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General Preface

) s : P oughttobe
The seven volumes of the series Basic Course: Theoretical Physics are thoug!

textbook matenial for the study of university-level physics. They are ﬂlmcd' o m;zd;lc-
in a compact form, the most important skills of theoretical physics WI"CZ f;.nccd
used as basis for handling more sophisticated topics and problems in the a \c )
study of physics as well as in the subsequent physics research. The concep
design of the presentation is organized in such a way that

Classical Mechanics (volume 1)
Analyncal Mechanics (volume 2)
Electrodynamics (volume 3)

Special Theory of Relafi vily (volume 4)
Thermodynamics (volume 5)

2 . al and
are considered as the theory part of an integrated course of FXPC”'“C'::::I first
theoretical physics as is being offered at many universities starting ﬁlo:(yralc and
semester. Therefore, the presentation is consciously chosen to be very ? nmc course
self-contaied, sometimes surely at the cost of certain elegance, 50 lllnfl D relAL
i suitable even for self-study, at first without any need of secondary I;]IU;:X( o
any stage, no material 1s used which has not been dealt with carlier in ¢ C,hen;ivcl)’
holds in particular for the mathematical tools, which have been C”-mp:; form of
developed starting from the school level, of course more or less Iﬁ‘ L ]ohlcmﬁ i
recipes, such that night from the beginning of the study, onc can solve {Wd v
theoretical physics. The mathematical insertions are always then P'“‘g%ill physics.
they become indispensable to proceed further in the program of ‘!‘C““f':c'mcn ts can
It goes without saying that in such a context, not all the mulhc.muncul s‘l}lw"w ey
be proved and derived with absolute rigour. Instead, sometim deL‘ o lin
be made to an appropriate course in mathematics or (o an advance t,.\unlil‘i“"
mathematics. Nevertheless, T have tried for a reasonably balanced rcl’»‘lb s
50 that the mathematical ools are not only applicable but also appear
‘plausible’.

his




Vi General Preface

The mathematical interludes are of course necessary only in the first volumes of
this series, which incorporate more or less the material of a bachelor program. In the
second part of the series which comprises the modern aspects of theoretical physics,

Quantum Mechanics: Basics (volume 6)

[0 Mechanics: Methods and Applications (volume 7)

Statistical Physics (volume 8)

Many-Body Theory (volumne 9),

mathematical insertions are no longer necessary. This is partly because, by the
time one comes to this stage, the obligatory mathematics courses one has to take
in order to study physics would have provided the required tools. The fact that
training in theory has already started in the first semester itself permits inclusion
of parts of quantum mechanics and statistical physics in the bachelor program
itself. Tt is clear that the content of the last three volumes cannot be part of an
integrated course but rather the subject matter of pure theory lectures. This holds in
particular for Many-Body Theory which is offered, sometimes under different names
as, e.g., Advanced Quantum Mechanics, in the eighth or so semester of study. In this
part, new methods and concepts beyond basic studies are introduced and discussed
which are developed in particular for correlated many particle systems which in the
meantime have become indispensable for a student pursuing master’s or a higher
degree and for being able to read current research literature
In all the volumes of the series Basic Cours:

: Theoretical Physics, numerous
exercises are included to deepen the understanding and to help correctly apply the
abstractly acquired knowledge. It is obligatory for a student to attempt on his own
to adapt and apply the abstract concepts of theoretical physics to solve realistic
problems. Detailed solutions 1o the exercises are given at the end of each volume.
The 1dea s 10 help a student to overcome any difficulty at a particular step of the
solution or to check one’s own effort. Importantly these solutions should not seduce
the student to follow the easy way our as a substitute for his own effort. At the end
of each bigger chapter, T have added self-examination questions which shall serve
as a self-test and may be useful while preparing for examinations.

[ should not forget to thank all the people who have contributed one way or
an other to the success of the book series. The single volumes arose mainly from
lectures which I gave at the universities of Muenster, Wuerzburg, Osnabrueck,
and Berlin in Germany, Vi

ladolid in Spain and Warangal in India. The interest
and constructive criticism of the students provided me the decisive motivation for
preparing the rather extensive manuscripts. After the publication of the German
version, T received a lot of suggestions from numerous colleagues for improvement,
and this helped to further develop and enhance the concept and the performance
of the series. In particular T appreciate very much the support by Prof. Dr. A.
Ramakanth, a long-standing scientific partner and friend, who helped me in many

respects, ¢.g. what concerns the checking of the translation of the German text into
the present English version.
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Preface to Volume 1

The firer. v < T S ore
 irst volume of the series Basic Course: Theoretical Physics presented he

deals w, f i
S Wit Classical Mechanics, a topic which may be described as
and (ime

analysis of the lays and nules acconding 10 which physical bodies move in space
under the inflyence of forces g
1-1“-"'& {ormulsion aleady contains certain fundamental concepts whose rignrf{llls
M:;:]nc':‘:‘[\«\"uppcnr tather non-trivial and therefore have to be .\vnr.k'c’dv(.ll(l:’ C":i‘n’
Sl .Ldrc Inthe case of a few of these fundamental concepts, We “‘._" woi
€I, (0 start with, as more o less plausible facts of everyday experie i
¢ m“’_‘" £0Ing into the exact physical definitions. We assume a material body 10 "
::I“bfm Whichis localized in space and time and possesses an ( i/_u'rliul) mu_,f.\:. Tht
i I8 stillto be discussed. This is also valid for the concept of force. The force
[ CAusing changes of (he shape and/or in the state of motion of the body u,;dt"-'
:“.I,dmuon' What we mean by space is the three-dimensional Euclidcim4»\P‘_“'_L
e
T e S ‘r\\ur .l\d\‘«h“lblﬂ”’l.\ spi Gl o ot
”ng unif dfact of expencnce from which we only know that B
pointi un:c"i"ﬁly and llmdlrccuona]l)’. It 15 also humugcnc(‘ms‘\vh_lt l means
I s u: -:Ipnun SUPErior In any manner (o any ('nhcr puml.ln “.':;,Lc.mmics 2
I""I,’llukqn = “cscr!bc natural phenomena, a physicist needs 13.1 e
imparted g e dilemma lies 1n the fact that lhuumlltvu/ mec u'ml‘: "nilhhlc-
IF theoreticy) pr:mrw“y only when the necessary mathematical tools are .:l\.m; 94
equipped \\‘ilhp dy‘““ 1S started right in the first semester, the .\ludcnf I5(| gy
Theshetonif] ,w.sc loo.]'" That is why the first volume fyl the ll‘mu ,|{' -h‘ i;
Presented in ;,,"."u'r beging with a concise mathematical introduction W |"'t-|, i;
absolutely "eccv.o'nccmmlcd and focused form including all the mu(crml.\.vllltv 1-;
without aayis “l‘;'"'y_l’orlhcdcvclupmcnlnl'llmm'lirul ¢ lassic u/r‘um hanics. (g(’ Ll]
i "8 that in such a context not all mathematical theories can be .pm\.t :
: ‘ed with absolute stringency and exactness. Nevertheless, I have tried for
 reasonably balanced representation so that mathematical theorics are not only




Preface to Volume |

readily applicable but also at least appear plausible. Thereby only that much math-
ematics is offered which is necessary to proceed with the presentation of theoretical
physics. Whenever in the presentation one meets new mathematical barriers, a
corresponding mathematical insertion appears in the text. Therefore, mathematical
discourses are found only at the positions where they are directly needed. In this
connection, the numerous exercises provided are of special importance and should
be worked without fail in order to evaluate oneself in self-examination.

This volume on classical mechanics arose from respective lectures I gave at the
German Universities in Muenster and Berlin. The animating interest of the students
in my lecture notes has induced me to prepare the text with special care. This
volume as well as the subsequent volumes is thought to be a textbook material
for the study of basic physics, primarily intended for the students rather than for
the teachers. Tt is presented in such a way that it enables self-study without the
need for a demanding and laborious reference to secondary literature. T had to
focus on the essentials, presenting them in a detailed and elaborate form, sometimes
consciously sacrificing certain elegance. It goes without saying that after the basic
course, secondary literature is needed to deepen the understanding of physics and
mathematics.

1 am thankful to the Springer company, especially to Dr. Th. Schneider, for
accepting and supporting the concept of my proposal. The collaboration was always
delightful and very professional. A decisive contribution to the book was provided

by Prof. Dr. A. Ramakanth from the Kakatiya University of Warangal (India). Many
thanks for it!

Berlin. Germany Wolfgang Nolting
May 2015
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Chapter 1
Mathematical Preparations

he content of
he knowledge
The things

The basic differenti

"“mtulu:n?,:[if‘[:::;l and mntegral calculus are normally part of t
of basic mllhcmalic\? 'ﬁchuul, Hm\'c\"cr. experience has shown that t
Wwhich are °°mplc[c]., I“LS a large \'qnalion from student to studen
Therefore, in this ml) Cdc,\, or even trivial to one can pose high barrie
and integra] Cﬂlculusiﬂr I“W’f)’ chapter the most important elements ©
Theoretical Physics ]:I l?'cc“l’llu[afd which are vital for the following
a mathemyics ou.rgc l'sflw that this cannot replace the precise represen 4
the basic tools for g Lis to understand only as an auxiliary program " 10 P™ ovide
clementary diWCrcn;z:n.mg _n'“"""t'al Physics. The reader who is familiar with
Tevision for g king ofnscr;d integral calculus may either use Sects. |.land .25

-examination or simply skip them.

L
rs (0 another.

{dift‘crcmial
course of
tation of

L1 E
lements of Differential Calculus
1,
L1 Set of Numpers

One defy
nes the following types of numbers.

'Illlllrll/ llll"l')('ﬁ\

2 ) nteger numbers
=iy =L -
R=| ¢ PELqE N} rational numbers
= X cont
nuous number line) real numbers
Therefore
NcZcQcR

© Springer Intes
S 'L’,; l;ll':l"’nn'n.umnl Publishing Switzerland 2016
retical Physics 1,DOT 10.1007/978-3-319-40108-9_1
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I Mathematical Preparations

The body of complex numbers C will be introduced and discussed later in
Sect. 2.3.5. For the above-mentioned set of numbers the basic operations addition

and multiplication are defined in the well-known manner. We will remind here only
shortly to the process of raising to a power.

For an arbitrary real number a the n-th power is defined as:

d'=a-a-a-.

a nelN. (1.1)
n-fold
There are the following rules:
1.
(a-b)'=(a-b)-(a-b)-...-(a-b)y=a"-b" (1.2)
N —— —
n-fold
25
d-d"=a.a-...-a-a-a-...-a=d*" (1.3)
(s oty el
k-fold n-fold
2,
@ =d"-a"-... a"=a"". (14)
Rma e el )
k-fold

Even negative exponents are defined as can be seen by the following consideration:

) s e e

Therefore we have:

|

a"=— VaeR (a#0).
a

Furthermore, we recognize the important special case:

A *=a"=1 VaeR. (1.6)

This relation is valid also fora = (.

Analogously and as an extension of (1.41) split exponents can be defined

s 1\" "
4 »u:(u") N bi=ians;



L1 Elements of Differential Calculus

One denotes

I (1.7
an=3a: n-th root of a

Thos 115 a number the -th power of which s just .

Exanples

Vi=4i =2 becase: 2=2-2=4
=21 =3 because: ¥ =3-3-3=27

Y000 =

! — 0.0001 -
= 00001 = 0.1 because; 0.1 =0.1-0.1-0.1-0.1

Eventually we can accept also rational exponents:

1.8)
ai= Jw = (m" 4 {
The fina) generalization (o arbitrary real numbers will be done at & Jater Stage-
112 Sequence of Numbers and Limiting Values
By asequence Ofmumbers we will understand a sequence of ( indexed) real numbers 2
9
ay,a3.a3,+++ dy, aeR. g
e the

We have fin Fa finite seducts
£ nite and infip; ase of a finite s¢1 :
e nile sequences of numbers. In case denoted by the

XIS restricted : T,
symbol 10 finite subset of 1Y, The sequence is formally

la,}
nd represents ™apping of the natural numbers 1 on the body of real numbers ©=

finellsger  (n—ray).
Examples

i

! Ligw (1.10)

I
1
L}
1

y =~ N
n TTa=la=— g

o] —
S



1 Mathematical Preparations
2%
1 1 14 1
= ————— — A= ——F. = ——, a3 = —, -
cn n(n+1) ) ) OV 5 3.4 (111
35
3 4 5
u,,=|+”- ——‘U|=2‘llg=5.tl3=§.£l4=14~ 1.12)

Now we define the

Limiting value (limit) of a sequence of numbers

If @, approaches for n — oc a single finite number a, then a is the limiting value
(limes) of the sequence {a,}:

: n—00
ima,=a :a, — a.
- 00

n (1.13)
The mathematical definition reads:
{a,} convergestoa
< Ve>0 3n €N sothat |a,—a|<e Vn>n,. (1.14)

Does such an a not exist then the sequence is called divergent. In case {a,,) converges

to a, then for each & > 0 only a finite number of sequence elements has a distance
greater than € o a.

Examples
1

el

W} = l;l — 0 (null sequence) (1.15)
2

o n ]
\py = ‘,%AI‘ — 1 (1.16)
because:

e 1 | i
HERI T T

In anticipation, we have here already used the rule (1.22).



L1 Efements of Differential Calculus

g
={'}1—0 1.17
{d iq" sl ,q] =2 11 ( )

special function
The proofof this statementis provided clegantly by the use OL_ ‘h"(fp::;" T
logarithm, which, however, will be introduced f)nly W'Ilfl‘))q- 25
; present the justification of (1.17) after the derivation of (1.70).

(1.18)

e (l X l)r-—’ e=271828... Euler number .

o ¥ of thy sequence, Wi S vel Il T d ications, is
ich i i ant for applications,

iy [ this s e, which is very unp. ortant p 5 :

ENztbere wilh ut proof. For details the reader is referred to special tex thooks

0n mathemaics,
Again withoy proof we lst up the following
rules for sequences of numbers

reader.
: all be left to the

the explicir, tather straightforward derivation of which shZ‘ 1

Assuming the comvergence of the two sequences {a, } and {bn}:

im a,=a; limb,=b-
Rlin;ﬂn & n—»oc “

We get:
(1.19)
lim (g, £ b,) =a+b
100
(1.20)
lim (c:ay)=c-a (ceR)
=00
(1.21)
lim (a,-b,) = a.b
=00
(1.22)

lim (2} =%, £0Vn) .
b, b

n-pc

113 Serjg and Limiting Valyes

: an hat is called a
dding up (he Lerms of an infipire sequence of numbers leads to what is calle
series;

o0

BN (1.23)
ur.dz.llg,-.‘.u,,.... n ﬂ|+tlg+u_‘ o i
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Strictly, the series is defined as limiting value of a sequence of (finite) partial sums:

5= 2 e (1.24)

m=1

The series converges to § if

lim §, =58
r—ro00

(1.25)
does exist. If not then it is called divergent.
A necessary condition for the series 300 | dm to be convergent is
lim a, =0 (1.26)
m—» 00

For, if z;"_ﬂ a,, is indeed convergent then it must hold:
lim a, = lim (Sy—Sw-1)= lim S, — lim §,.;=5-8=0.
m=+00 m= 00 m=» 00 m— oo

However, Eq.(1.26) is not a sufficient condition. A prominent counter-example
represents the harmonic series:

1 18 51
—=l4+-4+=+4-. 2
= 2t3 s (1.27)
m=1
It 1s divergent, although lim.,,_.m# = 0! The proof of this is given as an
E

reise 1.1.3. In mathematics (analysis) one learns of different necessary and
sufficient conditions of convergence for infinite serie

comparison criterion ,
ratio test ,
root test

In the course of this book we do not need these criteria explicitly and thus restrict
ourselves to only making a remark.

The geometric series (urns out to be an important special case of an infinite
series being defined as

@ +q"

gt ot gl e = Y g (1.28)
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The partial sums

S=q"+q' +tq

. . i last equation
can easily be calculuted analytically. For this purpose we multiply the last ¢d
by g,

¢S =q' + Gty
and build the difference:
S¢S, =8(1-g)=¢"-¢"=1-9¢"-
Then we get the important result:

(1.29)

Interesting is the limit:

2 ’
1 =lim, ~ o0 ¢
—_

’IlmxS,= =7

e arrive at:

« scause of (1.17) W
For his. Eqs. (1.19) and (1.20) have been exploited. Because of (

. iflgl <1 (1.30)

§ = lim §, =
=00

not existent, if Jg[ = 1

14 Functions and Limits

I - a dependent
By the term function f(x) one understands the unique attribution t(r: .l'j“"/‘mi" of
variable y from the co-domain W to an independent variable x from the

definition 1) of (he function f(x):

(1.31)
y=ft) : bcRL WcR.
We ask ourselves how [(x) changes with x. All elements of the sequence

{(t}=xy,02, 23,4+ , Xy, e+



1 Mathematical Preparations

shall be from the domain of definition of the function f. Then for each x, there
exists a

Y = fxn)
and therewith a ‘new’ sequence { f(x,)}.

Definition f(x) possesses at xo a limiting value fy, if for each sequence {x,} — xg
holds:

lim f(x,) = fo. (1.32)
n—>00
That is written as:
lim f(x) = fo . (1.33)
1= g
Examples
15
i)
e . 3 A=)
RN = ey ; Jim 7(x) =2 (1.34)

This expression can be reformulated for all x # 0:

f(x) :
bt} ) e e
: S

x

For all sequences {x,}, which tend to oo, ‘l and ﬁ become null sequences. That
means:

3
==l
=00 x3 +x—1

9

() = (1 + %)} ; lim f(x) = ? (1.35)

For the special null sequence {x,} =
of this function. It can be shown, how
sequences:

according to (1.18) we know the limit

I
nt % %
ver, that the same is true for arbitrary null

!
\
(9

Tim (14 \)“ =e. (1.36)
s
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In case of a one-to-one mapping

one can define the so-called
g SR
‘inverse function’ f

— £(x) with respect to x:
belonging to f which comes out by solving y = f(x) with resp

(1.38)
() =x.
Example
y=fx)=ax+h abel
nox=0)=
at in general
Later we will encounter some further examples. Note that in gencrd
') # l
X P
2 fx) e
; B onlythcn )
Itis important to stress once more the uniqueness nff‘ 4 AthaUt; :q ot Unique:
can be defined as function’, Tn this respect the ‘inverse’ of y = -~ ¥ {0 non-

3 = i¢ restricted, €-£-
¥ = L /5. However, if the domain of definition for f is restric
negative x, then the inverse does XISt

LL5  Continuity

We are now coming to the very important concept
continuity Il 0
: Y crifforall € >
¥ =f(x)is called continuous at x; from the domain of definition of fiffe
ad > 0 exists so that for each x with

lx=xg| <6

holds:

)= flx)] <&
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I Mathematical Preparations
Alternative formulation:
y = f(x) is continuous at xq from the domain of definition of f if for each
sequence {x,} — xo follows:

‘“_['!" J(x) =f(x0) =fo.

The limiting value fj is therefore just the function value f(xo). We clucidate the term
of continuity by two examples:

e (s B> 1.
f(")_]l Sl e (@)

The function (1.39), represented in Fig. 1.1, is obviously continuous, in contrary
to the function from Fig. 1 2:

Se{fEraE o
v l 1 S o (1.40)

which is apparently discontinuous at x = 1:

linll_ fx)=+1%# lim f(x)=0.
x— =1t

Fig. 1.1 Example of a
continuous function

Fig. 1.2 Example of a
discontinuous function
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L.L6 Trigonometric Functions

: Ehool-
. » well-known from schoo!
It can be assumed that the trigonometric functions are w chll ,llslll:: compiled in this
mathenatics. Therefore, only the most important relations shal
subsection,

* Radian measure A
cpressed not only
Figure | 3 illustrates that the angle ¢ can be cxpn‘:..ss‘eltcl g
degrees . but equally uniquely also via the arc of the circle s:

by angular

b4
oy A
S=5lp) : 5(360°) = 2ar: s(180°) = 7r; $(90°) = 3

One introduces the dimensionless quantity

A1)
s P d
¢=- ‘radian
r 1.42)
. LAY il
¢ (%) = 360(180, 90,45, 1) —> 27 ("-5'?' 180
* Trigonometric functions L osite (0 angle
Inthe right-angled triangle in Fig. 1.4 a and b, adjaccn(h .m: (;,‘:,F:h'-' nuse. With
{6 Tespectvely, are called the leg (side, cathetus) and ¢ the hy|
these terms ope defines:
1.43)
! (
sing = -
c (1.44)
a
cose = -
1.45)
smou e k :
e %
)
wsu_ 1 _a 3

Fig. 1.3 To the definition of

radian measure /
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Fig. 1.4 To the defimtion of tri ic fi

Fig. 1.5 Graphical rcprcsc:nmlmn of the sine function

According to Pythagoras’ theorem it holds:

5
75 S TR a5
a+b =c

That leads to the important and frequently used formula:

sinfa +cosa = 1. (1.47)

Sine function

The sine function can be graphically illustrated as in Fig. 1.5, Thereby one
should notice that the angle @ has to be counted in the mathematically positive

sense, i.e. counterclockwise. The sine is periodic with the period 2. Itis an odd
function of the angle o:

sin(—a) = —sin(a) . (1.48)

As an insertion, let us investigate a special limiting case in connection with the
sinc:

sinx

fx) = lim f(x) =? (1.49)
2 A0

A first glance the limit appears to be undefined (‘0/0'). We try a graphic solution

by use of Fig. 1.6, x shall be a piece (from B to €) of a circle with radius R = |

around the center O (radian measure). Then it holds for the segment fixed by the
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D
Fig. 16 For the calculation
of lim, g sinx/x

points O, B and C;

D xR
F(OBC) =7!R'-2'7( i1

Furthermore, one reads from the sketch:

OB=0C=1 : OA = cosx ; BA =sinx.
In addition the intercept theorem yields:

DC _0C

1
—==— n, DC=sinx: — =lanx.
Mot cosx
Obviously, the following estimation for the areas holds:

F(OBA) < F(OBC) < F(ODC) .
That means:

sl
~COSxsSINY < — < —fanx
2 /) )

x
Yy COSY < — < ——
snx cosx
1 sinx

— > —— > COoSX.
cosx X

(sinx > 0)

Eventually we can exploit that for the limiting process.x — 01t follows

cosv — |
P ! [ o
and == — | leading therewith to:

1.50)
lim — =1, (
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= y(@) = cosa
y S04

ary

aw -m/2, %
cosa |
Fig. 1.7 Graphical representation of the cosine function
In (1.94) we shall derive a series expansion for the sine:
e o0 g2+l
sind=0——a' +—a’ +...= —1) —. (1.51)
3! 51 ng(l( ) (2n+ 1)!
Here we used the term
nl=il-2-3-__ s =0l = 11'=1 (n-factorial) . (1.52)

In particular, the series expansion makes clear that for small angles « (radian
measure!) it is approximately

sina &~ o (1.53)

This once more confirms the limit (1.50).

If the angle e is restricted to the interval [—7 /2. 47 /2], then the sine function
has a unique inverse which is denoted as ‘arc sine’:

o= .sin_‘(.\') = aresin(y) . (1.54)

This function mz

s the interval [—1, +1] for y onto the interval [—7/2, 4+7/2]
for . This inverse function delivers the value of the angle « in radian measure,
whose sine-value is just y.

Cosine-function

While, according to Fig. 1.5, the

ine is fixed by the side opposite to the angle in
the right-angled triangle the cosine-function is determined in a analogous manner
by the adjacent side (Fig. 1.7). One recognizes from the right-angled triangles in
the Figs. | 5 and 1.7 that the cosine is nothing else but the 7r/2-shifted sine:

cos(er) = sin (d + n;) . (1.55)
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3 . . . A uni inverse function
If the angle  is restricted to the interval 0 < @ < 7 a unique Inve

does exist which is called the *are cosine’:

(1.56)
= cos”'(y) = arccos(y) -
The cosine is an even function of ¢:
(1.57)
cos(—a) = cos(@) -
As Exercise 1.1.12 we derive the series expansion of the cosine:
o 20 1.58)
o o o e (1
S e > =0 Gy
24 6 =

-0l
. ure!)
gy i adian meas
from this expansion we conclude that for small angles @ (°
approximately holds;
(1.59)
cosa ~ |
ic functions:
i etric functio
Extremely useful are the ‘addition theorems’ for Ln;_:onu;nbequcm e otion
Uhe relavely Simple. proofs of which are provided in 2 54

1 1 {-H
(Exercise 2.3.9) with the 4id of Euler’s formula for complex numbe

(1.60)
sinfa % f) = sina cos f £ sin cfisﬂ (1.61)
cos(e £ f) = cosar cos fp 7 sinet sin B
LL7" Exponential Function and Logarithm
* Exponentig) function
By this one undersands e following function:
(1.62)

Ve=ra":

i . arbiteary real
415 called the *basis’ anq y (he ‘exponent’. Here a may be an arbitrary
number. Very often one uses Fuler's puraber ¢ (1 11) Wiiting:

(1.63)

o

Y=y = yg explax) .

| appears often in

This function is ‘ ‘ b
on is of great importance in theoretical physics anc , 3
- ; o aw of radioactive

a variely of contexts (rae of growth, increase of population, |
decay, capacitor charge and discharge,...) (Fig. | %),






