so that:
I="Té; 4.91)
In the body-fixed system (£, 7, ¢) the unit vector é; has the components:
(€.); = sind siny/ .
(&), = sind cosyr , (4.92)
(&), = cos? .
This leads with (4.90) to the following system of equations:
L:=Ap=A¢gsndsiny + At} cos v < Lsin dsiny
L,=Aq= A¢sini) cos ¥ — Ad sin ¥ = Lsind cos v/ .
Ly = Cr= Cgcosd + Cir < Leosd .
This system of equations can be solved only with
¥ = U9 = const, ¢ = const (4.93)

Therewith (4.90) reads:

asin(R7+ f) = gsindysmy
acos(21+ f) = ¢sindgcosyr (4.94)
rg = ¢costy + .

The ratio of the first two equations yields:

V=Qr+f=" (4.95)

If one inserts this for instance into the first equation it follows & = ¢ sin i, and
therewith

- 1+ ¢o . (4.96)
sin 19“

The third equation in (4.94) then still leads to

aA =
V=10 tandy=—. 497N
e



Equations (4 95)~(4.97) represent the full solution of the equation of motion of the

= : 1 ation
force-free symmetric spinning top. We are left with four independent mleglml'l;\
constants &, 8. ¢y, ry. In principle it should be six but two of them we have already

implicitly used for fixing the Z direction!

44.4.1 Discussion of the Spinning Top Motion

(@) ¥: Angle between space-fixed Z axis and body-fixed z axis. The Z ax1s _Ih %::L,r:
according 10 (4.91) by the direction of the angular momentum L. The Zaxis

(¢ axis). From that it follows: ith constant
The body axis moves with constant aperture angle ¥ = o and wi e
angular velocity ¢ around the direction of the angular momentum.
described by the body axis is called ‘nutation cone’.

b) ¥ Angulur)\'d()l-‘ii,\’ éy which the body (more strictly the body-fixed 1, § planc)

rotates around the body axis. X 7 Tt always lies

(¢) @: The angular vclocil};  is equal to the vector sum of ¢ and ¥. {ld‘{:.‘-v;(}il;r:lnf
in the Z, ¢ plane, thus rotates together with the body axis arf)und the Ilv L/ 4.89).
the angular momentum (Z axis) enclosing with the body axis the nnﬁ f:n.c.";”t‘d
The momentary rotation axis defined by @ moves lhcnjcfor.c on the s
Space cone around the space-fixed angular-momentum direction.

c¢ cone and
The pole cone rolls off with its outside mantle on the space-fixed spac
therefore directs the body axis on the nutation cone. >
7 el i 5 Is off the
Ford > Citis 11 e;. Then the outside area of the pole cone rol
Space-cone mantle (Fig. 4.19).
3 i et 0 i a on the
For A < Citis § 1| e;. The pole cone rolls off with its inside a-:fion Lo
space-fixed space cone where again the body axis is directed on the nut:
(Fig. 4.20),

Fig. 4.19 Course of motion
for the force-free symmetnic
Spinning top with principal
moments of inertjy
A=B. ¢




spinning top with pancipa
moments of in

A=B<C

hia

4.5 Exercises

Exercise 4.5.1 Calculate the moment of inertia

1. of a homogeneous spherical shell (outer radius R, thickness d <R, mass M
respect (o a rotation axis through the center,

2. of a cube with homogeneous mass density (edge length a, mass M) with res
to one of the cube edges as rotation axis,

3

. of a cylinder with the mass M and radius R with respect to the symme
The mass distribution 1s such that the mass density increases outward lincas
with the radius starting with zero at the symmeltry axis.

Exercise 4.5.2 The cube from part 2. of Exercise 4.5.1 1s hanging
its edges vertically down in the carth’s gravitational field (Fig. <. 21). T
small oscillations around this axis. Write down the equation of motio

the oscillation period and the angular frequency. What would be the
cequivalent thread pendulum?

Exercise 4.5.3 A thin-walled hollow cylinder (radius R. mass M) is

an inclined plane. Tt starts 1o roll at the time 1 = 0, where v(7) is the ve
point on its axis.

1. Formulate the energy theorem and express the total Kinetic ene
2. Calculate v(r)!

Exercise 4.5.4 Two homogeneous cylinders with masses M. 1
wrapped by a thread and therewith connected to each other ¢
first cylinder is tightly horizontally pivoted. However, itean be
The second cylinder falls in the earth’s gravitational fic
on both the cylinders the thread is unrolling. Formulate ¢
momentum law the equation of motion and determine 1o
tensions Fy and F!

itY
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4.5 Exercises

Fig. 4.21 Rotation of a cube
with homogeneous mass
density around one of the

edges in the earth’s
gravitational field l
Mg

Fig. 4.22 Two fricuonlessly
rotatable cylinders coupled by
a thread

B >

Z

s Q pendic-
Exercise 4.5.5 A torque M., acts on a rigid body. It is oriented always perr

L i iven fixed axis in
ularly to the angular momentum L and is also perpendicular to a given
n direction:

M =Mmnxl) ;: 1=

il

L. Verify that

|L| =const ; L-n = const.

2 i i S For this
2. Describe the time dependence of the angular-momentum vector L. Fo
Purpose investigate %!
z
Exercise 4.5.6

L. A rigid body possesses
10 a body-fixed sy
center of gravity,

an inertial tensor J = (J;;), where this tensor is rclal’cd
stem of coordinates ¥ the origin of which coincides with (\E
How does the inertia tensor alter for a system of coordinates 2
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that compared to ¥ has parallel axes but is shifted by the vector a (g
Steiner’s theorem)?

2. Show that the inertial tensor transforms as follows as a consequence of a rotati
of the body-fixed system of coordinates:

= Yo

Here d,, are the elements of the orthogonal rotation matrix.

Exercise 4.5.7 Inspect a cuboid with the edge lengths a.b. ¢ and homog
mass density py.

s

o

Let £ be a body-fixed Cartesian system of coordinates with its origin in the
lower left corner oftht. cuboid and with axes along the cuboid e
the inertia tensor "

ges. Deterr

19

. The cuboid rotates with the angular velocity @ around its space diz

Calculate via the inertial tensor the moment of inertia with respect to this axis!
Let  also be a body-fixed Cartesian system of coordinates with axes parallel
to those from 1. The origin. however, is now at the center of gravity of the

cuboid. Determine the inertial tensor J‘ ‘What is now the moment of inertia for
the rotation around the space diagonal?

e

A

Use the inertial tensors calculated in 1. and 3. to fix the moments of inertia
related, respectively, (o a rotation axis which coincides with a cuboid edge. ¢

in y direction, and (o an axis parallel to the former through the center of gravity
of the cuboid. Verify Steiner’s theorem!

Exercise

8 Use the solution in the first part of Exercise 4.5.7 in order to find
the inertial tensor of a cube with an edge length @ and with homogeneous
density for a Cartesian system of coordinates, the origin of which lies in one of the

cube corners while the axes coincide with the cube edges. Calculate the principal
moments and axes of inertia!

4.6 Self-Examination Questions

To Section 4.1

1. Describe the model of the rigid body!

2. How many degrees of freedom does the rigid body have?
3. What do we understand by mass densin?

What is a spinning top?

=
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4.6 Self-Examination Questions

To Section 4.2

19

w

w

. Define for the rotation around a given axis the moment of inertia of the rigid

body! Which parameters do play a role?

. What is a physical pendulum? Which relation does it have to the mathematical

pendulum?

. Formulate and interpret Steiner’s theorem! : o
Py 1 1 F: 1 - anc
. How many degrees of freedom has a cylinder rolling down an inclined p

Find its equation of motion!

- Which analogies do exist between translational and rotational motion

To Section 4.3

19

w

IS

W

=N

)

N-N-)

S - eed % F e ank?
- Explain the term tensor! When is a square matrix a tensor of second ra
- What is the relation between the moment of inertia with respect (o 4

- How can one use the inertial ellipsoid to get the moment of inertia witl

- How are the components of the inertial tensor defined? e lar
. How does the rotational kinetic energy depend on the components ol the ang

S B cvste inates?
velocity? What does these components fix for a given system of coordir
fixed axis

and the inertial tensor?

3 1 o ain the concepts
- What do you understand by principal axes transformation? Explain the ¢ P

rincipal axes ncipal moments of inertia?
p pal axes of inertia and principal h respect
to a given axis? .
L 2 . ical spinning
What are the differences between symmetric, asymmetric and spherical sp
top?

. - . !
- Express the angular momentum of a rigid body by its inertial tensor! menturn
- Demonstrate with the inertial ellipsoid the relation between angular mo

L and angular velocity . When are @ and L parallel?

To Section 4.4

W0 =

oo

- What information is provided by Euler’s equations?

Define Euler’ angles!

- What are the equations of motion of the force-frec spinning top?
- What is meant by free axes?

Wha i ‘ ¢ e for the
Explain the terms body axis, pole cone, nutation cone, and space cone i
Spinning-top motion!






Appendix A
Solutions of the Exercises

Section 1.1

=xercises by tracing
Solution 1.1.1 We use the rules (1.19)—(1.22) and solve the exerciscs by tra
back the various terms to null sequences.

1

n?

i
n 1 n—>oo
,,"=L/.—=_—— — 0
n n
2.
341 1+5 soool
a =._"_+__= L =75
"T i ni4n 2+ t4r <
3}
n—1 1—4 n—00 5=
1, — 4 5= il
Zy

=—+5=
(n+1) 1+

Solution 1.1.2

L. We use (1.29);

™)

&£
I
w
—_—
19| —
~—
Il
w
N —
5]
—~
N —
N—
H
|
Il
1w
|
91
I
[STRW
Wi=leia
Il
ool

© Sprin
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348 A Solutions of the Exercises

With (1.30) follows:

o0 l "
0GRS
m=1 m=

I
o w
e
—
o | —
~—
3
Il
191 W
|-
Il
w

2. The answer is yes because:

)

| 1 1y
DI =1 — 1 ... — =1 =
£ l()+ 100 i Z (l())

m=1

Solution 1.1.3 It obviously holds for the harmonic series (1.27):

I 2n 1 | 1
S —8, = -> —_— = e—=—,
Skpse | Z 2n % 247 7
k=n+t1 k=n+1
Thus it is
e 1
lim (85, -8, > -.
n—oc 2

Therefore the series cannot converge!

Solution 1.1.4

.
2 2 ) o 2
COS™ @ -tan” ¢ + cos” ¢ = sin* ¢ + cos" ¢ = 1
.
1 — cos? sin’ @ sing
- g = “‘l — — = lang
SIN@-cosg  sing-cosg  cosg
.
1 cos’g — 1 sin® ¢ >
i — =Sl A SO [
cos? cos’ @ cos?y
.
1 1 1 +sing+1—sing 2
Friiem— T —— =3 D
I—sing * 1 +sing | —sin“y cos'¢



A Solutions of the Exercises

sin(gs + ¢o) + sin(p1 — o) _ 2singy -cosgz o
Cos(p1 + ¢2) +cos(gr —¢2)  2cos@; - COSP2

Here we have exploited the addition theorems (1.60) and (1.61).

cos® ¢ (a0 cos’g s i c?sw L i oty
sin2p ~ 2sing-cosp 2 sing 2

v it core 61):
Solution 1.1.5 The derivation is easily found with the addition theorem (1.6

¢

g .29 T
[ ’f"=‘7'sin3—+-‘“"27 = 2 sin 2
2 2 2 =

I—cosg =1—cos? £ + sin

Solution 1.1.6
15

y=f(v) = cosx = f/(x)=—sinx.

srivative of the smne
The reasoning js completely analogous to that for the derivative
in (1.80).

Ay _ cos(x + Ax) —cosx

Ax Ax
€05 x cos Ax — sinx sin Ax —coS X
— S0sx cos Ax —sinx sin AX — €27
Ax
cosx(cos Ax— 1 . sinAx
2 x(cos Ax ) e s
Ax
S AaRE
= —cosx sin — -
0sx sin =
In i 5. For the
rcn(:\? DXL 0 last step we haye applied the formula from Solution 1. 1.5.F
g hm"'"g process Ax — () we can exploit (1.50):
)= lim {4 ca e Ax sin AT‘ o sin Ax — et
s osx sin == Eeset sy
= 2
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2. With the quotient-rule (1.86) one calculates

cos.xsin’ x — cos’ xsinx

d d (
e AN ="
dx dx

3. It follows again with quotient-rule (1.86):

d d (cosx cos’ xsinx — cos xsin’ x
— cotx = = e

dx dx \sinx sin~x

Solution 1.1.7 We apply the rules of differentiation from Sect. 1.1.9-
1%

filx) = 15x*

o
fx) =212 — 6!
3.
vy (B2 =2)5@ —10x (P —21)  5¢ + 102

H) = 257 T Tase s

4.
fix)

5

fi) =

o] -



3l
A Solutions of the Exercises

6.
fi(x) = 3(—sin(6x)) - 6 = —18sin(6x)
A
f(x) = cosa® - 2x = 2xcosx”
8.
f(x) = 62% exp (2 — 4)
9

2
K= d
i e follow-
2 jons needed in the
Solution 1.1.8 The derivatives of the LrigonomclrlC(fU"C“o"‘
; i ; i ion 1.1.6.
ing have been derived in (1.40) and in Solution

I. Let
y = sinx
50 that

'(y) = arcsiny =

Then it holds with (1 91):

That yields the assertion:
d arcsiny = ——— -
— arcsiny = 2
& JT=¥
2. We now choose

Yy = cosx

and therewig,

S7'(y) = arccosy = x.



"
~

w

A Solutions of the Exen
Itis then:

1 1

1
dy :;—“ —sinx V1 —cosx

That proves the assertion:

— arccosy = —
dy 4

. Next we investigate

V= lanx

and therewith

o= arctany = x .

It then holds:

That yields:

Finally we inspect
y = cotx
and therewith
') = arccoty = x.

It then holds:

dx 1 1 5 1

P . :—Sln‘\:_*\-

dv ‘1_‘ cot’ x 1+ cot?x
&

That proves the assertion:

«
—arccoty = ——— |
dy

1 +)?
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A Solutions of the Exercises

Solution 1.1.9

1:
ag =f(0)
ay = f(0)

1,
ar = ;f (0)

)
n! dx*|.—o

@ £00(0) 5

n!

b)
=
Il

n=0

2. We substitute
glu) = flu+x0) =/ -

u=x—Xx9

Then it holds with part 1.:

00 ()
£"(0)
8 = n!

n=0

T

Because of

g'")(()) —_—f‘"’(-\'n)

Immediately it follows the assertion. ‘
or expansion (1 92)

Snl.utiun 1.1.10 The reasoning works with the aid of the Tay!
Wwhich we perform around x = 0.

Fx) = (1 +x)" A f(0)=1
f=n0+ )=t A fl0)=n
f”(.\’)=n(n— 1) (1 +x)"=2 ~ ["(0) =n(n—1)

P - 1)y A F7(0) = nin—D=2)
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That yields in (1.92):

—-1) , —1)(n—2) ,
n(n )\_ +n(n )(n )“ o

DT 3!

(1+0)"=1+nx+

If x < | then the series can be cut off with sufficient accuracy after a finite number
of terms.

Solution 1.1.11 We use the Taylor expansion (1.92) for f(x) = In(] +x) atx = 0:

f(x) =In(1 +x) ~ f(0)=In(1)=0
g S
f‘x)—(1+,\') ~ fO)=1
Ty = " =
= A 110) =1
f(x)=(l+—x)3 A~ ff0)=2
We show that
a N =D
e ln(l+.\)—W m=1.

holds. For n = 1,2, 3 this relation is obviously correct. By iterated induction we
conclude from 1 to n + 1, i.e. we show that if the expression is correct for  then it
is also correct for n + 1:

7 i — D=1} T Ve

- ln(l+,\-)=i(" DHI(=1) :_"(n D=1 _ 1\.
dx dx (1 + )" (1 +x)tt! (1+x) !
Therewith:

79°0) = (n= 1)Y=

Taylor expansion:

S F(0) LS
(1 +9 =Y 4 ,\"=E‘_l—~.\.
L n=1 :

Thatis the assertion. We remark that nothing is said as yetabout the convergence of
the series. Considerations, which we cannot follow here, show up that convergence
is guaranteed for [x| < 1.



A Solutions of the Exercises
Solution 1.1.12
f(x) =cosx : xo=0.

For the Taylor expansion (1.92)we use:

£0) =1 ; f'(0) = —sin(0) = 0 : f"(0) = —cos(0) = —

£7(0) = sin(0) = 0 : f* = cos(0) =
A ["J”(O) = (=1)" :ftlln‘-ll(o) = (1)

That means:
2

1 S5
cosx = 1— 2 = +—\ ps —Z(—l) et

n=0

Solution 1.1.13 We write

fix)
fx)

f@x) =

With the series expansions (1.94) and (1.51) we find:

filx) =x—sinx

flx)=c"+e* =2

1 1 -P\J— -2

+A+E-.-+ Eis — i T 2
i

=2+ 2 (4'+;+...)

Therewith it follows:

3 s T3
S=2(..) L (...) x=0 0-0 0

5
242 1424(.) 1+0

flx) =
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of the Exercise:
‘We now investigate the same expression by applying I'Hospital’s rule:

1 — cos2 1-1
lxm f(x) = lim ,' = lim Lo _
=0 f3( \-) =0 ef—e*  1—1

This expression is still indeterminate. Therefore, we have to proceed one ste
further:

ol THE - sinx 0
hm f(\) ll_r’n” f”(\') \I_r'n“ = 3

Solution 1.1.14
1.
() =2x'—82.
Zeros:
0= 20— 8 = 2 (¥ — 4) = 20 (v + 2) (x—2)
N X1=x=0; n=-2; y=+2

Extreme values:

I'(x) L0=83—16r=8 (¥*=2)

N X=0: .\'I,=\/§ P Xe=—v2.

From
') =242 -16=8(32-2)
follows
) ==16<0 A X, : maximum
) =f"(x)=32>0 A Ap. . minima
with

fxa) =0 : f(x)=flx)=-8

()

1
g(x) = sin (; \) 2
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Therewith we can write:
jcor’xdx:cosxsinx—j(-sin:xld!éc
=oosxs'nx—[ll—cns:ndx-—c

=cosxsinx—x—/ms:xdx_—2

2. Choose

D=2 : fin)=cosx
y 1 : x
~ fil)=2r : f)=ccosxsmxts.
Here we have already exploited the resalt from part |. Therewith we get
o s i ?
jl‘cos‘xd;:: X (cosxsinx 4 x)— [lxa:sxinx—riéx

4 =
(cosxsmx+x)———4A
3

—é;:.;sxs:z-x»—z‘.-
So the result is:
[fmfxdx: %ro:sxsi:x—xl(z:—é)‘ Tx.“”;x-f';-c'
3. Choose

fih=x ; fxl=sax

A fim=1 : fix)=—csx.



A Solutions of the Exercises

Then it follows immediately:

/ T sin s e /cns.\‘dx — _rcosx+sinx+c.

4. Choose

fi®=hx ; AHE=x

) =55

1
~ @)= -

Thus it is to calculate:

125 PG
/,\'ln xdx = E,\’ Inx— / 5(1.\' =

Solution 1.2.2

1. We substitute

B (x—0)=—4
U=5v—4 n du=5dx r dv= gld" A ux=1= Liu(x )

It follows:

1

:] 15l 1 1

Sx—d) dy = - Ydu=—ut
‘[(* )" dx 5/_4”11” 2011,__,

51

4

I
1 4 = —(—255)
L )

2. We substitute

'l=n|+>_‘1

1 fx; r= -
N du=xdy n dy= —gy Ru@E=10=—74{*" 3
= 2

It follows:

e St Ax
sin ¢ 1 £ 1 7
/] (rm + R ) dy= — sinuduy = —— cosit
3 /g &

= __l(l -0)
T

b4
3. We substitute

U =73y ~ du = —3dx N dx

=—3111u A ou=1)=4ux=2)=1.



Solutions of the Exercises

360 A

Tt follows:

Wi

4. We substitute
1
w=27 44 A diu= 6x2dx = qu A ux==)=2ux=+1)=6.
2
It follows:
il 1 6
V23 +4dx = c Vudu =
-1 2
2
= =130
5V2 (3v3-1)=13.

Solution 1.2.3

1.
102 1 2 1 -
f f .\”d.t(l)':/ .\2(1.\'f dy= f .\::ixw'i
=0Jy=0 0 0 Jo 10
L 25
=2 / Xdx= —.\"
Jo 3 b
2
T3
2:

LAY n =
/ / sinx - siny dvdy = [ sinxdy / sy dy
x=0Jy=1n 0 T

= (-—cu.s.\il“ (=cosy)|, =(+l=(=I(1-0)
lo 3=

=2
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A Solutions of the Exercises
3¢
2 3 2 3y 2
/ / \“{I.\'(I\':/ b rl.\'/ d_\':/ rdx(Bx—x+1)
Ja=0Jdy=a—-1 : 0 L= 0
2 1 1
@F + 1) dx = (—‘ + —\ )' —8(1 4
o
32
T
4.

/ / / dxdydz = f d.\/ d\/ (l--/ d\/ dy(x+Y)
= / dx (,\)'+ —;',\ ) ljl = 4L e — ;.\'JL

Section 1.3
Solution 1.3.1
1. With the orthogonality relation
e e =10y
it follows immediately:
e-(e+e)=ey-e +es-e2=0.
(Se1 +3e2) - (Te; — 16€3) = 35,

(e + 7e;, — 3e3) - (12¢) — 3e; — dez) = 12—21 +12=3 .

25 Requirement: a. 1y = 0.

a-b=-3-12-3c=a=-5.
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Fig Al

3. Projection of a on the direction of b (Fig. A 1):

1
x =acos<(a,b) = ’—’(n-b) :
b>=b-b=16+9=25=>b=5.
8
a-b=4—12:—8=>,\'=——;.
4. e,: Unit vector in b-direction.

I):L

1
= e, =—=(e;+e +e).
V3 2 \/3(‘

1 2
era=—(1-24+3)=—.

V3 V3
Therewith one finds:

”
a) =e,-(e-a) = ;(cl +ex+e3),

1
a) =a—a= ;(c.-—ﬂc:+7c;%

Test:ay-a; = 3(1—8+7) =0.
5. cos(<a,b) = L (a-b).

ab

a=b=\/|+(3+\/§):=\E+4\/§=3\:-

1 =
a-b=202+V3) = cos(<a.b) = - = <(a.b) = 60°.
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Fig. A2

1. Cosine rule (Fig. A.2):
(a+b)’=da’+2a-b+b>.

la+b| = Va®+ b*> + 2abcosa .

Insertion of the given numbers:
la+b] =117+ 108cosa ,

1 o
cos(0) =1, cos(60°) = 50 cos(90°) =0,

1
cos(150°) = -;Ji. cos(180°) = —1 .

= |a+b| = V225cm = 15cm =S a=0°,
= J17lcm = 13.1¢cm < o= 60°,
= /117cm = 10.8cm <> a=90°,

= V117—54y/3cm = 4.8cm <= a = 150°.
180° .

= +9cm =3cm —a=

For the angle # holds:

(a+b)-a a+ bcosa 6 cos o
cosff = = = 4
ala+b| la+ b| |a+ b| Ja+b|
o=
cos B =10 =— B0
a = 60°

10.5
13.1

cos f = =08 = p=23687°,
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a = 90°%
a = 150°
a = 180°

A Solutions of the Exercises

cos f = T 056 = p=5594°,
—4.5V3
cosﬂ:f'—:—;—‘/—_=—o.37 e e
cosﬂ:ﬁ;}g=—l = =ik

2. See Fig. A3

¥ = <(a,b) = 180° — 36° = 144° |
cost = —0.809 .
|a+ b

I

@ + b+ 2a-b =36+ 49 + 84 cos ¥
= |a+b|=4.13cm,
la—b]> = @® + b*—2a-b = 36 + 49— 84 cos

= |la—b| =12.37cm,

cos[<t(a + b.e))] = E5E) G
la+b|
ok 6-c0os36° + 7 - cos 180 = 0520
4.13
= <(a+b,e)=121.32°.
a—b)-e 0s36°+7T
cos[q(a_h‘cl)] = w = .G.LL = (0958

la—b) 1237

= <(a—Db.¢;) = 16.61°.
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Fig. A3

Fig. A4

3.3PP=r—ry=of. Jing
An arbitrary point P on the sought-after straight-line has then the following
position vector (Fig. A.4):

r=ry+of = (x) + aa)e, + (yo + ab)es + (z0 + ac)es

(X0, Y0, 29, a. b, c are known, ¢ € B).
Solution 1.3.3

1.
(ax b)® = a®b®sin’[<(a, b)] .
(a-b)? = a’b*cos’[<(a, b)] .
Since sin® x + cos?x = 1 it follows:

(axb)® + (a-h)’ = a’b? .

™~

(axbh)-(exd)=c-[dx(axh)]= (scalar triple product)
=c-[a(d-b)—b(d-a)] = (double vector product)
=(a-¢)(d-b)—(b-c)(a-d).
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(@axb)-[(bxe)x(exa) = (axb) {c[(bxc)-al—a[bxc)-c} =
=[(axb)-c][(bxc)-a] = (double vector product)
=[a-(bxc)]® (scalartriple product) .
Solution 1.3.4
1%

a=(2,42); b=(@3.-2-7)=a=v2%: b=V6.
(a+b)=(52.-5) = |a+b|=36.
(a—b) = (=1,6,9) = la—b| = VII8,
(—a) = (=2, —4,-2) = |—a| = V24 =26,
6(2a — 3b) = (=30, 84.150) = 6/2a— 3b| = 1894 .
Test of the triangle inequality:
la+bl=3-Vo<a+b=2V6+62.

This is obviously correct since NG = J62.
2
(a x b) = (asb3 — asby, asb; — aybs, ajbs — axby)
= (=28 +4,6+ 14,—-4—-12) =4(-6.5.-4) ,
(a+b)x(a—b) = —2(axb) = 8(6.-5.4)
a-(a—b) =24—(6—-8—14)=40.

3. Area of the parallelogram:

lax b| = 4V77.

axh | S
= =——=(6,-5,4).

unit vector: e = =——
laxbl V77

Solution 1.3.5 Thales theorem: ‘The angle in the semicircle is a right one’. Accord-
ing to Fig. A 5 it is to show:

l:x+h)-(h—u)$l).
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Fig. A.5 a+b

AR

This is exactly then the case if
2 5 ! S b?
a-b—a’+b —b-a=0 < a=0b.

That is obviously fulfilled.

Solution 1.3.6 It holds:
(-a)+ (=b) = —(a+b) .

Ve recognize in Fig. A.6:
|
X+ |af(—a) =y,
x=a(-h).

y=a[-(a+b)].
The first intercept theorem yields:

Iyl =|u”_n'=lﬂlﬁa="’|‘
|—(a+b)| | —al
The second intercept theorem leads to:

I _ lal—al
=0 = T=a]

=loj=a=lqf.
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Thus it holds

a@a=a=|a
and therewith
Xx=—|a|b; y=—|a|(a+h).
so that finally the assertion is proven:
—la| (@ +b) = —|a|b—|«|a
Solution 1.3.7 Apply the expansion rule for the double vector product:
ax(bxc)=b(a-¢)—c(a-b).
Fora = ¢ holds:
ax(bxa)=dh— (a-b)a
= b= ¥a+ L,[ax(bxa)]:bl +by.
2 7
Solution 1.3.8
(@a=b)-[(a+b)xc]=(a—b)axc+hxec) =

=a-(axc)+a-(hxe)=b-(axc)=b-(hxe)=
=2a-(bxc).

Solution 1.3.9

e e el

(@xb)=|-1 2 =3[ =(7.-4.-5).
3 -15
€. e .

(bxec)=|3 —15|=(=2.-11,-1).
-102

Therewith one easily finds:

a-(bxe) = (-1,2.-3)- (-2.=11,=1) = =17,
(@axb)-c=(7,-4.-5)-(-1,0,2) =-17
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~!
i calar triple product!
Note the cyclic invariance of the scalar triple p:

e B e,
[(axb)xe|=| 7 —4 =5[] = |(—8,—9.—4)|

-1 0 2

e € € =5‘\/§§
fax(bxe)= -1 2 -3 =][(-355,15I

-2 —11-1

Note that the vector product is not associative!
e e e .
(axb)x (bxc) = 7( —4 —5| = (=51,17,—85)
=) —ilil =i
(axb)(b-c)=7(7,—4.-5) .
Solution 1.3.10 In Exercise |.3 3 we showed
(axb)-(cxd)=(a-¢)(d-b)—(b-c)(@-d).

Therewith one finds:

- (bxd)=
@xh)-(cxd)+ (bxc)-(axd) + (cxa) (c-a)(b-d)+
=(a-¢)d-b)—(b-c)(a-d) + (b-a)(c-d) —
+(c-b)(a~d)—(34b)(c-d) =0.

Solution 13,11 Decomposition of y relative to a:
Y=y kYL
Y 1 aang distributivity of the vector product
= axy:aXYJ.——l—b

Y1 can be determined

3 Magniludc

LT bl
lax!‘1|=tl,usm5—" i
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« Direction
axy,=b = ay.. b : right-handed system
= b,a,y. : alsoright-handed system
= y1L11bxa

Therewith it follows:

_bbxa bl

M albxal l—ﬁ(bxﬂ)

However yj completely undetermined == no unique solutiony = y; + y.!

Solution 1.3.12 The proof succeeds by direct exploitation of the expansion rule for
the double vector product:

ax(bxec)+bx(cxa)t+ex(axhb)=
=b(a-c)—c(a-b)+c(b-a)—a(b-¢) +a(c-b)—h(c-a)=0.
Solution 1.3.13

1. Take V = a, - (a, x a3).

(a)

b, Lasa;y

= by -2, =0 firi=273

—t |~-l S =

“l"l—"-/m'(‘l:)\‘l:)—l.

(b)

by L aj, a3

= by-a;=0 firi=1.3

1

=ﬂ:~h:=‘—,:\;~luxxm):!.

(c)

by Laj.a

= by-a, =0 firi=12

1
= ay-b:= F:\v(u. xa)=1.
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19

b, x by = ‘71,(:11 xay) X (a xaz) =
= %iml(u; xay) - ay] — an(as x &) -]} = pa

1 b o axas)]” -
ﬁh|‘-(b1xb3)=vbl'al=‘—,—[a‘ (€

3. According to 2. holds:

1
b]'(b?XbJ)‘:—‘;'

That means:
(by x b3) = ‘_l/ﬂl — a; = V(b2 xb3) -

Therewith:

b, x bz

B b xhy)

Analogously we calculate the other a;!

élz-e_zxi_=c;xc3=0|~
e -(es x e3)

In the same manner we obtain:

Solution 1.3,14 Tes the axioms:

-a-b=dap, - 2a1b; — 2a;by + 3azbs.

commutativity: a-h = b-a obviously fulfilled!
distributivity: (a+¢)-b=a-b+c-b
can be verified by insertion! 7 -
2 = ~diately:
bilinearity: @ € B, from the definition follows immediately
(¢a)-b=a-(ab) = a(a-b). 2 S
magnitwde:  a.a = 4a? — dayay + 33 = (2a1 — a2)’ + 202 =

a-a=0 onlyfora=(0.0).

Hence, it is indeed a scalar product!
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2. a-b = a\b, + a:bs + asby + 2aba.
It cannot be a scalar product because of a-b—b-a # 0.

Solution 1.3.15

1. The axioms of the vector space are easily verifiable. They are all fulfilled.
2.a The vectors are linearly independent because from

0 = aipy + aaps + aspy
follows:
o)+ Tz + 8a3 =0,
-0y =0,
oz =0.

But that leads to:
agp=ay=03=0.
2.b The vectors are linearly dependent since from
0= aipy + aapa + a3ps

follows:

—18a) + 60y = 0.
3o —a3; =0,
150) —5a; = 0.
This means:
0 =130 03 =30

Thus the above condition can be fulfilled by

The ; are then not necessarily all of them equal to zero
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This one sees as follows:

2ir0) = 2 /e = " EO i) coslr. 9.
! a

[r@)]
In our case we have:
(a3 — a?) sinwt cos wi
—_—_—_—

d w
d_lr(l), = 5 iy
4 a} cos? i + a3 sin” ol

6.
e 0)°0) O 0
sl = oIl Fl
2 — a7) sinwf cos w!
a(f) = arccos (a3 — aj) sin —
(a2 — a3)” sin® wi cos? wt + ai @
y() =, since a(r) ~ —r() .
Bl)=m—alr) .
(Fig. A 9)

Solution 1 4.2

1 cause of the

- The A1-componeny cons
f the wheel.

rolling of of ists of two contributions, a cun(ribuugn b::,
0| n
Rsing, the wheel, Ry, and another one due to the rotatio

That means:

(@) = Rp + Rsing .

Fig. A9
v
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Rm

@)

L]

Fig. A.10

For the other component one can read off from Fig. A 10
x2(¢) = 2R — (R — Rcosg) = R+ Rcosg

The full parameter representation for the cycloid that we are looking for is then

given by:

r(¢) = R(p + sing. 1 +cos¢.0) .

19

xi(0) = v-r+Ising() .

xa2(1) = lcos (1) .
This means:
r(1) = [v1+ Ising(r), ] cosg(r).0] .

Solution 1.4.3
1.

et 4 +In*(1+7)

e (n)|

cot-r

\

= rt=0)=1.

(&)

r() = |—coste™™, —,
cos?r |+

= i =0)=(-1.1.0).
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: foost -2 N2
v = \(0& te +cos"l EWSE

— [fr=0)| = V2.

4.
s W ey 2(1—11))
) = ((LO.\ 1+ sint)e 'cos3l'—d(l T )2
=5 i(t=0)= (150;2)%
S%

L2
5 4sin’1 1—12)?
[E()] = | (cos>t+ sinn)? e 5 + > 4( 5
cos®t (1 +1r)

= [ir=0)|= 5.

Solution 1.4.4
1.

2 1
j[n(r)-h(l)] = :W > an)b(1)(ei - €) =

=Y [a(bi0) + a0b(n] =
= i(1)-b(r) +a(n) - b() -
We calculate the k-th component:
d d
7180 x bl = =3 enab0) =
L]

= e [a @b () + a(0bi(n] =

L

= [t xb(n], + [atr b)) -

k

This holds fork = 1.2,3.
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3. The definition of the scalar product yields at first:

a(n)-a() = Y a0 &) = Y albil) .

V] i

Otherwise it holds:
; Y a (a1
la()] - <|a(n)| = () Lee—=
it Z,: [¥ a0
J
= a0a).
J

Hence the two expression are equal!
Solution 1.4.5
1. We need at first:
5

fo

dr

dr 1 3 1 A t
_——— cOS — o - = |—
dr Cos n. . sin ,n) dt

] 1

Therewith the arc length is calculated with s(r = 0) = 0 to:

i}

dr ()| B
s(r) = dis=15=4
s f dr Iy
0
2. With
1
1(s) = %,&

we find the narural parametrization:

s

3 sl 5.4 3 co: )
= sin =, =s.3cos= | -
r(s) = ( .\ms.sx.,u 3

Hence it follows for the tangent-unit vector:

%(3m_\%.4.—33m§\ .
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8¢
r[i(x 3 Sab1S) 5
—) =— (—sm—.O.—cos—) 3
ds 25 5 5
U e sy s 7 | IS g S S : o e
curvature: Kk = IT =3 radius of curvature: p = k7" = 3.

- The normal-unit vector is determined with the preceding results:

~

" it s §
n =p(—. = (—sm§ .(L—cos;) 3

wn

- For the complete derivation of the moving trihedron we still need the binormal-
unit vector:

B 1 2 s
b=txfi=_-|3cos: 4 —3sin3 =
2 —sing 0 —cos3
1 5 K
= — (—4cos=.3.4sin -
5( 4cos53 sil 3

The point at time # = 57 f, means s = 257+

. & 1
U257) = =(=3.4,0). #(257) = (0.0.1). b@57) = z(4.3.0).

5
“or the torsion of the space curve we first calculate:

| 5 s !
—_—— o -)=-—n.
Boon (4sm —5,0.4¢.oss)

The comparison with 4. yields:

4
T=—,
25
Solution 1.4.6 Acceleration and velocity of the particle motion:

B0 =v(1) = v(1) - (i.fi,b) moving trihedron
v(1) = [i(n)] = ; s: arclength
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According to (1.245) it holds:

P(t) =a(t) = a -t +a,-n
a =1 tangential acceleration

v? 5 ) A
ay = — = kv* centripetal acceleration
P
Therewith it follows:
vxa=vo txt +kv ixh
—— ——

=0 =b

35
= vxa=«kv'bh

= |vxa| = kv?
1

= k= —|vxa|
v3

Solution 1.4.7 For a rearranging we use Frenet's formulae (1.231):

d_r.(dzrxd"r _i (4t 4t
ds \ds® dx’) X oo ZXF

2 dn
=Kkt-|nx —
( tlx)

=K1ri-(nx|3)=x:r.

;\':i~ (n X (tf)—A'i)) =

Solution 1.4.8
1.

B = (1.20,20) = [i] = (1 +27) .

With 5(r = 0) = 0 one obtains:

1
s(1) = fll Fatydl =1+ 20
0

2. X SR < : ever.  is here sought
2. Actually t is defined as a function of the arc length s. However. t is here soug
for as function of the time :

CROICHE MO _fl_;:(l,]r.ll:l ;
dr ds |0 15

t=
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3.
|| | SO
Tas| T |dras|  |ar| [Eo] T (14 22)?
4.

aoldi_1 1 JORNSE _(—21,1-27,20) .
kds  k |F@)] dt 1+ 22
1
1+ 2r

27, -21,1) .

h=ixn=

o

o

d _dodr 2ENEERERE = i .
ds drds (1+2P)7}

From this it follows that:

2
T = rrroeanoi
(1 +22)?
Solution 1.4.9
| o e the cveloid
1. According to Exercise 1.4 2 it is about the parameter representation of the cy
With the tangent-unit vector:

A dr d_(p
5 47 ds
It holds:
d
:1—; =R (I + cos g, —sing, 0)
Therewith:

dr
dyp =R\(1 + cosg)? + sin’ ¢
=Ry\/1 +2cosy + cos? @ + sin” ¢

=RV2(1 + cos ) é%
dy

dr

1
—r— . —
Ry2(1+cosg) do

= i
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= —l“(lnLCUSVl. —smg ,0)
V2(1 +cos¢) ~—— ——

2cos* §  —2sin§cos§

I

(cos%.—sin go)

curvature:
£—£~ﬂ— ‘ -l(—sing—cuxg(ij
ds  dp ds R/l +cosg) 2 2% =ik
e it el
= 4R cos & (.sln ) 2'0)
dt 1
— K =|—]= _—
ds 4Rcos”3

normal-unit vector:

>

S bl @ ¢
n= T (smi.cos?())

binormal-unit vector:

b=1x#
=0=0)+ e20-0)+ & (~cos’ £ i’ %)
==¢3=(0,0.-1)
That means:
db =0=—th = =0
ds

moving trihedron:

t= (cos % —sin g.())

=

. ¢
= (— .\'m%.—cos ?U)

b= (0,0.~1)
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n

arc length:

r(g) =

(¢.f().0)

d =3
‘,l—r = (1./(9).0) = ',7,%'= L+72(0)
ag

V
0= [ 4o TR = 0 =900

%o

= = VT+/2()

— 17:;
langent-unit vector:
W L))
b= ,’)¢ o \/l—+—fﬁ—
i 0) + ey
W‘(an s -+-f")2
(=S 0)
(1 +/”
&4 o SEREEE
as ~ dp s (1+/7)
L‘UI’\'ﬂ(UTC:
fof-f
Ol = | —— =
ds (AERTE)2
ullcmalivcly:
0 = g(s)
pd (')r d? df )
9~ \ds ds’
d,\' ds? ' ds?’

@
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Example: ‘curcle’

x=¢

R>—¢? upper half-plane
- = — @~ lower half-plane
VR =g | half-pl.

= f(p) = £V/R*—¢?

’ i A
=t —=—
e VRI=¢2  [flo)
” Voo _ ] "
R e
i) =t S =4
I i =i

g N ov4
R T
1

-1
TP+t R
e L

4/ R

Section 1.5

Solution 1.5.1

la
1 on
ar) = —(w xr) = —(—x2.x.0) .
r ¢
In the x3 = O-plane it holds r = \; -+ x5 . This means:

[a(m)] =0 =0 -

The field lines represent arrows of constant length ey being perpendicular to r
and perpendicular to e;. Thus they are located tangentially to a cirele around
the origin of coordinates with radius e, (Fig. A 11).

ar)=ar: a<0.
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Fig. A.11

Fig.

A2

The contour lines
la(x)] = |elr

L ararterize arrows of the
are equally spaced concentric circles. The field is ‘hdfd',';czz":z:ﬁ the origin of
length ]a[;‘, which because of @ < 0 are pointing radially S -
coordinates (Fig, A.12).

. . )5
ar) = ey +0)e; +al—x)en a>(

The contour lines

= 2or

lam)l, 2y = av/(x; +22)2 + (x2 — x1)?

3y =
i . ine stant radius
4me as in part 1.b concentric circles with from line m‘lmc‘:n:};lm_ Ll
change, The arrow lengths are radially increasing according Tl
directions are exhibited in Fig. A.13.

o
ar)= 5————e¢,; a.f>0.
) B+l + B2
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Exercises

Fig. A.13

Fig. A.14

The contour lines follow from

la(r)| =0 =

; i engths decrease with
The field-line arrows are parallel to the xj-axis. Their lengths
increasing x> values (Fig. A.14).

2a
a(r) = 2 (~x2.11,0).
v
With
I
ox, r I

follows:
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d

wo
—a = —(xx;.—xx.0) .
dx3 e

a(r) = a(x, X2, %) .

9
Law=ae; i=123.
ax;

a(r) = a(x; +x2,0 —x1,0) .
,iu(r) =a(l.-1.0),
ax,

,ia(r) =e(1.1,0) .,
0xa

7D—a(r) =«(0,0,0) .
dxs

T}

—2ax;

—a= (1,0.0) .
o (Z+2+p)

, L
udl 20 ROT0 8

3

n (243 +p)

dapsinn

= xixa —xax1) =0,
o e (x1x2 —X2X1)

<

®

I
)=

I

=1

g (i)u; day day daz daz ‘()ﬁx_) =

= "l—)‘u (.\1‘\1..\:.\'3,1’, + \‘:) 5
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388
3b
V-.a=3a,
Vxa=0, since %=0 for i#).
3¢
V-a=2a,
Vxa=a0-0,0-0-1-1)=-2a0.0.1).
3d
Vea=i0%
Vxa= _——i——(o.x;‘—-\':)-

R+2+p)

Solution 1.5.2

I
d¥ezor 1 01) —ar
= il 4
dr r T
ar X
Ox;r

The partial derivatives of the potential ¢ thus read:

—ar

9 q 8
=) == x(1+ar)— -
ox, o) 4ey A 2
That yields for the gradient field:
q 1 +ar —arg,
Vo) =———.—5—¢ ¢
‘p( , 4.75[\ g
2.
i 3 @
(4 B —or 1o _‘,uﬁ__,y,(l—ﬂf‘("—aT_TTﬂ
0> dmeq i
q P an(3+ ur\]

—_ lr' +ar +adgr—-x+
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With ¥+ = eventually follows:

2 4, el )
Ao =d> — = o’e(r) .
e 4reg r ¢

Solution 1.5.3

L. We define the scalar field

B 2

yod, 8,8

P(x1. 22, 0) S
A a2 a* b

n that the gradient field Ve(r) has a direction perpendicularly to
= const. The sought-after surface-normal vector n follows from

Ve
n= r
Vel
S S very easily:
> »
: va
T
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Solution 1.5.4
15
.L-q)n(r) = —g;sinfe-r): i=123
x;
= Vi (r) = —asin(e 1) ,
f;wl(r) = —a; cos(e - 1)
x;
= Api(r) = —|a|’g(r) .
The caleulation for g, (r) runs analogously:
) e "
T—¢ar) = 2y r =12
ox;

42 ‘
T30 = 77 (2 + )
f..,

= Via(r) = <2y ey,

Agy(r) = 2y(2yr2 = 3)e 7" .

9

' 2
J (_\, 1 —
dx; r) op £
3. We seek the conditions for
V-ar) =0.
Because of
da 9 FE%
— = —f(r)x; = sy
ox ox

it holds

s0 that the condition for a
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Hence, il f(r) is of the form
o :
Jf@)= 3 (o arbitrary)

then the divergence of the field a(r) vanishes.
<. For the k-th component of the vector field it holds:

Ay g

(Vo1 x Vo), = ZE,,‘ ax d\]

Therewith it follows:

il Py dpr Iy 32'[’2)
—am =Y ¢ B E
a0 =2 "‘(aua\, 3% | B 0uox

This helps to calculate the divergence:

P 02 | I P )
W/ = ik | —— = YR
S0 Zs" (6.\1»8.\', oy, 0 ox, dx0x;

ijk
R P R )
== — | ejp——— + EljiT—— | +
2 Z; y; (b ik dxgdx, A O, Dx;.
i

i (20 )
2 Z (EU : Axp0x; B axox )

Sk

In the brackets of the second summand we have simply interchanged the
ummation indexes i and k as well as j and k. ¢ and ¢, are (wo times
nunuously differentiable so that the sequence of the partial differentiations is
iitrary:

9
V.a(r) = Z ) GG (8 + £1) +

dx; Do, ax;
0
g Py
ik + Eiy) = 0.
8\ axx; _(E'k ,_«E")

3

) 3 0 a0
V'Hﬂal=zi‘;(¢a,)=Z:pa—‘jﬁ-Zu,R =¢V-a+a-Vg.
=

=1 =1
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Solution 1.5.5

Itis to inspect:

0
——a

xy

A Solutions of the Exercises

d d
+e| —a——a
oxy dx;

a(r) = (yxix — \33. (y =22, (1 - ym.\‘;)

d 5
Eal =YX Eal =-3x

d

%l a; =2(y —2)x ; Ea; =0

2 . '
r“03=(l—y).r3: 5;“"=0

= Vxa() = (0-0,-33 - (1 - y)&d.2(y = 2x — yn)

=0~ -py3.(r—9u)

‘curl-free’ (V x a = 0)if y =41

3

V.ar)= Z%“J

=1

= yxa+ 04 2(1 = p)uxs

20

= 0= 2xx; — y(2yy; —x2)

=y =

= V-a(r) = 0 can not be realized with y = const!
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Solution 1.5.6

s

b(r) = (xox3 + 12x102, 43 — 8xax3 + 6x7, X X2 — ]1\'5.\5)

d d
(Vxh) = b—b — —b>

3 7 2
Xy ax3

I

X — 24,\'2x§ —x + 24xz,t§ =0

(Vixb); = sy g
0

=x3—-x3=0

— Vxb=0 <= curl-free’ .

19

Vy(r) = b(r)
(a)

do 1
j_‘l’ = by = xox3 + 12x1x2

dxy
= ¢(r) = X100 + 6x1x0 + f(x2,x3)

\b)

dp
x>
i
dx: 2

== ¢(r) = xjx080 — 4,\’;,\’; + 6.\':‘.\'3 + g(x3)

; E \ P o
= by = x133 — 81013 + 617 = x1x3 + 6x] + o

= =80 = f(x2,x3) = g(x3) — 4~\‘;-‘§



(c)
dp 29 ! B g
T b3 = 113 — 12033 = xx, — 8% + o
ﬂg — I 29 2.9 1
== d-u = 8xn3 — 1260 = gx) = 4o —46x +c
= 90 = X0 — 490 + 6xx + 428 — 4 £ ¢
= X1X2X3 + 6advy — 493 +¢  (c= const).
Test:

dp
E =0x3 + 1240, = by

dp .
T = U8+ 66— 8o = by

i 212
T\} SXn—1200=b; qed

Solution 1.5.7

I The proof is carricd out by directly exploiting the definition:

V x [f(r)r]

d 5 ) 3 P e )
AR N3 ey e L e e =
(d.\'g‘[\" U.v;j"z' ! a_\-,["'d_\»,'f" e
df

~

0 ) i d :
Vixi(pa) = e [ e O 29 ape e
1 a.\_quu; D‘“gm! + e A e

dJ d
+e3 (Tq)uz - ‘—.“-yul) =

oxy x,
i [e (am day\ | (Do ) i
. 0xy d—n e (:l\: dxy
das 0, d d¢
te3 (&—ﬂ +e (u"-‘(—"
by dh LIS

dy o
+ex (u, Sl
dxy dyy

= ¢V xa+ (Vg)xa

A Solutions of the Exercises



A Solutions of the Exercises
3. We verify the relation representatively for the 1-component:

d d
(Vx(Vxa) = ——(V xa);— —(V xa)s =
s ax;

d (ﬂug i)a;) /) (i)ﬂ_dﬂ) g
0, \dx;  Ox2 s 0z oax /)
b 9as ax

= AR 6 T e dx>0x; i dx30x)

Il

ad
= —Aaq +5;I—V-a.

With the respective analogous calculation for the other components the assertion

is proven.

I T 9 R
(Vx (Eo:xr))l = E[E(axr);—gg(axr):] =

L3 S L0 S iy, =
= Ey3iXy — =7 A O el
X2 e/ TV YT
) i)

4.

1
=5 Z(Emz —Ep)o, = .
= 1

Analogously the two other components are found. It follows:
1
Vx|zaxr|=a.
2

1. a(r), b(r) are vector fields with r = (x1, X2, x3)
Vector product:

Solution 1.5.8

axh= Z egaibyer . where {e;} complete and orthonormal

uk

‘(3 xb) = Ze,,k—(a, )er

0x,,
ik
] ab,
= ZF:/L (:ILII/ + ”'3 vl ) e
uk Ao

d
= ( ) xb+ax ( h)
x,, Ay
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2. ¢1a(r): scalar fields

V(‘PI @) = Ze —((pl ©)

=) Y —

et 2

3
B vaej d + ¢ Ze,a"”

ji=1

= Vo + ¢, Vg,
3. According to (1.1 95) it holds:

axb= E eirabyey

uk
d
Vxa= E et —a; ) e
ax;
uk

Therewith:
3

]
V.(axb) = Za".(“xb)k
k=) %%k

Z o Ze,,m b,
3 ZFUL ( )l' b+ a,— o )

ijk g
ab
da L]
_Z”:Z i = @) &
dxy :

e Iy

= Zb/(v x a); — Zu,ﬂ‘ xb),
! 0

=b.-Vxa—a-Vxb

d(r) = Vg, x Vgn
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With part 3.
V-d(r) = Vg2 - (V x (Vgu)) =Vir - (V X (V2))
=0 (see (1.290)) =0
=10
Section 1.6

Solution 1.6.1
112 012
A = 3()4): B-A=|316] .
005 005

(A-B)T =B"AT

Solution 1.6.2
18

efined form # r:
That appears at least reasonably because A7 - BT would not be defined ¢ 7
BT - A however, is defined.

C=A-B= (r,,)

n

Ccy = Z ll.l-bk/
k=1
=)= ((-,,)
z
G = ll,Lblu Zb.xﬂu (B7-A7),
k=1

= (A-B)T =B"AT

2. Form = n A is a square matrix.
Obviously it holds ET = E

E=(a-a) LT (4"
— (N

— (@) =@
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Y= =

Determine the matrix C so that

C-(A-B)=E
= C-(A-B)-B'=C-A=E-B"'=58"
= C-(A-B)-B'-A'=c.A.A'=C

— il e
= C=B'A"'=@4-B)"
Solution 1.6.3

1. Sarrus-rule:

detA =0—-15+4404+8-6=-9.

2. detA = 0, since the fourth row can be written as sum of the first and the second
row.
3. An expansion wi

ith respect to the third column suggests itself

= —8(24 4+ 63 -3+ 112) = 1568 .
Solution 1.6.4

1. Complete induction:

T
n=1: detA = |ay|=ay=detd

= ayaxn —dnan

ay an
n=2: detA=
ay axn

detaT = [0
AT =

’ = apan —ande
ap an

= detA = detd’

'+ trix.
(1 s S Assume A to be an ((n+ 1) X (n+ 1)) matn

- AT
deta” = Y af Uy (A7)
P el
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With the induction hypothesis it follows:

"
detA” = Z aUy(A)
=1

= ia,-,u,,m )

U=l

That holds for all i

detA”

]

Iy auw
n +
L)
1
== a,Uy(A)
n
L)

1
’—'lZdelA

= detA

2. B antisymmetric (1 X n) matrix
= B =(b]) with b] =bi=—by
= B'=-8
= detB” = (—1)"det B = det B

== with n odd:

~detB =detB = detB =0
'roluﬁon 1.65
b e S a—b —c —
AAT = =ba—dc ba d—c

—d a-b| |c—da b
~d—c b a d c —ba

(@ +0* + 2+ a?) 0

0 (@ + b2+ + )

399
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A Solutions of the Exercises

The determinant of the product matrix is by direct reading:

det(A-AT) = (A + b+ +dY) .

On the other hand it also holds:

det(A - A7) = detA - detA” = (detA)’ .

Therewith it follows:

detA = (u: + 424 {Il]2 2
Solution 1.6.6

1. The matrix of coefficients A ,

2:1%5
A=1152
SEOL
has a non-vanishing determinant:
detA = —104 .

The system of equations is therefore uniquely solvable:

=2115
detA; =1 19 52| =104
251
2-215
detA, = {1 19 2| =-624.
SINOY
21-21
detA; = |15 19 |=520.
D122
Hence, according to Cramer’s rule the system of equations has thesGHow
solutions:
U - s
T ST R
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2. The second and the third equation are linearly dependent. It thus remains only

X —x2=4-—3x3,

3 4+ a0 = —1 + 43
with the ‘solutions’:
1 13 o
n=30+xn); m=ra=1.
3. The matrix of coefficients A ,
1 1-1

A = [[I=1FS ISR
011

: : _vanishing determinant:
of the homogeneous system of equations possesses a non vanishing
detA =4.

Therefore only the trivial solution is possible:

4. The determinant of the coefficient matrix is zero:
2-3 1
detA=14 4 —1|=0.
1% 4
Non-triy

al solutions we can get as follows:

24 —3x = —X3,

dxp +4x =23 .
detA =20; detd; =—x3; detdr = 6x3

|
== =TSRRI 3



=
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Solution 1.6.7
1. A represents a rotation since

(a) rows and columns are orthonormalized,
(b) detA = 1.
Tt represents a rotation around the 2-axis by the angle ¢ = 1357 (Fig. & 15):

cos@ 0 —sing
V= () 5

sing 0 cosg

2
a 0 -iva
a|=al2|=[ =2 |.
as 1 —-iV2
by 3 L)
I_73 =FALNS = 3 3 N
by —4 :L\/i

The scalar product does not change with the rotation:
a-b=a-b=-14.
Fig. A.15
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Solution 1.6.8

1

19

detB=| 0

det(A - B) = detA - detB = det(B- A) =
onditions for a rotation matrix:

(a) rows and columns orthonormal
(b) detD = 41

detA = detB = +1

A: rows and columns orthonormal = A is rotation matrix

% i a rotation
B: rows and columns orthogonal but not normalized = B is not
matrix
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404

4. A rotation matrix

1 -1 0 1
= A= 710 V2o
2 -1 0 -1
Solution 1.6.9
i,
ay a
a=\u a=\|a
as as
amay be a vector which is related 10 a by rotation. Then it holds (1.310)

<
a;i= 5 d,a, .
=1
dj; are the elements of the rotation matrix:

=3
Z“i = E E diydaja, = Z(Zli,_,l],i)d ai -
' ik Wk

Since the columns of (he rotation matrix are orthonormalized the bracket is just
8 .

)k

a E_’ 5 2 2 e.d
ap= Spaya = a; g.c.d.
b ik 7

> 1 o he arotation:
2. £, T shall be two right-handed systems emerging from each other by &

Il

&= (¢xe)

€

Il

(€ x&) 1 (ijky = (1.2,3) andeyele
It holds the mapping:

C— z.{.. € -
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i it vectors:
This we insert into the above scalar triple product of the unit ve

> dier =Y dndin(en X €) -
1

m.n

We multiply this equation scalarly by e,

diy =Y Ernndmlin -

m.n

Evaluation fori = 1:

diy= ZE,,mnd_’mdSn

mn

dodn| _ 4
= dy = dpds; — dndn = ds ds3
dyy dos| _ —Ana .
diy = dnydy — doydy = — dy ds3
by dn =A; -
dy3 = daydy, — dnds) = ldS' d;:' i

That means on the whole:
dy = (=)A= Uir -
Analogously one verifies:
Py (-l)”'/\zr =Us,
ds, = (—1)*"A3, = Usr .

4 or way: Because
The proof can of course be carried out in a very much shorter way
Of (1.315), (1.338), and (1.344) it holds:

Uij

dy = (=)=

= U,,‘ .
Solution 1.6.10 With (1.215) we can use:
D'=Dl: D;'=D}

Exercise 1.6.2, part 1.:

(AB)" =BTAT; (AB)'=B"'A""
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406
This means:
D™ = (D, - D)~ = D3'D7 = DiD]
=(Dy-Dy) =D"
Furthermore:

detD = det(D,D,) = detD; detD:

= (+1)-(+1)
=i
= D is a rotation matrix
== rows and columns are orthonormal.
Section 1.7
Exercise 1.7.1
1
" d dc
d(xy, x3) e : —J 3
0y yy) (e 3
One recognizes immcdiu\c\y:
(X1, x2) w _('](.\'l..\'g) ] 2("/“)) 3
A0 ya) G pseguent
[ inant, (B): 3%
(@): interchange of two col of the Jacobian doterminast (7
interchange of two rows of the Jacobian determinant- 3
m— 2. The first example concerns the identical transformation”

(x1x2) = (01232«

9(x1.x0) =\‘0\= W

) |01

N
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The second example concerns the transformation:

d(x1,y2) (B.n )
= == X
d(y1.>2) i /y,

Solution 1.7.2 With (1.366) it firstly holds:

Axa) [am._\-g)]"
Wy L x|

According to Exercise 1.7.1 this has the special consequence:

(5)-2e3- (s @]
u)-)r“ i0.2)  Lo(x.2) ax ).

For the second part of the exercise we exploit (1.365):

d(x.2) ; d(y.2) 2 a(x.y) i

d(y.2) d(x,y) 0(x,2)

That agrees with

(i).\') i)z) (0,\') iy
iy ). ( || \GELT
and therewith directly follows the assertion!

Solution 1.7.3

1.
A u—v0 ¥
((,’;(l#\;z= vou ()=u'+vl.
\ 0, Z;
= 001

Thus the transformation is everywhere locally reversible except for (it = 0.v=
0. 2).
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408 A

12

0(xy,X2.X3
dV = dxydxadxy = (,\‘ x )dud\‘ dz
(. v.2)
— dV = (u* + v})dudvdz.

3. Position vector:

e (‘ QLR ) 3
= 5.(“ —v ).uv.;) :

or -
i (1. v,0) = b, = Vi +v*.
or

(ot Eusu0)="by=by,

auv

]

0,0,1) = b, =1.

Therewith we get the following curvilinear-orthogonal unit Vecior

1
¢, = —~—-—1(u,v.ll).
u? 4 v?
1
€y = ———=( 0).

1y XIS,
inate i then ®
u-coordinate lines (v _wnm(pgr.\hola.\b«‘u g
W (i = const) (parabala

v-coordinate lines: x,
negative x, axis),
-coordinate lines: parallels to the x; axis

u- and v-coordinate lines intersect at right angles (

4. For the differential of the position vector Jqu.ninn (
the above results:

e
dr = \/mducu + Yt + v v e T

376)
To get the nabla-operator we apply the seneral relation (
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A Solutions of the Exercises

Fig. A.16 i

Fig. A.17

Solution 1.7.4 Sce Fig. A.17

tang =1 = ¢ =

=8
o
Il
»
&

Solution 1.7.5
1. Spherical coordinates:
Proa{1;0;1)

rsiny cosg = 1

rsind sing =0

rcosd =1

1 7

= r=+2: cosd = —= ==>"=Z
2

cosp = = ¢=0

l
=
=N
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A Solutions of the Exercises

Py :(0,1,-1)
= r=s/i:coso=—L — 0:?1
V2 4
——1 —H
5
nw
= 1 7 \/575)
Py (0.-3.0)

2
Sinl?sinrp:—l = ¢p=3—n
2
= P5: (3.1.3—”)
D0
2. Cylindrical coordinates:
BEN150,1)
pcosp = |
psing = ()
I=1 = =15 p=0se=11
= A 2 (L)
F3:(0,1,~1)
= w:% ==l
= P, (I ;.—l)
P31 (0.-3.0)
=> p= 2= c(\w—o
sing =1 :ﬁ\'?‘—';'—
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Solution 1.7.6 Cartesian coordinates: R* = x} + 13, planar polar coordinates: R =
p.

Solution 1.7.7

1. Vector field in cylindrical coordinates:
a=ape, + agey + a:€; .
‘We have to determine ap, Gy, az! The unit vectors are:
e, =cospe; +sinper,
e, = —singe; +cosger .
e, =¢e3.
The reversal reads:

e =cosge, —singeg ,

e; =singe, +cospey ,

ey =€ .
With the transformation formulac
X =peosg; x=psing; B=2
we then obtain by insertion:
a=z(cospe,—singe,) + 2pcosp(sing e, + COsY R n 7

Finally it follows by comparison:

a, = zcosg + 2psin@cos g,
a, = —zsing + 2pcos’ ¢ .
a.=psing .

5 SR : 7
2. Vector field in spherical coordinates:

a=aye, +ape) +ady €y -

With

xp =rsindcosg; xp=rsindsing; x3=rcost
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and
e, = cos@sin e, + cos@cosl ey —singe,
e, = singsind e, + sin@ cos ey +cosQP e,
ey = costv e, —sind ey
we now have:
a, = cos @ + rsind cos Y sing
ay = rcos @ cos™ ¥ + 2rsind cos sin ¢ cos ¢ — rsin ¥ sing
ay, = —rcosd sing + 2rsind cos ¢
Solution 1.7.8

1.(a) When using Cartesian coordinates for the calculation of the circulr ared Swe
have to take the condition x% 4 y> = R into account for fixing the integretion
limits:

g5 NS +R .
i f dy f d.\':lj Ry
-JrR=2 oy
= R* R +R :
=) KT_ arcsin T{ + E\/Rz s .\.:) \_R
=
(b) With planar polar coordinates the surface element reads:
dxdy = 3&3)
i a(

dpdy = pdpdy -
¢)
Therewith it follows immed;

iately:

R p2n R
DS f j pdpdy =2x f pdp =+
0 [\) {\

Jstants
neans 3
The application of plane polar coordinates obY jousty ¢
advantage.

al coordinates
2. Ttis clear that for the calewlation of the volume of 8 P

o
(r, 0, ¢) are highly recommendable:

dV = L

_ P sinddnidd?
A, @)
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So it is to evaluate:

R pa 2%
V= / av = / / f 7 sin 9drdddy
0 0 0

L AI*
= 271/ rdr(—cos?)| =4m —
0 0 3o
e
3

3. One uses conveniently cylindrical coordinates (p, ¢, 2) for the calculation of the

multiple integral. For the volume element it holds according to (1.382):

Ry 2 0 R2 &
V= / pdp dy / dz =20 / pdp dy
Ry 0 0 Ry 0

1 R e 1 5 1 ZIR‘.'
7o [ oin= 3057,

1 5
77 (RB—R}) -

Section 2.1

Solution 2.1.1

I The velocity magnitude v does not change so that it holds with the cosine
rule (1.149) (Figs. A.18 and A.19):

Av = V2 + v2 — 2v?cos 60°

= »=50cms" .

Fig. A8 Y

. =ve,

()
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A Solutions of the Exercises
Fig. A.19

wty)

A

+t,)

Av

2. For the centripetal acceleration we need according to (2.36):

a, = —Rw’e, .,
60
o = 2560 R et
245, 6
From v = Rw it follows then:
300
R=—cm
and therewith:
lal =R =7n- 5?0“"5_: 5
Solution 2.1.2
i
==

© X1, =(2,3,-4).
2. @ remains unchanged

V= lox (r,—a)] = [(_Lz_nx(l,—l.ll)]
=R = Un\,—l).
Solution 2.1.3

1

() = —g = —(0.0.9).
B0 =—gr4v [fe=0=Yl"

HOf = “!‘,ar’ tvor [re=0=0"
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Fig. A.20

o

i ectors d r. So it
2. The “orbital plane’ is the plane which is spanned by the vectors r and -
holds for AF (Fig. A 20):

1 5
= —(rxr)dt.
AF 2(r

With 1. we can calculate the vector product r X F:
: 1, +v) =
rxXr= —;/-g+lvu X(=tg 0

3
- Iﬂ(gx vo) —P(vo x 8) = 5 (8% Vo) -

)

St spendent, its
" time-dependent. i
One recognizes that, although the vector product r X T 1S

. Boe i 5 | X Vo)-
direction is fixed. The surface normal is always parallel to (g
58

1
e} = — (vor. Vo2, Vo3) -
1

Vo

For the unit vector ¢, three conditions are to be fulfilled:
(@) € lies in the orbital plane: €5 1g x vy,
(b) ¢, is orthogonal 1o CROSCA— ]

; <
(€) €} is normalized: o=l

With
€ = (x1,%2,%3)

and

8 X vy = (—vmg, voig- 0)
condition (a) leads to the conditional equation:

& (g2 —xov0r) =0
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A Solutions of the Exercises
From condition (b) it follows

= (x1v01 4+ X202 + Xavp3) =0
0

while condition (¢) means:

SWEsHL D
Ntxtxa=1

These are three equations for the unknowns x;, x,, x3:

' ==l
e, =

S = (—vn\vm, —VUp Vg3, 1':-\1 + l'sn
Vo[ VG, + v, :

The sign remains free.

4.

- el
2 ‘\ (2 » —va . 0) -
Solution 2.1.4
1. Spherical coordinates.
() = re,
(1) =

3 "¢+ rdey + rsind ge,
Vo -
® e t-apep + age,
with

22
9% — rin? ¢

] e
D+ 280 — rind cosd ¢

a(l) =

—a(ni)e 3 —\(”"‘“:‘;"
¢ + (ﬂr\r)r:‘)k‘- g AG
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leads to the conditional equations:
2 a2 .2 | 7 .
=) —rsin’ 9 @7 = —= — ()i
T rsi @ =
s : \ 3
i + 270 — rsin® cos? ¢ = —a(r)rd
S . .
rsind ¢ + 2sind i + 2rcos ® 99 = —a(r)rsin ¢ .

2. The third equation is trivially fulfilled (¢ = const), the two others can be written
as:

aq 1 4 .
F—rg? L L _a(ni
=
= o .
rd + 27 = —a(r)rd .
The input requirement of the exercise yields:

2 28 To
= —?ﬁn.(l - ﬂl)_l” = —Tru =

_2n
ol r2
1 26, (10)\3/?

e

r

— B~ =

Il

|

18
3
=

3 20 o0 1 DTN
gt (I—pn? T"“(r) ;

Insertion into the above conditional equations leads to:

(i)

287 4B, o3 % 28 [
oA il

282 2 a y 28 o
=i _—9‘7'2'(1‘(1 +205r0) = ey D’(")T"rl X

Rm——
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(i)

B (2) +2(-2 \/"Tﬁ)%ﬂ%('_g)“=-u(,)i§aﬂ('_;)"
— Br (m)‘ilv__m r“ ﬁ (,-0) S

= alr) = f—;(%)—

Because of @ > 0 it follows immediately B > 0. Insertion of @ imnto (i):

5 i L )

1 )

Trajectory:

D) = =% In(1 — B3 = __l,"l“(;r_)
0

= M) =rn et

3. Square of velocity
Ve=t'F =4 252

4ﬂ 27 L4 4pin o
9 —rp “+r%0 (rn) _ﬂ__.“ﬂ" :

approac
In spite of friction the velocity of the satellite increases when it 3pP .

== h=
carth’s surface ansatz for the friction may not be & alistic enous
(M: Fg~ V2,
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Section 2.2

Solution 2.2.1

1. According to Fig. A.21:

= (=Taat, —11as, 34 — 4agl) -
Relative velocity:

Folt) = (=Taa. 0. —dag)equiv T -

19

F(t) = (120, —18a51,0) .
F(1) = (122, —18a51.0) .

because iy = 0 and

3. If X is an inertial system then 3 is also an inertial system. ht line in £

straig!
F=T , tespectively. If a force-less body moves uniformly T
then this is also the case in 3.

Solution 2.2.2 For the actual velocity v = const it holds:

d.\‘_d.\'_di_’
VEa T aa

Therewith it follows for the actual acceleration:

dx  &x (d'\? | dx d
*Sanks (‘T) o ae

ar — dr?
TN (i"_’)—
I& (I) tvae \@
Fig. A21

L]
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Fig. A.22

Force-free movement means @ = (). Therefore it must be

1 >t (:l:’)"‘
1 = —) — .
: . dr \ dt
With

’

_I,
— =1 X =dal(rn
dt o dar
one obtains:
, ' (1
F'=md = —my _&(._)_7
(1 +a(n)
Solution 2.2.3

—

We introduce two systems of coordinates (Fig. A 22)

0w the
i System of coordinates fixed at the carth’s center, which does 1Ot C L2
__ rotation being therefore an inertial system. sy
Z:  Co-rotating Cartesian system of coordinates at the carth’s U
To: Position vector of the origin of T
T

s seen from .
Position vector of the mass pointin X.
. - . . 2.77):
With & = 0 the cquation of motion reads according 0 (=

- be o — (@ XT) -
M = —mn g — mity — mle x (0 x 1) - 21

‘_“. = —2m(w x1): (Coriolis force) .

e

—mlo x (0 x7)]:

(centrifugal fo

= SaTe $ > o 7 from the
F. is here negligible since o and also the distance 7 10

s surface ©
. s i lefl equanon ot
be assumed 10 be small. Approximately it is leftas &4

notion

¥ —g —fy— 2@X r
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2. The origin of £ moves on a circle with radius R cos ¢ around the w-axis. That
means after (2.33):

|fol = @*Rcos g,
o = w’Rcos g (sing & — cos p &) -
3. The force stemming from ¥y is also to be taken into consideration:
A & 2 5 zR i) it ,) y
=g+ = (0,0’Rcosgsing, —w’Rcos™ ¢ + &

i a & determines
Liquids orient their surfaces always perpendicular to g, mot. g g jcm e
the vertical, which deviates a bit from the radial direction. g is dCPC‘"( B enins
3 2 3 y

geographical latitude. The real earth's surface is perpendicular to g

of the carth’).
4.

» = (0,wcosp ,wsing) .
According to 1. it then holds for the Coriolis force:
F, = —2m(w x t) = —2m (X3 cos @ — Xa sin . X sin @. —¥1 €OS @) -

5. Equations of motion:

mxy = —2m@(¥; cos g — X2 Sin ) .
mo = —=2mwx, sing .
iy = —mg+ 2mwXx, cos ¢ .

& is the measured earth’s acceleration. i e fll
6. After precondition one can assume that n=0xn=0 h(‘ld's_ U =
time. We then have to solve the following system of equations of motion:

—2w X308 ,
Y=0,
3=-g.

With the initial conditions

F(r=0)=(0,0,H) ; ¥(t=0)=(0,0,0)
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one gets the solution:
v0= (= e
(1) = alucohtpgl. .—;l‘u - 5
The fall time ¢ results from

Xt =1p) = 0

That yields the east-deviation:

E 1 Y%
Xitp) = sz wcos@g (2—-) :
3 8

As cosg is always positive the earth's rotation (@ # 0) provekes €

deviation on both hemispheres of the earth.

Section 2.3
Solution 2.3.1
1.(a) Presumption:
W(xy,x2.x0:1) # 0
Tt may hold:
3
2)',.\.&1) =0 yiex,
=1
Differentiating gives in addition:

3

. L =0-
- 2%.\&1):0. E:‘\” )

ﬂ ; ’Al
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Let us consider these three equations as linear homogeneous system of
equations for the y;: )
== Wi(x.x2,23:7) corresponds to the coefficient-determinant of this
system of equations iy
== non-trivial solutions only for W = 0, but W unequal zero as per
assumption!
= () satisfiable only for y; = y» = y3 = 0!
= xi(1) (i = 1.2, 3) linearly independent!
(b) Presumption: . X
) -\'1.1&;)--':"3[:!‘)(.):1(!): Three linearly independent solutions of the linear homoge-
neous differential equation of third order.
If for an arbitrary ¢,

W(x1. X2, x3:00) = 0

: . = = 1 a non-trivial
holds then the above system of equations will have for ¢ 0

solution: 1, 7, Ps.
So

3
f(n= Z Pixi(1)

=i

combination of the soluti: o ial
al : 2 soas i f the differential
U‘ et combingy G ons x;(7) also a s olution 0

cquation with

[)=0: flty) =0; [lto) =0.

Now it is

Jin=0

. b . - initi nditions for
also a solution of the differential equation with the same initial co

1= 1o. From the uniqueness theorem follows

3
f=f1) < 0= Z;‘/,.\.(r) ,

=1

; e linearly
Not all 7; are equal 1o zero. Therefore the x1.x;,x3 should be linearly
dependent contrary to the presumption

= W(x.x,x3:0) #0 Vr.
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19

X (1) — %.i-(r) + %xm =0 (1#0)

Special solutions:

(a)

1 $ 2
xi(1) = 7 = &) Sl
X 6
x|(ll=+‘j
24
() =-—
sy LA U o

(B FERLTE

(b)

V=~ = b =2
B =2
0 =0

12 12
= 0-—=+—-=0

1 1

()

B =1 = =3
(1) = 6t

x(n=6

= 6-18+12=0
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Wronski-determinant:

o
Y

S

w

=
)

Wxy, x2.x351) = [ —

()
=)
=

124+18—4—12—6+ 12

0

SIS T
N+ e

I
e

== lincarly independent
General solution:

1 2
fin= nig Tt +yf (F#0)

Solution 2.3.2
1.
Vo = vge: -
Itis a one-dimensional problem:
P oogem 2(1) =2 (6) = —glt—1):  (fsstart time) .

() = vo=> 2(t) = vo—gU—K) -

1 2
2(t) =0 (ground) = z(1) = vo(t — 1) — 5”(’ =6)
2. L.stone: f; = 0= z;(f) = vot — %g =
2.stone: £, =ty == z,(t) = vo(t — to) — %g(l —1o)"-

The two stones meet at the time £y,

z1(t) = z2(1),

. 1 %
J) =vw—gn= = fy (downward motion) .

o) = v —glti—10) = +%g 1o (upward motion) .
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Solution 2.3.3

1. Equations of motion:

mX, =mg+S,.
maXs = nag + 5 .
thread tension: S} = S> = §,

constraint: x; + x> = length of the thread = ¥, = —,. So one gels:

mi¥ =mg+S,

mg+S.
2
_mi—m
my + m,

It represents the retarded free fall. Equilibrium happens for m, = .
3. The thread tension

0
S=m -g) = il

my + my

is maximal at the equilibrium.

Solution 2.3.4

1. These are one-dimensional motions:

mz

= mgsina +5,
= mgsinf+§
(S: thread tension).

2. The constant length of the thread brings about:

By subtraction of the two equations of motion n 1. we obtain the accelerations:

o my sing — mysin p
=
ny +

¢

That is the retarded free fall,
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3. The thread tension § arises out of 1. and 2.:

sina + sin

S=m((Z —gsina) = —mym>
1Gi—¢ ) 1m g i

3 =0=7% <= msina =msinf .

S

. The forces of the resting piece of the rope are compensated by the base. On the
overhanging piece of the length x the force

X
F=m-g.
78
is acting. That yields the equation of motion:
. X
mx=m-g .
1
2. Ansatz for the solution:
et
The equation of motion is fulfilled if one chooses

2_8 = g
G = = +v7

The general solution of the homogeneous differential equation of second order
therewith reads:

() = AyeViT 4 A_ VT
The initial conditions
x(0)=x: X(0)=0

fix Ay:

AL AR

N —
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It follows:

x(f) = xgcosh (‘/gl) A
i) = xu‘/gsinh (\/%’) =

3. Atthe time 7. the end of the rope s just at the edge of the base:
) == .\'gCOSh( /Er‘) .
Vi
(1) = x()\/gsinh (\/%") 5

Squaring the last equation leads to:

(k1)) = \f,‘—; sinh? (\/-’—;Tl,) =

Solution 2.3.6

1. Let F be the force which the scales contribute to the equilibrium. Its direction
at first undetermined (Fig. A 23). For cquilibrium it must hold:

m(g —%) +F=0.

Fig. A.23
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(a) fixed mass:
x=0=—=F=—-mg.

The force F fully compensates the gravitational force being parallel to g
Weight-display:

1
Fy= —E(F'g) =mg.

(b) mobile mass:

F=-m@g—xX),
m¥% = mgsina ey
= F = mgcosae,.

Weight-display:

1 2
Fy= —(F-a)l = —mgcosﬂ!;(e.v'g) 8005 -
8

es exhibit a smaller amount. The limiting

As long as the mass is in motion the scal
alue zero.

case o corresponds to the free fall. The scales then show the v.
2. The contact force is in both cases the same:

W =F-e,=—-m(g-e) =mgcosa,
(b) F, = mgcosa (e, - e,) = mgcosa.

Solution 2.3.7

1. The vertical throw (Fig. A.24) represents a one-dimensional motion:

3 mM
MT =SmY ooyt
Y 2
Especially at the earth’s surface it holds:
M >
mg= HIF & yM=gR .
Fig. A.24 21
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t i Hows:
The above equation of motion can therefore also be written as fo

This we rewrite furthermore by use of the chain rule (v = 2):

-;_d"_"",_ M

d’—zl——)?4

Separation of variables leads to:

v

f d?
[ vdv = —y M

n
o

R

1 . !
:5(1’2—U5)=VM(T_E)'

That yields the dislz\ncc»depcndence of the velocity:

5 R-z
v(z) = vg+2yM—m.

., 2¥YM
v(z > o) = l'o——R—‘-

wcsarily be
4 . y <t necessaril)
In order that the Particle can leave the gravitational region it m

2

v(z = 00) >0

That is possible only if

Numerical values:

17.10°m
. ey
Y =0667-10""Nm2kg=2, a1 =598-10%ke. R

vg > 11.2Kkms :
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Fig. A.25 Imz
24—————m-—- 23
24 i
z, 1 1
————————— 1
v, N,
BSR4 i Rez

Solution 2.3.8

15
A3ty 15 A —10i l(1+i)—'lll~/;+’£<
iy =i, ¥=—i, 4(=25)=10i, In = 2l
/3 — l oL lﬁ, D =
24D ’
2.() z=2,
(b) 2=23+2i.
3. See Fig. A 25!
4.
1= 2859 = ez — H
7 = S SV
53

2 =—\/E~ Zg=-—it’4| >
:3=(e“cosl)—i(e}sin|)‘

6.(a) Ree™ = ¢~"cos 271

7=
(b) Ree = z'l'cos(%l) <

15
A
<
Solution 2.3.9 The proof turns out very simple by use of Euler’s formula:
explile + B)) = cos(a + B) + i sin(@ + )
= exp(ia) exp(i B)

= (cosa +i sina) (cos B + i sin B)

= (cose cos f —sina sin B) + i (sin cos f + cosa sinf) .
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Real and imaginary parts of complex numbers are independent of each other.
Therefore the comparison yields directly the assertion:

sin(a-+p) = sina cos B+sin f cosa cos(u+p) = cost cos f—sind sinf
Solution 2.3.10

1.

Ti— 4k —3x=6.

For the respective homogeneous equation
.

Tx— 4x—3x=0,

itis convenient to use the ansatz:

X —

Insertion provides a conditional equation for y,

Ty’ —4y-3=0.
which is solved by

=1 and y1=-

~l e

The general soluti ore re2ds
general solution of the homogeneous differential equation therefore 1€

Xhom(D) = ay ¢ +are™”

Ttis cas eSS © 3 on:
Y 10 gueess a special solution of the inhomogencols equation:

X =-2.

Therewith the general solution is determined:

X(t) =aye + a e

1

[

210z +9:=9




>

Solution 2.3.11

19

Solutions of the Exercises 433
A special solution can easily be guessed:

() =t+ 20 3
B ")
The respective homogeneous differential equation
Z—10z+ 9z=10
is solved by

(1) = e

Y —10y+9=0
is fulfilled. That is the case for

pp=1 and y2=9

1 9t
= Znm(1) = @1 &' +a2€" .

The general solution of the inhomogeneous differential equation eventually
reads:

10
a(0) = o1 Fope SRt

F+y+y=2t+3.
There should exist a special solution which is linear in 7 (why?)!
y)=2t+a.
Insertion yields:

2+2A+a=2U43=a=1=n(@=20+1.

45425 +3y=—2+5.
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484
Here, too, there should exist a special solution being linearin :
YOy =a-t+p.

Insertion yields now:

9) 1
20+3ul+3ﬁ=—21+5:a=—§: p=

= y(1) = 21+ L
R —= 3 9 L}

Solution 2.3.12 The homogeneous differential equation

i4+4z=0
1 solved by the ansatz,
(1) = e’
if
ey +4) =0
is fulfilled. That is the case for

i=4+2i and yr=-2i

The general solution has therefore the form:

A = a1 4 aye "

1. Boundary conditions: z(0) — 07 z(3)=1
= ata=0; i@-a=!
= — () = vl
2. Boundary conditions: - B)=-1; (=1
= a+a=1; 2d-atal= :

= 1 2
2(1) = cos 2 — st

R
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Fig. A.26

Solution 2.2.13
1

g=1(0,0,2).
Equation of motion:

mf=—qur—mg.

. : 3 iction force
The first term on the right-hand side is the Newton-version of the friction

(v = |F|). Restriction to the vertical motion yields (Fig. A.20):

mi=—avi—mg.

: e e-free motion. The
2. The uniform straight-line motion corresponds to the force-free 1

the gravitational force:

3. Motion of falling:

The equation of motion to be solved reads then as follows:

d a 5
——p=—1?—g.
m
Separation of variables leads to:
5 dv
1= = ,%

That can easily be integrated [u(r = 0) = 0]:

[

1 dv' m 3
== | —%— = ,/— arctanh )
4 1- L ag mg

RIS e cnsates
al velocity must therefore be chosen so that the friction force compensa
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Fig. A27

Therewith we have determined the time-dependence of the velocity (Fig. A=
(tanh X, oo —> 1))

AN =—v() = —\/W?gu\nh (\/(x_’;"]

4. With

[ tanhx dx = In(coshx) + o

and the result for (¢) in part 3. it follows by integrating once more:

(1) = 2 [cosh (\/El)] +co.
o m

W=0)=H=¢

[ag
m g
== z2)=H-—Mh [cosh( /"1)] .
o \'m
We still discuss the limiting case of vanishing friction (¢ — 0): Bee#<¢

.ll
o R
cosh x 24 ( 1 2
1 =
n(cosh x) 0l
it follows
T
SSATET a2m 2
This is the free fall!
Solution 2.3.14

1. Equation of motion:

e 5 e (008N
mr = —qr —me: g =8



A
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437
For the single components it is to solve:
mi; =—ox;—mgdz: i=123.

iffe i i i s for
That is a linear differential equation of second order being homogencou
i = 1.2 and inhomogeneous for i = 3.

. The solution of the related homogeneous differential equation

mi; +ax, =0
succeeds with the ansatz
xi(n) = e
where y is determined by
(my"’ +ay)e’ =0

One sees that the values

o
y1=0 and y»= o

i eneous equation:

are possible. That yields the general solution of the homogene q
1 (2) ,—(a/m)t
xi() = al") +ae :

i espective inhomogencous
For i = 3 we siill need a special solution of the respective inhomog
differential equation:

m

x3,(1) = —;gl 5
» A i systematically

This solution can be guessed rather easily or can be found more sy

by a physical consideration as in part 2. of Exercise 2.3.13.

B i ation of
Eventually we have found therewith the general solution of the equ
motion:

Y m
(0 = a" + aPele/mi =8 163 -

FI=0)=(0.0,0): & =0)=(vo.0.v0) -
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438
4a
()= a"i —(a/m)t
.\\ 1)y=——
(1) @ _q.
=x|(0)_a‘ a0
(2)
) = __“\ =0
== x\(1) = 'ﬂ_l.’(_' (\ . e-!u/mil) :
) @
4b

@) _
00 =d’+d’=0.
*2(0) = _;1”’ =0

=) =0.

x3(0) = a(a\) i a(:, L

3 o @ m !
X3(0) = _'_1_'“(3, L

= np=" K'ﬂ* + ,,“) (=) —.e'] E
5. The maximum flight altitude ig given by
() = 0
Ttis reached after the time

m mg
=-—In =
e a mgtato

and amounts 1o

18 !

m ()
™ o + o ng+ oo

xslw) = 2 v+ 5
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Solution 2

15

x(1) = Acos wyt + Bsinwyl .
(1) = —A wy sin wot + B wg cos ol

i(1) = —wg x(1) -

Al the maximum deflection it must hold:
i) =0; Xn)<0.
Therewith it follows:
1 B

1 = — arctan — .

; wy A
With

1 e tang
we get by insertion:
e = (1) = VAT B
X(n) = "”ﬁm ¥
2. The maximum velocity s fixed by the requirement
Y Y
H(n) = 0 [in) <0

That is equivalent to

() £0.

resulting in:

o (4)
h = —arctan { —— .
5] w(lill" B

At this time £, the oscillator reaches its maximum velocity

X = X(1) = wyVA? + B? = 0oXmax -
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3. The maximum acceleration implies
%) =01 V(1) <0
Because of

(1) = —wp (1) .

(1) = wyx(0)

one could suppose from part 1. that 13 = 1,. However, in view of x(/ )
% has a minimum at 7;. We therefore have to assume
b1 g

=1+ —
Wy

Ttis then

(1) = -l ¥(13) =0,

(1) = 0

4 n
@y x(13) = —w} x(1y) = —0 Tnss <

= X)) = ~xpae s k() =0;  F(1y) = 0hFes-

Solution 2.3.16
1.0t <1p

Equation of motion:

i . To
X+ 2Bx+ w\:‘.\‘ =
Ty

where:
u)2 = K ﬂ L
= ===
m 2m

f 5000

General solutio e. 3 fon
n of the inhomogeneous differential equatiot o

X(1) = xyom1) +25i0)

The general solution of the related homogencoss differential &
derived already with (2.172): :

Xnom(t) = e (a4e® +a_e™) with L) &5
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Vo

Special solution
xs(n) = 5
Towg
== general solution (for 0 < 7 < 1):
(0 = e (are + a_e™™) + na .
il i fow;
Initial conditions
v(0)=0: x(0)=0
= 0=(ay +a-)+ —
(a4 ’”wg
Vo
= ayta-=—
= g
—Blay +a-) + iw(ay —a-)
B v

- —i ) Sl
= a4 —a- = l (ﬂ+ w 1w}
(e = ) Ton) T
w(1) = ¢ (a4 + a-) coswt + i(ay — a-) sinwl) towg

Ly

= x(1) = (Luﬁwl + Esmwl) ¢ ’“}
/uluo l

26> tg:
Force switched off
= i+2Bi+wfx=0
The general solution is known
x(1) = ¢ {by coswt + b sin wr}

F makes a finite jump at 7 = 1. The same must then hold for ¥, too, but (1), (1)
are continuous at 1 = £,! That leads to boundary conditions which fix b, b—
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Continuity of x(1):

vy

0=y—ehn %(Y + by)coswig + (Y% o ’7—) "‘“"""l‘ v = o

P v (#)
= by coswiy +b-sinwty =y (eﬂ'“ — coswlg— —u-)smwlu) e

Continuity of x(t):

yBe Pu Qcoswl“ + i sin wln) —ye P (—wsino + Poswts) =
®

! —Bto s " = < b coswh)
= —Be P (by cos wty + b sin wig) + e M (~by sinwl T -

<= by (B coswiy + wsinwty) + b- (B sinwly — weosen) =

o (ﬁi ) h (#%)
=—Y\—tolsinopg=y2.
[}

We combine (=) and (++)

Cos wig sin ot 2N = (“")
B coswiy + b- )7}

wsmwiy B sinwty — o cos wiy

— A i =2
= detA = B sinwtg cos oty — o cos? oty — feosehsine ‘
=—w
T (y\ sinwig
Y2 Bsinwtg — o coswry

detAy = Y1 (B sinwty — w cos ®ly) — yrsinwh

s
1 ¥ . — @ CoseH
y Kc' ® — coswty— B Sln(u!u) (Bsinwn ="
w

5

Fy\—+o)sin oy .
) e
. 1 cosofpsinoe ¥ &
=y {eP (B sin wty — w coswiy) — feosen \
2 2 ’
\

—— sin” iy + B sinofcoseh + (7
w

i : R\
= y {eP° (B sinwry — wcosat) +
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Cramer's rule:

_ detAy

detA

\ cos wly Y1
T B cos wip + wsinwly Y2

= detA— = yycoswiy — 1 (B cos wig + w sinwip)

by

=i {e‘”" (cus wty — —ﬂ- sinw!ﬂ) - l}
w

iy - B
Y i = o _ — Ly :
=-y (ﬁ m) sinwty coswly — Y (:." 0 — cos wig = sin wl(.)
w

- (B cos wipy + @ sinwiy)

2 el o
=—y (ﬁ— + w) sin wig cos wly — )‘L'ﬂ'"(ﬂ cos wig + @ sinwip)
w

i )'( 3 ﬂc”‘z wly — o cos Wi Sinwlo—

2
1 e
- -ﬂ—- sinwig cos wig — f sin wln)
m
=—y (r“'“(ﬁ cos wiy + wsinwlp) — ﬂ) .

Cramer’s rule:

4 B
_ detA- v (e (sinwro + B coswlu) =
detA P

coswi - cos iy + sinwt - sinwty = cos(@(r — 1))

—sinwty - cos wr + sinwi - coswly = sin(w(r — ) -
== solution for r > f,:

x(n) = L’., ‘L’_ﬂ“_"‘) (cosw(l — 1) + f— sinw(t — ln)) =
nod | w

- (Cn.\'(ul + 4 sin wl) ! X
w

J

This represents a damped oscillation with x(f) — 0, i.e. transition into the
original rest position!
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. i ion of part 1.
3 smely short impulse: to — O 3 g
: E‘"“'ml'\'”\mr,\m\ \'Ie\evan\ in part 1. approaches zero. Thus (2. is decisive. When
The \\“‘i “;n"' a role for the now considered case, only .p:\r : ;\ 7« i
dﬂ:r?o‘::)n'\ﬁg 3\\& limiting process 7o — 0 for the ms}x\\s \n'?.:ls ;u e
‘3“ mind that y o f5* . We have therefore to apply 1" Hospita

1 B snoto) +
- s_‘ P | cos wtg — — sin
b+ l\\\-‘;““ “’_'.\Qﬂ &
Vo l
+ ePto (-w sinwig — E(u cos ‘U'“)‘)\
®
)
= 2 BU—0) 4 1(—g_ B))
(UU
= by =0
gy B +
= i 3 COS !
b_ ,\“\_‘T’\“T\_‘ &ﬂe’ o (sm Ol —cos u)m)
o
+ efro ({u COS Wiy — ﬁm sin mh\) \‘
w
- Yo (B2 5
‘('\)2\\%»(1)1 = 1—"1
0o\ \ g
= bt — ‘l
w

-
= ()= st =
— Sin o~ it
S wt e
The short impul.
about the initial

S€ on the Osceil;
the line

=0
A 10T in s rest position (XU = S
L ) — and leads therewith 10
ar oscillatoy \\'xlhfriclion (Fig

2.A28).

Fig. A28
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x(1)
Yo
2
m iy

Fig. A.29

? !
- Long acting impulse of force: ty 3> 2, ie. tg > i

The solution of part 1. converges to —25 i
’l"'lu

d
0 izontal tangent) an
The solution of part 2. starts at 1 = fy with the \dIUC (hor

“i f part 2.does
is then rapidly damped (Fig. A.29). The \CCOHd \ummdnd inge (o) of p
not play any appreciable role because of: 19> ,—, and 7 = 1!

Solution 2.3.17 Volume change proportional to the surface:

= 47R*.R= y4rR?
— R= y
= R(t)=Ry+ yt.

Time-dependence of the mass (density p of the water is constant):

4 4
=p:—R
m=p 3
S 3m . 3m
= it = p4aR*-R = 7R= ‘F‘)’-

Equation of motion:

i(l"(t) -v(1)) = Fs + Fg
dr
v=(0,0,v)

g=—(0,0,2)

s 5 52
= mv +m) = —mg — aR*v
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3my

+ &R? )L‘ = —mv —mg

~ 3m
U3z

e 3

= v+ =13 et L=
R(Y+4Np\
NS s

€

[}

== 1')+%u=

=8
Rewriting with R as independent Variable:

“R=yy
R yv
i €

Vt—y=

YR
Solution of the homogeneous equation:

8
i

Vhom =

RV
Special solution of i
S the inhomg e
ogeneous e i
S equation:

Vs =x-.R
x=
== general solution:

Initial conditions:

V=0)=g:

R(t=0) =R

= 0= v(Ry)

== v(R) =
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A Solutions of the Exercises

Finally we still insert R(1) = Ry + yt:
&Ry ‘ i )_’_ ( I )
)= —=—3(1+ =t = | hsr s
v(r) L ( Ro Ry

Limiting cases:

Lyt K Ry:
gRo l £y ___V_l
() ~ = l—=—1+---—1 L
(1) el ¥ Ro R

= £Ro (—Ll) (l 4 i)
y+e\ Ro i

= u(t) =~ —gt.

= Nl i 0 e omentum
The waterdrop is still falling almost freely; v is so small that lhrc'Tnn gt

7 R i 3
change due to the increase of mass persists insignificantly. The fricf

cither, does not play a big role.

2, yt> Ry:
¢R, gy
v(f) ~ —-ER0N K
y+eRy y+e

3 2 . cases from g Lo
Because of mass increase and friction force the acceleration decreases fi g

ons
Syt
Solution 2.3.18

A ) : “harge ¢ the so-
1. An electromagnetic field exerts on a particle of mass m and charge ¢ the
called “Lorentz force:

F=gE+q(vxB).
dere itis assumed that the magnetic induction B is homogeneous,
B =Be; .
and E = 0. The equation of motion therefore reads:
mi = qg(f x B) .
That is equivalent to
q9

d, 5
—r=o(fxe): w=—B.
dr m
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o
‘r-(Fx B)=0
= r-r=0
== %(i‘-i‘):()
—— %‘\i‘\ =0 = \r\ = const
35

(. B) = const
<= cos (F,B) = const
B = congt
— %l(i-»m =0=%-B
q e
= E(rx B).B=0.
4. Since B is assumed to be ime-independent it holds:

i 1
9 x B) = q(—(r xB).
di
Therewith the equ;

ation of Motion jp P

’ = aly be i

art 1. can immediately b
ME = g(r B)+c.

The constant vector ¢ iy fixed by

nitial conditions:
t=0Q-

MYy = g(ry xB)+¢
Thus a first intermediage result iy found:

Y= G B) + v, —glro x Bl
Ot
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i xpect that i
The Lorentz force has no field-parallel component. Therefore we expe |
1s about a constant vector:

q . =
by = t-e3= Tl,(pr)~ez +Vo-e3 —g(ro X B) -3
1
= V(-e3 = const = vy .

The magnitude of
anyway:

i i 5C = const
thus is constant, the direction because of B c

. 5 .2 < §o= olL
|61 = [fy|* + [EL|* = [FL| = const = VL
itude lying in the plane which
Tt follows that £ is a vector with constant magnitude lying in p

1s perpendicular to B.
6. Itis shown in part 5.:

= (v cosg(r), vo sin (1), vy)

= ¥ = v¢(1)(—sing(1). cos @(1): 0) -
On the other hand, from part 1. it also holds:
F=w(fx e;) = w(vy sing(r), —vL COS @(1).0) .

Comparison leads to:

o) = —w = (1) = —w i+ -

7. In5. it was shown:
. = |(vox e3)| -
[F1] = vy = const = vy = |vou| = [[es X voxe)ll =1
Hence we can write:
1 2.l (Vo X €3) -
e=—I[esx(voxe)] s en=—(Vo
v vy
ow it is
T
Pt =0) = < (iL(t = 0).¢;) = < (VoL.&1) = 2
bid
= ¢(l) = ~wt + 2"
Therewith the complete solution for F(r) reads:

(1) = (vo X e3) sinwi + [e3 X (Vo X e3)] coswr + (Vo - €3) €3 -
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8. A further {ime-integration yields:

1 L T
) = 5 cos wi - (Vo X €3) + Iz sin ot - fes X (v X €3)] + (Vo &) 167 i
O}
The initial condition
rp=1r(t=0)= ! T
= ——(vg x e3) + Ty
w
then leads to the complete solution for the trajectory:
o 1 ¢ N 1
r(f) = ——(coswi— v i
o Y(Voxes)+ —sinor-lex (voxes)| + (vo-es) 167"
. Mov i i
9. Movement in a plane perpendicular to the field means in the first step:
@) LB or vy =0.
According to part 5. this is exactly then the if
J casen
Yo 1 Be, = vy = 1p-
is given because that means:
) =r(1) — (‘-ﬂ 2l )
mc\) = 2(—cosersnetd)
w

Tt corresponds 3 o
: S 10 2 circular moyion j a o B with ¥
frequency N in a plane perpendicular 10

and the radius

10. The general solution in par §
T = (~‘_‘L . vy )
5 coswr, .—‘, sinof. (Vo .g:).)

represents a helical line,
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Solution 2.3.19 Antiderivative (‘potential’) of the force:

d
2+ %y.\-‘ : F)= —EV(~V) -

o s
Vix) = —i/ F(X)dy' = 5

We multiply the equation of motion by :
d t
mi-x=F(x)-x= —EV(-\') -X
d d /m ,
=——Vi0)) == (=%
Zvem = 7 (5)
d m,
== /(x)) =
dt (2'\ e (-\)) 4

A g,;l + V(@) =E.

E'is here a constant of integration (total energy).
Separation of variables with subsequent integration:

8 dx’ [m /' > dx'
(i= ,U = / —_— = :,_—- (x’ E
o frE-vay VR -ED

- Substtution:

Possible since V(x) > 0 and therewith 0 < ‘—‘,‘—'- < 1. That means:

| L rrelin o 4
Ptk —Esifg=0 7 A"+

5 k B 4B o
X'= —= e SN O
l/ VoY

A is real, therewith 2 positive; so only the positive root is relevant.

e s (1-— V1 +4—€Zsin2yz) g
Y k2

Solution:
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Because of %L « | the root can be expanded:

. k 2E 5 2E _,
x'::—;b—&\-\- kzy s‘mwp))=Tsm‘¢~

Thus it holds approximately:

Eon e B
X~ sing ; dyx cos¢dg .
k Ve e

Using these expressi = : s
& PIESSIONS we are able to perform the above integrations:

iy ey [ EJ“ _cosg'dy’ =L }"17(,,”.
‘ s B gl £ T
VEVT ), e I'L\N VE

Tummg points of the oscillation are given by % = 0.ie by E = Vix)
sint g = 1 s respectively. Thay means: i ¥

Do = tl .
5

Hence, the oscillat i
d s On period 1 f (
ollows from

‘_T — |m
R, ;(q):—w\)=n\
We recognize that 1o g firsg g does 1 aall
0

deviate from that of the pur “\p‘:\k!\um\\mn the oscillation prt
Cly han monic os
scillator:

2. This becomes
2. This s of cours - ;
oL CouTse different whet e siep furlh®
expansion for x2; When we go one $
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)
N dxx \/;F (I - 'SS)_AzE sin™ (p) cos pdy .
Tn the next step we get with the above used separation of variables:
B [ (12 )
i i Tf Gl
ﬁ/ (lw(l———‘{faln l,'))

The turning points are the same as in part 1.:

v +
1 3y EyaaI i

e /m 3yE )
=V T— el

Finally we get as result for the oscillation period of the

oscillator:
m 3)’5)
=l (" o)

=

=)

(weakly) anharmonic

ction 2.4

Solution 2.4.1

il

aF. 0F,

(VxF), = o 60 xyz> — 6a 1 X)yT iz
dy dz

(VxF), = $ 2 ? = 30322 — 12005z — 3qy° + 120022 =0,
0z dx 3 >
JF, OF,

(VxF). = '——-—~7m)" —2ay2 =0
ox dy

= V xF = 0 = F conservative .
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Parametrization:
Cy: x(t) = (x01,0,0) .

Catoxl(r) = (xo.y01,0) , o<l
Gy x(1) = (x0.y0.201) -

We calculate the work-contributions executed on the three partial paths:

\
W(C) = — f Flr()) - v (1)dt = —Xo J- Fo(xot,0,0)dr =0
Gl 0

\
= =)0 j Fy(xo. yot. 0)dr =0

0

1
& f Flr()] - £(rydr = -2y f F-(xo, yo. 200)dl =
Cy
0

W(C) = — f Fle() - k(rydr
&

Il

W(Cs)

N0

\
= —, f Bonxgy22p 2 23 1300
Yotol” = Gaaxgzr) di = —emxed
O

= W = 30,22
®2X0Zg — Xy
3. Fis conservative and th,
3. Fis S erefor S
TC PoOssesses a potential:

V(r) =
) = —e023 4 30,22+ Wo-
Solution 2.42 Py C: e
Parameter representationt
Cyi ot

Cyat

v (1) 1.

=0—ory, 0sts

“')tl.r):

T(t)=-Ti}

H)=r: @<=
work:

i = T
Ve, = — [ -0
We, = —a f """"erulr:mf '“_;m ar? |
Sl 2

Cu

N gy o
= Faln=a)
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Path C;:  parameter representation:
Ca: r(1) = rifcos(p - 1), sin(p-0]; (0=t=1).
£(1) = rig[=sin(g - 1), cos(p - 1]
= r(1)-r(1)=0.
Cn: r)=(m—r)t+ry (0211,
B() =T2—r1)
= r(t)- (1) = (ra—14)’1 + 14~ (12 —Ta) .

work:

1 1
We, = o—a(rz—r,.)’/rdz—ur,p (r;—m)/d'
0 0

1 2 2 2 £
=sa(i-n): (A=n).
Path C5:  parameter representation:
Cy : r@)=(-—r)+rn: (O0=r=1).

£(f) =ry—r
= (1) K1) = (ry —1y) t 41 (0 —T1) -

Cs: as Ca .
work:
We, = We,, + Wy, .
We,, = —%a(r,\ —-r) —ar - (rp—r)=0
=5 W, = Wey, = Wep = Wy = %a (2= -

The carried out work is obviously the same on each of the three paths. However.
that is not at all astonishing since

VxF(r)=Vx(ar) =0
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(see Exercise 1.3.5). F(r) is thercfore a conservative force and

B
fl"-dr
A

15 path-independent! Thus there exists a potential V = V(r) ,

/
) = (a_" QR0
Ox;" Oxy " Oxy
which can be determined as follows:

BN -

B &) = 5%+ glnx) .
07 L 3

o S T V) = —— (B4 ) ()
v daf [

B o Vem )=t

Hence, the potential of the force F reads:

Vi) = —%rl +C.

The work
Wpop, = V(Py) —v(p)) = ‘;'nr (5 -n)
is path-independent!
Solution 2.4.3
1. No, because:
V xF

I

; 9 )
1 0*—-‘0——::0—-)
03" o} o

Q Q 2

= (l’_\.‘__t‘__::._;) £(0.00
[ o’ «

Line integrals will be path-dependent!
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2. Parametrization of the path:

r(1) = (at,ar,er); 0=5r=1

Jr

> = = (a,a.a)
F =/ (37 +21.—97,8r’)
—= F.{;_r =fa(3/3+21—9lz+813)
f

= fa (87 — 6" +21)
S
T
= W, =_fF.—a7d/
0

o 62
=—-’“(r3+5
= —fa

3. Parametrization:

(t,0.0)

r() =14 (o,0t,0) 0=1= 1
(o, 1)

Wa = Ws, + Way + Wa.

or
e = (3P . — = (,0,0)
Wi F =GR 000
1
= Wy=-— / fa3ldt = —fa
0

ar
Wy: F=f3+200,0): —= (0.a.0)
1
= W= —/fa(l -0)dr =0
0
Wa:  F=f(5-987): L (0,0,a)
it
1
S 8
— W= —/Sl'afdl = —-an'
0
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Tt follows:

T =Ry 0<i<l

= F=1@2+27, —9¢ 8
or

o1

= 03

a(l,2r, 41

ot > fq\S{l —18¢ 4 32’\1)

1
= Wa= f EER il
o
=l (_ S _)
30 e
- .
= —fa—
3 156
()

= = k ‘,‘1
Q(ko“(P,S||\(p~()) 0<gs?

= T Boog? @+ lsinv’_(l.ﬂ]
N

l\v) = “(_S-‘“'WCOSLP‘(I)
= F. or

e 2 2 )
dp = Ja(=3cos? gsing - 297

1 o
=fa (‘— cos’ o= 2sin°¢ )
dg
=2fa ’.M sin? gdy
Jo

! ./
=2fa (~-; singcosy T3/,

ndent
=2fax  (path-depet®
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Solution 2.4.4

1
e e e
VxE=1|9, 3, 0
axy —az 0
= ¢,(0 + 202) + ¢,(0 — 0) + €:(0 — ) = (22,0, =)
#0.
n

v The force is not conservative!
2. ‘direct path': (0.0.0) —> (1,1,3)

We choose as parameter the (dimensionless) ‘zime 1.

r(r) = (t,1.31)
r=(1,1,3)
F(r(1) = a(’*.—97,0)
F(r(1)) - £(1) = (i — 97%) = —8ar’
10 8
A Wy =-+te | 8rdi=ze.
0 3
3. Parametrization of the ‘curved’ path [(0,0,0) — (1, 1.3

: 0<r<l :y=1,x=07.z=3J.
Therewith holds:

() = (72.1.31)
; 3
= (21,1, 27)

F(r(1)) = a(r',—91,0)

F(r(1) - t(1) = a(2r* — 91)
1 Glar) 41
n W =+a [ @ =9)dr =a(§ - —) =
0

7) 10
# Wiy .
Solution 2.4.5

VxF(r)=Vx(axr)=2a
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460

- » line inte-
o eque e line inte
[see Exercise 1.5.7]. This force is not conservative. Consequently th £
; thede 0 ; : ame parameler-

gral will be path-dependent. We use for the various paths the same p
representations as in Exercise 2.

Path C):

5

Il

i
fFAdr +(axrl)~r,leltl—l)=0-

G o
1
[F-dr: —(axr)-r, ["”zo
éu 0
e W(‘l =0
Path C,:
@) (a x r) = (_“3 sin(wj,u;cm(tﬂ'h'l \‘ln(gn—u:cou,nl '
@xr) -t = 2g[q, Sin® (1) + a3 cos*(g)] = @@
|
= Wey, = —u;rftpf:l{ = —zh";w~
0
i 3 . —T1) =
Cy: @X1)-F = ffax (r, ~ )] (1) + (X006 F
=@xry).r=0, siceryfin
= W(:n =0.

Altogether it holds for the path ¢:

We, = -u:r’;g.
Path ¢y:

= (axn!T
(€504 @xr).-F=(axn)(r-rn=0
= W¢, = —(axr)-m:

C3y as Cyy, therefore We, =0

= W, =—(axr)-n

ther different!
ather At
< arc obviously rad
“’\C works to be carried out on the various l‘-“h L1t
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Solution 2.4.6

18

VxF=

W 0z 0z o

=(0,0,a—a)=0

(Ub dax day b dax

=5  Fisconservative!
2. Parameter-representation of the path:

r(e) = (@x,ay.az); (O<a=l)

S e (x.y.2); Flr(@)] = (aay. aex,b)
det £
dr
= F. — = 2aaxy + bz .
da

Therewith we get the needed work for moving the mass point:

1
Wpysp = /F. ? do = axy + bz .
da

0

2,
)%
S = V=—axy+g(y2),
)% 0 >
—— =ax=ax+ i)_g — —l)ﬁ =0=V=—axy+8().
dy dy dy
v
= =b=>g(z) =—bz+c

= V(r) = —axy—bz+c.

4. The work is the same as in part 2, because F is conservative.
Solution 2.4.7

1%
F ==VV = —(kv,ky, kz) = —kr .

Itis the potential of the harmonic oscillator. F(r) is a central force.
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. A30

9 m ;
—V(r) = =2 ) =20
D.\'\ (r) Zl-w\(w 1) - 201

Analogous expressions hold for the other two componets

F(r) = —VV(r) = —mlw(e 1) - whr] = -nl x(© %))

1t is about the potential of the centrifugal force (279)- Tn this case F & notd
central force!

Solution 2.4.8

1. The angle in the semicircle is a right angle (90°) (Thales {heorem, ¢ EX6°
cise 1.3.5) (Fig. A.30).

rCosg
- bL§ a2
y= rcm(—-—d:mnu?
2
= VAR =P
2R=x+y

= rcosg + V4R - sy

= (4R = ?)sintg = 4R + P cost g~ e

ARrcosg = 4R (1 -5
0= (2Reos¢— )
= r=rlg)="2Re¥:
2. Conservative central force F
= 3 potential with V(r) = V()

= angular momentum L = const, 1= A
= F =f(es f(r) =—dV/dr.



A Solutions of the Exercises 463
Energy theorem

m
2

d _ drdp L dr

m 2
P+ o /() = —i7 + — + V(r
(*+reh S Zr+2mr1+ @)

a dg di  mr®dg

Differentiate the energy theorem with respect 1o 7

22 [ (dr\? 12 [d (dr )3 dv
=== |J{= 2 = RO |
mr® |:(d¢) g :l 3 2mrt l:dr (dtp dr

0 2 5 P
= = oRsing = (f) — 4R*sin? = 4R*(1 — cos” ¥)
dy dy

A e
= o= == = 2l
4R (l 4R2)
d (dr)’
= —[—) =-2r.
dr \ dy
Insertion:
_dv _ 8RL?
dr — mr®
Central force:
272
F(r) = _SR L

e .
mrS



A Solutions of the Exercises
lution 2.4.9

R
F =mt = m—r
[¢

1
= () — (1= 0) = i fF((')(“’ =
m
0

I

i
, =
j(\sﬁ.zr’ _1,-60)dl cms
0

= (513,11—1,—311')0“5_1
= T(t = 1) =

I

-1
(5.0,-3) 4+ (0,0,6) = (5.0.3)em*

I ShbE 3 emg?
s 3 Memiest = 5len’ g8
3 Wy = Ty — 161
PPtk o, Aoxarns i»: - 54cm:~'15
2 =
S Wi
Solution 2.4 1

Jem’ gy
1. The force F(x) =

o
S ‘lcn"u
kx is Conservative thus possessing 4P

V(x) = %,\Z +C
No other forces
tion law holds:

53 the
are Se! g, (=
© Present so that according to Ed:C

m._, 2 st
E—l —yF = con:
5 +2
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This one easily sees as follows:
“ o SdE
0= m¥+ kx = (mX + kx)x = e

2. The energy conservation law leads to:

This we exploit for a separation of variables:

dx

dt =

After Exercise 2.3.15 the velocity & is zero for X = Xpay. That means:

2E N
9 o '\m.u o
mayg,

Therewith follows:

x X Xanan
1 [ dx' 1 dy
w | x2, —x? T w J1=

1 N X o
— | arcsin | — ) — arcsin |
Wo Nimax

5 X b4
== arcsin (—-) =wy(t—1n)+ S

-\‘m.n

=t =

Il

The quantity x,,,, is fixed by 7, so that there is no additional free parameter:

- — l 2
x(1) = ;m[ = cos (wo(t—1)) .

3. After Exercise 2.3.15 the maximal velocity is reached at the zero crossing. Hence
it follows from x(12) = 0

X Amax
dy

1
wy .[ VAR

\/35
sin (w(f = 12)) .
m




A Solutions of the Exercise

plution 2.4.11

mx = -dl =F(x) (conservative!)
dx
dv .
—> o= ——
dx
d m 5 d
e V=V (7"
= 2GF)=-75"

%{ ("_;;‘; & vm) =0

m .
7%+ V(x) = E = const .
The constant of integration E corresponds to the total energy

= \} f-”(s-vm)

Separation of variables:

e dx
JEE-VE)
= 1-1 = | dy——=

free parameters: 1. E.

2. From X = 0 for the oscillation amplitude one can conclude:

E = V(—a) = V(b).

Oscillation period:
b
T i __f\_’
—= | dv
2 JAE=voD
Symmetry:

he Xaxs
E = const &= p.u.\\lc\»l.vm 1ax

VE a=b & V@ =VEuaE
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w

>

1
Vi) = ;.\'1 = ;mwﬁxl

Turning points (¢ = b):

1
E=V(-a)=V(a) = ;)—mwﬁa2

1 Nayr|e
— ArCS1I ==

a
1 /‘ dy
w) JZ=y2 @ la
Za
I rx ( b )] o L
= wpl2 2 wy

= 1= —

o]~

—a

[tis typical for harmonic oscillations that 7 is independent of the amplitude.
4. E chosen 5o that V(x) maximal at x = b (E = V(b)). Because of

the restoring force i
== particle does n
5. Potential energy:

dv

=0=Fx=b
dx 0 o )

=bh

s zero at the turning point.
ot come back = 7 — oo.

1 1 4
V()= Elnzuf,,\l + stx
Vi) =V(-x) = a=b

1 iy
E=V(a) = smoja” + Fea

|
= E-V(x) = ;mwg (@ =23 + 7" (a* —x‘)
= 1nuu: ((12 - 13) 1+ = ((l2 + .\3)
ol 7 2w
Lt 1 1 1 1

2

"

E-Vi) on Vo - ‘/1 ()

W
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168

Series expansion:

,‘ n nm-n) L
b= W

1 1
==

2(E-V() @

With the standard integrals

dx x
T = aresin — + ¢y
f Vai=w Tl

2 k)
Xdx " & X
T—_—= _'l./a: — 2 4 — arcsin
Vaa—2 ) 2atligs |al
the oscillation period can be estimated:
1 — & F i
T o s £ 0 gn(l)- 3
P \{(mcs‘“\\)—:\rcsm(—l))— —-—",‘(“_’;/ =
3 20 dog = 7, =
2n
= = —

Sia
T S
0 w

Now t does explicitly
6.

« o harmo
depend on the amplitude s = anha

h=0; x0)=0
N
= = dy
.ll

EEE A

2(E-V()

-5
Wo 4wy

J
n v

! far 3 X
= —|1—— ) arsin=
Wy @y
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>
e s X 3ea”
= | wpl— 2 va-—x* | =arcsin— |1+
Sw; a

3
W, 8wy

B
X £X 3ea~
= aresin— x | oyt — — Va® —.\'2) (l - ‘_—7)
a 8!1)(,

8wy
3a? 2 5 2
2 wy (l + —",e)l— “, Val—x2 4+ 0(£7) .
8wy 8wy

For abbreviation:

3a®
w= w“(l Jr =

: £x 3
sin (au i va* - x? )

Il

sSinwt  cosex —coswr  sineX
—— ~———

=14+ 0(2) =i +0)

= sinwt — e¥cos wt

sinwt + O(e)

: X i X2 (e
R = = ——
8wy a>  Bwja

sinwtcos wr + O(e)

5
ea-
2
0

-
Ccos™ ll)l)

= (1) ~ asinwt (l =

Initial velocity:

(a)

9

5

5 ea’

(1) = aw cos wt (l — — cos’ au) +asinwr di cos’ w/)
0 1

=
(I)"

@y

2
= i(0) = aw (l - i,)
8wy
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40

(b) from the energy theorem

1157
1 m, m e
p="1 (w(:,a: + ;mﬁ) =—+ TGS
2 7) 2 )
x(0) =0
= (0) = "mnw = “wo o i
‘ -U}-
CANIRES
2 ool +— 7 il = um\3 ~am |1
w? B
0 14 2 S

5

(0= aw (1 = 3\‘ + O(&? )) (as above!)
8o,

Solution 2412

1. Possible Starting Point:

areq ¢ onservapion principle’

(IS L
t
=lrx i = = = cons
dr = |r Hos m
§ :

2mAs,,
ab = *
AS.j is the e,

fob
A swepy by the g ite
: Position vector during
ienlral force “ =Congt: Motion

eer
akes place n a fixed plareF
thcnc.\\ \.00‘ d“‘

Aesir 9 — =
After (2.2 2P
7 Sl
r= i Y L_ conic section
'+ ecos e =
(@) Circle (Fig. A

U%r:()




A Solutions of the Exercises

Fig. A31

Fig. A.32

Fig. A.33

(b) Parabola (Fig. A.32) = ¢ = |

k

e e ——
1+ cosg
= k=R= L= vamR

1 1 3 4
rig =0)= ;k: -R (Fig. A.33)

2

"

........ -R




an

A Solutions of the Exercises

R N
Y= en—x: R=C\/;=>£ J

0
l AS, = \/——m(l.\'
2 R
2 -

T (-E) R

I\ 2N
e
= —R*
3
My &
ThE="9 o/ 15 Sis
=1 «R 3
b= —g_[p" (p <ta)
2. Total Cnergy:
2
E — l”rz + a
) 2m2
&4 m .5 k l)
SO
@) Circle.
"=R=const: k=R
o
E=__—
Itholgg Cnergy mn.\cr\'mion:
a
a o« ==
T=gp_ Vi ToR Y R AR
vclocity:
T = Rge,
[a
Va =[] = /—
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direct way from A to B (uniformly straight-line):

a 2R mR
h=—= 2R\ — < Ia
Uy o

(b) Parabola: ‘point closest to the sun’: ¢ = 0

k
Hp=0=0; rle=0= 2

= E=0 = T=-V

T(\)—+a
0 A) = R

20
vy(A) = R
5
b= = VIR RE >0 ()
13 o

ty < Iy <y < la

direct way:

Altogether:

It obviously brings a gain of time by flying by close to the planet!

== ¥ = 0: Motion in the xy plane

r=re, = I=re +19e,

i = (F—rg®) e, + (rf + 2ip) €,

(a) Equations of motion:
Components of the force of friction

Fr = —md (ie, + rgey)
radial motion:

m(F—rg?) = —% — mar



A Solutions of the Exereises

azimuthal motion:
ft?l:;e Bt torque —, time-dependent change of angular momen-
angular momenty -

L=
= 5 a.
nrxi) = —mr-e;
0=% 2.
=" mrge.
2.
L = mrg

mg,2
© (- A 9
a9 Gep)e i m Qrig + r§)e.
because lncn“l R r§ g -
() Circular pathy Ny gy A 1"‘;’ = —arg 2
Wray e
toree problem!
r
=
RQ
Insertion intg, ) == + A t=cR =0
Q. W, \ L
! o\ <
e Cat) P =y
R 1
NQ
All terms (N.“kl < By ar
S u
Ny ONIGREI : .
b N Gt
& S ¥ mR (1 + i)
1A s lime
W @) can be neglected (for not 100 farg
A\Y ( \ i
oy 2e9)i) &~ (1 - 2011)
T mR*
~ L\ L " o
’ & = W= TR
Equation is m
! N O\ L5
AN S N w2r | |a
\\l\ B Wy = =il==
[T \ %, R\ mR
R \p oy )t =
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Insertion into (2):

R(1 + cit)cawp + 2¢iRwp(1 + eat) = —aR(1 + e t)wo(1 + car)
= Rwy(cx + 2¢;) ~ —@Rwy

= 2y +e=-8 (%)

Combination of (+) and (+%):

However, the approximation is valid only for times for which @r < 1 holds!
Then:

r & R(1— 261)
¢ ~ wo(1 + 3@n)

(¢) Radius:

d ,
Tr = —2&R becomes smaller!
at

Angular velocity:
d M ! |
Zw = 3aw, becomes larger!
Path velocity:
lfl = V74

~ \/(—Z&R)2 + R2(1 = 2a1)2wd (1 + 3ar)?

~ ,/szﬁ(l + 2a1)

~ Ray(l + ar)

d. A
= erl ~ Rwy@ becomes larger!
a
Kinetic energy:

i ~ Rl (1 + 2a1)

d 2 %
= —T~mR'wjé  becomes larger!
dt S
e

=i



A Solutions of the Exercises

Potential energy:

=3

o
= -‘(H"“”
V r R(1 —2ar) R
d N [ler!
£V ~-2~ becomessma
dt R

Decreases twice as strongly as T increases!
Total energy:

=7 = i(T +V)~ AT bccomessmulhr!
dt dt R

(d) Friction energy:

d E T A0
—Eg = —Fp -t = mat”
dr R
~ m&Rlu):}(l +2a1)
~ deEwZ]
N
=q-
Fri .
ction energy is taken from (he polential energy!
Solution 2.4.13

L.
(1) = acos(ewry — Y ( ) 1 —coso) =" it

Thus it is:

(1) = bsin(er)
The angular frequency @ s given by
- il -

-
W-2=6r — =35 °

The trajectory therewith reads:

() =

S i)
(acos@ 1), bsin(3x 1!

2. Tt obviously holds:

F(1) = —or(p = 97Tl
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A Solutions of the Exercises
Therefore the force acting on the mass point is:

F(r.7) = —m (1) .

3. Angular momentum:

e ey e

x oy 0| =m(xy—yie =
iy 0

= mlacos wi(bw cos o) + bsin wi(aw sinwi)le; = ma bwe. .

L=mrxr)=m

L is constant with respect to direction as well as magnitude since F is about a

central force.

4.
dS el L 1 J
= )| = — = —abw = const
di ZI(rx ol 2D,
1S 3
— AS = —Al=—mabh
dr 2

Section 2.5

Solution 2

L +L;=2a

I. We choose M = M(0, b). Theniitis L; = Ly = a (Fig. A.34). Hence, we can use
Pythagoras’ theorem to get:

S o
b*=a—e.

Iy
fig. AM y
Ly

X

F(-e,0) Fi(e,0)



A Solutions of the Exercises
A8

1o

B=y+G-¢; L=y+G+e.
By inserting this into the defining equation of the ellipse

TE S5 T e Y e Ll\ +L’§+ZL\L1_:-lu,

one gets after simple re

<o-called
¢ S0-calic
arrangings and with the result from part 1. the §
midpoint equation of the ellipse:

B~ =, + L)Ly~ L) = 2a(L, - 1) -

After part 2. iy alyg holds:

2 2 2ex

L = U~ 20— =2a2ex.
a

The Comparison leads to:

= Ly =2ex.
Combination With L 4 1 s

= 2a yields:

c050)
Ly = qa— gy = q—gle+ Lo®¢
=L

2 s =k.
\U+Ecosw)— o

= A ret by
Pulting stiiy L, = rweh

o in polar ¢
Ve found the equation of the ellipse ¢

k
ety
| +ecos¢
4. The p‘-\r1\[\\c\cr-\'tpl’\:scl\l'.lliun

*=acost |
¥ =bsint |

9

0<t<2a
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A~ Solutions of the
obviously fulfills the midpoint equation (2):
acost
r() = ; .
( (b .\'ml)

Solution 2.5.2

L. Tt belongs to the potential

V(r) =V(r) =

the conservative central force
20
F(r) = ——e€,.
=]
The angular momentum L is therefore a conserved quantity

L = const

— 2
The motion occurs in a fixed orbital plane. That shall be the xy plane (9 = 7/2).
Then it holds after (2.252):

L=mrge..
The energy E is likewise a conserved quantity:

(see (2.260)) .

One defines as effective potential (Fig. A.35):

2
Vea(r) =

2mr?

A5




A Solutions of the Exercises

40
- must be 7 = 0) = 0. Then it follows from the energy

=0 = e

" conservation 1%

Ton —
e EE 0 an actwal motion is possible,
aly 10
= U
c
BCC"‘“S e '1_', + E n\m
Db
B l’ [\
e = T +
<9
var? b
of (he -l \,’ﬁ d =
B n B o et dr.
arﬂ“o = \J; " e K
1
geP d
A= = 0) a simple integration
vt i
gt = | e
\‘:5\ 2EY" " Tman
M

At =7 + —
2 — I’U) i l~
ff\" TR

- = 1(@) We start with the angular-moments &

e formal solution reads;
\}

(U A —

\7mFr-\r\-\rm s
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Proper substitution:

Fiin Tmin ’
)= — dy = ——-di
g = = 2 &
Taun /r
—L /‘ dy
=== (/) = 5 =
Foun V2mE 1 V1=
o [arcsin (r,,.,,,) = E]
Fmin vV 2mE LA 2
The reversal yields:
Foin o Fin v/ 2mME
—icos |
7 L “

We still insert into the cosine function ry, from 2.:
rllllll

Hp)i=
cos(‘/“;%" -w)

The special case o = 0 leads to
Ymin = ICOSQ .

The path is then a straight-line (Fig. A 36):

4. Ttis now (Fig. A.

Fig. A.36

Tmin



482 3 vy
A Solutions of the Exercises

=
B
The bound motion in Fig. A.37 requires:
2
> = E<O0.
lor 2n =

Uslng the same way of computation as in part 2. one arrives at:

2m|a| —

2m|E|

TFmax =

S. We can express the constant total energy E by rpay:

The same considerations as in part 3. then lead to:

r(t) =

S0 the particle is landing after the time

10 = Fmax -

in the center 1 =

' ati Risk
6 ) 1l th Pu‘h line l(‘(’) runs Z\Ili\'\\‘:‘ull,\ (&) that in part =
. The calculation €

L
i) = V2m|E|

With ¢ (rmax) =
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% / 4y SN R ecreh (r"‘“ )
Fonax A/ 2m|E W= g

I'he energy theorem still delivers:

2m|a| — L2
2m|E|

Tmax =

Inserted into the above expression it eventually yields the required path linc:

[2m|a| — 12 1
r(g) = \

/ 2m|E| cosh( ?.mzul =1 'W) -
3 L

This is the equation of a helical line. The particle touches down in the center
r = 0 after infinitely many circulations (¢ — o0), but after a finite time fo.

Solution 2.5.3

{8
A= (FxL)+ (FxL)+ (VV-: Ir+ V().

In a central potential it is L. = 0 and furthermore:

el a’Ve
AT
This has the consequence:
1 dv Vi &
N = ——(-—ﬂ[r X (rxr)]+ d——(r~i‘)r+V(r)r=
mdr r drr

dv % @
r [I—' + V(r)] =0 forV(r)= ==

II

di
2. We obtain the magnitude of the Lenz vector from:
A-A = [(F X L)+ V(r)r] - [(F x L) + V(nr] .
For the central potential itis ¢ 1L L:

A% =i?L2 + V() [r- (F x L) + (F x L) 1] + V2(Or? .
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With

Iz,
(EFxL):r=L-(rxr)=—

it furthermore follows:

= |A|

Il

>
\/——m

2

A Solutions of the Exercises

5

m

A2 2L [V(r) B —r ] + V3(»)r?

e :
B (XD VO = =St V@) = [Alrcose -

If one abbreviates

|A]

i3 — 1 Py
= ma? mao
then one gets the compact result:
k
e Eecosg

forE < follows: & <1 = cll]l;v?yicl’iwtxla

: e ' T i 3
I;)rliEsTn()llfO"O;:'l 1 )f “:C pointing from the center to the perihelion (Fig. A-3%)

cs he orbital pla

and has the magnitude

e

e =0a— .
a

Fig. A.38







486 A Solutions of the Exercises

geostationary orbit:

satellite remains always above the same point of the earth’s surface!

= 729107 ]
N o= —=x729. G
24h =
That means
Ro~4,22-10"m ~ 6,6-R .
|
|
2. Minimum requirement:
Ro=R.
angular momentum for r = R:
L = m|cx¥| — mRu; (¥ Lr)
I? ln:Rzrf R!,,IZ
Rol= K= mo mymM . yM oR?
First cosmic velocity:
B aion of the earth the satellite needs at least the ene

3. To leave the attracting ¢ ¢
E =  (sce Fig. 2.54)- That means:

o 0 ng:

g :~ velocity:
Second cosmic velocit

Solution 2.5.5

~ al field:
1. Because of the centr®

L. = const




pPro

The

wWe

Th

Fig-

tion i

within a plane perpendicular to L. which contains the
en the motion takes place in the xy plane with (equation

D= nu:(,

i coordinates. With these the acceleration reads according

i = (F—rg®) e, + (1§ + 2ig)e,

ut
f(r)e, = mr
C,,mjllmnnl equations arise:
two
f(r) = mi —mrg? ()
0 = mr§ + 2mrg . 2)
d (dr . aare:
LTE AR
= dr \ dy dy
om
10




488 A Solutions of the

Now we still exploit the angular-momentum conservation ¢* =

) 2 (& 2(dr\?
i) =r—llt—i = —) — i)
mrt \dg* r \dy

That was to be shown.
2. Mass point on an ellipse (conic
at one of the two focal points (2.268):

section) in a central field. the center of which lies

,,=,A(¢):__k—— (<D=
1 + ecos(e)

k is here undetermined. Tt follows

ar__tesin)

dp (1 + £ cos())’

d’r 2ke? sin’(¢) kecos(p)
o c— 7 Xad

dg? (1 +ecos(p)’ (1+e cos(g))?

Insertion into f(r):

ke cos(g)

- IE7 ke sin* () e A
) e e e B el 2
G = ((l g rCOS(V‘))l (1 + ecos(¢))

1 + ecos(p) M b )
g — % (-+ecos(@)! 1+ecos(e)

L (_ccoslo)__y)
e (I + £ cos(g)

Iz -1
L T

mr 1+ ecos(@)

2l
mk 1
1

O
2

That is related to a potential of the form:

1 (gravitation, Coulomb) .
V(r) =V({) x—7




A Solutons of the Exercises 489

In case of a conservative central-force field one can uniquely propose the explicit
force F(r) from the path line r = r(g)!
3. Itholds

5 ) dr d*
g)=ne’ ~ ‘7; =-r: z—l? =r
12 2 DI
~ f(n)= (r——r =ulh= =

1
~ f(l')<x—r—3 ===

Solution 2.5.6
145

[*3
F(r) =f(r)e, ; f(r) = Sl

We use (1.289):

r)
Vxl‘—Vx(f(l)e,)—VX(f( )

=[—(r—)er+V(f—(r—))xr
A r

i) (f(r)) ey
Tar\r

=0

Hence, F is conservative!
2

L=m(rxr)

d ’
~ I—L=m(|‘xx'-)+m(rxi‘)=rXF=f(—l'xr
dr LD r

=0
=0

~ L = const.

The motion thus takes place in a fixed plane perpendicular to L, which contains
the origin.



A0 A Solutions of the Exercises

L

The fixed plane may be chosen as the xy-plane. For spherical coordinates (r. V. ¢)
that means ¥ = % and therewith according to (2.21):

I — ie, + rge,
conservative central field ~ energy conservation with V(r) = V(r):
T7Les mis o
E= > P4 V() = = (P +r¢’)+ V).

¢ from angular-momentum conservation:

L=m@xr) = nu"q}(c, X e,)
= zrrr'2¢(—c,v) — mrzq';e: = const
5 1
e S
Thus it is left:
E=ZP+ ot V) = 37 + Vel

2

Verr(r) = V/ .
1 (r) (r) + S

With

V.
F(r) E —VV(r) = -l—e,v = —Ejl',
dr i

it holds except for an unimportant additive constant:

o |
V(i) =——-
n—1
4. Condition for a circular path:
e I
Veu(r) = m 2

must possess a minimum!

¢ Necessary condition:

> i
d e Lat) Fepi e
Vet () [yt = UGy O i
dr [
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= Sufficient condition:

d na 320
ol = = — =0
dr? Wr=r, i mri)
3L ! ' .
e —IYU+—T"=—IICI+3C(>() A aB3=n)>0 (@>0).
Nll"'y
Conclusion:

condition for a circular path: n <3

2\ T
radius: g = ( ) .

mo

Section 3.3
Solution 3.3.1
1. The forces which act on m; are:

Fy = —ki(x1 — xo1) -

Fio = —kia [(x) = xo1) — (x2 —xp)] -
The forces which act on m; are:

Fy = —ka(x2 — X02) «

Fyy=—Fa.

t
J
!

2. With the abbreviations
Y=xi—xq; 1=1,2
the equations of motion read:

= —kiX — kia (X1 —32) .

—kaXa + kp2 (¥ — X2) -

3. Using the ansatz =

= ; Cos Wl




492 A Solutions of the Exercises

Fig. A.39

one gets the following homogeneous system of equations:

ki + ko — mw? —kya ) (ul) £ (0) :
—ki2 ka + k1o — maw* ) \aa 0

For a non-trivial solution the secular-determinant must vanish:

0= (k1 + kyp — m?) (ka + kia —myw®) =k =

(3k — mw?)(6k — 2mw?) — k* = 2(3k —mw?)* =k
(3 o 1 ) k
E m’

3.2 Oscillation equation of the simple pendulum:

= o}

Solution 3.
b + £ sing =0
(72 7
For small pendulum oscillations (Fig. A.39):
X ing ~ ¢
— = SIO =~
7 ¢

== approximate equation of motion for x

That corresponds to the ‘external’ force on the mass m:
g
Fe ~ —m=x .
L
. ine of the pendulums:
Additionally there is an ‘internal” force due to the coupling of the pe
Fip=—k(h —%) with %i=x—Xo

Xip: Test position.



A Solutions of the Exercises

== Coupled equations of motion:

2 i 8. i I\'(. ~
X = =) =
1 R U] 2

Bt

Subtraction and addition, respectively, of the two equations lead to:

[ LI g Zk) R

— (X1 —Xx2 =+ —=)Ex—-X)=0

{llz(\l PN (L 25 m (1 =%2)
rl?(k+.,+g(.+;) A
10 X2 =X X2) = .
PTG 7

Change of variables

and

e, 8
wp ==

2
@
L

where ey is the eigenfrequency of the simple pendulum yiclds

. 2
i+ owu=0

o 2
i+ wju=0.

General solutions of the decoupled(!) equations of motion:

_U=asinot +beoswt <> inversely phased oscillation

U = Asinagt + Beoswyt <= in phase oscillation .
Initial conditions:
u0) =—xy. v(0)=xp

u(0) = 4(0) =0

= b=—x; B=xy; a=A=0.

493



494 A Solutions of the Exercise

Solution:
s Xo
x1()) = = (=coswr + coswyr)
- X0
%2(1) = S-(coswi + cos ) -

For a simpler interpretation we still reformulate the solution a bit:

Il

® — wy  + wy w+w ©—0
o g S = 5

cosa cos f F sina sin 8

cos(e + B) =

o . @ —a)y o w + @Wo
= 11(1) = xpsin (——7——{) Sini{i=—st

% w — wy w + Wy
(1) =.\'ucos(Tl)C05 ) S

For ‘weak’ coupling

g _ |8 2%
m“_.\/;,\.w-— L+m

Xia(1) represent oscillations with the frequency (@ + o) = @, wiichiaeelts
amplitude functions

. w — wy
X SIn (—l) :
)

‘weakly’,i.c. with small frequency & (w — ), temporally modulated = beat «
oscillation”. A

Solution 3.3.3 Equations of motion

miy = —ko, + k(x, —x1) = —2ku + ke

mXs = —k(xy —xy)
X1, Xa: deviations from the rest positions. Ansatz for the solution:

i=1.2
X; = Ajcosot; 1= 1L Ar,



A Solutions of the Exercises
Insertion yields:

(2k —mw?) Ay — kA2 = 0
—kA; + (k —lllu)z)Ag =0

& linear. homogeneous system of equations for Ay, A. Solvability condition:

2% —mw*  —k

5

0= L | = mPot = 3kma® + 12
-k k—mw*"

4 242 4 : 2 _ k

= o' =3wjw’ + o, =0 with W = =

b

2_3,2 ¢ 4
— w'—-z-wn =an

Eigenfrequencies must be positive:

(o

1
w-=—\3-V50 in phase oscillation .
= v

Ratio of the amplitudes

AR - Skt I 2

/F_Zk"”“’i_z—%(_?i\/g) 1 F+/5

(15 v5)

A

S

1
2
General solution

x1(1) = ay cos(wi1 + ¢4) + a— cos(w-1 + ¢-)

1 - 1
0(t) = 5 (I - \/5) g cos(st + ¢y) + 5 (l + ~/§) a— cos(w—1t + ¢-)

The four constants @, ¢ arc fixed by initial conditions.

? 3+ V5w inversely phased oscillation

495



49 A Solutions of the Exercises

Fig. A.40 k m k
AMANMANAA/ NS
n-1 n n+l
Fig. A41 @
4k
m
I T g
= 0 S

Solution 3.3.4
1. Equation of motion of the n-th atom (Fig. A.40):
ity = k(tty 41 — 1) + k(1,1 — ttn)

= k(41 — 21y + p—1)

Ansatz:

—”lw:AL"wR”—'"” = kAe " (L'"’R”" % 20“;}:, i Un,}?p—:)

: a(n—1)a
= —mwplema — (L‘lq(n+ Da _ g iqna 4 o )

k —iga
oy =—— (" =247
m
2k
= —(l —cosqa)
n

=
= w=uwl(q)= \ m“ — cosqa)

The resulting cigenfrequency w is periodic with the period 7. Therefore we
can restrict our considerations to the interval == < ¢ < +7 (1. Brillouin zone)
(Fig. A A1),

Py

. The sites R, and R, are no longer equivalent:
i(q2na—wl)

(1) = Ae

G(2n+ Da—ar)
U4 1(1) = B
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Equations of motion:
mityy = fi (U2n+1 = t2a) + f2 (2n—1 — U2)
miig—y = fa (2y — ttan—1) + fi (2n—2 — 12, 1)
= —mw’A = fi (Be'" — A) + f» (Be™ — A)
—mw’B = o (Ae""' - B) + fi (AL’—"’" —B)
homogencous system of equations:
A(=mw® +fi + ) + B (=fie" — ) = 0
A (=" = fi ¢ ) + B (=mw® + o+ ) =0.
Non-trivial solution <= det(...) = 0:
0 = (—=mw’ + f; AI~[1)2 — (i + fr7'%) (' + fie™"")
= (—mw® +fi + )" = (f +/5 + 2fif2c0s(2qa)) .

As solution we get the dispersion relation:

wi(g) = i (f. +ho £ IR+ 210 Cos(2qu)) :

The eigenfrequency is now periodic with the period = g can be restricted
(o0 the region —%- < ¢ < +3-, = compared to the situation in part 1. the

Brillouin zone has halved.
Discussion (Fig. A.42):
cg=0

wi(g=0)=/2(fi+f) (optical branch)

w(g=0)=0 (acoustical branch)

O

B 1
w-(g) ~ — (/1 +f— \/fl2 + 7 +20ifs (l - 71(2'(111)3))

m

1978
= ~(h +A= VG + Ry ~ a7’
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Fig. A.42 &

24

s Vm

=
> =

tm

~q
m m g
= A 0 +— 1
2a 2a

Il

1 X Arp
—()‘i+fz)(l— ,__L‘,.,,,)

m

1 21 2 a9
~ ~(h + ) (—L rzr)

m G +52
e 2\ 2.0
=)

== w-(q) =vs-q.

This behavior is typical for the acoustical branch. v, is the sound velocity:

2>
m(fy +f2)

v =a

<
Il

H
|

1]

T 1 - _F
2 =) = = (i hthe=R)
“x (:E 2“) m e

2fi
= w+ (:tz—"l;) = "i
o (25)= |2

Solution 3.3.5
it

g=(0.0,—g) -
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Fig. A43

Equations of motion:
mr = F(lm +Fi2,
maty = FyY + Fay .
It holds for the involved forces:
F =mg; FY =mg; Fio=-Fau.
The total external force

F) = ZF‘““’ =Mg: M=m +m

i
moves the center of gravity (Fig. A.43)

mry + mara
my -+ nix

fulfilling the center of mass theorem:
MR=F* =Mg.
2. With the initial conditions
Ri=0)=0: Rr=0)=vo
the center of gravity follows the path:
iz
R(t)=-gr+vy-t.
2
3. The total angular momentum L can be decomposed into a relative part L,anda

center-of-gravity part L;:

L= Zm,(r, x1) =L, +Ly,
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for which we have found in (3.53) and (3.5

L, = MR xR)
L, = pu(rxr), /1=M
my + s

L can explicitly be calculated:

Il

i
Li=M (;gt' F Vn/) X (gt + vo)

1 5
= EA/I(VQ X g)r .

4.
. = : FeY F‘,“' F Fs 1
e e el e e
my ms my n G
== Fno=ur: Fpxr.
Itis about an effective one-particle-central-ficld problem. Hence it must be:
L, = const
5. Because of L, = const the relative motion takes place within a fixed orbital Plun
and therefore can be conveniently described by use of plane polar coordinat
(Fig. A.44),
r= |1-l = |-1| = | = const
Equations (2.8) till (2.13) provide in our case because of i = 0
r(r) = le. (1) .
) =lge, .
F(r) = —1¢ge, +1ge, .
Fig. A.44
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Since a central force is present it must be
Fxe,
That means
¢ =0= ¢ =w = const
and therewith
P=—lwle = —w’r .
So the solutions are of the type
r(1) = l(coswr e, + sinwre,) .

ses my, m» relative to the center of gravity are described
43):

The motions of the ma
by ((3.43), (3.44)) (Fig. A.

s na 3
r(t) = —ﬁ(cns wte, + sinwte,) ,
= m v

() = —Iﬁ(ms wte, +sinwte,) .

These are obviously circular paths with radiuses

ny m P1 m
o=l —=—

=] = 5
R M P2 my

which are passed through with constant angular velocity w.

Solution 3.3.6 Particle 2 is at rest before the collision (Fig. A.45) == the motion
happens in a fixed plane.

1. momentum conservation law
] /
P=p; t P2
component by component:

P = pjcosa + pcos f

0= pjsina —pysinp .



A Solutions of the Exercises

This can be gathered as follows:

psina = p(cos B sina + sin f cos @)
= phsin(a + )

psinf = p|(cosasinf + sina cos f)
= p}sin(e + f) .

energy theorem:

) /s ,a

P” Pi° . Py

5= FE=ar

2m 2m 2m Q
2

=n— p’l2 4k p'f + 2mQ

= p? fi“_ B - ]73 - fm.“ + 2mQ
sin”(a + fB) sin” (e + )

sin*(a + ) P

sinfa +sinf p2—2m0

2. Special case @ = f:

5 o 2

Sin"(2)  4sin"acosT@ 5 asty
e et s —
2sin’ @ 2sin®

2
4

)
= costQ = =5
2p* —2mQ

elastic collision (Q = 0):

)
= cosTa =

(ST
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A Solutions of the Exercises

Fig. A46

inelastic collision (Q > 0):

= cos’a@ becomesbigger = « smaller.

0=L 1——'—)>0=> 2co8°a>1 = 0<a<45°
2m 2cos* &

That is the maximum energy which can be detracted from the kinetic energy of
the collision partners.

-olution 3.3.7

I. The initial momentum p; is decomposed in its components pm‘nllL‘! and per-
pendicular to the contact plane (pyj, piL) (Fig. A46). Since accordlng l.o the
precondition friction effects do not appear there is no force transfer within the
contact plane. The parallel component of the momentum thus does not change:

P =Py Py =py=0.
momentum conservation law:
Pi +p2 = pj +p)
== PiLtpaL =pj + Py =PiL-
Furthermore we exploit the energy conservation law:

by el
e 2
2m, PIL Zmll’u
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The two conservation laws lead to the following conditional equations:

, Gy s,
PiL= n’,‘; +p5y + 2P Pas

These are solved by:

; my — nn
PyiC=
BL = e
i 2m;
T2 =

R AL
my + ma

That can be evaluated a bit further:

piL=picosg: py=pising.

A 1 Wa
— e =30° = cosg = V-
sin @ o 2=>¢ 0 L= 5

Therewith it follows:

1 m — )
== 1-—— +e) -
PL=35m (f,,,, T ;

n
Py = V3p——e1

my + n
With
clzcoswc‘—.\ian—it )
ey :L()\(Zr——np)t‘ +sm(:;—— ) _—(l v )

the momenta after the collision read:

At MDY
Pits

= (Znn — i, \/5’”3) J
2my +ma

p,] s _l_ P (3”]:._\/3"1:) 5
i 2my +m




o
S
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A Solutions of the Exercises
An interesting special case appears for equal masses m; = ma = n:
pa=p. PiL=0.
That means for the final momenta:
p-py=0=pLp).
2. In the center-of-gravity system it holds for the momenta:

% m,

p,=p.—ﬁl’-

Here it s
P=p +p=p| +pr=D-

Before the collision it therefore holds:

e my ﬁlz
Pi = Pi i MPI
= —0 T o A o
1= Mpl = =PI

After the collision the two balls have the following momenta:

. gt 1 mapy
= A = = A
B M 2m + lll;v(
=) , M I mopy
2 R e
M 2my + m>

1,—v3).

Section 4.5

Solution 4.5.1

1. Mass density (Fig. A.47):

],Du.for R—-d<r<R
r)= s
PE) I 0 otherwise

-
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n
Fig. A47

Moment of inertia:
J= /d‘:-,;(r)(n Sdn)i=

R 2+l :
= po f rdr d(pfdcosﬁ(l —cos ) =
[

R—d
Q0

8 5 5
= R -®-d] -

Since d < R it holds approximately:
d )5 5 4
S—p1==) =R =5dR"
(R—d)’ =R (l R
That means:
87
J = %pu dRr'.
For the mass M of the spherical shell one calculates
M = 2o [R — R— )] = 4mpRYd
3
and therewith for the moment of inertia:

MR .

<
o
FIEN)
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Fig. A48 z)
|
| |
af—
127
Gpa
/
z
——>
a x

2. The z axis may be the rotation axis (Fig. A+8):

= / Lrpr) e +y?) =

= p.,/// dydydz (¥ +y*) =
0

a
= pa’ = 2.
For the mass M holds:
M=py-a*.
That means:
2. 3
J= §M i

3. Mass density (Fig. A.49) (cylindrical coordinates: 5 . ¢ | z):

(E1E

ap if0<p<R and—% << 4
r)= RS —
P®) {0 otherwise,

For the mass M it holds in this case:

2n

2
M= /p(r)rl"l =oz/ /(](p/([- = zx—-”nL
e
That determines the constant &
m

Tl R
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A Solutions of the Exerci

ses

Fig. .49

Fig. A.50

Now we calculate the moment of inertia:

R
J= /d‘l-p(r)ﬁ-‘ =27Lla | p'dp =

Solution 4.5.2 It is about a realization of the physical pendulum treated in
Sect. 4.2.3 (Fig. A.50). The equation of motion is derived in (+.22):

J§+MgRsing =0.
R is the vertical distance of the center of gravity to the rotation axis

=

il

The moment of inertia J we have calculated in part 2. of Exercise 4 5.1:
2588
J=-Ma".
3 ¢

For small oscillations (sin ¢ = ¢) the equation of motion then reads:

3g

¢+1 @ =0.
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an take di / from this
The oscillation period and the angular frequency one can take directly from

expression:

S _ 27
=23 ERRE

ivi athematical pendulum
According to Eq. (4.23) the thread length of the equivalent mathematical p
would be:

Solution 4.5.3 .

ial enel e can directly

1. We use the same notation as in Fig. 4.1 1. For the potential energy we ¢ cctly
adopt Eq. (4.34):

V=Mg(l—s)sina .
For the kinetic energy it holds;
B -I—M.i'2
T= ij + 3 &

: inerti e is of the infinitely
J is the moment of inertia with respect to the symmetry axis
thin-walled hollow cylinder:

J=MR*.
From the rolling off condition (4.31)
As = RAgp <= §=R¢
it follows with ¢ = ¢ and § = p:

w =
The total kinetic energy T is then:

T = Mv*(1)
At 1 = 0 the potential energy amounts to

Vis=0) = Mglsina =V, .
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The kinetic energy is zero at 1 = 0. Therewith the ene

rgy theorem reads:
V(s) + T(5) = const = V;
= Mg(l—s)sina + Mv>(1) = Mglsine
1':(” = gssing = (1) .
2. The last relation can be wrilten as:

ds

AR
gl — gsIn@ -s " .
TR

We separate the variables and integrate:

s e

/l—i = Jgsine [:1'1
NG

0

= 2/s(t) = 1-/gsinx .
That gives the solution:
Lo e
s(1) = = gsina .
4
The sought-after velocity v(r) = §(r) therewith reads:
1 =
v(n) = Stgsina.
S
Solution 4.5.4 Starting point shall be two body-fixed Cartesian systems of coordi

Wi I . The pordinates are
nates with parallel axes as sketched in il L)I’l“ln\ of the coordinate

% = . St
at the middle of the respective cylmder axis. Directions of the rotation axes

n =n = —e..

Letry, 5 be the support points and therewith the points where the thread tensions
are acting:

=(0.R.z1) : T2=0.—R:

Thread tensions:

F, = (F.0.0) = —F>.



Torgue

MY (0, Ry, 21) % (F,0,0) 5 (0,2, FF, <Ry F)
M s (00, <R3, 22) % (=F,0,0) = (0, ~z3F, <R3 F) .

Parasdal components
MUy = R F o MO g = RoF
Angudar tmomentum faw (4 17):
Nih = RiF o Dy = RaF .

Maments of inertia of the eylinders with their homogeneous mass density are given
)

| 1 | ),
Jy 2/\I|It’, v ZM-I\’, .
Rolling off condition:

v o= const - Rygy -+ Ragn
oy o= Ry A Rogin

Translation of cylinder 2 according to the center of mass theorem:
MoXy = Mag — F .
It follows then by inserting:

MRy + MRy = Mag — I

R F R F
A MaR\ == 4+ MaRy—— = Mag— F
Jy Ja
RiMy  RIM,
A F(1+'—M-+"»M~ = M
Ji Jh

M,
" F(I+2—'+2)=M,'.
; 28
Therewith it holds for the thread tension:

- MM,
M+ 2,



cntum law:

d dL dl
—L=—1+L—=Ms=%
7 = 7 = A(nx1).

n-L = const.

ar T o
Mmultiplication of the angular momentum law by 1:

1~

dL dl dL 1 ae dL
=Ry == ], —? =—=1-Mx =
dr di dt Sl dt f

=0
L| = const .

= 0 it follows from the angular momentum law:

il
LL =M. =Mmx)).

dr

rll .\l( L

—L=—@mxL).

dt L

ar momentum L is precessing around the axis n with the angular
M

©p=—=—"n
2 I
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Solution 4
1. Components of the inertial tensor in the particle picture (4.45):

N

2¢
= Z 1ty (0 i — XinXim)

£-3%

£, (X1, X2, Xi3)

r—>r,=ri+a.

Therewith it follows:

' e Tt
Jon = 2 i (l', S —‘\m‘\vm)

i

= 3" i (5 + ) 8 — (i + i) (i + @)

7
o 5
= ) (F By — i) >y (378 — amctn)
7 7
+2a- Z Ty — E (Ximtn + QpXin) -
7 7

The origin in ¥ coincides with the center of gravity. That means

Z mir, = MR =0

D Misin = MRy =0

1

Z mx, = MR, =0.

i
That leads us to the generalized Steiner’s theorem:

S = Jun + M (228, — anay) -

mn
2. Rotation £ — ¥’ means:

= Dty ’
xo= Z dyx; ; dj=cosp, =¢€ ¢ .

/

Inertial tensor in X’ (particle picture):
,
=Y w28 = 4,)

v
a

wn
()



y A Solutions of U
Cale
Ulage
€ step by step the various terms in this expression:
r? = E e — E E disdiXasXar
k=1 LG
=Y Sutata =Y
st
=1, .
Here «

We
I € haye
LIS e, € eXploited the orthogonality of the columns of the rotation matrix.

'at the length of a vector cannot change with the rotation.

O— Z dipdim = Z iy inbmn

ey
XaiXoy = E dindjXamXan -

mn

Th
At ey
ey Lnlui\”y vields:

4 20 .
J./ = E iy E Mg (Y5 8mn — Xar

mn «

E iy T -

mn

Il

Thug the mert;;

S al tensor transforms as it is expected for a second-rank tensor.
S nlutu,n

15

Ty
Ody-f; s : -

edge Y-fixed Cartesian system of coordinates with its origin in the lower-left

Of the A g '
the cuboig and axes along the edges of the cuboid. Inertial tensor:

Jun = [ d*#p(F) (F8m — Tnn
Jv

Hom
ogene
2CNeous mass density py: Mass: M = poabe.

Ji= (m/ 4/\/ dy ‘/“‘ dz [\"' +2)
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1 1
= poa (irlr‘ i St'jb)

15
= poabez b*+ %)

1 2, 2
=-M@® +c) .
g
Symmetry:
i R W
Jn = ;M (a*+¢) @ Js= ;M (a® + 1)
a b c
e / P / & / 7 (=)
0 o Jo
a 5 ,,b: g a’ b?
= —p“c_/" = —puc?3
lM b =,
i = Ja .
100 e
Symmetry:

1 1
Jiz=J3 = —ZMllC y Ju=Jn= —EMI)C 3

Inertial tensor:

% 1+ —1ab —tac
I=M —tba L +?)  —fbe
—%m —:',-('I) % (u: + hl)

2. Rotation around the space diagonal of the cuboid:

1 a

Va? + b2 + ¢?

Moment of inertia related to n (4.50);

I = E Jjmin; .
i
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A Solutions of the

h'l
ag
X Cang:

ST - SN B % 5
e S \‘M__ l(r ([)* +c¢)—-ab’—-ac —-ba
@+ p2 2 \3 4 4 4

55 2 155 L L e
b te’)— ;b'c' Sy il C b+ 3¢ (a”+b |}

il

o) s T B
M (—;- = —;—) (u:[)' +ac+bc).

— et O
a4+ p2 + 2

T
er,

. Rwy ) : o S e
di; Vith we have found an expression likewise valid for all the four space

Song|g;,
| a*b* +a*cF + b
], = EM a+ b+
3 S
Parg | E ‘;;"1 of coordinates with axes parallel to the edges of the cuboid as in
the "ul(“ -“l?\\ with its origin at the center of gravity of fle cuboid. SI-:n Irth
. alter lies because of the homogeneous mass density at R = 3(a.b.¢)

R
Ty thag explicitly!)

A ot ot b +4 X
jl|=ﬂu/ (Ii'/Y d\_/ dz (v +
b

s 5 IS
= poa /,, ,Ii(\'-‘r+ EL )
1 1

= poa (E/!‘L' + El'})

=il b2 2
_]EM(r+r)

S)’”]mclr).:

= 1 Al = 1 5 b
Jn=EMM+() .M:Eumf”y

Non-gi.
-diagonal elements:
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517
Analogously we get the other non-diagonal elements of the inertial tensor! The
Cartesian axes of X thus represent the principal axes of inertia of the cuboid:

I P+ 0 0
J==M DRSNS aZEr ()
= e

0 0

a+ b

Moment of inertia with respect to the space diagonal n as in part 2.:

Jy = E Jynin;
ry

1
T a+br+c21

()

M (@ (b + ) + b (& + )+ (a® + b))
+ B2
a’+ b2+

()

1 Zb1+ 2
_Mtl a=c
6

That is

the same result as in part 2. Clear, because for X as well as for T the
_siein lies on the rotation axis. : = &

‘< now coincides with the cuboid-edge in v direction. Then I from

»rigin on the rotation axis, however T does not. Therefore the

ym part 1. has to be used. Rotation axis:

e-=(0.1.0).

- 1 > ”
/,;-_J31=;VL;”-.'

ehall be agamn n ¥ directrom bt e Hrenngh e ez
$1sif. Now % has the origin oo
oart 3. has to be apphied. The &




Solutions of

Sig
A
Thtrc
‘“;\llcf S 1S the vertical distance of the origin of  (cuboid corner) from the
AXis through the center of gravity of the cuboid:

The
h“'”“'i(h-

Y 1
YSEI+ M2 = F‘”

Tt
Nag
Was
Vas (o be shown!
The principal moments of inertia are found by solving the eigen-

Valy,
1e ¢
Lquilliun;
T Jo=jo.
he A
““glllur Ve o s H
A ‘k'k‘l(_\' @ has thereby the direction of one of the principal axes of

nerg
Uy
" After Exere 5 e
-Xercise 6 it holds here:

Cong;
ndigj =
lon s em < - - .
Tesulg f) for non-trivial solution of the homogeneous system of equations whic
S 1Tro L )
M the cigenvalue equaton:

det(J—j1) =0

or
det(J —j 1) =0 with j' = 2
and
5=
Y = e



A Solutions of the Exercises

1. Eigemvalues (principal moments of inertia)
-/ =1 =1
— 1 S TR
-1 -1 &_j

With x = & — " one has to solve:

¥ =3-2=0 N =2 x=

That means:

Iy
A= zMu2 = M
11
B=C=-Mdj,, = EM“Z

2. Eigenvectors (principal axes of inertia)
Eigenvectors of J are also eigenvectors of J'!

(a) A= {—l)Mu:

a 2 —1-1
W=/ [a|=[-12 -1
as -1 -1 2

This is equivalent to:

2a) = ar + a3
200 =a; + a3

N ag=a=a;.

(normalized) unit vector:

Sl

a)

as

519
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One of the principal axes of inertia thus is the space diag
he two others must therefore lie within the plane perpendicular to the sp
1agonal being orthogonal to each other. Apart from that, however. they

o, Should be arbitrarily rotatable in this plane.

nal of the cube.

= %Mal
b —1—1-1 by
@ =i [b2|=|-1-1=1|[5h |=0.
i bs =i =i/

It follows
by +by+b;=0.

€. only one conditional equation. If one chooses &#; = b, = | it arises as

(II()I'IIlulizcd) unit vector:

L
e, =—
\./6 2
Orthogonality:
e -e: =0
e = U Ma?
From
ci —if =il =] ci ¥
@-a)|ea|={-1-1-1]|c)=0
c3 -1 -1-—1 c3
it follows now analogously:
caat+ca+cec3=0
That leads to the ansatz
Cy
er C




A Solutions of the Exercises
where

e e =0

15 already guaranteed. Furthermore it should hold:

' 1
O=e-e,=—F=(1+c2+2c+20) i a1 =—c2.
NG

That yields the (normalized) unit vector:

The arbitrariness in the last step concerning the sign is removed by the
requirement that the unit vectors build a right-handed system:

e (eyxes)=1.

The unit vectors e;. e,. e; define the directions of the principal axes of inertia!

wn






Index

A
Acceleration
centnpetal, 99, 164, 177, 380, 414
tangential, 99, 177, 380
Addition th of trig ic
15,237
Algebraic complement, 131, 137, 144, 165
Amplitude, 208, 216, 217, 220, 221, 225-228,
259. 272.299, 300, 314, 466-8, 494,
495
Angular frequency, 207, 271, 315, 342, 476,
509

Angular-momentum
conservation, 251, 488, 490
conservation law, 252, 261, 266, 273,

278
law, 248, 2:
3
Angular velocity, 176, 177, 191, 194, 224, 260,
302, 309, 319, 32 330-333,
335, 339, 341, 344, 345, 475, 501,
518
Antiderivative, 3840, 43-47, 50, 163, 229,
231,451
Antisymmetric tensor of third rank, 78
Aperiodic imiting case, 221, 222, 226,
272
Arc cosine, 15
Arc length, 90-93, 95, 96, 98, 101, 164, 169,
378-380, 383
Arc sine, 14
Area conservation principle, 251, 268, 273,
470
Arca function, 42, 43
Atwood’s [ree-fall machine, 235
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B

Basis definitions, 179, 183

Basis vector, 73-76, 78, 84, 90, 93, 123, 124,
136, 151-153, 159, 161, 166. 169,
172, 173, 211

Bilineanty. 63, 64, 371

Binormal-unit vector, 93. 94, 96. 98, 382

Body axis, 337, 339, 341, 345

Body of complex numbers, 2

C
Capture reaction, 294, 304
Cartesian coordinate system, 57, 184, 194
Center of gravity, 167, 279, 287, 289, 293, 296,
297, 303, 306. 307, 310. 314-3106,
318, 329, 338, 343, 344, 499, 501,
505, 508, 513, 516.518
Center of mass
coordinate, 284, 303
theorem, 277, 284, 303. 309, 499, 511
Central collision, 292, 293, 304
Central force, 185-186, 249-252, 257, 261,
270, 271, 273. 281, 461463, 470,
474. 477, 479, 485. 489, 501
Centrifugal force, 193, 271, 420, 462
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